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Fig. 1. Example of how topology optimization can be used to identify an efficient
structure within a design domain with specified loads and boundary conditions. In this
example, the design domain is discretized with solid elements. The design is generated
using a density-based topology optimization framework where the material volume is
restricted to be 50% of the total volume of the design domain.

especially associated with device-scale 3D printing technologies [2,8].
The main focus has been on reducing the need for support material
by addressing the so-called overhang constraint, either by elimination
[9–13] or by imposing a support structure constraint [14]. Frameworks
have also been suggested to design porous infills [15,16] or integrate
the part build direction [17,18].

However, as emerging AM technologies are pushing the size limits
of AM, completely different design constraints are relevant to con-
sider. As an example, Large-Scale AM (LSAM) technologies are under
rapid development as they provide means to enable manufacture of
large-scale parts and mass production [19–21]. This includes technolo-
gies using a range of different base materials such as polymer-based
Big Area AM (BAAM), 3D printing of concrete, and the metal-based
processes of Direct Metal Deposition (DMD) and Wire-Arc Additive
Manufacturing (WAAM). In LSAM, relatively large volumes of material
are typically deposited per unit time, and most often, with relatively
large features compared to conventional AM. Topology-optimized de-
signs, such as the example in Fig. 1, have typically been suggested
to leverage the opportunities afforded by high fidelity AM techniques.
As a consequence, the as-is design results are usually unprintable with
LSAM [20], highlighting the growing need for the development of de-
sign methods that considers the LSAM process specific constraints [22].
This includes design methods that can place relatively little material
in large design domains, while respecting the minimum feature size
dictated by the fabrication process. These design scenarios, where the
total material volume is small compared to the design size while the
design must conform to using relatively large or discretely selected
feature sizes, will herein be referred to as highly materially restricted
design cases.

To improve the generally manufacturability of large scale topology-
optimized design, recent topology optimization research allows the
designer to define basic building blocks by relying either on mov-
able morphable components (MMC) within level-sets [23] or dis-
crete geometric feature-mapping through a variation of the density-
based approach (see e.g. review in [24]). Although these methods
show great promise in designing with discrete structural components,
demonstrations are typically performed at relatively high design densi-
ties. In addition, a few works have suggested to incorporate LSAM
relevant process constraints into topology optimization frameworks
[25–29]. Also here, the focus has mainly been on demonstrating the
design capabilities with relatively large material volumes in relation to
the minimum features and structural sizes. All suggested frameworks
use continuum topology optimization formulations where the design
domain is discretized with solid finite elements, and most rely on
the density-based approach (e.g. [25–28]). However, density-based
topology optimization can have difficulty in identifying quality design

solutions in highly materially restricted design cases [30]. The applica-
bility of these types of design algorithms for large-scale LSAM structures
such as fuselages, ship hulls [31] or civil structures [32,33] is therefore
limited.

To enable identification of improved solutions for highly materially
restricted design cases, a new discrete topology optimization frame-
work is suggested. As most AM technologies allow continuous force
and moment transfer within the fabricated part, the new framework
is cast as a frame-based Mixed Integer Linear Program (MILP) topol-
ogy optimization problem. The performance of the new framework is
evaluated by comparing the obtained design results to conventionally
designed continuum topology-optimized structures. Since the density-
based approach with continuous design variables is the most widely
used method for continuum topology optimization [34], this is used
as the basis for comparison herein. Following a numerical compari-
son for several benchmark designs, a case study is performed where
design specimens are obtained with a range of material volume restric-
tions, including a highly materially restricted case, manufactured with
Fused Filament Fabrication (FFF) and their experimental performances
compared.

Since most AM processes can fabricate both beam-like and thin-
walled features, this work additionally extends to designs with multiple
element types; namely frame and continuum 2D quadrilaterals. Using
multiple types of finite elements allows the user to easily specify
different manufacturing considerations on the various feature config-
urations within the design. As an example, a design engineer that
plans to manufacture a design using a LSAM process that induce a
high level of anisotropy when fabricating plates (such as concrete 3D
printing [35,36] or WAAM [37]) can specify the anisotropy and have
the feature thicknesses fit with a specified discrete number of beads,
while beam-like features can be defined to respect a different set of
restrictions. To the best of the authors knowledge, the combination of
this type of feature specific discrete design constraints is not currently
possible within continuum topology optimization frameworks.

The idea of combining discrete structural elements with continuum
elements in topology optimization is not new. Several works e.g. sug-
gest enriching standard density-based topology optimization with truss
elements to design concrete reinforcement [38] or fiber reinforcement
layouts [39]. Combining frame and continuum elements has been
proposed to reinforce lateral bracing systems for high rise buildings
using both evolutionary and density-based approaches to topology
optimization [40,41]. However, hybrid MILP topology optimization
frameworks have not previously been presented.

The paper is organized as follows: For completeness, Section 2 gives
a brief review of density-based topology optimization with continuous
design variables. This includes an example that evaluates designs gen-
erated for a highly materially restricted design case. Subsequently, the
new MILP topology optimization problems are presented in Section 3.
The fabrication and experimental testing methods are described in
Section 4 and all results are presented and discussed in Section 5.

2. Density-based topology optimization with continuous design
variables

Most conventional continuum topology optimization algorithms us-
ing the density-based approach relies on relaxing the 0–1 requirement
on the material distribution. This allows the design problem to be
solved using gradient-based optimizers. Instead of requiring a strict
0–1 distribution, each finite element within the design domain is
associated with an element density 0 ≤ 𝜌𝜌𝑒𝑒 ≤ 1. As the desire is still
to obtain a (near) 0–1 final design solution, penalization schemes are
implemented to ensure that intermediate densities are considered as a
highly inefficient use of material.

Image source:
Carstensen, J. V., Kim-Tackowiak, H., & Liang, M. Y. (2023). Improving the manufacturability of highly materially restricted topology-optimized designs 
with Mixed Integer Linear Programming. Engineering Structures, 284. https://doi.org/10.1016/j.engstruct.2023.115955
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To design:

1) A material distribution definition, specifically tailored to cast glass

2) An optimization algorithm, specifically tailored to brittle materials

3) A workflow that combines the material distribution definition, brittle material properties, and the optimization algorithm.

4) Use the above to inform the design of an indoor cast-glass pedestrian bridge at the British Museum, as a case study.
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geometry. Material in compression is assigned a stiff-628

ness Ec, which is higher than the stiffness assigned629

to material in tension, Et . In Fig. 13, both examples630

have Ec � 10,000, with Et � 5000 in Fig. 13a and631

Et � 1250 in Fig. 13b. This yields a stiffness ratio632

Ec/Et � 2 and Ec/Et � 8, respectively. It can be seen633

that when the material is less stiff in tension, the com-634

pressive struts become thinner, and more material is635

placed in the tensile zones to compensate for its dimin-636

ished performance. Because this force-dependent stiff-637

ness is a non-linear phenomenon, the optimizer is found638

to perform better if the step size in MMA is very small.639

In each of these examples, the mesh density is 100 ×640

160 elements. The penalization variable η starts at 1 and641

is increased in increments of 1 every 30 iterations to a642

maximum value of 3. The optimizer runs 150 iterations.643

The filter radius value is 3. The volume is restricted to644

0.5 of the design space. For more details on the behav-645

ior of this optimization approach, the reader is directed646

to Du et al. (Du et al. 2019).647

Similarly to the stress-based optimization, the648

design space for the stiffness-based optimization is649

modified slightly to improve manufacturability. In this650

case, material is forced to be placed along the bottom651

of the structure, as shown in Fig. 14.652

Using the stiffness-based approach for the 4-point653

bending load case gives the geometries shown in654

Fig. 15. The designs are generated with a volume con-655

straint V � 0.39 so the resulting geometry has a similar656

volume to the stress-based design. A filter radius of 7657

is used for manufacturing constraints. The penalization658

variable starts at η � 1.5 and increases in increments of 659

0.5 every 50 iterations until it reaches η � 3. Symmetry 660

is utilized so only half of the design domain is repre- 661

sented during optimization, with 126 × 306 elements. 662

Relative values of force and stiffness are used rather 663

than aligning with the real-world values of the glass, 664

in this case Ec � 10,000 and Et � 1000. The Ec/Et 665

ratio is therefore equal to 10. A Heaviside projection 666

filter (Guest et al. 2004) is applied to help sharpen the 667

boundaries of the design. 668

2.2 Fabrication 669

The optimization methods presented above are devel- 670

oped for use in glass structures. In order to test and com- 671

pare the efficacy of the three presented TO methods, test 672

samples are cut from 10 mm float glass using a Sanken 673

CNC 5 axis (60°) waterjet cutter. As discussed in the 674

Introduction, waterjet cutting can be done quickly and 675

reliably, which eases comparison between the different 676

optimized geometries. Five samples are fabricated for 677

each of the three design cases. The fabricated designs 678

are shown in Fig. 16. 679

The average masses of each design are shown in 680

Fig. 17a. This figure also shows the estimated mass of 681

the optimization result, before post-processing. These 682

values are calculated by summing the density values in 683

the system, and scaling to the as-built dimensions. This 684

gives an area calculation (mm2), which is then multi- 685

plied by the 10 mm thickness and 2.5 g/cm3 density 686

Fig. 15 On left, the geometry output by the optimization, while right shows the results after rounding is used to eliminate grey elements

Fig. 16 Images of fabricated waterjet cut float glass beam specimen. The volume-based is on left, the stress-based is in middle, and in
a separate photo the stiffness-based is on right
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Name Optimization Result a
Volume 

(m3)

Annealing 

time (hours 

: minutes) b

BR-PN-30 0,690 35:00

SL-PN-30 0,738 55:20

BR-FX-30 0,419 18:30

BR-PN-40 0,443 23:30

Compact slab 

(h = 17 cm)
0,821

83:30 (BR)

249:50 (SL)

a The resulting shapes are illustrated in a black-white gradient that reflects the existence (black) 

or absence (white) of material according to the pseudo-density value of each finite element.
b The estimated time refers only to the annealing phase proposed by [4] and not to the total 

cooling time needed.

Fig. 4. Optimization results for different design input variations.

However, there are small adjustments to effectively address the specific input situa-
tion in each case. Firstly, in SL-PN-30 the algorithm does not converge to a result with
the main arc part as thick as in BR-PN-30, but it details it into a larger number of thin-
ner elements. Therefore, the characteristic cross-sectional dimension of the geometry
becomes smaller allowing for annealing time that lies inside the imposed limit, despite
the higher thermal expansion coefficient of soda-lime glass.

Additionally, in the case of a larger profile height (BR-PN-40), a clearer formation
of the main arc and the respective Y-shaped nerves is achieved. The outcome of this
optimization run has the clearest boundary of all counterparts. The only variation that
converges to a considerably different result than the initial arc shape is BR-FX-30. In
this case, the structure is analyzed into three different parts: two cantilevers3 on the sides
which support a lattice structure placed in the middle part. As earlier, small nerves are
created between the different parts to transfer surface loads. Besides the slenderness of
the individual elements, the performance of the component lies well inside the limitations
related to buckling, which is an important issue for glass articles and can lead to failure.

All the optimization outcomes are considerably more lightweight compared to the
reference slab, i.e. the thinnest full material slab that could be applied and still comply
with the principal stresses and displacement restrictions (height = 0.17 m). Particularly,
the volume reduction achieved through optimization ranges between 10–49% of the
reference volume whereas the annealing time needed can be reduced by up to 78%.

3 The geometry of the cantilevers resembles the shape of the classical MBB-Beam problem when
similar boundary conditions are imposed [33].
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Fig. 3. Design domain Ωdes with (a) finite elements related to design variables and evaluation of
manufacturing and principal stresses constraints, (b) critical node for displacement constraint, (c)
symmetric domain.

3.3 Results

The following examples illustrate the practicality and versatility of the implementation
by showcasing how input related to distinct parameters, such as glass composition and
design strategies, affects the final outcome (Table 2). Regarding the glass composition,
the most prevailing two types are applied: borosilicate and soda-lime glass. They share
similar mechanical and structural properties, but they have considerably different thermal
properties [6] requiring different annealing durations for the same geometry. Particularly,
borosilicate glass has significantly lower thermal expansion coefficient, thus, cooling
down approximately three times faster than soda-lime glass (Table 3).

All the examples share the same constraints, though adjusted to reflect the input
conditions each time (Table 4). In this light, given that casting is applied, the value of the
design tensile strength is compromised comparing to laminated glass because of casting
defects and fracture mechanism risks [6]. Regarding the compliance constraint, different
fractions are used based on the compliance of the full initial design domain. The rest of
the input values related to the optimization are summarized in Table 5.

Table 2. Overview table with input conditions for each example.

Namea Glass composition Supports Cross section height (cm)

BR-PN-30 Borosilicate Point 30

SL-PN-30 Soda-lime Point 30

BR-FX-30 Borosilicate Fixed 30

BR-PN-40 Borosilicate Point 40
aThe acronyms refer to the glass composition (BR: Borosilicate/SL: Soda-lime); the edge support
conditions (PN: Point/FX: Fixed); and the cross section height in cm

Table 3. Input values per glass composition.

Density
(kg/m3)

Poisson’s
ratio
(−)

Annealing temperature
range
(K)

Thermal
expansion coefficient
(1/K)

Thermal
conductivity
(W/(m*K))

Specific heat
capacity
(J/(kg*K))

Borosilicate 2500 0.2 70 3.25*10–6 1.15 800

Soda-lime 2500 0.2 68 8.5*10–6 1.06 870
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Abstract. This work develops a computational method that produces algorithmi-
cally generated design forms, able to overcome inherent challenges related to the
use of cast glass for the creation of monolithic structural components with light
permeability. Structural Topology Optimization (TO) has a novel applicability
potential, as decreased mass is associated with shorter annealing times and, thus,
considerably improved manufacturability in terms of time, energy, and cost effi-
ciency. However, realistic TO in such structures is currently hindered by existing
mathematical formulations and commercial software capabilities. Incorporating
annealing constraints into the optimization problem is an essential feature that
needs to be accommodated, whereas the brittle nature of glass invokes asymmet-
ric stress failure criteria that cannot be captured by conventional ductile plasticity
surfaces or uniform stress constraints. This paper addresses the approximation
problems in the evaluation of principal stresses while concurrently incorporating
annealing-related manufacturing constraints into a unified TO formulation. A mass
minimization objective is articulated, as this is the most critical factor for cast glass
structures. To ensure the structural integrity and manufacturability of the compo-
nent, the applied constraints refer both to the glass material/structural properties
and to criteria that ensue from the annealing and fabrication processes. The devel-
oped code is based on the penalized artificial density interpolation scheme and the
optimization problem is solved with the interior-point method. The proposed for-
mulation is applied in a planar design domain to explore how different glass com-
positions and structural design strategies affect the final shape. Upon extraction
of the optimized shape, the structural performance of the respective 3D structures
is validated with respect to performance constraint violations using the Ansys
software. Finally, brief guidelines on the practical aspects of the manufacturing
process are provided.

Keywords: topology optimization · structural glass · brittle materials · mass
minimization · nonlinear programming · cast glass · reduced annealing

1 Introduction

Cast glass has been recently highlighted as a material with large shaping potential for the
design of monolithic load-bearing structures that allow for spatial and light continuity [1,
2]. Particularly, casting allows to create free-form transparent or translucent structural
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Abstract Advances in structural glass have enabled
a new paradigm in expressive and transparent archi-
tecture. Cast glass can further extend the possibili-
ties of structural glass by allowing for more com-
plex and sophisticated shapes than the current planar
geometries of structural float glass. However, the use
of cast glass is currently limited because of the lengthy
annealing process, making massive component sizes
impractical to fabricate. Topology optimization (TO)
has been proposed as a solution to this problem, as
it is known to generate structurally efficient designs
with a low volume of material. If tailored appropriately,
TO can reduce component sizes and thereby dimin-
ish the total annealing time needed, while intelligently
placing material in the areas where it will be utilized
most effectively. For TO of glass to be successful, algo-
rithms must properly capture glass’s specific material
behavior. This research proposes a suite of TO algo-
rithmic frameworks that design specifically for struc-
tural glass. These algorithms are demonstrated in a 2D
design space, and the resulting geometries are fabri-
cated using cut float glass and tested for experimen-
tal comparison on a 4-point bending load case. The

J. L. Jewett (B) · J. V. Carstensen
Department of Civil and Environmental Engineering,
Massachusetts Institute of Technology, Cambridge, USA
e-mail: jljewett@mit.edu

A. M. Koniari · C. P. Andriotis · F. Oikonomopoulou ·
T. Bristogianni
Department of Architectural Engineering and Technology, Delft
University of Technology, Delft, The Netherlands

results of these experiments provide valuable insights
into the development of TO for structural glass, and
help inform future research in TO of large-scale cast
glass structures.

Keywords Topology optimization · Structural glass ·
Lightweight structures · Physical experiments

1 Introduction

Cast glass is a promising expression of the material for
creating free-form monolithic glass structures that go
beyond the two-dimensionality of float glass and fully
utilize its compressive strength, which is higher than
that of concrete and even steel. By pouring glass into
molds, virtually any shape and size of a glass compo-
nent can be produced. This vast shaping potential of
cast glass, although extensively demonstrated in the
field of glass art, has so far been underexplored in
structural applications in the built environment. The
most characteristic examples of load-bearing cast glass
for architectural applications are tessellated structures,
which utilize solid cast glass blocks of no more than
10 kg in mass. Examples of this approach are shown
in Fig. 1. The limited volume of these structural com-
ponents is necessitated by the lengthy annealing pro-
cess required by glass components of substantial cross-
section, which in turn renders their production unrealis-
tic due to the associated high energy and manufacturing
costs.

0123456789().: V,-vol 123
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Fig. 18. Design domain of the portal frame problem and the initial design.
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Fig. 19. Test 5a: Optimal design of the portal frame problem with compliance as
objective function and the corresponding stress distribution.
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Fig. 20. Test 5b: Optimal design of the portal frame problem under formulation
(4.2) with two local stress constraints and the corresponding stress distribution.
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3.3. Singularity problem associated with the local stress constraints

It is well-known that stress-constrained topology optimization
problems sometimes will suffer from the so-called singularity phe-
nomenon [18–20,6,21]. This is because local stress constraint func-
tion is a topology-dependent constraint function which may be
discontinuous when topology design variables (element densities
in SIMP model) tend to their critical values [20,6].

In order to circumvent the singularity phenomena in stress-re-
lated topology optimization problems, the so-called �-relaxed ap-
proach [6] and its variations are popular methodologies [5,7,9,13].
The key idea of the relaxation approach is to rewrite the local
stress constraint functions in such a way that their continuities
can be restored when the corresponding topology design vari-
ables are tending to their critical values. To this end, firstly, the
stress constraints should be written in a conditional form as
shown in Eq. (2.1). That is, the stress constraints should only be
imposed on the solid part of the structure. In Eq. (2.1) this is
achieved by introducing v(x) into the expressions of the con-
straint functions. Secondly, the conditional type stress constraints
should be relaxed in a mathematically consistent way in order to
make sure that there is no low-dimensional degenerated sub-
space existing in the feasible domain. The rationale of the relax-
ation approach for truss structures has been analyzed critically
by Petersson [22] and successful applications of this approach
in stress-constrained topology optimization problems can be
found in [5,7,9,13].

3.4. Potentials for level set-based approach to resolve the
aforementioned problems

The above facts inspired us making an attempt to deal with
stress-related topology optimization problems in a computational
framework other than SIMP. Our choice is the level set-based ap-
proach, which has already been applied successfully for optimal
topology design of stiff structures. Our motivation stems from
the following considerations. As is well-known, one advantage of
the level set-based topology optimization approach is that it al-
ways deals with the black and white designs directly. Therefore
there will be no gray regions during the course of optimization
and in the final optimization result. From this perspective, corre-
sponding difficulties arising from the existence of gray materials
and the associated singularity phenomenon in stress-related topol-
ogy optimization can be avoided naturally. More discussions on
this aspect can also be found in Section 6. As for the accuracy of
stress computation along the boundary, it has been known that,
compared with the conventional finite element methods, the ex-
tended finite element method (X-FEM) coupling with a level set
description of structural shape and topology, can give a more accu-
rate result of boundary stress [23]. Furthermore, another distinc-
tive advantage of the level set-based optimization framework is
that it can account for the shape and topology changes of the struc-
ture simultaneously [16,17]. In the following sections, problem for-
mulations and numerical solution aspects of stress-related
topology optimization via level set approach will be described in
details.

4. Problem formulation for stress-related topology
optimization under level set-based framework

As in [24], where both structural stiffness and stress are consid-
ered simultaneously for stress-related topology optimization prob-
lems with use of SIMP approach, in the present work, the following
formulations will be employed to deal with stress-related topology
optimization problems:

find /ðxÞ 2 L1ðDÞ; uðxÞ 2 H1ðDÞ

minimize Vs ¼
Z
D
Hð/ðxÞÞdV

s:t:
Z
D
Hð/ðxÞÞEijklui;jðxÞvk;lðxÞdV ¼

Z
D
Hð/ðxÞÞfiðxÞv iðxÞdV

þ
Z
Ct

tiðxÞv iðxÞdS; 8v 2 Uad;

gð/ðxÞ;rðuðxÞÞÞ ¼
Z
D
Hð/ðxÞÞrðrðuðxÞÞÞdV � F 6 0;

Z
D
Hð/ðxÞÞEijklui;jðxÞuk;lðxÞdV � U 6 0;

u ¼ �u; on Cu

ð4:1aÞ

or

find /ðxÞ 2 L1ðDÞ; uðxÞ 2 H1ðDÞ

minimize Fð/ðxÞ;rðuÞÞ ¼
Z
D
Hð/ðxÞÞrðrðuðxÞÞÞdV

s:t:
Z
D
Hð/ðxÞÞEijklui;jðxÞvk;lðxÞdV ¼

Z
D
Hð/ðxÞÞfiðxÞv iðxÞdV

þ
Z
Ct

tiðxÞv iðxÞdS; 8v 2 Uad;

pð/ðxÞÞ ¼ Vs � V ¼
Z
D
Hð/ðxÞÞdV � V 6 0;

Z
D
Hð/ðxÞÞEijklui;jðxÞuk;lðxÞdV � U 6 0;

u ¼ u; on Cu;

ð4:1bÞ

respectively. In Eqs. (4.1a) and (4.1b), /(x) is the so-called topology
and/or shape description function which characterizes the material
distribution in the design domain in an implicit way (Fig. 1). H(x) is
the Heaviside function: H(x) = 1, if xP 0 and H(x) = 0, otherwise. The
quantity U ¼

R
D Hð/ðxÞÞEijklui;jðxÞuk;lðxÞdV represents twice of the

elastic strain energy of the structure and U is an upper bound on
U. When only the case of prescribed external load is considered, U
is equal to the structural compliance. V is the prescribed upper
bound on Vs.

Another problem formulation can be written as

Fig. 1. Level set function describing the topology of the structure.
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a b s t r a c t

Considering stress-related objective or constraint functions in structural topology optimization problems
is very important from both theoretical and application perspectives. It has been known, however, that
stress-related topology optimization problem is challenging since several difficulties must be overcome
in order to solve it effectively. Traditionally, SIMP (Solid Isotropic Material with Penalization) method was
often employed to tackle it. Although some remarkable achievements have been made with this compu-
tational framework, there are still some issues requiring further explorations. In the present work, stress-
related topology optimization problems are investigated via a level set-based approach, which is a differ-
ent topology optimization framework from SIMP. Numerical examples show that under appropriate
problem formulations, level set approach is a promising tool for stress-related topology optimization
problems.

� 2011 Elsevier B.V. All rights reserved.

1. Introduction

Since the pioneering work of [1], topology optimization has be-
come a rather well-established research field nowadays. Numerous
methods have been proposed to deal with this kind of problem and
some of them have been applied successfully in several industrial
areas to obtain innovative structural designs. We do not intend
to give an extensive literature review here. For a comprehensive
understanding of the state of art, the readers are referred to the
excellent review article [2] and the references therein.

Most of the studies on topology optimization have been de-
voted to compliance minimization, which is intended to find the
optimal distribution of a given amount of material in order to en-
hance the overall stiffness of the structure. In practical engineering
applications, however, in most of the cases, a structure should also
be designed under some strength type considerations. Under this
circumstance, stress-related constraints or objective functions will
come into play. As pointed in [3], considering stress constraints in
topology optimization is an extremely important research topic
which deserves serious explorations. This is because on one hand
high stress is often responsible for the fracture, damage, creep
and fatigue of many engineering structures. Without considering
stress constraints, the reliability of an optimal design during its
service life cannot be fully guaranteed. On the other hand, theoret-
ical analyses showed that the strongest design and the stiffest de-

sign could be quite different from each other [4]. Optimal designs
obtained under maximum stiffness criteria may not serve as a good
candidate for the solution of a high strength oriented optimization
problem. Based on the above reasons, stress-related topology opti-
mization has received more and more attentions in recent years.

Duysinx and Bendsoe [5] first considered the topology optimi-
zation of continuum structures under point-wise stress con-
straints. They proposed the so-called micromechanics consistent
scheme for stiffness and allowable stress interpolations and used
it together with the �-relaxation approach [6] to deal with the sin-
gularity phenomenon caused by local stress constraints. Pereira
et al. [7] studied the topology optimization of continuum struc-
tures with material failure constraints. The aforementioned �-
relaxation approach was also employed to handle the local stress
constraints. They found that the optimal designs under material
failure constraints are quite different from that obtained in classi-
cal compliance minimization problems. Lipton and Stuebner [8]
proposed an approach for optimization of composite structures
subject to local stress constraints. In this approach, a density func-
tion hf was introduced to find the optimal graded distribution of
reinforcement fibers and a modulation function was used to con-
trol the microstress pointwisely. París et al. [9] considered the
weight minimization problems under both global and local stress
constraints. In their work, the local stress constraints were relaxed
and the global stress constraints were expressed in form of
Kreisselmeier–Steinhauser (K–S) function. Bruggi and Venini
[10,11] proposed a qp-relaxation approach for stress-constrained
topology optimization in order to avoid the singularity phenome-
non. They found that this approach has the effect of reducing the
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Fig. 18. Design domain of the portal frame problem and the initial design.
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Fig. 19. Test 5a: Optimal design of the portal frame problem with compliance as
objective function and the corresponding stress distribution.
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Fig. 20. Test 5b: Optimal design of the portal frame problem under formulation
(4.2) with two local stress constraints and the corresponding stress distribution.
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Abstract

Structural optimization is a popular method for designing objects such as bridge
trusses, airplane wings, and optical devices. Unfortunately, the quality of solutions
depends heavily on how the problem is parameterized. In this paper, we propose
using the implicit bias over functions induced by neural networks to improve the pa-
rameterization of structural optimization. Rather than directly optimizing densities
on a grid, we instead optimize the parameters of a neural network which outputs
those densities. This reparameterization leads to different and often better solutions.
On a selection of 116 structural optimization tasks, our approach produces the best
design 50% more often than the best baseline method.

1 Introduction

(a) L-BFGS (neural net) (b) MMA (pixels) (c) L-BFGS (pixels)

7.3% worse 54% worse

Figure 1: A multi-story building task. Figure (a) is
a structure optimized in CNN weight space. Figures
(b) and (c) are structures optimized in pixel space.

One of the driving forces behind the success of
deep computer vision models is the so-called
“deep image prior" of convolutional neural net-
works (CNNs). This phrase loosely describes
a set of inductive biases, present even in un-
trained models, that make them effective for
image processing. Researchers have taken ad-
vantage of this effect to perform inpainting,
noise removal, and super-resolution on images
with an untrained model [27].

There is growing evidence that this implicit
prior extends to domains beyond natural im-
ages. Some examples include style transfer in
fonts [3], uncertainty estimation in fluid dynam-
ics [30], and data upsampling in medical imaging [8]. Indeed, whenever data contains translation
invariance, spatial correlation, or multi-scale features, the deep image prior may be a useful tool.

One field where these characteristics are important – and where the deep image prior is under-
explored – is computational science and engineering. Here, parameterization is extremely important –
substituting one parameterization for another has a dramatic effect. Consider, for example, the task
of designing a multi-story building via structural optimization. The goal is to distribute a certain
quantity of building material over a two-dimensional grid in order to maximize the resilience of the
structure. As Figure 1 shows, different optimization methods (LBFGS [18] vs. MMA [26]) and
parameterizations (pixels vs. neural net) have big consequences for the final design.

How can we harness the deep image prior to better solve problems in computational science? In this
paper, we propose reparameterizing optimization problems from the basis of a grid to the basis of a

Preprint. Under review.
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Figure 2: Schema of our approach to reparameterizing a structural optimization problem with a
neural network. Each of these steps – the CNN parameterization, the constraint step, and the physics
simulation – is differentiable. We implement the forward pass as a TensorFlow graph and compute
gradients via automatic differentiation.

neural network. We use this approach to solve 116 structural optimization tasks and obtain solutions
that are quantitatively and qualitatively better than the baselines.

2 Methods

While we apply our approach to structural optimization in this paper, we emphasize that it is generally
applicable to a wide range of optimization problems in computational science. The core strategy is to
write the physics model in an automatic differentiation package with support for neural networks,
such as Jax, TensorFlow, or PyTorch. We emphasize that the differentiable physics model need not
be written from scratch: adjoint models, as these are known in the physical sciences, are widely used
[21, 9, 13], and software packages exist for computing them automatically [10].

The full computational graph begins with a neural network forward pass, proceeds to enforcing
constraints and running the physics model, and ends with a scalar loss function (“compliance" in the
context of structural optimization). Figure 2 gives an overview of this process. Once we have created
this graph, we can recover the original optimization problem by performing gradient descent on the
inputs to the constraint step (x̂ in Figure 2). Then we can reparameterize the problem by optimizing
the weights and inputs (θ and β) of a neural network which outputs x̂.

Structural optimization. We demonstrate our reparameterization approach on the domain of struc-
tural optimization. The goal of structural optimization is to use a physics simulation to design
load-bearing structures, given constraints such as conservation of volume. We focus on the general
case of free-form design without configuration constraints, known as topology optimization [6].

Following the “modified SIMP" approach described by [2], we begin with a discretized domain of
linear finite elements on a regular square grid. The physical density x̃ij at grid element (or pixel)
(i, j) is computed by applying a cone-filter with radius 2 on the input densities xij . Then, letting
K(x̃) be the global stiffness matrix, U(K,F ) the displacement vector, F the vector of applied forces,
and V (x̃) the total volume, we can write the optimization objective as:

min
x

: c(x) = UTKU, such that: KU = F, V (x) = V0, and 0 ≤ xij ≤ 1 ∀(i, j). (1)

We implemented this algorithm in NumPy, SciPy and Autograd [19]. The computationally limiting
step is the linear solve U = K−1F , for which we use a sparse Cholesky factorization [7].

One key challenge was enforcing the volume and density constraints of Equation (1). Standard
topology optimization methods satisfy these constraints directly, but only when directly optimizing
the design variables x. Our solution was to enforce the constraints in the forward pass, by mapping
unconstrained logits x̂ into valid densities x with a constrained sigmoid transformation:

xij = 1/(1 + exp[x̂ij − b(x̂, V0)]), such that: V (x) = V0. (2)

where b(x̂, V0) is solved for via binary search on the volume constraint. In the backwards pass, we
differentiate through the transformation at the optimal point using implicit differentiation [14].

2

Neural reparameterization improves
structural optimization

Stephan Hoyer
Google Research

shoyer@google.com

Jascha Sohl-Dickstein
Google Research

jaschasd@google.com

Sam Greydanus
Google Research

sgrey@google.com

Abstract

Structural optimization is a popular method for designing objects such as bridge
trusses, airplane wings, and optical devices. Unfortunately, the quality of solutions
depends heavily on how the problem is parameterized. In this paper, we propose
using the implicit bias over functions induced by neural networks to improve the pa-
rameterization of structural optimization. Rather than directly optimizing densities
on a grid, we instead optimize the parameters of a neural network which outputs
those densities. This reparameterization leads to different and often better solutions.
On a selection of 116 structural optimization tasks, our approach produces the best
design 50% more often than the best baseline method.

1 Introduction

(a) L-BFGS (neural net) (b) MMA (pixels) (c) L-BFGS (pixels)

7.3% worse 54% worse

Figure 1: A multi-story building task. Figure (a) is
a structure optimized in CNN weight space. Figures
(b) and (c) are structures optimized in pixel space.

One of the driving forces behind the success of
deep computer vision models is the so-called
“deep image prior" of convolutional neural net-
works (CNNs). This phrase loosely describes
a set of inductive biases, present even in un-
trained models, that make them effective for
image processing. Researchers have taken ad-
vantage of this effect to perform inpainting,
noise removal, and super-resolution on images
with an untrained model [27].

There is growing evidence that this implicit
prior extends to domains beyond natural im-
ages. Some examples include style transfer in
fonts [3], uncertainty estimation in fluid dynam-
ics [30], and data upsampling in medical imaging [8]. Indeed, whenever data contains translation
invariance, spatial correlation, or multi-scale features, the deep image prior may be a useful tool.

One field where these characteristics are important – and where the deep image prior is under-
explored – is computational science and engineering. Here, parameterization is extremely important –
substituting one parameterization for another has a dramatic effect. Consider, for example, the task
of designing a multi-story building via structural optimization. The goal is to distribute a certain
quantity of building material over a two-dimensional grid in order to maximize the resilience of the
structure. As Figure 1 shows, different optimization methods (LBFGS [18] vs. MMA [26]) and
parameterizations (pixels vs. neural net) have big consequences for the final design.

How can we harness the deep image prior to better solve problems in computational science? In this
paper, we propose reparameterizing optimization problems from the basis of a grid to the basis of a
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geometry. Material in compression is assigned a stiff-628

ness Ec, which is higher than the stiffness assigned629

to material in tension, Et . In Fig. 13, both examples630

have Ec � 10,000, with Et � 5000 in Fig. 13a and631

Et � 1250 in Fig. 13b. This yields a stiffness ratio632

Ec/Et � 2 and Ec/Et � 8, respectively. It can be seen633

that when the material is less stiff in tension, the com-634

pressive struts become thinner, and more material is635

placed in the tensile zones to compensate for its dimin-636

ished performance. Because this force-dependent stiff-637

ness is a non-linear phenomenon, the optimizer is found638

to perform better if the step size in MMA is very small.639

In each of these examples, the mesh density is 100 ×640

160 elements. The penalization variable η starts at 1 and641

is increased in increments of 1 every 30 iterations to a642

maximum value of 3. The optimizer runs 150 iterations.643

The filter radius value is 3. The volume is restricted to644

0.5 of the design space. For more details on the behav-645

ior of this optimization approach, the reader is directed646

to Du et al. (Du et al. 2019).647

Similarly to the stress-based optimization, the648

design space for the stiffness-based optimization is649

modified slightly to improve manufacturability. In this650

case, material is forced to be placed along the bottom651

of the structure, as shown in Fig. 14.652

Using the stiffness-based approach for the 4-point653

bending load case gives the geometries shown in654

Fig. 15. The designs are generated with a volume con-655

straint V � 0.39 so the resulting geometry has a similar656

volume to the stress-based design. A filter radius of 7657

is used for manufacturing constraints. The penalization658

variable starts at η � 1.5 and increases in increments of 659

0.5 every 50 iterations until it reaches η � 3. Symmetry 660

is utilized so only half of the design domain is repre- 661

sented during optimization, with 126 × 306 elements. 662

Relative values of force and stiffness are used rather 663

than aligning with the real-world values of the glass, 664

in this case Ec � 10,000 and Et � 1000. The Ec/Et 665

ratio is therefore equal to 10. A Heaviside projection 666

filter (Guest et al. 2004) is applied to help sharpen the 667

boundaries of the design. 668

2.2 Fabrication 669

The optimization methods presented above are devel- 670

oped for use in glass structures. In order to test and com- 671

pare the efficacy of the three presented TO methods, test 672

samples are cut from 10 mm float glass using a Sanken 673

CNC 5 axis (60°) waterjet cutter. As discussed in the 674

Introduction, waterjet cutting can be done quickly and 675

reliably, which eases comparison between the different 676

optimized geometries. Five samples are fabricated for 677

each of the three design cases. The fabricated designs 678

are shown in Fig. 16. 679

The average masses of each design are shown in 680

Fig. 17a. This figure also shows the estimated mass of 681

the optimization result, before post-processing. These 682

values are calculated by summing the density values in 683

the system, and scaling to the as-built dimensions. This 684

gives an area calculation (mm2), which is then multi- 685

plied by the 10 mm thickness and 2.5 g/cm3 density 686

Fig. 15 On left, the geometry output by the optimization, while right shows the results after rounding is used to eliminate grey elements

Fig. 16 Images of fabricated waterjet cut float glass beam specimen. The volume-based is on left, the stress-based is in middle, and in
a separate photo the stiffness-based is on right
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Name Optimization Result a
Volume 

(m3)

Annealing 

time (hours 

: minutes) b

BR-PN-30 0,690 35:00

SL-PN-30 0,738 55:20

BR-FX-30 0,419 18:30

BR-PN-40 0,443 23:30

Compact slab 

(h = 17 cm)
0,821

83:30 (BR)

249:50 (SL)

a The resulting shapes are illustrated in a black-white gradient that reflects the existence (black) 

or absence (white) of material according to the pseudo-density value of each finite element.
b The estimated time refers only to the annealing phase proposed by [4] and not to the total 

cooling time needed.

Fig. 4. Optimization results for different design input variations.

However, there are small adjustments to effectively address the specific input situa-
tion in each case. Firstly, in SL-PN-30 the algorithm does not converge to a result with
the main arc part as thick as in BR-PN-30, but it details it into a larger number of thin-
ner elements. Therefore, the characteristic cross-sectional dimension of the geometry
becomes smaller allowing for annealing time that lies inside the imposed limit, despite
the higher thermal expansion coefficient of soda-lime glass.

Additionally, in the case of a larger profile height (BR-PN-40), a clearer formation
of the main arc and the respective Y-shaped nerves is achieved. The outcome of this
optimization run has the clearest boundary of all counterparts. The only variation that
converges to a considerably different result than the initial arc shape is BR-FX-30. In
this case, the structure is analyzed into three different parts: two cantilevers3 on the sides
which support a lattice structure placed in the middle part. As earlier, small nerves are
created between the different parts to transfer surface loads. Besides the slenderness of
the individual elements, the performance of the component lies well inside the limitations
related to buckling, which is an important issue for glass articles and can lead to failure.

All the optimization outcomes are considerably more lightweight compared to the
reference slab, i.e. the thinnest full material slab that could be applied and still comply
with the principal stresses and displacement restrictions (height = 0.17 m). Particularly,
the volume reduction achieved through optimization ranges between 10–49% of the
reference volume whereas the annealing time needed can be reduced by up to 78%.

3 The geometry of the cantilevers resembles the shape of the classical MBB-Beam problem when
similar boundary conditions are imposed [33].
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Fig. 3. Design domain Ωdes with (a) finite elements related to design variables and evaluation of
manufacturing and principal stresses constraints, (b) critical node for displacement constraint, (c)
symmetric domain.

3.3 Results

The following examples illustrate the practicality and versatility of the implementation
by showcasing how input related to distinct parameters, such as glass composition and
design strategies, affects the final outcome (Table 2). Regarding the glass composition,
the most prevailing two types are applied: borosilicate and soda-lime glass. They share
similar mechanical and structural properties, but they have considerably different thermal
properties [6] requiring different annealing durations for the same geometry. Particularly,
borosilicate glass has significantly lower thermal expansion coefficient, thus, cooling
down approximately three times faster than soda-lime glass (Table 3).

All the examples share the same constraints, though adjusted to reflect the input
conditions each time (Table 4). In this light, given that casting is applied, the value of the
design tensile strength is compromised comparing to laminated glass because of casting
defects and fracture mechanism risks [6]. Regarding the compliance constraint, different
fractions are used based on the compliance of the full initial design domain. The rest of
the input values related to the optimization are summarized in Table 5.

Table 2. Overview table with input conditions for each example.

Namea Glass composition Supports Cross section height (cm)

BR-PN-30 Borosilicate Point 30

SL-PN-30 Soda-lime Point 30

BR-FX-30 Borosilicate Fixed 30

BR-PN-40 Borosilicate Point 40
aThe acronyms refer to the glass composition (BR: Borosilicate/SL: Soda-lime); the edge support
conditions (PN: Point/FX: Fixed); and the cross section height in cm

Table 3. Input values per glass composition.

Density
(kg/m3)

Poisson’s
ratio
(−)

Annealing temperature
range
(K)

Thermal
expansion coefficient
(1/K)

Thermal
conductivity
(W/(m*K))

Specific heat
capacity
(J/(kg*K))

Borosilicate 2500 0.2 70 3.25*10–6 1.15 800

Soda-lime 2500 0.2 68 8.5*10–6 1.06 870
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Abstract. This work develops a computational method that produces algorithmi-
cally generated design forms, able to overcome inherent challenges related to the
use of cast glass for the creation of monolithic structural components with light
permeability. Structural Topology Optimization (TO) has a novel applicability
potential, as decreased mass is associated with shorter annealing times and, thus,
considerably improved manufacturability in terms of time, energy, and cost effi-
ciency. However, realistic TO in such structures is currently hindered by existing
mathematical formulations and commercial software capabilities. Incorporating
annealing constraints into the optimization problem is an essential feature that
needs to be accommodated, whereas the brittle nature of glass invokes asymmet-
ric stress failure criteria that cannot be captured by conventional ductile plasticity
surfaces or uniform stress constraints. This paper addresses the approximation
problems in the evaluation of principal stresses while concurrently incorporating
annealing-related manufacturing constraints into a unified TO formulation. A mass
minimization objective is articulated, as this is the most critical factor for cast glass
structures. To ensure the structural integrity and manufacturability of the compo-
nent, the applied constraints refer both to the glass material/structural properties
and to criteria that ensue from the annealing and fabrication processes. The devel-
oped code is based on the penalized artificial density interpolation scheme and the
optimization problem is solved with the interior-point method. The proposed for-
mulation is applied in a planar design domain to explore how different glass com-
positions and structural design strategies affect the final shape. Upon extraction
of the optimized shape, the structural performance of the respective 3D structures
is validated with respect to performance constraint violations using the Ansys
software. Finally, brief guidelines on the practical aspects of the manufacturing
process are provided.

Keywords: topology optimization · structural glass · brittle materials · mass
minimization · nonlinear programming · cast glass · reduced annealing

1 Introduction

Cast glass has been recently highlighted as a material with large shaping potential for the
design of monolithic load-bearing structures that allow for spatial and light continuity [1,
2]. Particularly, casting allows to create free-form transparent or translucent structural
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Abstract Advances in structural glass have enabled
a new paradigm in expressive and transparent archi-
tecture. Cast glass can further extend the possibili-
ties of structural glass by allowing for more com-
plex and sophisticated shapes than the current planar
geometries of structural float glass. However, the use
of cast glass is currently limited because of the lengthy
annealing process, making massive component sizes
impractical to fabricate. Topology optimization (TO)
has been proposed as a solution to this problem, as
it is known to generate structurally efficient designs
with a low volume of material. If tailored appropriately,
TO can reduce component sizes and thereby dimin-
ish the total annealing time needed, while intelligently
placing material in the areas where it will be utilized
most effectively. For TO of glass to be successful, algo-
rithms must properly capture glass’s specific material
behavior. This research proposes a suite of TO algo-
rithmic frameworks that design specifically for struc-
tural glass. These algorithms are demonstrated in a 2D
design space, and the resulting geometries are fabri-
cated using cut float glass and tested for experimen-
tal comparison on a 4-point bending load case. The
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results of these experiments provide valuable insights
into the development of TO for structural glass, and
help inform future research in TO of large-scale cast
glass structures.

Keywords Topology optimization · Structural glass ·
Lightweight structures · Physical experiments

1 Introduction

Cast glass is a promising expression of the material for
creating free-form monolithic glass structures that go
beyond the two-dimensionality of float glass and fully
utilize its compressive strength, which is higher than
that of concrete and even steel. By pouring glass into
molds, virtually any shape and size of a glass compo-
nent can be produced. This vast shaping potential of
cast glass, although extensively demonstrated in the
field of glass art, has so far been underexplored in
structural applications in the built environment. The
most characteristic examples of load-bearing cast glass
for architectural applications are tessellated structures,
which utilize solid cast glass blocks of no more than
10 kg in mass. Examples of this approach are shown
in Fig. 1. The limited volume of these structural com-
ponents is necessitated by the lengthy annealing pro-
cess required by glass components of substantial cross-
section, which in turn renders their production unrealis-
tic due to the associated high energy and manufacturing
costs.
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using the implicit bias over functions induced by neural networks to improve the pa-
rameterization of structural optimization. Rather than directly optimizing densities
on a grid, we instead optimize the parameters of a neural network which outputs
those densities. This reparameterization leads to different and often better solutions.
On a selection of 116 structural optimization tasks, our approach produces the best
design 50% more often than the best baseline method.

1 Introduction

(a) L-BFGS (neural net) (b) MMA (pixels) (c) L-BFGS (pixels)

7.3% worse 54% worse

Figure 1: A multi-story building task. Figure (a) is
a structure optimized in CNN weight space. Figures
(b) and (c) are structures optimized in pixel space.

One of the driving forces behind the success of
deep computer vision models is the so-called
“deep image prior" of convolutional neural net-
works (CNNs). This phrase loosely describes
a set of inductive biases, present even in un-
trained models, that make them effective for
image processing. Researchers have taken ad-
vantage of this effect to perform inpainting,
noise removal, and super-resolution on images
with an untrained model [27].

There is growing evidence that this implicit
prior extends to domains beyond natural im-
ages. Some examples include style transfer in
fonts [3], uncertainty estimation in fluid dynam-
ics [30], and data upsampling in medical imaging [8]. Indeed, whenever data contains translation
invariance, spatial correlation, or multi-scale features, the deep image prior may be a useful tool.

One field where these characteristics are important – and where the deep image prior is under-
explored – is computational science and engineering. Here, parameterization is extremely important –
substituting one parameterization for another has a dramatic effect. Consider, for example, the task
of designing a multi-story building via structural optimization. The goal is to distribute a certain
quantity of building material over a two-dimensional grid in order to maximize the resilience of the
structure. As Figure 1 shows, different optimization methods (LBFGS [18] vs. MMA [26]) and
parameterizations (pixels vs. neural net) have big consequences for the final design.

How can we harness the deep image prior to better solve problems in computational science? In this
paper, we propose reparameterizing optimization problems from the basis of a grid to the basis of a
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Figure 2: Schema of our approach to reparameterizing a structural optimization problem with a
neural network. Each of these steps – the CNN parameterization, the constraint step, and the physics
simulation – is differentiable. We implement the forward pass as a TensorFlow graph and compute
gradients via automatic differentiation.

neural network. We use this approach to solve 116 structural optimization tasks and obtain solutions
that are quantitatively and qualitatively better than the baselines.

2 Methods

While we apply our approach to structural optimization in this paper, we emphasize that it is generally
applicable to a wide range of optimization problems in computational science. The core strategy is to
write the physics model in an automatic differentiation package with support for neural networks,
such as Jax, TensorFlow, or PyTorch. We emphasize that the differentiable physics model need not
be written from scratch: adjoint models, as these are known in the physical sciences, are widely used
[21, 9, 13], and software packages exist for computing them automatically [10].

The full computational graph begins with a neural network forward pass, proceeds to enforcing
constraints and running the physics model, and ends with a scalar loss function (“compliance" in the
context of structural optimization). Figure 2 gives an overview of this process. Once we have created
this graph, we can recover the original optimization problem by performing gradient descent on the
inputs to the constraint step (x̂ in Figure 2). Then we can reparameterize the problem by optimizing
the weights and inputs (θ and β) of a neural network which outputs x̂.

Structural optimization. We demonstrate our reparameterization approach on the domain of struc-
tural optimization. The goal of structural optimization is to use a physics simulation to design
load-bearing structures, given constraints such as conservation of volume. We focus on the general
case of free-form design without configuration constraints, known as topology optimization [6].

Following the “modified SIMP" approach described by [2], we begin with a discretized domain of
linear finite elements on a regular square grid. The physical density x̃ij at grid element (or pixel)
(i, j) is computed by applying a cone-filter with radius 2 on the input densities xij . Then, letting
K(x̃) be the global stiffness matrix, U(K,F ) the displacement vector, F the vector of applied forces,
and V (x̃) the total volume, we can write the optimization objective as:

min
x

: c(x) = UTKU, such that: KU = F, V (x) = V0, and 0 ≤ xij ≤ 1 ∀(i, j). (1)

We implemented this algorithm in NumPy, SciPy and Autograd [19]. The computationally limiting
step is the linear solve U = K−1F , for which we use a sparse Cholesky factorization [7].

One key challenge was enforcing the volume and density constraints of Equation (1). Standard
topology optimization methods satisfy these constraints directly, but only when directly optimizing
the design variables x. Our solution was to enforce the constraints in the forward pass, by mapping
unconstrained logits x̂ into valid densities x with a constrained sigmoid transformation:

xij = 1/(1 + exp[x̂ij − b(x̂, V0)]), such that: V (x) = V0. (2)

where b(x̂, V0) is solved for via binary search on the volume constraint. In the backwards pass, we
differentiate through the transformation at the optimal point using implicit differentiation [14].
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Figure 1: A multi-story building task. Figure (a) is
a structure optimized in CNN weight space. Figures
(b) and (c) are structures optimized in pixel space.

One of the driving forces behind the success of
deep computer vision models is the so-called
“deep image prior" of convolutional neural net-
works (CNNs). This phrase loosely describes
a set of inductive biases, present even in un-
trained models, that make them effective for
image processing. Researchers have taken ad-
vantage of this effect to perform inpainting,
noise removal, and super-resolution on images
with an untrained model [27].

There is growing evidence that this implicit
prior extends to domains beyond natural im-
ages. Some examples include style transfer in
fonts [3], uncertainty estimation in fluid dynam-
ics [30], and data upsampling in medical imaging [8]. Indeed, whenever data contains translation
invariance, spatial correlation, or multi-scale features, the deep image prior may be a useful tool.

One field where these characteristics are important – and where the deep image prior is under-
explored – is computational science and engineering. Here, parameterization is extremely important –
substituting one parameterization for another has a dramatic effect. Consider, for example, the task
of designing a multi-story building via structural optimization. The goal is to distribute a certain
quantity of building material over a two-dimensional grid in order to maximize the resilience of the
structure. As Figure 1 shows, different optimization methods (LBFGS [18] vs. MMA [26]) and
parameterizations (pixels vs. neural net) have big consequences for the final design.

How can we harness the deep image prior to better solve problems in computational science? In this
paper, we propose reparameterizing optimization problems from the basis of a grid to the basis of a
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Fig. 18. Design domain of the portal frame problem and the initial design.
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Fig. 19. Test 5a: Optimal design of the portal frame problem with compliance as
objective function and the corresponding stress distribution.
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Fig. 20. Test 5b: Optimal design of the portal frame problem under formulation
(4.2) with two local stress constraints and the corresponding stress distribution.
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3.3. Singularity problem associated with the local stress constraints

It is well-known that stress-constrained topology optimization
problems sometimes will suffer from the so-called singularity phe-
nomenon [18–20,6,21]. This is because local stress constraint func-
tion is a topology-dependent constraint function which may be
discontinuous when topology design variables (element densities
in SIMP model) tend to their critical values [20,6].

In order to circumvent the singularity phenomena in stress-re-
lated topology optimization problems, the so-called �-relaxed ap-
proach [6] and its variations are popular methodologies [5,7,9,13].
The key idea of the relaxation approach is to rewrite the local
stress constraint functions in such a way that their continuities
can be restored when the corresponding topology design vari-
ables are tending to their critical values. To this end, firstly, the
stress constraints should be written in a conditional form as
shown in Eq. (2.1). That is, the stress constraints should only be
imposed on the solid part of the structure. In Eq. (2.1) this is
achieved by introducing v(x) into the expressions of the con-
straint functions. Secondly, the conditional type stress constraints
should be relaxed in a mathematically consistent way in order to
make sure that there is no low-dimensional degenerated sub-
space existing in the feasible domain. The rationale of the relax-
ation approach for truss structures has been analyzed critically
by Petersson [22] and successful applications of this approach
in stress-constrained topology optimization problems can be
found in [5,7,9,13].

3.4. Potentials for level set-based approach to resolve the
aforementioned problems

The above facts inspired us making an attempt to deal with
stress-related topology optimization problems in a computational
framework other than SIMP. Our choice is the level set-based ap-
proach, which has already been applied successfully for optimal
topology design of stiff structures. Our motivation stems from
the following considerations. As is well-known, one advantage of
the level set-based topology optimization approach is that it al-
ways deals with the black and white designs directly. Therefore
there will be no gray regions during the course of optimization
and in the final optimization result. From this perspective, corre-
sponding difficulties arising from the existence of gray materials
and the associated singularity phenomenon in stress-related topol-
ogy optimization can be avoided naturally. More discussions on
this aspect can also be found in Section 6. As for the accuracy of
stress computation along the boundary, it has been known that,
compared with the conventional finite element methods, the ex-
tended finite element method (X-FEM) coupling with a level set
description of structural shape and topology, can give a more accu-
rate result of boundary stress [23]. Furthermore, another distinc-
tive advantage of the level set-based optimization framework is
that it can account for the shape and topology changes of the struc-
ture simultaneously [16,17]. In the following sections, problem for-
mulations and numerical solution aspects of stress-related
topology optimization via level set approach will be described in
details.

4. Problem formulation for stress-related topology
optimization under level set-based framework

As in [24], where both structural stiffness and stress are consid-
ered simultaneously for stress-related topology optimization prob-
lems with use of SIMP approach, in the present work, the following
formulations will be employed to deal with stress-related topology
optimization problems:

find /ðxÞ 2 L1ðDÞ; uðxÞ 2 H1ðDÞ

minimize Vs ¼
Z
D
Hð/ðxÞÞdV

s:t:
Z
D
Hð/ðxÞÞEijklui;jðxÞvk;lðxÞdV ¼

Z
D
Hð/ðxÞÞfiðxÞv iðxÞdV

þ
Z
Ct

tiðxÞv iðxÞdS; 8v 2 Uad;

gð/ðxÞ;rðuðxÞÞÞ ¼
Z
D
Hð/ðxÞÞrðrðuðxÞÞÞdV � F 6 0;

Z
D
Hð/ðxÞÞEijklui;jðxÞuk;lðxÞdV � U 6 0;

u ¼ �u; on Cu

ð4:1aÞ

or

find /ðxÞ 2 L1ðDÞ; uðxÞ 2 H1ðDÞ

minimize Fð/ðxÞ;rðuÞÞ ¼
Z
D
Hð/ðxÞÞrðrðuðxÞÞÞdV

s:t:
Z
D
Hð/ðxÞÞEijklui;jðxÞvk;lðxÞdV ¼

Z
D
Hð/ðxÞÞfiðxÞv iðxÞdV

þ
Z
Ct

tiðxÞv iðxÞdS; 8v 2 Uad;

pð/ðxÞÞ ¼ Vs � V ¼
Z
D
Hð/ðxÞÞdV � V 6 0;

Z
D
Hð/ðxÞÞEijklui;jðxÞuk;lðxÞdV � U 6 0;

u ¼ u; on Cu;

ð4:1bÞ

respectively. In Eqs. (4.1a) and (4.1b), /(x) is the so-called topology
and/or shape description function which characterizes the material
distribution in the design domain in an implicit way (Fig. 1). H(x) is
the Heaviside function: H(x) = 1, if xP 0 and H(x) = 0, otherwise. The
quantity U ¼

R
D Hð/ðxÞÞEijklui;jðxÞuk;lðxÞdV represents twice of the

elastic strain energy of the structure and U is an upper bound on
U. When only the case of prescribed external load is considered, U
is equal to the structural compliance. V is the prescribed upper
bound on Vs.

Another problem formulation can be written as

Fig. 1. Level set function describing the topology of the structure.
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a b s t r a c t

Considering stress-related objective or constraint functions in structural topology optimization problems
is very important from both theoretical and application perspectives. It has been known, however, that
stress-related topology optimization problem is challenging since several difficulties must be overcome
in order to solve it effectively. Traditionally, SIMP (Solid Isotropic Material with Penalization) method was
often employed to tackle it. Although some remarkable achievements have been made with this compu-
tational framework, there are still some issues requiring further explorations. In the present work, stress-
related topology optimization problems are investigated via a level set-based approach, which is a differ-
ent topology optimization framework from SIMP. Numerical examples show that under appropriate
problem formulations, level set approach is a promising tool for stress-related topology optimization
problems.

� 2011 Elsevier B.V. All rights reserved.

1. Introduction

Since the pioneering work of [1], topology optimization has be-
come a rather well-established research field nowadays. Numerous
methods have been proposed to deal with this kind of problem and
some of them have been applied successfully in several industrial
areas to obtain innovative structural designs. We do not intend
to give an extensive literature review here. For a comprehensive
understanding of the state of art, the readers are referred to the
excellent review article [2] and the references therein.

Most of the studies on topology optimization have been de-
voted to compliance minimization, which is intended to find the
optimal distribution of a given amount of material in order to en-
hance the overall stiffness of the structure. In practical engineering
applications, however, in most of the cases, a structure should also
be designed under some strength type considerations. Under this
circumstance, stress-related constraints or objective functions will
come into play. As pointed in [3], considering stress constraints in
topology optimization is an extremely important research topic
which deserves serious explorations. This is because on one hand
high stress is often responsible for the fracture, damage, creep
and fatigue of many engineering structures. Without considering
stress constraints, the reliability of an optimal design during its
service life cannot be fully guaranteed. On the other hand, theoret-
ical analyses showed that the strongest design and the stiffest de-

sign could be quite different from each other [4]. Optimal designs
obtained under maximum stiffness criteria may not serve as a good
candidate for the solution of a high strength oriented optimization
problem. Based on the above reasons, stress-related topology opti-
mization has received more and more attentions in recent years.

Duysinx and Bendsoe [5] first considered the topology optimi-
zation of continuum structures under point-wise stress con-
straints. They proposed the so-called micromechanics consistent
scheme for stiffness and allowable stress interpolations and used
it together with the �-relaxation approach [6] to deal with the sin-
gularity phenomenon caused by local stress constraints. Pereira
et al. [7] studied the topology optimization of continuum struc-
tures with material failure constraints. The aforementioned �-
relaxation approach was also employed to handle the local stress
constraints. They found that the optimal designs under material
failure constraints are quite different from that obtained in classi-
cal compliance minimization problems. Lipton and Stuebner [8]
proposed an approach for optimization of composite structures
subject to local stress constraints. In this approach, a density func-
tion hf was introduced to find the optimal graded distribution of
reinforcement fibers and a modulation function was used to con-
trol the microstress pointwisely. París et al. [9] considered the
weight minimization problems under both global and local stress
constraints. In their work, the local stress constraints were relaxed
and the global stress constraints were expressed in form of
Kreisselmeier–Steinhauser (K–S) function. Bruggi and Venini
[10,11] proposed a qp-relaxation approach for stress-constrained
topology optimization in order to avoid the singularity phenome-
non. They found that this approach has the effect of reducing the
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Fig. 18. Design domain of the portal frame problem and the initial design.
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Fig. 19. Test 5a: Optimal design of the portal frame problem with compliance as
objective function and the corresponding stress distribution.
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Fig. 20. Test 5b: Optimal design of the portal frame problem under formulation
(4.2) with two local stress constraints and the corresponding stress distribution.
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1) A material distribution definition, specifically tailored to cast glass

2) An optimization algorithm, specifically tailored to brittle materials

3) A workflow that combines the material distribution definition, brittle material properties, and the optimization algorithm.

4) Use the above to inform the design of an indoor cast-glass pedestrian bridge at the British Museum, as a case study.
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3rd goal:
A workflow that combines 

the material distribution definition, 
brittle material properties, 

and the optimization algorithm.
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4th (& final) goal:
Use the above to inform the design of an 
indoor, cast-glass, pedestrian bridge at 

the British Museum, as a case study.
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4th (& final) goal:
Use the above to inform the design of an 
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Koniari, 2022 Schoenmaker, 2023 Present work

2D 3D 2D

Structural height [mm] 300 300 400

FE edge [mm] 20 20 10

Design parameters 1,575 31,500 162

Nodes 1,696 35,616 8,651

Degrees of freedom 3,392 106,848 17,302

Computer used for optimization DelftBlue DelftBlue Laptop’s CPU

Computing time [hours] 46 8 7 (SGD)
2.1 (Adam)

Code language MATLAB MATLAB Python

Objective Volume Volume Stress + Volume  
+ Displacement
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2D 3D 2D 2D NA

Volume ratio [-] 0.30 0.23 0.25 0.29 NA

Maximum principal stress (tension) MPa 2.96 4.7 1.7 1.3 6.4

Minimum principal stress (compression) MPa -5.56 -4.7 -3.9 -1.9 -50

Maximum deflection mm 0.12 0.24 0.26 0.08 8.4
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8.2.1.2 Volume Objective 
 
The second experiment refers to the volume –based optimization. This time, apart from the equilibrium and 
filtering constraint, compliance47, deflection and annealing constraint are integrated in the algorithm. Regarding 
the stresses, this time the Drucker – Prager criterion was tested in order to compare the result regarding the 
efficiency and the computational time needed. 
 
The final result is also considered successful since it complies with all the constraints posed in the algorithm 
(feasibility: 0). The resulting shape has a similar structure to the one obtained with the compliance-based 
formulation, but this time the boundary is a lot clearer and there are no grey zones in the structure. This is 
strongly related to the objective set this time, since the algorithm tends to minimize the densities as much as 
possible in the areas where they do not add to the stiffness of the structure. Additionally, it needs to be 
highlighted that, although the overall computational time devoted to the operation was hardly the same as the 
first experiment48, the number of function evaluations operated this time is 1.5 times larger than the number of 
function evaluations in the first case. It is considered that this fact is related to the implementation of the 
Drucker - Prager criterion, which reduces at half the number of constraints posed since only one factor is 
evaluated at each element instead of the two factors evaluated in the case of the individual principal stresses. 
 
The final result was evaluated structurally in order to check the performance of the principal stresses at this 
operation (Appendix A.2.3). In general, the values are higher than the ones observed in the first experiment, but 
they still lie inside the allowable limits.   
 
 
 
 

 
Figure 66 Resulting shape for Volume Objective & Compliance, Deflection, Annealing & Drucker - Prager 
Constraint. 
 
 
 

                                                           
47 After experimenting with different values of the    factor for the compliance constraint, it was decided that it will be set as 
    . 
48 The operations were not ended due to convergence, but they were ended from the user when it was considered that not a 
lot of improvement is happening in the structure. This is related, firstly, to the strict tolerances that were imposed on the 
algorithm which were difficult to reach and, secondly, to the considerable time limitation for the handing of this report. 
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