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SPECTRA OF TWO-DIMENSIONAL MODELS FOR THIN PLATES
WITH SHARP EDGES∗
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Abstract. We investigate the spectrum of the two-dimensional model for a thin plate with a
sharp edge. The model yields an elliptic 3×3 Agmon–Douglis–Nirenberg system on a planar domain
with coefficients degenerating at the boundary. We prove that in the case of a degeneration rate
α < 2, the spectrum is discrete, but, for α ≥ 2, there appears a nontrivial essential spectrum. A
first result for the degenerating scalar fourth order plate equation is due to Mikhlin. We also study
the positive definiteness of the quadratic energy form and the necessity to impose stable boundary
conditions. These results differ from the ones that Mikhlin published.
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1. Introduction. The model system for a thin plate with a sharp edge has
some peculiar features. The most remarkable one is that the spectrum for this elliptic
boundary will contain a nonempty essential part if the edge is sharp enough. This
result is in striking contrast to model for a plate with uniform thickness or a less
sharp edge. The appearance of an essential spectrum provokes wave behavior in finite
elastic bodies with cuspidal surfaces. This phenomenon is of practical use in modern
engineering when constructing filters and dampers of elastic waves (see [12, 20] for
specific engineering devices known as “vibrating black holes”). A first place where the
behavior of thin plates of nonuniform thickness is studied is the book of Mikhlin. For
a good understanding of the problem, it is fundamental to recall some of his results
for the plate problem.

1.1. Recalling Mikhlin’s results on plates with sharp edges. In this sec-
tion we formulate some results described in the second Russian edition [19] of the
classical book by Mikhlin on variational methods. In the first edition, which is avail-
able in an English translation [18], this part is not presented.

Let ω ⊂ R2 be the longitudinal cross section of a thin isotropic plate with variable
thickness. We assume that ω is a domain with a C2-boundary ∂ω, and we write
ω̄ = ω ∪ ∂ω for the compact closure. The thickness function h is smooth inside ω, is
positive in ω, but vanishes on ∂ω. More precisely, setting

(1.1) ρ(x) = dist(x, ∂ω) for x ∈ ω̄.

we may define the system of local curvilinear coordinates (n, s) in

ω� = {x ∈ ω; dist (x, ∂ω) < �}
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for � > 0 sufficiently small, such that for some α > 0 we have

(1.2) h(x) = nα
(
H(s) + h̃(x)

)
for x ∈ ω�.

Here n = ρ (x) is the oriented distance to ∂ω, and s is the arc length along ∂ω.
Furthermore, H is a smooth positive function on ∂ω, and h̃ is a smooth function on
ω̄ with h̃ = 0 on ∂ω.

According to [16] (see also [19, sect. 37, pp. 201–206]) the differential equation
for the deflection w of the plate reads

(1.3) L(x,∇x)w(x) = f(x) for x ∈ ω,

where f is the density of the transversal load and

L(x,∇x) = D

⎛
⎜⎝ ∂2

∂x21
h(x)3

∂2

∂x21
+

∂2

∂x22
h(x)3

∂2

∂x22

+ ν

(
∂2

∂x21
h(x)3

∂2

∂x22
+

∂2

∂x22
h(x)3

∂2

∂x21

)
+ 2(1− ν)

∂2

∂x1∂x2
h(x)3

∂2

∂x1∂x2

⎞
⎟⎠ .(1.4)

The constant D = E
12(1−ν2) is the reduced cylindrical rigidity of the plate material

with the Young modulo E and the Poisson ratio ν ∈ [0, 12 ].
The elastic energy E(.) : C∞

c (ω) → R is defined by E(w) = 1
2ae(w,w) with

ae(w,w) := D

∫
ω

h(x)3

(∣∣∣∣∂2w∂x21 (x)
∣∣∣∣
2

+

∣∣∣∣∂2w∂x22 (x)
∣∣∣∣
2

(1.5)

+2ν
∂2w

∂x21
(x)

∂2w

∂x22
(x) + 2(1− ν)

∣∣∣∣ ∂2w

∂x1∂x2
(x)

∣∣∣∣
2
)
dx.

One finds

(1.6) ae(w,w) ≥ D(1 − ν)

2∑
j,k=1

∫
ω

h(x)3
∣∣∣∣ ∂2w

∂xj∂xk
(x)

∣∣∣∣
2

dx.

For bounded ω, Poincaré’s inequality shows that ae(w,w) = 0 implies w = 0 and

hence that w �→ ae(w,w)
1
2 is a norm on C∞

c (ω). Here C∞
c (ω) is the space of infinitely

differentiable functions which are compactly supported in the bounded domain ω. We
will define the function space H as the completion of C∞

c (ω) with respect to this norm

w �→ ae(w,w)
1
2 . The elastic energy will have a natural extension E(.) : H → R.

For the plate with a transversal load that is clamped at the edge, we consider the
functional corresponding to the potential energy, that is, the elastic energy minus the
work of external forces,

(1.7) J (w) := E(w) −
∫
ω

w(x)f(x)dx.

A solution should minimize J :

w = argmin {J (w̃) ; w̃ ∈ H} .
The following conclusions, related to the degenerating rate α in (1.2), can be

found in Mikhlin’s book [19, sect. 37]:
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• if α < 1
3 , elements in H and their first-order derivatives keep zero trace on

∂ω, i.e., the differential equation (1.3) must by supplied with the full set of
boundary conditions,

(1.8) w(x) = 0, ∇xw(x) = 0 for all x ∈ ω;

• if 1
3 ≤ α < 1, elements in H themselves keep zero trace on ∂ω and the

differential equation (1.3) needs one but only one boundary condition,

(1.9) w(x) = 0 for all x ∈ ω;

• if α ≥ 1, elements in H do not keep zero trace on ∂ω and the differential
equation (1.3) cannot by supplied with a boundary condition.

Remark 1.1. A miscalculation in [19] led to the threshold 2
3 in the last two

assertions. Here we use the corrected number, namely 1. The error occurs in a non-
explicit computation between formulas (6) and (7) on page 203, where it is written:
“A simple analysis demonstrates that. . . .”

For 1
3 ≤ α < 1, the above result means that any function in C2(ω̄) that vanishes

on ∂ω admits a sequence {wk}k∈N
⊂ C∞

c (ω), such that

(1.10) ae(w − wk, w − wk) → 0 for k → ∞.

In view of (1.6), the quadratic form (1.5) degenerates only on the space R of rigid
motions:

(1.11) R = {w : w(x) = a0 + a1x1 + a2x2, ai ∈ R}.

Since no nontrivial rigid motion verifies the condition (1.9), the quadratic form ae
stays positive definite in the space H.

For α ≥ 1, however, any function w ∈ C2(ω̄) can be approximated by {wk}k∈N
⊂

C∞
c (ω) in the sense of (1.10) so that the completion procedure may fail to determine

a Hilbert space H. Indeed, as shown in [19], the form (1.5) is positive definite on H
only in the case α < α0 with again an erroneously calculated α0 = 3

2 . The correct α0

equals 1.
To counteract this effect of the degeneration at the boundary we introduce the

quadratic form

(1.12) a(w,w) = ae(w,w) + ak(w,w),

with

(1.13) ak(w,w) = γ

∫
ω

h(x) |w(x)|2 dx.

for γ > 0 some constant. The additional term (1.13) in the quadratic form in (1.12)
can be viewed as a kinetic term due to a vibration eiνtw (x). It leads us to the spectral
problem

(1.14)

{
L(x,∇x)w(x) = λγh(x)w(x) for x ∈ ω,

w ∈ H,

where γ is a material constant and λ stands for the spectral parameter.
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Fig. 1. On the right, a plate with a sharp edge, and a cross section on the left.

The form (1.12) is surely positive definite on any function space and, therefore,

the completion of C∞
c (ω) in the norm w �→ a(w,w)

1
2 provides a Hilbert space for

which we still write H. The above assumptions for the boundary conditions are still
valid.

The weak formulation (see [14]) of the spectral problem (1.14) with the appropri-
ate set of boundary conditions reads as follows.

Problem 1.2. Find λ ∈ C and w ∈ H, with w �= 0, such that the integral identity

(1.15) ae(w,ψ) = λak(w,ψ) for all ψ ∈ H,

is valid, where ak(w,w) as in (1.13).
We shall give a suitable formulation of the spectral problem (1.15) in section 3.

Here we only mention that, under the assumption

(1.16) α < 2,

it is proved in [19] that the spectrum of the problem is fully discrete.
The aim of this paper is to extend the above-mentioned results to anisotropic

plates and, moreover, to show that in the case α ≥ 2 problem (1.14) gets a nonempty
essential spectrum. Note that in the literature several definitions of essential spectrum
appear. However, in a self-adjoint setting, as we will have here, all definitions coincide.

1.2. The general formulation of the plate problem. To shorten formulas,
we write the system in matrix form (see, e.g., [15, 28]),

(1.17) L(x,∇x)u(x) = D(−∇x)
�A(x)D(∇x)u(x) = f(x) for x ∈ ω,

where u = (v1, v2, w)
� is the displacement vector regarded as a column, w = u3 is

the deflection, and vj the displacement in the direction xj , j = 1, 2. Here � stands
for transposition and D is the 6× 3-matrix of differential operators,

(1.18) D(∇x)
� =

⎛
⎝ ∂1 0 2−

1
2 ∂2 0 0 0

0 ∂2 2−
1
2 ∂1 0 0 0

0 0 0 2−
1
2 ∂21 2−

1
2 ∂22 ∂1∂2

⎞
⎠ ,

where ∂j =
∂

∂xj
.The stiffness matrix A(x) of size 6× 6 takes the form

(1.19) A(x) =

∫ h+(x)

−h−(x)

(
A(x, ζ) −√

2ζA(x, ζ)

−√
2ζA(x, ζ) 2ζ2A(x, ζ)

)
dζ,

while A(x, ζ) is a positive definite 3 × 3-matrix constructed from the elastic moduli
of a heterogeneous anisotropic material filling the three-dimensional (3d) plate

(1.20) Ω = {(x, ζ) : x ∈ ω and − h−(x) < ζ < h+(x)} .
An example of a plate with a sharp edge is shown in Figure 1.
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Note that the transversal variable ζ is stretched such that the originally thin plate
is characterized after rescaling by

(1.21) sup
y∈ω

h(y) = 1, h(y) = h+(y) + h−(y) for y ∈ ω.

Representation formulas of the type in (1.19) were derived under different assumptions
in [38, 21], [28, sect. 4,2, pp. 179–189] and others and we accept them without a
specification of the matrix A, although the rigorous dimension reduction from 3-d to
two-dimensional (2-d) has not been done yet in the case of a plate with the sharp
edge, i.e., in the case

(1.22) h±(x) = nα
(
H±(s) + h̃±(x)

)
,

with the same notation as in (1.2), H = H+ +H−, and h̃ = h̃+ + h̃−, and H± and
h̃± are smooth nonnegative functions with h̃± = 0 on ∂ω. We may assume that

(1.23) |h± (x) /h (x)| ≤ ch.

For our analysis, we need only that the matrix function A is smooth, symmetric, and
positive definite in the set Ω̄. Then formula (1.19) ensures that the 3 × 3-blocks of
the matrix

(1.24) A(x) =

(A��(x) A�3(x)
A3�(x) A33(x)

)

satisfy the inequalities

c�ρ(x)
α |ξ�|2 ≤ ξ�� A��(x)ξ� ≤ C�ρ(x)

α |ξ�|2 for all ξ� ∈ R
3,(1.25)

c3ρ(x)
3α |ξ3|2 ≤ ξ�3 A33(x)ξ3 ≤ C3ρ(x)

3α |ξ3|2 for all ξ3 ∈ R
3,(1.26)

where cσ, Cσ are positive constants. Moreover, elements of the block A3�(x) =
A�3(x)

� are bounded by Cρ(x)2α.
If the elastic material is homogeneous, which means A is constant, then

A(x) =

(
h(x)A − 1√

2
h(x) (h+(x) − h−(x))A

− 1√
2
h(x) (h+(x)− h−(x))A 2

3h(x)
(
h+(x)

2 − h+(x)h−(x) + h−(x)2
)
A

)
,

so that the geometrical symmetry (h+ = h− = 1
2h) leads to the block-diagonal matrix

(1.27) A(x) =

(
h(x)A 03

03
1
6h(x)

3A

)
,

where 0N is the null matrix of size N × N . Then the structure of (1.18) and (1.27)
results in a splitting of the system of differential equations (1.17) into a fourth order
equation for the deflection w and a system of second order equations for the vector
v = (v1, v2) of the longitudinal displacements. Moreover, in the case of a isotropic
material we have

(1.28) A =

⎛
⎝

E
1−ν2

Eν
1−ν2 0

Eν
1−ν2

E
1−ν2 0

0 0 E
1+ν

⎞
⎠



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

SPECTRA FOR THIN PLATES WITH SHARP EDGES 3025

(see, e.g., [28, sect. 4,2]) and the above mentioned fourth order equation takes the
form (1.3) with the differential operator (1.4).

We also outline that an asymptotic analysis of the spectral elasticity problem in
a thin plate (see, for example, [5, 8] for the isotropic and [26], [28, Chap. 6] for the
anisotropic and inhomogeneous case) leads to the system of differential equations

(1.29) L(x,∇x)w(x) = λγ(x) e3 w(x) for x ∈ ω,

where e3 = (0, 0, 1)� and γ is a smooth positive function in ω, namely

(1.30) γ(x) = nα (Γ(s) + γ̃(x)) for x ∈ ω ∩ V ,

with Γ and γ̃ being smooth in ∂ω and ω̄, respectively, and satisfying Γ > 0 and γ̃ = 0
on ∂ω. The distinguishing feature of system (1.29) is just the presence of the spectral
parameter λ in the third equation only.

The system (1.29) describes transversal oscillations of the plate, while the asym-
metry of physical and/or geometric characteristics, that is, A�3 �= 03, stimulates
longitudinal vibrations as well. The pure longitudinal oscillations of the plate (see
[8, 26] and [28, Chap. 6]) are described by the following system of two differential
equations:

(1.31) D�(−∇x)
�A��(x)D�(∇x)v(x) = μγ(x)v(x) for x ∈ ω,

where μ is a spectral parameter, A�� is a 3 × 3-block in (1.24) and D�(∇x)
� is the

upper left-hand 2× 3-block of the matrix D(∇x)
� in (1.18).

1.3. The structure of this paper. In section 2 we give, based on several
variants of the one-dimensional Hardy’s inequality, an equivalent norm in the function
space H = H� ×H3 that is suitable for the variational formulation of problems (1.17)
and (1.29). The distribution of the weights in the norm allows for a conclusion on the
existence of traces on ∂ω and the validity of the boundary conditions (1.8) or (1.9).
As a direct consequence we obtain Theorem 2.10 on the existence and uniqueness of a
solution to problem (1.17) together with the description of the kernel and the cokernel
in the case of nonuniqueness.

In section 3 we investigate spectral problems. First, we observe that the spectrum
of problem (1.31) on H� is always discrete. Moreover, when α ∈ (0, 1) the spectrum
consists of strictly positive eigenvalues and when α ≥ 1, μ = 0 is an eigenvalue of
multiplicity 3. We then reprove Mikhlin’s result on the discrete spectrum of problem
(1.15) (pure bending) under condition (1.16). We also extend the result for problem
(1.29), where the interaction of deflection and longitudinal deformation occurs. We
finish the section by constructing the singular Weyl sequence in the case α ≥ 2, which
shows that, according to the Weyl criterion (cf. [36, sect. 133], [2, Thm. 9.1.2]), the
essential spectrum of the problem is not empty. We remark that in order to apply
the most general results of the theory of self-adjoint operators in Hilbert spaces, one
needs a reduction of the system to a scalar integro-differential equation (cf. [27], [28,
Chap. 7]).

In section 4 we make some speculations on related open questions such as the
asymptotic analysis of thin 3-d plates with sharp edges, the structure of the essential
spectrum, and the formulation of appropriate radiation conditions at the edge.
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2. Main results concerning solvability.

2.1. Some variants of Hardy’s inequality. We list some nonstandard varia-
tions on the well-known Hardy type inequalities (cf. [10]).

Lemma 2.1. Let U ∈ C1([0, �]).
• If U (0) = 0 and β < 0, or if U (�) = 0 and β > 0, then

(2.1)

∫ �

0

t2β−1 U(t)2 dt ≤ 1

β2

∫ �

0

t2β+1 U ′(t)2 dt.

• If U (0) = 0, then

(2.2)

∫ �

0

t−3 ln

(
2�

t

)−2

U(t)2 dt ≤ 64

∫ �

0

t−1 ln

(
2�

t

)−2

U ′(t)2 dt.

• If U(�) = 0, then

(2.3)

∫ �

0

t−1 ln

(
2�

t

)−2

U(t)2 dt ≤ 4

∫ �

0

t U ′(t)2 dt,

(2.4)

∫ �

0

t−1 ln

(
2�

t

)−4

U(t)2 dt ≤ 4

9

∫ �

0

t ln

(
2�

t

)−2

U ′(t)2 dt.

Remark 2.2. The function

t �→ ln

(
2�

t

)−1

: [0, �] → R

is zero at zero but this zero is of “order” less than any positive power α of t �→ tα.

See Figure 2. By the way, we write ln
(
2�
t

)−1
:=
(
ln
(
2�
t

))−1
etc.

Fig. 2. The graph of y = ln
(

2�
x

)−1
.

Since Hardy published the inequality named after him in 1920, many generaliza-
tions have been obtained. The books of Kufner with Opic [34] and with Persson [13]
supply us with a wide range of Hardy-type inequalities with weights. For example,
for (2.1) see [34, Ex. 6.9]. The estimates that contain a logarithmic term also follow
from the general result of [34] but to check the conditions is rather involved.

Proof. For the reader’s convenience we will prove one of these estimates, namely,
(2.2). Similar as for the classical version, one starts with the Newton–Leibniz for-

mula 2
∫ b

a
U (t)U ′ (t) dt = [U (t)

2
]ba, integrates this identity, next changes the order of
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both integrations, uses a sufficiently sharp elementary function estimate, and applies
Cauchy–Schwarz to find X ≤ c

√
XY and concludes X ≤ c2Y . For the case (2.2) this

proceeds as follows.
One may directly check that

t �→ (4�− 3t) t−1 ln

(
2�

t

)−2

is a strictly decreasing function on (0, �). Then we have for � ≥ t > τ ≥ 0 that

t−1 ln

(
2�

t

)−2

≤ 4�− 3t

�
t−1 ln

(
2�

t

)−2

<
4�− 3τ

�
τ−1 ln

(
2�

τ

)−2

≤ 4τ−1 ln

(
2�

τ

)−2

,

and we find the following estimates:∫ �

τ

t−3 ln

(
2�

t

)−2

dt ≤ 4τ−1 ln

(
2�

τ

)−2 ∫ �

τ

t−2dt ≤ 4τ−2 ln

(
2�

τ

)−2

.

Next we find ∫ �

0

t−3 ln

(
2�

t

)−2

U(t)2dt = 2

∫ �

0

∫ �

t=τ

t−3 ln

(
2�

t

)−2

U ′(τ)U(τ)dtdτ ≤ 8

∫ �

0

|U ′(τ)| |U(τ)| τ−2 ln

(
2�

τ

)−2

dτ

≤ 8

(∫ �

0

τ−3 ln

(
2�

τ

)−2

|U(τ)|2 dτ
) 1

2
(∫ �

0

τ−1 ln

(
2�

τ

)−2

|U ′(τ)|2 dτ
) 1

2

.

The estimates for (2.3) and (2.4) follow similarly.
Lemma 2.3. For all β < 0 there exists cβ > 0 such that the following holds. Let

U ∈ C1([0, �]). Then

(2.5) U (0)
2 ≤ cβ,�

∫ �

0

t2β+1
(
U (t)

2
+ U ′(t)2

)
dt.

Proof. For β < 0 one finds

|U (0)| ≤ |U (t)|+
∫ t

0

|U ′ (s)| ds

≤ |U (t)|+
(∫ t

0

s−1−2βds

)1/2(∫ t

0

s1+2β |U ′ (s)|2 ds
)1/2

≤ |U (t)|+ 1√
2 |β| t

−β

(∫ �

0

s1+2β |U ′ (s)|2 ds
)1/2

.

Hence it holds that

t1+2β |U (0)|2 ≤ 2t1+2β |U (t)|2 + t

|β|
∫ �

0

s1+2β |U ′ (s)|2 ds

and for β ∈ (−1, 0), when integrated, one finds

�2(β+1)

2 (β + 1)
|U (0)|2 ≤ 2

∫ �

0

t1+2β |U (t)|2 dt+ �2

2 |β|
∫ �

0

t1+2β |U ′ (t)|2 dt.

Whenever (2.5) holds for some β0 < 0, one can then find a constant cβ,� > 0 for each
β ≤ β0.
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2.2. The variational formulation of the plate problem.
Definition 2.4. Let H� and H3 be the Hilbert spaces, defined, respectively, as

the completions of C∞
c (ω)2 and C∞

c (ω) with respect to the norms

(2.6) ‖v; H�‖ :=
(∥∥ρα

2 D�(∇x)v
∥∥2
L2(ω)

+
∥∥ρα

2 v
∥∥2
L2(ω)

) 1
2

and

(2.7) ‖w; H3‖ :=

(∥∥∥ρ 3α
2 ∇2

xw
∥∥∥2
L2(ω)

+
∥∥ρα

2 w
∥∥2
L2(ω)

) 1
2

.

Remember that ρ is the horizontal distance to the edge as defined in (1.1).
We consider the integral identity

(2.8) ae(u, ϕ) := (AD(∇x)u,D(∇x)ϕ)ω = F(ϕ) for ϕ ∈ H = H� × H3,

where (., .)ω is the natural scalar product in the Lebesgue space L2(ω), or its extension
up to the duality between proper weighted spaces. On the right-hand side of (2.8)
one has F ∈ H∗, that is, a continuous linear functional on H. By ∇k

xw, we mean the
collection of all kth order derivatives of the function w.

Lemma 2.5. Consider the domain ω ⊂ R2 and set

r (ρ) = (ln (dω/ρ))
−1

for ρ ∈ [0, 12dω] ,
where dω := 2max {ρ (x) ;x ∈ ω} which is less than or equal to the diameter of ω.

1. On C∞
c (ω)2 the norm in (2.6) is equivalent to the norm |||.|||� defined by

|||v|||� =
(∥∥ρα

2 D�(∇x)v
∥∥2
L2(ω)

+
∥∥ρα

2 R� (ρ)∇xv
∥∥2
L2(ω)

(2.9)

+
∥∥∥ρα−2

2 R� (ρ)
2 v
∥∥∥2
L2(ω)

)1/2

,

where

(2.10) R�(ρ) =

{
r (ρ) for α = 1,

1 for α �= 1.

2. On C∞
c (ω) the norm in (2.7) is equivalent to the norm |||.|||3 defined by

|||w|||3 =

(∥∥∥ρ 3α
2 ∇2

xw
∥∥∥2
L2(ω)

+
∥∥∥ρ 3α−2

2 R∗
3(ρ) ∇xw

∥∥∥2
L2(ω)

(2.11)

+
∥∥∥ρ 3α−4

2 R3(ρ) w
∥∥∥2
L2(ω)

+
∥∥ρα

2 w
∥∥2
L2(ω)

)1/2

,

where

(2.12)

R∗
3(ρ) =

{
r (ρ) for α = 1

3 ,

1 for α �= 1
3 ,

and R3(ρ) =

{
r (ρ) for α ∈ {1

3 , 1
}
,

1 for α �∈ {1
3 , 1

}
.
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Proof. The estimates

(2.13) ‖v; H�‖ ≤ C� |||v|||� , ‖w; H3‖ ≤ C3 |||w|||3
one finds directly. Hence we need only verify the inverse relations. These inverse
relations use 2-d versions of the Hardy inequalities from Lemma 2.5 that one obtains
through the local coordinates (n, s) with n the normal direction and integrating along
the tangential direction s. The role of t is replaced by n = ρ (x). In several cases we
will need a smooth partition of unity {χ, 1− χ} with χ = 1 near the boundary and
χ = 0 on ω \ ω�. We set S := support (1− χ) ⊃ support (|∇χ|).

We start with the proof of (2.11) and distinguish five individual cases for α.

• α ∈ (0, 13). We find 3α− 2 < −1 and 3α− 4 < −1, and the estimate readily
follows from (2.1):

(2.14)
∥∥∥ρ 3α−4

2 w
∥∥∥
L2(ω)

≤ c1

∥∥∥ρ 3α−2
2 |∇w|

∥∥∥
L2(ω)

≤ c2

∥∥∥ρ 3α
2

∣∣∇2w
∣∣∥∥∥

L2(ω)
.

• α ∈ ( 13 , 1). We find 3α− 2 > −1 and 3α− 4 < −1. The first estimate follows
from (2.1) as in (2.14). For the second one we proceed as follows:∥∥∥ρ 3α−2

2 |∇w|
∥∥∥
L2(ω)

(2.15)

≤ c2

(∥∥∥ρ 3α
2 |∇ (χ∇w)|

∥∥∥
L2(ω)

+ ‖|∇w|‖L2(ω∩S)

)

≤ c3

(∥∥∥ρ 3α
2

∣∣∇2w
∣∣∥∥∥

L2(ω)
+ ‖|∇w|‖L2(ω∩S)

)

≤ c4

(∥∥∥ρ 3α
2

∣∣∇2w
∣∣∥∥∥

L2(ω)
+
∥∥∣∣∇2w

∣∣∥∥
L2(ω∩S)

+ ‖w‖L2(ω∩S)

)

≤ c5

(∥∥∥ρ 3α
2

∣∣∇2w
∣∣∥∥∥

L2(ω)
+
∥∥ρα

2 w
∥∥
L2(ω)

)
.

• α ∈ (1,∞). For both steps we have to split using the partition of unity as in
the second step (2.15).

• α = 1
3 . For the first step one uses (2.2) instead of (2.1) to find

∥∥∥ρ−3
2 r (ρ) w

∥∥∥
L2(ω)

≤ c1

∥∥∥ρ−1
2 r (ρ) |∇w|

∥∥∥
L2(ω)

,

and one finds with (2.3) for the second step that

∥∥∥ρ−1
2 r (ρ) |∇w|

∥∥∥
L2(ω)

≤ c2

(∥∥∥ρ 1
2 |∇ (χ∇w)|

∥∥∥
L2(ω)

+ ‖|∇w|‖L2(ω∩S)

)
.

This estimate can be continued as in (2.15).
• α = 1. Now one uses (2.3) for the first step

∥∥∥ρ−1
2 r (ρ) w

∥∥∥
L2(ω)

≤ c1

(∥∥∥ρ 1
2 |∇ (χw)|

∥∥∥
L2(ω)

+ ‖w‖L2(ω∩S)

)

and proves the second step as (2.15).
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The equivalence of (2.9) and (2.6) is much more subtle. Let us first recall that

|D�(∇)v|2 = (∂1v1)
2
+ (∂2v2)

2
+ 1

2 (∂1v2 + ∂2v1)
2

(2.16)

= 1
2 |∇v|2 + 1

2 (∂1v1)
2 + 1

2 (∂2v2)
2 + ∂1v2 ∂2v1

First we consider the case α = 0. Away from the boundary the thickness is
uniform and we may estimate the weight depending on ρ by a positive constant from
both sides. An integration by parts will remove the last term in (2.16). Indeed, for

v ∈ (C∞
c (ω�))

2
we find∣∣∣∣

∫
ω

∂1v2 ∂2v1dx

∣∣∣∣ =
∣∣∣∣
∫
ω

∂1v1 ∂2v2dx

∣∣∣∣ ≤ 1
2

∫ (
(∂1v1)

2
+ (∂2v2)

2
)
dx,

which implies that

(2.17) ‖|D� (∇) v|‖2L2(ω) ≥ 1
2 ‖|∇v|‖2L2(ω) .

In order to deal with the weighted case, we introduce the Cartesian components
of the strain tensor

(2.18) εjk(v;x) =
1

2

(
∂vj
∂xk

+
∂vk
∂xj

)
with j, k = 1, 2.

The components of this tensor in the local coordinates (n, s) are
(2.19)⎧⎨
⎩

εnn(n, s) = ∂nvn(n, s),

εss(n, s) = J(n, s)−1 (∂svs(n, s) + κ(s)vn(n, s)) ,
εns(n, s) = εsn(n, s) = 1

2

(
∂nvs(n, s) + J(n, s)−1 (∂svn(n, s)− κ(s)vs(n, s))

)
,

where ∂n = ∂
∂n , ∂s = ∂

∂s , and vn and vs are the projections of the vector v on the n-
and s-axis, J(n, s) is the Jacobian, and κ(s) the arc curvature at the point s ∈ ∂ω. It
is known and can be verified by a direct calculation that

I0 : =

∫
ω�

ρ(x)α |D�(∇x)v(x)|2 dx =

2∑
j,k=1

∫
ω�

ρ(x)αεjk(x)
2dx

=

∫
∂ω

∫ �

0

nα
(
εnn(n, s)

2 + 2εns(n, s)
2 + εss(n, s)

2
)
J(n, s)dnds.(2.20)

An integral close to
∥∥ρα

2 |∇v|∥∥
L2(ω�)

using local coordinates is

I1 : =

∫
∂ω

∫ �

0

nα
(
(∂nvn)

2
+ 1

2

(
∂nvs + J−1∂svn

)2
+ J−2 (∂svs)

2
)
J dnds

=

∫
∂ω

∫ �

0

nα
(
ε2nn + 2

(
εns +

1
2κJ

−1vs
)2

+
(
εss − κJ−1vn

)2)
J dnds

= I0 +

∫
∂ω

∫ �

0

nα
(
2κ (εnsvs − εssvn)+κ

2J−1
(
1
2v

2
s + v2n

))
dnds

≤ I0 + c1
√
I0
∥∥ρα

2 v
∥∥
L2(ω�)

+ c2
∥∥ρα

2 v
∥∥2
L2(ω�)

≤ c3 ‖v;H�‖2 .(2.21)
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Indeed one finds that

I1 =

∫
∂ω

∫ �

0

nα 1
2 |∇n,s (vn, vs)|2 J dnds(2.22)

+

∫
∂ω

∫ �

0

nα
(
J−2 − 1

)(
(∂svn)

2
+ (∂svs)

2
)
J dnds(2.23)

+

∫
∂ω

∫ �

0

nα
(

1
2J (∂nvn)

2 + 1
2J

−1 (∂svs)
2
)
dnds(2.24)

+

∫
∂ω

∫ �

0

nα (−∂svn∂nvs) dnds.(2.25)

We name these four integrals in (2.22)–(2.25), respectively, I11, I12, I13, and I14. By
taking � small enough since J goes to 1 when � goes to 0, one finds that one may take
δ > 0 as small as one needs and get

|I12| ≤ δI11.

The choice δ = 1
2 will suffice. For the third item (2.24) one finds by (2.21) that

I13 ≤ 1
2I1.

For the last item (2.25) an integration by parts gives

|I14| =
∣∣∣∣∣
∫
∂ω

∫ �

0

nα ∂nvs ∂svn dnds

∣∣∣∣∣(2.26)

=

∣∣∣∣∣−
∫
∂ω

∫ �

0

(∂n (n
α) vn ∂svs + nα ∂svs ∂nvn) dnds

∣∣∣∣∣
≤ c4

∣∣∣∣∣
∫
∂ω

∫ �

0

nα−1 vn ∂svs dnds

∣∣∣∣∣
+

∫
∂ω

∫ �

0

nα
(

1
2J (∂nvn)

2 + 1
2J

−1 (∂svs)
2
)
dnds.

Hence we have found

|I1 − I11| ≤ δI11 + 2I13 + c4

∣∣∣∣∣
∫
∂ω

∫ �

0

nα−1 vn ∂svs dnds

∣∣∣∣∣(2.27)

≤ δI11 + I1 + c4

∣∣∣∣∣
∫
∂ω

∫ �

0

nα−1 vn ∂svs dnds

∣∣∣∣∣ .
For α �= 1 we may use (2.1) to derive∣∣∣∣∣

∫
∂ω

∫ �

0

nα−1 vn ∂svs dnds

∣∣∣∣∣ ≤
∥∥∥ρα−2

2 vn

∥∥∥
L2(ω�)

∥∥ρα
2 ∂svs

∥∥
L2(ω�)

≤ c5

(∥∥ρα
2 vn

∥∥
L2(ω�)

+
∥∥ρα

2 ∂nvn
∥∥
L2(ω�)

) ∥∥ρα
2 ∂svs

∥∥
L2(ω�)

≤ c5 ‖v;H�‖2 .(2.28)

So with (2.21) again one concludes from (2.27) that∥∥ρα
2 |∇v|∥∥2

L2(ω�)
≤ cI11 ≤ c

1− δ

(
2I1 + c4c5 ‖v;H�‖2

)
≤ c

1− δ
(2c3 + c4c5) ‖v;H�‖2 .
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Together with (2.17) it follows for α ∈ (0,∞) \ {1} that∥∥ρα
2 |∇v|∥∥2

L2(ω)
≤ C ‖v;H�‖2 .

For α = 1 one may use (2.3) and replace (2.28) by∣∣∣∣∣
∫
∂ω

∫ �

0

r (n) vn ∂svs dnds

∣∣∣∣∣ ≤
∥∥∥ρ−1

2 r (ρ) vn

∥∥∥
L2(ω�)

∥∥∥ρ 1
2 ∂svs

∥∥∥
L2(ω�)

≤ c5

(∥∥∥ρ 1
2 vn

∥∥∥
L2(ω�)

+
∥∥ρα

2 ∂nvn
∥∥
L2(ω�)

)∥∥ρα
2 ∂svs

∥∥
L2(ω�)

≤ c5 ‖v;H�‖2 .(2.29)

This would allow us to estimate
∥∥ρ 1

2 r (ρ) |∇v| ∥∥2
L2(ω)

. In order to do so one has to

check that in all the estimates (2.20) until (2.27) one may add an extra weight r (ρ),
respectively r (n), without having crucial differences. Indeed, this holds true and the
only nontrivial change appears in (2.26) by the derivation of nαr (n) instead of nα.
However, since

|∂n (nαr (n))| =
∣∣∣nα−1

(
α2r (n) + r (n)

2
)∣∣∣ ≤ cnα−1r (n)

also, that step still holds true. Another change is necessary for the zero order norm
of v. Since we need to estimate the zero order norm of v by

∥∥ρ 1
2 r (ρ) |∇v| ∥∥

L2(ω)
, we

have to use (2.4), meaning∥∥∥ρ−1
2 r (ρ)

2
v
∥∥∥
L2(ω�)

≤ c
∥∥∥ρ 1

2 r (ρ) |∇v|
∥∥∥
L2(ω�)

for v ∈ C∞
c (ω�)

2
, and hence this weaker zero order norm is appropriate in (2.9) for

α = 1.
Remark 2.6. The logarithmical factors (2.10)–(2.12) appear in (2.11) due to the

application of the Hardy inequalities (2.2) and (2.3), which are known to be optimal.
The factor (2.10) in front of the gradient ∇xv in (2.9) is caused only by our way of
verification. As seen in the last lines of the proof, it also results in the factor R2

� (n)
in front of v in (2.9). The authors do not know if these weights are optimal. The
same optimality question arises in many variants of weighted Korn inequalities on 2-d
domains and remains to be open (cf. [11, 31] and others).

With a similar argument as above, we derive from a Hardy-type inequality, namely
(2.5), the following sufficient condition for the existence of a trace in L2(∂ω).

Lemma 2.7. For β < 0 there exists Cβ > 0 such that every u ∈ C∞(ω̄) satisfies
the estimate

(2.30)

∫
∂ω

u(x)2dsx ≤ Cβ

∫
ω

ρ(x)2β+1
(
|∇xu(x)|2 + u(x)2

)
dx

possibly including ∞ on the right in the case β ≤ −1.
If u ∈ C∞(ω) and the right-hand side of (2.30) is bounded for some β < 0, then

the trace of u on ∂ω exists in L2 (∂ω).
Proof. The estimate follows directly by Lemma 2.3.
Lemmas 2.5 and 2.7 guarantee that first, for α < 1, a vector function v ∈ H�

keeps the boundary condition

(2.31) v(x) = 0 for x ∈ ∂ω.
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Second, in the case that α ≤ 1
3 a function w ∈ H3 satisfies conditions (1.8). Similarly,

in the case α < 1 a function w ∈ H3 satisfies condition (1.9).
Lemma 2.8. Let H� and H3 be as in Definition 2.4.
1. A vector-function v ∈ C∞(ω̄)2 belongs to H� if α ≥ 1.
2. A function w ∈ C∞(ω̄) belongs to H3 if α ≥ 1.
3. A function w ∈ C∞(ω̄) ∩C0(ω̄) belongs to H3 if α ≥ 1

3 .
Proof. Let χε ∈ C∞

c (ω) be a cut-off function such that χε(x) = 1 for x ∈ ω \ ωε,
χε(x) = 0 for x ∈ ω ε

2
, and 0 ≤ χε ≤ 1, where ε > 0 is a small parameter. One may

set χε(x) = χ(ρ (x) /ε) inside ωd, where χ is a standard cut-off function,

(2.32) χ ∈ C∞(R), 0 ≤ χ ≤ 1 with

{
χ(t) = 0 for t ≤ 1

2 ,
χ(t) = 1 for t ≥ 1,

and extend χε by one to ω \ ωd. Clearly,∣∣∇k
xχε(x)

∣∣ ≤ Ckε
−k, x ∈ ω, k = 1, 2, . . . .

We readily observe the inequalities

‖(1− χε)v;H�‖2

≤ C

∫
ω

ρ(x)α
(
|∇xχε(x)|2 |v(x)|2 + (1− χε(x))

2
(
|∇xv(x)|2 + |v(x)|2

))
dx

≤ Cv

∫ ε

0

nα(ε−2 + 1)dn ≤ C′
vε

α−1;(2.33)

‖(1− χε)w;H3‖2

≤ C

∫
ω

(
ρ(x)3α

(∣∣∇2
xχε(x)

∣∣2 |w(x)|2 + |∇xχε(x)|2 |∇xw(x)|2
)

+ (1− χε(x))
2
(
ρ(x)3α

∣∣∇2
xw(x)

∣∣2 + ρ(x)α |w(x)|2
))

dx

≤ Cw

∫ ε

0

n3α(ε−4 + ε−2 + 1)dn ≤ C′
wε

3α−3.(2.34)

Furthermore, under the condition |w(x)| ≤ Cwρ(x), the latter bound reduces to
C0ε

3α−1, since then the term ε−4 in the last integral is replaced by ε−2. Thus, the
vector function v and the function w can be approximated, respectively, by χεv ∈
C∞

c (ω)2 in the norm (2.6) and by χεw ∈ C∞
c (ω) in the norm (2.7), provided the

bounds in (2.33)–(2.34) are infinitesimal as ε → 0. This completes the proof of the
three claims of the lemma, except, respectively, for the cases α = 1, α = 1, and
α = 1

3 .
To complete the proof, we consider the new cut-off function χ0

ε defined by

χ0
ε(x) = χ (ln (ρ (x)) / |ln ε|)

inside ωd. Notice that χ0
ε(x) goes from 0 to 1 for ρ from

√
ε to ε, that is, the support

of
∣∣∇xχ

0
ε

∣∣ by (2.32), belongs to ω̄√
ε \ ωε and the following estimates are valid:

∣∣∇xχ
0
ε(x)

∣∣ ≤ C1 |ln ε|−1
ρ(x)−1 and

∣∣∇2
xχ

0
ε(x)

∣∣ ≤ C2 |ln ε|−1
ρ(x)−2.
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We now have

∥∥(1− χ0
ε)v;H�

∥∥2 ≤ Cv

(∫ √
ε

ε

n |ln ε|−2 n−2dn+

∫ √
ε

0

ndn

)
≤ C

|ln ε|

that provides the convergence of χ0
εv ∈ C∞

c (ω) to v ∈ C∞
c (ω̄) in the norm of H�, that

is, the assertion 1 is verified. The assertions 2 and 3 follow from the calculation

∥∥(1− χ0
ε)w;H3

∥∥2 ≤ Cw

(∫ √
ε

ε

n3 |ln ε|−2 (
n−4 + n−2

)
dn+

∫ √
ε

0

n3dn

)
≤ C

|ln ε|

and under the condition |w(x)| ≤ Cρ(x), from the calculation

∥∥(1− χ0
ε)w;H3

∥∥2 ≤ Cw

(∫ √
ε

ε

n |ln ε|−2 n−2dn+

∫ √
ε

0

ndn

)
≤ C

|ln ε| .

The main result of this section follows from the lemmas proven above.
Theorem 2.9. Let H� and H3 be as in Definition 2.4.
1. A vector function v ∈ H� satisfies the boundary condition (2.31) if and only

if α < 1.
2. A function w ∈ H3 satisfies the boundary condition (1.8) (resp., (1.9)) if and

only if α < 1
3 (resp., α < 1).

2.3. Solvability of the singular thin plate problem. First of all, we consider
the case A3�(x) = A�3(x)

� = 03 (see (1.27)), i.e., problem (2.8) splits into the 2-d
elasticity problem

(2.35) ae�(v, ϕ�) := (A��D�(∇x)v,D�(∇x)ϕ�)ω = F�(ϕ�) for ϕ� ∈ H�

for the longitudinal displacement vector v = (v1, v2)
� and the following problem on

the deflection w:

(2.36) ae3(w,ϕ3) := (A33D3(∇x)w,D3(∇x)ϕ3)ω = F3(ϕ3) for ϕ3 ∈ H3.

Since evidently the 3×3 matrices A�� and A33 are symmetric and positive definite due
to the representation formula (1.19) and the same properties of A(y, ζ), we see that, in
view of the structure of the differential operator (1.18) and the formulas (1.25)–(1.26),
the quadratic forms ae�(v, v) and ae3(w,w) may degenerate only on the linear space

R� =
{
v = (v1, v2)

�
: v1(x) = c1 − c0x2, v2(x) = c2 + c0x1

}
,(2.37)

R3 = {w : w(x) = c0 + c1x1 + c2x2} ,(2.38)

where c0, c1 and c3 are constant. There are no nontrivial elements r� ∈ R� and
r3 ∈ R3 which, respectively, satisfy the boundary conditions (2.31) and (1.9). Hence,
by Theorem 2.9, the quadratic forms ae� and ae3 are positive definite in the case α < 1
but they are only positive in the case α ≥ 1 with, respectively, the null-spaces (2.37)
and (2.38). Notice that for α ≥ 1, problems (2.35) and (2.36) have only a solution
under the compatibility conditions

(2.39) F�(r�) = 0 for all r� ∈ R�, F3(r3) = 0 for all r3 ∈ R3.

Now we prove the similar result for the coupled system.
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Theorem 2.10. Consider the quadratic form ae(u, u), with ae defined in (2.8).
1. If α < 1, then ae(u, u) is positive definite1 and the problem (2.8) has a unique

solution u ∈ H = H� × H3 for any F ∈ H∗. Moreover, there exist c > 0 such
that for any F ∈ H∗ and corresponding solution u the estimate

(2.40) ‖u; H‖ ≤ c ‖F ; H∗‖

is valid.
2. If α ≥ 1, the quadratic form ae(u, u) is only positive and problem (2.8) has a

solution u ∈ H if and only if the functional F = (F�,F3) ∈ H∗ satisfies the
compatibility conditions (2.39). The solution u is defined up to an addition
r = (r�, r3) ∈ R = (R�,R3) and under the orthogonality conditions

(2.41) (ραu, r)ω = 0 for all r ∈ R

it becomes unique and admits the estimate (2.40).
Proof. We shall verify the inequality

(2.42)
∥∥ρα

2 D�(∇x)v
∥∥2
L2(ω)

+
∥∥∥ρ 3α

2 ∇2
xw
∥∥∥2
L2(ω)

≤ c ae(u, u) for u ∈ H,

which, by the Lax–Milgram lemma or the Riesz representation theorem, together with
Theorem 2.9 and the above consideration, provides the formulated assertions.

The inequality (2.42) is true if we prove that the matrix (1.19) is positive definite
and satisfies a properly weighted inequality. Let ξ = (ξ�� , ξ

�
3 )� ∈ R6 and set

Ξ(x) =
(
h(x)−

1
2 ξ�� , h(x)

− 3
2 ξ�3

)�
.

By (1.19), we have for some CA > 0 that

Ξ(x)�A(x)Ξ(x)

=

∫ h+(x)

−h−(x)

h(x)−1
(
ξ� −

√
2h(x)−1ζξ3

)�
A(x, ζ)

(
ξ� −

√
2h(x)−1ζξ3

)
dζ

=

∫
Υ(x)

(
ξ� −

√
2zξ3

)�
A(x, h(x)z)

(
ξ� −

√
2zξ3

)
dz

≥ CA

∥∥∥ξ� −√
2zξ3

∥∥∥2
L2(Υ(x))

,(2.43)

where

Υ(x) = [−h−(x)/h (x) , h+(x)/h (x)] .

Due to (1.22) and (1.2), the length of the interval Υ(x) is 1. Setting a (x) =
h+(x)−h−(x)

2h(x) we find

∥∥∥ξ� −√
2zξ3

∥∥∥2
L2(Υ(x))

=
∣∣∣ξ� −√

2a (x) ξ3

∣∣∣2 + 1

6
|ξ3|2 .

1The miscalculation mentioned in Remark 1.1 leads to the wrong restriction α < 4
3
in [19].
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Since |a (x)| ≤ ch with ch as in (1.23) we derive from (2.43) that there is CA > 0 such
that

Ξ(x)�A(x)Ξ(x) ≥ CA |ξ|2 for all ξ ∈ R
6,

or, equivalently, that

ξ�A(x)ξ ≥ CA
(
h(x) |ξ�|2 + h(x)3 |ξ3|2

)
for all ξ ∈ R

6,

which proves (2.42).

3. The spectra of these problems.

3.1. Longitudinal oscillations of the plate. The imbedding H� ⊂ L� is com-
pact where L� = L × L and L is a weighted Lebesgue space with the norm defined
by

(3.1) ‖w;L‖ =
∥∥ρα

2 w
∥∥
L2(ω)

.

Indeed, if the support of v ∈ H� belongs to ω \ ωε, then v ∈ H1(ω \ ωε) since ρ(x) ≥
ε > 0 for x ∈ ω \ ωε and H1(ω \ ωε) embeds compactly into L2(ω \ ωε).

Furthermore, if support (v) ⊂ ω̄ε, then by Lemma 2.5.1,

(3.2) ‖v;L�‖ ≤ Cε (1 + δα,1 |ln ε|)
∥∥∥ρα−2

2 R� (ρ) v
∥∥∥
L2(ωε)

≤ cε (1 + δα,1 |ln ε|) ‖v;H�‖ ,

where δα,1 = 1 if α = 1 and δα,1 = 0, otherwise. In other words, this embedding
operator (ε → +0 in (3.2)) can be approximated in the operator norm by compact
operators and, therefore, it is compact as well.

The weak formulation of the spectral problem (1.31) reads as

(3.3) (A��D�(∇x)v,D�(∇x)ϕ�)ω = μ (γv, ϕ�)ω for all ϕ� ∈ H�.

Equipping the Hilbert space H� with the specific scalar product

(3.4) 〈v, ϕ�〉� := (A��D�(∇x)v,D�(∇x)ϕ�)ω + (γv, ϕ�)ω

(cf. Lemma 2.5, Theorem 2.10 and formulas (1.2), (1.25)), we reduce to the abstract
equation

(3.5) T�v = τv in H�,

where τ is the new spectral parameter

(3.6) τ = (1 + μ)−1

and T� is a positive and continuous, symmetric, therefore, self-adjoint operator

(3.7) 〈T�v, ϕ�〉� = (γv, ϕ�)ω, v, ϕ� ∈ H�.

The operator T� inherits the compactness from the embedding H� ⊂ L�. Thus,
[2, Thm. 10.1.5] ensures that the spectrum σ(T�) consists of the essential spectrum
σess(T�) = {0} (the only point) and the discrete spectrum σdis(T�) which forms a
sequence of positive eigenvalues that converge to 0. The formula (3.6) establishes
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a relationship between the spectra of problem (3.3) and equation (3.5), while the
point μ = 0 turns into the infinitely remote point λ∞, which does not influence the
spectrum. We are in position to formulate the main result of this section.

Theorem 3.1. For any α, the spectrum of problem (3.3) is discrete and forms
the eigenvalue sequence

(3.8) μ1 ≤ μ2 ≤ μ3 ≤ · · · ≤ μp ≤ · · · −→ +∞

(counted including multiplicity). Moreover,

• if α < 1, all eigenvalues in (3.8) are positive;
• if α ≥ 1, then we have μ4 > 0 and μ1 = μ2 = μ3 = 0 with the eigenspace
(2.37).

3.2. Transversal oscillations of the plate. First, we assume that A3�(x) =
A�3(x)

� = 03 so that the third equation

(3.9) D3(−∇x)
�A33(x)D3(∇x)w(x) = λγ(x)w(x) for x ∈ ω

splits from the spectral problem (1.29) and admits the variational formulation

(3.10) (A33D3(∇x)w,D3(∇x)ϕ3)ω = λ (γw, ϕ3)ω for ϕ3 ∈ H3.

Note that in the case of the geometrical symmetry (1.27) and the isotropic material
(1.28), the problem (3.9) takes the form of Mikhlin’s spectral problem in section 1.1.

With the same argument as above, Lemma 2.5.2 ensures that the imbedding
H3 ⊂ L3 = L is compact under the condition α < 2. To see this, one needs to

compare the weights ρ
α
2 in the norm (3.1) and ρ

3α−4
2 R3 (ρ) in the last norm in (2.11).

Indeed, the restriction α < 2 guarantees that the second exponent of ρ is smaller than
the first one, which in turn provides the compactness (cf. section 3.1). As a result, we
conclude that the spectrum of problem (3.10) is discrete. We may recall the result of
Mikhlin mentioned in section 3.1.

We now formulate the full assertion on the spectral problem (3.10) but complete
the proof in the next section for the coupled problem (1.17).

Theorem 3.2. The spectrum of the problem (3.10) is discrete if and only if
α < 2. The corresponding eigenvalue sequence

(3.11) λ1 ≤ λ2 ≤ λ3 ≤ · · · ≤ λp ≤ · · · −→ +∞

is strictly positive in the case α < 1. For α ∈ [1, 2), we have λ4 > 0 and λ1 = λ2 =
λ3 = 0 with the eigenspace (2.38). If α ≥ 2, the essential spectrum of the problem
(3.10) is not empty.

3.3. The reduction of the system to an integro-differential equation. A
weak solution to problem (1.29) is λ ∈ C and u = (v1, v2, w)

� ∈ h \ {0} such that

(3.12) (AD(∇x)u,D(∇x)ϕ)ω = λ (γw, ϕ)ω for all ϕ ∈ H.

The right-hand side of the integral identity (3.12) does not contain the compo-
nents v1 and v2, which makes it impossible to directly apply the theory of self-
adjoint operators in Hilbert space. In order to improve the situation, we write the
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problem (3.12) componentwise

(3.13) (A��D�(∇x)v,D�(∇x)ϕ�)ω = − (A�3D3(∇x)w,D�(∇x)ϕ�)ω for all ϕ� ∈ H�,

(A3�D�(∇x)v,D3(∇x)ϕ3)ω + (A33D3(∇x)w,D3(∇x)ϕ3)ω(3.14)

= λ (γw, ϕ3)ω for all ϕ3 ∈ H3.

If w ∈ H3, then, according to the bound cρ(x)
2α for the moduli of the entries inA�3, we

have ρ−
α
2 A�3D3(∇x)w ∈ L2(ω) and, therefore, the right-hand side of (3.13) implies

a continuous functional in H�. Since D�(∇x)R� = {0}, this functional vanishes on
R�, which is required in Theorem 2.10.2. In order to apply this theorem to problem
(3.13), one may assume for the time being that the matrix A takes the diagonal
form diag{A��,A33} and the problem decouples. Hence, the problem (3.13) has a
solution v ∈ H� for any w ∈ H3 and, fixing somehow a linear inverse operator in the
nonuniqueness case α ≥ 1, we introduce the mapping

(3.15) w ∈ H3 �−→ ρ
α
2 D�(∇x)v ∈ L2(ω).

Notice that our choice of the inverse does not influence the right-hand side of (3.15)
due to the same reason as above. Then the Riesz representation theorem yields the
continuous operator

(3.16) w ∈ H3 �−→ Bw ∈ H∗
3

according to the formula

(3.17) (Bw)(ϕ3) = (A3�D�(∇x)v,D3(∇x)ϕ3)ω for all ϕ3 ∈ H3.

We now insert (3.17) into (3.14) and obtain

(3.18) B(w,ϕ3) := ae3(w,ϕ3) + (Bw)(ϕ3) = λ(γw, ϕ3) for all ϕ3 ∈ H3,

where ae3(w,ϕ3) is the first scalar product on the left of (3.14).
Lemma 3.3. The quadratic form

(3.19) 〈w,ϕ3〉3 := B(w,ϕ3) + (γw, ϕ3)ω

defines a scalar product in the Hilbert space H3.
Proof. By the definition of the norm (2.7) and the formula (1.30) it suffices to

verify that

(3.20)
∥∥∥ρ 3α

2 ∇2
xw
∥∥∥
L2(ω)

≤ CB(w,w) for all w ∈ H3.

Due to (3.17) and (3.16) we have

(3.21) B(w,w) = (A33D3(∇x)w,D3(∇x)w)ω + (A3�D�(∇x)v,D3(∇x)w)ω ,

where v ∈ H� is a solution of the problem (3.13) and, therefore,

(3.22) (A��D�(∇x)v,D�(∇x)v)ω + (A�3D3(∇x)w,D�(∇x)v)ω = 0.

Summing up (3.21) and (3.22), we see that there exists CA > 0 such that

B(w,w) = (AD(∇x)u,D(∇x)u)ω ≥ CA ‖u;H‖2 ≥ CA ‖w;H3‖2 for all w ∈ H3,

where u = (v1, v2, w)
� and where we used the inequality (2.42).
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It suffices to verify that the form (3.19) is symmetric. We write

〈w,ϕ3〉3 = (A33D3(∇x)w,D3(∇x)ϕ3)ω + (A3�D�(∇x)v,D3(∇x)ϕ3)ω ,(3.23)

〈ϕ3, w〉3 = (A33D3(∇x)ϕ3,D3(∇x)w)ω + (A3�D�(∇x)ψ,D3(∇x)w)ω ,(3.24)

where ψ ∈ H� is a solution of the problem (3.13) with w replaced by ϕ3. Taking v as
a test function in this problem, we have

(A��D�(∇x)ψ,D�(∇x)v)ω = − (A�3D3(∇x)ϕ3,D�(∇x)v)ω .

Hence, recalling the symmetry of the matrix (1.24), we derive from (3.23) that

〈w,ϕ3〉3 = (A33D3(∇x)w,D3(∇x)ϕ3)ω − (A��D�(∇x)v,D�(∇x)ψ)ω .

A similar argument turns (3.24) into

〈ϕ3, w〉3 = (A33D3(∇x)ϕ3,D3(∇x)w)ω − (A��D�(∇x)ψ,D�(∇x)v)ω .

All the desired properties of the form (3.19) have now been checked.

3.4. The spectrum for bending the plate. We now introduce the new spec-
tral parameter

(3.25) τ = (1 + λ)−1

and the operator T3 in H3 by the formula

(3.26) 〈T3w,ϕ3〉3 = (γw, ϕ3)ω, w, ϕ3 ∈ H3.

In this way, problem (3.18), and therefore (3.13), turns into the abstract equation

(3.27) T3w = τw in H3.

The operator T3 is positive, symmetric, and continuous, therefore self-adjoint. In
the case α < 2 the imbedding H3 ⊂ L is compact (see section 3.2) and, hence, the
spectrum of T3 is discrete, except for the point τ = 0, which implies an essential
spectrum (see [2, Thm. 10.1.5]). The formula (3.25) passes the discreteness property
to the spectrum of the problem (3.13) and then to the spectrum of the problem (3.12).

Let us prove that in the case α ≥ 2 the essential spectrum of T3 does not consist
of the only point τ = 0. In view of [2, Thm. 10.1.5] it is sufficient to verify that the
imbedding H3 ⊂ L is not compact.

We introduce the cut-off function χm(x) which vanishes outside ωd = {x ∈ ω :
dist(x, ∂ω) < d} and is given inside ωd by

(3.28) χm(x) = χ

(
24m+3x

d

)(
1− χ

(
24mx

d

))
,

where m ∈ N and χ is the standard cut-off function (2.32). The function χm, with its
graph drawn in Figure 3, satisfies

(3.29) χm(x) =

{
0 for x ≥ 2−4md and x ≤ 2−4m−4d,

1 for 2−4m−3d ≤ x ≤ 2−4m−1d,
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Fig. 3. The cut-off function χm from (3.28).

so that, if p �= m,

(3.30) χm(x)χp(x) = 0 for all x ∈ ω.

With any smooth function z on ∂ω, we set

(3.31) zm(s) = z(s)χm(s).

Since χm ∈ C∞
c (ω), the function (3.31) belongs to H3. Moreover, in view of (3.29) we

obtain

(3.32) ‖zm;L‖2 ≥ c

∫
∂ω

|z(s)|2
∫ 2−4m−1

2−4m−3

ναdνds ≥ c0z 2−4m(α+1)

for some c0z > 0. Similarly,

(3.33) ‖zm;L‖2 ≤ C0
z2

−4m(α+1).

Finally, we calculate

(3.34)
∥∥∥ρ 3α

2 ∇2
xzm

∥∥∥2
L2(ω)

≤ C1
z

∫
∂ω

(2−4m)4
∫ 2−4m−1

2−4m−3

ν3αdνds ≤ C1
z2

−4m(−4+3α+1)

since 3α − 3 ≥ α + 1 for α ≥ 2, the sequence (Zm) of functions Zm = 22m(α+1)zm
is bounded in H3, hence, a subsequence converges weakly in H3 and the limit is
zero due to (3.30). However, no subsequence can converge strongly in L to 0 since
‖Zm;L‖ ≥ √

C0
Z > 0. Thus the imbedding H3 ⊂ L is not compact and the essential

spectrum of T3 is bigger than just the point τ = 0. This means that, by (3.25),
the essential spectrum of the problem (3.18) is not empty. Due to the reduction of
(3.12) to (3.18) made above, this spectral property is attributed to the system (1.29)
describing transversal oscillations of the plate and to its weak formulation in (3.12).

Theorem 3.4. If α < 2, the spectrum of the problem (3.18), which, by definition,
implies the spectrum of the problem (3.12), is fully discrete. However, for α > 2 the
essential spectrum of (3.18) is not empty.

Remark 3.5. The authors are not yet able to find a point of the essential spectrum
in the case α = 2.

Proof. For α < 2 the proof is given in the arguments leading to the theorem.
In order to show that the essential spectrum is nonempty in the case α > 2, it

is sufficient to construct a singular Weyl sequence. If α > 2, a subsequence in (Zm),
still denoted by (Zm), keeps the properties

(3.35)

(i) ‖Zm;H3‖ ≥ c > 0,

(ii) Zm ⇀ 0 weakly in H3,

(iii) ‖T3Zm − Zm;H3‖ → 0
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of the singular Weyl sequence for operator T3 at the point τ = 1. By the Weyl
criterion (see, e.g., [2, Thm. 9.1.2], the point τ = 1 belongs to the essential spectrum
of T3 and, therefore, the point λ = 1 − τ−1 = 0 belongs to the essential spectrum of
the problem (3.18).

The properties (i) and (ii) follow from (3.28), (3.32)–(3.34). To confirm the third
one, we use the definitions (3.26), (3.19), and observe that

‖T3Zm − Zm;H3‖ = sup {〈T3Zm − Zm,W 〉 ;W ∈ H3 with ‖W ;H3‖ = 1}
= sup {(γZm,W )ω −B(Zm,W )− (Zm,W )ω ;W ∈ H3 with ‖W ;H3‖ = 1}

= sup {B(Zm,W );W ∈ H3 with ‖W ;H3‖ = 1} .
Hence

(3.36)

‖T3Zm − Zm;H3‖ ≤
∥∥∥ρ 3α

2 ∇2
xZm

∥∥∥
L2(ω)

≤ c 22m(α+1) 2−2m(−4+3α+1) = c 22m(4−2α).

For α > 2, the last bound goes to zero as m → +∞. Thus, all three properties hold
true.

4. Final remarks.

4.1. Continuous spectra in elasticity. In [30, 32, 33, 1] and [3, 4] it was
proved that peak—and beak—shaped elastic bodies (see Figure 4 top and right)
get both continuous and essential spectra whenever the sharpness exponent satisfies
α ≥ 2. While the corresponding quasi-modes, leading to singular Weyl sequences,
are related to the bending oscillations of the thinning irregularities of the surfaces.
Those results are in perfect correlation with the information on the spectra obtained
in section 3. Problem (3.3) on the longitudinal oscillations has the discrete spectrum
but the problems (3.10) and (3.12), involving the transversal oscillation of the plate,
display essential spectra under the same condition α ≥ 2. However, spectra of elastic
bodies with cuspidal edges (cf. Figure 1 and Figure 4 (bottom)) are not rigorously
investigated yet.

The essential spectrum always coincides with the continuous spectrum in peak-
shaped domains (see [33]), but this fact is neither proved nor disproved yet for beak-
shaped solids as well as for the problem (1.29). In other words, there is no result on
the existence of eigenvalues with infinite multiplicity.

The complete description of the structure of the spectra is not given yet for the
above-mentioned elasticity problems with the one exception. In [1] it is verified that
the continuous spectrum implies the closed positive real semi-axis in the case of a
supersharp peak meaning α > 2. See Figure 4 (top).

4.2. Asymptotic analysis. The formal asymptotic procedure of dimension re-
duction, described, e.g., in [38, 6, 35, 37] and [28, Chap. 4], works directly for thin
3d plates with sharp edges (Figure 1) and/or degenerating thickness (Figure 5) as
well. The justification of the main terms in the formal asymptotics of the elastic
fields in the plate ought to be based on specific weighted inequalities of Korn’s type.
An approach to derive such inequalities can be taken from [23, 32] but needs a slight
modification. The authors know only one paper [29] where all of these steps were
realized, namely in the Neumann problem for a scalar elliptic second order equation
in the domain drawn in Figure 1.

The clamped edge of the thin plate (1.20) assumes that a small part of the plate
surface (cf. Figure 6 and Figure 1) is fixed by means of the Dirichlet conditions for
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Fig. 4. Elastic bodies with a singularity: a peak shaped (top), a beak shaped (right), and another
one with a cuspidal edge.

Fig. 5. On the right, a plate with a thin middle section; on the left, a cross section.

Fig. 6. A clamped plate with a sharp edge.

the 3-d displacement field. In the vicinity of the collision line of the Dirichlet and
Neumann (traction-free) conditions, the boundary layer phenomenon occurs. Such a
boundary layer however is never dealt with, not even in the scalar case [29].

The general theory of exponential boundary layers in thin cylindrical domains was
developed in [22] (see also [17, Chap. 15, 16]) and applied to cylindrical elastic plates
in [39, 24, 25, 7, 8, 9] and others. However, in a thin domain with this sharp edge the
general procedure must be modified crucially and, in particular, the boundary layers
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get only a power-law decay (cf. [29] for a scalar equation). Moreover, in the case
of the traction-free edge the formulation of any boundary condition for the systems
(1.17), (1.29), and (1.31) is not clear at all. It would be very interesting to find out
whether the Mikhlin result on the discrete spectrum and our result on the continuous
spectrum are still valid.
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