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CHAPTER 1

INTRODUCTION




2 1. INTRODUCTION

Survival analysis is a part of statistics that deals with situations where one is in-
terested in the distribution of a random variable that depicts the time at which an
important event occurs. In actuarial applications this could be ‘age of death’, in medi-
cal applications ‘time of being declared cured from a disease’ and in reliability theory
‘time of failure of an electrical component’. When estimating such a distribution func-
tion, various assumptions can be imposed on it. For example, one could assume that
the distribution function F,, belongs to the class of exponential distributions, i.e. F,
belongs to the class

Fs={F:F(x)=1-e", 9> 0}.

Sometimes, this parametric assumption is too restrictive, and one only imposes some
smoothness condition on F,, or some shape constraints on its density f, i.e. F, € Z,
or fy € &, with

F, ={F : F is a smooth distribution function on R}, and

Fm=1{f : f is a monotone decreasing density on [0, c0)}.

In many situations the event time is not observed directly or completely due to some
sort of censoring. Imagine, for example, one is interested in the distribution of the age
of infection with HIV. Data needed to estimate this distribution function is collected
in a longitudinal study, where participants are tested for HIV infection during several
follow-ups. Therefore, only a time interval is observed which is known to contain the
time of HIV infection. This type of censoring is called interval censoring.

In this thesis, we focus on two censoring models, the current status model and
the current status continuous mark model. We restrict ourselves to estimators for
the distribution function F, and its density f,, that combine smoothness assumptions
with monotonicity restrictions. Various estimators are defined and their asymptotic
properties are studied.

1.1 ESTIMATING A DECREASING DENSITY

In this section, several estimation methods are described that combine smoothness
assumptions and shape restrictions. The methods are illustrated using the problem
of estimating a monotone density based on an i.i.d. sample generated by it. That is,
in this section we assume that the random variable X is observed directly and its
unknown density f,, belongs to the class Z,,.
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MAXIMUM LIKELIHOOD ESTIMATION

The Maximum Likelihood Estimator (MLE) fn for f,, is defined as the maximizer of
the log likelihood

t(f)= J log f (u) dIF, (u), (1.1)

over the class &, of all decreasing densities on [0, 00). Here, IF,, is the empirical
distribution function of the sample X;,X,,...,X,. The MLE for the monotone density
fo is also known as the Grenander estimator, as it was first studied by GRENANDER
(1956). It can be characterized as the left-continuous slope of the least concave ma-
jorant of the empirical distribution function IF,, of the data. Figure 1.1(a) illustrates
the empirical distribution function of a simulated sample of size n = 25 and its least
concave majorant. The resulting estimator fn is shown in Figure 1.1(b), as well as the
true density f, which was taken to be the standard exponential density.
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FiGure 1.1: Characterization of the MLE fn for a simulated sample of size n = 25. (a):
The empirical distribution functjon (solid line) and its least concave majorant (dash-
dotted line). (b): The estimator f, (dash-dotted line) and the true density f, (solid line).

Let F, be the distribution function corresponding to the density f, and let Fn be
the least concave majorant of the empirical distribution function IF,,. Pointwise con-
sistency of the MLE f, at points x > O follows by combining the Glivenko-Cantelli
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theorem with the following inequality

sup |F, (x) — Fo(x)| < sup |, (x) — Fo(x)), (1.2)

see e.g., BArLow et al. (1972). Prakasa Rao (1969) and GRoENEBOOM (1985) prove
that under mild smoothness assumptions the Grenander estimator f, evaluated at a
fixed point x,, converges in distribution at rate n'/3. More specifically, it is shown that

-1/3

(£,(x0) = fo(x0)) = 22,

nl/3

1
Ef(xo)f/(xo)

where Z is the last time where a standard two-sided Brownian motion with parabolic
drift reaches its maximum. The distribution of Z is sometimes referred to as Cher-
noff’s distribution, because it occurred for the first time in the literature in CHERNOFF
(1964). More information on occurrences and properties of this distribution can be
found in GROENEBOOM AND WELLNER (2001).

SMOOTHED MAXIMUM LIKELIHOOD ESTIMATION

As can be seen in Figure 1.1(b), the MLE is a piecewise constant function with its
jumps concentrated at a subset of the sample X1, ..., X,. This estimator is not smooth.
If the density f, is assumed to be smooth, it is natural to use an estimator sharing
this property. To obtain a smooth estimator, one can use the method of smoothed
maximum likelihood estimation. In this procedure, the MLE is computed first and
then smoothed using for example kernel smoothing. Let k be a kernel density with
support [—1,1] and denote its scaled version by k,(u) = b~ 'k(u/b) for a positive
bandwidth (or smoothing parameter) b = b,, depending on the sample size n. Then,
the kernel Smoothed Maximum Likelihood Estimator (SMLE) for the density f, at the
point x, is defined as

f:M(xo) = J ky(xo —w)dF, (u) = J ky(xo — u)fn(u)du, (1.3)

where Fn is the least concave majorant of IF,,. Figure 1.2 illustrates the SMLE for the
same simulated sample of size n = 25 as was used in Figure 1.1. The triweight kernel
k(u) = %(1 —u?)? for —1 <u < 1 was used as kernel density.

The support of a monotone density has to be of the form [0, c0) or [0, M] for some
M < oo. However, the kernel density k has support [—1, 1] so that the SMLE ffM can
also have mass on [—b,0]. To get an estimator with mass concentrated on [0, c0), we
use a boundary correction method. Several correction methods are known, we used
the mirror image method of SCHUSTER (1985).
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FIGURE 1.2: MLE fn (dash-dotted line) and SMLE fr‘fM (solid line) for the monotone
density f, (dashed line) for a simulated sample of size n = 25.

As for the MLE fn, pointwise consistency of fnSM on (0, 00) follows from uniform
consistency of F$M, where

EM(x) = f FM ) du = f Ky(x — u)dF, (u)
0

is the SMLE for the distribution function F,. Here, K is the distribution function cor-
responding to the kernel density k, i.e. K(x) = ffoo k(u)du, and Kj,(u) = K(u/b) its
scaled version. To see this, note that

IEM = Follo < 1FSM = Flloo + I1F, — Folloo- (1.4)

The second norm on the right-hand side converges in probability to zero by (1.2). To
prove the first norm also converges to zero, we first write

FSM(X) - Fn(x) = J (Kb(x —u)— ]]'{ufx}) dﬁ'n(u)
= J (Ky(x —w) = Igeyy ) d(F, — Fo) (w) (1.5)

+f (Kb(x - u) - ]]-{ufx}) dFo(u).



6 1. INTRODUCTION

Integration by parts yields

x+b
f (Kb(x - u) - ]l{qu}) d(ﬁn - FO)(u)
x—b

x+b
u=x

= (Ky(x —u) = Tyeyy) (B, () — Fo(w))

x+b
+ J ky(x —u)(F (u) — Fo(w)) du

-b

= f ky(x —u)(F (u) — Fo(w)) du.

This implies that the absolute value of the first integral in (1.5) is bounded by
|IE, — Folloo, hence converges in probability to zero by (1.2). The absolute value of
the second integral in (1.5) is bounded by

J |Ky(x = 1) = Ly | dFp(w).

The integrand |K},(x —u)—1g,<,;| is bounded by 1 and converges to zero since b = b,
converges to zero as n — 0o. Hence, this integral converges to zero by the dominated
convergence theorem.

MAXIMUM SMOOTHED LIKELIHOOD ESTIMATION

A different, but related, method to obtain a smooth estimator for the monotone den-
sity f, is given by interchanging the order of smoothing and maximizing the log like-
lihood in the method of smoothed maximum likelihood estimation. The resulting
estimator, the Maximum Smoothed Likelihood Estimator (MSLE), for f, is defined as
the maximizer of the smoothed log likelihood

fMS = argmax(5(f) = argmaxj log f (u)dF,(w), (1.6)
fez feg

where F, is a smooth estimator for the distribution function F, for example the kernel
smoothed empirical distribution function

Fo(x) = J Ky (x —w)dF,(w).

The characterization of the MSLE f;f” $ can be seen as a continuous version of the char-
acterization of the MLE fn, ie. anS is the left-continuous slope of the least concave
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majorant of the smooth estimator F, [see e.g., GROENEBOOM AND JONGBLOED (2010,
Example 1)].

Figure 1.3 illustrates the MSLE for the same simulated sample of size n = 25 as
used in Figures 1.1 and 1.2. The triweight kernel k(u) = ;—Z(l —u?)Pfor-1<u<l1
was used as kernel density. The kernel density estimator fn on [0, b) was modified
similarly as the SMLE.
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1

0.2

0.0
L

FiGURE 1.3: MLE fn (dash-dotted line) and MSLE anS (solid line) for the monotone
density f,, (dashed line) for a simulated sample of size n = 25.

EGGERMONT AND LaRicciA (2000) prove that the L,-distance between the MSLE f;‘”s
and the true density f, is at most equal to the L,-distance between the kernel density
estimator f,, and f,. This implies that frfws converges to f, at least as fast as f, in

L,. For bandwidths b = b,, of larger order than n/3 VAN DER VAART AND VAN DER
LaAN (2003) prove that an $ is asymptotically equivalent with the unrestricted kernel
density estimator fn and converges pointwise to a normal distribution under mild
smoothness assumptions. If for example b = cn~'/%, then

n*/® (anS(Xo) - fo(xo)) ~ N (u, 02),

with
1
U= ECZ ()”(xo)f k() du, o?= c_lfo(xo)f k2(w)du.

We conclude this section noting that the MSLE can also be viewed as the Kullback-
Leibler projection of a smooth density estimate on the class . For this, recall that
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the Kullback-Leibler projection of a fixed density g on the class & is defined as

f =argmin. X (g, f)= argman g(u)log Q du,
feg 7 fw)

where (g, f) is the Kullback-Leibler divergence of f and g. If g equals the Lebesgue
density fn of the smooth estimator F in definition (1.6), then

falw)
f@)

H(fonf) = f fuWlog du = an(u)logf;(u)du - f fuw)log f (u) du.

The first term at the right hand side does not depend on the density f, and the
second term is equal to —°(f). Hence, the minimizer of ¢ (f , f) coincides with the
maximizer of £3(f), i.e. the MSLE is the Kullback-Leibler projection of fn on%.

1.2 CENSORING MODELS

In this section, the two censoring models this thesis focuses on are described in more
detail. Furthermore, some examples are given where the data can be described by
these censoring models.

THE CURRENT STATUS MODEL

In the current status model, first studied by Aver et al. (1955) and vaN EEDEN (1956),
the variable of interest is a survival time X with distribution function F,. However,
instead of observing X, a censoring variable T (with density g) independent of X is
observed as well as the indicator variable A = 1y r;. This variable indicates whether
X is smaller or bigger than T and the observable information on X can be represented
by the vector W = (T, A). An example where data can be modeled by the current
status model is the Bulgarian hepatitis A prevalence data studied by Keiping (1991),
see also Example 1.1 below.

ExaMPLE 1.1. (HEPATITIS A)

Hepatitis A is a life-long immunity disease and a person can get infected unnoticed.
Let X be the age a person gets infected with hepatitis A. To estimate the distribution
function F, of X, a cross-sectional survey is held where people of various ages have
their blood tested for the presence of hepatitis A antibodies. So at time of testing one
knows for each person in the survey, the age T and immunization status A: infected
(A =1) ornot (A =0). O
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The density of the observable vector W with respect to the product of Lebesgue-
and counting measure on [0, 00) X {0, 1} can be written as

he,(t,6) = 5g()Fo(t) + (1= 8)g(t) (1 — Fo(t)) = 8hy(£) + (1 — 8)ho(1). (1.7)

Let H,, be the two-dimensional empirical distribution of an i.i.d. sample W, ..., W,.
Then, the log likelihood as a function of F (up to the constant 1/n) equals

((F)= J {8logF(t)+(1—68)log(1—F(t))}dH,(t,6). (1.8)

Here, a term in the log likelihood that does not depend on the distribution function
F is ignored.

GROENEBOOM AND WELLNER (1992) shown that the MLE for F; is well defined as a
maximizer of (1.8) over all piecewise constant distribution functions with their jumps
concentrated at a subset of the sample T,..., T,. The MLE for F, for the Bulgarian
hepatitis A prevalence data, studied in KeipiNG (1991), is shown in Figure 1.4.

1.0

0.2 0.4 0.6 0.8
1

0.0

0 20 40 60 80

FIGURE 1.4: MLE for hepatitis A prevalence data from Bulgaria.

The MLE can be characterized as the left derivative of the greatest convex minorant
of a cumulative sum (cusum) diagram. Let T denote the i-th order statistic of the
T; and A the A; corresponding to it, i.e. Ay = A; if Ty = T;. Then, the cusum
diagram consists of the points P; = (i, stl. Agjy) fori=0,1,...,n (with P, = (0,0))
and the value of Fn in the point T;, is equal to the left derivative of the convex mi-
norant at the point P;. The convex minorant is piecewise linear, hence F, is piecewise
constant. Denote its jump points by 74,..., 7T, (m < n), then the set of jump points
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340 360 380 400

FIGURE 1.5: Part of the cusum diagram and its greatest convex minorant.

{T1,..., Ty} is a subset of the set {T,..., T,}. Figure 1.5 illustrates this characteri-
zation. Furthermore, GROENEBOOM AND WELLNER (1992) prove that the estimator is
uniformly consistent and that its limiting distribution is the Chernoff distribution.

As noted (and illustrated in Figure 1.4), the MLE Fn for the distribution function F,
of the survival time of interest is piecewise constant, hence does not have a density
with respect to Lebesgue measure on [0, 00). If F, is assumed to have a Lebesgue
density f,, it may be more natural to use estimators other than the MLE F > estimators
that are smooth. The smooth estimation methods described in Section 1.1 can be used
to obtain smooth estimators for both the distribution function F, and its Lebesgue
density f, (Chapters 2 and 3). In Chapter 3 we prove results for the MSLE FM* for
the distribution function F, which are similar to the results for the MSLE anS for
the monotone density f,, described in Section 1.1; the characterization of F ,11”5 for F,
can be seen as continuous version of the characterization of the MLE F_and FMS is
asymptotically equivalent with a naive estimator that does not necessarily satisfy the
order constraints of a distribution function.

THE CURRENT STATUS CONTINUOUS MARK MODEL

The second censoring model to be studied in this thesis, the current status continuous
mark model, is a special case of the interval censored continuous mark model studied
by HubpGens et al. (2007) and MaatHUIs AND WELLNER (2008). The current status
continuous mark model is related to the univariate current status model. As before,
X is a survival time, but now we are interested in the bivariate vector (X,Y), where
Y is a continuous mark variable which might be correlated to X. The vector (X,Y)
has distribution function F, with Lebesgue density f,. As in the univariate current
status model, the variable X is not observed directly. Instead, a censoring variable T
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(with density g) independent of (X,Y) is observed as well as the indicator variable
A = lgy<r}. In case X is smaller than or equal to T, i.e. if A = 1, the mark variable
Y is also observed; in case A = 0 the mark variable Y is not observed. Hence, the
observable information on (X,Y) can be represented by the vector W = (T,A-Y) =:
(T, Z). An example where this model is a good set-up is given in Example 1.2.

ExaMPLE 1.2. (HIV VACCINE TRIALS)

To test the efficacy of a new HIV-vaccine, preventative trials are held where partic-
ipants are injected with the vaccine and tested for HIV during several follow-ups.
One of the questions of interest in these trials is whether the efficacy is related to
the genetic sequence of the exposing virus. To answer this question, we estimate the
distribution function of the time of infection and the genetic distance between the
HIV sequence represented in the vaccine and the HIV sequence the participant is
infected with. However, the time of infection is not observed directly but subject to
interval censoring and the viral distance is only observed if the participant is already
infected at the time of inspection. O

In this example, the survival time X is the time of HIV infection and the mark variable
Y is the genetic distance, which is treated as a continuous random variable in GILBERT
et al. (2001). If the participants are only tested once, the censoring variable T is the
time of testing and the indicator variable A refers to the HIV-infection status at time
of inspection: seropositive (A = 1) or seronegative (A = 0).

Let B € 8, the Borel o-algebra on [0,00)?, let A; be Lebesgue measure on R and
define the measure A on [0, 00)? by

A(B) = A,(B)+ A, ({x € [0,00) : (x,0) € B}), B € A. (1.9)

Then, the density of the observable vector W with respect to this measure A can be
written as

hi,(6,2) = L2038 (D)8 Fo(t,2) + L8 () (1 — Fox (1))
= Laophi(£,2) + L—gpho(t). (1.10)

Here F x(t) = Fy(t,00) is the marginal distribution of X and 9,F,(t,z) = %Fo(t,z).
Let H, be the empirical distribution of an i.i.d. sample W;,...,W,. Then, the log
likelihood as a function of F (up to the constant 1/n) equals

L(F)= J {12503 log 0,F (t,2) + 1y _y log (1 — Fx(t)) } dH, (¢, 2). (1.11D)

Here, a term in the log likelihood that does not depend on the distribution function
F is ignored.
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MaatHUIS AND WELLNER (2008) prove that the MLE for the distribution function F,,
is inconsistent. An approach they propose to obtain a consistent estimator is by dis-
cretizing the mark variable to K levels. The resulting observations can be viewed as
observations from the current status K-competing risk model and asymptotic proper-
ties for the MLE in that model are derived in GROENEBOOM et al. (2008a, 2008b). An
alternative estimator for the distribution function of the undiscretized observations is
the MSLE (Chapter 4). Smoothing the maximum likelihood estimator is not sensible
since the MLE is inconsistent.

1.3 OBJECTIVE AND OUTLINE

The objective of the research presented in this thesis can be described as follows:

Study the asymptotic properties of smooth likelihood based
estimators in two current status censoring models.

Therefore, we first study two estimation methods in the current status model intro-
duced on page 8. If smoothness is assumed, this can be exploited in the estimation
process. In Chapters 2 and 3 we study two new smooth estimators: the Smoothed
Maximum Likelihood Estimator (SMLE) [see page 4] and the Maximum Smoothed
Likelihood Estimator (MSLE) [see page 6].

In Chapter 2, the SMLE is considered for the distribution function F,, its Lebesgue
density f, and the hazard rate A,. The asymptotic distribution of the SMLE for F,
is derived, using empirical process theory. The asymptotic distributions of the SMLEs
for the density f, and the hazard rate A, are also derived and the estimators are
determined for the data set on hepatitis A from KeipinG (1991).

Interchanging the smoothing and maximization step in the method of smoothed
maximum likelihood estimation studied in Chapter 2 yields the MSLE. Chapter 3 is
devoted to the MSLEs for Fy, f, and A,. The characterization of the MSLE for F, is
similar to the characterization of the MLE for F,. The asymptotic distribution of the
MSLE for F, is derived by considering a naive plug-in inverse estimator. This estimator
is asymptotically equivalent with the MSLE, and its asymptotic distribution follows by
applying the Delta-method. The asymptotic distribution of the MSLEs for the density
fo and the hazard rate A follow similarly. The estimators are also determined for the
data set on hepatitis A from KeipinG (1991). Most of the results in Chapters 2 and 3
can also be found in GROENEBOOM, JONGBLOED AND WITTE (2010).

After that, estimators for the bivariate distribution function in the current status
continuous mark model, introduced on page 10, are studied. MAATHUIS AND WELLNER
(2008) prove that the MLE for the distribution function F, in this model is inconsis-
tent. In Chapters 4 and 5 we study two new alternative estimators which turn out to
be consistent: the MSLE and the smooth plug-in inverse estimator.
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The MSLEs for the bivariate distribution function F, its Lebesgue density f, and
the marginal distribution function F;, x of X are studied in Chapter 4. The likelihood
is smoothed using a bivariate histogram estimator. From Hellinger consistency of the
histogram estimator of the observation density, pointwise consistency of the MSLEs
for Fy and Fyx is derived. This chapter is based on GROENEBOOM, JONGBLOED AND
WITTE (2011a).

Chapter 5 is devoted to the smooth plug-in inverse estimator for F,,. This estima-
tor is consistent and asymptotically normally distributed. Although for finite sample
size n this estimator has the undesirable property that its Lebesgue density can take
negative values, asymptotically it behaves like a bivariate distribution function on
large subsets of the support of F,. The results in this chapter can also be found in
GROENEBOOM, JONGBLOED AND WITTE (2011b).

Appendix A contains several asymptotic results on kernel estimators needed in
Chapters 2, 3 and 5. Some relations between the Hellinger distance, the Kullback-
Leibler divergence and the L,-distance needed in Chapter 4 can be found in Appendix
B.
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The Maximum Likelihood Estimator (MLE) for the distribution function F, in the
current status model is piecewise constant, consistent and at a fixed point converges
at rate n*/? to a Chernoff distribution (GROENEBOOM AND WELLNER, 1992). However,
when F, is assumed to be smooth, the MLE does not share this property. An estimator
for F, that is smooth by definition is the Smoothed Maximum Likelihood Estimator
(SMLE). In this chapter, the behavior of the SMLE for F; is studied in the current
status model. Most of the results in this chapter can also be found in GROENEBOOM,
JONGBLOED AND WITTE (2010).

This chapter is organized as follows. In Section 2.1 the SMLE for F, is defined, as
well as the SMLEs for the Lebesgue density f,, and the hazard rate A, = f,/(1—F,). It
also contains some results on the MLE, needed in Section 2.2 to derive the asymptotic
distributions of the estimators. Kernel smoothing, used to smooth the MLE, requires
a smoothing parameter (or bandwidth). Section 2.3 briefly addresses the problem of
bandwidth selection in practice. The estimation method is applied to a data set on
hepatitis A from KeipinG (1991) in Section 2.4. Technical lemmas needed in some of
the proofs can be found in Section 2.5.

2.1 DEFINITION OF THE ESTIMATORS

Recall that in the current status model, as described in Section 1.2, F, is the distribu-
tion function of a random variable X. However, instead of observing the variable X,
the vector W = (T, A) is observed where T is a censoring variable and A = 1gy<r;.
The density of the observable vector W with respect to the product of the Lebesgue-
and counting measure on [0, 00) X {0, 1} equals

hi,(t,6) = 6g(t)Fo(t) + (1 — 8)g(t) (1 — Fo(t)) = 6hy(£) + (1 — 8)ho(0).

In this section, the SMLEs F5M, fSM and A5M for F,, f, and A, are defined, where
the MLE is smoothed via kernel smoothing. Let k be a kernel density satisfying condi-
tion (K.1) below.

(K.1) The probability density k has support [—1, 1], is symmetric and con-
tinuously differentiable on RR.

Note that condition (K.1) implies that m,(k) = fuzk(u) du < oo. Let K be the distri-

bution function corresponding to k, i.e. K(x) = ffoo k(u) du, k’ be the derivative of k
and b = b,, > 0 be a bandwidth (or smoothing parameter) depending on the sample
size n. Then we use the following notation for the scaled version of K, k and k’

Ky(u) =K(u/b), kp(u) = %k(u/b), and k(1) = %k’(u/b). 2.1
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Let F_ be the MLE for F, and denote its jump points by 7y,...,7, (m < n), then
the SMLE for F, at the point t, is defined as

FM(t) = J Ky(top —u)dF (u) = ZKb(tO —1)F (7). (2.2)
im1

The SMLE f5¥ for the density f, at the point t, can be defined similarly,

f,{gM(fo) = J ky(to —w)dF (u) = Zkb(to —1)F (7). (2.3)
=1

The hazard rate Ay = f,/(1 — F,) is estimated via the plug-in principle,

fnSM(to)

MM(t)= —L—
n (o) 1—FM(to)

for t, such that F$™(t,) < 1. (2.4

The variable X denotes a positive survival time, i.e. X > 0, hence we can expect
inconsistency problems for the SMLEs at zero. In order to prevent those, we modify
the definition of f*™ for t, < b. To be precise, we define

- 1 to— .
M) = | kP (=) dF,
n b b n
for 0 < t, < b and 8 = t,/b. The so-called boundary kernel k” is defined by

Vz,ﬁ(k) - V1,/5(k)u
vo,5(K)vy g(k) — vy g(k)?

kP (uw) = k()1 _q py (W),

with
ﬂ .
vip(k) = J u'k(u)du, i=0,1,2.
-1

For 0 < to < b, the estimator F5™ is defined as FS™(t,) = fto f5M(u)du. There
—00

are other ways to correct the kernel estimator near the boundary, see e.g., SCHUSTER

(1985) or Jones (1993). However, simulations show that the results are not much

influenced by the boundary correction method used.

For a specific choice of the kernel k, the estimator can also be identified as the

minimizer of the following penalized L,-distance

i SM
Fn

Ly(F):=L,(F;a) = J (F(x)— Fn(x))zdx + OLff(x)2 dx, a>0,
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over the class of all nondecreasing, nonnegative functions. Note that the minimizer, if
it exists, will satisfy the “boundary constraints” lim, _,_,, F(x) =0 and lim, _,, F(x) =
F"n(rm). Indeed, for any F not satisf}:ing t}~1ese constraints, L,(F) = co. As stated in
Theorem 2.1 below, the minimizer F, of L,(F) satisfies differential equation (2.5).

Theorem 2.2 states that F; FSM satisfies this differential equation if k(u) = e for

ueRand b= +a.
THEOREM 2.1. Let F, be a minimizer of L,(F) over the class of all sub-distribution func-
tions satisfying lim,_,_, F(x) = 0 and lim,_,,, F(x) = F (T). If this minimizer E is

twice continuously differentiable, then it satisfies the followmg differential equation

F(x)—aF"(x)=F (x). (2.5)
ProOE. The penalized L,-distance L,(F) can be rewritten as follows
L(F)= f (F(x)—F (x))*dx + aJ F(x)?dx
- f {(F(x) = F (x))* + aF'(x)*} dx =: f S(x,F(x),F'(x)) dx.
The minimizer F of this functional has to satisfy the Euler-Lagrange equation

0= 4 s F(x),F d 2 —S(x,F(x),F
=37 (%, F(x), (X))—d 3F (x, F(x), F'(x))
= 2(F(x) —F (x)) —2aF"(x).

Hence, F‘n has to satisfy differential equation (2.5). O
THEOREM 2.2. Let F5M be the SMLE for F as defined in (2.2), with kernel density k(u) =

%e"“‘ for u € R. Then, F:M is the unique solution to differential equation (2.5) if the
smoothing parameter b equals /a.

ProoF. The estimator F¥"(x) is defined as

FM () = f Ky — ) dF, u),

where K}, is defined in (2.1). Then, we have that

2

%F:M(x) = J ky(x —w)dF (w), d—FSM(x) = f k; (x —w)dF (),
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for k; and kg as defined in (2.1), hence F sM is twice continuously differentiable and
. d? . .
FM00) = b FM(x) = f {Ky(x —u) = b2k (x —u)} dF, (u).

For k(u) = %e"“' we have that

et fu<O
et ifu=>0 "~

1
K'(w)= —sign(u)%e_‘”| and K(u) = { %

N =

where sign(u) = —1 if u < 0 and sign(u) = 1 if u > 0. This gives that for x —u < 0,
we have

1 11
Ky(x—u)— bzk;(x —u)= Ee("_“)/b - bzﬁie("_“)/b =0,

and for x —u > 0 we have

lle—(x—u)/b =1.

1
Ky(x —w) — b2k (x —u)=1-— Ee‘(x‘“)/b + b2 5

This implies that

. d? . . N
FPM(x) = b*— FM(x) = f Ly dF,(u) = F, (x),
n dx n = n n
hence (2.5) is satisfied for a = b2.

To see that F sM is the unique solution to (2.5), note that by definition of F rfM and
the choice of the kernel k

lim ESM() =0, lim FM(x) = F, (7).

Now, assume F5M is not unique, i.e. there exists a second solution F, to (2.5). This
implies that the difference F, —FSM has to be a solution to the homogeneous equation

F(x)—aF"(x)=0.

The general form of this solution is F(x) = cje /Y 4 c,e™/Y®, Since both
lim, ,_ F(x) = 0 and lim,_, . F(x) = 0 should hold, both ¢; and ¢, have to be
equal to zero. Hence 0 = F(x) = F,(x) — F™(x) for all x, implying the uniqueness
of F5M. O



22 2. SMOOTHED MAXIMUM LIKELIHOOD ESTIMATION

Throughout this chapter, the methods are illustrated with simulated data. In these
simulations, the true density f; is the density of a shifted Gamma(4) distribution, i.e.

x—2)°
folx) = %e‘("‘z), for x > 2.

The censoring times are exponentially distributed with mean 3, i.e.
1 —t/3
g(t)= ge , for t > 0.
The kernel density is taken to be the triweight kernel k(u) = %(1 —u?)Pfor-1<uc<

1.

For a simulated sample of size n = 500, Figure 2.1 shows the estimator F ;fM with
bandwidth b = 1.3 (not obtained by the method described in Section 2.3 but chosen
just as illustration). It also shows the maximum likelihood estimator Fn and the true
distribution function F,,.

1.0
I

0.8

0.6

0.4

0.2
1

0.0

0 5 10 15

FiGure 2.1: The true distribution function F, (dash-dotted line) and the estimators F‘fM
with b = 1.3 (solid line) and Fn (step function) for a simulated sample of size n = 500.

Before we derive the asymptotic distributions of the SMLEs some properties of the
MLE F, are needed. Lemma 2.3 gives a different characterization of the MLE in terms
of an integral with respect to the empirical measure H,, of the data W,,...,W,,.
LEmMA 2.3. For any right continuous piecewise constant function ¢ with only jumps at
the points T1,..., T,

J eW)(6 —F (w))dH,(u,5) =0.
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ProOE Denote the intervals where Fn is constant by J; = [7;,T;;1) for0<i<m-—-1
(T =0). Then, for u € J;

#{(Ty), ) : Ty €4 By = 1} _L
#{(T), D) = Ty €} k

Fn(u) =
for some k, 1 such that [ < k. This means that

j Fn(u)dIEIn(u,é)— dIF (T =~ Z F(1)= —k— =
J;x{0,1}

T(])GJ T(])EJ

On the other hand, we have

j 8§ dH,,(u,5) = Z Ay =
J;x{0,1}

T(J)GJ
This implies
J ) (6 - F,(w) dH,(u,8) = »(7;) (6 —F,(u) dH,(u,6) =0,
J;x{0,1} J;ix{0,1}

for any right continuous piecewise constant function ¢ with jump points 74,...,7T,,.
Hence

f&p(u)(é F (1)) dH,(u,§) = ZJ @(w)(6 - F(u)) dH,(u,5) = 0.

J;x{0,1}

O

If Fy and G are assumed to satisfy conditions (E1) and (G.1) below, GROENEBOOM
AND WELLNER (1992) prove [see their Lemma 5.9 and p. 120]

IFo = F llo = G, (n"logn), (2.6)
[max 1Tip1 — il = 6, (n’l/?’ logn) . 2.7)

(E1) The Lebesgue density f,, of F, has compact support & = [0, M]
and stays strictly away from zero.

(G.1) The Lebesgue density g of G stays strictly away from zero on %, and
its derivative g’ is bounded on .%.
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From this, it follows that for fixed t, > 0, any v > 0 and %, = [t, — v, ty + V]

sug |Fo(w) —F, (w)| = g, (n‘1/3 log n) , (2.8)
ucS,

= -1/3
i:rggo |Tiv1 — Til =0, (n logn) . (2.9

2.2 ASYMPTOTIC DISTRIBUTIONS OF THE ESTIMATORS

To derive the asymptotic distribution of £5™ we study the behavior of

F,fM(to) — Fo(to) = f Ky(to—u) dﬁn(u) — Fy(to)

= J. Kp(to— u)d(Fn —Fy)(w)+ f Kp(to —u)dFo(u) — Fo(to).

Lemma 2.4 gives a different expression for the first term at the right hand side. With
this new expression for the difference F5"(t,) — Fy(t,) we can derive the pointwise
asymptotic distribution of F5M.

LEMMA 2.4. Fix t, > 0, such that g is strictly positive in a neighborhood of t, and define

ky(to —u)

1/)b,t0 (u) = g(u)

Then

f Ky(to—u)d(F, —Fy)(w) = — f Yy, (W(6 — F (w)) dHg, (u, ). (2.10)
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Proor. The left-hand side of (2.10) can be rewritten as follows

to+b
f Kb(to—u)d(l:"n—Fo)(u)
0

to—b to+b
:f d(Fn—FO)(u)+J Ky(to —wd(F, — Fy) (W)
0 t

o—b

to+b
= £, o~ D)~ Foto — )+ Kyt ~ ) (£, ) ~ ()|

to+b
- J —(F,(w) — Fo(w)) ky(to —u)du

0o—b

to+b N
_ f 5olto —1) 5 ()~ Fyw)) d6(w)

- &)

_ f P @5 — F. () dH, (1,6,

O

By Lemma 2.4 we can consider the integral at the right-hand side of (2.10) to derive
the pointwise asymptotic distribution of the estimator FrfM . The idea of the proof of
this distribution, given in the next theorem, is as follows. By the characterization of
the MLE (Lemma 2.3) we could add the term dH,, for free in the right-hand side of
(2.10) if ¢, . were piecewise constant. For most choices of k this function v . is
not piecewise constant. Replacing it by an appropriately chosen piecewise constant
function results in an additional ¢,-term which does not influence the asymptotic
distribution. By some more adding and subtracting, resulting in some more o,-terms,
we get that

15 [ 4 06 = ) i, 1,0
= nz/SJ P, W) (8 = Fo(w)) d(H, — H, ) (u,5) + 0,(1)

and the pointwise asymptotic distribution follows from the central limit theorem.
Based on the asymptotic distribution we can determine the optimal bandwidth which
minimizes the asymptotic Mean Squared Error (aMSE).

THEOREM 2.5. Assume F and G satisfy conditions (E1) and (G.1). Fix t, > O such that
fo is continuous at ty and f,(ty) # 0. Let b = cn™* (c > 0) be the bandwidth used in
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the definition of FS™. Then for a =1/5

n2/5 (F3M(t0) = Fo(to)) ~ A (Ursum UIZJ,SM)’

where

1 / F (t ) 1—-F (t )
Upsm = Eczmz(k)fo(to), Ol = —— C(g(to)o ) Jk(u)z du. (2.11)

For0<a<1/5,
. »
n%® (FSM(tO) —Fy(ty)) — Upsm-

For fixed to > 0, the aMSE-optimal bandwidth b for estimating F5"(t,) is given by
brrsu = CESMTfl/S, where

1/5
Fo(to) (1 — Fo(to)) -1/5
= k(u)*d SR f, (£0)? . 2.12
Crsm { oy @?duy  {m30f ()} (2.12)
REMARK. In case t is such that f;(t,) = 0, the optimal rate of b, ;5 is n~'/ resulting

in a rate of convergence n*° and an asymptotic bias Ursy = ﬁc4m4(k) fo(g)(to). This

is in line with results for other kernel smoothers in case of vanishing first order bias
terms.

Figure 2.2 illustrates this pointwise asymptotic result by a simulation study. The
value of n*® (F5M(4.75) — Fy(4.75)) was calculated for a sample of size n = 100000
with b = 0.5 as smoothing parameter. This was repeated B = 500 times. Figure 2.2
shows the QQ-plot (with the line y = upgy + orspyx) as well as the histogram (with
the A (Upsw, UI%,SM)-density) of these B values.

Before proving Theorem 2.5, we make the piecewise constant version of the func-
tion 1, explicit. This function should be constant on the same intervals as the MLE
is. Denote the piecewise constant version of 1, , by ‘I’b,fo- For u € J;[7;,T;41), this
function is defined as v}, , (u) = 1 (A, (u)) with

Ti 1fV tEJl :Fo(t)>Fn(Ti),
A(w)=A s if3sed;: F (s)=Fy(s), (2.13)
Ty MV ted  Fo(t)<F (1)),

see also Figure 2.3.
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FIGURE 2.2: QQ-plot (@) and histogram (b) of B = 500 values of n*/°(F5(4.75) —
Fy(4.75)) for a simulation study with sample size n = 100000 and b = 0.5.
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FIGURE 2.3: The 3 different possibilities for the function A,. (a) Fy(t) > F (7;) for all
telJ; (b) Fo(s) = ﬁn(ri)for some s € J;; (c) Fo(t) < Fn(’ri)for all t € J;.
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Proor oF THEOREM 2.5. Using the piecewise constant version v, of Y, , we can
write

f Yy, W (6 — F (w)) dHp, (u, 8) = J qﬁb,to (W) (6 — F,(w) dHg, (1, 8) + R,
where for b =cn~* (with 0 < a < 1/5) and n sufficiently large

Rl = f () = ., () (5 = F. () dHp (1, 5)
< Clbzf |F0(u)—13'n(u)|(5 —F'n(u)) dHFO(u,5)
u€lty—b,te+b]

< clb—zf |Fo(w) — F,)I*dG(u) = g, (n**(logn)*)
u€[ty—b,ty+b]

=0,(n"*)

by (2.8) and Lemma 2.8. So we find
n%® f Q,bb’to(u)(5 — F'n(u)) dHFO(u, 5)
= f P (5 — £,0) d(H, — F1,)(1,6)+ 0,(1)
— p2e J Py, (1) (8 = Fo(w)) d(Hy, — H,) (1, 5)
+n%® f Qﬁb’to(u)(Fo(u) — Fn(u)) d(G — Gn)(u) + ﬁp(l)

= HZ“J Pz, () (8 — Fo(w)) d(Hg, — H,) (1, 6) + 0,(1)

using that n?*R, = o,(1), Lemma 2.3 and the first result in Lemma 2.10. By the
second result in Lemma 2.10, we get

[, @06 - F) - )00
_ o f o W) (6 — Fo(w)) d(Hp, —H,)(w,5) + 0, (1).
Applying the central limit theorem with a = 1/5, gives

e J wb,to(u)(5 — Fo(w) d(H, - HFo)(u’ 8) - (0, O-IZT,SM)
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for O'?,)SM asin (2.11). For 0 < a < 1/5, we get

n*® f Y1, (0)(8 = Fo(w)) d(H,, — Hy, ) (1, 8) 0.
Recall that
n®* (M (t9) = Fo(to)) = n** J Y, (W (6 — Fo(w)) d(H, — Hp, ) (u,5)
+ n*® (J Ky (to —u)dF,(uw) — Fo(to)) .

The second term converges to gy, since

n* (J Ky(to —u)dFy(u) — Fo(to)) =n* (J ky(to — u)Fo(u)du — Fo(to))
1
=n* (f ky(to — u) (Fo(w) — Fo(to)) dll) = Eczmz(k)fo/(to) +0(n™°),

using integration by parts and a Taylor expansion. This now implies that for a =1/5

n2/5 (F3M(t0) = Fo(to)) ~ A (Ursum UIZ:,SM)’

while forO<a <1/5
. »
n (FfM(to) — Fo(to)) — Upsm-

To find cpg), in the optimal bandwidth b, 5, we minimize the aMSE with respect
toc

_1 Fo(to) (1 —Fy(to))
g(to)

. 1
aMSE(F3M, ¢) = Zc4m§(k)f()’(t0)2 +c k(u)? du,

which is standard minimization in c, yielding (2.12). O

For the asymptotic distribution of 5, we study the behavior of

f:M(to) — folto) = J ky(to —uw)d(F, — Fy)(u) +J ky(to — u)dFo(u) — fo(to)-
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For the first term in the right-hand side, a similar equality as (2.10) holds. The only
difference is an extra term b~! coming from the scaled version k;, of k in the definition
of fnSM This additional term influences the optimal rate of n in b, which is slightly
slower in this case with n~'/7. Because of this, the rate of convergence is n?’7 in stead
of n?/5.

Theorem 2.6 states the pointwise asymptotic distribution of fnSM and the aMSE

optimal choice of the bandwidth b to estimate fnSM . The proof of these results are
similar as for the results of F$", hence they are omitted.

THEOREM 2.6. Assume F, and G satisfy conditions (E1) and (G.1). Fix t, > 0 such that
fo is continuous at t, and f,'(t,) # 0. Let b = cn~Y7 (¢ > 0) be the bandwidth used in
the definition of f5M. Then

7 (f3 (o) = fo(to)) ~ N (g.sa, T F s>
where

2 Fo(t)(1 = Fo(to))

Ur oy = 1czm ()f/(ty), 02, = k' (u)*du
f,.SM 2 2 0 0/ f.SM C3g(t0) .

For fixed t, > 0, the aMSE-optimal value b for estimating fr‘fM (to) is given by

bussu = Crsun /7, where

-1

1/7
k’(u)zdu} {mi(k)fa’(to)z} SR

_ Fo(t)(1 = Fo(to))
Crsm =13 (o)

The hazard rate A, is estimated using the plug-in method. The density f, and the
distribution function F, are estimated by £ and F5M, respectively, to obtain the
estimator A5M(ty) = £5M(t,)/(1 — FS$M(t,)). Because ASM is a quotient, we could
estimate the numerator and denominator by choosing one bandwidth b = cn~%/7
to compute fM(t,) and a different bandwidth b; = c;n/® to compute F5M(t,).
However, by the relation

d fo(to)
Ao(te) = — —log (1 — Fy(z =_J0 0
o(to) dz g( 0(2)) sty 1— Fo(to)
it is more natural to estimate f;(t,) and Fy(t,) with the same bandwidth. Theorem 2.7
states the asymptotic distribution if both £ and F*™ are computed with bandwidth
b = cn~'7, since f5™ does not converge in distribution at rate n*® if b = cn™/°
while F$¥ does converge in probability at rate n*” if b =cn=1/7.
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COROLLARY 2.7. Assume F, and G satisfy conditions (E1) and (G.1). Fix t, > 0 such
that Fo(to) < 1, fJ is continuous at t, and f;'(ty) # 0. Let b = cn™ /7 (c > 0) be the
bandwidth used to compute F rfM and fnSM . Then

7 (ASM (t9) = Ao(to)) = A (WUsm» Ui,SM)

where
36" my(k) Folto)f3(to)
=2 2 | JOA"0//01707
Masm = 1= Fy(ty) ( o (to) + 1= Fo(ty) ),
2 Folto) k' (u)? du.

Thsm = c3g(to)(1 = Fo(to))

for ty such that (1 —Fy(to)) fy' (to) + fo(to)fy(te) #O.
For fixed t, > 0, the aMSE-optimal bandwidth b for irslM (to) is given by b, ;3 sy =

2 ~1/7
O smm

_ Fy(to) iroN2 17
C*’SM_{Bg(to)(1_F0(to)) J K d”} 2.1

m2(k) fot)fle) 2\
y z—( //(%HM) ,
(1 _Fo(to))z 0 1 _FO(tO)

, where

Proor. Write F5M(ty) = F(ty) +R,, then
2/7

m(fns]w(fo)—fo(fo)) +T, (2.16)

n?/7 (iiM(to) — Ao(tp)) =

with

1 1 )
1—Fy(te) —R, 1—Fy(to)
R,

(1= Fo(to)) (1 = Fo(to) —R,) .

T, = n2/7f;sM(t0) (

= 27 (1y)

If b= cn~'/7 is the bandwidth for F5™(t,), then by Theorem 2.5 n*/’R,, Z, BEsy
and

» fo(to)

T, — Upsy—"—— -
! (1- Fo(fo))2
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Since we also have that

L(fSM(t )= fo(ts)) = N Mg sm O')%,SM
1—Fy(tg) "m0 700 1 —Fo(to)’ (1 —Fo(to))2
we get that

o2
2/7(35M - ~ N ,i ,
n*’( S (to) o(to)) (HA,SM (1—F0(t0))2

2
for w s = iy s/ (1= Foto)) + upsufolto)/ (1 —Folte))™
The optimal ¢ given in (2.15) is obtained by minimizing

w1, m® veo o Folt)fg ()’
aMSE(?uiM,c) = Zc4m ( 0 (to) + To(to))
3 Fo(to) ()2 d
g(to) (1 — Fo(to)) () du
O

RemARk. If we use two different bandwidths to compute iiM(to), i.e. compute
F5M(t,) with bandwidth ¢;n™*/® and £5™(t,) with bandwidth cn™'/7, we have

7 (M (t0) = 2o(t0)) ~ A (fiz sm> o3 su)

where i sy = ths.sm/ (1= Fo(to)). This follows since now we have n*’R,, = ¢,(1) by
Theorem 2.5 hence T, = ¢,(1) in the previous proof. This means that the additional

term g gy fo(to)/ (1 —Fo(to))2 does not appear in the bias of n®/7 (A5M (o) — A4(t,)).

2.3 OPTIMAL BANDWIDTHS

Theorems 2.5 and 2.6 and Corollary 2.7 give the aMSE optimal smoothing parameters
to estimate FSM(t,), £5M(t,) and ASM(t,), respectively. Let §o(F) be the function to
estimate (i.e. Fo(to), fo(to) or Ag(t,)) and H(F) be its estimate (i.e. FSM(¢), £5M(t,)
or iiM (to)). Then, these optimal smoothing parameters can be written as b, gz =
cyryn” * for some a > O (either 1/5 or 1/7), where cjr) is defined as the minimizer of
aMSE(c) over all positive c. However, the aMSE depends on the unknown distribution
Fy, s0 cypy and b,, 5y are unknown.
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Several data dependent methods are known to overcome this problem by estimat-
ing the aMSE, e.g., the bootstrap rnethod of EFrRON (1979) or plug-in methods where
the unknown quantities, like f, or f,’, in the aMSE are replaced by estimates [see
e.g., SHEATHER (1983)]. The method used in this chapter is the smoothed bootstrap
method, which is commonly used to estimate the optimal bandwidth in density-type
problems, see e.g., HAZELTON (1996) and GONZALEZ-MANTEIGA et al. (1996).

For §(F) = FSM(t,), the smoothed bootstrap works as follows. Let n be the sample
size and b, = con~'/® an initial choice of the bandwidth. Instead of sampling from
the empirical distribution (as is done in the usual empirical bootstrap) we sample
Xy ! Xy 1. X5 (m < n) from the distribution £} (note that the initial choice
bo is exp11c1t1y stated now in the notation of the estlr(l)lator) Furthermore, we sam-
ple T1 ,o.., TP from Gn,b0 (a kernel estimator for the distribution function G of the
censoring variable T) independent of X I’l, e ,X;f{l and define A;"l =1 x<T The

estimator F* SM _5(to) with bandwidth b = cm~'/* is determined based on the sam-

ple (T;°%, A b 1) (TR A 1) This is repeated B times, resulting in B estimators
FSM 171/5(t0) FSM 2 (to),-- poMB (ty). The aMSE(c) is then estimated by

cm~1/5 m-1/5

MSEj(c) = Z (ESM (o) = By (£0))

m,cm

Let Crg)y be the minimizer of MSEg(c) over all positive ¢, then we estimate the opti-
mal bandwidth by, p gy by b, sy = Egsyn™ /. For the other estimators, the smoothed

bootstrap works similarly.

Table 2.1 contains the values of ¢, and BH’F)SM for the different choices of ¢, and
two different points t, based on a simulation study with n = 10000, m = 2000 and
B = 500. The table also contains the theoretical aMSE optimal value crgy,, given in
(2.12), and the values of ¢, using Monte Carlo simulations of size n = 10000 and
m = 2000 with their corresponding values of bn’F’ v and En’F’SM. In the Monte Carlo
simulation, we sample X and T*] (i=1,...,n(orm), j=1,...,B) from the true
underlying distributions F0 and G The aMSE is estimated by

MSEy(c) =B~ Z(FS““ (to) = Fo(to))”.

n,cn~1/5

1/5, where &g is defined as the minimizer of MSEj(c) over all

Then BF,SM = EF’SMH_
positive c. Figure 2.4 shows the aMSE(c) for t, = 4 and its estimates MSE 5(c) with

¢o =15 and MSE(c) as a function of c.
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to = 4.0 to = 6.5

Crsm b, rsm Crsm b, rsm
Co =25 6.050 0.959 9.150 1.450
co =10 7.350 1.165 10.100 1.601
cp=15 7.700 1.220 12.050 1.910
co =20 7.850 1.244 14.150 2.243
Co =25 9.850 1.561 15.500 2.457
MC-simulation (n = 10000) 6.700 1.062 10.700 1.696
MC-simulation (m = 2000) 6.750 1.070 11.600 1.838
Theoretical value 6.467 1.025 10.426 1.652

TaBLE 2.1: Minimizing values Ergy, for estimating F',fM (to) and corresponding values of

the bandwidth BH’F)SM based on the smoothed bootstrap method for different values of
cg, based on Monte Carlo simulations and the theoretical values.
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FIGURE 2.4: The theoretical aMSE of F5(4) (dotted line) as a function of ¢ and its
estimates based on the smoothed bootstrap (solid line) with ¢, = 15 and the Monte
Carlo simulations with sample size n = 10000 (dashed line) and m = 2000 (dash-
dotted line).
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2.4 APPLICATION: HEPATITIS A

In this section, the SMLEs for F,, f, and A, are computed for the the hepatitis A
prevalence data (n = 850) described by Keming (1991). The smoothing parameter
is chosen by the smoothed bootstrap, described in Section 2.3, with m = 425 and
B =500.

Table 2.2 contains the values of ¢xg,; and Bn,F’SM for three different time points,
to = 20, ty, = 45 and t, = 70 and for different values of c,. Table 2.3 contains the
values of ¢¢ gy, and b,, ¢ 5)y, and Table 2.4 contains the values of ¢, gy and by, ; gy -

Figure 2.5 shows the estimator F5™ with smoothing parameter b = 25 (which
is somewhere in the middle of the results in Table 2.2). The maximum likelihood
estimator F is also plotted in Figure 2.5. The estimators 5 and A5™ are shown
in Figure 2.6 and 2.7, respectively. The smoothing parameter b is equal to 35 for
f5M and 40 for iiM (somewhere in the middle of the results in Tables 2.3 and 2.4,
respectively)

2.5 TECHNICAL LEMMAS

LEMMA 2.8. Let ty > 0 be such that f, is strictly positive and continuous in a neighbor-
hood of t,. Then there exists a constant ¢ > 0 such that for n sufficiently large

b0, (1) = W, ()] < % |F, (1) = Fo(w)| Ljpmuizny (2.17)

PrOOF. For n sufficiently large, we have for all s € 4, = [t, — b, t, + b] that fy(s) >
%fo(to). Fix u € .4, then the interval J; = [7;,T;,1) it belongs to is of one of the
following three types:

(i) Fo(x)>F (t;) forall x €J;,
(ii) Fo(x)=F (x) for some x € J;,

(iii) Fo(x) <F (7;)forall x € J;.

First, we consider the situation where Fn(u) = Fy(u). Recall that Q/Eb’to(u) = (A,(w)
with A,, defined in (2.13). Then

1[" b,tg (w=1y b,to (w),

and both the left- and right-hand side of (2.17) are equal to zero, and the upper
bound holds. Note that for each F,(u) = F,(u) implies A,(u) = u, because F, is
strictly increasing near t,.
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t0=20 t0=45 t0=70

éF,SM Bn,F,SM éF,SM Bn,F,SM éF,SM Bn,F,SM
co =50 107.7 27.947 60.3 15.647 128.9 33.448
co =60 105.6 27.402 67.6 17.541 128.7 33.396
=70 106.7 27.687 67.8 17.593 127.4 33.059
co =80 101.8 26.416 71.6 18.579 130.4 33.837
co =90 92.5 24.003 70.4 18.268 131.0 33.993
co =100 91.9 23.847 76.5 19.851 127.5 33.085
co =110 90.5 23.484 75.9 19.695 126.2 32.747
co =120 89.8 23.302 80.8 20.967 124.3 32.254
co =130 89.4 23.198 81.0 21.018 124.5 32.306
co = 140 84.2 21.849 81.9 21.252 120.2 31.190
co =150 87.3 22.653 88.7 23.017 117.4 30.464

TABLE 2.2: Minimizing values &y, for estimating F fM(tO) and corresponding values of
the bandwidth BH,F)SM based on the smoothed bootstrap method for different values of c,
and for three different values of t.
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FIGURE 2.5: The estimators F5™ with b = 25 (solid line) and F (step function) for the
hepatitis A prevalence data.
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to =20 to =45 to =70

Crsm by s sm Crsm b fsm Crsm b, fsm
co =50 150.0 57.227 91.0 34.718 119.6 45.629
co =60 96.1 36.664 87.6 33.421 104.5 39.868
=70 98.5 37.579 80.2 30.598 91.0 34.718
co =80 103.3 39.410 87.0 33.192 84.3 32.162
co =90 113.9 43.455 91.8 35.023 82.0 31.284
co = 100 150.0 57.227 94.3 35.977 79.9 30.483
co =110 150.0 57.227 101.5 38.724 81.7 31.170
co =120 150.0 57.227 104.3 39.792 84.0 32.047
co =130 150.0 57.227 106.3 40.555 87.1 33.230
co = 140 150.0 57.227 109.7 41.852 93.3 35.595
co =150 150.0 57.227 114.5 43.683 93.5 35.672

TaBLE 2.3: Minimizing values C; ), for estimating fnSM (to) and corresponding values of
the bandwidth Bn, 7.sm based on the smoothed bootstrap method for different values of ¢,
and for three different values of t.
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FIGURE 2.6: The estimator fM with b = 35 for the hepatitis A prevalence data.
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to = 20 to = 45 to =70

Eism by .sm Cism by asm Eism by jsm
co =50 135,6 51.733 78.0 29.758 103.7 39.563
co =60 150.0 57.227 82.7 31.551 119.7 45.667
co =70 150.0 57.227 92.7 35.366 132.7 50.627
co =80 150.0 57.227 95.0 36.244 143.5 54.747
co =90 150.0 57.227 93.3 35.595 145.8 55.625
co = 100 112.8 43.035 92.1 35.138 144.1 54.976
co =110 99.6 37.999 94.4 36.015 137.9 52.611
co =120 87.3 33.306 100.2 38.228 135.2 51.581
co =130 82.6 31.513 104.1 39.716 136.8 52.191
co = 140 77.9 29.720 107.5 41.013 136.0 51.886
co =150 78.0 29.758 112.4 42.882 133.9 51.085

TaBLE 2.4: Minimizing values ¢, gy, for estimating i‘zM (to) and corresponding values of
the bandwidth BH,A)SM based on the smoothed bootstrap method for different values of c
and for three different values of t.
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FIGURE 2.7: The estimator irslM with b = 40 for the hepatitis A prevalence data.
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Now, we consider the situation where F,(u) # F,(u). For v,& € J;, we get by using
a Taylor expansion

|F, (W) = Fo(w)| = |E,(v) — Fo(W| = |F,(v) = Fo(v) — (u = v)fo (&)

Now, we have three possibilities. If A,(u) = 7;, then we have that Fy(t;)—F (7;) >0
giving that

|Fn(u) —Fo(w)| = |FH(T1‘) —Fo(t:) = (u—71)fo(&)
= |(u—7)fo(&) + Fo(t) = F, (7] = Ju — 7,1 £o(&).

If A, (u) = v for some v # u € J;, then we have that F (v) = Fy(v), so that
|F () — Fo(u)| = |F,(v) = Fo(w)| = |F,(v) = Fo(v) — (u = v) fo(E)] = lu — v|£,(&).
If A,(u) = 7,4, then we have F (7;;,—) — Fo(7;4,) = 0 giving that

|F (1) — Fo()| = |F (7i11—) = Fo(7i1) — (W = 71410 (8)]
= [(Ti41 —Wfo(&) + Fn(TH-l_) = Fo(Ti41)l
= |71 — ulfo(&)

For v € [7;,T;,1], this gives
|E, (W) = Fo(w) > [u—v|fo(&) = %fo(to)m —-v|=0.
Since it also holds that
Wb, (W) = P, @] = (93,6, (V) = P (W] < EB2 |y —
the upper bound in (2.17) holds if ¢ = 2¢/f,(t;). O
In Lemma 2.10 below, empirical process theory is used. To prove this lemma, first

some definitions are introduced and a result from VAN DER VAART AND WELLNER (1996)
is reformulated for the current status model.

Let & be a class of functions on R, and L,(Q) the L,-norm defined by a probability
measure Qon R, ie. forge

1/2
Lz(Q)[g]=|IgI|Q,z=(J IgIZdQ) .
IR’+

For any probability measure Q, let N (¢, #,L,(Q)) be the minimal number of balls
{g € 7 : llg—fllga < €} of radius ¢ needed to cover the class Z. The entropy
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H(e,Z,L,(Q)) of & is then defined as
H(Ei g’ LZ(Q)) = IOgN(E, 'g:: LZ(Q)):
and J(6,%) is defined as

5
J(5,9')=supf \/1 +H(e,7,L,(Q)) de.
Q Jo

An envelope function of a function class & on R, is any function F such that |f(x)| <
F(x)forallx eR, and f € &.

THEOREM 2.9. [VAN DER VAART AND WELLNER (1996, THEOREM 2.14.1)] Let Hp, be the
distribution of the observable vector W and & be a Hy -measurable class of measurable
functions with measurable envelope function F. Then

E sup

5 J(la E-g.)”FHHI:O,Z’
fez

f £ dVR(H, )

where S means < up to a multiplicative constant.

LEMMA 2.10. Assume Fy and G satisfy conditions (F1) and (G.1) and let d : [0, 00) X
{0,1} — [—1,1] be defined as d(u, 6) = Fy(u) — 6. Then for a <1/5 and n — oo

Ry, = nz‘*J Ve, W (F, (W) — Fo(w) d(G, — G)(w) = 0,(1), (2.18)

Rz)nznmJ{@b)to(u)—'L,bb,to(u)}d(uﬁ)d(]Hn—HFO)(u,5)=ﬁp(1). (2.19)

ProoF. Define .4, = [t, — v, ty + v] for some v > 0 and note that by (2.8) and (2.9)
for any 1 > 0 we can find M;, M, > 0 such that for all n sufficiently large

P(&p,) =P (sup |IF (w) — Fo(w)| < Myn~*/3 logn) >1-1/2, (2.20)
ue.y,

P(&ypp,) =P (sup A, (1) —u| < Myn~*3log n) >1-1n/2. (2.21)
UEH,

Also note that ||d||,, < 1. Moreover, denote by .o/ the class of monotone functions on
#,, with values in [0, 2t,]. Then we know, see e.g., vaN DE GEER (2000, (2.5)), that
forall 6 >0

H(S,9,L,(Q) S671,
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for any probability measure Q. For the same reason, the class %,, of functions of
bounded variation on [0, 2t,], absolutely bounded by M, has entropy function of the
same order:

H(57 ‘%Mx LZ(Q)) 5 5_1

for all 6 > 0.

Let us now start the main argument. Choose 1 > 0 and M;, M, > 0 related to (2.20)
and (2.21), correspondingly. Let v, ,,, v, ,, be vanishing sequences of positive numbers
and write fori =1,2

P(lRi,n| > 1/i,n) = P({|Rl,n| > Ivi,n} n gi,n,Mi) + P({lRl,Tl| > Vi,n} N é”ic,n,Mi)
SP({IRipl > vin} N & ppr) +1/2
<V ERi,lLs,, +n1/2.

Here, we use the Markov inequality, (2.20) and (2.21). We now concentrate on the
terms Vi_n1E|Ri,n|]lé"mM. for i = 1,2. It will be shown that if we take e.g., v;, =

enPi(logn)? for f; = 5/6—7a/2 and B, = 5/6—4a and any ¢ > 0 these terms will be
smaller than 1/2 for all n sufficiently large, showing that R; , = ¢, (n’ﬂf(log n)z) =
o,(1)fora<1/5andi=1,2.

We start with some definitions. Define for

k(e —w/e)

Calt) = —— 2 ()

the functions &, 5 , and (g, by

Eann) = C,(AW)Bw),
{5, 8) =n'*"*(logn)'d(u, §){C,(n"/°*B(w)logn +u) — C,(w)}

and let
(gl,n = {gA’B’n tAe ﬂ,B S %Ml}’ (gz’n = {CB,H :Be ‘%Mz}

Note that by condition (K.1) |C,(u) — C,(v)| < n%plu—v| for all u,v € .4, and some
constant p > 0 depending only on the kernel k, the point t, and the constant c in the
smoothing parameter b. Also note that both classes %, , and %, , have a constant p;
times 1, as envelope function, where the constant p; only depend on k, to, ¢ and
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M;, i =1,2. For x,, = n®**/logn and x,,, = n**~*/®logn, we now have that

Bl ., SE_sup
E My

n2e=1/315g nf Y (AW)BW)d(G, — G)(u)
X ]].gl’"’Ml

<k,E sup
E€%

>

J £ dvn(G, — G)(w)

and

ElRznlls,,y, <E sup
Mz

n2a-1/2 f d(u, 8){y (n"°B(u)logn +u) — P (u)}

dvn(H, - Hy,)(u,8)

]]'gz,n,Mz

<E sup Ky,
(€Y,

f {(u,8)dva(H, - Hy, )y, 5)‘ .

To bound these expectations, we use Theorem 2.9. Using the entropy results for .o/
and 9, together with smoothness properties, we bound the entropies of the classes
%, , and %, ,,. Therefore, we fix an arbitrary probability measure Q and 6 > 0.

We start with the entropy of %, ,,. Select a minimal n™“6/(2pM;)-net Ay, ..., Ay,
in ./ and a minimal 6/(2[|C,[|,,)-net By, B, ..., By, in %), and construct the subset
of ¢, , consisting of the functions & 4,8, corresponding to these nets. The number of
functions in this net is then given by

NuN; = exp(H (n75/(2pMy), o/, 15(Q) +H(8/(1IC,llor), B, 1(@))
<exp(Cn®/d),
where C > 0 is a constant. This setis a 6-net in ¢, ,,. Indeed, choosea & =&, , € 9 ,

and denote the closest function to A in the .«/-net by A; and similarly the function in
the %, -net closest to B by B;. Then

1Ea5n = En s nlloz < 1CalloolIBC) = B(llg.2 + My [|Ca (Ai()) = Co (A ||
S 5/2+M1pna||Ai _A”Q,Z S 5

This implies that

&
H(5: (gl,rl: LZ(Q)) 5 na/5; J((S, (gl,n) =< J‘ \/1 +H(€a (gl,n’ LZ(Q)) de 5 na/Z \/g
0
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To bound the entropy of ¥, ,, we select a minimal 6/p-net By, By, ...,By in By,
and construct the subset of ¥, , consisting of the functions {p , corresponding to this
net. The number of functions in this net is then given by

N =exp(H(8/p, P, 1,(Q)) ) < exp(C/6),

where C > 0 is a constant. This set is a 6-net in %, ,,. Indeed, choose a { =5, € %, ,
and denote the closest function to B in the %, -net by B;, then

185, — €yl < n*~%(logn)*||d |l
x [|C,(n"Y3B()logn +-) — C,(n"/°B;(-)logn +-) I,
<n'*%(logn)'n*pn""*lognl||B; — Bll,,q) < 5.

This implies that
H(8, 9y, L(Q)) $1/5, J(5,%,) S V5.
We now obtain via Theorem 2.9 that

E |R1,n|]]-é‘1ynyM1 <K,E sup J Ew)dvn(G, — G)(u)

ge(gl,n

5 n7a/2—5/6 IOgT’l

5 Kl,nJ(]-’ (gl,n)

5 KZ,HJ(]" %2,n)

E|R2,n|]lgz,1M < Ky,E sup J ¢(u,8)dvn(H, — Hg )(u, 5)
R ' CG%Z,n 0

4a—5/6

Sn logn.

Hence, we can take v; , = enPi(logn)? for B; = 5/6 — 7a/2, B, = 5/6 — 4a and any
€ > 0 to conclude that

P n’ IR; .| < n EIR; |1 +n/25 ! +n/2
R, .| > I . <
(logn)®>" " £= e(logn)? oM Gy e~ elogn N L

for n sufficiently large. O
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The Smoothed Maximum Likelihood Estimator (SMLE) for the distribution function
F, in the current status model, studied in Chapter 2, has a faster rate of convergence
than the Maximum Likelihood Estimator (MLE) under some smoothness assumptions
on F,. In this chapter, the behavior of a similar estimator, the Maximum Smoothed
Likelihood Estimator (MSLE), for Fj, is studied in the current status model. The MSLE
and SMLE differ in the order of smoothing and maximizing the likelihood function.
The rates of convergence of both estimators are the same, while their asymptotic dis-
tributions are not equal but similar. This chapter is based on results of GROENEBOOM,
JONGBLOED AND WITTE (2010).

The MSLEs for F,, its Lebesgue density f, and the hazard rate A, = f,/(1 — F,) are
defined in Section 3.1. The characterization of the MSLE for F,, also given in Section
3.1, can be seen as the continuous analogue of the characterization of the MLE for F,
given in Chapter 1. The asymptotic distribution of the estimators, derived in Section
3.2, are based on the asymptotic distributions of a naive plug-in inverse estimator.
The estimation method is applied to a data set on hepatitis A from Keming (1991)
in Section 3.3. Concluding remarks on the estimators studied in this chapter and in
Chapter 2 can be found in Section 3.4. Section 3.5 contains some technical lemmas
needed in the proofs in this chapter.

3.1 DEFINITION OF THE ESTIMATORS

In the current status model [see also Section 1.2] the variable of interest X, with
distribution function F,, is not observed directly. Instead, the vector W = (T, A) is
observed where T is a censoring variable and A indicates whether X is smaller than
or equal to T or not. The observable vector W has density

h,(t,8) = 6g()F,(t) + (1 = 8)g(t) (1 — Fo(t)) = 6hy () + (1 — 8)hy(0),

with respect to the product of Lebesgue- and counting measure on [0, 00) x {0,1}.
Let H, be the empirical distribution of an i.i.d. sample W;,...,W,. Then, the log
likelihood as a function of F (up to the multiplicative constant 1/n) equals

LF)= J {6logF(t)+(1—68)log(1—F(t))}dH,(t,6) 3.1

Here, we ignore a term in the log likelihood that does not depend on the distribution
function F.

In this section, the MSLE F 111”5 for F; in the current status model is defined as well
as the MSLEs fMS and AMS for f, and A, respectively. First we need some defini-
tions. Define the empirical subdistribution functions of the W;’s with A; = 0 and 1,
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respectively by
1 n
H,,;(t)= - ; Lo,e1x4i3(Tj5 4), fori =0,1

and note that the empirical distribution of the data W;,..., W, can be expressed as
dH,(t,6) =6 dH, ;(t)+ (1 —6)dH, o(t). Let H, ; and H,, , be smoothed versions of
H, ; and H, , respectively (e.g., via kernel smoothing), let iln’l and iln’o be their densi-
ties with respect to Lebesgue measure on [0, c0) and define dH,(t,5) =& dHn,l(t) +
(1 — 8)dH,o(t). This is a smoothed version of the empirical measure H,, where
smoothing is only performed ‘in the t-direction’. Furthermore, note that the empirical
distribution function G, of all T;’s can be written as G,(t) = H, ,(t) + H,, o(t), since

1< 1< 1<
Gu(t) = - Z Lro,q(T;) = - Z Lo, xq13(Tj A5) + - Z To,e7x403 (Tj5 A)),
i=1 = =

and define G,(t) = H,,(t) + H,(t) as the smoothed version of G,. The Lebesgue
density g, satisfies g,(t) = iln’o(t) + iln)l(t).

Following the general approach of maximum smoothed likelihood estimation as
described in EGGERMONT AND LARIccia (2001), we replace the empirical distribution

H, in the definition of the log likelihood (3.1) by this smoothed version H,, and
define the smoothed log likelihood on the class of all distribution functions by

5(F) = f {61ogF(t)+(1—6)log (1 —F(t))}dH,(t,5)

= f log (1 —F(t))dH, o(t) + f log F(t)dH, (t). (3.2)

The maximizer of the smoothed log likelihood is characterized similarly as the maxi-
mizer of the log likelihood [see Section 1.2]. The next theorem makes this precise.

THEOREM 3.1. Consider the following parameterized curve in R2, a continuous cusum
diagram (CCSD):

t = (Ga(0), Hya (1)), (3.3)

fort €[0,7], with T =sup{t >0: g,(t) > 0}. Let F,i‘ds(t) be the right-continuous slope
of the lower convex hull of the CCSD (3.3), evaluated at the point with x-coordinate
G,(t). Then F ,}1‘/’5 is the unique maximizer of (3.2) over the class of all sub-distribution
functions. We call FMS the maximum smoothed likelihood estimator of F,.
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FIGURE 3.1: Part of a CCSD (dotted line) and its lower convex hull (solid line).

Figure 3.1 shows part of a CCSD and its lower convex hull.

ReEMARK. The MLE Fn for F, is defined as the right-continuous slope of the lower
convex hull of the following parameterized curve in ]Rfr

t— (Gn(t): ]Hn,l(t))-
This curve is limit of the CCSD defined in (3.3) as b | 0.

Proor oF THEOREM 3.1. Use the equality part of Lemma 3.7 to rewrite (3.2) as
05 (FMS) = J (EYS()1og FMS(t) + (1 - E'S(6)) log (1 — FY'S(1)) ) dG,(t).
By the inequality part of Lemma 3.7, we get for each distribution function F that
(5(F) < f FMS(£)log F(£)dG,(t) + f (1—-FM5(6)) log (1 — F(1)) dG,(0).

Now note, using the convention 0 - co = 0, that for all p, p’ € [0,1]

plogp’+ (1 —p)log(1—p’) < plogp+ (1 —p)log(1l—p). (3.4)

This implies that ¢5(F) < ¢5 (FM5), i.e. £° is maximal for FM5.

Uniqueness of FM follows from strict concavity of £5(F). O
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We assume the estimators H,,; and G, are continuously differentiable, hence, £M*
is continuous and its derivative exists. So we can define the MSLEs for f; and A, by

anS(to)

%, (3.5)

" d . -
fV8(ty) = EF,IIWS(U) wty’ M (£) =
for t, > 0 such that FMS(ty) < 1.

In Theorem 3.1 no particular choice for Hn’o and Hn,l was made. For what follows,
we define these estimators explicitly as kernel smoothed versions of H, , and H,, ;.
Let k be a probability density satisfying condition (K.1).

(K.1) The probability density k has support [—1, 1], is symmetric and con-
tinuously differentiable.

Note that condition (K.1) implies that m,(k) = fuzk(u) du < o0. Let K be the distri-

bution function corresponding to k, i.e. K(x) = ffoo k(u)du, k’ be the derivative of k
and b = b,, > 0 be a bandwidth (or smoothing parameter) depending on the sample
size n. Then we use the following notation for the scaled version of K, k and k’

1

Ky(u) =K (u/b), ky(u) = %k(u/b), and k; (u) = o k' (u/b). (3.6)

Fori=0,1, let
- 1
hai(8) = | Kyt —u)dH,,; () = ~ XJ] Lia -gko(t = T))

be kernel (sub-density) estimates based on the observations T; for which A; =1,

and note that g,(t) = iln,l(t) + iln’o(t) is the usual kernel density estimator for the
censoring density g. Also define the associated (sub-)distribution functions and (sub-
)density derivatives by

t t
H, ()= f h, (W du, fori=0,1and G,(t) = J &,(u)du,
0 0

Fl;’i(t) = J ki (t —u)dH, ;(u), fori=0,1and g/ (t) = fz’n,o(t) + B;’l(t). 3.7

Because X > 0, we can expect inconsistency problems for the kernel densities near
zero. In order to prevent those, we modify the definition of h,; for t, < b. To be
precise, we define

- 1 t—u
b= | 30 (52 a0
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for 0 < t, < b and 8 = t,/b. The so-called boundary kernel k” is defined by

Vz,/j(k) - V1,ﬁ(k)u
Vo,/ﬁ(k)Vz,ﬁ(k) - V1,/5(k)2

kP (u) = k(W)L _q py(w),

with
ﬁ .
v p(k) = f u'k(u)du, i=0,1,2.
-1

For 0 < t < b, the estimators H,; are defined as H, ;(t) = f_too hyi(w)du and R,
are the derivatives of iln’l-. There are other ways to correct the kernel estimator near
the boundary, see e.g., SCHUSTER (1985) or JoNEs (1993). However, simulations show
that the results are not much influenced by the boundary correction method used.

Having made these choices for the smoothed empirical distribution H,, let us return
to the MSLE. As mentioned in Section 1.1, the MSLE can also be seen as a minimal
Kullback-Leibler projection. Let h,, be the density of H,,, i.e. h,(t,5) = 6h,,(t)+(1—
o )iln’o(t), and define the smooth plug-in inverse estimator for F, by

. h,,(t
FM(t)= —A’l( ).
ga(t)
This estimator satisfies both inverse relations
hy(t) ho(t)
Fo(t)=——=, Fy(t)=1-— .
° g(t)” ° g(t)

Furthermore, it can be seen that

hiri(t,8) = 88, (OF (6) + (1 - 8)g,(0) (1 = FY' (1) = hy(t,2).
This implies that

H (o, hpr) = A (R, hy) = 0,

hence the smooth plug-in inverse estimator is a minimal Kullback-Leibler projection
(hence a MSLE). However, F f I might decrease locally, and therefore is a naive MSLE.
In Section 3.2, we prove that asymptotically F f ' is monotonically increasing and
equivalent with FM5.

Throughout this chapter, the methods are illustrated with simulated data. In these
simulations, the true density f, is the density of a shifted Gamma(4) distribution, i.e.

e 72 for x > 2.

-2 3
fo(x)z%
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The censoring times are exponentially distributed with mean 3, i.e.
1 —t/3
g(t)= ge , for t > 0.

The kernel density is taken to be the triweight kernel k(u) = g—;(l —u?)Pfor—1<u<
1.

For a simulated sample of size n = 500 (the same as used in Figure 3.1), Figure
3.2 shows the estimator F with bandwidth b = 0.7 (not obtained by the method
described in Section 2.3 but chosen just as illustration). It also shows the naive plug-in
inverse estimator F*' and the true distribution function F,.

1.0
I

0.8

0.6

0.4

0.2
1

0.0
L

0 5 10 15

FIGURE 3.2: The true distribution function F,, (dash-dotted line) and the estimators FMS
(solid line) and FP' (dotted line) for a simulated sample of size n = 500.

3.2 ASYMPTOTIC DISTRIBUTIONS OF THE ESTIMATORS

In this section, the asymptotic distributions of FM5, fMS and AMS are derived. To
derive the asymptotic distribution of F é\/ls’ we first prove that the estimators F iws
and FP! are pointwise asymptotically equivalent, i.e. they have the same pointwise
asymptotic distribution. For these results we need the following conditions on the
Lebesgue densities f, and g of F, and G.

(E1) The Lebesgue density f,, of F, has compact support &% = [0, M]
and stays strictly away from zero.

(G.1) The Lebesgue density g of G stays strictly away from zero on %, and
its derivative g’ is bounded on .%.
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THEOREM 3.2. Assume F, and G satisfy conditions (E1) and (G.1). Let &, and iln’l be
kernel estimators for g and h, with kernel density k satisfying condition (K.1). Let b =
b,, be the bandwidth used in the definition of &, and iln,l' Then for all0 <m <M < M,
and b, such that b, — 0 and nb> — oo

P(ﬁfl is monotonically increasing on [m,M]) — 1.

Proor. Take 0 < m < M < M,,. By assumption (G.1) and Lemma 3.9, with probability
arbitrarily close to one, we have for n sufficiently large that g,(t) > 0 for all t €
[m,M]. We then have that F*'(t) = h, ;(t)/g,(t) is well defined on [m,M] and to
prove that F?/(¢) is monotonically increasing on [m, M] with probability tending to
one, it suffices to show that there exists a 6 > 0 such that for all > 0

d
(Vt e[mM] : —F“(t) > 5) >1-m, (3.8

for n sufficiently large. We have that

d o o &a(Oh (0 = hy 1 (0F(0)
a0~ &0 ’

which is also well defined.

To prove (3.8), it suffices to prove that there exists a 6 > 0 such that for all h > 0
P(Vte[mM] : g (O, (6)—h,(0)g,(t)=6) =1-n, (3.9)
for n sufficiently large. For this, we write
&n(Oh 1 (6) = o1 (0,(6) = &u(O) (R, (6) = B (D)) + Ry 1 () (8'(6) = Ty (£))

+ 1) (8.(6) — g(6)) + &' () (hy(£) — R 1 () + g(OR, (£) — &' (£)hy ()
>— sup | (6)=hy(O)] sup &,(t)— sup [§,(t)—g' (D) sup hy,,(t)

te[m,M] te[m,M] te[m,M] te[m,M]
— sup [&,(6)—g(t)| sup h(f)— sup |y, 1(t) —hy(6)] sup g'(t)
te[m,M] te[m,M te[m,M] te[m,M]

+ g(OK(t) — g'(Oh ().

By Lemma 3.9 all random terms converge to zero in probability. Since g(t)h’(t) —
g'(h,(t) = g(t)*fy(t) we have that the last term is bounded below by
inf, e 1 8(£)*fo(t), hence (3.8) follows with & < inf,(,, ;7 §(£)*fo(0). O

Figure 3.3 illustrates the naive plug-in inverse estimator F,f I for three different
bandwidth b = 5073 b = 5075 and b = 5n'/7 for a simulated sample with
sample size n = 500, illustrating Theorem 3.2.
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FiGURE 3.3: Illustration of the naive plug-in inverse estimator F f I for three different
values of a in the bandwidth b = 5n~* for a simulated sample of size n = 500: a = 1/3
(dotted line), a = 1/5 (dashed line) and a = 1/7 (solid line).

Note that this theorem as it stands does not imply that £°(¢) = F?'(¢) on [m, M]
with probability tending to one. Some additional control on the behavior of ' on
[0,m) and (M, M,] is needed. The proof of the corollary below makes this precise.

CoRroLLARY 3.3. Under the assumptions of Theorem 3.2, it holds that for all 0 < m <
M < M, and b = b, such that b, — 0 and nb> — oo,

P(FPI(£)=FMS(t) forall t € [m,M]) — 1.

Consequently, for all t > 0 the asymptotic distributions of FM5(t) and F"'(t) are the
same.

Proor. Fix 6 > 0 arbitrarily. We will prove that for n sufficiently large
P(EM(t)=FM*(t) forall t € [m,M]) > 1—6.

Define for n; € (0,m), n, € (0,M, — M) and n > 1 the event A, by

A, = {F:I(t) is monotonically increasing and &, (t) > 0 for t € [m —n,,M + 7)2]}.

By Lemma 3.9 and Theorem 3.2, we have for all n sufficiently large P(4,) > 1—§/10.
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Define the ‘linearly extended H. n1 by

H,,(m)+ (G,(t) — G,(m))F'(m), forte[0,m)
CHt)=1 Hpa(0), for t € [m,M]
H, (M) + (G,(t) = G,(M))EPI(M), for t € (M, M,].

It now suffices to prove that for all n sufficiently large

6)) P({(G,(1),C:(t)) : t > 0} convex ) >1—-65/2,
(ii) P(Vte[0,My]:Ci(t)<H,(t))=>1-6/2.

Indeed, then with probability > 1 — & the curve {(G,(t),C:(¢)) : t > 0} is a lower
convex hull of the CCSD {(G,(t),H,,(t)) : t = 0} with C(t) = H,,(t) for all
t € [m,M]. From this, it follows that C'(t) = C,(t) for all t € [m,M], hence also
C,(t)= Hn,l(t) for all t € [m, M]. This implies that for n sufficiently large

dHn,l(t) _ dcn(t)
dG,(t)  dG,(t)

P(Vte[m,M]:F,f’(t)z =F,11V’5(t)) >1-356.

We now prove (i). For the intervals [0,m) and (M, M,], the curve {(G,(t),C¥(t)) :
t > 0} is the tangent line of the CCSD at the points (G,(m),H, (m)) and
(G.(M),H, ,(M)), respectively, so on the event A, the curve is convex. This gives
for n sufficiently large

P({(G.(t),Ci(t)) : t =0} convex ) >P(4,)>1-6/10>1—-65/2.

To prove (ii), we split up the interval [0, M,] in five different intervals .#; = [0, m —
M), £ =[m—mny,m), & =[mM], £, =(M,M +n,] and I = (M + 1, M,] and
prove thatfor 1 <i <5

P(C)=P(Vte 4 :Ci(t)<H,(t)) =1-5/10. (3.10)

For t € 4, Ci(t) = Hn,l(t), hence (3.10) holds trivially. For the interval .%,, we use
that

Hn,l(u) - Hn,l(v) = (Gn(u) - Gn(v))ﬁfl(5)7
for some & € [u,v] (depending on u and v). This gives

P(Vte s :H,,(t)—Ci(t)=0)
=P(V t €% (G,(t) — G,(m)) (F'(&) — F¥'(m)) = 0)
=P(Vte.s:F(E)-F'(m)<0)>P(4,) >1-5/10.
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For .#,, we can reason similarly.

Now consider (3.10) for i = 1. For every t € .4;, we have

m

H,(t) — Hy(m) — Fo(m)(G(t) — G(m)) = J (Fo(m) — Fo(w)) dG(u)

t

= f (Fo(m) — Fo(w)) dG(w).

m=mny

This means we have

H, 1 (6) = C () = Hy 1 (¢) — Hy (6) + Hy (m) — H,, 1, (m) + Fo(m) (G(£) — G, (1))
+ Fo(m) (G, (m) = G(m)) + (F;' (m) — Fo(m)) (G, (m) — G, (1))

+ J (Fo(m) — Fo(w)) dG(u)
m=m

== 2[|Hyy — Hillow — 211G, = Glloo — 21F () — Fo(m)]

+ f (Fo(m) — Fo(w)) dG(uw).

m—=m

By assumption (E1), we have fr;n*n (Fo(m) — Fy(w)) dG(w) > 0 so (3.10) follows for
1

i = 1 by the uniform consistency of G, and Hn,l [see Lemma 3.9] and the pointwise
consistency of F¥'.

For i = 5, the proof of (3.10) is similar as for i = 1. O

By Corollary 3.3, the estimators FM5(t,) and F’'(t,) have the same asymptotic
distribution for fixed t, > 0. The pointwise asymptotic distribution of F"'(t,) can be
derived from the Lindeberg-Feller central limit theorem and the Delta-method. The
resulting pointwise asymptotic normality of both FM5(t,) and F*'(t,) is stated in the
next theorem. Based on the asymptotic distribution we can determine the optimal
bandwidth which minimizes the asymptotic Mean Squared Error (aMSE).

THEOREM 3.4. Assume F and G satisfy conditions (E1) and (G.1). Fix t, > O such that
o and g" exist and are continuous at t, and g(to)fy(to) + 2fo(to)g’(te) # O. Let

b=cn"'/> (¢ > 0) be the bandwidth used in the definition of g, and iln’l. Then

/3 (B (o) = Folto)) = A (Hipas, 0% gs)
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where
_1, , fo(to)g'(to)
BEms = 5¢ my (k) {fo(to) +2g(—t0)}
2 -1 Fo(to)(1 = Fo(to)) 9
Oims = 2(t0) k(u)* du.

This also holds if we replace FM® by FP!.

For fixed to > 0, the aMSE-optimal bandwidth b for estimating FM3(t,) is given by
b, rms = Crms n~'/5, where

_ { Fo(to) (1 — Fo(to))
CEMS =

1/5
2
2(t0) k(u) du} X (3.11D)

x 4 m2(k){ f(t )+2f—0(t0)g’(t0) 0
2 00 g(to) .

Proor. For fixed ¢ > 0, the asymptotic distribution of F*' follows immediately by
applying the Delta-method with ¢(u,v) = v/u to the first result in Lemma 3.10. By
Corollary 3.3, this also gives the asymptotic distribution of FM*.

To find the optimal bandwidth b, /s, we minimize the aMSE with respect to c

3 1 Folte)g () | *
aMSE(FrIlWS, C) = Zc4m§(k) {fol(to) + ZW
F, 1—F
- o(to)( o(to)) k(u)? du,
g(to)
which is standard minimization in c, yielding (3.11). O

REMARK. In case t, is such that g(to)f,(to) + 2f(to)g’(ty) = 0, the optimal rate of
b, rus is nV/° resulting in a rate of convergence n*® for FM5 as was also noted for
FSM in the remark following Theorem 2.5.

Figure 3.4 illustrates this pointwise asymptotic result by a simulation study. The
value of n*/® (FMS(4.75) — Fy(4.75)) was calculated for a sample of size n = 100000
with b = 0.5 as smoothing parameter. This was repeated B = 500 times. Figure 3.4
shows the QQ-plot (with the line y = ugys + 0rysx) as well as the histogram (with
the A (Up s, G%MS)-density) of these B values.
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FIGURE 3.4: QQ-plot (@) and histogram (b) of B = 500 values of n?*°(FM5(4.75) —
Fy(4.75)) for a simulation study with sample size n = 100000 and b = 0.5.

To derive the asymptotic distribution of f™5 we use the Lebesgue density £/ of
the naive plug-in inverse estimator, which can be written as

o & (O () = &1 (D1 (6)
S (0= gn(t)? '

THEOREM 3.5. Consider f:f”s as defined in (3.5) and assume F, and G satisfy conditions
(E1) and (G.1). Fix ty > 0 such that f0(3) and g(3) exist and are continuous at t,. Let
b=cnY7 (c > 0) be the bandwidth used to define Ffl”s. Then

n2/7 (anS(to) — fo(te)) = N (s s, U?,Ms)

where

8" (to)folto) + g'(to)fy(to) _ zgl(fo)zfo(fo))

_ 1 2 1
Wpms = ¢ my (k) ( o (to) +2 g(to) g(to)?

—. 1 2 k
=3¢ my(k)q(to)

2 _ Fo(to)(1 —Fo(ty))

o k' (u)?du,
s = T gty
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for tq such that q(t,) # 0. This also holds if we replace fMS by fP.

For fixed ty, > 0, the aMSE-optimal bandwidth b for estimating f,fws (to) is given by

busms = Crusn /7, where

Cs = {BFo(to)(l - Fo(to))

1/7 ~17
e k(u)zdu} {mg(k)q(to)z} . (3.12)

PROOE. Write g,(to) = g(to) + R, and h, 1 (to) = hy(to) +Rp1, SO

7 (£ (to) = folto))
_ o (g(to)ﬁ;,l(to) — &t (o) g(to)h)(to) = g’(to)hl(to)) ot

g(ty)? g(to)?
for
T 2/7 (g(fo)"‘Rn)il;l,l(fo)_g;(fo)(hl(fo)‘i‘Rn,l)
L=n
(g(to) +R,)*
3 n2/7g(to)h;,1(fo) — &/ (to)hy(to)
g(t)?
_ n2/7Rni1;,1(to) —&,(t)Ry
(g(to) +R,)
R ~ R, (Zg(to) +Rn)
—n?7 i — & (to)h .
n (g(to) n’l(fo) g (to) 1(fo)) 2t (2(t0) +Rn)2

Applying the Delta-method with ¢(u,v) = (g(to)v — hy(to)u)/g(t)* to the last
result in Lemma 3.10 gives that

ey (g(to)iz;,l(to) = &, (t)h(to)  g(t)h)(to) = &'(t0)h (o)

g(to) g(to) ) = A1),

for

(3.13)

g"(to)folto) + g/(to)fo/(fo))
5 .

= 1c2m ()| £ (t)+3
! 2 00 g(to)
By Lemma 3.10, n*’R, 2, %czmz(k)g”(to) and n*’R,, 2, %czmz(k)h’l’(to),

so by the consistency of g’ and il;’l [see Lemma 3.9] and the continuous mapping
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theorem we have

g"(to)h(to) — g'(to)hY(to)

» 1
T, — Eczmz(k) 2(6)?
1 2 1"
— Eczmz(k)(g(fo)hll(to) - g'(to)hy(1y)) %
1 g (60 folte)  &"(to)fo(to) + & (to)fy(to) _
= —Eczmz(k) (2 ONE + 2(t0) ) = Ua.

Hence, we get

n?/7 (fnpl(to) — fo(tg)) N (g mss O'jzf,Ms)’

for ws s = U1 + uy. By Corollary 3.3, this also gives the asymptotic distribution of
ans‘

The optimal ¢ given in (3.12) is obtained by minimizing

- 1
aMSE(AY3,¢) = ‘—‘c“mg(k)q(to)2 +c

_3Fo(to)(1_Fo(fo)) Jk’(u)zdu.
g(to)

O

REMARK. If we use two different bandwidths to compute fnP I i.e. compute g, and iln,l
with bandwidth ¢c;n~'/* and g’ and R/, , with bandwidth cn~'/7, we have

7 (f7(to) — folte)) ~ ‘/V(‘ul’aiMS)

where u; is given in (3.13). This follows since now we have n?/ 7Rn = 0p(1) and
n?/ 'Ry = »(1) hence T, = ¢p(1) in the previous proof. This means that the addi-
tional term u, does not appear in the bias of n?7 (f!(to) — fo(to)).

The hazard rate A, is estimated using the plug-in method. The density f, and the
distribution function F, are estimated by M and FMS, respectively, to obtain the
estimator AM5(ty) = fMS(t,)/(1 — FMS(¢,)). Because AMS is a quotient, we could
estimate the numerator and denominator by choosing one bandwidth b = cn~%/7
to compute fM5(t,) and a different bandwidth b; = c¢;n"/® to compute FMS(t,).
However, by the relation

d
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it is more natural to estimate f(t,) and Fy(¢,) with the same bandwidth. Theorem 3.6
states the asymptotic distribution if both f* and FM* are computed with bandwidth

b = cn~'/7, since fM5 does not converge in distribution at rate n*° if b = cn™/°
while FMS does converge in probability at rate n*” if b =cn™1/7.

COROLLARY 3.6. Consider i’,‘l/’s of Ay as defined in (3.5) and let b = cn™'/7 (c > 0) be
the bandwidth used to define F TIIVIS. Assume F, and G satisfy conditions (E1) and (G.1).

Fix ty > 0 such that Fy(ty) <1 and fo(s) and g® exist and are continuous at t,. Then

n?7(AMS(to) — Ao(to)) ~> A (s ms> O-i,MS)
where

8" (to)folto) + g’ (to)fy(to)
g(to)

U = 1czm (k); "(ty) +2
)L,MS 2 1 _Fo(to) 0 0

2
_zg/(fo)zfo(fo))
g(t)?

1 Lo () ot (ﬂ&@+

2 (1 _Fo(fo))z
1,
= Sy (R)r(to)

2 _ FO(tO)
o =
A MS c3g(t0)(1 — Fy(t0))

Zg/(fo)fo(fo))
g(to)

k' (u)?du.

for tg such that r(t,) # 0. This also holds if we replace AMS by AP,

For fixed t, > 0, the aMSE-optimal bandwidth b for estimating iﬁ/ls(to) is given by
bpams = C?L,Msn_l/ 7. where

Fo(to) , 7 -1/7
s = {g(to)(l — Fo(to)) ‘ (U)2 du} {m%(k)r(to)z} ’ (3.14)

Prook. Write FMS(t,) = Fy(ty) +R,, then

2/7

ﬁngwua—kd%D=Tf%ﬁ7
o\to

(]E,fws(fo) — folte)) + T,
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with

Tn =n 7anS(t0) (1 —_ FO(tO) _Rn(tO) 1 - Fo(t())
Ry

(1=Fy(te)) (1 —Fy(ty) —R,) "

= n2/7f,fws(fo)

If b = cn™/7 is the bandwidth for F5(t,), then

host) 1
o ( g,l((ti)%) ) gl((tt;))) 2 Loyt { filto) +2

fo(to)g'(t0) |
g(to) — Heats,

by Lemma 3.10 and the Delta-method. This implies that n>’R,, Z, ur s and

T 2, fo(to)

—(1 _ Fo(to))z MEms-
Since we also have that
27 AMS s ms G)%,MS
T-Fuc) (£ (t0) = folto)) = A (1 ) (1 Fo(to))z)
we get that

o2
2/7 iMS —A ~ N s i ,
n*7 (A5 (te) = Ao(to)) (.UA,MS (- Fo(to))z

2
for uy ms = W ms/ (1 = Fo(to)) + trmsfolte)/ (1 —Fo(to))™.
The optimal ¢ given in (3.14) is obtained by minimizing

Fo(to)
g(to) (1 = Fy(ty))

1
—c*ma(k)r(tg)* +¢73

aMSE(AMS ) = y

k'(u)? du.

O

REMARK. If we use two different bandwidths to compute AMS, i.e. compute FMS with
bandwidth ¢;n~Y/* and f M with bandwidth cn™/7, we have

n*’ (ilfs(fo) — Ao(tg)) ~ N (fp s O'i’Ms)
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where i, s = s/ (1 = Fo(to)). This follows since now we have n?’R, = a,(1)
by Lemma 3.10 and the Delta-method hence T, = ¢,(1) in the previous proof. This

means that the additional term uy s fo(to)/ (1 — Fo(to))2 does not appear in the bias
of n®7 (AMS(ty) — Aq(to)).

3.3 APPLICATION: HEPATITIS A

The Bulgarian hepatitis A prevalence data described by KeipinG (1991) can be mod-
eled by the current status model studied in this chapter. In this section, the distribu-
tion function F, of the time of infection with hepatitis A is estimated by the method
of maximum smoothed likelihood estimation. Also the density f, and the hazard rate
Ao are estimated using this method. The smoothing parameters are chosen by the
smoothed bootstrap, described in Section 2.3, with m =425 and B = 500.

For three different time points, t, = 20, t, = 45 andA to = 70 and for different
values of ¢, Table 3.1 contains the values of ¢y and b, g 5. The values of ¢ g
and Bn’f’MS for these different values of t, and ¢, are given in Table 3.2, while Table
3.3 contains these values of ¢; j;5 and Bn,l,MS'

The resulting estimators FMS with smoothing parameter b = 25, f5 and AMS both
with b = 30 are shown in Figure 3.5, Figure 3.6 and 3.7, respectively. The smoothing
parameters b were chosen to be in the middle of the results in Tables 3.1, 3.2 and
3.3, respectively.

3.4 CONCLUDING REMARKS

In this chapter and the previous chapter, the MSLEs and the SMLE:s for the distribution
function F, its Lebesgue density f, and the hazard rate A, = f,/(1 —F,) were studied
in the current status model. For each function, the resulting estimators converges
pointwise to a normal distribution. Both M5 and F" converge faster to F, than the
MLE in this model, since we assumed some smoothness of F,. However, the method
of smoothed maximum and maximum smoothed likelihood estimation depends on a
smoothing parameter b. The smoothed bootstrap was used to determine the optimal
smoothing parameter, for hepatitis A prevalence data from Keiping (1991).

Unfortunately, we cannot say the MSLE is uniformly better (i.e. always has a smaller
aMSE) than the SMLE or vice versa. For example, the asymptotic bias of F3M(t,) is
equal to

1
Ursy(to) = Eczmz(k)fo/(to),
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t0=20 t0=45 t0=70

éF,MS Bn,F,MS éF,MS Bn,F,MS 6F,MS Bn,F,MS
co =50 150.0 38.923 48.6 12.611 109.3 28.362
co =60 150.0 38.923 53.0 13.753 115.5 29.971
=70 150.0 38.923 54.7 14.194 117.1 30.386
co =80 109.6 28.440 53.6 13.909 118.2 30.671
co =90 126.8 32.903 58.9 15.284 116.2 30.152
co =100 119.5 31.009 53.3 13.831 109.7 28.466
co =110 119.5 31.009 54.6 14.168 104.6 27.142
co =120 121.5 31.528 56.7 14.713 103.9 26.961
co =130 124.7 32.358 59.3 15.388 99.8 25.897
co = 140 111.8 29.011 62.2 16.140 95.7 24.833
co =150 120.5 31.268 67.8 17.593 83.4 21.641

TaBLE 3.1: Minimizing values &gy for estimating FM3(t,) and corresponding values of
the bandwidth BH’F’ us based on the smoothed bootstrap method for different values of c,
and for three different values of t.
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1

0.2
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FIGURE 3.5: The estimator F r]l”S with b = 25 for the hepatitis A prevalence data.
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to =20 to =45 to =70

Erms b, s ms €rms b, s ms €rms b, s ms
co =50 33.8 12.895 100.1 38.190 150.0 57.227
co =60 50.7 19.343 105.8 40.364 150.0 57.227
=70 53.7 20.487 119.7 45.667 143.3 54.671
co =80 54.0 20.602 130.7 49.864 118.8 45.324
co =90 56.8 21.670 137.8 52.573 101.1 38.571
co = 100 58.1 22.166 141.1 53.832 89.7 34.222
co =110 59.1 22.548 136.1 51.924 82.2 31.361
co =120 59.9 22.853 127.0 48.452 76.9 29.339
co =130 58.8 22.433 117.7 44,904 78.4 29911
co = 140 60.6 23.120 112.2 42.806 75.6 28.843
co =150 60.7 23.158 110.0 41.967 76.4 29.148

TaBLE 3.2: Minimizing values ¢ s for estimating anS (to) and corresponding values of
the bandwidth Bn, #.ms based on the smoothed bootstrap method for different values of ¢,
and for three different values of t.
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FIGURE 3.6: The estimator fM5 with b = 30 for the hepatitis A prevalence data.
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t0=20 t0=45 t0=70

€ams by ams €ams by ams €ams by s
co =50 41.9 15.985 44.3 16.901 138.2 52.725
co =60 52.2 19.915 54.8 20.907 137.0 52.268
co =70 54.3 20.716 61.7 23.539 136.3 52.000
co =80 53.6 20.449 63.8 24.341 138.7 52.916
co =90 57.8 22.052 67.6 25.790 150.0 57.227
co = 100 59.3 22.624 71.4 27.240 150.0 57.227
co =110 58.9 22.471 69.3 26.439 150.0 57.227
co =120 60.0 22.891 67.8 25.867 150.0 57.227
co =130 59.7 22.776 68.1 25.981 150.0 57.227
co = 140 60.1 22.929 67.7 25.829 150.0 57.227
co =150 60.7 23.158 71.0 27.088 150.0 57.227

TaBLE 3.3: Minimizing values ¢, s for estimating 11'\1/15 (to) and corresponding values of
the bandwidth Bn,A,MS based on the smoothed bootstrap method for different values of c
and for three different values of t.
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FIGURE 3.7: The estimator iﬁ”s with b = 30 for the hepatitis A prevalence data.
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and the asymptotic bias of FM5(t,) is equal to

fo(to)g'(to)
g(to) )

= + c?my (k)
UFpsm 2 (to)

1
ppms(te) = Eczmz(k) {fol(to) +2

The additional term c?m,(k)fo(to)g’(to)/g(to) in the bias of FMS depends on the
unknown densities f; and g and the point t, we estimate at. For some choices of f,,
g and t this additional term is positive, for other choices it is negative. This implies
that for some t,, the aMSE of F5™(t,) is smaller than the aMSE of F5(t,) and for
other t, it is bigger. This phenomenon is illustrated in Figure 3.8 for

(x —2)°
3!

1
e ™™, forx > 2, and g(t)= ge_t/s, for t > 0.

folx) =

MARRON AND PADGETT (1987) and PaTiL et al. (1994) obtained similar results for two
density estimators in the right-censoring model.

10
1

5 10 15 20

FIGURE 3.8: The aMSE of FM5(t) (solid line) and F5™(t) (dashed line) as function of t.

3.5 TECHNICAL LEMMAS
LEMMA 3.7. Let 15’11\/15 be defined as in Theorem 3.1. Then for any distribution function F,
f log F(t)dH,,;(t) < J FM5(t)1og F(£)dG,(t), and

J log (1 —F(t))dH, (t) < f (1-FM5())log (1 — F(t)) dG,(0),
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with equality in case F = FMS.
ProOF. The proof of the inequalities is based on the monotone convergence theorem.
Denote the lower convex hull of the CCSD defined in (3.3) by t — (G,(t),C,(t)) for

t € [0,7], where T = sup{t > 0 : g,(t) > 0}. By definition of this convex hull, we
have for all t > 0

H,,(t) = J Lpo, (W) dH, 1 (w) = J Ljo,y(w)dC,(u) = j EYS (@1, (w) G, (w).

For fixed t, the function 1, ,;(u) is decreasing on [0, c0). Consider an arbitrary distri-
bution function F on [0, c0) and write p(t) = —log F(t). Then, on [0, 7], the function
p can be approximated by decreasing step functions

m

Pm(t) =Zai]l[0’xi](t), withg; >0Viand0<x; <...<x, <T.

i=1

The functions p,, can be taken such that p,, T p, on [0, 7]. For each m, we have
J Pm(t)dH, 1 (t) = iJ a; 1101 (0)dH, 1 (6) = iJ a; 110, 1(£)dC,(2)
i=1 i=1
= f Pu(DFMS(0)dG,(0). (3.15)
The monotone convergence theorem now gives that for each n
n{lggof Pm(t)dH, (1) = f p(6)dH, () = — J log F(t)dH,; (1),
nll_IgoJ pm()dC, (1) = J p()dC, (1) = - f EYS(0)1og F(£)dG,(t).

Combined with (3.15), this implies the first inequality in Lemma 3.7.

To prove the second inequality, it suffices to prove

f log (1 —F(t))dH,,(t) > J FMS(t)log (1 —F(t)) dG,(b), (3.16)
since

J log (1 —F(t)) dH,o(t) = J log (1~ F(t)) d(G, — Hy1)(0).
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The proof of (3.16) follows by a similar argument. Then we use approximations q,,(t)
of the decreasing function q(t) = log (1 — F(t)) such that g,, 1 g to prove (3.16).

For the equality statements for F = Fi"’s , we can also use the monotone approxi-
mation by step functions, restricting the jumps to the points of increase of F rll"'S (i.e.
points x for which FM5(x + &) — FM5(x — ¢) > 0 for all £ > 0), implying equality in
(3.15). O

LEmMa 3.8. Let g, be the boundary kernel estimator for g, with smoothing parameter
b =n"% (a < 1/3). Then with probability converging to one g, is uniformly bounded,
i.e. there exists a C > 0 such that

P ( sup |g,(x)] < C) — 1. (3.17)

x€[0,1]
Proor. First note that without loss of generality we can assume 0 < k(u) < k(0).
Recall that v; g(k) = fi u'k(u)du for B € [0,1], for which we have the following

bounds

1 1 1
Vop = 5> vl < EEk |U|, sVar, U <v,z <Var, U,

2
where U has density k. Combining this, we get that v gv, 5 — v p 2 iVark |U| > 0,
so that we can uniformly bound the kernel k# by
Vo5 — V18U Ivopl+ vyl
kP )] = | —L—E k)1 )| < 22— k(0) = ck(0),
Vo8V, ~ Vip 3 Var, U]

For the boundary kernel estimate g,, we then have

g,(x)| = ‘b-l f kP ((x = ¥)/b) dG,(y)| < bck(0) |G, (x + b) — G, (x — b))

< b1ck(0){|Gulx + b) = Gx + b) = Gy (x = b) + G(x — b))
+(Glx +b) = G(x — b)) }
< ck(0)n* 22 5up v/n|G,(y) — G()| + 2l1g loock(0)
y=0
= 0,(n**) + 2|g]l 0 ck(0).

Since this bound in uniform in x, (3.17) follows for C = 3| g[ ,,ck(0). O
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LEMMA 3.9. Assume F, and g satisfy conditions (E1) and (G.1) and let G, Hn’l, 8o
h,1, &, and K, | be kernel estimators for G, Hy, g, hy, g’ and I, with kernel density k
satisfying condition (K.1) and bandwidth b = b,,. For b, such that nbi — 00,

- @ N @
sup |g,(t)—g(t) —0, sup [g/(t)—g'(t)] —0,

te[m,00) te[m,00)

- » (3.18)
sup |G,(t) —G(t)| — 0
t€[0,2M,]
- P Ny , P
sup |h,1(t) —hy(6)] — 0, sup [k, ,(t)—h(0)] — 0,
te[m,00) te[m,00)
(3.19)

~ @
sup |H,,(t) — Hi(£)] — 0.
t€[0,2M,]

PrOOE Let ¢" be the uncorrected kernel estimate for g and note that by properties of
the boundary kernel estimator we have for all x > h

8, (x) = g,(x).

Hence, the first two results in (3.18) follow immediately from Theorems A.2 and A.3.
To prove the third result in (3.18), fix M > M, € > 0 and choose 0 < § < ¢/(2C) such
that G(6) < €/4, where C is such that (3.17) holds. For all x > 0 and n sufficiently
large (such that b < &), we then have

1G,(x) = G(x)| <6 sup [8,(y)+G(8)+supl|G,(y)—G(y)I
y€[0,6] y=>6
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The right-hand side does not depend on x so that

P(IG, —Gllow >¢€) <P (5 sup |8,(¥)l+G(d) +sup|G“(y) G(y)l > 8)
y€[0,8] yz

(5 sup |gn()’)|+G(5)+SUP|Gu(J’) G(y)|>8)
y€[0,1] yz

= ({5 sup Ign(y)|+G(5)+SUP|G”(y) Gyl >e

y€[0,1] }
n { sup Ign(y)ISC})

Y€[0,1]

({5 sup Ign(y)|+G(5)+SUPIG“(y) G(y)|>8}

y€[0,1]
N { sup Ign(y)|>C})
Y€[0,1]

<P (SUP IGX(y) - G(Y)l > 8/4) :

y26
The last probability converges to zero as a consequence of Theorem A.2, hence the

last result in (3.18) follows.

For the first result in (3.19), define a binomially distributed random variable N; =
Z?:l A; with parameters n and p =P(A; =1) = fFo(u)g(u) du, and the probability
density g(t) = hy(t)/p. Let V4,...,Vy, be the T; such that A; =1, and rewrite R, (t)
as ﬁ levzll ky(t—-V)= % &, (t). Then we have by the triangle inequality

Iy = Malloo = 18w, 2 = &Plloo < PlI&w, — &lloo + 18n, llos

N,
2.
n

The first term on the right-hand side converges to zero in probability by Theorem A.2,

. » . .
since N; — 00 as n — 00. For the second term on the right-hand side, note that

18, lloo = 18 + &, = &lloo < 118lloo + 118N, = &lloo

where the last term again converges to zero in probability by Theorem A.2. Combining

this with the Law of Large Numbers applied to ’% — p‘ gives that ||y, [lo )% -p|l—

N »
0 as n — oo, hence ||h,, ; — h;ll,c — 0.

The proofs of the other results in (3.19) are similar. O
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LEMMA 3.10. Under the assumptions of Theorem 3.4 it holds that
n2/5 (( &a(to) ) _ ( 8(to) )) Ny S2my(k)g" (to) 5
hy 1 (to) hy (o) Eczmz(k)h/{(to) o 63.20)
with
_ -1 2 g(to)  hy(to)
Y =c fk(u) du( Rty hy(ty) ) (3.21)
For0<a<1/5,
20 (5 2 1, 1
n**(&,(to) — g(ty)) — 5¢ my(k)g” (to),
2a (7, 2 1 2 7
n** (hy1(to) — hy(te)) — 5¢ my (k)R (to).
Under the assumptions of Theorem 3.5 it holds that
e (&) ) _ ( g'(t) ) IR S OR
k1 (to) K (to) Le2my(OnP () )77 (3.22)
with
_ =3 | 1032 g(to)  hy(to)
B =c f ) du ( Bi(to) ity )
Proor. We start with the proof of (3.20). Define
_ Y Y _ s ky(ty—T;)
= ( Yio ) - ky(to—T)A; ) -
By the assumptions on F, and g and condition (K.1), we have
-3/5 1 -1,.2 7 -1
EY,, =n""g(ty) + En c*my(k)g"(to) +o(n™7),
VarY,; = _lc_lg(to)f k(u)? du+ o(n~°®),
1
EYip =n*hy(to) + 5n7 *my(lOh (to) + o(n™h),

VarY., = nlclhl(tO)J k(w)?du+ o(n~%°).
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Furthermore we have
COV(Yi;ls Yi;z) = n_lc_lhl(tO)J k(u)2 du+ ﬁ(n—G/S),

so that
" ! (t5)

EY. = n2/5 g(fo))+_z k(g” 0 )+ )

; o ( m(te) ) 728 MO hey) ) T
Y =c! 2 g(tO) hl(to) -1/5
;VarYl——c fk(u) du( ity hi(to) +0(n ).

Here we denote by VarY; the covariance matrix of the vector Y;. By the Lindeberg—
Feller central limit theorem, we get

&n(to) g(to) 1 2" (ty)
(G )= () ) - gemato  f6) ) - a0

where 3, is defined in (3.21).

To prove that n**(g,(t,) — g(to)) 2, %czmz(k)g”(to) for 0 < a < 1/5, define
W, = n?*1k,(t, — T;). Since we have

1
EW, =n**"" (g(fo) + Ebzg//(to) + ﬁ(bz))

nvarW; = n>*"c ' g(t,) f k(w?du+ o(n* ) = o(n>*?),
we get that > VarW; — 0 for 0 < a < 1/5, hence

1< 1
" (E ;Wi B EWl) =n"(g,(to) — 8(to)) = Eczmz(k)g”(fo) +0(1) 25 0.

Similarly we can prove that n®* (h,, 1 (t,) — hy(to)) Z, %czmz(k)h’l’(to).

The proof of (3.22) is similar as the proof of (3.20). O



CURRENT STATUS CONTINUOUS MARK MODEL




CHAPTER 4

MAXIMUM SMOOTHED LIKELIHOOD ESTIMATION




76 4. MAXIMUM SMOOTHED LIKELIHOOD ESTIMATION

Chapters 2 and 3 describe estimators for the distribution function F; in the current
status model. These estimators attain a faster rate of convergence than the Maximum
Likelihood Estimator (MLE), under some smoothness assumptions. In this chapter,
the Maximum Smoothed Likelihood Estimator (MSLE) for F, in the current status
continuous mark model is studied. This estimator is better than the MLE as well; in
contrast to the MLE it is consistent. This chapter is based on results of GROENEBOOM,
JONGBLOED AND WITTE (2011a).

The outline of this chapter is as follows. Section 4.1 defines the MSLE for F,, as
well as the MSLEs for the Lebesgue density f,, and the marginal distribution function
Fy x of X. The estimators used for smoothing are bivariate histogram estimators, and
the resulting MSLEs for F, and F, x are proved to be pointwise consistent in Section
4.3. Section 4.2 describes an algorithm to maximize the smoothed log likelihood.
Technical lemmas can be found in Section 4.4.

4.1 DEFINITION OF THE ESTIMATOR

The current status continuous mark model, as described in Section 1.2, is a bivariate
censoring model, where the vector (X, Y) has distribution function F,. However, in-
stead of observing the vector (X,Y), the vector W = (T, Z) is observed where T is a
censoring variable and Z = A-Y for A = 1x.y;. Let F;, x be the marginal distribution

of X and 8,Fy(t,z) = %Fo(t,z), then W has density
hy (t,2) = 1g5038(£)0,Fo(t,2) + ]l{z=0}g(t)(1 - Fo,x(t))
=: Laophy(t,2) + Lg_gpho(t), 4.1

with respect to the measure A defined in (1.9).

Let H,, be the empirical distribution function of Wy,..., W, . HUDGENs et al. (2007)
define and characterize the nonparametric maximum likelihood estimator (MLE),
which maximizes

Z(f)zfloghf(t,z)dﬁn(t,z) (4.2)

= f 10g { 11,50 82F (t,2) + Liy_gy (1 — Fx (1)) } dH, (t,2)

over the class of distribution functions with density f with respect to A; X counting
measure on the observed marks. However, MaaTHUIS AND WELLNER (2008) prove that
the MLE is inconsistent. The heart of the consistency difficulties with the MLE seems
to reside in the first part of the log likelihood

J ]]'{Z>0} lOg aZF(t7z) dHn(t:z):
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where we really have to deal with a density type expression in z (i.e. d,F(t,z) =
fot f(s,2)ds) instead of a bivariate distribution function.

We now define an alternative likelihood-based method, the method of maximum
smoothed log likelihood introduced in Section 1.1, where the resulting estimator for
F, will turn out to be consistent. Let H, be a smoothed version of the empirical
distribution function TH,, then the smoothed log likelihood £° is defined by replacing
H, in (4.2) by its smoothed version H,,, i.e.

05(f) = f 108 { 1z50) 02 F (£, 2) + Ty (1 — Fx(6)) } dH, (¢, ).

It is very interesting to see that the factorizing property of the MLE, by which the
part involving g drops out, also holds (to a certain extent) in the present case: we
do not have to maximize over the unknown g, because it does not play a role in the
maximization problem (although it is implicitly contained in the estimator H,; we
do not have to estimate g separately). The maximum smoothed likelihood estimator
(MSLE) £MS for the density f; is then defined as

fMS = argmax(5(f), (4.3)
fez

where & is the class of all distribution functions with density f with respect to
Lebesgue measure on [0,00)?. The MSLE for the bivariate distribution function F,
we define as

t b4
5 MS _ FMS
Fo(t,2)= J f f 7w, v)dvdu,
o Jo
and the estimators for F x and ,F, are defined similarly,
t

0, FM5(t,2) = gﬁéws(t,z) =f FMS(u,2)du.
0

t 0
Fivf}f(t)zfj £M8(u,v)dv du
0 Jo
%

As mentioned in Section 1.1, the MSLE frfws can also be seen as a Kullback-Leibler
projection, minimizing

h,(t,2)
hf(t,Z)

= f logh,(t,2)dH,(t,z) — J logh(t,z)dH,(t,2),

A (h,,hy) = f h,(t,2)log dA(t,2)
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over densities f € & and g. The first term on the right-hand side does not depend on
f and the second term on the right-hand side equals —¢5(f), hence

f5 = argmax ((f) = argmin # (h,, hy,).
fez fez

In this chapter, we take a histogram-type estimator for the density h,, of H,, result-
ing in a piecewise linear estimator H,,. There are other possibilities as well to choose
H,, for example via kernel smoothing. For the ease of computations and proving con-
sistency, we choose a histogram-type estimator, and assume without loss of generality
that all observations are in [0, 1]2. To define our estimator h,, we take two integers k,,
and [,, (the number of bins) and define A; = A, ; = ((i — 1)/k,,i/k,] = (a;_1,a;] and
B;=B,;=((—1/l,,j/l,] =(bj_y,bj] fori=1,...,k,;, j=1,...,1,. Then slightly
abusing notation, the estimator h,, is defined and denoted by

Throughout this chapter, the estimators and results are illustrated with simulated
data. In these simulations, the true density f, is equal to

folx,y)=x+y, for (x,y) € [0,1]°.
The censoring times have the following density
g(t)=2t, for t € [0,1].
An illustration of the estimator h, is given in Figure 4.1 for a simulated sample of size

n = 5000 where we took k, =1[, =5.

We consider the estimator £ that is obtained by maximizing £5(f) over the class
F, of piecewise constant densities with cells A; X B;. For the resulting histogram-type
estimator ans we can prove that it is well defined and unique if all cells contain at
least one observation. This holds with high probability under certain conditions on
the observation density h; and the total number k,, - [, of cells A; x B;.

Before proving the existence and uniqueness of fHM S, stated in Theorem 4.2 below,
we introduce some notation to relate the class of densities we consider to appropriate
subsets of Euclidean space.

ggn = {f (S IR,k"Xl” : 0 Sfi,j S knln Vl, ]}

k, I, i
a(F) =l ) DD fi By =k Y fujo f € B, 44
=i j=1 =1
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FIGURE 4.1: The estimators En(t, 0) (@) and fzn(t,z)for % > 0 (b) for a simulated sample
of size n = 5000 with k,, = 1, = 5. The dash-dotted line in (a) is the true density hfo(t, 0)
for this example.
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with a; 41(f) =0 and B, ;(f) =0 for all j.

LEMMA 4.1. Define

kn ke L
Y_(f)= kglzili ¢ (a1 (), a(f)) + (ko) 7! ili,j ©(Bij(f), Bir ()
i=1 i=1 j=1
ke 1,
(kL) fij+1,
i=1 j=1
_ (XIOgX_J’IOgJ’)/(x_J’)’ X,J’E[O,l]: X#y
go(x,y)—{ 1+logx, x,y €[0,1], x =y, (4-5)

with 0log0 := 0, then

argmax{5(f) = argmax+y_;(f).
feF, fea,
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PRrOOE Let f € &, then for t €A; = (a;_1,q;], 2 € B; = (b;_y, b;] we can write

1—Fx(t)—f f flu,z)dzdu=(q —t)Zl Ui+ Z Z(knln) '
=

i+1 j=1

aZF(t Z)_J f(u z)du—Zk 1f +(t a;_ 1)f1];

so that

J log(l—FX(t))dt—J log Z Z(knln) i+ Zz .
A

i j=1l=i+1
l"
—t > L it
j=1
i—1
f f log azF(t,Z)dZ dt = l;l f 10g {Z k;lfl,j - ai—lfi,j +fi,jt} dt
A; I B; A; =1

Since we havefor0<a<b<oo,0c#0and 7 > —0oa

b
1
f log(t + ot)dt = — [ulogu—u]"-7"
o

u=t+oa

= é(r +ob)log(t+0ob) — é(r +oa)log(t +o0a)—(b—a),

we get
f log Z Z(knln) Yrita Zz lfl,—tZz i [ de
j=11=i+1
k,

——— ((k ZZfz,)log((k Zqu)

1 n
ln Zjl:1fi,j I=i+1j [=i+1j

ky I, kn Ln
- ((knzn)lzzfl,j) log ((knzn)lzzfz,j) — k!
I=i j=1 =i j=1
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and

1
flog{z lfl,j_ai—lfi,j+fi,jt} de

- %{(Zk 1fl])log (Zk 1flj) - (Ek,:lfl,j) log (zi:k,?lfz,j)}

_ ln_lkr:l,

so that

k, 7
ﬁ(f)=—2% ((knlnr S Zﬁ]) log ((knln) ! Z qu)

1
i=1 ln Zj:lfi,j [=i+1j I=i+1j

The last two terms can be left out in the maximization, since they do not depend on
f. Now, taking a;(f) and f3; ;(f) as in (4.4) we have that

Ly
Y foy = k(@ (F) = &), fiy =ka (Bii(F) = Birs(F).
j=1
so that £5(f) = (f) for
P(f)= Zh ¢ (@i () o (f)) + (ol ZZhu ¢ (B (F), Bi-1(f))

i=1 j=

with ¢ as defined in (4.5), hence the maximizer of £5(f) is the maximizer of Y (f).
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The estimator anS has to satisfy the following conditions

ke 1,
S k)Y fii=1,

i=1 j=1

To get condition (S.1) in the objective function (f), we include a Lagrange multi-
plier A € R and maximize

ke Ly
Palf)=y(f)+2 ((knln)_1 ZZfi,j - 1)

i=1 j=1

over #, = {f e R& : f,; > 0 Vi, j}. For any function f satisfying condition (S.1)
and each A, v, (f) equals 1 (f) and for f, = argmax1),(f) we have
fez,

Zn

ky
0=timy! (42 (L+1f) ~2(f)) =1+ Al) " DD o
i=1

j=1

This means that if we take A = —1, the global maximizer of 1, (f) over &, is con-
tained in &,, so that

argmaxt_,(f) = argmax (f).
fez, fez,

Since we also have that &, C 4, it follows that argmax_,(f) € %, hence
fez,

argmax (5(f) = argmaxty_;(f).
feZ, feR,

The existence and uniqueness of an S follows from this lemma.

THEOREM 4.2. If h; > 0 and h;; > O for all i, j, then the maximizer fMS of {5 over Z,
exists and is unique.

REMARK. If h; = 0 for some i or h; ; = 0 for some i and j, we can construct examples

where an $ is not unique. However, we can prove under various conditions on h 00 Kn
and [, that

P(i: h;=0)—0, P(3i,j : hy; =0)—0, (4.6)
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so that with probability converging to one frfws is well defined for n sufficiently large.
For example, if k,, = [,, and for some ¢ > 0

il 3
n kn

i

J ho(t)dt > % and J hy(t,2)de dz > — 4.7)
A; A-XBj

for all i and j, then

. . ~ C n
P(3i,j : hi;=0)< Zp(hi,j =0)< ki (1 - F)
% "

if n"'k3logk, — 0.

A similar argument shows that P(3i : h; =0) — 0.

Assume for example that f, has compact support #); = [0, M;] x [0,M,] for some
constants 0 < M;,M, < c0. If g > k; > 0 on [0,M;] and f, > k5, > 0 on [0,¢;] X
[0,M,] and on [cy, M;] x [1,7,] for some constants c;,c,,M1,M, > O, then hy >
K > 0 on #); and

K %
f ho(t)dt = 2 f hi(t,z)dtdz > =
A n A; B n

i i j

Hence, this is a sufficient condition for (4.7).

PrOOF OF THEOREM 4.2. The function ¢ is continuous on (0, 1]2 so v_; is continuous
on the compact set %3,,. Hence 1 _; attains its maximum over 93, and f M5 exists.

Recall the definitions of a;(f) and ; ;(f)
k, I, i
0 (f) = Ckal )™ DD fig B =KD fig
=i j=1 =1
to note that for every f,g € %, and y € [0, 1]

a(rf+(1-7)g) =ra;(f)+ (1 —7)a;(g),
Bij(rf + (A —=7)g)=vBi;(f)+ 1A —7)B;(g)-

If f #g,ie. f;; # g;; for some i and j, then this implies that a,,(f) # a,,(g) for all
m <iand B, ;(f) # B;;(g) for all m > i. By Lemma 4.5 we then have for each i and
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¢(a(rf +Q—1g)ai(rf +(1—71)g) > re(aia(f), a;(f))
+ (1 =7)p(ai1(g), ai(g)),
e(Bi;(rf +(1=7)g) Bicr;(rf + (1 =7)2)) > vo (Bi;(f), Bir ()
+(@ =) (B:;(g),Bi—1,(g))-

This implies that

2
Yo (rf +A=1)g) =k D ki ¢ (@i (rf + A= 1)g), ai(rf +(1 1))
i=1

ky Ly
+ (el Y0 Ry 0 (Biy(rf +(1=1)8),

i=1 j=1

Bio1i(rf +(1=7)8))
ky 1
— (k) DD i+ (=g} +1

i=1 j=1

kll
>kt Tk {re (. ()

i=1
+ (1 =7 (ai+1(8),a;(g))}

k, I,
+ (el Y0 Ry {1 (B () B (F))

i=1 j=1

+(1-7)y (ﬁi,j(g): ﬁi—l,j(g))}

kﬂ lﬂ kn ln
—yl )Y f = =R LT D g
=1 j=1 i=1 j=1
+ry+Q-7)
=11 (F)+ 1 —p(2),

hence ¢ _;(f) is strictly concave and its maximizer frf‘/’ $ is unique. O

4.2 COMPUTING THE ESTIMATOR

By Theorem 4.2 we know that the estimator frf‘/fs defined in (4.3) exists and is unique.
In this section we describe an algorithm to compute

f = argmax+p_,(f) = argminap(f),
fes, fe®,
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where 1[1 =—_;.
Write f € &, as a vector, i.e. f = (f; f5 ... fkn‘l")T. We use Newton’s method

[see e.g., BAzaRAA et al. (2006, Section 8.6)] to minimize QI) without the constraint
f € A,. This method iteratively minimizes the quadratic approximation

QU3 9) = @) +(f ~ &) V(&) + 5(f ~ ) H(f ~ &)

of ¢_,(f) for fixed g € F,, where H, is the Hessian matrix of 1) evaluated at g.
Minimizing Q(f; g) over f is equivalent with minimizing

1 . .
Q'(f18)=5(f — g +H ' Vi(g) Hy(f — g +H, ' Vij(2)),
and its minimizer is given by
f=g—-H;"V{(g).

If f: < 0, we set f; equal to O to ensure that each iteration does satisfy the constraint
f € $,,. In our simulations, this modification of Newton’s algorithm returned a solu-
tion in the interior of 93,. Hence, this algorithm found the unique minimizer of P(f),
i.e. the unique MSLE fMS.

The dimension of the Hessian H, is k,l,, X k,l,, so when k, and [, are large, invert-
ing H, can cause instability of the algorithm. A solution would be to replace H, with
a diagonal approximation D,, where

02 op e .
Y ifi =
(Dg)yy = gfiafjw i) f=¢ !

if i+ ],

The minimizer of Q(f; g) is then given by f = g —D;IV’(/;( g)- The resulting algorithm
can be seen as a Sequential approximating Quadratic Minimization Algorithm. One
could end this algorithm with one or more steps of Newton’s method.

This function f only gives the direction to find the next iterate, it could be that
Y(f) > 1(g). The next iterate is therefore given by g + A(f — g) where A approxi-
mately minimizes T(1) = ¢ (g +A( f— g)) over A € [0,1]. To find the approximate
minimizer A, we use a bisection line search method.

Figure 4.2 shows the values of ) per iteration for the same simulation as in Figure
4.1 and for three different starting points of the algorithm. For any starting point, the
algorithm converged to the same minimizing value. The resulting estimators anS and
FMS are given in Figure 4.3 for one of the starting points.
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FIGURE 4.2: The values of 1p_; per iteration for three different starting points for a
simulated sample of size n = 5000 with k, =, =5.
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FIGURE 4.3: The estimator fMS (a) and contour plot of FMS (b) for a simulated sample
of size n = 5000 with k, = l,, = 5. The dash-dotted lines is the contour plot of F,. The
levels of the contour plot are 0.01,0.05,0.1,0.2,...,1.0.
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4.3 (CONSISTENCY OF THE ESTIMATOR
In this section we prove that ler‘fs = hf“nMs and are consistent estimators for the
density hy of the observable vector W and the bivariate distribution function of inter-
est F,, respectively. To prove the consistency of A and FMS we assume the densities
fo and g to satisfy conditions (E1) and (G.1) below. We also assume f, and g are such
that hfo satisfies the conditions needed for (4.6) so that existence and uniqueness of
anS are guaranteed with probability converging to one. Furthermore, we assume the
number of bins k, and [, to satisfy condition (B.1) below.

nMS
Fn

(E1) The density f, has compact support #;, = [0, M;] x [0,M,] and is
continuous on #,.

(G.1) The censoring density g is uniformly continuous and bounded away
from zero and infinity on (0, M;), i.e. 0 < ¢, < g(t) < C, < oo for
all t € (0, M;).

(B.1) The number of bins k, and I, converge to oo such that n~'k,l, — 0
asn— 0o.

Note that if k,, ~ n'/# and I, ~ n'/#, condition (B.1) is satisfied. This choice is the L,-
optimal order for estimating the bivariate histogram estimator h,, [see e.g., LECOUTRE
(1985)]. Furthermore, note that for this choice of k, and [, condition (4.7) holds if
F, satisfies condition (E2) below.

(E2) 8,Fy(t,z) is either linear in t or in z (but not in both arguments)
and F, x(t) is linear in t.

LEMMA 4.3. Let f, and g satisfy conditions (E1) and (G.1) and k, and l,, condition
(B.1). Furthermore, assume that f(jwl loghy(t)dt < oo, féwl féwl logh,(t,z)dzdt <
0. Then flf‘fs is (#¢-)consistent for hfo, ie.

(RS ;) 25 0, (4.8)

Proor. We establish (4.8) using relation (B.3) and the property that frfws minimizes
A (h,, hy ). Since f, & Z, in general, the inequality

%(ilru hfrf‘/fs) = %(Emhfo)

need not hold. In order to exploit the minimizing property of anS , we define a piece-
wise constant representative f; o of f, which belongs to &, and approximates f,

fro(t,2) = knlnf J folu,v)dvduif (t,z) €A; X B;.
4, JB;
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For this representative it holds that
0 < 2(h,, h}'*)* < A (h,,, hYS) < H (R, b7 ), (4.9)

also using relation (B.3). The Hellinger distance is a metric, hence applying the trian-
gle inequality twice gives

0 < (RS, hy) < A (RN, hy) + (R, by )+ (R S hy,). (4.10)

The first term on the right hand side of (4.10) converges in probability to zero by
combining (4.9) and Lemma 4.8. The second term converges in probability to zero
by combining Lemma 4.8 and relation (B.3). The third term converges to zero by
combining relation (B.5) and the second result in Lemma 4.6, hence (4.8) follows. O

From Lemma 4.3, it follows that FMS converges pointwise and in L,-norm to F,.
THEOREM 4.4. Under the conditions of Lemma 4.3,

~ 4
|EMS — Fyll, — . 4.11)

Consequently, for all (t,z) € Wy
FMS(t,2) s Fy(t, ). (4.12)
REMARK. Because Frjl‘f’)f(t) = FM5(t, M,), this lemma implies that for all t € [0, M, ]

. >
EYE(t) — Fox(t).

PrROOF OF THEOREM 4.4. By combining Lemma 4.3 and relation (B.4), we have that
RS — [l = f |R5(¢,2) — by (£,2)] dACE,2)
M, M,
:f J g(t){azﬁr’lv’s(t,z)—32F0(t,z)|dzdt
o Jo

M
+J g(O[(1—FYE(1) — (1 —Fox(t))|dt
0

< V2R, b, ) 2> 0.
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This implies that
18,EMS — 8,F|l, = f |,FM5(t,2) — 8,Fo(t,2)| dA(t,2) — 0,

since g > 0 on (0, M;). To prove (4.11) note that the L;-distance between Frllws and
F, can be bounded by

IS = Folly =J

M, 2 M,
SJ. f f {azﬁys(t"’)—azFo(t,V)|dzdvdt
t=0 Jv=0 Jz=v

EMS(t,2) — Fo(t,)| dA(t,2)

J (@FN5(t,v) = yF,(t,v)) dv| dA(t,2)
0

N »
< M2||32F,]1V[S — 0,Fyll; — 0.

To prove (4.12), assume it does not hold for a certain (t,z) € #,,, i.e. there exists
€ >0, 6 > 0 and a subsequence n; of n such that for all k € N

P

Assume Fri‘fs(t,z) < Fy(t,z) — &, then there exists a small ¢ > 0 such that

BYS(t,2) ~ Fo(1,2)| 26 ) Z e,

. 1
V (u,v)e[t—cb,t] x [z —cb,2] =: .5 : F,’l‘fs(u,v) < Fo(u,v) — 55,

by continuity of F, and monotonicity of F r’l"’ $. This implies that for all k

2
P (J |Fr?zs(t,z) —Fo(t,z){ dzdt > %5)

. c?
>P f Fr’lws(u,z)—FO(u,z)|dzduZ -5
s ¢ 2

. 1
>p (\7’ (u,v) € oy : Frll‘fs(u,v) < Fo(u,v)— 55) >e.
If Frll‘fs(t, z) > Fy(t,z) + 6, we have by a similar argument that

. 1
V (u,v)e[t,t+cd] X [z,2+cd] = 5 : Fr’lfs(u,v) > Fo(u,v) + 55,
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giving that

2
p (J |FTJI‘Z5(t,z) —Fo(t,z){ dzdt > %5)

. 1
>Pp (‘v’ (u,v) € s : Fr]lvkls(u,v) > Fo(u,v) + 55) >e.
This contradicts (4.11). O
4.4 TECHNICAL LEMMAS

LEMMA 4.5. The function ¢(x, y) defined in (4.5) is strictly concave.

Proor. Without loss of generality 0 < x < y. Because  is twice continuously dif-
ferentiable, proving that ¢ is strictly concave is equivalent with proving that —H is
positive definite, where

92 92
wmP(6y) g e(y)

2 2 .
5o 000y)  Faeley)

H(x,y)=

To prove —H is positive definite, we have to prove that both eigenvalues A, A, of —H
are strictly positive. Since it holds that

det(—H) = A, A,, trace(—H)=A; + A,,

both A, and A, are strictly positive if and only if det(—H) > 0 and trace(—H) > 0.
Write ¢(x,y) = (t(x) — 7(y)) /(x — y) for T(x) = x log x, then

LN IO R O BN (OB (€0
a2 PO TG Ty T =y T x—y
0* (x )__2T(X)—T(y) T'(x)+7'(y)
oxay Y YT T T ey (x—y)?

0® ) -t) 7). ')

a—ych(x,y)zz (x—y)? (x—y2 x—y
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We now prove that det(H) = det(—H) > 0. We have
(x = y)* det (H(x, ) =47/ (0)7() +2(2(x) = 7()) (+"(0) = 7())
= (T + 7))+ 20x = ) (T )T () = ()T ()
— (e = P00 ()
=—(1+1logx)? - (1+1logy)*+2(1+logx)(1+logy)
N x> +y*—2xy
Xy

which gives that

x —y)?—xy(logx —logy)?

(
det (H(x,y)) = =)

So to prove that det(H) > 0 it suffices to prove that the denominator is strictly posi-
tive, or that

_ 2
(logx —logy)* < u,
xy

or that (by putting u = +/x and v = ,/¥)

1(uw+v)lu—v|

|logu —logv| <
2 uy

The function f(z) = 1/z is strictly convex on (0, 00), so for z € (u, v), the graph of f
lies strictly below the line segment connecting the points (u, 1/u) and (v,1/v) on this

graph. Hence
"1
—dz
L 2

Proving that trace(—H) > 0 is equivalent with proving that trace(H) < 0. Recall
that

|logu —logv| =

1/(1 1 1(u+v)u—v|
<=-|(-+-Ju-vj=0——"7"——.
2\u v 2 uv

I 1o T ¢ BN O ¢,

22 PTGy Ty T x—y
— 2 ()=t (=T ) + Sy — 22 (x)
(x—y)3 y Y 5 y .

Using a Taylor expansion, we have

1
T =70+ =0T () + 50 = x)*7"(Cy),
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for some {; € (x, y). Hence we have

3_2 (x.y) = (x) —7"(¢y)
ox2 VY= x—y '

In a similar way we get

0 ey T =)
ayztp Y= x—y >

for some ¢, € (x, y), so that

2 2 1 _ 7 17 _ 7
trace(H):%‘P(X:J’)+aa—yzkp(x,y)=T (x)-7 (Cii‘; (Pl (J’)

We assumed x < y, so this is strictly negative if v/(x)—7"({;)+7"({,)—7"(y) > 0,
which is true since 77(z) = ﬁ and x < ¢y, 8, <y. O

The piecewise constant representative fn’o and the corresponding h; =~ converge to
the true f; and hy under condition (B.1). This is stated in Lemma 4.6 below.

LEMMA 4.6. Under the conditions of Lemma 4.3,
”fn,O - fOHoo —0, “hf_m0 - thHOO —0.

Proor. For the proof of the first result, note that for (t,z) €A; X B;

|fn,o(f:z) = fo(t,2)| =

knlnf f folu,v)dudv — fy(t,2)
A JB

<k, f |folw, v) = folt,2)| dudv
A; JB;

< max |fo(u,v)— fo(t,2)l.
(u,v)€A; XB;

Using (B.1) and the uniform continuity of f, on #,, we get for (t,z) € #y,

|fn,0(tiz)_f0(t,z)| Smax max |f0(u)v)_f0(t:z)|—>0y
i,j (u,v)EAixBj

uniformly in (t,2) as n — oo. This implies the first result.
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For the proof of the second result, note that for (t,2z) € #,

Ihy (6,2) — by, (6,2)] =

g(t) {]1{1>0} J (f_n,o(U,Z) — folu,2)) du

=0

My oMy
+ Loy f (Froltt,2) = fo(u,2)) dz du}

=t Jz=0

< gl {M1||fn,0 ~ folleo + My Myl f0 _fo“oo}-

Since this upper bound does not depend on t and z, the second result now follows
from the first. O

LEMMA 4.7. Define for (t,z) € A; X B;
h,(t,z) =Eh,(t,2) = k,l, f f hy (u,v)dA(u,v),
A JB;
then, under the conditions of Lemma 4.3,

”hfnp _Bn|lw—)0 (413)

ProoOE First, note that
Iz, ~ Ralloo < Ilhz,, — Ry, lloo + IRy, — Rl

The first term converges to zero by Lemma 4.6. We now prove that the second term
also converges to zero. To see this, note that

”hfo - iln”oo < ”hl - }_ll,n”oo + “hO - ilO,n”oo‘

Similarly as the first result in Lemma 4.6, we have for (t,z) € A; x B;

|hi(t,2) — Ry o(t,2)| =

knlnf J (hy(t,2) —hy(u,v)) dvdu
A JB;

Sknan f | (t,2) — hy(u, v)| dv du
A; JB;

< max |h(t,2)—h(u,v)|.
_(H,V)EAiXBj)lt ) —hy(w,v)|
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Both g and &,F, are uniformly continuous, hence h; is as well and with condition
(B.1) we get for (t,z) € #y

|h (t,2)— h1 (8, z)| <max r)nax |h (t,2) — hyi(u, v)|—>0

(u,v
uniformly in (t,2) as n — oo. Via a similar argument we get that

[1o(6) = ho (0] < maxmax|fy(6) — ho(w)| —0,

uniformly in t as n — oo, hence

IR, = hplloo —0-

O
LEmMA 4.8. Under the conditions of Lemma 4.3 such that hfo satisfies (4.7),
- P
%(hn’hfn,o) - O. (4.14)
Proor. We can write
A (h,,h; )= | h,(t, z)log“—)dl(t 2)
™ no hy (t,2)
ha(t,2) ha(t,2)
h,(t,2)log dA(t,z) — | h,(t,2)log dA(t,z)
hf (t,2) hf (t,2)
(4.15)

hfno( ’ )
fh (t z)logmdk(t,z).

The expectation of the first term converges to zero by BaArRrON et al. (1992, Theorem
5) with u = H £ (the distribution function of the observable vector W), v = A as
defined in (1.9) and 2 = {[0, M;] x {0},[0, M;] x (0, M,]}.

By Fubini’s theorem, the expectation of the second term equals

h,(t,2)
hy (t,2)

h,(t,2)
hy (t,2)

JEh (t,z)log dA(t,z) = Jh (t,z)log dA(t,z) = %(hn,hfo)

This converges to zero by BARRON et al. (1992, Theorem 4), so also the expectation
of the second term in (4.15) converges to zero.
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By (4.7), h,(t,2) > cj, > 0 for all (t,2) € #y, so that (4.13) implies that for any
€ > 0 and n sufficiently large

£ hfno(t,Z) _En(t:z) £
o <1+

T ha(t,2) TG

Then

log (1 — i) = f h,(t,z)log (1 — i) dA(t,2)
Ch Ch

_ ( hs (t,2) —fzn(t,z))
< J h,(t,z)log | 1+ —— dA(t,2)
h,(t,2)

h h

Sfﬁn(t,z)log (14—5_) da(t,z) = log (1+Ci_),

so that also the expectation of the third term in (4.15) converges to zero. Therefore,
the expectation of Jif(hn,h)zno) converges to zero, and because J{(hn,hﬂo) >0 a.s.

the convergence in (4.14) now follows. O
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Chapter 4 studies a Maximum Smoothed Likelihood Estimator (MSLE) for the dis-
tribution function F, in the current status continuous mark model, based on a
histogram-type estimator of the observation density. This estimator is proved to be
consistent. Unfortunately, the asymptotic distribution of the MSLE is unknown. In this
chapter, a different estimator for F in the current status continuous mark is studied.
For this estimator, the smooth plug-in inverse estimator, the asymptotic distribution
is derived. Results in this chapter can also be found in GROENEBOOM, JONGBLOED AND
WiITTE (2011b).

In Section 5.1 two inverse estimators for F,, are defined, one is based on univariate
kernel smoothing and the other on bivariate kernel smoothing. Pointwise consistency
of both estimators is proved in Section 5.2. Furthermore, it is proved that the estima-
tor based on bivariate kernel smoothing behaves like a bivariate distribution function
for n sufficiently large. The asymptotic distributions of both estimators is derived in
Section 5.3. In Section 5.4 the smooth plug-in inverse estimators are compared with
the MSLE studied in Chapter 4 and the binned Maximum Likelihood Estimator (MLE)
of MaAaTHUIS AND WELLNER (2008). Concluding remarks on the smooth plug-in inverse
estimators and the MSLE can be found in Section 5.5, and technical lemmas are given
in Section 5.6.

5.1 DEFINITION OF THE ESTIMATORS

Let (X,Y) be a random vector with bivariate distribution function F,. In the current
status continuous mark model, see also Section 1.2, this vector (X,Y) is not observed
directly. Instead, a censoring variable T is observed and the indicator variable A =
Tix<r}- When X is smaller than T (i.e. A = 1), the variable Y is observed, otherwise Y
remains unobservable. The vector W = (T, Z) with Z = A -Y is called the observable
vector and its density with respect to the measure A defined in (1.9) equals

hfo(f,z) = 1{z>o}g(f)32Fo(f,Z) + ]]-{z=0}g(t)(1 - Fo,x(t))
=: Laophy (t,2) + L_gpho(t), (5.1)

where F, y is the marginal distribution of X and 9,F(t,z) = %Fo(t,z). More general,
for convenience of notation, we denote the jth partial derivative with respect to x; of
a function F by d/F, i.e.

. o7
3'F(xy,x,) = —F(yq, ,
T 5y 0032l e

and omit j when j =1.

Based on the definition h;(t,z) = g(t)d,F,(t,2), we can express the bivariate dis-
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tribution function F, of (X,Y) in terms of the (sub-)densities g and h;

1 z
FO(t’Z)ZEJ hy(t,v)dv.

Then, we define the plug-in inverse estimator for F; in the current status continuous
mark model as

F(t,2)= %J hy(t,v)dv,

where g and h, are estimators for g and h,, respectively.

Before explicitly choosing the estimators g and h,;, we introduce some notation.
Throughout the paper k denotes a univariate kernel density, k a bivariate kernel den-
sity and b; = by, and b, = b,, positive bandwidths (or smoothing parameters)

depending on the sample size n. Denote by k; and Izbl,bz the rescaled versions of k
and k, i.e.

1 ~ 1 .
ky, (1) = b—lk(U/bﬂ, and ky, p, (u,v) = mk(u/bl,V/bz)-

Furthermore, we define
my(k) = J w?k(w)du, my(k) = J w2k(wy, wy)dw,.

We estimate g and h; by their respective univariate and bivariate kernel (sub-)-
density estimators

1< 1<
R e 7
gn(to) = o Zkbl(fo - T, hij(to,zo) = Lz ~o3kp, b,(to — Tis20 — Z;)-
i=1 i=1

=
The plug-in inverse estimator then becomes
20 -
f_(;o hfi(to,z) dz
gn(to)
2, ~
_ f_(;o %Z?:l Lz ~o3kp, b,(to — Ti,2 — Z;)dz
% it ky, (80— T;)

Here, superscript 2 in the notation for the plug-in estimator refers to the fact that
there is smoothing in two directions.

F,Ez)(to;zo) =

5.2)
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In Section 5.3 we also consider a less natural, but computationally and asymptot-
. . . . Z
ically more tractable estimator using an estimate for the numerator f_(;o hy(ty,2)dz
based on smoothing only in the t-direction, i.e. when we estimate it by

1 n
- Z Lo,5,(ZiDky, (to — T}).
i3

The plug-in inverse estimator then becomes

%Z?:] Lioz,1(Zidky, (to — T7)
%Z?:l ky, (to — T;)

F)El)(to,zO) == (5.3)

Superscript 1 in the notation for this estimator refers to the fact that there is only
smoothing in one direction. Note that if we take k(y) = %]l[_l)l](y), (5.3) results in

fu@qn fZSZO IL{z>0} d]Hn(u; )
fueAn szO dIHn(u’ Z)

where H,, is the empirical distribution of the observations (T;, Z;),...,(T,,Z,) and
A, = A, (ty) = [ty — by, ty + by]. This estimator is the total number of observations
T; in A,, with Z-value in (0, z,] divided by the total number of observations (T}, Z;) in
the strip A, x [0, 00). Figure 5.1 illustrates the estimator Fr(ll) for this choice of kernel
for two simulated samples, one of sizes n = 10 and one of size n = 100. As smoothing
parameter we took b; = 0.65 and b; = 0.40, respectively.

Fr(ll)(tO: ZO) =

Throughout this chapter, the estimators and the results are illustrated with simu-
lated data. In these simulations, the true density f, is equal to

folx,y)=x+y, for (x,y) € [0,1]%.
The censoring times have the following density

g(t)=2t, for t € [0,1].

Note that these estimators are not true bivariate distribution functions, as they
decrease locally in the t-direction. Monotonicity of a bivariate function is a necessary
(but not sufficient) condition in order to be a bivariate distribution function, hence
these estimators can be seen as naive estimators. The estimator £ r(lz) can also have this
undesirable naive behavior.

It is very natural to define the kernel density k in terms of the kernel density k as
stated in assumption (K.1):
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FIGURE 5.1: Two illustrations of the estimator F ,(11) for simulated samples of size n = 10
with b; = 0.65 (a) and of size n = 100 with b; = 0.40 (b). The true distribution
function F, is given in (c).
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(K.1) Let k be a bivariate kernel density, then the kernel density k is de-
fined as

k(u,) = f l~<(u1,u2)du2.

Indeed, if (K.1) holds, the estimator F r(12) also satisfies the inverse relation that follows
from substituting z = 0 in (5.1)

ho(t) = g(£) (1 — Fox(t)).

To see this, note that we have that
1 n
&lto) =~ > ks, (to = T))
i=1
1< 1<
=~ Lizmorks, (to = T)+ = > Lizmopks, (b0 = T)
i=1 i=1

1& R
=— L, —nkpy (tg—T;)+ — 1y ook to—T;,2 —Z;)dz.
2 2. Lizoks, (to = T) an ok, b, (t = o5 = Z))

If we define flf%(to) = %Z?zl Lz —o3kp, (to — T;) as an estimator for the sub-density
hy in (5.1), then

[ohmattonds  gue) =hige) _ hio(to)

£ p ) — B - =1-
F(to) = F .2 (tg,00) 2.(t) 2.(to) &a(to)

Note that the product kernel k(u;, u,) = k, (u; )k, (u,) for univariate kernels k, and k,
satisfies this condition for k = k;. In the illustrations of the estimators in this chapter,
the kernel density k is taken to be the Epanechnikov kernel, i.e. k(u) = %(1 —u?) for

—1 <u <1, except for Figure 5.1. The kernel density k is taken to be the product
kernel of two Epanechnikov kernels, i.e. k(uy,u;) = k(up)k(uy,).

Define
K2 (6,2) = Ly h (6,2) + Ly h(0),
then it can be seen that
hpo(6,2) = 14ag18n(DBEP (t,2) + 1i—y 8a(6) (1 = EP(t,00)) = B (¢, 2).
This implies that

H (AP hye) = # (A2, AP =0,
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hence the smooth plug-in inverse estimator F ,52) can also be seen as a minimal
Kullback-Leibler projection (hence as a MSLE). However, Fr(lz) might decrease locally
in t-direction, and therefore is a naive MSLE. By a similar argument, it can be seen
that also F ,51) is a naive MSLE where the log likelihood is smoothed only in t direction.

5.2 CONSISTENCY AND MONOTONICITY

In this section we prove that the estimator FTEU is uniformly consistent and that the
estimator Fr(lz) is pointwise consistent Furthermore, we prove that for appropriate
choices of the bandwidths and n sufficiently large, FTEZ) will have all properties of
a bivariate distribution function on a large subset of [0, 00)?, with arbitrarily high
probability. To derive these results for F r(lz), we assume the distribution function of
interest F, and the censoring density g satisfy the following conditions.

(E1) The Lebesgue density f, of F, exists for all (t,z) € [0, 00)?.

(G.1) Let &, denote the interior of the support of the marginal density
fox of X. On 5’6}, the density g satisfies 0 < g < oo and its deriva-
tive g’ is uniformly continuous and bounded.

We also impose some conditions on the kernel densities k and k, as well as a con-
dition on the smoothing parameters b, and b,.

(K.2) The kernel density k has compact support [—1, 1], is continuous and
symmetric around O.

(K.3) The kernel density k has compact support [—1,1]%, is continuous
and satisfies

J WilN((Wth)dWi =0(i=1,2), J WSIN((Wth)sz = f W%ZN((Wth)dwl-

(B.1) The smoothing parameters b; = b, , and b, = b, , converge to zero
asn— oo

lim b; , = lim b,,, =0, lim nb,, = lim nb,, = oco.

n—oo n—oo n—o0 ’ n—o0 ’
Note that the product kernel k(u,v) = k;(u)k,(v) for univariate kernels k; and k.,
with compact support [—1,1] that are continuous and symmetric around O satisfies
condition (K.3) if my(k;) = my(k,). The product of two Epanechnikov kernels, used
in the illustrations, certainly satisfies this latter condition.

THEOREM 5.1. Assume F, and g satisfy conditions (E1) and (G.1). Also assume k is
defined via relation (K.1) and satisfies condition (K.2). Furthermore, let b, and b, satisfy
condition (B.1). Then F r(ll) is uniformly consistent and Fﬁz)(to,zo) is pointwise consistent
for fixed ty € Sy and z, > 0.
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PrROOE The uniform consistency of F 51) follows from HARDLE et al. (1988, Theorem
3.2), where an estimator is considered for the conditional distribution F(y|x) of Y
given X which is similarly defined as our estimator F(.

To prove the pointwise consistency of F r(lz), fix ty € Sy and 2y > 0 and note that
for this t,, we have g(t,) > 0 by (G.1). Combining the pointwise consistency of
fj(;o flgi(to,z) dz, see Lemma 5.6, the pointwise consistency of g, [see e.g., PARZEN
(1962, p. 1070)] and Slutsky’s lemma we have

fi(;o flsﬁ(to,z) dz , ﬁ‘;o hy(t,2)dz

F@(tg,2,) = i —
no OO0 gn(to) g(to)

= Fy(t0,20)-
O

Any function F : R? — [0, 1] that satisfies F(x,y) — 0 for x,y — —o0, F(x,y) — 1
for x,y — oo and

Voxy <Xxp,¥1 <Yy i F(xg,¥2) —F(x3,¥1) —F(x1,¥2) + F(x1,y1) =0 (5.4)

is a bivariate distribution function. Condition (5.4) requires that each rectangle
[x1,X5] X [¥1,Y2] has a nonnegative mass. In Theorem 5.2 below, we prove the es-
timator F,EZ) satisfies condition (5.4) asymptotically. This is done by proving that the
Lebesgue density fn(z) is positive, with probability converging to one. The estimator
F r(ll) does not have a density with respect to Lebesgue measure A,, hence we can not
prove that F 151) satisfies condition (5.4) asymptotically by considering its Lebesgue
density. To prove Theorem 5.2, we need stronger conditions on b; and b, than con-
dition (B.1).

(B.2) The smoothing parameters b; = b, , and b, = b, , converge to zero
as n — oo and satisfy

lim nb? b? =00, lim nb3 b, =oo.
=00 1,n"2,n ’ 500 1,n"2,n

Note that sequences b; and b, satisfying condition (B.2) also satisfy condition (B.1)
and nb3  — oo.

THEOREM 5.2. Assume F, and g satisfy conditions (E1) and (G.1). Also assume k and
k satisfy conditions (K.2) and (K.3). In addition, assume k' and 8,k are uniformly
continuous. Furthermore, let b; and b, satisfy condition (B.2). Let ¥ C [0,00)? be
compact and such that f, is uniformly continuous on an open subset that contains &
and for all 6 > 0, M5 = {(t,2z) € [0,00)* : fo(t,2) =25} NF. Then for § > 0,

R 12

P (v (t,2)€Ms : fP(t,2)> 2—25) —1, (5.5)

u
g
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where fn@) is the Lebesgue density of F r(lz) and l, and u, are as defined in Lemma 5.8.

ProoE Fix 6 > 0. First note that since

2 2
TP f R (e, v)dv = 3,R%)(t,2)

we have the following expression for fn(z)

 &(DARZ(,2) - g (ORE(¢,2)

F@(t,2)= F<2>( v)
I W)=(tz) g.(t)?

We first consider the numerator and prove that
P(V (t,2) € M5 : 28,(0)0RT)(¢,2) — gL (DR (£,2) > 2125) — 1.
For this, note that for all (t,2) € 45
2.(3 R (t,2) — 2L (DR (t,2) = g,(0) (8,AP) (t,2) — 81y (t,2))
(62 (8(0) = 8(0)) + 1 (£,2) (8x(1) — (1))

+8(0)(hy(t,2) — 2} (t,2)) + g()01hy (t,2) — &' (s (t,2)
>— sup g,(t) sup |81h(21(t z) — 0, hy(t, z)}

teprojy Ms (t,z)eds
sup h(zi(t Z) sup |g(t) gn(t){
(t,2)eMs teprojx Ms
— sup 3h(t,z) sup |g,(t)—g(t)]
(t,2)eMs teprojx Ms
— sup g(6) sup |hy(t,2) —hD)(t,2)| + g(0)3hy (t,2) — &' (D (t,2),
teprojy Ms (t,z)es

with projy#s = {t : (t,2) € M5 for some z}. By Lemma 5.9 all random terms con-
verge to zero in probability. Since g(t)d h,(t,2z) — g'(t)h (t,z) = g(t)*fo(t,z) we
have that the last term is bounded below by inf(, ;)c 4. g()fo(t,2) > 21;5 by Lemma
5.8.

By Lemma 5.8 and the uniform consistency of g, [see Lemma 5.9], we have that
0< %lg < &,(t) <2u, < oo for all t € projy.#s with probability converging to one.
This implies that for all (t,2) € A5

2.(03H2)(6,2) — g, (DR (x, ) 2
2 27
4ug 4ug

P2 2
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with probability converging to one. Hence (5.5) follows. O

ReEMARK. If, in addition to condition (E1), we assume that f;, is uniformly continuous
on [0,00)?, this theorem implies that for each 5 > 0 and M > 0, the restriction of F(?)
to the set {(t,2) € [0,M]?: f,(t,z) > &} will asymptotically be the restriction to this
set of a bivariate distribution function F, on [0, 00)?.

5.3 ASYMPTOTIC DISTRIBUTIONS OF THE ESTIMATORS

In this section we derive the asymptotic distribution of both plug-in inverse estima-
tors. Although the estimator F(? is more natural, we start with the estimator F{V
since deriving its asymptotic distribution is more tractable. Subsequently, we prove
that for certain choices of the smoothing parameter b, the estimators 1:",(11) and FT(IZ)
are asymptotically equivalent, yielding the asymptotic distribution of Fr(lz).

THEOREM 5.3. Assume k satisfies condition (K.2). Fix ty,z, > 0 such that 312F0(t,z)
and g”(t) exist and are continuous in a neighborhood of (ty,z,) and t,, respectively,
and 02Fy(to,20) + 28" (t0) 01 Fo(to,20)/g(to) # 0 and g(te) > 0. Then for by = cn™/®
(c>0),

n?/® (ﬁr(zl)(tO:Zo) - Fo(to,zo)) ~ N (U, 02)

where
by = Se2my (0 { 82F, (t,70) + 25 (t0)01Folto. %) | (5.6)
2 g(to)
o2 =1 Fo(to,20) (1 — Fo(to,20)) k()2 du. (5.7)
g(to)

ProoE Note that
1< 1<
FD(t0,20) = ¢ (; Dk (to = T = > 11021 (Z)ky, (0 = Ti)) :
i=1 i=1

for ¢(u,v) = v/u, hence the pointwise asymptotic distribution of F r(ll) follows imme-
diately by applying the Delta-method to (5.13) in Lemma 5.10. O

REMARK. In case 312F0(t0,zo) +2g'(ty)0 Fo(to,20)/g(ty) = 0, the rate of convergence
changes because the bias is of a different asymptotic order as was also noted for F fM
in the remark following Theorem 2.5.
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Figure 5.2 illustrates this pointwise asymptotic result by a simulation study. The
value of n*®°(F{1(0.5,0.5) — F,(0.5,0.5)) was calculated for a sample of size n =
5000 with b; = 0.09 as smoothing parameter. This was repeated B = 1000 times.
Figure 5.2 shows the QQ-plot (with the line y = u; + x0) as well as the histogram
(with the A (u,, 0?)-density) of these B values.

Sample Quantiles

Theoretical Quantiles

(@ b

FIGURE 5.2: QQ-plot (a) and histogram (b) of B = 1000 values n?/° (F(M(0.5,0.5) —
F,(0.5,0.5)) for a simulation study with sample size n = 5000 and b, = 0.09.

Under definition (K.1) and assumptions (K.2) and (K.3) on the kernel densities k
and k, we can prove that for to,z, > 0 fixed n?/5(F®)(¢,2,) — FM(ty,2,)) converges
to zero in probability whenever b, converges faster to zero than n~/°. As a conse-
quence, these estimators are (first order) asymptotically equivalent. For b, tending
to zero slower than n~'/%, nz/s‘ﬁ'r(lz)(to,zo) — F‘r(ll)(to,zo)) — 00 in probability. These
results are more precisely stated in Theorem 5.4 and Corollary 5.5.

THEOREM 5.4. Assume k and k satisfy conditions (K.2) and (K.3). Fix ty,z, > 0 such
that 822F0(t,z) and g(t) exist and are continuous in a neighborhood of (ty,2,) and t,
respectively, and 82F,(ty,%,) # 0 and g(t,) > 0. Let by = ¢;n™Y/° and b, = c,n™®
(¢q,¢5 > 0), then for a > 1/5

n*/> (Fﬁz)(to’zo) - F,Sl)(fo’zo)) Z, 0,
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fora=1/5

/5 (F@(ty,79) — FD(t9,20)) — %cgmz(zz)ajFo(to,zo)
while for a < 1/5

n?3|E@(t5,29) = FD(t0, 20)| 2 oo.

PROOF OF THEOREM 5.4. For i = 1,2, let N{)(¢,,2,) be the numerator in the definitions
(5.3) and (5.2) of Fr(li)(to,zo) at a fixed point (ty, 2,), and note that we can write

1 oo
N®(tg,2y) = - Z IL(o,zo—bz](Zi)J ky, b, (to — T,z — Z;)dz
i=1 —00
1< %o
+ - Z ﬂ(zo—bz,zoj(zi)f ky b, (to — T,z — Z;)dz
n i=1 —00
1< %o
+ - Z l(zo,zo+b2](zi)f ky, b,(to — T,z — Z;)dz
n i=1 —00
1 oo
= EZ]]-(O,ZO—bZ](Zi)J ky, b, (to — Ti,z — Z;)dz
i=1 —00

n Z;+Db,
1 -
+ - E l(zo—bz,zoj(zi)f ky, b, (to — T,z — Z;)dz
i=1 —00

1 Zi+b,
- Z Lzy—by .1 (Zi) ky, b, (to — T,z — Z;)dz
i=1 2,

0

1< o
+ 5 Z l(zo,z0+b2](zi)f ky b,(to— Ti2 — Z;)dz
i=1 —00

1 n
= Z L0,2,1(ZiDky, (to — T;,20)
im1

1 n Z;+Db,
- Z ]l(zo—bz,zo](zi) kbl,bz(to —T,,z—2;)dz
=1 .

0

1< %o
+ Ezl(zo,zo+bz](zi)f ky, »,(to — T,z — Z;)dz.
=1 Zi—b,
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In the last equality we use (K.1), so that
R,= N,Ez)(to,zo) - Nrgl)(fo,zo)

1 n ) 5
“n Z l(zo,zo-!—bz](zi)f ky b, (to — T,z — Z;)dz
i=1 Z,—b,

1 n Z;+b,
- Z ]l(zobz,zo](zi)f ki b, (to — T2 — Z;)dz
i=1 2

First we consider the variance of n*°R,,. Observe that

20
|U;| < ]1(z0,z0+b2](zi)f ky b, (to — T,z — Z;)dz
Zi—b,

Zi+by
+ ]]-(zo—bz,zl)](zi)f ky p,(to— T,z — Z;)dz
%0

Z4+b,
< 1y 20+5,1(Z1) ky p,(to— T2 — Z;)dz
Zi—b,

Zi+b,
+ ]l(zo—bz,zoj(zi)f ky b, (to — T,z — Z;)dz
Zi—b,

= L (gy—byz+by] (ZiDKp, (to — T;) =S,
with
ES? = J J Loy —by 045, VDK, (£ — w)*hy (u, v) dv du

= b;lbzzhl(to,zo)f k(x)*dx + @(b,).

Since

1 1 1
VarR, = —VarU, = — (EU; — (EU,)*) < —ES; = 0(n"'b; 'by),
n n n

Varn®°R, — 0 for b, =n~"/% and b, = n~* with a > 0.
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Now we consider the expectation of U;.

EU; =J J ]]'(ZO>ZO+b2](V)J 12,,1,1,2(1:0 —u,z —v)dzh,(u,v)dudv
vJu v—b,
v+b,
- J J ]l(zObz,zO](V)f kbhbz(ro —u,z —v)dzh,(u,v)dudv

0 1 y
—bzf f f k (xx,w) dwh,(ty — byx,2, — byy)dx dy
=—1Jx=—1Jw=-1

1 1
_sz J J IN((XJW) dWh](to_blx,ZO_be)dxdy
y=0 =—1Jw=y
1 0 y
szhl(tO:zo){ J J k(x,w)dwdy dx—
=—1Jy=—1Jw=-1
1 1 1
- J J f Iz(x,w)dwdydx}
=—1Jy=0Jw=y
1 0 y
- b2b131h1(to,zo){f J f xlNc(x,w)dwdydx—
=1Jy=—1Jw=—1
1 1 1
- J J f xlz(x,w)dwdydx}
=—1Jy=0Jw=y

1 0 y
- b;@zhl(to,zo){ f f yl}(x,w) dwdy dx—
=—1Jy=—1Jw="11

f f J yk(x, w)dwdydx}
=—1Jy=0Jw=y

+ 0(byb}) + 0(b3b)) + 0(b3)

== bZhl(tOJZO)J J wk(x, w)dw dx
=—1Jw=—1
1 1
+ b2b131h1(to,zo)J J xwk(x,w)dw dx
=—1Jw=-1

1 -
+ Ebgazhl(to,zo)J J w2k(x,w)dw dx
—1Jw=1

+ 0(b,b?) + 0(b3b,) + 0(b3)



5.3. ASYMPTOTIC DISTRIBUTIONS OF THE ESTIMATORS 111

where the last equality follows from changing the order of integration. By condition
(K.3), the first two integrals are zero and the last integral equals m,(k), so that

+00 fora <1/5,
En?°R,—{ 1camy(k)g(te)d;7Fo(to, %) fora=1/5,
0 fora >1/5.

Applying Slutsky’s Lemma to

n?/ 5Rn

n?/® (F,(IZ)(to,Zo) —F,(ll)(to:zo)) = z.(to)

gives the result. O

Figure 5.3 illustrates this result by a simulation study. The value of
n?/5(F®(0.5,0.5)—F1(0.5,0.5)) was calculated for several values of the sample size

nwith b; = 2n""/® and b, = ;n"'/3 as smoothing parameters. The lines are the lines
j:%n‘l/G, the order of the standard deviation of n**(£(0.5,0.5) — F{)(0.5,0.5))
[see the proof of Theorem 5.4 in Section 5.6].

0.10 0.15

0.05
1

-0.05 0.00

ol
o
B0 8,
L0 o %o
O A D SR U
S S L e

-0.15

0 5000 10000 15000 20000 25000

FIGURE 5.3: [llustration of the difference n*/° (F(¥(0.5,0.5) — F(1(0.5,0.5)) as a func-
tion of the sample size n with b, = %n‘l/s and b, = %n‘1/3 for a simulation study.

As a consequence of Theorem 5.4, the estimators F{") and F® are pointwise asymp-
totically equivalent for @ > 1/5, while for a = 1/5, F¥)(t,,%,) has an additional
(possibly negative) asymptotic bias term.
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COROLLARY 5.5. Let b; = ¢;n™ /% and b, = c,n™% (cy, ¢y > 0). Then, under the condi-

tions of Theorem 5.4, for a > 1/5
n*/® (FP(to,20) — Fo(to, %)) = N (u1,0)

where u, and o? are defined in (5.6) and (5.7) (with ¢ = c). Fora=1/5
n*/® (FP(to,20) = Folto, %)) = N (U2, 02),

where
1, =i
WUo = g + Eczmz(k)az Fo(to,20)-

Proor. This immediately follows from Theorem 5.4. O

Figure 5.4 illustrates this pointwise asymptotic result by a simulation study. The
value of n?/® (13'52)(0.5,0.5) — Fy(0.5,0.5)) was calculated for a sample of size n =
5000 with b; = 0.09 and b, = 0.03 as smoothing parameters. This was repeated
B =1000 times. Figure 5.4 shows the QQ-plot (with the line y = u; +x0) as well as
the histogram (with the A4 (u;, 0%)-density) of these B values.

Sample Quantiles
06 0.8 10
L L

0.4

0.2
I

0.0
i

Theoretical Quantiles

(@ (b)

FIGURE 5.4: QQ-plot (a) and histogram (b) of B = 1000 values n?/° (F¥(0.5,0.5) —
Fy(0.5,0.5)) for a simulation study with sample size n = 5000 and b, = 0.09, b, =
0.03.



5.4. SMALL COMPARATIVE SIMULATION STUDY 113

5.4 SMALL COMPARATIVE SIMULATION STUDY

The estimators F(") and F(? are asymptotically equivalent for certain choices of
the smoothing parameter b,, but which estimator should one use in practice? To
get some insight in the differences between the estimator, we run a simulation
study. We simulated data according to Fy(x,y) = %xy(x + y) for x,y € [0,1] and
g(t) = 2t for t € [0,1] for different sample sizes n = 500, n = 1000, n = 5000
and n = 10000. For each simulation we computed the estimators Fr(ll)(to,zo) and
F ,(12)(%:20) for different values of (ty,%,) and different values of the smoothing pa-
rameters b; and b,. We repeated this B = 250 times, resulting in 250 estimates
Fr(lg’ibz(to,zo),Fﬁf;’ibz(to,zo), ... ,Fif)b’iig(to,zo) (i = 1,2) for each value of the smooth-
ing parameters b; and b,. Then, we estimated the Mean Squared Error (MSE) of the
estimator F'r(li)(to,zo) by

1L o )
7 (1),

B Z (anbibz(to,zo) - Fo(to,zo) .

-

J

Table 5.1 shows the minimum value of the estimated MSE for each estimator, for
each n and in different points (ty,2,). It also highlights the smallest of these values
per n and (t,,%,). The binned MLE F, suggested by MaaTHUIs AND WELLNER (2008)
and the MSLE FMS studied in Chapter 4 are included in this simulation study.

Figure 5.5 shows the resulting values of estimated MSE as function of b,. For F,,
the smoothing parameter b, is the binwidth in z direction, for F ,11”5 we have that b,
and b, are the binwidths in t- and z-direction, respectively. Both () and FMS depend
on two smoothing parameters, Figure 5.5 only shows the estimated MSE as function
of the first smoothing parameter b,, for that value of the second parameter b, that
has the smallest value of the estimated MSE.

This simulation study, of which some results are also illustrated in Figure 5.5, shows
that the binned MLE Fn has the smallest (estimated) MSE for small values of t, and
all values of z,, whenever the sample size is not too big (n < 5000). For bigger sample
sizes, the minimal values of the MSE of F, is comparable to the MSE of the smooth
plug-in inverse estimators F(") and F(®). The MSEs of F{!) and F{? are comparable
except for big t or big z,, when the smoothing parameter b, is small. If the smoothing
parameter b, is bigger, F,EU has a smaller MSE. When ¢, is big, the shapes of the MSE
as function of the smoothing parameter b, are quit different (except when also z; is
big) but the minimal MSE values are similar. When z, is big, the shapes of the MSE are
similar, but F® has a much smaller MSE, even for bigger values of b,. The minimal
value of the MSE of the MSLE F* is comparable to the minimal values of the smooth
plug-in inverse estimators, in some cases a bit smaller and in other cases a bit bigger.
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FIGURE 5.5: The estimated MSE as function of the smoothing parameter b, for the smooth
plug-in inverse estimators 1::,51) (dotted line) and F ,(12) (dashed line), the MSLE F flws (solid
line) and the binned MLE F,, (dash-dotted line) for different values of n and in different
points (ty,0.6) for a simulation study.
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FD(t0,0.6)  F(ty,0.6) FM5(ty,0.6)  F,(t,0.6)

tpb=0.2 n= 500 281x10°% 261x10°% 1.54x10°° 7.84x10~*
n= 1000 1.53x107® 1.51x107° 1.40x10"%® 2.01x107*%

n= 5000 2.04x107* 1.98x10™% 6.11x10"%* 1.49x10~*4
n=10000 9.59x10™°> 9.56x10~%> 3.57x107*% 1.13x107%

to=04 n= 500 9.07x107* 8.24x10™* 1.45x10° 1.21x1073
n= 1000 5.94x107% 5.33x107% 4.92x10~* 6.74x107*

n= 5000 1.32x107% 1.29x107* 1.24x10~% 2.37x107*
n=10000 8.95x10™° 8.91x10° 1.23x10™* 1.35x107*

tp=0.6 n= 500 821x107* 7.82x10"* 5.51x10* 1.38x1073
n= 1000 5.31x107% 531x107™% 4.13x10™% 7.79x107*

n= 5000 1.21x107% 1.21x10™% 2.24x107% 2.11x107*
n=10000 9.21x10™° 9.14x10~° 1.32x10~* 1.31x10~*

tp=0.8 n= 500 591x107* 1.80x10~* 6.53x107% 1.39x107°
n= 1000 3.14x107% 1.02x10~% 3.47x10™* 8.59x107%

n= 5000 5.61x107° 1.74x10"% 1.09x107% 2.27x107%
n=10000 3.25x107°> 9.86x10"® 4.27x107> 1.39x107*

TaBLE 5.1: Minimum values of the estimated MSE of the smooth plug-in inverse estima-
tors F and F¥, the MSLE FMS and the binned MLE F, for different values of n and
in different points (t,,0.6) for a simulation study. The boldfaced values in each row are
the minimal value of the MSEs in that row.

5.5 CONCLUDING REMARKS

All the estimators F(1, (2| FMS and F, compared in Section 5.4 are pointwise consis-
tent estimators for the underlying true bivariate distribution function F,. But they all
have advantages as well as disadvantages. The plug-in inverse estimator F rgz) asymp-
totically has a positive Lebesgue density on large subsets of [0,00). This means that
“isotonisation” of the estimator F,(lz) is not necessary asymptotically, although for fi-
nite sample size n it need not be a bivariate distribution function. Put differently,
any common shape regularized version of our estimator is asymptotically equivalent
with our estimator. However, this only holds asymptotically, and for finite sample size
n it might be desirable to have an estimator which is a true bivariate distribution
function, satisfying condition (5.4). For example when one wants to sample from
an estimator in smoothed bootstrap methods. To satisfy the properties of a bivariate
distribution function, the estimator F}Ez) can be regularized for example by minimiz-
ing Ly(F) = ||F — 13"r(12)||2 over the class of bivariate distribution functions. However,
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it is unclear to us whether there exists a PAVA-like algorithm [see, e.g. BARLOW et al.
(1972)] to obtain the minimizer and whether the asymptotic distribution of Fr(lz) car-
ries over to it. Hence the MSLE F® and the binned MLE are good alternatives; they
are bivariate distribution functions by definition. These estimators can only be com-
puted using iterative algorithms, whereas the plug-in inverse estimators #(") and #(?)
can be computed directly using the data.

For certain choices of the bandwidths b; and b,, the estimators F{) and F® are
pointwise asymptotically equivalent, i.e. they have the same pointwise asymptotic
distribution. For other choices of the bandwidths, both estimators converge pointwise
to a normal distribution with the same variance but a different bias. For example,
when b; ~ n~'/% and b, converges faster to zero than b,, the asymptotic bias of
F(t0,2,) equals

! "(tg)01 Fo(to,
(o, %) = _szz(k){a12Fo(to,Zo)+2g( 0)8iFolto Zo>},
2 8(to)

and the asymptotic bias of F ,(12)(%: 2,) equals

g(to) + _Cgmz(ic)azzFo(to,Zo).

! ¢ (to)a Foltorz0)| 1
Mz(to,zo)zEc2m2(k){alzpo(t0’zo)+2 0)91Fo(to, 2o .

Thus, the asymptotic bias of F(?)(t,z,) equals the asymptotic bias of F{))(t,z,) plus
the term %cgmz(lﬂc)azzFo(to,zo). This additional term, depending on the unknown F,
and the point (t,,z,) we estimate at, can be positive for some choices of (t,,2,) and
negative for other choices of (ty,2,). Therefore, smoothing in one direction does not
always yield an estimator with smaller asymptotic Mean Squared Error (aMSE) than
smoothing in two directions. More specifically, one estimator is not uniformly better
than the other estimator. In Chapters 2 and 3 we found similar results for estimators
for the distribution function, its Lebesgue density and the hazard rate in the current
status model.

5.6 TECHNICAL LEMMAS

LEMMA 5.6. For i = 1,2, let Nrgi)(t,zo) be the numerator in the definitions (5.2) and
(5.3) of F',Si)(t,zo). Under the conditions of Theorem 5.1, we have for hy defined in (5.1)

)
ND(ty,29) = J hy(te,2)dz, i=1,2. (5.8)
—00
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Proor. Recall that

2o Zy n
R 1 .
Nr(lz)(to,zo) = J hffi(to,Zsz = J = Z L(o,2,+b,1(ZiDkp, b, (to — T,z — Z;) dz.
—00 —00 n i=1
Using (K.1), this is bounded from below by
20 1 n
f n Z l(o,zo—bz](zi)kbl,bz(to — T,z —2;)dz = N,El)(fo,zo — by),
—o Mim
and from above by
o0 1 n
J - Z Lo,z54b,1(ZiDkp, ,(to — Tj,z2 — Z;)dz = N,(ll)(fo;zo + by),
—00 n i=1
so that we have

ND(tg,20 — by) < NP (tg,20) < ND(tg,2, + by). (5.9)

By conditions (E1) and (G.1), we have

20%by
ENrgl)(fo,Zo £ by) = Elozx,1(Z1 )k, (£ = T1) = f hy(to,2)dz + 0(b1),

—0o0

VarNM(tg, 20 £ by) = n™Var 1 g, 4,)(Z1)ky, (£ — T1) = 6(n b7 ).

Since by ,, by, — 0 and nb, , — 00 as n — 0o, we now have that

Zp
T}LIEOENrgl)(tO,zO +b,)= J hy(to,2)dz, T}LII;OVarNrEl)(tO,zo +b,)=0,

—00

implying that N(V(¢o,2, + b,) 2z, fio h,(ty,2)dz and (5.8) follows for i = 2 by
(5.9). Since Nrgl)(to,z) is increasing in z, (5.9) also holds with Nrgz) replaced by Nrgl)
and (5.8) follows fori =1. O

LEMMA 5.7. Assume that F, and g satisfy conditions (E1) and (G.1). Let & and #s be
as defined in Theorem 5.2. Then projx#s = {t : (t,z) € M5 for some z} is a closed
subset of 5’6}

Prookr Fix & > 0. To prove that projy.#; is a closed subset of ,Sﬁo‘:x we prove that
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(i) ;s is closed in [0, 00)?,
(ii) projx#s is closed in [0, 00),

(iii) projx#s is a subset of Fy.

We now start with proving (i). By definition of ., there exists an open set % O &
on which f; in uniformly continuous. Define

Us ={(t,2) € U : fo(t,z) =25} =f,'[[25,00)].
The function f;, is continuous on %, hence % is closed. Since we also have that
Ms={(t,2) €[0,00)* : fo(t,2)=28}NF =UNF,

M is the intersection of two closed sets, hence closed itself.

For proving (ii), assume projy.#s is not closed. Then, there exists a sequence
(X)) € projyMs with x, — x ¢ projy#s. By (i), the set #; is closed, hence
by definition of projy.#; there exists a sequence (x,,¥,), € 5. By compactness
of g (this follows from (i)), there exists a subsequence (n;), and (x,y) € A5
such that (x,,, y, Jx — (x,y). From this it follows that x € projy.#;. This yields a
contradiction, hence projy.#5 is closed.

To prove (iii), first note that there exists 1 > 0 such that for all (t,2),(s,y) € 45

I(t,2) = (sl <n = |fot,2) = fols, ) <6,

by uniform continuity of f, on .#5. Now take t € projy.#s. Then for all s in a small
neighborhood of t and z, > 0 such that (s, z,) € #5

fO,X(S):f fo(S,Z)dZZf fo(s,z2) = 6m/2,
—00 [

%,%,+1/2]

hencete%’x. O

LEMMA 5.8. Assume that F, and g satisfy conditions (E1) and (G.1). Let #5 be as
defined in Theorem 5.2. Then

31, >0,uy <oo : I, <g(t) <u,forall t € projx.Ms. (5.10)

Proor. The set projx #; is a closed subset of &7y by Lemma 5.7. On #7;, we have
that 0 < g < o0, hence also on projy.#s. Now assume (5.10) does not hold. Then,
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there exists a sequence (t,), — t € projy.#s such that g(t,) — 0. By the uniform
continuity of g, this implies that g(t) = 0, yielding a contradiction.

The existence of u, follows immediately from (G.1). O

LEMMA 5.9. Assume F, and g satisfy conditions (E1) and (G.1). Also assume k and
k satisfy conditions (K.2) and (K.3). In addition, assume k' and alfc are uniformly
continuous. Furthermore, let by and b, satisfy condition (B.2). Let & be as defined in
Theorem 5.2 and define ||f || o0 = SUP(x y)es |f (x, ¥)| and F = projy. Then

. @ N >

”gn_g”yx,oo 0, ”g;l_g/“y;(,oo 0 (5.11)
B P ~ 4

IR} = hyll 00 — 0, 18,7 = B,Ry 5 o — O (5.12)

ProOF. The results in (5.11) follow directly from Theorems A.2 and A.3. The results
in (5.12) follow Theorems A.5 and A.6

The results in Theorems A.5 and A.6 hold for density estimators, whereas the es-

timator flgi is a sub-density. However, the results in (5.12) follow from those after

defining a’binomially distributed sample size N; and reason similarly as the proof of
(3.19). O

LEmMA 5.10. Under the conditions of Theorem 5.3 it holds that

1 n
2/5 n Zizl ky,(to = T}) _ ( g(to) ) -
" (( LS 0 (20K, (£ — T)) hy (0, 20) A 2),

(5.13)
with
_ 1 2 g"(to)
H= ZC mZ(k)( 312h1(f0,20)} ) (5.14)
_ -1 2 g(to) hy(to,20)
P1=c ka) du( hy(to,20)  hi(to,20) ) (5.15)

ProoE Define

Y = Yiq — 305 kbl(fo -T;) )
' Yo Lo,z,1(Zi)kp, (to — T7)
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By the assumptions on F, and g and condition (K.2), we have
-3/5 1 -1.2 7 -1
EY,,=n g(t0)+5n c“my(k)g”(to) +o(n™),
VarY;, = n_lc_lg(to)f k(u)?du+ o(n~5/%),
-3/5 L 1, 2 -1
EYi;Z = hl(tO’ZO) + En C mz(k)al hl(tO’ZO) + ﬁ(n ),
VarY;., = _1c_1h1(t0,zo)f k(u)?du + o(n=%).
Furthermore we have
Cov (Y., Y;0) = n_lc_lhl(to,zo)f k(w)?du+ o(n~%),

so that
n 1 1"
2 EYi=n (nifedy )+ gemmat (oot iy ) o)
< o g(to) hy(ty,20) _
2 vary =t f ka0 ) g onr

Here we denote by VarY; the covariance matrix of the vector Y;. By the Lindeberg—
Feller central limit theorem we then get

2/ %2?:1 ky, (to—T;) B ( g(to) )
%Z?:l Lio,z,1(Zi)ky, (£0 — T7) hy(to,20)

1 g"(t) \_w\
— 5o ( gk 60 ) =S - B R+ o) - A 03,

i=1
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In Chapters 2, 3 and 5 kernel estimators are used as smoothing method. This appendix
contains several results on kernel estimators needed in these chapters. We start with
recalling the definition of both the univariate and the multivariate kernel estimator.

Let k be a univariate kernel density satisfying condition (K.1) below.

(K.1) The probability density k has support [—1,1], is symmetric around
0 and continuously differentiable on R.

Note that condition (K.1) implies that m,(k) = fuzk(u) du < oo. Furthermore, let
b = b, > 0 be a bandwidth (or smoothing parameter) depending on the sample size
n and satisfying lim,,_,, b, = 0. Denote by k;(u) = b~'k(u/b) the scaled version of
k. Now, we can define the univariate kernel estimator for the density f, of a sample
X1, X,

DErINITION A.1. For fixed x € R, the univariate kernel density estimator for f,(x) is
defined as

N 1<
x)=—=) ky(x—X;).
fil0) = 2 klx =X
Alternative ways to write the kernel estimator fn are

f(x)= f ky(x —w)dIF,(w), or f,(x) = (ky *dF,)(x),

where IF,, is the empirical distribution function of the sample X,...,X,.

Under some assumptions on the density f, and the bandwidth b, the univariate
kernel estimator fn is consistent (pointwise and uniform), and converges pointwise
to a normal distribution with rate n%/° [see e.g., PARZEN (1962) or SILVERMAN (1978)].
In Chapters 3 and 5 we mostly use the uniform consistency result, which is restated
in Theorem A.2.

THEOREM A.2. Assume that f, is uniformly continuous on R and that b, — 0 and
nb, — oo, then

If, = folloo == sup IF,(0) = fo(x)] 0.

This theorem was proven for example in PARzEN (1962, Theorem 3A) and SILVERMAN
(1978, Theorem A).
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In Chapters 3 and 5 we also need the uniform consistency of the kernel estimator
for the derivative f; of the density f,. The kernel estimator for f is defined as

A, 1<
= — k/ —X.
HORFINICEES
where k; (u) = b~2k’(u/b) denotes the scaled version of the derivative k’ of the kernel

density k. Theorem A.3 restates the uniform consistency of this estimator.

THEOREM A.3. Assume that f, is uniformly continuous on R and that b, — 0 and
nb? — oo, then

~r P
”fn_fo/”oo — 0.

This theorem follows from SiLvERMAN (1978, Theorem C) with r = 1.

Similar results also hold for the multivariate kernel estimator, defined in Definition
A.4 below. Let k be a multivariate kernel density satisfying condition (K.2) below.

(K.2) The multivariate probability density k has support [—1,1]¢ and is
continuous.

Let b =(by,...,by) = (by,,...,bs,) = b, be a vector with bandwidths (or smoothing
parameters) depending on the sample size n and satisfying lim,_,,, b;,, = 0 for 1 <
i < d. Denote by ky(u) = by'-...- bglk(ul/bl,...,ud/bd) the scaled version of k.
Now, we can define the multivariate kernel estimator for the density f, : RY — R of
a sample X;,...,X,,.

DEFINITION A.4. For fixed x € R, the multivariate kernel density estimator for fy(x) is
defined as

- 1
fule) =4 2 kx =X,

where (x —X;) = (x7 —=Xq4,..., X3 = Xg,)-
In Chapter 5 we need the uniform consistency of the bivariate [i.e. d = 2] kernel

estimator fn as well as of 9, fn, the partial derivative of fn with respect to the first
argument of f, . The latter estimator is defined as

- 1
a1f,(x) =~ > ks (x — X)),
i=1
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where (x —X;) = (x; — X1, %y —X,,;) and 8,k (u) = b;?b; 'k(u; /by, uy/b,) denotes
the scaled version of 9;k. The uniform consistency of these estimators is stated in
Theorems A.5 and A.6.

THEOREM A.5. Assume that f, is uniformly continuous on R? and that nb? b2 — oo,
then

N 2
lIf, — folle — 0.
This theorem follows from CacourLos (1964, Theorem 3.3) with p = 2.

THEOREM A.6. Assume that 0, f, is uniformly continuous on R? and that nbin b, ,
00, then

11, = 8 folloo = 0.

PROOF. By MOKKADEM et al. (2005, Theorem 3),
T}Lr{:o(nb?bz)_l 10gP(||81fn — 01 folle 2 8) =—c,

for some constant ¢ > 0 only depending on 6 and &, f,,. Hence, for n sufficiently large
P(18,f, = B1folloe = 8) < 2e7""1%¢ —0,

: 3
since nbl’nbz’n — 00. O
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Let f and g be two probability densities with respect to a dominating measure u. The
L,-norm of f with respect to the measure u is defined as

1/p
Ifll, = Ly(f) = ( f |f(X)|pdu(x)) ,

for 0 < p < o0o. For p = oo, the L,,-norm (or sup-norm) is defined as
£ lloo = sup |£ ()]
X

The L,- and sup-distance between f and g are defined as the norms of the difference
f—g,ie.

1/p
If = gll, = U 1f(x)|’”du(x)) o NIf = glloo = sup

respectively. The Hellinger distance 5 between f and g is defined as

1
#(f,8) = \/ 3 f (ViG) - Va) dut), B.1)

and the Kullback-Leibler divergence 2 of f with respect to g is defined as

f(x)
(x)

LEmMA B.1. The Hellinger distance ¢ and Kullback-Leibler divergence & satisfy the
following relation [see also e.g., VAN DE GEER (2000, Lemma 1.3) ]

H(f,8g)= Jf(X)log du(x). (B.2)

2(f,8)* < H(f, ). (B.3)

PrOOF. Since %log(x) < V/x — 1, we have

g(x) v &(x)
= 1 d - -1/d
A (f,g)= ff(X) ogf( ) u(x) > ZJf( )(m 1) u(x)

= —zf (VFe)Ve) - £(x)) du(x) = —zf VIOV g dux) + 2
=J (£ —2v/F (Vg0 +8(x)) dux)
= f (VFGI~Ve@)’ dutx) =25(f.27"
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LEmMA B.2. The Hellinger distance # and the L,-distance satisfy the following inequal-
ities [see also e.g., LE CaM (1986, p. 47)]

1
H(f,g)* < SIf el < V2(f,g). (B.4)

Prook. To prove the first inequality, we use that (v/x — /¥)? < (Vx + /¥)IvVx — /Y.
Then

A(f,8) = J (ViG) - Va) dux)
< %f (VF@+ V@) [VFE) - Ve dutx)

_ Ef [£0) - g0 dute) = 51f ~ gl

To prove the second inequality, we use Jensen’s inequality and the Cauchy-Schwarz
inequality. Then

1 2 (1 2
(30 -¢h) = (if £ ()~ g() du(X))
= f (VFG)~ V) dutx)- %f (VFGI+Ve@) duto)
<#(f,g) (1 +f x/f(X)g(X)dM(x)) <2#(f,g)".

O

If f and g have compact support ¢ with finite measure u(%6) = C < oo, then this
lemma implies that

72,87 <If — gl =J |f () = g(x)]| du(x) < CIIf = gllo- (B.5)
C
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SUMMARY

CURRENT STATUS CENSORING MODELS

smooth estimators and their asymptotic properties

In survival analysis, the event time of interest can be censored in various ways. Sub-
jects might drop out of study before the event occurs, which leads to right-censored
observations. Or, the study might consist of several follow-ups and the event occurs
unnoticed between two successive follow-ups, yielding interval censored observa-
tions.

In this thesis, we focus on one specific type of interval censoring: interval censoring
case 1. In this case, there are no follow-up times, instead it is checked only once
whether the event occurred already or not. In medical or engineering applications,
the event usually denotes the onset of a certain disease or the failure of a system.
With this type of interval censoring, only the current status of the patient (infected
or not) or of the system (broken or not) is checked. Hence, this type of censoring is
also referred to as current status censoring. We study several smooth estimators for the
distribution function and the density of the event time. We derive their asymptotic
properties and address some of their computational aspects.

The univariate current status model is treated in Part I. In this model, we are inter-
ested in the distribution function F, of an event time X. The Maximum Likelihood
Estimator (MLE) for F, is consistent and can be characterized as the derivative of the
greatest convex minorant of a specific cusum diagram. This estimator is piecewise
constant between jump points, and, therefore, fails to have a density with respect to
Lebesgue measure. Hence, other estimators are more natural if the true underlying
distribution function is assumed to have a Lebesgue density.

In Chapter 2 we study the Smoothed Maximum Likelihood Estimator (SMLE) for
the smooth distribution function F, and its Lebesgue density f,. This estimator is
obtained by smoothing the MLE using kernel smoothing and is therefore smooth by
definition. We prove that the SMLEs for F, and f, converge pointwise to a normal
distribution at rate n*/> and n?/’, respectively.



136 SUMMARY

In Chapter 3 we consider a different but related estimator for F,: the Maximum
Smoothed Likelihood Estimators (MSLEs). This estimator is obtained by interchang-
ing the smoothing and maximization step in the previous estimators, i.e. maximize
the smoothed log likelihood. This maximizer turns out to be smooth and its charac-
terization can be seen as a continuous version of the characterization of the MLE. We
prove that the MSLE for F, is asymptotically equivalent with a naive plug-in inverse
estimator. Based on that result we derive the pointwise asymptotic distributions of the
MSLEs for F,, and f,,, which are similar to the asymptotic distributions of the SMLEs
for F, and f,. More specifically, the rate of convergence and the asymptotic variance
of the MSLE and the SMLE for F, are equal, while the asymptotic bias of the MSLE
for F, is equal to the asymptotic bias of the SMLE plus some additional (possibly neg-
ative) term depending on the unknown distribution F,. The same also holds for the
MSLE and the SMLE for f.

Part II covers the bivariate current status continuous mark model. In this model, F,,
denotes the joint distribution function of a univariate event time X and a continu-
ous mark variable Y which might be correlated to this event time. The MLE for the
bivariate distribution function is inconsistent.

In Chapter 4 we prove pointwise consistency of histogram based MSLEs for the bi-
variate distribution function F;, and the marginal distribution F, x of the event time X.
Iterative algorithms are needed for computing the estimator, we describe an iterative
quadratic minimization algorithm. Due to the implicit characterization it is hard to
study the asymptotic distribution of the MSLEs for F, and Fy x.

A more tractable estimator for F is studied in Chapter 5, the smooth plug-in inverse
estimator using again kernel smoothing as smoothing technique. This estimator is also
pointwise consistent and converges at rate n®/® to a normal distribution.
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CURRENT STATUS CENSURERINGSMODELLEN

gladde schatters en hun asymptotische eigenschappen

In de overlevingsduuranalyse kan het tijdstip waarop een gebeurtenis plaatsvindt op
verschillende manieren gecensureerd zijn. Zo kan een deelnemer de studie verlaten
voordat de gebeurtenis heeft plaatsgevonden, wat leidt tot een rechts-gecensureerde
observatie. Het kan ook zijn dat de deelnemer tijdens de studie verschillende malen
wordt gecontroleerd en dat de gebeurtenis ongemerkt plaatsvindt tussen twee van
zulke controletijdstippen, resulterend in een interval gecensureerde observatie.

In dit proefschrift beschouwen we één specifiek type interval censurering: inter-
val censurering type 1. In dit geval zijn er geen meerdere controlemomenten, maar
wordt slechts éénmaal gecontroleerd of de gebeurtenis al heeft plaatsgevonden of
nog niet. Deze gebeurtenis is vaak het begin van een ziekte of het falen van een
systeem in medische of industriéle toepassingen. Bij dit type censuring wordt dan
alleen de huidige toestand (Engels: current status) van de patiént (ziek of niet) of
het systeem (werkend of niet) geobserveerd. Daarom wordt dit type censurering ook
wel current status censurering genoemd. Wij bestuderen verschillende gladde schatters
voor de verdelingsfunctie en de kansdichtheid van het tijdstip waarop de gebeurtenis
plaatsvindt. We leiden asymptotische eigenschappen van deze schatters af en beschrij-
ven enkele van hun computationele aspecten.

Het eendimensionale current status model wordt behandeld in Deel 1. In dit model
zijn we geinteresseerd in de verdelingsfunctie F, van het tijdstip X waarop de
gebeurtenis plaatsvindt. De Meest Aannemelijke Schatter (MLE) voor F, is consis-
tent en kan gekarakteriseerd worden als de afgeleide van de grootste convexe mino-
rant van een specifiek puntendiagram. Deze schatter is stuksgewijs constant tussen
sprongpunten, en heeft daarom geen dichtheid ten opzichte van de Lebesgue maat.
Andere schatters liggen meer voor de hand, als verondersteld wordt dat de werkelijke
onderliggende verdelingsfunctie een Lebesgue dichtheid heeft.

In Hoofdstuk 2 bestuderen we de Smoothed Maximum Likelihood Estimator
(SMLE) voor de gladde verdelingsfunctie F, en zijn Lebesgue dichtheid f,,. Deze
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gladde schatter wordt verkregen door de MLE glad te maken via kernel smoothing.
We bewijzen dat de SMLEs voor F, en f, puntsgewijs in verdeling convergeren naar
een normale verdeling met snelheid n®/> en n?/7, respectievelijk.

In Hoofdstuk 3 analyseren we een andere schatter voor de gladde verdelingsfunc-
tie F, en zijn Lebesgue dichtheid f;, de Maximum Smoothed Likelihood Estimator
(MSLE). Deze schatter wordt verkregen door een gladgemaakte log likelihood te max-
imaliseren. De aldus verkregen schatter blijkt glad te zijn en zijn karakterisering kan
gezien worden als een continue versie van de karakterisering van de MLE. We bewij-
zen dat de MSLE voor F,, asymptotisch equivalent is met een naieve plug-in schatter.
We leiden de puntsgewijze asymptotische verdeling af van de MSLEs voor F, en f,,
gebruikmakend van dat resultaat. Deze verdelingen zijn vergelijkbaar met die van de
SMLEs. In het bijzonder zijn de convergentiesnelheid en de asymptotische variantie
van de MSLE en de SMLE voor F, gelijk, terwijl de asymptotische onzuiverheid van
de MSLE voor F, gelijk is aan die van de SMLE voor F, plus een extra (mogelijk
negatieve) term die onder andere afhangt van de onbekende verdelingsfunctie F,,.
Hetzelfde geldt voor de MSLE en de SMLE voor f.

Deel II behandelt het tweedimensionale current status continuous mark model. In
dit model is F,, de simultane verdelingsfunctie van het tijdstip X waarop de gebeurte-
nis optreedt en een continue mark variabele Y. De MLE voor de tweedimensionale
verdelingsfunctie F, is inconsistent.

In Hoofdstuk 4 bewijzen we puntsgewijze consistentie van op histogramschatters
gebaseerde MSLEs voor de tweedimensionale verdelingsfunctie F, en de marginale
verdelingsfunctie Fy van X. Iteratieve algoritmen zijn nodig om de schatters uit
te rekenen. Wij beschrijven een iteratief kwadratisch minimaliseringsalgoritme. De
impliciete karakterisering van de schatters voor Fj, en F, y maakt het moeilijk om hun
asymptotische verdelingen te bestuderen.

Een meer expliciete schatter voor F, wordt in Hoofdstuk 5 bestudeerd. Het betreft
een gladde plug-in inverse schatter waarbij wederom kernel smoothing wordt ge-
bruikt om glad te maken. Deze schatter is puntsgewijs consistent en convergeert met
snelheid n?/® naar een normale verdeling.
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