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The availability of certain entangled re-
source states (catalyst states) can enhance
the rate of converting several less entan-
gled states into fewer highly entangled
states in a process known as catalytic en-
tanglement concentration (EC). Here, we
extend catalytic EC from pure states to
mixed states and numerically benchmark
it against non-catalytic EC and distilla-
tion in the presence of state-preparation
errors and operational errors. Further-
more, we analyse the re-usability of cat-
alysts in the presence of such errors. To
do this, we introduce a novel recipe for
determining the positive-operator valued
measurements (POVM) required for EC
transformations, which allows for making
tradeoffs between the number of commu-
nication rounds and the number of aux-
iliary qubits required. We find that in
the presence of low operational errors and
depolarising noise, catalytic EC can pro-
vide better rates than distillation and non-
catalytic EC.

1 Introduction

Entanglement is a crucial resource for build-
ing quantum networks for secure communica-
tion [1, 2|, distributed quantum computing |[3],
and networked quantum sensing [4]. However,
the distribution of entanglement in a network
is challenging because of errors and loss, which
deteriorate the quality of shared entanglement.
Several protocols have been developed to convert
low-quality entanglement into high-quality entan-
glement, including distillation [5, 6] and entangle-
ment concentration (EC) [7, §].
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Bilocal Clifford distillation protocols (or simply
distillation) have been the canonical approach for
creating high-quality entanglement from mixed
entangled states due to their relatively simple ex-
ecution. They have been studied intensely [9, 10],
and have been demonstrated in experiments [11,
12, 13]. EC, on the other hand, has not been
demonstrated experimentally. In particular, pre-
vious theoretical studies have considered only
pure states, which makes them incompatible with
realistic, noisy hardware. Moreover, they have
been studied only in the absence of operational
errors [14, 15]. This includes entanglement catal-
ysis protocols that we treat as an extension of EC.
Entanglement catalysis uses pre-shared entangle-
ment that remains unchanged after the protocol
to increase the rate of EC [16, 17]. It can also be
used for catalytic quantum teleportation [18, 19].

In this paper, we extend the analysis of EC pro-
tocols to the more practically relevant regime of
noisy hardware. We do this by considering both
mixed state inputs and operational errors. As
part of our analysis, we introduce a novel recipe
for determining the local operations and classi-
cal communication needed for performing the EC
protocols. In particular, we allow for a practical
trade-off between the number of communication
rounds and the number of auxiliary qubits in the
implementation based on hardware constraints.

We numerically simulate EC both with and with-
out entanglement catalysis and compare the per-
formances to a canonical protocol of distillation
in the presence of both state-preparation errors
and operational errors. Our current numerical
analysis considers bipartite states but our general
method can be extended to multipartite states
following the extension in Ref. [20]. We find that
the distillation protocol is more resistant against
incoherent, depolarising-type errors, whereas the
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Figure 1: In distillation and non-catalytic EC, we consume two less entangled states to create a more entangled state,

as shown in (a).

In case of catalytic EC (b), we also consume two less entangled states but make use of a third

catalyst state in the process. Thus, three initial states are converted into one highly entangled state and the catalyst
state. To study the reuse of a catalyst state, we consider that a new catalyst is first used for catalytic EC. It is then
reused for catalytic EC of another set of initial states with the same amount of state preparation error.

EC protocols are more resilient against coherent,
unitary-type errors. For operational errors, we
find that they affect both catalytic EC and non-
catalytic EC more severely than distillation due
to the relatively complex circuits needed for per-
forming the required measurements. However,
for operational errors < 0.1%, we find that cat-
alytic EC results in both higher fidelity output
states and succeeds with a higher success prob-
ability than non-catalytic protocols and distilla-
tion. Consequently, entanglement catalysis seems
suited for the concentration of entanglement be-
tween logical qubits utilising quantum error cor-
rection to suppress operational errors as recently
envisioned for fault-tolerant modular quantum
computation [21, 22].

2 Execution of entanglement concen-
tration

We consider the conversion of two less entangled
states (referred to as the prepared states) into one
more entangled output state using EC protocols
and distillation (see Fig. 1). For catalytic EC,
we assume that we have access to a previously
prepared error-free optimal catalyst state to as-
sist the process. The catalyst state should be re-
turned at the end of the protocol (see Fig. 1(b)).
A catalyst state is considered optimal if it max-
imises the conversion probability over all possible
catalyst states [16]. In case of distillation, we con-
vert the two copies of prepared states into a more
entangled output state using optimal 2-1 distilla-
tion protocols as described in Ref. [10].

When reusing the catalyst state, we consider an
optimal catalyst that might be deteriorated from
being used once for the conversion of a pair of
prepared states. We then use the deteriorated
catalyst state to assist a second round of catalytic
EC using another set of prepared states, as shown
in Fig. 1(c).

For EC, we implement the protocol proposed
by Vidal for entanglement transformations in
Ref. [23]. This protocol has two parts: (1) an
LOCC conversion from the given initial state
to an intermediate state, followed by (2) an
SLOCC conversion from the intermediate state
to the final state. Here, LOCC refers to Local
Operations and Classical Communication, while
SLOCC refers to Stochastic Local Operations and
Classical Communication. The former is the class
of operations that can be implemented by deter-
ministic local operations on each of the two sys-
tems of the entangled states together with clas-
sical communication between the systems, while
the latter includes non-deterministic (stochastic)
local operations (for further details, we refer to
Appendix A). Ref. |23] provided the recipe for de-
termining the operations required for the SLOCC
part of the protocol in a gate-based quantum pro-
cessor. For the LOCC part, we introduce a new
way to find the required operations by combin-
ing two previously proposed methods |24, 25] for
LOCC conversions, allowing for a trade-off be-
tween the required number of auxiliary qubits at
each system and rounds of classical communica-
tion between them. We discuss this further in
Section 3.3 when analysing the effect of opera-
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Figure 2: Here, we plot the performance of catalytic EC (CEC), non-catalytic EC (NEC), distillation and when
reusing the catalyst (called "catalyst reuse"). For increasing incoherent error probability and constant coherent error
probability (a = 0.9), we plot the infidelity and success probability in (a) and (b), respectively. In (c) and (d), we
plot infidelity and success probability, respectively, for increasing coherent error probability and constant incoherent
error probability (p = 0.95). From (a) and (b), we deduce that the infidelity of the final state obtained from catalytic
EC and non-catalytic EC is dependent on the amount of incoherent error, while the success probability remains
relatively constant. From (c) and (d), we note that the success probability is dependent on the coherent error while
the infidelity is nearly unaffected. We have assumed equal weight error terms for both incoherent and coherent errors
(ex =3 =1/3 for k € {x,y, z}).

tional errors. 3 Results and discussion

During distillation and EC, different forms of er-
rors can affect the performance of the protocol.
We divide the errors into state preparation errors
and operational errors. Operational errors affect
the protocols during the application of single and
multi-qubit gates. We further divide state prepa-
ration errors into incoherent (depolarising) errors
and coherent (unitary) errors.

The protocol proposed in Ref. [23] is a conclusive
protocol [26]. A conclusive protocol converts a
given initial state into a desired final state with
unit fidelity and finite probability using SLOCC.
To adapt EC to mixed states, we consider the
pure state that corresponds to the largest eigen-

. L ) 3.1 State preparation errors
value of the mixed initial state. We then use this

pure state as the surrogate to find the necessary
operations for EC and apply these operations to
the prepared mixed initial state.

Recent experimental demonstrations of entan-
glement distribution with Silicon vacancy cen-
tres (SiV) [27, 28, 29|, Nitrogen vacancy cen-
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Figure 3: We plot the infidelity of the catalyst state before and after it is used for catalytic EC, quantifying the
change in the state of the catalyst. The fidelity of the catalyst state is highly affected by the amount of incoherent
error(a) while the effect of coherent errors is limited. We have assumed equal weight error terms for both incoherent

and coherent errors (e, = e7 = 1/3 for k € {z,y,z}).

tres [30, 31|, and neutral atoms [32, 33| have var-
ious imperfections that limit the achievable en-
tanglement fidelity. For example, demonstrated
entanglement distribution with SiVs suffers from
both incoherent errors from qubit decoherence as
well as coherent errors from imperfect operations
and limited contrast of the spin-dependent op-
tical reflection mediating the spin-photon entan-
glement generation [28, 29]. To encompass both
types of error, we introduce two error channels
to model general state preparation errors. The
first channel parametrises the effect of incoherent
errors modelled as a general depolarising channel
acting on the state with error probability, py:

Ap(p) = (1—pa)lpl
+pa(ex XpX + €.ZpZ + €,Y pY)(1)

where {e;,€,,€,} are the relative weight of the
error terms (3 4—g, 4.1 €k = 1). For a completely
depolarizing channel €, =€, =€, = 1/3.

The second channel parametrises the effect of co-
herent errors on the state and is expressed as:

@) = (1—a)le)

+va e |07) +ea [U) + 6, [97)] (2)

where a is the error probability and {e;,¢,€y}
are the relative amplitudes of the error terms
(Zk:{“”ﬁ lex|? = 1). We use the notation
{|®%), |¥F)} to denote the states of the stan-
dard two-qubit Bell basis where |®*) = (]0,0) +
11,1))/v/2 and |¥F) = (|0,1) £1,0))/v/2. With-
out loss of generality, we will always assume that

the desired entangled state is [®T). We consider
that the prepared states have both coherent and
incoherent errors resulting in states of the form
pla,pa) = Ap,(|Pa)Pq4|). For extending EC to
mixed states of this form, we find a surrogate
state that is used to find the catalyst state (for
catalytic EC) and the required operations. This
surrogate state is the maximum weight eigenstate

of p(a7pd)‘

We plot the infidelity of the output state and
the probability of success for increasing depolar-
ising and coherent errors in Fig. 2, assuming error
terms of equal weight for both the incoherent and
coherent error channels. Moreover, we assume
that the gates required during the conversion are
perfect. From Fig. 2(a), we find that the infi-
delity of catalytic EC and non-catalytic EC pro-
tocols increases linearly with the depolarisation
probability as f &~ 1 — pg for both catalytic and
non-catalytic EC. Interestingly, this is different
from the naive lower bound of f > 1 — 2p, that
one obtains by only considering the highest order
term of p(a, pa) @ p(a, pa) = (1= 2pa) |Pq) (Pa| @
|®g) (Po| + O(pg) in the limit of pg < 1. Thus,
while the protocol of Ref. [23] is a conclusive pro-
tocol, meaning that the surrogate state |®,) is
converted to the target Bell state (|®1)) with unit
fidelity (in the absence of operational errors), it
also manages to correct a significant fraction of
the higher-order error terms.

From Fig. 2(c), we see that coherent errors have
little effect on the fidelity of the output states
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Figure 4: For a given initial state, we plot the infidelity and success probability for increasing operational error for
catalytic EC (CEC), non-catalytic EC (NEC) and distillation. The initial state is prepared with a = 0.85 and p = 0.95
and equal weight error terms (¢, = e = 1/3 for k € {z,y, 2}). Fig. (a) shows that the infidelity Catalytic EC is most
affected by operational errors. It is followed by non-catalytic EC and distillation. This is due to the high number
of MCX gates required per round of communication. In (b), we plot the probability of success of our protocols.
Distillation's success probability decreases for higher values of operational error, while for others it slightly increases.
Therefore, in the presence of higher operational errors, catalytic EC and non-catalytic EC output worse states with

higher probability.

from non-catalytic EC and catalytic EC. The out-
put fidelity of catalytic EC or non-catalytic EC
is therefore mainly determined by the probabil-
ity of incoherent errors. However, from Fig. 2(d),
we see that the probability of success depends
strongly on the amount of coherent error for
catalytic EC and non-catalytic EC. The success
probability remains at unity for small coherent er-
rors, consistent with results from Ref. [16]. This
is because for a small amount of coherent error,
the surrogate state can be converted into a Bell
state deterministically using LOCC. For larger
amounts of coherent error, this is not possible,
and SLOCC is required, which results in a finite
success probability. When comparing to distil-
lation, we see that catalytic EC or non-catalytic
EC can lead to both higher output fidelity and
larger success probabilities than distillation for
small incoherent error probabilities and for large
coherent error probabilities.

3.2 Reusing the catalyst state

Reusing the catalyst results in a higher probabil-
ity of success compared to only non-catalytic EC,
but it has a higher infidelity compared to both
non-catalytic EC and catalytic EC. In Fig. 3, we
plot the fidelity of the catalyst state before and
after it is used for catalytic EC. We find that
increasing the depolarisation error decreases the

fidelity of the catalyst state, while increasing the
coherent error does not significantly affect the fi-
delity. Moreover, reusing the catalyst state mul-
tiple times results in a higher reduction in the
catalyst fidelity due to increased depolarisation.

3.3 Operational errors

Imperfect gates can lead to errors during the
implementation of distillation or EC protocols.
Here, we study the effects of these errors on the
probability of success and the fidelity of the re-
sulting state.

For the case of EC protocols, we use Naimark’s
dilation to convert the required POVMs into
projective measurements by introducing auxil-
iary qubits. This allows the execution of these
POVMs on a circuit-based quantum system. This
is done by first embedding the POVM set into
a unitary, called the embedding unitary. This
unitary acts on both the qubits corresponding
to the prepared state and auxiliary qubits. The
auxiliary qubits are then measured in the com-
putational basis, implementing a POVM on the
prepared state qubits. The number of auxiliary
qubits required for implementing the POVMs
grows logarithmically with the number of ele-
ments in the POVM.

Previous work on constructing these POVMs
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includes decomposing a doubly-stochastic ma-
trix obtained from the initial and final states.
The method proposed by Nielsen [24| decom-
poses a doubly-stochastic matrix into a set of T-
transforms and converts them into POVMs with
only two elements. However, it requires a num-
ber of communication rounds equal to the number
of T-transforms. By contrast, the method intro-
duced by Jensen and Schack [25], decomposes the
doubly-stochastic matrix into a convex combina-
tion of permutation matrices. These permutation
matrices are then used to obtain a POVM, which
can be implemented in a single round of commu-
nication at the cost of additional auxiliary qubits.

In this work, we propose a construction that in-
terpolates between these two approaches. By
grouping multiple T-transforms to obtain a sin-
gle effective POVM, one can reduce the number of
communication rounds at the expense of increas-
ing the number of POVM outcomes and hence
the number of auxiliary qubits required. Varying
the degree of grouping allows one to continuously
tune between the two limiting cases represented
by Refs. [24] and [25].

This flexibility makes it possible to adapt the con-
version protocol to different physical constraints.
For example, when communication latency is
large compared to qubit coherence times, it may
be advantageous to reduce the number of commu-
nication rounds by using more auxiliary qubits.
Conversely, when auxiliary qubits are scarce but
communication is fast and reliable, operating
closer to the sequential T-transform regime may
be preferable. The details of this interpolated
construction and the resulting resource trade-offs
are discussed in Appendices B and C.

To study the effect of gate errors, we compile the
embedding unitaries involved during the EC pro-
tocols. Each communication round during a pro-
tocol requires the application of such a unitary
and measurement of the auxiliary qubits. The
structure of this unitary allows us to synthesise
it into several multi-controlled unitaries. These
multi-controlled unitaries can be implemented us-
ing multiple single-qubit gates and at most two
multi-controlled X (MCX) gates by extending the
circuits shown for CX gates in Ref. [34, 35] to
MCX gates. Synthesis into MCX gates allows for
potentially a more efficient (fewer gates) synthesis
compared to if only CX gates were used instead.

Moreover, they are native to some quantum com-
puting platforms like neutral atoms [36, 37, 38|
and trapped ions [39, 40]. In Appendix D, we
discuss the synthesis of the embedding unitary
into MCX gates.

For modelling operational errors, we consider
that each gate depolarises the qubits it acts
on upon execution. The depolarisation error
is parametrised by the depolarisation probabil-
ity (pq) with equal weight error terms, given in
Eq. (1). In practice, the infidelity of single-qubit
gates is often an order of magnitude lower than
the error introduced by multi-qubit gates [36].
Therefore, we ignore the contribution of single-
qubit gate errors towards operational errors.
Moreover, we assume that during POVM mea-
surement and distillation protocol all projective
measurements are error-free and the only sources
of errors are gate errors.

The effects of operational error on the perfor-
mance of catalytic EC, non-catalytic EC and dis-
tillation are shown in Fig. 4. We note that distil-
lation is relatively robust against operational er-
rors since its circuit only contains a single multi-
qubit gate at each system, as shown in Fig. 5. On
the other hand, the fidelity of the state obtained
from catalytic EC decreases rapidly compared to
both non-catalytic EC and distillation. This is
because of the high number of multi-qubit gates
required to implement the POVM-embedded uni-
tary on the data qubits and auxiliary qubits.
However, the probability of success of both cat-
alytic EC and non-catalytic EC increases slightly
as the rate of depolarisation increases. We at-
tribute the increase in the probability of success
to the increase in the depolarisation of the out-
put states caused by increasing operational error.
Thus, at a higher operational error rate, EC pro-
tocols output worse states (lower fidelity) with
a higher probability. This suggests that opera-
tional errors are detrimental to the performance
and reliability of EC protocols. Distillation, on
the other hand, outputs states with only slightly
worse fidelity and with a lower probability of suc-
cess, demonstrating its robustness. Our current
analysis is limited to only two elements in the
POVM set for implementing LOCC, thus requir-
ing a larger number of communication rounds.
However, one can easily find POVM sets such
that fewer communication rounds are required by
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Figure 5: Comparison of circuits for catalytic EC and
distillation. (a) shows the circuit for a single round of
LOCC during catalytic EC. We note that catalytic EC
involves multiple such rounds, with each round involving
multi-qubit unitaries before and after measurements. In
(b), we show the circuit for distillation. Distillation in-
volves the application of single-qubit Clifford gates and
the CNOT gate, followed by measurement in X, Y, or Z
bases.

increasing the number of elements in each POVM
set, as discussed in Appendix B. For implement-
ing POVM sets with a higher number of elements,
the embedding unitary would be composed of
multi-controlled multi-target (MCMT) unitaries.
Such an MCMT unitary can be synthesised into
MCX gates and single qubit unitaries using the
ideas proposed in Ref. [35, 41]. Through these
ideas, we expect the number of MCX gates per
round to grow linearly with the number of ele-
ments in the POVMs for that round. Therefore,
using our method for finding POVMs, one could
decide on the size of the POVM set and num-
ber of communication rounds depending on the
intensity of operational errors and qubit depolar-
isation during classical communication, such that
the overall error is minimised.

4 Conclusions and outlook

In this paper, we have compared the performance
of three different protocols in the presence of state
preparation errors and operational errors. The
three protocols are: non-catalytic EC, catalytic
EC and distillation. To do this, we have extended

the analysis of EC protocols to mixed states and
included operational errors. We also propose a
new method for obtaining POV Ms, allowing for
a trade-off between the number of communication
rounds and required auxiliary qubits given certain
system capabilities.

Through our analysis, we find catalytic EC to be
beneficial over distillation if the depolarisation er-
ror in the prepared state is small (below 5 per-
cent). We have described how to implement EC
protocols on a circuit-based quantum system for
obtaining Bell states and analysed the effect of
operational errors on the performance of the pro-
tocols. We find that catalytic EC requires opera-
tional error rates of < 0.1% due to the relatively
high complexity of the POVM measurement cir-
cuits. This makes catalytic EC relevant for the
generation of logical Bell pairs for fault-tolerant,
modular quantum computing. In particular, re-
cent work [21, 22| has shown that encoding of
physical Bell pairs into quantum error correcting
codes enables high-rate logical Bell pair distilla-
tion. The logical encoding suppresses operational
errors as well as the state preparation error of
the logical Bell pair well below 0.1%. Our results
show that in this error regime, catalytic EC can
achieve both lower infidelity and higher success
probability than standard distillation.

Our current analysis opens up a few interesting
future directions. One would be to study the
performance of catalytic entanglement concentra-
tion for the generation of entangled logical re-
source states between computing modules in a
fault-tolerant modular quantum computer simi-
lar to Ref. [42]. A natural extension of our work
would be the extension of our methods to the
multipartite case. This could be done by extend-
ing our methods of finding POVMSs to the work in
Ref. [20]. However, it remains an open question
whether the surrogate-state strategy used here to
handle mixed states continues to be effective in
the multipartite case. This difficulty is related to
the richer structure of multipartite LOCC trans-
formations and entanglement classes [43, 44, 45],
which may complicate the identification of suit-
able reference states.
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A Local operations and classical communication protocols

In the context of entanglement distribution, it is generally considered that parties sharing an entangled
state can only manipulate their systems and communicate with each other classically. The class
of deterministic transformations that satisfy these conditions is called local operations and classical
communication (LOCC).

An LOCC transformation is possible if and only if the ordered Schmidt coefficients of the initial and
final states follow the majorization condition [24]. Consider the initial state |¢)) = Y%, \/a; |i) and
final state |¢) = >4, /B |i1), with Schmidt coefficients {a;}&, and {8;}%,. The Schmidt coefficients
of the two states are taken in descending order (a; > o if @ < j). The majorization condition can

then be written as:

Zai < Zﬁi, 3)

i=1 =1

for j < d and, ¥% , 0; = 2%, .

LOCC operations impose a constraint on the possible manipulations on shared states [46]. However,
sometimes if a transformation cannot be done deterministically, it can succeed with a finite probability.
Such transformations are called stochastic LOCC (SLOCC). Vidal found the protocol for given initial
and final states that is optimal in the success probability [23]. This protocol can be referred to as
conclusive protocol [26] because the transformation succeeds with a finite probability but with unit
fidelity of the final state,

fid=1

%) [F (4)

prob=p
where, fid is the fidelity of final state, and prob is the probability of transformation.

Vidal’s protocol has two phases. The first phase is a deterministic LOCC conversion from the given
initial state |¢) to an intermediate state |y). The second phase is the application of POVM on the
intermediate state |y) to get to the final state |¢).

) 29=Ls |y 2L gy (5)

prob=1 prob=p

In his paper, Vidal also introduced a way to find the required operations for the state transformation.
These operations depend on both the the initial state and the final state. Therefore, in general,
application of these operations on the incorrect initial state might lead to an incorrect final state. This
makes extending these protocols from pure states to mixed states difficult.

B Finding the operations for LOCC

In this appendix, we discuss our method for finding POV Ms such that the number of required auxiliary
qubits and rounds of communication can be tuned based on the system’s capabilities. Our method is a
combination of the method proposed by Nielsen [24] (referred to as Nielsen’s method), and the method
proposed by Jensen and Schack [25] (we call this the JS-method). Our current analysis is limited
to bipartite states, however, our protocol can easily be extended to multipartite states following the
extension in Ref. [20].

We will first briefly introduce Nielsen’s and the JS-method for finding the POVM set. We will then
discuss how we combine the two previously known methods.

The majorization condition proposed by Nielsen for LOCC can equivalently be written as follows: the
entanglement transformation |¢)) — |¢) is possible if and only if a doubly-stochastic matrix D exists
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such that Vy, = DVy. Where VwT = (aq,...,aq) and Vg = (f1, ..., Bq) are the vectors constructed from
the Schmidt coefficients of the initial and final states, respectively. D is known as a doubly-stochastic
matrix. It is a d X d square matrix composed of non-negative real numbers such that all of its rows
and columns sum to 1.

Nielsen constructed the operations by decomposing the d X d doubly-stochastic matrix D into at most
d-1 T-transforms [24]. Where a T-transform is the following: it acts on a vector by preserving all but
two elements of the vector. Those two elements are acted upon by the matrix.

t 1-1¢
1-1¢ t |’

where, ¢t € [0,1]. This decomposition can be found using the algorithm given in [47]. An observation
about T-transforms is that it is a convex combination of an Identity matrix and a permutation matrix.
Moreover, a T-transform is also a doubly-stochastic matrix, and multiplication of two T-transforms of
the same dimensions is also a doubly stochastic matrix.

Corresponding to each T-transform, a POVM can be constructed with two elements and correction
unitaries corresponding to each element can be found. For the execution of LOCC, one of the parties
measures the POVM and communicates the result to the other parties. All the parties then apply
a correction unitary based on the measurement outcome. This is repeated sequentially for each T-
transform. Therefore, the number of communication rounds required by this method is equal to the
number of T-transforms in the decomposition of D.

Alternatively, the JS-method uses the Birkhoff-von Neumann theorem (chap 2 of [47]) to decompose the
doubly-stochastic D. According to this theorem, a d X d doubly-stochastic matrix can be decomposed
into a convex combination of at most (d — 1) + 1 permutation matrices [47].

The JS-method creates a set of POVM with elements corresponding to each permutation matrix.
Moreover, each permutation matrix is also used to find the correction unitary. The LOCC protocol is
similar to Nielsen’s method: one of the parties measures the POVM on their system and communicates
the result to other parties. Following this, all the parties apply the correction unitary based on the
measurement, outcome. Due to the construction of the POVM, only a single round of communication
is required for this method. However, the POVM set can have at most (d — 1)2 + 1 elements and
correction unitaries.

The number of required auxiliary qubits for POVM measurements is one for Nielsen’s method and at
most ﬂogQ(d2 —2d + 2)] for the JS-method. On the contrary, the JS-method requires one round of
communication, and Nielsen’s method requires d-1 communication rounds. Here, d is the dimension
of the doubly-stochastic matrix.

We combine the two aforementioned methods to find the operations for entanglement concentration.
We first find the d X d doubly-stochastic matrix (D) that relates the vectors of the ordered Schmidt
coefficients. We then find the decomposition of D into T-transforms D = T}, --- 11, such that £k < d—1.
Using this decomposition, we can group and multiply the T-transforms of the decomposition to create
doubly-stochastic matrices D" = T, T} - - - T, such that,

D = Dpet .. Dy, (©)

I < k. Here, we have used the property that the multiplication of T-transforms of the same dimension
results in a doubly-stochastic matrix. This reduces the number of rounds of communication from k to
1. Furthermore, we then apply Birkhoff’s theorem to these newly created doubly-stochastic matrices
(D7*") to obtain permutation matrices corresponding to each doubly stochastic matrix, using the
JS-method. Moreover, it can be deduced that the number of elements in the decomposition of D;***
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into permutation matrices requires a lower number of permutation matrices than the decomposition of
D. This is because a T-transform is a convex combination of an Identity and a permutation matrix.
Therefore, D}**"s can be created such that we can reduce the number of rounds of communication
compared to Nielsen’s method while requiring fewer auxiliary qubits than the JS-method.

C Execution of POVM

For the execution of LOCC and SLOCC protocols, it is considered that parties can implement a Positive
operator-valued measurement (POVM). A POVM is a set of positive semi-definite Hermitian matrices
{A;} such that Y/ | A; = I, where I is the Identity matrix. To study the effect of operational errors
on our protocols, we convert POVMs into projective measurements on a high-dimensional Hilbert
space using Naimark’s dilation [48, 49]. This conversion can be implemented by introducing additional
auxiliary qubits to the system. The POVM elements can then be "embedded" into a unitary that
operates on the data qubits and the auxiliary qubits. Finally, the auxiliary qubits undergo projective
measurements implementing a POVM on the data qubits. This conversion requires [log, m| number
of auxiliary qubits, where m is the number of elements in the set of POV Ms.

The core of our LOCC implementation uses the algorithm of the JS-method for obtaining POVMs
for multiple rounds of communication. At the beginning of each round, the initial state and final
state (for that round) are used to find the POVMs. These POVMs are diagonal matrices with non-
negative entries by construction. We exploit this construction for embedding the obtained POVMs
into a unitary matrix. However, due to limitations imposed by software simulators, we only consider
one auxiliary qubit for POVM measurement. Therefore, we always have POVM with two elements
in them that are diagonal matrices with positive entries. An element of our POVM has the following
form:

k=1
A=) al i)l (7)
J=0

such that ¢ € {0,1}, and, ag are non-negative real numbers such that a% + a{ = 1 for each j €
{0,...,k — 1}. This follows from the completeness condition of POVMs. The value of k depends on
the initial state at the start of each round. However, it is always upper-bounded by the dimension
of the system I: k < [. Where the dimension of the system depends on the number of data qubits n
(including the catalyst state) as [ = 2. We can therefore construct unitaries U’s from entries in the
POVM elements such that,

\/>Z+\/>X 0<j<k-1 -

k—1<j<l

where j,k,l € Z.

We can then embed these unitaries into a higher-dimensional unitary called the embedding unitary
that acts on both data qubits and auxiliary qubits.

-1
=> il e U 9)

J=0
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For the case when k = [, Uy, acts on the state |¢),, = [1),]0), such that:

Uda [¥) 4o =Uda ([%)410),,) (10)
-1
(la¥)ali)aU? 10), (11)
7=0

-1

Zﬂd ali)a (Vb [0}, + /] [1),) (12)

Here, the subscripts d, a, and da represent data qubits, auxiliary qubits and the combined data-
auxiliary system, respectively. Projective measurement of the auxiliary qubit in computational basis,
using measurement operators M"' = |z><z| (i € {0,1}), results in one of the following states:

m_ 0 Gla)aa li)gl0),, m=+1
V) da = (13)
]|d aya U d|1a7 m=—1

It can be checked easily that this is equlvalent to the application of Ay and A; on the data qubits,
conditioned on the measurement result. Moreover, the probability of success for each measurement
would be:

Pi = (Yda| Lo ® M |th4a) (14)

=3t ¢|kd¢7<ku>d (15)
:Z| (G)al(a] (16)
=i (gl 1351 ¥)a (17)
(g Ae ). (18)

where, M is the projective measurement operator on the auxiliary qubits. As shown here, the proba-
bility of projective measurements on the auxiliary qubits is equivalent to the POVM measurement of
the data qubits.

Our method here can be extended to the case when POVMs have more elements than 2. In such
a case, [logym] auxiliary qubits would be required such that each projective measurement on them
can be mapped equivalently to a POVM element, where m is the number of elements in the POVM.
Moreover, the unitary U7 would be a unitary that would act on all the auxiliary qubits. Therefore, Uy,
would be composed of multi-controlled multi-target (MCMT) unitaries with controls being the data
qubits and targets being the auxiliary qubits.

D POVM synthesis and operational errors

We have two (three) Bell pairs in our simulations of non-catalytic EC (catalytic EC). Each Bell
pair requires one data qubit at (for example) Alice’s and Bob’s labs. Moreover, they both need one
more auxiliary qubit to execute the POVM measurements using the embedding unitary. To estimate
the effect of operational errors on catalytic EC and non-catalytic EC protocols, we decompose the
embedding unitary into single and multi-qubit gates.

The embedding unitary given by,

-1
da =Y liNil @ U, (19)
j=0
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and it can be decomposed into a product of multi-controlled unitaries UJ’-,

-1

Uj =i}l @ U7 + ) _liil ® 1. (21)
=0
i]

The unitary U j’ acts on the auxiliary qubits with the unitary U7 if the data qubits are in the state |j),
otherwise, it acts with just the Identity. Such a multi-controlled unitary can be synthesised in terms of
3 single qubit gates and 2 multi-controlled X (MCX) gates [34, 35]. MCX gates are native to quantum
computing platforms like Neutral atoms [36, 37]. For estimating the effect of operational errors on the
fidelity of catalytic EC (non-catalytic EC), we assume that each gate depolarises the qubits it acts
on. Moreover, we assume that single-qubit gates are error-free. We make this assumption because
multi-qubit gates have an order-of-magnitude higher infidelities compared to single-qubit gates [36],
and the number of single and multi-qubit gates in our implementation is nearly the same.

In our implementation of catalytic EC and non-catalytic EC, each round of POVM measurement
involves the execution of Uy, unitary for that round. This unitary can further be written as a product
of unitaries UJ’». These unitaries can be represented in terms of at most two MCX gates, shown in
Fig. 6. We assume that whenever an MCX gate acts on a set of qubits, it depolarises the qubits
slightly by a given value of error rate. Thus, each communication round involves the application of
multiple MCX gates. We note that this way of synthesising U’ ]/-s into multiple MCX gates might not be
optimal because of the exact values of the unitaries. But it is sufficient for us to find an upper bound
on the operational errors.

Other than the POVM unitary, each communication round involves the application of correction uni-
taries that correspond to the measurement result of the POVMs. In the JS-method, these correction
unitaries are permutation matrices that permute the bases. Thus, we can keep track of these matri-
ces and implement them classically for changing the required bases. Since these can be implemented
classically, we can omit the application of these unitaries, and thus, they do not cause any operational
€rTors.
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Figure 6: Scheme for executing catalytic EC. It involves the conversion of two weakly entangled states into one highly
entangled state using a catalyst state. This involves multiple rounds of local operations and classical communications.
A round of LOCC involves the application of embedding unitary Uy, followed by measurement of the auxiliary qubit
in the computational basis. This is then followed by the application of correction unitaries U depending on the
measurement result. We synthesise Uy, into a series of multi-controlled unitaries U]’- that act on the auxiliary qubit
with U7 if the data qubits are in the |5)(j| state. Each unitary Uj can be synthesised using at most two MCX gates,
as shown in [35]. For modelling operational errors, we assume that each MCX gate depolarises each qubit it acts on,
shown using the white stars. The scheme for non-catalytic EC is the same except we do not have the catalyst state

e e

there, thus, the number of qubits involved is fewer than catalytic EC.
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