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Preface

This thesis was written as part of the bachelor Applied Mathematics at the Delft Univer-
sity of Technology. The last quarter of the academic year is intended to set up a research
project, to attain better research skills, to become better at academic writing and to
become familiar with a mathematical concept. After finishing the thesis, a thesis defence
is held.

This thesis is written for peers, i.e. third year students in applied mathematics. It
is assumed that the reader of this thesis has prior knowledge in linear algebra as well as
algebra on an undergraduate level.

Readers who are interested in the two methods to construct group invariant subspaces
of Cl¢l, where G is a group, can read chapters [3| and |4l Chapter [3| uses change of basis
matrices whereas chapter [4| uses the grand orthogonalisation method. If the reader is not
yet familiar with representation theory it is recommended to read chapter

I would like to thank my supervisors dr. Jeroen Spandaw and dr. Paul Visser for their
enormous help in this project. In the first weeks of this project Jeroen Spandaw has
provided extensive notes covering the basis of representation theory and an abundance of
worked out examples. Moreover, I could always ask questions if I were to be stuck and
Jeroen Spandaw and Paul Visser patiently gave me a fountain of feedback and explana-
tions in our weekly online meetings, which I am sincerely thankful for. I am grateful that
I have had the privilege and opportunity to work together with the both of them. Thanks
for accompanying me in this project. Thank you Jeroen Spandaw. Thank you Paul Visser.

Delft, 26 August 2021
Quirijn van Gulik
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Summary

Representation theory is a branch in mathematics that studies group homomorphisms
between a group and the automorphism group of a vector space. A special representation
that every group has is the regular representation. This representation permutes all ele-
ments of the group in a vector space which dimension is equal to the order of the group.
Within this vector space there are group invariant subspaces. There are several methods
to finding representation invariant subspaces of this vector space.

This thesis aims to do two things: First of all, this thesis aims to give the reader
an introduction to representation theory, presenting various key concepts, definitions and
theorems. Moreover, ways to construct character tables are presented along with multiple
worked out examples. Second, the regular representations of D, and Qg are decomposed
into representation invariant subspaces of C®. To this end, two methods were used.

The first method (A), proposed by dr. Jeroen Spandaw, works out all the possible
decompositions of the vector space a regular representation acts on. This is quite a la-
borious process in which change of basis matrices, expressed in several parameters, will
have to be made for all generators of the considered group. The second methods (B),
proposed by dr. Paul Visser, is known as the grand orthogonalization method and makes
use of an extended version of the character table of the considered group.

Both methods are perfectly fine to make a desired decomposition. However, method A
takes a lot more computational effort than method B to come up with the desired result.
The benefit of using method A over method B is that method A considers all possible
decompositions, whereas method B only considers one of the infinitely many that are
possible.

Summary for the general audience

Representation theory is a combination of two fundamental branches of mathematics,
namely group theory, i.e. theories that describe symmetry, and linear algebra. Symme-
tries can be found all throughout mathematics, physics and other disciplines. In physics
for example, conservation laws follow from symmetries in the laws of nature. More-
over, the heat capacity of materials depends strongly on the amount of symmetry of the
molecules that make up the material. In mathematics, laying oranges in a basket forms
a certain symmetrical grid. A final example is the fact that the well-known abc-formula
cannot be extended to an abcde f-formula for equation ax® + bax* + cx® +dx? +ex+ f =0
due to restrictions given by symmetries. Symmetries found in different objects might be
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classified as the same symmetry and vice versa, certain symmetries can be found in a
wild variety of locations and concepts.

An introduction to the branch of mathematics called ‘representation theory’ will be
given. Along with worked out examples, definitions and ensuing results, the reader will
get familiar with the key concepts of representation theory. After that, two methods were
presented to break-up a higher-dimensional space into smaller dimensional spaces. One
of these methods takes more time to apply, but covers all cases. The other method is a
lot faster, especially for higher dimensions, but does cover only one of the infinitely many
cases.



List of Symbols

’ Symbol \ Description

G group
g element of GG
X character
v vector space
Aut(V) | the group of automorphisms of V'
v vector in V'
h positive definite Hermitian inner product
H representation invariant positive definite Hermitian inner product
k the class number of G, i.e. the number of conjugacy classes
N the order of G, i.e. |G|
p representation
f homomorphism of representations
| C, | the cyclic group of ordern. ]
D, the dihedral group of order 2n
Qs the quaternion group
Sn the permutation group on n elements
A, the alternating group on n elements
SO(3) | the group of orthonormal 3 x 3-matrices with det =1
SU(2) | the group of unitary 2 x 2-matrices with det =1

N

the tetrahedral group
2T the binary tetrahedral group
(0] the octahedral group
20 the binary octahedral group

I the icosahedral group
21 the binary icosahedral group
R”™ the group of vectors consisting of real numbers
cr the group of vectors consisting of complex numbers
H the group of quaternions

H, the group of quaternions of length 1

Please note that the symbol descriptions mentioned in the List of Symbols stand unless
stated otherwise.
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Introduction

Symmetries can be found all throughout mathematics, physics and other disciplines. In
physics for example, conservation laws follow from symmetries in the laws of nature.
Moreover, the heat capacity of materials depends strongly on the amount of symmetry
of the molecules that make up the material. In mathematics, placing as many spheres as
possible in a space forms a certain symmetrical lattice. A final example, “which played an
important role in the historical development of group theory” [I3], is the fact that there
does not exist an ‘abedef-formula’ to find all the complex roots of a given fifth degree
equation, az® + bx* + ca® 4+ dx? 4+ ex + f = 0. This was proven again using symmetries.
Representations, which are symmetries in the realm of linear algebra, found in different
objects might be classified as the same symmetry and vice versa, certain symmetries can
be found in a wild variety of locations and concepts.

Elementary particles are described by representation theory. Different types of parti-
cles use different irreducible representations of the same overall symmetry group. Their
study is of great importance in understanding particle physics on a fundamental math-
ematical basis. Maybe the regular representation of the icosians, 21, can be used to
describe the Standard Model of particles, because each family of particles seems to re-
quire irreducible representations of the same size. This is a conjecture by dr. Paul Visser.

The aim of this thesis is to build up to ways a vector space a regular representation
acts on can be split into representation invariant subspaces. Moreover, the representation
theory needed to get to this result is extensively treated to make the process understand-
able for undergraduates in applied mathematics. Treating representation theory is a goal
of this thesis on its own and more emphasis goes to the making of group tables. Several
standard books, theses and unpublished notes were consulted to study the representation
theory. For the splitting of the vector space in representation invariant subspaces two
methods were suggested, one by dr. Jeroen Spandaw and one by dr. Paul Visser. These
methods were described and compared to each other.

This thesis will be structured in the following way. In chapter [1| an extensive de-
scription of the relevant information concerning representation theory will be presented.
Chapter [2| will provide character tables of some elementary groups. More importantly,
the methods to make group tables that were presented in chapter [I| will be used. The
images of the irreducible representations of the groups D4 and Qg will also be presented
with respect to a chosen basis. These two groups will have a role in chapters [3| and
Chapter [3land chapter [ will each present a method to split a vector space a regular rep-



resentation acts on. Moreover, in chapter [3] the groups Dy and Qs, which have the same
order, will be compared as to how their only multidimensional (4-dimensional) isotypical
vectorspaces can be split.

This thesis is for a large part based on personal communication with dr. Jeroen Span-
daw and dr. Paul Visser. Moreover, several standard books were consulted. These books
are [3], [, [6], [8], [9], [11], [14], [I5] and [I6]. Most content in this thesis is already well
established in the field of representation theory. If no source is explicitly stated upon a
statement, either this statement is backed up by several of the standard books mentioned
or this statement is of my own work. If a source is cited, either this information is less
standard, which happens in section [4] or it is cited or paraphrased from that particular
standard source.

Lastly, to avoid some unnecessary repetition, a short list of symbols is given.



Chapter 1

Representation theory

This chapter aims to state and explain some of the key concepts in representation theory.
These concepts are well known in the literature, but may not be familiar to the reader.
Chapter 1 offers an introduction to representation theory.

First the concept of a representation will be given (section . Then the direct
sum of representations and accompanying theorems will be treated (section . In the
following sections Schur’s lemma (section and Schur orthogonality (section will
be illustrated. After that, the dual representation (section and tensor products are
treated (section . In section the regular representation will be presented. Lastly,
in section methods that help to construct a character table are presented.

1.1 What is a representation?

In this section the framework in which a representation is defined is given, accompanied
with some other definitions. Furthermore, an example regarding representations will be
presented.

1.1.1 The definition of a representation

A group G can be said to act on a set X. The following definition defines this concept:

Definition 1.1. Let X be aset. G issaid to act on X if there exists amap f: GXxX — X
given by (g,x) — g @ x such that:

Identity: eex =zxforallr € X
Compatibility: (g192) @z =gy @ (goex)for allgy,go € Gandx € X

Here e is the identity of G. If G acts on X, then the map f is an action of G on X. [5l
p. 97]

In representation theory such a group action is slightly modified to form a group ho-
momorphism. Instead of f : Gx X — X, amap p: G — XX is defined. In representation
theory, the set X has to be a vector space V. The definition of a representation is given:



Definition 1.2. A representation of G on V is a group homomorphism p from G to the
group of automorphisms of V:
p: G — Aut(V).
It is said that the dimension of the representation p is the dimension of V. [I0, p. 24]
These two interpretations of a representation are interchangeable by setting g e v =
p(g)(v) forall g € G, v € V, for gev as defined in definition[I.1]and for p a representation

as defined in deﬁnition Indeed, let f be an action of G on V and let p: G — Aut(V)
such that p(g)(v) =gev for all g € G and v € V. Now

P(9192)(V) = (9192) e v =g1 e (g2 0 V) =
g1 ¢ (p(g2)(v)) = p(g1)(p(92)(v)) = (p(g1) © p(g2))(V),

making p a group homomorphism.

Conversely, let p be a representation and let f : GxV — V be given by (g,v) — gev
such that g e v = p(g)(v) for all g € G and v € V. Now

eev=ple)(v)=v
and

(9192) @ v = p(9192)(v) = (p(91) © p(g2)) (V) = p(91)(p(g2)(V)) = g1 ® (g2 ® V).

Remark 1.3. Sometimes, instead of stating that p acts on V, it is stated that G acts on
V.

From now on all vector spaces that are considered will be finite-dimensional. Some
of the definitions and theorems defined later in this thesis are also properly defined for
infinite-dimensional vector spaces. However, in this thesis, we are only interested in
finite-dimensional vector spaces. After choosing a basis for V', the following function is
obtained:

p: G — GL(n, K).

Changing the basis of V sets:

p' g Pp(g) P, (1.1)
where P is a change of basis matrix. Such a change of basis should not alter the essence
of a representation p. p and p’ are said to be equivalent. From now on, all vector spaces
that are considered will be over the complex field, K = C. To this end, a representation

is a group homomorphism
p: G — GL(n,C).

Thus, depending on whether or not a basis for V' is chosen, either a representation is
a homomorphism
p: G — Aut(V),

or a representation is a homomorphism
p: G — GL(n,C).

Now that a representation is properly defined, another important definition is given:



Definition 1.4. The character x of p is the map

xX:G— K, g~ x(g) = tr(p(g))-
12, p. 11]

Indeed, the choice of basis vectors for V' does not affect x,(g), since

Xp () = tr(p'(9)) = tr(Pp(g)P~") = tr(P~" Pp(g)) = tr(p(g9)) = x,(9)-

Here P is a change of basis matrix as in equation [1.1

Moreover, all elements of G within the same conjugacy class have the same character.
Indeed,

Xo(9909™") = tr(p(9909™")) = tr(p(g)p(g0)p(g™")) = tr(p(9)p(g~ " )p(g0)) =
tr(p(99")p(g0)) = tr(plego)) = tr(p(90)) = Xn(90)

for any g € GG, which is shown in lemma [1.5

Lemma 1.5. All elements of G within the same conjugacy class have the same character.

Lastly, three other definitions are given:

Definition 1.6. A vector space W C V is said to be representation invariant if for a
representation p : G — Aut(V), p(g)(w) € W for any g € G and w € W. In particular,
W is said to be representation invariant under p or p-invariant if this holds for that
particular p.

Definition 1.7. p is said to be faithful if it is injective.

Definition 1.8. The degree of p, noted as deg(p), is the dimension of the vector space
V that p acts on.

Remark 1.9. Sometimes, instead of the degree of a representation, we speak of the di-
mension of a representation.

Since p is a group homomorphism, it holds that p(e;) = es. Here e; is the identity
element of the group G and es is the identity element of Aut(V'), which is, chosen any
basis, I, where n is the dimension of V. Hence

Corollary 1.10. x,(e1) = n =: Dim(V) = deg(p) for any group G and vector space V.
Here e; is the identity element of G.

1.1.2 Example

Take for example (G,V) = (S3,C?). The group S3 can act on C3 by permuting the
complex axes. That is, taking f as in definition f acts on C? as follows:

—
—

)Z ($2,$1,$3)T
): (x17x37x2)—r

) = (x27x37x1)-r

) = (21, 22,23) " , F((12), (z1, 22, 73)
) = (23,72, 21) " , F((23), (z1, 22, 23)
) = (23,71, 22) " , f((132), (z1, 72, 23)

F((1), (w1, 22, 23)
F((13), (w1, 22, x3)
f((123), (21, 22, 73)

—
—

—
—



Or, equivalently, regarding definition [T.2]

p((1) : (z1,20,23) " — (21,29, 23) " , p((12)) : (x1, 0, 23) T = (22,21, 23) "
p((13)) : (@1, 0, 23) " = (w3, 29, 21) " , p((23)) : (@1, 0, 23) " = (@1, 23, 22) "
p((123)) : (z1, 20, 23) " +— (23,21, 20) " ) p((132)) : (21,29, 23) " +— (22,23, 21) .

Due to the linearity of Aut(V'), only the basis vectors for V' have to be considered
to define how p acts on V. In general, let p : G — Aut(V) be a representation of G on
V. Let {by1,ba,...,by} be a basis for V, where the vector space V has dimension n.
Suppose p(g)(b;) = a1, ;b1 + az jbz + - + ay jbn, then

aii1 a2 ... Q1n

a1 Q22 ... QA2n
pg) =

an,1 Gn,2 . Qn,n

The standard basis for C3, {e1, ez, es}, is taken. Now

p((12))(e1) = ez ) p((23))(e1) = e1
p((12))(ez2) = e1 ; p((23))(e2) = e3
p((12))(es) = e3 ; p((23))(e3) = ea.
Hence,
01 0 1 00
p((12)= 11 0 0], p((23)=10 0 1 (1.2)
0 0 1 01 0

Due to the fact that a representation is a group homomorphism, only the generators
of G have to be considered. All function values of p for other group elements g € G follow
from the fact that p(g1g2) = p(g1) o p(g2). For completeness, the function values p(g) for
the other g € G are given as well:

10 0] 00 1
p(1) =0 1 0], p((123)= {1 0 0
0 0 1) 0 10
10 0] 0 1 0
p((23) =10 0 1], p((132)) = {0 0 1f.
0 1 0 10 o}

1.2 Direct sum

1.2.1 The definition of the direct sum of representations

A direct sum of two functions is defined as follows: Let f: A — B and g : C — D be two
arbitrary functions. Then:

(f®9g)(a,c) == (f(a), g(c)),



with (a,c) € (4, C). However, the direct sum domain of two representation is taken as G
instead of (G, G). The definition of the direct sum of representations is given (definition
T.11):

Definition 1.11. let p; : G — Aut(V}) and ps : G — Aut(V3) be two representations of
the same group G. Now,

(1 @ p2) == g (p1(9), p2(9))-

The direct sum of two representations p; : G — Aut(Vy) and ps : G — Aut(Vs) as
defined in definition is again a representation. The codomain of p1 & ps is the auto-
morphism group of the well known direct sum of vector spaces Vi @ Vao: Aut(V; @ V5).

Given bases for Vi and Vs, let the matrices A, and A,, represent pi(g) and p2(g)

respectively. Then

A, 0
APlEBPz = |: 6) A ] (13)

P2
represents p1(g) ® p2(g).

The definition of (ir)reducibility of representations is given (definition [1.12)):

Definition 1.12. If p is the direct sum of two or more representations, then p is said
to be reducible. Any of the representations taking part in the direct sum of p is a
subrepresentation of p. If p is not reducible, p is said to be irreducible.

Irreducible representations will have an essential role in representation theory as they
are the ‘building blocks’ of all the representations of a group.

Remark 1.13. Let p; : G — Aut(V) and ps : G — Aut(V3) be two representations.
Sometimes, instead of noting that p; is a subrepresentation of ps, it is stated that V;
or x, where x = x,,, is a subrepresentation of V5 or x’, where x' = x,,. Moreover,
sometimes, instead of noting that p is (ir)reducible, V; or x is said to be (ir)reducible
instead. Any alike statement can also be made. Whenever this is done, there is no
ambiguity regarding which representations are meant.

1.2.2 Essential theorems on representation theory regarding di-
rect sums

Corollary 1.14. Let p be the direct sum of two subrepresentations: p = p; @ p2. Then
deg(p) = deg(p1) + deg(p2)

Corollary [I.14] follows directly from the definition of the direct sum of representations.

Theorem 1.15. Let p; : G — Aut(Vi) and ps : G — Aut(V2) be representations. Let p
= p1® pa. Then x,(9) = Xp1 (9) + Xp»(g) for all g € G.

Regarding theorem [1.15] it is said that the character of the (direct) sum is the sum of
the characters.

Yet another definition is given, definition as well as a theorem (theorem [1.17):



Definition 1.16. Let p : G — V be a representation. An inner product (-|-) on V is said
to be representation invariant under p if (v1|va) = (p(g)(v1)|p(g)(vz)) for all g € G
and vq,vg € V.

Theorem 1.17. Let p : G — V be a representation, where V' is a finite-dimensional inner
product space, equipped with a p-invariant positive definite Hermitian inner product (- | -).
If W C V is a p-invariant subspace of V, then W is a p-invariant subspace of V as well.
Moreover, p = p; @ p2, where p; acts on W and ps acts on W, and V =W & WL.[12,
p. 14]

In order to apply theorem [1.17] a representation invariant positive definite Hermitian
inner product is needed. Such an inner product can be made of a positive definite Her-
mitian inner product h : V x V — C, as is stated in lemma [1.18] The proof of lemma
is clearly treated by B. Steinberg ([14, pp. 21,22]).

Lemma 1.18. Let o : V x V — C be a positive definite Hermitian inner product. Then
the inner product H : V x V — C defined as

H(vi,v2) = ﬁ S h(p(g) (va), p(9)(v2)) (1.4)

geG

is a representation invariant, under the chosen p, positive definite Hermitian inner prod-
uct.

Using lemma the following corollary is obtained.

Corollary 1.19. Any representation p : G — Aut(V) has a basis by ... by, for V such
that the matrix p(g) with respect to this basis is unitary for all g € G. Here a matrix A

is unitary if AA" =1 Moreover, (g7 1) = x(g). [12, p. 13]

As follows from theorem [1.17] a representation p on a vector space V that has a
representation invariant subspace W under p can be written as the direct sum of two
subrepresentations. These subrepresentations act on a lower dimensional vector space
than deg(p). The vector spaces these representations act on can have representation
invariant subspaces themselves. If such a vector space does not have a representation
invariant subspace it must be irreducible. Finally, since V is finite-dimensional, the
following corollary, corollary holds:

Corollary 1.20. Any reducible representation decomposes as the direct sum of irre-
ducible representations. [3, p. 7][I2, p. 14]

1.3 Schur’s lemma

Most of this section is based on hints given by dr. Jeroen Spandaw. Again, for nuances,
inspiration and theory, the mentioned standard books were also consulted.

1.3.1 The definition of a homomorphism of representations

Definition 1.21. Let p; : G — Aut(V1) and py : G — Aut(V2) be two representations.
A homomorphism between representations p; and po is a linear map f : V3 — V5 such



that
fp1(9)(v)) = p2(9)(f(V)), (1.5)

forall g € G and v € V.

If such a homomorphism f between representations as described in definition is
bijective, then f is said to be an isomorphism of representations and p; and p, are said
to be isomorphic, denoted by p; = po. This implies that V3 and V5 are isomorphic vector
spaces, denoted by V7 = V5. In order for f to be an isomorphism of representations,
V1 &V, is necessary, but not sufficient. [12] p. 37]

An extension of this definition of a homomorphism between representations is obtained
by setting p1 : G1 — Aut(V1) and ps : G2 — Aut(V3), where G # Ga. A homomorphism
between p; and ps is then defined as a linear map f : V3 — V5 such that

F(p1(9)(v)) = p2(h(9))(f(¥)),

where h(g) is a group homomorphism from G to Gs.

1.3.2 Properties of homomorphisms of representations

Suppose such a homomorphism f between representations as described in section [1.3.1
exists. We are interested in determining which homomorphisms between representations
are possible. At the end of this section Schur’s lemma will be presented.

Schur’s lemma part 1

let K C V; be the kernel of a homomorphism f of representations p; : G — Aut(V;) and
p2: G — Aut(V2). Let k € K. By definition, f(k) = 0. This implies that p2(g)(f(k)) =0
for all g € G. This in turn implies that f(p;(g)k) = 0. Hence, p1(g)k € K. Thus, K is a
representation invariant, under p;, vector space. Therefore, K is a subrepresentation of
V.

By definition f(v) € Im(f) for any v € V;. We have pi(g)v € Vi, since p; is a
representation, thus f(p1(g)v) € Im(f). Hence p2(g)(f(v)) € Im(f) and Im(f) is a sub-
representation of V5.

Suppose p; is irreducible. Since K is a subrepresentation of V; and p; is irreducible,
we have either K = {0} or K = V. If K = Vi, then f : v+ 0 for all v € V4. If however,
K =0, then f is injective. Thus, if V; is irreducible, then f = 0 or f is injective.

Now suppose instead that ps is irreducible. Since Im(f) is a subrepresentation of Vs,
but ps is irreducible, we have either f = 0 or Im(f) = Vo. If f = 0, then f: v — 0 for
all v € V4. If however, Im(f) = V5 then f is surjective. Thus, if V5 is irreducible, then
f=0or f is surjective.

Now suppose both Vi as well as V5 are irreducible. Suppose f # 0. Then, f is
injective, since V; is irreducible and f is surjective, since V5 is irreducible. Hence, f = 0



or f is bijective. In other words,
Im(f) = {0} or fis an isomorphism of representations. (1.6)

Now, suppose V7 and V5 are both irreducible and p; 2 po. f can not be an isomor-
phism, thus f is the zero-map.

Schur’s lemma part 2

Now we consider the case p; = p2. We denote this representation p; = p2 as p, which is
still assumed to be irreducible, and the corresponding vector space Vi = V5 as V. Now,
suppose again that V is irreducible. Clearly, if f is a multiple of the identity map, then
f is a homomorphism of representations. Next it will be shown that these are the only
options for a homomorphism of representations f in the above mentioned circumstances.

f:V — V is a linear map of complex vector spaces, thus f has complex eigenvalues.
That is, there exists A € C and v € V' \ {0} such that f(v) = Av. Let A\¢ be such a A.
Indeed,

(f=Xo-id)v=0, (1.7)
where id is the identity map.

As mentioned, \g - id is a homomorphism of representations. f is a homomorphism
of representations as well. Hence, their difference, f — Ag - id is also a homomorphism of
representations. Since equation holds for both the zero vector, 0, and at least one
other vector v € V, ker(f — Ao - id) # 0. Thus this kernel equals V itself. Therefore,
f(v)=A-vforall veV. In conclusion:

F=Xid (1.8)

Last of all, suppose again that V; and V5, are irreducible. Moreover, suppose that
p1 = p2, but p; and py are not necessarily identical. Since p; and ps are isomorphic there
exists an invertible function h, such that h(p1(g)(v) = p2(g)(h(v)).

Let f : Vi — V5 be an arbitrary homomorphism of representations. Since h and
f are both homomorphisms of representations, F := f o h~! is also a homomorphism
of representations. F' is a homomorphism of representations from Vs, to Vi, where po

acts twice on V. Indeed pa(g)((f © h™1)(v)) = pa(g) (F(h~1(v))) = F(pa(g)(h"1(v))) =
F(hY(p2(g)(v))) = (f o 1) (p2(g)(Vv)), where v € Vo. Thus F = X -v. But then
f=Foh=(\-id) o h = Ah, which makes f either an isomorphism or the zero map.
Schur’s lemma complete

Equations [I.6] and [L.§] give exactly Schur’s lemma, which is given in lemma [1.22

Lemma 1.22 (Schur’s lemma). Let p; : G — Aut(V;) and p2 : G — Aut(Vz) be two
irreducible representations of a group G. Then,

1. If f: V — W is a homomorphism of representations, then either f = 0 or f is an
isomorphism of representations.
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2. If f:V — V is an isomorphism of representations where the same representation
p works on both vector spaces V, then f is a scalar multiple of the identity iso-
morphism of representations, i.e. for a particular ¢ € C\ {0}: f(v) = cv for all
velVl

Schur’s lemma is at the very basis of representation theory as numerous sources, see
the introduction, show. In the following sections, and more important
theorems in representation theory will be presented. It goes too far to prove all of them,
hence, for a proof of some theorems there is referred to other sources, again, see the
introduction.

In the following sections, the irreducible representations of a group will be described
in great detail. Moreover, a method to decompose a representation into its irreducible
parts will be shown. Irreducible representations take an important role in the process of
grand orthogonalization.

1.4 Schur orthogonality

In this section a method to decompose a representation into its irreducible parts will be
shown, accompanied with elementary and powerful theorems. Most important, the Schur
orthogonality theorem will be presented.

1.4.1 The decomposition of a representation into irreducible rep-
resentations is unique

Corollary in subsection can be extended to theorem which reads as follows.

Theorem 1.23. The decomposition of a reducible representation into irreducibles is
unique. [12, p. 14]

Theorem [[.23]is of great importance in representation theory. Treating any of the in-
finitely many representations, indeed one can always make a new representation by taking
the direct sum of two other representations, can be reduced to treating the irreducible
representations it is made up of.

Moreover, we are interested in the exact decomposition of such a reducible representa-
tion. To this end, in the next subsection the Schur orthogonality theorem, theorem [1.25]
and several corollaries are presented.

1.4.2 Schur orthogonality
First an inner product is defined:
Definition 1.24. Let f1, fo be functions on G. Then,
1 .
(fr]f2) ::@Zfl(g)fé(g)' (1.9)

geqG

This inner product will be called the Schur inner product. [12} p. 14]

11



This inner product is Hermitian. Notice that inner product [I.9is conjugate linear in
the second argument whereas inner product is conjugate linear in the first argument.
Now in theorem the Schur orthogonality theorem is presented.

Theorem 1.25 (Schur orthogonality). Let G be a group with class number k. Then,

1. G has exactly k irreducible representations, p1, p2, .- ., Pk

2. The characters of the irreducible representations, x1,X2,-.. Xk, are orthonormal
with respect to the Schur inner product.[12, p. 14][9, p. 680][11 p. 15]

Corollary 1.26. An abelian group G of order N has precisely N one-dimensional irre-
ducible representations.

Corollary [I.26] follows directly from theorem and the fact that the class number,
i.e. the amount of conjugacy classes, of an abelian group equals its order.

The following two very useful corollaries, corollary and corollary follow from
the Schur orthogonality theorem.

Corollary 1.27. The decomposition of any representation p of G into irreducible repre-
sentations, p1, p2, ..., pr is given by

p=m1p1 G mep2D--- O mgpk.
Here, the multiplicities m; are unique and are determined by
m; = (Xp [ Xp,)-
12, p. 15]

Corollary 1.28. Let x be the character of a representation p. p is irreducible if and only
if (x, | x,) =1, where (-|-) is the Schur inner product. [I3]

Corollary gives us a criterion that works two ways to check whether or not a
representation is (ir)reducible.

Lastly, one more corollary will be presented, corollary [T.:29]

Corollary 1.29. Two representations are isomorphic if and only if they have the same
character. [12, p. 14]

Indeed, representations are entirely characterized by their character! The study of
irreducible representations and their characters is therefore of the highest interest. Indeed,
this is where the focus is on in the remaining part of this thesis.

1.4.3 Isotypical vector spaces are orthogonal

Let p = myp1 & maops @ --- B mipr be a representation acting on a vector space W. For
eachi =1,2,...,k, m;p; is said to be an isotypical component or isotypical representation
of p. Let the isotypical component mgpg of p act on the vector space Vo C W. Vj is said
to be an isotypical vector space of W, p or mgpo.

The following theorem, theorem holds. This theorem will be proven in this
subsection. The proof is made by dr. Jeroen Spandaw.
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Theorem 1.30. Let p : G — Aut(V). Isotypical subspaces of V' are orthogonal when
considering a p-invariant positive definite Hermitian inner product.

To prove theorem [T.30] let p; be an irreducible subrepresentation of a representation
p, which acts on V. Let S be the sum of all p-invariant subspaces of V' that p; acts on,
so S is p-invariant itself, and let U be any irreducible subspace of S that p; acts on. Let
p2 be an irreducible subrepresentation of p which is not isomorphic to p;. Let S’ be the
sum of all p-invariant subspaces of V' that ps acts on, so S’ is p-invariant itself, and let
U’ be any irreducible subspace of S’ that p acts on.

S and S” are indeed isotypical vector spaces: Suppose there exists such a vector space
U in V. If U is unique, then S = U. Otherwise there exists another such vector space
in V, say U. By irreducibility of U and U, UNU = {0}, so U U CS. HU U C S,
then there exists yet another such vector space U. This process terminates as S is finite-
dimensional. Hence S = @ p;. The same argument holds for S’. Now, V=5SaS5 @....

It has to be proven that any non-isomorphic irreducible subrepresentations of V', here
noted as U and U’, are H-orthogonal on V. Here orthogonality is taken with respect to
any chosen p-invariant positive definite Hermitian inner product H : V. x V. — C.

To this end, let 7 : V' — S be the H-orthogonal projection from V on S. In other
words, if v € V, v can be uniquely decomposed as v = v; + vg, where v; € S and
va € S+, Now, 71(v) = v1. Let p: U’ — S be the same function as 7, but with a smaller
domain.

It will be proven that the function 7 is a homomorphism of representations, i.e. that

w(p(g)v) = p(g)(w(v)) for all v € V. This is the same as proving that 7(p(g)(v1+va)) =
p(g)(v1), which is; due to the linearity of p, the same as proving that w(p(g)(v1) +
p(g9)(va)) = p(g)(v1). By the linearity of , this is the same as proving that

m(p(9)(v1)) + 7(p(9)(v2)) = p(g)(va)-

Since vi € S and since S is p-invariant, p(g)vy is also in S. Hence 7(p(g)(v1)) =
p(g)(v1). Thus is has to be proven that m(p(g)(vz)) = 0. This is true: Indeed, let
vy € St then p(g)ve € S* for all g € G, since S+ is p-invariant (see theorem [1.17)).

In conclusion, 7w : V' — S is a homomorphism of representations. Then the restriction
of V to the p-invariant subspace U’ of V, p: U’ — S is a homomorphism of representa-
tions as well.

It will be shown that the only homomorphism of representations between U’ and S is
the zero-map. To this end let ¢ be an arbitrary homomorphism of representations between
U’ and S. Indeed, due to the irreducibility of U’, either ker(q) = {0} or ker(q) = U’.
Suppose ker(q) = {0}. Then ¢ is injective. Hence, ¢’ : U’ — Im(U’) is bijective and
Im(U’) C S is isomorphic to U’. However, by uniqueness of decomposition of represen-
tations, see corollary [I.27] the only irreducible subrepresentations of S are py, not po,
which acts on U’. Hence Im(U’) can not be isomorphic to a subrepresentation of S.
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The only possibility is that ker(q) = U’, or, in other words, that ¢ : U’ — S is the
zero-map. Indeed, p : U' — S must be the zero-map as well. So every v € U’ splits as
v = 0+ vy with vy € St. Hence, all elements of U’ are H-orthogonal to S. Therefore
S Ly S’. We conclude that any non-isomorphic isotypical vector spaces are orthogonal
under H, which is what had to be proven.

1.5 Dual representation

Every representation p has a so-called dual representation. Its definition is given as
follows:

Definition 1.31. Let p : G — Aut(V) be a representation and let f : V' — C be an
element of Hom(V,C). The dual representation of p, denoted as p*, acts on Hom(V, C).
Given g € G and f € Hom(V,C), the dual representation is defined by:

p*(g) e f:v— flp(g~ (V).

The vector space Hom(V, K) is also called the dual vector space and is noted as V*.

The definition of the dual representation is of the same form as mentioned in defini-
tion [[.1] When denoting the dual representation as in definition [I.2] we get p* : G —
Aut(Hom(V,C)). For any representation p : G — Aut(V'), such a dual representation p*
exists.

It is true that this definition actually gives rise to a representation. To this end,

((9291) H(v)
P (91 92 )(¥))
“(g1 )P (95 ))(v)
91 (" (g5 1) (v)
=v = (p*(g1) ¢ (p* (g2 (V)
= ( 2) @ (p"(g1) @ f)

The following theorem can be attained (theorem [1.32)):

*

P (g291) ¢ f=v — f(p
v f

=v—f

/_\A/_\/_\
~— ~—

(p"(
=v = f((p"(
“(

Theorem 1.32. Let p be a representation with character x. The character of its dual,
p*, equals . [12] p. 26]

1.6 Tensor products

The tensor product can be seen, somewhat analogously to the direct sum, as a direct
product. In this section the tensor product will be properly defined. Then an important

theorem will be stated, namely that characters can be multiplied, forming again a repre-
sentation.

In order to achieve this, first definition will be given.
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Definition 1.33. Let F': V x W — Z be a bilinear map, where V, W and Z are vector
spaces. (Z, F) is said to be universal if for any G : V x W — U, there is a unique linear
map ¢ : Z — U such that G = ¢ o F. [3, p. 471][12, p. 28]

Such a universal bilinear map as defined in definition can be shown to exist [12]
p. 28] and be unique up to a unique linear isomorphism. This gives rise to definition

Definition 1.34. Let V be a n-dimensional vector space and let W be an a m-dimensional
vector spaces. The tensor product of V and W is the unique, up to unique linear isomor-
phisms, vector space denoted as V' ® W such that there is a universal bilinear mapping
F:VXW >VW,vxwr—vew, withv €V and w € W. Moreover, let by.bs...by,
be a basis for V and let cy.co...cm be a basis for W. Also, let V@ W := C™ be the
vector space that consists of n X m-matrices and where e j is the matrix with value 1 for
the element on the i-th row and j-th columns and all zeros elsewhere. Now the unique uni-
versal bilinear map F' : VW — VW is given by: F : VW — VW, F(b;, c;) = e;;.
Extending this function bilinearly gives:

n m n m
F Z z;bj, Z YiCi | = Z Z TilYi€ij-
i—1 j=1

i=1 j=1

Indeed V ® W has dimension nm. F(v,w) with v € V and w € W is denoted as v ® w.
12, p. 29]

Corollary 1.35. if by.bs...b, be a basis for V and if cy.ca...cy be a basis for W.
Then by ® ¢1,...,bi®c¢j,...,bn®Cm =€11,...,€ij,--.,€nm is a basis for Vo W. [3
p. 471][12, p. 29]

Somewhat analogous to the definition of direct sums of functions and representations
of the same group in subsection tensor products for functions whose domain is a
vector space and for representations of the same group will be defined.

Definition 1.36. Let f: A — V; and g : C — V5 be two arbitrary functions. Then:
(f®g)(ac):= fla)®g(c),
with (a,c) € (A,C).

However, in contrast to definition the direct sum domain of two representation
is taken as G instead of (G, G). Now:

Definition 1.37. let p; : G — Aut(V1) and ps : G — Aut(V2) be two representations of
the same group G. Now,

(p1 ® p2) == g+ p1(g) @ p2(9),

or equivalently:
(P1® p2) = g = p1(9) @ p2(9).

The tensor product of two representations p; : G — Aut(V;) and p2 : G — Aut(13)
as defined in definition [T.37] is again a representation. The codomain of p; ® ps is the
automorphism group of V@ W.

The following useful theorem, theorem that is analogous to theorem holds:
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Theorem 1.38. Let p; : G — Aut(V7) and p3 : G — Aut(V2) be representations. Let p
= p1 @ pa. Then x,(9) = Xp1 (9) - Xp»(9) for all g € G- [9, p. 668]

Regarding theorem [1.38] it is said that the character of the (tensor) product is the
product of the characters. To this end, the multiplying of characters gives rise to a new,
possibly reducible, representation.

1.7 The regular representation

Let G = {g1,92,...gn}, N = |G|, be a group. There exists a faithful representation
of G of dimension |G|, named the regular representation (p). Let {e1,ez,...en} be
the standard basis for the |G|-dimensional vector space CV. The regular representation
permutes all basis vectors, with respect to the corresponding group operations. In other
words, let g;, g5, g91x € G. If g; 0 g; = gk, then we define

p(gi)(e;j) := ex
. The word ‘regular’ means ‘transitive’ as well as ’free’, where ‘transitive’ means:
For allz,y € X, there exists ag € G'such thatg ez = y.
And were ‘free’ means:
Ifgex =z, theng =e.
[10, p. 23] Here, X is the set of the standard basis vectors.

The character of the regular representation is as follows. Since p permutes the standard
basis vectors and since, if g # e, p(g)(ei) # e;, all diagonal elements of p(g) equal 0, hence

Xp(g9) = 0 for all g € G\{e}. If g = e, then x,(g9) = deg(p) = N by corollary This
is stated in lemma [[.39

Lemma 1.39. Let p be the regular representation of G. The character of p equals
(N,0,0,...,0). Here N = |G|.

Using lemma [:39] the decomposition of the regular representation into irreducible
components will be obtained. The multiplicities of the irreducible representations p;, i =
1,2,...,k where k is the class number of G are obtained by taking the Schur inner product
of p; with p, by corollary To this end:

mi= (o 1x0) = 5 3 X6l9)0, ()
geG

= (VX (€) + 0 xpu (g2) + -+ 0 xpu (an)

N

1
= (VX (0))
= deg(p:).

This results in corollary
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Corollary 1.40. The multiplicity m; of the ¢-th irreducible representation p; in the
regular representation p is equal to deg(p;), i.e.

p=dip1 Ddapa® - D dpg.

Here d; = deg(p;) and k is the class number of G. Moreover,

Xp = d1Xp, +doXp, + -+ diXp,-

Evaluating this in g = e gives

k k
Gl = xple) =D dixp,(e) = Y i (1.10)
i=1 i=1

12 p. 18]

The regular representation will take a prominent role in the remaining part of this the-
sis. In chapters [3| and |4} the vector space CV, N = |G|, G acts on will be decomposed as
the direct sum of p-invariant vector spaces. Indeed, CV will be splitted into Zle d; =: 8
irreducible representation invariant vector spaces. In each chapter of chapters [3] and [] a
method in order to achieve this will be described.

In lemma [T.18 an p-invariant inner product H was defined. When considering the
regular representation (p), the standard complex inner product is p-invariant as well.
This is stated in theorem From now on, when referring to orthogonal vectors, this
is meant in the context of the standard complex inner product.

Theorem 1.41. The standard complex inner product is representation invariant for the
regular representation.

1.8 Ways to construct a character table

In subsection [1.8.1| will be defined what a character table is. Calculating character ta-
bles can be quite cumbersome. So far several helpful ways to find new characters were
discussed. In this section, even more methods will be presented in order to find new
characters.

1.8.1 What is a character table?

As noted in subsection [I.4.2] the study of irreducible representations and their characters
is of the highest interest. A character table is a way to present all characters of all
irreducible representations in a convenient way. A character table is of the following
form:
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Table 1.1: The general form of a character table. Here ‘x,, (Conjugacy class;)’ means the
value of x,,(g) for some g in conjugacy class j.

‘ Conjugacy class; Conjugacy classs e Conjugacy classy
p1 | Xp, (Conjugacy classi)  x,, (Conjugacy classs) ...  x,, (Conjugacy classy)
P2 | Xp,(Conjugacy classi) x,,(Conjugacy classs) ...  xp,(Conjugacy classy)
P | Xp.(Conjugacy class1)  x,, (Conjugacy classe) ... x,,(Conjugacy class)

As, by lemma [1.5] all elements of a conjugacy class have the same character, the
different conjugacy classes are considered in a character table rather than the individual
group elements g € G. Moreover, since the number of irreducible representations of G is
the same as its class number, a character table is square.

A character table can be expanded by adding for example the orders of the elements
in a conjugacy class, which are the same for all elements in the same conjugacy class.
Moreover, the order of the conjugacy class itself can be added. In the rest of this chapter
several methods that can help to construct a character table will be presented.

1.8.2 Orthogonality of the columns of a character table

As already seen in theorem the rows of a character table are orthonormal with
respect to the Schur inner product. However, the columns are also orthogonal, as stated
in the following corollary (1.42]).

Corollary 1.42. The columns of a character table are orthogonal considering the stan-
dard complex inner product. The columns are even orthonormal considering the following
inner product for two columns ¢; and c;:

(ei]ej) = V‘C”C

G

al RIUNE
Here a; ; is an entry of the matrix A which represents the character table of a group G.

1.8.3 Basic methods to construct a character table

First of all, equation [1.10]in section is of great use. Squaring the first column of the
character table component-wise and adding all these squares gives the order of G. This
rule reduces the amount of possible dimensions the irreducible representations can have
considerably. This method is used extensively and is a great way to start any character
table.

The trivial representation is the representation that sends all elements of G to es,
where ey is the identity element of V' G acts on. Choosing a basis for V', the trivial
representation sends all elements of G to 1. For any group G, the trivial representation
is always the first row in the character table.
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When considering one-dimensional representations, the characters of these represen-
tations are the same as the 1 x 1-dimensional matrices p(g), with ¢ € G, no matter the
chosen basis for V' p acts on. Every p(g) only has one degree of freedom. It is worth trying
to make equations that enormously reduce the possible one-dimensional representations
to a treatable amount of options.

Corollary stated that y(g~') = x(g). This fact can help in making a character
table.

In section [1.6| we have seen that characters can be multiplied. When multiplying char-
acters new, possible reducible, representation might be formed. In practice, this method
proves to be very useful.

Suppose pa = mip1 G map2 @ -+ B mypr and pp = n1p1 G ngp2 © -+ - B ngpy are two
representations of which the vector spaces V3 C W and Vo C W they act on respectively
are known. The decomposition of ps and pp might not be known. It can be easier to
decompose the representation that works on pg N pp (see corollary ??), provided that

paNpp # {0}

1.8.4 Filtering out known irreducible representations

Given is a representation p = mip; @ --- @ myp; where p1,...,p; are irreducible repre-
sentations. Suppose we know the character of [ — 1 of these irreducible representations.
Beforehand, it is not known what the value of [ is, whether or not these [ — 1 characters
correspond to irreducible representations and whether or not they partake in the direct
sum of p.

In order to determine whether or not such a representation p;, ¢ =1,...,l — 1 is irre-
ducible, we calculate the Schur inner product of p; with itself, i.e (x,,,xp;). As seen in

corollary Xp, 18 irreducible if and only if (x,,, xp.) = 1.

As we have seen in corollary in subsection we can check the multiplicity of
an irreducible representations p; within the representation p by taking their Schur inner
product (X,,, X,). Suppose this irreducible representation p; is in fact part of the decom-
position of p into irreducible representations, then x, — m;X,, is again a representation.

Check whether or not x, — m;X,, is irreducible. If this representation is irreducible,
then the obtained character might be new and can be added to the character table. If
this representation is reducible, then take another known irreducible representation and
check whether or not this irreducible representation is part of the decomposition of the
newly obtained reducible representation. This can be done until a newly obtained rep-
resentation is irreducible. If a newly obtained representation is indeed irreducible, we
have successfully 'filtered out’ all the other irreducible representations in p with respect
to their multiplicities.

Remark 1.43. In fact, any representation that is a subrepresentation of p can be ‘filtered
out’.
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1.8.5 Taking the orthogonal complement of W in V'

Suppose a vector space W is a representation invariant subspace of V', where p acts on.
By theorem WT in V is a subrepresentation of V. Suppose moreover that the
images of p and the subrepresentation of p acting on W are known. The character of the
subrepresentation of p acting on W' might be new and can be added to the character
table. Indeed, this is the same as ‘filtering out’ the representation acting on W from p.
However, now the actual representation acting on W' is known, not just the character.

1.8.6 The pulling back method

Let G be a group of which we want to state the character table. Let N be a normal
subgroup of G. Hence, G/N is a quotient group. Suppose we know a representation of
G/N, that is, we have a homomorphism p : G/N — Aut(V), where V a vector space.
There also exists at least one group homomorphism from G to G/N, namely the canonical
(or natural) homomorphism: ¢ : G — G/N, ¢(a) = aN.

Consider lemma [[.44]

Lemma 1.44. Let G, G2 be two groups and let f : G; — G be a group homomorphism.
Then all elements in a conjugacy class of G; are mapped to one conjugacy class of Gs.

Now, p2 = po ¢ is again a homomorphism. Let C' be a conjugacy class of G. p(C) is,
or is part of, a conjugacy class in G/N by lemma which has a single character in the
character table. Hence, only by looking at the function p, the characters in the character
table of G/N can be transferred to the character table of G, taking into account which
conjugacy classes of G are mapped to which conjugacy classes of G/N by p. We call this
process ‘pulling back’.
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Chapter 2

The groups Cna V4, SS? Q87 D47
T and 2T

In this chapter several group tables will be made using the theorems and methods de-
scribed in section [I} The groups that will be treated are C,,, Vi, S3, D4, Qs and T = Ay.
Certain elementary properties of these groups will be regarded as known, such as their
conjugacy classes and normal subgroups. The other rotation groups, besides T', of the
Platonic solids as well as their double covers will briefly be introduced. Moreover, the
explicit images of the irreducible representations of Dy and Qg will be determined. In
chapter [3| and chapter 4| two methods to find representation invariant subspaces of CV,
where N is the order of a group G, will be presented.

2.1 The character table of C,

As described in theorem [I:25]in subsection[I.4.2} the number of irreducible representations
of a group equals it’s class number, i.e. the amount of conjugacy classes G has. As C,, is an
abelian group, it has n conjugacy classes, thus n irreducible representations. Intuitively,
as C,, denotes circular operations, rotations of the plane will be a good starting point.
Indeed, multiplying with one-dimensional complex matrices, given a basis for V' with
dim(V') = 1, of the form

oo (w227 o

with @ = 1,2...n, agrees with the representation requirements.

To this end, the group elements of C, are numbered agreeing to their power. g¢;
generates all of C),. g1 can be any element of expression [2.1 Hence all n irreducible
representations are already given. The character table is given in table
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Table 2.1: Character table of C,,

Conjugacy class | {e} {c'} e {c"1}
x1| 1 exp (iZX) ... exp((n—1)iZF)
x2 | 1 exp (2i=Z) ... exp((n—2)iZX)
X’n: 1 exp ((n - 1i2x) .. exp (227”)

2.2 The character table of V;

As Vj is abelian, it’s class number is the order of the group itself, which is four. Let
the elements of V; be denoted as e,a,b and ¢, where e is the identity element. As these
representations are all one-dimensional, the following equations hold:

Xo(9)? = Xp(e) = 1, (2:2)
for g € {a,b,c}. Hence, a,b,c € {1,—1}. Moreover, the following equation holds:
Xp(a) : Xp(b) = Xp(c) (2.3)

These two equations, and result in the character table in table

Table 2.2: Character table of V}

Conjugacy class | {e} {a} {b} {c}
1 1

x1| 1 1

Yo 1 1 -1 -1
sl 1 -1 1 -1
vl 1 -1 -1 1

2.3 The character table of S;3

More often than not there are several ways in which a character table can be obtained.
In this section three ways to obtain the character table of S35 will be shown. In subsection
[2:3.1] equations related to one-dimensional representations and Schur orthogonality are
used. In subsection a three-dimensional interpretation and a check for reducibility
are used. Lastly, in subsection the same 3-dimensional interpretation as in subsec-
tion [2:3.2]is used, however instead of checking for reducibility, an orthogonal complement
is taken.

There are more ways to find the character table of S3 than the ones presented here.
Multiple ways are shown to give the reader a view on the ways several lemma’s, theorems
and corollaries described in chapter [I| can be used. What is more, in certain situations
certain methods work better than others. By presenting several ways, the process of
making character tables and all that can come with it is treated in a more comprehensive
way.
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The conjugacy classes of S3 and the dimension of its representations

The conjugacy classes of S3 are: {(1)}, {(12),(13),(23)} and {(123),(132)}. Hence, S3
has three different irreducible representations. By corollary |S3] = 2?21 d?. Hence,

2.
the representations p1, p2, p3 have degree one, one and two respectively.
2.3.1 One-dimensional representations and Schur orthogonality

The first representation is again the standard representation. The second representation
is one-dimensional, so we try to make equations that result in the character, and even
image, of pa. The following equations hold:

Xp2 (1) = X, ((123)(123)(123)) = X, (((123))°
Xp2 (1) = X, ((123)(132)) = X, ((123))?

Hence, x,,((123)) = 1. Now, since x,,((12)(12)) = x,,(e), either x,,((12)) = 1 or
Xp,((12)) = —1. The first option gives the standard representation, hence the second
option gives the second representation.

Now using Schur orthogonality, the last character is obtained, which makes the char-
acter table of S3 complete, see table [2.3]

Table 2.3: Character table of Ss

Conjugacy class | {e} {(12)} {(123)}
1 1

X1 1
Yo | 1 -1 1
s | 2 0 1

Using equations for one-dimensional representations does not always complete a char-
acter table. That is why another way to make the character table of S3 will be presented.

2.3.2 Filtering out irreducible representations

Let S3 act on C? as described in subsection The matrices p((12)) and p((123)) are
then as in equation The following character is obtained: x : (3,1,0). This character
is reducible since 32 > 6 or alternatively, since (x| x) # 1.

The trivial character, Xtrivial i a subcharacter of x. Indeed, (Xtrivial|X) = 1 # 0.
Therefore, xnew = X — Xtrivial 1S again a character of a representation of S3. This character,
however, is irreducible. Indeed (Xnew | Xnew) = 1. Again, for example, Schur orthogonality
can be used to obtain the last character of S3.

2.3.3 Taking an orthogonal complement

Again, let S5 act on CV as described in subsection Notice that the trivial repre-
sentation acts on the space W = Span(1,1,1)" C C?. By theorem W in V is also

23



acted on by a representation, say p’, of Ss.

Vectors (1,—1,0)T and (1,0,—1)7 form a basis for W+. Making matrices p’((12))
and p'((23)) with respect to this basis gives:

p((12)) = [_01 ﬂ, p((23)) = E) é}

Again, the character y = (2,0, 1) is obtained. Moreover, all matrices p’(g), for all g € S
are obtained for a particular basis. Again, for example, Schur orthogonality can be used
to obtain the last character of Ss.

2.4 The character tables of ()5 and D,

The group Qg consists of the quaternion elements
1,—-1,4,—4,5,—4, k,—k
and the group Dy consists of all rotations (r) and reflections (s) of the square, i.e.
e,r,r2,r3, 5,708, 12058, 0s,

where e is the identity element. Both of these groups have the same order, and, as we
will see, the character tables of Qs and D, are the same. Hence, they are treated in the
same section.

We start by stating the conjugacy classes of both Qg and D4. The conjugacy classes

of Qg are
({1}7 {_1}7 {Z" _i}a {]a _j}a {ka _k})

The conjugacy classes of D, are

({e}, {7’2}, {r, T3}7 {57T2 os},{ro 877“3 0s}).

Now we take a look at the dimensions d; of the irreducible representations of D4. Since
D, has 5 conjugacy classes, it also has 5 irreducible representations, see theorem [T.25]
We know that by corollary |Dy| = Z?zl d?. All d; are in N, so the only possible

option based on this theorem is: (d1,ds,ds,ds,ds) = (1,1,1,1,2). The same holds for the
group Qs.

Note that e, r? is a normal subgroup of Dy. Hence Dy/{e,7?} =2 Cy x Cy =2V} is a quo-
tient group of Dy. Using the pulling back technique as described in section|1.8.6{and know-
ing the characters of the irreducible representations of Cy x Cy = Vj beforehand, we al-
ready know the following four characters of Dy: (1,1,1,1,1),(1,1,1,-1,-1),(1,1,-1,1,-1)
and (1,1,—1,—1,1).

Now, by using Schur orthogonality of irreducible representations, the last character of

the character table of D4 can be calculated: (2,—2,0,0,0). Hence, we know the characters
of all irreducible representations of D,. The character table is given in table
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Table 2.4: Character table of Dy

Conjugacy class | {e} {r?} {r,r3} {s,r?0s} {ros,r3os}
xi| 11 1 1 1
ol 11 1 1 1
ol 11 1 1 1
wal 11 1 1 1
Ys | 2 =2 0 0 0

The group Qs has {1,—1} as normal subgroup. We have Qs/{1,—1} = V,. Again,
using the pulling back method as described in section [1.8.6|and using Schur orthogonality,
we find the same character table for Qg as for Dy, see table

Table 2.5: Character table of Qg

Conjugacy class | {1} {-1} {i,—i} {j,—4i} {k,—k}
a1 1 1 1 1
Yo | 1 1 1 1 ~1
xs | 1 1 ~1 1 ~1
Ya | 1 1 -1 1 1
s | 2 =2 0 0 0

2.5 The Platonic solids

Platonic solids are the three dimensional objects that consist of regular polygons. Sub-
sections and will be mainly based on the thesis of G.M.C. van Ittersum.

2.5.1 The groups SO(3) and SU(2)

The special orthogonal group, denoted by SO(3), is the group of linear rotations of a
three-dimensional real vector space. Its elements can be represented by all orthonormal
3 X 3-matrices. The group operation is defined by composition of linear mappings. The
group SO(3) is at the basis of the rotation groups of the Platonic solids as soon will be
shown.

The group SU(2) consists of all 2 x 2-dimensional unitary matrices with det = 1. Each
of these matrices can be represented by a unit quaternion, also known as a versor. The
group of unit quaternions, which is isomorphic to SU(2), is denoted as H;. [2]

A rotation of a vector in three-dimensional space can be interpreted as a quaternion
multiplication. To this end, given an orthonormal basis, let x = (z1, 22, x3) be a vector in
a three-dimensional vector space V. To apply quaternion multiplication, with ¢ € Hj, the
vector x is denoted as the quaternion 0 4 x1i + 22§ + x3k. Indeed, gzg~" is again of the
form 0+ ai+bj+ck, which will be the vector (a, b, ¢) in V with respect to the chosen basis.
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In fact the mapping SU(2) — SO(3),p(q) : © — qwq~"' is a group homomorphism.

This homomorphism is two-to-one [I7), p. 113],[13]. This two-to-one map can be used to
form so called binary groups of the rotation groups of the Platonic solids. These binary
groups are denoted as 27", 20 and 2I. Their order is twice the order of their rotational
counterpart. 27, 20 and 21 are said to be double covers of T', O and I respectively. They
are the pre-image of, respectively, the groups T, O and I under the given two-to-one
group homomorphism. These six groups will be further illustrated in subsection [2.5.2

2.5.2 The groups 7, 27, O, 20, I and 21

The groups T, O and I are the rotation groups of the Platonic solids in R3. The group T
rotates the tetrahedron, the group O rotates the cube and its dual, the octahedron, and
the group I rotates the icosahedron as well as its dual, the dodecahedron. T, O and I are
respectively called the tetrahedral group, the octahedral group and the icosahedral group.
As these groups rotate the three-dimensional Platonic solids such that the Platonic solids
are mapped onto themselves in three-dimensional space and preserve orientation, these
groups are finite subgroups of SO(3) [17, p. 141], [8, p. 3]. In fact, T, O and I are, besides
the cyclic groups C,, and the dihedral groups D,,, the only subgroups of SO(3)[I7, p. 114].
Moreover, by the two-to-one mapping from SU(2) to SO(3), the groups 2T, 20 and 27
are subgroups of SU(2).

2.5.3 The character table of T'= A,

The tetrahedral group T is isomorphic to A4 [7, p. 16]. To this end, we consider the group
Ay. The conjugacy classes of Ay are

1= {e}

2 ={(12)(34), (13)(24), (14)(23)}
3a = {(123), (134), (142), (243)}
3b = {(132), (143), (124), (234)}.

Here 1,2 and 3 stand for the order of the elements in that particular conjugacy class.

Since A4 has 4 conjugacy classes, it also has 4 irreducible representations, see theorem
We know that by corollary |A4| = Z?zl d?. All d; are in N, so the only

possible option based on this theorem is: (d1,ds,ds,ds) = (1,1,1,3).

Note that Vj is a normal subgroup of A,. Hence A4/{V4} = C5 is a quotient
group of A4. Using the pulling back technique as described in section [I.8.6] and know-
ing the characters of the irreducible representations of C3 beforehand, we know al-
ready the following three characters of Ay: (1,1,1,1),(1,1,exp (ZQT’T) , €Xp (247”)) and
(1,1,exp (14{) , eXp (@2{))

Now, by using Schur orthogonality of irreducible representations, the last character of

the character table of A4 can be calculated: (3,—1,0,0). Hence, we know the characters
of all irreducible representations of A4. The character table is given in table
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Table 2.6: Character table of T

Conjugacy class ‘ 1 2 3a 3b
x1 |1 1 1 1
xe | 1 1 exp Ezi;; exp Ezzg”;
xs |1 1 exp(i=F) exp(isF
x4 | 3 -1 0 0

2.5.4 The character table of 2T
This subsection is based on pp.51-56 of [12]. Since 27 is a subgroup of Hj, its elements
can be represented by unit quaternions. The conjugacy classes of 2T are the following
1={1}
2={-1}

1
3a {—2(1 +it+j+ k) 0or2 minuses}

1
3b= {—2(1 titjtk)1lor3 minuses}
4= {(i4 ]+ R}

1
6a = {2(1iiijik‘)| 0or2 minuses}
1
6b = {2(1 titjtk)1lor3 minuses} 121 p. 54]

Again, by corollary |2T| = 23:1 d?. All d; are in N and the only possible option
is: (dla d27 d37 d4a d57 dG) d7) = (1a 1,1,2,2,2, 3)

The group {1, —1} is a normal subgroup of 27". Hence 27/{1,—1} = T is a quotient
group of 27". Using the pulling back technique and knowing the characters of the irre-
ducible representations of T beforehand, we know already the following four characters
of 2T

X1 = (17 17 17 13 17 17 1)

= (1t (1257 ) cexp (1257 )  Lexp (257 ) exp (12T
X2 = ) 1, €XP 3 , €Xp 3 y 1, €XP 3 , €XP 3
4.7 2.7 4.7 2.7

X3 = <1,1,exp (z >,exp (zg),l,exp (z ),exp (z 3 ))

X7 = (3, 37 07 Oa 717 07 O)

Now we define a two-dimensional representation, say p4, of 27". Since all elements of
2T are unit quaternions, as are all elements of (Jg, the same representation as in subsec-
tion will be described is taken. Again, as will be done in subsection {1,7} is
chosen as basis for H 22 C2.
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To obtain x4, pa(a + bi + ¢j + dk) with respect to the basis {1,;} is determined. To
this end,

pala+bi+cj+dk)1)=a—bi—cj—dk=a—bi+ (—c—di)j
pala+bi+cj+dk)(j)=jla—bi—cj—dk)=c—di+aj+bk=c—di+ (a+bi)j

Hence,

. . a—bi c—di
pala+bi+cj+dk) = {—c—di a+bi]'

Now, xa(a+bi+cj+dk) = a—bi+a+bi = 2a. Taking the real part of an element of each
of the seven conjugacy classes an multiplying with two gives chiy : (2,-2,—1,-1,0,1,1).

In order to obtain y5 and xg, theorem is used. First, the product of yo and x4

is taken. This gives
U 4w 0 2-m 4.7
—e e e .
» “€Xp | 3 » U, €XpP | T 3 »€XP | T 3

The Schur inner product of x2x4 with itself equals one, thus y2x4 is a newly obtained
irreducible character of 2T, say xs.

2
X2X4 = (27 —2, —exp (Z

In the same way s,

(9 o 4-m 2 T\ 4-m 2
X3X4 - b ) eXp 7’ 3 ) eXp Z 3 b ) eXp l 3 ) eXp l 3 )

is obtained as the product of x3 and x4.
The complete character table of 2T is given in table

Table 2.7: Character table of 2T

Conjugacy class | 1 2 3a 3b 4 6a 60
x1 | 1 1 1 1 1 1 1
xe |1 1 exp (i%7) exp (i4F) 1 exp(i%F)  exp (i%F)
X3 ; 12 exp (il%) exp 212'7”) (1) exp (1147”) exp (1127”)
X4 - - —
X5 |2 —2 —exp (ZH) —exp (ZM) 0 exp (12—”) exp (14—”)
X6 g —32 —expo(z"lz“) —expo(i%r) O1 exp (0142“) exp (0222”)
X7 -
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Chapter 3

Comparing the groups ()3 and
D,

In this chapter we will compare the groups s and D4 as a worked out example for
how the first method, proposed by dr. Jeroen Spandaw, splits C®, where the regular
representation (p) acts on, into p-invariant subspaces. Doing this for both Qg as well as
for D, is especially useful as these two groups have the same character table. Here Qg
consists of the quaternion elements

17 715 ia 71‘3‘7‘7 7j7 ka —k
and Dy, consists of all rotations and reflections of the square, i.e.

6,7",7"2,7"3,8,7"08,7"2OS,T3OS,

where e is the identity element.

First of all, C® will be split into p-invariant isotypical components for D, as well as
for Qs (section . After that, the isotypcial components of higher dimensions (> 2)
will be split into its representation invariant parts (section . Last of all, the regular
representation will be shown in block diagonal form for both Qg and Dy.

3.1 Splitting the regular representations of ()5 and Dy,
into isotypical subrepresentations

In this section C?® will be split into p-invariant isotypical components. This is done for
the group D, in subsection and for the group Qg in subsection

3.1.1 Splitting the regular representation of D, into isotypical
subrepresentations

First the regular representation (p) is defined by numbering the group elements of Dy
and making a basis for C8. To this end, let g1 = e,g0 =12, g3 =1, g4 = 72,95 = 8, g6 =
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r20s,g7 =ros,ggs = r>osand let eq, eq, ..., eg be the standard basis of C®. As stated in

section if g; 0 g; = gr, with ¢, 95, gx € G, then the regular representation p is defined
as p(gi)e; = ex.

Now that the character tables for Qg as well as D4 are made, we are interested in
an actual decomposition of the regular representation (p) into all subrepresentations. By
corollary the regular representation p splits in all the irreducible representations as
follows:

p=dipr Ddap2 ® ... DB dppy,

where k is the number of irreducible representations and d; is the dimension of the irre-
ducible representation p; for all <. Hence:

Dy:p=p1®p2®p3®psD2ps5
Qs :p=p1®p2®ps D ps®2ps.

Since the regular representation can be written as a direct sum of irreducible rep-
resentations, there exist matrices corresponding to elements of Aut(C®) in which these
matrices are in blockdiagonal form. Different irreducible representations will be pairwise
orthogonal, see theorem [L.30} To this end, we will find vectors in C® corresponding to
exactly one irreducible subrepresentation of p.

From the character table it is known that D4 has four representations of dimension
one. This means that one of such a representation is the span of a single vector, say
x = (1, %2, 23, T4, 5, T, T7,2) . For such a one-dimensional representation, say p;,i =
1,2, 3,4, the following equations hold:

pg1)x = Xp, (g1)x
p(g2)x = Xp,(92)x

p(g8)x = Xp, (98)%.

For instance, for the trivial representation (p;) of p the following equations hold:

p(g1)x
p(g2)x = x
p(gs)x = x



Equivalently,

ri1€1 + Toeq + x3ez + xrgeq + x5€5 + g€ + T7€7 + Tgeg = r1€1 + o€ + - - - 4+ Iges
Tro€1 + T1€ep + Tye3 + T3€e4 + Tg€5 + T5€6 + Tg€7 + T7€8 = Tr1€71 + Tgeg + - - - + Xges
r4€1 + Tr3eg + Troez + xr1eq + x3€5 + r7€6 + T5€7 + Tgeg = r1€1 + Troeg + - - - + xges
T3e1 + Tr4€2 + T1€3 + To€4 + XT7€5 + Tg€g + Tge7 + Tseg = xr1€1 + Toe2 + - + Tgesg
T5€1 + Teez + Tseg + Trr7€q + x1€5 + To2€g + r4€7 + T3€8 = x1€1 + To€2 + - + Tgesg
Te€1 + Tsez + Treg + Tgeq + T2€5 + T1€6 + T3€7 + T4€8 = T1€1 + T2€2 + -+ + Tgesy
T7€1 + Tgez + Tseg + Teeq + T3€5 + T4€6 + T1€7 + To€8 = T1€1 + To€2 + -+ + Tgesy
rge1 + rreq + xrgesz + rzeq + xy4€5 + r3€g + ro€7 + r1€8 = r1€1 + roeo + - - - 4+ Iges.
Equivalently,
($1,$2,$3,$4,$5,$6,$779€8) (9017552,963,$4,$57$67$7,$8)
(I L1,T4,T3,T6,L5,T8, T 7) = (I s L2, L3,L4,T5,Te,L7,T 8)
(J) 3,X2,L1,28,XL7,T5,T 6) = (.L“ s L2y, L3,L4,T5,Le, L7, L 8)
(3, %4, 21, X2, T7, T8, T, T5) = (T1, 22, T3, T4, Ty, L6, L7, Tg)
(z5, %6, T8, T7,T1, T2, T4, T3) = (T1,T2,T3, T4, T5, T6, T7, T3)
(13 T5,L7,L8, L2, L1,T3,T 4) = ([E s L2, L3,L4,T5,Le, L7, L 8)
(I T8y X5, Ly L3, L4, T1,L 2) (.Z‘ s L2y, L3,L4,T5,Le, L7, L 8)
(zs, x7, 6, 5, Ta, T3, T2, T1) = (T1, T2, T3, T4, T5, Te, T7,T8).
Equivalently,

1 =Ty =3 =4 =Ty = Tg = X7 = Tg.

Hence, the subrepresentation p; of p is generated by the vector (1,1,1,1,1,1,1, 1)T =:aj.

We can do this for any one-dimensional representation. We get the following subspaces
of C8, representing all the one-dimensional representations of Dy:

The subrepresentation p; of pis generated by the vector (1,1,1,1,1,1,1, l)T =:a;
(3.1a)
The subrepresentation ps of pis generated by the vector (1,1,1,1,—1,—1,—1, —1)T =:ag
(3.1b)
The subrepresentation ps of pis generated by the vector (1,1, —-1,—-1,1,1,-1,-1)" =:ag
(3.1c)
The subrepresentation p4 of pis generated by the vector (1,1, —1,—1,—1,—1,1, 1)T =: ay.
(3.1d)

Now, only subrepresentation 2ps5 of p still needs to be found. This representation is
orthogonal to p; ® p2 ® ps © ps in CB. A basis for

11 1 1 1 1 1 1

11 1 1 -1 -1 -1 -1
A T T T R T T SR B
11 -1 -1 -1 -1 1 1
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is for instance:

1 0] o] [o
~1| {o]| |o] |o
0 1 of |o
of [-1f |o| |o
B={lol: 1ol 1ol 1 (3.2)
of (o |-1| |o
of o] |o 1
o] o] [o] [~

with by, bs, bs, by, the respective basis vectors.

However,
p(s)(b1) = p(s)(e1 —ez) = es —eg = bs
p(s)(bz2) = p(s)(e3 —eq) = eg —er = —by
p(s)(b3) = p(s)(es —eg) =e1 —ez = by
p(s)(ba) = p(s)(er —es) = e4 —e3 = —bs
Hence,
0 0 1 0
0o 0 0 -1
PVs (S) = 1 0 0 0|’
0 -1 0 O

with respect to by, bg, bg, bys. This matrix is not in block diagonal form. Thus z1by +
29ba, with 21,29 € C is not a representation invariant subspace. If we let b, := bg and
b4 := by however, we get:

01 0 0

(s) = 10 0 O
PR =10 0 0o —1|°

0 0 -1 0|

which is block diagonal. But then,

0 0 -1 0]

(r) = 0 0 0 -1
Pl =11 0 0o o]

01 0 0]

which is not block diagonal.

Unfortunately, no two vectors out of by, ba, bs, by will form a representation invariant
subspace of V5. However, such a representation invariant subspace, and therefore block
diagonal matrices p,.(g) for all g € G exists as 2p5 is reducible. We write V5 = Vi &
V2, where Vi' and Vi are two two-dimensional representation invariant subspaces of
V5. Notice that p,,(g) is block diagonal for all g € G if p,,(g) is block diagonal for all
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generators of G. In the next subsection [3.1.2) we will find all possible basis vectors of Vs
such that two representation invariant subspaces, Vi and V2, are formed. That is, half
of the found basis vectors for Vs will be a basis for V' and the other half will be a basis
for V2.

3.1.2 Splitting the regular representation of (Jg into isotypical
subrepresentations

Again, the group elements are numbered, this time of group Qg. To this end, let
g1=192=-1,93=14,91= —1,95 = j, g6 = —J, 97 = k,gs = —k and let e, ez, ..., eg be
the standard basis for C8.

The four one-dimensional representations within the regular representation of Qs, p,
are found analogously to the ones of Dy. They are precisely as in equations [3.Tk.

The subspace V5 as mentioned in subsection [3.1.1] and the basis B for V5 as in equation
[3:2 can also be completely copied. However, the representation acting on this space must
be different, as Qg is different from Dj,.

1 and j are generators for QQg. p of these generators on the basis vectors of B result
in:

p(i)(b1) = p(i)(e1 — e2) = e3 —eq = ba
p(i)(b2) = p(s)(ez —eq) = €2 —e1 = —by
p(i)(bg) = p(s)(es —eg) = e7r —eg = by
p(i)(bg) = p(s)(er —eg) = e —e5 = —bg
p(j)(b1) = p(s)(e1 —ez) = e5 —eg = bs
p(j)(b2) = p(s)(es —eq) = eg —e7 = —by
p(j)(b3) = p(s)(es —eg) = ez —e; = —by
p(j)(ba) = p(s)(er —eg) = e3 —eq = b2
Hence,
(0 -1 0 0]
) 1 0 0 0
pvs (i) = 0 0 0 -1
0 0 1 0]
(0 0 -1 0]
. 0 0 0 1
pvs(J) = 1 0 o ol
0 -1 0 o0

which are not both block diagonal.
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3.2 Splitting irreducible representations of D; and Qg
of dimension > 2 into their irreducible components

In section(C8 is split into representation invariant, with respect to the regular represen-
tation, isotypical components. In this section these isotypical components will be further
decomposed. In subsection this will be done for the group Dg and in subsection

this is done for the group Qs.

3.2.1 Splitting irreducible representations of Dg of dimension > 2
into its irreducible components

Consider the elements of Dy to act on a square (in R?), where r is a rotation of 5 radians
and s is a reflection in the z-axis. This gives the unique irreducible two-dimensional
representation of Dy (ps). Take e; and eg as basis vectors for C2. Now,

=) 3]
p =y

The mappings of the other six group elements of D, follow from these two generators of
Dy (r and s).

Hence, the block matrices of 2p5 = p5 & ps of the generators of D, are given by:

0 -1 0 O

1 0 0 O
(ZPS)(T) 10 0 0 —1

0 0 1 0]

(1 0 0 0]

0O -1 0 0
(2p5)(8) - 0 0 1 0 )

0 0 0 —1]

which are both block diagonal.
In order to find all possible basis vectors C' = (c1, 2, €3, cq) of 2p5 such that (2p5)(g)

with respect to the basis C' are block diagonal for all g € G, all possible change of basis
matrices L must be found such that

Lo (2p5)(g9) o L™ = py,(g) (3.3)

for all g € GG, or equivalently, for all generators of G. Here p,, is taken with respect to
the basis B. In this way,
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The matrices L that agree with equation [3.3] for the generators of Dy, i.e. r and s,

0 -1 0 0 0 -1 0 0]
1 0 0 0 1 0 0 0
9="1o 0 o -1|¥=Llo 0o 0o -1
0o 0 1 0] 0o 0 1 0]
0 0 1 0] 1 0 0 0]
0 0 0 —1 0 -1 0 0
9=511 o o o|*=Flo 0o 1 o]
0 -1 0 0] 0 0 0 —1]

are of the form:

qg p s r
We have det(L) = 4(ps — gr)?. Thus L will be invertible if and only if ps # gr.

Now, the vectors of the basis C' are formed by expressing the columns of P in the
basis B. To this end, let B’ = [bl by bs b4]. Now, let C’ = B’L. The columns of
C’, expressed in B form a basis for 2ps in C®. This results in:

c1 = pby — gb2 + pbs + gby
c2 = gb1 + pb2 — gbs + pby
Cg = ’I’bl — sz + 'I"b3 + Sb4
Cq = Sbl + T‘b2 — Sb3 + T‘b4,

which gives

c1 =p(er —ez) —q(es —eq) +p(es —eq) + q(er — eg)
c2 = g(e1 —e2) +p(es —eq) —q(es —eg) + pler —es)
c3 =r(eg —ez) —s(eg —eq) +1(es —eg) + s(er — eg)
ca=s(e; —ez) +r(es —eq) —s(es —eg) +r(er —es).
Hence,

= (=D — 4,40, —p: 0, —q)

= (¢,—4¢,p,—P, ¢, 4,0, —p)"

= (r,—r,—5,8,1,—T,8,—5)

(87—8 =T, —8, 8,7, 1),

)

where, indeed, C' = (cl,cz, c3,C4) is a basis for 2p5 acting on Vi C C8.

Moreover, {c1,cz2} and {c3,c4} both form a basis for Vi' and V2 C C® respectively.
V2 and V2 are not fixed, as they depend on the parameters p, ¢, r, s. These specific basis
vectors, although dependent on their parameters, define all possible subspaces V2 and
V2 C C8, but are by no means the only possible basis vectors for Vi and V2, since a
basis transformation can always be performed. Notice that z3cqy + z9¢2 and z3c3 + z4C4,
with z1, 29, 23, 24 € C do not need to be orthogonal, but are allowed to.
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3.2.2 Splitting irreducible representations of ()3 of dimension > 2
into its irreducible components

First, we define the two-dimensional representation ps of Qs. All elements of Qg can be
seen as unit quaternions. Hence, these elements might act on the one-dimensional vector
space H!, where H is the set of quaternions. Setting ps(g) : v +— ¢ - v, where g € Qg and
v € H', will not work as the complex linearity is violated. Indeed,

ps(9)(z-v) =g-z-v
z-ps(9)(v) =z-g-v,
which are not equal in general for g € G and z € C.
Multiplication from the right will resolve this problem. However, ps is not a group
homomorphism anymore. Indeed,
ps(9)(z-v)=z-v-g
z-ps(9)(v) =z-v-g.

However,

p5(9192)(v) = v - 9192
(ps5(g1) - ps(92))(v) = v - gag1-

1

Finally, setting p5(g) : v+— v - ¢~ is a proper representation:

ps(9)(z - v)
z-ps(g)(v) =
)

) =

-1

-1

1

p5(g192) (v

(ps(g1) - ps(g2))(v 1.

Now, this one-dimensional quaternionic vector space, with multiplication from the
left, can be seen as a two-dimensional complex vector space. That is, every element
a+bi+ cj + dk € H' will be written as (a + bi) + (¢ + di)j, with a + bi and ¢+ di € C.
As a basis for this vector space we take {1,;j}. Now,

ps()(1)=1-1""=—i
ps(D)(g) =j-i"t=i-j
ps(f)(1) =1-j7" =~j
ps(NG)=j-i" =1

Hence,



Again, we find all matrices L such that the following two equations hold:

0 -1 0 0 i 0 0 0
10 0 o 0 i 0 0
o o0 o0 —1|°F=Ee o 0 =i ol
0 0 1 0] (0 0 0
(0 0 =1 0] I 1 0 0
oo o0 1 10 0 0
710 0 0 ol°E=Lelo 0 0 1
0 -1 0 0] 0 0 -1 0

The matrices L that agree with these two equations are of the form:

p q T s

I — pt —qt Tt —Si
q -p s -—r
qgt pt St Tl

det(P) = —4(ps — qr)?. If and only if ps # qr, P will be invertible.

Lastly, finding basis vectors for V' and V2 as seen in the previous subsection

gives:
d; = p(e1 — ez) + pi(es — eq) + q(e5 — eq) + gi(er — es)
d2 = q(e1 — e2) — qi(es — e4) — p(es — eg) + pi(er — es)
ds =r(e1 —ez) +ri(eg —eq) + s(es — eg) + si(er — eg)
dg = s(e; —ez) — si(eg —eq) — r(es — eg) + ri(er — eg)
Hence,

d1 = (p, —p-pi, —pi, ¢, =4, 41, —qi)
dz = (¢, —¢, —qi, qi, —p, p, pi, —pi)

(r, =7, i, —7i, 5, —5, 5i, —5i)
dy = (s, —s,—si,si,—r, 7,70, —7ri)

{d1,d2} is a basis for V' and {ds,d4} is a basis for V2. Although the character tables
of Dy and Qg are the same, the spaces V! and Vi found for Qg are different from these

spaces found for Dj,.

3.3 The regular representation of D, in block diagonal

form

In order to let V! and V2 be orthogonal, the following must be true:
c1 L cg
c1 Lcy
cy 1 c3

Co 1 Cyq.
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This results in the following equations:

which comes down to pr + gs = 0.

However, this criterion is not necessary in order to make p(g) a block diagonal matrix
for all g € G. To this end, we conclude:

10 0 0 0 0 0 0
01 0 0 0 0 0 0
00 -1 0 0 0 0 0

sry= 00 0 =10 0 0 0
00 0 0 0 -120 0
00 0 0 1 0 0 0
00 0 0 0 0 0 -1
00 0 0 0 0 1 0]
1 0 0 0 0 0 0 0]
0 -1 0 0 0 0 0 0
00 1 0 0 0 0 0

ps)= |0 0 0 -1 0 0 0 0
00 0 0 1 0 0 0
00 0 0 0 -10 0
00 0 0 0 0 1 0
0 0 0 0 0 0 0 —1]

with basis (a1, az, as, a4, c1,Ca, 3, cq) where the choice of p, g, 7, s € C for the basis C'is
free. p(g) for other g € G follow from multiplication of the generator matrices p(r) and
p(s) above.
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Chapter 4

Grand orthogonalization

As we have seen in chapter|3| finding the representation invariant subspaces of the regular
representation of a group G can be quite cumbersome. There is a faster way however:
grand orthogonalization. The advantage of using this method over the method described
in chapter[3is that it is faster. However, not all possible representation invariant subspaces
are found, but only one instance. First the goal of grand orthogonalization will be briefly
stated in section Then the way the grand orthogonalization method works will be
described in section

4.1 The goal of grand orthogonalization

Let p be the regular representation of a group G on CV where N = |G|. C¥ can be split
up in Zlf d; =: S transversal representation invariant vector spaces. Here transversal
means the following: If V; and V, are two vector spaces such that V3 NV, = {0}, then
V1 and V4 are said to be transversal vector spaces. Here k is the number of irreducible
representations, and thus conjugacy classes, of G and d; is the dimension of the i-th irre-
ducible representation of G. To this end let CV = EB?ZI V;. This splitting is not unique
as can be seen in chapter [3| Grand orthogonalization is a method in which the goal is to
make one of the infinitely many possible bases for CV such that all vector spaces V; C CV
are the span of a subset of these basis vectors.

In order to apply the grand orthogonalization method, not only the characters of p;(g)
for each irreducible representation p; and each g € G are needed, but also the actual
matrices of p;(g) are needed, each vector space V; accompanied with a basis. These
requirements were also applicable in the process executed in chapter

4.2 The way the grand orthogonalization method works
The matrices which represent elements of Aut(V;) have dimension d; x d;. Hence, such a
matrix has d? individual entries. For one element g € G, take all corresponding matrices

pi(g), where p; is the i-th irreducible representation. All these matrices have to be unitary.
This is always possible by corollary Now, summing over all these matrices, the total
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number of entries of these k matrices is

k
» d? =N,
i=1

as seen in corollary [T.40}

Since the above mentioned equation holds, taking all entries of the described matrices
forms a vector in CV. These vectors are exactly the vectors which split CV in the desired
way. The way this works is best explained in an example:

Take the group Qg. We make the character table, but instead of characters x;(g),
we take the corresponding matrices given the basis {1, j} analogous to chapter 3} Since
pi(g1) # pi(g2) necessarily, although g1 and go are in the same conjugacy class, the
‘character table’ is also extended horizontally, displaying all elements g € G individually.
We call this ‘character table’ the extended character table. Indeed,

Table 4.1: Extended character table of Qg

Conjugacy class 1 -1 i —1i
o1 1 1 1 1
P2 1 1 1 1
03 1 1 ~1 -1
P4 1 1 1 1
1 0 -1 0 —i 0 1 0
Ps [0 1} {0 —1} {0 z} [0 —z}
Conjugacy class j —J k —k
o1 1 1 1 1
P2 ~1 -1 ~1 ~1
03 1 1 ~1 -1
P4 1 1 1 1
0 1 0 -1 0 —3 0
SIS ) I e I

Now each column in table 1] has 8 entries. These entries will form the coordinates
of vectors in C8. These vectors are formed by placing the columns of a matrix from left
to right beneath each other. Then, these vectors will be placed in a matrix L~!. This
results in:

1 1 1 1 1 1 1

1 1 1 -1 -1 -1 -1
1 -1 -1 1 1 -1 -1
1 -1 -1 -1 -1 1

—_ O O
o |
—_
o |
~
O =
=
—_
_= O
=)
~
O =S O




This matrix L~ is the matrix as described in equation Now the matrix L is given
by:

o1 1 1 1 g o L7
i i i i _41 0 0 _41
% % 81 81 14 14
L B B PR
LR T B S V] 0 %
L=1% % & 1 4 1 1 3
SRS (S GRS (PSS S T
SRS R R LS RS PR
L iy
5 -5 -5 § O —gi —gt 0]

These columns can then be expressed in the chosen basis for CV. However, this cho-
sen basis was (e1, ez, . . ., eg). Thus the wanted basis vectors are exactly the columns of L.

Indeed, these vectors were already found in chapter [3] in equations [3.1] and B8 In
equation take

» I Q3

Il
[ FNNT Y )
o
=
P IS S
= O Okl

In conclusion, the grand orthogonalization method gives a basis for CV such that all
vector spaces V; C S are the span of a subset of these basis vectors. In particular,

CC=VioVhd VsV, ®2Vs,

where:

1 .
i i
i i
i i
V1 = Span $ V5 = Span 8
i 3
i i
i 3
Ls |3
3 = 4
¥ ¥
! !
¥ 3
V3 = Span 18 Vi=Span{ | %
¥ 3
el .
3 ¥
Ry L §
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1 1

i 0 0 i

B I 0| |2

1i 0 0 — 21

1y 1

Vit = Span ' 01 VZ = Span (1) |t
0 i i 0

0 1 -1 0

0 i i 0
RUNI =T |-1i) L0

A proof of the grand orthogonalisation method is given by V. Bharati [I, pp.24-
27]. The proof first states that the rows of L are orthonormal, hence the name ‘grand
orthogonalisation’. It also states that there are no zero vectors as rows of L. After that,
the theorem states that the rows of L form a basis for CV, which then implies that the
columns of L form a desired basis.
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Conclusion

The purpose of this thesis was to build up to ways to split a vector space that the regular
representation of a finite group G acts on into representation invariant subspaces. In
order to do this, two methods were described and used. The first method is suggested by
dr. Jeroen Spandaw and the second method, which is called the grand orthogonalisation
method, is suggested by dr. Paul Visser. Both methods make use of matrices which form
the images of the irreducible representations that make up the regular representation,
under a certain, arbitrary, basis. Moreover, the first method makes use of change of basis
matrices. In order to treat both methods, representation theory was treated. This was a
purpose of this thesis on its own.

Comparing both methods, none of the two can be considered the best. Both methods
have advantages and disadvantages. The first method constructs all possible bases that
split a vector space that a regular representation acts on into representation invariant
subspaces. The second method, grand orthogonalisation, only constructs one such basis,
making method two less complete than method one. However, method one makes use
of change of basis matrices which are |G| x |G|-dimensional, where |G| is the order of a
group G. To do calculations with these matrices takes time. Moreover, basis vectors for
vectorspaces consisting of isotypical components of the regular representations are needed
for this method as well, which can be hard to obtain. This work and time is not needed
to apply the second method.

This thesis reviewed two methods, but did not optimise them. In that regard, two
recommendations are given. First, other methods can be compared to the two methods
considered in this thesis. Second, the two considered methods can be further optimised.
The first method might be a better candidate for this, as it could be that the construction
of the change of basis matrices can be done faster due to properties of representations.
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Appendix A

Proofs

Proof theorem [1.15, Let p1 : G — Aut(Vy) and py : G — Aut(V) be two representations
of the same group G to finite-dimensional vector spaces V7 and V. Let p = p1 ® p2. Now,

Xp(9) = tr(p(9)) = tr(p1(g) @ p2(g)) = tr(p1(g)) + tr(p2(9)) = Xp. (9) + X0 (9)-

O

The proof of theorem is based on a proof given by dr. Jeroen Spandaw ([12]
p. 14)).

Proof theorem [I.17. Suppose W C V is a representation invariant subspace of V. Let
g€ Gandletue Wt ie <w|u>=0forallwec W. For W+ to be a group invariant
vector space it has to be proven that p(g)(u) is also in W+, ie. < w|p(g)(u) >= 0 for
all w € W. Since W is representation invariant and since every p(g) is invertible, for all
g € G, there exists a w’ € W such that p(g)(w’) = w. Hence,

<w|p(g)(w) >=<p(g)(w') | p(g)(n) >=< w'|u>=0
W and W+ are both representation invariant vector spaces. p; : G — W and ps :

G — W+ are both representations. Indeed, p = p1 @ p2, where p; acts on W and ps acts
on Wt and V=W o W, [12 p. 14] O

Proof corollary[1.19 Let p: G — Aut(V') be a representation. Let H be a positive defi-
nite Hermitian inner product that is p-invariant. Such an inner product exists by lemma
Let by ...b, be an orthonormal basis for V' with respect to the inner product H.
Let A(g) be the matrix of p(g) for g € G with respect to the given orthonormal basis.

The following relation holds:
n
p(g0)(bs) =D aijb;
i=1
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. By orthonormality of the basis vectors this implies

A(g)i,; = H (b, Z A(9)4,5b1)

- H(bi,A_(g)i,j(bj))

This gives

= A(9)ji-
Hence A=!(g) = AT (g) for all g € G and A(g) is unitary for all g € G.

Moreover, since A(g) is unitary for all g € G,

x(g™") =Tr(A(g™")) = Tr(A(g) ™) = Tr(A(g)tr) =
Tr(A(g)) = Tr(A(g)) = x(9)[12][p. 13][18]

O

Proof Corollary[1.27. By theorem p decomposes uniquely into irreducible represen-
tations. By the linearity in the first argument of the Schur inner product, see equation

it holds that:

k
(Xo | Xps) = (M1 X0y +M2Xp5 -+ X | X)) = D, (X | Xy )-
i=1
By theorem [I.25] Schur orthogonality,
oy = [ 1=
Xow | Xes/ = 0 else.
But then,
k
Zmi<Xpi Xp;) =M
i=1
and we conclude m; = (X, | X, )- O

Proof Corollary[1.28 (=): Suppose p is irreducible. Then y, is orthonormal to the
characters of all the irreducible representations by theorem Hence (x,|x,) = 1.
(«<): Let p be a representation. By corollary and theorem [1.25

k
(Xp | Xp) = Zm (A1)
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where i, k and m; are as in corollary Suppose (x, | xp) = 1. Since all m; in equation
are greater or equal to 0 and are integral, only 1 m; is equal to 1 whereas the rest is
0. Hence, p is irreducible. O

Proof theorem [T.{1. When considering the standard basis for CV, p(g) is a permutation
matrix for all g € G, where p is the regular representation. A permutation matrix is
always unitary. Hence, the standard complex inner product is p-invariant. O

Proof corollary[1./2 Take the character table of any group G. We see this character
table as a matrix A where the rows are the characters and the columns are the charac-
ters of particular conjugacy classes. By theorem the rows of a character table are
orthonormal with respect to the Schur inner product. Divide all entries in the character
table A by /|G| and multiply the entries in column j by /|C; where |C;] is the order
of the j-th conjugacy class, which is in the j-th column of A. C(g) is defined as the
conjugacy class g belongs to. Let B be this modified character table. Now, the rows in
the modified character table are orthonormal under the standard complex inner product.
Indeed, take two rows of the modified character table, say r; and r;. Now

k
<Ti | Tj>standard - Z bua

=1

B L VICl _
—;w(g)l tel xi(9) el X5 (9)
= %” > xil9)xi(9)

geG

Since the modified character table, seen as a matrix B, is unitary, it’s columns are or-
thonormal as well. Now, multiplying each entry b; ; in the modified character table by

Jial

T gives the original character table again. Since each column of B is only multiplied
by a factor, the columns of matrix A, which is the original character table is also, are
still orthogonal. In fact, the columns of a character table are even orthonormal with the
following inner product defined for two columns ¢; and ¢;:

(ei]cj) = V‘C”C Za

1,i0lj-

O

Proof lemma|1.44) Let G1,G2 be two groups and let f : G; — G2 be a group homomor-
phism. Now consider C to be a conjugacy class of G;. Take a,b € C arbitrary. Since
a and b are in the same conjugacy class, there exists g € G, such that gag~—! = b. Now
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fb) = flgag™) = f(g) o f(a)o f(g7") = f(g) o f(a) o f(g)~", which is in the same
conjugacy class as f(a). Hence, all elements of a conjugacy class of the domain of f are
mapped by a group homomorphism to one conjugacy class of the codomain of f. O
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