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A B S T R A C T

This paper investigates the positioning of the pilot symbols, as well as the power distribution between the
pilot and the communication symbols for the orthogonal time frequency space (OTFS) modulation scheme.
We analyze the pilot placements that minimize the mean squared error (MSE) in estimating the channel
taps. This allows us to identify two new pilot allocations for OTFS that save approximately 50% of the pilot
overhead compared to existing allocations. In addition, we optimize the average channel capacity by adjusting
the power distribution. We show that this leads to a significant increase in average capacity. The results provide
valuable guidance for designing the OTFS parameters to achieve maximum capacity. Numerical simulations
are performed to validate the findings.
1. Introduction

To address the growing need for data, it is important to judiciously
consider the design of the modulation scheme of a communication sys-
tem. In recent wireless communication standards, orthogonal frequency
division multiplexing (OFDM) has been widely adopted as the preferred
choice [1]. However, a known drawback of OFDM is its sensitivity to
Doppler shifts, which cause intercarrier interference. In contrast, single-
carrier modulation (SCM) is more robust to Doppler effects but suffers
from intersymbol interference due to multipath delays. As communi-
cation scenarios increasingly involve dynamic environments with both
delay and Doppler spread, known as doubly selective channels, new
modulation schemes have been proposed to improve robustness against
such conditions. Lately, orthogonal time frequency space (OTFS) [2,3]
modulation has received a lot of attention. OTFS defines symbols in
the DD domain and then transforms the signal into the time domain
using the Zak transform [4]. OTFS has been shown to have improved
performance compared to OFDM [3–6], which is attributed to the
fact that OTFS can benefit from diversity in both time and frequency.
Throughout this paper, we will use the name OTFS; however, it is
worth mentioning that the (older) modulation schemes vector OFDM
(V-OFDM) [7], asymmetric OFDM (A-OFDM) [8] and orthogonal se-
quence division multiplexing (OSDM) [5] were shown to be equivalent
to OTFS [9–11]. Therefore, our analysis and conclusions also apply
to these modulation schemes. We will in general use the abbreviation
OTFS to denote the schemes V-OFDM, A-OFDM, OSDM and OTFS,
except when referencing papers written specifically for one of these
modulation schemes.

∗ Corresponding author.
E-mail addresses: i.vanderwerf@tudelft.nl (I. van der Werf), r.heusdens@tudelft.nl, r.heusdens@mindef.nl (R. Heusdens), r.c.hendriks@tudelft.nl

(R.C. Hendriks), g.j.t.leus@tudelft.nl (G. Leus).

To get the most out of the OTFS modulation, careful design of
the pilot symbols is required. Although many pilot allocations have
been proposed for OTFS (see, e.g., [12–15]), a comparison and (math-
ematical) analysis of the optimality of these allocations is lacking. We
therefore start with an overview of the work on optimal pilot design
for linear time-invariant (LTI) and linear time-variant (LTV) channels,
and of the work on specific pilot designs for the related modulation
schemes (Section 3). After this, we continue with our proposed work
which has the following main contributions:

• We reformulate the effect of an LTV channel on OTFS modula-
tion (Section 4). This reformulation provides insight into how to
choose the OTFS parameters 𝑁 and 𝑀 to design two new pilot
allocations that reduce the pilot overhead by approximately 50%.
These pilot allocations also achieve the MMSE on the estimation
of the channel taps (Sections 5.2 and 5.3) .

• We derive a closed form expression for a lower bound on the
channel capacity. The lower bound can be maximized with re-
spect to the power distribution between the pilot and the com-
munication symbols. We show that our new pilot design in con-
junction with the optimal power distribution can significantly
improve the system’s achievable data rate.

• Finally, our findings can be used as guidance for designing the
OTFS parameters based on the delay and Doppler spread to
increase the channel capacity.
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Fig. 1. Visualization of the OTFS transmitted signal, {𝐾 , 𝑁 , 𝑀} = {18, 3, 6}.

Notation. In what follows, ⊗, ⊙, ◦ and ∗ are used to denote the
Kronecker product, the Khatri–Rao product, the element-wise multi-
plication and the linear convolution, respectively. Let 𝐾 be a positive
integer and let 𝐏𝐾 denote a 𝐾 ×𝐾 cyclic permutation matrix given by,

𝐏𝐾 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 0 … 0 1
1 0 … 0 0
0 1 0 ⋮
⋮ ⋱ ⋱ ⋱
0 … 0 1 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

Further, let 𝐏𝑙
𝐾 denote the 𝑙’th power of 𝐏𝐾 for some integer 𝑙. Let 𝑁

nd 𝑀 be positive integers. If 𝐾 = 𝑁 𝑀 , we can rewrite the cyclic
ermutation matrix as 𝐏𝐾 = 𝐈𝑁 ⊗𝐋𝑀 +𝐏𝑁 ⊗𝐔𝑀 , where 𝐋𝑀 is a cyclic
ermutation matrix of size 𝑀 except for the top right element, which is
ero, and 𝐔𝑀 is a zero matrix of size 𝑀 except for the top right element,
hich is one (thus 𝐏𝑀 = 𝐔𝑀 +𝐋𝑀 ). Similarly, provided 𝑙 < 𝑀 , we can
rite 𝐏𝑙

𝐾 = 𝐈𝑁 ⊗ 𝐋(𝑙)
𝑀 + 𝐏𝑁 ⊗ 𝐔(𝑙)

𝑀 , where the matrices 𝐋(𝑙)
𝑀 and 𝐔(𝑙)

𝑀
enote the lower and upper part of 𝐏𝑙

𝑀 , respectively. Lastly, we define
he matrix 𝜦𝐾 = diag(𝑒𝑗2𝜋 0∕𝐾 ,… , 𝑒𝑗2𝜋(𝐾−1)∕𝐾 ).

Before we elaborate on the related work, we start by a brief discus-
sion of the signal model in the next section.

2. Signal model

In this section, we discuss the OTFS modulation scheme and the LTV
hannel model.

2.1. OTFS transmitter

For OTFS, the transmitter characterizes 𝐾 = 𝑁 𝑀 symbols in the
DD domain (𝑀 by 𝑁 symbols in the delay and Doppler dimension
respectively), collected in the matrix 𝐒DD ∈ C𝑀×𝑁 , after which the
symbols are consecutively transformed to the time-frequency and the
time domain by the inverse symplectic finite Fourier transform (ISFFT)
and the Heisenberg transform [3], respectively. Assuming a rectangular
transmit pulse is used [16], the transmitted signal in discrete-time
aseband is given by [9,11],

𝐱 = vec(𝐒DD𝐅𝐻
𝑁 ) = (𝐅𝐻

𝑁 ⊗ 𝐈𝑀 )𝐬, (1)

where 𝐅𝐻
𝑁 denotes the inverse discrete Fourier transform matrix, 𝐈𝑀

is an identity matrix of size 𝑀 and 𝐬 = vec(𝐒DD). In Fig. 1, a visual
epresentation of the operation at the transmitter, i.e. (1), is shown.
2 
2.2. Channel model

Let 𝑟(𝑘), ℎ(𝑘, 𝑙), 𝑥(𝑘), and 𝑛(𝑘) denote the discrete-time received
signal, channel impulse response, transmitted signal, and additive chan-
el noise, respectively. We assume Nyquist-rate sampling, such that
he signals are observed at time instances 𝑡𝑘 = 𝑘𝑇𝑠 and time delays
𝑙 = 𝑙 𝑇𝑠, with 𝑇𝑠 denoting the sampling period. The received signal is
hen described by

𝑟(𝑘) =
𝐿
∑

𝑙=0
ℎ(𝑘, 𝑙)𝑥(𝑘 − 𝑙) + 𝑛(𝑘).

Note that an LTI channel is subsumed by this model; if ℎ(𝑘, 𝑙) = ℎ(𝑙),
the model is time-invariant. Suppose we collect a total of 𝐾 samples
ver time, then estimating all the 𝐾(𝐿 + 1) channel coefficients is an
ll-posed problem, as in general 𝐾 < 𝐾(𝐿+ 1). In order to decrease the

number of coefficients that need to be estimated, the basis expansion
model (BEM) was introduced [17].

The BEM is a model that represents how the channel changes over
time. It approximates the varying channel taps by expressing them
sing a lower order basis of size 𝑄 + 1 (with 𝑄 + 1 < 𝐾),

ℎ(𝑘, 𝑙) =
𝑄∕2
∑

𝑞=−𝑄∕2
𝑐𝑙 ,𝑞𝑏𝑞(𝑘). (2)

Here 𝑏𝑞(𝑘) ∈ C is the function representing the basis and 𝑐𝑙 ,𝑞 ∈ C, for
𝑙 = 0,… , 𝐿 and 𝑞 = −𝑄∕2,… , 𝑄∕2, are the BEM channel coefficients.
In general 𝑄 + 1 ≪ 𝐾, and thus the total number of coefficients to
be estimated is now lower, casting the problem well posed if 𝐾 ≥
(𝑄 + 1)(𝐿 + 1).

The BEM can be used with different bases and thus functions 𝑏𝑞(𝑘).
ver the past decades, many various bases have been proposed. The
ost well-known is the complex exponential BEM (CE-BEM) [17], for

which 𝑏𝑞(𝑘) = 𝑒𝑗 𝜔𝑞𝑘, 𝜔𝑞 = 2𝜋 𝑞∕𝐾. Note that the CE-BEM is quite
comprehensible; the coefficients of the CE-BEM each represent a unique
pair of Doppler shift 𝜔𝑞 and time delay 𝜏𝑙. Some other popular BEMs
are the generalized CE-BEM (GCE-BEM) [18], for which 𝑏𝑞(𝑘) = 𝑒𝑗 𝜔𝑞𝑘,
𝑞 = 2𝜋 𝑞∕(𝐾 𝑅), 𝑅 ≥ 1, the polynomial BEM (P-BEM) [19], the

discrete Karhuen–Loève BEM (DKL-BEM) [20] and the discrete prolate
spheroidal BEM (DPS-BEM) [21]. Of course, the modeling accuracy of
each choice differs per application.

Remark 1. In the OTFS literature, the so-called delay-Doppler channel
is often used instead of a BEM. However, assuming that the time delays
and Doppler shifts fall on the Nyquist grid, the delay-Doppler channel
coincides with the (conventional) CE-BEM.

In this work, we adopt the CE-BEM due to its intuitive structure and
widespread use in the literature. Assuming that we use a cyclic prefix
and that we model the channel with additive Gaussian noise with zero

ean and covariance 𝐑𝐧, the received signal is given by

𝐫 = 𝐇𝐱 + 𝐧 =

( 𝑄∕2
∑

𝑞=−𝑄∕2

𝐿
∑

𝑙=0
𝑐𝑙 ,𝑞𝜦𝑞

𝐾𝐏
𝑙
𝐾

)

𝐱 + 𝐧,

where the vectors 𝐫, 𝐱 and 𝐧 collect the samples of 𝑟(𝑘), 𝑥(𝑘) and
𝑛(𝑘), respectively, for 𝑘 = 0, 1,… , 𝐾 − 1. Note that when 𝑄 = 0, the
LTV channel becomes time-invariant and thus coincides with an LTI
channel.

Remark 2. The parameters 𝐿 and 𝑄 denote the maximum time delay
and Doppler shift in the channel, i.e. 𝜏max = 𝐿𝑇𝑠 and 𝑓max = 𝑄∕(2𝐾 𝑇𝑠),
espectively. Although specific channel taps vary, these parameters
emain constant over a long time. Upper bounds for these values are
ypically well-known for particular environments, allowing 𝐿 and 𝑄 to

be set to these bounds before communication.
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Table 1
Comparison of pilot overhead across different modulation schemes and channel models. The minimum pilot overhead values (for all
𝐿 and 𝑄) are indicated in bold.

Channel Paper Modulation MMSE optimal Pilot overhead 𝐾𝑝

LTI
[26,27] SCM Yes 2𝐿 + 1
[28,29] OFDM Yes 𝑳+ 𝟏
[5] OSDM Yes 𝑀

LTV

[30–32] SCM Yes (2𝐿 + 1)(𝑄 + 1)
[31,32] OFDM Yes (𝐿 + 1)(2𝑄 + 1)
[12] OTFS Yes (2𝐿 + 1)(2𝑄 + 1)
[13] OTFS Yes (2𝐿 + 1)𝑁
[15] OTFS No (2𝐿 + 1)𝑁
[33] OSDM No 𝑀(2𝑄 + 1)
This work OTFS Yes 𝐦𝐢𝐧{(𝑳+ 𝟏)(𝟐𝑸+ 𝟏), (𝟐𝑳+ 𝟏)(𝑸+ 𝟏)}
t
m

S

𝐾

o
n
y
a

a

2.3. OTFS receiver

At the receiver, the demodulated signal is given by,

𝐲 = (𝐅𝑁 ⊗ 𝐈𝑀 )𝐫.

To obtain the signal received in the DD domain, the vector 𝐲 is reshaped
into an 𝑀×𝑁 matrix, i.e., 𝐘 = vec−1(𝐲). Typically, we choose 𝑁 ≥ 𝑄+ 1
and 𝑀 ≥ 𝐿 + 1 to ensure that the channel can be properly resolved
in both delay and Doppler dimensions, as will become clear shortly.

he literature on OTFS receivers is rich; see, e.g. [6,22–24]. However,
the most straightforward way is to apply a linear MMSE estimator to
stimated the transmitted signal.

3. Related work on pilot design

In this section, we examine the existing literature on the develop-
ment of (optimal) pilot designs.

Designing a pilot signal can be divided into two main components:
pilot allocation and power distribution, which we will treat separately.
Due to its practical relevance, we also briefly discuss pilot design in re-
lation to peak-to-average power ratio (PAPR). We will focus exclusively
on designs where pilot and communication symbols do not overlap,
n assumption that underpins the remainder of this paper. For studies
n superimposed pilot designs, we refer readers to [25] and references
herein.

Throughout the first two subsections, we discuss various pilot allo-
cations for different modulation schemes and different channel models.
 comparison of the pilot overhead of the discussed allocations is

provided in Table 1.

3.1. Pilot allocation for SCM and OFDM

In this subsection, we discuss the existing pilot allocation strategies
or SCM and OFDM. First, we examine literature on LTI channels,
ollowed by a discussion on LTV channels. Note that OTFS reduces to
CM when 𝑁 = 1 and 𝑀 = 𝐾, and to OFDM when 𝑁 = 𝐾 and 𝑀 = 1.

Research on pilot allocation dates back to the late 1990s, consider-
ing metrics such as MSE, channel capacity, and the Cramér-Rao bound
(CRB), which often led to similar optimal designs. For LTI channels
(i.e., 𝑄 = 0), a BEM is unnecessary, and typically, the system is
overdetermined (𝐾 > 𝐿 + 1). In the SCM setting, [26] showed that
lustering at least 𝐾p = 2𝐿 + 1 pilot symbols, zeroing the leading

and trailing 𝐿 symbols, yields capacity-optimal results. This structure
was also found optimal under the CRB on the channel tap estimator
in [27], reflecting the equivalence of MSE and CRB under additive
white Gaussian noise.

For OFDM, optimal pilot placement involves only 𝐾p = 𝐿 + 1
equispaced tones. This was shown to minimize the MSE on the channel
taps [28] and maximize a capacity lower bound [26].

Unlike the LTI case, studies on LTV channels generally avoid as-
uming a specific modulation scheme. However, pilot and data symbols
re often separated in either time or frequency, naturally aligning with
3 
SCM and OFDM, respectively. Similar to this work, existing works on
pilot design typically model LTV channels using a CE-BEM.

In [30], assuming time-separated pilots and data, equispaced and
equipowered pilot clusters of length 2𝐿+ 1 (with 𝐿 leading and trailing
zeros) are shown to maximize a lower bound on average capacity. A
total of 𝑄 + 1 such clusters are placed equidistantly in time, reflecting
he Nyquist criterion for Doppler sampling (sampling at twice the
aximum Doppler frequency, 𝑄∕2 in normalized baseband). This leads

to a total pilot overhead of 𝐾p = (2𝐿 + 1)(𝑄 + 1). This pilot design
effectively probes the channel 𝑄+ 1 times using impulse-like signals, as
visualized in Fig. 2(a). Notably, for 𝑄 = 0, this reduces to the optimal
CM-based design for LTI channels.

Independently, [31] proposed three MSE-optimal pilot designs. The
first mirrors [30] (time-separated). The second uses frequency separa-
tion, inserting guard bands to prevent pilot-data overlap post-channel.
As visualized in Fig. 2(b), it probes the channel 𝐿 + 1 times in fre-
quency, using equispaced, equipowered pilots surrounded by 𝑄 zeros,
generalizing the OFDM-based design when 𝑄 = 0. This second design
has a pilot overhead of 𝐾p = (𝐿 + 1)(2𝑄 + 1). The third, based on
linear chirps [31,32], has lower spectral efficiency and is therefore not
considered further here.

Interestingly, frequency separation outperforms time separation
when 𝐿 > 𝑄, and vice versa when 𝐿 < 𝑄 in terms of pilot overhead

p [31,32].1 Moreover, for both cases, it suffices that pilot clusters are
equispaced; their absolute positions in time or frequency are irrelevant
for MSE performance.

Finally, [34,35] address scenarios where the Doppler spread is
verestimated. In such cases, changing zero-valued pilot symbols into
onzero-valued pilot symbols can improve estimation, though this
ields sub-optimal designs because the pilot/data structure is not fully
dapted to the actual channel.

3.2. Pilot allocation for OSDM and OTFS

In this section, we discuss the most relevant existing pilot alloca-
tions for OSDM and OTFS. Note that since the two modulation schemes
are equivalent [10,11], pilot designs proposed for one scheme can be
directly applied to the other.

In [5], the authors approach the (OSDM) modulation from a
sequence-based perspective. They propose allocating one out of the 𝑁
available sequences – each of length 𝑀 – entirely to pilot symbols,
employing a shift-orthogonal sequence. When applied to an LTI chan-
nel, no guard intervals are inserted between pilot and communication
symbols in this design. This idea was later extended to a modulation
scheme termed Doppler-resilient OSDM (D-OSDM) [33], which intro-
duces guard intervals to enhance robustness in LTV channels. A visual
representation of this latter scheme is provided in Fig. 3.

In [12,13], two pilot allocations are proposed for OTFS. The first
pproach places a single pilot in the DD domain, surrounded by zeros

1 Note that when 𝐿 > 𝑄 we have (2𝐿+ 1)(𝑄+ 1) > (𝐿+ 1)(2𝑄+ 1) and that
when 𝐿 < 𝑄 we have (2𝐿 + 1)(𝑄 + 1) < (𝐿 + 1)(2𝑄 + 1).
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Fig. 2. Two methods, as proposed by (a) [30–32] and (b) [31,32].
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Fig. 3. Time-frequency plot for D-OSDM [33].

to prevent interference with communication symbols at the receiver.
he pilot overhead is thus 𝐾p = (2𝑄 + 1)(2𝐿 + 1), as visualized in

Fig. 4(a). The second scheme accounts for fractional Doppler shifts,
hich occur when the actual Doppler shifts do not align perfectly with

he grid. In this case, all neighboring Doppler bins are set to zero
to mitigate interference. The pilot overhead of this second approach
s therefore 𝐾p = 𝑁(2𝐿 + 1), as illustrated in Fig. 4(b). Note that
oth pilot allocations have a higher overhead than the allocations
roposed for SCM and OFDM by [30–32]. To reduce the high pilot

overhead of the fractional Doppler scheme in [12], a different method
s introduced in [24]. The work adopts the GCE-BEM and proposes a
wo-step estimation process. In the first step, the BEM order 𝑄 is fixed
nd 𝑅 = 1 is used. In the second step, 𝑄 is increased by adjusting 𝑅
rom 1 to 2. Both the channel coefficients and communication symbols
re iteratively refined, incorporating initial demodulation results. By
tarting with a reduced BEM order, pilot overhead is significantly

lowered compared to the one-step method in [12], while improving
estimation accuracy through model refinement. However, besides the
higher pilot overhead, the pilot designs for OTFS by [9,12,13,24] did
not provide insight into the design by discussing the pilot signal in the
time-frequency domain, in contrast to the works on SCM and OFDM.

Interestingly, it is possible to characterize pilot designs for OTFS
in the time-frequency domain. In our earlier work [11], we identified
the equivalence of OTFS and OSDM, showing that symbols in the DD
omain appear as repeated structures in the time-frequency domain.
ore specifically, each OTFS symbol in the DD domain is repeated 𝑁 times
n time and 𝑀 times in frequency.
 f

4 
This phenomenon, also appearing in Fig. 1 (where one red symbol
n the DD domain is repeated 𝑁 = 3 times in time), is further visualized
n Fig. 4(c), which shows the time-frequency plot of the delay-Doppler
ignal of Fig. 4(b).

Note that Fig. 4(c), where the signal exhibits 𝑁 repeated pilot
clusters in time, each with 𝐿 leading and trailing symbols set to zero,
closely resembles the time-separated pilot design in [30–32], shown
in Fig. 2(a), where 𝑄 + 1 repeated pilot clusters also have 𝐿 leading
and trailing symbols equal to zero. This raises the question: how many
repetitions are optimal?

Given 𝐿 + 1 delay taps and 𝑄 + 1 Doppler taps, we require at least
𝑄 + 1 time samples and 𝐿 + 1 frequency samples of the pilot signal.
ince OTFS exhibits 𝑁 repetitions in time and 𝑀 in frequency, this

requirement can be met by imposing 𝑁 ≥ 𝑄+ 1 and 𝑀 ≥ 𝐿+ 1, and using
ne pilot symbol in the DD domain. Alternatively, it is also possible to

meet the sampling requirement for 𝑁 < 𝑄 + 1 and/or 𝑀 < 𝐿 + 1,
however, this requires multiple equispaced pilots in the delay and/or
Doppler dimension, respectively, each with appropriate guard bands.
This, however, complicates the pilot design, does not reduce de pilot
overhead, which is why we will not further investigate this option.
With 𝐾 = 𝑁 𝑀 , we can flexibly choose either 𝑁 or 𝑀 (as long as
𝐾∕𝑁 or 𝐾∕𝑀 remains an integer). In this work, we will exploit this
flexibility to reduce the pilot overhead by approximately 50%, from

p = (2𝐿 + 1)(2𝑄 + 1) to 𝐾p = min{(𝐿 + 1)(2𝑄 + 1), (2𝐿 + 1)(𝑄 + 1)}.

Remark 3. A notable difference between SCM and OTFS is that the
epetitions of the OTFS pilot impulses in time have different phases.
s a result, the pilots are not active on all frequencies, whereas the

requency characteristics of pilot clusters in [30–32] was not explicitly
nalyzed. The authors of [30] did, however, observe that periodic
epetition in time implicitly induces repetition in frequency.2

Furthermore, while [30–32] do not specify how communication
symbols are allocated, OTFS inherently provides a form of precoding
for these symbols. In fact, [30] does not consider the structure or coding
f data symbols at all.

2 Quote: ‘‘We wish to show in this subsection that our optimal PSAM (...)
enables 2-D sampling and estimation of our time-frequency selective channel.
Intuitively thinking, the Kronecker deltas (...) surrounded by zero-guards implement
time-domain sampling with pilot symbols; furthermore, the fact that these deltas are
periodically inserted implies that they are also equivalent to Kronecker deltas in the

requency-domain and thus serve as pilot tones as well’’.
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Fig. 4. Pilot allocations in the delay-Doppler, (a) and (b), and in the time-frequency domain, (c).
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3.3. Power distribution

For distributing power, one can consider how to allocate power
across multiple pilot symbols (if one has multiple) and/or how to divide
the total available transmitter power between the pilot signal and the
communication signal.

For LTI channels, employing OFDM, [29] proved that 𝐿 + 1 pilot
tones with equal energy is optimal with respect to the MSE on the
hannel taps. The optimal power distribution between pilot and com-
unication signals was derived in [26,29]. These results were extended

to stochastic channels in [36]. A similar derivation for LTV channels
was provided by [26,29], yielding significant gains.

In most OTFS pilot designs, only a single pilot symbol is specified
n the delay-Doppler domain, which focuses the concern on the power

allocation between the pilot and the communication signal. While it
is recognized that assigning different power levels to pilot and com-
munication signals impacts the performance [9,12,13], no optimality
analysis has been provided in these works. Additionally, to the best of
the authors’ knowledge, an optimal power distribution has (also) not
been derived in the existing literature on OSDM.

This work aims to fill this gap and provides a closed-form expression
o identify the optimal power allocation.

3.4. Pilot designs mitigating PAPR for OTFS

A PAPR analysis of OTFS is conducted in [37], revealing that
increasing pilot power significantly raises the PAPR. This contradicts
the claim in [12] that the ‘‘spread-spectrum nature of OTFS’’ allows
or higher pilot power without PAPR increase. Unfortunately, the pilot
tructure details (e.g., guard size) are not fully disclosed in [37]. More-

over, while the optimal power distribution is found empirically, the
lack of theoretical analysis limits the generalizability of the findings.

An alternative scheme aimed at PAPR reduction is proposed in [15].
Here, the pilot from [12] is modified by extending it along the delay
axis using a Zadoff-Chu (ZC) sequence and inserting a cyclic prefix. This
onfiguration, shown in Fig. 5, significantly reduces PAPR, albeit at the

cost of increased BER.
It is worth noting that both [15,33] make use of shift-orthogonal

equences, yet they differ in their pilot-data separation strategy: [33]
chieves separation in the frequency domain, while [15] does so in
he time domain. This suggests that D-OSDM may exhibit improved
APR performance as well, compared to the impulse pilot scheme for
TFS [13], although this comes at the cost of reduced BER perfor-
ance.

Another approach is presented in [14], where multiple pilots are
laced at the corners of the DD domain, each with surrounding guard
ymbols. However, the rationale for this placement is unclear, and
lthough a comparison with [12] is included, the use of different
stimators per pilot design render the comparison inconclusive.
5 
4. OTFS modulation through the LTV channel

In this section, we explore the interaction of the OTFS modulation
scheme with a CE-BEM channel with 𝐿 temporal delays and 𝑄 Doppler
shifts. It will be observed that the modulation scheme transforms the
time-varying channel into a time-invariant channel in the DD domain.
urthermore, the received signal, in the DD domain, can be represented
s a circularly shifted form of the transmitted signal (in the same
omain).

If we receive 𝐾 samples over time, where 𝐾 is factored as 𝐾 = 𝑁 𝑀 ,
he received signal can be expressed as,

𝐫 = 𝐇(𝐅𝐻
𝑁 ⊗ 𝐈𝑀 )𝐬 + 𝐧

=

( 𝑄∕2
∑

𝑞=−𝑄∕2

𝐿
∑

𝑙=0
𝑐𝑙 ,𝑞𝜦𝑞

𝐾𝐏
𝑙
𝐾

)

(𝐅𝐻
𝑁 ⊗ 𝐈𝑀 )𝐬 + 𝐧

=
𝑄∕2
∑

𝑞=−𝑄∕2

𝐿
∑

𝑙=0
𝑐𝑙 ,𝑞(𝜦𝑞

𝑁 ⊗𝜦𝑞∕𝑁
𝑀 )

𝐏𝑙𝐾
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
[

(𝐈𝑁 ⊗ 𝐋(𝑙)
𝑀 ) + (𝐏𝑁 ⊗ 𝐔(𝑙)

𝑀 )
]

× (𝐅𝐻
𝑁 ⊗ 𝐈𝑀 )𝐬 + 𝐧

=
𝑄∕2
∑

𝑞=−𝑄∕2

𝐿
∑

𝑙=0
𝑐𝑙 ,𝑞

[

(𝜦𝑞
𝑁 𝐈𝑁 ⊗𝜦𝑞∕𝑁

𝑀 𝐋(𝑙)
𝑀 ) + (𝜦𝑞

𝑁𝐏𝑁 ⊗𝜦𝑞∕𝑁
𝑀 𝐔(𝑙)

𝑀 )
]

× (𝐅𝐻
𝑁 ⊗ 𝐈𝑀 )𝐬 + 𝐧

=
𝑄∕2
∑

𝑞=−𝑄∕2

𝐿
∑

𝑙=0
𝑐𝑙 ,𝑞

[

(𝜦𝑞
𝑁𝐅𝐻

𝑁 ⊗𝜦𝑞∕𝑁
𝑀 𝐋(𝑙)

𝑀 ) + (𝜦𝑞
𝑁𝐏𝑁𝐅𝐻

𝑁 ⊗𝜦𝑞∕𝑁
𝑀 𝐔(𝑙)

𝑀 )
]

𝐬 + 𝐧.

(3)

At the receiver side we first demodulate the signal,

𝐲 = (𝐅𝑁 ⊗ 𝐈𝑀 )𝐫

=
𝑄∕2
∑

𝑞=−𝑄∕2

𝐿
∑

𝑙=0
𝑐𝑙 ,𝑞

[

(𝐅𝑁𝜦𝑞
𝑁𝐅𝐻

𝑁 ⊗𝜦𝑞∕𝑁
𝑀 𝐋(𝑙)

𝑀 ) + (𝐅𝑁𝜦𝑞
𝑁𝐏𝑁𝐅𝐻

𝑁 ⊗𝜦𝑞∕𝑁
𝑀 𝐔(𝑙)

𝑀 )
]

× 𝐬 + (𝐅𝑁 ⊗ 𝐈𝑀 )𝐧. (4)

Then, if the vector 𝐲 is reshaped into an 𝑀×𝑁 matrix we can write,

𝐘 = vec−1(𝐲)

=
𝑄∕2
∑

𝑞=−𝑄∕2

𝐿
∑

𝑙=0
𝑐𝑙 ,𝑞𝜦𝑞∕𝑁

𝑀

[

𝐋(𝑙)
𝑀𝐒𝐅𝐻

𝑁𝜦𝑞
𝑁𝐅𝑁 + 𝐔(𝑙)

𝑀𝐒𝐅𝐻
𝑁𝐏𝑁𝜦𝑞

𝑁𝐅𝑁

]

+ 𝐍𝐅𝑁

=
𝑄∕2
∑

𝑞=−𝑄∕2

𝐿
∑

𝑙=0
𝑐𝑙 ,𝑞𝜦𝑞∕𝑁

𝑀

[

𝐋(𝑙)
𝑀𝐒𝐏−𝑞

𝑁 + 𝐔(𝑙)
𝑀𝐒𝐅𝐻

𝑁𝐏𝑁𝜦𝑞
𝑁𝐅𝑁

]

+ 𝐍𝐅𝑁

=
𝑄∕2
∑

𝑞=−𝑄∕2

𝐿
∑

𝑙=0
𝑐𝑙 ,𝑞𝜦𝑞∕𝑁

𝑀

[

𝐋(𝑙)
𝑀𝐒𝐏−𝑞

𝑁 + 𝐔(𝑙)
𝑀𝐒𝐏−𝑞

𝑁 diag

×
(

𝑒−𝑗2𝜋(0−𝑞)∕𝑁 ,… , 𝑒−𝑗2𝜋((𝑁−1)−𝑞)∕𝑁)

]

+ 𝐍𝐅
𝑁
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Fig. 5. Pilot allocation as proposed by [15].
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=
𝑄∕2
∑

𝑞=−𝑄∕2

𝐿
∑

𝑙=0
𝑐𝑙 ,𝑞𝐖𝑙 ,𝑞◦

(

𝐏𝑙
𝑀𝐒𝐏−𝑞

𝑁
)

+ 𝐍𝐅𝑁 , (5)

where

[𝐖𝑙 ,𝑞]𝑚,𝑛 =
{

𝑒𝑗2𝜋 𝑞 𝑚∕𝐾 , if 𝑚 ≥ 𝑙 ,
𝑒𝑗2𝜋 𝑞 𝑚∕𝐾𝑒−𝑗2𝜋(𝑛−𝑞)∕𝑁 , if 𝑚 < 𝑙 , (6)

for 𝑚 = 0, 1,… , 𝑀 − 1, 𝑛 = 0, 1,… , 𝑁 − 1. From (5), we learn that the
delay tap 𝑙 (circularly) shifts the rows of 𝐒. Similarly, the Doppler tap

(circularly) shifts the columns in 𝐒. Therefore, the first and second
dimensions of 𝐒 are often called the delay and Doppler dimensions,
respectively. The channel coefficient 𝑐𝑙 ,𝑞 and the matrix 𝐖𝑙 ,𝑞 apply a
change in amplitude and phase.

5. Optimal pilot design for OTFS

In this section, we will propose a new pilot design for OTFS mod-
ulation, taking into account the relationship between the channel and
he transmitted signal, as derived in the previous section. The following

steps will be followed:

(1) We begin by establishing a criterion that ensures no overlap
between pilot and communication symbols at the receiver (and
consequently at the transmitter), and analyze the pilot allocation
schemes that satisfy this condition. (Section 5.1)

(2) Then, we derive the allocations with minimum number of pilot
overhead. (Section 5.2)

(3) We show that for fixed pilot power, these allocations achieve
a channel estimate that minimizes the MSE on channel taps.
(Section 5.3)

(4) Finally, we optimize the power distribution between the pilot
and the communication symbols with respect to the channel
capacity. (Section 5.4)

5.1. Step (1) analyzing possible pilot allocations

We will assign the available symbols to pilot and communication
symbols. Let 𝐾c and 𝐾p denote the number of pilot and communication
ymbols, such that 𝐾 = 𝐾c+𝐾p. In matrix vector notation, this division
an be written as 𝐬 = (𝜱c𝐬c + 𝜱p𝐬p). Here, 𝜱c ∈ {0, 1}𝐾×𝐾c and
p ∈ {0, 1}𝐾×𝐾p are selection matrices containing only 𝐾c and 𝐾p

olumns of 𝐈𝐾 , indexed by 𝐩c ∈ {0, 1}𝐾×1 and 𝐩p ∈ {0, 1}𝐾×1. We have
𝟏𝑇𝐾×1𝐩c = 𝐾c and 𝟏𝑇𝐾×1𝐩p = 𝐾p, and a symbol is either used for the pilot
or communication, hence 𝐩c + 𝐩p = 𝟏𝐾×1.

After demodulation we can write our received signal as,

𝐲 = (𝐅𝑁 ⊗ 𝐈𝑀 )𝐇(𝐅𝐻
𝑁 ⊗ 𝐈𝑀 )(𝜱c𝐬c +𝜱p𝐬p) + (𝐅𝑁 ⊗ 𝐈𝑀 )𝐧
= 𝐇DD(𝜱c𝐬c +𝜱p𝐬p) + 𝐰.

6 
Here 𝐇DD = (𝐅𝑁 ⊗𝐈𝑀 )𝐇(𝐅𝐻
𝑁 ⊗𝐈𝑀 ) and 𝐰 = (𝐅𝑁 ⊗𝐈𝑀 )𝐧. At the receiver,

e can divide the received signal into a communication part and a
ilot part, where we denote the communication part by 𝐲c = 𝜳𝐻

c 𝐲
nd the pilot part by 𝐲p = 𝜳𝐻

p 𝐲. Here, the matrices 𝜳 c ∈ C𝐾×𝑅c and
p ∈ C𝐾×𝑅p denote selection matrices, similar to the definition of
c and 𝜱p, and contain 𝑅c and 𝑅p columns of 𝐈𝐾 indexed by 𝐩̃c ∈
0, 1}𝐾×1 and 𝐩̃p ∈ {0, 1}𝐾×1, respectively. It is important to mention

that the Ψ matrices are selecting all the received symbols that include
a communication symbol (for Ψc) or a pilot symbol (for Ψp). Thus, if
Φ is designed, Ψ follows automatically. Besides, note that the selection
of 𝜳 p is larger than that of 𝜱p, i.e. 𝑅c ≥ 𝐾c, because the transmitted
communication symbols are spread out by the channel. A block diagram
of the pipeline is shown in Fig. 6.

In order to facilitate a low-complexity receiver, we design the pilot
nd communication signals such that they do not interfere at the
eceiver. This configuration permits independent processing of chan-
el estimation and symbol estimation. Hence, we have the following
riterion:

C1 There is no overlap between pilot and communication symbols at
the receiver side.

It follows from C1 that we should have 𝜳𝐻
c 𝐇DD𝜱p = 𝟎 and 𝜳𝐻

p 𝐇DD𝜱c =
𝟎. From the interaction between the channel and the modulation, as
derived in (5), we know that this is possible as long as the pilot and
communication symbols are guarded by zeros accordingly, so that the
shift operations of the channel do not mix them.

The communication part is given by

𝐲c = 𝜳𝐻
c 𝐲 = 𝜳𝐻

c 𝐇DD(𝜱c𝐬c +𝜱p𝐬p) + 𝜳𝐻
c 𝐰 = 𝜳𝐻

c 𝐇DD𝜱c𝐬c + 𝐰c, (7)

and the pilot part is given by

𝐲p = 𝜳𝐻
p 𝐲 = 𝜳𝐻

p 𝐇DD(𝜱c𝐬c +𝜱p𝐬p) + 𝜳𝐻
p 𝐰 = 𝜳𝐻

p 𝐇DD𝜱p𝐬p + 𝐰p. (8)

Recognizing that the LTV channel (circularly) shifts the rows and
columns of the transmitted symbols 𝐒DD, we can deduce which type
of pilot allocation respects C1. We identify that every pilot allocation
must consist of one of the three ‘‘basic’’ cases. Strictly speaking, a com-
bination of multiple such cases is also possible. This requires multiple
equispaced pilots in the delay and/or Doppler dimension, each with
appropriate guard bands. This, however, complicates the pilot design,
does not reduce the pilot overhead and does not improve the channel
estimation, which is why we will not further investigate this option.
The ‘‘basic’’ cases are:

(1) ‘‘Island case’’ - in case the pilot symbol ‘‘area’’ is embedded both
in the delay ánd Doppler direction by communication symbols,
in order to have nonzero pilot symbols, the ‘‘area’’ should be at
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Fig. 6. Block diagram of the OTFS communication pipeline. Insertion and deletion of the cyclic prefix is omitted.
Fig. 7. DD configurations satisfying C1.
least (2𝑄+ 1) × (2𝐿+ 1), thus 𝐾p ≥ (2𝑄+ 1)(2𝐿+ 1). See Fig. 7(a) for
a visualization. Note that this pilot allocation requires 𝑁 ≥ 2𝑄+ 1
and 𝑀 ≥ 2𝐿 + 1.

(2) ‘‘Doppler slab’’ - in case the pilot symbol ‘‘area’’ is embedded
only in the delay direction but not in the Doppler direction, the
‘‘area should be at least 𝑁 × (2𝐿 + 1), thus 𝐾p ≥ 𝑁(2𝐿 + 1).
See Fig. 7(b) for a visualization. Note that this pilot allocation
requires 𝑁 ≥ 𝑄 + 1 and 𝑀 ≥ 2𝐿 + 1.

(3) ‘‘Delay slab’’ - in case the pilot symbol ‘‘area’’ is embedded only
in the Doppler direction but not in the delay direction, the ‘‘area
should be at least (2𝑄+ 1) ×𝑀 , thus 𝐾p ≥ (2𝑄+ 1)𝑀 . See Fig. 7(c)
for a visualization. Note that this pilot allocation requires 𝑁 ≥
2𝑄 + 1 and 𝑀 ≥ 𝐿 + 1.

Having determined the possibilities for the pilot design, we are
interested in its symbol overhead and the estimation performance.

5.2. Step (2) determining the pilot allocations with the lowest overhead

The minimum number of pilot symbols for each case is given by

(1) ‘‘Island case’’ - 𝐾p = (2𝑄+ 1)(2𝐿+ 1), consequently only one pilot
symbol is nonzero.

(2) ‘‘Doppler slab’’ - 𝐾p = (𝑄 + 1)(2𝐿 + 1), thus choosing 𝑁 = 𝑄 + 1,
consequently only one row containing 𝑄 + 1 pilot symbols is
nonzero.

(3) ‘‘Delay slab’’ - 𝐾p = (2𝑄 + 1)(𝐿 + 1), thus choosing 𝑀 = 𝐿 + 1,
consequently only one column containing 𝐿+ 1 pilot symbols is
nonzero.

It is clear that case (2) and case (3) will require less pilot overhead
compared to case (1), for every choice of 𝐿 and 𝑄. Therefore, it is cru-
cial to examine whether there are any performance distinctions among
these pilot designs. In the subsequent section, we will demonstrate that
all these designs (1, 2, and 3) achieve the same minimum MSE.

5.3. Step (3) showing MMSE optimality

The pilot part at the receiver side can be rewritten as

𝐲p = 𝜳𝐻
p 𝐇DD𝜱p𝐬p + 𝐰p = 𝐙𝐜 + 𝐰p, (9)

where 𝐜 ∈ C(𝐿+1)(𝑄+1)×1 contains the coefficients 𝑐𝑙 ,𝑞 of the BEM and
where the columns of 𝐙 ∈ C𝑅p×(𝐿+1)(𝑄+1) are given by,

𝐳 = 𝜳𝐻 (𝐅 ⊗ 𝐈 )
(

𝜦𝑞 𝐏𝑙 ) (𝐅𝐻 ⊗ 𝐈 )𝜱 𝐬 . (10)
𝑙+𝑞(𝐿+1) p 𝑁 𝑀 𝐾 𝐾 𝑁 𝑀 p p

7 
Let 𝐜̂ represent a channel estimator. Our objective is to minimize
the MSE of this estimator, that is, E[(𝐜 − 𝐜̂)𝐻 (𝐜 − 𝐜̂)]. Note that we
have a linear model, and consequently the MSE can be minimized
by the linear MMSE (LMMSE) estimator. Assume the channel taps
are independently distributed following a Gaussian distribution with
a mean of zero and potentially varying variances, such that E[𝐜𝐜𝐻 ] =
diag([𝜎2𝑐0,0 ,… , 𝜎2𝑐𝐿,𝑄 ]) = 𝐑𝐜 and let E[𝐰p𝐰𝐻

p ] = 𝐑𝐰p , then, the expression
for the LMMSE estimator is
𝐜̂ =

(

𝐑−1
𝐰p

𝐙(𝐑−1
𝐜 + 𝐙𝐻𝐑−1

𝐰p
𝐙)−1

)𝐻
𝐲p. (11)

If we assume that the noise is white, i.e. 𝐑𝐧 = 𝜎2𝐧𝐈𝐾 , then 𝐑𝐰 =
E[(𝐅𝐻

𝑁 ⊗ 𝐈𝑀 )𝐧𝐧𝐻 (𝐅𝑁 ⊗ 𝐈𝑀 )] = 𝜎2𝐧𝐈𝐾 , and consequently,

𝐑𝐰p = E[𝜳𝐻
p 𝐰𝐰𝐻𝜳 p] = 𝜳𝐻

p 𝐑𝐰𝜳 p = 𝜎2𝐧𝐈𝑅p . (12)

As a result, we can rewrite the LMMSE estimator as

𝐜̂ =
(

𝜎2𝐧𝐑
−1
𝐜 + 𝐙𝐻𝐙

)−1 𝐙𝐻 (

𝐙𝐜 + 𝐰p
)

. (13)

The MSE of this estimator is given by,

E[(𝐜 − 𝐜̂)𝐻 (𝐜 − 𝐜̂)] = E
[

tr
(

(𝐜 − 𝐜̂)(𝐜 − 𝐜̂)𝐻
)]

= tr
⎛

⎜

⎜

⎝

(

𝐑−1
𝐜 + 1

𝜎2𝐧
𝐙𝐻𝐙

)−1
⎞

⎟

⎟

⎠

.
(14)

To reach the minimum MSE, the pilot symbols should be placed such
that 𝐙𝐻𝐙 is diagonal ([36], Lemma 1). Note that the columns of 𝐙 are
given by

𝐳𝑙+𝑞(𝐿+1) = 𝜳𝐻
p (𝐅𝑁 ⊗ 𝐈𝑀 )

(

𝜦𝑞
𝐾𝐏

𝑙
𝐾
)

(𝐅𝐻
𝑁 ⊗ 𝐈𝑀 )𝜱p𝐬p

= 𝜳𝐻
p vec

(

𝐖𝑙 ,𝑞◦
(

𝐏𝑙
𝑀vec−1(𝜱p𝐬p)𝐏

−𝑞
𝑁
))

.
(15)

Let 𝐒p = vec−1(𝜱p𝐬p). The elements of the matrix 𝐙𝐻𝐙 can be rewrit-
ten3 as in (16).

𝐳𝐻𝑙1+𝑞1(𝐿+1)𝐳𝑙2+𝑞2(𝐿+1)

= vec𝐻
(

𝐖𝑙1 ,𝑞1◦
(

𝐏𝑙1
𝑀𝐒p𝐏

−𝑞1
𝑁

))

𝜳 p𝜳𝐻
p vec

(

𝐖𝑙2 ,𝑞2◦
(

𝐏𝑙2
𝑀𝐒p𝐏

−𝑞2
𝑁

))

(𝑎)
=

[

vec∗
(

𝐖𝑙1 ,𝑞1◦
(

𝐏𝑙1
𝑀𝐒p𝐏

−𝑞1
𝑁

))

◦vec
(

𝐖𝑙2 ,𝑞2◦
(

𝐏𝑙2
𝑀𝐒p𝐏

−𝑞2
𝑁

))]𝑇

× diag
(

𝜳 p𝜳𝐻
p

)

3 Where (a) uses the fact that if 𝐚1 and 𝐚2 are two column vectors and 𝐗 is
a diagonal matrix, then 𝐚𝐻𝐗𝐚 = vec(𝐚𝑇 ⊙ 𝐚𝐻 )diag(𝐗) = (𝐚∗◦𝐚 )𝑇 diag(𝐗).
1 2 2 1 1 2
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= vec𝑇
(

𝐖∗
𝑙1 ,𝑞1

◦𝐖𝑙2 ,𝑞2◦
(

𝐏𝑙1
𝑀𝐒∗p𝐏

−𝑞1
𝑁

)

◦
(

𝐏𝑙2
𝑀𝐒p𝐏

−𝑞2
𝑁

))

× diag
(

𝜳 p𝜳𝐻
p

)

(16)

For the diagonal elements, i.e. (𝑙1, 𝑞1) = (𝑙2, 𝑞2) ∈ {0, 1,… , 𝐿} ×
{0, 1,… , 𝑄}, we have,

𝐳𝐻𝑖 𝐳𝑖 = vec𝑇
(

𝐖∗
𝑙 ,𝑞◦𝐖𝑙 ,𝑞◦

(

𝐏𝑙
𝑀

(

𝐒∗p◦𝐒p

)

𝐏−𝑞
𝑁

))

diag
(

𝜳 p𝜳𝐻
p

)

= vec𝑇
((

𝐏𝑙
𝑀

(

𝐒∗p◦𝐒p

)

𝐏−𝑞
𝑁

))

diag
(

𝜳 p𝜳𝐻
p

)

= vec𝑇
((

𝐏𝑙
𝑀

(

𝐒∗p◦𝐒p

)

𝐏−𝑞
𝑁

))

𝐩̃p

(𝑏)
=

(

𝐬∗p◦𝐬p
)𝑇

𝟏𝐾p×1 = 𝐬𝐻p 𝐬p = 𝑃p,

(17)

where in (b) we have used the fact that 𝐩̃p is selecting all the symbols
that include a pilot symbol after passing through the channel. Thus, the
diagonal of 𝐙𝐻𝐙 only contains the total power 𝑃p of the pilot symbols.
Note that the diagonal elements do not depend on 𝐾p. If 𝐙𝐻𝐙 must be
diagonal, then the off-diagonal elements of 𝐙𝐻𝐙 must be zero, that is,
𝐳𝐻𝑙1+𝑞1(𝐿+1)𝐳𝑙2+𝑞2(𝐿+1) = 0, (𝑙1, 𝑞1) ≠ (𝑙2, 𝑞2). (18)

By inspecting (16) for (𝑙1, 𝑞1) ≠ (𝑙2, 𝑞2), we see that, left of the element-
wise product, the pilot symbols are shifted by 𝑙1 in the delay direction
and 𝑞1 in the Doppler direction, while on the right of the element-wise
roduct, the pilot symbols are shifted by 𝑙2 in the delay direction and
2 in the Doppler direction. From this observation we can deduce that,

to have the outcome equal to zero, the pilot symbols in the delay-Doppler
domain, that is the matrix vec−1(𝜱p𝐬p), should have shift orthogonal rows
and columns.

We can draw some conclusions:

(1) ‘‘Island case’’ - For a fixed power 𝑃p, this pilot allocation, with
𝐾p = (2𝑄+ 1)(2𝐿+ 1) and with only one nonzero pilot symbol in
the middle, achieves the minimum MSE. However, it uses more
pilot symbols compared to the ‘‘Doppler slab’’ and ‘‘Delay slab’’
case.

(2) ‘‘Doppler slab’’ - For a fixed power 𝑃p, this pilot allocation, with
𝐾p = (𝑄 + 1)(2𝐿 + 1) and with 𝑄 + 1 nonzero pilot symbols,
achieves the minimum MSE if and only if the nonzero pilots
are shift orthogonal in both delay and Doppler direction at the
same time. The only option adhering to this orthogonality is
to have only one nonzero pilot symbol. This is visualized in
Fig. 8(a). Although in the figure the pilot symbol is placed in the
middle, the symbol could be placed anywhere along the Doppler
direction (the delay position is fixed).

(3) ‘‘Delay slab’’ - For a fixed power 𝑃p, this pilot allocation, with
𝐾p = (2𝑄 + 1)(𝐿 + 1) and with 𝐿 + 1 nonzero pilot symbols,
achieves the minimum MSE if and only if the nonzero pilots are
shift orthogonal in both delay and Doppler direction at the same
time. The only option adhering to this orthogonality is to have
only one nonzero pilot symbol. This is visualized in Fig. 8(b).
Although in the figure the pilot symbol is placed in the middle,
the symbol could be placed anywhere along the delay direction
(the Doppler position is fixed).

To recap, given C1, the pilot allocations with the lowest pilot
overhead are (also) allocations that attain the minimum MSE. The latter
result is supported by simulation experiments, as shown in Fig. 8(c),
where the average MSE of the channel taps is computed over 100 Monte
Carlo runs. In each run, a new channel and noise realization is drawn
from their respective distributions, with 𝜎2𝑐𝑙 ,𝑞 = 1∕((𝐿+ 1)(𝑄+ 1)) for all
𝑙 and 𝑞.

Note that the pilot allocations using the ZC sequence does not
achieve the MMSE performance. This is because the pilot symbols in the
DD domain do not produce shift-orthogonal rows and columns. For the
current parameters, {𝐾 , 𝐿, 𝑄} = {411, 8, 8}, the resulting performance
gap is approximately 3 dB, although this difference depends on the

specific simulation parameters. M

8 
Moreover, the three cases, the island case, Doppler slab, and delay
slab, do achieve the same MMSE; however, our proposed Doppler
slab and delay slab do so with less pilot overhead. As a result, the
proposed allocations can fit more communication symbols. When the
three allocations would operate at the same data rate, the proposed
allocations will have a better BER than the island case, since in practice,
the latter will have to use higher-order constellations, or less error
correction coding. Therefore, our proposed Doppler slab and delay slab
allocations are the preferred options. In order to use the least overhead
t all times, we must choose the Doppler slab (set 𝑁 = 𝑄 + 1) in
ase 𝑄 < 𝐿, and we must choose the delay slab (set 𝑀 = 𝐿 + 1) in

case 𝑄 > 𝐿. With this decision rule, we can attain a pilot overhead of
𝐾p = min{(𝐿 + 1)(2𝑄 + 1), (2𝐿 + 1)(𝑄 + 1)}.

As the optimal pilot allocation is now determined, the next step is
o optimize the power distribution between the pilot and the commu-

nication symbols.

5.4. Step (4) optimizing the power balance

Suppose we have a total power budget 𝑃 , which can be distributed
etween the pilot and communication symbols. Let 𝑃c = 𝛼 𝑃 and

𝑃p = (1 − 𝛼)𝑃 , where 𝛼 ∈ [0, 1] controls the power allocation between
communication and pilot symbols, while the total power constraint
𝑃c + 𝑃p = 𝑃 is satisfied. We can then optimize a performance measure
with respect to this power balance.

Since pilot overhead is critical in time-varying communication sys-
tems, we first (step 2 of our approach) focused on reducing this over-
head as much as possible. This naturally also maximizes the time-
frequency occupancy of the communications symbols, and hence im-
plicitly focuses on capacity.4 Therefore, in this step 4, it makes sense
to also optimize the power distribution in terms of the channel capac-
ity. Moreover, channel capacity is the primary performance metric in
communication systems. Unlike the BER, which depends on modulation
order and channel coding, channel capacity provides a modulation-
nd coding-independent measure of link performance. It also has a
losed-form expression, making it suitable for system analysis and
ptimization. Finally, systems that transmit large amounts of data and
mploy adaptive modulation and coding can approach the channel
apacity in practice.

The received communication part is given by,

𝐲c = 𝜳𝐻
c 𝐇DD𝜱c𝐬c + 𝐰c = 𝐇̃c𝐬c + 𝐰c. (19)

The capacity of the channel, averaged over the random channel 𝐇̃c,
nduced by the coefficients in 𝐜, is given by (see [30,38]),

𝐶 = 1
𝐾 + 𝐿

E

[

max
𝑝(𝐬c),𝑃c=E[𝐬𝐻c 𝐬c]

(𝐲c; 𝐬c|𝐜̂)
]

. (20)

Here, (𝐲c; 𝐬c|𝐜̂) is the conditional mutual information between the
eceived signal 𝐲𝐜 and the transmitted symbols 𝐬𝐜, given the channel
oefficient estimate 𝐜̂, 𝑝(𝐬c) is the probability distribution of 𝐬c with
ixed energy 𝑃c. Note that we divide by 𝐾 +𝐿 to account for the cyclic
refix of length 𝐿.

Let the channel estimate be given by 𝐜̂, and let the estimated channel
matrix be denoted by ̂̃𝐇c, then the received communication part can be
rewritten as,

𝐲c = ̂̃𝐇c𝐬c + (𝐇̃c − ̂̃𝐇c)𝐬c + 𝐰c = ̂̃𝐇c𝐬c + 𝐯, (21)

where 𝐯 = (𝐇̃c− ̂̃𝐇c)𝐬c+𝐰c. Now, since no knowledge is available at the
ransmitter about the channel, it is reasonable to assign equal energy to

all communication symbols, i.e. 𝐑𝐬c = 𝑃c
𝐾c

𝐈𝐾c . With a fixed (i.e. equal)

4 Interestingly, a similar connection between channel capacity and channel
MSE has been noticed in [30].
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Fig. 8. (a) and (b): Pilot allocations satisfying (i) C1, (ii) achieving the MMSE (𝐙𝐻𝐙 diagonal), and (iii) having the lowest overhead. (c): Performance compared to existing pilot
schemes, for {𝐾 , 𝐿, 𝑄} = {441, 8, 8}.
communication symbol power, a lower bound on the channel capacity
is given by [30,38],

𝐶 ≥ 1
𝐾 + 𝐿

E
[

log det
(

𝐈𝑅c×𝑅c +
𝑃c
𝐾c

𝐑−1
𝐯

̂̃𝐇c
̂̃𝐇𝐻

c

)]

. (22)

Here,

𝐑𝐯 = E[𝐯𝐯𝐻 ] = 𝑃c
𝐾c

E[(𝐇̃c − ̂̃𝐇c)(𝐇̃c − ̂̃𝐇c)𝐻 ] + 𝜎2𝐧𝐈𝑅c×𝑅c . (23)

The goal is to determine the appropriate power distribution, that is,
select 𝛼, to maximize the lower bound on the channel capacity 𝐶. To
express the lower bound in terms of the power distribution parameter
𝛼, we proceed with some derivations. First of all, we can write (see
Appendix A for a detailed derivation),

E[(𝐇̃c − ̂̃𝐇c)(𝐇̃c − ̂̃𝐇c)𝐻 ] ⪯ E
[

tr
(

(𝐜 − 𝐜̂)(𝐜 − 𝐜̂)𝐻
)]

𝐈𝑅c . (24)

Secondly, because the pilot allocation makes 𝐙𝐻𝐙 diagonal, we can
write
(

𝐑−1
𝐜 + 1

𝜎2𝐧
𝐙𝐻𝐙

)−1

=

(

diag([𝜎2𝑐0,0 ,… , 𝜎2𝑐𝐿,𝑄 ])
−1 + 1

𝜎2𝐧
𝑃p𝐈(𝐿+1)(𝑄+1)

)−1

= diag
⎛

⎜

⎜

⎝

𝜎2𝑐0,0𝜎
2
𝐧

𝜎2𝐧 + 𝜎2𝑐0,0𝑃p
,… ,

𝜎2𝑐𝐿,𝑄𝜎
2
𝐧

𝜎2𝐧 + 𝜎2𝑐𝐿,𝑄𝑃p

⎞

⎟

⎟

⎠

, (25)

so that, the channel MSE (14) is given by,

E
[

tr(𝐜 − 𝐜̂)(𝐜 − 𝐜̂)𝐻
]

=
𝐿
∑

𝑙=0

𝑄
∑

𝑞=0

𝜎2𝑐𝑙 ,𝑞𝜎
2
𝐧

𝜎2𝐧 + 𝜎2𝑐𝑙 ,𝑞𝑃p
. (26)

We can then combine (24) and (26) to rewrite 𝐑𝐯 as

𝐑𝐯 ⪯
𝑃c
𝐾c

E
[

tr(𝐜 − 𝐜̂)(𝐜 − 𝐜̂)𝐻
]

𝐈𝑅c + 𝜎2𝐧𝐈𝑅c

=
⎡

⎢

⎢

⎣

𝑃c
𝐾c

𝐿
∑

𝑙=0

𝑄
∑

𝑞=0

𝜎2𝑐𝑙 ,𝑞𝜎
2
𝐧

𝜎2𝐧 + 𝜎2𝑐𝑙 ,𝑞𝑃p
+ 𝜎2𝐧

⎤

⎥

⎥

⎦

𝐈𝑅c .
(27)

Finally we can derive a looser lower bound on the capacity from (22)
as

𝐶 ≥ 1
𝐾 + 𝐿

E
[

log det
(

𝐈𝑅c
+

𝑃c
𝐾c

𝐑−1
𝐯

̂̃𝐇c
̂̃𝐇𝐻

c

)]

≥ 1
𝐾 + 𝐿

E
⎡

⎢

⎢

⎣

log det
⎛

⎜

⎜

⎝

𝐈𝑅c
+

𝑃c
𝐾c

[

𝑃c
𝐾c

𝐿
∑

𝑙=0

𝑄
∑

𝑞=0

𝜎2
𝑐𝑙 ,𝑞𝜎2

𝐧

𝜎2
𝐧 + 𝜎2

𝑐𝑙 ,𝑞𝑃p
+ 𝜎2

𝐧

]−1

̂̃𝐇c
̂̃𝐇𝐻

c

⎞

⎟

⎟

⎠

⎤

⎥

⎥

⎦

= 𝐶.

(28)

Now lastly, we rewrite ̂̃𝐇c
̂̃𝐇𝐻

c .
We can show that (refer to Appendix B for the derivation),

tr
(

E
[

̂̃𝐇c
̂̃𝐇𝐻

c

])

= 𝐾c

𝑄∕2
∑

𝐿
∑

𝜎2𝑐𝑙 ,𝑞 = 𝐾c

𝑄∕2
∑

𝐿
∑

𝑃p𝜎4𝑐𝑙 ,𝑞
𝜎2 + 𝑃 𝜎2

. (29)

𝑞=−𝑄∕2 𝑙=0 𝑞=−𝑄∕2 𝑙=0 𝐧 p 𝑐𝑙 ,𝑞

9 
This motivates us to normalize the channel matrix ̂̃𝐇c as,

̂̃𝐇c =

√

√

√

√

√𝐾c

𝑄∕2
∑

𝑞=−𝑄∕2

𝐿
∑

𝑙=0
𝜎2𝑐𝑙 ,𝑞

̂̃𝐇′
c, (30)

where ̂̃𝐇′
c is the normalized channel matrix. We substitute this normal-

ization and the expression obtained in (27) in the lower bound on the
capacity (𝐶 in (28)) and obtain,

𝐶 = 1
𝐾 + 𝐿

E
⎡

⎢

⎢

⎢

⎣

log det
⎛

⎜

⎜

⎜

⎝

𝐈𝑅c +
𝑃c
𝐾c

⎡

⎢

⎢

⎣

𝑃c
𝐾c

𝐿
∑

𝑙=0

𝑄∕2
∑

𝑞=−𝑄∕2

𝜎2𝑐𝑙 ,𝑞𝜎
2
𝐧

𝜎2𝐧 + 𝜎2𝑐𝑙 ,𝑞𝑃p
+ 𝜎2𝐧

⎤

⎥

⎥

⎦

−1

× 𝐾c

𝑄∕2
∑

𝑞=−𝑄∕2

𝐿
∑

𝑙=0
𝜎2𝑐𝑙 ,𝑞

̂̃𝐇′
c
̂̃𝐇′𝐻

c

)]

= 1
𝐾 + 𝐿

E
[

log det
(

𝐈𝑅c + 𝜌 ̂̃𝐇′
c
̂̃𝐇′𝐻

c

)]

, (31)

where, using the expression for 𝜎2𝑐𝑙 ,𝑞 in (29),

𝜌 = 𝑃c

𝑄∕2
∑

𝑞=−𝑄∕2

𝐿
∑

𝑙=0

𝑃p𝜎4𝑐𝑙 ,𝑞
𝜎2𝐧 + 𝑃p𝜎2𝑐𝑙 ,𝑞

⎡

⎢

⎢

⎣

𝑃c
𝐾c

𝐿
∑

𝑙=0

𝑄∕2
∑

𝑞=−𝑄∕2

𝜎2𝑐𝑙 ,𝑞𝜎
2
𝐧

𝜎2𝐧 + 𝜎2𝑐𝑙 ,𝑞𝑃p
+ 𝜎2𝐧

⎤

⎥

⎥

⎦

−1

.

Remark 4. Note that 𝜌 is essentially a signal-to-interference-plus-noise
ratio (SINR). The numerator contains the energy related to the (target)
signal, i.e. ̂̃𝐇c𝐬c, while the denominator contains the interference energy
due to the channel estimation error, related to (𝐇̃c− ̂̃𝐇c)𝐬c, and the noise
energy.

We can maximize 𝜌 with respect to 𝑃c = 𝛼 𝑃 and 𝑃p(1 − 𝛼)𝑃 to
optimize 𝐶 in (31) (since the normalized channel matrix is independent
of the power distribution). Let 𝑃 be the total transmitter power, and set
𝑃c = 𝛼 𝑃 and 𝑃p = (1 −𝛼)𝑃 ; thus, 𝜌 becomes a function of 𝛼. The optimal
power distribution is given by

𝛼∗ = ar g max
𝛼

𝜌. (32)

Before proceeding to the simulations in the next section, we make
some remarks with respect to the complexity and implementation of
our proposed pilot design.

Note that using a different pilot allocation does not increase or de-
crease complexity of the communication system. Determining the opti-
mal power distribution requires maximizing a one-dimensional (concave)
function, which has negligible complexity compared to the channel or
symbol estimation steps, which typically involve matrix inversions or
iterative algorithms. The complexity of our pilot design is therefore
comparable to that of existing designs.
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Table 2
Parameters for the simulations in Fig. 9.

Parameters Channel 1 Channel 2 Channel 3
𝐾 441 441 441
𝑄 6 8 2
𝐿 6 2 8
SNRtx 20 dB 20 dB 20 dB
𝜎2
𝑐𝑙 ,𝑞 1∕((𝑄 + 1)(𝐿 + 1)), ∀{𝑙 , 𝑞} 1∕((𝑄 + 1)(𝐿 + 1)), ∀{𝑙 , 𝑞} 1∕((𝑄 + 1)(𝐿 + 1)), ∀{𝑙 , 𝑞}

Island case - {𝑁 , 𝑀 , 𝛼opt} {21, 21, 0.7015} {21, 21, 0.7834} {21, 21, 0.7834}
Doppler slab - {𝑁 , 𝑀 , 𝛼opt} {7, 63, 0.7270} {9, 49, 0.7922} {3, 147, 0.7910}
Delay slab - {𝑁 , 𝑀 , 𝛼opt} {63, 7, 0.7270} {147, 3, 0.7910} {49, 9, 0.7922}
a
o

p

f

f
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w

i
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a
a
b

Implementation of our pilot design in practical systems is not signif-
icantly different from existing approaches. All discussed pilot designs
assume that 𝐿 and 𝑄 are known, which is reasonable in practice as
noted in Remark 2, and that the noise level 𝜎2𝐧 is available. In modern
communication systems, the noise level is typically tracked by the
receiver, since both channel and symbol estimators depend on it.

The only additional requirement of our method is knowledge of the
channel tap distribution, i.e., the variances 𝜎2𝑐𝑙 ,𝑞 . These can be estimated
sing a probe signal, or a preamble, and in practice, this distribution
ends to remain stable over multiple communication packets as well.

6. Simulations

In this section, we validate the theoretical findings and compare our
ramework with related work.

6.1. Numerical validation

We simulate three baseband channels (i.e., frequency shifts between
0 and 1 and time delays of multiples of the sampling frequency) with
different parameters, which are specified in Table 2.

We call a channel ‘Doppler dominant’ if 𝑄 > 𝐿 and ‘delay dominant’
if 𝑄 < 𝐿. Thus, Channel 2 and Channel 3 are Doppler and delay
ominant, respectively. We define the signal-to-noise ratio with respect
o the transmitted signal 𝐱 as,

SNRtx = E[𝐱𝐻𝐱]
E[𝐧𝐻𝐧]

= 𝑃
𝐾 𝜎2𝐧

.

We set 𝑃 = 1, and change the value of 𝜎2𝐧 according to the desired
NRtx. In all simulations, the (pilot and communication) symbols are
ncoded QPSK symbols. The channel coefficients 𝑐𝑙 ,𝑞 are realizations of
 (independent) complex Gaussian process with zero mean and variance
2
𝑐𝑙 ,𝑞 = 1∕((𝑄 + 1)(𝐿 + 1)). For all three channels we draw ten noise and
hannel realizations, and calculate the average capacity. The results are
hown in Fig. 9. We can draw the following conclusions. First of all, the

Doppler slab and delay slab, which alter the modulation parameters 𝑁
and 𝑀 according to the channel, exhibit higher capacity in all three
channels, compared to the ‘island case’ proposed in [12,13]. Moreover,
we note that either the Doppler slab or delay slab performs the best,
according to whether the channel is Doppler or delay dominant. This
is to be expected, since the Doppler (delay) slab has the lowest pilot
overhead for a Doppler (delay) dominant channel. Finally, we can
see that all three pilot allocations benefit from the optimal power
allocation. We see that, indeed, the maximum is reached at the power
distribution 𝛼opt. In the simulation for Fig. 9, we considered only
those pilot allocations for OTFS that achieve the channel MMSE. For
llocations that do not attain the MMSE, a general expression for the
hannel estimation error is not available, making it nontrivial to derive
 meaningful lower bound on the channel capacity.

In Fig. 10, we illustrate (with lines without markers) how the
capacity optimal power distribution, obtained from (32), evolves with
different noise levels. We set {𝐾 , 𝑄, 𝐿} = {441, 2, 6} and consider two
different channels: in Fig. 10(a), we use channel taps with identical
distributions, while in Fig. 10(b), we let the variance of the channel taps
 t

10 
decay exponentially. The capacity-optimal power distribution evolves
differently per channel, but both curves saturate to 𝛼 = 0.5 for high
noise levels. A similar trend was found for SCM in [30].

Additionally, we plot (with lines with markers) the power distri-
bution that is optimal in terms of BER. The minimum BER over 50
Monte Carlo runs has been found by simulating every combination of
noise level and power distribution. Results at extremely high and low
noise levels are omitted, as the BER saturates to 0 (low noise level)
nd 0.5 (high noise level) for all power distributions, so no meaningful
ptimum can be identified in those cases.

Fig. 10 shows that the BER optimal power distribution closely fol-
lows the capacity-optimal power distribution, even for D-OSDM, which
employs a pilot design not suited for our capacity optimization. This
suggests that (32) can be used not only to optimize channel capacity
but also to improve the BER.

6.2. Comparison with related work

So far, we have compared our proposed pilot designs to the ‘island
case’ pilot allocation from [12,13] using our capacity optimal power
distribution for all cases. Here, we explicitly compare the capacity of
our power distribution with the one originally used in [13]. To ensure
fairness, we align the parameters used in [13] with those discussed in
this paper.

Let 𝑠p denote a pilot symbol and let 𝑠c denote a communication
symbol, then in [13] the pilot and communication SNR were defined
er symbol, that is,

SNRp =
|𝑠p|

2

𝜎2𝐧
, SNRc =

E[|𝑠c|
2]

𝜎2𝐧
.

Note that the relation to our SNR of the transmitted signal (thus pilot
and communication signal together) is given by SNRtx = 1

𝐾 SNRp +
𝐾c
𝐾 SNRc. We can relate the notion of SNR per symbol of [13] to our

power distribution parameter,

𝛼 =
𝐾cSNRc

𝐾cSNRc + SNRp
.

Then, in Table 3 we list: the parameters that were used in [13] (first
our columns), ‘‘our’’ parameters that follow from that (fifth to ninth

column), and the parameters for the optimal pilot design (last four
columns). We can see that the 𝛼 that follows from [13] differs a lot
rom the optimal distribution 𝛼∗. In fact, we see that modifying the
ower distribution can lead to a substantial improvement in perfor-
ance (compare seventh and ninth column). Furthermore, selecting the

ppropriate values for 𝑀 and 𝑁 can further enhance performance as
e can see in the eleventh column.

Note that an increase in SNRtx from 21.6 dB to 27.7 dB and from
25.5 dB to 29.0 dB is more than double the amount of power. It is
mportant to highlight that this increase in power leads to only a minor
ER improvement in [13] as well as a minor capacity improvement
s seen in the seventh column. By contrasting the optimal power
llocation with the actual power distribution, the slight increase in BER
ecomes more understandable; the power increase is counteracted by
he bad power distribution.
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Fig. 9. Performance of the pilot allocation schemes with respect to the power distribution for three different channels.
Fig. 10. Capacity optimal power distribution (i.e., (32)), versus BER optimal power distribution.
Table 3
Results of the comparison with [13] for a simulated channel with 𝑄 = 2, 𝐿 = 6. The SNR and capacity values are listed in dB and bit ∕s∕Hz,
respectively.

Island case Doppler slab Delay slab
𝑀 = 128, 𝑁 = 16 𝑀 = 686, 𝑁 = 3 𝑀 = 7, 𝑁 = 294
Parameters from [13], cf Fig. 14 Resulting parameters [13] Sub-optimal choice Sub-optimal choice: Optimal choice:

SNRp SNRc 𝜎2 BER SNRtx 𝛼 𝐶(𝛼) 𝛼∗ 𝐶(𝛼∗) 𝛼∗ 𝐶(𝛼∗) 𝛼∗ 𝐶(𝛼∗)

50 20 1 ≈1 ⋅ 10−2 21.6 0.66 3.92 0.91 4.14 0.91 4.17 0.91 4.18
60 20 1 ≈8.5 ⋅ 10−3 27.7 0.17 4.01 0.91 5.50 0.91 5.55 0.91 5.56
50 25 1 ≈2 ⋅ 10−3 25.5 0.86 5.04 0.91 5.05 0.91 5.09 0.91 5.10
60 25 1 ≈1.5 ⋅ 10−3 29.0 0.39 5.09 0.91 5.75 0.91 5.81 0.91 5.81
v

f
A

7. Conclusions

In this paper, we have aimed to contribute to the understanding of
ow to design pilot signals for OTFS. We conducted an investigation
nto the literature on pilot design and established connections between
he work on LTI and LTV channels, SCM, OFDM and OTFS modulation.

We have proposed two new pilot allocations for OTFS, that adjust
or 𝑁 according to the channel parameters 𝐿 and 𝑄. Our pilot

llocations save approximately 50% on pilot overhead compared to
he conventional allocation, while still achieving the MMSE for chan-

nel estimation. We have also addressed the aspect of optimizing the
power distribution between the pilot and communication signal with
espect to the channel capacity. Our results indicate that selecting an
ppropriate power distribution significantly enhances a (lower bound
n the) channel capacity of the communication system. Moreover, we
mpirically show that, across different channel settings, our proposed
ower distribution, although optimized for capacity, also minimizes the
ER.

In summary, our research demonstrates that the careful selection of
TFS parameters, together with pilot design (including the allocation
11 
and power distribution) can lead to a significant improvement in the
performance of an OTFS based communication system.

CRediT authorship contribution statement

Ids van der Werf: Writing – review & editing, Writing – original
draft, Visualization, Validation, Methodology, Investigation, Formal
analysis, Conceptualization. Richard Heusdens: Writing – review &
editing, Validation, Supervision. Richard C. Hendriks: Writing – re-
iew & editing, Validation, Supervision. Geert Leus: Writing – review

& editing, Supervision, Formal analysis.

Acknowledgments

This work was partly funded by the Netherlands Organisation
or Applied Scientific Research (TNO) and the Netherlands Defence
cademy (NLDA), reference no. TNO-10026587.

Appendix A. Derivation 1

We derive an upper bound in Eq. (33) (which is given in Box I).
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E[(𝐇̃c − ̂̃𝐇c)(𝐇̃c − ̂̃𝐇c)𝐻 ]

= E
[

(

𝜳𝐻
c

(

𝐇DD − 𝐇̂DD

)

𝜱c

) (
𝜳𝐻

c

(

𝐇DD − 𝐇̂DD

)

𝜱c

)𝐻
]

= E

[ ( 𝑄∕2
∑

𝑞=−𝑄∕2

𝐿
∑

𝑙=0
(𝑐𝑙 ,𝑞 − 𝑐𝑙 ,𝑞)𝜳𝐻

c (𝐅𝑁 ⊗ 𝐈𝑀 )(𝜦𝑞𝐏𝑙)(𝐅𝐻
𝑁 ⊗ 𝐈𝑀 )𝜱c

) ( 𝑄∕2
∑

𝑞=−𝑄∕2

𝐿
∑

𝑙=0
(𝑐𝑙 ,𝑞 − 𝑐𝑙 ,𝑞)𝜳𝐻

c (𝐅𝑁 ⊗ 𝐈𝑀 )(𝜦𝑞𝐏𝑙)(𝐅𝐻
𝑁 ⊗ 𝐈𝑀 )𝜱c

)𝐻 ]

= E

[ 𝑄∕2
∑

𝑞=−𝑄∕2

𝐿
∑

𝑙=0
|(𝑐𝑙 ,𝑞 − 𝑐𝑙 ,𝑞)|2 𝜳𝐻

c (𝐅𝑁 ⊗ 𝐈𝑀 )(𝜦𝑞𝐏𝑙)(𝐅𝐻
𝑁 ⊗ 𝐈𝑀 )𝜱c

(

𝜳𝐻
c (𝐅𝑁 ⊗ 𝐈𝑀 )(𝜦𝑞𝐏𝑙)(𝐅𝐻

𝑁 ⊗ 𝐈𝑀 )𝜱c
)𝐻
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Diagonal matrix with 𝐾c ones and (𝑅c −𝐾c) zeros.

]

⪯ E
[

tr
(

(𝐜 − 𝐜̂)(𝐜 − 𝐜̂)𝐻
)]

𝐈𝑅c (33)

Box I.
E
[

̂̃𝐇c
̂̃𝐇𝐻

c

]

= E
[

(

𝜳𝐻
c 𝐇̂DD𝜱c

) (
𝜳𝐻

c 𝐇̂DD𝜱c

)𝐻
]

= E

[ ( 𝑄∕2
∑

𝑞=−𝑄∕2

𝐿
∑

𝑙=0
𝑐𝑙 ,𝑞𝜳𝐻

c (𝐅𝑁 ⊗ 𝐈𝑀 )(𝜦𝑞𝐏𝑙)(𝐅𝐻
𝑁 ⊗ 𝐈𝑀 )𝜱c

) ( 𝑄∕2
∑

𝑞=−𝑄∕2

𝐿
∑

𝑙=0
𝑐𝑙 ,𝑞𝜳𝐻

c (𝐅𝑁 ⊗ 𝐈𝑀 )(𝜦𝑞𝐏𝑙)(𝐅𝐻
𝑁 ⊗ 𝐈𝑀 )𝜱c

)𝐻 ]

=
𝑄∕2
∑

𝑞=−𝑄∕2

𝐿
∑

𝑙=0
𝜎2𝑐𝑙 ,𝑞

(

𝜳𝐻
c (𝐅𝑁 ⊗ 𝐈𝑀 )(𝜦𝑞𝐏𝑙)(𝐅𝐻

𝑁 ⊗ 𝐈𝑀 )𝜱c
) (

𝜳𝐻
c (𝐅𝑁 ⊗ 𝐈𝑀 )(𝜦𝑞𝐏𝑙)(𝐅𝐻

𝑁 ⊗ 𝐈𝑀 )𝜱c
)𝐻
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Diagonal matrix with 𝐾c ones and (𝑅c −𝐾c) zeros.

(34)

Box II.
Appendix B. Derivation 2

We can write Eq. (35) (which is given in Box II). Moreover, due to
he 𝐾c ones on the diagonal, we have

tr
(

E
[

̂̃𝐇c
̂̃𝐇𝐻

c

])

= 𝐾c

𝑄∕2
∑

𝑞=−𝑄∕2

𝐿
∑

𝑙=0
𝜎2𝑐𝑙 ,𝑞 .

Note that 𝜎2𝑐𝑙 ,𝑞 is defined as in (35).

E[𝐜̂𝐜̂𝐻 ] = E
[

(

𝜎2𝐧𝐑
−1
𝐜 + 𝐙𝐻𝐙

)−1 𝐙𝐻 (

𝐙𝐜 + 𝐰p
) (

𝐙𝐜 + 𝐰p
)𝐻

× 𝐙
(

𝜎2𝐧𝐑
−1
𝐜 + 𝐙𝐻𝐙

)−1]

=
(

𝜎2𝐧𝐑
−1
𝐜 + 𝐙𝐻𝐙

)−1 E
[

𝐙𝐻
(

𝐙𝐜𝐜𝐻𝐙𝐻 + 𝐰p𝐰𝐻
p

)

𝐙
]

×
(

𝜎2𝐧𝐑
−1
𝐜 + 𝐙𝐻𝐙

)−1

=
(

𝜎2𝐧𝐑
−1
𝐜 + 𝐙𝐻𝐙

)−1 [𝐙𝐻𝐙𝐑𝐜𝐙𝐻𝐙 + 𝐙𝐻𝐑𝐰p𝐙
]

(

𝜎2𝐧𝐑
−1
𝐜 + 𝐙𝐻𝐙

)−1

=
𝑃 2

p diag
(

[𝜎2𝑐0,0 ,… , 𝜎2𝑐𝐿,𝑄 ]
)

+ 𝑃p𝜎2𝐧𝐈(𝐿+1)(𝑄+1)×(𝐿+1)(𝑄+1)
(

𝜎2𝐧diag
(

[𝜎2𝑐0,0 ,… , 𝜎2𝑐𝐿,𝑄 ]
)−1

+ 𝑃p𝐈(𝐿+1)(𝑄+1)×(𝐿+1)(𝑄+1)

)2

= diag
⎛

⎜

⎜

⎝

⎡

⎢

⎢

⎣

𝑃p𝜎4𝑐0,0
𝜎2𝐧 + 𝜎2𝑐0,0𝑃p

,… ,
𝑃p𝜎4𝑐𝐿,𝑄

𝜎2𝐧 + 𝜎2𝑐𝐿,𝑄𝑃p

⎤

⎥

⎥

⎦

⎞

⎟

⎟

⎠

= diag
([
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