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Abstract

Quantum optimal control is a rapidly growing field with diverse methods and applications [1]. In
this work, the possibility of using quantum optimal control techniques to co-optimize the energetic
cost and the process fidelity of a quantum unitary gate is investigated. The theoretical definition and
quantization of quantum unitary gates, as well as the relationship between the process fidelity and
the energetic cost of a quantum unitary gate are explored. Two different quantum optimal control
methods to co-optimize both fidelity and energetic cost, i.e., the Gradient Ascent Pulse Engineering
method [2] and model-free Deep Reinforcement Learning [3] are investigated. The performance of
both quantum optimal control techniques in the presence of noise is probed. We find that the energetic
cost of a quantum unitary gate can be quantized by integrating the control pulses and norm of the
corresponding Hamiltonian operators over the total time duration of the unitary, and for single qubit
gates by calculating the arc length of the quantum unitary gate on the Bloch sphere [4]. A Pareto
optimal front between the process fidelity and the energetic cost of a quantum gate is identified, where
a lower energetic cost yields an inherently lower process fidelity. A python package called ”EUQOC”
(Energy Efficient Universal Quantum Optimal Control) has been created to implement energy optimal
quantum gate synthesis, both with the Energy Optimal Gradient Ascent Pulse Engineering (EO-GRAPE)
method and by model-free Deep Reinforcement Learning. It is found that the EO-GRAPE method
performs better than the reinforcement learning methods, for all noise settings and neural network
sizes. For future work, the optimization problem could be translated to the frequency domain to
increase the computational efficiency. Furthermore, the relationship between information and energy
can be investigated by looking at the complexity of the pulse or the decomposition of the quantum
unitary gate.
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1
Introduction

If you think you understand quantum mechanics, you don’t understand quantum mechanics.
- Richard Feynman

1.1. Quantum Computing
In 1982, Richard Feynman introduced the notion of using quantum phenomena for simulating physics
on computers [5]. This notion, currently known as Quantum Computing, has seen rapid development in
both theoretical and practical aspects since then, and is currently widely researched by both academia
and industry. Over the years, theorists have developed new quantum algorithms, with widespread
applications, from breaking RSA encryption, to simulating natural phenomena on a quantum dynami-
cal level. At the same time, experimentalists have constructed small-scale quantum computers using
various technologies, ranging from superconducting circuits, to trapped ions, and electron spins. While
the progress since 1982 has been immense, there are still a multitude of challenges facing quantum
computing today. Possibly one of the biggest problems quantum researchers are facing, is decoher-
ence: the loss of quantum coherence due to interactions with the environment. There are various
approaches being actively investigated to mitigating decoherence, but can be roughly separated into
three categories: Quantum Error Correction, Quantum Error Mitigation and using novel qubit modal-
ities and materials. The first focuses on developing new algorithms and error correction schemes to
identify and correct errors. The latter focuses on improving the performance of the computer by ei-
ther improving hardware, software or both. Quantum Optimal Control focuses on methods to design
and implement electromagnetic field configurations that can effectively steer quantum processes at the
atomic or molecular scale in the best way possible. In this work we will be using methods from Quantum
Optimal Control theory, to improve the performance and energy efficiency of quantum computers.

In the remaining part of this chapter, we will be discussing the relevant quantum mechanics and
quantum information theory necessary for understanding both the intricacies and relevance of Quan-
tum Optimal Control. We will first look at the utility and value of quantum computing, followed by some
specific examples and use cases of quantum computing. Next, we will cover basic quantum information
theory such as superposition, entanglement, teleportation and other applications of quantum comput-
ing. Afterwards, we will cover the challenges that quantum hardware is currently facing. Next, we
will delve deep into quantum computer operation and control, as well as a motivation of this research.
Finally, the research question and sub questions of this thesis are presented. In chapter 2, we will
discuss Quantum Optimal Control theory. First we will cover the types of- and specific algorithms used
in quantum optimal control. Next, we will dive into optimal gate synthesis, and cover direct, indirect,
gradient-based and gradient-free methods. Finally, we will give an overview of the different resources
of a quantum computer, and how we aim to build a new set of algorithms that is able to optimize
these resources. In chapter 3, we will cover Energy Optimized Quantum Gate Synthesis, and the new
methods and algorithms designed in order to achieve this. In chapter 4, we will cover the results of the
algorithms and benchmark them against each other on several aspects and a universal set of gates.
In the final chapter 5, we will discuss our results and give a conclusion of the thesis accompanied by
some recommendations of future research.

1



2 1. Introduction

1.1.1. The Promise of Quantum Computation
By using special features of quantum mechanics to our advantage in computing, a whole new range
of opportunities, algorithms, and applications arise. From algorithms poised to break RSA encryption
[6], to simulating the quantum dynamics of molecules to find new medicine or catalysts [7].

Essentially, researchers are looking for certain problems where there’s an exponential speedup by quan-
tum algorithms compared to classical counterparts. In Quantum Complexity Theory, these problems
are part of the ”Bounded-Error Quantum Polynomial Time” class of decision problems, which are solv-
able by a quantum computer in polynomial time, with an error probability of at most 1/3 for all instances
[8], see figure 1.1 below.

Figure 1.1: Overview and complexity of decision problem classes, including the Bounded-Error Quantum Polynomial Time (BQP)
class [9].

Although current quantum hardware is not advanced enough for most valuable applications, there
have been some very promising theoretical algorithms proposed and currently still being invented
[10], such as Shor’s algorithm, Grover’s search algorithm, and Variational Quantum Algorithms utilizing
a combination of both quantum and classical computing. In figure 2.4, an overview of the currently
known applications is given [11]. As one can see, applications range across multiple different problem
types and industries, hence the excitement from the industry and business perspective [11].

Figure 1.2: Overview of applications in Quantum Computing [11]
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1.1.2. Quantum Information
In quantum information, the fundamental unit of computation is called the qubit (Quantum Bit), ana-
logue to the bit in classical computing. In Quantum Mechanics however, the states of a quantum
system are represented by state vectors, living in the complex separable Hilbert Space [8]. In reality, a
qubit is engineered to be any physical two-level quantum system, for example, the spin of an electron
(up- or down spin) and the polarization of a single photon (left- or right-hand circular polarized). In
theory, we can describe a state ∣0⟩ and ∣1⟩ as:

∣0⟩ ≡ (10), ∣1⟩ ≡ (01) (1.1)

Since qubits are represented as state vectors, they can be in a so-called superposition of states, which
is one of the fundamental quantum mechanical phenomena that is being leveraged by quantum com-
puting. We can thus define a single qubit ∣𝜓⟩ as [8]:

∣𝜓⟩ = 𝛼 ∣0⟩ + 𝛽 ∣1⟩ where ∣𝛼∣2 + ∣𝛽∣2 = 1 and 𝛼, 𝛽 ∈ ℭ (1.2)

When qubits are measured, they return a classical bit, thus ”collapsing” the quantum superposition,
and projecting its state on either the ∣0⟩ or the ∣1⟩ state, with probability ∣𝛼∣2 and ∣𝛽∣2, respectively.
Single qubit states can be visualized on the so-called Bloch-Sphere (see figure 1.3), if we define 𝛼 and
𝛽 as follows in spherical-coordinates:

𝛼 = cos
𝜃
2 , 𝛽 = 𝑒𝑖𝜙 sin 𝜃

2 (1.3)

and thus,

∣𝜓⟩ = cos
𝜃
2 ∣0⟩ + 𝑒𝑖𝜙 sin 𝜃

2 ∣1⟩ (1.4)

Figure 1.3: Bloch-Sphere representation of single qubit states

The states described above are all so-called ”pure states”. However, in the presence of decoherence or
noise, one can put the qubit in a so-called ”mixed state”. A mixed state is a statistical combination of
different pure states, essentially shrinking the radius of the Bloch Sphere vector [8]. To describe mixed
states, we use the so-called density matrix formalism:

𝜌 = (𝜌00 𝜌01
𝜌10 𝜌11) (1.5)

and in the case of a pure state ∣𝜓⟩:
𝜌 = ∣𝜓⟩ ⟨𝜓∣ = (𝛼𝛽) (𝛼∗ 𝛽∗) = (∣𝛼∣2 𝛼𝛽∗

𝛽𝛼∗ ∣𝛽∣2) (1.6)
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The state space of qubits grows by a factor of 2𝑁𝑞 , where 𝑁𝑞 is the number of qubits. For instance, if
we have two qubits, we can represent their combined state as:

∣𝜓𝐶⟩ = ∣𝜓𝐴⟩⊗ ∣𝜓𝐵⟩ = 𝛼𝐴𝛼𝐵∣00⟩ + 𝛼𝐴𝛽𝐵∣01⟩ + 𝛽𝐴𝛼𝐵∣10⟩ + 𝛽𝐴𝛽𝐵∣11⟩ (1.7)

The state above is called a separable state [8], however, not all states are separable. If a state is
inseparable, it is by definition an quantum entangled state. Consider for instance the state below:

∣𝜓𝐶⟩ = 1√
2
(∣0⟩𝐴 ⊗ ∣1⟩𝐵 − ∣1⟩𝐴 ⊗ ∣0⟩𝐵) (1.8)

There is no possible way to separate this combined state in ∣𝜓𝐴⟩ and ∣𝜓𝐵⟩, and therefore we can say
that this combined state ∣𝜓𝐶⟩ is an entangled state [8]. The measure of entanglement between states
is given by the so-called concurrence, defined as:

𝐶(∣𝜓⟩) = √
2(1 − Tr(𝜌2)) (1.9)

where,

Tr(𝜌) = 𝑛

∑
𝑖=1

𝜌𝑖𝑖 . (1.10)

1.2. Quantum Computer Operation and Control
In order to perform actual quantum algorithms, we need to be able to coherently control and manipulate
delicate quantum states. In this section, we will first cover the theory needed in order to understand
quantum dynamics and control. Thereafter, we will delve into physical methods used to control quantum
states. Finally, we will discuss the up- and downsides of current quantum control methods.

1.2.1. Quantum Logic Gates and Operations
In order to manipulate quantum states, one can apply so-called Quantum Logic Gates, which are
represented by (2𝑛 × 2𝑛) Unitary Matrices [8]:

𝑈†𝑈 = 𝑈𝑈† = 𝐼 (1.11)

Quantum Logic Gates are applied to quantum states by basic matrix multiplication, and map the quan-
tum state onto a new quantum state [8]:

𝑈 ∣𝜓1⟩ = ∣𝜓2⟩ (1.12)

(𝑢00 𝑢01
𝑢10 𝑢11) (𝛼𝛽) = (𝑢00𝛼 + 𝑢10𝛽

𝑢01𝛼 + 𝑢11𝛽) (1.13)

The most well known single qubit quantum logic gates are the: Pauli-X (𝜎𝑥), Pauli-Y (𝜎𝑦), Pauli-Z (𝜎𝑧),
Hadamard (H), Phase (S), T-Gate (𝜋/8). For example, the Pauli-X gate can be used to flip the state of
a qubit, and the Hadamard gate can be used to put a qubit in a maximum superposition:

𝜎𝑥∣0⟩ = ∣1⟩, 𝐻∣0⟩ = 1√
2
(∣0⟩ + ∣1⟩) (1.14)

We can also perform 2-qubit gates, which act on 2 qubits simultaneously. Important 2-qubit gates are
the: Controlled-Not (CNOT, CX) Gate, Controlled-Z (CZ) Gate, SWAP Gate. For instance, the CNOT
gate flips the target qubit conditionally on the state of the control qubit. If the control qubit is in the∣0⟩ state, it will do nothing to the target qubit state, however, if the control qubit is in the ∣1⟩ state, it
will flip the state of the target qubit, i.e.:
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𝐶𝑁𝑂𝑇∣10⟩ = ⎛⎜⎜⎜⎜⎜⎝
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝
0
1
0
0

⎞⎟⎟⎟⎟⎟⎠ =
⎛⎜⎜⎜⎜⎜⎝
0
0
0
1

⎞⎟⎟⎟⎟⎟⎠ = ∣11⟩ (1.15)

Next to quantum logic gates, we can also perform quantum measurements of a certain observable.
For instance, if we want to measure the expected value of a certain observable �̂� of a pure quantum
state ∣𝜓⟩, this is given by [8]:

⟨�̂�⟩ = ⟨𝜓∣�̂�∣𝜓⟩ (1.16)

This is the inner product of the complex conjugate of our state ⟨𝜓∣ with the observable �̂� acting on
our state �̂�∣𝜓⟩. Oftentimes in Quantum Computing however, we measure in the computational basis,
which is represented by the Pauli-Z (𝜎𝑧) operator as observable [8], which is given by:

�̂�𝑧 = (1 0
0 −1) (1.17)

The probability that a measurement will yield a given result is given by the so-called Born Rule. This
rule states that the probability of measuring a certain quantum state is given by the absolute squared
of the probability amplitude of a certain quantum state. For instance, if we have the following quantum
state ∣𝜓⟩:

∣𝜓⟩ =∑
𝑖
𝑝𝑖∣𝜆𝑖⟩ (1.18)

Then, the probability of measuring the state ∣𝜆𝑖⟩, is given by:
𝑃(∣𝜆𝑖⟩) = ∣⟨𝜆𝑖∣𝜓⟩∣2 = ∣𝑝𝑖∣2 (1.19)

Quantum states in combination with quantum logic gates and measurements, allow us to construct
quantum algorithms, oftentimes represented by so-called Quantum Circuits (see figure 1.4 below).

Figure 1.4: Example quantum circuit using two qubits, a Hadamard gate, and a measurement in the computational basis.

In figure 1.4 we can see a very basic Quantum Circuit. We read quantum circuits from left to right
(think about time increasing from left to right). On the left hand side, we can see two lines representing
our two qubits both in the ∣0⟩ state. Afterwards, we can see a Hadamard (H) gate being applied on
the first qubit, followed by a Controlled-Not (CNOT) gate with the first qubit as control and the second
qubit as target. Finally we perform a measurement of the first qubit in the computational (𝜎𝑧 basis).

1.2.2. Hamiltonian Engineering and Pulse Control
Quantum logic gates are constructed by carefully tuning the Hamiltonian of a quantum system over
time. Quantum Systems evolve over time according to the Time-Dependent-Schrödinger-Equation
(TDSE) [8]:

𝑖ℎ̵ 𝑑𝑑𝑡 ∣𝜓(𝑡)⟩ = �̂�∣𝜓(𝑡)⟩ (1.20)

Where �̂� represents the Hamiltonian of our quantum system. A general solution for this equation is
given by:
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∣𝜓(𝑡)⟩ = 𝑒𝑖�̂�𝑡/ℎ̵∣𝜓(𝑡0)⟩ ≡ 𝑈(𝑡)∣𝜓(𝑡0)⟩ (1.21)

Where:

𝑈(𝑡) = 𝑒𝑖�̂�𝑡/ℎ̵ (1.22)

As we can see, if we want to perform a specific Unitary (such as a Hadamard or CNOT), we have to
apply a certain Hamiltonian on our system. Applying a specific Hamiltonian to our system to achieve a
certain Unitary is accomplished through carefully applying certain pulses to our system.

We oftentimes make a distinction between the so-called ”Drift” Hamiltonian, and ”Control” Hamilto-
nian. The Drift Hamiltonian is the Hamiltonian of the actual qubit(s), usually consisting of an individual
term for the eigen-energy and eigen-states of the qubits, as well as a coupling term between different
qubits. The Control Hamiltonian describes the external control fields that can be applied to the qubits.

Let’s consider a very simple case of a single qubit without any interaction terms. We can describe the
qubit by the following Hamiltonian 𝐻𝐷:

𝐻𝐷 = ℎ̵𝜔0�̂�𝑧 (1.23)

This qubit with precess about the �̂�-axis with frequency 𝜔0. We will also introduce a control Hamiltonian
described by:

𝐻𝐶 = ℎ̵𝜔1�̂�𝑥 (1.24)

If the control field is applied in the �̂��̂�-plane, and rotates around the �̂�-axis with frequency 𝜔𝑟𝑓, we can
rewrite our total Hamiltonian as [12]:

𝐻 = ℎ̵𝜔0�̂�𝑧 + ℎ̵𝜔1(cos𝜔𝑟𝑓𝑡 ̂𝜎𝑥 + sin𝜔𝑟𝑓𝑡�̂�𝑦) (1.25)

The control fields or time-dependent function of the control Hamiltonian operators are referred to as
the ”control pulses” that one can apply to our quantum system. A control pulse usually has three main
parameters: the control field amplitude 𝑎𝑖, the control field frequency 𝜔𝑖, and the control field phase
𝜙𝑖. We can thus write the control field as a function of these three parameters acting on the control
Hamiltonian operators (�̂�𝑖):

𝐻𝑘 =∑
𝑖
𝑓(𝑎𝑖 , 𝜔𝑖 , 𝜙𝑖)�̂�𝑖 , where, 𝑎𝑖 , 𝜔𝑖 , 𝜙𝑖 = 𝑓(𝑡) (1.26)

Adjusting these three parameters over time is thus the definition of pulse control.

1.2.3. Pros and cons of Pulse Control
The use of electromagnetic pulses for the control of qubits has certain up- and downsides associated
to it. First, we will dive into some of the pros of using electromagnetic pulses such as flexibility, preci-
sion, and fine-grained manipulation of qubits. Thereafter, we will discuss some cons associated to using
electromagnetic pulses, such as sensitivity to noise, calibration requirements, and hardware limitations.

First, the benefits of using electromagnetic pulses as qubit controls are discussed [13]. Electromag-
netic pulses offer a very high degree of flexibility. As we have seen in previous subsection, we can vary
various parameters of the control pulse to implement very specific operations and sequences on qubit
states. Furthermore, this flexibility in control over the parameters also makes it possible to achieve
very high-fidelity quantum operations. This is crucial to realizing fault tolerance and quantum error
correction protocols. This prevision is also what enables us to manipulate and control individual qubits
without interaction with the rest of the system. All of this can be done with very high speeds. A
quantum operation using electromagnetic pulses can be performed within nanoseconds, well within
the decoherence time of qubits [14]. This high speed operation also allows for exploring quantum
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dynamics on very short timescales, which is essential for several quantum simulation algorithms.

There are also various downsides to using electromagnetic pulses as qubit control, that are often
inherent to the nature and physics of the system [15]. First and foremost, electromagnetic pulses
are very susceptible to noise, such as electromagnetic interference or fluctuations in the experimental
setup. Noise in the electromagnetic pulse will eventually lead to decoherence and therefore errors in
the quantum operation [15]. Additionally, in order to accurately implement control pulses, we often
need to extensively calibrate parameters such as amplitude, frequency and phase, in order to ensure
reliable qubit manipulation. Calibration can obviously be very resource intensive and time consuming,
definitely with system sizes increasing. Control pulses need to be generated by classical hardware, such
as arbitrary waveform generators (AWG). This classical hardware has limitations in terms of bandwidth,
power, and frequency, which limits our range of parameters that we can apply to the qubits [15]. In
addition to the limitations of classical hardware, this often also introduces noise due to imperfections
and room temperature thermodynamic noise. Finally, electromagnetic pulses are not very adaptable
to changing environments. During calibration, the control parameters for the control pulses are fixed,
while in reality, the qubits are constantly changing and being affected by external noise sources. Small
deviations from the calibrated parameters can lead to significant errors and performance degradation
during qubit operations.

1.3. State-of-the-art Hardware and Challenges
The quantum-mechanical phenomena that qubits inherently exhibit are unfortunately also the reason
why qubits are very hard to coherently control and use. Current efforts in building qubits, quantum
processors, and full stack quantum computers all suffer from the same hardware limitations, noise
sources, and decoherence processes. In this subsection, we will give a brief overview of the current
state-of-the-art in quantum hardware. First, we will cover the concepts of the Noisy Intermediate-Scale
Quantum (NISQ) era, as well as the notion of Fault Tolerance. Afterwards we will discuss the various
sources of noise in quantum hardware, address the scalability issues and cover some of the recent
advancements made in addressing these challenges.

1.3.1. Noisy Intermediate Scale Quantum versus Fault Tolerance
There are several important performance indicators of quantum hardware, which include, but are not
limited to: the number of (physical) qubits, the decoherence time, the single- and 2-qubit error rates,
the gate speed, and the qubit connectivity or architecture [16]. The decoherence time of a qubit is
the measure of how long a qubit can keep its quantum information: i.e., how long it can stay in a
certain quantum state without losing it’s coherence to interactions with the environment [8]. Current
efforts in building quantum systems are focused on having the highest number of qubits and lowest
possible limiting error rates. Optimizing both, i.e., a high number of qubits with a low limiting error
rate, is a very challenging and demanding task [16]. However, doing both is a requirement in order
to build quantum computers capable of solving actual valuable problems. If the qubit limiting error
rate is below the so-called quantum-error-correction (QEC) threshold, the logical error rate of qubits
decreases if you increase the size of the system [17]. This is a requirement for reaching so-called ”Fault
Tolerant Quantum Computing”, in which the quantum computer is completely protected from errors
by QEC. Most well-known algorithms, such as Shor’s algorithm for factoring prime-numbers, lie within
the FTQC regime. However, people do still believe that there is an interesting region for quantum
computers without error-correction, called the ”Noisy Intermediate Quantum” (NISQ) regime. As the
name already says, these are in general ”Noisy” devices, i.e., with significantly low decoherence times
and ”Intermediate-Scale”, i.e., from hundreds to several thousands of physical qubits [18].

While some research institutes and companies focus on getting below the error correction threshold
and then purely focus on increasing the number of qubits, some research institutes and companies are
focusing on decreasing the limiting error rate even more at first so we can enter this NISQ era [18]. In
figure 1.5 we can see a schematic depiction of the NISQ regime and the FTQC regime as a function of
the number of qubits and the limiting error rate. As we can see, the lower the limiting error-rate, the
less number of qubits you need to reach fault-tolerance. This is because we need a smaller amount of
physical qubits to make one logical qubit if the error rates are smaller.
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Figure 1.5: Schematic overview of NISQ and FTQC in the context of limiting error rate (either decoherence time or 2-qubit
error-rate), and number of (physical) qubits. Red indicates the NISQ era, cyan the FTQC era, and the yellow cross indicates the
current state-of-the-art. [19]

As one can see from the shape of the NISQ region in figure 1.5, the more number of qubits there are
on a quantum processing unit, the lower limiting error rate we need in order to be in the NISQ region,
where applications in the next few years will be explored. If the limiting error rate is too big compared
to the amount of qubits, without quantum error correction, one cannot perform any useful calculations
anymore, thus leaving the NISQ region [19]. Only when a certain amount of qubits is reached below
the error correction threshold, one can reach the fault tolerance regime.

1.3.2. Challenges in Quantum Hardware
In this subsection, we will cover the various sources of noise in quantum hardware and address the
scalability issues related to increasing the number of qubits while maintaining low error rates. We will
also cover some of the advancements made in addressing these challenges such as error correction
codes, and quantum error correction techniques. While we have come a long way since the theoretical
description of a quantum computer, we are still far away from having a fault tolerant quantum computing
machine. The most prominent challenge that all qubit types are facing is decoherence and noise [15].
Decoherence arises from uncontrolled interactions with the environment the qubits are in. This can
originate from noise in our classical control electronics like electromagnetic fluctuations or magnetic
field gradients, but also from interactions with two-level systems inside the bulk material [15]. The
decoherence and noise is directly correlated to the quality of the materials and fabrication techniques
that are used. Current research has shown the importance of well-defined interfaces and material purity
on qubit coherence time. Another challenge that quantum hardware is facing is the scalability issue
[15]. In order to run useful computations we need a large number of qubits. Scaling up this number
of qubits without increasing cross-talk and increasing the error rates poses a significant challenge. In
addition, achieving long-range connectivity between qubits via qubit interconnects or electro-optical
modulators is a very big challenge. Unwanted interactions between qubits are known as cross talk.
This cross talk can lead to unwanted interactions and correlations between qubits, causing errors in
the computation. To address the decoherence issue, there is many ongoing research currently being
done. The first possible solution could be developing materials and interfaces with reduced loss [20].
Additionally, people are exploring methods such as dynamic decoupling, where qubits are decoupled
from dephasing effects from the environment by continuously flipping the qubit’s state. These methods
are all intended to increase the decoherence time of the qubits, and therefore lower, or mitigate the
noise. Opposing the error mitigation strategy, there is also lots of research being done on so-called
quantum error correction (QEC), that focuses on developing error correction schemes that are able
to detect and correct when errors happen [17]. To address the scalability challenge, researchers
are focusing on developing scalable qubit architectures and inter qubit connectivity methods [21].
Additionally, people are also interested in using multiplexed control and readout schemes to reduce the
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number of control lines needed to address and manipulate the qubits. Techniques to overcome the
cross-talk challenges include improving the shielding and isolation methods of the qubits, as well as
using custom control sequences to minimize unwanted interactions with other qubits [15].

1.4. Research Question
In this section, we will cover the research question of this work. We will first dive into an overview of
the current methods and research that has been done in the field of Quantum Optimal Control. We will
highlight different methods, techniques and cover their strengths and limitations in terms of scalability,
convergence speed, and applicability to various quantum systems. Next, we will cover the relevance
of energy efficiency in quantum computations and why energy efficient control of qubits is relevant.
Finally we will discuss how and what optimal control methods we intend to investigate, and provide an
outline of the subsequent chapters.

1.4.1. Overview of Current Methods
Future quantum systems are becoming increasingly complex and demanding, and achieving fine-
grained control of qubits has become a big challenge in advancing quantum technologies. The col-
lection of techniques focused on achieving high quality control of quantum systems is often referred to
as ”Quantum Optimal Control Theory”, or QOCT. In formal terms, QOCT involves methods to design
and implement electromagnetic field configurations that can effectively steer quantum processes at the
atomic or molecular scale in the best way possible [1].
We can broadly categorize two main method categories in Quantum Optimal Control: open-loop and
closed-loop methods. Open-loop methods rely on using an existing theoretical model of the quantum
system and process in question, and accordingly design optimal control pulses based on that theoretical
model. Contrarily, closed-loop methods don’t require an existing theoretical model of the system, and
use experimental feedback loops, with actual measurement data from the quantum system to devise
and refine the control pulses. The obvious pitfall of open-loop methods is that they rely on an accurate
theoretical representation of the quantum system, while in reality there are always more parameters
and factors involved. Closed-loop methods are only dependent on measurement feedback and the
quality of those measurements, and also struggle with the rapid timescales of quantum dynamics.

Previous research has explored both open- and closed-loop methods for Quantum Optimal Control
Theory. This work ranges from pure analytical methods, such as perturbation expansions, to completely
model-free closed-loop methods such as reinforcement learning.[1] provides an extensive overview of
all the work that has been done in the field of Quantum Optimal Control Theory.
Besides open-loop and closed-loop methods, there is another distinction to make between analyti-
cal techniques and numerical techniques. While analytical approaches introduce less uncertainty and
computation effort, they are not scalable to larger quantum systems. When introducing multiple qubit
dynamics and noise models, analytical methods quickly become impossible to solve. Numerical meth-
ods rely on quantizing the problem into time steps, and using either gradient-based or gradient-free
methods to numerically solve the problem at hand. These methods are more scalable to larger sys-
tems and are better capable of handling noise models. One of the most used gradient-based numerical
methods known today in Quantum Optimal Control is the so-called ”Gradient Ascent Pulse Engineering”
[2] method, or GRAPE in short.

In recent years, we have also seen growing interest in using Machine Learning techniques to address
Quantum Optimal Control problems, in particular one specific branch of machine learning called re-
inforcement learning (RL). This approach resembles closed loop methods: an agent takes actions to
maximize a final reward. If we represent the actions by control pulses, and final reward by final fidelity,
we can see how closed loop optimal control methods can be modelled in the reinforcement learning
framework. [1].

1.4.2. Relevance of Energy Efficient Quantum Optimal Control
The field of Quantum Thermodynamics has seen a lot of work in recent years, and there is a growing
interest in the possibility of achieving quantum advantage through energy efficiency instead of com-
putational power [22]. While Quantum Thermodynamics is seeing an increase in research, little is still
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known about the energetic cost of a quantum computational process. In [4] they prove an inequality
bounding the change of Shannon information encoded in the logical quantum states by quantifying
the energetic cost of Hamiltonian gate operations. Subsequently, in [23], they show that optimal
control problems ca be solved within the powerful framework on quantum speed limits, and derive
state-independent lower bounds on energetic cost. Recent work in Quantum Optimal Control Theory
has primarily focused on developing control to carry out quantum processes with the highest fidelity
possible. These processes include quantum processes such as state initialization, quantum measure-
ments, and implementing quantum unitary gates. However, in the context of the growing interest
in achieving quantum advantage through energy efficiency [22], it seems crucial to investigate the
energy efficiency of quantum operations, in particular, unitary quantum gates. Additionally, applying
Quantum Optimal Control methods to discover optimal control parameters for energy-efficient quantum
unitary gates, while maintaining or bounding fidelity and speed, is of great importance. The impact of
optimal energy-efficient quantum unitary gates could stimulate implementations on physical quantum
hardware, and provide valuable insights into the energy usage of future quantum computing systems.

1.4.3. Research Question and Overview of Next Chapters
As the relevance of energy efficiency in quantum unitary gates is clear, and as we know that we can
potentially use Quantum Optimal Control techniques to reach this goal, we have identified two main
research question, and some sub questions for this research:

Research Question 1: ”What is the energetic cost of implementing a quantum unitary gate, and
what is the relation between fidelity and the energetic cost?”

Sub Question 1.1: ”How can we quantify the energetic cost of implementing a quantum unitary
gate and relate it to the optimal control pulses?”

Sub Question 1.2: ”Is there are trade-off between the fidelity and the energetic cost of imple-
menting a quantum unitary gate?”

Research Question 2: ”What Quantum Optimal Control strategies can we utilize to investigate and
co-optimize a quantum unitary gate on both fidelity and energetic cost?”

Sub Question 2.1: ”How can we modify a gradient-based open-loop Quantum Optimal Control
method to co-optimize both fidelity and energetic cost?”

Sub Question 2.2: ”How can we use a learning based, model-free, closed-loop method to co-
optimize both fidelity and energetic cost? ”

Sub Question 2.3: ”How well do both Quantum Optimal Control techniques perform in the pres-
ence of noise?”

In chapter 2, a brief overview of Quantum Optimal Control theory will be presented. The system levels
of a quantum computer, and in what part of the quantum computing stack we are operating in will
be discussed. Several existing classes and types of algorithms will be presented, narrowing down our
focus on Quantum Unitary Gate synthesis. Subsequently, the difference between direct and indirect
methods, gradient-based and gradient-free methods, and open-loop versus closed-loop methods are
explored. Finally, the different resources of a quantum computation, accompanied by an overview of
the existing software packages and tools that we will use in this research are presented. Chapter 3
covers the methods that are used in this research, and how existing algorithms are modified to devise
energy-efficient universal quantum unitary gates. Both the cost function and the Pareto optimal front
with respect to fidelity, as well as how to implement a quantum simulator and measurement feedback
to train our reinforcement learning agent are presented afterwards. In chapter 4 the results for the
universal set of gates, for all the methods explored in this work are presented and discussed, as well
as the correlation between different ways to describe the energetic cost of quantum unitary gates. In
the final chapter 5, the thesis will be concluded and ideas for future work are proposed.
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Quantum Optimal Control

Everything should be as simple as possible, but no simpler
- Albert Einstein

In this chapter, we will cover Quantum Optimal Control. We will first provide an overview of the
Quantum Computing system levels, to create a better understanding of the abstraction levels of a
quantum computer, and where Quantum Optimal Control fits in. Subsequently, we will give an overview
of the different areas and allied topics of Quantum Optimal Control, as well as an overview of the most
well-known algorithms and types of algorithms. Afterwards, we will motivate why we have chosen
the Gradient Ascent Pulse Engineering method, and provide a more in-depth review of this specific
algorithm. After this, we will cover some of the Quantum Computing Resources, which can be used
as inputs to the cost function to be optimized. Finally, we will provide a more concrete overview of
the different tools and methods used in this research, such as the programming language, existing
software packages, and algorithms.

2.1. The Quantum Computing Stack
In order to successfully run algorithms on qubits, we need to build several essential layers of both
hardware and software. The combination of these layers of hardware and software, is often referred
to as the Quantum Computing Stack [24].

Figure 2.1: Overview of the different layers of Hardware and Software required for Quantum Computing. [25]

11
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In figure 2.1, we can see the various hardware and software layers in the Quantum Computing Stack.
The top layer can be regarded as the actual application of the quantum algorithm that one wants to
run. Next, we have the algorithm layer, that represents the actual quantum circuit that one needs to
run for the specific application. The framework layer can be regarded as a classical compiler. It is able
to do quantum gate decomposition (i.e., decomposing gates into the native gate set of a specific type of
quantum computer), circuit design, and mapping. Next we have the Architecture layer, or the Quantum
Instruction Set Architecture, or QISA in short. The Architecture defines what physical instructions are
possible in a specific quantum computer, such as measurement, initialization, and also quantum uni-
tary gates. The next layer is the control logic layer, where the pulse calibration, optimization and also
decoding happens. The actual electromagnetic pulses are then addressed to specific qubits through
the control plane to mitigate heat and cross talk. Finally the signals arrive at the quantum plane, where
the actual qubits reside. The qubits can be based on different technologies, such as superconducting
qubits or spin qubits (quantum dots).

As we can see from the figure, the pulses are generated in the Control Logic Layer. However, the actual
optimization of a certain pulse to achieve a certain gate with highest precision possible is happening in
the compiler stage [24]. In figure 2.2, we can see a more detailed depiction of the quantum compiler
stage, where the pulse optimization is highlighted in red.

Figure 2.2: Schematic overview of the quantum programming paradigm and quantum compiler layer.
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2.2. Overview of Existing Algorithms
There exist many different methods and algorithms to achieve quantum optimal control. In this section,
we will give a brief overview of the different classifications we can make between all existing methods,
and give an overview of the most well-known algorithms. For a schematic representation of all the
methods we will discuss below, please refer to table 2.1.

The first classification that we can make is the difference between analytical and numerical methods
[26]. As the name already suggests, the analytical methods use mathematical theory and representa-
tions of the quantum system to analytically solve for the optimal pulse. On the other hand, numerical
methods leverage the power of discretization and linearization to allow the use of numerical methods
and algorithms. The most well known analytical methods are discussed first.

The first example of an analytical method for quantum optimal control, is the so-called Pontryagin’s
Maximum Principle [27]. It states that any optimal control together with the optimal state trajectory
is a 2-point boundary value problem with a maximum condition of the control Hamiltonian. Using
this description, one can use a time-varying Lagrangian description and multiplier vector to solve the
problem. Another method to analytically devise optimal control pulses is through generalization of
adiabatic evolutions. An example of this is the so-called ”Derivative Removal by Adiabatic Gates”
method, or DRAG in short. If the system is more complex, such as multiple qubits, interactions, or
noise systems, we often need to make a perturbative expansion to solve it analytically [28]. Finally, we
can use SU(2) Lie Algebra to devise rules on when a quantum system is fully reachable, or controllable
[29].

Table 2.1: Overview of some existing methods of Quantum Optimal Control (non exhaustive), including their category based on
analytical, numerical, closed loop, open loop, gradient based, and gradient free methods.

QOC Method Analytical Numerical Closed Loop Open Loop Gradient Based Gradient Free
Pontryagin’s maximum principle X X X
DRAG X X X
Perturbative expansion X X X
SU(2) Lie Algebra X X X
Reinforcement learning X X
Q-Learning X X
msMS-DE X X
Sampling based learning control X X
s-GRAPE X X
b-GRAPE X X
Krotov X X X
GOAT X X X
GRAPE X X X
CRAB X X X
GA X X X
DE X X X

For the numerical methods, we have a few more classifications we can make. The first one being,
open-loop and closed-loop methods. Open-loop methods use a model of the system to devise optimal
pulses that are in return directly applied to the system, and give a certain output. Closed-loop methods
on the other hand use feedback of the system to adjust the pulses accordingly. Let us first discuss
some of the most well-known closed loop methods.

The first, and possibly the most popular method, is a sub-class of Machine Learning, called Reinforce-
ment Learning. In Reinforcement Learning, a so-called ’Agent’ is allowed to take certain ’Actions’, and
apply it to the ’Environment’. The environment then outputs a certain ’State’, accompanied by a certain
’Reward’, based on the action that it took. In quantum optimal control, the ’Action’ is the control pulse,
the ’Environment’ is the quantum system, and the state is the output state of the quantum system
after applying that specific control pulse [3]. For a schematic overview please refer to figure 2.3.
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Figure 2.3: Schematic overview of the basic workings of a Reinforcement Learning agent [30]

In the case of a model-free reinforcement learning algorithm, this policy can either be updated by the
use of a Neural Network, or by a method called Q-Learning [31]. If we need to increase the robust-
ness in the feedback loop, we could potentially use the Hessian matrix information combined with the
closed loop learning based algorithm, called the msMS-DE algorithm [26]. We can also use samples of
a quantum system for training purposes, and then evaluate the performance with a test and evaluation
phase. This is called sampling based learning control, or SLC in short [32]. Finally, we have hybrid
methods that use the gradient-based GRAPE algorithm in combination with reinforcement learning or
other machine learning methods, such as s-GRAPE or b-GRAPE [26].

If we look at open loop methods, we can make a distinction between gradient-based, and gradient-free
methods. Gradient-based methods rely on calculation local gradients to in return move towards a local
optimum, while gradient free methods usually use some form of stochastic search algorithms to reach
an optimum [26]. Let us first look at gradient-based methods.

The first method we will discuss is the so-called Krotov method [33]. This method utilizes Lagrange mul-
tipliers based on the process fidelity to find optimal pulses for gate synthesis and state-to-state transfer.
If representing the control pulse in an analytical form is preferred, we may use the so-called Gradient
Optimization of Analytical Controls, or GOAT method [34]. This method uses an educated guess of
the shape of the pulse (e.g., Gaussian), to form a coupled system of equations, which can then be
solved numerically by forward integration methods, such as the Runge-Kutta method [34]. Potentially
the most well-known and widely used method is the so-called Gradient Ascent Pulse Engineering, or
GRAPE method [2]. This method uses the discretization of the control operators to iteratively solve for
the optimal control pulse. In section 2.3, we will cover the GRAPE algorithm in more detail.

The first gradient free method we will discuss is the Chopped Random Basis Optimization, or CRAB
method [35]. This method leverages the fact that optimal solutions could reside in a low dimensional
subspace of the total search space. The control sequences are represented as a linear addition of
basis functions. Another gradient free method is based on an evolutionary process, called the Genetic
Algorithm, or GA algorithm [36]. This method utilizes a set of initial random guesses, and then evolves
these methods based on a fitness function. A variation of this method is the so-called Differential
Evolution, or DE method [37].

In this thesis, we want to use both an open-loop and a closed-loop method to assess whether it is
possible to devise energy efficient optimal control pulses. To this end, we have chosen the Gradient
Ascent Pulse Engineering method as the open-loop method, and Deep Reinforcement Learning as the
closed loop method. The motivation of this choice will be discussed in the dedicated sections of both
methods.
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2.2.1. Allied topics
There exist many applications and use cases for quantum optimal control. In figure 2.4, we can see an
overview of the most well-known applications, ranging from hardware tailored quantum optimal control,
to algorithms and circuit compilation. In this section, we will give a brief overview of all applications
and use cases. In chapter 2.2.2 we will motivate why quantum gate synthesis was chosen as a focus
area.

Figure 2.4: Schematic overview of some existing applications of Quantum Optimal Control (non exhaustive)

The first use-case category is Hardware tailored quantum optimal control. These are applications of
various quantum optimal control methods, adjusted and specified for a certain qubit technology. A
well-known method for superconducting qubits is the DRAG pulse for weakly coupled and harmonic
transmon qubits [38]. NV centers are well suited for a wide range of quantum technologies, such
as computing, communication, but also sensing. We have seen optimal controlled quantum sensing
protocols for NV centers in diamond [39]. Next to superconducting qubits, trapped ions are one of the
most mature technologies to date, but suffer from scalability and gate speed issues. Regarding optimal
control, we have seen the application of QOC for improving the dissipative preparation of entangled
states [40]. Finally, we have so-called spin-qubits, which use the 2-level systems created by electron
spins in magnetic fields. For spin-qubits, we have seen quantum optimal control being used for state
preparation [41].

The second application category we will cover is quantum algorithms. Here, quantum optimal control
techniques are used to optimize the algorithms at a very fine granularity. There are overlapping and
similar ideas being used mostly in variational quantum algorithms compared to closed loop optimal
control methods. Firstly, QOCT has been used for landscape analysis in the well known optimization
problem MaxCut [42]. Secondly, the well known Grover search algorithm can actually be transformed
into a optimal control problem, and solved through the analytical method called the Pontryagin’s Max-
imum Principle [43]. Furthermore, quantum optimal control techniques can be used to run variational
algorithms, such as VQA [44] and QAOA [45].
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The third use-case category is Quantum thermodynamics. Firstly, we can use quantum optimal control
methods to find theoretical frameworks for both the quantum speed limit, and energy efficiency [46]
[4]. Secondly, work has been done on shortcuts to adiabicity and using quantum control to optimize
the operation cycle of quantum heat engines [47] [48].

The next big category is quantum dynamic operations. The first example of this is perhaps the most
well known and well studied application of quantum optimal control theory, namely quantum unitary
gates. A typical problem in quantum optimal control is to devise pulses that perform a certain quantum
unitary gate with the highest precision possible, based on the quantum system at hand [49]. Finding
quantum unitary gates at the quantum speed limit is also an application of this [46]. Finally, we have
seen the optimization of quantum channels, where quantum information is encoded in a pulse shape
of a single photonic qubit, and the readout and driving pulses are devised by quantum optimal control
techniques [50].

The fifth category of quantum optimal control is state preparation and measurement, a very important
component of any quantum computation. To achieve high fidelity quantum circuits, we need to be able
to prepare qubits in certain states, and read out their state with high fidelity. We have seen quantum
optimal control being used for the generation and preparation of both entangled states [51], as well as
optical squeezed states [52]. Finally, an important and popular use case of quantum optimal control
is the resetting and measurement of qubits with the highest possible fidelity [53].

The sixth category is quantum compilation and circuits. Quantum optimal control has been used
to optimize gate sequences [54], as well as trajectory learning, to relate the parameter values of a
quantum circuit, to the control space, which will give rise to a continuous class of gates.

2.2.2. Gate Synthesis
In this work, we will focus on what the energetic cost is of a quantum unitary gate, and what the
trade-off between fidelity and energetic cost is in a quantum unitary gate. We will also look at what
quantum optimal control strategies we can utilize to co-optimize a quantum unitary gate on both fidelity
and energetic cost. This in essence is a quantum gate synthesis problem.

In a quantum gate synthesis problem, you are given a target unitary operator 𝑈𝑇, corresponding to
the quantum gate that you want to achieve. The goal of the quantum gate synthesis problem is then
to find a control sequence Ω, that, after a certain time 𝑇, implements a unitary gate 𝑈(𝑇), with the
highest gate fidelity possible. The gate fidelity here is defined as:

𝐹𝐺(𝑈𝑇 , 𝑈(𝑇)) = »»»»»»»» ⟨𝑈𝑇∣𝑈(𝑇)⟩⟨𝑈𝑇∣𝑈𝑇⟩ »»»»»»»»2 (2.1)

Where ⟨𝑈𝑇∣𝑈(𝑇)⟩ represents the overlap between two operators, and is defined as the trace between
the product of the complex conjugate of 𝑈𝑇 and 𝑈(𝑇):

⟨𝑈𝑇∣𝑈(𝑇)⟩ = Tr(𝑈†𝑇𝑈(𝑇)) (2.2)

As we can see, the control sequence that we obtain will be independent of the initial state ∣𝜓⟩, and
thus implement a quantum unitary gate.
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2.3. Gradient Ascent Pulse Engineering
In this section we will in detail introduce the Gradient Ascent Pulse Engineering (GRAPE) algorithm for
quantum unitary gate synthesis [2]. Before we discuss the actual derivation and workings of the algo-
rithm, we first need to introduce how we will define our quantum system, and what variables we will
use. We will define and refer to the total time 𝑇, discretized into 𝑁 equal steps of duration Δ𝑡 = 𝑇/𝑁.
During each time step 𝑗, the control amplitudes 𝑢𝑘 are constant, i.e., during the 𝑗𝑡ℎ time step, the
amplitude of the 𝑘𝑡ℎ control Hamiltonian is given by 𝑢𝑘(𝑗).

Figure 2.5: Example control parameter 𝑢𝑘(𝑡), consisting of 𝑁 time steps of duration Δ𝑡 = 𝑇/𝑁. The vertical arrows indicate the
gradient, which represents how the amplitude at each time step should by modified in the next iteration in order to maximize
the performance function Φ [2]

The total Hamiltonian of our closed quantum system consists of a constant drift Hamiltonian 𝐻𝑑, and a
sum of control Hamiltonians 𝐻𝑘, with amplitude 𝑢𝑘(𝑡). We can thus write our total system Hamiltonian
as:

ℋ = 𝐻𝑑 +
𝑚

∑
𝑘=1

𝑢𝑘(𝑡)𝐻𝑘 (2.3)

The dynamics of a state ∣𝜓(𝑡)⟩, represented as a vector in a Hilbert space evolves according to the
time-dependent Schrödinger equation

𝑖ℎ̵ 𝜕𝜕𝑡 ∣𝜓(𝑡)⟩ =ℋ(𝑡) ∣𝜓(𝑡)⟩ (2.4)

Or the Liouville-von Neumann equation if we define the density matrix 𝜌(𝑡) = ∣𝜓(𝑡)⟩ ⟨𝜓(𝑡)∣
𝑖ℎ̵ 𝜕𝜕𝑡𝜌(𝑡) = [ℋ(𝑡), 𝜌(𝑡)] (2.5)

The time-evolution of a quantum state during a time step 𝑗 is then given by the Unitary operator:

𝑈𝑗 = exp
⎧⎪⎪⎪⎨⎪⎪⎪⎩−𝑖Δ𝑡

⎛⎜⎝𝐻𝑑 +
𝑚

∑
𝑘=1

𝑢𝑘(𝑗)𝐻𝑘⎞⎟⎠
⎫⎪⎪⎪⎬⎪⎪⎪⎭ (2.6)

And the total Unitary after time 𝑇 is given by:

𝑈(𝑡 = 𝑇) = 𝑁

∏
𝑗=0

𝑈𝑗 =
𝑁

∏
𝑗=0

exp
⎧⎪⎪⎪⎨⎪⎪⎪⎩−𝑖Δ𝑡

⎛⎜⎝𝐻𝑑 +
𝑚

∑
𝑘=1

𝑢𝑘(𝑗)𝐻𝑘⎞⎟⎠
⎫⎪⎪⎪⎬⎪⎪⎪⎭ (2.7)

To understand the GRAPE algorithm, we also need to introduce the concept of the so-called forward,
and backward propagators.
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For a specific time slice, the forward and backward propagators are the rest of the unitary after and
before this time slice respectively, such that the total unitary is constructed from their composition.

The forward propagator 𝑋𝑗 is therefore given by:

𝑋𝑗 ≡ 𝑈𝑗 …𝑈1 (2.8)

Accordingly, the backward propagator 𝑃𝑗 can be defined as:

𝑃𝑗 ≡ 𝑈†𝑗+1…𝑈†𝑁 (2.9)

We then need to define our so-called performance function, that we will need to maximize. In quantum
unitary gate synthesis, we can define this performance function as the overlap between the target
unitary 𝑈𝑇 and the final unitary after time 𝑇:

Φ = ∣⟨𝑈𝑇∣𝑈(𝑇)⟩∣2 (2.10)

The basic idea of the GRAPE algorithm, is to continuously update the control parameters 𝑢𝑘 according
to the gradient of the performance function Φ with respect to the control parameters 𝑢𝑘. This will be
repeated for a certain amount of iterations, or GRAPE-iterations, given by 𝑁𝐺.

We can mathematically define this update rule as follows, using an arbitrary step size 𝜖 [2]:

𝑢𝑘(𝑗) → 𝑢𝑘(𝑗) + 𝜖 𝜕Φ
𝜕𝑢𝑘(𝑗) (2.11)

Now that we have defined our performance function and updating rule, we can define the actual GRAPE
algorithm [2]:

Algorithm 1 Gradient Ascent Pulse Engineering

1. Guess initial 𝑢𝑘(𝑗)
while 𝑔 ≤ 𝑁𝐺 do

2. Calculate 𝑋𝑗, ∀𝑗 ≤ 𝑁
3. Calculate 𝑃𝑗, ∀𝑗 ≤ 𝑁
4. Evaluate 𝜕Φ/𝜕𝑢𝑘(𝑗) and update 𝑚 ×𝑁 control amplitudes 𝑢𝑘(𝑗) according to equation 2.11
5. 𝑔 = 𝑔 + 1

end while

The starting initial guess of the GRAPE algorithm can be zero, random, or an educated guess, which
might lead to faster convergence.

To evaluate the gradient, we have to derive the derivative of the performance function with respect to
the control parameters 𝑢𝑘(𝑗). We can rewrite our performance function in terms of the forward and
backward propagator as:

Φ = ⟨𝑈𝐹∣𝑈𝑁 …𝑈1⟩⟨𝑈1…𝑈𝑁∣𝑈𝐹⟩ = ⟨𝑃𝑗∣𝑋𝑗⟩⟨𝑋𝑗∣𝑃𝑗⟩ (2.12)

By using perturbation theory [2] to the first order in 𝜕𝑢𝑘(𝑗), we arrive at:
𝜕Φ

𝜕𝑢𝑘(𝑗) = −⟨𝑃𝑗∣𝑋𝑗⟩⟨𝑖Δ𝑡𝐻𝑘𝑋𝑗∣𝑃𝑗⟩ − ⟨𝑃𝑗∣𝑖Δ𝑡𝐻𝑘𝑋𝑗⟩⟨𝑋𝑗∣𝑃𝑗⟩ = −2ℛℯ {⟨𝑃𝑗∣𝑖Δ𝑡𝐻𝑘𝑋𝑗⟩⟨𝑋𝑗∣𝑃𝑗⟩} (2.13)

By using the definition of the gradient, the forward and backward operator, and by updating the control
parameters according to equation 2.11, we can arrive at global maxima of the performance function
for a specific set of control parameters 𝑢𝑘(𝑗).
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2.4. Overview of Quantum Computing Resources
In this section, we will briefly review the various resources of a quantum computation, that could
potentially be optimized by quantum optimal control techniques. The three main resources of a quan-
tum computation are: fidelity, energy and time. In the next three subsections, we will introduce how
we mathematically and theoretically define these three resources, and how they affect a quantum
computation.

2.4.1. Fidelity
Fidelity is a widely used term that applies to many things in quantum computing. In essence it refers to
the accuracy of a certain quantum operation or algorithm. Examples include: initialization fidelity, single
qubit gate fidelity, 2 qubit gate fidelity, unitary gate fidelity, read-out fidelity, entanglement fidelity and
algorithm fidelity. In this research, we will focus on the unitary gate fidelity, to measure the overlap
between the target unitary gate, and the final unitary gate after pulse optimization. The unitary gate
fidelity between the target unitary 𝑈𝑇 and the final unitary 𝑈(𝑇) after a certain time 𝑇, is given by [8]:

𝐹(𝑈𝑇 , 𝑈(𝑇)) = »»»»»»»»»Tr(𝑈
†
𝑇𝑈(𝑇))

Tr(𝑈†𝑇𝑈𝑇) »»»»»»»»»
2

(2.14)

As we can see, if 𝑈𝑇 and 𝑈(𝑇) are identical, the Fidelity will by 1, or 100 %. If 𝑈(𝑇) is completely
orthogonal to 𝑈𝑇, the Fidelity will be 0, or 0%. The goal of any unitary gate synthesis quantum optimal
control method is thus to maximize this Fidelity as much as possible (as close to one).

2.4.2. Energy
The energy of a quantum state is defined as the expectation value of the Hamiltonian:

⟨𝐸⟩ = ⟨𝜓∣�̂�∣𝜓⟩ (2.15)

However, the energetic cost of an actual unitary operation is harder to define. In [4], they define the
energetic cost as the time integrated norm of the Hamiltonian, over the total duration of the unitary
gate:

𝐸[𝑈] = ∫ 𝜏

0
𝑑𝑡∥ℋ(𝑡)∥ (2.16)

Figure 2.6: Visual interpretation of an energy efficient quantum unitary gate. The two paths both accomplish the same rotation,
but one path length is much longer than the other. [4]
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In the case of single qubit quantum unitary gates, we can visually interpret it on the Bloch Sphere. The
most energy-efficient way to implement a single unitary gate, is given by the geodesic between the
two quantum states on the Bloch sphere, i.e., the shorter the path length between the two states, the
lower the energetic cost of the quantum unitary gate. In figure 2.6, we can see a visual interpretation
of this by the short and long path length between two quantum states on the Bloch sphere. The blue
unitary gate in this case has a lower energetic cost than the unitary gate that implements the red path.

In this research, we will investigate both equation 2.16, as well as the path length representation,
for computing the energetic cost of quantum unitary gate. Although one cannot visualize multi-qubit
Unitary gates on the Bloch sphere, similar geometric arguments hold here as well.

2.4.3. Time
The final resource of a quantum computation is Time. In our case, we are specifically interested in the
time it takes to implement a quantum unitary gate. This will be closely related to the energetic cost
of the quantum unitary gate, and as we choose a fixed time 𝑇 for all quantum unitary gates, we leave
the Time resources out of scope for this research.

Nevertheless, there is an actual theoretical lower bound on the minimal time a quantum unitary gate
will take, which is the so-called ”Quantum Speed Limit”, or QSL in short. The QSL has been bounded
by two inequalities: the Mandelstamm-Tamm inequality, and the Margolus-Levitin inequality. The
Mandelstamm-Tam inequality states that the minimal time to reach an orthogonal state is given by [4]:

𝜏 ≥ ℎ̵𝜋
2Δ𝐸 (2.17)

Where Δ𝐸 is the standard deviation in the energy of the initial quantum state. The Margolus-Levitin
inequality states that the independent bound on the time it takes to reach an orthogonal state is given
by:

𝜏 ≥ ℎ̵𝜋
2(⟨𝐸⟩ − 𝐸0) (2.18)

Here, ⟨𝐸⟩ is the expectation value of the energy, defined by equation 2.15, and 𝐸0 is the so-called
ground state energy, or the lowest energetic state possible of the quantum state.

Since the two bounds can be tight, we usually write the quantum speed limit as the maximum of either
bound:

𝜏𝑄𝑆𝐿 ≡max { ℎ̵𝜋
2Δ𝐸 ,

ℎ̵𝜋
2(⟨𝐸⟩ − 𝐸0)} (2.19)
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2.5. Overview of existing tools and methods
Several quantum technology python libraries and packages have dedicated classes and functionalities
for and related to quantum optimal control. In this section, we will give a brief overview of some of
these existing tools, and will elaborate on what platform we will use during this research.

When selecting what python library to use and build on, we have a couple criteria in mind. Firstly, it has
to be hardware agnostic, as we are not focusing on any specific qubit type, but are rather interested
in a more general approach. Secondly, the python library should ideally include a quantum simulator
class, as we need to have measurement feedback for the closed loop method. Thirdly, it should be
easily modifiable, and completely open-source. And lastly, it should ideally not specialize on any specific
algorithm, use case, or method.
From our initial exploration, we have identified 6 python libraries that either focus completely on quan-
tum optimal control, or have quantum optimal control features. These libraries include: Xanadu Pen-
nylane [55], Q-CTRL Boulder Opal [56], Krotov [57], QuOCS [58], IBM Qiskit [59], and QuTip [60]. In
figure 2.7, we provide an overview of these packages, including how they score on the four selecting
criteria.

Figure 2.7: Overview of existing python libraries for quantum optimal control, including selected criteria

As one can see from the results of the survey, QuTip [60] scores highest, and therefore we chose to
use this package as inspiration of the research. QuTip uses native classes, functions, and other objects
that are not very modifiable and integratable with other packages, we therefore chose to re-create our
own classes and functions only using NumPy [61] and SciPy [62]. This allows us to make every ad-
justment possible and have full control over input, output, and inner workings of all functions, classes,
and algorithms. For the quantum simulator, the QuTip Processor module is used, which acts as an
emulator of a quantum device. This quantum simulator module was used because of its ability to send
discrete pulse level signals to individual qubits, for arbitrary control Hamiltonian operators, which is a
hard requirement for this research.

For the closed-loop Reinforcement Learning method that we will explore, we will use Google’s Keras
and TensorFlow framework [63], which is an end-to-end platform for Machine Learning in Python.

Now that an overview of the existing Quantum Optimal Control techniques and applications is given,
and a motivation on why certain techniques and applications were chosen, we can dive into Energy
Optimal Quantum Gate Synthesis. In the next chapter, the adjustments and additions to the existing
GRAPE algorithm will be provided, as well as some theory on reinforcement learning. Afterwards, the
implementation of this theory in python will be discussed.





3
Energy Optimal Quantum Gate

Synthesis

The task is not to see what has never been seen before,
but to think what has never been thought before

- Erwin Schrödinger

In this chapter, we will introduce the new additions and adjustments that we have made to the Gradi-
ent Ascent Pulse Engineering method, as well as using deep reinforcement learning to devise energy
optimized control pulses for quantum gate synthesis. We will first cover the theoretical framework by
introducing the cost function that we need to optimize, followed by the derivation and expression for
the gradient needed to implement the GRAPE algorithm. Finally we will also cover some theoretical
concepts of reinforcement learning. After introducing the theoretical framework, we will cover the im-
plementation of these concepts in python by introducing the python package that we have created for
this work. We will first give an overview of the code architecture and classes, followed by deep dives
into the three main classes of the code, called the Quantum Environment Class, the EO-GRAPE Class,
and the QRLA Class.

3.1. Theoretical Framework
In this section we will introduce the theoretical framework and mathematical definitions for energy
optimized quantum gate synthesis. Before we address the cost function, we first need to introduce
some variables, parameters, and definitions.

Firstly, we will refer to control pulses as the set of control parameters that define the amplitude of a
control Hamiltonian 𝐻𝑘 at each time step 𝑗. A certain control parameter 𝑢𝑘(𝑗) is therefore the value
of control Hamiltonian 𝐻𝑘 for the 𝑗𝑡ℎ time step. For the theoretical framework, we will assume that
the control pulses 𝑢𝑘(𝑡) can be any function of amplitude 𝑎𝑘(𝑡), angular frequency 𝜔𝑘(𝑡), and phase
𝜙𝑘(𝑡):

�⃗�𝑘(𝑡) = 𝑓
⎛⎜⎜⎝𝑎𝑘(𝑡)𝜔𝑘(𝑡)
𝜙𝑘(𝑡)

⎞⎟⎟⎠ (3.1)

Potentially due to hardware restrictions, one can often not choose any value for the control pulses.
Therefore, we will refer to A as the set of control pulses that are physically allowed, or in other words
admissible:

A = {�⃗�𝑘(𝑡)∣admissible protocols} (3.2)

Put differently, a control pulse is admissible if and only if �⃗�𝑘(𝑡) ∈ A.

23
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We will refer to a cost function Φ as the function that has to be minimized in the optimization problem.
The cost function in our case is a so-called multi objective cost function, and therefore is a weighted
linear addition of independent cost functions 𝜙𝑖:

Φ =∑
𝑖
𝑤𝑖𝜙𝑖 (3.3)

The goal of the optimization problem is thus to find a set of control pulses �⃗�𝑘(𝑡) ∈ A that minimize the
cost function Φ.

3.1.1. Cost function
As stated in equation 3.3, in this research we have chosen to define our cost function as a weighted
linear addition of two independent performance metrics, since there are no specific initial arguments
to be made as of why this would not be a weighted linear addition. This allows us to take into account
both performance metrics, and easily tune the weights to give priority to either fidelity or energetic
cost. In our research, the cost function is a weighted linear addition of both the inverse process fidelity,
and the energetic cost of a quantum unitary gate:

Φ = 𝑤𝑓𝜙𝑓 + 𝑤𝑒𝜙𝑒 (3.4)

We have defined the process fidelity between a target unitary 𝑈𝑇 and the final unitary after time 𝑈(𝑇)
as:

𝐹(𝑈𝑇 , 𝑈(𝑇)) = »»»»»»»»»Tr(𝑈
†
𝑇𝑈(𝑇)

Tr(𝑈†𝑇𝑈𝑇) »»»»»»»»»
2

(3.5)

As the cost function should be minimized, we have defined 𝜙𝑓 as the inverse of the process fidelity:

𝜙𝑓 = 1 − 𝐹(𝑈𝑇 , 𝑈(𝑇)) (3.6)

According to [4], we can define the energetic cost of a certain quantum unitary gate as:

𝐶[𝑈(𝑇)] = ∫ 𝑇

0
𝑑𝑡 ∥ℋ∥ (3.7)

Where we can define the total system Hamiltonian ℋ as:

ℋ = 𝐻𝑑 +
𝑚

∑
𝑘=1

𝑢𝑘(𝑡)𝐻𝑘 (3.8)

As the time is discretized into 𝑁 equidistant time steps 𝛿𝑡, we can rewrite the Hamiltonian as:

ℋ =
𝑇

∑
𝑗=0

𝛿𝑡
⎛⎜⎝𝐻𝑑 +

𝑚

∑
𝑘=1

𝑢𝑘(𝑗)𝐻𝑘⎞⎟⎠ (3.9)

By combining equation 3.7 with equation 3.9, we get the following expression for the energetic cost of
a quantum unitary gate:

𝐶[𝑈(𝑇)] = 𝑇

∑
𝑗=0

𝛿𝑡
ÂÂÂÂÂÂÂÂÂÂÂ𝐻𝑑 +

𝑚

∑
𝑘=1

𝑢𝑘(𝑗)𝐻𝑘ÂÂÂÂÂÂÂÂÂÂÂ (3.10)

As the control parameters 𝑢𝑘(𝑗) ∈ [−1,+1], we arrive at the following expression for the normalized
energetic cost of a quantum unitary gate, which is equivalent to the performance metric 𝜙𝑒:

�̂�[𝑈(𝑇)] = ∑𝑇𝑗=0 𝛿𝑡 ∥𝐻𝑑 + ∑𝑚𝑘=1 𝑢𝑘(𝑗)𝐻𝑘∥
𝑇 ∥𝐻𝑑 + ∑𝑚𝑘=1𝐻𝑘∥ ≡ 𝜙𝑒 (3.11)
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The normalization constant will be referred to as:

𝑁𝑒 = 𝑇
ÂÂÂÂÂÂÂÂÂÂÂ𝐻𝑑 +

𝑚

∑
𝑘=1

𝐻𝑘
ÂÂÂÂÂÂÂÂÂÂÂ (3.12)

The total cost function in this research is the weighted linear addition of 𝜙𝑓 and 𝜙𝑒, given by:

Φ = 𝑤𝑓 (1 − »»»»»»»»»Tr(𝑈
†
𝑇𝑈(𝑇)

Tr(𝑈†𝑇𝑈𝑇) »»»»»»»»»
2) + 𝑤𝑒

⎛⎜⎜⎝ 1
𝑁𝑒

𝑇

∑
𝑗=0

𝛿𝑡
ÂÂÂÂÂÂÂÂÂÂÂ𝐻𝑑 +

𝑚

∑
𝑘=1

𝑢𝑘(𝑗)𝐻𝑘ÂÂÂÂÂÂÂÂÂÂÂ
⎞⎟⎟⎠ (3.13)

3.1.2. Gradient
In order for the cost function to be used in the GRAPE algorithm, the gradient of the cost function with
respect to the control pulses 𝑢𝑘(𝑗) has to be derived.
The gradient of Φ with respect to 𝑢𝑘(𝑗) can be written as:

𝜕Φ
𝜕𝑢𝑘(𝑗) = 𝑤𝑓

𝜕𝜙𝑓
𝜕𝑢𝑘(𝑗) + 𝑤𝑒

𝜕𝜙𝑒
𝜕𝑢𝑘(𝑗) (3.14)

From chapter 2.3, we know that the first part reduces to the following expression:

𝜕𝜙𝑓
𝜕𝑢𝑘(𝑗) = −2ℛℯ {⟨𝑃𝑗∣𝑖Δ𝑡𝐻𝑘𝑋𝑗⟩⟨𝑋𝑗∣𝑃𝑗⟩} (3.15)

The partial derivative of the energetic cost part of the cost function 𝜙𝑒 with respect to the control
parameters 𝑢𝑘(𝑗) thus remains to be evaluated. The energetic cost part of the cost function can be
written as:

𝜙𝑒 = 1
𝑁𝑒

𝑇

∑
𝑗=0

𝛿𝑡
ÂÂÂÂÂÂÂÂÂÂÂ𝐻𝑑 +

𝑚

∑
𝑘=1

𝑢𝑘(𝑗)𝐻𝑘ÂÂÂÂÂÂÂÂÂÂÂ (3.16)

Using the identity ∥𝐴∥ =
√
Tr (𝐴∗𝐴), the expression above can be expanded as follows:

𝜙𝑒 = 1
𝑁𝑒

𝑇

∑
𝑗=0

𝛿𝑡

√√√√√√√√√⎷Tr
⎛⎜⎜⎝𝐻∗

𝑑𝐻𝑑 +
𝑚

∑
𝑘=1

𝑢𝑘(𝑗) (𝐻∗
𝑑𝐻𝑘 + 𝐻∗

𝑘𝐻𝑑) + 𝑚

∑
𝑘=1

𝑚

∑
𝑘′=1

𝑢𝑘(𝑗)𝑢𝑘′(𝑗)𝐻∗
𝑘𝐻𝑘′

⎞⎟⎟⎠ (3.17)

To compute the gradient, the expression can be separated into two parts:

𝜙𝑒 = 𝑓 (𝑔 (𝑢𝑘(𝑗))) = { 𝑓 (𝑔 (𝑢𝑘(𝑗))) = 1
𝑁𝑒
∑𝑇𝑗=0 𝛿𝑡

√
𝑔 (𝑢𝑘(𝑗))

𝑔 (𝑢𝑘(𝑗)) = Tr (… ) (3.18)

The gradient can then be expressed in terms of 𝑓(𝑔(𝑢𝑘(𝑗))) and 𝑔(𝑢𝑘(𝑗)):
𝜕𝜙𝑒
𝜕𝑢𝑘(𝑗) = 𝜕𝑓

𝜕𝑔 ⋅ 𝜕𝑔
𝜕𝑢𝑘(𝑗) (3.19)

The first derivative is given by:

𝜕𝑓
𝜕𝑔 = 1

𝑁𝑒

𝑇

∑
𝑗=0

𝛿𝑡 1
2
√
𝑔 (𝑢𝑘(𝑗)) (3.20)

The second derivative is given by:
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𝜕𝑔
𝜕𝑢𝑘(𝑗) = Tr

⎛⎜⎝ 𝑚

∑
𝑘=1

𝐻∗
𝑑𝐻𝑘 + 𝐻∗

𝑘𝐻𝑑
⎞⎟⎠ + Tr

⎛⎜⎜⎝
𝑚

∑
𝑘=1

𝑚

∑
𝑘′=1

𝐻∗
𝑘𝐻𝑘′ (𝑢𝑘(𝑗) + 𝑢𝑘′(𝑗))⎞⎟⎟⎠ (3.21)

The total gradient of 𝜙𝑒 with respect to 𝑢𝑘(𝑗) can thus be written as:
𝜕𝜙𝑒
𝜕𝑢𝑘(𝑗) = 1

𝑁𝑒

𝑇

∑
𝑗=0

𝛿𝑡 Tr (∑𝑚𝑘=1𝐻∗
𝑑𝐻𝑘 + 𝐻∗

𝑘𝐻𝑑) + Tr (∑𝑚𝑘=1 ∑𝑚𝑘′=1𝐻∗
𝑘𝐻𝑘′ (𝑢𝑘(𝑗) + 𝑢𝑘′(𝑗)))

2
√
Tr (𝐻∗

𝑑𝐻𝑑 + ∑𝑚𝑘=1 𝑢𝑘(𝑗) (𝐻∗
𝑑𝐻𝑘 + 𝐻∗

𝑘𝐻𝑑) + ∑𝑚𝑘=1 ∑𝑚𝑘′=1 𝑢𝑘(𝑗)𝑢𝑘′(𝑗)𝐻∗
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(3.22)
Combining equation 3.15 with equation 3.22, gives us the total gradient of Φ with respect to the control
parameters 𝑢𝑘(𝑗):
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⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ (3.23)

The expression given by equation 3.23 will be used as the gradient to update the parameters in the
GRAPE algorithm, which will be explained in the next subsection.

3.1.3. EO-GRAPE Algorithm
In this subsection, the adjustments and additions to the Gradient Ascent Pulse Engineering algorithm
will be introduced. This updated algorithm is referred to as the Energy Optimized Gradient Ascent
Pulse Engineering algorithm, or EO-GRAPE. At it’s core, EO-GRAPE works the same as the original
GRAPE algorithm, explained in section 2.3. With the EO-GRAPE algorithm however, a novel updating
rule and gradient is used:

𝑢𝑘(𝑗) → 𝜖𝑓
𝜕𝜙𝑓
𝜕𝑢𝑘(𝑗) + 𝜖𝑒

𝜕𝜙𝑒
𝜕𝑢𝑘(𝑗) (3.24)

where,

𝜕𝜙𝑓
𝜕𝑢𝑘(𝑗) = −2𝑤𝑓ℛℯ {⟨𝑃𝑗∣𝑖Δ𝑡𝐻𝑘𝑋𝑗⟩⟨𝑋𝑗∣𝑃𝑗⟩} (3.25)

and,
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𝑘𝐻𝑘′)
(3.26)

As one can see, the expression above is quite complex and requires one to subdivide it into pieces in
order to implement it in an algorithm. The code to evaluate the expression contains three for-loops
that first loops over all time steps, followed by a loop over 𝑘, and subsequently 𝑘′. For each iteration,
the numerator is calculated first, followed by the denominator. Afterwards, they are divided, and the
trace and square root are taken. Finally, the expression is normalized by the normalization factor 𝑁𝑒,
and added to the total cost function. This is done for each control Hamiltonian 𝐻𝑘 and time step 𝑗. In
figure 3.1, a schematic drawing of the EO-GRAPE algorithm is given. On the left hand side, the input
parameters of the EO-GRAPE algorithm are displayed, including the static (or drift) Hamiltonian 𝐻𝑑,
the time-dependent control Hamiltonian 𝐻𝑘, the target quantum unitary gate 𝑈𝑇, and optionally initial
values of the control parameters 𝑢0. On the right hand side, the different steps of the algorithm are
given. The first step is the dynamic evolution, followed by calculating the cost function. Afterwards,
the gradient specified in equation 3.23 is evaluated, and the control parameters are updated according
to equation 3.24. After a certain threshold is met, or a number of iterations has been achieved, the
algorithm will stop and output the final control parameters.
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Figure 3.1: Schematic of the EO-GRAPE algorithm, including the parameters of the Quantum System, as well as the different
steps in the EO-GRAPE algorithm.

The EO-GRAPE algorithm can thus be formulated as algorithm 2, displayed below.

Algorithm 2 Energy Optimized Gradient Ascent Pulse Engineering

1. Guess initial 𝑢𝑘(𝑗)
while 𝑔 ≤ 𝑁𝐺 do

2. Calculate 𝑋𝑗, ∀𝑗 ≤ 𝑁
3. Calculate 𝑃𝑗, ∀𝑗 ≤ 𝑁
4. Evaluate 𝜕𝜙𝑓/𝜕𝑢𝑘(𝑗)
5. Evaluate 𝜕𝜙𝑒/𝜕𝑢𝑘(𝑗)
6. Update 𝑚 ×𝑁 control amplitudes 𝑢𝑘(𝑗) according to equation 3.24
7. 𝑔 = 𝑔 + 1

end while

3.1.4. Reinforcement Learning
In this subsection, the theoretical framework of the reinforcement learning algorithms we have used
in this work will be explained. In section 2.2, a more introductory overview of basic reinforcement
learning concepts is provided. In this research, two different reinforcement learning agents are uti-
lized. Reinforcement Learning Agent 1, or RLA-1 in short, interacts with the quantum environment,
and is responsible for actually devising the pulses. Reinforcement Learning Agent 2, or RLA-2 in short,
is responsible for approximating pulses generated by the EO-GRAPE algorithm, potentially to be used
as a initial policy of RLA-1. RLA-1 will be introduced first, followed by RLA-2.

Both Reinforcement Learning agents use the so-called TensorFlow REINFORCE algorithm [63]. First,
the agent observes the state that the environment returns, and takes an action based on the policy. The
agent sends it’s action to the environment and receives a reward based on it’s action. The actions and
rewards are continuously being observed and registered in the replay buffer. After a certain amount of
actions, the policy is updated. How the policy is updated is based on the use of a Deep Feed Forward
Neural Network. In figure 3.2, an overview of the different components and steps in the REINFORCE
algorithm is shown [64].
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Figure 3.2: Schematic drawing of the basic workings of the TensorFlow REINFORCE agent [64]

With RLA-1, the environment is a quantum simulator from QuTip, called the QuTip Processor class
[60]. The environment has several input parameters, such as: the number of qubits 𝑁𝑞, the Drift
Hamiltonian 𝐻𝑑, the control Hamiltonians 𝐻𝑘, and the decoherence times of each qubits 𝑇1 and 𝑇2.
The agent is allowed to take an action, which in this case are the actual control pulses 𝑢𝑘(𝑗), with
shape (len(𝐻𝑘)× len(𝑡)). The output of the environment is called the ”state”, which in this case is the
output density matrix 𝜌𝑜𝑢𝑡 of the quantum system after applying the action. The agent makes a next
decision based on the state and the reward, which in our case is defined as:

𝑟𝑅𝐿𝐴−1 = 𝑤𝑓𝐹(𝜌𝑇 , 𝜌𝑜𝑢𝑡) + 𝑤𝑒(1 − �̂�[𝑈(𝑇)]) (3.27)

As one can see, the reward is again a linear weighted addition of both the fidelity between the target
output density matrix 𝜌𝑇 and the output density matrix after applying the action 𝜌𝑜𝑢𝑡, and the inverse
of the normalized energetic cost of implementing a certain Unitary after time 𝑇, �̂�[𝑈(𝑇)].
The agent takes decisions based on it’s policy function 𝜋(𝐴𝑡 , 𝑆𝑡), which is constantly being updated by
a neural network. With RLA-1, a Deep Feed Forward Neural Network with 1 input layer, 3 to 5 hidden
layers, and 1 output layer is utilized. In figure 3.3, one can see a schematic of a Deep Feed Forward
Neural Network, where we can see the input layer, the hidden layers, and the output layers.

Figure 3.3: Schematic illustration of a Deep Feed Forward Neural Network

The goal of RLA-2 is to mimic the pulses generated by the EO-GRAPE algorithm, by minimizing the dis-
tance between the control pulses of the RL agent, and the control pulses generated by the EO-GRAPE
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algorithm. The Environment the agent is interacting with is a custom class called the ”GRAPEApproxi-
mation” class, that takes in a set of control pulses, and outputs the theoretical Unitary. The environment
has input parameters such as the number of qubits 𝑁𝑞, the Drift Hamiltonian 𝐻𝑑, the control Hamilto-
nians 𝐻𝑘, the number of time steps 𝑁𝑡, the total time 𝑇, and the number of EO-GRAPE iterations 𝑁𝐺.
The agent is allowed to take an action, which again are the actual control pulses 𝑢𝑘(𝑗), with shape(len(𝐻𝑘)× len(𝑡)). The state that the environment returns to the agent is the theoretical unitary that
the control pulses will implement, based on unitary evolution 𝑈(𝑢𝑘(𝑗)). The agent will learn based
on the reward that the environment returns, which in the case of RLA-2, is the distance between the
target pulse generated by the EO-GRAPE algorithm, and the action that the agent takes:

𝑟𝑅𝐿𝐴−2 = −
𝑇

∑
𝑗=0

»»»»»𝑢𝐸𝑂−𝐺𝑅𝐴𝑃𝐸𝑘 (𝑗) − 𝑢𝑅𝐿𝐴−2𝑘 (𝑗)»»»»»2 (3.28)

For RLA-2, again a Deep Feed Forward Neural Network is utilized, with 1 input layer, 3 hidden layers,
and 1 output layer, as shown in figure 3.3.

3.2. Code Architecture
In this section, the code architecture, classes, dependencies, and parameters will be discussed. First,
an overview of the different classes and functions is provided. Afterwards, each class is discussed
in detail, including smaller details like input and output parameters, individual functions, data types,
and performance. The software is publicly available as a GitHub repository via the following link:
https://github.com/QML-Group/EO-QCtrl.

3.2.1. Overview
To investigate our two main research questions, a comprehensive python package was created, called
”Energy Efficient Universal Quantum Optimal Control”, or ”EUQOC” in short. EUQOC contains four main
classes, with each having a different objective and dependencies. In this sub-section, we will introduce
the four classes and their main functionalities, as well as how they work together to solve energy
optimal quantum gate synthesis problems.

Figure 3.4: A schematic overview of the different classes and how they are co-dependent on each other. The red icons indicate
quantum simulators, the blue icons indicate input and output variables of the algorithms or simulators, and the green icons
indicate an algorithm.

In figure 3.4, a schematic overview of the four classes working together on a quantum optimal control
problem is provided for reference. There are two main quantum environment classes, and two main
reinforcement learning classes.

https://github.com/QML-Group/EO-QCtrl
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The first quantum environment class is called QuantumEnvironment, which creates an instance of
a QuTip processor [60]. As input parameters it takes in the number of qubits 𝑁𝑞, the Drift Hamiltonian
𝐻𝑑, the control Hamiltonians 𝐻𝑘, the decoherence time(s) of the qubit(s) 𝑇1 and 𝑇2, the target quantum
unitary gate 𝑈𝑇, the weights associated to fidelity and energy 𝑤𝑓 and 𝑤𝑒, the number of time steps
𝑁𝑡, the total gate duration 𝑇, and the number of EO-GRAPE iterations 𝑁𝐺. It contains functions to run
custom pulses on the simulator, or to run the EO-GRAPE algorithm to calculate optimal control pulses
based on the input parameters. It also contains many plotting functions to visualize the control pulses
and results of the simulation.

The second quantum environment class is called GRAPEApproximation, which has the sole purpose
of interacting with RLA-2, to approximate and learn pulses calculated by the EO-GRAPE algorithm. As
input parameters, it takes in the number of qubits 𝑁𝑞, the Drift Hamiltonian 𝐻𝑑, the control Hamiltoni-
ans 𝐻𝑘, the target unitary 𝑈𝑇, the number of time steps 𝑁𝑡, the total gate duration 𝑇, and the number
of EO-GRAPE iterations 𝑁𝐺. It contains functions to perform dynamic time evolution of control pulses
to calculate the theoretical final quantum unitary gate it implements.

The first reinforcement learning agent class is called QuantumRLAgent, which contains the code to
create an instance of RLA-1. As input values, it needs a Training and Evaluation environment, which are
QuantumEnvironment instances, the weights associated to fidelity and energy 𝑤𝑓 and 𝑤𝑒, and other
reinforcement learning hyper-parameters such as the Neural Network Layers and size, the number of
training iterations, the learning rate, etc. When called, the class creates a reinforcement learning agent
instance, with options to run training, plot training results, or save and load weight and policy settings.

The second reinforcement learning agent class is called GRAPEQRLAgent, which contains the code to
create an instance of RLA-2. As input values, it also needs a Training and Evaluation environment, which
are GRAPEApproximation instances, and other reinforcement learning related hyper-parameters such
as the number of training iterations, the learning rate, etc. The agent trains on EO-GRAPE generated
pulses, and tries to minimize the distance between the EO-GRAPE generated pulse and the action the
agent takes. The policy of the agent is then used to map onto RLA-1. The class includes functions to
run the training session, to plot training results, and most importantly to save and load the weights of
the neurons or policy.

3.2.2. Quantum Environment Class
The Quantum Environment Class is used to create custom instances of a QuTip processor, as well
as run the EO-GRAPE algorithm on and plot results. Next to this, the Quantum Environment Class
can be used to interact with the Quantum Reinforcement Learning Agent to train and evaluate results
on. The Quantum Environment Class therefore serves as the basis for any Energy Optimal Quantum
Gate Synthesis experiment. The Quantum Environment Class takes in several attributes, or initial
parameters. An overview of the attributes of the Quantum Environment Class is given in table 3.1.

Table 3.1: Overview of the attributes of the Quantum Environment Class, including name and the description of the attributes.

Attribute name Description

n_q Number of qubits
h_drift Drift Hamiltonian
h_control Control Hamiltonian operators
t_1 Relaxation time
t_2 Decoherence time
u_target Target quantum unitary gate
timesteps Number of time steps
pulse_duration Total time duration of the pulse
grape_iterations Number of EO-GRAPE iterations
w_f Weight associated to fidelity in the cost function
w_e Weight associated to energetic cost in the cost function
sweep_noise Static noise or dynamically increasing noise
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The Quantum Environment Class also contains a variety of methods, or functions. Some methods are
only intended for interacting with the Quantum Reinforcement Learning Agent, such as the _𝑟𝑒𝑠𝑒𝑡 and
_𝑠𝑡𝑒𝑝 methods. Next to this, there exist some methods to calculate fidelity (rewards) and energetic
cost (rewards), as well as running the EO-GRAPE algorithm on the attributes specified in calling the
class. Finally, there exist many methods for visualizing and plotting results of the experiments, ranging
from plotting the gradient as a function of iterations, to plotting the unitary trajectory on the surface of
the Bloch sphere. A complete overview of the methods contained in the Quantum Environment Class is
given in table 3.2. For the actual code implementing all of the methods described in table 3.2, please
refer to the Appendix .

Table 3.2: Overview of the methods of the Quantum Environment Class. Including the method name, description, and what the
method returns.

Method name Description Returns

create_environment Creates instance of QuTip Processor with given attributes QuTip processor instance
_reset Resets the quantum system to the initial state ts.restart instance
_step Updates the environment according to the given action ts.transition instance
run_pulses Run custom set of pulses on environment and return result Output density matrix
calculate_fidelity_reward Calculates and returns the fidelity reward of a set of control pulses Output density matrix, fidelity reward
calculate_energetic_cost Calculates and returns the energetic cost reward of a set of control pulses Energetic cost
run_grape_optimization Runs EO-GRAPE algorithm based on given attributes and returns control pulses Final control pulses
get_total_arc_length Calculates the total arc length of the quantum unitary gate on the Bloch Sphere Arc length
plot_grape_pulses Plots the pulses generated by the EO-GRAPE algorithm none
plot_rl_pulses Plots the pulses generated by a Reinforcement Learning agent none
plot_tomography Plots the quantum state tomography of a quantum unitary none
plot_du Plots the gradient as a function of EO-GRAPE iterations none
plot_cost_function Plots the cost function as a function of EO-GRAPE iterations none
plot_bloch_sphere_trajectory Plots the trajectory of the quantum unitary gate on the Bloch sphere none

3.2.3. EO-GRAPE Approximation Class
The EO-GRAPE Approximation Class is a quantum environment type class intended to interact with the
EO-GRAPE Quantum Reinforcement Learning Class, to learn EO-GRAPE pulses and transfer the policy
onto the Neural Network of the Quantum Reinforcement Learning Class. The class mainly contains
methods for interacting with a reinforcement learning agent, as well as the EO-GRAPE algorithm, and
some plotting functions. In table 3.3, an overview of the attributes of the EO-GRAPE Approximation
class is provided.

Table 3.3: Overview of the attributes in the EO-GRAPE Approximation class, including the attribute name and description of each
attribute.

Attribute name Description

n_q The number of qubits
h_drift The Drift Hamiltonian
h_control The Control Hamiltonian operators
u_target The target quantum unitary gate
w_f The weight associated to the fidelity part of the cost function
w_e The weight associated to the energetic cost part of the cost function
timesteps The number of time steps
pulse_duration The total time duration of the control pulse
grape_iterations The number of EO-GRAPE iterations

The EO-GRAPE Approximation Class contains several methods to interact with a TensorFlow reinforce-
ment learning agent, as well as the EO-GRAPE algorithm to calculate the target/training pulse to ap-
proximate. Finally, it contains methods to calculate the square difference between the action and the
target pulse as specified by equation 3.28, and methods to perform time evolution of a set of control
pulses, given by method find_sq_diff and calc_unitary_and_reward, respectively. An overview of the
methods in the EO-GRAPE Approximation class is provided in table 3.4.
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Table 3.4: Overview of the methods of the EO-GRAPE Approximation Class. Including the method name, description and what
the method returns

Method name Description Returns

_reset Resets the quantum environment to the initial state ts.restart instance
_step Updates the environment according the action ts.transition instance
run_grape_optimization Runs the EO-GRAPE algorithm and returns the final control parameters Final control pulses
calculate_energetic_cost Calculates the energetic cost of the action Energetic cost
calc_unitary_and_reward Performs time evolution of the control pulses and returns the reward Reward
find_sq_diff Calculates the square difference between the action and the target pulse Square difference
plot_grape_pulses Plots the control pulses none

3.2.4. Quantum Reinforcement Learning Class
The Quantum Reinforcement Learning Class uses the TensorFlow REINFORCE [63] Reinforcement
Learning Agent Framework to interact with a Quantum Environment Class and learn energy optimal
quantum gate synthesis. The class requires a training environment and an evaluation environment for
training and evaluation purposes. The two environments should be Quantum Environments as specified
in section 3.2.2, which contains all the attributes that define the quantum system parameters. Next to
the two environments, the Quantum Reinforcement Learning class has several hyper parameter options
such as the number of training iterations, the neural network layer sizes, the learning rate, and the
replay buffer capacity. Finally, one can provide some optional settings such as an initial policy, whether
to increase the noise level during training, and whether to have a low or high noise environment. An
overview of the attributes are provided in table 3.5

Table 3.5: Overview of the attributes in the Quantum Reinforcement Learning class, including the attribute name and description
of each attribute.

Attribute name Description

TrainEnvironment An instance of a Quantum Environment for training purposes
EvaluationEnvironment An instance of a Quantum Environment for evaluation purposes
num_iterations The number of training loop iterations
fc_layer_params The number of nodes per hidden neural network layer
learning_rate The learning rate of the reinforcement learning agent
replay_buffer_capacity The size of the replay buffer of the reinforcement learning agent
policy Optional: the initial policy of the reinforcement learning agent
sweep_noise Optional: whether or not to increase the noise level during training
noise_level Optional: low or high noise level

The Quantum Reinforcement Learning class contains several methods. Two methods called
create_network_agent and run_training have the purpose of creating an instance of a TensorFlow
REINFORCE agent [63], and running the training cycle of the agent on the given Quantum Environment.
Next to these methods, there are several plotting functions to visualize the training and evaluation cycle
of the agent. Finally, we have two methods to either save the trained weights of the neural network,
or visualize the neural network, called save_weights and show_summary, respectively. A full overview
of the methods contained in the Quantum Reinforcement Learning class is provided in table 3.6.

Table 3.6: Overview of the methods of the Quantum Reinforcement Learning class. Including the method name, description and
what the method returns.

Method name Description Returns

create_network_agent Creates an instance of a TensorFlow REINFORCE agent TensorFlow REINFORCE agent
run_training Runs the training loop of the reinforcement learning agent none
get_final_pulse Returns the final pulse of the reinforcement learning agent Control pulses
get_highest_fidelity_pulse Returns the highest fidelity pulse of the reinforcement learning agent Control pulses
save_weights Saves the weights of the nodes in the neural network Neural network weights
show_summary Prints a summary of the neural network after training none
plot_fidelity_return_per_episode Plots the fidelity and return of the agent during training none
plot_fidelity_energy_reward_per_iteration Plots the fidelity and energetic cost reward per iteration during training loop none
plot_final_pulse Plots the final pulse given by the reinforcement learning agent none
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3.2.5. EO-GRAPE Quantum Reinforcement Learning Class
The EO-GRAPE Quantum Reinforcement Learning class contains attributes and methods to create an
instance of a TensorFlow REINFORCE agent that interacts with EO-GRAPE Approximation Classes, as
described in section 3.2.3. The sole purpose of the agent is to approximate the control pulses generated
by the EO-GRAPE algorithm. The class takes in a training environment and an evaluation environment,
as well as some hyper-parameters for the reinforcement learning agent. In table 3.7, a complete
overview of the attributes in the EO-GRAPE Approximation Class is provided.

Table 3.7: Overview of the attributes in the EO-GRAPE Quantum Reinforcement Learning class, including the attribute name and
description of each attribute.

Attribute name Description

TrainEnvironment An instance of an EO-GRAPE Approximation Environment for training purposes
EvaluationEnvironment An instance of an EO-GRAPE Approximation Environment for evaluation purposes
num_iterations The number of training loop iterations
fc_layer_params The number of nodes per hidden neural network layer
learning_rate The learning rate of the reinforcement learning agent
replay_buffer_capacity The size of the replay buffer of the reinforcement learning agent
policy Optional: the initial policy of the reinforcement learning agent

The class mainly contains functions to create the reinforcement learning agent and neural network,
and to run the training loop on the EO-GRAPE Approximation environment. Similar to the Quantum
Reinforcement Learning class, the class also contains functions to save the weights of the trained neural
network, as well as some plotting functionalities to visualize the performance of the agent during the
training loop. A complete overview of the methods contained in the EO-GRAPE Quantum Reinforcement
Learning class is shown in table 3.8.

Table 3.8: Overview of the methods of the EO-GRAPE Quantum Reinforcement Learning class. Including the method name,
description and what the method returns

Method name Description Returns

create_network_agent Creates an instance of a TensorFlow REINFORCE agent TensorFlow REINFORCE agent
run_training Runs the training loop of the reinforcement learning agent none
save_weights Saves the weights of the nodes in the neural network Neural network weights
show_summary Prints a summary of the nodes in the neural network none
get_final_pulse Returns the final pulse of the reinforcement learning agent Control pulses
get_best_pulse Returns the highest reward pulse of the reinforcement learning agent Control pulses
plot_reward_per_iteration Plots the reward as a function of the training loop iterations none
plot_best_pulse Plots the highest reward pulse of the reinforcement learning agent none
plot_final_pulse Plots the final pulse of the reinforcement learning agent none

In this chapter, the theoretical framework for the EO-GRAPE algorithm and deep reinforcement learning
are introduced. Subsequently, the implementation of these algorithms in python is discussed, where
we introduced the ”EUQOC” python package. Using the theoretical framework in combination with
the implementation of this in python, one can run experiments to test the theory and benchmark
the two Quantum Optimal Control methods. In the next section the results of this thesis will be
provided. First the EO-GRAPE performance will be discussed, followed by the reinforcement learning
agent performance. Next, the two methods are compared to each other in the presence of increasing
noise. Finally, the two methods of evaluating the energetic cost of implementing a quantum unitary
gate are correlated.
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Results

It doesn’t matter how beautiful your theory is, it doesn’t matter how smart you are. If it doesn’t
agree with experiment, it’s wrong.

- Richard Feynman

In this chapter, the results of the research are presented. First, the results for the EO-GRAPE algo-
rithm will be displayed, including some example pulses, the algorithm convergence, the learning rate
optimization, and finally the relation or trade-off between energetic cost and fidelity. After this, the
performance of both RL agents will be investigated. Thirdly, the effect of increasing system noise on
both methods is shown, as well as the performance with and without warm start, and with varying
neural network size. Finally, the results regarding the correlation between the energetic cost and the
path length on the Bloch sphere will be presented.

To make the results more readable, we have introduced some abbreviations, which will be introduced
below.

For the target quantum unitary gate, the CNOT, Hadamard, T-gate and 𝑅𝑥(𝜋/2) gate have been used,
which are defined as:

CNOT =
⎛⎜⎜⎜⎜⎜⎝
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎞⎟⎟⎟⎟⎟⎠ , H = 1√
2
(1 1
1 −1) , T = (1 0

0 𝑒𝑖𝜋/4) , 𝑅𝑥(𝜃) = ( cos𝜃/2 −𝑖 sin𝜃/2
−𝑖 sin𝜃/2 cos𝜃/2 )

(4.1)
For the drift Hamiltonian 𝐻𝑑, two main definitions have been used for the single qubit case 𝐻1

𝑑 and the
two-qubit case 𝐻2

𝑑 , defined as:

𝐻1
𝑑 = ℎ̵𝜔1

2 �̂�𝑧 , 𝐻2
𝑑 = ℎ̵𝜔1

2 �̂�(1)𝑧 ⊗ ̂𝐼(2)2 +
ℎ̵𝜔2
2 ̂𝐼(1)2 ⊗ �̂�(2)𝑧 + ℎ̵𝐽�̂�(1)𝑧 ⊗ �̂�(2)𝑧 (4.2)

Where 𝜔𝑖 is the eigen-frequency of qubit 𝑖, and 𝐽 is the coupling strength between qubits.

The total gate time has been fixed to 𝑇 = 2𝜋, and the relaxation and decoherence time 𝑇1 and 𝑇2 are
defined as multiples of the total gate time 𝑇. The abbreviation ”WS” is used to indicate a ”Warm Start”
of the reinforcement learning agent by having an initial policy of RLA-2. Similarly, ”WOWS” is used to
indicate ”Without Warm Start”, i.e., the reinforcement learning agent starts its policy from scratch.

Different Neural Network sizes are used, that are defined as: Neural Network Size 1 = (200, 100, 50, 30, 10),
Neural Network Size 2 = (400, 200, 100, 50, 30, 10) and Neural Network Size 3 = (600, 400, 200, 100, 50, 30, 10).
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4.1. EO-GRAPE Performance
In this section, the results of the EO-GRAPE algorithm will be introduced. Some optimal pulse exam-
ples will be shown first, followed by the convergence of the algorithm. After this the learning rate
optimization analysis will be provided. Finally, the trade-off between fidelity and energetic cost will be
shown, by sweeping over the weight parameters and plotting their respective values.

4.1.1. Optimal Pulses
In figure 4.1, one can see an example pulse generated by the EO-GRAPE algorithm where the target
unitary quantum gate is a CNOT gate, using 𝐻2

𝑑 and three control operators {𝜎1𝑥 , 𝜎2𝑥 , 𝜎1𝑥𝜎2𝑥}. As one
expects, the target qubit is driven on the frequency of the control qubit to implement a controlled NOT
gate. The dark blue line indicates the final values of the control parameters after 𝑁𝐺 = 500 iterations,
and the lighter blue lines indicate the previous iteration values, to show how the algorithm updates the
parameters.

Figure 4.1: Example control pulses (blue) generated by the EO-GRAPE algorithm, implementing a CNOT gate. The final iteration
is given by the dark blue line. Parameters: 𝑈𝑇 = CNOT, 𝐻𝑑 = 𝐻2

𝑑, 𝐻𝑘 = {𝜎1𝑥 , 𝜎2𝑥 , 𝜎1𝑥𝜎2𝑥}, 𝑇1 = ∞, 𝑇2 = ∞, 𝑤𝑓 = 1, 𝑤𝑒 = 0,
𝑁𝑡 = 500, 𝑁𝑔 = 500

In figure 4.2, the effect of increasing or decreasing the weight associated to fidelity 𝑤𝑓 and energetic
cost 𝑤𝑒 is shown. As one can see, the higher the value of 𝑤𝑒, the lower the amplitude of the control
pulses are, to decrease the area, and thus decrease the energetic cost, intuitively matching our ex-
pectations. One can also see some interesting other harmonics being introduced when increasing 𝑤𝑒
to decrease the energetic cost of the pulses. An overview of the parameters such as 𝑈𝑇, 𝐻𝑑, 𝐻𝑘 and
others is given in the caption of the figure.

(a) (b)

Figure 4.2: (a) Example control pulses generated by the EO-GRAPE algorithm for different weight settings. (b) Example
control pulses generated by the EO-GRAPE algorithm for different weight settings. Parameters: 𝑈𝑇 = RAND, 𝐻𝑑 = 𝐻2

𝑑, 𝐻𝑘 ={𝜎1𝑥 , 𝜎2𝑥 , 𝜎1𝑥𝜎2𝑥}, 𝑇1 = ∞, 𝑇2 = ∞, 𝑤𝑓 = [1, 0.1], 𝑤𝑒 = [0, 0.9], 𝑁𝑡 = 500, 𝑁𝑔 = 500
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4.1.2. Convergence
In this section, the convergence of the EO-GRAPE algorithm is investigated, by looking at the gradient
and cost function value as a function of EO-GRAPE iteration number. As the gradient is calculated for
each time step and for each control line, for each EO-GRAPE iteration, it is inherently impossible to
visualize. We therefore look at some other values that indicate a convergence of the algorithm.

In figure 4.3, the average value of the gradient of the maximum value over time of each control line
is depicted, for different weight settings 𝑤𝑓 and 𝑤𝑒. As one can see, all lines approach to zero as the
number of EO-GRAPE iterations increases, indicating a good convergence of the algorithm, along with
an indication on how many EO-GRAPE 𝑁𝐺 are required for convergence.

(a) (b)

Figure 4.3: (a) and (b) Averaged maximum gradient of all control lines as a function of EO-GRAPE iteration number, for several
different weight settings. Parameters: 𝑈𝑇 = RAND, 𝐻𝑑 = 𝐻2

𝑑, 𝐻𝑘 = {𝜎1𝑥 , 𝜎2𝑥 , 𝜎1𝑥𝜎2𝑥}, 𝑇1 = ∞, 𝑇2 = ∞, 𝑤𝑓 = [1, 0.2], 𝑤𝑒 = [0, 0.8],
𝑁𝑡 = 500, 𝑁𝑔 = 200

In figure 4.4, the maximum value of the gradient over all time steps for each control line is shown,
for a fixed set of weights. Again, one can see in both figures that the gradient approach zero as the
number of EO-GRAPE iterations is increased.

(a) (b)

Figure 4.4: (a) Maximum gradient over all time steps for each control operator as a function of EO-GRAPE iteration number,
using 𝑤𝑓 = 0.5 and 𝑤𝑒 = 0.5. (b) Maximum gradient over all time steps for each control operator as a function of EO-GRAPE
iteration number, using 𝑤𝑓 = 0.2 and 𝑤𝑒 = 0.8. Parameters: 𝑈𝑇 = RAND, 𝐻𝑑 = 𝐻2

𝑑, 𝐻𝑘 = {𝜎1𝑥 , 𝜎2𝑥 , 𝜎1𝑥𝜎2𝑥}, 𝑇1 = ∞, 𝑇2 = ∞,
𝑤𝑓 = 0.5, 0.2, 𝑤𝑒 = 0.5, 0.8, 𝑁𝑡 = 500, 𝑁𝑔 = 200, 100
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Finally, in figure 4.5, we can see the value of the infidelity (orange), normalized energetic cost (green),
and total value of the cost function (blue), using 𝑤𝑓 = 0.8, and 𝑤𝑒 = 0.2. Again, we can see that the
cost function converges to zero as the number of EO-GRAPE iterations is increased. The cost function
cannot actually approach zero, because the highest fidelity pulse will always require some energetic
cost to be implemented. One can already see that there is an indication of a trade-off between fidelity
and energetic cost, which will be explored further in section 4.1.4.

Figure 4.5: Cost function (blue), infidelity (orange) and normalized energetic cost (green) as a function of EO-GRAPE iteration
number. Parameters: 𝑈𝑇 = RAND, 𝐻𝑑 = 𝐻2

𝑑, 𝐻𝑘 = {𝜎1𝑥 , 𝜎2𝑥 , 𝜎1𝑥𝜎2𝑥}, 𝑇1 = ∞, 𝑇2 = ∞, 𝑤𝑓 = 0.8, 𝑤𝑒 = 0.2, 𝑁𝑡 = 500, 𝑁𝑔 = 200

4.1.3. Learning Rate Optimization
Two important parameters that have a great influence on the eventual convergence and final value of
the cost function are the learning rates of fidelity 𝜖𝑓 the energetic cost 𝜖𝑒 part in the EO-GRAPE updating
rule. To ensure that the algorithm is performing in the best possible way, one needs to investigate the
influence of these parameters on the final cost function value. Therefore, before investigating the
trade-off between fidelity and energetic cost, and benchmarking the EO-GRAPE algorithm against the
reinforcement learning methods, the learning rates 𝜖𝑓 and 𝜖𝑒 have been optimized. In figure 4.6 one
can see an example optimization analysis using 𝑤𝑒 = 0.5 and 𝑤𝑓 = 0.5. The figure shows the value of
the cost function after 𝑁𝑔 = 500 EO-GRAPE iterations, as a function of the fidelity learning rate 𝜖𝑓 and
the energy learning rate 𝜖𝑒. The analysis has shown an optimal combination of 𝜖𝑓 = 1 and 𝜖𝑒 = 100,
which we will use as learning rate values for all upcoming experiments.

Figure 4.6: Value of the cost function after EO-GRAPE optimization for different settings for the energetic cost learning rate 𝜖𝑒
and the fidelity learning rate 𝜖𝑓. Parameters: 𝑈𝑇 = RAND, 𝐻𝑑 = 𝐻2

𝑑, 𝐻𝑘 = {𝜎1𝑥 , 𝜎2𝑥 , 𝜎1𝑥𝜎2𝑥}, 𝑇1 = ∞, 𝑇2 = ∞, 𝑤𝑓 = 0.5, 𝑤𝑒 = 0.5,
𝑁𝑡 = 500, 𝑁𝑔 = 100



4.1. EO-GRAPE Performance 39

4.1.4. Fidelity and Energetic Cost Trade-off
As stated in the research questions of this thesis, we would like to investigate what the relation is be-
tween the fidelity of a quantum unitary gate, and the energetic cost needed to implement a quantum
unitary gate. If there exists a trade-off between fidelity and energetic cost, we would like to know how
severe it is and what shape it has. In this section the results regarding the trade-off between fidelity
and energetic cost are discussed.

In figure 4.7, the results of this experiment are depicted. The EO-GRAPE algorithm was run for dif-
ferent set of weights 𝑤𝑓 and 𝑤𝑒, and the combination of the value of the fidelity and energetic cost
after optimization is stored. These values have been plotted against each other for different values
of 𝜖𝑓 and 𝜖𝑒. Again one can see that the optimal combination of values is 𝜖𝑓 = 1 and 𝜖𝑒 = 100, like
we concluded from our learning rate optimization analysis. One can clearly see the Pareto front and
trade-off between fidelity and energetic cost, where a reduction in energetic cost, directly leads to
an increase in infidelity, or decrease in fidelity. This result matches with our intuition that to achieve
a lower energetic cost quantum unitary gate, one inherently decreases the area or amplitude of the
control pulses, resulting in a lower process fidelity.

Nevertheless, as one can see on the right hand side of the figures, the two are not completely inversely
proportional to each other. We can therefore still decrease the energetic cost of a quantum unitary gate
by roughly 10 %, while decreasing the fidelity by roughly 1 %. Therefore, if one wants to achieve a
minimum 2-qubit gate fidelity of 99 %, one could decrease the energetic cost of each quantum unitary
gate by 10 %.

(a)

(b)

Figure 4.7: (a) Infidelity and energetic cost values for different weight settings and learning rates 𝜖𝑒, showing the trade-off or
Pareto front between fidelity and energetic cost. (b) Zoomed-in view of the Pareto front between fidelity and energetic cost.
Parameters: 𝑈𝑇 = RAND, 𝐻𝑑 = 𝐻2

𝑑, 𝐻𝑘 = {𝜎1𝑥 , 𝜎2𝑥 , 𝜎1𝑥𝜎2𝑥}, 𝑇1 = ∞, 𝑇2 = ∞, 𝑤𝑓 = [1, 0.1], 𝑤𝑒 = [0, 0.9], 𝑁𝑡 = 500, 𝑁𝑔 = 100
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4.2. Reinforcement Learning Performance
In this section the first results of the performance of the reinforcement learning agents are introduced.
Firstly the performance of RLA-1, without initial policy will be discussed, and afterwards the results
with initial policy from RLA-2 will be introduced.

4.2.1. RLA-1 Performance
In figure 4.8, the fidelity (red), energetic cost (green), and total reward (blue) of RLA-1 for different
weight settings are shown, as a function of the training loop iterations (episodes). As one can see
from the figures, the agent is able to learn how to modify the control pulses to optimize the reward.
Each episode a new random initial state is generated and used for calculating the target density ma-
trix, by applying the target unitary to the initial state. The fidelity is then calculated by the overlap
between the output density matrix after applying the action of the agent, and the target density matrix.

When 𝑤𝑒 is increased, the energetic cost will be lower, however the fidelity also deteriorates quite
rapidly. Next to this the variation in the fidelity also increases when weight of the energetic cost is set
higher than the weight of the fidelity. This could be the result of the randomly generated initial state
each episode, and could indicate that the agent is not able to actually learn the unitary, but rather a
state-to-state transfer. These results motivated us to train RLA-2 on EO-GRAPE generated pulses, and
transfer the trained policy onto RLA-1 as an initial policy.

(a) (b)

(c) (d)

Figure 4.8: Fidelity (red), Energetic Cost (green) and total reward (blue) as a function of training episode number for RLA-1,
for different weight settings: (a) 𝑤𝑓 = 1, 𝑤𝑒 = 0, (b) 𝑤𝑓 = 0.7, 𝑤𝑒 = 0.3, (c) 𝑤𝑓 = 0.4, 𝑤𝑒 = 0.6, (d) 𝑤𝑓 = 0.2, 𝑤𝑒 = 0.8.
Parameters: 𝑈𝑇 = CNOT, 𝐻𝑑 = 𝐻2

𝑑, 𝐻𝑘 = {𝜎1𝑥 , 𝜎2𝑥 , 𝜎1𝑥𝜎2𝑥}, 𝑇1 = ∞, 𝑇2 = ∞, 𝑁𝑡 = 10, layer_params = (200, 100, 50, 30, 10)
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4.2.2. RLA-2 Performance
In figure 4.9, we show the reward as a function of training loop iteration number (episodes), of RLA-2.
The reward is equal to the negative value of the square difference between the target pulse and the
action of the agent, given by equation 3.28. The agent therefore tries to minimize the square difference
between the action and the target pulse, to optimize the reward. As one can see from figure 4.10, the
agent is able to learn the pulse generated by the EO-GRAPE algorithm after roughly 2000 episodes. For
all future experiments we therefore use 𝑁𝐺𝐴 = 2000 as the number of Grape Approximation iterations.

Figure 4.9: Reward of RLA-2 as a function of the training episode number. Parameters: 𝑈𝑇 = CNOT, 𝐻𝑑 = 𝐻2
𝑑, 𝐻𝑘 ={𝜎1𝑥 , 𝜎2𝑥 , 𝜎1𝑥𝜎2𝑥}, 𝑇1 = 100𝑇, 𝑇2 = 100𝑇, 𝑁𝑡 = 100, 𝑁𝑔 = 500, layer_params = (100, 100, 100), 𝑁𝑄𝑅𝐿𝐴 = 10, 000, 𝑁𝐺𝐴 = 2, 000.

If we use the trained policy of RLA-2 as an initial policy for RLA-1, we get quite a different learning
curve as compared to starting from scratch. In figure 4.10, the fidelity (red), energetic cost (green),
and total reward (blue) as a function of episode number, for RLA-1 with a pre-trained policy is shown.
As one can see, the fidelity and energetic cost stay very stable throughout the whole training loop,
and there seems to be no further increase in performance. One could therefore question whether the
agent is actually still able to learn the system, or is simply replicating pulses that are almost similar and
seem to receive a high reward. To investigate this, the performance of both methods is investigated
under the influence of increasing noise, or decreasing relaxation 𝑇1 and decoherence 𝑇2 times. The
results for these experiments are discussed in the next section.

Figure 4.10: Fidelity (red), Energetic Cost (green), and Total Reward (blue), as a function of training episode number, using the
trained policy from RLA-2 as initial policy. Parameters: 𝑈𝑇 = CNOT, 𝐻𝑑 = 𝐻2

𝑑, 𝐻𝑘 = {𝜎1𝑥 , 𝜎2𝑥 , 𝜎1𝑥𝜎2𝑥}, 𝑇1 = 1000𝑇, 𝑇2 = 1000𝑇,
𝑤𝑓 = 0.8, 𝑤𝑒 = 0.2, 𝑁𝑡 = 100, 𝑁𝑔 = 500, layer_params = (200, 100, 50, 30, 10), 𝑁𝑄𝑅𝐿𝐴 = 10, 000, 𝑁𝐺𝐴 = 2, 000.
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4.3. Noise Increase
In this section, the results of the noise increase experiments will be shown and discussed. The individual
performance of both the EO-GRAPE algorithm and the reinforcement learning methods will be shown
first. Afterwards, the performance of both methods will be benchmarked against each other. Finally,
the effect of increasing the neural network size on the performance in the presence of noise will be
presented.

4.3.1. Individual Performance
The performance of the EO-GRAPE algorithm while increasing the noise in the system is shown in figure
4.11. We can see that the algorithm is able to achieve high fidelity and low energetic cost throughout
most noise settings. From a noise gain setting of 20𝑇 we can see that the performance decreases quite
rapidly.

Figure 4.11: Fidelity (red) and Energetic Cost (green) of EO-GRAPE generated control pulses as a function of decreasing deco-
herence time, or increasing noise level. Parameters: 𝑈𝑇 = Hadamard, 𝐻𝑑 = 𝐻1

𝑑, 𝐻𝑘 = {𝜎1𝑥}, 𝑇1 = [100𝑇, 1𝑇], 𝑇2 = [100𝑇, 1𝑇],
𝑤𝑓 = 0.7, 𝑤𝑒 = 0.3, 𝑁𝑡 = 100, 𝑁𝑔 = 500.

In figure 4.12, the performance of the reinforcement learning agent both with and without warm start
(by RLA-2) in the presence of increasing noise is given. As we can see, the agent without warm start
is able to reach slightly higher fidelity than the agent with warm start, however the energetic cost of
the agent with warm start is more stable and lower.

Figure 4.12: Fidelity (blue) and energetic cost (purple) of RL generated control pulses with warm start, and fidelity (red) and
energetic cost (green) of RL generated control pulses without warm start, as a function of the training episode number and
decreasing decoherence time. Parameters: 𝑈𝑇 = Hadamard, 𝐻𝑑 = 𝐻1

𝑑, 𝐻𝑘 = {𝜎1𝑥}, 𝑇1 = [200𝑇, 1𝑇], 𝑇2 = [200𝑇, 1𝑇], 𝑤𝑓 = 0.8,
𝑤𝑒 = 0.2, 𝑁𝑡 = 100, 𝑁𝑔 = 500, layer_params = (200, 100, 50, 30, 10), 𝑁𝑄𝑅𝐿𝐴 = 10, 000, 𝑁𝐺𝐴 = 2, 000.

The EO-GRAPE algorithm calculates control parameters based on the target unitary and the drift and
control Hamiltonian that are provided, and thus does not take into account any noise in the system.
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It is therefore quite remarkable that the control pulses generated by the EO-GRAPE algorithm are still
able to achieve high fidelity and low energetic cost in a highly noisy environment. The reinforcement
learning agent without warm start seems to be able to learn the noise characteristics of the system first,
and could therefore outperform the reinforcement learning agent with warm start on fidelity. However
when we take into account energetic cost as well, it is clear that the reinforcement learning agent with
warm start outperforms the agent without a warm start. To investigate how the EO-GRAPE algorithm
compares to the reinforcement learning methods, the performance of both will be investigated for a
universal set of gates. The results of these experiments will be shown in the next section.

4.3.2. EO-GRAPE versus RL Performance
To compare the EO-GRAPE algorithm performance to both the warm start and without warm start rein-
forcement learning agents, the fidelity and energetic cost of a universal gate set (CNOT, Hadamard, T)
using all three methods has been plotted as a function of increasing noise gain or decreasing relaxation
and decoherence time.

In figure 4.13, the results of these experiments are presented. One can see that the EO-GRAPE algo-
rithm outperforms both the warm start and without warm start reinforcement learning agents for all
three target unitary gates, and for all noise settings. Interestingly, the variance in the performance of
the reinforcement learning agent optimizing a T-gate is much smaller than the variance with the CNOT
gate or Hadamard gate as target unitary gate. Next to this, one can see that the reinforcement learning
agent with warm start in general has a smaller variance in performance than the reinforcement learning
agent without warm start, and that the energetic cost of the pulses generated by the reinforcement
learning agent with warm start are in general lower than the energetic cost of the pulses generated by
the reinforcement learning agent without warm start.

From this figure, we can thus conclude that the reinforcement learning agent is able to learn a universal
set of gates co-optimized on fidelity and energetic cost, and additionally that the EO-GRAPE algorithm
outperforms both reinforcement learning agents on fidelity and energetic cost, for all noise settings.

4.3.3. Neural Network Size Increase
To further explore the performance of the reinforcement learning agent compared to the EO-GRAPE
algorithm, we have investigated the effect of the size of the neural network on the performance of the
reinforcement learning agent. To make the effect more noticeable, the weight of energetic cost was
set to zero 𝑤𝑒 = 0, and the weights of the fidelity was set to one 𝑤𝑓 = 0, i.e., the agent is only trying to
optimize the pulse on fidelity, and not on energetic cost. The same experiments as in figure 4.13 have
been done, where the fidelity of both the EO-GRAPE algorithm and the reinforcement learning agents
with and without warm start are plotted as a function of increasing noise or decreasing relaxation and
decoherence time. The experiments all use the Hadamard gate as the target quantum unitary gate,
and are plotted for three different neural network sizes, with and without warm start, and two different
noise settings. The Neural Network Sizes can be found in introduction of chapter 4. In figure 4.14, the
results of the experiment are displayed for a low noise setting, i.e., 𝑇1, 𝑇2 ∈ [200𝑇, 10𝑇], and in figure
4.15, the results are shown for a high noise setting, i.e., 𝑇1, 𝑇2 ∈ [10𝑇, 0.1𝑇].
In figure 4.14, one can see that in a low noise environment, the EO-GRAPE algorithm outperforms the
reinforcement learning agent, both with and without warm start, and for all three neural network sizes.
One can also see the increasing the neural network size has little effect on the performance of the
reinforcement learning agent, apart from the variance getting slightly smaller.

In figure 4.15, one can see that in a high noise environment, the performance of the EO-GRAPE
algorithm and the reinforcement learning agents approach each other. However, as the variance is
so big, one cannot conclude any significant result from this. Also, the noise setting of 0.1𝑇, is not
physically relevant, and a fidelity of 𝐹 = 0.7 is also not usable in a physical system. We can again see
that the effect of the neural network size is small, apart from a slight decrease in the variance of the
performance.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.13: Fidelity (blue) and energetic cost (purple) of EO-GRAPE generated control pulses, and fidelity (red) and energetic
cost (green) of RL generated control pulses, as a function of the training episode number and decreasing decoherence time, for a
universal set of gates, and with and without warm start. (a) CNOT gate, with warm start, (b) Hadamard gate, with warm start,
(c) T-gate, with warm start, (d) CNOT gate, without warm start, (e) Hadamard gate, without warm start, (f) T-gate, without
warm start. Parameters: 𝑈𝑇 = CNOT, Hadamard, T, 𝐻𝑑 = 𝐻2

𝑑 , 𝐻1
𝑑, 𝐻𝑘 = {𝜎1𝑥}, {𝜎1𝑥 , 𝜎2𝑥 , 𝜎1𝑥𝜎2𝑥}, 𝑇1 = [100𝑇, 1𝑇], 𝑇2 = [100𝑇, 1𝑇],

𝑤𝑓 = 0.8, 𝑤𝑒 = 0.2, 𝑁𝑡 = 100, 𝑁𝑔 = 500, layer_params = (200, 100, 50, 30, 10), 𝑁𝑄𝑅𝐿𝐴 = 10, 000, 𝑁𝐺𝐴 = 2, 000.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.14: EO-GRAPE generated pulses fidelity (blue) and RL generated pulses fidelity (red), as a function of training episode
number and decreasing decoherence time (high noise setting), for different neural network sizes and with and without warm
start. (a) Neural Network Size 1, with warm start, (b) Neural Network Size 2, with warm start, (c) Neural Network Size 3, with
warm start, (d) Neural Network Size 1, without warm start, (e) Neural Network Size 2, without warm start, (f) Neural Network
Size 3, without warm start. Parameters: 𝑈𝑇 = Hadamard, 𝐻𝑑 = 𝐻2

𝑑, 𝐻𝑘 = {𝜎1𝑥}, 𝑇1 = [200𝑇, 10𝑇], 𝑇2 = [200𝑇, 10𝑇], 𝑤𝑓 = 1,
𝑤𝑒 = 0, 𝑁𝑡 = 100, 𝑁𝑔 = 500, 𝑁𝑄𝑅𝐿𝐴 = 10, 000, 𝑁𝐺𝐴 = 2, 000.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.15: EO-GRAPE generated pulses fidelity (blue) and RL generated pulses fidelity (red), as a function of training episode
number and decreasing decoherence time (low noise setting), for different neural network sizes and with and without warm
start. (a) Neural Network Size 1, with warm start, (b) Neural Network Size 2, with warm start, (c) Neural Network Size 3, with
warm start, (d) Neural Network Size 1, without warm start, (e) Neural Network Size 2, without warm start, (f) Neural Network
Size 3, without warm start. Parameters: 𝑈𝑇 = Hadamard, 𝐻𝑑 = 𝐻2

𝑑, 𝐻𝑘 = {𝜎1𝑥}, 𝑇1 = [10𝑇, 0.1𝑇], 𝑇2 = [10𝑇, 0.1𝑇], 𝑤𝑓 = 1,
𝑤𝑒 = 0, 𝑁𝑡 = 100, 𝑁𝑔 = 500, 𝑁𝑄𝑅𝐿𝐴 = 10, 000, 𝑁𝐺𝐴 = 2, 000.
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4.4. Bloch Sphere Path Length
In this section, the effect of the control pulses generated by both the EO-GRAPE algorithm and the
reinforcement learning agents on the unitary paths on the Bloch sphere are investigated. First the
effect of the drift Hamiltonian will be shown for both the EO-GRAPE algorithm and the reinforcement
learning agent. Afterwards, the relation between the path length of the unitary path on the Bloch
sphere and the energetic cost calculated through equation 2.16 will be investigated.

4.4.1. Example Paths
In figure 4.16, the unitary path on the Bloch sphere by the control pulses generated by the EO-
GRAPE algorithm (left) and the reinforcement learning agent (right), are shown. An initial state of∣𝜓𝑖⟩ = ∣0⟩ (green vector) and a target unitary of 𝑈𝑇 = 𝑅𝑥(𝜋/2), is used, resulting in a target state of∣𝜓𝑇⟩ = 1√

2(∣0⟩−𝑖∣1⟩) ≡ ∣−𝑖⟩ (orange vector). The control Hamiltonian operators are 𝐻𝑘 = {𝜎1𝑥 , 𝜎1𝑦}, and
there is no drift Hamiltonian, 𝐻𝑑 = 𝐼2. One can see that path induced by the control pulses generated
by the EO-GRAPE algorithm are much more smooth and straight than the path induced by the control
pulses generated by the reinforcement learning agent. One can nicely see how the reinforcement
learning agent learns by reward, as seen by the random walk paths the state vector travels, before
eventually arriving at the correct target state.

(a) (b)

Figure 4.16: Initial state (green vector), target state (orange vector), and path of the quantum unitary (blue) in the absence
of a drift Hamiltonian 𝐻𝑑, by (a) EO-GRAPE generated pulses and (b) RL generated pulses on the Bloch Sphere. Parameters:
𝑈𝑇 = 𝑅𝑥(𝜋/2), 𝐻𝑑 = 𝐼2, 𝐻𝑘 = {𝜎1𝑥 , 𝜎1𝑦}, 𝑇1 = 1000𝑇, 𝑇2 = 1000𝑇, 𝑤𝑓 = 1, 𝑤𝑒 = 0, 𝑁𝑡 = 500, 𝑁𝑔 = 500, 𝑁𝑄𝑅𝐿𝐴 = 10, 000,∣𝜓𝑖⟩ = ∣0⟩
In figure 4.17, the unitary path on the Bloch sphere by the control pulses generated by the EO-GRAPE
algorithm (left) and the reinforcement learning agent (right) are shown in the presence of a drift
Hamiltonian 𝐻𝑑 = ℎ̵𝜔1/2�̂�𝑧. The same initial state, target quantum unitary, and control Hamiltonian
operators are used. One can see the effect of the drift Hamiltonian, causing the state vector to precess
about the �̂�-axis at the qubit frequency 𝜔1.

Interestingly, one can see that the path induced by the control pulses generated by the EO-GRAPE
algorithm first ”overshoots” the target state, and then rotates back up to reach the target state, while
the path induced by the control pulses generated by the reinforcement learning agent don’t overshoot
and arrive at the target state in one time. As mentioned in chapter 3, [4] suggests that the most energy
efficient quantum unitary is equivalent to state vector travelling from the initial state to the target state
via the geodesic between the two states on the Bloch sphere surface. In this scenario, the path induced
by the reinforcement learning agent seems shorter than the path induced by the EO-GRAPE algorithm,
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suggesting that the energetic cost of the reinforcement learning agent control pulses are lower than the
EO-GRAPE generated pulses in this specific scenario. To further investigate this, the relation between
the energetic cost and the path length of the unitary path on the Bloch sphere has been explored. The
results of these experiments are presented in the next sub section.

(a) (b)

Figure 4.17: Initial state (green vector), target state (orange vector), and path of the quantum unitary (blue) in the presence
of a drift Hamiltonian 𝐻𝑑, by (a) EO-GRAPE generated pulses and (b) RL generated pulses on the Bloch Sphere. Parameters:
𝑈𝑇 = 𝑅𝑥(𝜋/2), 𝐻𝑑 = 𝐻1

𝑑, 𝐻𝑘 = {𝜎1𝑥 , 𝜎1𝑦}, 𝑇1 = 1000𝑇, 𝑇2 = 1000𝑇, 𝑤𝑓 = 1, 𝑤𝑒 = 0, 𝑁𝑡 = 500, 𝑁𝑔 = 500, 𝑁𝑄𝑅𝐿𝐴 = 10, 000,∣𝜓𝑖⟩ = ∣0⟩
4.4.2. Path Length versus Energetic Cost Correlation
In figure 4.18, the correlation between the energetic cost of the control pulses generated by the EO-
GRAPE algorithm and the path length of the unitary path on the Bloch sphere is shown. The weights
associated to fidelity 𝑤𝑓 and the weights associated to energetic cost 𝑤𝑒 are varied, for the same initial
state, target unitary gate, and drift and control Hamiltonian operators.

Figure 4.18: Correlation between energetic cost and path length of the path of the unitary on the Bloch Sphere for EO-GRAPE
generated pulses. Parameters: 𝑈𝑇 = 𝑅𝑥(𝜋/2), 𝐻𝑑 = 𝐻1

𝑑, 𝐻𝑘 = {𝜎1𝑥 , 𝜎1𝑦}, 𝑇1 = 1000𝑇, 𝑇2 = 1000𝑇, 𝑤𝑓 = [1, 0.1], 𝑤𝑒 =[0.1, 0.9], 𝑁𝑡 = 100, 𝑁𝑔 = 500, ∣𝜓𝑖⟩ = ∣0⟩
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One can see that there is a positive proportional relationship between the energetic cost of the control
pulses generated by the EO-GRAPE algorithm, and the path length of the unitary path on the Bloch
sphere, confirming the theoretical framework presented by [4]. A higher energetic cost results in a
longer path length of the unitary path of the Bloch sphere.

In figure 4.19, the correlation between the path length of the unitary path on the Bloch sphere and the
energetic cost of the control pulses generated by the reinforcement learning agent are shown. As the
reinforcement learning agent generates more random pulses and resulting in random paths, the error
bars from 10 experiment repetitions is included.

The color coding indicates the average fidelity of the 10 experiments for that specific weight setting,
again highlighting the trade-off between fidelity and energetic cost. With the control pulses generated
by the reinforcement learning agent, we can again see a positive proportional relationship between the
two metrics, confirming the theoretical framework presented by [4]. One can also see that in general,
the path length of the unitary paths induced by the control pulses generated by the reinforcement
learning agent are shorter than the path length of the unitary paths induced by the control pulses
generated by the EO-GRAPE algorithm.

Figure 4.19: Correlation between energetic cost and path length of the path of the unitary on the Bloch Sphere for RL generated
pulses, where the color coding indicates the average fidelity of the control pulse. Parameters: 𝑈𝑇 = 𝑅𝑥(𝜋/2), 𝐻𝑑 = 𝐻1

𝑑,
𝐻𝑘 = {𝜎1𝑥 , 𝜎1𝑦}, 𝑇1 = 1000𝑇, 𝑇2 = 1000𝑇, 𝑤𝑓 = [1, 0.1], 𝑤𝑒 = [0.1, 0.9], 𝑁𝑡 = 100, 𝑁𝑄𝑅𝐿𝐴 = 10, 000, ∣𝜓𝑖⟩ = ∣0⟩
In figure 4.20, the correlation between the path length of the path on the Bloch sphere and the
energetic cost of the control pulses of both EO-GRAPE generated pulses and RL generated pulses are
shown (combination of figure 4.18 and 4.19).
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One can see that for a weight setting of 𝑤𝑒 = 1, 𝑤𝑓 = 0, the pulses generated by the EO-GRAPE
algorithm give a lower energetic cost due to the more structured nature of the optimizer. However, for
a higher value of the energetic cost, the RL agent is able to find pulses with a much shorter path length
than the EO-GRAPE generated pulses, probably because the RL agent is not restricted to keeping the
pulse harmonics in shape.

As can be seen from the results presented in this subsection, the theory presented in chapter 2.4.2
agrees with our findings. The shorter the path length on the Bloch sphere, the lower the energetic
cost required to implement a quantum unitary gate. Furthermore, the control pulses generated by
the EO-GRAPE algorithm are taking some form of accessible geodesics, as described by the theory in
section 2.4.2.

Figure 4.20: Combined plot of EO-GRAPE and RL generated pulses showing the correlation between energetic cost path length of
the path of the unitary on the Bloch Sphere, where the color coding indicates the average fidelity of the control pulse. Parameters:
𝑈𝑇 = 𝑅𝑥(𝜋/2), 𝐻𝑑 = 𝐻1

𝑑, 𝐻𝑘 = {𝜎1𝑥 , 𝜎1𝑦}, 𝑇1 = 1000𝑇, 𝑇2 = 1000𝑇, 𝑤𝑓 = [1, 0.1], 𝑤𝑒 = [0.1, 0.9], 𝑁𝑡 = 100, 𝑁𝑄𝑅𝐿𝐴 = 10, 000,∣𝜓𝑖⟩ = ∣0⟩



5
Conclusion and Future Work

I never think of the future, it comes soon enough.
- Albert Einstein

5.1. Conclusion
With quantum processors and algorithms becoming increasingly complex, the need for high fidelity and
coherent control of qubits has become monumental. The field of Quantum Optimal Control aims to de-
sign and implement electromagnetic field configurations that can effectively steer quantum processes
at the atomic or molecular scale in the best way possible. This includes a large variety of methods,
such as analytical, numerical, open-loop, closed-loop and gradient based or gradient free methods.
Quantum Optimal Control spreads use cases in many other allied topics, such as quantum algorithms,
quantum thermodynamics, or compilation and circuits. While there has been a large interest in study-
ing quantum thermodynamics, little is still known about the energetic cost of quantum computational
processes. In the context of the growing interest in achieving quantum advantage through energy
efficiency, it appears to be crucial to understand energy efficiency in quantum operations, and how to
optimize it.

This research therefore focuses on two main research questions: ”What is the energetic cost of a quan-
tum unitary gate, and what is the relation between fidelity and energetic cost?”, and ”What Quantum
Optimal Control strategies can we utilize to investigate and co-optimize a quantum unitary gate on both
fidelity and energetic cost?”.

During this research we have answered all main and sub research questions. Regarding the main and
sub research question 1 and 1.1, we have found that the energetic cost of implementing a quantum
unitary gate through discrete pulse level control can be quantified through integrating the norm of the
total Hamiltonian required to implement a certain quantum unitary gate over the total gate duration.
In addition to this, we have found that this energetic cost positively correlates to the path length of
the quantum unitary on the Bloch sphere, supporting the theory that the most energy-efficient way to
implement a quantum unitary gate is through the geodesic between two quantum states. Looking at
sub question 1.2, we have seen that there is a trade-off between the fidelity and the energetic cost
required to implement a quantum unitary gate. We have seen that a decrease in energetic cost of 10
% yields an increase in infidelity of roughly 1 % in the low infidelity range. Regarding sub question 2.1,
we developed a novel cost function and gradient for the Gradient Ascent Pulse Engineering Method,
allowing for co-optimization of both the fidelity and energetic cost of a quantum unitary gate. This
novel algorithm is the Energy Optimized Gradient Ascent Pulse Engineering algorithm, or EO-GRAPE.
Next to the gradient-based open-loop quantum optimal control method, we have also investigated a
learning-based, model-free, closed-loop method as described in sub question 2.2. A Deep Reinforce-
ment Learning agent was developed to interact with a quantum environment, and to learn control
pulses that minimize both the energetic cost as well as the infidelity. Regarding the final sub question
2.3, we have seen that both optimal control methods perform relatively well in low noisy systems.
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However, when one decreases the relaxation and decoherence times of the qubits in the system, the
EO-GRAPE algorithm outperforms the reinforcement learning agents for all noise settings and neural
network sizes.

Theoretical research on how to quantify the energetic cost of a quantum unitary gate, as well as how
we can adapt existing methods or create novel methods to co-optimize the energetic cost besides
process fidelity has been done. In addition to this, a python software package has been developed
called Energy Optimized Universal Quantum Optimal Control, or ”EUQOC”, that contains code to create
quantum environments as well as code to run the optimization methods covered in this thesis.

The evaluation of the relation between fidelity and energetic cost, and the performance of both meth-
ods has been done by experiments sweeping the weight of the fidelity and the weight of the energetic
cost, and by monitoring the fidelity and energetic cost of a universal set of gates as a function of
increasing noise, respectively. Next to this, the relation between the path length of the quantum uni-
tary path on the Bloch sphere and the energetic cost of a control pulse sequence has been investigated.

These experiments have shown that there exists a inversely proportional relation between the ener-
getic cost and the infidelity (or error rate) of a quantum unitary gate. We have seen that a decrease in
energetic cost of 10 % yield an increase in infidelity of roughly 1 % in the low infidelity range. Next to
this, the experiments showed that while the reinforcement learning agent is able to learn how to devise
energy efficient control pulses to implement a certain quantum unitary, the control pulses generated
by the EO-GRAPE algorithm outperform the control pulses generated by the reinforcement learning
agent for all noise settings and neural network sizes. Finally, a positive proportional relation between
the path length of the quantum unitary on the Bloch sphere and the energetic cost of a control pulse
sequence was observed, suggesting that the notion of energy efficiency and geodesics on the Bloch
sphere is correct.

This work has shown that one can co-optimize a quantum unitary gate on energy efficiency as well as
fidelity by using Quantum Optimal Control methods. We have seen that there exist a Pareto optimal
front between the energetic cost and the fidelity of a quantum unitary gate. Next to this, the bench-
marks have shown that the Energy Optimized Gradient Ascent Pulse Engineering method works best
for the optimization problem, however it should be noted that after hyper parameter optimization and
larger training cycles, it could be that the reinforcement learning agent’s performance dramatically in-
creases. While the pulses generated by the algorithms are not suitable for physical quantum hardware,
it does give researchers a framework and toolbox to investigate lower energy configurations of their
control pulses and the effect is has on the fidelity of the quantum unitary gate.

In conclusion, the core contributions of this research are summarized below.
• Formulation of the energetic cost of implementing a quantum unitary gate using discrete control
pulses

• Formulation of the gradient of the energetic cost with respect to all control parameters
• Development of a modified version of the Gradient Ascent Pulse Engineering algorithm to co-
optimize the fidelity and energetic cost of a quantum unitary gate

• Identification of the trade-off between the fidelity and energetic cost of implementing a quantum
unitary gate

• Verification of the theory describing the energetic cost of a quantum unitary gate as the path
length of a quantum unitary gate on the Bloch sphere

• NumPy implementation of the QuTip Gradient Ascent Pulse Engineering algorithm
• Implementation of the Energy Optimized Gradient Ascent Pulse Engineering algorithm, including
the novel gradient evaluation

• Integration of a QuTip Processor quantum simulator back-end and the EO-GRAPE and reinforce-
ment learning agent classes

• Development of a Deep Reinforcement Learning agent able to learn and generate energy opti-
mized control pulses for a universal set of quantum unitary gates

• Development of a Deep Reinforcement Learning agent able to learn and generate pulses based
on EO-GRAPE generated control pulses
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• Integration and mapping of a Reinforcement Learning agent policy between two different Rein-
forcement Learning agents

• Development of a Quantum Environment class containing all methods and arguments required
for energy optimized quantum optimal control

• Development and investigation of methods to benchmark the performance of the EO-GRAPE
algorithm and Deep Reinforcement Learning agents with increasing noise levels

• Investigation of the effect of increasing the neural network size on the Reinforcement Learning
agent performance

• Verification of the correlation between the path length of a quantum unitary on the Bloch sphere
and the energetic cost of implementing a quantum unitary gate for Reinforcement Learning gen-
erated control pulses

5.2. Future Work
In this section, several future work topics that emerged during this research will be introduced and
explained. Three topics utilize the framework presented in this research to investigate theoretical
applications closely related to this work. Three other topics investigate new methods or adjustments
to the quantum optimal control methods introduced in this work to further explore and optimize the
performance of these methods.

5.2.1. Information and Energy Relation
Information, entropy and energy are closely related quantities. Landauer’s principle states that the
minimum energy required by a logic operation will be the temperature times the entropy [65]. The
entropy has been established by Claude E. Shannon, given in units of bits. As one can see, the informa-
tion (bits) and energy of a control sequence are closely related [66]. Therefore a similar investigation
as to the one performed in this research between fidelity and energy can be proposed between infor-
mation and energy. One can investigate the co-optimization of both the information contained in a
control sequence, as well as the energy of a control sequence, and see what the relation is between
the two, and if it is possible to co-optimize, similar to fidelity and energy. In theory, one could change
the fidelity part of the cost-function presented in this work by a measure for information, and repeat
the same experiments that have been performed in this work.

5.2.2.Minimum Universal Controllability
Different formulations of the drift and control Hamiltonian operators have been investigated in this
research. However, the effect of having multiple control operators has not been thoroughly researched.
Minimizing the number of control operators per qubit to universally control the qubits is therefore a
critical component in minimizing the energetic cost of a quantum unitary gate. We can therefore ask
ourselves, given an N-qubit system, with drift Hamiltonian 𝐻𝑑, how many individual control terms 𝐻𝑘 do
we need to universally control the quantum system? There exists a theoretical framework to address
this problem called the ”Lie rank test”, that states when an N-qubit system with control Hamiltonian 𝐻𝑑
is fully controllable [67]. One could therefore use this theoretical framework to minimize the number
of control operators needed per qubit and per drift Hamiltonian, and observe the effect that it has on
the energetic cost of quantum unitary gates performed on the qubits.

5.2.3. Frequency Domain Optimization
The algorithms developed in this work generate and train on control pulses that are represented as
2D matrices with dimensions (len(𝐻𝑘), 𝑁𝑡). If one has three control operators and 500 time steps, a
control pulse already contains 1500 individual parameters that the algorithm and reinforcement learning
agents need to adjust. However, as one can see from the pulses generated by the EO-GRAPE algorithm,
the pulses can often be decomposed into individual sin or cos functions. It is therefore plausible one
can transform the control pulses to the frequency domain by applying a Fourier transformation. This
would allow one to represent a control pulse with originally 1500 parameters, to just a few amplitude
and frequency parameters [68]. This would dramatically increase the computational efficiency of both
algorithms, and could also increase the performance of the reinforcement learning agent, as it would
automatically apply harmonic pulses instead of random block pulses.



54 5. Conclusion and Future Work

5.2.4. Hyper Parameter Optimization
This work has primarily focused on using reinforcement learning as a method to investigate energy
efficiency in quantum unitary gates, and has not focused on the theoretical framework behind rein-
forcement learning. We do believe however that tremendous steps can be made in the performance of
the reinforcement learning agent by optimizing the hyper parameters of the agent based on theoretical
or empirical results [69]. We therefore suggest a theoretical study and investigation of the reinforce-
ment learning agent, accompanied by a hyper parameter optimization, to improve the performance of
the reinforcement learning agent and compare it to the EO-GRAPE algorithm with increasing noise or
decreasing relaxation and decoherence times.

5.2.5. Concept Learning for Universal Gate Set and Random Unitaries
During this research, we have investigated co-optimizing control pulses on both fidelity and energetic
cost, for one specific universal gate set: (CNOT, Hadamard, T). However, one could also train a re-
inforcement learning agent to learn and create other energy optimal pulses that create new universal
gate sets from a specific set of hardware restrictions, such as a specific waveform, set of frequencies,
or bandwidth [70]. This removes the restriction of specific quantum gate synthesis, and allows the
agent to experiment and try other random unitaries that together form a universal gate, and thereby
any quantum computation, with a potentially lower energetic cost than using (CNOT, Hadamard, T).

5.2.6. Hardware Restricted Energy Optimized Quantum Gate Synthesis
The hardware restrictions imposed by both the qubit type and control electronics has not been taken into
account in this work. However, extending this work by using the EO-GRAPE or RL algorithms to devise
energy optimized control pulses for very specific quantum hardware will be very relevant. This work
provides the theoretical framework and software tools in order to implement energy optimized quantum
gate synthesis. By adjusting the drift Hamiltonian to include more terms and actual parameters based
on hardware, and by restricting the EO-GRAPE algorithm, or punishing the RL agent to devise pulses
according to the physical limitations of the control electronics, one can implement the theory and
software tools provided in this work to devise very specific control pulses for very specific quantum
hardware [71].
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Appendix 1: Quantum Environment Class
1

2 c l a s s QuantumEnvironment ( py_environment . PyEnvironment ) :
3

4 def __ i n i t __ ( s e l f , n_q , h_d r i f t , h_contro l , l abe l s , t_1 , t_2 , u_target , w_f = 1 , w_e = 0 ,
t imesteps = 500 , pu l se_dura t ion = 2 * np . pi , g r ape_ i t e r a t i on s = 500 , n_steps = 1 ,
sweep_noise = Fa l se ) :

5

6 ” ” ”
7 QuantumEnvironment C lass
8 −−−−−−−−−−−−−−−−−−−−−−−−
9

10 Create ins tance of a Quantum Processor with customizab le D r i f t and Cont ro l
Hami l tonian , Re laxa t ion and Decoherence t imes f o r Pu lse Leve l c on t r o l

11

12 Conta ins EO−GRAPE Algor i thm ( Energy Optimized Grad ient Ascent Pu lse Engineer ing )
13

14 Parameters
15 −−−−−−−−−−
16 n_q : i n t
17 Number of qub i t s .
18 h_d r i f t : Qobj
19 D r i f t Hami l ton ian .
20 h_cont ro l : l i s t of Qobj
21 L i s t of Cont ro l Hami l ton ians .
22 t_1 : i n t
23 Re laxa t ion time of the Processor .
24 t_2 : i n t
25 Decoherence time of the Processor .
26 i n i t i a l _ s t a t e : Qobj , op t i ona l
27 I n i t i a l s t a t e of the quantum s ta te .
28 u_target : array , op t i ona l
29 Target Un i ta ry Evo lu t i on Operator .
30 t imesteps : i n t , op t i ona l
31 Number of t imesteps to d i s c r e t i z e t ime . De fau l t i s 500.
32 pu lse_dura t ion : f l o a t , op t i ona l
33 Tota l pu lse dura t ion time . De fau l t i s 2 p i
34 g rape_ i t e r a t i on s : i n t , op t i ona l
35 Number of GRAPE i t e r a t i o n s . De fau l t i s 500
36 ” ” ”
37

38 s e l f . n_q = n_q
39 s e l f . h _ d r i f t = h_d r i f t
40 s e l f . h_cont ro l = h_cont ro l
41 s e l f . l a b e l s = l a b e l s
42 s e l f . t_1 = t_1
43 s e l f . t_2 = t_2
44 s e l f . u_target = u_target
45 s e l f . t imesteps = t imesteps
46 s e l f . pu l se_dura t ion = pu lse_dura t ion
47 s e l f . g r ape_ i t e r a t i on s = g rape_ i t e r a t i on s
48 s e l f . h_drift_numpy = fc . convert_qutip_to_numpy ( h _ d r i f t )
49 s e l f . h_control_numpy = fc . conver t_qut ip_ l i s t_ to_numpy ( h_cont ro l )
50 s e l f . act ion_shape = ( len ( h_cont ro l ) , t imesteps )
51 s e l f . state_shape = (2**(n_q ) , 2**(n_q ) )
52 s e l f . s t a t e_ s i z e = 2*(2**(2*n_q ) )
53 s e l f . cu r rent_s tep = 0
54 s e l f . reward_counter = 0
55 s e l f . _episode_ended = Fa l se
56 s e l f . n_steps = n_steps
57 s e l f . w_f = w_f

55
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58 s e l f .w_e = w_e
59 s e l f . f i d e l i t y _ l i s t = [ ]
60 s e l f . r ewa rd_ l i s t = [ ]
61 s e l f . e ne r g y_ l i s t = [ ]
62 s e l f . sweep_noise = sweep_noise
63 s e l f . no ise = None
64

65 s e l f . create_environment ( )
66

67 def create_environment ( s e l f ) :
68

69 ” ” ”
70 Create ins tance of a Qut ip Processor as environment with custom
71 D r i f t and Cont ro l Hami l tonians , T1 , and T2 t imes
72 ” ” ”
73

74 t imespace = np . l i n space (0 , s e l f . pu lse_durat ion , s e l f . t imesteps )
75 s imu la tor t imespace = np . append ( timespace , t imespace [−1])
76

77 t a rge t s = l i s t ( range ( s e l f . n_q ) )
78

79 s e l f . environment = Processor (N = s e l f . n_q )
80

81 s e l f . environment . add_d r i f t ( s e l f . h_d r i f t , t a rge t s = ta rge t s )
82

83 i f s e l f . sweep_noise == Fa l se :
84 s e l f . no ise = [ s e l f . t_1 , s e l f . t_2 ]
85 noise = Re laxat ionNo ise ( t1 = s e l f . t_1 , t2 = s e l f . t_2 )
86 s e l f . environment . add_noise ( no ise = noise )
87

88 f o r operator i n s e l f . h_cont ro l :
89 s e l f . environment . add_contro l ( operator , t a rge t s = ta rge t s )
90

91 s e l f . environment . s e t _ a l l _ t l i s t ( s imu la tor t imespace )
92

93 def act ion_spec ( s e l f ) :
94

95 ” ” ”
96 Returns the ac t i on spec
97 ” ” ”
98

99 re tu rn array_spec . BoundedArraySpec (
100 shape = ( len ( s e l f . h_cont ro l ) * s e l f . t imesteps , ) ,
101 dtype = np . f l oa t32 ,
102 name = ” pu lses ” ,
103 minimum = −1,
104 maximum = 1 ,
105 )
106

107 def observat ion_spec ( s e l f ) :
108

109 ” ” ”
110 Returns the observat ion spec
111 ” ” ”
112

113 re tu rn array_spec . BoundedArraySpec (
114 shape = (2*(2**(2* s e l f . n_q ) ) , ) ,
115 dtype = np . f l oa t32 ,
116 name = ” dens i t y matr ix ” ,
117 minimum = np . zeros (2*(2**(2* s e l f . n_q ) ) , dtype=np . f l o a t 32 ) ,
118 maximum = np . ones(2*(2**(2* s e l f . n_q ) ) , dtype = np . f l o a t 32 ) ,
119 )
120

121 def _reset ( s e l f ) :
122 ” ” ”
123 Resets the environment and re tu rns the f i r s t t imestep of a new episode
124 ” ” ”
125 s e l f . cu r rent_s tep = 0
126 s e l f . _episode_ended = Fa l se
127 s e l f . i n i t i a l _ dm = s e l f . i n i t i a l _ s t a t e * s e l f . i n i t i a l _ s t a t e . dag ( )
128
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129 s e l f . i n i t i a l _dm_np = fc . convert_qutip_to_numpy ( s e l f . i n i t i a l _ dm )
130 s e l f . i n i t i a l _dm_np_re = s e l f . i n i t i a l _dm_np . r e a l
131 s e l f . in i t i a l_dm_np_ im = s e l f . i n i t i a l _dm_np . imag
132 s e l f . i n i t i a l _ dm_np_ r e_ f l a t = s e l f . i n i t i a l _dm_np_re . f l a t t e n ( )
133 s e l f . i n i t i a l _dm_np_ im_ f l a t = s e l f . in i t i a l_dm_np_ im . f l a t t e n ( )
134 s e l f . combined_ in i t ia l_dm = np . ndarray . astype (np . hstack ( ( s e l f . i n i t i a l _dm_np_ re_ f l a t ,

s e l f . i n i t i a l _dm_np_ im_ f l a t ) ) , dtype = np . f l o a t 32 )
135

136 re tu rn t s . r e s t a r t ( s e l f . combined_ in i t ia l_dm )
137

138 def _step ( s e l f , a c t i on ) :
139

140 ” ” ”
141 Updates environment accord ing to the ac t i on
142 ” ” ”
143

144 act ion_2d = np . reshape ( act ion , ( len ( s e l f . h_cont ro l ) , s e l f . t imesteps ) )
145

146 i f s e l f . _episode_ended :
147

148 re tu rn s e l f . _ reset ( )
149

150 i f s e l f . cu r rent_s tep < s e l f . n_steps :
151

152 next_state , f i d e l i t y = s e l f . c a l c u l a t e _ f i d e l i t y _ r ewa r d ( act ion_2d )
153

154 energy = s e l f . c a l cu l a t e_ene rge t i c _ co s t ( act ion_2d )
155 s e l f . f i d e l i t y _ l i s t . append ( f i d e l i t y )
156 s e l f . e ne r g y_ l i s t . append ( energy )
157 reward = s e l f . w_f * f i d e l i t y + s e l f .w_e * (1 − energy )
158 s e l f . r ewa rd_ l i s t . append ( reward )
159

160 t e rm ina l = Fa l se
161

162 i f s e l f . cu r rent_s tep == s e l f . n_steps − 1:
163

164 t e rm ina l = True
165

166 e l se :
167

168 t e rm ina l = True
169 reward = 0
170 next_s ta te = 0
171 s e l f . cu r rent_s tep += 1
172 s e l f . reward_counter += 1
173

174 i f t e rm ina l :
175 s e l f . _episode_ended = True
176 re tu rn t s . te rm ina t i on ( next_state , reward )
177

178 e l se :
179 re tu rn t s . t r a n s i t i o n ( next_state , reward )
180

181 def run_pulses ( s e l f , pulses , p l o t_pu l ses = Fa l se ) :
182

183 ” ” ”
184 Send pu lses to a s p e c i f i c qu t ip processor ins tance and s imu la te r e s u l t
185

186 Parameters
187 −−−−−−−−−−
188 pu lses : ar ray
189 (K x I_G ) Array con ta in ing ampl i tudes of operators i n Cont ro l Hami l ton ian .
190

191 Returns
192 −−−−−−−
193 r e s u l t : Resu l t i ns tance of Environment us ing s pe c i f i e d I n i t i a l S ta te and Pulse set .
194 ” ” ”
195

196 f o r i i n range ( len ( pu lses [ : , 0] ) ) :
197 s e l f . environment . pu lses [ i ] . coe f f = pu lses [ i ]
198
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199 r e s u l t = s e l f . environment . run_sta te ( i n i t _ s t a t e = s e l f . i n i t i a l _ s t a t e )
200 dens i t y_mat r i x = r e s u l t . s t a t e s [−1]
201

202 i f p l o t_pu l ses == True :
203 s e l f . environment . p l o t_pu l ses ( )
204 p l t . show ( )
205

206 re tu rn dens i t y_mat r i x
207

208 def c a l c u l a t e _ f i d e l i t y _ r ewa r d ( s e l f , pulses , p l o t _ r e s u l t = Fa l se ) :
209

210 ” ” ”
211 Ca l cu l a t e s F i d e l i t y Reward f o r a s p e c i f i c Qut ip r e s u l t .
212

213 Parameters
214 −−−−−−−−−−
215 Resu l t : Resu l t i ns tance of Environment us ing s pe c i f i e d I n i t i a l S ta te and Pulse set .
216

217 Returns
218 −−−−−−−
219

220 combined_dm_sim_np_im_flat : F la t tened and combined r e a l and imaginary par t of the
dens i t y matr ix a f t e r s imu la t i on

221

222 r _ f : F i d e l i t y Reward f o r a s p e c i f i c Qut ip r e su l t , I n i t i a l State , and Target Un i ta ry .
223 ” ” ”
224

225 f o r i i n range ( len ( pu lses [ : , 0] ) ) :
226 s e l f . environment . pu lses [ i ] . coe f f = pu lses [ i ]
227

228 s e l f . r e s u l t = s e l f . environment . run_sta te ( i n i t _ s t a t e = s e l f . i n i t i a l _ s t a t e )
229

230 dm_sim = s e l f . r e s u l t . s t a t e s [−1]
231

232 dm_sim_np = fc . convert_qutip_to_numpy (dm_sim)
233 dm_sim_np_re = dm_sim_np . r e a l
234 dm_sim_np_im = dm_sim_np . imag
235 dm_sim_np_re_flat = dm_sim_np_re . f l a t t e n ( )
236 dm_sim_np_im_flat = dm_sim_np_im . f l a t t e n ( )
237 combined_dm_re_im_flat = np . ndarray . astype (np . hstack ( ( dm_sim_np_re_flat ,

dm_sim_np_im_flat ) ) , dtype = np . f l o a t 32 )
238 s e l f . dm_target = (Qobj ( s e l f . u_target ) * s e l f . i n i t i a l _ s t a t e ) * ( Qobj ( s e l f . u_target ) *

s e l f . i n i t i a l _ s t a t e ) . dag ( )
239

240 r _ f = f i d e l i t y (dm_sim , s e l f . dm_target )
241

242 i f p l o t _ r e s u l t == True :
243

244 vz . h inton (dm_sim , x l a be l s = [ r ’ $ \ ve r t 00\ rangle$ ’ , r ’ $ \ ve r t 01\ rangle$ ’ , r ’ $ \ ve r t
10\ rangle$ ’ , r ’ $ \ ve r t 11\ rangle$ ’ ] ,

245 y l a be l s = [ r ’ $ \ ve r t 00\ rangle$ ’ , r ’ $ \ ve r t 01\ rangle$ ’ , r ’ $ \ ve r t 10\ rangle$ ’ , r ’
$ \ ve r t 11\ rangle$ ’ ] )

246 p l t . show ( )
247

248 re tu rn combined_dm_re_im_flat , r _ f
249

250 def ca l cu l a t e_ene rge t i c _ co s t ( s e l f , pulses , re turn_normal i zed = True ) :
251

252 ” ” ”
253 Ca l cu l a t e Energe t i c Cost of c e r t a i n set of Pu lses
254

255 Parameters
256 −−−−−−−−−−
257 pu lses : ar ray
258 (K x I_G ) Array con ta in ing ampl i tudes of operators i n Cont ro l Hami l ton ian .
259

260 Returns
261 −−−−−−−−−
262

263 re tu rn_va lue : f l o a t
264 Energe t i c cos t of the quantum operat ion
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265 ” ” ”
266

267 h_t_norm = [ ]
268 s t ep s i z e = s e l f . pu l se_dura t ion / s e l f . t imesteps
269 s e l f . max_u_val = 2
270

271 f o r i i n range ( s e l f . t imesteps − 1) :
272 h_t = 0
273 f o r j i n range ( len ( s e l f . h_cont ro l ) ) :
274 h_t += pulses [ j , i ] * s e l f . h_control_numpy [ j ]
275

276 h_t_norm . append (np . l i n a l g . norm( h_t ) )
277

278 energe t i c_cos t = np . sum( h_t_norm ) * s t ep s i z e
279 energet i c_cos t_norma l i zed = energe t i c_cos t / ( s e l f . pu l se_dura t ion * s e l f . max_u_val *

np . l i n a l g . norm(np . sum( s e l f . h_control_numpy ) ) )
280

281 i f re turn_normal i zed == True :
282

283 re tu rn_va lue = energet i c_cos t_norma l i zed
284

285 e l i f re turn_normal i zed == Fa lse :
286

287 re tu rn_va lue = energe t i c_cos t
288

289 re tu rn re turn_va lue
290

291 def g r ape_ i t e r a t i on ( s e l f , u , r , J , u_b_ l i s t , u _ f _ l i s t , dt , eps_f , eps_e , w_f , w_e) :
292

293 ” ” ”
294 Perform one i t e r a t i o n of the GRAPE a lgor i thm and update con t r o l pu lse parameters
295

296 Parameters
297 −−−−−−−−−−
298

299 u : The generated con t r o l pu lses with shape ( i t e r a t i o n s , con t ro l s , t ime )
300

301 r : The number of t h i s s p e c i f i c GRAPE i t e r a t i o n
302

303 J : The number of c on t r o l s i n Cont ro l Hami l ton ian
304

305 u_b_ l i s t : Backward propagators of each time ( length M)
306

307 u _ f _ l i s t : Forward propagators of each time ( length M)
308

309 dt : Timestep s i z e
310

311 eps_f : D is tance to move along the grad ien t when updat ing con t r o l s f o r F i d e l i t y
312

313 eps_e : Dis tance to move along the grad ien t when updat ing con t r o l s f o r Energy
314

315 w_f : Weight ass igned to F i d e l i t y par t of the Cost Funct ion
316

317 w_e : Weight ass igned to Energy par t of the Cost Funct ion
318

319 Returns
320 −−−−−−−−
321

322 u[ r + 1 , : , : ] : The updated parameters
323 ” ” ”
324

325 du_ l i s t = np . zeros ( ( J , s e l f . t imesteps ) )
326 max_du_l is t = np . zeros ( ( J ) )
327

328 f o r m in range ( s e l f . t imesteps − 1) :
329

330 P = u_b_ l i s t [m] @ s e l f . u_target
331

332 f o r j i n range ( J ) :
333

334 Q = 1 j * dt * s e l f . h_control_numpy [ j ] @ u _ f _ l i s t [m]
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335

336 du_f = −2 * w_f * f c . over lap (P , Q) * f c . over lap ( u _ f _ l i s t [m] , P )
337

338 denom = s e l f . h_drift_numpy . conj ( ) . T @ s e l f . h_drift_numpy + u[ r , j , m] * ( s e l f
. h_drift_numpy . conj ( ) . T @ s e l f . h_control_numpy [ j ] + s e l f . h_control_numpy [ j ] . conj ( ) . T @
s e l f . h_drift_numpy )

339

340 du_e = 0
341

342 f o r k i n range ( J ) :
343

344 du_e += −1 * dt * w_e * (np . t race ( s e l f . h_drift_numpy . conj ( ) . T @ s e l f .
h_control_numpy [ j ] + s e l f . h_control_numpy [ j ] . conj ( ) . T @ s e l f . h_drift_numpy ) + np . t race (
s e l f . h_control_numpy [ j ] . conj ( ) . T @ s e l f . h_control_numpy [ k ] * (u [ r , j , m] + u[ r , k , m] ) ) )

345

346 denom += u[ r , j , m] * u[ r , k , m] * s e l f . h_control_numpy [ j ] . conj ( ) . T @
s e l f . h_control_numpy [ k ]

347

348 du_e /= (2 * np . t race (denom) ** (1 /2) )
349

350 du_e_norm = du_e / ( s e l f . pu l se_dura t ion * (np . l i n a l g . norm( s e l f . h_drift_numpy )
+ np . l i n a l g . norm(np . sum( s e l f . h_control_numpy ) ) ) )

351

352 du_t = du_f + du_e_norm
353

354 du_ l i s t [ j , m] = du_t . r e a l
355

356 max_du_l is t [ j ] = np .max( d u _ l i s t [ j ] )
357

358 u[ r + 1 , j , m] = u[ r , j , m] + eps_f * du_f . r e a l + eps_e * du_e_norm . r e a l
359

360 f o r j i n range ( J ) :
361 u[ r + 1 , j , s e l f . t imesteps − 1] = u[ r + 1 , j , s e l f . t imesteps − 2]
362

363 re tu rn max_du_l is t
364

365 def run_grape_opt imizat ion ( s e l f , w_f , w_e , eps_f , eps_e ) :
366

367 ” ” ”
368 Runs GRAPE a lgor i thm and re tu rns the con t r o l pulses , f i n a l un i ta ry , F i d e l i t y , and

Energe t i c Cost f o r the Hami l ton ian operators i n H_Control
369 so tha t the un i t a r y U_target i s r e a l i z e d
370

371 Parameters
372 −−−−−−−−−−
373

374 w_f : f l o a t
375 Weight ass igned to F i d e l i t y par t of the Cost Funct ion
376

377 w_e : f l o a t
378 Weight ass igned to Energe t i c Cost par t of the Cost Funct ions
379

380 eps_f : i n t
381 Learn ing ra te f o r f i d e l i t y
382

383 eps_e : i n t
384 Learn ing ra te f o r energy
385

386 Returns
387 −−−−−−−−
388

389 u : Optimized con t r o l pu lses with dimension ( i t e r a t i o n s , con t ro l s , t imesteps )
390

391 u _ f _ l i s t [−1] : F i n a l un i t a r y based on l a s t GRAPE i t e r a t i o n
392

393 du_max_per_ i terat ion : Array con ta in ing the max grad ien t of each con t r o l f o r a l l
GRAPE i t e r a t i o n s

394

395 cos t_ func t i on : Array con ta in ing the value of the cos t func t i on f o r a l l GRAPE
i t e r a t i o n s

396
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397 i n f i d e l i t y _ a r r a y : Array con ta in ing the i n f i d e l i t y f o r a l l GRAPE i t e r a t i o n s
398

399 energy_array : Array con ta in ing the energe t i c cos t f o r a l l GRAPE i t e r a t i o n s
400

401 ” ” ”
402

403 s e l f . w_f = w_f
404

405 s e l f .w_e = w_e
406

407 t imes = np . l i n space (0 , s e l f . pu lse_durat ion , s e l f . t imesteps )
408

409 i f eps_f i s None :
410 eps_f = 0.1 * ( s e l f . pu l se_dura t ion ) / ( t imes [−1])
411

412 i f eps_e i s None :
413 eps_e = 0.1 * ( s e l f . pu l se_dura t ion ) / ( t imes [−1])
414

415 M = len ( t imes )
416 J = len ( s e l f . h_control_numpy )
417

418 u = np . zeros ( ( s e l f . g rape_ i t e ra t i ons , J , M) )
419

420 s e l f . du_max_per_ i terat ion = np . zeros ( ( s e l f . g r ape_ i t e r a t i on s − 1 , J ) )
421

422 s e l f . cos t_ func t i on_a r ray = [ ]
423 s e l f . i n f i d e l i t y _ a r r a y = [ ]
424 s e l f . energy_array = [ ]
425

426 with a l i v e_ba r ( s e l f . g r ape_ i t e r a t i on s − 1) as bar :
427

428 f o r r i n range ( s e l f . g r ape_ i t e r a t i on s − 1) :
429

430 bar ( )
431 dt = t imes [1] − t imes [0]
432

433 def _H_idx ( idx ) :
434 re tu rn s e l f . h_drift_numpy + sum( [ u[ r , j , i dx ] * s e l f . h_control_numpy [ j ]

f o r j i n range ( J ) ] )
435

436 u _ l i s t = [expm(−1 j * _H_idx ( idx ) * dt ) f o r idx i n range (M − 1) ]
437

438 u _ f _ l i s t = [ ]
439 u_b_ l i s t = [ ]
440

441 u_f = np . eye (*( s e l f . u_target . shape ) )
442 u_b = np . eye (*( s e l f . u_target . shape ) )
443

444 f o r n i n range (M − 1) :
445

446 u_f = u _ l i s t [n ] @ u_f
447 u _ f _ l i s t . append ( u_f )
448

449 u_b_ l i s t . i n s e r t (0 , u_b )
450 u_b = u _ l i s t [M − 2 − n ] . T . conj ( ) @ u_b
451

452 s e l f . du_max_per_ i terat ion [ r ] = s e l f . g r ape_ i t e r a t i on (u , r , J , u_b_ l i s t ,
u _ f _ l i s t , dt , eps_f , eps_e , w_f , w_e)

453

454 cos t_ func t i on = w_f * (1 − f c . C a l c u l a t e _ F i d e l i t y ( s e l f . u_target , u _ f _ l i s t [ −1])
) + w_e * s e l f . c a l cu l a t e_ene rge t i c _ co s t (u [ r ] )

455 s e l f . cos t_ func t i on_a r ray . append ( cos t_ func t i on )
456 s e l f . i n f i d e l i t y _ a r r a y . append(1 − f c . C a l c u l a t e _ F i d e l i t y ( s e l f . u_target ,

u _ f _ l i s t [ −1]) )
457 s e l f . energy_array . append ( s e l f . c a l cu l a t e_ene rge t i c _ co s t (u [ r ] ) )
458 s e l f . f i n a l _ u n i t a r y = u _ f _ l i s t [−1]
459

460 re tu rn u[−1]
461

462 def p lo t_grape_pu lses ( s e l f , pu lses ) :
463
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464 ” ” ”
465 P l o t the pu lses generated by the EO−GRAPE Algor i thm
466

467 Parameters
468 −−−−−−−−−−
469

470 pu lses : Pu lses generated by the EO−GRAPE a lgor i thm
471

472 l a b e l s : Labe ls f o r the operators i n h_cont ro l
473 ” ” ”
474

475 t ime = np . l i n space (0 , s e l f . pu lse_durat ion , s e l f . t imesteps )
476

477 co l o r s = [ ” blue ” , ” orange ” , ” green ” ]
478

479 f i g , ax = p l t . subp lo t s ( len ( s e l f . h_control_numpy ) )
480

481 i f l en ( s e l f . h_control_numpy ) == 1:
482

483 ax . p l o t ( time , pu lses [0 , : ] , l a b e l = f ” { s e l f . l a b e l s [0]} ” , co l o r = co l o r s [0 ] )
484 ax . se t ( x l a be l = ”Time” , y l a be l = f ” { s e l f . l a b e l s [0]} ” )
485

486 e l se :
487

488 f o r i i n range ( len ( s e l f . h_control_numpy ) ) :
489

490 ax [ i ] . p l o t ( time , pu lses [ i , : ] , l a b e l = f ” { s e l f . l a b e l s [ i ]} ” , c o l o r = co l o r s [ i
] )

491 ax [ i ] . se t ( x l a be l = ”Time” , y l a be l = f ” { s e l f . l a b e l s [ i ]} ” )
492

493 p l t . subp lo t_ too l ( )
494 p l t . show ( )
495

496 def p l o t _ r l _ pu l s e s ( s e l f , pu lses ) :
497

498 ” ” ”
499 P l o t the pu lses generated by the QRLAgent
500

501 Parameters
502 −−−−−−−−−−
503

504 pu lses : Pu lses generated by the QRLAgent
505

506 l a b e l s : Labe ls f o r the operators i n h_cont ro l
507 ” ” ”
508

509 t ime = np . l i n space (0 , s e l f . pu lse_durat ion , s e l f . t imesteps )
510

511 co l o r s = [ ’#03080c ’ , ’ #214868 ’ , ’#5b97ca ’ ]
512

513 f i g , ax = p l t . subp lo t s ( len ( s e l f . h_control_numpy ) )
514

515 i f l en ( s e l f . h_control_numpy ) == 1:
516

517 ax . axh l i ne ( y = 0 , co l o r = ” grey ” , l s = ” dashed ” )
518 ax . step ( time , pu lses [0 , : ] , l a b e l = f ” { s e l f . l a b e l s [0]} ” , co l o r = co l o r s [0 ] )
519 ax . se t ( x l a be l = ”Time” , y l a be l = f ” { s e l f . l a b e l s [0]} ” )
520 ax . legend ( )
521

522 e l se :
523

524 f o r i i n range ( len ( s e l f . h_control_numpy ) ) :
525

526 ax [ i ] . axh l i ne ( y = 0 , co l o r = ” grey ” , l s = ” dashed ” )
527 ax [ i ] . step ( time , pu lses [ i , : ] , l a b e l = f ” { s e l f . l a b e l s [ i ]} ” , c o l o r = co l o r s [ i

] )
528 ax [ i ] . se t ( x l a be l = ”Time” , y l a be l = f ” { s e l f . l a b e l s [ i ]} ” )
529 ax [ i ] . legend ( )
530

531 f i g . s u p t i t l e ( ” F i n a l Pu lse Generated by the QRLAgent ” )
532 f i g . t i g h t _ l a you t ( )
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533

534 p l t . subp lo t_ too l ( )
535 p l t . show ( )
536

537 def plot_tomography ( s e l f ) :
538

539 ” ” ”
540 P l o t the tomography of the ta rge t un i t a r y and the un i t a r y r e a l i z e d by the EO−GRAPE

a lgor i thm
541

542 Parameters
543 −−−−−−−−−−
544

545 f i n a l _ u n i t a r y : The f i n a l un i t a r y obta ined by the EO−GRAPE a lgor i thm
546 ” ” ”
547

548 op_basis = [ [ Qobj ( i d e n t i t y (2) ) , Qobj ( sigmax ( ) ) , Qobj ( sigmay ( ) ) , Qobj ( sigmaz ( ) ) ] ] * 2
549 op_ labe l = [ [ ” I ” , ”X” , ”Y” , ”Z” ] ] * 2
550

551 u_i_s = to_super ( Qobj ( s e l f . u_target ) )
552 u_f_s = to_super ( Qobj ( s e l f . f i n a l _ u n i t a r y ) )
553 chi_1 = qpt ( u_i_s , op_basis )
554 chi_2 = qpt ( u_f_s , op_basis )
555

556 f i g_1 = p l t . f i g u r e ( f i g s i z e = (6 ,6) )
557 f i g_1 = qpt_plot_combined ( chi_1 , op_label , f i g=f ig_1 , th resho ld =0.001 , t i t l e = ’

Target Un i ta ry Gate ’ )
558

559 f i g_2 = p l t . f i g u r e ( f i g s i z e = (6 , 6) )
560 f i g_2 = qpt_plot_combined ( chi_2 , op_label , f i g = f ig_2 , th resho ld = 0.001 , t i t l e = ’

F i n a l Un i ta ry a f t e r Opt im i za t i on ’ )
561

562 p l t . show ( )
563

564 def p lot_du ( s e l f ) :
565

566 ” ” ”
567 P l o t the max grad ien t over a l l t imesteps per con t r o l operator as func t i on of GRAPE

i t e r a t i o n s
568

569 Parameters
570 −−−−−−−−−−
571

572 du_ l i s t : The l i s t con ta in ing grad ien t va lues from the EO−GRAPE a lgor i thm
573

574 l a b e l s : The l a b e l s assoc ia ted to the operators i n h_cont ro l
575 ” ” ”
576

577 i t e r a t i on_space = np . l i n space (1 , s e l f . g r ape_ i t e r a t i on s − 1 , s e l f . g r ape_ i t e r a t i on s −
1)

578

579 f o r i i n range ( len ( s e l f . h_control_numpy ) ) :
580 p l t . p l o t ( i t e ra t i on_space , s e l f . du_max_per_ i terat ion [ : , i ] , l a b e l = f ” { s e l f . l a b e l s

[ i ]} ” )
581 p l t . axh l i ne ( y = 0 , co l o r = ” b lack ” , l i n e s t y l e = ”−” )
582 p l t . x l a be l ( ”GRAPE I t e r a t i o n Number” )
583 p l t . y l a be l ( ”Maximum Grad ient over Time” )
584 p l t . t i t l e ( ”Maximum Grad ient over Time vs . GRAPE I t e r a t i o n Number” )
585 p l t . legend ( )
586 p l t . g r i d ( )
587 p l t . show ( )
588

589 def p l o t _ cos t_ func t i on ( s e l f ) :
590

591 ” ” ”
592 P l o t the va lue of the cos t func t i on as func t i on of GRAPE i t e r a t i o n s
593

594 Parameters
595 −−−−−−−−−−
596
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597 cos t_ fn : The ar ray con ta in ing cos t func t i on va lues obta ined by the EO−GRAPE
a lgor i thm

598

599 i n f i d e l i t y : The ar ray con ta in ing the i n f i d e l i t y va lues obta ined by the EO−GRAPE
a lgor i thm

600

601 energy : The ar ray con ta in ing the energe t i c cos t va lues obta ined by the EO−GRAPE
a lgor i thm

602

603 w_f : The weight ass igned to the f i d e l i t y par t of the cos t func t i on
604

605 w_e : The weight ass igned to the energe t i c cos t par t of the cos t func t i on
606 ” ” ”
607

608 i t e r a t i on_space = np . l i n space (1 , s e l f . g r ape_ i t e r a t i on s − 1 , s e l f . g r ape_ i t e r a t i on s −
1)

609

610 p l t . p l o t ( i t e ra t i on_space , s e l f . cos t_ func t ion_ar ray , l a b e l = f ” Cost Funct ion , $w_f$ =
{ s e l f . w_f } , $w_e$ = { s e l f .w_e} ” )

611 p l t . p l o t ( i t e ra t i on_space , s e l f . i n f i d e l i t y _ a r r a y , l a b e l = f ” I n f i d e l i t y (1−F ) ” )
612 p l t . p l o t ( i t e ra t i on_space , s e l f . energy_array , l a b e l = f ” Normal ized Energe t i c Cost ” )
613 p l t . axh l i ne ( y = 0 , co l o r = ” b lack ” , l i n e s t y l e = ”−” )
614 p l t . x l a be l ( ”GRAPE i t e r a t i o n number” )
615 p l t . y l a be l ( ” Cost Funct ion ” )
616 p l t . t i t l e ( ” Cost Funct ion , I n f i d e l i t y , and Energe t i c Cost vs . GRAPE I t e r a t i o n Number” )
617 p l t . legend ( )
618 p l t . g r i d ( )
619 p l t . show ( )
620

621 def convert_dm_to_coordinates (dm) :
622

623 a = dm[0 , 0]
624 b = dm[1 , 0]
625

626 x = 2 * b . r e a l
627 y = 2 * b . imag
628 z = 2 * a − 1
629

630 re tu rn x , y , z
631

632 def ca l c_a rc_ leng th (n1 , n2 ) :
633

634 re tu rn np . arccos (np . dot (n1 , n2 ) )
635

636 def ge t_ to ta l _a r c_ l eng th ( s e l f ) :
637

638 den s i t y _ma t r i x _ l i s t = f c . conver t_qut ip_ l i s t_ to_numpy ( s e l f . r e s u l t . s t a t e s )
639

640 x_ coo r d i n a t e_ l i s t = [ ]
641 y_ coo r d i n a t e_ l i s t = [ ]
642 z _ c oo r d i n a t e _ l i s t = [ ]
643

644 f o r i i n range ( len ( d en s i t y _ma t r i x _ l i s t ) ) :
645 dm = den s i t y _ma t r i x _ l i s t [ i ]
646 a = dm[0 , 0]
647 b = dm[1 , 0]
648 x = 2 * b . r e a l
649 y = 2 * b . imag
650 z = 2 * a − 1
651 x_ coo r d i n a t e_ l i s t . append ( x )
652 y_ coo r d i n a t e_ l i s t . append ( y )
653 z _ c oo r d i n a t e _ l i s t . append ( z )
654

655 coord inate_mat r i x = np . vs tack ( ( x_ coo rd i na t e_ l i s t , y _ coo rd i na t e_ l i s t ,
z _ c oo r d i n a t e _ l i s t ) ) . r e a l

656

657 a r c _ l e n g t h _ l i s t = [ ]
658

659 f o r i i n range ( len ( coord inate_mat r i x [0 ] ) − 1) :
660
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661 argument = np . l i n a l g . norm(np . c ross ( coord ina te_mat r i x [ : , i ] , coord ina te_mat r i x [ : ,
i + 1]) ) / ( np . dot ( coord ina te_mat r i x [ : , i ] , coord ina te_mat r i x [ : , i + 1]) )

662

663 arc len_tan = np . arc tan ( argument )
664

665 a r c _ l e n g t h _ l i s t . append ( arc len_tan )
666

667 t o t a l _a r c_ l eng th = np . sum( a r c _ l e n g t h _ l i s t )
668

669 re tu rn to t a l _a r c_ l eng th
670

671 def p l o t_b l och_sphe re_ t ra j e c to r y ( s e l f ) :
672

673 den s i t y _ma t r i x _ l i s t = f c . conver t_qut ip_ l i s t_ to_numpy ( s e l f . r e s u l t . s t a t e s )
674

675 x_ coo r d i n a t e_ l i s t = [ ]
676 y_ coo r d i n a t e_ l i s t = [ ]
677 z _ c oo r d i n a t e _ l i s t = [ ]
678

679 f o r i i n range ( len ( d en s i t y _ma t r i x _ l i s t ) ) :
680 dm = den s i t y _ma t r i x _ l i s t [ i ]
681 a = dm[0 , 0]
682 b = dm[1 , 0]
683 x = 2 * b . r e a l
684 y = 2 * b . imag
685 z = 2 * a − 1
686 x_ coo r d i n a t e_ l i s t . append ( x )
687 y_ coo r d i n a t e_ l i s t . append ( y )
688 z _ c oo r d i n a t e _ l i s t . append ( z )
689

690 po in t s = [ x_coo rd i na t e_ l i s t , y _ coo rd i na t e_ l i s t , z _ c oo r d i n a t e _ l i s t ]
691

692 t a rge t_ s t a t e = (Qobj ( s e l f . u_target ) * s e l f . i n i t i a l _ s t a t e )
693

694 bsphere = Bloch ( )
695

696 bsphere . make_sphere ( )
697

698 bsphere . add_states ( s e l f . i n i t i a l _ s t a t e )
699

700 bsphere . add_states ( t a rge t_ s t a t e )
701

702 bsphere . add_points ( po in t s )
703

704 bsphere . render ( )
705

706 p l t . show ( )
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Appendix 2: EO-GRAPE Approximation Class
1 c l a s s GRAPEApproximation ( py_environment . PyEnvironment ) :
2

3 def __ i n i t __ ( s e l f , n_q , h_d r i f t , h_contro l , l abe l s , u_target , w_f = 1 , w_e = 0 , eps_f =
1 , eps_e = 100 , t imesteps = 500 , pu l se_dura t ion = 2 * np . pi , g r ape_ i t e r a t i on s = 500 ,
n_steps = 1) :

4

5 s e l f . n_q = n_q
6 s e l f . h _ d r i f t = h_d r i f t
7 s e l f . h_cont ro l = h_cont ro l
8 s e l f . l a b e l s = l a b e l s
9 s e l f . u_target = u_target
10 s e l f . w_f = w_f
11 s e l f .w_e = w_e
12 s e l f . eps_f = eps_f
13 s e l f . eps_e = eps_e
14 s e l f . t imesteps = t imesteps
15 s e l f . pu l se_dura t ion = pu lse_dura t ion
16 s e l f . g r ape_ i t e r a t i on s = g rape_ i t e r a t i on s
17 s e l f . h_drift_numpy = fc . convert_qutip_to_numpy ( h _ d r i f t )
18 s e l f . h_control_numpy = fc . conver t_qut ip_ l i s t_ to_numpy ( h_cont ro l )
19 s e l f . cu r rent_s tep = 0
20 s e l f . reward_counter = 0
21 s e l f . _episode_ended = Fa l se
22 s e l f . n_steps = n_steps
23 s e l f . d i f f e r e n c e _ l i s t = [ ]
24 s e l f . r ewa rd_ l i s t = [ ]
25

26 s e l f . t a rge t_pu l se = s e l f . run_grape_opt imizat ion ( )
27

28 def act ion_spec ( s e l f ) :
29

30 re tu rn array_spec . BoundedArraySpec (
31 shape = ( len ( s e l f . h_cont ro l ) * s e l f . t imesteps , ) ,
32 dtype = np . f l oa t32 ,
33 name = ” pulse ” ,
34 minimum = −10,
35 maximum = 10 ,
36 )
37

38 def observat ion_spec ( s e l f ) :
39

40 re tu rn array_spec . BoundedArraySpec (
41 shape = (2*(2**(2* s e l f . n_q ) ) , ) ,
42 dtype = np . f l oa t32 ,
43 name = ” un i t a r y ” ,
44 minimum = np . zeros (2*(2**(2* s e l f . n_q ) ) , dtype=np . f l o a t 32 ) ,
45 maximum = np . ones(2*(2**(2* s e l f . n_q ) ) , dtype = np . f l o a t 32 ) ,
46 )
47

48 def _reset ( s e l f ) :
49

50 s e l f . cu r rent_s tep = 0
51 s e l f . _episode_ended = Fa l se
52 s e l f . i n i t i a l _ u n i t a r y = i d e n t i t y (2** s e l f . n_q )
53 s e l f . i n i t i a l _ u n i t a r y _ n p = fc . convert_qutip_to_numpy ( s e l f . i n i t i a l _ u n i t a r y )
54 s e l f . i n i t i a l _ u n i t a r y _ np _ r e = s e l f . i n i t i a l _ u n i t a r y _ n p . r e a l
55 s e l f . i n i t i a l _ un i t a r y _np_ im = s e l f . i n i t i a l _ u n i t a r y _ n p . imag
56 s e l f . i n i t i a l _ u n i t a r y _ n p _ r e _ f l a t = s e l f . i n i t i a l _ u n i t a r y _ np _ r e . f l a t t e n ( )
57 s e l f . i n i t i a l _ u n i t a r y _ n p _ im_ f l a t = s e l f . i n i t i a l _ un i t a r y _np_ im . f l a t t e n ( )
58 s e l f . c omb ined_ i n i t i a l _un i t a r y = np . ndarray . astype (np . hstack ( ( s e l f .

i n i t i a l _ u n i t a r y _ n p _ r e _ f l a t , s e l f . i n i t i a l _ u n i t a r y _ n p _ im_ f l a t ) ) , dtype = np . f l o a t 32 )
59

60 re tu rn t s . r e s t a r t ( s e l f . c omb ined_ i n i t i a l _un i t a r y )
61

62 def _step ( s e l f , a c t i on ) :
63

64 i f s e l f . _episode_ended :
65

66 re tu rn s e l f . _ reset ( )
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67

68 i f s e l f . cu r rent_s tep < s e l f . n_steps :
69

70 next_state , reward = s e l f . ca lc_uni tary_and_reward ( ac t i on )
71 s e l f . r ewa rd_ l i s t . append ( reward )
72

73 t e rm ina l = Fa l se
74

75 i f s e l f . cu r rent_s tep == s e l f . n_steps − 1:
76

77 t e rm ina l = True
78

79 e l se :
80 t e rm ina l = True
81 reward = 0
82 next_s ta te = 0
83 s e l f . cu r rent_s tep += 1
84 s e l f . reward_counter += 1
85

86 i f t e rm ina l :
87 s e l f . _episode_ended = True
88 re tu rn t s . te rm ina t i on ( next_state , reward )
89

90 e l se :
91 re tu rn t s . t r a n s i t i o n ( next_state , reward )
92

93 def g r ape_ i t e r a t i on ( s e l f , u , r , J , u_b_ l i s t , u _ f _ l i s t , dt ) :
94

95 ” ” ”
96 Perform one i t e r a t i o n of the GRAPE a lgor i thm and update con t r o l pu lse parameters
97

98 Parameters
99 −−−−−−−−−−
100

101 u : The generated con t r o l pu lses with shape ( i t e r a t i o n s , con t ro l s , t ime )
102

103 r : The number of t h i s s p e c i f i c GRAPE i t e r a t i o n
104

105 J : The number of c on t r o l s i n Cont ro l Hami l ton ian
106

107 u_b_ l i s t : Backward propagators of each time ( length M)
108

109 u _ f _ l i s t : Forward propagators of each time ( length M)
110

111 dt : Timestep s i z e
112

113 eps_f : D is tance to move along the grad ien t when updat ing con t r o l s f o r F i d e l i t y
114

115 eps_e : Dis tance to move along the grad ien t when updat ing con t r o l s f o r Energy
116

117 w_f : Weight ass igned to F i d e l i t y par t of the Cost Funct ion
118

119 w_e : Weight ass igned to Energy par t of the Cost Funct ion
120

121 Returns
122 −−−−−−−−
123

124 u[ r + 1 , : , : ] : The updated parameters
125 ” ” ”
126

127 du_ l i s t = np . zeros ( ( J , s e l f . t imesteps ) )
128 max_du_l is t = np . zeros ( ( J ) )
129

130 f o r m in range ( s e l f . t imesteps − 1) :
131

132 P = u_b_ l i s t [m] @ s e l f . u_target
133

134 f o r j i n range ( J ) :
135

136 Q = 1 j * dt * s e l f . h_control_numpy [ j ] @ u _ f _ l i s t [m]
137
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138 du_f = −2 * s e l f . w_f * f c . over lap (P , Q) * f c . over lap ( u _ f _ l i s t [m] , P )
139

140 denom = s e l f . h_drift_numpy . conj ( ) . T @ s e l f . h_drift_numpy + u[ r , j , m] * ( s e l f
. h_drift_numpy . conj ( ) . T @ s e l f . h_control_numpy [ j ] + s e l f . h_control_numpy [ j ] . conj ( ) . T @
s e l f . h_drift_numpy )

141

142 du_e = 0
143

144 f o r k i n range ( J ) :
145

146 du_e += −1 * dt * s e l f .w_e * (np . t race ( s e l f . h_drift_numpy . conj ( ) . T @ s e l f
. h_control_numpy [ j ] + s e l f . h_control_numpy [ j ] . conj ( ) . T @ s e l f . h_drift_numpy ) + np . t race (
s e l f . h_control_numpy [ j ] . conj ( ) . T @ s e l f . h_control_numpy [ k ] * (u [ r , j , m] + u[ r , k , m] ) ) )

147

148 denom += u[ r , j , m] * u[ r , k , m] * s e l f . h_control_numpy [ j ] . conj ( ) . T @
s e l f . h_control_numpy [ k ]

149

150 du_e /= (2 * np . t race (denom) ** (1 /2) )
151

152 du_e_norm = du_e / ( s e l f . pu l se_dura t ion * (np . l i n a l g . norm( s e l f . h_drift_numpy )
+ np . l i n a l g . norm(np . sum( s e l f . h_control_numpy ) ) ) )

153

154 du_t = du_f + du_e_norm
155

156 du_ l i s t [ j , m] = du_t . r e a l
157

158 max_du_l is t [ j ] = np .max( d u _ l i s t [ j ] )
159

160 u[ r + 1 , j , m] = u[ r , j , m] + s e l f . eps_f * du_f . r e a l + s e l f . eps_e * du_e_norm
. r e a l

161

162 f o r j i n range ( J ) :
163 u[ r + 1 , j , s e l f . t imesteps − 1] = u[ r + 1 , j , s e l f . t imesteps − 2]
164

165 re tu rn max_du_l is t
166

167 def run_grape_opt imizat ion ( s e l f ) :
168

169 ” ” ”
170 Runs GRAPE a lgor i thm and re tu rns the con t r o l pulses , f i n a l un i ta ry , F i d e l i t y , and

Energe t i c Cost f o r the Hami l ton ian operators i n H_Control
171 so tha t the un i t a r y U_target i s r e a l i z e d
172

173 Parameters
174 −−−−−−−−−−
175

176 w_f : f l o a t
177 Weight ass igned to F i d e l i t y par t of the Cost Funct ion
178

179 w_e : f l o a t
180 Weight ass igned to Energe t i c Cost par t of the Cost Funct ions
181

182 eps_f : i n t
183 Learn ing ra te f o r f i d e l i t y
184

185 eps_e : i n t
186 Learn ing ra te f o r energy
187

188 Returns
189 −−−−−−−−
190

191 u : Optimized con t r o l pu lses with dimension ( i t e r a t i o n s , con t ro l s , t imesteps )
192

193 u _ f _ l i s t [−1] : F i n a l un i t a r y based on l a s t GRAPE i t e r a t i o n
194

195 du_max_per_ i terat ion : Array con ta in ing the max grad ien t of each con t r o l f o r a l l
GRAPE i t e r a t i o n s

196

197 cos t_ func t i on : Array con ta in ing the value of the cos t func t i on f o r a l l GRAPE
i t e r a t i o n s

198
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199 i n f i d e l i t y _ a r r a y : Array con ta in ing the i n f i d e l i t y f o r a l l GRAPE i t e r a t i o n s
200

201 energy_array : Array con ta in ing the energe t i c cos t f o r a l l GRAPE i t e r a t i o n s
202

203 ” ” ”
204

205 t imes = np . l i n space (0 , s e l f . pu lse_durat ion , s e l f . t imesteps )
206

207 i f s e l f . eps_f i s None :
208 eps_f = 0.1 * ( s e l f . pu l se_dura t ion ) / ( t imes [−1])
209

210 i f s e l f . eps_e i s None :
211 eps_e = 0.1 * ( s e l f . pu l se_dura t ion ) / ( t imes [−1])
212

213 M = len ( t imes )
214 J = len ( s e l f . h_control_numpy )
215

216 u = np . zeros ( ( s e l f . g rape_ i t e ra t i ons , J , M) )
217

218 s e l f . du_max_per_ i terat ion = np . zeros ( ( s e l f . g r ape_ i t e r a t i on s − 1 , J ) )
219

220 s e l f . cos t_ func t i on_a r ray = [ ]
221 s e l f . i n f i d e l i t y _ a r r a y = [ ]
222 s e l f . energy_array = [ ]
223

224 with a l i v e_ba r ( s e l f . g r ape_ i t e r a t i on s − 1) as bar :
225

226 f o r r i n range ( s e l f . g r ape_ i t e r a t i on s − 1) :
227

228 bar ( )
229 dt = t imes [1] − t imes [0]
230

231 def _H_idx ( idx ) :
232 re tu rn s e l f . h_drift_numpy + sum( [ u[ r , j , i dx ] * s e l f . h_control_numpy [ j ]

f o r j i n range ( J ) ] )
233

234 u _ l i s t = [expm(−1 j * _H_idx ( idx ) * dt ) f o r idx i n range (M − 1) ]
235

236 u _ f _ l i s t = [ ]
237 u_b_ l i s t = [ ]
238

239 u_f = np . eye (*( s e l f . u_target . shape ) )
240 u_b = np . eye (*( s e l f . u_target . shape ) )
241

242 f o r n i n range (M − 1) :
243

244 u_f = u _ l i s t [n ] @ u_f
245 u _ f _ l i s t . append ( u_f )
246

247 u_b_ l i s t . i n s e r t (0 , u_b )
248 u_b = u _ l i s t [M − 2 − n ] . T . conj ( ) @ u_b
249

250 s e l f . du_max_per_ i terat ion [ r ] = s e l f . g r ape_ i t e r a t i on (u , r , J , u_b_ l i s t ,
u _ f _ l i s t , dt )

251

252 cos t_ func t i on = s e l f . w_f * (1 − f c . C a l c u l a t e _ F i d e l i t y ( s e l f . u_target , u _ f _ l i s t
[ −1]) ) + s e l f .w_e * s e l f . c a l cu l a t e_ene rge t i c _ co s t (u [ r ] )

253 s e l f . cos t_ func t i on_a r ray . append ( cos t_ func t i on )
254 s e l f . i n f i d e l i t y _ a r r a y . append(1 − f c . C a l c u l a t e _ F i d e l i t y ( s e l f . u_target ,

u _ f _ l i s t [ −1]) )
255 s e l f . energy_array . append ( s e l f . c a l cu l a t e_ene rge t i c _ co s t (u [ r ] ) )
256 s e l f . f i n a l _ u n i t a r y = u _ f _ l i s t [−1]
257

258 re tu rn u[−1]
259

260 def ca l cu l a t e_ene rge t i c _ co s t ( s e l f , pulses , re turn_normal i zed = Fa l se ) :
261

262 ” ” ”
263 Ca l cu l a t e Energe t i c Cost of c e r t a i n set of Pu lses
264

265 Parameters
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266 −−−−−−−−−−
267 pu lses : ar ray
268 (K x I_G ) Array con ta in ing ampl i tudes of operators i n Cont ro l Hami l ton ian .
269

270 Returns
271 −−−−−−−−−
272

273 re tu rn_va lue : f l o a t
274 Energe t i c cos t of the quantum operat ion
275 ” ” ”
276

277 h_t_norm = [ ]
278 s t ep s i z e = s e l f . pu l se_dura t ion / s e l f . t imesteps
279

280 f o r i i n range ( s e l f . t imesteps − 1) :
281 h_t = 0
282 f o r j i n range ( len ( s e l f . h_cont ro l ) ) :
283 h_t += pulses [ j , i ] * s e l f . h_control_numpy [ j ]
284

285 h_t_norm . append (np . l i n a l g . norm( h_t ) )
286

287 energe t i c_cos t = np . sum( h_t_norm ) * s t ep s i z e
288 energet i c_cos t_norma l i zed = energe t i c_cos t / ( s e l f . pu l se_dura t ion * np . l i n a l g . norm(np

. sum( s e l f . h_control_numpy ) ) )
289

290 i f re turn_normal i zed == True :
291

292 re tu rn_va lue = energet i c_cos t_norma l i zed
293

294 e l i f re turn_normal i zed == Fa lse :
295

296 re tu rn_va lue = energe t i c_cos t
297

298 re tu rn re turn_va lue
299

300 def ca lc_uni tary_and_reward ( s e l f , a c t i on ) :
301

302 t imes = np . l i n space (0 , s e l f . pu lse_durat ion , s e l f . t imesteps )
303

304 act ion_2d = np . reshape ( act ion , ( len ( s e l f . h_cont ro l ) , s e l f . t imesteps ) )
305

306 def _H_idx ( idx ) :
307 re tu rn s e l f . h_drift_numpy + sum( [ act ion_2d [ j , i dx ] * s e l f . h_control_numpy [ j ] f o r

j i n range ( len ( s e l f . h_control_numpy ) ) ] )
308

309 dt = t imes [1] − t imes [0]
310

311 u _ l i s t = [expm(−1 j * _H_idx ( idx ) * dt ) f o r idx i n range ( len ( t imes ) − 1) ]
312

313 u _ f _ l i s t = [ ]
314

315 u_f = np . eye (*( s e l f . u_target . shape ) )
316

317 f o r n i n range ( len ( t imes ) − 1) :
318

319 u_f = u _ l i s t [n ] @ u_f
320 u _ f _ l i s t . append ( u_f )
321

322 f i n a l _ u n i t a r y = u _ f _ l i s t [−1]
323 f i n a l _ un i t a r y _ r e = f i n a l _ u n i t a r y . r e a l
324 f i n a l _un i t a r y_ im = f i n a l _ u n i t a r y . imag
325 f i n a l _ u n i t a r y _ r e _ f l a t = f i n a l _ un i t a r y _ r e . f l a t t e n ( )
326 f i n a l _ u n i t a r y _ im_ f l a t = f i n a l _un i t a r y_ im . f l a t t e n ( )
327 comb ined_f ina l_un i ta ry = np . ndarray . astype (np . hstack ( ( f i n a l _ u n i t a r y _ r e _ f l a t ,

f i n a l _ u n i t a r y _ im_ f l a t ) ) , dtype = np . f l o a t 32 )
328

329 reward = s e l f . f i n d _ s q_d i f f ( ac t i on )
330

331 re tu rn combined_f ina l_un i ta ry , reward
332

333 def f i n d _ s q_d i f f ( s e l f , a c t i on ) :
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334

335 t a r g e t _ f l a t = s e l f . t a rge t_pu l se . f l a t t e n ( )
336

337 d i f f = t a r g e t _ f l a t − ac t i on
338 d i f f _ s q = np . square ( d i f f )
339 t o t _ d i f f = −1 * np . sum( d i f f _ s q )
340

341 re tu rn t o t _ d i f f
342

343 def p lo t_grape_pu lses ( s e l f , pu lses ) :
344

345 ” ” ”
346 P l o t the pu lses generated by the EO−GRAPE Algor i thm
347

348 Parameters
349 −−−−−−−−−−
350

351 pu lses : Pu lses generated by the EO−GRAPE a lgor i thm
352

353 l a b e l s : Labe ls f o r the operators i n h_cont ro l
354 ” ” ”
355

356 t ime = np . l i n space (0 , s e l f . pu lse_durat ion , s e l f . t imesteps )
357

358 co l o r s = [ ” blue ” , ” orange ” , ” green ” ]
359

360 f i g , ax = p l t . subp lo t s ( len ( s e l f . h_control_numpy ) )
361

362 i f l en ( s e l f . h_control_numpy ) == 1:
363

364 ax . p l o t ( time , pu lses [0 , : ] , l a b e l = f ” { s e l f . l a b e l s [0]} ” , co l o r = co l o r s [0 ] )
365 ax . se t ( x l a be l = ”Time” , y l a be l = f ” { s e l f . l a b e l s [0]} ” )
366

367 e l se :
368

369 f o r i i n range ( len ( s e l f . h_control_numpy ) ) :
370

371 ax [ i ] . p l o t ( time , pu lses [ i , : ] , l a b e l = f ” { s e l f . l a b e l s [ i ]} ” , c o l o r = co l o r s [ i
] )

372 ax [ i ] . se t ( x l a be l = ”Time” , y l a be l = f ” { s e l f . l a b e l s [ i ]} ” )
373

374 p l t . subp lo t_ too l ( )
375 p l t . show ( )
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Appendix 3: Quantum Reinforcement Learning Class
1 c l a s s QuantumRLAgent :
2

3 def __ i n i t __ ( s e l f , TrainEnvironment , Evaluat ionEnvironment , num_i terat ions , w_f , w_e ,
num_cycles = 1 , fc_ layer_params = (100 , 100 , 100) , l ea rn i ng_ ra te = 1e−3,
c o l l e c t _ ep i s ode s_pe r _ i t e r a t i o n = 1 , e v a l _ i n t e r v a l = 1 , r ep l ay_bu f f e r_capac i t y = 10 ,
po l i c y = None , r a n d _ i n i t i a l _ s t a t e = True , sweep_noise = False , no i s e_ l e ve l = ”Low” ,
i n i t i a l _ s t a t e = bas i s (4 ,2) ) :

4

5 ” ” ”
6 QuantumRLAgent C lass
7 −−−−−−−−−−−−−−−−−−−−−
8

9 Create ins tance of a re in forcement l ea rn i ng agent i n t e r a c t i n g with a
QuantumEnvironment Instance

10

11 Parameters
12 −−−−−−−−−−
13

14 TrainEnvironment : c l a s s
15 Quantum Environment Instance
16

17 Evaluat ionEnvi ronment : c l a s s
18 Quantum Environment Instance
19

20 num_i tera t ions : i n t
21 Number of t r a i n i n g loop i t e r a t i o n s
22 ” ” ”
23

24 s e l f . env_tra in_py = TrainEnvironment
25 s e l f . env_eval_py = Evaluat ionEnvi ronment
26 s e l f . num_cycles = num_cycles
27 s e l f . env_tra in_py . n_steps = s e l f . num_cycles
28 s e l f . env_eval_py . n_steps = s e l f . num_cycles
29 s e l f . num_i tera t ions = num_i tera t ions
30 s e l f . fc_ layer_params = fc_layer_params
31 s e l f . l e a rn i ng_ ra te = lea rn i ng_ ra te
32 s e l f . c o l l e c t _ ep i s ode s_pe r _ i t e r a t i o n = co l l e c t _ ep i s ode s_pe r _ i t e r a t i o n
33 s e l f . e v a l _ i n t e r v a l = e v a l _ i n t e r v a l
34 s e l f . r ep l ay_bu f f e r_capac i t y = rep l ay_bu f f e r_capac i t y
35 s e l f . p o l i c y = po l i c y
36 s e l f . r a n d _ i n i t i a l _ s t a t e = r a n d _ i n i t i a l _ s t a t e
37 s e l f . i n i t i a l _ s t a t e = i n i t i a l _ s t a t e
38 s e l f . env_tra in_py . w_f = w_f
39 s e l f . env_eval_py . w_f = w_f
40 s e l f . env_tra in_py .w_e = w_e
41 s e l f . env_eval_py .w_e = w_e
42 s e l f . sweep_noise = sweep_noise
43 s e l f . no i s e_ l e ve l = no i s e_ l e ve l
44

45 s e l f . create_network_agent ( p o l i c y = po l i c y )
46

47 def create_network_agent ( s e l f , p o l i c y = None) :
48

49 ” ” ”
50 Create Neural Network and Agent Instance based on Quantum Environment C lass
51 ” ” ”
52

53 s e l f . t ra in_env = tf_py_environment . TFPyEnvironment ( s e l f . env_tra in_py )
54 s e l f . eval_env = tf_py_environment . TFPyEnvironment ( s e l f . env_eval_py )
55

56 s e l f . ac tor_net = ac to r_d i s t r i bu t i on_ne two rk . Ac to rD i s t r i bu t i onNe twork (
57 s e l f . t ra in_env . observat ion_spec ( ) ,
58 s e l f . t ra in_env . act ion_spec ( ) ,
59 fc_ layer_params = s e l f . fc_ layer_params
60 )
61

62 s e l f . op t im i ze r = keras . op t im i ze r s .Adam( l ea rn i ng_ ra te = s e l f . l e a rn i ng_ ra t e )
63

64 s e l f . t r a in_s tep_counte r = t f . compat . v2 . Va r i ab l e (0)
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65

66 s e l f . t f_agent = re in fo rce_agent . Re inforceAgent (
67 s e l f . t ra in_env . t ime_step_spec ( ) ,
68 s e l f . t ra in_env . act ion_spec ( ) ,
69 actor_network = s e l f . actor_net ,
70 op t im i ze r = s e l f . opt im izer ,
71 norma l i ze_re turns = True ,
72 t r a in_s tep_counte r = s e l f . t r a in_s tep_counte r
73 )
74

75 s e l f . t f_agent . i n i t i a l i z e ( )
76

77 i f p o l i c y i s None :
78

79 s e l f . e va l _po l i c y = s e l f . t f_agent . p o l i c y
80 s e l f . c o l l e c t _ p o l i c y = s e l f . t f_agent . c o l l e c t _ p o l i c y
81

82 e l se :
83 s e l f . e va l _po l i c y = t f . compat . v2 . saved_model . load ( po l i c y )
84 s e l f . c o l l e c t _ p o l i c y = s e l f . t f_agent . c o l l e c t _ p o l i c y
85

86

87 s e l f . r ep l ay_bu f f e r = t f_un i f o rm_rep lay_bu f f e r . TFUni formReplayBuffer (
88 data_spec = s e l f . t f_agent . co l l ec t_data_spec ,
89 batch_s i ze = s e l f . t ra in_env . batch_s ize ,
90 max_length = s e l f . r ep l ay_bu f f e r_capac i t y
91 )
92

93 s e l f . eva l _ rep l ay_bu f f e r = t f_un i f o rm_rep lay_bu f f e r . TFUni formReplayBuffer (
94 data_spec = s e l f . t f_agent . co l l ec t_data_spec ,
95 batch_s i ze = s e l f . eval_env . batch_s ize ,
96 max_length = s e l f . num_cycles + 1
97 )
98

99 s e l f . avg_return = t f _me t r i c s . AverageReturnMetr ic ( )
100

101 s e l f . eva l_observers = [ s e l f . avg_return , s e l f . eva l _ rep l ay_bu f f e r . add_batch ]
102 s e l f . e va l _d r i v e r = dynamic_episode_dr iver . DynamicEpisodeDriver (
103 s e l f . eval_env ,
104 s e l f . eva l_po l i c y ,
105 s e l f . eva l_observers ,
106 num_episodes = 1
107 )
108

109 s e l f . t r a i n_obse rve r s = [ s e l f . r ep l ay_bu f f e r . add_batch ]
110 s e l f . t r a i n _ d r i v e r = dynamic_episode_dr iver . DynamicEpisodeDriver (
111 s e l f . t ra in_env ,
112 s e l f . c o l l e c t _ p o l i c y ,
113 s e l f . t ra in_observe rs ,
114 num_episodes = s e l f . c o l l e c t _ ep i s ode s_pe r _ i t e r a t i o n
115 )
116

117 s e l f . t f_agent . t r a i n = common. func t i on ( s e l f . t f_agent . t r a i n )
118

119 def run_ t r a i n i ng ( s e l f , save_episodes = True , c l e a r _bu f f e r = Fa l se ) :
120

121 ” ” ”
122 S t a r t s t r a i n i n g on Quantum RL Agent
123

124 Parameters
125 −−−−−−−−−−
126

127 save_episodes : bool : True
128 Saves episodes i f se t to True
129

130 c l e a r _bu f f e r : bool : Fa l se
131 C lea rs bu f f e r each episode i f se t to True
132 ” ” ”
133

134 noise_low = np . l i n space ( s t a r t = 200 , stop = 10 , num = s e l f . num_i tera t ions ) * s e l f .
env_eval_py . pu l se_dura t ion



74 5. Conclusion and Future Work

135 noise_high = np . l i n space ( s t a r t = 10 , stop = 0.01 , num = s e l f . num_i tera t ions ) * s e l f .
env_eval_py . pu l se_dura t ion

136

137 i f s e l f . no i s e_ l e ve l == ”Low” :
138

139 s e l f . no ise = noise_low
140

141 e l i f s e l f . no i s e_ l e ve l == ”High ” :
142

143 s e l f . no ise = noise_high
144

145 s e l f . r e t u r n _ l i s t = [ ]
146 s e l f . e p i s o d e_ l i s t = [ ]
147 s e l f . i t e r a t i o n _ l i s t = [ ]
148

149

150 with trange ( s e l f . num_i terat ions , dynamic_ncols = Fa l se ) as t :
151

152 f o r i i n t :
153

154 i f s e l f . r a n d _ i n i t i a l _ s t a t e == True :
155

156 new_ i n i t i a l _ s t a t e = rand_ket(2** s e l f . env_tra in_py . n_q )
157

158 e l se :
159

160 new_ i n i t i a l _ s t a t e = s e l f . i n i t i a l _ s t a t e
161

162 s e l f . env_tra in_py . i n i t i a l _ s t a t e = new_ i n i t i a l _ s t a t e
163 s e l f . env_eval_py . i n i t i a l _ s t a t e = new_ i n i t i a l _ s t a t e
164

165 i f ( i % 100 == 0) :
166

167 i f s e l f . sweep_noise == True :
168

169 noise = Re laxat ionNo ise ( t1 = s e l f . no ise [ i ] , t2 = s e l f . no ise [ i ] )
170 s e l f . env_tra in_py . no ise = [ s e l f . no ise [ i ] , s e l f . no ise [ i ] ]
171 s e l f . env_eval_py . no ise = [ s e l f . no ise [ i ] , s e l f . no ise [ i ] ]
172 s e l f . env_tra in_py . environment . add_noise ( no ise = noise )
173 s e l f . env_eval_py . environment . add_noise ( no ise = noise )
174

175 t . s e t _de s c r i p t i on ( f ” Episode { i } ” )
176

177 i f c l e a r _bu f f e r :
178 s e l f . r ep l ay_bu f f e r . c l e a r ( )
179

180 f i na l_ t ime_s tep , po l i c y _ s t a t e = s e l f . t r a i n _ d r i v e r . run ( )
181 exper ience = s e l f . r ep l ay_bu f f e r . ga t he r _a l l ( )
182 t r a i n _ l o s s = s e l f . t f_agent . t r a i n ( exper ience )
183

184 i f i % s e l f . e v a l _ i n t e r v a l == 0 or i == s e l f . num_i tera t ions − 1:
185

186 s e l f . avg_return . rese t ( )
187 f i na l_ t ime_s tep , po l i c y _ s t a t e = s e l f . e va l _d r i v e r . run ( )
188

189 s e l f . i t e r a t i o n _ l i s t . append ( s e l f . t f_agent . t ra in_s tep_counte r . numpy ( ) )
190 s e l f . r e t u r n _ l i s t . append ( s e l f . avg_return . r e s u l t ( ) . numpy ( ) )
191

192 t . s e t _po s t f i x ({ ” Return ” : s e l f . r e t u r n _ l i s t [ −1]})
193

194 i f save_episodes :
195 s e l f . e p i s o d e_ l i s t . append ( s e l f . eva l _ rep l ay_bu f f e r . ga t he r _a l l ( ) )
196

197 def p l o t _ f i d e l i t y _ r e t u r n_pe r _ep i s ode ( s e l f ) :
198

199 ” ” ”
200 P l o t s the average f i d e l i t y and re tu rn per episode versus number of episode
201 ” ” ”
202

203 avg_eval_reward_per_episode = [ ]
204
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205 f o r i i n range ( s e l f . num_i tera t ions ) :
206 sum_eval = np . sum( s e l f . env_eval_py . f i d e l i t y _ l i s t [ s e l f . num_cycles * i : s e l f .

num_cycles + s e l f . num_cycles * i ] )
207 avg_eval_reward_per_episode . append ( sum_eval / s e l f . num_cycles )
208

209 f i g , ax1 = p l t . subp lo ts ( )
210 ax2 = ax1 . twinx ( )
211 ax2 . axh l i ne ( y = 0 , co l o r = ” grey ” )
212 ax1 . p l o t ( s e l f . i t e r a t i o n _ l i s t , avg_eval_reward_per_episode , l a b e l = ” F i d e l i t y ” , marker

= ”d” , co l o r = ’#214868 ’ , markevery = 20)
213 ax2 . p l o t ( s e l f . i t e r a t i o n _ l i s t , s e l f . r e t u r n _ l i s t , l a b e l = ” Return ” , marker = ”d” , co l o r

= ”#5b97ca ” , markevery = 20)
214 ax1 . s e t _y l abe l ( ” F i d e l i t y ” )
215 ax2 . s e t _y l abe l ( ” Return ” )
216 ax1 . s e t _x l abe l ( ” Episode number” )
217 ax1 . legend ( l o c = (0 .7 , 0.45) )
218 ax2 . legend ( l o c = (0 .7 , 0.55) )
219 f i g . t i g h t _ l a you t ( )
220

221 p l t . show ( )
222

223 def p l o t _ f i d e l i t y _ene rgy_ r ewa rd_pe r_ i t e r a t i on ( s e l f ) :
224

225 ” ” ”
226 P l o t s f i d e l i t y per i t e r a t i o n
227 ” ” ”
228

229 s e l f . i t e r a t i on_space = np . l i n space (1 , s e l f . num_cycles * s e l f . num_i terat ions , s e l f .
num_cycles * s e l f . num_i tera t ions )

230 f i g , ax1 = p l t . subp lo ts ( )
231 ma_fid = s e l f . moving_average ( s e l f . env_eval_py . f i d e l i t y _ l i s t )
232 ma_energy = s e l f . moving_average ( s e l f . env_eval_py . ene r gy_ l i s t )
233 ma_i terat ion_space = np . arange ( len ( ma_fid ) )
234 np . save ( ’ RL_Fidel i ty_Noise_RAW ’ , s e l f . env_eval_py . f i d e l i t y _ l i s t )
235 np . save ( ’ RL_Energy_Noise_RAW ’ , s e l f . env_eval_py . ene r gy_ l i s t )
236 np . save ( ’ RL_F ide l i t y_L i s t_MA ’ , ma_fid )
237 np . save ( ’ RL_Energy_List_MA ’ , ma_energy )
238 ax2 = ax1 . twiny ( )
239 ax2 . axh l i ne ( y = 0 , co l o r = ” grey ” )
240 ax2 . s e t _ x t i c k s ( [0 , 1000 , 2000 , 3000 , 4000 , 5000 , 6000 , 7000 , 8000 , 9000 , 10000] , [ ’

100 T ’ , ’ 90 T ’ , ’ 80 T ’ , ’ 70 T ’ , ’ 60 T ’ , ’ 50 T ’ , ’ 40 T ’ , ’ 30 T ’ , ’ 20 T ’ , ’ 10 T ’ , ’ 0T ’ ] )
241 ax2 . s e t _x l abe l ( ” Decoherence Time (T1 , T2) ” )
242 ax1 . p l o t ( ma_iterat ion_space , s e l f . env_eval_py . f i d e l i t y _ l i s t [ : len ( ma_fid ) ] , c o l o r = ’#

FFCCCB ’ )
243 ax1 . p l o t ( ma_iterat ion_space , s e l f . env_eval_py . ene r gy_ l i s t [ : len ( ma_fid ) ] , c o l o r = ’#

ECFFDC ’ )
244 ax1 . p l o t ( ma_iterat ion_space , ma_fid , l a b e l = ” F i d e l i t y ” , c o l o r = ’#F70D1A ’ )
245 ax1 . p l o t ( ma_iterat ion_space , ma_energy , l a b e l = ” Energy ” , co l o r = ’#7CFC00 ’ )
246 ax1 . se t_y l im (0 .0 , 1 .0)
247 ax1 . s e t _x l abe l ( ” Episode number” )
248 ax1 . legend ( l o c = ’ upper r i g h t ’ )
249 f i g . s u p t i t l e ( f ” F i d e l i t y , Energy , and Tota l Reward per I t e r a t i o n QRLAgent \n $w_f = {

s e l f . env_eval_py . w_f}$ , $w_e = { s e l f . env_eval_py .w_e}$” )
250 f i g . t i g h t _ l a you t ( )
251 p l t . show ( )
252

253 def ge t_ f i n a l _pu l s e ( s e l f ) :
254

255 ” ” ”
256 Returns f i n a l ac t i on of agent
257 ” ” ”
258

259 s e l f . f i n a l _ v a l = s e l f . e p i s o d e_ l i s t [−1]
260 s e l f . f i n a l _ pu l s e = s e l f . f i n a l _ v a l . a c t i on . numpy ( ) [0 , 0 , : ]
261 s e l f . pulse_2d = np . reshape ( s e l f . f i n a l _pu l s e , ( len ( s e l f . env_tra in_py . h_cont ro l ) , s e l f .

env_tra in_py . t imesteps ) )
262

263 re tu rn s e l f . pulse_2d
264

265 def ge t _h i ghe s t _ f i d e l i t y _pu l s e ( s e l f ) :
266
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267 ” ” ”
268 Returns the pulse with the h ighes t f i d e l i t y
269 ” ” ”
270

271 s e l f . max_index = s e l f . env_eval_py . f i d e l i t y _ l i s t . index (max( s e l f . env_eval_py .
f i d e l i t y _ l i s t ) )

272 s e l f . max_val = s e l f . e p i s o d e_ l i s t [ s e l f . max_index ]
273 s e l f . max_pulse = s e l f . max_val . a c t i on . numpy ( ) [0 , 0 , : ]
274 s e l f . max_pulse_2d = np . reshape ( s e l f . max_pulse , ( len ( s e l f . env_tra in_py . h_cont ro l ) ,

s e l f . env_tra in_py . t imesteps ) )
275

276 re tu rn s e l f . max_pulse_2d
277

278 def p l o t _ f i n a l _ pu l s e ( s e l f ) :
279

280 ” ” ”
281 P l o t s the f i n a l ac t i on generated by the RL agent
282 ” ” ”
283

284 s e l f . t imespace = np . l i n space (0 , s e l f . env_eval_py . pu lse_durat ion , s e l f . env_eval_py .
t imesteps )

285

286 co l o r s = [ ’#03080c ’ , ’ #214868 ’ , ’#5b97ca ’ ]
287

288 s e l f . f i n a l _ v a l = s e l f . e p i s o d e_ l i s t [−1]
289 s e l f . f i n a l _ pu l s e = s e l f . f i n a l _ v a l . a c t i on . numpy ( ) [0 , 0 , : ]
290

291 s e l f . pulse_2d = np . reshape ( s e l f . f i n a l _pu l s e , ( len ( s e l f . env_tra in_py . h_cont ro l ) , s e l f .
env_tra in_py . t imesteps ) )

292

293 f i g , ax = p l t . subp lo t s ( len ( s e l f . env_tra in_py . h_cont ro l ) )
294

295 i f l en ( s e l f . env_tra in_py . h_cont ro l ) == 1:
296

297 ax . axh l i ne ( y = 0 , co l o r = ” grey ” , l s = ” dashed ” )
298 ax . step ( s e l f . t imespace , s e l f . pulse_2d [0] , l a b e l = f ” { s e l f . env_tra in_py . l a b e l s [0]}

” , c o l o r = f ” { co l o r s [0]} ” )
299 ax . se t ( x l a be l = ”Time (a . u . ) ” , y l a be l = f ” { s e l f . env_tra in_py . l a b e l s [0]} ” )
300 ax . legend ( )
301

302 e l se :
303

304 f o r i i n range ( len ( s e l f . env_tra in_py . h_cont ro l ) ) :
305 ax [ i ] . axh l i ne ( y = 0 , co l o r = ” grey ” , l s = ” dashed ” )
306 ax [ i ] . step ( s e l f . t imespace , s e l f . pulse_2d [ i ] , l a b e l = f ” { s e l f . env_tra in_py .

l a b e l s [ i ]} ” , c o l o r = f ” { co l o r s [ i ]} ” )
307 ax [ i ] . se t ( x l a be l = ”Time (a . u . ) ” , y l a be l = f ” { s e l f . env_tra in_py . l a b e l s [ i ]} ” )
308 ax [ i ] . legend ( )
309

310 f i g . s u p t i t l e ( ” F i n a l Pu lse Generated by the QRLAgent ” )
311 f i g . t i g h t _ l a you t ( )
312

313 p l t . show ( )
314

315 def show_summary( s e l f ) :
316

317 ” ” ”
318 P r i n t s summary of the Actor Network ( i n c l ud i ng number of parameters )
319 ” ” ”
320

321 s e l f . ac tor_net . summary ( )
322

323 def save_weights ( s e l f , d i r e c t o r y ) :
324

325 my_weights = Po l i c ySave r ( s e l f . c o l l e c t _ p o l i c y )
326 my_weights . save ( d i r e c t o r y )
327

328 def moving_average ( se l f , a , n = 100) :
329

330 r e t = np . cumsum(a )
331 r e t [n : ] = re t [n : ] − re t [:−n]
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332

333 re tu rn r e t [n − 1: ] / n

Appendix 4: EO-GRAPE Quantum Reinforcement Learning Class
1 c l a s s GRAPEQRLAgent :
2

3 def __ i n i t __ ( s e l f , TrainEnvironment , Evaluat ionEnvironment , num_i terat ions , num_cycles =
1 , fc_ layer_params = (100 , 100 , 100) , l ea rn i ng_ ra t e = 1e−3,
c o l l e c t _ ep i s ode s_pe r _ i t e r a t i o n = 1 , e v a l _ i n t e r v a l = 1 , r ep l ay_bu f f e r_capac i t y = 100 ,
p o l i c y = None) :

4

5 ” ” ”
6 GRAPEQRLAgent C lass
7

8 Create ins tance of re in forcement l ea rn i ng agent i n t e r a c t i n g with a GRAPEApproximation
environment

9

10 Parameters
11 −−−−−−−−−−
12

13 TrainEnvironment : c l a s s
14 GRAPEApproximation Instance
15

16 Evaluat ionEnvi ronment : c l a s s
17 GRAPApproximation Instance
18

19 num_i tera t ions : i n t
20 Number of RL loop i t e r a t i o n s
21 ” ” ”
22

23 s e l f . env_tra in_py = TrainEnvironment
24 s e l f . env_eval_py = Evaluat ionEnvi ronment
25 s e l f . num_cycles = num_cycles
26 s e l f . env_tra in_py . n_steps = s e l f . num_cycles
27 s e l f . env_eval_py . n_steps = s e l f . num_cycles
28 s e l f . num_i tera t ions = num_i tera t ions
29 s e l f . fc_ layer_params = fc_layer_params
30 s e l f . l e a rn i ng_ ra te = lea rn i ng_ ra te
31 s e l f . c o l l e c t _ ep i s ode s_pe r _ i t e r a t i o n = co l l e c t _ ep i s ode s_pe r _ i t e r a t i o n
32 s e l f . e v a l _ i n t e r v a l = e v a l _ i n t e r v a l
33 s e l f . r ep l ay_bu f f e r_capac i t y = rep l ay_bu f f e r_capac i t y
34 s e l f . p o l i c y = po l i c y
35

36 s e l f . create_network_agent ( )
37

38 def create_network_agent ( s e l f ) :
39

40 ” ” ”
41 Create Neural Network and Agent Instance based on GRAPEApproximation c l a s s
42 ” ” ”
43

44 s e l f . t ra in_env = tf_py_environment . TFPyEnvironment ( s e l f . env_tra in_py )
45 s e l f . eval_env = tf_py_environment . TFPyEnvironment ( s e l f . env_eval_py )
46

47 s e l f . ac tor_net = ac to r_d i s t r i bu t i on_ne two rk . Ac to rD i s t r i bu t i onNe twork (
48 s e l f . t ra in_env . observat ion_spec ( ) ,
49 s e l f . t ra in_env . act ion_spec ( ) ,
50 fc_ layer_params = s e l f . fc_ layer_params
51 )
52

53 s e l f . op t im i ze r = keras . op t im i ze r s .Adam( l ea rn i ng_ ra te = s e l f . l e a rn i ng_ ra t e )
54

55 s e l f . t r a in_s tep_counte r = t f . compat . v2 . Va r i ab l e (0)
56

57 s e l f . t f_agent = re in fo rce_agent . Re inforceAgent (
58 s e l f . t ra in_env . t ime_step_spec ( ) ,
59 s e l f . t ra in_env . act ion_spec ( ) ,
60 actor_network = s e l f . actor_net ,
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61 op t im i ze r = s e l f . opt im izer ,
62 norma l i ze_re turns = True ,
63 t r a in_s tep_counte r = s e l f . t r a in_s tep_counte r
64 )
65

66 s e l f . t f_agent . i n i t i a l i z e ( )
67

68 i f s e l f . p o l i c y i s None :
69

70 s e l f . e va l _po l i c y = s e l f . t f_agent . p o l i c y
71 s e l f . c o l l e c t _ p o l i c y = s e l f . t f_agent . c o l l e c t _ p o l i c y
72

73 e l se :
74 s e l f . e va l _po l i c y = t f . compat . v2 . saved_model . load ( s e l f . p o l i c y )
75 s e l f . c o l l e c t _ p o l i c y = s e l f . t f_agent . c o l l e c t _ p o l i c y
76

77 s e l f . e va l _po l i c y = s e l f . t f_agent . p o l i c y
78 s e l f . c o l l e c t _ p o l i c y = s e l f . t f_agent . c o l l e c t _ p o l i c y
79

80 s e l f . r ep l ay_bu f f e r = t f_un i f o rm_rep lay_bu f f e r . TFUni formReplayBuffer (
81 data_spec = s e l f . t f_agent . co l l ec t_data_spec ,
82 batch_s i ze = s e l f . t ra in_env . batch_s ize ,
83 max_length = s e l f . r ep l ay_bu f f e r_capac i t y
84 )
85

86 s e l f . eva l _ rep l ay_bu f f e r = t f_un i f o rm_rep lay_bu f f e r . TFUni formReplayBuffer (
87 data_spec = s e l f . t f_agent . co l l ec t_data_spec ,
88 batch_s i ze = s e l f . eval_env . batch_s ize ,
89 max_length = s e l f . num_cycles + 1
90 )
91

92 s e l f . avg_return = t f _me t r i c s . AverageReturnMetr ic ( )
93

94 s e l f . eva l_observers = [ s e l f . avg_return , s e l f . eva l _ rep l ay_bu f f e r . add_batch ]
95 s e l f . e va l _d r i v e r = dynamic_episode_dr iver . DynamicEpisodeDriver (
96 s e l f . eval_env ,
97 s e l f . eva l_po l i c y ,
98 s e l f . eva l_observers ,
99 num_episodes = 1
100 )
101

102 s e l f . t r a i n_obse rve r s = [ s e l f . r ep l ay_bu f f e r . add_batch ]
103 s e l f . t r a i n _ d r i v e r = dynamic_episode_dr iver . DynamicEpisodeDriver (
104 s e l f . t ra in_env ,
105 s e l f . c o l l e c t _ p o l i c y ,
106 s e l f . t ra in_observe rs ,
107 num_episodes = s e l f . c o l l e c t _ ep i s ode s_pe r _ i t e r a t i o n
108 )
109

110 s e l f . t f_agent . t r a i n = common. func t i on ( s e l f . t f_agent . t r a i n )
111

112 def run_ t r a i n i ng ( s e l f , save_episodes = True , c l e a r _bu f f e r = Fa l se ) :
113

114 ” ” ”
115 S t a r t s t r a i n i n g on Quantum RL Agent
116

117 Parameters
118 −−−−−−−−−−
119

120 save_episodes : bool : True
121 Saves episodes i f se t to True
122

123 c l e a r _bu f f e r : bool : Fa l se
124 C lea rs bu f f e r each episode i f se t to True
125 ” ” ”
126

127 s e l f . r e t u r n _ l i s t = [ ]
128 s e l f . e p i s o d e_ l i s t = [ ]
129 s e l f . i t e r a t i o n _ l i s t = [ ]
130

131 with trange ( s e l f . num_i terat ions , dynamic_ncols = Fa l se ) as t :
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132

133 f o r i i n t :
134

135 t . s e t _de s c r i p t i on ( f ” Episode { i } ” )
136

137 i f c l e a r _bu f f e r :
138 s e l f . r ep l ay_bu f f e r . c l e a r ( )
139

140 f i na l_ t ime_s tep , po l i c y _ s t a t e = s e l f . t r a i n _ d r i v e r . run ( )
141 exper ience = s e l f . r ep l ay_bu f f e r . ga t he r _a l l ( )
142 t r a i n _ l o s s = s e l f . t f_agent . t r a i n ( exper ience )
143

144 i f i % s e l f . e v a l _ i n t e r v a l == 0 or i == s e l f . num_i tera t ions − 1:
145

146 s e l f . avg_return . rese t ( )
147 f i na l_ t ime_s tep , po l i c y _ s t a t e = s e l f . e va l _d r i v e r . run ( )
148

149 s e l f . i t e r a t i o n _ l i s t . append ( s e l f . t f_agent . t ra in_s tep_counte r . numpy ( ) )
150 s e l f . r e t u r n _ l i s t . append ( s e l f . avg_return . r e s u l t ( ) . numpy ( ) )
151

152 t . s e t _po s t f i x ({ ” Return ” : s e l f . r e t u r n _ l i s t [ −1]})
153

154 i f save_episodes :
155 s e l f . e p i s o d e_ l i s t . append ( s e l f . eva l _ rep l ay_bu f f e r . ga t he r _a l l ( ) )
156

157 def p l o t_ reward_pe r_ i t e ra t i on ( s e l f ) :
158

159 ” ” ”
160 P l o t s reward per i t e r a t i o n
161 ” ” ”
162

163 s e l f . i t e r a t i on_space = np . l i n space (1 , s e l f . num_cycles * s e l f . num_i terat ions , s e l f .
num_cycles * s e l f . num_i tera t ions )

164 f i g , ax1 = p l t . subp lo ts ( )
165 ax1 . axh l i ne ( y = 0 , co l o r = ” grey ” )
166 ax1 . p l o t ( s e l f . i t e ra t i on_space , s e l f . env_eval_py . reward_ l i s t , l a b e l = ”Reward ” , marker

= ”d” , co l o r = ’#5b97ca ’ , markevery = 50)
167 ax1 . s e t _x l abe l ( ” Episode number” )
168 ax1 . s e t _y l abe l ( ”Reward ” )
169 ax1 . legend ( l o c = (0 .7 , 0.45) )
170 f i g . s u p t i t l e ( ”Reward per I t e r a t i o n GRAPEQRLAgent ” )
171 f i g . t i g h t _ l a you t ( )
172 p l t . show ( )
173

174 def ge t_ f i n a l _pu l s e ( s e l f ) :
175

176 ” ” ”
177 Returns f i n a l ac t i on of agent
178 ” ” ”
179

180 s e l f . f i n a l _ v a l = s e l f . e p i s o d e_ l i s t [−1]
181 s e l f . f i n a l _ pu l s e = s e l f . f i n a l _ v a l . a c t i on . numpy ( ) [0 , 0 , : ]
182 s e l f . pulse_2d = np . reshape ( s e l f . f i n a l _pu l s e , ( len ( s e l f . env_tra in_py . h_cont ro l ) , s e l f .

env_tra in_py . t imesteps ) )
183

184 re tu rn s e l f . pulse_2d
185

186 def get_best_pu lse ( s e l f ) :
187

188 ” ” ”
189 Returns best ac t i on of agent
190 ” ” ”
191

192 s e l f . max_index = s e l f . env_eval_py . r ewa rd_ l i s t . index (max( s e l f . env_eval_py . r ewa rd_ l i s t )
)

193 s e l f . max_val = s e l f . e p i s o d e_ l i s t [ s e l f . max_index ]
194 s e l f . max_pulse = s e l f . max_val . a c t i on . numpy ( ) [0 , 0 , : ]
195 s e l f . max_pulse_2d = np . reshape ( s e l f . max_pulse , ( len ( s e l f . env_tra in_py . h_cont ro l ) ,

s e l f . env_tra in_py . t imesteps ) )
196

197 re tu rn s e l f . max_pulse_2d
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198

199 def p lo t_bes t_pu l se ( s e l f ) :
200

201 s e l f . max_index = s e l f . env_eval_py . r ewa rd_ l i s t . index (max( s e l f . env_eval_py . r ewa rd_ l i s t )
)

202 s e l f . max_val = s e l f . e p i s o d e_ l i s t [ s e l f . max_index ]
203 s e l f . max_pulse = s e l f . max_val . a c t i on . numpy ( ) [0 , 0 , : ]
204 s e l f . max_pulse_2d = np . reshape ( s e l f . max_pulse , ( len ( s e l f . env_tra in_py . h_cont ro l ) ,

s e l f . env_tra in_py . t imesteps ) )
205

206 f i g , ax = p l t . subp lo t s ( len ( s e l f . env_tra in_py . h_cont ro l ) )
207

208 s e l f . t imespace = np . l i n space (0 , s e l f . env_eval_py . pu lse_durat ion , s e l f . env_eval_py .
t imesteps )

209

210 co l o r s = [ ’#03080c ’ , ’ #214868 ’ , ’#5b97ca ’ ]
211

212 i f l en ( s e l f . env_tra in_py . h_cont ro l ) == 1:
213

214 ax . axh l i ne ( y = 0 , co l o r = ” grey ” , l s = ” dashed ” )
215 ax . step ( s e l f . t imespace , s e l f . max_pulse_2d [0] , l a b e l = f ” { s e l f . env_tra in_py . l a b e l s

[0]} ” , co l o r = f ” { co l o r s [0]} ” )
216 ax . se t ( x l a be l = ”Time (a . u . ) ” , y l a be l = f ” { s e l f . env_tra in_py . l a b e l s [0]} ” )
217 ax . legend ( )
218

219 e l se :
220

221 f o r i i n range ( len ( s e l f . env_tra in_py . h_cont ro l ) ) :
222 ax [ i ] . axh l i ne ( y = 0 , co l o r = ” grey ” , l s = ” dashed ” )
223 ax [ i ] . step ( s e l f . t imespace , s e l f . max_pulse_2d [ i ] , l a b e l = f ” { s e l f . env_tra in_py

. l a b e l s [ i ]} ” , c o l o r = f ” { co l o r s [ i ]} ” )
224 ax [ i ] . se t ( x l a be l = ”Time (a . u . ) ” , y l a be l = f ” { s e l f . env_tra in_py . l a b e l s [ i ]} ” )
225 ax [ i ] . legend ( )
226

227 f i g . s u p t i t l e ( ” Approximated GRAPE pulse generated by GRAPEQRLAgent ” )
228 f i g . t i g h t _ l a you t ( )
229

230 p l t . show ( )
231

232 def p l o t _ f i n a l _ pu l s e ( s e l f ) :
233

234 ” ” ”
235 P l o t s the f i n a l ac t i on generated by the RL agent
236 ” ” ”
237

238 s e l f . t imespace = np . l i n space (0 , s e l f . env_eval_py . pu lse_durat ion , s e l f . env_eval_py .
t imesteps )

239

240 co l o r s = [ ’#03080c ’ , ’ #214868 ’ , ’#5b97ca ’ ]
241

242 s e l f . f i n a l _ v a l = s e l f . e p i s o d e_ l i s t [−1]
243 s e l f . f i n a l _ pu l s e = s e l f . f i n a l _ v a l . a c t i on . numpy ( ) [0 , 0 , : ]
244

245 s e l f . pulse_2d = np . reshape ( s e l f . f i n a l _pu l s e , ( len ( s e l f . env_tra in_py . h_cont ro l ) , s e l f .
env_tra in_py . t imesteps ) )

246

247 f i g , ax = p l t . subp lo t s ( len ( s e l f . env_tra in_py . h_cont ro l ) )
248

249 i f l en ( s e l f . env_tra in_py . h_cont ro l ) == 1:
250

251 ax . axh l i ne ( y = 0 , co l o r = ” grey ” , l s = ” dashed ” )
252 ax . step ( s e l f . t imespace , s e l f . pulse_2d [0] , l a b e l = f ” { s e l f . env_tra in_py . l a b e l s [0]}

” , c o l o r = f ” { co l o r s [0]} ” )
253 ax . se t ( x l a be l = ”Time (a . u . ) ” , y l a be l = f ” { s e l f . env_tra in_py . l a b e l s [0]} ” )
254 ax . legend ( )
255

256 e l se :
257

258 f o r i i n range ( len ( s e l f . env_tra in_py . h_cont ro l ) ) :
259 ax [ i ] . axh l i ne ( y = 0 , co l o r = ” grey ” , l s = ” dashed ” )
260 ax [ i ] . step ( s e l f . t imespace , s e l f . pulse_2d [ i ] , l a b e l = f ” { s e l f . env_tra in_py .
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l a b e l s [ i ]} ” , c o l o r = f ” { co l o r s [ i ]} ” )
261 ax [ i ] . se t ( x l a be l = ”Time (a . u . ) ” , y l a be l = f ” { s e l f . env_tra in_py . l a b e l s [ i ]} ” )
262 ax [ i ] . legend ( )
263

264 f i g . s u p t i t l e ( ” Approximated GRAPE pulse generated by GRAPEQRLAgent ” )
265 f i g . t i g h t _ l a you t ( )
266

267 p l t . show ( )
268

269 def show_summary( s e l f ) :
270

271 ” ” ”
272 P r i n t s summary of the Actor Network ( i n c l ud i ng number of parameters )
273 ” ” ”
274

275 s e l f . ac tor_net . summary ( )
276

277 def save_weights ( s e l f , d i r e c t o r y ) :
278

279 my_weights = Po l i c ySave r ( s e l f . c o l l e c t _ p o l i c y )
280 my_weights . save ( d i r e c t o r y )
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Appendix 5: Miscellaneous Functions
1 def tensor (a , b ) :
2 ” ” ”
3 Returns tensor product between two matr i ces
4 ” ” ”
5

6 re tu rn np . kron (a , b )
7

8 def i d e n t i t y (N) :
9 ” ” ”
10 Returns I d en t i t y Mat r i x with Dimension ’N ’
11 ” ” ”
12

13 re tu rn np . i d e n t i t y (N)
14

15 def sigmax ( ) :
16 ” ” ”
17 Returns Pau l i −x Mat r i x
18 ” ” ”
19

20 re tu rn np . ar ray ( [ [ 0 , 1 ] ,
21 [ 1 , 0 ] ] )
22

23 def sigmay ( ) :
24 ” ” ”
25 Returns Pau l i −y Mat r i x
26 ” ” ”
27

28 re tu rn np . ar ray ( [ [ 0 , −1 j ] ,
29 [1 j , 0 ] ] )
30

31 def sigmaz ( ) :
32 ” ” ”
33 Returns Pau l i −z Mat r i x
34 ” ” ”
35

36 re tu rn np . ar ray ( [ [ 1 , 0] ,
37 [0 , −1]])
38

39 def cnot ( ) :
40 ” ” ”
41 Returns CNOT Un i ta ry Gate
42 ” ” ”
43

44 re tu rn np . ar ray ( [ [ 1 , 0 , 0 , 0] ,
45 [0 , 1 , 0 , 0] ,
46 [0 , 0 , 0 , 1] ,
47 [0 , 0 , 1 , 0 ] ] )
48

49 def Generate_Rand_Unitary (N) :
50 ” ” ”
51 Returns N−Dimenst iona l Random Un i ta ry
52 ” ” ”
53

54 x = rand_un i ta ry (N)
55 y = x . f u l l ( )
56 nparray = np . ar ray ( y )
57

58 re tu rn nparray
59

60 def hadamard ( ) :
61 ” ” ”
62 Returns Hadamard Gate
63 ” ” ”
64

65 re tu rn (1/ np . sq r t (2) ) * np . ar ray ( [ [ 1 , 1] ,
66 [1 , −1]])
67

68 def t_gate ( ) :
69



5.2. Future Work 83

70 ” ” ”
71 Returns T−Gate
72 ” ” ”
73

74 re tu rn np . ar ray ( [ [ 1 , 0] ,
75 [0 , np . exp(−1 j * (np . p i /4) ) ] ] )
76

77 def rx_gate ( theta ) :
78

79 ” ” ”
80 Returns X−Rotat ion gate
81 ” ” ”
82

83 re tu rn np . ar ray ( [ [ np . cos ( theta /2) , −1 j * np . s i n ( theta /2) ] ,
84 [−1 j * np . s i n ( theta /2) , np . cos ( theta /2) ] ] )
85

86 def rz_gate ( theta ) :
87

88 re tu rn np . ar ray ( [ [ np . exp(−1 j * theta /2) , 0] ,
89 [0 , np . exp (1 j * theta /2) ] ] )
90

91 def over lap (A , B) :
92 re tu rn np . t race (A . conj ( ) . T @ B) / A . shape [0]
93

94 def Ca l cu l a te_Un i t a r y_Sc ipy ( H_Stat ic , H_Control , Cont ro l_Pu lses , Timesteps , Total_Time ) :
95

96 ” ” ”
97 Ca l cu l a t e s Un i ta ry based on S t a t i c Hami l tonian , Cont ro l Hami l tonian , and con t r o l

parameters
98

99 Parameters
100 −−−−−−−−−−
101

102 H_Sta t i c : S t a t i c / D r i f t Hami l ton ian Term
103

104 H_Control : Cont ro l Hami l ton ian con ta in ing operators tha t can be tuned in the Hami l ton ian
v i a the con t r o l f i e l d s

105

106 Cont ro l_Pu l ses : The Cont ro l Parameters f o r each term in ” H_Control ”
107

108 Timesteps : Number of t imesteps ’N f o r t ime d i s c r e t i z a t i o n
109

110 Total_Time : To ta l Un i ta ry Gate Time
111

112 Returns
113 −−−−−−−−−−
114

115 Un i ta ry_To ta l : Un i ta ry Gate based on input parameters
116

117 ” ” ”
118

119 t ime = np . l i n space (0 , Total_Time , Timesteps+1)
120

121 H_Total = 0
122 U_Total = [ ]
123

124 f o r i i n range ( Timesteps −1) :
125 dt = time [ i +1] − time [ i ]
126 H_Total = H_Sta t i c
127 f o r j i n range ( len ( H_Control ) ) :
128 H_Total += Cont ro l_Pu l ses [ i*l en ( H_Control ) + j ] * H_Control [ j ] # (H_1( t = 0) ,

H_2( t =0) , H_1( t =1) , . . . )
129 U = expm(−1 j*H_Total*dt )
130 U_Total . append (U)
131

132 Un i ta ry_To ta l = np . eye (4 ,4)
133 f o r x i n U_Total :
134 Un i ta ry_To ta l = x @ Un i ta ry_To ta l
135

136 re tu rn Un i t a ry_To ta l
137
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138 def C a l c u l a t e _ F i d e l i t y ( U_Target , U) :
139

140 ” ” ”
141 Ca l cu l a t e F i d e l i t y Between Target Un i ta ry and other Un i ta ry U
142

143 Parameters
144 −−−−−−−−−−
145

146 U_Target : Target Un i ta ry Gate
147

148 U: Un i ta ry Gate to Ca l cu l a t e F i d e l i t y of
149

150 Returns
151 −−−−−−−−−−
152

153 F : F i d e l i t y between U_Target and U
154

155 ” ” ”
156

157 F = abs (np . t race ( U_Target . conj ( ) . T @ U) /np . t race ( U_Target . conj ( ) . T @ U_Target ) )**2
158

159 re tu rn F
160

161 def Ca l cu l a t eEne rge t i cCos t ( Cont ro l_Pu lses , H_Stat ic , H_Control , Timesteps , Total_Time ,
Return_Normal ized = Fa l se ) :

162

163 ” ” ”
164 Ca l cu l a t e Energe t i c Cost of c e r t a i n Un i ta ry
165

166 Parameters
167 −−−−−−−−−−
168

169 Cont ro l_Pu l ses : The Cont ro l Parameters f o r each term in ” H_Control ”
170

171 H_Sta t i c : S t a t i c / D r i f t Hami l ton ian Term
172

173 H_Control : Cont ro l Hami l tonoian con ta in ing operators tha t can be tuned in the
Hami l ton ian v i a the con t r o l f i e l d s

174

175 Timesteps : Number of t imesteps ’N ’ f o r t ime d i s c r e t i z a t i o n
176

177 Total_Time : To ta l t ime of un i t a r y gate
178

179 Returns
180 −−−−−−−−−−
181

182 EC : Energe t i c Cost of the Cont ro l Pu lses based on the s t a t i c and d r i f t Hami l ton ian
183 ” ” ”
184

185 H_T_Norm = [ ]
186 s t ep s i z e = Total_Time / Timesteps
187

188 f o r i i n range ( Timesteps −1) :
189 H_T = 0
190

191 f o r j i n range ( len ( H_Control ) ) :
192 H_T += Cont ro l_Pu l ses [ j , i ] * H_Control [ j ]
193

194 #H_T += H_Sta t i c # Op t i ona l l y i n c l ude S t a t i c Hami l ton ian
195

196 H_T_Norm . append (np . l i n a l g . norm(H_T) )
197

198 EC = np . sum(H_T_Norm) * s t ep s i z e
199

200 EC_Normalized = EC / ( Total_Time * np . l i n a l g . norm(np . sum( H_Control ) ) )
201

202 i f Return_Normal ized == True :
203

204 Value = EC_Normalized
205

206 e l i f Return_Normal ized == Fa lse :
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207

208 Value = EC
209

210 re tu rn Value
211

212 def convert_qutip_to_numpy ( operator ) :
213

214 data = operator . f u l l ( )
215 ar ray = np . ar ray ( data )
216

217 re tu rn ar ray
218

219 def conver t_qut ip_ l i s t_ to_numpy ( o p e r a t o r _ l i s t ) :
220

221 new_ l i s t = [ ]
222

223 f o r operator i n o p e r a t o r _ l i s t :
224 new_ l i s t . append ( convert_qutip_to_numpy ( operator ) )
225

226 re tu rn new_ l i s t
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Appendix 6: Example Usage of Classes
1 # I n i t i a l i z e Environments
2 Tra in ingEnvi ronment = QuantumEnvironment ( number_qubits , h_d , h_c , h_l , t1 , t2 ,

ta rge t_un i ta ry_cnot , 0 .2 , 0 .8 , number_of_timesteps , gate_durat ion ,
number_of_grape_i terat ions , n_cyc les )

3 Evaluat ionEnvi ronment = QuantumEnvironment ( number_qubits , h_d , h_c , h_l , t1 , t2 ,
ta rge t_un i ta ry_cnot , 0 .2 , 0 .8 , number_of_timesteps , gate_durat ion ,
number_of_grape_i terat ions , n_cyc les )

4

5 TrainingEnvironmentGRAPE = GRAPEApproximation ( number_qubits , h_d , h_c , h_l ,
ta rge t_un i ta ry_cnot , w_f = 1.0 , w_e = 0 , t imesteps = number_of_timesteps ,
g r ape_ i t e r a t i on s = number_of_grape_ i terat ions )

6 EvaluationEnvironmentGRAPE = GRAPEApproximation ( number_qubits , h_d , h_c , h_l ,
ta rge t_un i ta ry_cnot , w_f = 1.0 , w_e = 0 , t imesteps = number_of_timesteps ,
g r ape_ i t e r a t i on s = number_of_grape_ i terat ions )

7

8 ApproximationAgent = GRAPEQRLAgent ( TrainingEnvironmentGRAPE , EvaluationEnvironmentGRAPE ,
num_iterat ions_Approx , fc_ layer_params = (100 , 100 , 100) , r ep l ay_bu f f e r_capac i t y = 100)

9

10 # Run GRAPE Approximat ion Tra in ing Phase and save po l i c y
11 ApproximationAgent . r un_ t r a i n i ng ( )
12 ApproximationAgent . save_weights ( ’ Test_Po l i cy_Approx ’ )
13

14 # I n i t i a l i z e RLAgent Environment i n c l ud i ng loaded po l i c y
15 RLAgent = QuantumRLAgent ( Tra in ingEnvironment , Evaluat ionEnvironment , num_iterat ions_RL , w_f =

0.2 , w_e = 0.8 , fc_ layer_params = (200 , 100 , 50 , 30 , 10) , r ep l ay_bu f f e r_capac i t y = 10 ,
po l i c y = None , r a n d _ i n i t i a l _ s t a t e = Fa l se )

16

17 # Run Tra in ingq
18 RLAgent . r un_ t r a i n i ng ( )
19 RLAgent . save_weights ( ’ Test_Po l i cy_RL ’ )
20

21 # P l o t the Reward per i t e r a t i o n of the Approximat ion Agent
22 ApproximationAgent . p l o t_ reward_pe r_ i t e ra t i on ( )
23

24 # P l o t Best Pu lse Generated by the Approximat ion agent
25 ApproximationAgent . p lo t_bes t_pu l se ( )
26

27 # P l o t the Pulse Generated by the QRLAgent
28 RLAgent . p l o t _ f i n a l _ pu l s e ( )
29

30 # PLot the F i d e l i t y per i t e r a t i o n of the QRLAgent
31 RLAgent . p l o t _ f i d e l i t y _ene rgy_ r ewa rd_pe r_ i t e r a t i on ( )
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Appendix 7: Bloch Sphere Arc Length Experiment Example
1 # Def ine input parameters
2 d r i f t _ ham i l t o n i a n = h_d_1_qubit
3

4 n_q = number_qubits
5

6 con t ro l _hami l t on i an = h_c_1_qubit
7

8 hami l t on i an_ l abe l = h_ l_1_qub i t
9

10 u_target = f c . rx_gate (np . p i /2)
11

12 i n i t i a l _ s t a t e = bas i s (2 ,0)
13

14 gate_durat ion = 2 * np . p i
15

16 number_of_timesteps = 200
17

18 t1 = 1000 * gate_durat ion
19

20 t2 = 1000 * gate_durat ion
21

22 num_experiments = 10
23

24 weights = [1 , 0 .9 , 0 .8 , 0 .7 , 0 .6 , 0 .5 , 0 .4 , 0 .3 , 0 .2 , 0 .1]
25

26 # Simple Bloch Sphere P l o t
27 def bloch_sphere_grape ( ) :
28

29 environment = QuantumEnvironment (n_q , d r i f t _ham i l t on i an , cont ro l_hami l ton ian ,
hami l ton ian_ labe l , t1 , t2 , u_target , w_f = 1 , w_e = 0 , t imesteps = number_of_timesteps ,
pu l se_dura t ion = gate_durat ion , g r ape_ i t e r a t i on s = 200 , n_steps = 1 , sweep_noise = Fa l se )

30 environment . i n i t i a l _ s t a t e = i n i t i a l _ s t a t e
31 grape_pulses = environment . run_grape_opt imizat ion (w_f = 1 , w_e = 0 , eps_f = 1 , eps_e =

100)
32 _ , f_grape= environment . c a l c u l a t e _ f i d e l i t y _ r ewa r d ( grape_pulses , p l o t _ r e s u l t = Fa l se )
33

34 environment . p lo t_grape_pu lses ( grape_pulses )
35

36 p r i n t ( ” F i d e l i t y i s : ” , f_grape )
37

38 environment . p l o t_b l och_sphe re_ t ra j e c to r y ( )
39

40 t o t a l _a r c_ l eng th = environment . ge t_ to ta l _a r c_ l eng th ( )
41

42 p r i n t ( ” To ta l Arc Length i s : ” , t o t a l _a r c_ l eng th )
43

44 def b loch_sphere_r l ( ) :
45

46 Tra in ingEnvi ronment = QuantumEnvironment (n_q , d r i f t _ham i l t on i an , cont ro l_hami l ton ian ,
hami l ton ian_ labe l , t1 , t2 , u_target , w_f = 0.5 , w_e = 0.5 , t imesteps =
number_of_timesteps , pu l se_dura t ion = gate_durat ion , g r ape_ i t e r a t i on s = 200 , n_steps = 1 ,
sweep_noise = Fa l se )

47 Tra in ingEnvi ronment . i n i t i a l _ s t a t e = i n i t i a l _ s t a t e
48 Evaluat ionEnvi ronment = QuantumEnvironment (n_q , d r i f t _ham i l t on i an , cont ro l_hami l ton ian ,

hami l ton ian_ labe l , t1 , t2 , u_target , w_f = 0.5 , w_e = 0.5 , t imesteps =
number_of_timesteps , pu l se_dura t ion = gate_durat ion , g r ape_ i t e r a t i on s = 200 , n_steps = 1 ,
sweep_noise = Fa l se )

49 Evaluat ionEnvi ronment . i n i t i a l _ s t a t e = i n i t i a l _ s t a t e
50 RLAgent = QuantumRLAgent ( Tra in ingEnvironment , Evaluat ionEnvironment , num_iterat ions_RL ,

w_f = 0.5 , w_e = 0.5 , fc_ layer_params = (200 , 100 , 50 , 30 , 10) , r ep l ay_bu f f e r_capac i t y =
10 , po l i c y = None , r a n d _ i n i t i a l _ s t a t e = Fa l se )

51 RLAgent . i n i t i a l _ s t a t e = i n i t i a l _ s t a t e
52 RLAgent . r un_ t r a i n i ng ( )
53

54 BestPu lse = RLAgent . g e t _h i ghe s t _ f i d e l i t y _pu l s e ( )
55

56 _ , f _ r l = Evaluat ionEnvi ronment . c a l c u l a t e _ f i d e l i t y _ r ewa r d ( BestPulse , p l o t _ r e s u l t = Fa l se )
57

58 p r i n t ( ” F i d e l i t y i s ” , f _ r l )
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59

60 Evaluat ionEnvi ronment . p l o t_b l och_sphe re_ t ra j e c to r y ( )
61

62 arc_ length = Evaluat ionEnvi ronment . ge t_ to ta l _a r c_ l eng th ( )
63

64 p r i n t ( ” To ta l Arc Length i s : ” , a rc_ length )
65

66 def cor re la t ion_exper iment_grape ( ) :
67

68 weights = [1 , 0 .9 , 0 .8 , 0 .7 , 0 .6 , 0 .5 , 0 .4 , 0 .3 , 0 .2 , 0 .1]
69 a r c _ l e n g t h _ l i s t = [ ]
70 en e r g e t i c _ c o s t _ l i s t = [ ]
71

72 f o r i i n range ( len ( weights ) ) :
73

74 environment = QuantumEnvironment (n_q , d r i f t _ham i l t on i an , cont ro l_hami l ton ian ,
hami l ton ian_ labe l , t1 , t2 , u_target , w_f = weights [ i ] , w_e = 1 − weights [ i ] , t imesteps =
number_of_timesteps , pu l se_dura t ion = gate_durat ion , g r ape_ i t e r a t i on s = 200 , n_steps = 1 ,
sweep_noise = Fa l se )

75 environment . i n i t i a l _ s t a t e = i n i t i a l _ s t a t e
76 grape_pulses = environment . run_grape_opt imizat ion (w_f = weights [ i ] , w_e = 1 − weights

[ i ] , eps_f = 1 , eps_e = 100)
77 _ , f_grape= environment . c a l c u l a t e _ f i d e l i t y _ r ewa r d ( grape_pulses , p l o t _ r e s u l t = Fa l se )
78 t o t a l _a r c_ l eng th = environment . ge t_ to ta l _a r c_ l eng th ( )
79 energe t i c_cos t = environment . c a l cu l a t e_ene rge t i c _ co s t ( grape_pulses , re turn_normal i zed

= Fa l se )
80 a r c _ l e n g t h _ l i s t . append ( t o t a l _a r c_ l eng th )
81 en e r g e t i c _ c o s t _ l i s t . append ( ene rge t i c_cos t )
82

83 p l t . p l o t ( ene r ge t i c _ c o s t _ l i s t , a r c _ l e ng t h_ l i s t , marker = ’ d ’ , c o l o r = ’#214868 ’ )
84 p l t . x l a be l ( ” Energe t i c Cost ( a . u . ) ” )
85 p l t . y l a be l ( ” Bloch Sphere Arc Length ( a . u . ) ” )
86 p l t . g r i d ( )
87 p l t . t i g h t _ l a you t ( )
88 p l t . show ( )
89

90 def co r r e l a t i on_expe r imen t_ r l ( ) :
91

92 weights = [1 , 0 .9 , 0 .8 , 0 .7 , 0 .6 , 0 .5 , 0 .4 , 0 .3 , 0 .2 , 0 .1]
93 a r c _ l e n g t h _ l i s t = np . zeros ( ( num_experiments , len ( weights ) ) )
94 en e r g e t i c _ c o s t _ l i s t = np . zeros ( ( num_experiments , len ( weights ) ) )
95 f i d e l i t y _ l i s t = np . zeros ( ( num_experiments , len ( weights ) ) )
96

97 f o r i i n range ( num_experiments ) :
98

99 f o r j i n range ( len ( weights ) ) :
100

101 Tra in ingEnvi ronment = QuantumEnvironment (n_q , d r i f t _ham i l t on i an ,
cont ro l_hami l ton ian , hami l ton ian_ labe l , t1 , t2 , u_target , w_f = weights [ j ] , w_e = 1 −
weights [ j ] , t imesteps = number_of_timesteps , pu l se_dura t ion = gate_durat ion ,
g r ape_ i t e r a t i on s = 200 , n_steps = 1 , sweep_noise = Fa l se )

102 Tra in ingEnvi ronment . i n i t i a l _ s t a t e = i n i t i a l _ s t a t e
103 Evaluat ionEnvi ronment = QuantumEnvironment (n_q , d r i f t _ham i l t on i an ,

cont ro l_hami l ton ian , hami l ton ian_ labe l , t1 , t2 , u_target , w_f = weights [ j ] , w_e = 1−
weights [ j ] , t imesteps = number_of_timesteps , pu l se_dura t ion = gate_durat ion ,
g r ape_ i t e r a t i on s = 200 , n_steps = 1 , sweep_noise = Fa l se )

104 Evaluat ionEnvi ronment . i n i t i a l _ s t a t e = i n i t i a l _ s t a t e
105 RLAgent = QuantumRLAgent ( Tra in ingEnvironment , Evaluat ionEnvironment ,

num_iterat ions_RL , w_f = weights [ j ] , w_e = 1 − weights [ j ] , fc_ layer_params = (200 , 100 ,
50 , 30 , 10) , r ep l ay_bu f f e r_capac i t y = 10 , po l i c y = None , r a n d _ i n i t i a l _ s t a t e = Fa l se )

106 RLAgent . i n i t i a l _ s t a t e = i n i t i a l _ s t a t e
107 RLAgent . r un_ t r a i n i ng ( )
108

109 BestPu lse = RLAgent . ge t _ f i n a l _pu l s e ( )
110

111 _ , f _ r l = Evaluat ionEnvi ronment . c a l c u l a t e _ f i d e l i t y _ r ewa r d ( BestPulse , p l o t _ r e s u l t
= Fa l se )

112 t o t a l _a r c_ l eng th = Evaluat ionEnvi ronment . ge t_ to ta l _a r c_ l eng th ( )
113 energe t i c_cos t = Evaluat ionEnvi ronment . c a l cu l a t e_ene rge t i c _ co s t ( BestPulse ,

re turn_normal i zed = Fa l se )
114 a r c _ l e n g t h _ l i s t [ i , j ] = to t a l _a r c_ l eng th
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115 en e r g e t i c _ c o s t _ l i s t [ i , j ] = energe t i c_cos t
116 f i d e l i t y _ l i s t [ i , j ] = f _ r l
117

118 np . save ( ” Arc_Length_Mul t ip le_Exper iments . npy ” , a r c _ l e n g t h _ l i s t )
119 np . save ( ” EC_RL_Mult ip le_Exper iments . npy ” , e n e r g e t i c _ c o s t _ l i s t )
120 np . save ( ” F_RL_Mult ip le_Exper iments . npy ” , f i d e l i t y _ l i s t )
121

122 co r r e l a t i on_expe r imen t_ r l ( )
123

124 arc_ length_ar ray = np . load ( ” Arc_Length_Mul t ip le_Exper iments . npy ” )
125 ec_array = np . load ( ” EC_RL_Mult ip le_Exper iments . npy ” )
126 f _a r ray = np . load ( ” F_RL_Mult ip le_Exper iments . npy ” )
127 mean_arc_length = [ ]
128 st_dev_arc_ length = [ ]
129 mean_ec = [ ]
130 st_dev_ec = [ ]
131 mean_f = [ ]
132

133 f o r i i n range ( len ( weights ) ) :
134

135 m_arc_length = np .mean( arc_ length_ar ray [ : , i ] )
136 mean_arc_length . append ( m_arc_length )
137 s td_arc_ length = np . std ( arc_ length_ar ray [ : , i ] )
138 st_dev_arc_ length . append ( s td_arc_ length )
139 m_ec = np .mean( ec_array [ : , i ] )
140 mean_ec . append (m_ec)
141 std_ec = np . std ( ec_array [ : , i ] )
142 st_dev_ec . append ( std_ec )
143 m_f = np .mean( f_a r ray [ : , i ] )
144 mean_f . append (m_f )
145

146 f i g , ax = p l t . subp lo t s ( )
147 s c a t t e r = ax . s c a t t e r (mean_ec , mean_arc_length , marker = ’ d ’ , c = mean_f )
148 c l b = p l t . co l o rba r ( s c a t t e r )
149 norm = co l o r s . Normal ize ( vmin = min (mean_f ) , vmax = max(mean_f ) )
150 mapper = cm. ScalarMappable (norm = norm , cmap = ” v i r i d i s ” )
151 co l o r = np . ar ray ( [ ( mapper . to_rgba ( v ) ) f o r v i n mean_f ] )
152

153 f o r x , y , e_x , e_y , c i n z i p (mean_ec , mean_arc_length , st_dev_ec , st_dev_arc_ length , co l o r ) :
154 p l t . s c a t t e r ( x , y , marker = ’ d ’ , c o l o r = c )
155 p l t . e r ro rba r ( x , y , xe r r = e_x , ye r r = e_y , fmt = ”d” , co l o r = c )
156

157 p l t . x l a be l ( ” Energe t i c Cost ( a . u . ) ” )
158 p l t . y l a be l ( ” Bloch Sphere Arc Length ( a . u . ) ” )
159 p l t . g r i d ( )
160 p l t . t i g h t _ l a you t ( )
161 p l t . show ( )
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