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A B S T R A C T

Structure and intensity of estuarine exchange flow depend significantly on the eddy viscosity 𝐴𝑣 profile which
is dynamically linked to various forces (e.g., gravitational, tidal, wind-driven). The impact of winds on the
exchange flow is complex due to its direct (local and remote changes in shear and density stratification) and
indirect (modifications to 𝐴𝑣 profiles) contributions. This study aims (i) to include wind entrainment effects
in the tidally averaged 𝐴𝑣 parameterization; (ii) to develop an analytical one-dimensional model for the wind
driven exchange flow by using this novel parameterization and assess the tidally averaged dynamics over a
relevant physical parameter-space, subdomains of which have not yet been explored numerically. This one-
dimensional model is based on a balance between frictional forces and pressure gradient, calibrated with a
tidally-resolving one-dimensional water-column model with second-moment closure. Structure and intensity
of the resulting exchange flow profiles are analyzed with respect to three dimensionless parameters (the
unsteadiness of boundary layer mixing 𝑈𝑛, scaled-directional wind stress 𝑊 , and horizontal stratification
𝑆𝑖). While down-estuarine winds enhance the gravitational circulation, up-estuarine winds result in either
a two-layer inverted circulation opposing the gravitational circulation, or a three-layer flow (favored by
relatively strong 𝑆𝑖, weak 𝑊 , and moderate 𝑈𝑛) that is up-estuarine at the surface with classical two-layer
circulation underneath. Relative thickness of surface and bottom boundary layers affect both the intensity and
the inflection depth of the exchange flow layers. Up-estuarine winds with 𝑊 ≳ 0.5 yield unstable stratification
and reduce the exchange flow intensity with increasing 𝑊 .
1. Introduction

The exchange flow is the tidally-averaged estuarine circulation in
along-channel direction, commonly observed as a bidirectional flow
with an up-estuarine salty layer overlaid by a down-estuarine freshwa-
ter layer. For a given bathymetry, the shape and magnitude of this flow
depend significantly on the various forcings (e.g., tides, river discharge,
wind) and the associated eddy viscosity profiles at various time scales.
While the temporal variations in the eddy viscosity profiles contribute
indirectly to the exchange flow via tidally and gravitationally (Burchard
et al., 2011; Cheng et al., 2011, 2013; Dijkstra et al., 2017) driven eddy
viscosity shear covariance (ESCO), the tidally averaged eddy viscosity
profile also directly impacts the exchange flow (Burchard and Hetland,
2010).

The impact of wind on the exchange flow is much less studied
compared to the influence of tidal forcing. Wind affects the stabil-
ity of the water column and the resulting flow fields directly (local
changes in density-stratification due to directional wind mixing and

∗ Corresponding author at: Institute of Marine Sciences, Middle East Technical University, Erdemli 33731, Turkey.
E-mail addresses: berkay.basdurak@io-warnemuende.de, berkay@ims.metu.edu.tr (N.B. Basdurak).

straining; remote unidirectional changes in the flow shear and slope
of the buoyancy gradient) and indirectly by altering the eddy viscosity
profiles. The latter results from the changes in shear and density
stratification. Focusing on the effect of directional wind stress on strat-
ification, various observational and numerical studies have reported on
down-estuarine winds enhancing stratification and up-estuarine winds
suppressing it (Scully et al., 2005; Burchard, 2009; Verspecht et al.,
2009). However, Chen and Sanford (2009) found an increase-then-
decrease transition with increasing down-estuary wind shear. By using
an analytical model, Jongbloed et al. (2022) has recently argued that
both these monotone and alternating responses can be explained in
terms of dominant salt balances.

The exchange flow profiles themselves also depend strongly on
the wind effects. Numerical models show that directional winds can
alter the commonly observed two-layered exchange flow with down-
estuary winds enhancing it (Chen and Sanford, 2009; Burchard and
vailable online 4 November 2023
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Hetland, 2010) and up-estuary winds suppressing and even inverting
it (Lange and Burchard, 2019). Numerical models depending on second-
order closure schemes for the eddy viscosity offer a valuable insight
into wind-driven dynamics. However use of these models also has
some drawbacks: column models driven by horizontal density gradients
often perform poorly in weakly turbulent mixing regimes yielding non-
physical high stratification i.e., runaway stratification, and idealized
3D models with stratification dependent mixing closures tend towards
runaway stratification when the mixing in the pycnocline is reduced
to its background levels (Hetland and Geyer, 2004). Recently Burchard
et al. (2023) have avoided runaway stratification in their tidally en-
forced column model simulations by nudging salinity to a constant
background salinity for strongly stable stratification while preserving
tidal periodicity, thus extended the physical parameter space that can
be explored by column models. However, compared to complex numer-
ical models, analytical models can allow for sensitivity studies over a
wider range of physical parameter space and in that parameterization
of eddy viscosity profiles is crucial.

Most analytical models that have been developed adopt simpli-
fied eddy viscosity profiles e.g., uniform (Jongbloed et al., 2022) or
parabolic (Zitman and Schuttelaars, 2012) shapes. The analytical model
of Chen and De Swart (2016) uses an eddy viscosity parameteri-
zation that deviates from a parabolic shape to include the bottom
boundary layer effect. Recently we have developed a tidally averaged
eddy viscosity parameterization that considers the influence of vertical
stratification interacting with the along channel buoyancy gradient
through the change of the bottom boundary layer (BBL) thickness, and
depending on the wind stress at the surface (Basdurak et al., 2021).
Other studies including both experimental (Kato and Phillips, 1969;
Price, 1979) and numerical (Deleersnijder and Luyten, 1994; Burchard
et al., 1998) ones, focus only on the surface boundary layer (SBL) due
to wind entrainment (i.e., wind stress is the only source of turbulence
and the SBL grows in time). All aforementioned parameterizations
consider either the BBL or the SBL. Such simplifications result from
the lack of a physically motivated eddy viscosity parameterization that
includes the boundary layer characteristics due to wind entrainment,
and interaction of surface and bottom boundary layers in stratified
fluids.

In view of the aforementioned knowledge gap, the aim of this study
is two-fold: (I) to extend the tidally averaged eddy viscosity param-
eterization introduced in Basdurak et al. (2021) by including wind
entrainment effects and to analyze the relation between the interacting
boundary layers, (II) to develop an analytical model for the wind
driven exchange flow by using this novel parameterization and assess
the tidally averaged dynamics over a relevant physical parameter-
space, subdomains of which have not yet been explored numerically.
To achieve the first aim, the complex interaction of directional-wind
and stratification needs to be accurately captured in the parameterized
eddy viscosity profile. We use the tidally-averaged result of a 1D
numerical model that is tidally-resolving column-model with second-
moment closure together with available observational and theoretical
findings to derive relations for tidally averaged boundary layer thick-
nesses in terms of three dimensionless parameters: the unsteadiness
of boundary layer mixing, scaled-directional wind stress, and vertical
stratification that is related to horizontal stratification. These relations
allow us to parameterize the tidally averaged eddy viscosity profile.
Since the dimensionless parameters defining the eddy viscosity profile
only depend on simple local characteristics (e.g., water column depth,
wind stress, density profile, surface and bottom roughnesses, and tidal
velocity-amplitude and frequency), the parameterization can be used
directly to estimate the structure of tidally averaged eddy viscosity
profiles for these in-situ parameters. The parameterization is calibrated
with the column-model for the subrange of stratification and avoiding
runaway stratification by relaxing the salinity time-scales; the range of
parameter space that is used for calibration is chosen iteratively such
2

that the parameters are varied around the points of periodic solution
yielding a wide range of unsteadiness, rather than exploring a fixed
range which can lead to a narrow band of numerical solutions. Using
vertical and horizontal stratification bounds (that are derived from the
findings of sheared direct numerical simulations, lab experiments and
observational estuarine studies, see Basdurak et al., 2021), allows for
an investigation of the dynamic link between the tidally-averaged char-
acteristics of the parameterized eddy viscosity profiles and boundary
layers (thus local characteristics) over a wider range of physical pa-
rameter space. The second aim is achieved by using the parameterized
eddy viscosity profile to solve the one-dimensional tidally-averaged
dynamic equation for the exchange flow. This approach allows for the
study of the sensitivity of exchange flow profiles to the dimensionless
parameters.

The remainder of this paper is organized as follows. In Section 2,
we show the dynamical equation and introduce the new eddy viscosity
parameterization. In Section 3, we derive tidally-averaged relations for
wind-adjusted stratification and boundary layer thicknesses in terms of
state parameters using a 1D numerical model; local maxima locations
and magnitudes of eddy viscosity profiles are related to boundary layer
thicknesses and dimensionless parameters, respectively; sensitivity of
the parameterization over the dimensionless parameter space is shown.
In Section 4, exchange flow profiles resulting from the analytical model
are compared to the ones resulting from the numerical model over a
three dimensional parameter space. In Section 5, the exchange flow in-
tensity and the inflection depth (depth where flow changes direction) is
discussed in relation to boundary layer thicknesses and runoff velocity.
A comparison between the analytical and numerical model is shown
for the exchange flow intensities. The main findings are summarized in
Section 6.

2. Model description

2.1. Dynamical equation

By ignoring earth’s rotation and advection the one-dimensional, uni-
form in along-channel direction, tidally-averaged momentum equation
reduces to a balance between pressure gradient and friction:

𝜕𝑧
(

𝐴𝑣𝜕𝑧𝑢
)

= 𝑧𝜕𝑥𝑏 + 𝑝𝑥∕𝜌0 , −𝐻 ≤ 𝑧 ≤ 0, (1)

with all physical variables tidally averaged (thus ignoring the contribu-
tion from ESCO). The longitudinal and upward Cartesian coordinates
are denoted by 𝑥 and 𝑧, respectively. The water depth is given by
𝐻 . The buoyancy is defined as 𝑏 = −𝑔

(

𝜌 − 𝜌0
)

∕𝜌0 with the reference
density 𝜌0 = 1000 kg m−3 and 𝑔 = 9.81 m s−2 is the gravitational
acceleration. The eddy viscosity is denoted by 𝐴𝑣. The surface slope
driven external pressure gradient 𝑝𝑥 is obtained through the constraint
∫ 0
−𝐻 𝑢 (𝑧) 𝑑𝑧 = 𝐻𝑢𝑟 (Burchard and Hetland, 2010) with 𝑢𝑟 the prescribed

residual depth-mean velocity. Boundary conditions are a no-slip condi-
tion at the bottom, 𝑢 (𝑧 = −𝐻) = 0, and a prescribed momentum flux at
the surface 𝐴𝑣𝜕𝑧𝑢 (𝑧 = 0) = 𝜏𝑠∕𝜌0 = 𝑢𝑠∗||𝑢

𝑠
∗
|

|

where 𝜏𝑠 denotes the wind
stress, positive in up-estuarine direction 𝜏𝑠 > 0 and negative in down-
estuarine direction 𝜏𝑠 < 0 (Lange and Burchard, 2019), with the surface
friction velocity 𝑢𝑠∗.

2.2. Nondimensional parameters

The momentum equation is made non-dimensional by introducing
the following variables:

𝑧̃ = 𝑧
𝐻
, (𝑢̃, 𝑢̃𝑟) =

(𝑢, 𝑢𝑟)
|

|

𝑢𝑏∗||
, 𝐴̃𝑣 =

𝐴𝑣
|

|

𝑢𝑏∗||𝐻
, 𝑝̃𝑥 =

𝑝𝑥
𝜌0
(

𝑢𝑏∗
)2∕𝐻

, (2)

where 𝑝̃𝑥 is a function of 𝑢̃𝑟. The bottom friction velocity 𝑢𝑏∗ is given by

(𝑢𝑏∗)
2 = 𝜏𝑏 ≈ 𝑈2

𝑇𝐶𝐷 ≅ 𝑈2
𝑇

[

𝜅∕𝑓
(

𝑅0
𝑖
)

( 𝑏 ) ( 𝑏 )

]2

, (3)

𝜌0 𝑧̃0 + 1 ln 1∕𝑧̃0 + 1 − 1
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with 𝜅 = 0.41 the van Kármán constant, and 𝑈𝑇 the tidal current ampli-
tude. The drag coefficient 𝐶𝐷 depends on the bottom roughness length
𝑧𝑏0 and the bulk Richardson number 𝑅0

𝑖 =
(

𝑔𝛥𝜌∕𝜌0
)

∕
(

𝑈2
𝑇 ∕𝐻

)

, with
𝛥𝜌 the density difference between bottom and surface. The function
𝑓 (𝑅0

𝑖 ) = 1 + 0.76𝜅
√

𝑅0
𝑖 , motivated in Basdurak et al. (2021), is larger

han 1 for vertically stratified conditions and equals 1 for well-mixed
onditions. In its scaled form (1) can be expressed with the boundary
onditions as

𝑧̃
(

𝐴̃𝑣𝜕𝑧̃𝑢̃
)

= 𝑧̃𝑆𝑖 + 𝑝𝑥 , −1 ≤ 𝑧̃ ≤ 0, (4a)

𝐴̃𝑣𝜕𝑧̃𝑢̃
|

|

|𝑧̃=0
= 𝑊 , 𝑢̃(𝑧̃ = −1) = 0, (4b)

with Simpson number 𝑆𝑖 = 𝐻2𝜕𝑥𝑏∕
(

𝑢𝑏∗
)2, the ratio of stratifying shear

to destratifying mixing (Simpson et al., 1990; Stacey et al., 2010;
Burchard et al., 2011). In (4b), 𝑊 = 𝑊𝑒 ⋅ 𝑆𝑖 = 𝑢𝑠∗ ||𝑢

𝑠
∗
|

|

∕
(

𝑢𝑏∗
)2 denotes

he scaled directional wind stress i.e., the ratio of the surface stress to
he bottom stress (Lange and Burchard, 2019; Basdurak et al., 2021).
ere, the local Wedderburn number, 𝑊𝑒 = 𝑢𝑠∗ ||𝑢

𝑠
∗
|

|

∕(𝐻2𝜕𝑥𝑏), is a measure
or relative contributions of wind stress and density-driven forcing on
stuarine circulation (Geyer, 1997; Purkiani et al., 2016).

The shape of 𝐴̃𝑣 depends on two more independent parameters.
ne is the unsteadiness number 𝑈𝑛 = 𝜔𝐻∕|𝑢𝑏∗|, a measure for the

mportance of unsteadiness of boundary layer mixing (Burchard and
etland, 2010)with the tidal frequency 𝜔 = 2𝜋∕𝑇 and the tidal period
. Although the model is tidally-averaged, the shape and magnitude of

he 𝐴𝑣 profiles vary asymmetrically on the tidal time scales tides before
eing tidally averaged. Thus, the estuarine tidal velocity amplitude,
iven in (3), plays a role in influencing the boundary layer thicknesses
nd characterizing the exchange flow.

Another independent parameter that indirectly affects 𝑢̃ is the con-
oined impact of vertical stratification and surface shear. In case of
o wind entrainment, these effects can be well captured by using
he estuarine bulk Richardson number, 𝑅0

𝑖 (Basdurak et al., 2021).
owever, when wind entrainment is considered, quantifying vertical

tratification via 𝑅0
𝑖 may result in under/over-estimates due to: (I)

idal velocity amplitude scaled by the water depth is not sufficient
o depict the wind adjusted shear, (II) surface to bottom buoyancy
requency difference ignores the internal changes in stratification. The
caled potential energy anomaly better captures the effects of vertical
tratification, because potential energy anomaly 𝜙 is based on energetic
rguments rather than on the top to bottom density difference; 𝜙 is
efined as

=
𝜌0
𝐻 ∫

0

−𝐻
𝑧(𝑏 − ⟨𝑏⟩)𝑑𝑧 , with ⟨𝑏⟩ = 1

𝐻 ∫

0

−𝐻
𝑏𝑑𝑧 (5)

where angular brackets denote depth-averaging. Scaling the potential
energy anomaly by 𝜌0𝑆𝑖(𝑢𝑏∗)

2, Burchard (2009) introduced a dimen-
sionless measure for the degree of vertical stratification. To reduce the
dimensionless space, first we adopt an alternative dimensionless form
𝜙̃ = 𝜙∕[𝜌0(𝑢𝑏∗)

2] which is independent of 𝑆𝑖, then derive a new relation
or the wind adjusted bulk Richardson number 𝑅𝑖 as a function of 𝜙̃

and 𝑊 using a numerical model. This results in an explicit expression
for 𝑅𝑖(𝑊 , 𝜙̃) (detailed in Appendix B) including the information of
the internal structure of the water column. Thus, the relevant state
parameters are 𝑊 , 𝑈𝑛 𝑆𝑖 and 𝑅𝑖. This four dimensional parameter space
will be further reduced by relating 𝑆𝑖 to 𝑅𝑖 (Appendix B).

2.3. Eddy viscosity parameterization

In the absence of wind induced surface entrainment, a two-layer
tidally averaged eddy viscosity profile is introduced in Basdurak et al.
(2021). The possible effects of stratification in the upper layer are
included by the dependency of this profile on 𝑅𝑖 (Fig. 1a). In case of
wind entrainment, due to the directional wind stress and its complex
interaction with stratification, a three-layer eddy viscosity profile can
3

d

ccur with an interfacial layer 𝐴𝐼𝑣 (a band with a relatively strong
stratification) separating the two wall layers, denoted as the surface
(𝐴𝑆𝑣 ) and the bottom layer (𝐴𝐿𝑣 ); see Fig. 1b–d (blue and green lines,
respectively). In case of significant wind forcing, an unstably-stratified
tidally averaged conditions may emerge yielding a fully-mixed water
column with parabolic shape (Fig. 1f). This profile is analogous to an
unstratified water column with no surface-entrainment (Fig. 1e). Thus,
a conditionally-layered approach is taken to capture the complex depth-
dependent structure of the tidally averaged eddy viscosity profiles
described in Fig. 1. The continuous-in-depth and differentiable eddy
viscosity 𝐴𝑣 reads:

𝐴𝑣 =

⎧

⎪

⎨

⎪

⎩

𝐴𝐿𝑣 , −𝐻 ≤ 𝑧 ≤ 𝑧𝐿,

𝐴𝐼𝑣 , 𝑧𝐿 ≤ 𝑧 ≤ 𝑧𝑈 ,

𝐴𝑆𝑣 , 𝑧𝑈 ≤ 𝑧 ≤ 0,

(6)

with 𝑧𝐿 the location of lower maximum in the eddy viscosity profile,
and 𝑧𝑈 the upper maximum (i.e., the locations where 𝜕𝑧𝐴𝑣 = 0). With
two-local maxima the eddy viscosity profile is three-layered (Fig. 1c–
d). If there is only one maximum (as in Fig. 1a–b, e–f) 𝑧𝐿 = 𝑧𝑈 and the
intermediate layer disappears, resulting in a two-layer eddy viscosity
profile. Note that the upper layer 𝐴𝑈𝑣 indicates the layer above the BBL
maximum, 𝑧𝐿 ≤ 𝑧 ≤ 0. The expression 𝐴𝐿𝑣 for −𝐻 ≤ 𝑧 ≤ 𝑧𝐿 is similar
to the one in Basdurak et al. (2021) and reads

𝐴𝐿𝑣 = 𝜅 ||
|

𝑢𝑏∗
|

|

|

(

𝐻 + 𝑧 + 𝑧𝑏0
)

(

1 − 𝑧 +𝐻
2𝑧𝐿 + 2𝐻 + 𝑧𝑏0

− 𝑑0

)

⋅ (7)

ote that the log−law of the wall is preserved as the profile is parabolic
ear the bottom resulting in 𝐴𝐿𝑣 (−𝐻) = 𝜅|𝑢𝑏∗|𝑧

𝑏
0 for 𝑑0 = 0 (Fig. 1a–e)

nd 𝐴𝐿𝑣 (−𝐻) = 𝜅(|𝑢𝑏∗|+|𝑢
𝑠
∗|)𝑧

𝑏
0∕2 for 𝑑0 > 0 (Fig. 1f). The local maximum

f (7) is adjusted by including the coefficient 𝑑0 ≈ (1 − 𝑢𝑠∗∕𝑢
𝑏
∗)∕2

(Appendix A.2); the coefficient 𝑑0 varies within a range of 0 ≤ 𝑑0 < 0.5
i.e., 𝐴𝐿𝑣 is always positive). This adjustment is necessary because the
urface shear dictates the magnitude of the local 𝐴𝑣 maximum when up-
stuarine winds fully mix the water column i.e., 𝑧𝐿 = −𝐻∕2. Because
𝑏
0 is considerably small relative to 𝐻 , the 𝐴𝑣 maximum equals 𝜅𝑢𝑠∗𝐻∕4
hen 𝑑0 > 0 and 𝜅𝑢𝑏∗𝐻∕4 when 𝑑0 = 0. The conditions (up-estuarine
inds with a fully-mixed water column) that allow for 𝑑0 > 0 are
ased on the GOTM simulations and will be discussed in the following
ection; 𝑑0 = 0 otherwise. To complete (6) a conditional expression
or 𝐴𝑆𝑣 and 𝐴𝐼𝑣 is developed in Appendix A; it captures the influence
f (i) merging boundary layers (the SBL and the BBL fully merge
nto each another, Fig. 1c, f; the BBL fully merge into SBL, Type I in
ig. 1d) and separated boundary layers (Type II in Fig. 1d), (ii) single
ayer mixing (the BBL mixing Fig. 1a; the SBL mixing Fig. 1b) on the
𝑣 profiles. The conditional expression depends on the dimensionless
arameters defined in the previous section and on the locations 𝑧𝑈
nd 𝑧𝐿 with the corresponding magnitudes of 𝐴𝑣 (i.e., 𝑓𝑠 and 𝑓𝑏; see
ig. 1 for definitions of these parameters). In the following section,
he dependency of these quantities on the dimensionless parameters
defined in the previous sub-section) will be derived and physically
otivated.

. Analytical model development and validation

To complete the tidally-averaged 𝐴𝑣 parameterization, its charac-
eristic length scales (𝑧𝑈 , 𝑧𝐿) and its local-maxima magnitudes (𝑓𝑠, 𝑓𝑏)
eed to be determined in terms of the state parameters: 𝑊 , 𝑅𝑖, and
𝑛. To achieve this, the one-dimensional tide-resolving water col-
mn model GOTM (General Ocean Turbulence Model, http://www.
otm.net) consisting of a 𝑘 − 𝜀 model with algebraic second-moment
losure (Umlauf and Burchard, 2005) is used. Since the analytical
odel (1) is subtidal, the viscosity profiles obtained from the GOTM

re tidally averaged. These subtidal 𝐴𝑣 profiles are analyzed using a
eak-detection algorithm to capture the local maxima (i.e., prominent
urvature changes near the surface and bottom, and around the mid-

epth) and the associated values of 𝐴𝑣 at these peaks. These subtidal 𝐴𝑣

http://www.gotm.net
http://www.gotm.net
http://www.gotm.net
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Fig. 1. A sketch of tidally averaged eddy viscosity 𝐴𝑣 profiles resulting from Eq. (6) under stratified conditions: (a) only BBL mixing ℎ𝑠 = 0, (b) only SBL mixing ℎ𝑏 = 0, and
(c, d) both BBL and SBL mixing when {−𝑧𝑈 , 𝑧𝐿 −𝐻} < 𝐻∕2. Critical depths with boundary conditions are marked by circles e.g.,yellow/orange circles are associated with 𝐴𝑣 at
surface/bottom. The shape functions 𝜁, 𝜍 are shown in color to specify their associated layer (Appendix A). The length scale ℎ−associated with SBL mixing, is shown on the top
right corner. It indicates the depth where the upper layer 𝐴𝑈𝑣 maximum decays and merge onto the layer below. A Type II profile denotes the conditions of ℎ𝑠 + ℎ𝑏 < 𝐻 . The
𝐴𝑣(−ℎ) equals: (b) 𝜅|𝑢𝑏∗|𝑧

𝑏
0 without BBL mixing, (d) 𝜅|𝑢𝑠∗|𝑧

𝑠
0 with BBL mixing. A Type I profile (c, d) denotes the surface entrained conditions with ℎ𝑠 + ℎ𝑏 > 𝐻 . The 𝐴𝑣 profile is

parabolic when 𝑧𝑈 = 𝑧𝐿 = −𝐻∕2. (e, f) Fully mixed conditions without and with surface entrainment. Red circle in (f) denotes 𝜅(|𝑢𝑠∗|+ |𝑢𝑏∗|)𝑧
𝑏
0∕2 in case of 𝑑0 > 0 (solid line). Green

line denotes the BBL; black line denotes the upper layer without SBL; blue and purple lines denote the 𝐴𝑆𝑣 and 𝐴𝐼𝑣 , respectively.
characteristics are systematically investigated over the space of 𝑊 , 𝑆𝑖
and 𝑈𝑛; via scaled potential energy anomaly, 𝑅𝑖 and 𝑆𝑖 are interlinked
(Appendix B); the boundary layer thicknesses ℎ𝑠 and ℎ𝑏 are expressed
in terms of the state parameters and the local maxima positions 𝑧𝑈 and
𝑧𝐿 are linked to them (Appendix C, Fig. Ca, b).

This systematic investigation is performed by considering a set of
idealized case studies in which the tidal current amplitude 𝑈𝑇 (M2
with 𝑇 = 12.42 h), wind stress 𝜏𝑠, and longitudinal salinity gradient
𝜕𝑥𝑆( = −𝑔𝛽𝜕𝑥𝑏 with haline contraction coefficient 𝛽 = 7.4×10−4 kg g−1)
are systematically varied, while the other parameters are fixed: 𝐻 = 10
m, 𝑧𝑏0 = 3 × 10−3 m, 𝑧𝑠0 = 1.5 × 10−5 m, and zero runoff velocity

−1
4

𝑢𝑟 = 0 m s . The number of GOTM experiments carried out is around
12,000. From the GOTM runs that reach a periodic state, 𝑢𝑏∗ is obtained
after tidally averaging the GOTM output, resulting in the dimensionless
state parameters with ranges 𝑈𝑛 ∈ [0.01, 1.4], 𝑊 ∈ [−2.3, 2.3]∖{0}, and
𝑆𝑖 ∈ [0.02, 1.60].

3.1. Calibration of 𝐴𝑣

The GOTM simulations are grouped into weak, moderate, and strong
tidal forcing, respectively indicated by 𝑈𝑛 ∼ (1), 𝑈𝑛 ∼ (10−1), and
𝑈𝑛 ∼ (10−2) (Fig. 2 left, middle and right columns). For a fully-mixed
water column, i.e., 𝑓 (𝑅𝑖 = 0) = 1, unsteadiness magnitudes of 𝑈𝑛 = 1

𝑈𝑛 = 0.1 and 𝑈𝑛 = 0.01 correspond to tidal velocity amplitudes of
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Fig. 2. Tidally averaged and scaled eddy viscosity 𝐴̃𝑣 = 𝐴𝑣∕(𝑢𝑏∗𝐻) profile characteristics: (a–c) profile shape, and (d–f) scaled potential energy anomaly 𝜙̃ (< 0 for unstably stratified
conditions shown in gray circles) derived from GOTM. (a–c) The simulations are grouped in three orders of magnitudes of the unsteadiness numbers 𝑈𝑛 ∼ (1),(10−1),(10−2)
with panel-columns denoting the increasing tidal amplitudes from left to right. The simulations are shown over the parameter space of the Wedderburn and the Simpson numbers
𝑊 𝑒 − 𝑆𝑖; the scaled wind stress ∣ 𝑊 ∣= 0.01, ∣ 𝑊 ∣= 1, and ∣ 𝑊 ∣= 2 are drawn in red, gray and black contours. In top panel, colors denote the local maximum of each tidally
averaged 𝐴̃𝑣 within each profile cluster; all 𝐴̃𝑣 profiles are grouped based on their shape (inset figures) i.e.,local maximum is at the mid−depth (pink/brownish), near the surface
(yellow), near the bottom (red), or bimodal (green) with lighter shades denoting larger magnitudes. The GOTM runs that did not reach a periodic state are blanked out. 𝑊 𝑒 > 0
indicates up-estuarine winds and 𝑊 𝑒 < 0 indicates down-estuarine winds.
0.03, 0.25, 2.5 m s−1 using the default parameter values. The tidal
amplitudes obtained from (3) have to be multiplied by 𝑓 (𝑅𝑖 = 5) = 1.77
for fully-stratified conditions under relatively weak winds; the upper
limit choice for the bulk stratification 𝑅𝑖 = 5 is detailed in Fig. 3a
of Basdurak et al. (2021). Fig. 2 reveals the complex dependence of the
𝐴𝑣-profile on stratification (in both horizontal and vertical directions),
directional (up- and down-estuarine) wind−intensity, and tidal forcing
characteristics. In Fig. 2a–c, characteristics of the tidally-averaged and
scaled (by 𝑢𝑏∗𝐻) GOTM−𝐴𝑣 profiles are plotted as a function of 𝑊𝑒
(horizontal axis) and 𝑆𝑖 (vertical axis) with colors indicating the overall
shape of each profile and color-shades denoting the relative local-
maxima intensity. The shape of the 𝐴𝑣 profiles ranges from skewed,
with distinguished BBL-peak (red) or SBL-peak (yellow), to twin-SBL-
BBL-peaks (green) to parabolic (pink/brownish). These shapes resemble
the 2-layer and 3-layer 𝐴𝑣 profiles illustrated in Fig. 1, and will be
captured by the associated 𝐴𝑣-parameterization (6). In Fig. 2d–f, the
degree of vertical stratification corresponding to each profile is shown
as the scaled (by 𝜌0(𝑢𝑏∗)2) potential energy anomaly. Contours of scaled
wind stress |𝑊 |(= 0.05, 1, 2) are shown in the panels of Fig. 2 to identify
the regions of dominant stress. For decreasing 𝑈𝑛, the region that GOTM
can resolve gets smaller (i.e., markers are constrained to a smaller
region corresponding to smaller 𝑆𝑖).

Wind direction (𝑊𝑒) and tidal strength (𝑈𝑛) affect the position of the
local maxima: weak tides and down-estuarine winds support the near-
bottom skew (Fig. 2a) whereas strong tides and down-estuarine winds
result in the near-surface skew (Fig. 2c). With increasing horizontal
stratification 𝑆 , twin-peak 𝐴 shapes emerge for down-estuarine winds
5

𝑖 𝑣
(Fig. 2a, b); the two peaks converge with increasing |𝑊 | (left-bottom
inset of Fig. 2a–b, lighter shades of green) approaching a parabolic
profile. Focusing on the parabolic 𝐴𝑣 profiles, it is observed that
their magnitude linearly increases with |𝑊 | independent of 𝑈𝑛 (lighter
shades of pink; Fig. 2a–c). However, for all cases, there is an asymmetry
in local-maxima magnitudes in regard to the 𝑊𝑒 = 𝑊 ∕𝑆𝑖. Such asym-
metry is a result of differences in the degree of vertical stratification
𝜙̃. This is best observed in Fig. 2d–e in which vertical stratification
increases as up-estuarine winds weaken and down-estuarine winds
take over. Vertical stratification increases with horizontal stratification
when winds are in the down-estuarine direction; under up-estuarine
winds vertical stratification is more sensitive to the combined effect of
the scaled wind stress 𝑊 and 𝑆𝑖.

Additionally, increasing up-estuarine winds yield unstable condi-
tions 𝜙̃ < 0 (empty circles in Fig. 2d–e). This region of the parameter
space coincides with 𝐴𝑣 profiles of scaled magnitudes 𝐴𝑣 > 0.1,
which can be attributed to the dominant effect of wind on the vertical
stratification of the water column; hence the 𝐴𝑣 profile scales with
surface friction velocity rather than bottom friction velocity.

3.1.1. Surface boundary layer
The evolution of the SBL was first experimentally investigated

by Kato and Phillips (1969). Based on these lab experiments, Price
(1979) derived an entrainment law from energy conservation consid-
erations, resulting in an expression for the SBL thickness given by

ℎ𝑠(𝑡) = 𝜓|
|

𝑢𝑠∗||

√

𝑡 . (8)

𝑁0
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Fig. 3. (a) Bulk buoyancy frequency approximation 𝑁 vs. 𝑁GOTM for the SBL. (b) Tidally−averaged SBL thickness ℎ𝑠 as a function of vertical stratification 𝑅𝑖. (c) Comparison of
ℎ̃𝑇 and ℎ̃LM𝑇 , the sum of tidally−averaged and scaled boundary layer thicknesses ℎ̃𝑏 = 2 + 2𝑧̃𝐿 and ℎ̃𝑠 obtained by Eq. (10) and the tidally−averaged 𝐴𝑣-peak locations of with the
superscript LM standing for ’Local Maximum’. (d) ℎ̃𝑇 as a function of 𝑅𝑖 with the black line drawn as a reference for no-entrainment case i.e., ℎ̃𝑇 = ℎ̃𝑏 = exp(𝑟1𝑅𝑖 𝑟2 ) for stable
conditions. For unstable conditions ℎ̃𝑠 = ℎ̃𝑏 = 𝐻∕2. All the relations shown in (a–d) are based on the GOTM output with colors denoting the scaled wind stress magnitude |𝑊 |

(grouped in intervals of 0.5, 1 and 2), and circle-sizes denoting the unsteadiness 𝑈𝑛 (smaller circles and 𝑈𝑛 denoting larger tidal amplitudes).
In (8), 𝑡 is time, 𝑁0 is the Brunt Väisälä frequency prior to a wind event
and 𝜓 ≈ 1.1 is a coefficient. Chen and Sanford (2009) adopted (8) to
obtain a subtidal boundary layer thickness using a characteristic time
scale for 𝑡 = 3h, and for 𝑁0 the constant background stratification,
specific to their numerical model findings. We propose a more general
approach for the subtidal SBL thickness based on a typical time scale
defined as the quarter tidal period 𝑡 = 𝑇 ∕4, and the bulk buoyancy
frequency 𝑁 . Constraining ℎ̃𝑠 by the water column depth (i.e., ℎ𝑠 ≤ 𝐻)
yields

ℎ𝑠 =
[

𝜓|
|

𝑢𝑠∗||

√

𝑇
4𝑁

, 𝐻
]

min
, (9a)

𝑁 = 2
𝐻

√

𝜙
𝜌0
. (9b)

For stable conditions (𝑅𝑓 > 0, 𝜙 > 0), the approximation of
𝑁 (9b) is compared with the tidally-averaged buoyancy frequency,
resulting in 𝑁GOTM obtained from the GOTM runs in Fig. 3a. The
𝑁GOTM is calculated by first depth-averaging the buoyancy frequency
(1∕𝑧𝑗 ) ∫

0
𝑧𝑗
𝑁(𝑧) d𝑧, with 𝑧𝑗 denoting the position of the maximum ver-

tical density gradient (i.e., 𝜕𝑧𝜌|𝑧=𝑧𝑗 = (𝜕𝑧𝜌)max in the water column),
then tidally averaging it. The lower integration limit is taken equal to
6

𝑧𝑗 over 𝑧𝑈 because it helps capturing the whole SBL not just the upper
part of the SBL. The 𝑁GOTM compares well to the 𝑁 (9b).

The change of the SBL thickness ℎ𝑠 (9a) with 𝑅𝑖(𝑊 , 𝜙̃) is shown
in Fig. 3b; ℎ𝑠 decreases with increasing stratification 𝑅𝑖 and increases
with scaled wind stress 𝑊 . It is also sensitive to 𝑈𝑛: for a water column
that has the same bulk stratification, cases with smaller 𝑈𝑛 (higher tidal
amplitudes and BBL mixing; shown as smaller markers in Fig. 3b) yield
larger SBL layers, and vice-versa. The new subtidal SBL expression (9)
is valid for stable conditions (𝑅𝑓 > 0, 𝜙 > 0). For unstable conditions
(𝑅𝑓 < 0, 𝜙 < 0), it is considered to be equal to the water depth,
ℎ𝑠 = 𝐻 . This is driven by the GOTM output shown in Fig. 2 which
suggests that the boundary layer thickness scales with the water depth
for unstable conditions, yielding parabolic 𝐴𝑣 shapes. Motivated by the
findings of Trowbridge (1992) for stably stratified conditions, 𝑧𝑈 is set
to a water depth that separates the regions of distinct turbulent-mixing
characteristics: the wall region where boundary-generated turbulence
dominates mixing and the marginal-state region where turbulent mix-
ing is strong enough to maintain the stratification near a critical value.
A new relation for 𝑧𝑈 and ℎ𝑠 that accounts for the merging boundary
layers is derived and detailed along with the vertical structure of the
SBL in Appendix A.3.
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Fig. 4. Sensitivity of the 𝐴̃𝑣 parameterization to |𝑊 | (columns), 𝑈𝑛 (rows) and 𝑅𝑖 (transparent colors) for down-estuarine (a–s; left panel) and up-estuarine winds (a–r; right
panel); (t) a reference scenario when the surface entrainment is ignored (Basdurak et al. 2021). On the right panel (s) is excluded for simplicity as it is same as (l; right panel).
Solid lines denote the parameterization and dashed lines denote the polynomial approximation. The profiles are ordered w.r.t. the degree of stratification with weaker stratification
shown underneath. Hence, for a fully mixed water column with parabolic 𝐴̃𝑣, fewer lines are visible due to overlapping.
3.1.2. Bottom boundary layer
Wind entrainment changes the interfacial shear and the stratifi-

cation of the water column. For shallow systems, dynamics of the
SBL may affect the BBL characteristics. Therefore, the BBL-thickness
formulation introduced by Chen and De Swart (2016) ℎ0𝑏 is extended
to account for wind entrainment. This new formulation is obtained by
first parameterizing the sum of tidally−averaged surface and bottom
boundary layer thicknesses, ℎ𝑇 = ℎ𝑠+ℎ𝑏 in terms of 𝑊 , 𝑆𝑖, 𝑈𝑛, and ℎ0𝑏 ,
as:

ℎ𝑇 =
ℎ0𝑏

1 − 0.75 tanh
√

|𝑊 |∕(𝑆𝑖𝑈𝑛)
,with ℎ0𝑏 = 𝐻 exp(−0.78𝑅𝑖0.36). (10a)

This parameterization is obtained using the GOTM output. The sum of
boundary layer thicknesses ℎ𝑇 varies between ℎ0𝑏 for the no-wind𝑊 = 0
cases and ∼ 4ℎ0𝑏 for the cases of |𝑊 | ≫ 𝑆𝑖𝑈𝑛. The BBL thickness ℎ𝑏 is
then calculated by using (9) and (10a), resulting in

ℎ𝑏 =

⎧

⎪

⎨

⎪

⎩

𝐻, ℎ𝑠 = 𝐻.
(ℎ0𝑏 ,𝐻)min, ℎ𝑡 ≤ ℎ𝑠 < 𝐻.

(ℎ𝑇 − ℎ𝑠,𝐻)min, ℎ𝑡 > ℎ𝑠 < 𝐻.
(10b)

Note that the upper limit is constrained by the water column depth
i.e., ℎ𝑏 ≤ 𝐻 ; accordingly, ℎ𝑡 ≤ 2𝐻 because a fully mixed water
column may arise due to the growth of SBL or/and BBL. When the wind
entrainment is insignificant e.g., 𝑊𝑒 = 𝑊 = ℎ𝑠 = 0, then ℎ𝑇 reduces to
ℎ0𝑏 in agreement with Chen and De Swart (2016) and Basdurak et al.
(2021).

The correlation between the total boundary layer thicknesses ob-
tained using the GOTM output ℎLM𝑇 and ℎ𝑇 (10a) is shown in Fig. 3c.
The ℎLM𝑇 is calculated by detecting the tidally-averaged 𝐴𝑣-peak loca-
tions (i.e., the local maxima 𝑧𝑈 and 𝑧𝐿) and relating them to the surface
and bottom boundary layer thicknesses ℎLM𝑠 and ℎLM𝑏 . The former is
achieved by using (A.3) and the latter by assuming ℎLM𝑏 = 2(𝑧𝐿 +
𝐻) (consistent with Basdurak et al. (2021)). The sum of boundary
layer thicknesses resulting from both methods are in good agreement,
indicating that (10) offers a reasonable estimate for the total boundary
layer thickness for stable conditions. With increasing wind adjusted
vertical stratification 𝑅𝑖 the sum of the boundary layer thicknesses ℎ𝑇
decrease; when the scaled winds (|𝑊 |) weaken, the exponential trend
7

associated with the BBL alone is captured (black line in Fig. 3d). For
unstable conditions, analogous to the SBL, the BBL thickness scales with
the water depth.

3.2. Sensitivity of the 𝐴𝑣-parameterization to 𝑅𝑖, 𝑊 and 𝑈𝑛

With boundary layer thickness definitions and the associated local-
maxima relations, expressed in terms of the state parameters, (6)
results in physically motivated, tidally-averaged 𝐴𝑣 profiles. Because
the prominent subtidal characteristics of the 𝐴𝑣 profiles (i.e, 𝑧𝑈 , 𝑧𝐿, 𝑓𝑠,
and 𝑓𝑏) in (6) are based on the GOTM output and thus already qualita-
tively validated, an explicit comparison between them is excluded for
simplicity.

In Fig. 4, the 𝐴𝑣 profiles are shown for a range of dimensionless pa-
rameters: 𝑅𝑖 = [0.05, 0.1,… , 0.5, 1,… , 5], |𝑊 | ∈ {0.05, 0.1, 0.5, 1.5}, and
𝑈𝑛 ∈ {0.5, 1, 2.5, 5}. For smaller values of unsteadiness i.e. 𝑈𝑛 ∼ (10−2),
the BBL mixing increases resulting in parabolic profiles. Therefore, we
focus on the part of the parameter space with a wider range of 𝐴𝑣
profile variability.

An important consequence of the surface-entrainment inclusion is
that the vertical gradient of the 𝐴𝑣 profile increases near the surface
similar to its linear increase near the bed regardless of stratification,
resulting in a parabolic 𝐴𝑣 profile near both boundaries (Fig. 4a–s, left
and right panels). When surface entrainment is neglected, the parabolic
profile near the surface is missing for stratified water column (Fig. 4t).

The profile shape is more sensitive to stratification under down-
estuarine winds (Fig. 4, left panel) than under up-estuarine winds
(Fig. 4, right panel); its local maximum shifts between near-bed and
near-surface. In contrast, up-estuarine surface forcing yields mostly
parabolic eddy viscosity profiles for any degree of stratification except
for large 𝑈𝑛 and small 𝑊 . When tidal velocity amplitudes and down-
estuarine winds are weak (larger 𝑈𝑛 and smaller 𝑊 ; Fig. 4a left panel),
the 𝐴𝑣-local maximum occurs near the bed. The 𝐴𝑣-local maximum
occurs near the surface for smaller 𝑈𝑛 and larger 𝑊 (Fig. 4s left panel).
In between these extremes, relative magnitudes and locations of the
𝐴𝑣-maxima vary. When 𝑈𝑛 is relatively big and the bottom stress is
greater than the wind stress |𝑊 | < 1, the BBL grows with increasing
winds more than the SBL due to wind-adjusted bottom stress (Fig. 4a–
c left panel). For |𝑊 | > 1 the SBL growth dominates the stratified
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water column (𝑅𝑖 > 1) reducing the BBL height (Fig. 4d left panel).
Up-estuarine winds yield parabolic profiles, mostly associated with a
well-mixed water column with increasing 𝑊 and decreasing 𝑈𝑛. This is
the case even for a relatively strong stratified case 𝑅𝑖 > 1 (Fig. 4a–d vs.
Fig. 4m–s). Up-estuarine winds reduce the BBL height and lead to wind
induced high eddy viscosity coefficients with parabolic profile under
relatively strong stratification (right panel of Fig. 4). Most of 𝑊 > 0.5
is associated with unstable stratification and hence strong mixing.

3.3. Sensitivity of ℎ𝑠 and ℎ𝑏 to 𝑆𝑖, 𝑊 and 𝑈𝑛

The surface and bottom boundary layer thicknesses are explored
over the state parameters (Fig. 5). The parameter space is spanned by
𝑈𝑛, 𝑊 and 𝑆𝑖 rather than 𝑅𝑖 to be consistent with Part I (Basdurak
et al., 2021). In Fig. 5, each boundary layer thickness is shown by a
distinct color with top half of the markers denoting the SBL and the
bottom half denoting the BBL. Markers without black circles indicate
separate layers (Fig. 1d:Type II), whereas merging boundary layers
(Fig. 1c, d:Type I, f) are shown with black circles. The boundary layers
separate as the horizontal stratification increases (𝑆𝑖 gets bigger) when
𝑊 < 0.5 and 𝑈𝑛 = 5 (Fig. 5a). The bottom boundary layer thickness ℎ𝑏
is greater than ℎ𝑠 for down-estuarine winds and vice versa for the up-
estuarine winds. Increasing tidal strength constrains the occurrence of
separate layers to weaker down-estuarine winds (Fig. 5d). When either
of the boundary layers scales with the water depth (purple markers),
the 𝐴𝑣 profiles become parabolic.

4. Exchange flow

4.1. Analytical solution

The analytical solution for tidally averaged exchange flow is given
in Part I (Eqn. (16) of Basdurak et al. 2021) and expressed in its scaled
form as:

𝑢̃ (𝑧̃) = 𝑈̃𝑔 + 𝑈̃𝑤 + 𝑈̃𝑟 =
𝑆𝑖
2
𝛾𝑔 +𝑊 𝛾𝑤 + 𝑢̃𝑟𝛾𝑟 . (11)

Here, 𝑈̃𝑔 , 𝑈̃𝑤, and 𝑈̃𝑟 denote the density-driven, wind-driven and runoff
flow components, respectively; 𝛾𝑗 is a shape function associated with
each component with 𝑗 ∈ {𝑔,𝑤, 𝑟}, dependent on the shape of the 𝐴𝑣
profile (Eq. (5)). Note that the notations for scaled wind stress and
Wedderburn numbers are different in Part I.

Here, we follow the same procedure as in Part I, and use the
constrained-polynomial fitting for the upper layer of the 𝐴𝑣 within
𝑧𝐿 ≤ 𝑧 ≤ 0 to avoid Fractional Calculus problems in solving 𝑢̃. The
main difference with Part I is that the 𝐴𝑈𝑣 approximations and thus 𝛾𝑗 in
(11) can be single or two-layered (Appendix C). The fitted 𝐴𝑣 profiles
are shown in Fig. 4 as dashed lines. The approximation agrees well
with the 𝐴𝑣 parameterization except when the mid-layer 𝐴𝑣 is orders
of magnitude smaller compared to the rest of the water column (Type
II in Fig. 1d; pronounced when 𝑅𝑖 ≥ 3, 𝑈𝑛 ≥ 2.5 and 𝑊 < 0 in Fig. 4).
For these extreme cases, exponential approximation for the mid-layer
(interfacial layer) yields better results (Fig. D1, bottom-right panel;
Appendix D.1). However, we use polynomial approximation as these
cases are rare in the parameter space explored and computationally
costly. Note that because the lower layer 𝐴𝐿𝑣 is parabolic, the analytical
solution does not require using the approximation. The local maxima
positions and magnitudes, and the surface magnitude of the approxi-
mated 𝐴𝑣 profiles are same as in (6) i.e., continuous in depth satisfying
the boundary conditions. With these profiles, the tidally averaged flow
components are solved analytically. Exchange flow velocity is explored
over a range of state parameters in the following section.
8

Fig. 5. Scaled boundary layer thicknesses ℎ̃𝑏 , ℎ̃𝑠 with ℎ̃𝑠+ℎ̃𝑏 ≥ 1 shown in black circles.
Bi-colored markers are used for boundary layer thicknesses with top and bottom halves
denoting ℎ̃𝑠 and ℎ̃𝑏.

4.2. Exchange flow profiles

Scaled exchange flow 𝑢̃ profiles that are obtained from analytical
solutions using (6) of the depth-varying 𝐴𝑣 (dashed lines, Fig. 4) are
shown in Fig. 6 for no-runoff condition 𝑢̃ = 0. By using (3), one can
𝑟
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Fig. 6. Sensitivity of the exchange flow 𝑢̃ = 𝑢̃𝑔 + 𝑢̃𝑤 to |𝑊 | (columns), 𝑈𝑛 (rows) and 𝑅𝑖 (transparent colors) for down-estuarine (a–s; left panel) and up-estuarine winds (a–s; right
panel). The profiles are obtained analytically using the polynomial-approximated 𝐴̃𝑣-parameterization (dashed lines in Fig. 4). Note that the currents are shown on a logarithmic
scale for a better visualization and that all the flow profiles converge to zero at the bottom of the water column.
recover the dimensional form of the exchange flow 𝑢. The 𝑢̃ profiles
vary in shape and magnitude over the parameter space of |𝑊 |, 𝑈𝑛 and
𝑅𝑖. Shape of the exchange profiles are characterized by their inflection
depths that correspond to changes in flow’s direction yielding multi-
layer flow. Down-estuarine winds drive two-layer flows (Fig. 5, left
panel) whereas up-estuarine winds drive two and three-layer flows
(Fig. 5, right panel). Down-estuarine winds support the classical es-
tuarine circulation with downwind estuarine flow near the surface
and upwind return flow near the bottom. Down-estuarine winds yield
enhanced exchange flows with increasing stratification. With increasing
down-estuarine wind stress, stronger stratification cause the inflection
depth to move down approaching the mid-water column. There is a
distinct grouping of 𝑢̃ profiles for 𝑅𝑖 > 1 and 𝑅𝑖 < 1 due to the interplay
between stratification and shear; 𝑅𝑖 = 1 separates stratified conditions
from mixed conditions, 𝑅𝑖 < 0.1 denotes the fully-mixed conditions.
For weaker down-estuarine winds, the inflection depth varies with
tidal amplitude rather than stratification (Fig. 5a, e, i, m; left panel),
increasing with tidal amplitude. For stronger down-estuarine winds,
the inflection depth varies with both tidal amplitude and stratification
(Fig. 5d, h, l, s; left panel). For up-estuarine winds, 𝑢̃ reversals (inverse
circulation: up/down-estuarine flow near the surface/bottom) or three-
layer flows occur (i.e., mid-depth upwind flows balanced by downwind
flows near the top and bottom of the water column). Inverse circulation
occurs when 𝑊 = 1.5 (Fig. 5d, h, l, s; right panel) and relatively weakly
stratified conditions of 𝑊 < 1.5. The three-layered 𝑢̃ form is more
prominent when 𝑊 = 0.5 and 𝑅𝑖 > 1 (Fig. 5c, g, k, r; right panel).
For weak winds and stratified waters (first two columns of Fig. 5 right
panel) the down-wind flow gets constrained to the surface. For 𝑊 > 1,
𝑢̃ is less sensitive to stratification as the unstable conditions prevail for
any 𝑅𝑖 range. This yields two-layer flows with near surface inflection
(in contrast to the near-bottom inflection of down-estuarine winds).

5. Exploration of the exchange flow characteristics

The exchange flow intensity 𝑀̃ (Burchard et al., 2011) for one-
dimensional cases, defined as

𝑀̃ = 4∫

0

−1
𝑢̃ (𝑧̃) (𝑧̃ + 0.5) 𝑑𝑧̃ (12)

is used to explore the state space spanned by the parameters of 𝑈𝑛, 𝑊
9

and 𝑆𝑖 rather than 𝑅𝑖 to be consistent with Part I (Fig. 7c in Basdurak
et al. (2021) with x-axes denoting the scaled wind stress i.e., a different
notation was used for the Wedderburn number).

The dimensionless exchange intensity 𝑀̃ considers the orientation
of the near-bed currents and denotes classical (inverse) circulation
when 𝑀̃ < 0

(

𝑀̃ > 0
)

. The exchange flow intensity in (12) differs
from the definition used in Part I where it was modified to include the
BBL thickness; the original form is used here to accommodate for the
merging boundary layers.

The exchange flow intensity in Fig. 7 g differs from the ones shown
in Part I that ignore wind entrainment. Ignoring wind entrainment
results in two orders of magnitude difference in 𝑀̃ for the cases of
extreme stratification 𝑆𝑖 > 3.5 (whited area in Fig. 7c, of Part I
where 𝑈𝑛 = 0.03; the whited area extended to 𝑆𝑖 > 1 for 𝑈𝑛 = 0.5
(not shown)). The 𝑀̃-isolines show asymmetry with respect to wind
direction and stratification (Fig. 7, left panel). The exchange flow in-
tensity 𝑀̃ increases with increasing up-estuarine winds and decreasing
stratification; however it only increases with increasing down-estuarine
winds and increasing stratification for 𝑆𝑖 <∼ 1. For larger 𝑆𝑖 the
isoline slope first becomes negative (𝑀̃ increases with weak down-
estuarine winds) then positive with increasing down-estuarine winds.
For weak tides, negative isoline slopes extend a wider span of 𝑊 − 𝑆𝑖
space (Fig. 7a, darker shades of purple); for water columns with same
stratification weaker down-estuarine winds result in stronger exchange.
For weak tides and extreme stratification 𝑆𝑖 > 3.5, 𝑀̃ becomes less
sensitive to the down-estuarine wind stresses (Fig. 7a). Additionally,
moderate to strong up-estuarine winds that are mostly associated with
unstable stratification, yield approximately half the exchange-intensity
of the down-estuarine winds with same strength.

The down-estuarine wind driven reversals of 𝑀̃-isolines (darker
shades of purple in Fig. 7, left panel) correlate to the cases of ℎ𝑠+ℎ𝑏 < 𝐻
(Fig. 5). These are the cases of 𝐴𝑣 profiles with separate near surface
and near bottom maxima. Variability of the SBL to BBL thickness in-
crease with 𝑈𝑛 (Fig. 5). The smaller the boundary layer thicknesses, the
stronger the exchange intensity (Fig. 5; Fig. 7, left panel). When both
SBL and BBL scale with 𝐻 (dark-purple filled circles associated with
parabolic eddy profiles), 𝑀̃-isolines slopes tilt in the same direction
(positive slope) regardless of the wind direction. Markers denoting the
boundary layer thicknesses that are ℎ𝑠+ℎ𝑏 ≥ 𝐻 , yet individually smaller
than the water depth (bi-color-filled black circles) correspond to the

̃
area of transition in trends of 𝑀-isoline slopes.
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Fig. 7. Scaled exchange flow intensity 𝑀 (left; with |𝑀| ≤ 1 range shown in distinct colors) and scaled inflection depth 𝑧̃𝑖 (that corresponds to change in flow direction). Single
filled color denotes single inflection depth; dual inflection is shown with bi-colored filled markers top/bottom half denoting the near surface/bottom inflection depth.
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Fig. 8. Scaled inflection depths 𝑧𝑖, i.e., depths that correspond to changes in flow direction for 𝑢̃𝑟 = {−1,−0.25, 0} from left to right. Single filled color denotes single inflection
depth; dual inflection is shown with bi-colored filled markers top/bottom half denoting the near surface/bottom inflection depth; single layer flows are shown in magenta circles.
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5.1. Flow inflection depths and runoff

The 𝑢̃-structure changes across the parameter space are shown in
terms of inflection depths 𝑧𝑖 that mark the changes in flow direction in
the water column (Fig. 7, right panel; two and three layered flows are
shown as filled markers, dual-filled markers, respectively). Mostly two-
layer flows occur across the 𝑊 − 𝑆𝑖 −𝑈𝑛 space with −0.8 ≥ 𝑧𝑖 ≥ −0.15.
The inflection occurs above mid-depths when both SBL and BBL scales
with 𝐻 .

With increasing down-estuarine runoff, the inflection depth shifts
down/up for down/up-estuarine winds (Fig. 8). When ℎ𝑠 +ℎ𝑏 < 𝐻 , the
flow changes direction at mid-depth. Increasing down-estuarine runoff
also supports the single-layer flow occurrences for weak-wind cases.
Single layer flow (marked by magenta circles) is prone to 𝑈𝑛 appearing
only under relatively well-mixed conditions when 𝑈𝑛 is significant.
Flow becomes three-layered by the up-estuarine winds; favored by
stronger stratification, but suppressed by down-estuarine runoff.

5.2. Modifications to 𝑢̃

As stated in Part I (Basdurak et al., 2021), the tidal variations in
eddy viscosity profile are ignored in the analytical solution yielding
underestimations in the exchange flow as a result of the absence of
ESCO-generated circulation. To evaluate the accuracy of the exchange
flow (8), the correlation of the exchange flow intensity between the
numerical and analytical solutions is analyzed for the overlapping
parameter space (Fig. 9). Same 𝑈𝑛 range as in Fig. 6 is used for this
analysis and the analytical solutions are obtained accordingly.

Analytical and numerical model results are in good agreement for
relatively small unsteadiness numbers 𝑈𝑛 ∼ 0.03 (Fig. 9j). For weak
tidal amplitudes, a decent agreement only exists for 𝑅𝑖 ∼ 0.5 when
|𝑊 | > 0.5. The discrepancies arise with smaller |𝑊 | for a varying
degrees of stratification, particularly for down-estuarine cases (Fig. 9a,
d, g). However, the comparison shows that the inclusion of wind-
entrainment to the stratification adjustment and to the eddy viscosity
parameterization improves the solution significantly for a wider range
of state parameters (Fig. 9a, d, g of Basdurak et al., 2021).

To account for the ESCO-generated circulation, 𝑢̃ is modified by
altering the contribution from the gravitational component and re-
calculating 𝑀MODEL (Fig. 9; middle and right panels). For 𝑈𝑛 ∼ 0.03
increasing the contribution from the gravitational component does not
affect the correlation much. However, for higher unsteadiness numbers
the correlation improves with 3𝑈𝑔 (Fig. 9c, f, i).

6. Comparison to observations

The tidally averaged 𝐴𝑣 parameterization is compared to observa-
tions from the York River, a partially mixed estuary located around
Chesapeake Bay, Virginia (Simpson et al., 2005). The estuary is forced
by tidal currents and highly variable discharges. The survey was con-
ducted at an almost straight section of the estuary, by using a combi-
nation of instruments (fast sampling ADCPs (Acoustic Doppler Current
Profilers), an Acoustic Doppler Velocimeter (ADV), CTD profilers, and
an anchored research vessel between ADCPs) capturing the neap-spring
cycle of turbulence in the water column.

To compare the observed 𝐴𝑣 profiles with those obtained using
the parameterization developed in this paper, Figs. 2, 7, 8 of Simpson
et al. (2005) were digitized by using image-processing techniques. The
extracted images were re-constructed to correspond to the temporal
resolution of the original images by using a lanczos filter for the time
series at each depth with a relevant cutoff frequency (i.e., sampling
frequency of the variables), yielding profiles of density, along-channel
velocity, eddy viscosity and time series of bottom stress horizontal
density gradient, bottom stress, wind speed and direction (Fig. 10).
To calculate the state parameters, first the friction velocities 𝑢𝑏,𝑠∗ (𝑡)
were computed (Fig. 10g, left axes). Winds were rotated 30 degrees
12

o

west of north to conform to the main axis of the York River yield-
ing along-channel wind speed 𝑉 (𝑡) (< 0 down-estuary) and 𝑢𝑠∗(𝑡) =
√

𝑐𝑠𝐷𝜌𝑎𝑖𝑟∕𝜌0𝑉 (𝑡); 𝑢𝑏∗(𝑡) =
√

𝜏𝑏(𝑡)∕𝜌0. The state parameters 𝑊 (𝑡) and 𝜙̃(𝑡)
were calculated via scaling 𝑢𝑠∗(𝑡)|𝑢𝑠∗(𝑡)| and 𝜙∕𝜌0 by 𝑢𝑏∗(𝑡)2. The tidal 𝑅𝑖
was obtained via (B.1) at the tidal scales with 𝑊 (𝑡) and the scaled
potential energy anomaly 𝜙̃(𝑡). Both 𝑅𝑖(𝑡) and 𝑊 (𝑡) were then tidally
veraged. For 𝑈𝑛 the M2 period and absolute value of the tidally
veraged bottom friction velocity were used.

The 𝐴𝑣(𝑡) was re-constructed by including its approximate magni-
udes at the boundaries: 𝐴𝑣(𝑧 = −𝐻, 𝑡) = 𝜅𝑧𝑏0𝑢

𝑏
∗(𝑡), 𝐴𝑣(𝑧 = 0, 𝑡) =

𝑧𝑠0|𝑢
𝑠
∗(𝑡)| with 𝑧𝑏0 = 0.00005 m and 𝑧𝑠0(𝑡) = 1400(𝑢𝑠∗(𝑡))

2∕𝑔. The boundary
onditions were added to (Fig. 10b) and data gap was filled with
D interpolation (Fig. 10c); the time series were scaled by 𝐻𝑢𝑏∗(𝑡)
Fig. 10d) and tidally-averaged. Tidally averaged 𝐴𝑣 profiles under
own-estuarine winds are shown in Fig. 10h.

During the neap tide, the wind direction is predominantly down-
stuarine with strong winds, allowing for both SBL and BBL to develop.
ue to relatively strong stratification, mid water column shows a

maller mixing coefficient setting the boundary layers apart (Fig. 10h,
eft axis). During spring tides, tidal mixing prevailed yielding mixed
ater column; the down-estuarine winds were relatively weak yielding
defined BBL with greater 𝐴𝑣 magnitudes.

For the similar range of state parameters, the neap observations
all between Fig. 4n–r (purple line; left panel), and spring observations
etween Fig. 4m and Fig. 4t (𝑊 = −0.05 left panel and 𝑊 = 0;
reen line). The parameterized profiles are in good agreement with
he observed profiles. The parameterization does a decent job not only
redicting the tidally averaged boundary layer characteristics, but also
he 𝐴𝑣 local maxima magnitudes.

. Discussion

With the newly developed parameterization of 𝐴𝑣, the
ne-dimensional analytical solution provides insights into not only
he composition of exchange flow profiles, but also its relation to
he boundary layer properties over a wide range of state parameters
.e., stratification, unsteadiness and scaled wind stress.

For a fixed 𝑆𝑖, 𝑈𝑛, and |𝑊 |, down-estuarine winds result in tidally
veraged exchange flows that have twice the amplitude of those caused
y up-estuarine winds. Up-estuarine winds with magnitude 𝑊 >∼
.5, are associated with unstable stratification. This unstable stratifi-
ation is the result of extreme 𝐴𝑣 coefficients during the tidal cycle;
hese intertidal signals strongly affect the tidally averaged 𝐴𝑣 profiles.
he exchange flow is reduced with increasing 𝑊 . The exchange flow

ntensity 𝑀̃ is most sensitive in the range of −0.5 ≤ 𝑊 ≤ 0.5.
or strong unsteadiness numbers and strong stratification, increase
n scaled down-estuarine wind-stress does not affect the exchange
ntensity 𝑀̃ .

Additionally, SBL and BBL thicknesses affect the exchange flow
tructure and intensity. The exchange flow intensity trends over the

− 𝑆𝑖 space become nonlinear (𝑀̃-isolines slanted in different di-
ections) when ℎ𝑠 + ℎ𝑏 < 𝐻 associated mostly with down-estuarine
inds.

The novel 𝐴𝑣 parameterization can also be used in estimating tidally
veraged eddy viscosity profiles in observational estuarine studies with
wide range of wind forcings when turbulent measurements are un-

vailable. One of the limitations of the model is that the tidal variations
n eddy viscosity are excluded for simplicity. Therefore, the covariance
f eddy viscosity with vertical shear and its effect on the exchange flow
s not considered. This will be addressed in future research.

Furthermore, the novel 𝐴𝑣 parameterization can be integrated in
alinity models to better understand the relative importance of the
ind-induced terms i.e., salinity shear, depth-averaged salinity gradient
nd vertical mixing at subtidal time scales. Using a constant eddy
iscosity coefficient Jongbloed et al. (2022) found that the influence

f extended periods of increased wind forcing may trigger a regime
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Fig. 9. Exchange flow intensity comparison 𝑀MODEL vs. 𝑀GOTM with 𝑢̃𝑟 = 0, 𝐻 = 10 m. 𝑀MODEL is calculated by modifying the relative contribution of gravitational component
of the exchange flow: 𝑈̃𝑔 (a, d, g, j), 2𝑈̃𝑔 (b, e, h, k), and 3𝑈̃𝑔 (c, f, i, l). Marker size and color denote 𝑊 (scale is in the inset of (a)) and 𝑅𝑖 with up-estuarine winds shown in
magenta circles.
change in the estuary where different mechanisms dominate the in-
fluence of wind on the estuarine salinity structure. Imposing an eddy
viscosity profile that accounts for the dynamic link between the bound-
ary layer and local characteristics to such models may help to explore
yet-unexplored intermediate-regions of the regime.

Lastly, caution should be taken when using the parameterization for
meandering estuaries, or estuaries with sharp changes of morphologic
features. The tidal variation of the wind stress and the buoyancy
13
gradient, wave breaking, and variety of instabilities are ignored in this
study. The integration of the tidal changes in buoyancy and wind stress
is underway; this will extend some of the applicability limitations.

8. Conclusion

The significance of surface entrainment driven by directional and
axial wind forcing in contributing to the exchange flow was explored.
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Fig. 10. Observations from the York River estuary, Virginia. (a) along-channel velocity, (b–d) tidal eddy viscosity, (e) density, (f) wind speed and direction, (g) surface (dashed)
and bottom (solid) shear velocities and potential energy anomaly (red), and (h) tidally-averaged scaled eddy viscosity profiles for neap and spring tides (left and right panels,
respectively). Data in (a, b, e, f) are adopted from Simpson et al. (2005); (c, d, g) and the state parameters in (h) are calculated using the bottom and surface stresses, vertical
density, and horizontal density gradient. The tidal Av profiles in (c) are obtained by including the boundary values and interpolating to fill the data gaps in (b); the profiles are
scaled by tidal bottom friction velocity and 𝐻 = 7.5 m in (c). Bottom and surface roughnesses are 𝑧𝑏0 = 5E-5 and 𝑧𝑠0 = 1400(𝑢𝑠∗)

3∕𝑔.
The eddy viscosity parameterization introduced in Part I (Basdurak
et al., 2021) was extended to include wind entrainment and
entrainment-driven bottom stress modifications. Tidally averaged rela-
tions were derived for surface and bottom boundary layer thicknesses,
resulting in a novel parameterization of the 𝐴𝑣 profile under both stable
and unstable stratification. Co-varying boundary layer thicknesses were
related to the exchange flow intensity and depths of flow infections.

The piecewise analytical solution for the exchange flow offers a
simple yet robust way to explore a wide range of relevant dimensionless
parameters as the typical runtime is in the order of seconds. Therefore,
it is an idealized way to include the influence of wind.
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Appendix A. Eddy viscosity parameterization

In this appendix first the location of the 𝐴𝑣 local-maxima will be
derived in terms of the boundary layer thicknesses. Next the mag-
nitudes of the 𝐴𝑣 local-maxima are expressed as functions of these
locations, roughness parameters and scaled wind stress. To achieve
this, findings of previous observational studies and the tidally averaged
GOTM output are used. Lastly, the parameterization for the upper 𝐴𝑣
layer, i.e., 𝐴𝐼𝑣 and 𝐴𝑆𝑣 in (6), is given as a function of these local maxima
characteristics.
14
A.1. Local-maxima depths of 𝐴𝑣, 𝑧𝑈 and 𝑧𝐿

For the no-entrainment case, the location of the BBL peak 𝑧𝐿 is
found at 𝑧𝐿 = −𝐻 + ℎ𝑏∕2, i.e., half the BBL thickness above the bed
(Basdurak et al., 2021; see also Fig. 1a, e) with the ℎ𝑏 related to vertical
stratification. Here, we adopt the same approach for the entrainment
case to get the location of the BBL (Fig. 1c–d–e). For unstable conditions
(illustrated in Fig. 2d), the tidally averaged 𝐴𝑣 profiles obtained by
GOTM show that the local maxima is found at or close to the mid-depth
(Fig. A1d, upper panel; Fig. 1f); thus 𝑧𝐿 = 𝑧𝑈 = −𝐻∕2 i.e., as in fully-
mixed water column without wind-entrainment (Fig. 1e). Three layers
are distinguished when 𝑧𝑈 ≠ 𝑧𝐿 and 0 < ℎ𝑏, ℎ𝑠 < 𝐻 (Fig. 1c, d). For
stable conditions the observational and numerical studies suggest that
near-surface peak sensitively depends on wind induced stratification
and interfacial shear due to varying BBL, and that the |𝑧𝑈 |∕ℎ𝑠 ratio
is not constant. To parameterize 𝑧𝑈 , the structure of the surface stress
driven turbulent SBL described by Trowbridge (1992) is modified to
account for the influence of the BBL mixing.

In this paper, three layers are distinguished: (I) wall region where
boundary-generated turbulence dominates mixing with weak effects
of stratification, (II) a region at marginal state in which turbulent
mixing is just strong enough to maintain 𝑅𝑖 near a critical value,
and (III) a relatively narrow region where the Reynolds and Peclet
numbers are large, so that molecular processes have a negligible effect
on the Reynolds-averaged motion. The location of the SBL maximum is
considered as the transition between regions (I) and (II). In the absence
of the BBL mixing, Trowbridge (1992) estimated the scaled thickness
of the wall region as |𝑧𝑈 |∕ℎ𝑠 ∼ 𝑅𝑖

−1∕4
∗ where 𝑅𝑖∗ = (𝑁0ℎ𝑠∕𝑢𝑠∗)

2 is a
bulk Richardson number based on the surface shear velocity and ℎ𝑠.
When both the BBL and SBL mixing are present, 𝑅𝑖∗ should scale with
a length scale associated with the transition between the two layers
ℎ𝑖, and a velocity scale that considers both bottom and surface shears
i.e., (𝑢𝑠∗)2 + (𝑢𝑏∗)

2. When wind-driven waves are ignored, this extent of
the transition from the dominant production of TKE by the wind stress
log-layer to the bed stress log- layer can be determined by the relative
size of the bed stress to the surface stress (Jones and Monismith, 2007).
Motivated by the theoretical and observational findings and using the
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tidally averaged GOTM output for merging boundary layers, an explicit
relation is found for |𝑧𝑈 |:

|𝑧𝑈 | =

[

ℎ𝑠
(

0.75 4
√

𝑅𝑖𝑠∗, 1.5
)

max

, 𝐻
2

]

min

, (A.1a)

𝑅𝑖
𝑠
∗ =

𝑁2𝐻ℎ𝑖
(𝑢𝑠∗)2 + (𝑢𝑏∗)2

and
ℎ𝑖
𝐻

= 1 − 1
1 + |𝑊 |

1.5
. (A.1b)

Here, ℎ𝑖 is expressed in terms of the state parameter 𝑊 and (A.1a)
is valid for |𝑊 | > 0. The ℎ𝑖 varies between ℎ𝑖 → 0 when 𝑢𝑠∗ ≪ 𝑢𝑏∗
and ℎ𝑖 → 𝐻 when 𝑢𝑠∗ ≫ 𝑢𝑏∗; it specifies the inflection point of the
intermediate layer measured from the surface (e.g., when |𝑊 | = 1,
the ℎ𝑖 equals the mid-depth; the 𝐴𝐼𝑉 -dent in Fig. 1c). In (A.1a), |𝑧𝑈 |
is related to ℎ𝑖 via 𝑅𝑖𝑠∗ by substituting 𝑁 (9b) for 𝑁0. The coefficient
0.75 is based on the comparison of the ℎ𝑠∕|𝑧𝑈 | ratios, one calculated as
a function of 4

√

𝑅𝑖𝑠∗ and the other obtained by scaling (9) with 𝑧𝑈 (via
he 𝐴𝑣 peak detection method).

The performance of (A.1a) is reasonable in predicting the ℎ𝑠∕|𝑧𝑈 |
atio (Fig. A.1f). Without the constraints defined in (A.1a), when 𝑅𝑖𝑠∗ →

the |𝑧𝑈 | → ∞, similarly cases of |𝑧𝑈 | → 0 may emerge. To avoid these,
wo constraints are used. The denominator of (A.1a) is constrained
y theoretical findings; we adopt the bulk shear Richardson number
aximum 𝑅𝑖∗ = 16 of Jones and Monismith (2007) model that captured

he marginal state for the interfacial layer, yielding 0.75 4
√

16 = 1.5. In
he GOTM runs, the total water column depth is prescribed as relatively
hallow to allow for the BBL and SBL simultaneously affecting the 𝐴𝑣.
hus, the upper limit for the |𝑧𝑈 | is set to 𝐻∕2 i.e., for a fully mixed
ater |𝑧𝑈 | + |𝑧𝐿| = 𝐻 .

.2. Local-maxima depths of 𝐴𝑣, 𝑓𝑠 and 𝑓𝑏

Local maxima magnitudes of the BBL and SBL, namely 𝑓𝑏 and 𝑓𝑠 are
iven by

𝑏 =

⎧

⎪

⎨

⎪

⎩

𝑓𝑚𝑠 𝑊 > 1, ℎ𝑠 = ℎ𝑏 = 𝐻,
𝑓𝑚𝑏 𝑊 ≤ 1, ℎ𝑠 = ℎ𝑏 = 𝐻,
𝑓 0
𝑏 otherwise,

(A.2a)

𝑠 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑓𝑚𝑠 𝑊 > 1, ℎ𝑠 = ℎ𝑏 = 𝐻,
𝑓𝑚𝑏 𝑊 ≤ 1, ℎ𝑠 = ℎ𝑏 = 𝐻,
[

𝑓𝑚𝑠 , 𝑓
0
𝑠

]

min
𝑊 > 1, (ℎ𝑠, ℎ𝑏) < 𝐻,

[

𝑓𝑚𝑏 , 𝑓
0
𝑠

]

min
𝑊 ≤ 1, (ℎ𝑠, ℎ𝑏) < 𝐻,

(A.2b)

ith 𝑓 0
𝑏 = 𝜅𝑢𝑏∗

(

𝐻 + 𝑧𝐿 + 𝑧𝑏0
)2

2𝐻 + 2𝑧𝐿 + 𝑧𝑏0

and 𝑓 0
𝑠 =

⎧

⎪

⎨

⎪

⎩

𝑓 0
𝑏

√

|𝑊 |

−𝑧𝑈
𝑧𝐿+𝐻

(ℎ𝑠) ∼ (ℎ𝑏).

𝜅𝑢𝑠∗

(

−𝑧𝑈+𝑧𝑠0
)2

ℎ𝑠+𝑧𝑠0
ℎ𝑠 ≫ ℎ𝑏 or ℎ𝑏 = 0.

(A.2c)

These relations are derived using the tidally averaged GOTM output.
he upper limit for each maximum is defined separately as 𝑓𝑚𝑏 =
0
𝑏 (𝑧𝐿 = −𝐻∕2) ∼ 𝜅𝑢𝑏∗𝐻∕4 when ℎ𝑏 = 𝐻 , and 𝑓𝑚𝑠 = 𝑓 0

𝑠 (𝑧𝑈 = −𝐻∕2) ∼
𝜅𝑢𝑠∗𝐻∕4 when ℎ𝑠 = 𝐻 , assuming (𝑧𝑏0, 𝑧

𝑠
0)≪ 𝐻 . When the water column

is well mixed due to either surface or bottom entrainment, the eddy
viscosity maximum adjusts to 𝑓𝑚𝑠 or 𝑓𝑚𝑏 depending on the magnitude
and direction of 𝑊 (e.g., first two conditions shown in (A2a,b)). Here,
𝑊 = 1 is set as a threshold for the wind-adjustment of the local maxima
in each layer (BBL and SBL) based on the numerical model results.
For up-estuarine wind shear dominating the bottom shear (𝑊 > 1),
an unstably mixed (𝑅𝑓 < 0 and 𝜙 < 0) water column (Fig. 2 top
panel pinkish dots; bottom panel empty circles). Accordingly, the 𝐴𝐿𝑣
parameterization in (7) is adjusted for a fully-mixed water column
(ℎ𝑏 = 𝐻) when 𝑊 > 1 with 𝑑0 = 0.5(1 − 𝑓𝑚𝑠 ∕𝑓

𝑚
𝑏 ) ∼ 0.5(1 − 𝑢𝑠∗∕𝑢

𝑏
∗)
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(𝑑0 = 0 when 𝑊 ≤ 1).
Eq. (A.2c) is used in ((A.2)a, b) when (ℎ𝑠, ℎ𝑏) < 𝐻 . The relation
for the BBL maximum 𝑓 0

𝑏 is the same as in Basdurak et al. (2021). For
the SBL, the maximum 𝑓𝑠 equals 𝑓 0

𝑠 when ℎ𝑠 ≫ ℎ𝑏 or in case of wind-
entrainment only (ℎ𝑏 = 0), as in Fig. 1b (this condition emerges from
the nature of parabolic wall-layer). However, for the cases when the
BBL and SBL thicknesses are of the same order of magnitude (the first
condition in (A.2c), Fig. 1c, d), the SBL has to be written as a function
of both 𝑧𝑈 and 𝑧𝐿. When |𝑊 | = 1 and 𝑧𝐿 + 𝑧𝑈 = −𝐻 , this expression
s identical to the BBL maximum, 𝑓 0

𝑠 = 𝑓 0
𝑏 .

Magnitude of the local maximum of 𝐴̃𝑣 = 𝐴𝑣∕𝑢𝑏∗𝐻 is shown in
ig. A.1a–c. Regardless of 𝑈𝑛, the up-estuarine winds yield bigger
𝐴̃𝑣)max magnitudes particularly for |𝑊 | > 1. Additionally there is
n asymmetry in magnitudes with respect to 𝑊 𝑒 such that (𝐴̃𝑣)max
ncreases with up-estuarine |𝑊 𝑒|, but first decreases then increases
ith down-estuarine |𝑊 𝑒|. This asymmetry intensifies as 𝑆𝑖 increases.
eak positions on the other hand are symmetric with respect to 𝑊 = 0
Fig. A.1d). The 𝐴̃𝑣 profiles are grouped into single peaks (in SBL or
BL) and double peaks (in SBL and BBL) for stable conditions. As |𝑊 |

ncreases the profiles become parabolic with peaks appearing at the
id-depth. With increasing horizontal stratification, peaks appear near

he boundaries. The SBL shallows with decreasing |𝑊 | whereas the
BL first shallows then deepens around |𝑊 | = 1 due to high tidal
mplitudes. Unstable conditions are linked to the merging boundary
ayers at mid-depth i.e., parabolic profiles but with magnitudes of
𝐴̃𝑣)max > 0.1 because 𝑢𝑠∗ > 𝑢𝑏∗.

Eq. (A.2) is compared to the eddy coefficients at the SBL and BBL
eaks (Fig. A.1e); it performs well in predicting the 𝐴𝑣 magnitudes
articularly at the surface layer for both stable and unstable conditions.
he discrepancies are less than an order of magnitude which is an

mprovement over the current approximations in the literature.

.3. The upper layer 𝐴𝑈𝑣

With surface entrainment, a boundary layer develops in the water
olumn near the surface, the so called surface boundary layer (SBL) in
ddition to the existing BBL. In case of strong enough wind stress (rela-
ive to the bottom stress), this surface layer also affects the bottom layer
eading to changes in the BBL thickness and the mixing profile of the
ater column. Depending on the three state parameters (unsteadiness
𝑛, scaled wind stress 𝑊 , and vertical stratification 𝜙) the boundary

ayers either merge or stay apart. Moreover up-estuarine winds can
estabilize the water column resulting in enhanced mixing coefficients.
o describe all these different eddy viscosity profiles associated with
urface entrainment, the general form of 𝐴𝑈𝑣 should allow for both

single and a double layer profile in the upper part of the water
olumn describing the surface and intermediate layers, 𝐴𝑆𝑣 and 𝐴𝐼𝑣
iven in (6). Given the physical parameters that characterize the eddy
iscosity profile e.g., boundary layer thicknesses (9), (10), local maxima
agnitudes and depths (A.1a), (A.2), and with ℎ𝐼 = 𝑧𝑈 − 𝑧𝐿, such a
arameterization reads

𝑈
𝑣 =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐹1𝜍
(

𝑧, ℎ𝑠
)

+ 𝑓𝑆 ,
ℎ𝑠 = ℎ𝑏 = 𝐻 or ℎ𝐼 ≤ 𝐻∕5,

(𝑓𝑏 − 𝑓𝑆 ) 𝐺(𝑧) +
(

𝑧 − 𝑧𝐿
) [

𝐹1𝜍
(

𝑧,−𝑧𝐿
)

+ 𝑓𝑆
]

,
0 < ℎ𝑠,𝑏 ≠ 𝐻 and 𝐻 ≤ ℎ𝑠 + ℎ𝑏 < 2𝐻,
𝐹0 𝐺(𝑧) +

(

𝑧 − 𝑧2
)

𝐹1𝜍
(

𝑧, ℎ𝑠
)

+ 𝑓𝑆 ,
ℎ𝑠 = 0 or ℎ𝑏 = 0 or ℎ𝑠 + ℎ𝑏 < 𝐻,

(A.3a)

with 𝐺(𝑧) =
∏

𝑧𝐿 , 𝑧1

(𝑧) 𝜁 (𝑧 − 𝑧𝑈 , 𝛼, 𝑧𝑈 − 𝑧𝐿), (A.3b)

𝜍 (𝑧, ℎ) = 
(

𝑧 − 𝑧𝑈
)

𝜁
(

𝑧, 2,−𝑧𝑈
)

+
∏

𝑧𝐿 , 𝑧𝑈

(𝑧) 𝜁
(

−1 − 𝑧∕ℎ, 5, 1 + 𝑧𝑈∕ℎ
)

,

(A.3c)

and 𝜁 (𝑧, 𝛼, ℎ) =
(

− 𝑧
ℎ

)𝛼−1(𝐻 + 𝑧
𝐻 − ℎ

)(𝛼−1)(𝐻∕ℎ−1)
⋅ (A.3d)

In (A3a), 𝐹0, 𝐹1 (Table A.1) are functions of the 𝐴𝑣-magnitudes at the
𝑈 (𝑧 = 0)
local maxima 𝑓𝑏, 𝑓𝑠 (A.2) and at the surface and bottom 𝑓𝑆 = 𝐴𝑣



Progress in Oceanography 219 (2023) 103166N.B. Basdurak et al.
Fig. A.1. (a–c) As in Fig. 02 but for the depth−maximum of the scaled eddy−viscosity. (d) Scaled 𝐴𝑣-peaks and their vertical positions in the water column: (top panel) single
peaks at, above, or below the mid-depth and (bottom panel) double peaks (below and above the mid-depth) for stable conditions. Marker size denotes 𝑈𝑛; its scale is referenced at
the top-right corner. For unstable conditions 𝐴𝑣-peaks occur at the mid-depth. Approximations of (e) 𝐴𝑣-maxima for stable and unstable conditions and (f) near surface 𝐴𝑣-maximum
location relative to the SBL thickness ℎ𝑠∕𝐷𝑈 for stable conditions; for unstable conditions ℎ𝑠 = 2𝐷𝑈 ∼ 2𝐷𝐿.
and 𝑓𝐵 = 𝐴𝐿𝑣 (𝑧 = −𝐻). The latter two are defined as 𝑓𝑆 = 𝜅|𝑢𝑠∗|𝑧
𝑠
0

and 𝑓𝐵 = 𝜅|𝑢𝑏∗|𝑧
𝑏
0 when 𝑑0 = 0, and 𝑓𝐵 = 𝜅(|𝑢𝑏∗| + |𝑢𝑠∗|)𝑧

𝑏
0∕2 when

𝑑0 ≠ 0 (i.e., when up-estuarine wind shear exceeds the bottom shear
as described in Appendix A.2). The 𝐴𝑈𝑣 profile is formed using the
step functions , 𝛱 and the shape functions 𝜁, 𝜍 that are associated
with the variables 𝑧1, 𝑧2 (defined in Table A.1) that set the limits for
these functions. The discrete Heaviside function (𝑧 − 𝑧1) equals 0
when 𝑧 < 𝑧1, and 1 when 𝑧 ≥ 𝑧1. The unit step (boxcar) function
∏

𝑧𝐿 , 𝑧𝑈
(𝑧) = 

(

𝑧 − 𝑧𝐿
)

−
(

𝑧 − 𝑧𝑈
)

equals 1 when 𝑧𝐿 ≤ 𝑧 ≤ 𝑧𝑈 .
The shape function 𝜁 given in ((A.3d)) is used to describe the

profiles in each layer individually with the curvature parameter 𝛼 (=2,
5 or 𝑓 (𝑅𝑖)) and the length scale ℎ that set the degree of the curves and
their limits, respectively. In (A.3b), 𝜁 is used to describe the transition
within the 𝐴𝑈𝑣 profile i.e., within 𝑧𝐿 ≤ 𝑧 ≤ 𝑧𝑈 (surface entrainment)
and 𝑧𝐿 ≤ 𝑧 ≤ 0 (no surface entrainment). The shape function 𝜍 in
(A.3a)–(A.3c) is a joined function that consists of quadratic and a fifth
degree 𝜁 . These shape functions are used in such a way that the sign of
curvature can vary depending on the layer under consideration (e.g., 𝜍
in (A.3c) with positive curvature for 𝐴𝑆𝑣 and negative for 𝐴𝐼𝑣 in case of
a wind-entrainment; blue and purple lines in Fig. 1b). When the limits
of the boxcar function are the same (𝑧𝑈 = 𝑧𝐿), the second part of (A.3c)
drops and 𝜍 describes the 𝐴𝑆𝑣 -shape only.

Rather than expressing the surface and intermediate layers sepa-
rately for each case (Fig. 1), (A.3) is written as a conditional relation.
The general form of 𝐴𝑈𝑣 is based on three basic relations between ℎ𝑠 and
ℎ𝑏, and ℎ𝐼 . Here, ℎ𝐼 denotes the distance between the local maxima
(e.g., the intermediate layer thickness); it is used to avoid a sharp
16
Table A.1
Relevant variables of 𝐴𝑣 as illustrated in Fig. 1.

Case 𝑧1 𝑧2 𝐹0 𝐹1 𝛼

Surface entrainment only (SBL) −ℎ𝑠 −ℎ𝑠 𝑓𝐵 − 𝑓𝑆 𝑓𝑠 + 𝑓𝐵 − 𝑓𝑆 5
Entrainment (BBL & SBL) 𝑧𝑈 −ℎ𝑠 𝑓𝑏 𝑓𝑠 − 𝑓𝑆 5
No surface entrainment (BBL) 𝑧𝑠0 𝑧𝐿 𝑓𝑏 − 𝑓𝑆 0 𝛼(𝑅𝑖)
Entrainment (fully-mixed; BBL or SBL) – − – 𝑓𝑏 − 𝑓𝑆 2

layer transition between the two wall-layers. Each condition of (A.3a) is
listed below (coefficients associated with (A.3) are given in Table A.1)
with their special cases arising from relative thicknesses of the SBL and
BBL.

− Mixed water column (ℎ𝑠 = 𝐻 or ℎ𝑏 = 𝐻 or ℎ𝐼 ≤ 𝐻∕5):
The intermediate layer disappears and the 𝐴𝑣 profile becomes
parabolic i.e., bottom and surface wall layers 𝐴𝑆𝑣 and 𝐴𝐿𝑣 with
a mid-depth local maximum (Fig. 1e, f). With 𝑧𝑈 = 𝑧𝐿 = −𝐻∕2
yielding ∏

𝑧𝐿 , 𝑧𝐿
(𝑧) = 0 and 

(

𝑧 ≥ 𝑧𝐿
)

= 1, the 𝜍 reduces to a
parabolic shape function. This condition also applies for the local
maxima positions that are too close to the mid-depth; hence the
sharp curvatures are avoided by setting a threshold value for the
intermediate layer thickness i.e., when ℎ𝐼 ≤ 𝐻∕5.

− Entrainment (0 < ℎ𝑠,𝑏 ≠ 𝐻 and 𝐻 ≤ ℎ𝑠 + ℎ𝑏 < 2𝐻): This
condition describes a stratified water column influenced by both
the SBL and BBL mixing. The boundary layers partially merge
with local 𝐴𝑣-maxima converging in magnitude towards each
other (Fig. 1c, d:Type I). The profiles differ depending on the
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relative magnitude of the local maxima; this is set by ℎ = 𝐻 −
ℎ𝑏∕2.

− Entrainment (ℎ𝑠 + ℎ𝑏 < 𝐻 when ℎ𝑠,𝑏 > 0): This is the general
form of the last condition in (A.3a) describing a stratified column
influenced by both the SBL and BBL mixing but with fully-
isolated local 𝐴𝑣-maxima (Fig. 1d:Type II). Magnitudes of each
𝐴𝑣-maximum converges to 𝑓𝑆 and ℎ = ℎ𝑠. The following two cases
emerge from the last condition of (A.3a) depicting only-surface
and only-bottom entrainment cases.

− Surface entrainment only (ℎ𝑠 + ℎ𝑏 < 𝐻 when ℎ𝑏 = 0): Without
the bottom entrainment (ℎ𝑏 = 0 and 𝑧𝐿 = −𝐻) entrainment and
𝑧1 = 𝑧2 = −ℎ𝑠 (Table A.1), the 𝐴𝑈𝑣 profile can describe the full
water column profile (ℎ𝑠 → 𝐻); it consists of a wall-layer at the
surface and a layer of marginal state (Fig. 1b). Consistent with
the bottom boundary condition 𝐴𝐿𝑣 (𝑧 = −𝐻,ℎ𝑏 = 0) = 𝑓𝐵 , the SBL
maximum converges to 𝑓𝐵 at 𝑧 = −ℎ𝑠 such that 𝐴𝑈𝑣 (𝑧 = −ℎ𝑠) = 𝑓𝐵
(Fig. 1b).

− No-surface entrainment (ℎ𝑠 + ℎ𝑏 < 𝐻 when ℎ𝑠 = 0): With 𝐹1 = 0,
𝛼(𝑅𝑖) = 𝑒𝑟𝑓 (5𝑅𝑖 − 2.5) + 3, ℎ𝑠 = 𝑧𝑈 = 0 and associated step
function limits (Table A.1), the (A.3) becomes identical to the 𝐴𝑣
parameterization defined in Basdurak et al. (2021) i.e., a single
layer 𝐴𝑈𝑣 (𝑧 = 0) = 𝑓𝑆 (Fig. 1a).

The (6, A3) and its first derivative are continuous over depth. The
continuity is satisfied because the vertical gradients at the local maxima
are zero 𝜕𝑧𝐴𝑣|𝑧=𝑧𝑈 = 0 and 𝜕𝑧𝐴𝑣|𝑧=𝑧𝐿 = 0, and each layer has identical
magnitudes at these locations.

Appendix B. Wind entrainment and stratification

When winds are weak and the surface entrainment rate is ignored,
the bulk Richardson number 𝑅0

𝑖 can be used as a measure of vertical
stratification (Basdurak et al., 2021). However, in the case of significant
wind entrainment, a SBL develops and interacts with the BBL, affecting
internal layers of the water column. Aforementioned 𝜙 (5), offers
a better representation of vertical stratification than 𝑅0

𝑖 , because it
considers the density variance between internal layers of the water
column. In this study, 𝜙̃ = 𝜙∕[𝜌0(𝑢𝑏∗)

2] is used to quantify stratification.
In this appendix, using the numerical model output, relations for 𝑅𝑖
and 𝑆𝑖 are derived in terms of 𝜙̃. The former is used in finding the BBL
thickness in (10) and obtaining the 𝐴𝑣 profiles (6), (A.3); the latter is
used in analytically solving (11) for the exchange flow profiles.

B.1. Vertical stratification

One can obtain a measure for the wind adjusted vertical stratifi-
cation using the turbulent output of the GOTM runs, and calculating
tidally averaged 𝐹𝑟−2 with 𝐹𝑟 = 𝜖(𝑡𝑘𝑒|𝑁|)−1 the turbulent Froude num-
ber. Before tidally and depth averaging, the range of 𝐹𝑟 is restricted to
[0.01 − 20] based on the observational studies in estuaries. Consistent
with 𝐹𝑟−2, the wind adjusted vertical stratification 𝑅𝑖 is approximated
as a function of 𝜙̃ and 𝑊 , both of which play a key role in modifying
it:

𝑅𝑖 = [𝑠1𝐹 (𝑊 )𝜙̃𝑠2 , 5] with 𝐹 (𝑊 ) = 1 − 0.85 tanh(2
√

|𝑊 |), (B.1)

with the constants (𝑠1, 𝑠2) = (1, 0.5) and (𝑠1, 𝑠2) = (20, 1) for stable and
unstable conditions, respectively; it is constrained by 𝑅𝑖 = 5 which
denotes the fully-stratified conditions based on the direct numerical
simulation studies of stably stratified fluids. In Fig. B.1a the numerically
obtained vertical stratification 𝐹𝑟−2 is compared to (B.1). Except for
he under-predictions of stable cases with 𝑊 < 0.5 (i.e., bottom shear
s more than twice the surface shear), 𝑅𝑖 agrees well with 𝐹𝑟−2. Hence,
iven the 𝜙̃ and 𝑊 , one can obtain a wind-adjusted bulk vertical
tratification without using a numerical model.
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.2. Horizontal stratification

Based on the relation between the numerically obtained and wind-
djusted stratification in horizontal and vertical directions (GOTM
utput), 𝑆𝑖 can be related to 𝑅𝑖 (B.1), and thus to 𝜙̃:

𝑖 =
[

0.35
𝑅𝑖

𝐹 (𝑊 )
, 4

]

min
. (B.2)

The upper limit 𝑆𝑖 = 4 is defined in Basdurak et al. (2021); (B.2)
an be simplified by substituting 𝐹 (𝑊 ) defined in (B.1), resulting in
𝜙̃-dependent approximation for 𝑆𝑖. Changes of numerically-obtained
𝑖 and approximated 𝑆𝑖 (B.2) with 𝐹𝑟−2 are shown in Fig. B.1b and
ig. B.1c, respectively. The comparison shows that the 𝑆𝑖 estimates
Fig. B.1c) are in good agreement with the model output (Fig. B.1b),
or both stably and unstably stratified cases.

ppendix C. Piecewise solution

The 𝐴𝑣 profile given in (6) depends on the following parameters:
oundary layer thicknesses, local maxima locations and magnitudes.
hese parameters are obtained using the state parameters with relations
iven in Appendix A, B, and the variables 𝜙, 𝑈𝑇 , 𝜏𝑠, 𝑧𝑠0, and 𝑧𝑏0. A
lowchart describing the approach is shown in Fig. C.1b. In addition,

flowchart describing how 𝑅𝑖 and 𝑆𝑖 are linked to 𝜙 is separately
hown in Fig. C.1a. With this, we have the depth and stratification
ependent, physically driven 𝐴𝑣 that reflects the changes induced by
urface entrainment. Knowing the state variables, one can estimate the
idally averaged boundary layer thicknesses and eddy viscosity profile
n an estuary where lateral advection and rotation effect is minimal,
ut tide and wind forcing is prominent. To solve for the exchange
low analytically (11), 𝐴𝑈𝑣 needs to be approximated. As described
n Basdurak et al. (2021), this is to avoid the fractional integrands in
he shape functions arising from the non-polynomial 𝜁 and 𝜍 (A.3c)
nd (A.3d). In the following section, we introduce polynomial and
combination of polynomial-exponential approximations of the 𝐴𝑈𝑣

rofile that still represent the original form accurately, but allow for
nalytical solutions.

.1. Polynomial approximation of 𝐴𝑈𝑣

The upper eddy viscosity profile (A.3) is approximated as a polyno-
ial by solving a system of equations that are expressed based on the

ertical gradients and values of 𝐴𝑈𝑣 at critical points that determine the
hape of 𝐴𝑈𝑣 (Appendix C of Basdurak et al. (2021) for a single upper
ayer without SBL). With a SBL, preset of the same approach is ap-
lied, however the set of constraints and the degree of approximations
iffer in case of (ℎ𝑠, ℎ𝑏) < 𝐻 when dual layers (𝐴𝑆𝑣 ), (𝐴

𝐼
𝑣 ) are present

Fig. C.1c). Additionally, we assume that the SBL and BBL merges for
ases of ℎ𝐼 < 0.2𝐻 (i.e., minimum mid-layer thickness); this threshold
s necessary to limit the extreme curvature for a quintic polynomial.

For 𝐴𝑆𝑣 , the quadratic form is used (i.e., polynomial order 𝑛 = 2
.e., 𝐴𝑆𝑣 ≈ 𝑝2𝑧2𝑧 + 𝑝1𝑧 + 𝑝0). To obtain the coefficients 𝑝0 … 𝑝𝑛, 𝑛 + 1
onstraints have to be imposed. These three constraints are the values
t 𝑧1 = 0 and 𝑧2 = 𝑧𝑈 and the zero gradient at 𝑧2 = 𝑧𝑈 .
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(C.1a)

or 𝐴𝐼𝑣 , the quintic form (𝑛 = 5) is used which results in 6 unknown
oefficients {𝑝 … 𝑝 }; the constraints to obtain these coefficients are
0 5
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Fig. B.1. Tidally averaged bulk stratification relations derived using the GOTM output for stable and unstable conditions (left and right panels): 𝐹𝑟−2 vs. (a) 𝑅𝑖 parameterization
(B.1), (b) 𝑆𝑖 obtained from GOTM, (c) 𝑆𝑖 parameterization (B.2). Color denotes the scaled wind stress magnitude |𝑊 |; smaller circle sizes (smaller 𝑈𝑛) correspond to larger tidal
amplitudes.
the values and gradients at 𝑧1 = 𝑧𝑈 , 𝑧2 = 𝑧𝐼 and 𝑧3 = 𝑧𝐿:
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The final form of 𝐴𝐼𝑣 is found by optimizing the solution. This is
achieved by adjusting the magnitude and location of the local minimum
i.e., 𝐴𝐼𝑣 (𝑧𝐼 ) and 𝑧𝐼 , and minimizing the area between the curves of the
parameterization (6) and the approximation. The minimization method
is illustrated in Fig. C.1c ; this method requires solving (C.1b) over a
mesh of 𝑚𝑣 × 𝑚𝑧 such that 𝑧2 = 𝑚𝑧𝑧𝐼 and 𝑚𝑣𝐴𝑈𝑣 (𝑧𝐼 ) with the mesh
defined as:

𝑚 =
{

1
[

𝐴𝐼
(

𝑧
)

, 𝐴
𝐼
𝑣(𝑧𝐿)

]

,… , 1
}

, 𝑚 =
{

𝑧𝑈+𝑧𝐼 ,… , 𝑧𝐿+𝑧𝐼
}

(C.1c)
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𝑣 10 𝑣 𝑈 𝐴𝐼𝑣(𝑧𝐼 ) min
𝑧 2𝑧𝐼 2𝑧𝐼
The performance of the approximation is shown on Fig. 4. This ap-
proach makes the analytical solution possible (i.e., integer powers in
the integrands, roots can be obtained for the reduced quintic form).
This approximation performs well across the 𝑊 − 𝑈𝑛 − 𝑅𝑖 parameter
space. In case of orders of magnitude reduction in 𝐴𝐼𝑣 (e.g., Type II
in Fig. 1d) with its vertical gradients approaching zero, an alternative
method can be used to improve the polynomial approximation, which
will be discussed in the following section.

C.2. Polynomial-exponential approximation of 𝐴𝑈𝑣

A hybrid approximation is used for the upper layer with different set
of constraints for 𝐴𝐼𝑣 and 𝐴𝑆𝑣 (Fig. C.1d). This is achieved by first using
an exponential function for 𝐴𝐼𝑣 between 𝑧𝐿 ≤ 𝑧 ≤ 𝑧𝐼 = 2𝑧𝑈 , then using a
quintic polynomial for 𝐴𝑆𝑣 between 𝑧𝐼 ≤ 𝑧 ≤ 0. Note that, although the
surface and intermediate layer extents of the parameterization and the
approximation differ, same values are used for local maxima locations
and magnitudes as constraints. With constraint locations defined as
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Fig. C.1. (a, b) A flowchart describing the procedure in calculating the tidally averaged parameters (a) 𝑅𝑖 and 𝑆𝑖, (b) the 𝐴𝑣 profile. (c) Polynomial approximation of the 𝐴𝑈𝑣
profile; dashed gray line denotes the optimization of the approximation by adjusting 𝑧𝐼 and minimizing the area (hatched space) between the parameterized and approximated
profiles (d) Polynomial approximation of the 𝐴𝑆𝑣 with exponential fit for 𝐴𝐼𝑣 ; note that extents of 𝐴𝑆,𝐼𝑣 differ in (b) and (c). Layers are distinguished by black lines; 𝑧𝐼 is the
dip−location; circles (values) and filled markers (gradients) are the depth-continuity constraints for the approximation.
𝑧1 = 0, 𝑧2 = 𝑧0 = −𝐻∕100, 𝑧3 = 𝑧𝑈 and 𝑧4 = 2𝑧𝑈 , the set of equations
to be solved for {𝑝0 … 𝑝5} to obtain 𝐴𝑆𝑣 are:
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with 𝐴𝐼𝑣 defined as:

𝐴𝐼𝑣 = 𝐸𝑥𝑝

[

𝑙𝑛

(

𝐴𝑣
(

𝑧𝐿
)

𝐴𝑣
(

2𝑧𝑈
)

)

(

𝑧 − 𝑧𝐿
2𝑧𝑈 − 𝑧𝐿

)2
]

. (C.2b)
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Appendix D. Analytical solution of exchange flow

Analogous to the solution described in Basdurak et al. (2021), the
shape function 𝛾 in (11) is written for each 𝐴𝑣 layer, and for each flow
component. The two-layered form is the same as in Basdurak et al.
(2021); it is applicable when either the boundary layer thicknesses scale
with the water depth, or the local maximum of BBL and SBL are close
enough to one another 𝑧𝑈 −𝑧𝐿 < 0.2𝐻 as discussed in Appendix C. The
three-layered form can be expressed by including the mid layer: 𝛾𝑈 for
𝑧𝑈 ≤ 𝑧 ≤ 𝑧∗ = 0, 𝛾𝐼 for 𝑧𝐿 ≤ 𝑧 ≤ 𝑧𝑈 , 𝛾𝐿 for −𝐻 ≤ 𝑧 ≤ 𝑧𝐿. Here
𝑧∗ = 0, and this form can be reduced to two-layered form by adjusting
its boundaries.

D.1. Sensitivity to 𝐴𝑈𝑣 approximation

Exchange flow profiles resulting from different approximations are
shown in Fig. D.1. For this, a set of state parameters that allow for
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Fig. D.1. Exponential (top panel) vs. polynomial (bottom panel) fitting of interfacial 𝐴̃𝑣 layer to Eq. (5) between (𝑧𝐿 ≤ 𝑧 ≤ 𝑧𝑈 ), and resulting exchange flow components for a
fully stratified water column under weak wind and tidal forcing 𝑆𝑖 = 4,𝑊 = 0.1, 𝑈𝑛 = 5 and 𝑢̃𝑟 = −0.25.
Fig. D.2. Sensitivity of the exchange flow components 𝑢̃𝑔 and 𝑢̃𝑤 (gravitational and wind-driven components for no-runoff cases) to |𝑊 | (columns), 𝑈𝑛 (rows) and 𝑅𝑖 (transparent
colors) for down-estuarine (a–s; left panel) and up-estuarine winds (a–s; right panel). Darker shades of colors are used for 𝑈̃𝑤 to distinguish from 𝑈̃𝑔 . The profiles are obtained
analytically using the polynomially approximated 𝐴̃𝑣-parameterization (dashed lines in Fig. 4). Note that the currents are shown on a logarithmic scale for a better visualization
and that all the flow profiles converge to zero at the bottom of the water column.
more than an order of magnitude dip in the 𝐴̃𝑣 values (e.g., weak
tides, weak winds, and fully-stratified water column), is chosen. Using
only polynomial approximations for 𝐴̃𝑈𝑣 results in overestimation of
the interfacial eddy viscosity coefficient that corresponds to milder
exchange flow gradients (Fig. D.1, bottom panel). With exponential
approximation, the interfacial shear of 𝑢̃ increases, and the exchange
flow magnitudes increase by an order of magnitude with the return
flow maximum occurring near the surface 𝑧 = −𝐻∕5 (compared to
𝑧 = −𝐻∕2, bottom panel).
20
D.2. Sensitivity of the flow components to 𝑅𝑖 𝑈𝑛 and 𝑊

For no runoff cases 𝑢̃𝑟 = 0, gravitational and wind driven compo-
nents of the exchange flow are shown in Fig. D.2. One distinct feature
that separates the wind driven component from the gravitational one
is that, the inflection depths of the latter mostly occur at the mid-
depth, except for strong stratification and weak winds (Fig. D.2a, e,
i, m; both wind directions). Inflection depth of 𝑢̃𝑤 mostly occur above
the mid-depth; its sensitivity to stratification increases with increasing
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Fig. D.3. Same as in Fig. 6 but obtained from the GOTM simulations. Due to the GOTM constraints, a limited range of the parameter space is shown in comparison to Fig. 6
(lower two rows); only three columns from each panel (first, second and fourth columns of Fig. 6) are shown for visibility. The labeling (i, j, l, m, n, and s) and the colorspace
is consistent with Fig. 6.
down-estuarine 𝑊 and decreasing 𝑈𝑛 (Fig. D.2s, left panel) that causes
a thinner return flow. In up-estuarine direction wind driven component
does not vary much with stratification for weaker 𝑈𝑛 and stronger 𝑊
(Fig. D.2s, right panel).

D.3. Comparison to the numerical solution

To compare the exchange flows resulting from the numerical model
and the analytical model, the flow profiles obtained from GOTM runs
are tidally-averaged, scaled and shown in the overlapping part of the
parameter space of 𝑊 , 𝑈𝑛, and 𝑅𝑖 (Fig. D.3, consistent with Fig. 6).
The simulations with runaway stratification are excluded. Additionally,
for relatively high 𝑈𝑛 or for weaker 𝑈𝑛 with 𝑅𝑖 > 1, GOTM does not
converge to a periodic solution; these results are left out. The remaining
GOTM profiles are grouped for unsteadiness ranges of 𝑈𝑛 ∼ 0.5, 𝑈𝑛 ∼ 1,
and scaled wind stress ranges of |𝑊 | ∼ 0.05, |𝑊 | ∼ 0.1 and |𝑊 | ∼ 1.5.

The numerical model compares well with the analytical model de-
scribing the down-estuarine driven two-layer flow and the up-estuarine
driven stratified three-layer flow when the wind is weak or well-
mixed two-layer flow (i, j, l, m, n, s of Fig. D.3, 6) except for some
discrepancies. The results compare well when up-estuarine winds are
stronger 𝑊 > 1 (right panels; l, s of Fig. D.3, 6); when weaker, although
the structure of the 𝑢̃GOTM is similar to 𝑢̃, the intensity of the exchange
shows discrepancies i.e., |𝑢̃GOTM| > 𝑢̃ (right panels; i, j, m, n of Fig. D.3,
6). For weaker winds, stratification changes yield inconsistencies in
the flow’s inflection depths. For three-layered types, downwind flow
occurs closer to the surface whereas the downwind part of the return
flow occurs closer to mid-depths, which differs from the analytically
obtained exchange profiles.

These inconsistencies may be related to the ESCO driven flows that
are ignored in the analytical model (i.e., exchange flow contribution
from the tidal covariance of vertical shear and eddy viscosity coefficient
as discussed in Part I). This is further discussed in Section 5b.
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