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Abstract

This paper is the first part of a series of papers on filtering for partially observed jump
diffusions satisfying a stochastic differential equation driven by Wiener processes and
Poisson martingale measures. The coefficients of the equation only satisfy appropriate
growth conditions. Some results in filtering theory of diffusion processes are extended
to jump diffusions and equations for the time evolution of the conditional distribution
and the unnormalised conditional distribution of the unobserved process at time ¢,
given the observations until ¢, are presented.

Keywords Nonlinear filtering - Random measures - Lévy processes

Mathematics Subject Classification Primary 60G35 - 60H15; Secondary 60G57 -
60G51

1 Introduction

This is the first part of a series of papers on filtering of jump diffusions. We consider on
a given complete filtered probability space (2, F, (F;)s>0, P) a d + d’-dimensional
stochastic process (Z;)se(0,7] = (X1, Y1)iefo,1, satisfying the stochastic differential
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equation

dX[ = b(l, Z[)dt + G(t, Z[)th + p(t, Zl)th

+/ n(t,zt_,z)No(ds,drH/ E(t, Zi—, 3) Ni(d3, dt),
30 EY (1.1)

dY, = B(, Z,)dt+th+f 3 Ni(d3, dt),

31

on the interval [0, T] for a given Fp-measurable initial value Zy = (Xo, Yp), where
(W, Vi)r>0is di +d’-dimensional F;-Wiener process, and Ni (d3, dt) = N;(d3,dt)—
v;i(d3)dt,i = 0, 1, are independent F;-Poisson martingale measures on R} x 3; with
o -finite characteristic measures vy and v; on separable measurable spaces (39, Z) and
(31, Z1) = (RY\ {0}, BRY \ {0})), respectively. The mappings b = (b'), B = (B),
o = (6'/) and p = (p!) are Borel functions of (z,z) = (¢, x,y) € Ry x Rt
with values in RY, R?", R4*d1 and R9*4", respectively, and n = () and & = (§') are
R9-valued B(R,. x R9t4") ® Z)-measurable and R?-valued B(R; x R4t @ Z,-
measurable functions of (¢, z, 30) € Ry xR x 3gand (7, z, 31) € Ry xR % 3,
respectively. Here, and later on, 3())) denotes the Borel o -algebra on )V for topological
spaces V.

We are concerned with the classic task of filtering theory: to calculate at each time ¢
the mean square estimate of f(X,), a real-valued Borel function of the “unobservable
component” X; of Z;, given the “observations” {Y; : s < t}. Since, as itis well-known,
this estimate is the conditional expectation

E(F(X)|Ys 15 < 1) = fR FEOPx), 1[0, T],

we are interested in equations for the evolution of P (dx), the conditional distribution
of X; given {Y;, s < t}. Their derivation under general assumptions on Eq. (1.1) is the
aim of this paper. In the subsequent papers of this series we investigate the existence
of the conditional density 7, (x) = P;(dx)/dx and its regularity properties.

There has been an immense interest in the development of filtering theory due to

its wide applicability in various disciplines, be they of theoretical or applied nature.
A vast amount of research has been done on filtering of partially observed processes
governed by stochastic differential equations driven by Wiener processes, i.e., when
n =& = 0in (1.1), and a quite complete nonlinear filtering theory was built up, see
for instance [7] for a historical account.
In this case it is well-known that (P;(dx))¢[0,7] satisfies a nonlinear stochastic PDE
(SPDE), often called the Kushner-Shiryayev-Stratonovich equation in filtering the-
ory. It is also well-known that this equation can be transformed into a linear SPDE,
called Zakai equation, or Duncan-Mortensen-Zakai equation for u,;(dx) = A; Py (dx),
the unnormalised conditional distribution, where (A;);¢[0,7] 1S a positive normalizing
stochastic process.

There exist several known methods of deriving the filtering equations for partially
observed diffusion processes, three prominent of which are the “innovation method”,
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the “reference measure method” and a “direct approach”. The innovation method is
based on “innovation process” representations, (see [23] and [11]), and the direct
approach is based on suitable existence and uniqueness theorems for stochastic PDEs
(see [18]). The reference probability method is employed in this paper, where we make
use of the fact that by Girsanov’s theorem one can introduce a new measure under which
the observation o -algebra, o (Y; : s < t), is the product o -algebra of three independent
o-algebras: the o-algebra generated by the initial observation Y{ and the o -algebras
generated by the Wiener process with the stochastic differential B(¢, Z;)dt +dV;, and
the Poisson random measure Nj(d3, dt) on [0, t] X 31, respectively. This structure of
the observation o -algebra makes it possible to calculate conditional expectations of
functions of the process Z given the observations. (See, e.g., [3] for descriptions of
various methods used in filtering theory.)

Recently, also filtering for jump diffusion systems have been intensively studied,
which are most often modelled as SDEs driven by Wiener processes as well as random
jump measures, a classical case of which are Poisson random measures. In an early
article thereon, [24], the filtering equations were derived for uncorrelated continuous
observations, as well as an observation process driven only by a jump process that
has no common jumps with the signal. A similar system with continuous uncorrelated
observations has also been considered in [25]. A more general nonlinear system with
jumps in the observation process was considered in [2]. In [1] the filtering equations
for a large class of uncorrelated linear systems with jumps are derived. In [13] a very
general model is considered and a representation for optional projection of the signal
process is derived. However, due to the generality a number of additional assumptions
are imposed on their model and equations for the filtering measures are not obtained.
In [5] and [6] the authors deal with a one-dimensional jump diffusion where obser-
vation and signal may have common jumps, by introducing a new random measure,
nonzero only for observable jumps, relying on a construction in [4]. However, they
impose a finiteness condition on the support of the integrand in front of the jump term,
which translates to observing only finitely many jumps almost surely. In such a case,
the jump measure and the associated compensator, also referred to as dual predictable
projection, allow for a specific decomposition, see for instance [15, Sec. XI.4]. The
filtering equations have been derived for a class of jump diffusion systems [26], later
generalised to include correlated Wiener process noises in [27], however, it seems to
us that certain important results needed for this derivation, including Lemma 3.2 in
[26], also used in [27], do not hold, for instance if one considers the case of vanishing
coefficients. A model where a correlation structure between the Lévy process noises
in signal and observation is described using copulas is used in [10] to derive the Zakai
equation.

In this paper we obtain the filtering equations for a jump diffusion system driven by
correlated Wiener process, as well as correlated Poisson martingale measure noises.
We impose common linear growth conditions. We do not assume any non-degeneracy
conditions and allow for the number of jumps in any component of (Z;);>¢ to be
infinite over finite intervals. In order to obtain the equations, we generalise some
results from filtering theory and in particular prove a “projection theorem” for a wide
class of functions.
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To the best of the author’s knowledge, this is to date the most general jump-diffusion
model for which the the filtering equations have been derived. Though a model with
similar structure has been considered in [27], they do not include feedback from the
observation in the signal and the jump noises of signal and observation are uncorrelated.
Moreover, as mentioned already above, an important lemma needed for the projection
theorem does not hold for vanishing coefficients.

We remark further that in our model (1.1) instead of d V; in the observation process

we may also consider X (z, Y;)d V; with a matrix-valued function X of (¢, y), such that
it satisfies the linear growth condition and £ X* is uniformly non-degenerate. How-
ever, by known methods this case can be treated in the same way. Indeed, adding ¥ in
our case would only introduce additional notation and hence we decided to consider
Y of the form in (1.1).
It is also possible to consider a more involved coefficient in front of Nj, i.e.,
B(t, Y:—, 3)N1(dt, d3) in place of 3 N1 (dt, d3) in the equation for the observation pro-
cess Y, where 8 = B(¢, y, 3)isafunctionofr € [0, T],y € R and3 € 31 = Rdl\{O}
into 31, and it is assumed that Z = (X;, Y;)¢[0,7] is a solution to (1.1) with the coef-
ficient 8 in front of N 1. To extend our main theorem, Theorem 2.1 to this case, as one
can see from its proof, besides natural measurability and growth conditions, it is suffi-
cient to assume a non-degeneracy condition on 8 ensuring that for any ¢ € [0, T'] the
observations {Y; : s € [0, 7]} contain all information about the Poisson random mea-
sure Nj until ¢, i.e., that the completed o -algebra generated by {Y; : s < ¢} contains
the o-algebra generated by {N{((0,s],A) : s <1, A € Z1,v1(A) < oo}. It seems
to us that such a non-degeneracy condition could be that 8 maps [0, T'] x RY x 3;
into 31 such that (¢, y, -) is injective on the support of v; for every ¢ € [0, T] and
y€E RY .

In Sect.2, a fairly general condition for Girsanov’s transformation and our main
result are presented. In Sect. 3 a projection theorem covering a wide class of processes
is proven, and thereby in the last section the filtering equations are derived.
Conditions and results on the existence and regularity of the filtering density are
presented in the subsequent articles [8, 12] of this series.

We conclude with some notions and notations used throughout the paper. For an
integer n > 0 the notation Cj, (R?) means the space of real-valued bounded continuous
functions on R?, which have bounded and continuous derivatives up to order n. (If
n = 0, then Cg (RYY = Cp(RY) denotes the space of real-valued bounded continuous
functions on R?). We denote by M = M(R?) the set of finite Borel measures on RY.
For ;© € M we use the notation

u(p) = / @(x) u(dx)
Rd

for Borel functions ¢ on RY. We say that a function v : Q — M is G-measurable for a
o-algebra G C F,if v(¢) is a G-measurable random variable for every bounded Borel
function ¢ on R4, An M-valued stochastic process v = (V;)e[0,7] 1 said to be weakly
cadlag if almost surely v;(¢) is a cadlag function of ¢ for all ¢ € Cp,(R?). For such a
process v there is a set ' C Q of full probability and there is uniquely defined (up to
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indistinguishability) M-valued processes (v;—);e(0,7] such that for every w € Q'

wJ@:H?w@)ﬁnmweCNWMMhe@TL
STt

and for each w € Q' we have v;_ = v, for all but at most countably many ¢ € (0, T].
For processes U = (U;)¢0,7] We use the notation ]:f] for the P-completion of the
o -algebra generated by {U; : s < t}. For a measure space (3, Z, v) and p > 1 we use
the notation L ,(3) for the L ,-space of R?-valued Z-measurable processes defined
on 3. For o-algebras G; C F,i = 1, 2, the notation G; V G, means the P-completion
of the smallest o -algebra containing G; for i = 1, 2. Finally, we always use without
mention the summation convention, by which repeated integer valued indices imply
a summation.

2 Formulation of the main results

We consider on a given finite interval [0, T'] a d + d’-dimensional stochastic process
Z = (Z)ier0,11 = (X1, Y1)iepo,1) carried by a complete probability space (2, F, P),
equipped with a filtration (F;);>0 such that Fo contains the P-null sets of F. We
assume that Z satisfies the stochastic differential equation (1.1) on the interval [0, T],
with an Fy-measurable initial value Zg = (X, Yo).

Besides the natural measurability conditions on the coefficients b, o, p, &, n and
B, described in the Introduction, we assume the following conditions.

Assumption 2.1 (i) There are nonnegative constants Ko, K1 and K> such that

b(t,2)1> < Ko+ KilzI*, lo(t, 21>+ 1p(t, 2)* + |B(t, 2)|* < Ko + Kalzl?,

In(t, 217,30 + EC DT 3, < Ko+ Kalzl, / l31*v1(d3) < Ko

31

forall z = (x,y) € R+ and t € [0, T'], and we have

(ii)
KiE|Xo| + K2E| Xo|* < . 2.1

Note that in (2.1) we use the convention that 0 x oo = 0, i.e., if K = 0, then the
finiteness of the second moment of | Xg| is not required, and if K; = K, = 0 then
Assumption 2.1 (ii) clearly holds.

The following moment estimate is known and can be easily proved by the help of
well-known martingale inequalities.

Remark 2.1 If Assumption 2.1(i) holds, then for every p € [1,2] and A € Fy we
have

Esup14]Z|P < N(1 +E14|Zo|") 2.2)

t<T
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with a constant N depending only on 7', K¢, K1 and K>.

Proof This estimate can be obtained in the same fashion as in the case of diffusion
processes, see Section 2.5 in [17]. For the convenience of the reader we show below
that (2.2) holds for any R?-valued F;-adapted cadlag process (Z1)1ej0,1] satisfying

dz, = f(t, Z,)dr+g"(t,z,)dwf+/ W&, Z,—, 3) N¥(dt, d3)
3

on [0, T], where f, gk are Borel-measurable functions on [0, T'] x RY with values in
R4, and h* is a B([0, T] x R? x 3;)-measurable function on [0, 7] x R? x 3, with
values in R? for every integer k > 1, such that for a constant K,

P+ 185 P + Y 1t 2 )5, 20 < KA+ 12D (23)
k k

for7 € [0,T] and z € R?. Here (w"‘),?o:1 is a sequence of independent JF;-Wiener

processes and (N*(dt, d3))72, is a sequence of independent F;-Poisson martingale
measures on [0, 00) x 3 with o-finite characteristic measures vi(d3) on separable
measurable spaces (3, Z)-

To prove (2.2) first note that for every stopping time r < T and every A € Fo,
p € [1, 2] we have

Esup14|Zs|? < 4o+ 1 + L + I3),

S<T

where Iy := E14|Z|?,
s » T p/2
[1 ::Esup / lAf(l’,Zr)dr‘ SN+NE</ 1A|Zr|2dr> s
S<T 0 0
s » T p/2
I ;= Esup / 1ag"(r, Z,) dwf| < N+ NE </ 1A|Zr|2dr)
S<tT 0 0

K} B P T p/2
I3 := Esup / /lAhk(r,Z,,g)Nk(dr,dg)‘ §N+NE(/ 1A|Z,|2dr)
0 J3 0

s<t

with a constant N = N (T, K), due to (2.3), Jensen’s inequality, and the Burkholder-
Davis-Gundy inequality for (cadlag) local martingales with continuous Doob-Meyer
processes. Define the stopping times 7, := inf{s € [0, T] : u(s) > n} AT for integers
n > 1, where

S
u(s) := |Zo|* +/ | Z, 1% dr.
0
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Then using the above estimate with 7, A ¢ in place of 7, and with A N{w € Q :
T, (w) > 0} € Fop in place of A, we get

Ty AL p/2
Esuplaly,~0|Zsaz, |? < 4El;,-014|Zo|” + N+ NE </ 1A|Zr|2dr) < 00
s<t 0

with a constant N = N (T, K). Thus, using

TuAL p/2 T p/2
E(f 1A|Zr|2dr> < Esuplaly, 0| Zsng, [P/ (/ 1A|zr|dr>
0 0

s<t

t P
=< %E sup1als,501ZsAs, |P + NE (/ 14|Zsnz, | dS) ,
0

s<t

we obtain

t
Esuplaly, 0/ Zsar, ? < N + NEL —o141Z|” + N / Esup Ly, =014 Z ng, P ds < o0
0 r<s

s<t
with a constant N = N (K, T'), which by Gronwall’s lemma yields

Esup1als,201Zinr, |7 < N(1 + E14]Zo|”)

s<t

with a constant N = N (K, T) for integers n > 1. Letting here n — oo we finish the
proof of the remark by using Fatou’s lemma. O

We make also the following assumption.

Assumption 2.2 We have Ey7 = 1, where
t 13
Yy = exp (—/ B(s, X, Yy)dVy — %/ |B(s, X, YS)|2ds) , tel0,T]
0 0
2.4
This assumption implies that the measure Q, defined by dQ = yrdP on F, is a

probability measure equivalent to P, and hence by Girsanov’s theorem under Q the
process

t
‘/t Z/ B(S’XSa YS)ds+Vl‘7 re [Oa T]a (25)
0

is an F;-Wiener process.
To describe the evolution of the conditional distribution P;(dx) = P(X,; €
dx|Ys,s <t)fort € [0, T], we introduce the random differential operators

L, =a (x)Djj + bi(x)D;, Mf = pi*0)D; + Bf (x), k=1.2.....d"
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where

di d

y - o . ‘

a’ (x) =3 6/ /")) + 3 Y ('), off () =0 x, 1),
k=1 I=1

p[ll(x) = pil(ts X, Yt)v
bj(x) :=b'(t,x. Y)), Bf (x) := B(t, x, ¥))

forwe Q,te[0,T],x = ', ...,x%) e R and D; = 3/dx', D;; = 8/(dx'dx/)
fori, j = 1,2...,d. Moreover for every t € [0, T] and 3 € 3; we introduce the
random operators If and Jf defined by

Fox,3) =px+E&x,3),3 —9x,3),

d
oGy = Lok — Y & (. )Dip(x.3) 2.6)

i=1

for functions ¢ = ¢(x,3) and ¢ = ¢(x,3) of x € R? and 3 € 31, and furthermore
the random operators /,” and J;', defined as If and J,S, respectively, with 7, (x, 3) in
place of & (x, 3), where

Sl(xval) = s(tvxv Yl‘*val)’ nl(-xvzo) = r](t’xv thvao)

forwe Q,1e[0,T],x e R and 3; € 3; fori =0, 1 (Yo_ := Yp).
Now we are in the position to formulate our main result. Recall that we denote by
(_7-',’/ )zefo,7] the completed filtration generated by (Y;):e(0,7].

Theorem 2.1 Let Assumptions 2.1 and 2.2 hold. Then there exist measure-valued F? -
adapted weakly cadlag processes (P;)icj0,71 and (ii)se[o,1] Such that

Pi(@) = ui (@) /e (1),  forwe 2, t €[0,T],
Pi() = E(p(X)IFD), (@) =Eoy, ' o(X)IF)
(a.s.) for each t € [0, T],

for bounded Borel functions ¢ on RY, and for every ¢ € Cg(Rd) almost surely

' t _ '
1 (@) = o) + / i (Ls@)ds + / ps (M) a7 4 / [ s (1) vo(d3)ds
0 0 0 /30 Q2.7)

t t B
+ / / 115 (IE @) v (d3)ds + / / jus— (I 9) N1 (ds, ds),
0 J3; 0 J3
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and
t ' _
PL(¢) = Po(e) + /0 Py(Lyg)ds + fo (PMip) — P P(BY) T
t t
+ f / P,(J7¢) vo(d3)ds + / / P, (JEg) vi(d3)ds 2.8)
0 J3 0 J3;

t
4 / f P,_(I¢) Ny (d3, ds)
0 J3;

forallt € [0, T], where (‘Z)te[O,T] is given in (2.5), and the process (\_/,)te[o,r] is
defined by

dV, =dV, — P,(B,)dt =dV, + (B;(X,) — Pi(B,))dt, Vy=0.

Remark 2.2 Clearly, V= (Vz)ze[o,T] is a continuous process, starting from zero, and
by the help of Lemma 4.2 below it is easy to see that it is ]-'ty -adapted. Moreover,
it is not difficult to see that V is a martingale (under P) with respect to (F;);>0,
with quadratic variation process [V], = t,t € [0, T]. Hence by Lévy’s theorem,
V is an 77 -Wiener process. It is called the innovation process in the case when the
observation process does not have a stochastic integral component with respect to
Poisson measures, i.e., when vy = 0. In this case it was conjectured that (VS)SE[(),,]
together with Yq carry the same information as the observation (¥s)s¢[o.7], i.€., that
the o -algebra generated by (\_/S)Se[o, 11 and Yy coincides with the o -algebra generated
by (¥s)sefo,,] for every ¢. An affirmative result concerning this conjecture, under quite
general conditions on the filtering models (but without jump components) was proved
in [19] and [14]. For our filtering model we conjecture that (‘_/s)se[(), 1], together with Yy
and {N((O, s]xT):s €[0,1], " € Z1}carry the same information as the observation
(Ys)se[o.11, if Assumption 2.1 holds and the coefficients of (1.1) satisfy an appropriate
Lipschitz condition.

Remark 2.3 One can show, see the proof of Lemma 4.2, that N Y the compensated
measure of jumps of the observation process Y, is almost surely the same as Ny,

t t
v :=f f 3NY(ds,d3)=f f sNids.dy), 1€[0.T]
0 J3; 0 J3

is the purely discontinuous component of Y, and
Y=Y, —Y =Yo+V, tel0,T]
is the continuous component of Y. Thus Eq. (2.7) can also be written as
t t X Tk t
me (@) = pole) + /0 s (Lsp)ds + [0 s (M) d Yi® + /0 /3 s (J{ ) vo(d3)ds
0

t t B
+/ / Ms(wa) V1(dzs)ds+/ f us—(lfw)NY(dz,dS), te€l0,T],
0 J3 0 J3
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where Y * denotes the k-th coordinate of Y. Notice that in contrast with the filtering
equation of partially observed (continuous) diffusion processes, here not the whole
observation process, but its continuous and purely discontinuous components, sepa-
rately, drive the above equation. Thus it is problematic to approximate this equation
only on the basis of discrete time observations, since in general one cannot effectively
approximate Y and Y separately from discrete time observations.

We will prove Theorem 2.1 by deducing Eq. (2.8) from Eq. (2.7), which we obtain by
taking, under Q, the conditional expectation of the terms in the equation for y; ! o(X4),
given the observation {Y; : s < t}.

There are several known conditions ensuring that Assumption 2.2 is satisfied. For
a simple proof for the well-known Novikov condition and Kazamaki condition, and
their generalizations we refer to Exercise 6.8.VI in [20-22]. These conditions, are
clearly satisfied if | B| is bounded, but it does not seem to be easy to reformulate them
in terms of the coefficients of the system of Eq. (1.1), if |B| is unbounded. Here we
give a condition, which together with Assumption 2.1(1) ensures that Assumption 2.2
holds.

Assumption 2.3 There is a constant K such that
—x'p*(t, 2)B*(t,2) < K(1+1z)*) forallt € [0,T], z = (x,y) € R
Remark 2.4 Define the R@+4)*d  yalued function p by p/* = pik for j =

1,2,...,d,k=1,2,...,d and p/* := Ofor j =d+1,...,d+d  k=1,2,....d.
Then Assumption 2.3 means that the “one-sided linear growth” condition

f(t,2) <K +1z), t€l0,T], ze R,
holds for the R?+4"_valued function f = —pB, where zf denotes the standard inner
product of the vectors z, f € R+, Clearly, this condition is essentially weaker than
the linear growth condition on f (in z € R¥*?"), which obviously holds if one of the
functions p and B is bounded in magnitude and the other satisfies the linear growth

condition in Assumption 2.1 (i).

Theorem 2.2 Let Assumptions 2.1(i) and 2.3 hold. Then Eyr = 1, i.e., Assumption
2.2 holds.

Proof We want to prove E(yrl z,<r) = P(]Zo| < R) for every constant R > 0,
since by monotone convergence it implies

Eyr = lim E(yrljz)<r) = lim P(|Zo| < R) = 1.
R— o0 R— o0
To this end we fix a constant R > 0 and set ¥; := ¥;1;z,<r. By 1t0’s formula
d?t = _?IB(tv Zl) dVla
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that shows that 7 is a local F;-martingale. Thus Eyrar, = P(|Zo| < R) for an
increasing sequence (7,);°; of stopping times 7, such that 7, converges to oo as
n — 00, and (Yraz, )re[0,7] 1S @ martingale for every n. Consequently, if we can show
E sup,.7 ¥ < 0o, then we can use Lebesgue’s theorem on dominated convergence to
get Eyr = P(|Zo| < R). Define the stopping times

T, =inf{r € [0, T] : [yl = n} forintegersn > 1,

where ,
(71 =/ 721B(s, Z)|* ds.
0

Note that (y; — ) <7 is a continuous local martingale starting from 0, with quadratic
variation process [y ]. Clearly,

SUP Vinz, < Y0 4 Sup |[Viag, — Yol < 1+ sup [Yiar, — Yol.
t<T t<T t<T

Thus, by standard estimates, using Davis’ and Young’s inequalities, we have

T AT, 12
_ —11/2 -1/2 -
Esup fing, < 1+ 3E[71Y7, <1+ 3Esup /7, ( f 7B, zt)|2dr>
0

t<T t<T

T
<1+ 3ESup iar, + 5]E/ 7\ B(t. Z)* dt,
0

t<T

which, after we subtract %E sup, <7 Vrar, and let n — oo, by Fatou’s lemma gives

T T
IEsup7; <1 +5ﬂz/ 7IBG, ZOPdi < 1 +51E/ 7 (Ko + Ka|Z,2) dt.
0 0

t<T

Since Ey; < 1, to show that the right-hand side of the last inequality is finite we need

only prove that if K» 7# 0 then

supEy,|Z;|? < oo. (2.9)

t<T

To this end we apply Ito’s formula to U; := ¥,|Z,|*> and use Assumptions 2.1 (ii) and
2.3 to get

dU; = 7,2X;b(t, Z,) + 2Y,B(t, Z:) + |o (t, Z)) > + |p(t, Z))* + 1) dt

=2y (Xep(t, Z)B(t, Z;) + Y By (¢, Zy)) dt + ?t/ In(t, Zi, 3)I” vo(d3)dt

30

+ 7 /3 E(2, Z1, 3) 1> vi(d3)dt + 7 f 1312 vi (d3)dt + dm,
1

31

fN]?t dt+NUt dt—l—dm; (210)
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with a constant N and a cadlag local martingale m starting from zero. Hence by a
standard stopping time argument and Gronwall’s inequality we get a constant N such
that

sup EU s, < N(1+Elizgi<r|Zo]")) < 00

<
for an increasing sequence of stopping times 7, 1 oo. Letting here n — oo by Fatou’s
lemma we get (2.9), which finishes the proof of the theorem. O

3 Preliminaries

The following lemma is our main tool for calculating conditional expectations of
Lebesgue and It stochastic integrals of simple processes under Q given ]—",Y .

Lemma 3.1 Let X and Y be random variables such that E|X| < oo, E|Y| < oo and
E|XY| < oo. Let G', G* and G be o-algebras of events such that G' c G Gis
independent of G, X is G-measurable and Y is independent of G v G?. Then almost
surely

E(XY|G' v G*) =E(X|GHEY.

Proof The right-hand side of the above equation is a g1 -measurable random variable,
hence it is obviously G' v G>-measurable. Let H denote the family of G € G' v G?
such that

EYEE(X|GH1s) = E(XY1g).

Then H is a A-system, and for G = G| N G2, G; € G' we have

EYE(E(X|G")16) = EYE(E(16, X|G)16,)) = EYE([E(16, X|G")Elg,
=EYE(1lg, X)Elg, = E(XY15),

that shows that H contains the w-system {G1 N G> : G; € g", i = 1, 2}. Hence, by
Dynkin’s monotone class lemma H = G' v G2, which completes the proof. O

To formulate a theorem on conditional expectations of Lebesgue and Itd integrals
we consider a complete filtered probability space (€2, F, P, F;) carrying independent
Fi-Wiener processes wi = (Wti)zzo and independent F;-Poisson random measures
N; = N;(d3,dr) with o-finite characteristic measures v; on separable measurable
spaces (3;, Z;) fori = 0, 1, respectively. We denote by G; the P-completion of the
o-algebra generated by the events of a o-algebra )y C Fy together with the random
variables WSl and N1((0,s] x I') for s < t and I' € Z; such that vi{(T") < oo.
The predictable o-algebras on 2 x [0, T'], relative to (F;);ef0,77 and (G;)refo,1] are
denoted by Pr and Pg, respectively. The optional o-algebras relative to (F;)s¢[o,7]
and (G;);ep0,17 are denoted by O and Og, respectively.
The following definition will be frequently used.

Definition 3.1 Given a probability space (2, F, P) andasub-o-algebraG C F, wesay
that a random variable f is o-integrable (with respect to P) relative to G, if there exists
an increasing sequence (Qn);'f’zl such that Un Q, =Q,Q, € Gand E| f1q,| < o0
for all n.
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One knows that for nonnegative random variables f and o-algebras G C F the
conditional expectation E( f|G) is well-defined, and that for general random variables
f we define the extended conditional expectation E( f|G) as E(fT|G) — E(f~|G) if
E( f119) < oo (a.s.). It is not difficult to show that E(| f]|G) < oo (a.s.) if and only if
f is o-integrable (with respect to P) relative to G.

We consider real-valued F ® B([0, T'])-measurable F;-adapted processes f =
(fi)iefo.r) and g = (g,),e[o,” on  x [0, T], real-valued F ® B([0,T]) ® Z;-
measurable functions &) = hfl)(a),g) of (w,t,3) € @ x[0,T] x 3; fori =0,1,
and a real-valued 7 ® B([0, T]) ® Z-measurable function & = h;(w, 3) of (w, t,3) €
Q x [0, T] x 3, such that for every ¢ € [0, T] the functions hf') and h; are F; ® Z;-
measurable and F; ® Z-measurable, respectively, for i = 0, 1, where (3, 2) is a
separable measurable space, equipped with a o-finite measure v. Assume that almost
surely

T 172 T 172
F = (/ |fS|2ds> <oco HY .= (/ / 10 (3)1 Vi(dé)ds) <0
0 0 J3;
3.
T T
G = f |gs|lds < oo, H ::/ / lhs(3)| v(d3)ds < oo 3.2)
0 0 3

fori = 0, 1. Then the processes

t t
o :=/ o ds, & :=/ /hsc,)v(dz,)ds, r 0,71,
0 0 J3

and
. [ . ~
i /fd 8§”=/0/3h§”(3>1v,-(d3,ds>, tel0,T], (33)

are well-defined for i = 0, 1, and we have the following theorem.

Theorem 3.2 Assume the random variables F", G, H and |H(i)|2f0ri =0, 1, for
some r > 1 are o-integrable (with respect to P) relative to Go. Then fort € [0, T
we have

t
E@BLIG) = fo fraw!, E@PI6) =0, (3.4)
t t
(o |Gy) = /0 2cds, E(5|G) = fo /3 hs(3) v(d3)ds, (3.5)
t
E©VIG) = / / AV ) Ni(dz, ds), E©1G) =0 (3.6)
0 J3;

almost surely for some Pg-measurable functions f and gon Q2 x[0,T], aPg® Z-
measurable function A on Q x [0, T] x 31, and a Pg ® Z-measurable function h
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on Q x [0, T] x 3 such that

fi =E(fi1G), & =E(g1G) (as.)fordt —a. e tel0,T], 3.7
WY =EnYG)IG) (as)fordt @ vi —ae. (,3) €[0,T]1 x 31, (3.8)
he =E(h:(3)IG) (a.s.)fordt ® v —ae. (t,3) € [0, T] x 3. (3.9)

Proof Since F” is o-integrable with respect to Gy, there is an increasing sequence
Q, € Go such that UZOZI @, = Qand E(1g, F") < oo for every integer n > 1. By
the definition and elementary properties of (extended) conditional expectations and

stochastic integrals, we have
l .
gt> =F </ lgnfs dW; Q,> s
0

t '
1q,E (/ fs dW; g,) =E <1§2n / fs dW;
0 0

1o, E(fi19:) = E(lg, fi1G), t€10,T]

fori =0, 1 and every n > 1. Thus, taking 1o, f in place of f, we may assume that
EF" < oo. Similarly, we may also assume that EG, EH and E|H (l)|2 are finite in
what follows below. Assume first that f belongs to Hy, the set of simple processes of
the form

k—1
fr=Y &), (3.10)

i=0
where 0 = 19 < .-+ <t = T are deterministic time instants, and &; is a bounded
Fi;-measurable random variable for every i = 0, 1, ...,k — 1 for an integer k > 1.

Then we have

E(/tfxdw;
0

g,) -YE (gi(w,}_w, - W[}A,)|g,) . fort [0, T).

(3.11)
For 0 <r <s < T define the o-algebra
Grs=0(W = WL Ni(T x (u,v]): r<u<v<sTeZ,unT) < o).

Then o -algebras G, and G, ; are independent and G; = G, Vv G, ;. Thus, using Lemma
3.1 with X :=§&,Y := 1, gl .= G, G = F; and G .= Gpsforty <s <T,we
have

E(1Gs) = E(1G,) fori=0,1,2,...,k—1. (3.12)
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Hence fort; <s <tj11 <t <T,

EE(W,,, — WhHIG) = E&EIG) (W, — W) =EG&|GHW,), — W)
(3.13)

andfort; <s <t <T,
E(E (W' = W)IG) = EGjIG) (W — W) = EEIGHW, — W), (3.14)

Consequently, defining fs =E(|Gs) = E(fs|Gs) fors € (¢, ti41],i =0, 1, ..., k—
1, the function f on © x [0, T] is Pg-measurable, and using (3.11) we can see that
the first equation in (3.4) holds. Assume now that f is 7 ® B([0, T'])-measurable and
Fi-adapted such that EF" < co. Then there are sequences (f")7° ; and ( f ")o2 ; such

that f"* € Ho, f " is PPg-measurable,

T r/2
lim E (/ | fi — fl"|2dt) =0, (3.15)
0

n—o0

and almost surely

t t
E(L (f™)|Gr) ::IE(/ fraw! gt> :/ fraw! = 1,(f*) foralls € [0, T,
0 0

(3.16)
' =E(f"1G) fordt —ae.t €0, T]
3.17)

foralln > 1. Using the Davis inequality, Doob’s inequality, Jensen’s and Burkholder’s
inequalities for any r > 1 we have

T 1/2
E(/ lf,"—ft'"lzdt> <3Esup|L(f" — ™)
0

t<T

=3E sup [E(L(f"—f"™|G)I<3E sup (E(sup|L(f" — f™IIG)
te[0,TINQ te[0,TINQ s<T

- 1/r T r/2\ 1/r
<3— (ESUPII,(f"—f”’)I’> §N<IE <f If,"—ft'"lzdt) ) ,
r—1 t<T 0

where Q is the set of rational numbers and N = N(r) is a constant, which gives
172

T
lim E(/ | f —f,m|2dt> =0.
n,m— 00 0
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Thus there exists a Pg-measurable function f on 2 x [0, T], such that

T 1/2
lim ]E(/ | fi — ft”|2dt> =0, (3.18)
n—oo 0

which implies
lim E sup |L(f)—L(f")|=0. (3.19)

=00 1e[0,T]

Using Jensen’s and Davis’ inequalities again we have

EIE(L()1G) —ET(fM1G)] < EE(L(f — fIIG)

172

T
=E|L(f - f")| <3E </ | i —f,”|2dt> for every 1 € [0, T,
0

i.e., forn — oo
E((f1G) — E(f)IG) in L1(R) forevery t € [0, T]. (3.20)

Thus letting n — oo in Eq. (3.16), by virtue of (3.19) and (3.20) we get the first
equation in (3.4). Clearly, (3.15) and (3.18) imply

T
lim/ Elfi — 1+ E|fi — f'|dt = 0.
n—0o0 0

Hence there is a subsequence n; — oo and a set S € B([0, T']) of Lebesgue measure
0 such that for n; — oo,

" — fiandaf" — f in Li(Q) foreachr € [0, T]\S =: S¢,
and taking into account (3.17), we can assume that S is a dt-zero set such that we

also have f" = E(f"|G;) (as.) for every 1 € S¢. Thus for n; — oo we have
E(f,"l |G:) — E(f;|G;) in L{(S2) for each t € S¢, which gives

fi =E(f;|G;) almost surely for every ¢ € S,

i.e., the first equation in (3.7) holds. To prove the second equation in (3.4) we note
that for &; from the expression (3.10) we have

E& Wy ar = WDIG) = EGilGi)BW, oy — W) =0 fori=1,2,...,N —1,
(3.21)

by using Lemma 3.1 with X = &, Y = WZ?HM - W,?N G':=6, cF, = Gand
G? = G, for t; < t. Hence we get the second equation in (3.4) for f given in (3.10),
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and the general case follows by approximation as above. To prove the first equation
in (3.5) assume that g is given by the right-hand side of (3.10). Then using (3.12) we
can see that

k—1

8 =Y E&|G)1( .00 =E(&lG), t€l0,T],

i=0

and that the first equation in (3.5) and the second equation in (3.7) hold. Assume
now that g is an F ® B([0, T'])- measurable F;-adapted random process such that
EG < oo. Then there are sequences (g");° | and (g");° ; such that g" € Hy, g" is
‘Pg-measurable,

T
lim IE/ lgr — g'ldtr =0,
0

n—o00
and almost surely

t t
IE(/ g?dsg,)=f g ds forallt €[0,T],
0 0

gl =E(g!'G;) fordt— ae.t€[0,T].

Hence noting that by Tonelli’s theorem and Jensen’s inequality

T
E /0 & — g di = /0 EIE(e"|G,) — E(g" |G| dt
T

T
5/0 IEE(I&‘&II@)dt:E/O g — &'l dt,

and repeating previous arguments we get a P--measurable ¢ such that the first equation
in (3.5) and the second equation in (3.7) hold. To prove the second equation in (3.5)
we assume first that

k—1
hiG) =Y &l xr (13), (3.22)

i=0

forapartition0 <y <t <--- <t =T of [0, T], bounded F; -measurable random
variables & and sets I'; € Z, v(I';) < ocofori =0,...,k — 1. Then

</ /h (3) v(d3) ds|G

) ZE(&@)v(r Jtisi A=t AD, 1 E[0,T]

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations

Thus, since by virtue of (3.12) we have

k—1

hi3) ==Y E(E1Gi)g,0,(O1r,G) = E(h()IG)), 1 €[0,T], 5 €3,

i=0

for h the second equation in (3.5) and by definition (3.9) hold. Hence we can get
these equations in the general case by a straightforward approximation procedure in
the same way as the first equation in (3.5) and the second equation in (3.7) have been
proved above.

Now we are going to prove (3.6). Assume first that (! is a simple function, given by
the right-hand side of equation (3.22) with I'; € Z1,v1([';) < o00,i =0, 1, ..., k—1.
Then

t
IE(/ / WD () Ny (d3, ds)
0 J3

In the same way as Eqgs. (3.13) and (3.14) are obtained, by using (3.12) we get

k—1
gt> = ZE <§i1\71(ri X (4 Nt tig /\t])|g,) .
i=0

E (&Nl(ri X (1, ti+l])‘gt)
=E@&[G)N1 (I x (1, ti+1]) = EGEIG) N1 (T x (8, ti1])

fort; <s <tjy; <t,and
E (&M % (1. D[G) = E&j1G,) M (T x (15, 1) = B 19N (T x (1, 1)

fort; <s <t <tjy1. Thus for

k—1
i) = Y B0 uxr, (1 5) = BV ()16,

i=0

equations in (3.6) and (3.8) hold. Assume now that hW is FRB([0, T1)® Z-measurable
such that for every ¢ € [0, T'] the function h;l) is F; ® Z,-measurable and E|H(V |2 <

oo, where HV is defined in (3.1). Then there exist sequences (h™);2 ; and (ﬁ");’le,

such that A" is a simple function of the form (3.22), h" s a Pg ® Z;-measurable
function,

t t
(T, (")]G)) :=E</ / h?(z)N1(d5,ds)|Qz)= / / i) N (ds, ds),
0 J3; 0 J3;
(3.23)

fz?(g) =E(h}(3)|G;), almost surely, for vi(d3) @ dt — a.e. (3,¢) € 31 x [0, T,
(3.24)

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations

for every n > 1, and

n—o0

T
lim E/ / 1Y G) — ' (3)1? vi(d3) dt = 0. (3.25)
0 J3

Hence using Jensen’s inequality we get

T
lim E / / 2 G) — R G)P vy (dy)de =0,
0 J3

n,m— 00

which implies the existence of a Pg ® Z1-measurable function h™ such that

T
lim E/ / AV ) — A" (3)1> vi(d3) dt = 0. (3.26)
n—oo 0 31

Thus letting n — oo in (3.23) we obtain (3.6). By virtue of (3.25) and (3.26) there is
a subsequence n; — oo and a set A € B([0, T]) ® Z; such that dt ® vi(A) = 0 and
forn; — oo

h' () — ht(l)(g) and fz;” G) — ﬁt(l)(g) in mean square
for every (¢, 3) € A := [0, T] x 31\ A. Consequently,
E(h*(3)|G) — E(hgl)(g)@,) in mean square for every (3, 1) € A,

and letting n := n; — oo in (3.24) we obtain E(hﬁl)(5)|g,) = flfl)(g) for (3,1) € AS,
which proves (3.8). To prove the second equation in (3.6) assume first that 2 is a
simple function of the form (3.22) with I'; € Zy, vo(I';) < ocofori =0,1,...k — 1.
Just like (3.21) is obtained, by Lemma 3.1 we get

E(& No(T; x (t; Aty tig1 ADIG) = B(&|G)ENo(Ty x (t; At,tiz1 At]) =0

fori =0,1,...,k—1and¢ € [0, T], thatimplies the second equation in (3.6). Hence,
we obtain the second equation in (3.6) for O r-measurable functions satisfying (3.1)
by approximation with simple functions. O

We can reformulate the above theorem by using the notion of optional projection
of processes with respect to a given filtration. It is well-known (see for instance [15,
Thm 5.1], [9, Thm 2.43]) that if f = (fi)ieo,r] 18 a B([0, T]) ® F-measurable
process such that f; is o-integrable (with respect to a probability measure P) relative
to the o-algebra G, for every G;-stopping time 7 < T (with respect to a P-complete
filtration (G;);[0,77). then there exists aunique (up to evanescence) G;-optional process
°f = (°f )iefo, 17 such that for every G;-stopping time v < T

E(fr1G:) =°f; (as).

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations

The process °f is called the optional projection of f (under P with respect to
(Go)iero,m))- If f is a cadlag process such that almost surely sup, .7 | f;| < n for some
o -integrable random variable 5 with respect to P relative to Gy, then almost surely the
trajectories of °f have left and right limits at every ¢ € (0, T'] and [0, T'), respectively,
and moreover, they are also almost surely right-continuous if (G;)/eqo0,7] is right-
continuous. One can define the extended optional projection °f of every nonnegative
B([0, T]) ® F-measurable process (f):c[0,7] (under P with respect to (G;);c[o,77) by
setting °f := lim,— 0 15°%(f A n), where S is the set of (w, 1) € Q x [0, T] such that
lim,,—, 00 A f A n);(w) exists, which may be infinite. For B([0, T']) ® F-measurable
stochastic processes ( f;):c[0,7] one defines the extended optional projection °f by
Of =%fT)—%f)ontheset A = {(w,1) € QRI[0, T]1: AfT)+°(f~) < oo} and
°f =ooon Q2 x [0, T]\A.

Notice that if for a ¢ € [0, T'] the extended conditional expectations [E( f,Jr |G;) and
E(f,"|G) are almost surely finite, then they are almost surely equal to %(f,") and
%f;), respectively, meaning that we have °f; = E(f;|G;) (a.s.). Let h = (h;(3))
be an F ® B(R;) ® Z-measurable function on  x R4 x 3. Then by the help of
the Monotone Class Theorem it is not difficult to show the existence of an Og ®
Z-measurable function, which for each fixed 3 € 3 gives the (possibly extended) Og-
optional projection of i(3) := (h;(3)):>0. We denote this function by %, and call it
the (extended) Og-optional projection of A.

Corollary 3.3 Assume the random variables F, H @ and G, H, defined in (3.1) and
(3.2), respectively, are o -integrable relative to Gy for i = 0, 1. Assume moreover that
almost surely

T T .
/ 1°F, |2dt < oo, / / 1D ) vidz)dt < oo fori=0,1, (3.27)
0 0 J3;

where °f and °h'") are the (extended) Og-optional projections of f and h'"), respec-
tively. Then for every t € [0, T] Egs. (3.4), (3.5) and (3.6) hold almost surely with
the Og-optional projections °f, °g, *h'") and °h in place of f, 8, hD and h, respec-
tively, for i = 0, 1. Moreover, there is a dt-null set Ty C [0, T], a dt ® vi-null set
By C [0, T] x 31 and adt ® v-null set B C [0, T] x 3, such that

(i) foreacht € [0, T]\Ty the random variable | f;| + |g;| is o -integrable relative to
Go and

E(f1G) =°fi € R, (a:s.), E(glG) =%, € R(as.), (3.28)

(i) for each (t,3) € [0, T] x 31\Bo the random variable |h,(1)(5)| is o-integrable
relative to Gy and

E(h" 5)1G) = ") € R (as.), (3.29)
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(iii) foreach (t,3) € [0, T]1x 3\B the randomvariable |h;(3)| is o -integrable relative
to Gy, and

E(h;(3)1G:) = h:(3) € R (as.). (3.30)

Proof Just like in the proof of the previous lemma without loss of generality we may
and will assume that F, G, H and H®, i = 0, 1, have finite expectation. Thus by
Minkowski’s inequality and Tonelli’s theorem we have

T 12 T
(/ (El.le)zdt) sE(/ Ifrlzdt)
0 0
T T
/ /Emt(a)w(da)dr:E/ flht(z)IV(dz)dt<oo
0 J3 0 J3
172

T 172 T
( / / (Elhgl)(a)l)%l(dz)dt) §E< / f |h§”<z>|2v1<d5>dz) < 0.
0 J3; 0 J3;

Therefore E| f;|+E|g:| < oo fordt-almostevery ¢t € [0, T],E|h;(3)| < oo fordt Q@v-
ae. (,3) € [0,T] x 3, and E[n)(3)| < oo for df ® vi-ace. (t,3) € [0, T] x 31,
i.e., we get (3.28), (3.29) and (3.30). Hence due to (3.7) and (3.9) we have (3.5) with
% and % in place of g and h, respectively. We also have (3.4) and (3.6) with °f and
%D in place of f and AV, provided F” and |H®|? are o -integrable relative to Gy for
i =0, 1 for some r > 1. Thus it remains to prove (3.4) and (3.6) with °f and h D in
place of f and h(V, respectively, under the condition that F and H®) are o -integrable
relative to Gp fori = 0, 1, and (3.27) holds. We show only (3.6) under these conditions,
because (3.4) can be proven similarly. To this end define 2" = 131 (—n v kD A n)
for integers n > 1, where (3")7° , is an increasing sequence of sets 3" € Z; such that
UZOII 3" = 31 and v1(3") < oo for every n > 1. Then for each ¢t € [0, T']

1/2 T T
<. / 1E|g,|dt=1E/ gl dt < oo,
0 0

t
E(af”"|g,):/0 /3 D" 3) Ni(dz, ds) (as.), (3.31)
1

where 81" is defined as 8§V in (3.3), but with (V" in place of 2D Note that
1% < 1ov M| P @ dt @ v; -almost every (w,1,3) € Q x [0, T] x 31,
0h§1)n

and for n — we have 3) — "hgl)(g) almost surely for every (s, 3) € [0, T] x 31

such that 0h§1)(3) # 00. Hence due to condition (3.27), by Lebesgue’s theorem on
dominated convergence we have

T
/ / 100" (3) — %D (3) > vi (d3)dt — 0 (a.s.) asn — oo,
0 J3
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which implies

t t
[ [ aremasan > [ [ a0 masd 63
0 J3; 0 J3i

in probability, uniformly in ¢ € [0, T']. Using obvious properties of conditional expec-
tations, by Davis’ inequality and Lebesgue’s theorem on dominated convergence we
get

lim EEGE "G — EGM 6]
n— 00

< lim E[s"" — 50|
n—o0

1/2

T
<3 lim E ( / / 1K) — hD )12 vl(da)ds) =0,
0 3

n—0o0

which by virtue of (3.31) and (3.32) finishes the proof of the first equation in (3.6).
The second equation in (3.6) can be obtained similarly. O

Remark 3.1 We have that almost surely
/0 /3 10 (3)| vi(d3) ds < /O (hP 1,3, ds (as) fori=0,1
forall ¢ € [0, T]. Thus
T
f W(h”12 3, dt < oo (as.) fori=0,1 (3.33)
0

implies the assumption on R in (3.27).

Proof (Proof of Remark 3.1) Let i € {0, 1} be fixed and let (A,)}° | be an increasing
sequence of sets from 3; such that U>® | A, = 3; and v;(A,) < oo forevery n > 1.
Set

R () == (=n) v (A4, i (3)) A

Then by Jensen’s inequality for the optional projections we have |0h§’"(3)|2 <
°(|hs" (3)|?) for every 3 € 3;, and by an application of Corollary 3.3 we obtain

t . t .
/ f PR () vi(d3)ds < / / O(h" () ) vi (d3)ds
0 3,‘ 0 31’

t .
_E ( / / IR 3P vi (d3)ds gt>
0 J3;

p t
.’ 2 i 2
:/o (RS 1Ly 3, ds = /0 U150 5
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Letting here n — oo and using the Monotone Convergence Theorem and the properties
of extended optional projections on the left-hand side of the first inequality, we finish
the proof of the remark. O

Let P(R?) be the space of of probability measures on the Borel sets of R?, equipped
with the topology of weak convergence of measures. Recall that Cj,(R?) denotes the
space of bounded continuous real functions on R9, and as before, let (3,2) bea
separable measurable space.

Lemma3.4 Ler (2, F, P) be a complete probability space equipped with a right-
continuous filtration (G;)>0, G; C F fort > 0, such that Gy contains all P-zero sets
of F. Let (X;)1>0 be an R?-valued F @ B(R,.)-measurable cadlag process. Then the
following statements hold.

() There is a P(RY)-valued weakly cadlag process (Py)i=0 such that for every
bounded real-valued Borel function ¢ on R¢ and for each t > 0

Pi(p) = E(@(X)IG) (as.). (3.34)

(i1) Let (Pt)s>0 be the measure-valued process from (i). Assume f = f(w,¢t, 3, x) is
a Og ® Z® B(R?)-measurable real function on Q x Ry x 3 x R?. Define

fRd f(t’ 5,)() Pt(dx)’ for (t’ @, 3)’
Pi(f(t,3) :=  if Jpa |f (2,3, %) P(dx) < o0

o0 elsewhere.

Then P;(f(t,3)) is an Og @ Z-measurable (extended) function of (w, t, 3) such
that

E(f (.3, X)G) = P (f(t,3) (a.s.) foreach (t,3) € Ry x 3,
(3.35)

whenever one of the expressions is finite (a.s.). Moreover, Py ( f(to, 30)) is finite
(a.s.) for a pair (g, 30) € Ry x 3 if f(t0, 30. X4,) is o -integrable relative to Gy,.

Proof Statement (i) is shown in [28]. Thus (ii) holds if f = g(¢, 3)¢(x) for bounded
Og ® Z-measurable functions g on Q2 x R, x 3 and bounded Borel functions ¢ on
R¢. Hence by a standard monotone class argument we get (ii) under the additional
assumption that f is bounded. In the general case, the set A C Q2 x Ry x 3 where

/ |f(t759x)|Pt(dx)=Oo
R4
isin Og ® Z. Consequently, P;(f (7, 3)) is Og ® Z-measurable in (v, 1, 3). We have

E(f (@, 3, Xl AnlGy) = /Rd If (.5, )| AnPi(dx) (as.)
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for every integer n > 1. Letting here n — oo we get

E(f (3 X0lG) = /Rd |f (.5, )| Pr(dx) (as.), (3.36)

that implies (3.35). If f(to, 30, X;,) is o-integrable relative to Gy,, then there is an
increasing sequence (£2,)°2; such that , € G;, P(U>2,Q,) = 1, and

IQH Ad f([()v 305 x) Pt()(dx) = E(IQH fn(t07 505 Xl())|gt0)

is almost surely finite for every n > 1. O

Corollary 3.5 Let (2, F, P, (G;)i=0) and (X;)ie[0,1] be a filtered probability space
and a stochastic process, respectively, satisfying the conditions in Lemma 3.4. Let
(Fi)i=0 be a filtration such that G; C F; C F fort > 0. Let Q be a probability
measure on F such that d Q = yrd P for a Fr-measurable positive random variable
yr. Then the following statements hold.

(i) Thereisan M(R?)-valued weakly cadlag stochastic process (ji1)tc[0,T] Such that
for every bounded real-valued Borel function ¢ on R and for everyt € [0, T

(@) = Eo(yr ' o(X01G) = Eo (v o(X1)1Gr) (a.s.). (3.37)

(ii)) Let f = f(w,t,3,x) be an Og @ Z ® B[R?)-measurable real function on
Q x [0, T] x 3 x RY. Define

fRd f([’ﬁvx) ,bL[(dX), f{)r ([a waﬁ)» lf fRd |f(t,3,x)| /’Ll(dx) < o0
00 elsewhere.

me(f(2.3) =

Then pw(f(2,3)) is an Og ® Z-measurable function such that for each (t, 3) we
have

Eo(yy ' ft, 5. X01G) = Eo (v, ' f (1,5, XDIG) = 1 (f(2,3)) (a.s.),
(3.38)

whenever one of the expressions is finite (a.s.). Moreover, g, ( f (fo, 30)) is finite
(a.s.) for a pair (ty, 30) € [0,T] x 3 U‘y,glf(to, 30, X1) s o-integrable (with
respect to Q) relative to Gy, or equivalently, if f (to, 30, X,) is o -integrable with
respect to P relative to Gy,.

Proof Considering (F;4);>0 in place of (F;);>0 we may assume in the proof that
(Fi)r=0 1is right-continuous. By Doob’s theorem there is a cadlag F;-martingale,
(Yt)re[0,17> such that y; = Ep(yr|F;) (P-as) for each ¢t € [0, T]. Clearly, almost
surely y; > O for all ¢ € [0, T] since

0=EpQy,—=oy) =EpQy,-oyr)
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implies P(y; = 0) = 0 for every ¢ € [0, T']. Thus ()/t_l)te[O,T] is a cadlag process,
and it is an F;-martingale under Q, because

Eo(y; '|F) = 1/Ep(yrlF) = y;' almost surely for 7 € [0, T7.

Since, ¥y = (¥):e[0,7]1s a (cadlag) F;-martingale under P, the set {y; } for F;-stopping
times T < T is uniformly P-integrable, and hence one knows that %y, the G;-optional
projection of y under P, is a cadlag process. Due to y > 0, we have % > 0 (a.s.).
Define u; := (Oy,)_lP, for t € [0, T], where (P;):ef0,1] 1S the P(R?)-valued G,-
adapted cadlag process (in the topology of weak convergence of measures) by Lemma
3.4. Hence, (us):ef0,77 is a Gy-adapted cadlag M(R4)-valued process, and by (3.34)
for every bounded Borel function ¢ on R? we have

Eo(y; 'o(X0)1G) = Ep(p(X)IG)/Ep(yr|Gr)
=Ep(p(X0)IG) (%)™ = ) ' Pi(p) = i (9) (as)foreacht € [0, T].

On the other hand, by well-known properties of conditional expectations

Eo(r; 'o(X)1G) = Eo(Eo (v ' o(X)IF)IGr)
=Eo(@(X0Eo vy 1F)IG) = Eo(y, ' o(X))IG),

which completes the proof of (i). To prove (ii), note that the function u,(f (¢, 3)) is
O¢g ® Z-measurable in (w, t, 3), and by (3.35) for each (¢, 3) almost surely

e (f(,3)) —(‘Vz)f Pr(f(t,3) = E((" t)7 fa, 37Xt)|gt)
=Eo(y; (OJ/z) lf(l 37Xt)|gl)/EQ(VT |gl)_EQ(VT Oy~ 1f(t,3,X;)|g,)"yl

= EQ(J/T f(t.3, X0)G) =Koy, f(f, 3 X01Gr),
where the last equation holds because y ~! is an ;-martingale under Q. We finish the
proof with the obvious observation that y,(jl f(t0, 30, X4,) is o-integrable with respect
to Q relative to Gy, if f (t0, 30, X;,) is o-integrable with respect to P relative to Gy,. O

4 Proof of Theorem 2.1

Recall that by Assumption 2.2 the measure Q, defined by dQ = yrdP is a
probability measure, equivalent to P, and by Girsanov’s theorem under Q the pro-
cess (W;, Vt)te[O 71, Where (V,),E 0,77 is defined by (2.5), is a d + d’-dimensional
F:-Wiener process. Moreover, under Q the random measures No and N; remain
independent F;-Poisson martingale measures, with characteristic measures vy and vy,
respectively. Clearly, (y;)e[0,7] is an F;-martingale under P. By It6’s formula

dy, ' =y 'Bl(X,)dV], 4.1
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the process y~l= (yt_l) te[0,7] 18 an F;-local martingale under Q. Hence, taking into

account Egy, P=1, we get that y ! is an F;-martingale under Q. Thus the Bayes
formula for bounded Borel functions ¢ on RY gives

Eo(vr '¢XDIF) _ Eo(y'o(X0IF)

E(p(X)|F) =
S Eo(yy 17 Eo (1)

(a.s.), “4.2)

often also referred as Kallianpur-Striebel formula in the literature. Using V we can
rewrite system (1.1) in the form
dXt = b(t, Z;) dt + O'(t, Zl)dWl‘ + ,O(t, Z[)th

+/3 n(t, Zx,3)1\70(6125,dt)+/3 E(t, Z—, 3) N1(d3, dt),
0 1

dY,:dVl—i—/ 3 Ni(dt, d3), 4.3)

31

which shows, in particular, that (¥;);c0,77 is a Lévy process under Q, and hence it
is well-known that the filtration (.EY)te[()’T] is right-continuous. Thus we can apply
Lemma 3.4 and Corollary 3.5 with the unobservable process (X;);c[0,7] and the fil-
tration (Gy)refo,71 = (.7-'tY )tefo,7] to have a P-valued and M-valued weakly cadlag
.EY-adapted processes P;(dx) and u;(dx), respectively, such that for every bounded
Borel function ¢ on R foreach 1 € [0, T] we have

Pi(9) = E(@(X)IFD), w(p) =Eo(y "o (XDIF) (as.),

and by (4.2) it follows that almost surely P, = u;/u; (1) for all r € [0, T']. To get an
equation for d u, () for sufficiently smooth functions we calculate first the stochastic
differential d(y, 'o(X))).

Proposition 4.1 Let ¢ € Cg (RY). Then for the stochastic differential ofyf]ga(Xt) we
have

d (1o X0) = v Lep(Xn dt + v Mig(X0) dV! + 7 ol (X Dy (Xo) awf
+Vf1/3 1;"¢(Xt—)1§’o(d3,dt)+1/f1/3 I 9(X,—) Ny (d. dr)
0 1

+7/f1/3 Jznw(Xt)VO(dz)dtJerlfB T (X0 vi(dy) dr.
0 1

4.4)
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Proof By It6’s formula, see for example in [1] or [16], for ¢ € C,f (Rd ) we have

do(X,) = (E,go(X,) - /)zileI(Xf)D"go(X’)) dt
+ 0/ (X Dig(X) W[ + pi' (X)) Dig(X,) AV}

+ f3 1'9(X,—) No(dt, d3) + f IFo(X,_) Ni(dt, d3)
0

31

+ /3 Jo(Xi) vo(d3)di + / JEo(X,0) v (d3)dt,
0

31

where we use the notations introduced before the formulation of Theorem 2.1. Hence
using (4.1) and the stochastic differential rule for products,

dy; 'e(X) =y lde(X)) + o(Xm) dy, " +dy,  de(X)),

where _
dy 'de(X,) = v ol BL(X ) Dip(X,) dt,

we obtain (4.4). O

To calculate the conditional expectation (under Q) of the terms in the equation for
y,_ltp(X,), given FY, we describe below the structure of ]—"tY . Foreacht > 0 we

denote by ]_-gv the P-completion of the o -algebra generated by the random variables
Ni1((0,s] xT") fors € (0, 7] and I" € Z; such that v{(I") < oo.

Lemma4.2 Foreveryt € [0, T] we have
F = v v,

where .7-'())/ \Y _7-',‘7 \Y }}N ! denotes the P-completion of the smallest o -algebra containing
Fr, .7:;7 and f’lN L
Proof From (4.3) it immediately follows that
FcrvE v
To prove the reversed inclusion, we claim
NY((O, t] x A) = N1((0,¢] x A) almost surely for all ¢ € [0, T'] 4.5)

for every A € Z|, where NV is the measure of jumps for the process Y. Clearly,
NY(d3, dt) = NM(d3, dt), where NM is the measure of jumps for the process

t
M;z/ / 3Ni(d3,dt), t=>0,
0 J3
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ie.,
NY((0,1] x A) = Z 14(AY,) = Z 14(AM,) A€ Z,.

O<s<t O<s<t

To show (4.5) let A = Ag be a set from Z; such that v;(Ag) < oo. Then

t
MtAO ::/0 /A 3 N1(d3, ds) = Z pSIAO(px)—t/.
0

O<s<t A
where (p:):efo,1] 1s the Poisson point process associated with Ny. Note that due to
v1(Ap) < 00, the decomposition in the last displayed formula is well-defined, the sum
appearing in the right-hand side has only finitely many terms, and the integral there is
finite almost surely. Hence for N°(d3, dt), the measure of jumps of the process M40,
we have that almost surely

3vi1(d3),
0

N((0,1] x Ag) = N1 ((0, 1] x Ag) forall 7 € [0, T]. (4.6)

It is not difficult to see that NO((O, 1] x Ag) = NM((0,¢] x Ag). Hence (4.5) for
A = Ag follows.

Since vy is o-finite, for an arbitrary B € Z; there is a sequence (B,);~ , of disjoint
sets B, € Z; such that B = UZOZI B, and v{(B,) < oo for each n > 1. Thus for
each integer n > 1 we have (4.5) with B, in place of A, and summing this up over
n > 1 and using the o-additivity of N¥ and N; we obtain (4.5) with B in place of A.
Noting that .7-',Y contains the o-algebra generated by NY ((0, s] x B) for each s < ¢

and B € Z, we see that ]-',Y D) .Ffv] . Clearly, f,Y o FL. and taking into account
t ~ ~
Y, — Yo — / f 3Ni(d3,ds) =V;, forte[0,T],
0 J31

we get FI D ]—',‘7 . Consequently,
F o rvFE v,
that completes the proof. O

The above lemma is an essential tool in obtaining the filtering equations. A similar
lemma in a more general setting in some directions is presented in [26] and [27] to
obtain the filtering equations for the model considered in these papers. It seems to
us, however, that this lemma, Lemma 3.2 in [26], used as well in [27, p.4], may not
hold under the general conditions formulated in these papers, since it is not true in the
simple case of vanishing coefficients in front of the random measures in the observation
process. It is worth noticing that when instead of the integrand 3 a stochastic integrand
depending on Z; = (X;, Y;) is considered in the observation process Y, the integral
of such a term against a Poisson random measure may fail to be a Lévy process, as
it may not have independent increments, which is a crucial property for the filtration
generated by the observation.
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Now we are going to get an equation for (¢) by noting that by Proposition 4.1 we
have

vilo(X) =9Xo) +ar +a? +a) + 0+ B +80+8!, 1[0, T, (47)

where

t
o :=/ ys_lﬁygp(Xs)ds,

f/ “LIo(Xs) vo(d3)ds, o] f/ LIS o(Xy) vi(d3)ds,

B = / v, o (X)) Dip(X) dWE, B = / ys ' Mip(Xs)dVY,

/ / ~Uo(X,_) No(ds, ds), ! / / U o(X,_) Ni(d3, ds),

forp € C,f (R%). We want to take the conditional expectation of both sides of Eq. (4.7)

for each t € [0, T'], under Q, given ]-'tY. In order to apply Corollary 3.3, we should
verify that the random variables

T
G::/O v Lip(X)) ds,
T
GO .= f / Y (X )] vo(d3) ds.
0 J30
T
G\ ;:f f v IS (X)) vi(d3) ds,
1/2
‘2|o;(xs>Diw<xs>|2ds) :

FO <
1/2
FO . ( vl Z |Mé¢(xs>|2ds) :

1/2
HO —(f/ 2|[:1§0(XAV—)|2V0(d5)dS) ,
1/2
HD = ( fo f3 ys—2|1A§so<Xs_>|2m(dz)ds)
1

are o-integrable with respect to Q relative to F2 , and that (3.27) holds for 2f® in
place of °f, and for 21® in place of %4®), where 2f©, 2D Gp O and G are the
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}'ty-optional projection under Q of

O = e (X Dip(X)sero.ry. 1V = (v ML (X )sep0.715
RO = (19X gepo.r) and B D = (7 IE (X seo.7)-

respectively for each fixed k = 1,2,...,d; andl = 1,...,d . For a fixed integer
n>1let 2, ={w e Q2 :|Yy| < n}. Then due to Assumption 2.1, the martingale
property of (¥;):e[0,7] and (2.2) we have

T
Eo(lg,G) < NE (w /O v ' (Ko + Kilg,1Zi| + Kalg, |zt|2)dz>

T
= N/o E(VTV;_I(KO + K11, 1Z:| + Ko1q, 1Z,1%) dt

T
= N/ E(Ko + K1lg, |Z:| + Kalg, |Z:|*) dt
0

< N'(Ko + K1EIXo| + K1E(lg, [Yo)) + K2E[Xo|* + K2E(1g, |Yol*) < o0

with constants N and N’, which shows that G is o -integrable with respect to Q relative
to ]-'g . Similarly, using the estimate

|9(X)| < sup |Dijoo)lInt (Xolln! (X0,

xeRd

we get

T
EQ(lgnG@)):f I[Ef3 1g, 1/ 9 (X)| vo(d3)ds
0 0
T
§N/0 E/3 1g, In(s. Zy 3)[2 vo(d3) ds
0

T
< N// E(Ko + Kalg, |Z|*) ds < oo
0

with constants N and N ’. In the same way we get Eg (1g, G < oo. To prove that
F® and HO are o -integrable (with respect to Q) relative to FOY, we claim first that

A, =Eplg, sup yf] < oo forevery integer n > 1. 4.8)
t<T
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To prove this we repeat a method used in proof of Theorem 2.2. From (4.1) by using
the Davis inequality and then Young’s inequality we get

T Atk
1+3E (/ 1q,v, 2|B(, Zt)|2dt)
0

T
1+ %EQIQH sup y&ltk + SE/ Lo,y '|B(t, Z,)|* dt
1€[0,T] 0

1/2

IA

—1
Eplg, sup Yint
te(0,7T]

IA

for stopping times
7, =inf{r € [0, T] : yt_l >k}, forintegers k > 1.

Rearranging this inequality and then letting k — oo by Fatou’s lemma we obtain

T
Eolg, sup ' <2+ 10 / Eole,y,|B(. Z)P dr.
1€[0,T] 0

Hence we get (4.8) by noticing that using the martingale property of y, the estimate
in (2.2) and K>E|X|? < o0, for every t € [0, T] we have

Eole, v, 'IB(t, Z)* = Elg,yry, 'IB(t, Z,)|* = Elg, |B(t, Z,)|?
< Ko+ K2Elg, |Z,|> < Ko + K2NE(1 + [Xo|* + 1g, |Y0|*) < co.

Consequently,

T _ 1/2
Eo(lg, F®) <Eg (mn sup yy /2 ( / 19,,y;1|a;<xs)D,-¢<xs>|2ds) )
0

s<T

fAn‘f'Bn’

with A,, < 00, and for a constant NV,

T . T .
By, :=Eg /0 1o,7; ol (Xs)Dip(Xo)1> ds = /0 E(lg, yrys ol (Xs)Dip(Xs)[?) ds

T , T
= / E|1g2nas’ (Xs)Di(p(Xs)|2ds < N/ E(Kg + K219,1|Zs|2) ds < o0.
0 0

We get ]EQ(IQnF(l)) < oo in the same way. Similarly, EQ(IQ”H(O)) < A, + Cy,
with A, given in (4.8) and

T T
» = Ep / y! / 1o, 1170 (X,) 2 vo(d3)ds = / E / 1o, 1170 (X,) 2 vo(d3)ds
0 30 0 30

T T
< N/ IE/ 1o, (s, Zs, 3)1? vo(d3)ds < N’/ E(Ko + Kalg, |Zs|%) ds < oo
0 30 0
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with constants N and N’, where we use that by Taylor’s formula we have

[179(Xs)| < sup |Dip(x)|Ink(Xs).
xeRd

In the same way we have Eg (1q, H(l)) < o0o. For processes h = (h;);<[0, 7 recall that
Y and % denote the .7-',Y -optional projections of & under Q and under P, respectively.
Then using the formula ¢ = %y h) /% , well-known properties of optional projections
and Remark 3.1 we have

1" (XNIZ, (3,) B ”(Il”so(X))liz(z,o))

0,02 _ _
“h ey =

(%)? - (%)?
AKo + K2|Z|%) Ko A1X1%) Y |2
= +NKr,———— + NK
= )2 )2 2 op)? 2 (op)?

with a constant N. Remember that since y = (¥ ):¢[0,7] is a (cadlag) F;-martingale
under P, the set {y;} for F;-stopping times 7 < T is uniformly P-integrable and
hence due to the right-continuity of (]—',Y )re[0,7], the optional projection %y is a cadlag
process. Moreover, due to y > 0, we have % > 0 (a.s.). Since by (2.2)

K>E(sup IQH|X[|2) < oo foreveryn > 1,
t<T

(and (]-"tY)te[oﬂ is right-continuous), the process K20(|X|2) is a cadlag process. Con-
sequently, Ko/I% 1, K2%(1X1%)/1%|* and |Y |2 /|| are cadlag processes. Hence

/T %ds-kKZ/T %ds+K2/T |Y5|22 ds < oo (a.s.),
o () o () o ()

which proves

T
/ / 19012 v;(d3) ds < oo (a.s.)
0 J3;

for i = 0, and we get this for i = 1 in the same way. By the same argument we have

T
/ 12f D12 ds < 00 (a.s.) fori=0,1.
0
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Thus we can apply Corollary 3.3 to the processes «, «', A’ and §' (i=0,1), and then
use Corollary 3.5, to get

t
EQ(aAf,Y):/O s (Ls) ds,
0, Y ! 1, Y ! 3
Eg@lF) = / f 1s(I9) vo(dpds, Ega) | 7)) = f / s (UE @) v (d3)ds,
0 J3p 0 J3
t
Eo(BY1F) =0, EQ(ﬂzllf;y)=/0 s (Mhoyavl,
t ~
Eo@F ) =0, Eo@lIF) = fo f3 s (15 9) N1 (d3, ds)
1

fort € [0,T] and ¢ € Cg(Rd) almost surely, where (u;)se[0,7] 1s an M(R?)-valued
ﬁy-adapted weakly cadlag process such that

e (@) = /Rdw(x)m(dx)=EQ(VFI¢(Xz)|f,Y) (a.s.) foreacht e [0, T],

for every bounded Borel function ¢ on R?. Using Lemma 3.1 with random variables
X := ¢(Xp), Y := 1 and o-algebras G; := .7-'6/, G:=Fpand Gy := }-tv Vf}Nl we get

Eo(p(X0)IF)) = Eg(p(X0)|Fy) = no(e) (as.).

Consequently, taking the conditional expectation of both sides of Eq. (4.7) under Q
given }',Y, we see that Eq. (2.7) holds for each ¢ € [0, T] and ¢ € CZ(R") almost
surely, that implies that for each ¢ € Cg(Rd) Eq. (2.7) holds almost surely for all
t € [0, T], since we have cadlag processes in both sides of equation (2.7) for each
NS Cl% (R%). To prove (2.8) first notice that for ¢ := 1 Eq. (2.7) gives

dus(1) = (B AV, o) = 1.

Since (1) = (%) "' P,(1) = (°0)~', ¢ € [0, T], is a continuous process such that
(1) = EQ(yfl IJ-",Y) (a.s.)foreachr € [0, T'],itis the ]—",Y—optional projection under
Q of the positive process (yl_l),e[oj]. Hence A; := u;(1),t € [0, T, is a positive
process, and by Itd’s formula

di;t = =22 (BH AV + 077 i (B dt.
k
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By It6’s formula for the product P;(¢p) = Afl s (@) we have

dP/(9) = Pi(Lop)di + (M @) dVF + / P(J") vo(d3)di

0

+ /3 P(JE @) vi(d3)di
1

+ f3 P 9) B (s, dn) + 0 i () Y i (BEY dr
1 k

— 1 @2 (BY AV = 17 i (B (M) dit

Hence noting that

2i(9) Y ui(Bf) = Pilp) Y PA(B),  pi(9)n i (Bf) = Pi(g) P(Bf)

k k

A 2 (B (M 9) = Pi(B) P (M),

we obtain
dPi(g) = Pi(Lig)di + (P(MEe) = P(@)Pi(BD) dV}
— (PMEg) = Pito)Pi(BD)) P(BE)

+ /3 P ) vo(d3)dt + / P o) vi(d3)di
0

31

+ [ P N, an.
Since clearly,
(PiMEg) = Pit@)Pi(BD)) d T — (Pi(MEg) = Pi(@)Pi(BD)) Pu(BL) i
= (PME0) = P@P(BD) dVf

with the process (V,),E[oj], given by dv, = dV, — P,(B))dt, Vo = 0, this gives
Eq. (2.8), and finishes the proof of Theorem 2.1.
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