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Abstract
This paper is the first part of a series of papers on filtering for partially observed jump
diffusions satisfying a stochastic differential equation driven byWiener processes and
Poisson martingale measures. The coefficients of the equation only satisfy appropriate
growth conditions. Some results in filtering theory of diffusion processes are extended
to jump diffusions and equations for the time evolution of the conditional distribution
and the unnormalised conditional distribution of the unobserved process at time t ,
given the observations until t , are presented.
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1 Introduction

This is the first part of a series of papers on filtering of jump diffusions.We consider on
a given complete filtered probability space (�,F, (Ft )t≥0, P) a d + d ′-dimensional
stochastic process (Zt )t∈[0,T ] = (Xt ,Yt )t∈[0,T ], satisfying the stochastic differential
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equation

dXt = b(t, Zt )dt + σ(t, Zt )dWt + ρ(t, Zt )dVt

+
∫
Z0

η(t, Zt−, z) Ñ0(dz, dt) +
∫
Z1

ξ(t, Zt−, z) Ñ1(dz, dt),

dYt = B(t, Zt )dt + dVt +
∫
Z1

z Ñ1(dz, dt),

(1.1)

on the interval [0, T ] for a given F0-measurable initial value Z0 = (X0,Y0), where
(Wt , Vt )t≥0 is d1+d ′-dimensionalFt -Wiener process, and Ñi (dz, dt) = Ni (dz, dt)−
νi (dz)dt , i = 0, 1, are independent Ft -Poisson martingale measures onR+ ×Zi with
σ -finite characteristicmeasures ν0 and ν1 on separablemeasurable spaces (Z0,Z0) and
(Z1,Z1) = (Rd ′ \ {0},B(Rd ′ \ {0})), respectively. Themappingsb = (bi ), B = (Bi ),
σ = (σ i j ) and ρ = (ρil) are Borel functions of (t, z) = (t, x, y) ∈ R+ × R

d+d ′
,

with values in Rd , Rd ′
, Rd×d1 and Rd×d ′

, respectively, and η = (ηi ) and ξ = (ξ i ) are
R
d -valued B(R+ × R

d+d ′
) ⊗ Z0-measurable and R

d -valued B(R+ × R
d+d ′

) ⊗ Z1-
measurable functions of (t, z, z0) ∈ R+×R

d+d ′ ×Z0 and (t, z, z1) ∈ R+×R
d+d ′ ×Z1,

respectively. Here, and later on,B(V) denotes the Borel σ -algebra on V for topological
spaces V.

We are concerned with the classic task of filtering theory: to calculate at each time t
the mean square estimate of f (Xt ), a real-valued Borel function of the “unobservable
component” Xt of Zt , given the “observations” {Ys : s ≤ t}. Since, as it is well-known,
this estimate is the conditional expectation

E( f (Xt )|Ys : s ≤ t) =
∫
Rd

f (x)Pt (dx), t ∈ [0, T ],

we are interested in equations for the evolution of Pt (dx), the conditional distribution
of Xt given {Ys, s ≤ t}. Their derivation under general assumptions on Eq. (1.1) is the
aim of this paper. In the subsequent papers of this series we investigate the existence
of the conditional density πt (x) = Pt (dx)/dx and its regularity properties.

There has been an immense interest in the development of filtering theory due to
its wide applicability in various disciplines, be they of theoretical or applied nature.
A vast amount of research has been done on filtering of partially observed processes
governed by stochastic differential equations driven by Wiener processes, i.e., when
η = ξ = 0 in (1.1), and a quite complete nonlinear filtering theory was built up, see
for instance [7] for a historical account.
In this case it is well-known that (Pt (dx))t∈[0,T ] satisfies a nonlinear stochastic PDE
(SPDE), often called the Kushner-Shiryayev-Stratonovich equation in filtering the-
ory. It is also well-known that this equation can be transformed into a linear SPDE,
called Zakai equation, or Duncan-Mortensen-Zakai equation for μt (dx) = λt Pt (dx),
the unnormalised conditional distribution, where (λt )t∈[0,T ] is a positive normalizing
stochastic process.

There exist several known methods of deriving the filtering equations for partially
observed diffusion processes, three prominent of which are the “innovation method”,
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the “reference measure method” and a “direct approach”. The innovation method is
based on “innovation process” representations, (see [23] and [11]), and the direct
approach is based on suitable existence and uniqueness theorems for stochastic PDEs
(see [18]). The reference probability method is employed in this paper, where wemake
use of the fact that byGirsanov’s theoremone can introduce a newmeasure underwhich
the observation σ -algebra, σ(Ys : s ≤ t), is the product σ -algebra of three independent
σ -algebras: the σ -algebra generated by the initial observation Y0 and the σ -algebras
generated by theWiener process with the stochastic differential B(t, Zt )dt+dVt , and
the Poisson random measure N1(dz, dt) on [0, t] ×Z1, respectively. This structure of
the observation σ -algebra makes it possible to calculate conditional expectations of
functions of the process Z given the observations. (See, e.g., [3] for descriptions of
various methods used in filtering theory.)

Recently, also filtering for jump diffusion systems have been intensively studied,
which are most often modelled as SDEs driven byWiener processes as well as random
jump measures, a classical case of which are Poisson random measures. In an early
article thereon, [24], the filtering equations were derived for uncorrelated continuous
observations, as well as an observation process driven only by a jump process that
has no common jumps with the signal. A similar system with continuous uncorrelated
observations has also been considered in [25]. A more general nonlinear system with
jumps in the observation process was considered in [2]. In [1] the filtering equations
for a large class of uncorrelated linear systems with jumps are derived. In [13] a very
general model is considered and a representation for optional projection of the signal
process is derived. However, due to the generality a number of additional assumptions
are imposed on their model and equations for the filtering measures are not obtained.
In [5] and [6] the authors deal with a one-dimensional jump diffusion where obser-
vation and signal may have common jumps, by introducing a new random measure,
nonzero only for observable jumps, relying on a construction in [4]. However, they
impose a finiteness condition on the support of the integrand in front of the jump term,
which translates to observing only finitely many jumps almost surely. In such a case,
the jump measure and the associated compensator, also referred to as dual predictable
projection, allow for a specific decomposition, see for instance [15, Sec. XI.4]. The
filtering equations have been derived for a class of jump diffusion systems [26], later
generalised to include correlated Wiener process noises in [27], however, it seems to
us that certain important results needed for this derivation, including Lemma 3.2 in
[26], also used in [27], do not hold, for instance if one considers the case of vanishing
coefficients. A model where a correlation structure between the Lévy process noises
in signal and observation is described using copulas is used in [10] to derive the Zakai
equation.

In this paper we obtain the filtering equations for a jump diffusion system driven by
correlated Wiener process, as well as correlated Poisson martingale measure noises.
We impose common linear growth conditions. We do not assume any non-degeneracy
conditions and allow for the number of jumps in any component of (Zt )t≥0 to be
infinite over finite intervals. In order to obtain the equations, we generalise some
results from filtering theory and in particular prove a “projection theorem” for a wide
class of functions.
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To the best of the author’s knowledge, this is to date themost general jump-diffusion
model for which the the filtering equations have been derived. Though a model with
similar structure has been considered in [27], they do not include feedback from the
observation in the signal and the jumpnoises of signal andobservation are uncorrelated.
Moreover, as mentioned already above, an important lemma needed for the projection
theorem does not hold for vanishing coefficients.

We remark further that in our model (1.1) instead of dVt in the observation process
we may also consider
(t,Yt )dVt with a matrix-valued function
 of (t, y), such that
it satisfies the linear growth condition and 

∗ is uniformly non-degenerate. How-
ever, by known methods this case can be treated in the same way. Indeed, adding 
 in
our case would only introduce additional notation and hence we decided to consider
Y of the form in (1.1).
It is also possible to consider a more involved coefficient in front of Ñ1, i.e.,
β(t,Yt−, z)N1(dt, dz) in place of zN1(dt, dz) in the equation for the observation pro-
cess Y , where β = β(t, y, z) is a function of t ∈ [0, T ], y ∈ R

d ′
and z ∈ Z1 = R

d ′ \{0}
into Z1, and it is assumed that Z = (Xt ,Yt )t∈[0,T ] is a solution to (1.1) with the coef-
ficient β in front of Ñ1. To extend our main theorem, Theorem 2.1 to this case, as one
can see from its proof, besides natural measurability and growth conditions, it is suffi-
cient to assume a non-degeneracy condition on β ensuring that for any t ∈ [0, T ] the
observations {Ys : s ∈ [0, t]} contain all information about the Poisson random mea-
sure N1 until t , i.e., that the completed σ -algebra generated by {Ys : s ≤ t} contains
the σ -algebra generated by {N1((0, s], A) : s ≤ t, A ∈ Z1, ν1(A) < ∞}. It seems
to us that such a non-degeneracy condition could be that β maps [0, T ] × R

d ′ × Z1
into Z1 such that β(t, y, ·) is injective on the support of ν1 for every t ∈ [0, T ] and
y ∈ R

d ′
.

In Sect. 2, a fairly general condition for Girsanov’s transformation and our main
result are presented. In Sect. 3 a projection theorem covering a wide class of processes
is proven, and thereby in the last section the filtering equations are derived.
Conditions and results on the existence and regularity of the filtering density are
presented in the subsequent articles [8, 12] of this series.

We conclude with some notions and notations used throughout the paper. For an
integer n ≥ 0 the notationCn

b (Rd)means the space of real-valued bounded continuous
functions on R

d , which have bounded and continuous derivatives up to order n. (If
n = 0, then C0

b (R
d) = Cb(R

d) denotes the space of real-valued bounded continuous
functions on R

d ). We denote by M = M(Rd) the set of finite Borel measures on R
d .

For μ ∈ M we use the notation

μ(ϕ) =
∫
Rd

ϕ(x) μ(dx)

for Borel functions ϕ on Rd . We say that a function ν : � → M is G-measurable for a
σ -algebra G ⊂ F, if ν(ϕ) is a G-measurable random variable for every bounded Borel
function ϕ onRd . AnM-valued stochastic process ν = (νt )t∈[0,T ] is said to be weakly
cadlag if almost surely νt (ϕ) is a cadlag function of t for all ϕ ∈ Cb(R

d). For such a
process ν there is a set �′ ⊂ � of full probability and there is uniquely defined (up to
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indistinguishability) M-valued processes (νt−)t∈(0,T ] such that for every ω ∈ �′

νt−(ϕ) = lim
s↑t νs(ϕ) for all ϕ ∈ Cb(R

d)andt ∈ (0, T ],

and for each ω ∈ �′ we have νt− = νt , for all but at most countably many t ∈ (0, T ].
For processes U = (Ut )t∈[0,T ] we use the notation FU

t for the P-completion of the
σ -algebra generated by {Us : s ≤ t}. For a measure space (Z,Z, ν) and p ≥ 1 we use
the notation L p(Z) for the L p-space of Rd -valued Z-measurable processes defined
on Z. For σ -algebras Gi ⊂ F, i = 1, 2, the notation G1 ∨ G2 means the P-completion
of the smallest σ -algebra containing Gi for i = 1, 2. Finally, we always use without
mention the summation convention, by which repeated integer valued indices imply
a summation.

2 Formulation of themain results

We consider on a given finite interval [0, T ] a d + d ′-dimensional stochastic process
Z = (Zt )t∈[0,T ] = (Xt ,Yt )t∈[0,T ] carried by a complete probability space (�,F, P),
equipped with a filtration (Ft )t≥0 such that F0 contains the P-null sets of F. We
assume that Z satisfies the stochastic differential equation (1.1) on the interval [0, T ],
with an F0-measurable initial value Z0 = (X0,Y0).

Besides the natural measurability conditions on the coefficients b, σ , ρ, ξ , η and
B, described in the Introduction, we assume the following conditions.

Assumption 2.1 (i) There are nonnegative constants K0, K1 and K2 such that

|b(t, z)|2 ≤ K0 + K1|z|2, |σ(t, z)|2 + |ρ(t, z)|2 + |B(t, z)|2 ≤ K0 + K2|z|2,
|η(t, z)|2L2(Z0)

+ |ξ(t, z)|2L2(Z1)
≤ K0 + K2|z|2,

∫
Z1

|z|2ν1(dz) ≤ K0

for all z = (x, y) ∈ R
d+d ′

and t ∈ [0, T ], and we have
(ii)

K1E|X0| + K2E|X0|2 < ∞. (2.1)

Note that in (2.1) we use the convention that 0 × ∞ = 0, i.e., if K2 = 0, then the
finiteness of the second moment of |X0| is not required, and if K1 = K2 = 0 then
Assumption 2.1 (ii) clearly holds.

The following moment estimate is known and can be easily proved by the help of
well-known martingale inequalities.

Remark 2.1 If Assumption 2.1(i) holds, then for every p ∈ [1, 2] and A ∈ F0 we
have

E sup
t≤T

1A|Zt |p ≤ N (1 + E1A|Z0|p) (2.2)
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with a constant N depending only on T , K0, K1 and K2.

Proof This estimate can be obtained in the same fashion as in the case of diffusion
processes, see Section 2.5 in [17]. For the convenience of the reader we show below
that (2.2) holds for any R

d -valued Ft -adapted cadlag process (Zt )t∈[0,T ] satisfying

dZt = f (t, Zt ) dt + gk(t, Zt ) dwk
t +

∫
Z
hk(t, Zt−, z) Ñ k(dt, dz)

on [0, T ], where f , gk are Borel-measurable functions on [0, T ] ×R
d with values in

R
d , and hk is a B([0, T ] ×R

d × Zk)-measurable function on [0, T ] ×R
d × Zk , with

values in Rd for every integer k ≥ 1, such that for a constant K ,

| f (t, z)|2 +
∑
k

|gk(t, z)|2 +
∑
k

|hk(t, z, ·)|2L2(Zk ,Zk ,νk )
≤ K (1 + |z|2) (2.3)

for t ∈ [0, T ] and z ∈ R
d . Here (wk)∞k=1 is a sequence of independent Ft -Wiener

processes and (Ñ k(dt, dz))∞k=1 is a sequence of independent Ft -Poisson martingale
measures on [0,∞) × Zk with σ -finite characteristic measures νk(dz) on separable
measurable spaces (Zk,Zk).

To prove (2.2) first note that for every stopping time τ ≤ T and every A ∈ F0,
p ∈ [1, 2] we have

E sup
s≤τ

1A|Zs |p ≤ 4(I0 + I1 + I2 + I3),

where I0 := E1A|Z0|p,

I1 := E sup
s≤τ

∣∣∣
∫ s

0
1A f (r , Zr ) dr

∣∣∣p ≤ N + NE

(∫ τ

0
1A|Zr |2 dr

)p/2

,

I2 := E sup
s≤τ

∣∣∣
∫ s

0
1Agk(r , Zr ) dwk

r

∣∣∣p ≤ N + NE

(∫ τ

0
1A|Zr |2 dr

)p/2

I3 := E sup
s≤τ

∣∣∣
∫ s

0

∫
Z
1Ahk(r , Zr , z) Ñ

k(dr , dz)
∣∣∣p ≤ N + NE

(∫ τ

0
1A|Zr |2 dr

)p/2

with a constant N = N (T , K ), due to (2.3), Jensen’s inequality, and the Burkholder-
Davis-Gundy inequality for (cadlag) local martingales with continuous Doob-Meyer
processes. Define the stopping times τn := inf{s ∈ [0, T ] : u(s) ≥ n}∧T for integers
n ≥ 1, where

u(s) := |Z0|2 +
∫ s

0
|Zr |2 dr .
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Then using the above estimate with τn ∧ t in place of τ , and with A ∩ {ω ∈ � :
τn(ω) > 0} ∈ F0 in place of A, we get

E sup
s≤t

1A1τn>0|Zs∧τn |p ≤ 4E1τn>01A|Z0|p+N +NE

(∫ τn∧t

0
1A|Zr |2 dr

)p/2

< ∞

with a constant N = N (T , K ). Thus, using

E

(∫ τn∧t

0
1A|Zr |2 dr

)p/2

≤ E sup
s≤t

1A1τn>0|Zs∧τn |p/2
(∫ τn

0
1A|Zr | dr

)p/2

≤ 1
2E sup

s≤t
1A1τn>0|Zs∧τn |p + NE

(∫ t

0
1A|Zs∧τn | ds

)p

,

we obtain

E sup
s≤t

1A1τn>0|Zs∧τn |p ≤ N + NE1τn>01A|Z0|p + N
∫ t

0
E sup
r≤s

1τn>01A|Zr∧τn |p ds < ∞

with a constant N = N (K , T ), which by Gronwall’s lemma yields

E sup
s≤t

1A1τn>0|Zt∧τn |p ≤ N (1 + E1A|Z0|p)

with a constant N = N (K , T ) for integers n ≥ 1. Letting here n → ∞ we finish the
proof of the remark by using Fatou’s lemma. ��

We make also the following assumption.

Assumption 2.2 We have EγT = 1, where

γt = exp

(
−

∫ t

0
B(s, Xs,Ys) dVs − 1

2

∫ t

0
|B(s, Xs,Ys)|2 ds

)
, t ∈ [0, T ].

(2.4)

This assumption implies that the measure Q, defined by dQ = γT d P on F, is a
probability measure equivalent to P , and hence by Girsanov’s theorem under Q the
process

Ṽt =
∫ t

0
B(s, Xs,Ys) ds + Vt , t ∈ [0, T ], (2.5)

is an Ft -Wiener process.
To describe the evolution of the conditional distribution Pt (dx) = P(Xt ∈

dx |Ys, s ≤ t) for t ∈ [0, T ], we introduce the random differential operators

Lt = ai jt (x)Di j + bit (x)Di , Mk
t = ρik

t (x)Di + Bk
t (x), k = 1, 2, . . . , d ′,
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where

ai jt (x) := 1
2

d1∑
k=1

(σ ik
t σ

jk
t )(x) + 1

2

d ′∑
l=1

(ρil
t ρ

jl
t )(x), σ ik

t (x) := σ ik(t, x,Yt ),

ρil
t (x) := ρil(t, x,Yt ),

bit (x) := bi (t, x,Yt ), B
k
t (x) := Bk(t, x,Yt )

for ω ∈ �, t ∈ [0, T ], x = (x1, . . . , xd) ∈ R
d , and Di = ∂/∂xi , Di j = ∂2/(∂xi∂x j )

for i, j = 1, 2 . . . , d. Moreover for every t ∈ [0, T ] and z ∈ Z1 we introduce the
random operators I ξ

t and J ξ
t defined by

I ξ
t ϕ(x, z) = ϕ(x + ξt (x, z), z) − ϕ(x, z),

J ξ
t φ(x, z) = I ξ

t φ(x, z) −
d∑

i=1

ξ it (x, z)Diφ(x, z) (2.6)

for functions ϕ = ϕ(x, z) and φ = φ(x, z) of x ∈ R
d and z ∈ Z1, and furthermore

the random operators I η
t and J η

t , defined as I ξ
t and J ξ

t , respectively, with ηt (x, z) in
place of ξt (x, z), where

ξt (x, z1) := ξ(t, x,Yt−, z1), ηt (x, z0) := η(t, x,Yt−, z0)

for ω ∈ �, t ∈ [0, T ], x ∈ R
d and zi ∈ Zi for i = 0, 1 (Y0− := Y0).

Now we are in the position to formulate our main result. Recall that we denote by
(FY

t )t∈[0,T ] the completed filtration generated by (Yt )t∈[0,T ].

Theorem 2.1 Let Assumptions 2.1 and 2.2 hold. Then there exist measure-valued FY
t -

adapted weakly cadlag processes (Pt )t∈[0,T ] and (μt )t∈[0,T ] such that

Pt (ϕ) = μt (ϕ)/μt (1), for ω ∈ �, t ∈ [0, T ],
Pt (ϕ) = E(ϕ(Xt )|FY

t ), μt (ϕ) = EQ(γ −1
t ϕ(Xt )|FY

t )

(a.s.) for each t ∈ [0, T ],

for bounded Borel functions ϕ on R
d , and for every ϕ ∈ C2

b (R
d) almost surely

μt (ϕ) = μ0(ϕ) +
∫ t

0
μs(Lsϕ) ds +

∫ t

0
μs(Mk

sϕ) dṼ k
s +

∫ t

0

∫
Z0

μs(J
η
s ϕ) ν0(dz)ds

+
∫ t

0

∫
Z1

μs(J
ξ
s ϕ) ν1(dz)ds +

∫ t

0

∫
Z1

μs−(I ξs ϕ) Ñ1(dz, ds),

(2.7)
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and

Pt (ϕ) = P0(ϕ) +
∫ t

0
Ps(Lsϕ) ds +

∫ t

0

(
Ps(Mk

sϕ) − Ps(ϕ)Ps(B
k
s )

)
dV̄ k

s

+
∫ t

0

∫
Z0

Ps(J
η
s ϕ) ν0(dz)ds +

∫ t

0

∫
Z1

Ps(J
ξ
s ϕ) ν1(dz)ds

+
∫ t

0

∫
Z1

Ps−(I ξ
s ϕ) Ñ1(dz, ds)

(2.8)

for all t ∈ [0, T ], where (Ṽt )t∈[0,T ] is given in (2.5), and the process (V̄t )t∈[0,T ] is
defined by

dV̄t = dṼt − Pt (Bt ) dt = dVt + (Bt (Xt ) − Pt (Bt )) dt, V̄0 = 0.

Remark 2.2 Clearly, V̄ = (V̄t )t∈[0,T ] is a continuous process, starting from zero, and
by the help of Lemma 4.2 below it is easy to see that it is FY

t -adapted. Moreover,
it is not difficult to see that V̄ is a martingale (under P) with respect to (Ft )t≥0,
with quadratic variation process [V̄ ]t = t , t ∈ [0, T ]. Hence by Lévy’s theorem,
V̄ is an FY

t -Wiener process. It is called the innovation process in the case when the
observation process does not have a stochastic integral component with respect to
Poisson measures, i.e., when ν1 = 0. In this case it was conjectured that (V̄s)s∈[0,t]
together with Y0 carry the same information as the observation (Ys)s∈[0,t], i.e., that
the σ -algebra generated by (V̄s)s∈[0,t] and Y0 coincides with the σ -algebra generated
by (Ys)s∈[0,t] for every t . An affirmative result concerning this conjecture, under quite
general conditions on the filtering models (but without jump components) was proved
in [19] and [14]. For our filteringmodel we conjecture that (V̄s)s∈[0,t], together with Y0
and {Ñ ((0, s]×�) : s ∈ [0, t], � ∈ Z1} carry the same information as the observation
(Ys)s∈[0,t], if Assumption 2.1 holds and the coefficients of (1.1) satisfy an appropriate
Lipschitz condition.

Remark 2.3 One can show, see the proof of Lemma 4.2, that Ñ Y , the compensated
measure of jumps of the observation process Y , is almost surely the same as Ñ1,

Yd
t :=

∫ t

0

∫
Z1

z Ñ Y (ds, dz) =
∫ t

0

∫
Z1

z Ñ1(ds, dz), t ∈ [0, T ]

is the purely discontinuous component of Y , and

Y c
t := Yt − Yd

t = Y0 + Ṽt , t ∈ [0, T ]
is the continuous component of Y . Thus Eq. (2.7) can also be written as

μt (ϕ) = μ0(ϕ) +
∫ t

0
μs(Lsϕ) ds +

∫ t

0
μs(Mk

sϕ) d Y c k
s +

∫ t

0

∫
Z0

μs(J
η
s ϕ) ν0(dz)ds

+
∫ t

0

∫
Z1

μs(J
ξ
s ϕ) ν1(dz)ds +

∫ t

0

∫
Z1

μs−(I ξs ϕ) ÑY (dz, ds), t ∈ [0, T ],
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where Y c k
t denotes the k-th coordinate of Y c. Notice that in contrast with the filtering

equation of partially observed (continuous) diffusion processes, here not the whole
observation process, but its continuous and purely discontinuous components, sepa-
rately, drive the above equation. Thus it is problematic to approximate this equation
only on the basis of discrete time observations, since in general one cannot effectively
approximate Y c and Yd separately from discrete time observations.

Wewill proveTheorem2.1 bydeducingEq. (2.8) fromEq. (2.7),whichweobtain by
taking, under Q, the conditional expectation of the terms in the equation for γ −1

t ϕ(Xt ),
given the observation {Ys : s ≤ t}.

There are several known conditions ensuring that Assumption 2.2 is satisfied. For
a simple proof for the well-known Novikov condition and Kazamaki condition, and
their generalizations we refer to Exercise 6.8.VI in [20–22]. These conditions, are
clearly satisfied if |B| is bounded, but it does not seem to be easy to reformulate them
in terms of the coefficients of the system of Eq. (1.1), if |B| is unbounded. Here we
give a condition, which together with Assumption 2.1(i) ensures that Assumption 2.2
holds.

Assumption 2.3 There is a constant K such that

−xiρik(t, z)Bk(t, z) ≤ K (1 + |z|2) for all t ∈ [0, T ], z = (x, y) ∈ R
d+d ′

.

Remark 2.4 Define the R
(d+d ′)×d ′

-valued function ρ̂ by ρ̂ jk := ρ jk for j =
1, 2, . . . , d, k = 1, 2, . . . , d ′ and ρ̂ jk := 0 for j = d+1, . . . , d+d ′, k = 1, 2, . . . , d ′.
Then Assumption 2.3 means that the “one-sided linear growth” condition

z f (t, z) ≤ K (1 + |z|2), t ∈ [0, T ], z ∈ R
d+d ′

,

holds for the Rd+d ′
-valued function f = −ρ̂B, where z f denotes the standard inner

product of the vectors z, f ∈ R
d+d ′

. Clearly, this condition is essentially weaker than
the linear growth condition on f (in z ∈ R

d+d ′
), which obviously holds if one of the

functions ρ and B is bounded in magnitude and the other satisfies the linear growth
condition in Assumption 2.1 (i).

Theorem 2.2 Let Assumptions 2.1(i) and 2.3 hold. Then EγT = 1, i.e., Assumption
2.2 holds.

Proof We want to prove E(γT 1|Z0|≤R) = P(|Z0| ≤ R) for every constant R > 0,
since by monotone convergence it implies

EγT = lim
R→∞E(γT 1|Z0|≤R) = lim

R→∞ P(|Z0| ≤ R) = 1.

To this end we fix a constant R > 0 and set γ̄t := γt1|Z0|≤R . By Itô’s formula

dγ̄t = −γ̄t B(t, Zt ) dVt ,

123



Stochastics and Partial Differential Equations: Analysis and Computations

that shows that γ̄ is a local Ft -martingale. Thus Eγ̄T∧τn = P(|Z0| ≤ R) for an
increasing sequence (τn)

∞
n=1 of stopping times τn such that τn converges to ∞ as

n → ∞, and (γ̄t∧τn )t∈[0,T ] is a martingale for every n. Consequently, if we can show
E supt≤T γ̄t < ∞, then we can use Lebesgue’s theorem on dominated convergence to
get Eγ̄T = P(|Z0| ≤ R). Define the stopping times

τn = inf{t ∈ [0, T ] : [γ̄ ]t ≥ n} for integers n ≥ 1,

where

[γ̄ ]t =
∫ t

0
γ̄ 2
s |B(s, Zs)|2 ds.

Note that (γ̄t − γ̄0)t≤T is a continuous local martingale starting from 0, with quadratic
variation process [γ̄ ]. Clearly,

sup
t≤T

γ̄t∧τn ≤ γ̄0 + sup
t≤T

|γ̄t∧τn − γ̄0| ≤ 1 + sup
t≤T

|γ̄t∧τn − γ̄0|.

Thus, by standard estimates, using Davis’ and Young’s inequalities, we have

E sup
t≤T

γ̄t∧τn ≤ 1 + 3E[γ̄ ]1/2T∧τn
≤1 + 3E sup

t≤T
γ̄
1/2
t∧τn

(∫ T∧τn

0
γ̄t |B(t, Zt )|2 dt

)1/2

≤1 + 1
2E sup

t≤T
γ̄t∧τn + 5E

∫ T

0
γ̄t |B(t, Zt )|2 dt,

which, after we subtract 1
2 E supt≤T γ̄t∧τn and let n → ∞, by Fatou’s lemma gives

1
2E sup

t≤T
γ̄t ≤ 1 + 5E

∫ T

0
γ̄t |B(t, Zt )|2 dt ≤ 1 + 5E

∫ T

0
γ̄t (K0 + K2|Zt |2) dt .

Since Eγ̄t ≤ 1, to show that the right-hand side of the last inequality is finite we need
only prove that if K2 �= 0 then

sup
t≤T

Eγ̄t |Zt |2 < ∞. (2.9)

To this end we apply Itô’s formula to Ut := γ̄t |Zt |2 and use Assumptions 2.1 (ii) and
2.3 to get

dUt = γ̄t (2Xtb(t, Zt ) + 2Yt B(t, Zt ) + |σ(t, Zt )|2 + |ρ(t, Zt )|2 + 1) dt

− 2γ̄t (Xtρ(t, Zt )B(t, Zt ) + Yt Bt (t, Zt )) dt + γ̄t

∫
Z0

|η(t, Zt , z)|2 ν0(dz)dt

+ γ̄t

∫
Z1

|ξ(t, Zt , z)|2 ν1(dz)dt + γ̄t

∫
Z1

|z|2 ν1(dz)dt + dmt

≤N γ̄t dt + NUt dt + dmt (2.10)
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with a constant N and a cadlag local martingale m starting from zero. Hence by a
standard stopping time argument and Gronwall’s inequality we get a constant N such
that

sup
t≤T

EUt∧τn ≤ N (1 + E(1|Z0|≤R |Z0|2)) < ∞

for an increasing sequence of stopping times τn ↑ ∞. Letting here n → ∞ by Fatou’s
lemma we get (2.9), which finishes the proof of the theorem. ��

3 Preliminaries

The following lemma is our main tool for calculating conditional expectations of
Lebesgue and Itô stochastic integrals of simple processes under Q given FY

t .

Lemma 3.1 Let X and Y be random variables such that E|X | < ∞, E|Y | < ∞ and
E|XY | < ∞. Let G1, G2 and G be σ -algebras of events such that G1 ⊂ G, G2 is
independent of G, X is G-measurable and Y is independent of G ∨ G2. Then almost
surely

E(XY |G1 ∨ G2) = E(X |G1)EY .

Proof The right-hand side of the above equation is a G1-measurable random variable,
hence it is obviously G1 ∨ G2-measurable. Let H denote the family of G ∈ G1 ∨ G2
such that

EYE(E(X |G1)1G) = E(XY1G).

Then H is a λ-system, and for G = G1 ∩ G2, Gi ∈ Gi we have

EYE(E(X |G1)1G) = EYE(E(1G1X |G1)1G2)) = EYE(E(1G1X |G1))E1G2

= EYE(1G1X)E1G2 = E(XY1G),

that shows that H contains the π -system {G1 ∩ G2 : Gi ∈ Gi , i = 1, 2}. Hence, by
Dynkin’s monotone class lemmaH = G1 ∨ G2, which completes the proof. ��
To formulate a theorem on conditional expectations of Lebesgue and Itô integrals
we consider a complete filtered probability space (�,F, P,Ft ) carrying independent
Ft -Wiener processes Wi = (Wi

t )t≥0 and independent Ft -Poisson random measures
Ni = Ni (dz, dt) with σ -finite characteristic measures νi on separable measurable
spaces (Zi ,Zi ) for i = 0, 1, respectively. We denote by Gt the P-completion of the
σ -algebra generated by the events of a σ -algebra Y0 ⊂ F0 together with the random
variables W 1

s and N1((0, s] × �) for s ≤ t and � ∈ Z1 such that ν1(�) < ∞.
The predictable σ -algebras on � × [0, T ], relative to (Ft )t∈[0,T ] and (Gt )t∈[0,T ] are
denoted by PF and PG, respectively. The optional σ -algebras relative to (Ft )t∈[0,T ]
and (Gt )t∈[0,T ] are denoted by OF and OG, respectively.

The following definition will be frequently used.

Definition 3.1 Given aprobability space (�,F, P) and a sub-σ -algebraG ⊂ F,we say
that a random variable f is σ -integrable (with respect to P) relative to G, if there exists
an increasing sequence (�n)

∞
n=1 such that

⋃
n �n = �, �n ∈ Gand E| f 1�n | < ∞

for all n.
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One knows that for nonnegative random variables f and σ -algebras G ⊂ F the
conditional expectation E( f |G) is well-defined, and that for general random variables
f we define the extended conditional expectation E( f |G) as E( f +|G) − E( f −|G) if
E(| f ||G) < ∞ (a.s.). It is not difficult to show that E(| f ||G) < ∞ (a.s.) if and only if
f is σ -integrable (with respect to P) relative to G.
We consider real-valued F ⊗ B([0, T ])-measurable Ft -adapted processes f =

( ft )t∈[0,T ] and g = (gt )t∈[0,T ] on � × [0, T ], real-valued F ⊗ B([0, T ]) ⊗ Zi -
measurable functions h(i) = h(i)

t (ω, z) of (ω, t, z) ∈ � × [0, T ] × Zi for i = 0, 1,
and a real-valued F⊗B([0, T ]) ⊗Z-measurable function h = ht (ω, z) of (ω, t, z) ∈
� × [0, T ] × Z, such that for every t ∈ [0, T ] the functions h(i)

t and ht are Ft ⊗ Zi -
measurable and Ft ⊗ Z-measurable, respectively, for i = 0, 1, where (Z,Z) is a
separable measurable space, equipped with a σ -finite measure ν. Assume that almost
surely

F :=
(∫ T

0
| fs |2 ds

)1/2

< ∞ H (i) :=
(∫ T

0

∫
Zi

|h(i)
s (z)|2 νi (dz)ds

)1/2

< ∞
(3.1)

G :=
∫ T

0
|gs | ds < ∞, H :=

∫ T

0

∫
Z

|hs(z)| ν(dz)ds < ∞ (3.2)

for i = 0, 1. Then the processes

αt :=
∫ t

0
gs ds, δt :=

∫ t

0

∫
Z
hs(z) ν(dz)ds, t ∈ [0, T ],

and

β
(i)
t =

∫ t

0
fs dW

i
s , δ

(i)
t =

∫ t

0

∫
Zi

h(i)
s (z) Ñi (dz, ds), t ∈ [0, T ], (3.3)

are well-defined for i = 0, 1, and we have the following theorem.

Theorem 3.2 Assume the random variables Fr , G, H and |H (i)|2 for i = 0, 1, for
some r > 1 are σ -integrable (with respect to P) relative to G0. Then for t ∈ [0, T ]
we have

E(β
(1)
t |Gt ) =

∫ t

0
f̂s dW

1
s , E(β

(0)
t |Gt ) = 0, (3.4)

E(αt |Gt ) =
∫ t

0
ĝs ds, E(δt |Gt ) =

∫ t

0

∫
Z
ĥs(z) ν(dz)ds, (3.5)

E(δ
(1)
t |Gt ) =

∫ t

0

∫
Z1

ĥ(1)
s (z) Ñ1(dz, ds), E(δ

(0)
t |Gt ) = 0 (3.6)

almost surely for some PG-measurable functions f̂ and ĝ on � × [0, T ], a PG ⊗Z1-
measurable function ĥ(1) on � × [0, T ] × Z1, and a PG ⊗ Z-measurable function ĥ
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on � × [0, T ] × Z such that

f̂t = E( ft |Gt ), ĝt = E(gt |Gt ) (a.s.) for dt − a. e. t ∈ [0, T ], (3.7)

ĥ(1)
t = E(h(1)

t (z)|Gt ) (a.s.)for dt ⊗ ν1 − a.e. (t, z) ∈ [0, T ] × Z1, (3.8)

ĥt = E(ht (z)|Gt ) (a.s.) for dt ⊗ ν − a.e. (t, z) ∈ [0, T ] × Z. (3.9)

Proof Since Fr is σ -integrable with respect to G0, there is an increasing sequence
�n ∈ G0 such that

⋃∞
n=1 �n = � and E(1�n F

r ) < ∞ for every integer n ≥ 1. By
the definition and elementary properties of (extended) conditional expectations and
stochastic integrals, we have

1�nE

(∫ t

0
fs dW

i
s

∣∣∣Gt
)

= E

(
1�n

∫ t

0
fs dW

i
s

∣∣∣Gt
)

= E

(∫ t

0
1�n fs dW

i
s

∣∣∣Gt
)

,

1�nE( ft |Gt ) = E(1�n ft |Gt ), t ∈ [0, T ]
for i = 0, 1 and every n ≥ 1. Thus, taking 1�n f in place of f , we may assume that
EFr < ∞. Similarly, we may also assume that EG, EH and E|H (i)|2 are finite in
what follows below. Assume first that f belongs toH0, the set of simple processes of
the form

ft =
k−1∑
i=0

ξi1(ti ,ti+1](t), (3.10)

where 0 = t0 ≤ · · · ≤ tk = T are deterministic time instants, and ξi is a bounded
Fti -measurable random variable for every i = 0, 1, . . . , k − 1 for an integer k ≥ 1.
Then we have

E

(∫ t

0
fs dW

1
s

∣∣∣Gt
)

=
∑
i

E

(
ξi (W

1
ti+1∧t − W 1

ti∧t )
∣∣Gt

)
, for t ∈ [0, T ].

(3.11)

For 0 ≤ r ≤ s ≤ T define the σ -algebra

Gr ,s = σ(W 1
v − W 1

u , N1(� × (u, v]) : r ≤ u ≤ v ≤ s, � ∈ Z1, ν1(�) < ∞).

Then σ -algebras Gr and Gr ,s are independent and Gs = Gr ∨Gr ,s . Thus, using Lemma
3.1 with X := ξi , Y := 1, G1 := Gti , G := Fti and G2 := Gti ,s for ti ≤ s ≤ T , we
have

E(ξi |Gs) = E(ξi |Gti ) for i = 0, 1, 2, . . . , k − 1. (3.12)
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Hence for ti ≤ s ≤ ti+1 ≤ t ≤ T ,

E(ξi (W
1
ti+1

− W 1
ti )|Gt ) = E(ξi |Gt )(W 1

ti+1
− W 1

ti ) = E(ξi |Gs)(W 1
ti+1

− W 1
ti )

(3.13)

and for t j ≤ s ≤ t ≤ T ,

E(ξ j (W
1
t − W 1

t j )|Gt ) = E(ξ j |Gt )(W 1
t − W 1

t j ) = E(ξ j |Gs)(W 1
t − W 1

t j ). (3.14)

Consequently, defining f̂s = E(ξi |Gs) = E( fs |Gs) for s ∈ (ti , ti+1], i = 0, 1, . . . , k−
1, the function f̂ on � × [0, T ] is PG-measurable, and using (3.11) we can see that
the first equation in (3.4) holds. Assume now that f is F⊗B([0, T ])-measurable and
Ft -adapted such that EFr < ∞. Then there are sequences ( f n)∞n=1 and ( f̂ n)∞n=1 such
that f n ∈ H0, f̂ n is PG-measurable,

lim
n→∞E

(∫ T

0
| ft − f nt |2 dt

)r/2

= 0, (3.15)

and almost surely

E(It ( f
n)|Gt ) := E

(∫ t

0
f ns dW 1

s

∣∣∣Gt
)

=
∫ t

0
f̂ ns dW 1

s =: It ( f̂ n) for all t ∈ [0, T ],
(3.16)

f̂ nt = E( f nt |Gt ) for dt − a.e. t ∈ [0, T ]
(3.17)

for all n ≥ 1. Using theDavis inequality, Doob’s inequality, Jensen’s and Burkholder’s
inequalities for any r > 1 we have

E

(∫ T

0
| f̂ nt − f̂ mt |2 dt

)1/2

≤ 3E sup
t≤T

|It ( f̂ n − f̂ m)|

= 3E sup
t∈[0,T ]∩Q

|E (
It ( f

n − f m)
∣∣Gt) | ≤ 3E sup

t∈[0,T ]∩Q
(E(sup

s≤T
|Is( f n − f m)||Gt )

≤ 3
r

r − 1

(
E sup

t≤T
|It ( f n − f m)|r

)1/r

≤ N

(
E

(∫ T

0
| f nt − f mt |2 dt

)r/2)1/r

,

where Q is the set of rational numbers and N = N (r) is a constant, which gives

lim
n,m→∞E

(∫ T

0
| f̂ nt − f̂ mt |2 dt

)1/2

= 0.
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Thus there exists a PG-measurable function f̂ on � × [0, T ], such that

lim
n→∞E

(∫ T

0
| f̂t − f̂ nt |2 dt

)1/2

= 0, (3.18)

which implies

lim
n→∞E sup

t∈[0,T ]
|It ( f̂ ) − It ( f̂

n)| = 0. (3.19)

Using Jensen’s and Davis’ inequalities again we have

E|E(It ( f )|Gt ) − E(It ( f
n)|Gt )| ≤ EE(|It ( f − f n)||Gt )

= E|It ( f − f n)| ≤ 3E

(∫ T

0
| ft − f nt |2 dt

)1/2

for every t ∈ [0, T ],

i.e., for n → ∞

E(It ( f
n)|Gt ) → E(It ( f )|Gt ) in L1(�) for every t ∈ [0, T ]. (3.20)

Thus letting n → ∞ in Eq. (3.16), by virtue of (3.19) and (3.20) we get the first
equation in (3.4). Clearly, (3.15) and (3.18) imply

lim
n→∞

∫ T

0
E| ft − f nt | + E| f̂t − f̂ nt | dt = 0.

Hence there is a subsequence nl → ∞ and a set S ∈ B([0, T ]) of Lebesgue measure
0 such that for nl → ∞,

f nlt → ftand a f̂
nl
t → f̂t in L1(�) for each t ∈ [0, T ]\S =: Sc,

and taking into account (3.17), we can assume that S is a dt-zero set such that we
also have f̂ nlt = E( f nlt |Gt ) (a.s.) for every t ∈ Sc. Thus for nl → ∞ we have
E( f nlt |Gt ) → E( ft |Gt ) in L1(�) for each t ∈ Sc, which gives

f̂t = E( ft |Gt ) almost surely for every t ∈ Sc,

i.e., the first equation in (3.7) holds. To prove the second equation in (3.4) we note
that for ξi from the expression (3.10) we have

E(ξi (W
0
ti+1∧t − W 0

ti )|Gt ) = E(ξi |Gti )E(W 0
ti+1∧t − W 0

ti ) = 0 for i = 1, 2, . . . , N − 1,

(3.21)

by using Lemma 3.1 with X = ξi , Y = W 0
ti+1∧t − W 0

ti∧t G1 := Gti ⊂ Fti =: G and

G2 := Gti ,t for ti ≤ t . Hence we get the second equation in (3.4) for f given in (3.10),
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and the general case follows by approximation as above. To prove the first equation
in (3.5) assume that g is given by the right-hand side of (3.10). Then using (3.12) we
can see that

ĝt :=
k−1∑
i=0

E(ξi |Gti )1(ti ,ti+1](t) = E(gt |Gt ), t ∈ [0, T ],

and that the first equation in (3.5) and the second equation in (3.7) hold. Assume
now that g is an F ⊗ B([0, T ])-measurable Ft -adapted random process such that
EG < ∞. Then there are sequences (gn)∞n=1 and (ĝn)∞n=1 such that gn ∈ H0, ĝn is
PG-measurable,

lim
n→∞E

∫ T

0
|gt − gnt | dt = 0,

and almost surely

E

(∫ t

0
gns ds

∣∣∣Gt
)

=
∫ t

0
ĝns ds for all t ∈ [0, T ],

ĝnt = E(gnt |Gt ) for dt − a.e. t ∈ [0, T ].

Hence noting that by Tonelli’s theorem and Jensen’s inequality

E

∫ T

0
|ĝnt − ĝmt | dt =

∫ T

0
E|E(gnt |Gt ) − E(gmt |Gt )| dt

≤
∫ T

0
EE(|gnt − gmt ||Gt ) dt = E

∫ T

0
|gnt − gmt | dt,

and repeating previous argumentswe get aPF-measurable ĝ such that the first equation
in (3.5) and the second equation in (3.7) hold. To prove the second equation in (3.5)
we assume first that

ht (z) =
k−1∑
i=0

ξi1(ti ,ti+1]×�i (t, z), (3.22)

for a partition 0 ≤ t0 ≤ t1 ≤ · · · ≤ tk = T of [0, T ], boundedFti -measurable random
variables ξi and sets �i ∈ Z, ν(�i ) < ∞ for i = 0, . . . , k − 1. Then

E

(∫ t

0

∫
Z
hs(z) ν(dz) ds

∣∣∣Gt
)

=
k−1∑
i=0

E(ξi |Gt )ν(�i )(ti+1 ∧ t − ti ∧ t), t ∈ [0, T ].
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Thus, since by virtue of (3.12) we have

ĥt (z) :=
k−1∑
i=0

E(ξi |Gti )1(ti ,ti+1](t)1�i (z) = E(ht (z)|Gt ), t ∈ [0, T ], z ∈ Z,

for ĥ the second equation in (3.5) and by definition (3.9) hold. Hence we can get
these equations in the general case by a straightforward approximation procedure in
the same way as the first equation in (3.5) and the second equation in (3.7) have been
proved above.

Nowwe are going to prove (3.6). Assumefirst that h(1) is a simple function, given by
the right-hand side of equation (3.22) with �i ∈ Z1, ν1(�i ) < ∞, i = 0, 1, . . . , k−1.
Then

E

(∫ t

0

∫
Z1

h(1)
s (z) Ñ1(dz, ds)

∣∣∣Gt
)

=
k−1∑
i=0

E

(
ξi Ñ1(�i × (ti ∧ t, ti+1 ∧ t])∣∣Gt

)
.

In the same way as Eqs. (3.13) and (3.14) are obtained, by using (3.12) we get

E

(
ξi Ñ1(�i × (ti , ti+1])

∣∣Gt
)

= E(ξi |Gti )Ñ1(�i × (ti , ti+1]) = E(ξi |Gs)Ñ1(�i × (ti , ti+1])

for ti ≤ s ≤ ti+1 ≤ t , and

E

(
ξ j Ñ1(� j × (t j , t])

∣∣Gt
)

= E(ξ j |Gt j )Ñ1(� j × (t j , t]) = E(ξ j |Gs)Ñ1(� j × (t j , t])

for t j ≤ s ≤ t ≤ t j+1. Thus for

ĥ(1)
t (z) =

k−1∑
i=0

E(ξi |Gti )1(ti ,ti+1]×�i (t, z) = E(h(1)
t (z)|Gt ),

equations in (3.6) and (3.8) hold.Assumenow thath(1) isF⊗B([0, T ])⊗Z-measurable
such that for every t ∈ [0, T ] the function h(1)

t isFt ⊗Z1-measurable and E|H (1)|2 <

∞, where H (1) is defined in (3.1). Then there exist sequences (hn)∞n=1 and (ĥn)∞n=1,
such that hn is a simple function of the form (3.22), ĥn is a PG ⊗ Z1-measurable
function,

E( Ĩt (h
n)|Gt ) := E

(∫ t

0

∫
Z1

hns (z) Ñ1(dz, ds)
∣∣Gt

)
=

∫ t

0

∫
Z1

ĥns (z) Ñ1(dz, ds),

(3.23)

ĥnt (z) = E(hnt (z)|Gt ), almost surely, for ν1(dz) ⊗ dt − a.e. (z, t) ∈ Z1 × [0, T ],
(3.24)
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for every n ≥ 1, and

lim
n→∞E

∫ T

0

∫
Z1

|h(1)
t (z) − hnt (z)|2 ν1(dz) dt = 0. (3.25)

Hence using Jensen’s inequality we get

lim
n,m→∞E

∫ T

0

∫
Z1

|ĥnt (z) − ĥmt (z)|2 ν1(dz)dt = 0,

which implies the existence of a PG ⊗ Z1-measurable function ĥ(1) such that

lim
n→∞E

∫ T

0

∫
Z1

|ĥ(1)
t (z) − ĥnt (z)|2 ν1(dz) dt = 0. (3.26)

Thus letting n → ∞ in (3.23) we obtain (3.6). By virtue of (3.25) and (3.26) there is
a subsequence nl → ∞ and a set A ∈ B([0, T ]) ⊗ Z1 such that dt ⊗ ν1(A) = 0 and
for nl → ∞

hnlt (z) → h(1)
t (z) and ĥnlt (z) → ĥ(1)

t (z) in mean square

for every (t, z) ∈ Ac := [0, T ] × Z1\A. Consequently,

E(hnkt (z)|Gt ) → E(h(1)
t (z)|Gt ) in mean square for every (z, t) ∈ Ac,

and letting n := nl → ∞ in (3.24) we obtain E(h(1)
t (z)|Gt ) = ĥ(1)

t (z) for (z, t) ∈ Ac,
which proves (3.8). To prove the second equation in (3.6) assume first that h(0) is a
simple function of the form (3.22) with �i ∈ Z0, ν0(�i ) < ∞ for i = 0, 1, . . . k − 1.
Just like (3.21) is obtained, by Lemma 3.1 we get

E(ξi Ñ0(�i × (ti ∧ t, ti+1 ∧ t])|Gt ) = E(ξi |Gti )EÑ0(�i × (ti ∧ t, ti+1 ∧ t]) = 0

for i = 0, 1, . . . , k−1 and t ∈ [0, T ], that implies the second equation in (3.6). Hence,
we obtain the second equation in (3.6) for OF-measurable functions satisfying (3.1)
by approximation with simple functions. ��

We can reformulate the above theorem by using the notion of optional projection
of processes with respect to a given filtration. It is well-known (see for instance [15,
Thm 5.1], [9, Thm 2.43]) that if f = ( ft )t∈[0,T ] is a B([0, T ]) ⊗ F-measurable
process such that fτ is σ -integrable (with respect to a probability measure P) relative
to the σ -algebra Gτ for every Gt -stopping time τ ≤ T (with respect to a P-complete
filtration (Gt )t∈[0,T ]), then there exists a unique (up to evanescence)Gt -optional process
o f = (o f t )t∈[0,T ] such that for every Gt -stopping time τ ≤ T

E( fτ |Gτ ) = o f τ (a.s.) .
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The process o f is called the optional projection of f (under P with respect to
(Gt )t∈[0,T ]). If f is a cadlag process such that almost surely supt≤T | ft | ≤ η for some
σ -integrable random variable η with respect to P relative to G0, then almost surely the
trajectories of o f have left and right limits at every t ∈ (0, T ] and [0, T ), respectively,
and moreover, they are also almost surely right-continuous if (Gt )t∈[0,T ] is right-
continuous. One can define the extended optional projection o f of every nonnegative
B([0, T ])⊗F-measurable process ( ft )t∈[0,T ] (under P with respect to (Gt )t∈[0,T ]) by
setting o f := limn→∞ 1So( f ∧ n), where S is the set of (ω, t) ∈ � × [0, T ] such that
limn→∞ o( f ∧ n)t (ω) exists, which may be infinite. For B([0, T ]) ⊗ F-measurable
stochastic processes ( ft )t∈[0,T ] one defines the extended optional projection o f by
o f = o( f +)− o( f −) on the set A = {(ω, t) ∈ �⊗ [0, T ] : o( f +)+o( f −) < ∞} and
o f = ∞ on � × [0, T ]\A.

Notice that if for a t ∈ [0, T ] the extended conditional expectations E( f +
t |Gt ) and

E( f −
t |Gt ) are almost surely finite, then they are almost surely equal to o( f +

t ) and
o( f −

t ), respectively, meaning that we have o ft = E( ft |Gt ) (a.s.). Let h = (ht (z))
be an F ⊗ B(R+) ⊗ Z-measurable function on � × R+ × Z. Then by the help of
the Monotone Class Theorem it is not difficult to show the existence of an OG ⊗
Z-measurable function, which for each fixed z ∈ Z gives the (possibly extended)OG-
optional projection of h(z) := (ht (z))t≥0. We denote this function by oh, and call it
the (extended) OG-optional projection of h.

Corollary 3.3 Assume the random variables F, H (i) and G, H, defined in (3.1) and
(3.2), respectively, are σ -integrable relative to G0 for i = 0, 1. Assume moreover that
almost surely

∫ T

0
|o ft |2dt < ∞,

∫ T

0

∫
Zi

|oh(i)
t (z)|2 νi (dz)dt < ∞ for i = 0, 1, (3.27)

where o f and oh(i) are the (extended) OG-optional projections of f and h(i), respec-
tively. Then for every t ∈ [0, T ] Eqs. (3.4), (3.5) and (3.6) hold almost surely with
the OG-optional projections o f , og, oh(i) and oh in place of f̂ , ĝ, ĥ(i) and ĥ, respec-
tively, for i = 0, 1. Moreover, there is a dt-null set T0 ⊂ [0, T ], a dt ⊗ ν1-null set
B0 ⊂ [0, T ] × Z1 and a dt ⊗ ν-null set B ⊂ [0, T ] × Z, such that

(i) for each t ∈ [0, T ]\T0 the random variable | ft |+ |gt | is σ -integrable relative to
G0 and

E( ft |Gt ) = o ft ∈ R, (a.s.), E(gt |Gt ) = ogt ∈ R (a.s.), (3.28)

(ii) for each (t, z) ∈ [0, T ] × Z1\B0 the random variable |h(1)
t (z)| is σ -integrable

relative to G0 and

E(h(1)
t (z)|Gt ) = oht

(1)
(z) ∈ R (a.s.), (3.29)
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(iii) for each (t, z) ∈ [0, T ]×Z\B the random variable |ht (z)| is σ -integrable relative
to G0, and

E(ht (z)|Gt ) = oht (z) ∈ R (a.s.). (3.30)

Proof Just like in the proof of the previous lemma without loss of generality we may
and will assume that F , G, H and H (i), i = 0, 1, have finite expectation. Thus by
Minkowski’s inequality and Tonelli’s theorem we have

(∫ T

0
(E| ft |)2 dt

)1/2

≤ E

(∫ T

0
| ft |2 dt

)1/2

< ∞,

∫ T

0
E|gt | dt = E

∫ T

0
|gt | dt < ∞,

∫ T

0

∫
Z
E|ht (z)| ν(dz) dt = E

∫ T

0

∫
Z

|ht (z)| ν(dz) dt < ∞
(∫ T

0

∫
Z1

(E|h(1)
t (z)|)2 ν1(dz) dt

)1/2

≤ E

(∫ T

0

∫
Z1

|h(1)
t (z)|2ν1(dz) dt

)1/2

< ∞.

ThereforeE| ft |+E|gt | < ∞ for dt-almost every t ∈ [0, T ],E|ht (z)| < ∞ for dt⊗ν-
a.e. (t, z) ∈ [0, T ] × Z, and E|h(1)

t (z)| < ∞ for dt ⊗ ν1-a.e. (t, z) ∈ [0, T ] × Z1,
i.e., we get (3.28), (3.29) and (3.30). Hence due to (3.7) and (3.9) we have (3.5) with
og and oh in place of ĝ and ĥ, respectively. We also have (3.4) and (3.6) with o f and
oh(1) in place of f̂ and ĥ(1), provided Fr and |H (i)|2 are σ -integrable relative to G0 for
i = 0, 1 for some r > 1. Thus it remains to prove (3.4) and (3.6) with o f and oh(1) in
place of f̂ and ĥ(1), respectively, under the condition that F and H (i) are σ -integrable
relative toG0 for i = 0, 1, and (3.27) holds.We show only (3.6) under these conditions,
because (3.4) can be proven similarly. To this end define h(1)n = 1Zn (−n ∨ h(1) ∧ n)

for integers n ≥ 1, where (Zn)∞n=1 is an increasing sequence of sets Z
n ∈ Z1 such that⋃∞

n=1 Z
n = Z1 and ν1(Z

n) < ∞ for every n ≥ 1. Then for each t ∈ [0, T ]

E(δ
(1)n
t |Gt ) =

∫ t

0

∫
Z1

oh(1)n
s (z) Ñ1(dz, ds) (a.s.), (3.31)

where δ(1)n is defined as δ(1) in (3.3), but with h(1)n in place of h(1). Note that

|oh(1)n| ≤ |oh(1)| P ⊗ dt ⊗ ν1 -almost every (ω, t, z) ∈ � × [0, T ] × Z1,

and for n → we have oh(1)n
s (z) → oh(1)

s (z) almost surely for every (s, z) ∈ [0, T ]×Z1

such that oh(1)
s (z) �= ∞. Hence due to condition (3.27), by Lebesgue’s theorem on

dominated convergence we have

∫ T

0

∫
Z1

|oh(1)n
s (z) − oh(1)

s (z)|2 ν1(dz)dt → 0 (a.s.) as n → ∞,
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which implies

∫ t

0

∫
Z1

oh(1)n
s (z) Ñ1(dz, ds) →

∫ t

0

∫
Z1

oh(1)
s (z) Ñ1(dz, ds) (3.32)

in probability, uniformly in t ∈ [0, T ]. Using obvious properties of conditional expec-
tations, by Davis’ inequality and Lebesgue’s theorem on dominated convergence we
get

lim
n→∞E|E(δ

(1)n
t |Gt ) − E(δ

(1)
t |Gt )|

≤ lim
n→∞E|δ(1)n

t − δ
(1)
t |

≤ 3 lim
n→∞E

(∫ T

0

∫
Z1

|h(1)n
s (z) − h(1)

s (z)|2 ν1(dz)ds

)1/2

= 0,

which by virtue of (3.31) and (3.32) finishes the proof of the first equation in (3.6).
The second equation in (3.6) can be obtained similarly. ��
Remark 3.1 We have that almost surely

∫ t

0

∫
Zi

|oh(i)
s (z)|2 νi (dz) ds ≤

∫ t

0

o(|h(i)
s |2L2(Zi )

) ds (a.s.) for i = 0, 1

for all t ∈ [0, T ]. Thus
∫ T

0

o(|h(i)
t |2L2(Zi )

) dt < ∞ (a.s.) for i = 0, 1 (3.33)

implies the assumption on h(i) in (3.27).

Proof (Proof of Remark 3.1) Let i ∈ {0, 1} be fixed and let (An)
∞
n=1 be an increasing

sequence of sets from Zi such that ∪∞
n=1An = Zi and νi (An) < ∞ for every n ≥ 1.

Set
hi,nt (z) := (−n) ∨ (1An h

(i)
t (z)) ∧ n.

Then by Jensen’s inequality for the optional projections we have |ohi,ns (z)|2 ≤
o(|hi,ns (z)|2) for every z ∈ Zi , and by an application of Corollary 3.3 we obtain

∫ t

0

∫
Zi

|ohi,ns (z)|2 νi (dz)ds ≤
∫ t

0

∫
Zi

o(|hi,ns (z)|2) νi (dz)ds

= E

(∫ t

0

∫
Zi

|hi,ns (z)|2 νi (dz)ds
∣∣∣Gt

)

=
∫ t

0

o(|hi,ns |2L2(Zi )
) ds ≤

∫ t

0

o(|h(i)
s |2L2(Zi )

) ds.
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Letting heren → ∞ andusing theMonotoneConvergenceTheoremand the properties
of extended optional projections on the left-hand side of the first inequality, we finish
the proof of the remark. ��

Let P(Rd) be the space of of probability measures on the Borel sets ofRd , equipped
with the topology of weak convergence of measures. Recall that Cb(R

d) denotes the
space of bounded continuous real functions on R

d , and as before, let (Z,Z) be a
separable measurable space.

Lemma 3.4 Let (�,F, P) be a complete probability space equipped with a right-
continuous filtration (Gt )t≥0, Gt ⊂ F for t ≥ 0, such that G0 contains all P-zero sets
of F. Let (Xt )t≥0 be an Rd -valued F ⊗ B(R+)-measurable cadlag process. Then the
following statements hold.

(i) There is a P(Rd)-valued weakly cadlag process (Pt )t≥0 such that for every
bounded real-valued Borel function ϕ on R

d and for each t ≥ 0

Pt (ϕ) = E(ϕ(Xt )|Gt ) (a.s.). (3.34)

(ii) Let (Pt )t≥0 be the measure-valued process from (i). Assume f = f (ω, t, z, x) is
a OG ⊗ Z ⊗ B(Rd)-measurable real function on � × R+ × Z × R

d . Define

Pt ( f (t, z)) :=

⎧⎪⎨
⎪⎩

∫
Rd f (t, z, x) Pt (dx), for (t, ω, z),

if
∫
Rd | f (t, z, x)| Pt (dx) < ∞

∞ elsewhere.

Then Pt ( f (t, z)) is an OG ⊗Z-measurable (extended) function of (ω, t, z) such
that

E( f (t, z, Xt )|Gt ) = Pt ( f (t, z)) (a.s.) for each (t, z) ∈ R+ × Z,

(3.35)

whenever one of the expressions is finite (a.s.). Moreover, Pt0( f (t0, z0)) is finite
(a.s.) for a pair (t0, z0) ∈ R+ ×Z if f (t0, z0, Xt0) is σ -integrable relative to Gt0 .

Proof Statement (i) is shown in [28]. Thus (ii) holds if f = g(t, z)ϕ(x) for bounded
OG ⊗ Z-measurable functions g on � × R+ × Z and bounded Borel functions ϕ on
R
d . Hence by a standard monotone class argument we get (ii) under the additional

assumption that f is bounded. In the general case, the set A ⊂ � × R+ × Z where

∫
Rd

| f (t, z, x)|Pt (dx) = ∞

is in OG ⊗ Z. Consequently, Pt ( f (t, z)) is OG ⊗ Z-measurable in (ω, t, z). We have

E(| f (t, z, Xt )| ∧ n|Gt ) =
∫
Rd

| f (t, z, x)| ∧ n Pt (dx) (a.s.)
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for every integer n ≥ 1. Letting here n → ∞ we get

E(| f (t, z, Xt )||Gt ) =
∫
Rd

| f (t, z, x)| Pt (dx) (a.s.), (3.36)

that implies (3.35). If f (t0, z0, Xt0) is σ -integrable relative to Gt0 , then there is an
increasing sequence (�n)

∞
n=1 such that �n ∈ Gt0 , P(∪∞

n=1�n) = 1, and

1�n

∫
Rd

f (t0, z0, x) Pt0(dx) = E(1�n fn(t0, z0, Xt0)|Gt0)

is almost surely finite for every n ≥ 1. ��
Corollary 3.5 Let (�,F, P, (Gt )t≥0) and (Xt )t∈[0,T ] be a filtered probability space
and a stochastic process, respectively, satisfying the conditions in Lemma 3.4. Let
(Ft )t≥0 be a filtration such that Gt ⊂ Ft ⊂ F for t ≥ 0. Let Q be a probability
measure on F such that dQ = γT d P for a FT -measurable positive random variable
γT . Then the following statements hold.

(i) There is anM(Rd)-valued weakly cadlag stochastic process (μt )t∈[0,T ] such that
for every bounded real-valued Borel function ϕ on Rd and for every t ∈ [0, T ]

μt (ϕ) = EQ(γ −1
T ϕ(Xt )|Gt ) = EQ(γ −1

t ϕ(Xt )|Gt ) (a.s.). (3.37)

(ii) Let f = f (ω, t, z, x) be an OG ⊗ Z ⊗ B(Rd)-measurable real function on
� × [0, T ] × Z × R

d . Define

μt ( f (t, z)) :=
{∫

Rd f (t, z, x) μt (dx), for (t, ω, z), if
∫
Rd | f (t, z, x)|μt (dx) < ∞

∞ elsewhere.

Then μt ( f (t, z)) is anOG ⊗Z-measurable function such that for each (t, z) we
have

EQ(γ −1
T f (t, z, Xt )|Gt ) = EQ(γ −1

t f (t, z, Xt )|Gt ) = μt ( f (t, z)) (a.s.),

(3.38)

whenever one of the expressions is finite (a.s.). Moreover, μt0( f (t0, z0)) is finite
(a.s.) for a pair (t0, z0) ∈ [0, T ] × Z if γ −1

t0 f (t0, z0, Xt0) is σ -integrable (with
respect to Q) relative to Gt0 , or equivalently, if f (t0, z0, Xt0) is σ -integrable with
respect to P relative to Gt0 .

Proof Considering (Ft+)t≥0 in place of (Ft )t≥0 we may assume in the proof that
(Ft )t≥0 is right-continuous. By Doob’s theorem there is a cadlag Ft -martingale,
(γt )t∈[0,T ], such that γt = EP (γT |Ft ) (P-a.s) for each t ∈ [0, T ]. Clearly, almost
surely γt > 0 for all t ∈ [0, T ] since

0 = EP (1γt=0γt ) = EP (1γt=0γT )
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implies P(γt = 0) = 0 for every t ∈ [0, T ]. Thus (γ −1
t )t∈[0,T ] is a cadlag process,

and it is an Ft -martingale under Q, because

EQ(γ −1
T |Ft ) = 1/EP (γT |Ft ) = γ −1

t almost surely for t ∈ [0, T ].

Since, γ = (γ )t∈[0,T ] is a (cadlag)Ft -martingale under P , the set {γτ } forFt -stopping
times τ ≤ T is uniformly P-integrable, and hence one knows that oγ , the Gt -optional
projection of γ under P , is a cadlag process. Due to γ > 0, we have oγ > 0 (a.s.).
Define μt := (oγt )

−1Pt for t ∈ [0, T ], where (Pt )t∈[0,T ] is the P(Rd)-valued Gt -
adapted cadlag process (in the topology of weak convergence of measures) by Lemma
3.4. Hence, (μt )t∈[0,T ] is a Gt -adapted cadlag M(Rd)-valued process, and by (3.34)
for every bounded Borel function ϕ on R

d we have

EQ(γ −1
T ϕ(Xt )|Gt ) = EP (ϕ(Xt )|Gt )/EP (γT |Gt )

= EP (ϕ(Xt )|Gt )(oγt )−1 = (oγt )
−1Pt (ϕ) = μt (ϕ) (a.s) for each t ∈ [0, T ].

On the other hand, by well-known properties of conditional expectations

EQ(γ −1
T ϕ(Xt )|Gt ) = EQ(EQ(γ −1

T ϕ(Xt )|Ft )|Gt )
= EQ(ϕ(Xt )EQ(γ −1

T |Ft )|Gt ) = EQ(γ −1
t ϕ(Xt ))|Gt ),

which completes the proof of (i). To prove (ii), note that the function μt ( f (t, z)) is
OG ⊗ Z-measurable in (ω, t, z), and by (3.35) for each (t, z) almost surely

μt ( f (t, z)) = (oγt )
−1Pt ( f (t, z)) = E((oγt )

−1 f (t, z, Xt )|Gt )
= EQ(γ −1

T (oγt )
−1 f (t, z, Xt )|Gt )/EQ(γ −1

T |Gt ) = EQ(γ −1
T (oγt )

−1 f (t, z, Xt )|Gt )oγt
= EQ(γ −1

T f (t, z, Xt )|Gt ) = EQ(γ −1
t f (t, z, Xt )|Gt ),

where the last equation holds because γ −1 is anFt -martingale under Q. We finish the
proof with the obvious observation that γ −1

t0 f (t0, z0, Xt0) is σ -integrable with respect
to Q relative to Gt0 if f (t0, z0, Xt0) is σ -integrable with respect to P relative to Gt0 . ��

4 Proof of Theorem 2.1

Recall that by Assumption 2.2 the measure Q, defined by dQ = γT d P is a
probability measure, equivalent to P , and by Girsanov’s theorem under Q the pro-
cess (Wt , Ṽt )t∈[0,T ], where (Ṽt )t∈[0,T ] is defined by (2.5), is a d1 + d ′-dimensional
Ft -Wiener process. Moreover, under Q the random measures Ñ0 and Ñ1 remain
independentFt -Poisson martingale measures, with characteristic measures ν0 and ν1,
respectively. Clearly, (γt )t∈[0,T ] is an Ft -martingale under P . By Itô’s formula

dγ −1
t = γ −1

t Bl
t (Xt ) dṼ

l
t , (4.1)
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the process γ −1 = (γ −1
t )t∈[0,T ] is anFt -local martingale under Q. Hence, taking into

account EQγ −1
T = 1, we get that γ −1 is an Ft -martingale under Q. Thus the Bayes

formula for bounded Borel functions ϕ on R
d gives

E(ϕ(Xt )|FY
t ) = EQ(γ −1

T ϕ(Xt )|FY
t )

EQ(γ −1
T |FY

t )
= EQ(γ −1

t ϕ(Xt )|FY
t )

EQ(γ −1
t |FY

t )
(a.s.), (4.2)

often also referred as Kallianpur-Striebel formula in the literature. Using Ṽ we can
rewrite system (1.1) in the form

dXt = b(t, Zt ) dt + σ(t, Zt ) dWt + ρ(t, Zt ) dVt

+
∫
Z0

η(t, Zt−, z) Ñ0(dz, dt) +
∫
Z1

ξ(t, Zt−, z) Ñ1(dz, dt),

dYt = dṼt +
∫
Z1

z Ñ1(dt, dz), (4.3)

which shows, in particular, that (Yt )t∈[0,T ] is a Lévy process under Q, and hence it
is well-known that the filtration (FY

t )t∈[0,T ] is right-continuous. Thus we can apply
Lemma 3.4 and Corollary 3.5 with the unobservable process (Xt )t∈[0,T ] and the fil-
tration (Gt )t∈[0,T ] = (FY

t )t∈[0,T ] to have a P-valued and M-valued weakly cadlag
FY
t -adapted processes Pt (dx) and μt (dx), respectively, such that for every bounded

Borel function ϕ on Rd for each t ∈ [0, T ] we have

Pt (ϕ) = E(ϕ(Xt )|FY
t ), μt (ϕ) = EQ(γ −1

t ϕ(Xt )|FY
t ) (a.s.),

and by (4.2) it follows that almost surely Pt = μt/μt (1) for all t ∈ [0, T ]. To get an
equation for dμt (ϕ) for sufficiently smooth functions we calculate first the stochastic
differential d(γ −1

t ϕ(Xt )).

Proposition 4.1 Let ϕ ∈ C2
b (R

d). Then for the stochastic differential of γ −1
t ϕ(Xt ) we

have

d
(
γ −1
t ϕ(Xt )

)
= γ −1

t Ltϕ(Xt ) dt + γ −1
t Ml

tϕ(Xt ) dṼ
l
t + γ −1

t σ ik
t (Xt )Diϕ(Xt ) dW

k
t

+ γ −1
t

∫
Z0

Iηt ϕ(Xt−) Ñ0(dz, dt) + γ −1
t

∫
Z1

I ξt ϕ(Xt−) Ñ1(dz, dt)

+ γ −1
t

∫
Z0

Jη
t ϕ(Xt ) ν0(dz) dt + γ −1

t

∫
Z1

J ξ
t ϕ(Xt ) ν1(dz) dt .

(4.4)
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Proof By Itô’s formula, see for example in [1] or [16], for ϕ ∈ C2
b (R

d) we have

dϕ(Xt ) =
(
Ltϕ(Xt ) − ρil

t B
l
t (Xt )Diϕ(Xt )

)
dt

+ σ ik
t (Xt )Diϕ(Xt ) dW

k
t + ρil

t (Xt )Diϕ(Xt ) dṼ
l
t

+
∫
Z0

I η
t ϕ(Xt−) Ñ0(dt, dz) +

∫
Z1

I ξ
t ϕ(Xt−) Ñ1(dt, dz)

+
∫
Z0

J η
t ϕ(Xt−) ν0(dz)dt +

∫
Z1

J ξ
t ϕ(Xt−) ν1(dz)dt,

where we use the notations introduced before the formulation of Theorem 2.1. Hence
using (4.1) and the stochastic differential rule for products,

d(γ −1
t ϕ(Xt )) = γ −1

t dϕ(Xt ) + ϕ(Xt−) dγ −1
t + dγ −1

t dϕ(Xt ),

where
dγ −1

t dϕ(Xt ) = γ −1
t ρil

t B
l
t (Xt )Diϕ(Xt ) dt,

we obtain (4.4). ��
To calculate the conditional expectation (under Q) of the terms in the equation for
γ −1
t ϕ(Xt ), given FY

t , we describe below the structure of FY
t . For each t ≥ 0 we

denote by FÑ
t the P-completion of the σ -algebra generated by the random variables

N1((0, s] × �) for s ∈ (0, t] and � ∈ Z1 such that ν1(�) < ∞.

Lemma 4.2 For every t ∈ [0, T ] we have

FY
t = FY

0 ∨ FṼ
t ∨ FÑ1

t ,

whereFY
0 ∨FṼ

t ∨FÑ1
t denotes the P-completion of the smallest σ -algebra containing

FY
0 , FṼ

t and FÑ1
t .

Proof From (4.3) it immediately follows that

FY
t ⊆ FY

0 ∨ FṼ
t ∨ FÑ1

t .

To prove the reversed inclusion, we claim

NY ((0, t] × A) = N1((0, t] × A) almost surely for all t ∈ [0, T ] (4.5)

for every A ∈ Z1, where NY is the measure of jumps for the process Y . Clearly,
NY (dz, dt) = NM (dz, dt), where NM is the measure of jumps for the process

Mt =
∫ t

0

∫
Z1

z Ñ1(dz, dt), t ≥ 0,
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i.e.,
NY ((0, t] × A) =

∑
0<s≤t

1A(�Ys) =
∑
0<s≤t

1A(�Ms) A ∈ Z1.

To show (4.5) let A = A0 be a set from Z1 such that ν1(A0) < ∞. Then

MA0
t :=

∫ t

0

∫
A0

z Ñ1(dz, ds) =
∑
0<s≤t

ps1A0(ps) − t
∫
A0

z ν1(dz),

where (pt )t∈[0,T ] is the Poisson point process associated with N1. Note that due to
ν1(A0) < ∞, the decomposition in the last displayed formula is well-defined, the sum
appearing in the right-hand side has only finitely many terms, and the integral there is
finite almost surely. Hence for N 0(dz, dt), the measure of jumps of the process MA0 ,
we have that almost surely

N 0((0, t] × A0) = N1((0, t] × A0) for all t ∈ [0, T ]. (4.6)

It is not difficult to see that N 0((0, t] × A0) = NM ((0, t] × A0). Hence (4.5) for
A = A0 follows.

Since ν1 is σ -finite, for an arbitrary B ∈ Z1 there is a sequence (Bn)
∞
n=1 of disjoint

sets Bn ∈ Z1 such that B = ⋃∞
n=1 Bn and ν1(Bn) < ∞ for each n ≥ 1. Thus for

each integer n ≥ 1 we have (4.5) with Bn in place of A, and summing this up over
n ≥ 1 and using the σ -additivity of NY and N1 we obtain (4.5) with B in place of A.
Noting that FY

t contains the σ -algebra generated by NY ((0, s] × B) for each s ≤ t

and B ∈ Z, we see that FY
t ⊃ FÑ1

t . Clearly, FY
t ⊃ FY

0 , and taking into account

Yt − Y0 −
∫ t

0

∫
Z1

z Ñ1(dz, ds) = Ṽt , for t ∈ [0, T ],

we get FY
t ⊃ FṼ

t . Consequently,

FY
t ⊇ FY

0 ∨ FṼ
t ∨ FÑ

t ,

that completes the proof. ��
The above lemma is an essential tool in obtaining the filtering equations. A similar

lemma in a more general setting in some directions is presented in [26] and [27] to
obtain the filtering equations for the model considered in these papers. It seems to
us, however, that this lemma, Lemma 3.2 in [26], used as well in [27, p.4], may not
hold under the general conditions formulated in these papers, since it is not true in the
simple case of vanishing coefficients in front of the randommeasures in the observation
process. It is worth noticing that when instead of the integrand z a stochastic integrand
depending on Zt = (Xt ,Yt ) is considered in the observation process Y , the integral
of such a term against a Poisson random measure may fail to be a Lévy process, as
it may not have independent increments, which is a crucial property for the filtration
generated by the observation.
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Now we are going to get an equation for μ(ϕ) by noting that by Proposition 4.1 we
have

γ −1
t ϕ(Xt ) = ϕ(X0) + αt + α0

t + α1
t + β0

t + β1
t + δ0t + δ1t , t ∈ [0, T ], (4.7)

where

αt :=
∫ t

0
γ −1
s Lsϕ(Xs) ds,

α0
t :=

∫ t

0

∫
Z0

γ −1
s J η

s ϕ(Xs) ν0(dz)ds, α1
t :=

∫ t

0

∫
Z1

γ −1
s J ξ

s ϕ(Xs) ν1(dz)ds,

β0
t :=

∫ t

0
γ −1
s σ ik

s (Xs)Diϕ(Xs) dW
k
s , β1

t :=
∫ t

0
γ −1
s Ml

sϕ(Xs) dṼ
l
s ,

δ0t :=
∫ t

0

∫
Z0

γ −1
s I η

s ϕ(Xs−) Ñ0(dz, ds), δ1t :=
∫ t

0

∫
Z1

γ −1
s I ξ

s ϕ(Xt−) Ñ1(dz, ds),

for ϕ ∈ C2
b (R

d). We want to take the conditional expectation of both sides of Eq. (4.7)
for each t ∈ [0, T ], under Q, given FY

t . In order to apply Corollary 3.3, we should
verify that the random variables

G :=
∫ T

0
γ −1
s |Ltϕ(Xs)| ds,

G(0) :=
∫ T

0

∫
Z0

γ −1
s |J η

s ϕ(Xs)| ν0(dz) ds,

G(1) :=
∫ T

0

∫
Z1

γ −1
s |J ξ

s ϕ(Xs)| ν1(dz) ds,

F (0) :=
(∫ T

0
γ −2
s |σ i

s (Xs)Diϕ(Xs)|2 ds
)1/2

,

F (1) :=
(∫ T

0
γ −2
s

∑
l

|Ml
sϕ(Xs)|2 ds

)1/2

,

H (0) :=
(∫ T

0

∫
Z0

γ −2
s |I η

s ϕ(Xs−)|2 ν0(dz)ds

)1/2

,

H (1) :=
(∫ T

0

∫
Z1

γ −2
s |I ξ

s ϕ(Xs−)|2 ν1(dz)ds

)1/2

are σ -integrable with respect to Q relative to FY
0 , and that (3.27) holds for Q f (i) in

place of o f , and for Qh(i) in place of oh(i), where Q f (0), Q f (1), Qh(0) and Qh(1) are the
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FY
t -optional projection under Q of

f k(0) := (γ −1
s σ ik

s (Xs)Diϕ(Xs))s∈[0,T ], f l(1) := (γ −1
s Ml

sϕ(Xs))s∈[0,T ],
h(0) := (γ −1

s Iηs ϕ(Xs−))s∈[0,T ] and h(1) := (γ −1
s I ξs ϕ(Xs−))s∈[0,T ],

respectively for each fixed k = 1, 2, . . . , d1 and l = 1, . . . , d ′. For a fixed integer
n ≥ 1 let �n = {ω ∈ � : |Y0| ≤ n}. Then due to Assumption 2.1, the martingale
property of (γt )t∈[0,T ] and (2.2) we have

EQ(1�n G) ≤ NE

(
γT

∫ T

0
γ −1
t (K0 + K11�n |Zt | + K21�n |Zt |2) dt

)

= N
∫ T

0
E(γT γ −1

t (K0 + K11�n |Zt | + K21�n |Zt |2) dt

= N
∫ T

0
E(K0 + K11�n |Zt | + K21�n |Zt |2) dt

≤ N ′(K0 + K1E|X0| + K1E(1�n |Y0|) + K2E|X0|2 + K2E(1�n |Y0|2)) < ∞

with constants N and N ′, which shows thatG is σ -integrable with respect to Q relative
to FY

0 . Similarly, using the estimate

|J ηϕ(Xt )| ≤ sup
x∈Rd

|Di jϕ(x)||ηit (Xt )||η j
t (Xt )|,

we get

EQ(1�nG
(0)) =

∫ T

0
E

∫
Z0

1�n |J η
s ϕ(Xs)| ν0(dz)ds

≤ N
∫ T

0
E

∫
Z0

1�n |η(s, Zs, z)|2 ν0(dz) ds

≤ N ′
∫ T

0
E(K0 + K21�n |Zs |2) ds < ∞

with constants N and N ′. In the same way we get EQ(1�nG
(1)) < ∞. To prove that

F (i) and H (i) are σ -integrable (with respect to Q) relative to FY
0 , we claim first that

An := EQ1�n sup
t≤T

γ −1
t < ∞ for every integer n ≥ 1. (4.8)
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To prove this we repeat a method used in proof of Theorem 2.2. From (4.1) by using
the Davis inequality and then Young’s inequality we get

EQ1�n sup
t∈[0,T ]

γ −1
t∧τk

≤ 1 + 3E

(∫ T∧τk

0
1�nγ

−2
t |B(t, Zt )|2 dt

)1/2

≤ 1 + 1
2EQ1�n sup

t∈[0,T ]
γ −1
t∧τk

+ 5E
∫ T

0
1�nγ

−1
t |B(t, Zt )|2 dt

for stopping times

τk = inf{t ∈ [0, T ] : γ −1
t ≥ k}, for integers k ≥ 1.

Rearranging this inequality and then letting k → ∞ by Fatou’s lemma we obtain

EQ1�n sup
t∈[0,T ]

γ −1
t ≤ 2 + 10

∫ T

0
EQ1�nγ

−1
t |B(t, Zt )|2 dt .

Hence we get (4.8) by noticing that using the martingale property of γ , the estimate
in (2.2) and K2E|X0|2 < ∞, for every t ∈ [0, T ] we have

EQ1�nγ
−1
t |B(t, Zt )|2 = E1�nγT γ −1

t |B(t, Zt )|2 = E1�n |B(t, Zt )|2
≤ K0 + K2E1�n |Zt |2 ≤ K0 + K2NE(1 + |X0|2 + 1�n |Y0|2) < ∞.

Consequently,

EQ(1�n F
(0)) ≤ EQ

(
1�n sup

s≤T
γ

−1/2
s

(∫ T

0
1�nγ

−1
s |σ i

s (Xs)Diϕ(Xs)|2 ds
)1/2)

≤ An + Bn,

with An < ∞, and for a constant N ,

Bn := EQ

∫ T

0
1�nγ

−1
s |σ i

s (Xs)Diϕ(Xs)|2 ds =
∫ T

0
E(1�nγT γ −1

s |σ i
s (Xs)Diϕ(Xs)|2) ds

=
∫ T

0
E|1�nσ

i
s (Xs)Diϕ(Xs)|2 ds ≤ N

∫ T

0
E(K0 + K21�n |Zs |2) ds < ∞.

We get EQ(1�n F
(1)) < ∞ in the same way. Similarly, EQ(1�n H

(0)) ≤ An + Cn ,
with An given in (4.8) and

Cn := EQ

∫ T

0
γ −1
s

∫
Z0

1�n |Iηs ϕ(Xs)|2 ν0(dz)ds =
∫ T

0
E

∫
Z0

1�n |Iηs ϕ(Xs)|2 ν0(dz)ds

≤ N
∫ T

0
E

∫
Z0

1�n |η(s, Zs , z)|2 ν0(dz)ds ≤ N ′
∫ T

0
E(K0 + K21�n |Zs |2) ds < ∞
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with constants N and N ′, where we use that by Taylor’s formula we have

|I η
s ϕ(Xs)| ≤ sup

x∈Rd
|Diϕ(x)||ηis(Xs)|.

In the samewaywe haveEQ(1�n H
(1)) < ∞. For processes h = (ht )t∈[0,T ] recall that

Qh and oh denote theFY
t -optional projections of h under Q and under P , respectively.

Then using the formula Qh = o(γ h)/oγ , well-known properties of optional projections
and Remark 3.1 we have

|Qh(0)|2L2(Z0)
= |o(I ηϕ(X))|2L2(Z0)

(oγ )2
≤

o
(
|I ηϕ(X))|2L2(Z0)

)

(oγ )2

≤ N
o(K0 + K2|Z |2)

(oγ )2
= N

K0

(oγ )2
+ NK2

o(|X |2)
(oγ )2

+ NK2
|Y |2
(oγ )2

with a constant N . Remember that since γ = (γ )t∈[0,T ] is a (cadlag) Ft -martingale
under P , the set {γτ } for Ft -stopping times τ ≤ T is uniformly P-integrable and
hence due to the right-continuity of (FY

t )t∈[0,T ], the optional projection oγ is a cadlag
process. Moreover, due to γ > 0, we have oγ > 0 (a.s.). Since by (2.2)

K2E(sup
t≤T

1�n |Xt |2) < ∞ for every n ≥ 1,

(and (FY
t )t∈[0,T ] is right-continuous), the process K2

o(|X |2) is a cadlag process. Con-
sequently, K0/|oγ |2, K2

o(|X |2)/|oγ |2 and |Y |2/|oγ |2 are cadlag processes. Hence

∫ T

0

1

(oγs)2
ds + K2

∫ T

0

o(|X |2)s
(oγs)2

ds + K2

∫ T

0

|Ys |2
(oγs)2

ds < ∞ (a.s.),

which proves ∫ T

0

∫
Zi

|Qh(i)
s |2 νi (dz) ds < ∞ (a.s.)

for i = 0, and we get this for i = 1 in the same way. By the same argument we have

∫ T

0
|Q f (i)

s |2 ds < ∞ (a.s.) for i = 0, 1.
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Thus we can apply Corollary 3.3 to the processes α, αi , β i and δi (i=0,1), and then
use Corollary 3.5, to get

EQ(αt |FY
t ) =

∫ t

0
μs(Lsϕ) ds,

EQ(α0
t |FY

t ) =
∫ t

0

∫
Z0

μs(J
η
s ϕ) ν0(dz)ds, EQ(α1

t |FY
t ) =

∫ t

0

∫
Z1

μs(J
ξ
s ϕ) ν1(dz)ds,

EQ(β0
t |FY

t ) = 0, EQ(β1
t |FY

t ) =
∫ t

0
μs(Ml

sϕ) dṼ l
s ,

EQ(δ0t |FY
t ) = 0, EQ(δ1t |FY

t ) =
∫ t

0

∫
Z1

μs(I
ξ
s ϕ) Ñ1(dz, ds)

for t ∈ [0, T ] and ϕ ∈ C2
b (R

d) almost surely, where (μt )t∈[0,T ] is an M(Rd)-valued
FY
t -adapted weakly cadlag process such that

μt (ϕ) :=
∫
Rd

ϕ(x) μt (dx) = EQ(γ −1
t ϕ(Xt )|FY

t ) (a.s.) for each t ∈ [0,T],

for every bounded Borel function ϕ on R
d . Using Lemma 3.1 with random variables

X := ϕ(X0), Y := 1 and σ -algebras G1 := FY
0 , G := F0 and G2 := FṼ

t ∨FÑ1
t we get

EQ(ϕ(X0)|FY
t ) = EQ(ϕ(X0)|FY

0 ) = μ0(ϕ) (a.s.).

Consequently, taking the conditional expectation of both sides of Eq. (4.7) under Q
given FY

t , we see that Eq. (2.7) holds for each t ∈ [0, T ] and ϕ ∈ C2
b (R

d) almost
surely, that implies that for each ϕ ∈ C2

b (R
d) Eq. (2.7) holds almost surely for all

t ∈ [0, T ], since we have cadlag processes in both sides of equation (2.7) for each
ϕ ∈ C2

b (R
d). To prove (2.8) first notice that for ϕ := 1 Eq. (2.7) gives

dμt (1) = μt (B
k
t ) dṼ

k
t , μ0(1) = 1.

Since μt (1) = (oγt )
−1Pt (1) = (oγt )

−1, t ∈ [0, T ], is a continuous process such that
μt (1) = EQ(γ −1

t |FY
t ) (a.s.) for each t ∈ [0, T ], it is theFY

t -optional projection under
Q of the positive process (γ −1

t )t∈[0,T ]. Hence λt := μt (1), t ∈ [0, T ], is a positive
process, and by Itô’s formula

dλ−1
t = −λ−2

t μt (B
k
t ) dṼ

k
t + λ−3

t

∑
k

μ2
t (B

k
t ) dt .
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By Itô’s formula for the product Pt (ϕ) = λ−1
t μt (ϕ) we have

dPt (ϕ) = Pt (Ltϕ) dt + Pt (Mk
t ϕ) dṼ k

t +
∫
Z0

Pt (J
η
t ϕ) ν0(dz)dt

+
∫
Z1

Pt (J
ξ
t ϕ) ν1(dz)dt

+
∫
Z1

Pt (I
ξ
t ϕ) Ñ1(dz, dt) + λ−3

t μt (ϕ)
∑
k

μ2
t (B

k
t ) dt

−μt (ϕ)λ−2
t μt (B

k
t ) dṼ

k
t − λ−2

t μt (B
k
t )μt (Mk

t ϕ) dt

Hence noting that

λ−3
t μt (ϕ)

∑
k

μ2
t (B

k
t ) = Pt (ϕ)

∑
k

P2
t (Bk

t ), μt (ϕ)λ−2
t μt (B

k
t ) = Pt (ϕ)Pt (B

k
t )

λ−2
t μt (B

k
t )μt (Mk

t ϕ) = Pt (B
k
t )Pt (Mk

t ϕ),

we obtain

dPt (ϕ) = Pt (Ltϕ) dt +
(
Pt (Mk

t ϕ) − Pt (ϕ)Pt (B
k
t )

)
dṼ k

t

−
(
Pt (Mk

t ϕ) − Pt (ϕ)Pt (B
k
t )

)
Pt (B

k
t ) dt

+
∫
Z0

Pt (J
η
t ϕ) ν0(dz)dt +

∫
Z1

Pt (J
ξ
t ϕ) ν1(dz)dt

+
∫
Z1

Pt (I
ξ
t ϕ) Ñ1(dz, dt).

Since clearly,

(
Pt (Mk

t ϕ) − Pt (ϕ)Pt (B
k
t )

)
dṼ k

t −
(
Pt (Mk

t ϕ) − Pt (ϕ)Pt (B
k
t )

)
Pt (B

k
t ) dt

=
(
Pt (Mk

t ϕ) − Pt (ϕ)Pt (B
k
t )

)
dV̄ k

t

with the process (V̄t )t∈[0,T ], given by dV̄t = dṼt − Pt (Bt ) dt , V̄0 = 0, this gives
Eq. (2.8), and finishes the proof of Theorem 2.1.
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