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Efficient computation of the waiting time and
fidelity 1n quantum repeater chains

Sebastiaan Brand*!, Tim Coopmans*}, David Elkouss!

Abstract—Quantum communication enables a host of appli-
cations that cannot be achieved by classical communication
means, with provably secure communication as one of the prime
examples. The distance that quantum communication schemes
can cover via direct communication is fundamentally limited
by losses on the communication channel. By means of quantum
repeaters, the reach of these schemes can be extended and chains
of quantum repeaters could in principle cover arbitrarily long
distances. In this work, we provide two efficient algorithms for
determining the generation time and fidelity of the first generated
entangled pair between the end nodes of a quantum repeater
chain. The runtime of the algorithms increases polynomially with
the number of segments of the chain, which improves upon the
exponential runtime of existing algorithms. Our first algorithm is
probabilistic and can analyze refined versions of repeater chain
protocols which include intermediate entanglement distillation.
Our second algorithm computes the waiting time distribution up
to a pre-specified truncation time, has faster runtime than the
first one and is moreover exact up to machine precision. Using
our proof-of-principle implementation, we are able to analyze
repeater chains of thousands of segments for some parameter
regimes. The algorithms thus serve as useful tools for the analysis
of large quantum repeater chain protocols and topologies of the
future quantum internet.

Index Terms—Quantum communication, quantum repeater
chains.

I. INTRODUCTION

HE quantum internet is the vision of a global network,
Trunning parallel to our current internet, that will enable
the transmission of quantum information between arbitrary
points on earth [1]], [2]. The reason to investigate such a
futuristic scenario is that quantum communication enables
the implementation of applications beyond the reach of their
classical counterparts [2f]. Examples of these tasks range from
secure key distribution and communications [3]], [4], clock
synchronization [5]], distributed sensing [6]], [7] and secure
delegated quantum computing [8] to extending the baseline
of telescopes [9]. One of the key elements to enable these
applications is the distribution of entanglement between re-
mote parties. However, the transmission of long-distance long-
lived entanglement remains an open experimental challenge.
The main problem to overcome are the losses in the physical
transmission medium, typically glass fibre or free space.
Although the impossibility of copying quantum information
[10] renders signal amplification impossible, it is still possible
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to reach long distances by means of a chain of intermediate
nodes, known as quantum repeaters [11]], between sender and
receiver. Here, we aim at fully characterizing the behavior of
an important class of entanglement distribution protocols over
repeater chains as a tool for the analysis of quantum networks.

The key idea behind quantum repeater protocols is to divide
the distance separating the two distant parties in a number of
segments connected via a quantum repeater. At these points
both losses and errors can be tackled. A large number of
repeater protocols have been proposed [11]-[32] and to a
large extent they can be classified [27], [33] depending on
whether or not they use error correction codes to handle these
issues. In the absence of coding, losses can be dealt with via
heralded entanglement generation and errors via entanglement
distillation [34[]-[41]. Here, we will focus our interest in
this type of protocols as their implementation is closer to
experimental reach.

Existing analytical work is mostly aimed at estimating the
mean waiting time or fidelity (see also [22f, [42], [43] for
other figures of merit). Some of this work builds on an approx-
imation of the mean waiting time under the small-probability
assumption [[17]], [23[], [31], [44], while for a small number of
segments or for some protocols it is possible to compute the
waiting time probability distribution exactly [[13[], [30], [43],
[45], [46]. However, depending on the application different
statistics become relevant. For instance, in the presence of
decoherence, one is also interested in the variations around the
mean. In order to connect two segments via an intermediate
repeater, both segments need to produce an entangled pair.
When the first pair in one of the segments is ready, it has
to wait until the second segment finalizes, and it decoheres
while waiting. In this context, one may need to discard the
entanglement after some maximum amount of time [43], [47],
[48]. Entanglement is also used as a resource for implementing
non-local gates in distributed quantum computers [49]. In this
context, it is relevant to understand the time it takes to generate
a pair of the desired quality with probability larger than
some threshold, i.e. in the cumulative distribution. Here, we
undertake the problem of fully characterizing the probability
distribution of the waiting time and the associated fidelity to
the maximally entangled state.

An algorithm to characterize the full waiting time distri-
bution was first obtained in [45] using Markov chain theory.
Its runtime scales with the number of vertices in the Markov
chain, which grows exponentially with the number of repeater
segments. In more recent work, Vinay and Kok show how to
improve the runtime using results from complex analysis [46].
However, this method still remains exponential in the number
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of repeater segments. Here, we provide two algorithms for
computing the full distribution of the waiting time and fidelity
following the same model as in [45[]. Both algorithms are
polynomial in the number of segments. Our main tool is the
description of the waiting time and fidelity of the first produced
end-to-end link as a recursively defined random variable, in
line with the recursive structure of the repeater chain protocol.
The first algorithm is a Monte Carlo algorithm which samples
from this random variable, whereas our second algorithm is
deterministic and computes the waiting time distribution up
to a pre-specified truncation time. The power of the former
algorithm lies in its extendibility: it can be used to analyze
refined versions of repeater chain protocols which include
intermediate entanglement distillation. The second algorithm
is faster and exact: it computes the probability distribution
of the waiting time and corresponding fidelity up to a pre-
specified truncation point where the only source of error is
machine precision. The speed of our algorithms allows us to
analyze repeater chains with more than a thousand segments
for some parameter regimes.

The organization of this work is as follows. In sec. [II, we
introduce notation and the family of repeater protocols under
study. Then, in sec. we recursively define the waiting
time and fidelity of the generation of a single entangled pair
between the end nodes as a random variable. In sec.
we provide the two algorithms for computing the probability
distribution of this random variable. We show in sec. [¥]how to
calculate tighter bounds on the mean waiting time than known
in previous work. Numerical results are given in sec. In
Section we discuss the results obtained and provide an
outlook for future research.

II. PRELIMINARIES

In this section, we elaborate on the repeater chain protocols
we study in this work and explain how we model the quantum
repeater hardware.

A. Quantum repeater chains

A quantum repeater chain connects two end points via a
series of intermediate nodes. The goal of the two end points
is to share an entangled state of two quantum bits or qubits, the
unit of quantum information. In the entire paper, we refer to
both the end points as well as the repeaters as ‘nodes’, so that
a repeater chain of N segments has N + 1 nodes. We refer to
two-qubit entanglement as a ‘link’ and to a link which spans
n hops or segments in the repeater chain as an n-hop link. By
end-to-end link, we mean a link between the end nodes of the
repeater chain.

In the family of repeater chain protocols we study in this
work, nodes are able to perform the following three actions:
generate fresh entanglement with adjacent nodes, transform
short-range entanglement into long-range entanglement by
means of entanglement swapping, and increase the quality of
links through entanglement distillation. In this section, we first
explain each of these actions in more detail and subsequently
elaborate on the family of repeater chain protocols.

First, a node can generate fresh entanglement with each of
its adjacent nodes. We also refer to this single-hop entangle-
ment as ‘elementary links’.

Furthermore, if the middle node M of a two-segment chain
with A and B as end nodes shares a link with node A and an-
other link with node B, then M can perform an entanglement
swap or merely ‘swap’, which results in a shared link between
A and B. Performing an entanglement swap is identical to
performing quantum teleportation on one part of an entangled
pair using another entangled pair [50]. It consists of two parts:
first, node M performs a measurement in the Bell basis on the
two qubits it holds, which entangles the two qubits held by A
and B. Next, node M sends a classical message to A and B
in order to notify them of the outcome of this measurement,
which determines the precise state of the entangled pair they
hold. In this work, we model the entanglement swap as an
operation which succeeds probabilistically: in the case of
failure, both involved entangled pairs are lost.

The last action that a node can perform is entanglement
distillation, which transforms two or more low-quality links
between the same two nodes and produces a single high-
quality link [36]], [37]]. In this work, we use entanglement dis-
tillation schemes which are probabilistic: the success or failure
of a single entanglement distillation step depends on the joint
outcomes on the two sides. These entanglement distillation
schemes consist of two steps: first, both nodes perform local
operations including a measurement on their parts of the two
links, followed by transmitting the measurement outcome to
each other. The combination of measurement outcomes from
the two nodes determines whether the distillation step was
successful. In the case of failure, both involved links are lost.

The repeater chain protocols we study in this work are all
based on the seminal work of Briegel et al. [[11]], whose scheme
was designed for a repeater chain of N = W" segments with
n € {1,2,...}. For simplicity, we assume W = 2 in this
work. We distinguish between two versions of the protocol.
The first is SWAP-ONLY, where nodes generate elementary
entanglement and transform it into end-to-end entanglement by
means of entanglement swaps in a particular order explained
below. The next is d-DIST-SWAP, which is identical to the
SWAP-ONLY version except for the fact that every n-hop link
is produced 2¢ times for some integer d > 1 and then turned
into a single high-quality link by performing entanglement
distillation multiple times (more details below).

We start by explaining how the SWAP-ONLY protocol works
for two segments and subsequently generalize to 2" segments.
On a chain of two segments, the SWAP-ONLY scheme starts
with both end nodes generating a single entangled pair with
the repeater node (fig. [T{a)). Once a link is generated, the
two involved nodes store the state in memory. As soon as
both pairs have been produced, the repeater node performs
an entanglement swap on the two qubits it holds, which
probabilistically produces a 2-hop link between the end nodes.
In the case that the entanglement swap did not succeed, both
end nodes will be notified of the failure by the heralding
message from the repeater node and subsequently each restart
generation of the single-hop entanglement.

In the generalization to repeater chains of 2" segments
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(fig. [[{b) and (c)), the SWAP-ONLY scheme starts with the
two-segment repeater scheme as explained above on the first
and second segment, on the third and fourth, and so on
until segments 2" — 1 and 2". Approximately half of the
intermediate nodes are thus involved in two instances of the
scheme; as soon as both instances have finished generating
2-hop entanglement, the node will perform an entanglement
swap to generate a single 4-hop entangled link. In case the
entanglement swap fails, all nodes under the span of the 4 hops
will start to generate single-hop entanglement again as part of
the two-segment scheme. In general, to produce entanglement
that spans 2¢ hops, the node that is located precisely in the
middle of this span will wait for the production of two 2¢~1-
hop links and then perform an entanglement swap (see also
fig. [I{c)). The failure of this swap requires to regenerate both
2¢=1L_hop links. We refer to £ € {0,1,...,n} as the ‘nesting
level’ of the protocol, such that single-hop entanglement is
produced at the base level £ = 0 and the entanglement swap
at level ¢ > 1 transforms two 2°~!-hop links into a single
2¢-hop entangled pair.

In addition to the steps of the SWAP-ONLY version as
described above, the original proposal of Briegel et al. included
entanglement distillation in order to increase the quality of
the input links to each entanglement swap. In this work,
we specifically define a version of the repeater protocol,
denoted by d-DIST-SWAP for some d > 1, where d rounds
of distillation are performed at every nesting level. That is,
instead of a single link, 2% links are generated at every
nesting level. These links are subsequently used as input to a
recurrence distillation scheme: our description of this scheme
follows the review work by Diir and Briegel [34]]. In the first
step of the recurrence protocol, the 27 links are split up in
pairs and used as input to entanglement distillation, which
produces 29~ entangled pairs of higher quality. This process
is repeated with the remaining links until only a single link is
left, which is then used by the repeater node as input link to the
entanglement swap. Rather than waiting for all 2¢ links to have
been generated before performing the first distillation step, the
protocol performs the entanglement distillation as soon as two
links are available. The failure of a distillation step requires
the two involved nodes to regenerate the links. For d = 0,
the d-DIST-SWAP scheme is identical to SWAP-ONLY since no
distillation is performed.

Generating, distilling and swapping entanglement can in
general all be probabilistic operations, which makes the total
time it takes to distribute a single entangled pair between the
end nodes of a repeater chain a random variable. We use the
notation 7;, to refer to the waiting time until a single end-to-
end link in a 2"-segment repeater chain has been produced.
By F, we refer to the link’s fidelity, a measure of the quality
of the state (see sec. [[I-B). Every time the quantities 7, and
F,, are used in this work we explicitly state whether they
correspond to the waiting time of the SWAP-ONLY version or
the d-DIST-SWAP version for given d. The goal of this work
is to find the joint probability distribution of 7;, and F;, for
both schemes.

B. Model

In the quantum repeater protocols we study (see sec. [LI-Al),
nodes can generate, store, distill and swap entangled links. We
show here how we model each of these four operations.

For the generation of single-hop entanglement between two
adjacent nodes, we choose generation schemes which perform
heralded attempts of fixed duration L/c where c is the speed
of light and L is the distance over which entanglement is
generated [33]]. In this work we study the topology where all
nodes are equally spaced with distance L = L.

We model entanglement generation to succeed with a fixed
probability 0 < pgen < 1. For simplicity, we also assume
that the success probability pge, is identical for all pairs of
adjacent nodes. This implies independence between different
entanglement generation attempts, i.e. the success or failure of
a previous attempt has no influence on future attempts.

The first step of the entanglement swapping, the Bell-
state measurement, is modelled as a probabilistic operation
with fixed success probability 0 < pgwap < 1 which is
identical for all nodes. This success probability is independent
of the state of the qubits that it acts upon. For simplicity,
we assume that the duration of the Bell-state measurement
is negligible. The Bell-state measurement is followed by a
classical heralding signal to notify the nodes holding the other
sides of the pair whether the Bell-state measurement was
successful. An entanglement swap on two 2"-hop links thus
takes 2™ - Lo /c time. Although our algorithms can account for
this communication time (see sec. [[II-C)), we will assume this
time to be negligible in most of this work.

The fidelity F(p,0) € [0,1] between two quantum states
on the same number of qubits, represented as density matrices
p and o, is a measure of their closeness, defined as

Flp o) = T(W}

which implies that F(p,0) = 1 precisely if p = o.
By Bell-state fidelity, we mean the fidelity between o and
p = |®tY®*| where |®1) = (]00) +|11))/+/2 is a Bell state.

We assume that the single-hop entangled states that are
generated are two-qubit Werner states parameterized by a
single parameter 0 < wg < 1 [51]]:

4

1
plwo) = wo |<I>+><<I>+| +(1- wo)z (1)

where 14/4 = (]00)00| + [01)01| + |10)10] + |11)11])/4
is the maximally-mixed state on two qubits. A straightforward
computation shows that the fidelity between p(w) and the Bell
state |®T) equals

F (pw), [0+ )(®*]) = (% [p(w)|0*) = (1+3uw)/4. @

Quantum states that are stored in the memories decohere
over time with the following noise: a Werner state p(w)
residing in memory for a time At will transform into the
Werner state p(Wdecayea) With

—At/Teon

3)

where T, is the joint coherence time of the two quantum
memories holding the qubits. We assume that access to a

Wdecayed = W * €
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Fig. 1: The SWAP-ONLY version of the BDCZ protocol [[11] and its completion time 7, as a random variable, where 2"
is the number of segments in the repeater chain (see also sec. [[I-A). (a) For two segments, T; represents the waiting time
for the generation of a single link between two nodes without any intermediate repeater nodes. (b) Nested level structure of
the protocol over 2! = 2 segments. The production of entanglement over two segments first requires the generation of two
links, each of which spans a single se ?ment The total time until both links have been generated equals M, the maximum
of their individual generation times 7, and T , which are independent random variables that are identically distributed
(i.i.d.). Once the two links have been produced, a probabilistic entanglement swap is performed at both links. Failure of the
entanglement swap requires the two single-hop links to be regenerated, each of which adds to the total waiting time 73. The
random variable K corresponds to the number of failing entanglement swaps up to and including the first successful swap. In
this work we assume that K follows a geometric distribution with parameter peya, (see sec. ). (c) A link that spans 2"
segments is produced in a nested fashion, where at each nesting level two links are produced and subsequently swapped.

quantum memory is on-demand, i.e. the quantum states can C. Notation: random variables

be stored and retrieved at any time and moreover there is no In this section, we fix notation on random variables and
fidelity penalty associated with such memory access. operations on them.

A successful entanglement swap acting on two Werner states Most random variables in this paper are discrete
p(w) and p(w’) will produce the Werner state with (a subset of) the nonnegative integers as domain.

Let X be such a random variable, then its probability
distribution function px : & — Pr(X =z) describes the
We assume that the Bell-state measurement and the local —probability that its outcome will be =z € {0,1,2,...}.
operations that the entanglement swap consists of are noiseless Equivalently, X is described by its cumulative
and instantaneous. distribution function PI‘(X < SC) = Z,i:o PI‘(X = y),

As base for entanglement distillation, we use the BBPSSW- ~ which is transformed to the probability distribution
scheme [36]. We modify it slightly by bringing the output function as Pr(X =z)=Pr(X <z)-Pr(X <z -1).
state back into Werner form. The last step does not change Two random variables X and Y are independent if
the Bell-state fidelity of the output state. If two Werner states Pr(X =z and Y =y) =Pr(X =z)-Pr(Y =y) for all =
with parameters w4 and wp are used as input to entanglement and y in the domain. By a ‘copy’ of X, we mean a fresh
distillation, both the output Werner parameter wg; and the random variable which is independent from X and identically
success probability pgisc depend on the Werner parameters w 4 distributed (i.i.d.). We will denote a copy by a superscript

Pswap — P(w ‘ w/)~ (4)

and wp of the states it acts upon (see appendix [A): in parentheses. For example, X, X(142) and X are all
1 5 1 copies of X.

wgs(wa, wp) = T WAt wp Fowawp 1 (3) The mean of X is denoted by

Opaist 3 E[X] = Z;O:O Pr(X =z) -z and can -equivalently be

pass(wa, wp) = (1+wawp)/2. 6) computed as E[X] - Z;OZI Pr(X > x) If f is a function

which takes two nonnegative integers as input, then the

The two nodes involved in distillation on two 2™-hop states " > o P .
random variable f(X,Y") has probability distribution function

send their individual measurement outcomes to each other,

which takes 2" - (Ly/c) time but we will assume this time to >
be negligible for simplicity. We also assume that the duration Pr(f(X,Y) = 2):= Z Pr(X =z and ¥ =y).
of the local operations needed for the distillation is negligible. ”;(: xoi,)::()z:
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An example of such a function is addition. Define Z := X +Y
where X and Y are independent, then the probability distribu-
tion pz of Z is given by the convolution of the distributions
px and py, denoted as pz = px * py, which means [52]

pz(2) =Pr(Z=2) = px(z)-py(z —2).
x=0

The convolution operator * is associative
((axb)xc=ax(bxc)) and thus writing a % b * ¢ is
well-defined, for functions a,b,c from the nonnegative
integers to the real numbers. In general, the probability
distribution of sums of independent random variables equals
the convolutions of their individual probability distribution
functions.

III. RECURSIVE EXPRESSIONS FOR THE WAITING TIME
AND FIDELITY AS A RANDOM VARIABLE

In this section, we derive expressions for the waiting time
and fidelity of the first generated end-to-end link in the
SWAP-ONLY repeater chain protocol. First, in sec. we
derive a recursive definition for the random variable 7;,, which
represents the waiting time in a 2"-segment repeater chain.
Section is devoted to extending this definition to the
Werner parameter W,, of the pair, which stands in one-to-one
correspondence to its fidelity F,, using eq. (2):

Fy = (1+3W,) /4. (7)

In sec. [II-C} we show how to include the communication
time after the entanglement swap and in sec. [[II-D} we extend
the analysis of the waiting time and Werner parameter in the
SWAP-ONLY protocol to the d-DIST-SWAP scheme.

A. Recursive expression for time in the

SWAP-ONLY protocol

the waiting

In the following, we will derive a recursive expression for
the waiting time 7, of a SWAP-ONLY repeater chain of 2"
segments (see also fig. [T)).

Before stating the expression, let us note that all three
operations in the repeater chain protocols we study in this
work, entanglement generation over a single hop, distillation
and swapping, take a duration that is a multiple of Lg/c, the
time to send information over a single segment (see sec.
for our assumptions on the duration of operations). For this
reason, it is common to denote the waiting time in discrete
units of Lg/c, which is a convention we comply with for T,.

Let us first state the description of 7;, before explaining it.

Waiting time in the SWAP-ONLY protocol

We recursively describe the random variable T),
that represents the waiting time until the first end-
to-end link in a 2"-segment SWAP-ONLY repeater
chain is generated, for n € {0,1, ... }. The waiting
time Tp for generating point-to-point entanglement
follows a geometric distribution with parameter
Dgen- At the recursive step, the waiting time is given
as the geometric compound sum

Ky
Tpyr = ZM,@
j=1

where M,, is an auxiliary random variable given

®)

by
My = gr (T, () ©)
and the function gr is defined as
gr(ta,tp) == max{ta,tp}. (10)

The sum in eq. () is taken over the number of
entanglement swaps [, until the first success,
which is geometrically distributed with parameter
Dswap for every n. See fig. |1| for a depiction of T,
and K,,.

Let us now elaborate on each of the steps in the expression
of T,,.

We start with the base case T, the waiting time for the
generation of elementary entanglement. Since we model the
generation of single-hop entanglement by attempts which
succeed with a fixed probability pge, (see sec. [II-B), the
waiting time 7y is a discrete random variable (in units of
Lqg/c) which follows a geometric distribution with probability
distribution given by Pr(To =1t) = pgen(l — pgen)' ™! for
t € {1,2,3,...}. For what follows, it will be more convenient
to specify Ty by its cumulative distribution function

Pr(Ty <t) =1— (1 — pgen). (11)

Let us now assume that we have found an expression for
T, and we want to construct 7,,;. In order to perform the
entanglement swap to produce a single 2"*1-hop link, a node
needs to wait for the production of two 2"-hop links, one on
each side. Denote the waiting time for one of the pairs by
74" and the other by T2, both of which are ii.d. with
T,. The time until both pairs are available is now given by

M, = maX(T,(LA), T,S,B)) which is distributed according to

Pr(M, <t) = Pr (Ty‘) <tand TP < t)
= Pr(T, <t) (12)
where the last equality follows from the fact that TéA), T,(LB)

and 7T, are pairwise i.i.d. Since we assume that both the
duration of the Bell-state measurement and the communication
time of the heralding signal after the entanglement swap are
negligible (see sec. [[I-B), M,, is also the time at which the
entanglement swap ends. We will drop the assumption on
negligible communication time in sec. [I[II-C
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In order to find the relation between M,, and 7T, 1, first note
that the number of swaps K, at level n until the first successful
swap follows a geometric distribution with parameter pgyap.
This is a direct consequence of our choice to model the success
probability pswap to be independent of the state of the two
input links (see sec. [[I-B). Next, recall that the two input
links of a failing entanglement swap are lost and need to be
regenerated. The regeneration of fresh entanglement after each
failing entanglement swap adds to the waiting time. Thus,
Th+1 1s a compound random variable: it is the sum of K,
copies of M,,. Since the number of entanglement swaps K,
is geometrically distributed, we say that 7,1, is a geometric
compound sum of K, copies of M,,. To be precise, we write

Kn
Topr =) M
k=1

which means that the probability distribution of the waiting
time 7),4; is computed as the marginal of the waiting time
conditioned on a fixed number of swaps:

13)

MO | =t

k
=1

Pr(Tps =t) =Y Pr(K,=k)-Pr
k=1 J

where the Mr(ﬂ ) are copies of M,,.

The waiting time 7, is the same quantity as was studied
by Shchukin et al. [45]. Indeed, in sec. we show that our
algorithms for computing the probability distribution of 75,
recover their numerical results.

B. Joint recursive expression of waiting time and Werner
parameter for the SWAP-ONLY protocol

In this section, we extend the expression of the waiting time
for the first end-to-end link produced using the SWAP-ONLY
protocol with the link’s state. To be precise, we give a recursive
expression for the waiting time 7;, and Werner parameter W,
of this state, which is well-defined since all states that the
SWAP-ONLY repeater chain protocol holds at any time during
its execution are Werner states. The latter statement is a direct
consequence of the fact that in our modeling, all operations in
the SWAP-ONLY protocol only output Werner states: we choose
to model the generated single-hop entanglement as Werner
states and furthermore the class of Werner states is invariant
under memory errors and entanglement swaps (see sec. [[I-BJ).
The fidelity F,, of the first end-to-end state on 2" segments
can be computed from its Werner parameter using eq. (7).

We express the waiting time and Werner parameter as a
joint random variable (T,,, W,,). Describing the two as a tuple
allows us to capture the fact that the Werner parameter of a link
depends on the time it was produced at. In sec. we found
that the failure of multiple swapping attempts corresponds
to the sum of their waiting times. In order to extend this
description to the tuple of waiting time and Werner parameter,
we define the forgerting sum Y on sequences of tuples
{(zj,y;)]1 <j < m} for some m € {1,2,...} as

m
E Zj, Ym
j=1

—m

> (i) =

(14)

In analogy to the geometric compound sum from
eq. (I3), we define the geometric compound forgetting

—K
sum (X', Y') =37, (X,Y), which formally means

Pr(X' =z and Y' =y)

o] —k
=> p(l—p)*"-Pr (Z _x) = (fc,y))

J
k=1

where X and Y and their primed version are random variables,
and K is a geometrically distributed random variable with
parameter p.

Making use of the compound forgetting sum, we give the
expression for the joint random variable of waiting time 75,
and Werner parameter W,.

Waiting time and Werner parameter in the
SWAP-ONLY protocol

The joint random variable (7),,W,,) is defined as
follows. The waiting time 7y is the same as in
sec.[l-Aland Pr(Wy = wg) = 1 where wy € [0, 1]
is some pre-specified constant that determines the
state of the single-hop entanglement that is pro-
duced between adjacent nodes. At the recursive
step, the waiting time and Werner parameter are
given by the geometric compound forgetting sum
—K,
(Tar, Wagn) = (15)

where, as in sec. [[II-Al K, follows a geometric
distribution with parameter pgyap. The auxiliary
joint random variable (M,,,V,,) is defined as

(M, Vi) =g ((Tnv Wn)(A)v (T, Wn)(B)> :
(16)
The function g is given by
9((ta,wa), (tp, wB)) = a7
(gr(ta,tB), gw((ta,wa), (tz,ws)))
where gr is defined in eq. [I0] and
—|ta—te|/Ten
(18)

with Tion the quantum memory coherence time as
described in sec. [I=Bl

gw((ta,wa),(tp,wp)) :=wa-wp-e

We now explain the above expressions. For a single segment
(n = 0), the waiting time and Werner parameter are uncor-
related because we model the attempts at generating single-
hop entanglement to be independent and to each take equally
long (see sec. [I-B). At the recursive step, an entanglement
swap which produces 2"*!-hop entanglement requires the
generation of two 2™-hop links. The expression for the waiting
time 7', is identical to eq. (8) in sec. In order to argue
that eq. (I3)) also gives the correct expression for W, 1, we
first show that the Werner parameter of the output link of an
entanglement swap is given by V;, in eq. (I6), provided the
swap succeeded. Since M,, as defined in eq. is identical
to its expression in eq. (9 in sec. [[lI-A] we only need to argue

0733-8716 (c) 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/JSAC.2020.2969037, IEEE Journal

on Selected Areas in Communications

SUBMITTED TO IEEE JOURNAL ON SELECTED AREAS IN COMMUNICATIONS

why gw in eq. (I8) correctly computes the Werner parameter
of the output link after an entanglement swap.

In order to do so, denote by A and B the input links to the
entanglement swap and denote by (t4,w4) and (¢, wp) their
respective delivery times and Werner parameters. Without loss
of generality, choose t4 > tp, i.e. link A is produced after
link B. Link A is produced last, so the entanglement swap
will be performed directly after its generation and hence link
A will enter the entanglement swap with Werner parameter
w4. Link B is produced earliest and will therefore decohere
until production of link A. It follows from eq. (3) that B’s
Werner parameter immediately before the swap equals

7|tA7tB |/Tcoh

wy =wg-e (19)

Once two links have been delivered, the entanglement swap
would produce the 2"*!-hop state with Werner parameter

wa Wy (20)

as in eq. (@), provided the swap is successful. Combining
€gs. and yields the definition of gw in eq. (T8).

Note that in the definition of gw in eq. (I8) we used the
same assumption on the duration of the entanglement swap
as in sec. [IIA] i.e. that both the Bell-state measurement
and the subsequent communication time are negligible (see
also sec. [[I-B). This implies that V,, in eq. (I6) expresses
the Werner parameter of the produced 2"T!-hop link in
case the swap is successful. We treat the case of nonzero
communication time in sec. [I-C

The last step in finding the Werner parameter W, 1 in
eq. (I9) is to bridge the gap with (M,,V,,) from eq. (I6).
If the entanglement swap fails, then the 2"*!-hop link with
its Werner parameter in eq. (20) will never be produced
since both initial 2"-hop entangled pairs are lost. Instead,
two fresh 2”-hop links will be generated. In order to find
how the Werner parameter on level n + 1 is expressed as a
function of the waiting times and Werner parameters at level n,
consider a sequence (m,v;) of waiting times m; and Werner
parameters v;, where j runs from 1 to the first successful
swap k. The m; correspond to the waiting time until the end
of the entanglement swap that transforms two 2"-hop links
into a single 2" !-hop link and the v; to the output link’s
Werner parameter if the swap were successful. We have found
in sec. @ that the total waiting time is given by 2521 mj,
the sum of the duration of the production of the lost pairs (see
eq. ). Note, however, that the Werner parameter of the ontl.
hop link is only influenced by the links that the successful
entanglement swap acted upon. Since the entanglement swaps
are performed until the first successful one, the output link
is the last produced link and therefore its Werner parameter
equals vi. We thus find that the waiting time tg,, of the first
2"+ 1 hop link and its Werner parameter wsg,q are given by the
forgetting sum from eq. (T4):

—k

= ijl(mj’ v;)-

Taking into account that the number of swaps k that need to
be performed until the first successful one is an instance of the

k
(tfinal, Whinal) = E mj, Vg
Jj=1

random variable K, we arrive at the full recursive expression
for the waiting time and Werner parameter at level n + 1 as
given in eq. (I3).

It is not hard to see that the projection (T}, W,,) — T,
recovers the definition of waiting time from Indeed,
following the recursive definition of (7}, W,) in egs. (I3)-
(18), the waiting time 7T, is not affected by the Werner
parameters W, at lower nesting levels ¢ < n.

C. Including communication time

While deriving the expressions for waiting time and Werner
parameter of the first produced end-to-end link in secs. [[II-A]
and we have explicitly assumed that the total time the
entanglement swap takes is negligible. Here, we include the
communication time of the heralding signal from the entangle-
ment swap into the expressions for M, and V,, (eqs. (9) and
(T6)), which represent the waiting time and Werner parameter
directly after the entanglement swap if it were successful. This
communication time equals 2" time steps (in units of Lg/c)
for a swap that transforms two 2"-hop links into a single 2"+1-
hop link (see sec. [I-B). The expressions for M,, and V,, are
modified by replacing gr in eq. [I0] by

g1 (ta,tp) == gr(ta,tp) +2". (2D
and replacing gw from eq. (I8) by
gw((ta,wa), (tp, wp))

= gw((ta,wa), (tp,wp)) - e 2 /T (22)

Equation (21)) expresses that the entanglement swap takes 2"
timesteps longer, while eq. (22) captures the decoherence of
the state during the communication time of the entanglement
swap, following eq. (3).

D. Waiting time and Werner parameter for the d-DIST-SWAP
protocol

In this section, we sketch how to extend the expression
of the waiting time 7,, and Werner parameter W, from
secs. to the case of the d-DIST-SWAP repeater
protocol presented in sec. Recall that the d-DIST-SWAP
protocol is identical to the SWAP-ONLY protocol except for the
fact that each entanglement swap is performed on the output
of a recurrence distillation scheme with d nesting levels. By a
d’'-distilled 2"-hop link we denote a 2"-hop link which is the
result of successful entanglement distillation on two (d’ — 1)-
distilled 2™-hop links and by a O-distilled 2”-hop link we mean
a link that is the result of a successful entanglement swap
on two 2"-hop links. Thus, every entanglement swap in the
d-DIST-SWAP protocol is performed on d-distilled links only.

Note that at every level of the nested swapping, there are
d levels of nested distillation. To tackle the ‘double nesting’
we modify the waiting time in the SWAP-ONLY protocol by
splitting up the tuple of random variables (7,,, W,,) in eq. (I9),
which represents the waiting time and Werner parameter at
level n, into d + 1 tuples of random variables (T4, W¢') for
d' € {0,1,...,d}. The random variable 7% corresponds to
the waiting time until the end of the first successful distillation
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attempt on two d’-distilled 2"-hop links, and Wff/ to the link’s
Werner parameter.

We first analyze the recurrence distillation protocol at a
single swapping nesting level and subsequently tie this analysis
in with the nested swapping structure.

If we fix the nesting level n, we can straightforwardly apply
the analysis of sec. to the nested distillation. First, we
define (M2, V&), which characterizes a link after a single
distillation attempt on two 2"-hop d’-distilled links in case
the attempt is successful. This joint random variable is the
analogue of (M,,V,,) from eq. (I6), which has the same
interpretation but in this case for a swapping attempt. The
analysis resulting in eq. (T6) carries over and yields

(g Vi) = go (T WD, (18 Wi ®) . 23)

where gp is the analogue of g in eq. and describes how
two input links are transformed into one high-quality link by
a successful distillation step:

gp((ta,wa), (te,wn)) = (gr(ta, wa),w)
where

ifty <tp

. wdist (wA . e_ltA_tBl/,TL'uh7wB)
iftg >1tp

—[ta—tB|/Twl
wais (wa, wp - e~ Ita=tol/Tan)

and wgis 18 given in eq. (3). The function gp outputs a tuple
of waiting time and Werner parameter of the output state after
distillation. The waiting time requires two links to be generated
and is thus given by gr in eq. (I0). The Werner parameter
equals the Werner parameter of distillation as given by wgis
in eq. (3) on the two input links, of which the earlier suffered
decoherence as given in eq. (3).

The random variables (T4, W ') correspond to the waiting
time and Werner parameter after the first successful distillation
attempt on two d’-distilled 2"-hop links, so in line with the
analysis leading to eq. (I3) we obtain

a’
n

(T W) =)

Jj=1

(ar, V,‘f’)m Y
The random variable Dg/ corresponds to the number of distil-
lation attempts with two d’-distilled 2™-hop links as input, up
to and including the first successful attempt. It is the analogue
of K,, in eq. (I3)), the number of swap attempts until the first
success.

At this point, we have an expression for (T¢,Wd), the
waiting time and Werner parameter of the resulting link after
performing a d-level recurrence protocol on O-distilled input
links that each span 2™ hops. Since the recurrence protocol is
performed at every swapping nesting level of the d-DIST-SWAP
protocol, we can insert this expression into our previous
analysis using the following two remarks. First, a 0-distilled
link is the output of an entanglement swap, so (70, W) in
the d-DIST-SWAP scheme takes the role that (7),,W,,) has in
the SWAP-ONLY protocol:

(T2, W) = (T, Wy). (25)

Second, since an entanglement swap takes as input two d-
distilled links, we find that we should replace the definition of

(Mna th) in €q. by

(M, Vi) = g (T2 W)™ (m w)™P) . o)
where ¢ is defined in eq. (T7).
We finish this section by remarking that for the

d-DIST-SWAP protocol, we cannot treat waiting time indepen-
dently of the Werner parameter of the produced link, as we did
for the SWAP-ONLY scheme in sec. [[II-Al The reason behind
this is the following difference between the nested swaps and
the nested distillation: in the former, the success probability
Dswap and therefore the number of swaps K, is independent of
the time and state of the produced links, whereas the success
probability of entanglement distillation is a function of their
states (see eq. (6)). Consequently, the summation bound Dg/
and the Werner parameter V% in the summands (M,‘f/, V,f,)
in eq. (24) are correlated. Therefore, both the waiting time
and Werner parameter at any swapping level depend on both
waiting time and Werner parameter at the levels below.

IV. ALGORITHMS FOR COMPUTING WAITING TIME AND
FIDELITY OF THE FIRST END-TO-END LINK

In this section, we present two algorithms for determining
the probability distribution of the waiting time 7, and average
Werner parameter W, of the first end-to-end link produced
by the repeater chain (see sec. [[II). The first algorithm is
a Monte Carlo algorithm which applies to both families of
repeater chain protocols considered in this work: SWAP-ONLY
and d-DIST-SWAP. The second algorithm only applies to the
SWAP-ONLY protocol and is faster than the first. We summa-
rize the runtime of the different algorithms presented in this
section in table [l

A. First algorithm: Monte Carlo simulation

The first algorithm is a randomized function which produces
a sample from the probability distribution of the joint random
variable (7),, W,,). By running the algorithm many times, suf-
ficient statistics can be produced to reconstruct the distribution
of the joint random variable up to arbitrary precision (see
below for a rigorous statement). We first outline the algorithm
that samples from the waiting time in the SWAP-ONLY protocol
following sec. [[II-Al after which we show how to extend it
to track the Werner parameter (sec. [[II-B)), how to include the
communication time after a swap (sec. and how to adjust
it for the d-DIST-SWAP protocol (sec. [[II-D). Pseudocode can
be found in algorithm

We start by explaining the Monte Carlo algorithm for the
waiting time in the SWAP-ONLY protocol. Let s(X) denote a
randomized function that yields a sample from the random
variable X. We remark that if the cumulative distribution
function of X is known, then sampling from X can be done ef-
ficiently using inverse transform sampling, which is a standard
technique to produce a sample from an arbitrary distribution
by evaluating its inverse cumulative distribution function on a
sample from the uniform distribution on the interval [0, 1].
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Repeater chain protocol Markov-chain-approach Algorithms in this work
(sec. [II-A) [45] [46] Monte-Carlo | Deterministic

Waiting time up to 99% of

SWAP-ONLY the.c.umuyatlve probabilities O (exp (N)) O (poly (N)) | © (poly (N))
Waiting time up to
fixed truncation time ty,yne = 1000 O (exp (N)) O (poly (N)) | © (log(N))
Fidelity X O (poly (N)) | O (poly (N))

d-DIST-SWAP Waiting time & fidelity X O (poly (N)) X

TABLE I: The time complexity of the algorithms for computing waiting time and fidelity of entanglement distribution through
repeater chains as presented in this work compared to existing algorithms. The algorithms have exponential (exp) or polynomial

(poly) runtime in N = 2", the number of segments in the repeater chain, for n € {1,2,.

.. }. The Monte Carlo algorithm is a

randomized algorithm; its presented runtime is the average runtime. The cross (X) indicates that the algorithm is not present.

We can thus construct the sampler from the waiting time
for elementary entanglement, T, using the inverse of the
cumulative distribution function of Tj as given in eq. (TI):

s(To) = [log(1_p) (1 = s(U))] 27)

where U is a random variable which is distributed uniformly
at random on [0,1] and [.] denotes the ceiling function.

For sampling from higher levels, we first note that we can
easily transform a sampler s(X) into a sampler sgm(X,p)
from a geometric sum Zszl X ), where K is geometrically
distributed with parameter p. The sampler from the geometric
sum probabilistically calls itself:

s(X)
$(X) + saum(X, p)

From the recursive expression for the waiting time 7, in
sec. |lII-Al it now follows directly that we can construct a
sampler from T,, for n > 1:

s(T,) =

with prob. p,

Ssum(X7p) = {

with prob. 1 — p.

Ssum(Mna pswap)

which, per definition of sg,m, makes a call to s(M,,) which is
given by

s(Myp) = gr(s(Tn-1),5(Tn-1))

where gy is defined in eq. (I0).

Using the Dvoretzky-Kiefer-Wolfowitz inequality [53]], we
determine how many samples from (7,,W,,) we need in
order to obtain bounds on its cumulative probabilities. It
follows from this inequality that if ¢(¢) := Pr(7T;, < t) denotes
the cumulative probability function of the waiting time T,
and ¢, (t) the empirical cumulative probabilities after having
drawn m samples, then the difference between ¢ and ¢, is
bounded as

Pr(|Q(t) - Q7n(t)| > ‘5) < 2672m€2

for all ¢ > 0. Thus we can bound the probability that the
empirical estimate ¢,,(t) deviates from ¢(t) at most € for any
value of ¢ by z = 2¢=2m<" if the number of samples to draw
equals

m = —log(2/2)/(2€*)

Let us emphasize that this number of samples is independent of
any parameters of the repeater chain, for instance the number

(28)

of segments, and thus its contribution to the runtime or space
usage of the Monte Carlo algorithm is at most a multiplicative
constant, independent of any such parameters.

Following sec. [[TI-B] we modify the Monte Carlo algorithm
to also compute the Werner parameter of the sampled produced
entangled pair (for pseudocode see algorithm [I). First note
that the notation s(X) which samples from a random variable
X can also be applied to a joint random variable (X,Y’), so
that s((X,Y")) returns a tuple. We will now define a sampler
s((T, W,)) where (T,,W,) is the joint random variable
representing waiting time and Werner parameter of a 2"-
segment SWAP-ONLY repeater chain (see sec. [[II-BJ). For this,
we first need to adapt the sampler of the geometric compound
sum Sg, to a sampler of the geometric compound forgetting
sum (eq. (T4)) by defining Squm((X,Y"),p) where X and Y
are arbitrary random variables and p € [0, 1] is the parameter
of the geometric distribution:

s((X,Y)) with prob. p,

§sum((X’Y)’p) = W(s((X,Y)))+§sum((X7Y)7p)

with prob. 1 — p.

where ‘+’ denotes pairwise addition and 7 is the projector
onto the first element of a tuple: 7((z,y)) = (x,0) for any
numbers z, y.

A recursive definition of the joint sampling function from
(T,,, W, follows directly from the joint expression for waiting
time 7,, and Werner parameter W,, in eqs. (I3)-(I8):

5((To, Wo)) = (s(To), wo)
S((Tn,Wn)) = ésum((1\4nyV:n)7pswap)
S((Mn,Vn>) = g(S(Tnflyanl)vs(Tn717WN*1>I29)

where wy is the Werner parameter of each single-hop link at
the time it is produced (see sec. [[I-B) and the function g is
defined in eq. (I7). In this pseudocode for this Monte Carlo
algorithm in algorithm |1} the sampler s(7;,, W,,) is denoted
by sample_swap.

Since the expression for (T),, W,,) from sec. [[II-B] assumes
that the communication time for the heralding signal after the
entanglement swap takes negligible time, it is not included in
the Monte Carlo algorithm above. Fortunately, the adaptation
to include this communication time as in sec. directly
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carries over to the Monte Carlo algorithm by replacing g in

eq. 29) with
gn((tAva)’ (tB’ wB)) = (g”?(tA’ tB)ag\T{/((tAawA)v (tB’wB))

where g} and gy} are defined in eqgs. (ZI) and (22).

The time complexity of the Monte Carlo algorithm is a
random variable since it is a randomized algorithm. Every
call to s(Ty41, Wy,41) performs the auxiliary function Sgm
on average 1/pswap times, each of which calls s(M,, W)
precisely once and thus s(T;,, W,,) exactly twice by eq. 29).
Given access to a constant-time sampler from the uniform
distribution on [0, 1], a sample from the base level s(Tp, W)
can be obtained in constant time, so a simple inductive
argument shows that a drawing a single sample from (7,,, W,,)
has average runtime O ((2/pswap)™), Which equals

O (N10g2(2/pswap))

which is polynomial in the number of segments N = 2".

Following sec. [lII-D| we also adjust the Monte Carlo
algorithm to determine the waiting time and average Werner
parameter in the d-DIST-SWAP repeater chain protocol. We add
a recursive function sample_dist in algorithm [I] for sampling
from the random variable Tgl from eq. (24)), which represents
the waiting time at each level d’ € {0, 1,...,d} of the nested
distillation scheme. The relation between the random variable
tuples (T,‘f/7 W) and (M, V,;i/) on the one hand and
(T, Wy,) and (M,,, V;,) on the other is mirrored in their imple-
mentations sample_dist and sample_swap, respectively: the
function sample_swap calls sample_dist following eq. (26),
which subsequently calls itself recursively for d nesting levels
following eq. (23) and eq. (24) and calls sample_swap at the
lowest level in line with eq. (23)). See algorithm [I] for the full
pseudocode of the d-dependent sampler sample_swap for the
d-DIST-SWAP protocol.

The average runtime of the sampler for the d-DIST-SWAP
protocol is upper bounded by O (49 - (2/pswap)™). In order
to derive this, note that the probability that a distillation
attempt succeeds (see eq. (6)) is lower bounded by 1/2 and
hence a call to sample_dist(n,d) recursively performs at
most (2/(1/2))? = 4¢ calls to sample_swap(n — 1) on
average. The average runtime of the full algorithm is the
product of this number of calls and the average runtime of the
SWAP-ONLY algorithm O ((2/pswap)™) since the recurrence
distillation scheme is performed at every swapping level.

Let us finish this section with an analysis of the algorithm’s
space complexity. For generating a single sample of (T,, W,,)
of the SWAP-ONLY protocol, the number of variables that need
to be stored grows linearly in the number of segments n. To
see this, first note that at level ¢ the algorithm only needs to
keep track of two samples of (Ty_1, W,_1) at a time, since
in the case of a failed swap it may discard the samples after
updating the total time used and subsequently reuse the space
for storing two fresh samples. In addition, for producing these
two samples, only two samples need to be stored at every level
< £. The insight here is that at each level the required two

10

samples can be drawn in sequence rather than in paralleﬂ S0
that the space needed to draw the first sample can be reused
for the second. Therefore, the algorithm needs to keep track of
at most two samples at every level, which implies that the total
number of variables it stores is linear in the number of levels
and thus in the number of segments n. For the d-DIST-SWAP
protocol, the scaling is linear in n - d with d the number of
distillation steps per nesting level, which can be shown by an
analogous argument.

The number of samples that is required to generate a
probability distribution histogram with pre-specified precision
is independent of the number of segments (see explanation
directly below eq. ([28)). For constructing the histogram, we
only need to store the waiting times for which at least a single
sample was drawn and hence the number of such waiting times
is also independent of the number of segments. We conclude
that reproducing the probability distribution of (7},, W,,) using
the Monte Carlo algorithm will not exceed polynomial space
usage in the number of segments n.

B. Second algorithm: deterministic computation

In this section, we present our full second algorithm, which
computes the probability distribution of the waiting time and
average Werner parameter up to some pre-specified truncation
time tiyunc. The algorithm applies to the SWAP-ONLY repeater
protocol. In what follows, we first show how to compute
the probability distribution of the waiting time 7, of the
SWAP-ONLY protocol by recursion (see sec. [[lI-A). After this,
we outline how our algorithm performs a modified version of
this computation on the finite domain {1,2,..., trunc}. We
finish the section by extending its computation to include the
average Werner parameter (sec. [[II-B).

Let us start by showing how to derive the probability distri-
bution of the waiting time 7}, in the SWAP-ONLY protocol. For
a single repeater segment (n = 0), the waiting time follows
the geometric distribution as given in eq. (TI). For nesting
levels £ € {0,1,2,...,n}, the relation between the probability
distributions of M, and T} follows straightforwardly from

eq. (12):

Pr(M; =t) = Pr(T; < t)* —=Pr(T; <t—1)°>.  (30)

Now we compute the probability distribution of Ty14|Ky,
which is the waiting time conditioned on the number of swaps
needed that transform 2‘-hop entanglement to the final 2¢+1-
hop entanglement:

Pr (T(Jrl = t|K£ = k)

€2y

e

where we have denoted my(t) := Pr(M, =t) and * denotes
convolution of functions (see sec. [[I-C). The marginal proba-

INote that in our runtime analysis, we already assumed sequentiality
since we showed that the average number of calls to s(To, Wop) is at most
polynomial in the number of segments n.
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Algorithm 1: Monte-Carlo algorithm
sample_swap(n) for producing a single sample
of the joint waiting time and Werner parameter
(T, Wy,) for a d-DIST-SWAP quantum repeater chain
of 2™ segments as in sec. Setting d = 0
corresponds to the SWAP-ONLY repeater chain
protocol.

Algorithm 2: Deterministic algorithm for computing
the probability distribution of the waiting time 7T,
of the SWAP-ONLY protocol at nesting level n. The
subroutine fast_convolution_algorithm computes the
distribution of the sum of two random variables A and
B, each represented by an array of size tiync + 1
with their probabilities Pr(A = ¢) and Pr(B =t) for

Input : Success probabilities pgen and pgwap, Werner t€{0,1,2,...  terunc}-
parameter of single-hop links wy, nesting Input : Success probs. pgen and pgwap, nesting level n
level n, number of distillation rounds at each Output: Two-dimensional array of size
level d. (n+1) X (trunc + 1) with entries Pr(T, = t)
Output: Single sample from (7,,, W,,). for £ € {0,1,2,...,n} and

if n = O then
u < uniform random sample from [0, 1]

1 t€{0,1,2, ... torunc)-

2 1 C < 3-dim. array of zeros,

3 return ([log(lfp)(l —u)],wo) // (eq. @7)) 2 size (n 4+ 1) X (ttrune + 1) X (ttrunc + 1)

4 else if n > 1 then 3 T < 2-dim. array of zeros, size (n + 1) X (ttrunc + 1)
5 (ta,wa) < sample_dist(n, d) 4 M <« 1-dim. array of zeros, of size (ttyunc + 1)

6 (tp, wp) < sample_dist(n, d) // Base level probs (eq. (1))

7 | tw<g((ta,wa),(tp,wp)) // (eq. (I7)) s for t € {0,1,...,twune} do

8 u <+ uniform random sample from [0, 1] p ‘ 700, < 1 — (1 — pgen)t

9 if u < pswap then

7 end
10 | return ¢, w
1 else // Probabilities on higher levels
2 treteys Wretry < sample_swap(n) 8 for € {0,1,...,n—1} do
13 return ¢ + tretry, Wretry // Maximum of two copies (edq. )
14 end 9 for t € {1,2,..., tirunc} do
15 end 10 | M[t] « T[¢,8)* = T[¢, ¢t —1)?
11 end
16 Auxiliary function sample_dist(n, d) :
17 if d = O then // Conditional probs... (eq.(I))

18 | return sample_swap(n — 1) 1 | for ke {l,2,... twunc} do
19 else 13 set column C[¢, k] to output of
20 (ta, wA) — sample_dist(n, d— 1) d COHVOIVG(C[& k— 1]7 k, M)

14 | en

21 (tg,wp) + sample_dist(n,d — 1) .
2 | tow< go((ta,wa),(tp,ws))  // eq. @) f// N fide thj marcillnals (eq. B2
23 | u ¢+ uniform random sample from [0, 1] 15 or t € {1,2,... . tirunc} do

// Success probability: eq. (6 16 for k€ {1,2,... tirunc} do

214 | if u < pgig(wa, wp) then 17 term < Powap (1 — Powap)* " - C[0, K, 1]
- | return £, w 18 add term to T'[¢ + 1,t]
26 else 19 end
27 tretry, Wretry <— sample_dist(n, d) 20 end
28 return t + tretry, Wretry // Convert T to cumulative probs
29 end 21 for t € {1,2,..., ttrunc} do
30 end 2 | T+ 1,8« T+ 18]+ Tl +1,t—1]
23 end
24 end

bility distribution of Ty, is calculated from the distribution 25 return T

f th itional iable Ty 1| K,
of the conditional random variable 71| K¢ as 26 Auxiliary function convolve(S, k, M) :

27 if k = I then
28 ‘ return M
(32) 29 else

%)
Pr(T€+1 - t) = Zpswap(l_pswap)k_l Pr (Tf-i-l - thZ - k)
k=1

// Compute convolution of two
arrays using Fast Fourier

where we used the fact that the number of swaps K, is
geometrically distributed with parameter pgyap.

Our algorithm computes the probability distribution of T3,
by iterating the procedure in the egs. 30), (3I) and (32) 3°
over £ from 0 to n» — 1 and is outlined in algorithm [2| Its

implementation follows naturally from the equations above 31
32 end

Transforms
array_with_sum_distribution +
fast_convolution_algorithm(S, M)
return array_with_sum_distribution
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Algorithm 3: Extension to algorithm [2| for computing
W,, the average Werner parameter of the end-to-end
state produced at time t € {0,1,...,tsrunc} by a 2™-
segment repeater chain with the SWAP-ONLY protocol.
The algorithm is an extension to algorithm [ and
contains of several parts that should be inserted into
that algorithm.

The following should be inserted directly after line [4]
in algorithm
W
2-dim. array of zeros, size (n + 1) X (ttrunc + 1)
for t € {0,1,2,...,ttrunct do
‘ W[O, t] — W
end

The following should be inserted directly after line [23]
within the loop over ¢ in algorithm

for k € {1,2,..., tirunc} do

for t4 € {1,2,...,ttrunc} do

for tp € {1,2,...,ttrunc} do

// The average Werner
parameter (eq. (33))

Wy — VVV7 tA]

wp < W[f, tB]

bw = g((tA’ UJA), (thwB))

eq. (7))

// Add terms to the numerator
of eq. (@G3)...

p <~ pswap (]- - pswap)k71

p+p-T,ta] - T[l tp]

if kK =1 then

//

//

(see

in the case of a
single swap (eq. (34))
Wi+ 1,t] W[+ 1t +w-p
else
// in the case of
multiple swaps (eq. (36))
for te.i € {0,1,2,. .. ttyunc — 1} do

tdeliver —t+ tfail
add w-p-Cll+ 1,k —1,teq] to

WV"‘ 1>tdeliver]

end

end
end

end

end

for t € {1,2,...,ttrunc} do

// Normalize by dividing by the
denominator of eg. (B3)

WL+ 1,t] « W[+ 1,¢]/T[¢+ 1,t]

end

12

except for the following remarks. First, in the algorithm, the
sum in eq. (32) is truncated at the pre-specified truncation
time tiunc- That this truncation yields correct probabilities
Pr(Tyy1 =t) for all t € {0,1,...,tunct follows from the
fact that Pr(T,4; = t|K,; > t) = 0 since the generation of en-
tanglement over any number of hops takes at least a single time
step. Second, the convolutions in eq. (3I)) can be computed
iteratively over k by noting that Pr(Tyy; =¢| Ky =k +1)
equals the convolution of Pr(Tyy; = ¢|Ky = k) and my(t).
Moreover, for a single convolution we use a well-known
algorithm based on Fast Fourier Transforms [54] which we
denote by fast_convolution_algorithm in algorithm [2| This
subroutine computes the convolution of two arrays of size
trunc in time @(ttrunc log ttrunc)-

The time complexity of the deterministic algorithm 2] equals
O(n 12 1ne 10 tirunc): the iteration over a single level is dom-
inated by the ©(t2,,,.c 10g tirunc) Tuntime of the convolutions
in eq. because eqs. and are performed in linear
time in ty;une by looping through an array of ¢y, elements.
In sec. we give an explicit expression for the truncation
time ¢tyune Which ensures that Pr(7T,, < ttrunc) > 0.99. This
expression is polynomial in the number of repeater segments,
which implies that algorithm [2| runs in polynomial time in the
number of segments also.

We extend our deterministic algorithm to also compute
the average Werner parameter W, (t) := E[W,|T, =t] of
the end-to-end link produced at time ¢ by a 2"-segment
SWAP-ONLY repeater chain (see sec. [[II-B). The computation
of the average Werner parameter at each level from 0 to n is
performed after completion of the computation of the waiting
time probabilities at the same level.

Let us explain the algorithm here (see algorithm (3) for
pseudocode). At the base level the fidelity Wy (t) equals
the constant Werner parameter wy as in sec. [[II-B] for all
t€{1,2,...,tirunc}. At a higher level, the Werner parameter
of a link which is delivered at time ¢ is the output of gy from
eq. (I8), averaged over all possible realizations of waiting
times 7, which yield 7,, = t. In order to precisely define
what we mean by ‘realization’, note that the waiting time T,
and average Werner parameter W,, as expressed recursively
in sec. are a function of K, copies of (T,,_1, W,_1),
the waiting time and Werner parameter at one level lower.
Regarding (7,,,W,,) as a function with K, and all such
copies of (T,,_1,W,_1) as input, we define a ‘realization’
of (T,,,W,,) as its evaluation on particular instances of these
copies.

Using the notion of realization, we obtain the Werner
parameter of the 2¢-hop link at levels £ € {1,2,...,n}, given
that it was produced at time ¢:

2

T
7 delivers link at ¢

2

T
r delivers link at ¢

pe(r) - Wi (r)
(33)

Walt) = pe(r)

where 7 is a realization of (7}, W) and W;"(r) denotes the
average Werner parameter of the 2‘-hop that realization r
delivers with p,(r) its probability of occurrence.
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In what follows, we will derive expressions for p(r) and
W (r). This will give us an explicit expression for Wp(t)
and it is this expression that our algorithm evaluates. We
distinguish between two cases of realizations for computing
pe(r). In the first case, only a single swap (i.e. Ky = 1) is
needed to produce the 2¢-hop entanglement, i.e. the first swap
from level ¢ — 1 to ¢ is successful. The realizations r that
belong to this case can be parameterized by the times ¢4 and
tp at which the two 2~ 1-hop links are generated. The total
probability of occurrence of these realizations, each of which
delivers a 2¢-hop link at time gr(t,t5) (see eq. (T0)), is given
by

pg(?“) = PI‘(KZ = 1) PI’(TZ = tA) Pr(Tg = tB) (34)
and the average Werner parameter of the produced 2‘-hop
entangled link is

Wi (r) = gw((ta, We—1(ta)), (ts, We_1(tB))) (35)

where gy is given in eq. [I8]

In the second case, at least a single entanglement swap
to produce 2-hop entanglement fails. Note that the average
Werner parameter only depends on the states of the two
2¢=1_hops that are produced as input to the last swap since
the entanglement inputted into the failing swaps is lost. In
the case of multiple swaps we can therefore group together
the realizations for which the following four quantities are
identical: the waiting times ¢4 and tp for the production of
the last two 2/~ 1-hop links with in addition the number of
swaps k and the time tg; that these failed swaps need. The
total probability of occurrence of such a group of realizations
equals the product of four probabilities,

PI‘(K@ = k) . PI‘(T@ = tfai1|K£ =k — 1)
. PI‘(T( = tA) . PI‘(TZ = tB)

pe(r) =
(36)

while the average Werner parameter W™ (r) of the 2¢-hop that
is produced by each of these realizations is identical to the first
case and is given in eq. (35). Each realization in this group
delivers a 2°-hop link at time t¢.; + gr(ta,t5) (see eq. (TOp).

Our algorithm loops over each group of realizations, eval-
uates their probabilities of success in eqs. (34) and (36) and
their average Werner parameter in eq. (33) and subsequently
computes Wy(t) using eq. (33). The domain of the time
parameters t4,tp and tg,; is bounded from above by tirunc
since no short-range link that is used to produce a long-
range link at time < t¢gunc can take longer than tirypc.
Also, the total number of swaps K,, runs up to tyunc Since
it cannot exceed the time at which the end-to-end link is
delivered by the same reasoning as the truncation of the sum in
eq. (32), i.e. Pr (1,41 = t|K,, > t) = 0. The pseudocode of
the deterministic algorithm for computing the average Werner
parameter can be found in algorithm [3]

The time complexity of the Werner-parameter algorithm can
be inferred directly from algorithm [3] by the four loops with
domain of size O(t¢runc), which implies that the full time
complexity is ©(n - &) This is polynomial in the number
of repeater chain segments (see sec. [V-B).
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C. Possible extensions

In this section, we give examples of possible extensions of
the Monte Carlo algorithm and the deterministic algorithm.
First, we provide an example of how the two algorithms
can be extended to different quantum state and noise models
than the Werner states and depolarizing decoherence noise
used in this work. We also give an example of an extension
to a different network topology than a chain. We finish the
section by sketching what is needed to extend the deterministic
algorithm to the d-DIST-SWAP protocol in the future.

An example of applying the algorithms to more general
quantum states is to track states that are diagonal in the Bell
basis, i.e. we assume that the generated single-hop states can

be written as
Do D pikldiadeil

je{x} ke{£}

where  [éia) = (0)®|0) £ [1)@[1))/v2Z  and
|p_+) == (|0) ®|1) & |1) ® |0))/v/2 are the four Bell states
and the Bell coefficients p; ;, are probabilities which sum to
1. The implementation of the Monte Carlo method would
have the Werner parameter W,, replaced by a joint random
variable on the fourE] Bell coefficients (py4,p+—,p—+,p——),
while the deterministic algorithm would compute the average
over each of these four coefficients individually in a fashion
similar to the average of the Werner parameter (eq. (33)).
Successful entanglement swap and distillation operations both
map Bell-diagonal states to Bell-diagonal states [34] and
could thus each be formulated as an operation on the four
Bell coefficients.

An example of a different model of memory decoherence
noise (currently eq. (3)) is the application of the Pauli operator
Z :=10)0| — [1)1| on one of the two qubits with probability

o) = 5 (1 o2/

where At is the time that the state has resided in memory and
Teon 1s the joint coherence time of the two memories that hold
the two qubits. This probabilistic application of Z acts on the
Bell coefficients as

pik = (1= q(At)) - pjx + q(At) - pme

where  pp, 0 is the coefficient belonging to
|¢)m,g> = (]12 & Z) |¢j,k> with 14 := ‘0><0| + |1><1| Lastly,
the algorithm could be generalized by modelling the
swapping and distillation operations as noisy operations by
concatenating the perfect operation with a noise map that can
be written as operation on the four Bell coefficients.

In addition to more general state and noise models, both
algorithms could also be applied to more general network
topologies than a chain. An example is the generation of
a Greenberger-Horne-Zeilinger (GHZ) state [55] in a star
network, where there is a single central node and each of the
other nodes (the leaves) is connected to this single central node
only. All leave nodes start by generating an elementary link

’In fact, tracking only three of these coefficients already completely
characterize a Bell-diagonal state since they sum to one.
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with the central node, after which the central node performs a
local operation to convert these links into a single GHZ state
on all the leave nodes, e.g. by a combination of two-qubit
controlled-rotation gates and single-qubit measurements [49].
Similar to our model of the swap operation, we could model
the local operation that produces the GHZ state as probabilis-
tic, motivated by probabilistic two-qubit operations in linear
photonics [56]. In the same spirit as the SWAP-ONLY protocol
and our analysis of it in sec. the central node waits for
all links to have been generated (which corresponds to the
maximum of their individual waiting times) while failure of the
local operation requires regeneration of the elementary links
(which corresponds to the geometric compound sum). Since
both maximums and geometric sums of random variables can
be treated by the two algorithms, both could be used to sample
the produced state and waiting time in the star network.

In general, the Monte Carlo algorithm could be applied
if one can express the random variables describing waiting
time and fidelity as a function of random variables whose
probability distribution is known. For the deterministic algo-
rithm, on the other hand, one should find efficiently com-
putable expressions for the probability distributions of these
random variables. These two cases are different: indeed, for
the d-DIST-SWAP protocol, we have found a Monte Carlo
algorithm but have been unable to formulate a determinis-
tic algorithm. We finish this section by elaborating on this
difference for the specific case of the d-DIST-SWAP protocol
and sketch an opportunity for extending the deterministic
algorithm to it. For the SWAP-ONLY protocol, we were able
to design a Monte Carlo sampler of the waiting time and
fidelity by expressing the corresponding random variables at
level ¢ as a function of those at level ¢ — 1. In addition, we
could express the probability distributions recursively also,
which enabled us to formulate the deterministic algorithm.
For the d-DIST-SWAP protocol, we succeeded in performing
the first step, i.e. find a recursive expression for the random
variables (see sec. , but have been unable to express
the probability distributions in a recursive fashion. The dif-
ficulty lies in the fact that waiting time cannot be analyzed
independently of the fidelity of the input states, since the
distillation success probability is a function of the produced
states contrary to the swapping success probability pswap
(see also last paragraph in sec. for more explanation).
The resulting two-way dependence between waiting time and
fidelity renders eq. (32)) incorrect if we simply replaced pgwap
by the distillation success probability. For this reason, the key
to finding a deterministic algorithm for computing waiting
time and fidelity for the d-DIST-SWAP protocol is to find an
efficiently computable expression for the probability function
of (Ty,Wy) as a function of (M,;_1,Vp_1), i.e. a correct
alternative to eq. (32).

V. BOUNDS ON THE MEAN WAITING TIME

In this section, we first show how to use the deterministic
algorithm from section [[V-B] to obtain bounds on the mean of
the waiting time 7’,, which improve upon a common analytical
approximation. Then we give an explicit expression for the

14

choice of truncation time in the algorithm for which 99% of
probability mass of T, is captured.

A. Numerical mean using the deterministic algorithm

Here, we show how to obtain bounds on the mean of 7,
using the deterministic algorithm from section Such
bounds are interesting since a common approximation to the
mean in the regime of small success probabilities pgen and
Dswap» the 3-over-2-formula (17, [23[], [31]], [44]]

3 |
ET,] ~ <2 ) C—_
Pswap DPgen

overestimates the waiting time for large success probabilities.
For example, it can be seen in [45] fig. 7(a)] (reproduced in
this work as fig. E], top plot) that for pgen = Pswap = 1, the
ratio [true mean]/[approximation] of the true mean F [T;,] and
the approximation in eq. decreases as a function of the
number of segments and equals 0.2 for a chain of 16 segments,
i.e. an overestimation by a factor 0%2 = 5. In fig. [7] (bottom
plot), it can be seen that this overestimation grows to more
than a factor ﬁ = 20 for a chain of 2048 segments.

The bounds are obtained in two steps. First, we perform the
deterministic algorithm to compute the probability distribution
of T, as described in section Since this probability
distribution is only computed by the algorithm on the truncated
domain {0, 1, ..., ttrunc }, We cannot calculate the mean of T7,.
Instead, we compute its empirical mean, which we define for
random variable X with the nonnegative integers as domain
as

(37

terunc

E [X, ttrunc] = Z PI'(X > t) (38)
t=1

Note that the empirical mean reduces to the real mean for
tirune — 00 (see section [[I-C).

In the second step, we quantify how well the empirical
mean of T, approximates its real mean. We need two tools
for doing so. As first tool, we introduce the random variable
TP, which is identical to T}, except for the fact that the
two links required for the entanglement swap are produced
sequentially at every level rather than in parallel. We proceed
analogously to the first step: we perform a modified version
of the deterministic algorithm to compute the probability dis-
tribution of T5,"™" and we compute its empirical mean (details
and formal definition of 7;,"" can be found in appendix [B).
In contrast to 7,,, we are able to compute the real mean of
TP, which equals E[T7™] = (2/pswap)™ * 1/Pgen (proof
in appendix [B). The second tool is the following proposition,
which states that for 7, the empirical mean converges at least
as fast to the real mean with increasing truncation time as for
upper

Proposition V.1. The difference between the real mean and
the empirical mean (eq. ) of the waiting time is bounded
as

2 \" 1
O S E [Tn]_E [Tru ttrunc] S () 7_E [Tspper’ ttrunc]
Pswap Pgen
and the two bounds coincide for tiyyne — 00. The random

variable Tp"™" is formally defined in appendix@
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The main tool for proving proposition [VI] is the fact that
TypPP" stochastically dominates T, for every nesting level
n, which means that Pr(T,, > ¢) < Pr(T,"™ >1¢) for all
t€{0,1,2,...}. We formally prove the proposition and give
a more detailed version of the computation of the probability
distribution of 7" in appendix

B. Choosing a truncation time for the deterministic algorithm

The truncation time that is inputted into the deterministic
algorithm determines how much probability mass will be
captured by the algorithm. The captured probability mass can
be bounded from above using Markov’s inequality:

Pr(Tn 2 ttrunc) S E [Tn] /ttrunc~ (39)

We upper bound the mean of T}, in eq. by invoking
proposition with tiune = 0. The latter reduces to
E[T,] < (2/pswap)™ - 1/Pgen and thus implies

2 " 1
Pr(Tn 2 ttrunc) § : .
Pswap Pgen - ttrunc

Consequently, setting

b2 "o 1
prme Pswap pgen 1-0.99

ensures that an end-to-end link will be produced with proba-
bility Pr(T,, < t) = 99%.

(40)
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Fig. 2: (Color online) Probability distributions of the waiting
time and bounds on the mean (vertical shaded areas, see [V-A)
calculated by the deterministic algorithm for the SWAP-ONLY
protocol. The repeater chain parameters are pge, = 0.1,
Dswap = 0.9, and the number of repeater segments is given
by N. The top plot recovers the results from Shchukin et al.
[45] Fig.10(a)]. Computation time ~ 5 seconds for N = 8192.
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VI. NUMERICAL RESULTS

In this section we investigate different repeater chain pro-
tocols with the help of our two algorithms. We start with the
SWAP-ONLY protocol, first considering the waiting time distri-
bution of the first produced end-to-end link and subsequently
also its average fidelity. We also show how fidelity and waiting
time are affected by the d-DIST-SWAP protocol. Finally we
consider the effect of including the communication time in
swap operations.

Our proof-of-principle implementation can be found in
[57]. The reported computation times have been obtained
from single-threaded computations on commodity hardware
(specifically: a single logical processor of an Intel 17-4770K
CPU @ 3.85 GHz). In the plot captions in this section, we
state the computation time for the largest number of repeater
segments because computing the distribution of (7,,, W,,)
requires finding the distribution of (7;,_1, W,—_1) first (see
sec. |LLI).

First we consider the waiting time in the SWAP-ONLY
protocol. Our algorithms are able to recover the results from
Shchukin et al. [45]], both the full distribution of waiting time
exactly (fig. [2} top plot) as well as its mean up to arbitrary
precision (fig. [/ top plot), and extend these results from 16
to 8192 and to 2048 repeater segments, respectively (figs. 2} 3]
and[7). In fig. [§| we compare results from both our Monte Carlo
and deterministic algorithm and find that there is good agree-
ment between the two. For high swapping success probability
Dswap the deterministic algorithm can compute probability
distributions up to thousands of nodes, as illustrated in fig. [2]
For small pgyap, we have found that the number of repeater
segments N = 2" that we can simulate is limited in practice.
This is a consequence of the fact that #i.,,. grows fast in
N for small pgyap if we want the guarantee that 99% of
the probability distribution is captured (see eq. (@0)), and the
polynomial scaling in t¢yync Of the algorithm’s runtime.

Secondly, we consider the average fidelity of the
SWAP-ONLY and d-DIST-SWAP protocols. We investigate the
SWAP-ONLY protocol with a small number of segments (N =
1,2,4), see fig. 4] We observe that fidelity stabilizes as the
waiting time increases, and it stabilizes at values for which the
state remains entangled in spite of the absence of distillation.
Again, the deterministic and Monte Carlo algorithms show
good agreement. Adding the calculation of fidelity increases
the time complexity of the deterministic algorithm, which
reduced the maximum number of segments that we could
simulate. We found that the Monte Carlo algorithm is able
to simulate a larger number of segments, as its computational
complexity is unchanged when also tracking the fidelity.

Third, we consider the d-DIST-SWAP protocol. In fig. [3
we study the effects of distillation in a repeater chain of 4
segments comparing one distillation round (d = 1) against no
distillation rounds (d = 0) for two different memory coherence
times. We first observe the increase in the waiting times
caused by the generation of the additional links necessary
for distillation. An increase in waiting time is accompanied
by an increase in memory decoherence, which implies that
the degree to which distillation is beneficial depends on the
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Fig. 3: (Color online) The probability distributions of waiting time for repeater chains with varying number of segments N for
the SWAP-ONLY protocol, computed using the deterministic algorithm (left plots) and generated from 15,000 samples from the
Monte Carlo simulation (right plots). Vertical shaded areas indicate bounds on the mean in the left plots (see sec. [V-A) and
the sample mean + one standard error in the right plot. In the bottom right plot the shaded bands are confidence bands for
a probability z = 0.01 that the actual distribution lies outside of these bands, obtained from the Dvoretzky-Kiefer-Wolfowitz
inequality [53] discussed in sec. |TV_I} The repeater chain parameters are pgen, = 0.1, Pswap = 0.5. The computation time for
the deterministic algorithm ~ 9 minutes, while for the Monte Carlo algorithm ~ 30 minutes.

memory coherence time. The values for the coherence time
we chose allow to show both types of behavior.

Finally, we incorporate the communication time for the
entanglement swap into our model following sec. [V-A] Fig. [6]
shows how the output probability distributions change when
we include this communication time. We confirm that, as
stated by Brask and Sgrensen [17], omitting this communi-
cation time gives a good approximation for small pgen, but
not for larger pgen.

In order to get a rough analytical understanding of the
probability distributions for the waiting time that our algo-
rithms have computed, we fitted a generalized extreme value
(GEV) distribution to them, which has cumulative distribution
function

Pr(X <t)= exp(—(l n gs)*l/f) 1)

where X is a random variable following the GEV distribution,
s = (t—p)/o,and £ > 0, 0 > 0 and pr € R are the
free parameters [58]. Fig. [§] shows a typical result of such
a fit. We find that the fit seems rather close to the computed
distribution, although the difference in the means indicates that
the fit should only be used to make approximate statements.

A good fit could provide a speedup for the deterministic
algorithm, since the algorithm computes the distribution at
each level from the distribution at the previous level. To be
precise, the algorithm’s runtime can be reduced by starting the
computation at the fitted distribution instead of computing the
distribution at level n, and subsequently using this distribution
to have the algorithm compute the distribution at level n + 1.
In order to ensure that the distribution at the final level
> n still approximates the real distribution, careful analysis
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Fig. 4: (Color online) The average fidelity of links delivered at
time ¢ by an /N-segment SWAP-ONLY repeater chain (top row),
and the corresponding probability distributions (bottom row),
from both the deterministic algorithm (left column) and the
Monte Carlo algorithm (right column) using 250,000 samples.
For the deterministic figures the vertical shaded areas indicate
numerical bounds on the mean (see sec. [V-A), and for the
Monte Carlo figures these indicate the sample mean + one
standard error. The repeater chain parameters for SWAP-ONLY
protocol are pgen = 0.1, Pswap = 0.5, Teon = 50 time steps and
the fidelity of the elementary links equals F{y = 0.95, which
corresponds to Werner parameter wo = (4-0.95—1)/3 ~ 0.93
following eq. (). The computation time for the deterministic
algorithm ~ 15 minutes, while for the Monte Carlo algorithm
~ 20 seconds.

of the acquired error of the distribution at higher levels is
required. We leave such error accumulation analysis, based
on a distribution that forms a phenomenological fit, for future
work.

VII. DISCUSSION

Quantum networks enable the implementation of communi-
cation tasks with qualitative advantages with respect to classi-
cal networks. A key ingredient is the delivery of entanglement
between the relevant parties. In this work, we provide two
algorithms for computing the probability that an entangled pair
is produced by a quantum repeater chain at any given time
and also show how to compute the pair’s Bell-state fidelity.
The first algorithm is a probabilistic Monte Carlo algorithm
whose precision can be rigorously estimated using standard
techniques. The second one is deterministic and exact up to a
chosen truncation time.

Both algorithms run in time polynomial in the number of
nodes, which is faster than the exponential runtime of previous
algorithms. The workhorse behind the improved complexity is
a formal recursive definition of the waiting time and the state
produced by the chain. We developed an open source proof-
of-principle implementation in [57]], which allows to analyze
repeater chains with several thousands of segments for some
parameter regimes.
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Fig. 5: (Color online) Comparison between the d-DIST-SWAP
protocol with a single distillation round on every level (d = 1)
and the SWAP-ONLY protocol (no distillation) for a repeater
chain with N = 4 segments, for longer and shorter memory
coherence times T¢,,. The additional repeater chain parameters
are pgen = 0.1, pswap = 0.5, and F, = 0.95, which
corresponds to wy ~ 0.93. While the goal of distillation is
to improve the fidelity of delivered links, when the coherence
time is too short compared to the time needed to deliver a
link, adding distillation actually decreases the fidelity (orange
arrow). For longer coherence times adding distillation does
improve the fidelity (blue arrow). In both cases the waiting
time increases because entanglement distillation requires more
links to be generated. For the SWAP-ONLY protocol, the
waiting time is independent of the memory coherence time
(in contrast to fidelity), which can be observed from the
identical waiting times in the bottom plot. Each curve has
been generated from 250,000 Monte Carlo algorithm samples.
Computation time ~ 15 seconds without distillation, ~ 100
seconds with distillation.

The deterministic algorithm is the fastest of the two for
a large set of success probabilities for generating single-
hop entanglement pge, and entanglement swapping Pswap-
The Monte Carlo algorithm could be sped up to a factor
proportional to the number of samples by parallelization. A
second option to reduce the runtime would be to construct
estimates of the random variables at each level of a repeater
chain and sample from the estimates to estimate the following
level. A careful analysis would be necessary to ensure that
the speed up does not vanish when taking the accumulated
precision error into account.

We have been able to adapt our algorithms to several
protocols for repeater chains. More concretely, we have studied
the SWAP-ONLY protocol and two generalizations. The first
one includes distillation d-DIST-SWAP, the second one takes
into account the communication time in the swap operations.
We believe that the tools we have developed here can be
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Fig. 6: (Color online) Waiting time distributions with and
without communication time for entanglement swapping for
the SWAP-ONLY protocol, with entanglement generation suc-
cess probabilities pge, = 0.1 (left) and pgen = 0.9 (right),
generated from 250,000 samples from the Monte Carlo algo-
rithm. The vertical bars indicate the mean + one standard
error. As stated by Brask and Sgrensen [17] omitting this
communication time gives a good approximation when pgen
is small. The repeater chain has N = 16 segments and
Dswap = 0.5. Computation time ~ 5 minutes per curve.

extended to several other protocols without losing the poly-
nomial runtime. Some examples which we leave for further
work include tracking the full density matrix, variations of
d-DIST-SWAP with unequal spacing of the nodes or with a
number of segments different than a power of two, and the
investigation of more general network topologies. Inspired by
hardware, it would also be interesting to model decaying mem-
ory efficiency and nodes that can not generate entanglement
concurrently with both adjacent neighbors.

In summary, we have proposed two efficient algorithms
to characterize the behavior of repeater chain protocols. We
expect our algorithms to find use in the study and analysis of
future quantum networks. Moreover, the existence of protocols
capable of efficiently characterizing the state produced opens
the door to real-time decision taking at the nodes based on
this knowledge.

APPENDIX A
DISTILLATION ON WERNER STATES

In this appendix, we find the state after successful entangle-
ment distillation on two Werner states. Performing entangle-
ment distillation on two Werner states with Bell-state fidelities
F4 and Fp yields a state with Bell-state fidelity [34]

(FaFp + §FaFp)
DPdist
where the probability of success pgis s given by

(42)

FAFi+ 3 FaFp+ SFaFp+ DEaF  (43)
where we have denoted F' = 1 — F. Although the output state
is not a Werner state, it is always possible to transform it
into a Werner state with the same Bell-state fidelity by local
operations. We rewrite eqs. (@2) and @3) as function of the
Werner parameters w4 and wp of the input states rather than
their fidelities F4 and Fp using eq. (2), which yields egs. (3)

and (6).
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Fig. 7: (Color online) Ratio between the bound on the mean
computed by the deterministic algorithm and the 3-over-2
approximation eq. (37) as a function of entanglement gen-
eration success probability pge, Wwith deterministic swapping
(Pswap = 1). For each number of segments N, the figures
show two lines: one for the upper and lower bound on the
mean (see sec. [V-A). The fact that for each N only a single
thick line rather than two lines can be seen indicates that the
bounds on the mean almost coincide. The top figure recovers
work by Shchukin et al. [45] fig. 7(a)], whose exponential-
time algorithm based on Markov chains is able to compute
the mean exactly while our algorithms can get arbitrarily tight
bounds on the mean (deterministic algorithm) or approximate
the mean with arbitrary precision (Monte Carlo algorithm) at
the benefit of polynomial runtime. The runtime improvement
over the Markov-chain approach allows us to extend the
results of Shchukin et al. to more than 2000 segments (bottom
figure). Each curve was generated by running the deterministic
algorithm for 40 different values of pgen (0.025,0.05,...,1)
and the truncation time was set to t¢,une = 1000. Computation
time for each curve < 2 seconds.

APPENDIX B
COMPUTATION OF T,,""*
In this appendix, we first prove proposition [V.I] and sub-
sequently show how a modified version of the deterministic
algorithm from section [[V-B| computes the empirical mean

E [TP tirunc] from eq. (38).

A. Proof of proposition pef f {0,1,2
n orn € 9 Ly Sy e

The random variable .. } is recur-
sively defined as
TP = Ty (44)
MR = (@)D (@™ @s)
K’Vl
TR = Yoo (46)
k=1
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Fig. 8: (Color online) Waiting time distribution (64 segments,
Dgen = 0.1, Pswap = 0.5), computed with the deterministic
algorithm (sec. |TV_TE[), and a fit to the same distribution using
the generalized extreme value (GEV) distribution (see eq. 1))
fitting parameters: £ ~ —0.5997, 4 ~ 3092.7,0 ~ 2694.9).
Although the two distributions seem to coincide fairly well
by eye, the difference between the means (vertical lines)
is relatively large (a factor ~ 1.5). For different number
of segments and success probabilities pgen and pswap, the
difference between fitted and computed distribution is similar.

where Ty is defined in section [[lI-A] and K, is geometrically
distributed with parameter pgen for all n.

For random variables X and Y, both defined on a subset D
of the nonnegative integers, we say that the random variable
Y stochastically dominates the random variable X, denoted
by X <Y, if Pr(X <z)>Pr(Y <z) for all x € D. We
prove that T,"™" stochastically dominates 7T}, for all n > 0,
for which we need the following lemma.

Lemma B.1. Let X.Y, A and B each be discrete random
variables taking values in the nonnegative integers and let X'
(Y') denote an i.i.d. copy of X (Y). Then the following hold:

(a) If X <4 Y, then max{X, X'} <Y +Y".
(b) IF X <q Y, then A+ X <q A+Y.
(c) If X <qY and A <y B, then A+ X <(B+Y.

(d)If m € {1,2,...} and X <y Y, then
Z’]ﬁ:l X0 < Z;”Zl Yy ),

(e) If K and K' are iid. geometric random vari-
ables with parameter p and X <y Y, then

Zle X0 < Zfil Yy

where we use the notation X) to denote an i.i.d. copy of X,

following sec.

Proof. For statement [(a)] we explicitly use that Y only takes
nonnegative values so that we can write
Pr(Y +Y' <y)=

ZPr(Y <y-—2z2)Pr(Y' =2).
z=0
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which is, by the fact that any cumulative distribution function
is monotone increasing, smaller than

zy:Pr(Y <yYPr(Y' =2) = Pr(Y <y)’

z=0

IN

Pr(X <y)*
= Pr(max{X, X'} <y)

where the inequality is immediate by X < Y. Statement
is proven as

PrlA+ X <z) = ZPr a)Pr(X < z-—a)
> ZPr a)Pr(Y <z —a)
= Pr(A—i—YSz)

and statement [(c)| follows by repeated application of [(b);
A+ X <q¢A+Y =Y+ A<y Y+B=B+Y.

Statement @ can be proven using the fact that

S X = X () 5 "X0) and statement by
1nduct10n on m. For proving statement [(e)} first note that

Zk 1 X (F) where K is geometrically distributed with
parameter p has cumulative distribution function

K oo k
Pr (ZX(k)<x)—p 21— e[ Y XU <a

k=1 j=1
which is a linear combination of the functions
[ ia—Pr (Z?:l X0 < x) Positivity of the weights

p- (1 —p)¥ together with the fact that the fX(x) > fY (x)
for all m € {1,2,...} and all z € {0,1,...} (see[(d)) imply
(el 0

Using lemma [B.1] it is straightforward to prove that T,
stochastically domlnates T,.

Proposition B.1. It holds that T,, < Tp™*" for all n > 0.

Proof. We use induction on n. The base case n = 0 is
immediate since 75" = T, (eq. (@3)). Now suppose that
T, <q Tp™" for some n > 0. It follows directly from
lemma that M, <q Mp™, where M, is given in
eq. (O) and Mp™" in eq. (@3). Using lemma we find
that the dominance M, <q My™" implies T 1 <q Ty
where T,,1 and T.°'F"

nty are defined in eqs. (8) and (#G),
respectively. This concludes our proof.

Using this stochastic dominance on the waiting time on
each nesting level, we are now ready to prove proposition [V}
First, notice that, in contrast to T},, the mean of Th**" can be
computed analytically.

Lemma B.2.

pmpm - (2)".
Pswap Pgen

Proof. We use induction on n. Since Ty™" equals Ty, which

is geometrically distributed with parameter pg.n, we have
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E [Ty™"] = 1/pgen. For the induction step, first note that
by linearity of the mean, we have

E [Mrlipper] - B [(Tﬁpper)(A)} +E [(Tﬁpper)(B)] —92F [T;ipper] )

The last step is given by Wald’s identity [59], which states
that the mean of a compound sum equals the product of the
mean of the summand and the random variable that is the
summation upper bound:

1
E [T = B[K,)] - E[MP) = ——

n
Pswap

- 2F [TPP] .

Closing the recursion relation on E [T,"™"] yields the expres-
sion in the lemma. O

The following lemma, which states that stochastic domina-
tion implies domination of the empirical mean from eq. (38)
provides the last step in proving proposition [V.I}

Lemma B.3. Let X and Y be discrete random variables, both
defined on the nonnegative integers. If X <4 Y, then

0 < E [X] - F [X, ttrunc} < E [Y] -k [Y7 ttrunc]

Sor each tiyune € {0,1,...}. In particular, for tyune = 0 it
Sollows that E[X]| < E[Y].

Proof. The lower bound is an immediate consequence of
positivity of probabilities and

E[X] - E[X tumd = > Pr(X>1).
t=ttrunc+1

The upper bound follows from eq. @7) and the defini-

tion of stochastic dominance: Pr(X > t) < Pr(Y > t) for all

te{0,1,...}. O

(47)

Proposition [VI] follows from lemma [B.3] by replacing X
by T, and Y by Tp™, and substituting E [T5"™] by the
expression in lemma

B. Computing the empirical mean of Ty"™"

Here, we outline how the deterministic algorithm computes
E [To™ tirunc]. which is needed for determining a bound on
the mean of T, using proposition First note that T,
and T,, are identical except for the difference between M,
in eq. (9), which equals the maximum of two copies of the
waiting time, and M, in eq. #3), which equals their sum.
We modify the algorithm to account for this difference by
replacing the computation of the probability distribution of
M,, in eq. (30) by the convolution

t
Pr(MP =t) =Y " Pr(T," = j) Pr(TP =t — j).
§=0

In order to determine E [T3™, tirunc], We first run the

modified algorithm to compute the cumulative probability
distribution Pr(T,," <t) for t € {0,1,...,¢trunc}. after
which we calculate
terunc
E T3 tiunc] = »_ [1 — Pr(TP <t —1)].
t=1
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