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The maximum efficiency of nano heat engines depends on

more than temperature

Mischa P. Woods'?, Nelly Huei Ying Ng?3, and Stephanie Wehner?

!Institute for Theoretical Physics, ETH Zurich, Switzerland

2QuTech, Delft University of Technology, Lorentzweg 1, 2611 CJ Delft, Netherlands

3Dahlem Center for Complex Quantum Systems, Freie Universitat Berlin, 14195 Berlin, Germany

Sadi Carnot’s theorem regarding the
maximum efficiency of heat engines is con-
sidered to be of fundamental importance in
thermodynamics. This theorem famously
states that the maximum efficiency de-
pends only on the temperature of the heat
baths used by the engine, but not on the
specific structure of baths. Here, we show
that when the heat baths are finite in size,
and when the engine operates in the quan-
tum nanoregime, a revision to this state-
ment is required. We show that one may
still achieve the Carnot efficiency, when
certain conditions on the bath structure
are satisfied; however if that is not the
case, then the maximum achievable ef-
ficiency can reduce to a value which is
strictly less than Carnot. We derive the
maximum efficiency for the case when one
of the baths is composed of qubits. Fur-
thermore, we show that the maximum ef-
ficiency is determined by either the stan-
dard second law of thermodynamics, anal-
ogously to the macroscopic case, or by
the non increase of the max relative en-
tropy, which is a quantity previously asso-
ciated with the single shot regime in many
quantum protocols. This relative entropic
quantity emerges as a consequence of ad-
ditional constraints, called generalized free
energies, that govern thermodynamical
transitions in the nanoregime. Our find-
ings imply that in order to maximize effi-
ciency, further considerations in choosing
bath Hamiltonians should be made, when
explicitly constructing quantum heat en-
gines in the future. This understanding
of thermodynamics has implications for
nanoscale engineering aiming to construct
small thermal machines.

1 Introduction

Nicolas Léonard Sadi Carnot is often described as
the “father of thermodynamics”. In his only pub-
lication in 1824 [1]|, Carnot gave the first success-
ful theory in analysing the maximum efficiency of
heat engines. It was later used by Rudolf Clau-
sius and Lord Kelvin to formalize the second law
of thermodynamics and define the concept of en-
tropy [2, 3]. In particular, Carnot studied heat
engines where working fluids undergo heating and
cooling between two heat sources at different tem-
peratures. In 1824, he concluded that the max-
imum efficiency attainable did not depend upon
the exact nature of the working fluids [1]:

The motive power of heat is independent
of the agents employed to realize it; its
quantity is fized solely by the tempera-
tures of the bodies between which is ef-
fected, finally, the transfer of caloric.

For his “motive power of heat”, we would today
say “the efficiency of a reversible heat engine”,
and “transfer of caloric” we would replace with
“reversible transfer of heat”. Carnot knew intu-
itively that his engine would have maximum ef-
ficiency, but was unable to state what that ef-
ficiency should be. He also defined a hypothet-
ical heat engine (now known as the Carnot en-
gine) which would achieve the maximum effi-
ciency. Later, this efficiency — now known as
the Carnot efficiency — was shown to be

BHot
nc=1- 2 ) (1)

Bcold
where Bcoid, BHot are the inverse temperatures of
the cold and hot heat baths’; as they are now

more commonly referred to.

!Throughout this manuscript we set the Boltzmann’s
and Planck’s constants, kg and & to unity.
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Unlike the large scale heat engines that in-
spired thermodynamics, we are now able to build
nanoscale quantum machines consisting of a mere
handful of particles, and this has prompted many
efforts to understand quantum thermodynam-
ics [4, 5, 6, 7, 8 9, 10, 11, 12, 13, 14, 15,
16, 17, 18, 19, 20, 21, 22, 23, 24]. In partic-
ular, given such nanoscale devices, one of the
main issues addressed in quantum thermodynam-
ics is the single-shot analysis of thermodynam-
ical state transitions or work extraction. This
approach addresses the scenario of moving away
from the thermodynamic limit of infinitely many
identical particles: one is increasingly interested
in how a single copy of some small system (such
as one to two atoms), in one instance of its evo-
lution, may exhibit thermodynamical behaviour
(due to interactions with its environment). These
approaches are complementary to previous ap-
proaches of studying the ensemble or time aver-
aged behaviour of the system. Many of the results
in single-shot analysis have shown that the work-
ings of thermodynamics become more intricate in
such regimes [0, 7, 8, 9]. While earlier efforts in
quantum thermodynamics apply methods in sta-
tistical physics to average over time [25], or par-
ticular models of open systems dynamics |26, 27,
28,29, 30, 31, 32, 33, 34, 35], single-shot thermo-
dynamics adopts tools from quantum information
theory to contribute to answering similar physical
problems in a different light.

Following this approach of
quantum thermodynamics,
manuscript that unlike at the macroscopic
scale — where Carnot’s fundamental results
undoubtedly hold — there are new fundamental
limitations to the maximal efficiency at the
nanoscale. Most significantly, we show that
this maximum efficiency © depends on the heat
baths. In other words, we find that the Carnot
efficiency can be achieved, but only when certain
conditions on the bath Hamiltonian are satisfied.
Otherwise, a reduced efficiency is obtained,
highlighting the significant difference in the
performance of heat engines in the single-shot
regime.

single-shot
we show in this

*We emphasize that by “maximum efficiency”, it is un-
derstood that, for fixed hot and cold bath temperatures,
we are maximising the efficiency over all possible heat en-
gine cycles, in other words any machine that may interact
with the different baths and undergo a cyclic process.

This manuscript is organized as follows: in Sec-
tion 2, we first introduce the setup, and clearly
detail all assumptions made about the heat en-
gine model of our study. Next in Section 2.2 we
introduce different notions of work in the nano
regime, which will be important for understand-
ing our results. Next, in Section 3 we detail our
findings. We start by showing that although a
positive amount of “perfect work” cannot be ex-
tracted, some amount of ‘“near perfect” work is
possible, and we derive the efficiency that can be
achieved while extracting this type of work. Fi-
nally we conclude with a summary of our results
and open questions in Section 5.

2 Setup

2.1 The heat engine model

A heat engine (see Fig. 1) is a procedure for ex-
tracting work from a temperature difference be-
tween two systems. It comprises of four basic
elements: the two thermal baths at distinct in-
verse temperatures Sgot and Bcold, a machine,
and a system to which work is extracted, often
referred to as a battery. The machine interacts
with these baths in such a way that utilizes the
temperature difference between the two baths to
perform work extraction. The battery is a par-
ticularly useful way of quantifying extracted work
in this model as it allows for the transfer/storage
of energy into the battery ancillary system, while
the machine returns to its original state. Dif-
ferent battery models such as the work qubit or
qubits |6, 7, 10, 36], the weight [37, 29| and the
purity battery [38, 39] have been recently studied
and used to quantify work. Although the con-
cept resembles the notion of a work reservoir such
as in [40], in these recent works, the problem of
extracting work is cast in a strongly operational
perspective: one is not only interested in increas-
ing the average energy of the battery, but is also
interested in the final state such a battery takes,
so that it may be used in the future to enable
other processes [11].

In this section, we describe a general heat
engine setup, where all involved systems and
changes in energy are accounted for explicitly.
Let us begin with the total Hamiltonian

Hiot = Heoold + Huor + Hy + Hyy,  (2)

Accepted in (uantum 2019-07-22, click title to verify. Published under CC-BY 4.0. 2



Figure 1: lllustration of a heat engine that contains four
main components: two baths at different temperatures,
a machine and a system we call a battery.

where the indices Hot, Cold, M, W represent
a hot thermal bath (Hot), a cold thermal bath
(Cold), a machine (M), and a battery (W) respec-
tively. We adopt a resource theoretic approach,
which allows all energy-preserving unitaries U (t)
on the global system, i.e. all unitaries which obey

[U(t), Hot] = 0. (3)

Note that this global, time-independent Hamil-
tonian, is non-interacting; which is an indispens-
able feature of the resource theory framework [0,
5]. This approach allows us to mark a clear sep-
aration of the subsystems, and thus justifies the
use of Gibbs states as thermal reservoirs. This
is because for any given Hamiltonian, the Gibbs
states uniquely satisfy complete passitivity [7,
42|, which forbids the extraction of average en-
ergy via unitary operations on the state. Never-
theless, interactions of arbitrary strength between
all the different systems are still allowed, under
the only condition of Eq. (3). Indeed, U(¢) can
be of the form

U(t) _ eit(ﬁtot+fColdHotMW)7 (4)

with the norm of fColdHotMW being arbitrarily
large, so long as [fc()ldHotMW, fItOt] = 0in order to
preserve energy. In order to implement the uni-
tary over the heat engine, one may use an auxil-
iary system. This is an aspect of the model which
is common to all resource theory approaches to
quantum thermodynamics. The optimal way to
achieve this remains an open question. See [13]

for partial results and Section V in [4] for a more
in-depth discussion.

The initial state of our heat engine will be of
the form

0 0 0 0 0
PColdHotMW = TCold @ THot @ PM @ pw-  (5)

The state 7., (70,q) is the initial thermal
state at inverse temperature Spot (Bcold), cor-
responding to the hot (cold) bath Hamiltonians
Hyot, Hoold, with Beola > /BAHot- More gener-
ally, given any Hamiltonian H and inverse tem-
perature [, the thermal state is defined as 7 =
tr(eiﬁﬂ)
be chosen arbitrarily, as long as its final state is
preserved, and therefore the machine acts like a
catalyst. Lastly, the initial battery state in our
setup p%v is any energy eigenstate of the battery
— see Section 2.2 for a further description of the
battery model used in this manuscript.

Heat engines in practice tend to have their hot
and cold thermal baths of different relative sizes.
Power stations near the ocean are good examples
of this. Here we allow our baths to play a simi-
lar role. The hot bath may be arbitrarily large,
and acts like a reservoir, while the cold bath is
of some fixed finite size. A reversal of the hot
and cold bath sizes would be possible within our
framework but unnecessary to reach our conclu-
sions.

e~ PH . The initial machine (p;, Hy) can

One cycle of the heat engine process produces
a final reduced state 7

PEoldMw = trHot [U (1) pLotatotmw U (t)q , (6)

where the machine should be preserved, i.e. pll\/[ =
P, and ply gy Py are the final local states of the
cold bath and battery. Note that we allow for
arbitrary correlations to exist in the final state
plcoldMW, as long as the reduced state of the ma-
chine is preserved. Our central quantity of inter-
est is the maximum efficiency of work extraction;
and whether it can be as large as the Carnot ef-
ficiency. One may argue that allowing for arbi-
trary final correlations (quantum or classical) is
not physically well motivated; since the correla-
tions might degrade the functionality of the ma-
chine and potentially reduce the efficiency of the
heat engine in subsequent cycles. Fortunately,

9For any bipartite state pap, we use the notation of
reduced states pa := tre(pas), pB := tra(psa).
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this debate can be avoided, since we also show
that if the heat engine setup is such that Carnot
efficiency is achievable, then the final state of the
heat engine must be of product form:

PEolaMW = Plold @ Pt @ Piy- (7)

The fact that correlations in the final state never
allow, in all cases, for a larger amount of work nor
an increased efficiency is proven in Section F.1 of
the Supplementary Material. However, one can
intuitively see why it is so, from the fact that the
non-equilibrium free energy [44, 45, 46| is super-
additive. More precisely, for any system of state
p in thermal contact with a bath at inverse tem-
perature (3, consider the non-equilibrium free en-
ergy /

F(p) = te(fp) — B7S(p),  (8)

where S(p) = —tr(plnp), is the von Neumann
entropy. For our setup, super-additivity is then
the statement that for any bipartite state pap,
F(pap) > F(pa) + F(pp), where equality is
achieved if and only if A and B are uncorre-
lated. This implies that creating a final state
with correlations is at least as hard as creating
one without correlations, and thus allowing the
final components of the heat engine to become
correlated, cannot help one to achieve the Carnot
efficiency; which may be achieved only in the
limit when F(-) is invariant under one cycle of
the heat engine (i.e. the limit in which the heat
engine is macroscopically reversible)’. As such,
since a heat engine process needs to satisfy the
non-increase of the free energy, it turns out that
without loss of generality we can assume péoldMW
to be of the form given in Eq. (7) when investi-
gating the achievability of Carnot efficiency in our
setup. We therefore base the rest of our analysis
in the main text on Eq. (7).

Since (79, Huot) and (pd;, Hy) can be arbi-
trarily chosen and since Eq. (7) is assumed, the

4For systems in thermodynamics equilibrium, this free
energy is also known as the Helmholtz free energy. For
simplicity, we will also refer to this quantity as standard
free energy in the text.

°As a side remark for readers familiar with [47], the
reason why correlating catalysts do not boost efficiency
in our set-up, is because the dimension of the catalyst
diverges in the limit approaching the Carnot efficiency.
Furthermore, the techniques developed in this manuscript
might potentially pave way to solving an open problem in
[47], as pointed out by the authors.

setup now corresponds to the set of catalytic ther-
mal operations |7] one can perform on the joint
state ColdW. This implies that the cold bath is
used as a resource state. By catalytic thermal
operations that act on the cold bath, using the
hot bath as a thermal reservoir, and the machine
as a catalyst, one can possibly extract work and
store it in the battery. In the next section, we
see how work is defined and categorized accord-
ing to initial and final states of the battery p%v
and piy. As for now, to summarize, the following
assumptions are made in our heat engine setup:

1. The initial global state is a product state be-
tween all the systems, as shown in Eq. (5).

2. Cyclicity of the machine, i.e. system M un-
dergoes a cyclic process: pl; = pi.

3. The heat engine as a whole is isolated from
and does not interact with the world, i.e.
[U (t),f[tot] = 0. This assumption ensures
that all possible resources in a work extrac-
tion process has been accounted for.

associated  with
dimensional but

4. The Hilbert space

0 . .
PloldHotMw 18 finite
can be arbitrarily large.

2.2 Work in the nanoregime

The definition of work when dealing with
nanoscopic quantum systems has seen much at-
tention lately [6, 7, 8, 9, 11, 12]. Performing work
is always understood as changing the energy of a
system, which in this manuscript is called battery.
In the macroregime, one often pictures raising a
weight on a string. In the nanoregime, this corre-
sponds to changing the energy of a quantum sys-
tem by pumping it to an excited state (see Fig. 2).
In particular, a minimalistic battery model can be
demonstrated as a two-level system [7]. Perform-
ing work corresponds to bringing the state from
its ground state to the excited state, where the
energy gap is fine-tuned to the amount of work
Wext to be done.

While an arbitrary energy spacing is difficult
to realize in a two-level system, it can be done by
picking two levels with the desired spacing from a
quasi-continuum battery: this battery comprises
of a large but finite number of discrete levels
which form a quasi-continuum. Such a battery
closely resembles the classical notion of a “weight
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attached to a string” as considered in [37]. The
battery can be charged by bringing it from a par-
ticular state (e.g. the ground state) to any of
the higher energy levels. In this paper, we adopt
the use of such a quasi-continuum battery model.
This battery W has a Hamiltonian (written in its
diagonal form)

nw
Hy = ZE;N|E’L><E’L‘W7 9)
i=1

where { EWV1'W is a set which can be arbitrarily
large, but of fixed cardinality; while its elements
EY € R may or may not be uniformly bounded.

Wext:Ek'Ej

Figure 2: The battery models a work-storage compo-
nent of a heat engine. In our setup, an adaptive quasi-
continuum of energy levels is used.

One aspect of extracting work W is to bring
the battery’s initial state p%v to some final state
piy such that W = tr(p\l,vﬁw) — tr(p%vﬁw) > 0.
However, a change in energy alone, does not yet
correspond to performing work. It is implicit in
our macroscopic understanding of work that the
energy transfer takes place in an ordered form.
When lifting a weight, we know its final position
and can exploit this precise knowledge to transfer
all the work onto a third system without — in
principle — losing any energy in the process.

In the quantum regime, such knowledge cor-
responds to p\lN being a pure state. When p\IN
is diagonal in the energy eigenbasis of Hyy, then
p\l,v is an energy eigenstate. We can thus under-
stand work as an energy transfer about which we
have perfect information, while heat, in contrast,
is an energy transfer about which we hold essen-
tially no information, other than average energy
Clearly, there is also an intermediary
regime in which we transfer energy, while having
some, but imperfect information.

To illustrate this, consider the quasi-continuum
battery described above, and starting out from
an arbitrary initial energy eigenstate p%v =
|E; X Ej|w. Ideally, we want to extract work and

increase.

store it in the battery, by inducing a transition
to another energy eigenstate |Ej)Ex|w, where
E]gv > EJW Let € denote the failure probabil-
ity of our doing so, and

Wext = EYY — E}¥ >0 (10)

the work extracted. In the case where Wey; is a
value such that the transition p | ;w — PEoaw 1S
possible via catalytic thermal operations, it cor-
responds to extracting work. We first define the
case in which we always succeed:

Definition 1. The work extracted Weyy, is called
perfect work when pyy = |Ep)XEk|w, in other
words, € = 0.

In general however, there is a non-zero failure
probability of work extraction. This causes us
to lose some information about the battery state:
rather than the final state of the battery being
|Ex ) Ex|w, it could be any state which is a dis-
tance € away, namely

d(py, |Ex)Erlw) = €, (11)

where we use d(p, o) to denote the trace distance
of two states p and o (see Eq. (44) for a defi-
nition). The usage of trace distance here is mo-
tivated by its strong operational meaning: the
smaller the trace distance between two states, the
harder it is to distinguish them using any quan-
tum measurements. We allow for any value of

e € [0,1], for any fixed [ < 1, (12)

and the smaller € is, the closer we are to the situ-
ation of perfect work ¢. Note that any energy in-
coherent state pj such that d(ply, |[ExXEx|) = ¢
can be written in the form

piy = (1 — )| ExXEx| + epjunk,  (13)

where pjunk is any density matrix of the battery
that does not have support on |Fg ) Ey|. The pa-
rameter Wy > 0 is defined as an energy differ-
ence in Eq. (10). Our goal is to maximize the
achievable value of Weyt, while allowing for all fi-
nal battery states of the form of Eq. (13), such

In Eq. (12), the constraint of a fixed I < 1, is simply
to rule out the physically irrelevant limit € — 1, where the
final state has no overlap at all with | E%, ) E%;|. We could
choose [ = 0.999 for example.
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that there exists a catalytic thermal operation en-
abling the transition p%oldW — péoldW'

In this manuscript, we propose a characteri-
zation of the quality of extracted energy by the
entropy difference

AS = S(ply) — (%), (14)

where S(p) = —tr(plnp), is the von Neumann
entropy. For perfect work, AS = 0. Another
type of example one sometimes comes across, is
when ply becomes a thermal state [29, 31]. In
such cases, although the average energy of the
battery may still increase, the corresponding en-
tropy increase is maximal [18]. Moreover, when
AS > 0, what is relevant is not its value as an
absolute, but relative to the energy Wey that is
extracted. We are thus interested in the quantity
AS/Weyt, in particular the limit AS/Wey — 0
7 which motivates the following definition:

Definition 2. (Near perfect work) We say that a
partially ordered set of heat engine protocols char-
acterized by the extracted amount of work and
and corresponding failure parameters ST
{(Wext, )}, leads to near perfect work extraction
if

1) For all values of e, 0 < e <1, for some fized

I <1 and

2) For all1 > p > 0, there exists a non-trivial
subset of protocols SE'E' c SHE such that
when (Wext,€) € Sp, then

AS
Wext

<p. (15)

We shall see in Section 3 that the maximum
efficiency of a heat engine cycle can only be
achieved in the limit where Weyt — 0. In such
cases, condition 2) in Def. 2 also corresponds to
the limit AS/Weyxt — 0. In Section A of the Sup-
plementary Material, we show that the restriction
of near perfect work can be re-cast in terms of an
equivalent condition involving the probability of
failure e, namely: the two conditions of Definition
2 above are satisfied iff

. AS
lim

e—0t Wext

~0. (16)

"Note that AS and Wey, have different units. If one
prefers to work with a unitless measure, one can instead
work with ¢ - AS/Wex for any constant ¢ with units of
inverse temperature w.l.o.g., since the limit ¢- AS/Wexy —
0 holds iff AS/Wext — 0 holds.

Perfect and near perfect work are the two types
of energy investigated in this paper, due to their
strong operational significance in capturing both
the essence of energy increase and knowledge
about the final battery state. Other types of
energy increase, which we refer to as imperfect
work, are studied in a separate paper, due to the
large qualitative differences in the extracted en-
ergy [19]. For example, it is worth noting that
for both perfect and near perfect work, one may
recover Carnot’s results about the efficiency of
heat engines by invoking the non-increase of free
energy (see Section 3.3); this is not the case for
imperfect work, where one can surpass the Carnot
efficiency, since AS is non-negligible compared
to Wext; thus heat contributions are not sepa-
rated from the extracted energy. From another
perspective, this means that imperfect work is
a more debatable way of quantifying energy as
work, nevertheless, this is addressed in [19] due
to the extensive literature on quantum thermody-
namics that uses mean energy increase as a quan-
tifier of work.

2.3 Definition of efficiency and maximum effi-
ciency

The efficiency of a heat engine is defined as

L Wext
77 L AH )

where AH is the amount of heat drawn from
the hot bath, namely AH = tr(ﬁHotp%Ot) —
tr(ﬁHothl{ot). Since the machine’s final and ini-
tial states are the same after one cycle, and the
initial state of the cold bath is fixed; due to total
mean energy conservation, AH can be expressed
solely as a function of péold and Wey. From Eq.
(17), we can define the maximum achievable ef-
ficiency in the nanoregime n™®"° as a function of
the final state of the cold bath p¢, 4. More pre-
cisely,

(17)

" (ptoa) = sup 1(pega)  subject to
Wext>0
(18)
Fo(py ® 1eo1a) = Falpiy ® plgla) Vo > 0,
(19)

where F,, are the generalized free energies (see
Eq. (30) in Section 4 for definition). Note that by
fulfilling Eq. (19), we are already maximizing over
all possible heat engine cycles for a given value of
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Wext- Eq. (18) further maximizes efficiency over
achievable values of Wey. Recall that Scoid, Baot
are fixed, and p%v is an energy eigenstate. In the
resource theoretic framework for thermodynam-
ics, the generalized free energies provide condi-
tions for the possibility of catalytic thermal op-
erations between the initial and final states to
take place. In other words, Eq. (19) is an ap-
plication of the so-called generalized second laws
of quantum thermodynamics, to our heat engine
setup; as shown in detail in Section 4. They can
be seen as a generalization of the second law of
thermodynamics (see Section 3.3), in single-shot
quantum thermodynamics. From Eq. (30), we
see that the constraint of Eq. (19) is equivalent to
Doy @Cg1al Toiaw) = Da(piy @pEoiall oraw)
for all @ > 0, where Tgoldw is the Gibbs state of
the cold bath and battery at inverse temperature
Br, and D, are called a-Rényi divergences. The
family of a-Rényi divergences (which the max rel-
ative entropy discussed later is a member of) have
been a powerful tool in single-shot quantum in-
formation theory, when it comes to tasks such as
randomness extraction |50, 51, 52|, source coding
[50, 53], or hypothesis testing |54, 55] for finite
number of trials.

With Eqns. (18) and (19) at hand, one can
now define the maximum efficiency across all final
states in the cold bath Hilbert space S(Hcola),
when demanding near perfect work. Specifically,

Mmax = sup nnano(péold)v (20)

,chold ES(HCOId)

where the supremum is also over all partially or-
dered heat engine protocols corresponding to near
perfect work. In our analysis, a particular notion
of efficiency emerges as the quantity of interest,
which we refer to as the quasi-static limit. This
corresponds to the maximum efficiency when the
final state of the cold bath is thermal and its
temperature only increases by an infinitesimal
amount, namely

Thax = 1im 7"*7°(7(g)) (21)
g—0+

where 7(g) is the Gibbs state on S(Hcold) at in-
verse temperature 8y = Bcolq — ¢g. The reason
why this limit emerges as a relevant scenario is
as follows: first of all, we show that n"*"°(pd 1)
depends on two quantities, namely the average
energy change in the cold bath (denoted as AC

throughout this manuscript), and the extractable

work Weyt. Given any fixed amount of AC > 0,
maximizing the efficiency over p,q corresponds
to further maximizing Weyt according to the F}
constraint in Eq. (19). Moreover, F} is precisely
the non-equilibrium free energy in Eq. (8). We
show that this maximum Wy occurs precisely
when p,q = 7(g) for the particular value of
g that corresponds to the fixed AC. Further-
more, we also prove that the efficiency is mono-
tonically decreasing with this parameter g, which
means that the maximum efficiency occurs at the
quasi-static limit described in Eq. (20). Indeed,
if one evaluates the efficiency taking the quasi-
static limit when assuming that only the condi-
tion on F; needs to be satisfied, one obtains the
Carnot efficiency n¢ in the limit ¢ — 07. Since
this is a necessary condition for the possibility
of a heat engine process, we will thus frequently
work in the quasi-static limit in the rest of this
manuscript.

3  Main results

3.1 No perfect work

Before establishing our main result, we first show
that in the nanoscopic regime, no heat engine can
output perfect work (Def. 1). That is, the effi-
ciency of any such heat engine,

sup  "(peo) = 0. (22)
PEo1a €S (Hcola)

In other words, there exists no global energy pre-
serving unitary U(t) obeying Eq. (3) for which
Wext > 0 can be achieved. The proof of this state-
ment can be found in Section E.1 of the Supple-
mentary Material. In fact, it is interesting to note
that the impossibility of drawing perfect work is
a direct consequence of needing to satisfy one in-
stance of the generalized second laws, in particu-
lar Fi,(p) in Eq. (19) when o = 0.

While this might appear puzzling at first
glance, it has a very nice analog in information
theory; namely zero-error data compression. The
scenario is as follows: suppose one desires to send
a message across a particular channel. Depend-
ing on the redundancy of your data, you might
not need to send the full file over: you can send
a compressed version of the data, that only sends
a fraction of symbols. But if your data is dis-
tributed over symbols with respect to a proba-
bility distribution of full rank, then theoretically
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you cannot perform compression with precisely
zero error — compression may be possible, how-
ever, if very small errors are allowed.

3.2 Obtainable efficiency

Clearly, however, it is unreasonable to say that
no heat engine could work at all in the quantum
nanoregime, prompting the question how this
might be possible. We show that for any ¢ > 0,
there exists a heat engine such that Wey > 0 can
be achieved. Therefore, a heat engine is possible
if we ask only for near perfect work. Interestingly,
even in the macroscopic regime, we can envision
a heat engine that only extracts work with prob-
ability 1 — &, but over many cycles of the engine
we do not notice this feature when looking at the
average work gained in each run.

To study the efficiency in the nanoscale regime
we make crucial use of the second laws of quan-
tum thermodynamics [7]. It is apparent from
these laws that we might only discover further
limitations to the efficiency than we see at the
macroscopic scale. Indeed they do arise, as we
find that the efficiency no longer depends on just
the temperatures of the heat baths. Instead,
the explicit structure of the cold bath Hamilto-
nian ﬁCold becomes important (a similar argu-
ment can be made for the hot bath) — even when
choosing the optimal machine.

We conduct the full analysis of the efficiency
according to the second laws of thermodynam-
ics considering a cold bath comprised of n non-
interacting two-level systems (qubits) each with
its own energy gap Ej,

n
Heoq = Y 1900 @ By |Ep)(Ey| @ 1900,
k=1

(23)
where n can be arbitrarily large, but finite. Let
us denote the spectral gap of the cold bath —
the energy gap between its ground state and first
excited state — by Enin. We can then define the
quantity

Ernin(Bcold — Bot)
1 —|— e_BCOIdEmin

Q= (24)

Whenever €2 < 1, consider all qubits on sites k
for which

Ey.(Bcold — Bot)
1 + e—BcolaBr

<1, (25)

holds. Since €2 < 1 in this case, there will be a
non-trivial subset C of the cold bath qubits (at
least one qubit) where Eq. (25) holds. We show
that the quasi-static efficiency n5t2¢ (for which the

cold bath is taken over C) is indeed the familiar
Carnot efficiency, which can be expressed as

)_1. (26)

Note that this is true for any n number of qubits,
in particular also when n = 1, which remarkably
tells us that even when the cold bath consists of
only a single qubit, Carnot efficiency can still be
achieved when Q < 1 is satisfied. Intuitively, al-
though the constrained optimization of Eq. (18)
looks complicated in general, nevertheless only
the constraint imposed by the e = 1 second law
in Eq. (19) is the most stringent one, and the op-
timal transition is when F(p qw) = F (Ptoraw)-
The other constraints in Eq. (19) are trivially
satisfied with an inequality. Therefore, the sec-
ond laws give effectively the same constraint as
the usual second law.

However, when €2 > 1, we find a new nanoscale
limitation. In this situation, the efficiency for
near perfect work is only

tat /BHot
Nmax = oy = (1 +
e max Bcold — BHot

tat BHot
e Bcold — BHot

Q> e

for a quasi-static heat engine. Furthermore, note
that for the case of a single qubit, all energy-
incoherent states are thermal states with a partic-
ular temperature, and therefore the quasi-static
limit is the only possible parametrization for the
limit péyyq — Tooq- This means that for a single-
qubit cold bath, if € > 1 holds, then Eq. (27)
gives the maximum achievable efficiency, which
will be strictly less than n¢.

Eq. (27) marks a limitation at the
nano/quantum scale. This limitation occurs be-
cause in the constrained optimization of Eq. (19),
unlike when 2 < 1, the a = 0o second law poses
the strongest constraint (even stronger than the
constraint of the non-equilibrium free energy),
and therefore becomes solely relevant in dictating
the state transition. In particular, the o = 1 sec-
ond law can only be satisfied with a strict inequal-
ity when Q > 1. The a-Rényi divergence Do,
corresponding to the o = oo second law in Eq.
(19), is a well-known quantity in single-shot in-
formation theory called the max relative entropy,
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Figure 3: For fixed inverse temperatures Scoids
OHot, the efficiency of a nanoscale heat engine
depends on the structure of the cold bath. At
the nano/quantum scale, Carnot’s statement about the
universality of heat engines does not hold. We find that
the maximum efficiency of a heat engine, does not only
depend on the inverse temperatures Scoid, SHot Of the
heat baths. In (a) the energy gaps are small enough to
allow the heat engine to achieve Carnot efficiency, i.e.,
Q < 1. In (b) the efficiency of the heat engine is reduced
below the Carnot efficiency because the energy gap of
the qubits are above the critical value 2 > 1.

denoted by Dpax [56, 57]. As such, in this regime,
we find that instead of the non-equilibrium free
energy, it is the max relative entropy that de-
termines the efficiency of the heat engine cycle.
The emergence of the max relative entropy as the
deciding factor in obtainable efficiency is a signa-
ture of single-shot effects coming into play. In the
quantum thermodynamics literature, it has also
been shown that the max relative entropy dictates
the minimum amount of input work required to
create a state via catalytic thermal operations [6].

The restriction of near perfect work per cycle
can now be further justified by examining how
well the heat engine performs when the machine
runs over many cycles: we find that if Q <1, the
heat engine can be run quasi-statically with an ef-
ficiency arbitrarily close to the Carnot efficiency
while extracting any finite amount of work with
an arbitrarily small entropy increase in the bat-
tery. This follows from repeatedly applying our
single-shot results in the (2 < 1 regime, as shown
in Section E.3 of the Supplementary Material.

3.3 Comparison to standard free energy results

For any system in thermal contact with a bath
at inverse temperature (3, consider the non-
equilibrium free energy defined in Eq. (8). In the
macroregime, the usual second law states that the
non-equilibrium free energy never increases,

F(po) = F(pr), (28)

when the system goes from a state pg to a state
p1. Note that this quantity, F(p) is defined for
arbitrary non-equilibrium states [58, 46|, where
B is simply the inverse temperature of its sur-
rounding bath. In the setting where one averages
over infinitely many cycles, this quantity has been
shown to correspond to the amount of work ex-
tractable from a generic, non-equilibrium state
[46]. Tt also implies that F'(p) dictates the possi-
bility of asymptotically transforming n copies of
po into p1, in the limit where n — oo.

In the single-shot quantum regime, however,
Eq. (28) is but one of many conditions necessary
for a state transformation. The generalized sec-
ond laws [7] are a core result of quantum thermo-
dynamics, that were derived based only on the
foundations of quantum theory. Using these sec-
ond laws, not only that many physical assump-
tions in classical thermodynamics can be avoided,
but also one sees a more refined structure of the
second law expressed in the context of nanoscale
quantum systems. The limitations we observe on
the efficiency are a consequence of having such
generalized second laws.

From another perspective, the fact that more
laws appear in this regime can intuitively be
understood as being analogous to the fact that
when performing a probabilistic experiment only
a handful of times, not just the average, but other
moments of a distribution become relevant. In-
deed, all second laws converge to the standard
second law in the limit of infinitely many par-
ticles [7], illustrating why we are traditionally
accustomed to only this second law. The stan-
dard second law also emerges in some regimes of
inexact catalysis |7], however, this corresponds
to a degradation of the machine in each cycle,
which would need one to use work to repair. An-
other example of a regime where the second law
emerges, is when the catalysts are allowed to be-
come correlated among themselves or with the
rest of the machine [59, 47]; however, in the lim-
iting case in which only the second law is rele-
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vant, the dimension of the catalysts diverge. Fur-
thermore, correlations between catalysts and the
other states may require some additional work to
destroy, hence making it less clear how to faith-
fully characterise the net extracted work.

It is illustrative to analyze our problem when
we apply just the standard second law in Eq. (28)
to derive bounds on efficiency, which is indeed a
matter of textbook thermodynamics [60]. How-
ever, we here apply the law precisely to the heat
engine model as given in Section 2, in which all
energy flows are accounted for and (near) perfect
work is performed. One might wonder whether
the limitations we observe are just due to either
a limited model, or our demand for near perfect
instead of average work, and might thus also arise
even when invoking only the standard second law.
That is, are these newfound limitations really a
consequence of the need to obey a wider family
of second laws, or would the standard free energy
predict the same things when energy is quantized,
and quantum correlations are possible?

We show independently of whether we consider
perfect or near perfect work, that according to the
standard free energy in Eq. (28), the maximum
achievable efficiency is given by the Carnot effi-
ciency. Furthermore, we recover Carnot’s state-
ment that the Carnot efficiency can be achieved
for any cold bath (i.e. for a cold bath with any
finite dimensional pure point spectrum). We also
see that for this case, the Carnot efficiency can
always be achieved for quasi-static heat engines.
These results can be proven without invoking any
additional assumptions than those laid out in Sec-
tion 2. In contrast, usual proofs of the second law
require assumptions such as reversibility or that
the system is in thermodynamic equilibrium at
all times. Therefore, with our setup we recover
exactly what Carnot predicted, namely that the
maximum efficiency of heat engines only depends
on the temperatures of the hot and cold bath.
This rules out that our inability to achieve what
Carnot predicted according to the macroscopic
laws of thermodynamics is not merely the conse-
quence of an overly stringent heat engine model,
or definition of work.

Finally, it is important to note that there have
been several recent works [10, 28, 37, 29, 31, 18,
61, 62| on analyzing the efficiencies of small quan-
tum heat engines, and had achieved Carnot effi-
ciency. In [37], a protocol was even constructed

to achieve the Carnot efficiency for any system
Hamiltonian and any arbitrary quantum state —
albeit considering operations which only preserve
total energy on average. However, more com-
mon to all these approaches is that they consider
an average notion of work, without directly ac-
counting for a contribution from disordered en-
ergy (heat). Instead, one aims keeps the entropy
of the battery low [37], or bound the higher mo-
ments of the energy distribution [29]. However,
these only limit contributions from heat, but do
not fully prevent them. Our notion of (near) per-
fect work now makes this aspect of macroscopic
work explicit in the nanoregime, which has not
been studied in the previous work. It is important
to note that our work does not contradict previ-
ous results such as that of [37]. For example, the
analysis of [37] shows that in each step of their
protocol to achieve Carnot efficiency, the amount
of energy change scales the same as the amount
of entropy change, which does not correspond to
perfect or near perfect work. Needless to say, im-
perfect work with some contribution of heat can
also be useful in certain scenarios. Yet, it does
not quite constitute work if we cannot explicitly
single out a contribution from heat. One could
construct a machine which extracts some amount
of energy, with some non-negligible amount of in-
formation. It is proven in this case that Carnot
efficiency can even be exceeded [19]. This should
not come as a surprise, because we are no longer
asking for work — energy transfer about which
we have (near) perfect information.

4  Proof Overview

To quantify the amount of extractable work, we
apply the generalized second laws derived in [7].
The initial cold bath p%old is thermal, and there-
fore diagonal in the energy eigenbasis, while the
initial battery state p%v is also a pure energy
eigenstate (see Fig. 2). Since the unitary U(t)
is energy conserving, it will never increase coher-
ences between global energy eigenstates [7]. We
can therefore conclude that péoldw is also diag-
onal in the energy eigenbasis. We can thus in-
voke the necessary and sufficient conditions for
a transformation to be possible |7]. Specifically,
PEota ® PRy = Plotaw iff Vo = 0,

h h
Fa(ploid ® P Teolaw) = Falpolaws Teolaw)s
(29)
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where Tgoldw is the thermal state of the joint sys-
tem (cold bath and battery) at temperature Tyot.
The generalized free energy Fi, is defined as

1
5H0t

where D, (p||T) are known as «a-Rényi diver-
gences. For states p, 7 which are diagonal in the
same eigenbasis, the Rényi divergences can be
simplified to

Folp,7) = [Da(pllT) —In Zpot] , - (30)

Do (p|7) = lnzpf‘qzl a(31)

where p;, g; are the eigenvalues of p and 7 respec-
tively. The case o = 1 is defined by continuity
in . Taking the limit & — 1 for Eq. (30), one
recovers the non-equilibrium free energy, F'(p) =
(H), — Bl S(p). Using the second laws [7] is a
powerful tool, since when searching for the opti-
mum efficiency, we do not have to optimize ex-
plicitly over the possible machines (py1, fIM), the
form of the hot bath I:IHOt, or the energy conserv-
ing unitary U(t). Whenever Eq. (29) is satisfied,
then we are guaranteed a suitable choice exists
and hence we can focus solely on the possible fi-
nal states ptqw-

Since we know that pgqw is diagonal in the
energy eigenbasis, the correlations between cold
bath and battery can only be classical (w.r.t.
energy eigenbasis). However, even such correla-
tions cannot improve the efficiency: we show in
the Supplementary Material that we may take the
output state to have the form pl qw = Piod ©
P%N in order to achieve the maximum efficiency.
According to Fig. 2, consider pf}, = |E{,V>(E{N|
and the final state

plv = (1 — )| BE XES | + el B{ Byl (32)

Although this is a particularly simple case of piy,
we can show that it is actually sufficient for our
analysis, i.e. allowing a more general battery
state does not change the maximum eflficiency.
We do this by analyzing the generalized free en-
ergy F, in the limit of @ — oo, and show that
any other final battery state achieves at most the
same maximum efficiency given by Eq. (32) (see
Supplementary Material Section F.2). From the
second laws Eq. (29), we may derive the maxi-
mum amount of extractable work, which is the
largest value of Weyt = E{,“V — E{N such that the

state transition p%old ® p[\),v — plcold ® p%,v is pos-
sible. The form of Wey (derived in the Supple-
mentary Material Section E.2.1) is

Wext 201[2% Wa, (33)
1 (0%
Wa :m[ln(A—E ) —aln(l —5)],
(34)
o, l—a
A=Z B )
where p; = 67;(1701‘1&, G = e_Zl;HOtEi are probabili-

ties of the therﬁrglcﬁ state of theHgtold bath at tem-
peratures Scold, ot respectively, and p) are the
probability amplitudes of state péold when writ-
ten in the energy eigenbasis of Hcoda. The quan-
tity Wext is dependent on the initial and final cold
bath pocold, p(ljold, the hot bath inverse tempera-
ture Sot, and the allowed failure probability e.
The difficulty of evaluating Wey comes from the
infimum over «, which is completely dependent
on SBHots BColds ﬂCold and other parameters.

The efficiency 7 defined in Eq. (17), however,
is not determined by the maximum extractable
work, but rather by an optimal tradeoff between
Wext and the _energy drawn from the hot bath,
AHot. Since Hooltotnmw = Hcola + Hrior + Hy +
Hyy is void of interaction terms, and since total
energy is preserved, we can also write the change
of energy in the hot bath, in terms of the energy
change in the remaining systems,

AHot = ACold + AW. (36)

where ACold := tr [HCOldeolQ] —tr [HCOldeold]

and AW := tr(Hywply,) — tr(Hwply) are changes
in average energy of the cold bath and battery.
We thus see that the efficiency can be described
solely in terms of the battery and the cold bath.
Macroscopic second law We first analyze the
efficiency invoking only the standard second law,
namely assuming that the free energy (o = 1)
fully dictates if a certain state transition is pos-
sible. The question is then: given an initial cold
bath Hamiltonian I:ICold; what is the maximum
attainable efficiency considering all possible fi-
nal states p&q? In both cases of perfect and
near perfect work, we find that the efficiency is
only maximized whenever p¢, 1, is (A) a thermal
state, and (B), when it is a thermal state, can
only achieve the Carnot efficiency when the in-
verse temperature 3y is arbitrarily close to Bcold.
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We refer to this situation as a quasi-static heat
engine. Moreover, we find that the Carnot effi-
ciency can be achieved by any given Heog. These
results rigorously prove Carnot’s findings when
only the usual free energy is relevant.
Nanoscale second laws Here, when considering
perfect work under the constraints of all general-
ized free energies coming into play, we are im-
mediately faced with an obstacle: the constraint
at a = 0 implies that Wex > 0 is not possible,
whenever pl 4 is of full rank. This is due to the
discontinuity of Dy in Eq. (31) w.r.t. the quan-
tum state, and is similar to effects observed in
information theory in lossy vs. lossless compres-
sion: no compression is possible if no error how-
ever small is allowed. However, when considering
the limit AS/Wey — 0, i.e. near perfect work,
the Dy constraint is satisfied automatically.

The results for the macroscopic second law
form an upper bound for both the maximum ex-
tractable work and efficiency for nanoscale sec-
ond laws, since the constraint of generalized free
energy at o = 1 is one of the many constraints
described by all a > 0. We can thus show that
the results from the standard second law have the
following implication in the nanoregime: if we can
achieve the Carnot efficiency, we can only do so
when p(ljold — Tgold. We analyze the quasi-static
regime. Furthermore, we specialize to the case
where the cold bath consists of multiple identical
two-level systems, each of which are described by
a Hamiltonian with energy gap F.

Firstly, we identify characteristics that the fail-
ure parameter of work extraction € should have,
such that near perfect work is extracted in the
limit 85 — Bcola (i-e. when (A) and (B) are sat-
isfied). We then show two technical results:

1. The choice of € (as a function of ) simplifies
the minimization problem in Eq. (33), by re-
ducing the range of the variable o appearing
in the optimization of Wey. Under the consid-
eration of near perfect work, e can be chosen
such that the optimization of « is over a > &
for some k € (0,1], instead of & > 0. The
larger « is for a chosen e, the slower AS/Wex
converges to zero.

2. We analyze the following cases separately:

e For 2 < 1, € can always be chosen so that
Eq. (33) is obtained in the limit a — 1.
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Figure 4. Comparison of the quasi-static

nanoscale efficiency versus Carnot efficiency.
Top: efficiency vs. the energy gap FEmin of fICdd (re-
call that kg = 1). According to Egs. (26), (27), for
any Tcog < Thot one can achieve Carnot efficiency
when Ei, is sufficiently small. Otherwise, we find a
reduced efficiency. This has been plotted for Ty = 15
and Tcoig = 10. Middle: efficiency vs. Tcold, Where
FEmin = 15. For every ﬁcmd, there exists a tempera-
ture regime (Tcold VS. Thot) such that Carnot efficiency
cannot be achieved. This happens as Tcoq gets further
from the temperature of the hot bath Ty, = 20. Bot-
tom: efficiency vs. Tyot, where Enin = 15. Similarly,
we see the inability of attaining Carnot efficiency, as Tyot
increases relative to Tcolg = 5.
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Evaluating the efficiency in the limit oo — 1
corresponds to the Carnot efficiency.

e For 2 > 1, we show that for the best choice
of e, the infimum in Eq. (33) for Wey is
obtained at @ — oo. Furthermore, Q > 1
means that up to leading order terms (with
regards to the quasi-static limit parame-
ters), Wy > W, for W, defined in Eq. (34).
But we know that the quantity W; gives us
Carnot efficiency. Therefore, the maximum
efficiency is strictly less than the Carnot
value.

5 Discussions and Conclusion

Our work establishes a fundamental result for the
operation of nanoscale heat engines. We find all
cold baths can be used in heat engines; and —
remarkably — that even when one of the heat
baths is as small as a single qubit, as long as
certain conditions of the bath Hamiltonian are
met, Carnot efficiency can still be achieved in the
quasi-static limit. However, Carnot efficiency is
not necessarily always achieved for all baths; in-
stead, achievability depends on the Hamiltonian
structures of the baths. In the case where the cold
bath consists of multiple qubits, we find that for
all values of inverse temperatures Scolq and Buot
of the cold and hot baths, there exists an energy
gap Fmin(Bcold, Buot) of the qubits forming the
cold bath above, in which the optimal quasi-static
efficiency is reduced below the Carnot efficiency.
Viewed from another direction, for a fixed energy
gap FEmin(Bcold, fiot), whether the Carnot effi-
ciency can be achieved depends on the relation
between Tyot and Tcolq as illustrated in Fig. 4.
Loosely speaking, the Carnot efficiency can be
achieved whenever the two temperatures are un-
equal but not too far apart. One might wonder
why this restriction has not been observed before
in the classical scenario. There, the energy spec-
trum of the bath is continuous or forms a quasi-
continuum, and hence we always have access to
the regime where Carnot efficiency is achievable.

Nanoscale heat engines are starting to be con-
structed experimentally [14, 20]. Not all of these
nanoscale heat engines will be able to obtain the
Carnot efficiency due to sub-optimality of the
heat engines. Our results may influence future
nanoscale machine designs, since engineers may
wish to use thermal baths that have small energy

gaps such that  is not too large, depending on
the temperature difference between the two baths
involved.

Our result is a consequence of the fact that the
second law takes on a more complicated form in
the nanoregime. It has been known for some time
now that in addition to the standard second law,
many other second laws become relevant and lead
to additional restrictions. However, the implica-
tions of these restrictions on heat engines that
operate in the quantum nanoregime have never
been addressed in full until this paper. From
a statistical perspective, small numbers require
more refined descriptions than provided by av-
erages, and as a result thermodynamics becomes
more complicated when considering systems com-
prised of few particles. Similar effects can also be
observed in information theory, where averaged
quantities as given by the Shannon entropy need
to be supplemented with refined quantities when
we consider finitely many channel uses.

In the macroscopic regime, for completeness,
we ruled out the possibility that the observed lim-
itations on efficiency is a consequence of our de-
mand for near perfect work, or the fact that we
are using systems with discrete (sufficiently large
spaced) spectra. This verification was achieved
by showing that the Carnot efficiency can indeed
always be attained (regardless to the size of an en-
ergy gap if present) when extracting near perfect
work, when we are in such large systems that only
the standard second law is relevant. One might
wonder whether heat engines that do not operate
by extracting an infinitesimal amount of work,
or employing quantum coherences would allow us
to achieve the Carnot efficiency independent of
the structure of the cold bath. As we show in
the Supplementary Material, both do not help.

It would furthermore be satisfying to derive the
explicit form of a hot bath, and machine attain-
ing Carnot — or our reduced Carnot — efficiency.
One might wonder whether a non-trivial machine
(pui, Hyp) is needed at all in this case. To illus-
trate the dependence on the bath, it was sufficient
to consider a bath comprising solely of qubits.
The tools proposed in the Supplementary Mate-
rial can also be used to study other forms of bath
structures, yet it is a non-trivial question to de-
rive efficiencies for such cold baths.

Most interestingly, there is the extremely chal-
lenging question of deriving a statement that is
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analogous to the Carnot efficiency, but which
makes explicit the trade-off between information
and energy for all possible starting situations. In
a heat engine, we obtain energy from two thermal
baths about which we have minimal information.
It is clear that the Carnot efficiency is thus a spe-
cial case of a more general statement in which we
start with two systems of a certain energy about
which we may have some information, and we
want to extract work by combining them. Indeed,
the form that such a general statement should
take is by itself a beautiful conceptual challenge,
since what we understand as efficiency may not
only be a matter of work obtained vs. energy
wasted. Instead, we may want to take a loss of
information about the initial states into account
when formulating such a fully general efficiency.
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In this Supplementary Material, we detail our findings. Sections A-C are aimed at giving the reader
an overview of the important concepts regarding heat engines, and to introduce the quantities of
interest. Firstly, in Section A we describe the setup of our heat engine, the systems involved, and how
work is extracted and stored. By using this general setup, we then proceed in Section B to introduce
conditions for thermodynamical state transitions in a cycle of a heat engine. In Section C, we introduce
the formal definition of efficiency, and specify how can this quantity be maximized over a set of free
parameters (involving the bath Hamiltonian structure).

After providing these guidelines, we start in Section D to apply the macroscopic law of thermody-
namics. We have performed the analysis with the generalization of allowing for an arbitrarily small
probability of failure. The results in this section might be familiar and known to the reader, however
from a technical perspective, their establishment is helpful for proving our main results (in Section
E) about nanoscale systems. In Section E, we apply the recently discovered generalizations of the
second law for small quantum systems. The results in Section D and Section E are summarized at
the beginning of each section, for the reader to have a concise overview of the distinction between
thermodynamics of macroscopic and nanoscopic systems. Finally, in Section F, we show that even
when considering a more general setup, these results obtained in Section E remain unchanged.

A The general setting for a heat engine

A heat engine is a procedure for extracting work from a temperature difference. It comprises of four
basic elements: two thermal baths at distinct temperatures To¢ and Tolq respectively, a machine, and
a battery. The machine interacts with these baths in such a way that utilizes the temperature difference
between the two baths to perform work extraction. The extracted work can then be transferred and
stored in the battery, while the machine returns to its original state.

In this section, we describe a fully general setup, where all involved systems and changes in energy
are accounted for explicitly. Let us begin with the total Hamiltonian

H; = Heog + Hyow + Hy + Hyy, (37)

where the indices Hot, Cold, M, W represent a hot thermal bath (Hot), a cold thermal bath (Cold), a
machine (M), and a battery (W) respectively. Let us also consider an initial state

PoldHotMW = TCold ® Tior ® Pt ® Ply- (38)

The state Tﬁot (Tgold) is the initial thermal state at temperature Tiot (Tcola), corresponding to the
hot (cold) bath Hamiltonians Hyot, Hoolg. More generally, we have the following definition

Definition 3. (Thermal state) Given any Hamiltonian H and temperature T, the thermal state is de-
-1
tr(e*ﬂ/kBT)

defined as By, = 1/kpThot and Be := 1/kpTcoa where kg is the Boltzmann constant.

fined as T = e H/kBT - For notational convenience, we shall often use inverse temperatures,

We will assume throughout that Tcolg < Thot- This is what is meant by “hot”; namely that it is at
a higher temperature than the “cold” bath. The initial machine (pg/[, ﬁM) can be chosen arbitrarily, as
long as its final state is preserved (and therefore the machine acts like a catalyst).

The aim is to achieve a final reduced state plcoldHotMV\h such that

1 1 1 1 1
PColdMW = tTHot (PColdHotMW) = PCold @ PM @ Pw (39)

where pll\/[ = p%/[, i.e. the machine is preserved, and péold, p\l,v are the final states of the cold bath
and battery. In Section F, we will consider the case in which there are correlations between the final
state of the cold bath, hot bath, battery and or machine. We will find that the correlations do not
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change our results. For any bipartite state ppp, we use the notation of reduced states pa := trg(pas),

pB = tra(pBa).

Finally, we describe the battery such that the state transformation from p%oldHotMW to P(ljoldHoth
stores work in the battery. This is done as follows: consider the battery which has a Hamiltonian
(written in its diagonal form)

nw
Hy =Y EV|E)(Eilw, (40)
=1

where {EYV € R} are arbitrary while nyy € N7 is an arbitrarily large fixed integer. For some
parameter ¢ € [0, 1), we consider the initial and final states of the battery to be

P = 1B Ejlw (41)
pw = (1= )| Ex){Bxlw + €| Ej)(Ejlw (42)

respectively. The parameter Wey; is defined as the energy difference
Wext 1= E)Y — E)¥. (43)

where we define E,XV > EJW such that Weyy > 0. We refer to the parameter ¢ as the probability of
failure of work extraction. Note that € in Eq. (42) is also the trace distance

1 1
d(p.0) = 5l = ol = 5t [\ (p = )i (0~ ) (44)
between ply and |Ej)Eg|y. In Section F, we will generalize this definition to include all final states
of the battery piy, which are a trace distance e from the ideal final battery state |Eg)Eg|y. We show
that our findings regarding the achievability of C.E. remains unchanged.

Throughout our analysis, we deal with two distinct scenarios of work extraction as defined below.

Definition 4. (Perfect work) An amount of work extracted Wey is referred to as perfect work when
e=0.

The next definition of work involves a condition regarding the von Neumann entropy of the final
battery state. Let AS be the von Neumann entropy of the final battery state. When the initial state
p%v is pure, we have

AS := —tr(ply In piy). (45)

When the final battery state is given by Eq. (42), its probability distribution has its support on a
two-dimensional subspace of the battery system, this definition also coincides with the binary entropy
of ¢,

ho(e) = —elne — (1 —¢)In(l —e) = AS. (46)

We will see that no heat-engine can actually achieve the value of Carnot efficiency exactly, but moreover,
that under certain conditions; some achieve it as a limiting process.® For this reason, it is convenient
to introduce the notion of a partially ordered set of heat engines. Roughly speaking, we will say later
that a heat engine can achieve the Carnot efficiency when a heat engine in the closure of the set can
achieve said efficiency. Let S™F = {(W,€)} denote a partially ordered set? of heat engines with
extracted work Weyt and corresponding failure parameter €, introduced above.

Definition 5. (Near perfect work) We say that a partially ordered set of heat engines ST (introduced
above) can achieve near perfect work when

$This subtlety is not unique to nano scale sized systems, but moreover is also true at the macroscopic level. In the
standard formulation of Carnot’s famous results about heat engine efficiency, the Carnot efficiency can only be achieved
in the so-called “quasi-static limit”.

9The partial order is given by the condition Wey < Wiy for two set elements (Wexs, €), (Wi, ') € STE-.
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Figure 5: The setting of a working heat engine.

1) 0 <e<lI, for some firedl <1 and

2) For all1 > p > 0 there exists a non trivial subset S;I'E' C SHE such that when (Wext, €) € SIIf'E',

S
<p, (47)

0<
Wext

where recall AS = AS(e) [see Eq. (46)].

Note that when this definition is used in lemmas and theorems, the precise type of “heat engine” will
be specified, e.g. heat engines satisfying the macroscopic laws of thermodynamics (which are defined
later). In the main text, we have provided a detailed discussion regarding the physical meaning of
perfect work and near perfect work, and the necessity for considering these quantities. In particular,
it is discussed how it can only be achieved as a limiting process. Why we are interested in such limits
will become apparent when we discuss the macroscopic case, even before we derive the efficiency in
the nano regime. As we will see later in the proof to Lemma 5, 1) and 2) in Def. 5 are both satisfied
if and only if

y AS
si%l‘* Wext

~0. (48)

Since the initial state p%oldHotMW is diagonal in the energy eigenbasis, and since catalytic thermal
operations do not create coherences between energy eigenstates, therefore plcoldMW has to be diagonal
in the energy eigenbasis. Furthermore, (as already stated above) in Section F, we extend the setup
to include correlation in the final state between the battery, cold bath and machine and more general
final battery states.

Note that in our model we allow the battery to have arbitrarily many (but finite) eigenvalues. One
can compare this to the two-dimensional battery used in 7], referred to as the wit. Having a minimal
dimension, the wit is a conceptually very useful tool to visualize work extraction. However, it has
the disadvantage that the energy spacing, i.e. the amount of work to be extracted, has to be known
a priori to the work being extracted in order to tune the energy gap of the wit. The more general
battery, which we describe in Eq. (40), requires a higher system dimension, but has the advantage that
it can form a quasi-continuum and thus effectively any amount of work (i.e. any Wex > 0) can be
stored in it without prior knowledge of the work extraction process. We will see that our results are
independent of nyw > 2.

To summarize, so far we have made the following minimal assumptions:

(A.1) Product state: There are no initial nor final correlations between the cold bath, machine and
battery. Initial correlations we assume do not exist, since each of the initial systems are brought
independently into the process. This is an advantage of our setup, since if one assumed initial
coherence, one would then have to use unknown resources to generate them in the first place.
We later also show that correlations between the final cold bath and battery do not provide
improvements in maximum extractable work or efficiency.
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(A.2) Perfect cyclicity: The machine undergoes a cyclic process, i.e. pg/[ = pl{/[.

(A.3) Isolated quantum system: The heat engine as a whole, is isolated from and does not interact with
the world. This assumption ensures that all possible resources in a work extraction process has
been accounted for.

(A.4) Finite dimension: The Hilbert space associated with pQOldHotMW is finite dimensional but can be
arbitrarily large. Moreover, the Hamiltonians Hcold, Hyot, Hy and Hw all have bounded pure
point spectra, meaning that these Hamiltonians have eigenvalues which are bounded.

After defining the set of allowed operations, and describing the desired state transformation process,
one can then ask: what conditions should be fulfilled such that there exists a hot bath (Tf_’lot, fAIHot),
and a machine (pg/[,ﬁM) such that p%oldw — péoldw is possible? Throughout this document we use
“—” to denote a state transition via catalytic thermal operations.

In Section D, by assuming the macroscopic law of thermodynamics governs the heat engine, we derive
the efficiency of a heat engine, and verify the long known Carnot efficiency as the optimal efficiency.
We do this for both cases where ¢ = 0 and when ¢ is arbitrarily small. In Section E, we analyze the
same problem under recently derived second laws, which hold for small quantum systems. We show
that these new second laws lead to fundamental differences to the efficiency of a heat engine.

Throughout our analysis, a particular notion that describes thermodynamical transitions will be
important towards achieving maximum efficiency. We therefore define this technical term, which will
be used throughout the manuscript.

Definition 6. (Quasi-static) A heat engine is quasi-static if the final state of the cold bath is a thermal
state and its inverse temperature 3y only differs infinitesimally from the initial cold bath temperature,
i.e. By =PBc—g, where 0 < g < 1.

Since throughout this analysis we frequently deal with arbitrarily small paramaters €, g, we also
introduce beforehand the notation of order function ©(x), o(x), which denotes the growth of a function.

Definition 7. (Big ©, small o notation [63]) Consider two real-valued functions P(x),Q(z). We
say that
1. P(z) = ©(Q(x)) in the limit x — a iff there exists c1,c2 > 0 and § > 0 such that for all |x —a| <0,

P(x)
a < |G| <
P
2. P(x) = o(Q(x)) in the limit x — a iff there exists c3 > 0 such that %1_% Qg;’ = c3.

Remark 1. In Def.7, if the limit of x is unspecified, by default we take a = 0. In [03], these order
terms were only defined for x — co. However, choosing a general limit x — a can be done by simply
defining the variable ¥’ = 1/(x — a), and x — a™ is the same as taking ¥’ — oo.

We also list a few properties of these functions here for £ — 0, which will help us throughout the
proof:
a) For any ¢ # 0, O(c- P(z)) = O(P(x)).
b) For any functions Pj(x) and Pa(z), O(Pi(z)) + O(Pa(x)) = © (max {|Pi(x)|, |P2(z)|}).
c¢) For any functions P;(z) and Ps(x), ©O(Pi(x)) - O(Py(z)) = O(P1(x)Pa(x)).
d) For any functions P;(z) and Pa(x), O(P1(z))/0(P(z)) = O(P1(z)/Pa(x)).

Definition 6 has two direct implications for a quasi-static heat engine:

(i) The temperature of the final state of the cold bath T, only increases w.r.t. its initial temperature
by an infinitesimal amount, i.e. Tr = Tcolq + Téold g+ @(g2).

(ii) The amount of work extracted is infinitesimal: as we shall see later, the extractable perfect and
near perfect work Weyxt > 0 (see Defs. (4), (5)) is of order O(g). This follows from using Eq. (82)
for the case where p¢y 14 is a thermal state with inverse temperature 85 = . — ¢, and calculating
the Taylor expansion of Wey, about g = 0.
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B The conditions for thermodynamical state transitions

In this section, we state the laws which govern the transitions from initial, pOColdHotMW to final,
péoldHotMW states for one cycle of our heat engine. By applying these laws, the amount of extractable
work W et can be quantified and expressed as a function of the cold bath. We distinguish between
two cases, the standard macroscopic regime, and the quantum regime.

B.1 Second law for macroscopic systems

The cold bath, machine and battery form a closed but not isolated thermodynamic system. This
means only heat exchange (and not mass exchange) occurs between these systems and the hot bath.
Therefore, a transition from p | v t0 Peoigaw Will be possible if and only if the non-equilibrium free
energy, F' does not increase

F(poamw) = F(ptoranw): (49)

where 1
Flp) :=(H)p = 55(p), (50)
and S(p) := —tr(plnp) and <I§T>p := tr(Hp) being the entropy and the mean energy of state p

respectively. Throughout the manuscript, whenever the state is a thermal state at temperature 3, we
use the shorthand notation (Hcolq)s and S(3).
The non-equilibrium free energy bears a close relation to the relative entropy,

D(pllo) = tr(pIn p) — tr(pn o). (51)

Whenever p and o are diagonal in the same basis, the relative entropy can be written as

D(pllo) = sz ln (52)

where p;, g; are the eigenvalues of p and o respectively. Now, for any Hamiltonian H, consider T8 =
e AH /Z3, which is the thermal state at some inverse temperature §, with partition function Zz =

tr[efﬁﬁ |, and denote its eigenvalues as ¢;. Then for any diagonal state p with eigenvalues p;, and
denoting {E;}; as the eigenvalues of H,

D(pl|7s) sz ln =S(p) + > pi(BE; +n Zg) = BF(p) + In Zp. (53)

This implies that
1
F(p) = B[D(PHTB) — In Zg]. (54)

In Section D we will solve Eq. (49) in order to evaluate the maximum efficiency.

B.2 Second laws for nanoscopic systems

In the microscopic quantum regime, where only a few quantum particles are involved, it has been shown
that macroscopic thermodynamics is not a complete description of thermodynamical transitions. More
precisely, not only the non-equilibrium free energy, but a whole other family of generalized free energies
have to decrease during a state transition [7]. This places further constraints on whether a particular
transition is allowed. In particular, these laws also give necessary and sufficient conditions, when a
system with initial state pocoldw can be transformed to final state péoldw (both diagonal in the energy
eigenbasis), with the help of any catalyst/machine which is returned to its initial state after the process.

Formally, these laws correspond to the following case: A transition from the initial state p2_qmw
to the final state P%JoldMVW is possible iff there exists an energy-preserving unitary U(¢) on the global
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system, (i.e. a unitary that obeys [U(t), ﬁColdHotMW] = 0), where states pColdMW’ pColdMW are of
the form Section described in A (i.e. the state of the machine pf; is preserved). If (7}, Hrot) and
(p%;, Hy) can be arbitrarily chosen, these correspond to the set of catalytic thermal operations [7] one
can perform on the joint state ColdW. This implies that the cold bath is used as a resource state.

We can apply these second laws to our scenario by associating the catalyst with p%/[, and considering
the state transition P%v ® Tgold — p{;\, ® péold as described in Section A. Note that the initial state
p%v ® 7'801d is block-diagonal in the energy eigenbasis (for the battery by our choice, and for the cold
bath because it is a thermal state). By catalytic thermal operations, the final state is also block-
diagonal in the energy eigenbasis. Furthermore, according to the second laws in [7], the transition
from p%v ® Tgold — p%,v ® ploq is then possible iff

h h
Fo(8o1a ® P Teoraw) = Fa(plola ® P, Tolaw) Vo >0, (55)

where Tgoldw is the thermal state of the system at temperature it of the surrounding bath. The
quantity F,(p, o) for a > 0 corresponds to a family of free energies defined in [7], which can be written
in the form

Falp7) = - [Dalpllr) ~ 1 23], (56)
Bn

where D, (p||T) are known as a-Rényi divergences. Sometimes we will use the short hand F
limg—yo0 Fiy. On occasion, we will refer to a particular transition as being possible /impossible according
to the F, free energy constraint. By this, we mean that for that particular value of o and transition,
Eq. (55) is satisfied/not satisfied. The a-Rényi divergences can be defined for arbitrary quantum
states, giving us necessary (but insufficient) second laws for state transitions [7, 13]. However, since we
are analyzing states which are diagonal in the same eigenbasis, the Rényi divergences can be simplified
to

D (p|I7) 1nzp?q3 o (57)

where p;, q; are the eigenvalues of p and the state 7. The cases @« = 0 and o — 1 are defined by
continuity, namely

Do(p|r) = lim Du(p|r) =—1n > g, (58)
a—0t .
Zpﬁéo
Di(pllm) = lim Da(pl|7) sz ln* (59)
Z
and we also define D, as
<(pllT) = lim_Dq(p|) = Inmax 2. (60)
a—soot T q;

The quantity D;(p||7) coincides with D(p||7), as we have defined in Eq. (51), and evaluated in Eq. (52)
for diagonal states. We will often use this convention. Furthermore, since we are considering initial
states which are block-diagonal in the energy eigenbasis, these generalized second laws are both nec-
essary and sufficient conditions for state transformations. Therefore, in Section E.2.1 we will solve
Eq. (55) explicitly to find an expression for Wey, with the ultimate goal of evaluating the maximum
efficiency in this regime.

The reader should note that for both Section B.1 and B.2, the conditions for state transformation
place upper bounds on the quantity Wey. In particular, this allows us to express the maximum values
Wext can take (such that the joint state transformation of cold bath and battery is possible) in terms
of quantities related to the cold bath, and the error probability . It is also worth comparing the
conditions for state transformation in Section B.1 and B.2, which are stated in Egs. (49) and (55). In
particular, Eq. (49) is but a particular instance of Eq. (55), and therefore the nanoscopic second laws
always place a stronger upper bound on Wy compared to the macroscopic second law.
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C Efficiency, maximum efficiency and how to evaluate it

The central quantity of interest in this article is the efficiency of heat engines. Since we have already
introduced the notion of a heat engine in Section A, and the rules which govern the possibility of
thermodynamical transitions of one cycle of a heat engine in Section B, it is timely to define the
efficiency. After defining this quantity, we demonstrate how to go about calculating its maximum
value under different conditions, such as for perfect work, near perfect work, in both the macroscopic
and nanoscopic regimes. This will prepare the scene for Sections D and E, where we evaluate the
maximum efficiency more explicitly.

C.1 Definition of efficiency and maximum efficiency

As stated in the main text, the efficiency of a particular heat engine (recall that a heat engine is defined
by its initial and final states pg. | omaws Peordow @S described in Section A) is defined as

o Wext
 AH’
where Weyt is the amount of work extracted which is defined in Eq. (43), and AH is the amount of
mean energy drawn from the hot bath, namely AH := tr(I:IHOtp%Ot) — tr(I:IHOthﬂot), where phoh is the
reduced state of the hot bath.

Now, consider the set of conditions on state transformations given by Eq. (55) for nanoscale systems.
As discussed in Section B, these conditions place a restriction on the range of values Wy can take.
Therefore, for any fixed pd, 4, we define n"@°(pt, |,) as the maximum achievable efficiency as a function
of the final state of the cold bath. More precisely,

nnan()(plCold) (62)
= sup n(ptoq)  Subject to  Fo(ply @ o1 Tolaw) = FalpW ® ploias Toraw) Vo >0.  (63)

ext

n: (61)

In Eq. (62), we have written the quantity in Eq. (61) as 7 = n(pg,q) to remind ourselves of its explicit
final cold bath state dependency. Therefore, the maximum efficiency will correspond to maximizing
over the final state of the cold bath:

Thmax = Sup nnano(PICold)a (64)
PLola €S
where S is the space of all quantum states in Hcolq. By analyzing this quantity in Section E, we show
that perfect work cannot be extracted. Therefore, when we calculate the maximization in Eq. (64) we
will consider near perfect work (see Def. 5).
In the macro regime, we have to satisfy a less stringent requirement, namely the macroscopic second
law of thermodynamics. And hence we have that for fixed péy1q, 7™ (péorq) 1S the maximum efficiency
as a function of pg 1y

mac(

Pota) = SUP N(PGela)  Subject to  F(pgoamw) = F(pEoraniw) (65)

ext

Ui

and  tr(HypGoaoniw) = tr(HipColdtonw)» (66)

where H; is defined in Eq. (37). Similarly to the nanoscale setting, the maximum efficiency is

Thmax = Sup nmac(péold)' (67)
Pl ES

We can also define the maximum quasi-static efficiencies for the macro and nano scale. The maximum
efficiency of a quasi-static heat engine (see Def. 6), is

Tax = lim 7""(r(g)). (68)
Tax = lim, 77 (7(9)), (69)
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for the nanoscopic and macroscopic cases respectively. 7(g) € Hcolq is the thermal state with Hamil-
tonian Hcoq at temperature 3 ¢+ = Be.— g and n"*"°, 9™ are defined in Eqgs. (62) and (65) respectively.
Since we can extract perfect and near perfect work in the macroscopic setting, we will derive the
efficiency for both cases in Section D.

C.2 Finding a simplified expression for the efficiency

We can find a more useful expression for AH appearing in Eq. (61). This can be obtained by observing
that since only energy preserving operations are allowed, we have

tr(HypGoationtw) = tr(HipGoldtonw)» (70)

where H, = I:IHOt +H, Cold“‘ﬁ v+ Hyy. Since the Hamiltonian does not contain interaction terms between
these systems, the mean energy depends only on the reduced states of each system. Mathematically, it
means that Eq. (70) can be written as

tr(Hot piot) + tr(Hcolaplow) + tr(Hnipny) + tr(Hwply) = (71)
tr(Hitotpiior) + tr(Hcolapoia) + tr(Hyphr) + tr(Hwpiy)- (72)

Also, note that since p; = pi;, therefore tr(Hyp;) = tr(Hypl;). This implies that we have

AH = AC + AW, (73)
where
AC :=tr [ﬁCOIdpéold} —tr [ﬁColdT éold] ) (74)
and
AW := tr(Hwpiy) — te(Hwply). (75)

are the change in average energy of the cold bath and battery. We can thus write Eq. (61) as

Wext

1S AW+ AC (76)

Furthermore, from Egs. (41), (42), (43) and (75), we have AW = (1 — &)Wy, and hence we can write
the inverse efficiency as

AC(ﬂlcold)
West (PGola)

where we have made explicit the plCold dependency. We already know from the setting that Pocold is
thermal. If p%)old is also a thermal state at some temperature 8 according to the cold bath Hamilto-
nian Hcold, we will sometimes use the shorthand notation 7(3) for n(pg,q) and AW (3), AC(B) for
AW (pbora)s AC(pEorq) respectively.

In Section D, we will derive an expression for Wey and solve Egs. (65), (67). In Section E, we will
derive a new expression for Wey in the nanoscopic regime, and solve Egs. (62), (64).

N (plea) =1 — ¢+ (77)

D Efficiency of a heat engine according to macroscopic thermodynamics

In this section, we study the efficiency of the setup detailed in Section A under the constraints of
macroscopic thermodynamics, as described in Section B.1. This implies that the non-equilibrium free
energy solely dictates whether p%oldW — plColdW is possible. We find that in both cases of extracting
perfect and near perfect work,
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(1) The maximum achievable efficiency is the Carnot efficiency.
(2) The Carnot efficiency can be achieved for any cold bath Hamiltonian.

(3) For any AC, the maximum efficiency achievable for the particular value of AC), is achieved iff the
final state of the cold bath is thermal (according to a different temperature T').

(4) When the final state of the cold bath is thermal, the Carnot efficiency is achieved iff we take
the limit corresponding to a quasi-static heat engine (Eq. (69)). Roughly speaking, this means
that there is only infinitesimal change in the final temperature of the cold bath, compared to its
original state.

This section can be summarized as follows: in Section D.1, we first apply the macroscopic law of
thermodynamics, namely the fact that non-equilibrium free energy is non-increasing, to our heat engine
setup. By making use of energy conservation, we can derive the amount of maximum extractable work
as shown in Eq. (81). Next, in Section D.2 we show that when considering the extraction of perfect
work, we show the points (1)-(4) as stated above. In Section D.3, we show that points (1)-(4) hold
also when considering near perfect work.

The main results can be found in Theorem 1 and Lemma 6. One may think points (1)-(4)
are obvious since it has long been known that the optimal achievable efficiency of a heat engine
operating between two thermal baths is the Carnot efficiency, and that this efficiency can be achieved
quasi-statically. The motivations for proving these results here are two-fold. Firstly, this is a rigorous
and mathematical proof of optimality, while usually one encounters arguments such as reversibility,
or that the heat engine must remain in thermal equilibrium at all times during the working of the
heat engine. Secondly, we will find later on at the nano/quantum scale that the Carnot efficiency can
be achieved but observation (2) does not hold anymore. For these reasons, it is worthwhile proving
that one can actually achieve points (1)-(4) in this setting for any cold bath Hamiltonian according
to macroscopic thermodynamics. From a practical point of view, many of the technical results proved
here will be needed in the proofs of Section E, where we derive results involving a more refined set
of generalized free energies, which describes thermodynamic transitions for nanoscale quantum systems.

D.1 Maximum extractable work according to macroscopic law of thermodynamics

Our first task is to find an expression for Wey in the macro regime. We do so by solving Eq. (49) for
Wext such that

1

1 A
Phoanw ES (Pcolamw) < (Hcolamw)

1

7S( (C)IoldMW)' (78)

<HCOldMW> p%oldMW o ﬁh

The entropy is an additive quantity under tensor product, meaning that S(p; ® p2) = S(p1) + S(p2)
for any states pi, ps. Furthermore, since the joint Hamiltonian does not contain interaction terms,
therefore the mean energy also depends only on the reduced states. In summary, both S and (H) are
additive under a tensor product structure of pQ nw and ptognw as described in Eqgs. (38) and (39).
This means one can rewrite Eq. (78) by expanding its terms,

. N N 1
(Feod) gy, + (i), + (Fw) g, = 5= [S(0taa) + S(ok) + S(oiy)] < (79)
.\ .\ N 1
(Feoa) s, + (Hid g, + (Fw) g, = 5= [S(oia) + SR + S(oi)]

Furthermore, note that p; = pi,, and therefore S(p,), (Hwy) p0, are common terms on both sides of Eq.
(79) which can be cancelled out. Furthermore, by our construction of the battery in Egs. (40)-(43),
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we have that S(pl;) =0, S(ply) = AS = ha(e) and <ﬁw>p%\, = E]W and <.FAIw)p\1N =(1 *g)EZ[/‘FE:E}/V.
Thus, Eq. (79) can be simplified to

1

phoa @S (peora) < (Hoola)

(1 = &)West + (Hoota) s~ 5 SWho0) + 5 12 (50)
where Wext, has been defined in Eq. (43). In other words, (1 —&)Wex < F(plo1q) — F(poa) + ihg (e).

We can also express Wey with the relative entropy instead, by using Eq. (54). We can apply this
identity to Eq. (80) whenever the initial and final states are diagonal in the energy eigenbasis. Note
that the initial p%old is a thermal state (of some temperature), and therefore diagonal in the energy
eigenbasis. Since we start with a state Tgold ® p%v which is diagonal w.r.t. the Hamiltonian, and since
catalytic thermal operations can never increase coherences between energy eigenstates (or in the macro
setting, since we only demand mean energy conservation), we know that the final state ,olcold ® p%;v is
also diagonal in the energy eigenbasis. Therefore, Eq. (80) can be rewritten w.r.t. the relative entropies
as follows

L)

(1= &)Wex < F(plora) — F(ptow) + A

1
= 5 [PWaallrboa) = Dlptaallrboa) +ha(e)] - (81)

D.2 Maximum efficiency for perfect work is Carnot efficiency

In this section, we want to find the maximum efficiency according to Eqs. (61), (65) and (67), for the
case of ¢ = 0 which implies hy(e) = 0. We do this by the following steps:

1. Fvaluate Weyt. According to Eq. (81), we know that

1
B
where recall that we have defined Tgold previously as the thermal state of system Cold with tem-
perature Tyot. Note that here equality can be achieved because in macroscopic thermodynamics,
satisfying the free energy constraint is a necessary and sufficient condition for the possibility of a

state transformation. Note that since by construction the initial and final states of the battery
are pure energy eigenstates, namely € = 0 and therefore

Wext = F(powa) = F(ptowa) = [D(p(())oldHTgold) - D(p%loldHT(fJLold)} ) (82)

Wt = AW. (83)

2. Write inverse maximum efficiency as optimization problem. By substituting the simplified expres-
sion for efficiency derived in Eq. (77) into Eq. (67), we have
AC
= inf (™)~ =1+ inf . (84)

i
PCold PColg 7V ext

3. Mazimize Wext given a fized value of AC. This is done in Lemma 1, where we show that given a
fixed AC, the final cold bath state that maximizes Weyt is uniquely a thermal state, corresponding
to a certain inverse temperature 3.

4. Show that 3) implies that efficiency is mazximized by a thermal state of the cold bath. This is proven
in Lemma 2. Therefore, this implies one only needs to optimize Eq. (84) over one variable, i.e.
B, the final temperature of the cold bath.

5. Show that the efficiency is strictly increasing with 3;. This is done first by proving several iden-
tities, which are summarized in Corollary 1. Using these identities, we prove in Lemma 4 that
the first derivative of efficiency w.r.t. 3; is always positive over the range where Wey; > 0. This
leads us to conclude, in Theorem 1, that maximum efficiency is achieved in the limit 8 — £,
and evaluating the efficiency at this limit gives us the Carnot efficiency.
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Firstly, let us develop a technical Lemma 1, which concerns the unique solution towards maximizing
Wext for a fixed AC. By applying Lemma 1, we show in Lemma 2 that the maximal efficiency is
achieved when p{,4 is a thermal state. The reader can easily find similar proofs in [64].

Lemma 1. Given any Hamiltonian Hgoq, a corresponding thermal state Tgold of some temperature
B, and a fived initial state pl.,y, consider the maximization over final states plyqy,

1 0 h
max Wexy = G D(p&1allTlora) — min D(pgoall o) | - (85)
PEold h PEold

over all states péold which are diagonal in the energy eigenbasis, subject to the constraint that AC is a
constant. Then the solution for Plcold is unique, and p is a thermal state according to the Hamiltonian
Hcoq at a certain temperature 3.

Proof. Firstly, from Eq. (74) we see that the constraint AC being a constant, is the same as
tr {ﬁcoldpéold} being a constant. This is because they differ only by a constant term. On the other

hand, from Eq. (75) and (83), we can see that max,i  Wex; is equal to the R.H.S. of Eq. (85). Since
p%;old and 7 are both diagonal in the energy eigenbasis (p%;old by the statement in the lemma, and
7 by it being a thermal state), one can evaluate the relative entropy by using Eq. (51). Denote the
eigenvalues of our variable p,q to be {p;}i, and the eigenvalues of the thermal state 7 to be {g;}:.

We can then write the optimization problem as

mir}lZpi(lnpi —1Ing;); subject to ZpiEi = ¢ constant, and Zpi =1.
Pir i i
—BE;
e
here ¢; = i dg = e PE:,
w qi ZB ; B 2@:

We can now employ techniques of Lagrange multipliers to solve this optimization. The constrained
Lagrange equation is

L({pi}, N sz Inp; —Ing) + A <ZE¢p¢ —C> + (Zpi - 1) , (86)

3;; (Inp; —Ingi + 1+ AE; + ) =0, (87)
%:ZEipi—c:O. (88)
lei_zi:pi_l_o' (89)

We find that the normalized solution is
pi = e_ZZ,Ei Zy = el Zg, (90)

and p; are probabilities corresponding to the Boltzmann distribution, according to inverse temperature
B = B+ \. Depending on the mean energy constraint ¢ and normalization condition, one can solve for
the Lagrange multipliers A and . With this we conclude that the state p which maximizes D(pg14//7)
is a thermal state, where its temperature is such that the constraint on mean energy is satisfied. [

Lemma 2. Consider the work extraction process described by the state transformation p%oldMW —
plcoldMW’ where p%old, P and p%,v have been described in Section A. Denote Hcolq as the Hilbert space
of the cold bath. Then the mazximal efficiency in Eq. (84) is obtained for a final state of the cold bath

plcold, which is thermal:

AC
nmax =1+ inf , (91)
PGola €S Wext
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where S; the set of all thermal states (for flc()ld with any temperature T > 0) in Hcolq- Furthermore,
all non-thermal states do not achieve the maximum efficiency, i.e.

1 AC

Mmax < 1+ w. fOT’ any pICold €S \ ST' (92)
ext

PEold
where S is the space of all quantum states in Hcold
Proof. First of all, note that without loss of generality we can always consider only diagonal states, as

explained in the paragraph before Eq. (81) that catalytic thermal operations do not increase coherences
between energy eigenstates. We begin by substituting Eqgs. (74) and (82) into Eq. (84), and finding

Nix = 1+ inf (93)
Piota Y ext
AC
=1+ inf ————— On — (94)
Peora D1(TEo1all TCo1a) — P1(pto1aITCoia)
h h B
— 148, | sup D1 (éq1all TCo1a) — Dl(plcold”TCold) . (95)

PEold tr(I_"C‘JldfolCold) - tr(I_ICOIdTéold)

In the last line of Eq. (95), we see that only two terms depend on the maximization variable péold.
This means we can perform the maximization in two steps:
D1 (7EgallTéoia) — D1(pEoall mEoia) D1 (1égall o) — B(A)

sup = f — sup (96)
PCold tr(HCOldp%Jold) - tr(HColdTéold) A>0 A

where B(A) is the optimal value of a separate minimization problem:

. h
B(A) = inf D, (P(ljold 17Co1a) (97)
PCold €S
tr(Hcold Pgorg) —tr(Hoola TE g 1q)=A

From Lemma 1, we know that the solution of the sub-minimization problem in Eq. (97) has a unique
form, namely pl,q = Téold is a thermal state of some temperature ;. Therefore, Eq. (96) can be
simplified to

h h h f h
sup D1(7Eqall o) — D1(ptoall Cota) _ sup Dy(7ég14ll7Coa) = D1(7goall Cora) (98)
oy T(HcoldPGea) — tr(Hoold TEolq) Br  tr(HcoldT, éold) — tr(HcoldTég1q)
Whats more, for every constant A, the function
Di(régallrtan) =]\
f)= (148 " (99)

is bijective in € R and thus due to the uniqueness of the sub-minimization problem in Eq. (97), we
conclude that for all non-thermal states p{y, the corresponding efficiency will be strictly less than
that of Eq. (95). Thus from Eq. (98) and (95) we conclude the lemma. O

After establishing Lemma 2, we can continue to solve the optimization problem in Eq. (84) by only
looking at final states which are thermal (according to some final temperature 5 which we optimize
over). In the next Lemma 3 and Corollary 1, we derive some useful and interesting identities. These
identities concern quantities such as the derivatives of mean energy and entropy of the thermal state
(with respect to inverse temperature), and relates them to the variance of energy. The reader can find
similar proofs in any standard thermodynamic textbook (For example in Sections 6.5, 6. of [60]), but
we derive them here for completeness.
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Lemma 3. For any cold bath Hamiltonian I:Icold, consider the thermal state 75 = Ziﬁe_ﬁﬁ%ld with

inverse temperature 3. Define <f{Cold>,8 = tr(ﬁcoldm), and S(f) = —7131In1g to be the mean energy
and entropy of Tg. Then the following identities hold:

d<H§gd>’B = —var(Heol)s (100)
ds R
Cl(ﬁﬁ) = —ﬁ . VaI‘(Hcold)g, (101)

where var(Hcold) s = <ﬁ%old>ﬂ - <I:I001d>% is the variance of energy for 3.

Proof. Intuitively we know that the expectation value of energy increases as temperature increases (or
as the inverse temperature decreases). More precisely, consider the probabilities of 75 for each energy
level of the Hamiltonian Fj;,

p; = 7 , whereZgzz:e i
dpi _ 1 _BE; dZs  _gp, 1 dZg .
6751 = 72 —Eje PP Z5 — T e™f ] = —pili - 7y gl —piEi + pi(Hcow) g- (102)
The last equality holds because of the following identity:
—1dZ -1
Z a3 7;(—3' B = sz i = (Hcola)5- (103)
Therefore, we have
d(H. d(H. d N
UHcoals ZM i ZE [ pili +Pi<H001d>5} (104)
dp ; dp;
= —(HZga)p + <HCold>ﬂ = —var(Hcold) - (105)

On the other hand, similarly, one can prove the second identity by writing down the expression of
entropy for the thermal state,

S(B) = - ZZ: Z ‘In ZB Z B(Hcowa)s + In Zs. (106)
Therefore, the derivative of S(/3) w.r.t. 3 is
dS(7s) d(Hooa)p | 1 dZg d(Hcoa) 2
H o - o . = — . H o . 107
3 = (Hcon)p + B 3 75 dB B 3 B - var(Hcow)p (107)
O
By using Lemma 3 in a special case, we obtain the following corollary:
Corollary 1. Given any Hamiltonian Heow, consider the quantities
AC(By) = tr(Hcoars,) — tr(Hoolats,) = (Heow) s, — (Hoold) s, (108)
and
1
Wext(ﬂf) = F(Tﬁc) - F(Tﬁf) = E {D(TﬁcHTﬁh) - D(Tﬁf‘|7—5h):| ) (109)
where T3 corresponds to the thermal state defined by Heoa at inverse temperature 5. Then
dAC
ﬂ Var(HCOId),B (110)
dpy
dWext(Bf) _ Bn—Br_ 4
a5 = G Var(Hcold)ﬁf. (111)
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Proof. For AC(By), it is straightforward from Lemma 3 that

dA d{Hc, R
dc;(fﬂf) _ 4 dCﬁ;d>5f = —var(Hcow)s, - (112)

On the other hand, AW (3¢) can be simplified by substituting Eq. (54) into Eq. (109),

N N 1
Wext(Bf) = F(75,) — F(73,) = (Hcola) s, — (Hcola) g, — B [S(Tﬁc) - S(Tﬂf)] : (113)
With this, we can evaluate the derivative

dWext(ﬁf) d<ﬁCold>ﬁf n idS(Tﬁf)

dpy dpy Brn  dBs
X 3 X
= V&I‘(Hcold)gf — ﬂ—zvar(HCold)ﬁf
Bn— B A
= %V&I‘(H@Old)gr
o . d{Hcola) f . .
The second equality is obtained by Lemma 3 for g and the third by grouping common factors
together. ]

In the next step, by using Corollary 1, we show that when the final state of the cold bath is thermal,
the optimal efficiency is achieved only in the quasi-static limit, i.e. in the limit 8y — (. when the
efficiency is optimised over all final thermal states of the cold bath.

Lemma 4. Evaluate the efficiency expressed in Eq. (77) for the situation where the final state of the
cold bath is a thermal state at inverse temperature By:

B Wext (Bf)
n(ﬁf) - AC’(ﬂf) + Wext(ﬁf)'

(114)

Then for all By < B, dzl(ﬁﬁff) > 0.

1 AC

=1+ W Evaluating the derivative of 17_1

Proof. To prove this, we show that % < 0, where n~
w.r.t. By, we obtain

c;nﬁ‘fl _ ngxt _ [dAd%(fﬁf)Wext N WAC] (115)
- [ 5] =
_ W : {ACJF Blh [S(Tﬁc) - S(Tﬂf)} - WAC] (117)
_ WZ : [AC - Blf[S(rgf) - S(m)]} : (118)

The first equality is obtained by invoking the chain rule of differentiation. The second equality is

obtained by substituting d%e;‘t , %, as evaluated earlier in Corollary 1. The third equality is obtained

by expressing Wey according to Eq. (113), plus recognizing that (ﬁCold>rBf — <ﬁCold>TBc = AC. The
last inequality is obtained, simply by taking out a common term 3¢/3,. We then make the following
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observations:
1) The factor
By
Bh We2xt

2) The variance of energy for any positive temperature

>0, (119)

Var(f{(;old)/gf > 0, (120)

3) and the last term AC — ﬂi[S(Tg ) — S(7,)] can be written as F'(7g,) — F(73,), where F'is the free
f f c f c
energy of a system w.r.t. a bath with inverse temperature S¢. But then, since 73, is the thermal state
with the same inverse temperature, this means that 73, is the unique state that minimizes free energy.
Therefore, F'(15.) — F(75,) > 0 for any 73,.
O]

From Lemma 2 and Lemma 4, we conclude that the maximization of efficiency for any Hamiltonian
H happens for a final state which is thermal, and the greater its inverse temperature 3¢, the higher
efficiency is. With these lemmas we can now prove the main result of this section (Theorem 1).

In the next theorem, we evaluate the efficiency at the limit 8y — 3., and show that it corresponds
to the Carnot efficiency.

Theorem 1 (Carnot Efficiency). Consider all heat engines which extract perfect work (see Defini-
tion 4). Then according to the macroscopic second law of thermodynamics, the mazimum achievable
efficiency (see Eq. (67)) is the Carnot efficiency

Mmax = 1 — —. (121)

It can be obtained for all cold bath Hamiltonians Hooq, but when the final state of the cold bath Plond
is thermal, then only for quasi-static heat engines (as defined in Def. 6 and Eq. (69) for quasi-static
mazximum efficiency). In this quasi-static limit, an infinitesimal amount of work is extracted.

Proof. From Eq. (67), we have an expression for the optimal efficiency in terms of a maximization
over final cold bath states Plcold € §. By Lemma 2, we know that the optimal solution is obtained
only for thermal states. Subsequently, by Lemma 4, it is shown that when the final cold bath is of
temperature (3, the corresponding efficiency is strictly increasing w.r.t. 3. Also note that since by
definition Wey > 0, this implies that 8y < .. Intuitively, this is because heat cannot flow from a cold
to hot system without any work input. One can also see this mathematically, by showing that for any

BZﬁhv

dF (T, 5) d A~ 1 I} N
= — [(Hcold —Sﬁ]:(—l)varHcm > 0. 122
This implies that if 3¢ > 8. > f, then F(8¢) > F(B.), and according to Eq. (109) Wey < 0.
Therefore, when the final state of the cold bath péold is thermal, the optimal efficiency must be
achieved only when its inverse temperature [y approaches 3. from below. Let 3; = 8. — g, where
g > 0. Then we have

AC
-1 _ li mac\—1 . — mac\—1 . — -1
M = B, (778 = g), - (™) 7 (Be = 9) = 14 35—

(123)

1
PCold=T(Bc—9)

Since as ¢ — 0", both the numerator and denominator vanish, we can evaluate this limit by first

applying L’Héspital rule, the chain rule for derivatives (for any function F, % = —%), and then
Corollary 1 to obtain
dAC
lim Ac = lim ﬁ = lim by _ Bn
g—=0t Wext  g—0+ 7‘”’55“ Br—Be L%th Be — Bn
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This implies that

1 _ li mac)—1 . — -1 /Bh _ /Bc 194
Tmax ggég(n ) (Be—g) =1+ R A —n (124)
and hence Nypax = 1 — %Z O

D.3 Maximum efficiency for near perfect work is still Carnot efficiency

In this section, we show that even while allowing a non-zero failure probability € > 0 in the near perfect
work scenario, the maximum achievable efficiency is still the Carnot efficiency. It is worth noting that
this result is also important later, as an upper bound to maximum efficiency in the nanoscopic regime.
We first prove it in Lemma 5 for the case where the final state of the battery is fixed as in Eq. (42).
Then later, we show in Lemma 6 that Carnot efficiency is still the maximum, even if we allow a more
general final battery state. Before we present the proof, it is useful for the reader to recall the definition
of near perfect work (Def. 5) and quasi-static heat engines (Def. 6).

Lemma 5. Consider all heat engines which extract near perfect work (see Def. 5). Then according
to the macroscopic second law of thermodyanmics, the mazimum efficiency of a heat engine, Nmax s
the Carnot efficiency

Br

Nmax = SUp 0™ (plq) =1 — =,
PEG1aES Be

(125)

and the supremum is achieved for quasi-static heat engines (see Def. (6) and Eq. (69)).

Proof. The ideas in this proof are very similar to that of Section D.2, and the main complication
comes from proving that even if we allow € > 0, as long as AS/Wey is arbitrarily small, the maximum
efficiency cannot surpass the Carnot efficiency.

Let us begin by establishing the relevant quantities for near perfect work extraction. The amount
of work extractable from the heat engine, when we have a probability of failure, according to the
standard free energy can be obtained by solving Eq. (81). We thus have that the maximum Weyy is

Wext = 6]7,_1(1 - 6)_1 [D(Tﬁc”Tﬁh) - D(plColdH’rﬁi) + AS} ) (126)

where AS is defined in Eq. (45).

Before we continue with the analysis, we will note a trivial consequence of Eq. (126). Condition 1)
in Def 5 implies that (1 —e)~! is upper bounded. The terms in square brackets in Eq. (126) are also
clearly upper bounded for finite ., 8;. Hence Wy is bounded from above. AS is solely a function

of £ and only approaches zero in the limits ¢ — 07, ¢ — 17; and € — 17 is forbidden by 1) in Def 5.
Thus if 1) and 2) in Def 5 are satisfied,

. AS
lim

=0. 127
e—0t Wext ( )

In turn, if Eq. (127) is satisfied, then we have near perfect work by Def. 5. Thus Eq. (127) is satisfied
iff we have near perfect work. We will use this result later in the proof.

Extracting a positive amount of near perfect work implies that we can rule out all states péold
such that D(73,[75,) < D(ptyqllTs,) from the analysis. This can be proven by contradiction: if
D(75,|178,) < D(p&omallTs,), then from Eq. (126) 8,Wexy < AS/(1 —€) and together with 2) in Def 5
this would imply

0<pBr(l—¢) < o5

ext

<p. (128)

However, since from 1) Def. 5 we have ¢ <[, Eq. (128) cannot be satisfied for all p > 0, leading to a
contradiction.
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From Eq. (77) we have

BrAC

1+
D(TﬁcHTﬁh) - D(péoldHTﬁh) + AS

oo, =1—e+ inf ¢ =(1—e¢)-

, 129
PEo1a €S Wexs (129)

where AC = AC(pl;q) and is defined in Eq. (74).
Firstly, let us show that with a similar analysis as shown in Lemma 2, the maximum efficiency
occurs when pl 4 is a thermal state. From Eq. (129), we have

AC
1 .

Nmax = (1 —¢€) |1+ By inf (130
A= B ) — Disbaalon) + A8 )
. A

= =) o M S = BlA) + AS (131)
where
B(A) = inf D(pGowallTs,)- (132)

1
. PCold €S
tr(Hcold Ptorg) —tr(Hcola g, )=A

We can split this minimization problem to Egs. (131) and (132) because D(7g.|73,) and AS do not
depend on the variable péold. Furthermore, when péold is a thermal state of inverse temperature 3y,
we have seen in the beginning of the proof in Theorem 1 that for We > 0, 8y < Bc. This implies
that the variable A = AC = tr(ﬁcoldmf) — tr(ﬁcoldmc) > 0.

By Lemma 1, for any fixed A > 0 we conclude that the infimum in Eq. (132) is achieved uniquely
when plcold is a thermal state. Therefore, our optimization problem is simplified to optimization over
final temperatures 8y (or g = 8. — By),

. AC

ma 8; D(7p,\75,) — D(7p;|75,) + AS
AC>0

(133)

Consider cases of 8y, where D(74,[|73,) — D(73,/75,) is non-vanishing (finite), i.e. which are not
quasi-static. Note that this always corresponds to extracting near perfect work, since when ¢ — 0T,
we have €, AS — 0 and these contributions disappear from Eq. (133). However, by Lemma 2 we also
know that the infimum over Sy occurs uniquely at the quasi-static limit, when g — 07.

What remains, is then to consider the quasi-static heat engine, namely the limit ¢ — 07. Extracting
near perfect work in this case corresponds to requiring that lim, 5+ % = 0, where ¢ = ¢(g) and
lim,_,o+ £(g) = 0. Equivalently
Wext

li = 134
o0t AS (134)
Substituting Eq. (126) into Eq. (134),
D(7g.||78,) — D(75, |75,
lim (1 — 1 ¢ f- 7h 135
Jim, (1= (g))™ 1+ AS (135)
D(1g |lT3, ) — D(713, |7
which implies that lim (751751 ( bs I751) = 00, or equivalently,
g—0+ AS
A
lim lim 5 =0. (136)

e=0t g0+ D(7g,[|78,) — D(75,||78,)
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Finally, we evaluate the inverse efficiency at the quasi-static limit,

nt = lim (1-e(g))- [1 Dl - ggﬁfumh) ¥ AS} (137)
= O Dl ggﬁfum TAS (138)
=1+ 6 lim AC : ( + A5 )1 (139)

9= [ D(73,|175,) = D(73,175,)] D(7.||75,) — D(73,|75,)
dAC d
=1+ 5 lim, dD(mfﬁ;i/)/flg (140)

where from Eq. (139) to (140), we make use of Eq. (136) : the second term within the limit is simply
1, and the first term depends only on g, which we can obtain Eq. (140) by invoking the L’Hospital

rule. The last equality in Eq. (141) follows directly from the identities we derived for d%e;‘t and CilATf

in Corollary 1,

dAC dAC

dg dﬂf VaI‘( COld),Bf ( )
dB(TﬁfHT,Bh) dE(TﬁfHT,Bh) AWext A
a7 a5 Bn a5 (Bn — By)var(Hcold) gy » (143)

while in the limit g — 0, 8y = fe.
Finally, we now see that the quasi-static efficiency is
n_(ﬁh—ﬂc—ﬂh)—l_ﬂc—ﬁh Bn

Bh - ﬁc 60 =1 E (144)

which is exactly the Carnot efficiency. O

Later, in Section F.2 we will need Lemma 2 to hold in a more general scenario, i.e. instead of the
final battery state being piy = (1—¢) |Ex)(Ek|w + ¢ | Ej)XEjlyy, we want to allow the final battery state
to be any energy block-diagonal state with trace distance €. Next we state and prove this generalized
lemma.

Lemma 6. Consider all heat engines which extract near perfect work (see Definition 5), but allowing
for any final battery state with a trace distance € to the ideal final pure state |Ey ) Ey|y . Then according
to the macroscopic second law of thermodynamics, the mazimum efficiency of a heat engine, Nmax S
the Carnot efficiency

Br

Thmax = Sup nmac(p%]old> =1- F’ (145)
c

1
PCold €S

and when the final state of the cold bath P(ljold is thermal, the supremum is only achieved for quasi-static
heat engines (see Def. (6) and Eq. (69)).

Proof. Firstly, let us note that since the initial state p%oldw which we start out with is energy block-
diagonal, the final state has to also be block-diagonal. Therefore, given the product structure between
the cold bath and battery, it is sufficient to consider the case when the final battery state is energy
block-diagonal. Next, let us note that any final state p%v which is energy block-diagonal, and has trace
distance ¢ with |Ey)(Ey|y can be written as,

Py = (1—€) |E) Exly + o™, where g™ =" pi [E)Eily, > pi=1andp,=0. (146)
) 7
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Next, one can calculate Wey given by the standard free energy condition, i.e.

F(7p.) + F(pw) = Fpcoa) + F(py)- (147)
Using the identity F(p) = tr(Hp) — 5725 (p), we have that
F(r3,) + Ej > F(ptoa) + (1 — &) Ex + etr(Hwply™) — B, S(ply)- (148)
Substituting Wex; = Ej, — I, and rearranging terms, we have
(1= &)Wex < F(15,) — F(ptioia) + B TAS — eltr(Hwpl™) — (149)

Finally, by using the identity (in Eq. (54)) that F(p) = 8, '[D(p||75,) —In Zgh], the maximum amount
of extractable work is given by
Wexe = (1—€)7' 8, " - [D(75.lI75,) = D(ptwallTs,) + AS — eE], (150)

where F = tr prjunk - Ej.
Following the steps in Lemma 5, in particular the derivations in Eq. (130) and (131), we have

AC
nmax - (1 - 6) 1+ ﬁh inf = | . (151)
Br (7-/5 HTﬁh) (Tﬁf||7-ﬁh) +AS —¢eFE
AC>O

To show Eq. (151) gives the Carnot efficiency, we show that 1) for non quasi-static cases where 5y < f3,
Carnot efficiency is not attained, and 2) in the quasi-static limit, Carnot efficiency is attained.
Let us first consider the case of extracting a non-vanishing amount of near perfect work, i.e. for all
cases where 3; < .. Then near perfect work, by Def. 5, corresponds to the limit ¢ — 0,
AC
n = lim (1—¢)- |1+ B = (152)
=0 D(7s.||75,) — D(73,||75,) + AS — €E
AC
D(TBCHTBh) - D(Tﬁf HT,Bh) .
In this limit, all terms involving ¢ vanish, and the inverse efficiency has the same expression as the
efficiency for perfect work. We already know from Lemma 4 that the infimum over (; cannot be
obtained in this regime, since the inverse efficiency is strictly decreasing with 3.
Therefore, again we are left with analyzing the quasi-static limit for this problem. Following the
derivation in Eq. (139) for the quasi-static limit, we obtain

— 148, (153)

~ -1
Nk, =14 By lim AC : (1 + AS—eb ) : (154)
9=0% [ D(rs.||75,) = D(73,175,)] D(75.|lm3,) — D(73,|75,)

where £ = ¢(g) and note that requiring near perfect work implies that

lim A5 =0. (155)

g0+ D(7g,[I78,) — D (73,173,
Next, we observe the relationship between £ and AS, in the regime where ¢ is small. Given any
e > 0 denoting the trace distance d(p¥;, |Ex)XEg|y) = €, the smallest amount of entropy that can be
produced corresponds to AS = ha(e). This is because if we try to distribute the weight & over more
energy eigenvalues, then by majorization the entropy only increases. But we also know that ¢ < ha(e)
for small values of €, in particular over the regime ¢ € [0, %] Therefore, we have that in this regime,
e < ha(e) < AS holds. Therefore, we also know that

I b 0 (156)
1m =0,
g—0t D(73.[|78,) — D(75,75,)

where € = ¢(g). Plugging Eqns. (155) and (156) into Eq. (154), we have that the quasi-static efficiency
R B
isn=1-7%3". O

c
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E Efficiency of a nanoscopic quantum heat engine

In this section, we will be applying the conditions for state transitions for nanoscale systems, as detailed
in Section B.2. The reader will see that due to these extra constraints from the generalized free energies,
the fundamental limitations on efficiency will differ greatly from those observed in Section D.

Firstly, in Section E.1, we show that the extraction of a positive amount of perfect work is impossible
using the setup. In Section E.2, we show that this can be resolved by considering near perfect work
instead. Then we find that:

(1) The maximum achievable efficiency is still the Carnot efficiency. This is proven in Section E.2.2.

(2) However, in the case of quasi-static heat engines, the Carnot efficiency cannot be achieved for all
cold bath Hamiltonians. This is our main result, which is stated in Theorem 2, found in
Section E.2.6. The results in Section E.2.4 and E.2.5 are more technical proofs, that pave the
way for deriving this main result.

E.1 Impossibility of extracting perfect work

We will first show that with the general setup as described in Section A, no perfect work can ever be
extracted. By this we mean that whenever € as defined in Eq.(42) equals zero, then for any value of
Wext > 0, and for any final state plq, the transition |E;)(Ejlw® 1204 — |Ek)(Eklw ® plyyq is not
possible. Intuitively speaking, this occurs because the cold bath is initially in a state of full rank. Since
thermal operations cannot decrease the rank of the system, therefore the final state of the cold bath
Ploq must also be of full rank. By directly solving Eq. (55), for Wext, we can find the an equation
governing the amount of extractable work. To solve Eq. (55) for Wey, we start by first using Eq. (56)
to find an expression solely in term of the Rényi divergences and the fact that the bipartite thermal
states are product states,

Da(8oia ® Py lI7¢oaw) = Dalpoa © piv|Imloaw) Yo > 0. (157)
Now using the additivity of the Rényi divergences, from (157) it follows
Da(pv ) = Da(pi ) < Da(mCoidl|ora) = Dalptowalléod) Vo = 0. (158)

By directly solving the L.H.S., we find that Wy, must satisfy

Wext < kTHot [Da(TgoldHTgold) - Da(pIColdHTgold)} Va > 0. (159)
Hence
Wext < kTtor inf | Do (1201417 a1d) — Dea(piorall meord) (160)
ext = FlHot WL La(7Cold | TCold a\PCold I TCold) | »

where Tgold is the thermal state of the cold bath (according to the cold bath Hamiltonian ﬁCold); at
temperature Tyt (since the surrounding hot bath is of temperature Tyt ). However from Eq. (56),
Do(184lIT80) = Do(p&oill78q)- Therefore according to Eq. (160), the amount of work extractable
satisfies Wext < 0.

We phrase this with more rigor in the following Lemmas 7 and 8, which proves that for perfect work,
Wext > 0 is impossible. The proof holds for general initial states P%old of full rank, in particular, they
need not even be diagonal in the energy eigenbasis.

Lemma 7. For any Wex > 0, consider the Hamiltonian Hyy given by Eq. (40). Then for any inverse

temperature By, > 0, the thermal state T\’}v = me*mm" satisfies
re

tr (1) (B w — | i) (Eelw) ] > 0. (161)
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Proof. Follows directly from the definitions. Since Wy > 0, we know that E]W < EXV Evaluating
the quantity above gives ———— - (e_BhEJW — e_BhEkW> > 0. O

trlePrHw)

Lemma 8. Consider any general quantum state p.,y of full rank. Then for any pl,q, the transition
from p%old ® p%v — p1C01d ® p%,v is not possible via catalytic thermal operations if

tr [(Tg — T, ) ] >0, (162)

where 11, is the projector onto the support of state p, and T\}}V is the thermal state of the battery at the
initial hot bath temperature.

Proof. One can show this by invoking the quantum second law for v = 0 [7], which says that if
Pin — Pout 1S possible via catalytic thermal operations, then
Do(pinl|T) = Do(pout(|T), (163)

where 7 is the thermal state of the system at bath temperature, and

Dy(p|lo) = lim Intr[p®o!™*] = — Intr[I,0], (164)
a—0t o —
is defined for arbitrary quantum states p,o. Applying this law with pin = pY ® Q.4 and pout =

Py @ plo, We arrive at

DO(p%VHT\}ILV) - DO(p%NHT\}ILV) > DO(péoldHTgold) - DO(p(C)}oldHTgold)a (165)

where 78,4 and 7, are thermal states of the cold bath and battery at the temperature of surrounding
hot bath (Tjet) respectively. Since p%old have full rank, and since Tgold is normalized, therefore
according to Eq.  (164), Do(pdyqllméeq) = 0. Furthermore, since the a—Rényi divergence Dy is
non-negative, therefore the r.h.s. of Eq. (165) is lower bounded by 0. Thus, we have

tr[(IL — HP%N)T\]}V] <0. (166)

Since this is a necessary condition for state transformations, we arrive at the conclusion that: when
Eq. (166) is violated, state transformations are not possible. But from Lemma 7, any type of
perfect work extraction violates Eq. (166). Therefore, in this setting, perfect work extraction is
always impossible.

O]

To summarize, Lemma 8 implies that if the initial state of the cold bath is thermal, and therefore
of full rank, then any work extraction scheme via thermal operations bringing p; = |j)(j|lw to ply =
k) (k|w where Wext = ERY — E]W > 0 is not possible. In general, we see that if ITo 7 II 1 , then when

transition P%v to p\l,v is possible, transition p%;v to p%v is not. Consequentially, we will have to consider
near perfect work at the nano regime.

E.2 Efficiency for extracting near perfect work

As we have just seen in the previous Section E.1, we cannot extract perfect work. Due to the impos-
sibility result, we consider the relaxation of extracting near perfect work in the nanoscale setting.

e We begin by evaluating the expression for efficiency according to the nanoscopic laws of thermo-
dynamics, given a final state of the cold bath, and comparing it to the expression according to
macroscopic laws of thermodynamics. This is done in Sections E.2.1 and E.2.2; and the relation
between two efficiencies are summarized in Eq. (177). Since the nanoscopic efficiency is always
smaller than the macroscopic efficiency, which attains Carnot efficiency only in the limit AC' — 0,
it will be a necessary condition to consider this limit if we want to achieve the Carnot efficiency,
when considering nanoscopic laws of thermodynamics.
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e We analyze the quasi-static regime, focusing on the special case where the cold bath consists of n
qubits. Since the quasi-static limit corresponds to the case of small g > 0, and ¢ also has to be
arbitrarily small for near perfect work extraction, we perform Taylor expansion of the analytical
expressions for Weyt and AC w.r.t. g and €. This is done in Section E.2.3.

e In Section E.2.4, we identify how to choose £(g) such that it corresponds to drawing near perfect
work in the quasi-static limit. We first begin by observing that any continuous function £(g) that
vanishes in the limit ¢ — 0 can be characterized with a real-valued parameter kK that determines
how quickly € goes to zero. This is shown in Lemma 11. In Lemma 12, we show that near perfect
work is drawn only if & € [0, 1].

e Lemma 12 gives us the analytical expression and minimization range in order to evaluate Weyt,
according to Eq. (230). In Section E.2.5, we show how one can evaluate this optimization problem,
by comparing the stationary points and endpoints of the function ‘;—Jfol‘ that gives the leading term
in Eq. (230). Lemma 13 proves a technical property of the first derivative of this function. Using
it, we prove in Lemma 14 that one can always choose £(g) with some k < 1 such that the infimum
of Z]f‘i‘ is obtained at either @ = K or a@ — o0.

e Finally, in Section E.2.6, we use the results in Section E.2.5 regarding the evaluation of Wy to
find the efficiency in the quasi-static limit.

E.2.1 An explicit expression for Wy

Our first task is to work out an explicit expression for Wey depending on the initial and final states of
the cold bath, e and hot bath (inverse) temperature 35,. Such as expression is found by applying the
generalized second laws as detailed in Section B.2.

Lemma 9. Consider the transition
Cold ® P = Plold @ Py With &> 0. (167)

where p%; and piy are defined in Egs. (41), (42) respectively. Let Wext denote the maximum possible
value such that Eq. (167) is possible via catalytic thermal operations, with a thermal bath of inverse
temperature By,. Let B. > Br. Then the final state ptoq = > PilEi){(Eilcoa is block-diagonal in the
energy eigenbasis, and

Wext = ég% Wa, (168)
1
W, = m[ln(/l —e%) —aln(l —¢)], (169)
gl
A= % PiG (170)
iPi4;
where p; = S_ZZC:", q = e?;hEi, and p;; are the probability amplitudes of state péold when written in

the energy eigenbasis of Heon. The quantities Wy and W are defined by taking the limit o — 1, +00
respectively.

Proof. Eq. (55) is necessary and sufficient for Eq. (167) to be satisfied. We can apply the additivity
property of the Rényi divergence, to Eq. (55) to find
Da(pylImy) + Da(75.1|75,) = Da(pivlIn) + Da(ptouall7s,), (171)

where 75, and T{}V are the thermal states with Hamiltonians Hegq and Hyy respectively, at inverse
temperature fj,. From Eq. (171) it follows,
-1
a—1

In [ + (1 — )% ?E=ENO=0] > D (o]l 75,) = Da(rs.|175,) (172)

- ma (173)

a—1
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By examining the three cases a < 1, a > 1 separately, have find

e+ (1—e)e PEENI=0) > 4 jf o <1

e+ (1—e)% PEEN0-0) < 4 if o> 1 1)
where note that A is independent of Ej, and E;. Now note that the largest value of £, — E; in Eq.
(174), is obtained when the inequalities hold with equality. Thus, since these equations have to hold
for all o € [0, 00], the largest amount of work we can extract corresponds to the value of E, — E; for
which Eq. (174) holds for all a € [0, 00], with an equality for at least one particular value of « € [0, o0].
In other words Wey is given by Eq. (168), and W,, satisfies,

e + (1 — ) PWallma) — 4, (175)

Note that due to the continuity of the Rényi divergences in the neighbourhood of one, this case follows
by continuity. Solving Eq. (175) for W, gives us Eq. (169). O

As we will see later there exist p¢,,q such that, Wy given by Eq. (168), has a solution (i.e. Wext > 0)
for any € > 0. We can use this to write down an explicit solution to the maximization problem Eq.
(62). Using Egs. (62), (77) and Lemma 9, we conclude

-1
AC(ptoa)
nano/ 1 Cold
od) = [ 1—e+ - e
N (pGola) ( info>0 Wa(péora) "

where W, is given by Eqgs. (169), (170) and recall AC can be found in Eq. (74). From Egs. (176),
(169), (170), we see that the optimization problem sup,1 n"a° (plq) is still a formidable task. In
the next section, see will show that we can use the results trom Section D, to drastically simplify the
problem.

E.2.2 An upper bound for the efficiency

Before moving on to solving the nanoscale efficiency explicitly, we will first use the results of Section
D.3 to find upper bounds for the efficiency in the nanoscale regime, in the context of extracting near
perfect work (Def. 5).

Recall how we have discussed in comparing Sections B.1 and B.2, that the solution for the family of
free entropies Fy, in the case of Fj is simply the non-equilibrium free energy. Therefore, from Lemma
9, it follows that W is simply the maximum amount of extractable work according to Eq. (49). From
Egs. (65), (77),

-1
AC’(p1 ))
mac/ 1 Cold
N (peod) = | 1 — e + —2 . (177

Gt ( Wl(péold) )

One can now compare Eq. (177) with Eq. (176), and note that for any Plcold € S, we have W; (Plcold) >
info>0 Wa (P%Jold)~ Therefore, we conclude that for any péold €S,

1" (pGowd) < 1™ (Plota)- (178)

Eq. (178) in conjunction with Lemma 5 has an important consequence. Namely,

sup 17" (pGola) < 1= Bu/Be (179)
1
PEod €S

with equality only if the state péold that solves the supremum is the limiting case where it tends to
the initial state of the cold bath, p,q — p%old. Therefore, in order to see whether we can still achieve
the Carnot efficiency, we will consider the quasi-static regime in the rest of Section E.
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E.2.3 Evaluating near perfect work in the quasi-static heat engine

In light of the results from the previous section, we will now calculate the near perfect work Wey for
quasi-static heat engines, i.e. the case where ¢, g < 1. Specifically, we make the following assumption
about the cold bath Hamiltonian:

(A.5) The Hamiltonian is taken to be of n qubits:

n
Heoa =Y 1%V @ Ao @ 1900 where  Hey, = Ex| Ey)(Ej], (180)
k=1

and Ej, > 0 is the energy gap of the k-th qubit. Here for simplify, we have chosen w.l.o.g. the ground
state of each qubit to have an eigenvalue equal to zero.
The tensor product structure in Assumption (A.5) allows us to simplify ,o%old, to

n
p%old = ®Tin8c’ (181)
i=1

where 7; g, is the thermal state of ith qubit Hamiltonian }AILC at inverse temperature fj.. FPI the
simplicity of following proofs, we present them in the special case of identical qubits, i.e. that F; = F
for all 1 <4 <mn. This means Eq. (181) can be reduced to

0 _ ®
PCold = Tgcn- (182)
Furthermore, since we consider quasi-static heat engines, the output state is
1 _ ®
PCold = T,Bfna (183)

with By = B, — g ,where 0 < g < 1. Eq. (180) together with Eq. (183) allows us to further simplify
Eq. (170) to

paglma\"
A= (lefaqﬁ_a> : (184)
2 P4
—BcES; —ByES; —BrES; . yeye
where p; = %, P = %, qi = %, with 190 = 0, 611 = 1, are the probabilities of
c f h

thermal states (different temperatures) for the qubit Hamiltonian H,. The proof follows along the
same lines as the proof to Lemma 9, but now noting that in Eq. (171) we can replace Dy (Tcold||75,)
and Do (ptoiall 7, ) with n.D (73, ||78,) and nDq (75,75, ) respectively. This follows from the additivity
property of the Rényi divergences. After proving the special case of identical qubits, we show in
Theorem 2 that it can be extended to non-identical qubits as generally described by Assumption
(A.5).

Since we are dealing with near perfect work and quasi-static heat engines, both ¢ > 0 and € > 0 are
infinitesimally small. Thus with the goal in find of finding a solution for Wex from Egs. (168), (169),
and (184); we will proceed to find an expansion of W, for small £ and g.

i) The expansion of A in a quasi-static heat engine

To simplify our calculations of Wey, especially that of efficiency, it is important to express A in
Eq. (184) in terms of its first order expansion w.r.t. the parameter g. Recall that this parameter
g = B — By is the difference of inverse temperature between the initial and final state of the cold bath.

Firstly, note that for any integer n, the expression in Eq. (184) evaluates to A|,—o = 1. This is because
at g = 0, By = B, and therefore the probabilities p;,p] are identical. To obtain an approximation in
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the regime 0 < g < 1, we derive

—n—1
(ZP?‘(J? “) <Zpiaqzl a) [Zapi“ '~ acflﬂ (185)

— —anA (Zp’ﬁq} ") [Zpiaqzl *(E; — (H. )B,)} (186)

The first inequality holds by noticing that only the probabilities p; depend on g, which means only the
denominator in Eq. (184) is differentiated, using the chain rule

dA({pi}) _ < dA{pi}) dp;
iy Tl dg (187)

dA

The equality in Eq. (186) *55,% = pi(E; — (ﬁc)gf) as derived in

Eq. (102). Evaluated at g = 0, implies that p} = p;, and therefore this gives

dA

— = anB,, where (188)
dg 90 @

By = pr‘q}“( o — Bi). (189)

_'E:iﬂzl « -

Recall that p;, ¢; are probabilities of the thermal states of I:IC, at inverse temperatures ., 8 respec-
tively. With this, we can write the expansion of A with respect to g as

A =1+ angB, + 6(g?). (190)
Later on, we will also need to evaluate the derivative of B, w.r.t. a. This quantity, when evaluated
at o = 1, has a close relation to the change in average energy of the cold bath (per copy), AC
Lemma 10. Let J
AC!(B.) i= S AC(By)| (191)
where recall 3y = B. — g. Then
dB
B = Da) PPy = (5.~ ) var( B (192)
@ la=1
Proof. From the definition of AC (Eq. (74)) and using Eqgs. (180), (181), (183), we have
AC N
e tr[(7s, — 78.) He]- (193)
Recalling that 3¢ = 3. — g and using Eq. (112), from Eq. (193) it follows
1 1dAC 1dAC A
—AC'(B.) = ——— =——— = var(H.)g,. (194)
n nodg |, n dBy B;=e

Now, let us evaluate the partial derivative of B, w.r.t. «. Denoting r; = Z—:, and invoking the chain
rule of derivatives for Eq. (189)

- (;p?qll a) HZW I (e E)} lzpi"(ﬁ a] (195)
) lqun] lzp?qg ) H (196)
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Substituting a = 1 into Eq. (195), we obtain that 37, pfgi~® = 1. Also, 3, p¥ql “((He)s, — E;) =0
while the factor multiplied in front is finite. Therefore, we are left with the terms

By =) pilnr; ((Ho)s. — i) (197)
= S |tn 5 (B — BB (s, — E) (198)

= (B — Bu)var(fe)g, (199)
Ll ~ERAC(fe). (200)

The second equality comes from substituting r; = % = eBr=B)E: . Zy/Ze. In the third equality,

In gh is brought out of the summation, while the summation yields 0. Subsequently, we invoke
Z bi Z(< >Bc E) <HC>%C - <H(32>ﬁc - _Var(HC>Bc' D

i1) The expansion of Wy, in the quasi-static heat engine

In the following we proceed to derive an expansion of W, valid for small g, and €. Note that W is
defined through continuity to be the limit of the Rényi divergences at & — 1, and the small £ and g
expansion does not hold for & = 0, we shall have to examine W; and Wy separately.

In the following and throughout the manuscript, we will use the notation = € (y, 00| to indicate that
the expression whose input z in being referred to holds for x € (y, 00) and for the limit case limy_, 4 .
Similarly, we use the notation x € [y, oco] when referring to an expression which holds for = € [y, 00)
and for limg 4 oo.

(A) Fore >0, a € (0,1) U (1, 00].
We start with the case ¢ > 0, a € (0,1) U (1, 00):

W = ﬂh(al_l)[ln(A — %) —aln(l - ¢) (201)
_ ﬁh(al_l) [in (14 angBa + 6(¢%) — ) — aln(1 - <)) (202)
_ ﬂh(al—l) [angBo +O(g?) — ¢ + () +0(9=") —a (e +0(<2))],  (203)
_ ﬁh(;_l) [angBa — £ + ae] + O(g) + O(c2) + 0(g") + O(<2). (204)

In the second equality, we have used the expansion of A derived in Eq. (190). In the third equality, we
use the Mercator series

00 k+1
Z ~— k2 < 1, (205)

to expand both of the natural logarithms in line Eq. (201). The order terms of ©(g3), ©(g*), ©(g%c®)
vanish because they are of higher order compared with ©(g?) and ©(ge®). The last equality occurs
because cO(g(z)) = ©(g(z)) for any ¢ € R\0.

Finally, we consider the limit case & — 0o. By direct calculation using the expression in line Eq. (201),
we find

- _ 1 - 2 2
lim W, = F[ng agr—&r—loo B, +¢€]+0(g%) + (%), (206)

a——+00 h
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which is identical to the expression one obtains by taking the limit o — +oo in Eq. (204). We thus
conclude that for ¢ > 0, « € (0,1) U (1, o0],

W, = [angB, — €® + ag] + O(g?%) + 0(£2*) + O(ge®) + O(?). (207)

v
Br(a —1)

(B) Fore >0,a=1

We are now interested in finding a small € > 0, g > 0 expansion for W7y, which is defined through
continuity of the Rényi divergences. Going back to Eq. (171), note that W is the maximum value such
that Eq. (171) holds with equality, when all D, terms in Eq. (171) are evaluated at « — 1. Recall
that lim—1 Do(p||7) = D(p||7) (see Eq. (59)), the relative entropy we have derived in Section D.
Therefore, one can write an equation for Wi in a more compact form: Wi is the value such that

_1 _ 1
Bh Bh

where (ﬁc> 3. is the mean energy evaluated at temperature Tcolq, S(fc) is the von Neumann entropy
of the state 75_, and ha(e) is the binary entropy function. Rearranging Eq. (208), we get

e (s, = -S(B0)| = (s, = 5-86)] + A -oWi - Zhae), (208)

1
T 1-—c¢

(), — s, — g (S(8) = S(57)) + 5 hale)] (209)

We can expand (209) using a power law expansion in g and e for the terms in Eq.(209), obtaining

d(—(He)s, + B, S(By))
dg

Wi

Wy = [1 +e+ @(52)} . [n g+ 0(4%) + 1h2(5)] . (210)

g:O IBh

To proceed, we recall that 8y = 3. — g and evaluate the term

d(—(H.)g, + B; 18 d((H.)s, — B, '8 X L
(CU)s, + 8 SGp)| Ay — BTG g B o
dg 9=0 dBy B=6. B
_ Be=bn var(H.)g,. (212)
Bh
This implies that when fully expanded, Eq. (210) reads as
Wi :ngﬂcﬁ_ ﬁhvar(ﬁc)ﬂc + B, tha(e) + O(eg) + O(e)ha(e) + O(ge?) + O(%)ha(e) (213)
h
+0(g%) + O(c9?) + O(%¢?) (214)
:ngﬁcﬂ_ Bhvar(ﬁc)gc + B, H(—elne+¢) + O(eg) + O(e* Ine) + O(?) + O(g?), (215)
h
where we have used ha(e) = —elne 4 ©(e), which follows from finding the power-law expansion of the

second term in Eq. (46).

Although Eq. (207) is not defined for @ = 1, we can evaluate it in the limit @ — 1 to see if it
coincides with the correct expression of Wj (in Eq. (215)) at least for the leading order term (found
in square brackets of Eq. (207)). For the leading order term of Eq. (207), we find

lim ———— [angBa — < + ag] = B ng lim 25e _ jpy & 0F (216)
a1—>H115h(04—1) NG Be c ael = h ngal—>nlla—1 ozlig a—1
a1 . aB, B
=8, [ng(}él_)mla_1+( slns—l—s)], (217)
_ Bc — Bn 2 -1
=ng 5 var(He)g, + B, (—elne +¢). (218)
h
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The last equality holds because

. aB, .. dB,
S e L 219
= (B — Bn) - var(He)g,. (220)

where Eq. (219) is derived from L’Hoéspital rule (B; = 0 follows from the definition, see Eq. (188)),
and Eq. (220) comes by invoking Lemma 10. Thus noting that Eq. (218) is simply the first two terms
in Eq. (220), we conclude that the small ¢ > 0 and £ > 0 expansion of W, for a € (0,00] can be
summarized as

W, = (221)
m [angBa — € + ae] + O(g?) + O(e*) + O(ge®) + O(e?) if € (0,1) U (1, 00],
. _a 2 2 2y e
015’{1 Bila— 1) [angBy — e® + ag] + O(eg) + O(e”Ine) + O(e7) + O(g*) if a=1.
(222)

(C) Fora=0

We will now investigate the e = 0 case. This is also particularly important to understand the difference
between perfect and near perfect work, since in Section E.1, the impossibility of extracting perfect work
arises from evaluating the allowed values of Wy under the a@ = 0 constraint. We show that by allowing
€ >0, Wext > 0 is allowed once again. Recall Do(pl|lq) = lima—0 Da(pllq) = >2;p,20 ¢i- Thus from Eq.
(171)

Do(pyllmw) — Do(pillmw) = nDo(7s, |I78,) — nDo(7s,|I75,) = 0. (223)

where the last equality follows from the fact that thermal states have full rank. This inequality is
satisfied for any value of Wext, since whenever € > 0, piy is a full rank state, and Do(piy||mw) = 0.
Furthermore, Do(ply||7w) > 0 because all Rényi divergences are non-negative. Therefore, taking into
account Eqs. (221) and (223), for quasi-static heat engines which extract near perfect work, we only
need to solve
Wexe = inf Wi, (224)
a>0

where W, is given by Eq. (221).

E.2.4 The choice of € determines the infimum to evaluating Wex

In this section, we will show that the infimum over o > 0 in Eq. (224) can be simplified to taking the
infimum over « > K instead, where the parameter £ determines how quickly & goes to 0 w.r.t. the
parameter g. We define k introduce & in Lemma 11, for functions of (g).

Lemma 11. For every continuous function £(g) > 0 satisfying lim,_,o+ €(g) = 0, for which the limit
lim,_,o+ €%(g9)/g, k € R exists, we have that 3 k € Rxq s.t.

. 0 ifk >k
- ) Lo
0(k) = lim =q0>0 ifr=kK (225)
g—0t g
00 ifk <k
€"(9)

where k = +o0 is allowed (that is to say, lim, o+
allowed.

- diverges for every k) and o = 400 is also
Proof. The main idea in this proof is to divide the non-negative real line into an infinite sequence of

intervals in an iterative process. We specify the ends of these intervals by constructing a sequence
{ki}$2,, and evaluating § at these points. We then prove that according to our construction, there
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8,=0
for all k <, :
8(Kk)=00
8y < 0
8pip <?
; for all k> K.y,
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Kn Knt1

Figure 6: lllustration of the scenario where §(k,,) = o0 and d(knt1) < 0.

are only two possibilities:
1) k; forms a convergent sequence, where the limit lim;,,_, £, = K, or
2) the ends of these intervals extend to infinity. In this case, K = co. The way to construct this interval
is as follows: in the first round, pick some x; > 0. The corresponding interval is [0, k;]. Evaluate
8(k1). If 8(k1) = oo, then proceed to look at the interval [k1, 3r1]. Otherwise if §(k1) < oo, choose
kg = %5 and evaluate §(k2). Depending on whether d(x2) goes to infinity, we pick one of the intervals
[0, k2] or [K2, k1]

A general expression of choosing x, can be written: during the nth round, define the sets Sr(lo), 57(100)
such that

SO = (ki1 <i < n and §(k;) = 0}
S = {i]1 < i < nand §(k;) = oo}

Note that if we find §(x;) = ¢ # 0 for some finite constant ¢, then our job is finished, i.e. kK = k; (We
prove this later). Subsequently, define for n > 1,

k) = min K and k() — max k.

" /4687(10) " 5687(100)

If either sets are empty, we use the convention that the corresponding minimization/maximization
equals 0. Once these quantities are defined, we can choose the next interval by evaluating
) — i)

5 (226)

Kn4+1 = KSLOO) +

In the n-th round, the corresponding interval is [HSSO), Kn+t1]-
Let us now analyze why we can use this scheme to find . Firstly, consider the case where §(k;)

whenever evaluated, produces infinity. This means that in each round, /{7(7,00) = Ky, increases with n (by

the iterative scheme), and /17(10) = 0 always stays at zero. Note that this scheme has been constructed

in a way such that lim,, o £, = 00. Indeed, for all n, by using Eq. (226),

3 3\ 2 3\"
Fpgl = 5//,;” = (2) Kp1 ="+ = (2> K1, (227)

which tends to infinity as n goes to infinity, whenever k1 > 0. Later we will prove a property of
the function §, which combined with this scenario means that §(x) = oo for every x > 0. Therefore,
K = 00.

Next, suppose that there exist an n-th round, such that 6(k,) = 0o and d(k,41) < 00, as illustrated
in Fig 6. Note that the function d(x) has a peculiar property, i.e. we know that if §(x,) = oo, then
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for any K < Ky,

d(k) = lim """ (g) = +o00. (228)

On the other hand, if §(kp+1) = 0, then we know that for any x > K41,

Rn+1
0(k) = lim " "nti(g) "t (g)
—0

=0. (229)
—0

Moreover, if d(k;) = ¢ # 0 for some positive, finite ¢, then following the same arguments, one can
easily see that for all K < kj, 6(k) = oo and for k > kj, §(k) = 0. In this case we find that & = &;.
These observations are illustrated in Figure 6 for clarity.

One can now evaluate ;42 (which is the midpoint of k, and k,4+1) and its corresponding value of
0(Kn+2). From this point on, in each iteration we either find k exactly (whenever the function § when
evaluated produces a finite, non-zero number), or the length of the next interval gets halved, and goes
to zero in the limit of n — oco. This, by Eq. (226), also implies that lim, m(loo) = lim, o0 /17(10) . We
also know the following;:

1) for all Kk < HgLOO),(;(Ii) = 00,
2) for all k > H%O), d(k) =0.
Therefore, we see that k exists and k = lim,, o /17(100

) (©

= lim,,— o0 Kn ). By this we conclude the proof. [
To provide some intuition about how k compares the rate of convergence ,g — 0, let us look at

the following examples:

1) Consider €1(g) = exp(—1/g). Then £ = 0 with 0 = co.

2) Consider €2(g9) = glng. Then Kk = 1 with 0 = co.

3) Consider e3(g) = ¢ - g'/* for k > 0. Then & = k with o = c.

In the next lemma, we consider the scenario of near perfect work, given in Def. 5, and show that this
imposes a finite range of values k should take. Given a particular k, we also show that the minimization
of Eq. (224) changes with &.

Lemma 12. Given any (g) € (0,1] as a continuous function of g, where g > 0. If lim,_ o+ €(g) =0
and lim,_,+ I/Iést =0, then the following holds:

ex

1. The quantity k (defined in Lemma 11) can only have any value in i € [0, 1], where lim,_,o+ EI;E =
0 has to hold if Kk = 1.
2. The extractable work can be written as
. . naB
ﬁhWext =g- lnf; = + f(g) > (230)
a>k a0 — 1

where limg_,o+ f(g) =0 and info>% can be exchanged for inf,~ if k = 0.

Proof. Firstly, let us use Eq. (221) to simplify our expression for Wext: Wext = info>0 Wy, where

v, [T+ B +B(E) +0(a=) +0()  Hac O]
PR g+ O(eg) + O(2Ine) + O(e2) + 0(¢?) ifa =1,
and . N
Wy = (omBa ta - 6) , (232)
a—1 g g
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and for a =1
anB,,

leclyi_>H11Wa:<Clyi_>H11a_1)+Z;ln(s). (233)
From now on, the order terms in Eq. (231) can be neglected, since it can be checked that all of them
are of higher order compared to the terms we grouped in W, in the limit of vanishing ¢g. Even then,
we note that due to the complicated form of Wy, it is not straightforward to begin our proof with
the assumption limg_,+ % =0.

Instead, we begin by noting that given a function e(g) that satisfies the conditions of the above
lemma, then one can invoke Lemma 11, and therefore there exists a & € R>¢ such that Eq. (225)
holds. We then, for all possible k € R>g, evaluate all W, to take the infimum and obtain Wey. Given

Wext, we then evaluate the quantity limg_>0+ % =0.

The value of k determines how the limits of quantities like g, 7 behave. Therefore, we need to split
the analysis into three different regimes: < € [0,1), k =1, k € (1, 00).
1) For 5 € [0,1)
For this case, we know the following limits:
A. limg*)0+ % = 0

[

B. For a <k, limy_,+ < = o0.
— . @
C. For a = &, llmg_>0+%:<720.
[l

=0.

E. Note that 3 ky > K such that 1 —k; > 0. Thus lim, o+ 5Ine = limy_,o+ % el=Fne =0
Therefore, by using Eq. (232) and (233) (for o = 1 separately) we have

D. For a > K, limg_,o+

+o0 if a €0, k)
anBo 1 (ze_ ) _anBa, o +@<€>E if a =&
a—1 k—-1\ g g a—1 |k—1] g
- anB,, g% ) _
W, = a—1+@<g> if a € (k,1) (234)
B
an a+®(5) if a € (1, 00]
a—1 g
B 1
lim 2 “+@(€n€> if o =1,
a—1la—1 g

where the expression in Eq.(234) has been written as a leading order term, plus higher order terms that
vanish in the limit g — 0 ’. In the second line we have used (ke — &%) /(k — 1) = | (ke — &) /(k —1)|
as e — 0T for k € [0,1).

Therefore, we conclude that for 5 € [0,1) and any o > 0, due to continuity in « of “Ofli‘*,
. . . anB,
BrWext = By inf Wo = g- [égﬁ VAN E (235)

where f satisfies lim,_,y+ f(g) = 0 in the expression of Eq. (234). Note that if & = 0, then inf,>7 can
be exchanged for inf,~z since in Eq. (224) the point o = 0 was already excluded.
We can now calculate lim,_,o+ % for k € [0,1) and any o > 0:

_ (1 _ 2
lim AS lim elne—(1-¢)In(l—-¢) 1 elne  e+0(e%)

g0t Wext  g—0+ (infazk agﬁa) g g—0t inf, >z Oglﬁa g g

—0 (Item E)  —0 (Item A)

In Eq. (234), the interval [0, 0) is taken to be the empty set (this is relevant for the case & = 0).
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where we have assumed that

. . anB,
inf
a>k o — 1

As we will see later (see Eq. (252)), Eq. (237) holds if & > 0. However, if « =0

> 0. (237)

B
anZa _ ), (238)

a—1

and we need to use Eq. (234) for the case & = k = 0. The relevant line in Eq. (234) is the 2nd line,
from which we have Wy = o = £F /g = 1/g. which tends to +oco as g — 0T. Alternatively, as already
mentioned, this result is also clear since W, for o = 0 is infinite since it expresses the rank condition
for state transitions which is always satisfied regardless of how much work is being extracted. Hence

. AS
lim

=0 239
g—0+ Wext ( )

in this case also. Thus from Egs. (238) and (239), we conclude that Egs. (235) and (236) are still
valid when k = 0. To summarize, so far we have proven that whenever k € [0, 1), Eq. (230) holds for
some f(g) which vanishes as g tends to zero, and furthermore lim,_,q+ as — .

cht
2) For k € (1,00)

In this regime, like the previous analysis, we can list out the following limits:
A. limg_>0+ % = 0

B. By definition of &, for a < 1, limg_,o+ % = 0.

C. limg_,o+ elne — o since both £ and Ine goes to infinity as g — 0.
Therefore, by using Eq. (232) and (233) (for v = 1 separately) we have

[+ 0()+0(g9)]  ifac0l)
+0

-[—elne+ O(¢) (9] ifa=1 (240)

Q= Q= Q=

. ﬁ [ae +O(*) +O(g9)] if a € (1,00].

Note that for all of these expressions in Eq. (240), W, — oo as g — 01. Next we want to calculate
Wext, which is the infimum of W, taken over all & > 0. Note that in the limit of vanishing g, € also
goes to zero. Therefore from Eq. (240), we see that the equation for gW,, which vanishes most quickly
in the limit ¢ — 0 happens when a € (1,00]. Therefore, we conclude that for k£ € (1,00) and any
o >0,

BnWext = fp inf Wa =g - | inf —— 12 +O(f(9)|=e+9-0(f(9) (241)

We can now calculate limg_,q+ % for k € (1,00) and any o > 0:

A —elne— (1 —¢)In(1 — 1 2
lm 25 _ gy, fme=(=ol=e) o ele e406E) L oy
g0+ W g0t € g—0+ € €
—_——— ——
—00 —1

From this, we note that the whole regime of & € (1,00) does not contain any cases corresponding to

our condition of interest: lim,_,q+ A—St = 0 never holds.

Wex
3) Fork =1

Similar to the first two cases, we again list out the relevant limits:
Al limg_,o+ g = o for some o > 0.

(e

B. For o < 1, lim,_,p+ &~ = o0.
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C. For a > 1, limg_,p+ % =0.
Therefore, by using Eq. (232) and (233) (for o = 1 separately) we have

% - Y+ O(e) + O(g)] if a €[0,1)
%-[—Elne—i—@(s)—l-@(g)] ifa=1 A 0>0

W, = 243
n lim OZBCY—(Slngznlim @Ba fa=1 A 0=0 (243)
a—la—1 g a—la—1
L {omBa +a0 -0 (%)} if a € (1,00].

Note that for « € [0,1) and the case «a =1 A o > 0, W, tends to infinity, while for the other cases
W, is finite.
Therefore, we can conclude that for kK = 1,

ﬁhWext =g [(lnf

a>la—1

(nBa +0)) + 0 (£(9)] (244)

where f(g) = % vanishes as g tends to zero.

Now, we evaluate the limit lim,_,+ % for K =1 and any o > 0:

—elne—(1—¢)In(1 —¢) —elns_z—:+@(52)

lim — = lim = lim (245)
g—o0t W g—0t+ (infazl ﬁ (anFa + ao')) g g—0t Cc-g c-g
—0
This limit of interest can be zero if and only if limg_,o+ 51;5 =0.

We have calculated the limits limg_,g+ AS/Wext to leading order in g for all functions (g) > 0
satisfying lim, o+ € = 0. These are found in Eqs. (236), (242), and (245). We have found that
lim,_,o+ AS/Weys = 0 occurs only in two cases:

i) k €]0,1), and

ii) K =1 and limg_,o+
The amount of work, Wey is found in Eq. (235) and (244) respectively. Indeed, they take the form of
Eq. (230), for different functions f(g). With this, we conclude the proof of the lemma. O

glne _ 0

E.2.5 Solving the infimum for Wy

Z?al corresponds to the largest order term in Weyy w.r.t.
small g (quasi-static heat engine). Our next objective is to find the infimum of 222 over a € [, oc]
appearing in Eq. (230). Such an infimum is is not easy to evaluate, but whenever the cold bath consists

of multiple identical qubits, we show that the derivative %g%{ has some nice properties. Roughly
aBg

speaking, we show that this derivative does not have many roots, which in turn means that $2¢ does
not have many turning points. We have used this to prove in Lemma 14 that the infimum is either
obtained at & = Kk or @ — 0.

The derivative of g%{ w.r.t. « is given by

We have seen in Lemma 12 that the function

d aB, B, B! aBg, B/ B, B!
- = - = & 1) - =2 = "o 24
doa—1 a-1 -1 (a-1p <a—D2P“’ ) BJ @ Ec: (40
where
Bq
Ga) =a(a—1)— R (247)
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!
)

d By
da B!,

(A.5)), where the energy levels are {0, E}. By using Eq. (180), we evaluate the quantity B, defined
by Eq. (189) to obtain a simple expression:

Now, we shall evaluate the quantities B,, B/, and for the case of qubits (see Assumption

efﬂcE efaﬁcEei(lia)ﬁhE
Boa=FE-7 BB B g T e—aBeBo—(1-a)ByE (248)
1 eaﬂhE
- E ' 1 —|— eﬁcE o E ’ eaﬁhE + e(ﬁh+aﬁc)E (249)
E afpE 1 BE

- o Lt e (250)

1+ eBeE eBrE 4 o(Brntafe)E

FE (BrtaBe)E _ o(Betapp)E
¢ c (251)

71 + eBE T aBhE 4 o(BrntaBo)E

We note that Eq. (251) is zero only if a = 1, and thus for a # 1, aB,/(a — 1) # 0. From Eq. (220),
we know that limq—; aBg/(a — 1) > 0, thus due to continuity,

aB,,
a—1

>0 Ya>0. (252)
We also derive the first derivative of B, w.r.t. « for the special case of qubits:

2
B — dB. E*(Be — Bn) . e(BntapetaB)E (253)

doe [eabnB  e(Bntobe)E]?

Note that since 8. > fj, by definition, therefore whenever E > 0, then B/, > 0 always holds. By further
algebraic manipulation, we compute the first derivative of the function

d B, _ cosh{w(fe, Bn, a)E]
@Big o cosh(B.E/2)

(254)

where w(Se, Bn, &) = (Be — Br)a+ B, — %

We have written Eq. (246) in this form, since for the special case of qubits, namely Eq. (253),
B!, > 0 is always true. Therefore, looking at the function G(«) whether it is positive or negative) will
tell us whether gé‘f (and therefore W,,) is increasing or decreasing in a particular interval.

In Lemma 13, we identify the conditions on the energy spacing E such that several different properties
of G(«) hold.

Lemma 13. Consider G(a) = a(o — 1) — B2 where By, B), is defined in Eq. (251) and (253). Then
the following holds: :
1) If E(Be — Bn) tanh(B.E/2) > 2,

J0<7<1st. Gla)<0 Vae(r,1)U(l,00) (255)
2) If E(B. — Br) tanh(B.E/2) < 2,

Ja>1st. G(a) >0 Vae(0,1)U(l,a)
G(a) <0 VYo e (a,0). (256)

3) If E(Be — B) tanh(6.E/2) = 2,

G(a) >0 Vae(0,1)
G(a) <0 Va e (1,00). (257)
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Proof. First we note that since By = 0, therefore G(1) = 0. Let us also compute the derivative of

G(a) w.r.t. a:

cosh ((=B¢/2 4 Br + (Bc — Br)a)E)
cosh(B.E/2) ’

Before we continue, there are several properties of the function G'(«) which we shall make use of.
Firstly, note that G’(1) = 0, in other words, G’ has a root at « = 1. Also, G'(o0) = —oo for any value
of E >0, B, >0, B > B . Also, since 2a — 1 is linear (and hence both convex and concave),
while the — cosh function is strictly concave * | therefore the function G’(«) is strictly concave. This

2
implies that the second derivative G"(a) = dfxgo‘) is strictly decreasing w.r.t. a.

G'(a) =2a—1-— (258)

The properties of G'(«) indicate that we can fully analyze the function by considering 3 different
cases:

1. G’ has two roots at a = {a, 1}, wherewhere a € (—00, 1). This corresponds to the case G"(1) < 0.
2. G’ has two roots at a = {1,a}, where @ € (1,00). This corresponds to the case G"(1) > 0.

3. G’ has a single root at o = 1. This corresponds to the case G”(1) = 0.

4 4 ‘ 4
2L ] 2L —-Gla) 2t G(a) 1
0 (a,0) —~(1.0 o (1,00 ———(a0) 0 / (1,0)
_2 _of -2 .
-4 _40 @) ] -4 @™
-6 G'(a) -6f 1 -6} 1
_ _sf -8
e ) ° 10t ‘ ‘
T3 0 2 4 s 0% 0 2 4 6 -2 0 2 4 6
a a a
Figure 7. G”(1) < 0. Figure 8: G"(1) > 0. Figure 9: G”(1) = 0.

Figure 10: A convex function G'(«) and its corresponding G(«), for different values of G”'(«).

We shall now consider these cases one by one. Suppose that

¢"(1) = "(0)| =2 (B~ Bu)E tanh (%E ) <0, (259)

a=1

then G”(«) < 0 for all « € (1,00). Note that Eq. (259) corresponds to the first condition in the lemma
stated above.
This information about the second derivative G”(«) now allows us to conclude the following about

G(a):

1. If for all @ € (1,00), G"(«) < 0, then we know that G’(«) < 0 holds for all a € (1,00) too. Fur-
thermore, this implies that G(«) is monotonically decreasing in the interval (1, 00) and therefore,
G(a) <0 for all a € (1,00).

2. G"(1) < 0 also implies that there exists an interval (7,1) such that G’(1) > 0 (See Fig. 7). And
since G(1) = 0, this implies that within the interval (7,1), G(a) < 0.
With this, we prove the first statement of the lemma.
Let us now analyze the second case, where G”(1) > 0. This implies that G'(«)) > 0 at least for some
interval a € (1,@), then G'(«) changes sign exactly once at a = @, and goes to —oo. (Refer to Fig. 8).
I This is due to the fact that 2 increases linearly w.r.t. «, while the cosh term increases exponentially.

2To be more precise; due to the concavity of f(x) = —acosh(b+4zc) for a > 0. This follows from the strict concavity of
the cosh function, the invariancy of strict concavity under an affine transformation and the invariancy of strict concavity
under multiplication by a positive constant.
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Also, recall that in the limit of o — oo, G also goes to —oo. Therefore, we conclude that there exists
some @ such that

ol 28 et

With this, we prove the second statement of the lemma.
Finally, we look at the case where G”(1) = 0, and make the following observations:

1. Since the function G’(«) is concave, and since G (1) = 0 implies that o = 1 is an extremum point
for the function G'(«r), we know that it must also be the global maximum. Therefore, we know
that for any a # 1,G'(a) < 0.

2. Since for the interval a € (—o00,1),G'(a) < 0 and we know that G(1) = 0, therefore we can
deduce that for any o € (—o0, 1), G(a) > 0.

3. Since for the interval a € (1,00), G'(a) < 0 and we know that G(1) = 0, therefore we can deduce
that for any a € (1,00), G(a) < 0.

With this, we prove the final statement of the lemma, and complete our proof. O

To summarize, in Lemma 13 we have identified conditions involving the energy gap of ﬁc, and
the temperatures S5y, 8.. Depending on whether these conditions are satisfied, we can describe the
positivity /negativity of G(«) for different regimes of a. Comparing these different scenarios, we prove

aBa

in Lemma 14 that for a quasi-static heat engine, the minimum of inf,>z 2% is obtained only either

at @« = K or ¢ = 00.

Lemma 14. There exists some 0 < v < 1 such that V k satisfying v < k < 1, the following infimum
1s obtained at one of two points

.. aBy . aB, .  aB, . abB,
olleia—1_mf{iﬂa—l’alggoa—l}<if}m—1 V5 € [, 00), (261)

where B, is defined in Eq. (251). Furthermore, if E(8. — Br) tanh(5.E/2) < 2, then we can set v = 0.

Proof. 1. If

d aB, [>0Vae(0,1)U(l,@) for some @ > 1 (262)

daa—1|<0Vac(a,o00).

then V k € (0,1),
BO( Ba . Ba . B
olérzli o(j— = inf {g}g}i o(j— 1,()}1_)120 (j_ 1} < 01613}3 (j_ VB € (k,00). (263)
Recall from Eq. (246) that

d aB, B!

-2 “_G(a), (264)

d040z—1:(04—1)2

where B!, > 0, and we have derived some properties of G(«) in Lemma 13. In this proof, we apply
Lemma 13 directly to consider the three scenarios detailed in Lemma 13.

First, consider the first statement of Lemma 13. If E(5. — ;) tanh(8.E/2) > 2, then 30 <t < 1
s.t.

iaBa
doaoo—1

<O0Vae(t,l)U(l,oo) (265)
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aBa

then by continuity of in a, we conclude that V x satisfying ¢t < k < 1

a—1
B B B B B
inf 229 = |y 22 :inf{lim a < lim a a}<lim APa VB € (k,00). (266)
a>k o — 1 a—oo oy — 1 a—Kk @ — 1 a—oo o — a—Ba—1

Next, consider the second and third statements of Lemma 13 jointly, where E (5. — 1) tanh(5.E/2)
< 2. Note that both statements proved in Lemma 13 (namely, Eq. (256) and (257)) can be rewritten
as the fact that there exists @ > 1 s.t.
d aB, [>0 forae(0,1)U(l,@)
doa—1 <0 forace (a,o00).

(267)

In fact, the third statement is simply a special case of the second, where @ = 1. If Eq. (267) holds,
then V x € (0, 1),

< lim
a—fp o —

inf O‘Bal — inf { lim V B € (k,00). (268)

a>k o — a—k @ — 1 amoo o — 1

aB,, . aB,, } aB,,

By setting 7 = 0, we see that the statement of Lemma 14 is achieved.
Therefore, since we have analyzed all three cases stated in Lemma 13, we conclude that there always
exists v € [0,1) such that Eq. (261) will always be satisfied V k € (v, 1).
O

E.2.6 Main results: evaluating the efficiency

In this section, we derive the efficiency of quasi-static heat engines in the nano /quantum regime. We
first need to define the quantity -
E. _
Q:= min 71(66 fn)

_ 269
ie{l,.,n} 14 e PEi ’ ( )

where recall that E; is the energy gap of the cold bath qubits, as described in Eq (180) and the sentence
right after it. Recall that n denotes the number of qubits in the cold bath, where n € Z* is any positive
integer. Before stating the maximum efficiency, we will derive the efficiency as a function of & defined
in Lemma 11 (recall that this parameter is determined by the choice of €). For simplicity, we will
still consider the special case where E; = E for all i in Lemma 15, (i.e. all qubits of the cold bath
are identical). Lemma 15 shows us that under the condition of extracting near perfect work, one can
choose € (and therefore k) such that a certain maximum efficiency value is achieved. The closer & is to
unity, the slower lim,_,q+ AS/W converges to zero, and also the closer the efficiency is to the Carnot
efficiency.

Using this lemma, we prove the achievability of the Carnot efficiency which depends on 2. This is
the main result of our work, which is stated in Theorem 2.

Lemma 15 (Quasi-static efficiencies as a function of ). For any n € Z* number of qubits, consider
quasi-static heat engines (Def. 6) as a function of k (defined in Lemma 11) which extract near perfect
work (Def. 5). For any k € (0,00)\{1}, define

kB

) = 2 (270)

where By, is defined in Eq. (251), while (1) and ~(co) are defined by taking the limits k — 1,00
respectively.
If Q <1 (see Eq. (269)):

1) There exists v € [0,1) such that for any k € (v,1] (and lim,_,o+(clne)/g = 0 if K = 1), the

mazximum efficiency is

B W) 4 6 (f(g)) + O(9) + O(e), (271)

Be — B ’Y(’%)
where (1) > (k) with equality iff K =1 and limg_,04 f(g) = 0.

77_1(/%) =1+
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2) The corresponding amount of work extracted is

" (R + O (£l9)].- (272)

Wext (R) = 9@

IfQ > 1:

1) There exists v' € [0,1) such that for any k € (V',1] (and lim,_,o+(elne)/g = 0 if K = 1), the
mazximum efficiency is

B9 4 g 1(g)) 1 0(9) + O(c), (273)

1o\
R = L o)

where y(1) < vy(c0).

2) The corresponding amount of work extracted is

Wext(F) = g2 [v(00) + O (f(9))] (274)

n
9B
Proof. Firstly, let us begin by deriving the explicit form for (1) and ~(o0):

EQ(BC - Bh) B.E

_ . _ . / _
’Y(l)_olzl—>Inla—1Ba_olzl—>InlBa+aBa_7(1—{—6@3E)26 , (275)
where we have made use of the L’Hdospital rule. For oo — oo, since
E  ePnE _ oBeEp—alBe—PBr)E E
lim B, = lim = ,
a—00 a—oo | + eBE ePnE + e—a(ﬁc—ﬂh)E 1+ eBcE
therefore we have
. 1 E

By Lemma 14, we know that the infimum of y(«) for a € [k, 00) and & € (v, 1] is either at a = &k or
a — 0o. Therefore, if we take the ratio of Egs. (275) and (276) to be

1) _ (e~ )
7o) ~ T+ ehE

=Q<1, (277)

then y(c0) > (1) > 7(k), therefore the infimum of vy(«a) for o € [k,00) and k € (v,1] has to be
obtained at o = k. Taking this into account and using the condition which is equivalent to that of
near perfect work in Eq. (48), we can use Lemma 14, to calculate the amount of work extracted:

Woss = inf Wo = g+ | nf 29(5) +© /()| = 95 () +© (o). (278)

where limgy 04 f(g) = 0. On the other hand, we can calculate AC, which is the change of average
energy in the cold bath system, (recall this is done by Taylor expansion around g = 0)

_ (1)
Bc - ﬁh

Using Eq. (75), we have AW = (1 — €)Wext. The (inverse) efficiency, according to the definition (61),
is thus

AC =n ((E%s, — (B)},) 9+ 6 (g g+0(g%). (279)

() = C L mW)/(B—Brg+O(s*)
n (k) =1+ W €= 1+ Y Py pyifsy . (280)
— 1+(Bcﬁ—hﬁh)m+@(f(g))+@(g)+®(€)’ (281)
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where we have used lim,_,o+ f(g) = 0 which is proven in Lemma 12. We will now investigate the
efficiency when § > 1 is satisfied. Using © > 1 and Eq. (277), we have that vy(oc0) < v(1). Thus from
Lemma 14, due to continuity in & of (k) we conclude that there exists a v/ € [0,1) such that for any
ke (1],
inf ~(a) = 7(c0) (282)
a>k

Therefore, since we are considering near perfect work, Eq. (48) holds and we can use Lemma 12 to
calculate the amount of work extracted

Wost = inf Wa =g | inf Z9(7) + £(0)] =91 [1(00) + 221(0)]. (253)

where limg_,04 f(¢g) = 0. Thus using the definition of inverse efficiency (Eq. (61)), together with Eq.
(279), we have

ny(1)/(Be— Bn)g +© (¢%)

IR AC _
T T T )/ + © (0 (9) .
B 5h ’Y( )
where we have used lim,_,o+ f(g) = 0 which is proven in Lemma 12. O

We will now use Lemma 15 to conclude our main result of this letter.

Lemma 16. Consider the case of near perfect work (Def. (5)) and all cold bath qubits are identical
(i.e. E;=F fori=1,...,n), then:

1) If Q <1 (see Eq. (269)) the optimal achievable efficiency nmax (see Eq. (64)) is the Carnot

efficiency: .
B Bn
Tlmax = <1 + B — Bh) (286)

What is more, this efficiency is achieved for quasi-static heat engines, i.e. NMmax = 524 (see Eq.
(68) ).

2) If Q > 1 and the heat engine is quasi-static, then the optimal achievable efficiency is (see Eq.

(68))

-1

stat /Bh

=1+ Q> . 287

TTmax ( B. — By ( )

3) If Q > 1 the mazimum achievable efficiency Nmax (see Eq. (64)), is strictly less that the Carnot
efficiency for quasi-static heat engines.

Proof. In Lemma 5, we found that the Carnot Efficiency is an upper bound for the efficiency when we
are extracting near perfect work. We also found that Eq. (48) is satisfied iff we are extracting near
perfect work. In Lemma 15, we derived the optimal achievable efficiency for quasi-static heat engines
as a function of k¥ when Eq. (48) is satisfied. By choosing k < 1 arbitrarily close to one, if 2 <1 is
satisfied, we will thus achieve an efficiency arbitrarily close to the Carnot efficiency. Thus since the
upper bound is equal to the lower bound, we prove part 1) of the Theorem. Part 2) of the Theorem
follows from setting x = 1 in Lemma 5 when ) > 1 is satisfied. O

By making use of Lemma 15, one can generalize Lemma 16 to consider the more general case stated
in A5 (at the beginning of Section E.2.3) where the cold bath still consists of qubits, however the energy
gaps of the qubits can be arbltrary For convenience, we re-write the general cold bath Hamiltonian
here: for a set of variables E; > 0, - VB, > 0,

Heod = Z 1961 @ gk © 19—k where HF = E|E)(E|, (288)
k=1

Under the more general form of the cold bath Eq. (288), we have the following theorem.
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Theorem 2. [Quantum/Nano heat engine efficiency] Consider a quasi-static heat engine (Def. 6)
which is extracting near perfect work (Def. (5)), when the cold bath consists of multiple qubits with

energy gaps {E;}1 ;.

1) If Q@ < 1 (see Eq. (269)) the optimal achievable efficiency n52t (see Eq. (68)) is the Carnot
efficiency:

stat __ o ﬁh =
Mmax = NIC = (1 + Bc _ Bh) (289)

2) If Q > 1, then the mazimum achievable efficiency is

pitat — (1 + 50/8_h6h Q) 71, (290)

which is strictly less than the Carnot efficiency nc .

3) Allowing for correlations between the final state of the battery and cold bath cannot improve the
efficiencies achieved in 1) and 2) above.

Proof. 1) is relatively simple to prove: as long as there exists a qubit with energy E; such that
Ei(ﬁc_ﬁh)
1+ePnbi
and act only on such qubits. The result is a simple application of 1) in Lemma 16. This strategy
might not be optimal in terms of work extracted, but it is sufficient for our proof.

< 1, one way to achieve Carnot efficiency is to simply disregard the rest of the cold bath,

L5 ‘ ‘ ‘ ‘ 1 L4F 5 sf

f(x)+9(x) . 12t ] 20
Vr f(x)+g(x
Lok / N ] (x)+g(x)
1.5F
0.8f ) ] o
L 1.0F
0.5F ® 9 ] 0.6 N 0 )
0.4F ] 0.5 f(x)
R 9(x)
0'0 7\ L L L L \7 02 7\ L L L L \7 00 7\ L L L L \7
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
X X X

Figure 11: lllustration of the minima of two individual functions f(x), g(x) and minima of f(z) + g(x).

For 2) suppose that > 1. From the Eq. (269), we conclude that for all E; where 1 < i < n,
Q; = Ei(Be—Bn)
1+e Brli
individual qubits (which is an optimization problem over all « > 0) is obtained at & — oo. In
general, considering the qubits collectively does not mean that the collective Wy is additive. This is
because the minima of two functions is not necessarily the minima of these individual functions added
together, as illustrated in the Lh.s. and middle diagrams of Figure. 11. However, (as illustrated on
r.h.s. diagram of Figure. 11), when all the functions have their minima at the same value, then the
collective minima is also obtained at that value.

Next, we show that no matter which subset of qubits S one picks, Carnot efficiency cannot be
achieved. We begin by introducing the notation 7;(«), where 7;(«) is defined similarly with v(«) in
Eq. (270) and (251), and the index 7 indicates that F is substituted by E; in Eq. (251). Furthermore,
recall that from Eq. (277), €; > 1 is equivalent to 7;(1) > 7;(c0). Now, consider any subset of qubit
indices S, the amount of extractable work (as a function of g) is

> 1. By Lemma 15, we see that this implies that the work extractable for all the

Wi = % lz 7i(o0) + f(g)] : (291)

i€S

where lim, 0+ f(g) = 0.
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On the other hand, we have that AC depends on the individual reduced qubit states, since there
are no interaction terms in Hcelg. Therefore, similar to Eq. (279),

ACS = ﬁ > (1) +0(g%). (292)
¢ i€S

Following the same proof in Eq. (284) Lemma 15,

1o\ AC o Bn ZiES ’71(1)
noR) =1+ Wee - bt Be — Br ies Vi(o0)
B

As we have observed before, the inverse of the Carnot efficiency 7751 =1+ gl Furthermore, notice
that by Eq. (277), the condition €; > 1 implies that ~;(1) > ~;(cc0). Since €; > 1 is true for all

1 <i < n, therefore Zuses 1. > 1.
Y ics i(o0)

Lastly, part 3) is proven in Section F. ]

+ O(g) + O(e). (293)

Suppose n is large. Then since we have a spectrum which looks like a quasi-continuum: the full
range of the spectrum is very large, compared to the individual energy gaps. If one expects that in
such a case, baths are of high temperature (small values of 3), then the effects of quantization should
give us the classical observations of being able to achieve the Carnot efficiency always. It can be seen,
that for Fpin = le{rlnin }Ei, if the quantities B.Fmin, BnFmin < 1, then

i JRRN 0}
Emin(/@c - 5h)

Q=
1 =+ e_ﬁcEmin

< Buin(Be — Bn) < 1. (294)

Whenever 2 < 1, we know that Carnot efficiency is achievable.

E.3 Running the heat engine for many cycles quasi-statically

We have so far proven that a heat engine can achieve the Carnot efficiency when 2 < 1. However,
as like with macroscopic heat engines, this can only be achieved when the heat engine runs quasi-
statically. Macroscopic heat engines can then extract a finite amount of work by running the heat
engine over many cycles (in fact, over any infinite number of cycles if they want to obtain the Carnot
efficiency in order to run quasi-statically). The following lemma, shows that when Q2 < 1, a nano-scale
heat engine with a machine that runs over infinitely many cycles can also achieve the Carnot efficiency,
while extracting any finite amount of work W with vanishing entropy increase in the battery.

For simplicity, we will work with the case in which the quasi-continuum battery has a part of its
spectrum equal to that of at least N qubits, each with an energy gap Wext. We work within this
subspace. We will run a heat engine between a hot bath, cold bath using a machine which performs
N cyclic cycles. Let Ej and Ej, be the smallest and largest energy eigenvalues within this subspace
respectively. We let the initial state of the battery be

Pw = | EXE;], (295)
Hw|E;) = E;|E;) while we wish the final state of the battery to be of the form
Py = | Bl Ei| + (1 =) py, (266)

where Hw|Ey) = Ey|Ey), py is some orthogonal state to |Ey) and the value of the probability r is to
be specified in the following lemma. We will define the amount of work extracted from the machine
for N cycles

Weye := By, — Ej. (297)

For simplicity, we will consider the case that the cold bath consists of n identical qubits with €2 < 1,
and during each cycle the machine interacts with one qubit from the cold bath. The running of the
heat engine is depicted in Fig. 12 and 13.
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Figure 12: Depiction (top view) of a heat engine compris- el
ing of a hot bath, a cold bath consisting of n identical < C;Z;e
qubits, a machine and a battery. In each cycle, the ma- : - Ej

chine interacts specifically with one qubit from the cold
bath, together with the hot bath and battery. After the
end of one cycle, the machine is returned to its original
state, and acts on a different qubit in the cold bath.

Figure 13: Side view of the heat engine. Af-
ter each cycle of the machine, the battery, de-
picted here as a weight moves upward by a
small amount. After N machine cycles, it has
been lifted from its original position | E;) to a
final state that has most of its weight on ’E~k>

Corollary 2. [Many quasi-static heat engine cycles] Let W be the finite amount of work we wish to
extract. Then for all W > 0 and § > 0 there exists an n identical qubit cold bath (with Q < 1) and an
N € NT number of machine cycles with n > N such that:

1) ne >n>mn.—90, where the efficiency n is the efficiency per cycle and is defined by Eq. (61),
and . =1 — B/ Be is the Carnot efficiency,

2) Wege > W — 4,
3) S(ply) =0, S(ply) <6, and

4) r>1-14.
whats more, § — 0 as N — 4o00.

Proof. Since in the qubit subspace, the spectrum is that of at least IV qubits, we can write the initial
state in the form

P = [E;)E;|*Y, (208)
with Hyy |Ej>®N = Ej \Ej>®N. We can now apply the heat engine results of Lemma 15 to the setup.
Namely, we can apply the results of one cycle to each of the qubit subspaces of the battery in parallel.
From Lemma 15 we conclude that this can be achieved with an efficiency given by Eq. (271) and
extract an amount of work per qubit/cycle given by Eq. (272). For simplicity, we will run the heat
engine using one qubit of the cold bath at a time. The final state of the battery is thus

P = [(1— &) [Ex)(B| + e | B X E; ||V (299)
Noting that |Ex)Ey| = |ExXEx|*Y by definition, Eq. (299) can be written as

Pl = (1= )N Bl x| + [1 = (1= )] pys (300)
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with py orthogonal to |Ey). From Eq. (297) it follows,
Ng

chc = NWext = E h(/_i) +0 (f(g))] ) (301)
where in the last line we have used Eq. (272). We now set
Bn W
N=N(g) =" 302
TN 0
BrnW

for all g > 0 satisfying the constraint N(g) € NT. For any positive constant > (), one can always

v(%)
consider the values of %Eg)/ > g > 0 so that N(g) is large. This constraint imposes g = 8, W/(v(k) N),
where N has to be an integer. Therefore, g now belongs to a subset of the positive real line, rather
than the positive real line itself as previously. However, since g monotonically decreases to zero as N

increases to infinity, we can still take the limit g — 0" as before. Thus achieving
Weye =W +0(f(9))- (303)

Since lim,_,o+ f(g) = 0, we conclude part 2) of Corollary 2. For the entropy of the final state of the
battery we have

BpW (1 —¢)In(l —¢) +elne elne
S(ob) = NS (1= <) BB + £ )y ) = 2 U= REME _ g (22 - (g
V(%) g g
As stated above the efficiency is given by Eq. (271), and thus we can always choose & € (0,1), and ¢
(recall e — 0 as g — 07) such that 1) in Corollary 2 is satisfied. Furthermore, recall from the proof

of Lemma 12 that
elne

lim —0, (305)
g—=0t g
for all k € (0,1). Thus, from Eq. (304) we conclude that 3) in Corollary 2. We will now prove part 4)
of the Corollary. From Eq. (300) and part 4) of the Corollary, we can identify r = (1 —£)". We thus

study the limit

) e/g\ PnW/r(F)
WW/v (R
lim (1—¢)V = < lim (1 — 5)1/9> = | lim ((1 — 5)1/€> =1, (306)
g—0t g—0t g—0t \ ——_— —
—e

where going to the last line, we have used that fact that Eq. (305) implies that ¢/g — 0 as g — 0.
We thus conclude part 4) of the corollary. O

Thus by choosing § > 0 sufficiently small in Corollary 2, we can extract any finite amount of
work with an arbitrarily small entropy contribution with an efficiency arbitrarily close to the Carnot
efficiency as long as 2 < 1.

F Extensions to the setup

Arguably, one may think that the inability to always achieve the Carnot efficiency in the nano regime
is due to some subtlety of our setup (even though we have shown that according to the standard free
energy one can always achieve the Carnot efficiency with our setup). For such reasons, in the next few
sections we show that even under more general conditions than those laid out in Section A, one still
cannot achieve the Carnot efficiency when 2 > 1.

In Section F.1, we show that allowing for correlations between the final state of the battery and cold
bath (and/or the finite dimensional machine) does not allow us to achieve the Carnot efficiency. The
main result is Theorem 3.

In Section F.2, we show that allowing for the battery to be any state with trace distance € from
| E ) Ey |y cannot allow us to achieve the Carnot efficiency when € > 1. This shows that whenever we
are unable to achieve the Carnot efficiency, it is not a artificial defect from an overly specified battery
model. The main result is Theorem 4.
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F.1 Final correlations between battery, cold bath, and machine

In Section E.2.1, we stated that the final state of the heat engine after tracing out the hot bath was of
the form

trHot (PColdHotMW) = Plold © PM ® Py (307)

where piy = ¢|E;){(Ejlw + (1 — )| Ex)(Ek|w, i.e. the final state of the charged battery was a tensor
product with the cold bath. We also demanded that the heat engine is cyclic i.e. that ,011\/[ = p%/[. In
this section, we show that if one allows for the final state of the battery, cold bath and machine to
become correlated’?, one still cannot achieve the Carnot efficiency when Q > 1. That is to say, in this
section we allow the final state to be

tr ot (PColdHotMW) = PoldMW (308)

with only two natural constrains, namely that our heat engine actually extracts work, i.e. that
piv = el Ej)(Ejlw + (1 — €)|Ep)(Ex|w, (309)

as before, and also that the heat engine is still cyclic, i.e.

P = P (310)

Throughout this section, (unless stated otherwise) we will write péoldMW to refer to any generic tri-
partite quantum state on the cold bath, machine and battery satisfying Eqs. (309) and (310).

e In Section F.1.1, we first define the generalized efficiency where one is allowed to consider correlated
final states. We see that although this may potentially affect the amount of extractable work Wy,
the amount of heat change in the bath remains the same, by making use of energy conservation
and the fact that the global Hamiltonian Hggoquotmw does not contain interaction terms between
subsystems.

e In Section F.1.2, we make use of the generalized second law when o = 1 (which is also the
macroscopic second law), in order to show that final correlations still do not allow the surpassing
of Carnot efficiency. This can be proven by noting that the von Neumann entropy is subadditive,
and the result is summarized in Lemma 19. A proof sketch can be found in the beginning of
Section F.1.2.

e In Section F.1.3, we turn to the case where €2 > 1, where without final correlations it is shown in
Theorem 2 that Carnot efficiency cannot be achieved.
F.1.1 Defining the generalized efficiency
Recall that before (see Section C.2), we have shown in Eq. (77) that if the following assumptions hold:
(i) the final reduced state of the battery piy is fixed by Eq. (42),
(ii) the state of the machine is preserved,
(iii) the final state is of tensor product form, i.e. plow = Plold @ Pi1 ® Pivs

then the efficiency for a particular transformation p | ioimw — Pooldnosnw Simplifies to being only an
explicit function of pICold instead of the global final state. This simplified expression of the efficiency in
Eq. (77) is then used to evaluate, for example, ™% (p{,.;q) in Eq. (65). Since we now drop Assumption
(iii) for the final state being uncorrelated, the efficiency and the work extracted Wey will now depend
on the tripartite final state pl,qyw instead.

15Recall that the final state of the cold bath, machine and battery are already allowed to become correlated with the
hot bath
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Therefore, let us first write a generalized expression for the maximum efficiency corresponding to a
transition p oMW — PoldHotmw Via the unitary operator U(t) in this generalised setting:

N (PGoramw) = SUP 7(pCoias Wext) 8-t tTHot[U (£ potaotw U (8] = plotantw: (311)
[U(t), H] =0, (312)
pw = elEj)(Ejlw + (1 — €)| Ex)(Ex|w, (313)
P = PR (314)

See Fig (1) in main text for a definition of the other quantities appearing in Eq. (311). Recall that
the definition of 7 is given by n = Wex/AH as in Eq. (61). In Section C.2 we showed that this can
be simplified to

n= (1 —e+ AC/Wext)ila (315)
where AC' = AC(pt;q)- This equation holds under Assumption (i) and (ii), together with the fact that
the global Hamiltonian does not contain interaction terms between both baths, battery, and machine.
Since the derivation of Eq. (315) does not require Assumption (iii), it still holds for a general tripartite
final state plcoldMW' However, dropping Assumption (iii) may potentially allow for larger values of
Wext, and therefore subsequently might affect n¥™. For this reason we write 9™ = nqm(péoldMW) to
remind ourselves that it is a function of the entire final state plColdMW‘

We have written n = n(p%]old')WeXt) to explicitly show the Weyt dependency of 7. Although not
written explicitly in Eq. (311), we should remember that U (t), p3, Hyor and Hyp are arbitrary, other
than satisfying condition (A.4) in Section A. As such, by maximizing 1 over Wey, these quantities will
accommodate their optimal values to maximize nqm(plcoldMW)14. Throughout this section, we analyze
Eq. (311) only in the case of near perfect work (Def. (5)) since the proof that perfect work is not
possible (see Lemma 8) also applies to Eq. (311)%°.

For the purpose of our proofs, we need to define a new family of intermediate efficiencies. They
provide the maximum possible efficiency, when considering only a particular instance a > 0 of the
generalized second laws. For any «a € [0, 00), let us denote

1 1 0 0 o 0 _h 1 h
Na™ (PColamw) = SuP 7(pcoids Wext) 8-t FalTCold @ P © Pw» TColamw) = Fa(PColanw s TColamw )

ext

(316)
tr(HipGormontw) = tr(HipGormontw); (317)
piv = e|EBj)(Bjlw + (1 — €)|Ex) (Ex|w, (318)
Py = PAI- (319)

See Eq. (56) for definition of Fi,. We denote nd = li_>m nd™. The condition Eq. (317), is always
(0% e.@)

satisfied when all the second laws are satisfied. We add the condition as a constraint here, since we

will need it in order to write the efficiency 7 in the form of Eq. (315).

F.1.2 Final correlations do not allow the surpassing of Carnot efficiency

Here, we show that Carnot efficiency cannot be surpassed in a quasi-static heat engine even when we
allow arbitrary final correlations in the final state PlcoldMW~ This can be done in the following steps:

1. Using the definitions of generalized efficiency (allowing correlations) in Eq. (311) and general-
ized intermediate efficiencies in Eq. (316), we prove an inequality between 79 (p&qw) and
N3 (pdoranaw)s for all @ > 0. This is done in Lemma 17. From this, we also conclude that

ne (p%]oldMW) < 77(11m (p%]oldMW) .

14This is an advantage, since it rules out cases such as when the Hamiltonian does not support a thermal state
(e.g. when the corresponding thermal state’s partition function diverges). In this section we consider any cold bath
Hamiltonian Hcoolq that satisfies (A.6) in Section A (i.e. finite dimensional). As such it will always have a well defined
thermal state.

15For the sake of full generality, some of the lemmas in this section are proven irrespective to whether we are considering
perfect or near perfect work
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2. On the other hand, we show that for any final state of the cold bath, machine and battery p(ljolde,
the generalized intermediate efficiency for o = 1 only increases, if we consider the tensor product of
the marginals pd - In other words, 7™ (ptoiamw) < M (P @ Pty @pig)- One can intuitively
see why this is true: it comes from the fact that the von Neumann entropy is subadditive, therefore
the final state pICold ® p\l;v ® pllw contains more entropy than péoldMW' Therefore according to the
a = 1 second law, one can potentially draw more work by going to the state péold ® p\lN ® piy
instead of a correlated state p%]oldMW'

3. Since the argument for 7™ (ply,q ® ply ® piy) is of tensor product form, Assumption (iii) holds
as before, and therefore the efficiency only depends on the final state of the cold bath p¢, 4. This
means that Eq. (316) for a = 1 reduces to Eq. (65). Lastly, by using Lemma 22, this allows
us to further show in Lemma 19 that even by allowing correlations in p{qyw, the efficiency
N (p&aqnw) can never surpass the Carnot value.

Firstly, let us fix the following notation: for an R-partite state pa,a,..A, define the uncorrelated
counterpart

PA1As. AR - ® PA;- (320)

Comparing pa,A,...Ax and pa,A,.. AR, one will see that each subsystem has the same reduced state, but
the global state is different. Another useful thing is to note that if one is given a Hamiltonian which
does not contain any interaction terms between each subsystem, i.e.

R
HA1A2~--AR = Z ]lA1 @ HAi T ]]‘AFH (321)
=1
then we may conclude that
tr(HA A APAI AsAg) = D tr(Ha,pa,) = Ztr(HAi@) =tr(HA Ay . ApPA As. AR )- (322)
i=1 i=1

Lemma 17. For all o« > 0 and all states PlcoldHotMWf

N (pGotamw) < 18 (Polamw)» (323)
where n™ and nI™ are defined in Eqs. (311) and (316) respectively.

Proof. For every a > 0, Eq. Fo(md,4 ® pY% @ p%s Toaniw) = Falptoramw Teaayw) i Eq. (316) is a
necessary condition for the transformation p%oldMW — péoldMW to occur under an energy preserving
unitary with the aid of a catalyst [7]. Energy preserving unitaries also preserve the average energy
and thus the Eq. tr(Hp qmoniw) = T HpEqmonw) i Ed. (316) is also a necessary condition.
If a unitary U(t) satisfies the conditions in Eq. (311), then by the second laws it satisfies Eq. (316)
for any particular a > 0. As a consequence of these observations, the set of allowed unitaries U(t) in
Eq. (311) is a subset of allowed unitaries facilitating the catalytic thermal operation which transforms

Plotaniw 10 Ploianiw 10 Eq. (316). -

Lemma 18. For any final state ploanvws consider the quantity ni™ (ptoanw) defined in Eq. (316).
Consider the optimization problem

a(p%}oldMW) ‘= sup n(p%}old’ Wext) s.t. F 1(7'801(1 ® Pg/[ ® P%Va TgoldMW) =F (péoldMWv TgoldMW)’
ext
(324)
tr(HypGorarionw) = T (Htpboaronw)s (325)
pw = €| E)(Ejlw + (1 — &) | Ep) (Eg|w, (326)
P = PN (327)

Then, n(llm(péoldMW) = a(péoldMW)'
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Proof. We begin by noting that the free energy Fi can be written as

Fi(p, ) = tr(fp) — /Blhsw, (328)

where <ﬁ>p .= tr[Hp], and S(p) = —tr(plnp) is the von Neumann entropy, while 7" is the thermal
state at inverse temperature [;, for the Hamiltonian H. Also, let us recall that Wey = E;N — EJW >0
where EJW is a constant.

Next, we consider the free energies F1 (73,4 @ 0% @ pWs Torantw) a0d F1(pEoianws Teoldnw) Tespec-
tively, and how they relate to Wey;. First of all, note that the quantity Fiy (78,4 ® oY% @ p%s Tloraniw)
is simply a constant that does not depend on Wey. This is because

F1 (81 ® P ® P Tootaniw) = F1(TColas Thora) + F1 (i1, 7p) + Fi(my, 7iy) (329)
= F1(78oias Toia) + F1(ir, ) + tr(Hwply) — By ' S(py)  (330)
= F1 (18, Toia) + Fr (i, i) + E)Y, (331)

where the first two terms do not depend on the battery Hamiltonian at all, while in the last equality
we have made use of the fact that p{; = |E;)Ej|y. On the other hand,

F l(plcoldMV\h TgoldMW) = tr(ﬁColdMWpéoldMW) - 5}7 'S (p1ColdMW) (332)
= tr(Hcoupton) + tr(Hvpy) + tr(Hwpw) — B, S (pbolaniw) (333)

= tr(Hcolapeo) + tr(Hvpts) — By 'S(ploramw) + eE)Y + (1-e)Ey. (334)

Note that again, tr(ﬁc()ldp(ljold) and tr(Hyipi;) do not depend on the battery Hamiltonian and therefore
do not depend on E,XV Similarly, S (plcoldMW) depends only on the eigenvalues of the state, and is
independent of EYY. Since ¢ € [0,1), we may conclude the following: F(p&iqnws Teoldnw) 45 @
continuous function that strictly increases w.r.t. E,gv, and therefore it also strictly increases w.r.t.
Wext.

To prove this lemma, it suffices to show that the supremum over Wey in Eq. (316) for « = 1
has to be achieved when F1(7801CL® A @ %, T aviw) = FL(0Goanws Teoanw ). We prove this
by contradiction. Suppose that Wey achieves the supremum for n{™, and for this value of Wy,
Fi(18oa ® M @ Ay Tolamw) > Fi (péoldMWﬂ—(}JLoldMW)‘A Since we know that F(p¢gqnw: Cotavw)
strictly increases w.r.t. Wext, there must exist an WZ, > Wey such that F1 (72,4 @0% 0%, 7eoanw) =
F1(ptoinmws Teoianw)- Furthermore, since by Eq. (315) we know that the efficiency is monotonically
increasing w.r.t. Wy as well, it follows that W/, achieves a higher value of efficiency compared to
Wyt while satisfying the required constraints at the same time. This is a contradiction, and therefore
we conclude that the optimization for ni™ can be simplified to a(péqnw)s Where the constraint on
Fy holds with equality. O

Lemma 19. For any final state péoldHoth, and any Hamiltonian of the form in Eq. (37), then for
perfect or near perfect work extraction (see Defs. j and 5), we have

Uk (P%Jolde) %) n" (/%oldMW) (2 n™ (/O%JoldMW> ¢ nee (@) (%) 1- Bn (335)

Be’
with equality in (2) iff peoamw = Ploranw - Lhe quantities nf™ and n™3 are defined in Eq. (316) and
Eq. (65) respectively.

Proof. Note that inequality (1) is a direct consequence of Lemma 17, while inequality (4) holds because
of Lemma 6. It remains to prove inequalities (2) and (3).
Proof of inequality (2): Using the definition in Eq. (316) together with Lemma 18, let us compare the
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quantities

1 1 0 0 0 _h 1 h
01" (PColamw) = SUP 7(pcoias Wext) 8-t FiL(TCola ® P ® P TColdMw) = F1(PColdMw s TColdMW )

ext

(336)
tr(Hepowanontw) = tr(Hipbotatonw); (337)
pw = €l Ej) (Ejlw + (1 — &)| Br) (Ex|w, (338)
PAL= PRI (339)

and

1 1 0 0 0 _h 1 h
N1 (PCoamw) = SUp 7(pooias Wext) 8-t Fi(TGoa @ P @ Pw» TColamw) = F1(PToldmw s TColdMwW )

ext

(340)
tr(HepGoanomw) = T (HipGotaromiw); (341)
pw = €lE))(Ejlw + (1 — )| Ex)(Ex|w, (342)
PAL = PAI- (343)

We first make the following observations:

e By our definition of pl gy, We have that plyqy = péoq- Therefore, the term AC in Eq. (315)
which is only a function of the reduced state on the cold bath is the same for both efficiencies
in Eq. (336) and Eq. (340). Therefore, to compare the efficiencies, we need only to compare the
value of Wy that satisfies the free energy constraint in both optimization problems.

e In [65] (pg. 395) it has been proven that the von Neumann entropy is subadditive
S(paB) <5 (PAB) ; (344)

with equality iff pap = pap. Furthermore, since fICOldMW does not contain interaction terms, as
we have demonstrated earlier in Eq. (322),

tr(ﬁ ColdMW PColdMW) = tf(ﬁ ColdMW PColdMW )- (345)

Thus, by Eq. (328) we conclude that
Fi(ptoanw) < F1(pGolamw), (346)

e For any final state plyw Where ply = €|E;)(Ejlw + (1 — €)|Ey)(Ek|w, we have seen in the
proof of Lemma 18 that Fi(ptoamws Teoidnw) 1S @ continuous function that strictly increases
with Wext-

With these three observations we can now prove inequality (2). Note that when p& i qvw = Plolddws
equality holds trivially. Therefore, let us consider the case where pdnw # Plordw: SUpPpose W

achieves the supremum in n?m(péoldMW), and for such a value of Wy,

0 0 0 _h 1 h 1 h
F1(TCo1a @ PM ® Pws TColamw) = F1(0Co1anmw s TColamw) > F1(PCo1anw > TColaMw )- (347)

We note also that since F; (péoldMW7 TgoldMW) strictly increases with Weyt, and therefore there exists

some W/ > Wex such that F1 (72,4 © p% @ p% Teaianiw) = F1(PGeianws oy ). Therefore, W,
is a feasible solution for Eq. (340), i.e. it satisfies the constraints in the optimization problem. In
conclusion, we have
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—1
AC
11" (PGolamw) = [1 —e+ =

AC 17 m
<fi-er 7] < (o) (348)

ext

ext

Proof of equality (3): Consider the quantity 0™ (ploanw)- Since the state p&qnw takes on a product
structure form between all the subsystems now, Assumption (iii) in the beginning of Section F.1.1
holds again. By Eqns. (338) and (339), we know that Assumptions (i) and (ii) also hold. Therefore,
we know that under these assumptions the efficiency does not depend anymore on the global state
Plordnws Put only pt 4. Again comparing the conditions of 7™3¢(pl, 4) and 7™ (p&oanw)s We see
that they are exactly the same quantity. - O

Therefore, Lemma 19 tells us that correlations between the final states of the cold bath, machine
and battery cannot allow you to achieve an efficiency greater than the Carnot efficiency.

F.1.3 Achievability of Carnot efficiency still depends on more than temperature

Earlier in Section F.1.2, we proved in Lemma 19 that Carnot efficiency gives an upper bound to the
efficiency of any arbitrary final state p%}oldMW' In this section, we want to prove that when Q > 1
holds, quasi-static heat engines cannot achieve the Carnot efficiency even when allowing correlations
between the final states of the battery and the cold bath. This can be done in the following steps:

e According to Lemma 19, Carnot efficiency can be attained only when all the inequalities in
Eq. (335) are satisfied with equalities. We use this to prove in Lemma 20 that in order to
achieve the Carnot efficiency, we may only consider the limit where correlations in the final state
vanish. Not only so, the magnitude of these correlations also have to vanish quickly enough in
order for Carnot efficiency to be achieved. In particular, we define a parameter k& which quantifies
the amount of correlations, and show that k£ has to vanish faster than the quasi-static parameter
g, in order to achieve the Carnot efficiency n¢.

e Next, in Lemma 21, we show that if the parameter k& vanishes faster than the quasi-static pa-
rameter g, then whenever €} > 1, one can derive an upper bound for the intermediate efficiency
N (p&oanw) Which considers the amount of work extractable by invoking only the generalized
second law of @ — oco. Combining Lemma 20 and Lemma 21, we conclude in Corollary 3 that
when Q0 > 1, n@™ < n&" < ne is strictly upper bounded away from the Carnot efficiency.

Before we begin, let us note that by definition, the initial state pOColdW is diagonal in its energy
eigenbasis. Furthermore, the state pg,pw is of the form p 4 ® p¥y ® p%. Since w.lo.g. we can
assume that Hy; is proportional to the identity (or called the trivial Hamiltonian, see [7]), pY; can
always be written as a diagonal state in an energy eigenbasis of its Hamiltonian. Therefore the state
p%olde is always diagonal in the energy eigenbasis of the Hamiltonian H, ColdMW = H Cold + Hy +I:IW.
Since catalytic thermal operations cannot create coherences |7], ptyqaw has to be also diagonal in the
energy eigenbasis of ﬁColdMW-

We observe that any péoldMW can always be written as

plotanw = (1 — k%) ploianw + K pEtnaw (349)

where k* = min{k € [0, 1]|ptoanw = (1 — k) pEoravw + kQ, @ > 0}. This means that pd,nw can be
written as a convex combination of two states: one being péoldMW, and the other p& i\ w containing
all other correlations. Note that such a k* always exists, in particular, £k = 1 is always a feasible
solution.

We now define a particular parametrization of the final states,

corr no corr

PEotaniw (ks Platintw s Pomnw) == (1 — k) plorivtw + kpGataw: & € [0, 5] (350)
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where the following holds:

(i) PoldMW = PlcoldMWa (351)
(i) PColaMw # PColdMW > (352)
(iii) phy = (1 — k)oRP O + ke = ol (353)

Since in our heat engine, the initial state has no coherences, it suffices to consider péoldMW which

is diagonal in the energy eigenbasis. This implies that p& SNy = p%)oldMW is also diagonal in the

COrr

energy eigenbasis, and therefore the same holds for pgilyw due to Eq. (350). All correlations between
the individual systems of cold bath, machine and battery are contained only in p¢jqnw- Therefore,
péoldMW(-, -, +) parametrizes every possible quantum state on Hcolqmw which is diagonal in the global
energy eigenbasis and that returns the machine locally to its initial state after one cycle of the heat
engine. In Eq. (353), pi; is the final state of the machine, since the heat engine is cyclic, recall from

Section A that we require pi; = p%;.

Lemma 20. For every family of states ptoaniw (ks PR ws PSEnw) Parametrized by k, (see Egs.

(350)-(353) ), if the quantum efficiency n{™ defined in Eq. (316) of a quasi-static heat engine achieves
the Carnot efficiency
Bh
n?m(p%}oldMW) =1- B, (354)
C

then the following conditions are satisfied:

1) The state p&oanw 8 the final state of a quasi-static heat engine (see Def. 6)
Ploamw = 7(9) © Pi(9) © pyy  with g — 07 (355)

2) The correlations must vanish sufficiently quickly. That is to say, the parameter k in Eq. (350)
vanishes more quickly compared to g, i.e.

lim — = 0. (356)

Proof. Firstly, suppose that Carnot efficiency is achieved, i.e. nqm(plcoldMW) =1- ’g—’: Then according
to Lemma 19, all inequalities in Eq. (335) should be satisfied with equality, in particular inequality
(4). We have established in Lemma 6 that this equality is achieved in the quasi-static limit, i.e.
Plod = Tcold(g) where g — 0F. This implies Condition 1) in the statement of the lemma.

The proof for Condition 2) consists of calculating Wey for @« = 1 in Eq. (316) to leading order in
g and k. This Wey quantity can be later used to evaluate n?m. We will show that we can write the
expression for 7" into two terms: one term describes the efficiency when there are no final correlations,
and the other term is a strictly negative contribution which must vanish in order to achieve the Carnot
efficiency. This latter constraint will give us Eq. (356).

Let us denote W/, as the value of battery energy gap Weyx = E,\;V — EJW that solves the equation

no corr COIT

h h -
Fi(78o1a ® p(9) @ Py Teotaniw) = F1(poraniw (ks PEiNwW s PGmtanw)s Teolaniw) s (357)
while Wext as the value that solves the case where k = 0, i.e.

h ot T h
F1 (1801 ® pR(9) ® Py Teoianw) = F1(PE W TeoldMwW)- (358)

Since P = Plolamw = Pool © PY(9) ® ply contains no correlations, Wexe was given by Eq.

(126). According to Lemma 18, we know that WZ, and Wyt are the values of Wey which solve

10We denote p{;(g) because for different values of g, we are allowed to choose different initial machine states, as long
as par(9) = Phi(9)-
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sup 7™ (ptoraniws Wext) and sup ™ (peoraniws Wexs) Tespectively. Solving Eq. (357) for W/, with
ext ext

the aid of Eq. (328), we find
, .

ext = Wext — X, (359)
where Wey is the solution to Eq. (358) when k = 0, given by Eq. (126), while

1 1 no corr no corr COIr

X = Bl—e {S (poianw) — S (p%loldMW(k7pColdMV\hpColdMW)ﬂ : (360)
Let us first note some properties of x, which we will later use:
e Since S(-) is subadditive, due to the parametrization of p¢ (s * ) in Eq. (350), we have
x>0 (361)
with equality iff p(ljoldMW = PlcoldMW i.e. iff K = 0. Therefore, we may conclude that % > 1.

ext

e We have that

d
%X (ka PColdMW  PColdMW ) =0 (362)
k=ko
if and only if
PGolaniw (Ko, PEitw: Pomanw) = Lcolanw/N. (363)

Egs. (362) and (363) are direct consequences of the observations:

1) Entropy is strictly concave, i.e. S (p&oanw (ks PR S ws P vw)) 18 strictly concave in
k € [0,1]. Therefore, by Eq. (363) x is strictly convex in k € [0,1]. When the first deriva-
tive of the convex function fl—k = 0, this must be the global minimum [66].

2) However, we know that the entropy is uniquely maximized (and therefore y is uniquely mini-

mized) for the maximally mixed state.

Returning to evaluate the efficiency, we may use Eq. (315) to calculate the inverse efficiency,

m - AC(piola)
[ (PGolanw)] ™ =1 — e+ V(V,Cld (364)
ext
Ac(p%} 1d) Wext
=l—et ——= (365)
ext Wéxt
AC(pt
51— 4 BCPC). (366)
ext

The last term in Eq. (365) is non-negative because we know the terms AC(pg 1), Wext and W/, are
all non-negative.
With Condition 1), we now know that

AC(péold) —1_ @
Wext Bc ’

in the quasi-static limit, and therefore a necessary condition to achieve the Carnot efficiency is that

1—e+ (367)

A

= Wext + X, we have the

limg_,q %‘3’“ = 1 also in the quasi-static limit. Using the relation W
ext

requirement that
10 COorr

o X (K, ploriniw (9) PCatanw) —0. (368)

= =
no corr

g—0* Wext (P&idnw (9))

First, let us observe that Wex (p22 535w (9)) = Wext(Be — g) given by Eq. (113). The leading order
term of Wext(B: — g) = ©(g) as g — 0T. Therefore, in order to satisfy Eq. (368), we must firstly have
limg—,0 x = 0. From Egs. (350), (360), this implies that we need k£ — 0 for all pg S\iw-
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Since the numerator and denominator of Eq. (368) both go to zero, by L’Hospital rule, to evaluate
the limit we need to take the derivative of both terms w.r.t. g. Therefore, we expand x to first order
in k and g. From Eq. (360) it follows

no corr no corr

COIrr d COITr
X (K, potaniw (9)s PColaviw ) =X (k, pCoranw (0), pCoramw)| &

k=0

e o(gk) + o(k*) + o(g®)  (369)

k + o(gk) + o(k?) + o(g?). (370)
k=0

d
+ @X (0, ploraniw (9)s PColamw)

d COIT

:%X (K, pCotaniw (0), potantw)

The term d% X (0, p&o viw (9)s PEtanviw ) = 0 since when k = 0, y will be constant for all g. Next, we

9=0

note that since Eqs. (361) holds, it must be that %X(k‘, Peoiiw (0), pEiinw) > 0. Furthermore,
k=0
from Eq. (362), we have that

%X(k, Potantw (0), PColavw) #0, (371)
k=0

for all p&T,\rw since by definition p&;anrw (05 PES T (0), PET niw) # Loolamw/N. We can infer that
Ploamw 1S not maximally mixed from a few observations, for example: this is true because we have
required that the reduced state on the battery is not maximally mixed since we consider near perfect
work extraction.

Thus, taking into account Wex (8. — g) = ©(g), Eq. (368) implies Eq. (356). O

By now, we have established a constraint on how quickly the correlations have to vanish w.r.t. g, for
the possibility of achieving Carnot efficiency. In the next Lemma 21, we will show that the constraints
given by Eq. (356) can be used to derive an upper bound for n2.

Lemma 21. If Egs. (355) and (356) are satisfied, then the quantity nd can be upper bounded by

1 (ptolamw (ks Pt (9), pE W) (372)
-1
<l Bf_’l 5h](<”) LO(f(9) + O(k/g) + O(g) + O(),  (373)

with lim,_,q+ f(g) = 0.

Proof. The main idea of our proof is as follows: we show that if Eqns. (355) and (356) hold, then we
can upper bound Wey while considering only the Fi, condition. This bound differs from the value
given when no correlations are present by only a small amount. Substituting this into the expression
for n4", we obtain Eq. (373).

Let us begin by analyzing the difference in eigenvalues of the states péoldMW and péoldMW. Recall
that

P%JoldMW(k?’ PEoldMW > P%gfde) =(1- k)ﬂ%%ﬁiol\r/lrw + kpColavw (374)

where p&? [ iws POalanw are both diagonal in the energy eigenbasis. Since péoldMW is a mixture of

two energy-diagonal states, it is also diagonal. Let us denote its eigenvalues as [PlcoldMW]i-
As for plcoldMWv Eqn. (355) gives the explicit form of the state,

Plolamw = Plod @ P @ ply = T(9) ® pi(9) ® ply. (375)

Let us denote its eigenvalues as [p&oanwli-
We first observe two properties involving trace distance d(-,-):
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(P.i) Consider two states 01,02 diagonal in the same eigenbasis. Then if p = (1 — k)o1 + kog for some
k € ]0,1], then one can conclude that the distance

d(p,o1) < k. (376)

(P.ii) For any two states p, o diagonal in the same basis, with eigenvalues p;, g;, if their trace distance
1

d(p,0) = Sllp ol <e, (377)

then this implies that their eigenvalues cannot differ by more than e, i.e. Vi,|p; — ¢;| < e. By
using this fact, we may first calculate the trace distance between Plcolde and péOIdMW, then
bound the difference of their eigenvalues.

We find that
d(Plcolde7 P(ljome) < d(Plcoldea PCoranw) + d(PColdMw > PlcoldMW) (378)
< k4 d(pEs™, ploia) + d(pAF ™, par) + d(pF ™, piy) (379)
< 4k. (380)

The first inequality is a triangle inequality that holds for all states. The second inequality holds
because of (P.i), and because trace distance is subadditive under tensor product (note that both

Plorantw and péoldMW are tensor product states). The third inequality holds because we know

Nno corr

d(p&oamws P LEy) < k and that trace distance decreases under partial trace. By (P.ii), Eq. (380)
tells us that Vi,

[pEoranwli = [PGolanw]i + 0(k)- (381)

With Eq.(381), we may relate the Fu, quantities for the states ptynw and Peoanw- From Eq.
(56), we have

Foo (porantw (ks PEiniw (), PEMMW) s TooldMw) (382)
1 .
— In max {[’)CddMW]} : (383)
(3 Ti
[plColdMW]i
= Inmax{ ————  + o(k), (384)
(3 7’7;
=Fy (7(9) ® pRi(9) ® piy, TgoldMW) + o(k), (385)

where we used Eq. (56) in the last line.
The next step is to evaluate the restriction on Wyt that satisfies

Foo(T8o1a ® P ® P, Tootanw) = Foo (plcoldMW(ka PColdMw (9)s PColaMW ) TgoldMW) (386)
= Fuo (7(9) © p4(9) @ Py, TBotaniw ) + o(k), (387)

for Wext up to order o(k). Taking into account the additivity of F, under tensor product, we can
rearrange Eq. (387) to provide an upper bound on Weyt,

West < % [v(00) + O(f(9)) + o(k/9)], (388)

where lim+ f(g) =0, v(c0) is given by Eq. (276). The bound in Eq. (388) is achievable since the F
g—0
conditions imposed by Eq. (386) are achievable with equality.
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Lastly, by using the expression for efficiency in Eqs. (315), and substituting Wey from Eq. (388)
(with equality for the maximum possible Wey) followed by AC from Eq. (279), we have

-1

1 0k Wos) = g (12350 -
_ Bn (1)1t

- [1 T G- By 7(00)] +6(f(g) +o(k/g) +O(g) +O().  (390)

Hence using Egs. (316), (390) we find Eq. (373). Note that in Eq (373) we have an inequality, this is
due to the fact that in the optimisation problem Eq. (316), there is an additional constraint (namely
mean energy conservation) which is not taken into account in the derivation of Eq. (390). O

Finally, the above lemmas allow us to conclude that allowing further correlations in the final state
cannot allow quasi-static heat engines to achieve the Carnot efficiency when Q > 1.

Theorem 3. [Correlations do not improve efficiency] Suppose that Q > 1. Parametrizing the final
state of the heat engine by Eq. (350)-(353), the quantum efficiency n®™ defined in Eq. (311) in a
quasi-static heat engine is strictly upper bounded by the Carnot efficiency,

1 Bh
sup -t (pColdMW(ka PCOlAMW P%ngde)) <1l- B (391)
ke[01], PE iR c

Proof. From Lemma 17, we have that both nd < pf™ and n® < 4™ hold. Thus a necessary
condition to achieve the Carnot efficiency for a particular plcoldMW, is that both 7™ and nd™ are
equal to or greater than the Carnot efficiency.

Lemma 20 proves that Egs. (355) and (356) are necessary conditions for ™ to achieve the Carnot
efficiency. However, when Eqgs. (355), (356) are satisfied, then Lemma 21 provides an upper bound
on the efficiency n&" in Eq. (373).

Now, suppose 2 > 1. Since it is shown in Eq. (277) that v(1)/v(c0) = Q, plugging this into the
leading term appearing in Eq. (373)

B A1)
(Be = Br)v(o0)]

we have that the quantity n%" (and therefore also n9™) is strictly less than the Carnot efficiency

1- Bh/ﬁc- 0

1+ (392)

F.2 A more general final battery state

For the simplicity of our analysis, we have assumed that the battery is left in the specific final state
described in Eq. (41), i.e. an amount of work Wey = Ej — Ej is extracted, except with failure
probability € that the battery remains in the initial state |E;)Ej|yy. In this section, we show that
this is a simplification which can be removed in general, i.e. the final battery state is allowed to be
any state within the e-ball of |E)(Ex|y. In particular, our result that the Carnot efficiency cannot be
achieved when € > 1 still holds.

In Lemma 22, we show that for any final state of the cold bath plcold, allowing a more general final
battery state does not affect the amount of work bounded by the F,, condition. We then use this to
prove in Theorem 4 that when 2 > 1, the Carnot efficiency cannot be achieved even if we allow a more
general battery final state.

Lemma 22. For any given pg,q, Ptoia: With ply = |E;XEjly, consider the mazimum W3, := Ej, —E;
such that pd1q ® Pl — Plod @ Py 4s allowed by the non-increasing Foo condition (Eq. (55)) i.e.

Doo(p201all780) + Doo (0N 17a) = Doo(psora | 7ersa) + Doo(plylImae), (393)
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with

pw = (1= &) | B, XBry |y + € |Ej X Ejlyy - (394)
On the other hand, consider any battery final state
piv = (1= &) | By ) By + 2™, (395)

where p{;i,nk is an energy-diagonal state orthogonal to |Ey, ) Ek, |y which may depend on e, i.e. p{}\l,nk =
> pi |Ei)XEily with pr, =0 and X°; p; = 1. Define W2 := Ey, — E; such that p2 4 ® % — ptola @ Py
1s allowed by the non-increasing F, condition, i.e.

Do (pEo1all ) + Doo (P 17a) > Doo(pborall7éig) + Doo(pyllmat)- (396)
—1
Then for all 0 <e < é = {1 + eﬁh(Emax*Ej)} , we have WL = WZ2.

Proof. Firstly, note that any energy-diagonal state p3, with trace distance d(p2y, | Ex, X Ek,|w) = € can
be written in the form of Eq. (395). Rearranging the terms in Eq. (393),

Do (Pl ) < Doo( el ) + Do (0otall 6ita) — Doo(pbiotalleia) = A- (397)
One can use the definition of Dy in Eq. (60) to expand the L.H.S. of Eq. (397), obtaining
log max{(1 — g)enPr gefrli} < A —log Ze\?. (398)

We know that since near perfect work is extracted, ¢ is arbitrarily small. This implies that for £ small
enough, max{(1 — e)enFr cefrli} = (1 — g)efnth,
Similarly, one can evaluate Eq. (393) to obtain

log max{(1 — e)enEra {ep,eFi}, 4 1 < A—log Z\%‘. (399)

Note that the maximization in Eq. (399) only picks out the maximum value. In particular, denoting
FEnax to be the largest energy eigenvalue of the battery, then whenever

(1 —e)ePrEra > gefnbmax (400)

or equivalently
—1
€ S |:1 + eﬁh(Emax*Ekg)} , (401)

then max{(1—eg)e®rFra, {EpieBhEi}#kQ} = (1—e)ePPra. In other words, as long as ¢ is upper bounded
by Eq. (401), we know which terms attains the maximization in Eq. (398). However, we also want
an upper bound that is independent of any limit involving the final state péolde we wish to take,
or any amount of work extracted (and therefore, we want the bound to be independent of Fy,). As
such, let us construct the following upper bound ¢ < &€ where,

-1 -1
ei= inf [14 M BrmBi)] T = [1 4 OB Ey)] (402)
Ek2
W2 >0

Now, we see that Ej, and Ej, correspond to the solutions for Eq. (398) and Eq. (399), which for ¢ < &
reduce to exactly the same equation. Therefore, Ey, = Ej, and hence W1 = WZ2. O

We will use Lemma 22 to prove Theorem 4. But before we proceed, let us fix some notation: we
define the efficiency as a function of @ > 0 :

J : h J h
N (PCola) = . Sug >077(p1Cold) subject to  Fo(ply ® TCo1d> Tlolaw) = Fa oy ® Plolds TColaw):
by —E;j
(403)
A &1,
and  tr(HypGoaroniw) = T (Hpcoamonw)- (404)
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with J = 1,2 denoting the final battery state p%v. We also define an « independent efficiency:

0’ (Ptold) = sup Oﬁ(ﬂéold) subject to (405)

k:J_Ej>

h
Fo (P @To1as Teotaw) = Fa(piy ® ploias Thotaw) Yo > 0. (406)

For any o > 0, and any state plyg, 72 (Peod) = 17 (Pborq) holds.

We already know that when €2 > 1, for any final cold bath state plcolda the efficiency nl(plcold) is
strictly less than the Carnot efficiency. Theorem 4 shows that this is also true for 7? (péold), i.e. when
allowing a more general battery final state.

Theorem 4. [General battery states do not improve efficiency] Consider a quasi-static heat engine
with a cold bath consisting of n qubits, extracting near perfect work. Let Q@ > 1 (definition in Eq. (269)).
Then the efficiency lim,_, o+ 7]2(7'5f), where 75, is the final state of a quasi-static heat engine (Def. 6),
is strictly less than the Carnot efficiency.

Proof. Firstly, suppose that 2 > 1. By Lemma 15 we know that the infimum is obtained at a = oo,
and by Lemma 16 we know that the efficiency for quasi-static heat engine is strictly less than the

Carnot value:
. 1 s 1
glgg+ n (18,) = ggr(r]l+ Noo(T8,) < McC- (407)

In other words, for all other final states pl,,q we know that Carnot efficiency cannot be achieved.
Therefore, it suffices to see that in the quasi-static limit,

. 2 . 2 9. 1 T 1
i, 7 (78;) < Jimn, Moo (T8;) = Jim, Too (T8;) = Jim, (78,) <nc- (408)

The second equality is obtained by noting that for any state p¢,q (and therefore for 75 )

1. AC is the same for both expressions of efficiency nl (péoq) and 7% (PEora)-
~1
2. By Lemma 22, for all 0 < € < [1 + eﬁh(Em“_Ej)] s Woe(Ptora) = Wi (Poia)-

Hence, from Items 1 and 2, one concludes that 0l (5tg1q) = 1% (Ftoq)- The third equality in Eq. (408)
comes directly from Eq. (407). O
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