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A B S T R A C T   

Aiming at a 5-DOF hybrid optical mirror polishing robot, the explicit dynamic model considering 
the joint friction is established and the inertia coupling distribution is studied. Firstly, the kine
matics of the manipulator is solved based on closed-loop vector method, and the dynamic model 
is established with Newton-Euler method based on the force analysis of manipulator components. 
Secondly, the kinematic parameters of the reference point of the moving platform are selected as 
the intermediate variables, and the explicit dynamic model of the parallel manipulator is obtained 
by parameters substitution considering the friction effects of spherical joints, universal joints and 
ball screws. Finally, on the basis of the dynamic model, the inertia coupling strength evaluation 
index for active branched-chains is proposed, and the distribution law of the coupling strength in 
a certain trajectory and workspace is studied. The results show that the inertia coupling strength 
indices between active branched-chains vary with the manipulator position and are symmetri
cally distributed in the workspace. This paper provides a theoretical basis for the joint controller 
design and structural parameter optimization of the polishing robot.   

1. Introduction 

As a kind of advanced manufacture tool, robots have been widely used in the field of precision machining and play a more and more 
important role in modern industry [1-3]. With the application of optical free-form surfaces and the requirement of random trajectory 
processing, the robot used for polishing optical mirrors not only has to drive the grinding system to traverse every point of the mirror 
surface but also needs to adjust the motion attitude in real time, which makes the drive motors change the motion direction frequently 
[4, 5]. Therefore, high-precision and high-resolution optical mirrors require high motion performance and accuracy of the polishing 
robot. 

Parallel manipulators with the advantages of high stiffness, high precision and high load capacity have been successfully used in 
fields with high precision requirements or complex motion trajectories [6, 7]. Meanwhile, the structural optimization, motion control 
and interference compensation of parallel manipulators have been extensively studied [8, 9]. In the field of polishing processing, Oba 
et al. proposed a serial-parallel polishing machine for automobile body repair polishing, which can effectively reproduce the polishing 
action and force of skilled workers [10]. Xu et al. designed a serial-parallel polishing machine for machining the part with free-form 
surfaces and carried out a series of studies on its performance parameters and experiments [11, 12]. Parallel manipulator is the core 
component of the hybrid optical mirror processing machine and requires excellent kinematic and dynamic performance, however, the 
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multi-closed-loop structure increases the control difficulty. The kinematics-based control strategies may not meet the robot control 
requirements, and an effective dynamic model for dynamic control is an important method to improve the manipulator performance. 
Dynamic modeling methods mainly include Newton-Euler method, Lagrange method, virtual work principle method and Kane method 
[13-16]. In the dynamic modeling, the effects of the joint clearance, friction, and other factors need to be considered to reflect the 
actual physical joint effects of the parallel manipulator [17]. Currently, the dynamic model of the parallel manipulator is mostly used 
to analyze the mechanical properties of manipulators, and there is no uniform requirement for its expression. Although the dynamic 
modeling based on virtual work principle method and Lagrange method can build an explicit dynamic model of the manipulator, the 
model solving is tedious when there are many moving components or the joint effects are considered. The physical significance of the 
dynamic modeling based on Newton-Euler method is clear, and joint forces can be obtained by analyzing each moving component 
separately, which is extremely beneficial for considering joint effects [18]. Khalil et al. established the explicit dynamic model of 
Gough-Stewart parallel manipulator with Newton-Euler method, but the inertia matrix, centrifugal force and Coriolis force matrix 
were not well described and the joint effects were neglected [19]. Shan et al. developed an explicit dynamic model considering the 
joint friction for 3SPS+1PS parallel manipulator, which can be used directly for dynamic controller design and friction compensation. 
[20]. In addition, due to the multiple closed-loop and flexible components in parallel manipulators, the coupling between the 
branched-chains is unavoidable [21]. Scholars mainly focus on the kinematic coupling and the rigid-flexible coupling for parallel 
manipulators [22, 23], and the study on inertia coupling of the branched-chains of the parallel manipulator is not systematic. For 
manipulators with high stiffness and high mass of moving components, the coupling effect caused by the branched-chain inertia is 
more pronounced. Shao et al. studied the matching problem between the motor inertia and branched-chain load for Stewart parallel 
manipulator [24]; meanwhile, Liu et al. proposed an evaluation index of the coupling property for this parallel manipulator and 
studied the coupling distribution in the workspace [25]. Li et al. developed a dynamic model of a 5PSS/UPU parallel manipulator 
based on Newton-Euler method and analyzed the inertia coupling of active branched-chains considering the Coulomb friction effect of 
the manipulator joints [26]. The large-diameter optical mirror polishing robot requires high precision and has a complex structure and 
large mass of moving components. Establishing the dynamic model with a clear form and analyzing the coupling properties of the 

Fig. 1. 5-DOF hybrid optical mirror polishing robot: (a) prototype, (b) topology.  
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active branched-chains is of great significance for the controller design and performance improvement. 
This paper is organized as follows. In Section 2, the structural components and kinematic model of the 5-DOF hybrid polishing 

robot are described; In Section 3, the dynamic model of the polishing robot is developed based on Newton-Euler method considering 
joint friction; In Section 4, the explicit dynamic model with joint friction for the manipulator is obtained by replacing the motion 
parameters, and the driving forces of active branched-chains are verified by ADAMS; In Section 5, on the basis of the explicit dynamic 
model, the inertia coupling evaluation index of active branched-chains is proposed and the coupling strength distribution in the 
workspace is analyzed. 

2. Description and kinematics analysis of polishing robot 

2.1. Description and coordinate systems of polishing robot 

The hybrid polishing robot consists of a 3UPS/UP parallel manipulator, 2R series rotary joints and a dual rotor grinding system, and 
the prototype and topology are shown in Fig. 1. The parallel manipulator comprises a static platform, a moving platform, three UPS 
active branched-chains (Universal joint - Prismatic pair - Spherical joint) with the same structure and a UP constrained branched-chain 
(Universal joint - Prismatic pair). Point Bi, the intersection of rotation axes of UPS branched-chain universal joint, is distributed in an 
equilateral triangle on the static platform with circumcircle radius b. Point Ai, the intersection of rotation axes of the spherical joint, is 
distributed in an equilateral triangle on the moving platform with circumcircle radius a. Point B, the intersection of rotation axes of UP 
branched-chain universal joint, coincides with the center of the static platform, and the distribution center of UPS branched-chain 
spherical joints is marked as A. The prismatic pair of UPS branched-chain is achieved by a ball screw, and the prismatic pair of UP 
branched-chain is realized by a pair of linear slides. In addition, the static platform of the parallel manipulator is tilted at an angle of 
thirty degrees to the base bottom to adjust the working position of the polishing robot. 

The 2R series rotary joints and dual rotor grinding system follow a simple serial motion. This paper only focuses on the kinematics 
and dynamics of the parallel manipulator of the polishing robot, and the loads on the parallel manipulator from the 2R series rotary 
joints and grinding system are considered as external loads. Following the right-hand rule, the coordinate systems of the manipulator 
are established as follows. The world coordinate system {B-X0Y0Z0} and base coordinate system {B-XYZ} are established at point B, X0- 
axis is orthogonal to the base and oriented upward, Z0-axis is parallel to the base, X-axis coincides with the axis of UP branched-chain 
universal joint far frame and Z-axis is orthogonal to the static platform plane. The conjoined coordinate system {A-uvw} of UP 
branched-chain and moving platform is established at point A, v-axis is parallel to the axis of UP branched-chain universal joint near 
frame and w-axis coincides with the motion axis of UP branched-chain. The reference coordinate system {Bi-xiyizi} and conjoined 
coordinate system {Bi-uiviwi} of UPS branched-chain are established at point Bi, xi-axis coincides with the axis of UPS branched-chain 
universal joint far frame, zi-axis is parallel to Z-axis, vi-axis coincides with the axis of UPS branched-chain universal joint near frame 
and wi-axis coincides with the motion axis of UPS branched-chain. In addition, the reference coordinate system {Ai-xiyizi} and 
conjoined coordinate system {Ai-uiviwi} of the spherical joint are established at point Ai, and the direction of each axis of coordinate 
systems {Ai-xiyizi} and {Ai-uiviwi} is similar to that of coordinate systems {Bi-xiyizi} and {Bi-uiviwi}. The parallel manipulator of the 
polishing robot has three independent degrees of freedom, and the serial component of the polishing robot is connected to the moving 
platform of the parallel manipulator with a slewing bearing, thus the polishing robot can perform five degrees of freedom in its 
workspace to meet the position and attitude requirements of the dual rotor grinding system. 

Fig. 2. Diagram of closed-loop vector for UPS branched-chain Li.  
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2.2. Kinematic modeling of polishing robot 

When the polishing robot is in any position in its workspace, the coordinate matrices of the universal joint center point Bi in the base 
coordinate system {B-XYZ} and the spherical joint center point Ai in the conjoined coordinate system {A-uvw} can be expressed as: 

⎡

⎣
b1
b2
b3

⎤

⎦

T

=

⎡

⎣
− b bsin(π/6) bsin(π/6)
0 − bcos(π/6) bcos(π/6)
0 0 0

⎤

⎦,

⎡

⎣
a01
a02
a03

⎤

⎦

T

=

⎡

⎣
− a asin(π/6) asin(π/6)
0 − acos(π/6) acos(π/6)
0 0 0

⎤

⎦ (1) 

Combined with Fig. 1(b), the closed-loop vector of UPS branched-chain Li (i=1, 2, 3) is shown in Fig. 2, and Si indicates the 
composite spherical joint, which can be seen as a combination of a universal joint and a rotating joint. In the base coordinate system {B- 
XYZ}, the attitude of the moving platform of the parallel manipulator can be described by Euler angles and the motion equation of the 
branched-chains can be expressed as: 

{
rA = bi + liei − ai
rA = l4e4

(i= 1, 2, 3) (2)  

where li and ei are the length and unit vector of the branched-chain Li (i=1, 2, 3, 4), ai = Ra0i and R is the attitude matrix of the 
coordinate system {A-uvw} relative to the coordinate system {B-XYZ}. 

The motion parameters of the branched-chains and moving platform can be obtained by deriving and transforming from Eq. (2) and 
expressed uniformly as the motion parameter mapping of the reference point A of the moving platform. 

⎧
⎨

⎩

L̇ = JvA
ωi = JωivA
ωm = JωvA

,

⎧
⎨

⎩

L̈ = Jv̇A + J̇vA
ω̇i = Jωi v̇A + J̇ωi vA
ω̇m = Jωv̇A + J̇ωvA

, (i= 1, 2, 3) (3)  

⎧
⎪⎨

⎪⎩

L̇ =
[

l̇1 l̇2 l̇3

]T

L̈ =
[

l̈1 l̈2 l̈3

]T ,

⎧
⎪⎪⎨

⎪⎪⎩

J = [ e1 e2 e3 ]
T
−
[

a1eT
1 e4 a2eT

2 e4 a3eT
3 e4

]T
/

l4

Jω = e4×/l4

Jωi =
[
ei× +

(
ei

T aiE3 − aiei
T)Jω

]/
li

(4)  

where l̇i and ̈li are the axial velocity and axial acceleration of UPS branched-chain Li (i=1, 2, 3), ωi and ωm are the angular velocities of 
the branched-chain Li and moving platform, E3 is the third-order unit matrix, and ei×(i=1, 2, 3, 4) is the third-order antisymmetric 
matrix of ei. 

In addition, the axial velocity of UP branched-chain can be expressed as: l̇4 = J4vA, and J4 = eT
4 . 

Furthermore, the structure diagrams of UPS branched-chain and UP branched-chain are shown in Fig. 3. The velocities and ac
celerations of the centroid of UPS branched-chain telescopic rod Cri, the centroid of branched-chain cylinder block Cui and the centroid 
of UP branched-chain Cr4 are solved as follows: 

⎧
⎨

⎩

vCri = JCr i vA
vCui = JCu i vA
vCr4 = JCr 4 vA

,

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

aCri = JCri v̇A + J̇Cri vA
aCui = JCui v̇A + J̇Cui vA
aCr4 = JCr4 v̇A + J̇Cr4 vA

, (i= 1, 2, 3) (5)  

Fig. 3. Structure diagrams of branched-chains: (a) UPS branched-chain, (b) UP branched-chain.  
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⎧
⎪⎪⎨

⎪⎪⎩

JCri = eiJi + (lr1 − li)ei×Jωi

JCui = lu2ei×Jωi

JCr4 = e4J4 − (1 − (lm + lc1)/l4)
(
E3 − e4eT

4

)
(6)  

where lr1 is the length from the centroid of UPS branched-chain telescopic rod to point Ai, lu2 is the length from the centroid of 
branched-chain cylinder block to point Bi, lc1 is the length from the centroid of UP branched-chain to its front end, and lm is the length 
from the front end of UP branched-chain to point A. 

3. Dynamic model of polishing robot 

To avoid the tedious derivation in dynamic modeling of the parallel manipulator, the dynamic model of parallel manipulator of the 
polishing robot considering the joint friction effects is established with Newton-Euler method. The force diagram of each component of 
the parallel manipulator is shown in Fig. 4. Based on Newton-Euler method, the dynamic equations of each manipulator component are 
established in turn, and the dynamic model of the parallel manipulator was further modeled by eliminating the internal forces between 
the components. In addition, it is assumed that eT

i ωi = 0 and eT
i ω̇i = 0 remain valid when the joint friction is considered. 

3.1. Dynamic model of moving platform 

The moving platform bears the force F4 and the moment M4 of UP branched-chain, the gravity mg, the force of UPS branched-chain 
Fai, the friction moment of spherical joint Mfai, and the external force and the external moment are denoted as Fw and Mw. According to 
Newton-Euler equation, the dynamic model of the moving platform is as follows: 

∑3

i=1
Fai + F4 + mg + Fw = mv̇A (7)  

∑3

i=1
ai × Fai +

∑3

i=1
Mfai + M4 + Mw = BImω̇m + ωm ×

( BImωm
)

(8)  

where BIm is the inertia matrix of the moving platform in the base coordinate system {B-XYZ}, BIm = RImRT, and Im is the inertia matrix 
of the moving platform in the conjoined coordinate system {A-uvw}. 

3.2. Dynamic model of UP branched-chain 

The UP branched-chain bears the reaction force F4 and reaction moment M4 of the moving platform, the gravity mcg, the con
strained force of the universal joint FB and the constrained moment of the universal joint MB, the friction force of UP branched-chain 

Fig. 4. Force diagram of parallel manipulator: I) moving platform, II) UP branched-chain, III) UPS branched-chain telescopic rod component, Ⅳ) 
UPS branched-chain cylinder block component, Ⅴ) static platform. 
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linear slides Ffc and the friction moment of UP branched-chain universal joint MfB. According to Newton-Euler equation, the dynamic 
model of UP branched-chain is as follows: 

FB + mcg + Ffc − F4 = mcaCr4 (9)  

lc1(e4 × − F4) + lc2( − e4 ×FB) + MB − M4 + MfB = BIcω̇m + ωm ×
( BIcωm

)
(10)  

where lc2 is the length from the centroid of UP branched-chain to point B, BIc is the inertia matrix of UP branched-chain in the base 
coordinate system {B-XYZ}, BIc = RIcRT, and Ic is the inertia matrix of UP branched-chain in the conjoined coordinate system {A-uvw}. 

3.3. Dynamic model of UPS branched-chain 

During the optical mirror polishing operation, the motion of each component of UPS branched-chain is not perfectly consistent. The 
UPS branched-chain can be divided into three components: the branched-chain telescopic rod component, the branched-chain cylinder 
block component and the branched-chain driving component. The motion state of each component can be expressed as follows: 

1) The branched-chain telescopic rod component comprises the branched-chain telescopic rod, the screw nut and the spherical 
joint, and has a generally rigid motion. 
2) The branched-chain cylinder block component comprises the branched-chain cylinder block and the servo motor, and rotates 
around the point Bi. 
3) The branched-chain driving component comprises the servo motor rotor, the coupling and the ball screw, and has a spin motion 
in addition to the rotation around a fixed point. 

In the dynamic modeling of the parallel manipulator, the spin motion of the branched-chain driving component is analyzed 
separately, and its fixed-point rotation is incorporated into the branched-chain cylinder block component. 

3.3.1. Dynamic model of branched-chain telescopic rod component 
UPS branched-chain telescopic rod component bears the reaction force of the moving platform Fai, the friction moment of the 

spherical joint Mfai, the gravity mlg, the restraint moment of the branched-chain cylinder block component Mci and the friction force Ffi, 
the force of the ball screw Fci, and the sliding friction force Ffsi. According to Newton-Euler equation, the dynamic model of the 
branched-chain telescopic rod component is as follows: 

Fci − Fai + mlg + Ffi + Ffsi = mlaCri (11)  

lr1(ei × − Fai) + lr2( − ei ×Fci) + Mci − Mfai =
BIliω̇i + ωi ×

( BIliωi
)

(12)  

where lr2 is the length from the action point of the telescopic rod component and the cylinder block component to the centroid of the 
telescopic rod component, lr=lr1+lr2 and represents the generalized length of the telescopic rod component, BIli is the inertia matrix of 
the branched-chain telescopic rod component in the base coordinate system {B-XYZ}, BIli = RliIliRli

T and Ili is the inertia matrix of the 
telescopic rod component in the conjoined coordinate system {Bi-uiviwi}, Rli is the attitude matrix of the conjoined coordinate system 
{Bi-uiviwi} relative to the base coordinate system {B-XYZ}. 

3.3.2. Dynamic model of branched-chain cylinder block component 
UPS branched-chain cylinder block component (containing the branched-chain driving component) bears the reaction force Fci and 

reaction moment Mci of the telescopic rod component, the friction force Ffi, the sliding friction force Ffsi, the force Fbi and moment Mbi of 
universal joint, the friction moment of the universal joint Mfbi, and the gravity mug. According to Newton-Euler equation, the dynamic 
model of the branched-chain cylinder block component is as follows: 

Fbi − Fci + mug − Ffi − Ffsi = muaCui (13)  

lu1(ei × − Fci) + lu2(ei ×Fbi) + Mbi − Mci + Mfbi =
BIuiω̇i + ωi ×

( BIuiωi
)

(14)  

where lu1 indicates the length from the action point of the cylinder block component and telescopic rod component to the centroid of 
the cylinder block component, lu is the length from the action point of the cylinder block component and telescopic rod component to 
point Bi andlu = lu1 − lu2, BIui is the inertia matrix of the branched-chain cylinder block component in the base coordinate system {B- 
XYZ}, BIui = RliIuiRT

li and Iui is the inertia matrix of the cylinder block component in the conjoined coordinate system {Bi-uiviwi}. 

3.3.3. Dynamic model of branched-chain driving component 
The inertia moment of the UPS branched-chain driving component is recorded as Msi, and the dynamic model can be expressed as 

follows: 

F. Guo et al.                                                                                                                                                                                                             
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Msi =
BImiω̇mi + ωmi ×

( BImiωmi
)

(15)  

where BImi is the inertia matrix of the branched-chain driving component in the base coordinate system {B-XYZ}, BImi = RliImiRli
T and 

Imi is the inertia matrix of the branched-chain driving component in the conjoined coordinate system {Bi-uiviwi}. ωmi = 2πl̇i /p and 
indicates the angular velocity of the driving component, p is the lead of the ball screw. 

3.4. Dynamic model of parallel manipulator of polishing robot 

The driving force of UPS branched-chain is noted as Fi. The force Fci acting on the telescopic rod component can be divided into the 
driving force Fiei along the axis of UPS branched-chain and the constrained force Fn

ci perpendicular to UPS branched-chain. 
According to Eqs. (6), (13) and (14), we can obtain: 

Mci = − lu2muei × g −
(
li − lr

)
(ei × Fci

n) − l2
u2muω̇i −

BIuiω̇i

− ωi ×
( BIuiωi

)
+ Mbi + Mfbi

(16) 

The force Fai can be divided into the force Fe
ai along the axis of UPS branched-chain and the constrained force Fn

ai perpendicular to 
UPS branched-chain. Combining Eqs. (5) and (6), Eq. (11) can be converted to: 

Fe
ai + Fn

ai − Fn
ci = Fiei − ml

{
(li − lr1)[ω̇i × ei + ωi × (ωi × ei)]

+l̈iei + 2l̇iωi × ei}+mlg + Ffi + Ffsi
(17) 

Both sides of Eq. (17) are dot-multiplied or cross-multiplied twice by ei, and we can obtain: 

Fe
ai = Fiei − ml(li − lr1)ωi × (ωi × ei) − ml l̈iei + mleieT

i g + Ffi + Ffsi (18)  

Fn
ci = Fn

ai − ml(li − lr1)ei × ω̇i − 2ml l̇iei × ωi + mlei × (ei × g) (19) 

Substituting Fai and Fci into Eq. (12), and cross-multiplying ei twice, we can obtain: 

lr1Fn
ai = ei ×

( BIliω̇i
)
+ eT

i

( BIliωi
)
ωi − ei ×

(
Mci − Mfai

)
− lr2Fn

ci (20) 

Combining Eqs. (16) and (19), Eq. (20) can be rewritten as: 

Fn
ai =

1
li

ei ×
[( BIli +

BIui
)
ω̇i
]
+

1
li

eT
i

[( BIli +
BIui

)
ωi
]
ωi

+
2
li

(

li − lr1

)

ml l̇iei × ωi +
1
li
[lu2mu − (li − lr1)ml]ei × (ei × g)

+
1
li

[
(li − lr1)

2ml+l2
u2mu

]
ei × ω̇i −

1
li

ei ×
(
Mfbi − Mfai

)

(21) 

Eqs. (7), (8), (18) and (21) constitute the entire dynamic model of the polishing robot parallel manipulator considering the joint 
friction, which can be used to analyze the forces on each component of the parallel manipulator. 

4. Explicit dynamic model and simulation 

4.1. Explicit dynamic model of polishing robot 

The dynamic model obtained in Section 3 cannot be directly used to design the robot dynamic controller or to analyze the coupling 
property of the manipulator. Furthermore, in order to obtain the dynamic model of the parallel manipulator with an explicit form, the 
motion parameters in the dynamic model need to be expressed as the correlation function of the motion parameters of point A. 

Based on the kinematic analysis and combined with Eqs. (18) and (21), we can obtain: 

Fe
ai − Fiei = − mleiJiv̇A +

[
ml(li − lr1)eivT

AJ2
ωi − mleiJ̇i

]
vA + mleieT

i g + Ffi + Ffsi (22)  

Fn
ai =

1
li

{( BIli +
BIui

)
ei×Jωi +

[
(li − lr1)

2ml+l2
u2mu

]
ei×Jωi

}
v̇A +

1
li
{
( BIli +

BIui
)
ei×J̇ωi

+
[
(li − lr1)

2ml+l2
u2mu

]
ei×J̇ωi + JωivAeT

i

( BIli +
BIui

)
Jωi + 2

(
li − lr1

)
mlJivAei×Jωi}vA

+
1
li
[lu2mu − (li − lr1)ml]e2

i×g −
1
li

ei×
(
Mfbi − Mfai

)

(23) 

Then, the dynamic model of UPS branched-chain Li (i=1, 2, 3) can be rewritten as: 

F. Guo et al.                                                                                                                                                                                                             
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Miv̇A + CivA + Gi + τfi = τi (24)  

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Mi = mleiJi − (1/li){
( BIli +

BIui
)
ei×Jωi +

[
(li − lr1)

2ml+l2
u2mu

]
ei×Jωi

}

Ci = −
[
ml(li − lr1)eivT

AJ2
ωi − mleiJ̇i

]
− (1/li){

( BIli +
BIui

)
ei×J̇ωi +

[
(li − lr1)

2ml+l2
u2mu

]
ei×J̇ωi

+JωivAeT
i

( BIli +
BIui

)
Jωi + 2

(
li − lr1

)
mlJivAei×Jωi}

Gi = − (1/li)[lu2mu − (li − lr1)ml]e2
i×g − mleieT

i g
τfi = (1/li)ei×

(
Mfbi − Mfai

)
− Ffi − Ffsi

τi = − Fai + Fiei 

The UP branched-chain of the polishing robot is fixedly connected to the moving platform and the forces on the static platform can 
be neglected. Substituting the motion parameters into Eqs. (8) and (10), the dynamic model of UP branched-chain and moving 
platform can be rewritten as: 

Mmv̇A + CmvA + Gm + τf m + Em = τm (25)  

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Mm = e4×
( BIm + BIc

)
Jω + (l4 − lm)me2

4× + lc2mce2
4×JCr4

Cm = e4×

(
BIm + BIc

)
J̇ω + e4×(JωvA)×

(
BIm + BIc

)
Jω + lc2mce2

4×J̇Cr4

Gm = − (l4 − lm)me2
4×g − lc2mce2

4×g

τf m = − e4×

∑3

i=1
Mfai − e4×MfB

Em = − (l4 − lm)e2
4×Fw − e4×Mw

τm =
∑3

i=1

(
e4×ai× + (l4 − lm)e2

4×

)
Fai 

Besides, the inertia matrix of the spin motion of UPS branched-chain driving component can be expressed as: 

Msi =

(
2π
p

)2

Imi (26) 

The active branched-chain driving force vector of the parallel manipulator is recorded asτ = [ F1 F2 F3 ]
T. Combining Eqs. (24), 

(25) and (26), the dynamic model of the parallel manipulator of the polishing robot can be rewritten as: 

Mv̇A + CvA + G + τf + E = Sτ (27)  

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

M = Mm +
∑3

i=1

[
e4×ai× + (l4 − lm)e2

4×

]
Mi + SMsJ

C = Cm +
∑3

i=1

[
e4×ai× + (l4 − lm)e2

4×

]
Ci + SMsJ̇

G = Gm +
∑3

i=1

[
e4×ai× + (l4 − lm)e2

4×

]
Gi

τf = τf m +
∑3

i=1

[
e4×ai× + (l4 − lm)e2

4×

]
τfi

S =
[
e4×a1×e1 + (l4 − lm)e2

4×e1, e4×a2×e2 + (l4 − lm)e2
4×e2, e4×a3×e3 + (l4 − lm)e2

4×e3
]

Eq. (27) is the explicit dynamic model of the parallel manipulator for the polishing robot with the joint friction. M is the inertia 
matrix of the parallel manipulator of the polishing robot and its value is only related to the attitude parameters of the parallel 
manipulator and Ms = diag[Msi]. C is the coefficient matrix of the centrifugal force and Coriolis force of the parallel manipulator, and its 
value is not only related to the attitude parameters but also related to the motion parameters. G is the gravity matrix of the parallel 
manipulator. τf is the matrix containing the friction effects of the branched-chain joints. E is the external load matrix and E = Em. 

4.2. Friction model of polishing robot 

The motion joints of the polishing robot mainly include spherical joints, universal joints, ball screws and linear slides. UPS 
branched-chains are the driving components of the polishing robot, and the friction effects of its spherical joints, universal joints and 
ball screws are the main proportion for the dynamic model. In order to simplify the joint friction model, only the friction forces or 
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friction moments of UPS branched-chain joints are considered, while the other motion joints are treated as ideal joints. In addition, the 
conventional spherical joint is replaced by a composite spherical joint for UPS branched-chains to increase the range of motion allowed 
and improve the bearing capacity. The composite spherical joint is composed of three pairs of vertical intersecting angular contact 
bearings, and the universal joint consists of two pairs of vertical intersecting angular contact bearings. The structure and force analysis 
of the universal joint and composite spherical joint are shown in Fig. 5. 

According to Eqs. (11), (12), (13) and (14), the Newton-Euler equation of UPS branched-chain can be established, and the joint 
forces Fai and Fbi can be solved. During the robot polishing operation, the friction between the ball and the inner and outer rings of the 
bearing will affect the driving forces of the branched-chains. In this paper, a simplified peg-hole model is used to describe the bearing 
friction, and the friction moment of the spherical joints and universal joints of UPS branched-chains is described by Coulomb-viscous 
friction model. In the joint conjoined coordinate systems {Bi-uiviwi} and {Ai-uiviwi}, the joint friction moments can be expressed as: 

⎧
⎨

⎩

Mb
fbi = [Mfbψi Mfbθi 0 ]T

Ma
fai = [Mfaψi Mfaθi Mfaγi ]

T (28)  

⎧
⎪⎪⎨

⎪⎪⎩

Mfbψi = Rbx

[

μvhωbxiRbx +
ωbxi

‖ ωbi ‖
μch‖ Fbi ‖

]

Mfbθi = Rbv

[

μvhωbviRbv +
ωbvi

‖ ωbi ‖
μch‖ Fbi ‖

] ,

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Mfaψi = Rax

[

μvsωaxiRax +
ωaxi

‖ ωai ‖
μcs‖ Fai ‖

]

Mfaθi = Rav

[

μvsωaviRav +
ωavi

‖ ωai ‖
μcs‖ Fai ‖

]

Mfaγi = Raw

[

μvsωawiRaw +
ωawi

‖ ωai ‖
μcs‖ Fai ‖

]

(29)  

where μvh and μvs are the viscous friction coefficients, μch and μcs are the Coulomb friction coefficients, Rbx and Rbv are the radii of the 
friction circle for the bearings in the universal joint, Rax, Rav and Raw are the radii of the friction circle for the bearings in the spherical 
joint, ωbi and ωai are the vectors of ωi in the joint reference coordinate systems, and ωbji and ωaji (j=x, v, w) are the three motion 
components of ωbi and ωai. 

The friction force of the ball screw of UPS branched-chains based on Coulomb-viscous friction model can be expressed as: 

Ff si =

[

μvbl̇i + μcb‖ Fn
ci ‖sgn

(

l̇i

)]

ei (30)  

where μvb and μcb are the viscous friction coefficient and the Coulomb friction coefficient for the ball screw, and sgn(⋅) is the sign 
function (if l̇i > 0, sgn(l̇i) = 1, if l̇i = 0, sgn(l̇i)= 0 and if l̇i < 0, sgn(l̇i)= − 1). 

Fig. 5. Motion joints of UPS branched-chain: (a) universal joint, (b) spherical joint.  

Table 1 
Structural parameters of polishing robot.  

Parameter (mm) Value Parameter (mm) Value 

Circumcircle radius of spherical joints (a) 150.00 Length from centroid of cylinder block to Bi (lu2) 125.49 
Circumcircle radius of universal joints (b) 400.00 Length from centroid of UP branched-chain to its front end (lc1) 820.02 
Length from centroid of telescopic rod to Ai (lr1) 657.08 Length from centroid of UP branched-chain to A (lm) 70.00 
Length of telescopic rod (lr) 1289.00 Ball screw lead (p) 6.00  
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4.3. Dynamic simulation 

It is assumed that each component of the parallel manipulator is a rigid body with regular shape and uniform mass. The parameters 
of the parallel manipulator of the polishing robot are shown in Table 1-4. 

In order to analyze the variation law of active branched-chains driving forces and inertia coupling properties of the polishing robot 

Table 2 
Mass parameters of polishing robot  

Parameter (kg) Value 

Mass of UPS branched-chain telescopic rod component (ml) 29.19 
Mass of UPS branched-chain cylinder block (mu) 70.80 
Mass of moving platform (m) 32.66 
Mass of UP branched-chain (mc) 117.83  

Table 3 
Inertia parameters of polishing robot.  

Parameter (kg•mm2) Value 

Inertia matrix of telescopic rod component (Ili) diag[5942980, 5942846, 29240] 
Inertia matrix of UP branched-chain (Ic) diag[33926032, 33944719, 628686] 
Inertia matrix of moving platform (Im) diag[220578, 220579, 345594] 
Inertia matrix of cylinder block component (Iui) diag[14263739, 14597782, 203094] 
Rotational inertia of driving component (Imi) 782  

Table 4 
Joint friction parameters of polishing robot.  

Parameter (mm) Value Parameter Value 

Friction circle radius of spherical joint (Rax) 10.00 Coulomb friction coefficient of spherical/universal joint (μch, μcs) 0.05 
Friction circle radius of spherical joint (Rav) 8.50 Viscous friction coefficient of spherical/universal joint (N.s/m) (μvh, μvs) 0.02 
Friction circle radius of spherical joint (Raw) 15.00 Coulomb friction coefficient of ball screw (μcb) 0.05 
Friction circle radius of universal joint (Rbx, Rbv) 25.00 Viscous friction coefficient of ball screw (N.s/m) (μvb) 0.02  

Fig. 6. Kinematic parameters of branched-chains: (a) axial length, (b) axial velocity, (c) axial acceleration.  
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in its workspace, the circular motion in the workspace is selected for analysis. The motion trajectory of reference point A of the moving 
platform is shown in Eq. (31) and the unit is mm. Based on the kinematic model in Section 2.2, the axial length, velocity, and ac
celeration of the active branched-chains of the parallel manipulator are shown in Fig. 6, and the motion parameters of the branched- 
chains all show a sinusoidal trend. 

⎧
⎨

⎩

X = 300cos(0.4πt)
Y = 300sin(0.4πt)
Z = 1300

(31) 

In the dynamic model of the polishing robot, the forces and moments acting on the parallel manipulator by the serial components 
are treated as external loads. The parameters in Tables 1-4 are substituted into the dynamic model of the parallel manipulator, and the 
driving forces of active branched-chains for the polishing robot are calculated by MATLAB. 

Further, the original position of the virtual prototype of the polishing robot is established with Solidworks software and imported 
into ADAMS software. Firstly, we add the motion joints of the robot model according to the motion characteristics of the robot 
components and add the joint friction coefficients in Table 4, and then we set the motion parameters of the branched-chains obtained 
from the kinematic model. Finally, the same simulation time as the numerical calculation is set. The driving forces of three active 
branched-chains based on the numerical calculation and ADAMS simulation are shown in Fig. 7. 

Fig. 7 shows that the numerical calculation results of the dynamic model of the polishing robot agree with the simulation results of 
ADAMS when the reference point A of the moving platform makes a circular motion from the static platform plane at a fixed height, 
which indicates that the explicit dynamic model is valid. The driving forces of the active branched-chains of the parallel manipulator 
all show a sinusoidal function variation, with the opposite trend to the axial length of the branched-chains and the same trend to the 
axial acceleration. Meanwhile, the variation of the driving forces of three branched-chains has symmetry similar to the distribution of 
branched-chains, which further verifies the correctness of the explicit dynamic model. Besides, comparing the results of numerical 
calculation and ADAMS simulation, we obtain that there is only a small error for the driving force of each branched-chain. The main 
causes of the error are as follows: 1) The manipulator parameters used for the numerical calculation and ADAMS simulation are not 
completely consistent. 2) According to the error distribution of the driving force, it can be seen that the driving force error is larger 
when the motion direction of the branched-chain changes, which indicates that the change of the motion direction of the branched- 
chain has a large impact on the driving force, and the force on the branched-chain is complicated at this time. 

5. Coupling property of polishing robot 

5.1. Coupling evaluation index 

For the robot closed-loop control system, the attitude parameters of the moving platform cannot be detected in real time, and the 

Fig. 7. Driving forces of active branched-chains of polishing robot: (a) branched-chain L1, (b) branched-chain L2, (c) branched-chain L3.  
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joint control of the active branched-chain is still the main control strategy for the parallel manipulator. The three UPS branched-chains 
of the polishing robot need to move cooperatively to meet the attitude requirements of the grinding system in the large optical mirror 
polishing process. The active branched-chain of the manipulator is affected by the coupling inertia from other branched-chains in 
addition to the own branched-chain inertia, which will affect the dynamic properties of the polishing robot. 

In order to study the coupling properties among active branched-chains of the parallel manipulator for the polishing robot, the 
dynamic model of the manipulator in the workspace should be transformed into the dynamic model in joint space. According to the 
principle that the kinetic energy of the manipulator in the generalized coordinate is equal to that in the joint space coordinate, the 
inertia matrix of the parallel manipulator in the joint space can be expressed as: 

MCI =
(
J− 1)T M

(
J− 1) (32) 

The logarithmic function with monotonically increasing values is used to evaluate the inertia coupling strength between active 
branched-chains of the manipulator, and the coupling strength index MCIi (i=1, 2, 3) of UPS branched-chain Li can be expressed as: 

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

MCIi = ln(λi + 1)

λi =

∑3

k=1,k∕=i
|MCI(i, k)|

2|MCI(i, i)|

(33) 

The inertia matrix of the parallel manipulator has the property that the diagonal elements dominate, so that λi is always in the range 
of [0, 1]. In addition, to ensure that the coupling strength evaluation index is positive, the value of the inertia coupling strength 
evaluation index MCIi of the polishing robot is defined in the interval [0, ln2] ≈ [0,0.693]. When the index is closer to ln2, the more 
serious the inertia coupling strength of the branched-chain Li is, and when the index is closer to zero, the less the inertia coupling 
strength of the branched-chain Li is. 

When the coupling strength index is larger, the branched-chain of the manipulator is more affected by the inertia from other 
branched-chains, that is, the proportion of the coupling inertia of the branched-chain in the inertia matrix is larger. The inertia 
coupling strength index of each active branched-chain of the parallel manipulator under the motion trajectory of Eq. (31) is shown in 
Fig. 8. 

Combined with Figs. 6 and 7, Fig. 8 shows that the inertia coupling strength of each active branched-chain of the parallel 
manipulator has an opposite trend to its driving force under the motion trajectory of Eq. (31). When the driving force of the branched- 
chain is larger, the length of this branched-chain is smaller, and the inertia coupling strength is also smaller. In addition, when the 
polishing robot moves in a circle around the center of the moving platform, the inertia coupling strength indices have the characteristic 
of symmetric distribution. 

5.2. Coupling strength distribution in workspace 

According to the structural parameters of the 5-DOF hybrid polishing robot, the following limitations are imposed on the parallel 
manipulator: 

⎧
⎨

⎩

limin ≤ li ≤ limax
|αAi| ≤ αmax
|βBi| ≤ βmax

(i= 1, 2, 3) (34)  

where limin and limax are the minimum and maximum allowable lengths of active branched-chains, and limin=950mm, limax=1770mm; 
αAi and βBi are the attitude angles of the spherical joint and universal joint, αmax and βmax are the maximum allowable angles of the 
spherical joint and universal joint and αmax=π/6, βmax=π/4. 

Fig. 8. Inertia coupling strength index of active branched-chains under Eq. (31).  
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According to the definition of inertia coupling strength evaluation index for the active branched-chain Li in Eq. (33), the inertia 
coupling strength indices of UPS branched-chains with Z=1300mm in the base coordinate system {B-XYZ} are shown in Fig. 9. 

Fig. 9 shows that the inertia coupling strength of each UPS branched-chain of the manipulator changes with the motion attitude of 
the moving platform. The inertia coupling strength indices of the branched-chains L2 and L3 have the same trend along the X-axis, 
which is consistent with the symmetric distribution of the branched-chains L2 and L3 about the X-axis. When the moving platform of 
the polishing robot moves along the positive direction of X-axis, the inertia coupling strength indices of branched-chains L2 and L3 
gradually decrease, and the inertia coupling strength index of branched-chain L1 gradually increases; and the variation interval of the 
coupling strength indices of branched-chains L2 and L3 is smaller than that of the branched-chain L1. 

The coupling strength index of the branched-chain L1 is symmetrical about Y = 0 mm, and the inertia coupling of branched-chain 
L1 from branched-chains L2 and L3 is almost constant along the Y-axis. The inertia coupling strengths of branched-chains L2 and L3 
along the Y-axis have opposite trends. When the manipulator moves from the negative axis of the Y-axis to its positive axis, the inertia 
coupling strength of branched-chain L2 increases and branched-chain L3 decreases gradually. 

In order to describe more intuitively the variation of inertia coupling between the active branched-chains with the motion attitude 

Fig. 9. Coupling strength indices of branched-chains: (a) along X-axis, (b) along Y-axis.  

Fig. 10. Coupling strength in manipulator workspace: (a) branched-chain L1, (b) branched-chain L2, (c) branched-chain L3, (d) average value.  
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of the moving platform, the distribution of inertia coupling strength for UPS branched-chains of the polishing robot in its workspace 
when Z=1300mm is shown in Fig. 10. 

Fig. 10 shows that the inertia coupling strength indices of UPS branched-chains in its workspace are also symmetrical. The inertia 
coupling strength of each active branched-chain is relatively small in the coordinate range of the branched-chain distribution. When 
the polishing robot moves in the direction away from one of the branched-chains, the inertia coupling strength index of this branched- 
chain will gradually increases, which is the same as the previous results. 

The average value of the inertia coupling strength indices for active branched-chains is shown in Fig. 10(d). The average value of 
the coupling strength indices stays around 0.405 and varies less with the robot moves toward the workspace boundary. In addition, the 
average value also has a symmetric distribution characteristic in the manipulator workspace, which is related to the fact that the 
structural parameters of each active branched-chain of the polishing robot are not completed axially symmetric in its conjoined co
ordinate system. 

The distribution of the inertia coupling strength of the active branched-chains along Z-axis also affects the dynamic characteristics 
of the manipulator. As can be seen from Fig. 8, the inertia coupling strength of three active branched-chains for the polishing robot is 
similar, the coupling strength index of branched-chain L2 is analyzed in different workspace planes (Z=1200mm, Z=1300mm and 
Z=1400mm) and the result is shown in Fig. 11. The result shows that the inertia coupling strength of the branched-chains increases 
with the manipulator moving in the positive direction of Z-axis. 

The hybrid polishing robot is the key equipment for large optical mirrors processing, based on the distribution law of branched- 
chains inertia coupling strength in the workspace, the coupling between active branched-chains is inevitable, but the task space of 
the polishing robot can be reasonably planned to reduce the influence of the inertia coupling. At the same time, the structural pa
rameters of the polishing robot are also important factors affecting the inertia coupling strength between the branched-chains, and 
some studies on the structural parameters optimization of the polishing robot can be carried out based on this study to reduce the 
inertia coupling between the active branched-chains of the parallel manipulator and improve the dynamic properties of the polishing 
robot. 

6. Conclusions 

In this paper, a hybrid robot composed of a 3-DOF parallel manipulator, 2R series rotary joints and a dual rotor grinding system is 
proposed for polishing large optical mirrors with the advantages of high stiffness and high motion accuracy.  

(1) The dynamic model of the parallel manipulator is established based on Newton-Euler method considering the friction effects of 
the branched-chain joints. And the explicit dynamic model of the manipulator is obtained by replacing the motion parameters 
with the motion parameters of the reference point of the moving platform as the intermediate variables.  

(2) Comparing the numerical calculation of the dynamic model and ADAMS simulation for the parallel manipulator, the results 
obtained have a consistent trend, and with relatively large errors only when the motion direction of the branched-chains 
changes, which verifies the correctness of the explicit dynamic model.  

(3) Based on the dynamic model, the evaluation model of the inertia coupling strength for active branched-chains in the joint space 
is established with a logarithmic function, and the results show that the inertia coupling strength of each active branched-chain 
gradually becomes larger when the robot moves away from its layout direction, and the inertia coupling of different branched- 
chains is symmetrically distributed in the workspace. 

The study provides a theoretical basis for the joint controller design and structural parameter optimization of the hybrid polishing 
robot. 

Fig. 11. Coupling strength of branched-chain L2 in different planes.  
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