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 A B S T R A C T

Grouping wave energy converters to form an array, also known as a wave-farm, enhances their energy 
absorption performance. A cost-effective strategy is to install multiple wave energy converters along a coastal 
structure, such as a breakwater or seawall. Not only does this reduce construction costs, but it also improves 
energy absorption, as waves are reflected towards the wave energy converters by the structure. In this paper, 
the hydrodynamic response of an array of semi-circular oscillating water columns mounted on a straight coastal 
structure is investigated. By applying linear potential flow theory and an eigenfunction-matching formulation, 
an analytical solution is derived to evaluate the wave excitation, wave radiation coefficients, wave power 
absorption, and wave forces on the oscillating water column chambers. Having confirmed the reliability 
of the model through comparison with previous research, parametric analyses are conducted. The overall 
hydrodynamic performance and wave forces depend significantly on the array configuration and the incident 
wave direction. It is important to note that significant interference effects are observed between the oscillating 
water column chambers of the array, which can either enhance or reduce power output. These findings provide 
some insight into the design and optimization of multi-chamber oscillating water column systems.

1. Introduction

Wave energy in the ocean is widely acknowledged as a substan-
tial renewable resource, whose development is aligned with a broad 
spectrum of environmental, social, and economic policy objectives [1]. 
However, converting this resource into reliable and economically com-
petitive electricity remains challenging, as improvements in efficiency, 
survivability, and cost-effectiveness must be achieved concurrently [2]. 
In practice, wave energy costs are mainly driven by deployment and 
maintenance, and economies of scale will help reduce these costs. Con-
sequently, the key engineering question is which design concepts can 
achieve robust performance while remaining deployable, maintainable, 
and scalable in complex sea conditions.

A wide range of wave energy converters (WECs) has been proposed 
to address this challenge, including point absorbers, overtopping de-
vices, attenuators, and oscillating water columns (OWCs), which have 
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emerged as key technologies for harnessing wave energy. Point ab-
sorbers capture energy through vertical motion using hydraulic pistons 
or generators [3]; overtopping devices allow waves to spill over into a 
reservoir, driving turbines to generate power [4]; and attenuators can 
convert wave energy through the motion of hinged segments. Among 
these concepts, OWCs represent one of the most mature wave energy 
concepts and remain particularly attractive for nearshore deployment, 
as their power take-off (PTO) systems can be situated above the wa-
terline, isolating critical components from direct seawater contact [5] 
(as shown in Fig.  1). Another advantage is that they are easier for 
combination with other types of energy systems, forming hybrid energy 
systems [6], such as floating multi-use platforms integrating OWC 
arrays [7].

OWC performance depends on the coupled dynamics of the internal 
free surface, the compressible air chamber, and the PTO system. Falcão 
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Fig. 1. Sketch of the principle of OWC.

and Henriques [8] clarified the way OWC performance depends on 
the coupled dynamics of the internal free surface and PTO characteris-
tics, while highlighting the practical significance of turbine selection 
and control strategies. The performance also depends on: the cou-
pling between the chamber and the air turbine, which should be 
optimized for different wave climates; the effects of air compressibility, 
which have been investigated theoretically [9], experimentally [10] 
and numerically [11]. In addition, the design and geometry of the 
multi-chamber OWCs have been the object of much attention recently, 
using experimental [12], numerical [13] and theoretical [14] methods.

For hydrodynamic design and early-stage optimization, analytical 
and semi-analytical models remain indispensable, as they offer physical 
transparency and enable extensive parametric sweeps that are imprac-
tical with high-fidelity Computational Fluid Dynamics (CFD) [15]. A 
foundational analytical approach framed the OWC as a wave–structure 
interaction problem driven by oscillatory pressure and boundary con-
dition at the opening of the chamber under linear potential-flow the-
ory [16]. Based on such frameworks, analytical solutions for OWC-type 
devices were derived to obtain hydrodynamic coefficients and capture 
frequency-dependent behaviours in a form suitable for optimization 
and control [17]. This method was later applied to develop optimal 
algorithms for the control of the rotational speed of an OWC energy 
plant equipped with Wells turbines, where efficient coupling between 
the PTO damping and hydrodynamic response across broad frequency 
ranges is necessary [18].

A major pathway towards practical deployment is the integration 
of OWCs with coastal infrastructure. Mustapa et al. [19] noted that 
breakwater-integrated WECs can reduce installation costs, simplify grid 
connections, afford harbour protection, and simultaneously provide a 
viable pathway to large-scale deployment. Analytical studies demon-
strated that a rigid coastline or vertical wall can fundamentally alter the 
wave field, thereby modifying both the achievable maximum efficiency 
and the optimal location for device placement [20]. Within this con-
text, Boccotti [21] developed a theoretical model of an OWC embedded 
in a caisson breakwater, and corresponding experiments confirmed the 
feasibility of such concepts and demonstrated that hydrodynamics–
chamber coupling can be exploited through design choices [22]. For 
a cylindrical OWC embedded into a straight coast/breakwater, lin-
ear theory demonstrated that coastline reflection and chamber res-
onance interact to create strong direction and frequency dependent 
behaviour [23]; for an OWC positioned at the tip of a breakwater, the 
same theoretical perspective indicated that geometric asymmetry and 
directional incidence can be leveraged to produce highly non-trivial 
absorption characteristics [24]. In a recent theoretical study, Tian et al. 
[25] proposed attaching a semi-circular OWC to a breakwater instead 
of embedding it within the structure. Their analysis showed that both 

the wave excitation volume flux and the energy absorption of this 
configuration are unaffected by the direction of the incoming waves.

To achieve practical energy output, WECs are typically deployed 
in arrays rather than as isolated units. The theoretical basis for array 
analysis is commonly formulated in terms of hydrodynamic interaction 
effects, where optimal absorbed energy depends on an interaction 
impedance matrix that couples radiation and diffraction between in-
dividual devices [26]. Early analytical studies developed models for 
arrays of three-dimensional wave absorbers within linear potential-flow 
theory by explicitly accounting for mutual diffraction and radiation 
effects between devices [27], and a major methodological advancement 
was the development of algebraic multiple-scattering formulations for 
interacting three-dimensional bodies, in which the array problem is 
assembled from single-body diffraction properties [28]. Subsequent 
studies clarified key hydrodynamic aspects of wave energy arrays and 
emphasized that the interaction can be either beneficial or detrimental, 
depending on the spacing between devices and wave conditions [29]. 
More recently, for fixed nearshore devices, analytical models were 
established for multiple cylindrical [30] and rectangular [31] OWCs, 
respectively, arranged along a vertical straight coast, enabling sys-
tematic evaluation of excitation volume flux, wave power absorption 
characteristics and array interaction behaviour under oblique wave 
incidence. For rectangular OWC arrays, recent investigations have fur-
ther revealed that wave resonance phenomena, particularly along-shore 
sloshing modes, can significantly influence both hydrodynamic effi-
ciency and wave loading, with strong dependence on the incident wave 
direction and chamber geometry [32,33]. Moreover, the performance 
of multi-chamber OWC caisson arrays under oblique waves has been 
shown to involve complex interactions between coastal reflection and 
array coupling, leading to constructive or destructive effects that vary 
with frequency and incident angle [34]. Concise performance metrics 
are essential for engineering assessment and layout optimization. Key 
considerations include: the high sensitivity of array power to spatial 
configuration [35]; interaction factors extended to account for wave 
directionality in realistic seas [36]; and parametric studies at the farm 
scale, which identify device spacing, wave incidence directions, and 
weather scenarios as critical factors for optimal layout and energy 
yield [37].

The present work extended our recent work regarding a single 
breakwater-attached semi-circular OWC [25] into an array. Despite 
these advances as mentioned above, the optimal design and perfor-
mance of an array of semi-circular OWCs installed on breakwaters, 
seawalls, or similar coastal structures without compromising the in-
tegrity of the original structure remain insufficiently explored. This 
configuration is attractive not only for the avoidance of caisson cut-
ting in coastal structures, which simplifies installation and mainte-
nance procedures, but also because array deployment offers a practical 
route to enhance wave power absorption; nevertheless, most existing 
studies still focus on isolated devices and circular OWCs, and only 
limited attention has been given to semi-circular arrays coupled with 
coastal structures where additional diffraction, radiation, and interac-
tion mechanisms may arise. Similar to the motion response differences 
observed in single and multi-body floating photovoltaic systems [38], 
these interaction mechanisms can significantly influence the perfor-
mance and loading of OWC arrays. The present study addresses this 
gap by providing a detailed theoretical investigation into semi-circular 
OWC arrays mounted on coastal structures, focusing on hydrodynamic 
coefficients, wave power capture factor, and wave forces on each OWC 
chamber. Furthermore, the wave power capture factors of multiple 
semi-circular and circular OWCs [30] are compared, and wave forces 
on semi-circular OWC arrays versus a single semi-circular OWC [25] 
are analysed. By proposing a more efficient arrangement and analysing 
its interaction with coastal structures, this research will contribute to 
the development of more efficient and adaptable designs for nearshore 
wave energy farms. The remainder of this paper is organized as follows: 
Section 2 presents the mathematical formulation and analytical solution 
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Fig. 2.  Definition sketch: (a) general layout of an array of semi-circular 
OWCs; (b) plan section with key dimensions.

procedure for semi-circular OWC arrays mounted on straight coastal 
structures, considering the wave forces on the OWC system; Section 3 
reports verification and convergence checks; comparisons with exist-
ing studies and a multi-parameter investigation of the semi-circular 
OWC array are provided in Section 4, followed by the conclusions in 
Section 5.

2. Mathematical model

In the present configuration, an array of 𝑁 semi-circular OWCs 
is considered along a straight coast or breakwater in water of finite 
depth ℎ (see Fig.  2, where 𝑁 = 2 is shown for illustration). The study 
extends our previous work on an isolated coast-attached semi-circular 
OWC [25] to the array case, which is more relevant to wave-farm 
applications. A global Cartesian coordinate system 𝑂𝑥𝑦𝑧 is introduced, 
with the 𝑂𝑥𝑦-plane coincident with the mean free surface and the 𝑂𝑥𝑧-
plane aligned with the coastal sidewall. These 𝑁 vertical semi-circular 
OWC chambers are numbered sequentially in ascending order along 
the positive direction of the 𝑂𝑥-axis, and a local cylindrical coordinate 
system 𝑂𝑛𝑟𝑛𝜃𝑛𝑧 is defined for each OWC to precisely characterize its 
geometry. The origin 𝑂𝑛 of each local coordinate system is situated on 
the central vertical axis of the 𝑛th OWC, with coordinates (𝑥𝑛, 0, 0) in the 
global Cartesian system 𝑂𝑥𝑦𝑧. Additionally, key geometric parameters 
of the 𝑛th OWC chamber are defined as follows: 𝑅𝑛 and 𝑅i,𝑛 represent 
the outer and inner radii of the chamber, respectively; 𝑑𝑛 denotes the 
draught of the chamber; and 𝐷𝑛 refers to the interval between the origin 
of the 𝑛th and (𝑛+1)th OWCs, 𝐷𝑛 = |

⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗𝑂𝑛𝑂𝑛+1| (i.e., the interval between 
the central vertical axes of adjacent units).

For coast-attached semi-circular OWC arrays excited by low-
steepness regular waves incident at an angle 𝛽 relative to the coastal 
alignment (see Fig.  2), the flow in the water domain is described within 
linear potential-flow theory. The velocity potential is expressed as 
𝛷(𝑥, 𝑦, 𝑧, 𝑡) = Re

{

𝜙(𝑥, 𝑦, 𝑧) 𝑒−i𝜔𝑡
}

, (1)

where 𝜙 is the complex (time-independent) spatial velocity potential, 𝜔
is the angular frequency of the incident waves, i denotes the imaginary 
unit, and 𝑡 is time.

Within linear water-wave theory, the complex spatial potential 𝜙
can be expressed as the combination of the scattering (diffraction) and 
radiation components, i.e., 

𝜙 = 𝜙0 +
𝑁
∑

𝑛=1
𝑝𝑛𝜙𝑛, (2)

in which 𝜙0 denotes the scattered spatial velocity potential, which 
describes the wave field when the semi-circular OWCs are subjected to 
incident waves with their chamber tops fully open to the atmosphere 
(i.e., no dynamic air pressure is present). The variable 𝑝𝑛 denotes the 
complex amplitude of the air pressure inside the 𝑛th OWC chamber, 
while 𝜙𝑛 denotes the spatial velocity potential induced by a unit air 
pressure oscillation within the 𝑛th OWC chamber, with all other OWCs 
at rest.

The 𝜙0 can be expressed as the superposition 

𝜙0 = 𝜙𝐼 + 𝜙𝐷, (3)

in which 𝜙𝐼  represents the wave-field potential generated by the inci-
dent waves together with their reflection from the straight coastline in 
the absence of the OWCs, whereas 𝜙𝐷 corresponds to the diffraction 
potential produced by the OWCs.

With respect to the 𝑛th local cylindrical coordinates 𝑂𝑛𝑟𝑛𝜃𝑛𝑧𝑛, 𝜙𝐼
can be expressed as 

𝜙𝐼 (𝑟𝑛, 𝜃𝑛, 𝑧) = −
2i𝑔𝐴
𝜔

𝑍0(𝑧)
𝑍0(0)

e−i𝑘𝑥𝑛 cos 𝛽
∞
∑

𝑚=0
𝜖𝑚(−i)𝑚𝐽𝑚(𝑘𝑟𝑛) cos (𝑚𝛽) cos (𝑚𝜃𝑛), (4)

where 𝜖𝑚 = 1 for 𝑚 = 0, while 𝜖𝑚 = 2 for 𝑚 ≠ 0, representing 
the axisymmetric and non-axisymmetric modes, respectively, 𝐴 is the 
amplitude of incident waves, 𝑔 is the gravitational acceleration, 𝑘 is the 
wave number, 𝐽𝑚 is the Bessel function, and 

𝑍0(𝑧) = 𝑁−0.5
0 cosh[𝑘(𝑧 + ℎ)], 𝑁0 =

1
2

[

1 +
sinh(2𝑘ℎ)

2𝑘ℎ

]

. (5)

2.1. Boundary conditions

The potentials 𝜙𝑗 for 𝑗 = 0, 1, 2,… , 𝑁 are required to satisfy the fol-
lowing governing equation together with the corresponding boundary 
conditions: 

∇2𝜙𝑗 = 0, in water, (6)

𝜕𝜙𝑗

𝜕𝑧
− 𝜔2

𝑔
𝜙𝑗 = 0, 𝑧 = 0, on the external free surface (outside all chambers),

(7)

𝜕𝜙𝑗

𝜕𝑧
− 𝜔2

𝑔
𝜙𝑗 =

i𝜔
𝜌𝑔

𝛿𝑛,𝑗 , 𝑧 = 0, on the internal free surface 

of the 𝑛th OWC chamber, (8)

𝜕𝜙𝑗

𝜕𝑛
= 0, on all solid boundaries, (9)

where 𝜕𝜙𝑗∕𝜕𝑛 is the derivative along the unit normal, i.e. 𝜕𝜙𝑗∕𝜕𝑛 =
𝑛 ⋅ ∇𝜙𝑗 , and 𝑛 is taken on the solid boundaries pointing into the fluid 
domain; 𝜌 is the water density. Furthermore, the standard far-field 
radiation condition applies to 𝜙𝐷 and to 𝜙𝑗 for 𝑗 = 1, 2,… , 𝑁 .
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2.2. Analytical forms of 𝜙𝑗 in different regions

In each region, 𝜙𝑗 can be expanded in orthogonal eigenfunction 
series as follows:

1. Inner region enclosed by the 𝑛th OWC (𝑟𝑛 ∈ [0, 𝑅i,𝑛], 𝜃𝑛 ∈
[0, 𝜋], 𝑧 ∈ [−ℎ, 0]) 

𝜙𝑗 (𝑟𝑛, 𝜃𝑛, 𝑧) =
∞
∑

𝑚=0

∞
∑

𝑙=0
𝐴𝑗,𝑛
𝑚,𝑙𝐽𝑚(𝑘𝑙𝑟𝑛) cos(𝑚𝜃𝑛)𝑍𝑙(𝑧) −

i𝛿𝑗,𝑛
𝜌𝜔

, (10)

where 𝐴𝑗,𝑛
𝑚,𝑙 are undetermined expansion coefficients to be solved for, 

𝑘0 = 𝑘, and for 𝑙 = 1, 2, 3,…, 𝑘𝑙 consists of the single positive real 
root and the infinitely many purely imaginary roots of the dispersion 
relation 𝜔2 = 𝑔𝑘 tanh(𝑘ℎ). 𝑍𝑙(𝑧) is an eigenfunction given by 

𝑍𝑙(𝑧) = 𝑁−1∕2
𝑙 cosh[𝑘𝑙(𝑧 + ℎ)], 𝑁𝑙 =

1
2

[

1 +
sinh(2𝑘𝑙ℎ)

2𝑘𝑙ℎ

]

. (11)

It is a standard result that the functions 𝑍𝑙 form a complete, 
orthogonal basis on the interval −ℎ < 𝑧 < 0 : 

∫

0

−ℎ
𝑍𝑙(𝑧)𝑍𝑚(𝑧)d𝑧 = ℎ𝛿𝑙,𝑚, 𝑙, 𝑚 = 0, 1, 2, 3,… (12)

2. Ring region beneath the 𝑛th OWC (𝑟𝑛 ∈ [𝑅i,𝑛, 𝑅𝑛], 𝜃𝑛 ∈ [0, 𝜋], 𝑧 ∈
[−ℎ,−𝑑𝑛])

𝜙𝑗 (𝑟𝑛, 𝜃𝑛, 𝑧) =
∞
∑

𝑚=0

[

𝐵𝑗,𝑛
𝑚,0(𝑟𝑛) +

∞
∑

𝑙=1

(

𝐶𝑗,𝑛
𝑚,𝑙

𝐼𝑚(𝛽𝑙,𝑛𝑟𝑛)
𝐼𝑚(𝛽𝑙,𝑛𝑅𝑛)

+𝐷𝑗,𝑛
𝑚,𝑙

𝐾𝑚(𝛽𝑙,𝑛𝑟𝑛)
𝐾𝑚(𝛽𝑙,𝑛𝑅𝑛)

)

× cos [𝛽𝑙,𝑛(𝑧 + ℎ)]
]

cos(𝑚𝜃𝑛), (13)

in which 

𝐵𝑗,𝑛
𝑚,0(𝑟𝑛) =

⎧

⎪

⎨

⎪

⎩

𝐶𝑗,𝑛
𝑚,0 +𝐷𝑗,𝑛

𝑚,0

[

1 + ln( 𝑟𝑛
𝑅𝑛

)
]

, 𝑚 = 0,

𝐶𝑗,𝑛
𝑚,0(

𝑟𝑛
𝑅𝑛

)|𝑚| +𝐷𝑗,𝑛
𝑚,0(

𝑟𝑛
𝑅𝑛

)−|𝑚|, 𝑚 ≠ 0,
(14)

in which 𝐶𝑗,𝑛
𝑚,𝑙 and 𝐷

𝑗,𝑛
𝑚,𝑙 are undetermined coefficients, 𝐼𝑚 and 𝐾𝑚 denote 

the modified Bessel functions of the first and second kinds, respectively, 
and 𝛽𝑙,𝑛 denotes the 𝑙th eigenvalue defined as 

𝛽𝑙,𝑛 =
𝑙𝜋

ℎ − 𝑑𝑛
𝑙 = 0, 1, 2, 3,… (15)

3. Outside region (i.e., the exterior region seaward of the coast 
and outside the OWC chambers, extending to infinity in the horizontal 
direction) (𝑟𝑛 ∈ [𝑅𝑛,∞), 𝜃𝑛 ∈ [0, 𝜋], 𝑧 ∈ [−ℎ, 0]) 

𝜙𝑗 = 𝛿𝑗,0𝜙𝐼 +
𝑁
∑

𝑝=1
𝜙𝑗,𝑝(𝑟𝑝, 𝜃𝑝, 𝑧), (16)

where 𝜙𝑗,𝑝 represents the diffracted/radiated potential due to the 𝑝th 
OWC. Written in the local cylindrical coordinates 𝑂𝑝𝑟𝑝𝜃𝑝𝑧 attached to 
that chamber, 𝜙𝑗,𝑝 takes the form 

𝜙𝑗,𝑝(𝑟𝑝, 𝜃𝑝, 𝑧) =
∞
∑

𝑚=0

∞
∑

𝑙=0
𝐸𝑗,𝑝
𝑚,𝑙𝐻𝑚(𝑘𝑙𝑟𝑝) cos(𝑚𝜃𝑝)𝑍𝑙(𝑧), (17)

where 𝐸𝑗,𝑝
𝑚,𝑙 are undetermined coefficients, and 𝐻𝑚 denotes the Hankel 

function of the first kind.
Applying Graf’s addition theorem for Bessel functions [30,39],

𝐻𝑚(𝑘𝑙𝑟𝑝) cos(𝑚𝜃𝑝)

=
∞
∑

𝑚′=−∞
𝐻𝑚+𝑚′ (𝑘𝑙𝑅𝑝𝑛)𝐽𝑚′ (𝑘𝑙𝑟𝑛)e

i(𝑚𝛼𝑝𝑛+𝑚′𝛼𝑛𝑝) cos (𝑚′𝜃𝑛), 𝑟𝑛 ≤ 𝑅𝑝𝑛, (18)

where 𝑅𝑝𝑛 and 𝛼𝑝𝑛 denote, respectively, the norm and angle of the 
vector ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗𝑂𝑝𝑂𝑛. This enables the representation of 𝜙𝑗,𝑝 in the 𝑛th local 
cylindrical coordinate system. Accordingly, Eq.  (16) can be written in 

𝑂𝑛𝑟𝑛𝜃𝑛𝑧 as 

𝜙𝑗 = 𝛿𝑗,0𝜙𝐼 +
∞
∑

𝑚=0

∞
∑

𝑙=0
𝐸𝑗,𝑛
𝑚,𝑙𝐻𝑚(𝑘𝑙𝑟𝑛) cos(𝑚𝜃𝑛)𝑍𝑙(𝑧)

+
𝑁
∑

𝑝=1,
𝑝≠𝑛

∞
∑

𝑚=0

∞
∑

𝑙=0
𝐸𝑗,𝑝
𝑚,𝑙𝑍𝑙(𝑧)

∞
∑

𝑚′=−∞
𝐻𝑚+𝑚′ (𝑘𝑙𝑅𝑝𝑛)𝐽𝑚′ (𝑘𝑙𝑟𝑛)e

i(𝑚𝛼𝑝𝑛+𝑚′𝛼𝑛𝑝) cos (𝑚′𝜃𝑛), 𝑟𝑛 ≤ min
𝑝=1, 𝑁 ;

𝑝≠𝑛

𝑅𝑝𝑛.

(19)

2.3. Computation of unknown coefficients

Across each interface between two adjacent regions, 𝜙𝑗 must fulfil 
the continuity requirements of radial flux and pressure.

(1) Normal-velocity continuity across the interface 𝑟𝑛 = 𝑅i,𝑛 and 
𝜃𝑛 ∈ [0, 𝜋]: 

𝜕𝜙𝑗

𝜕𝑟𝑛

|

|

|

|𝑟𝑛=𝑅−
i,𝑛

=

⎧

⎪

⎨

⎪

⎩

0, −𝑑𝑛 < 𝑧 < 0,
𝜕𝜙𝑗
𝜕𝑟𝑛

|

|

|𝑟𝑛=𝑅+
i,𝑛
, −ℎ < 𝑧 < −𝑑𝑛.

(20)

(2) Normal-velocity continuity across the interface 𝑟𝑛 = 𝑅𝑛 and 
𝜃𝑛 ∈ [0, 𝜋]: 

𝜕𝜙𝑗

𝜕𝑟𝑛

|

|

|

|𝑟𝑛=𝑅+
𝑛

=

⎧

⎪

⎨

⎪

⎩

0, −𝑑𝑛 < 𝑧 < 0,
𝜕𝜙𝑗
𝜕𝑟𝑛

|

|

|𝑟𝑛=𝑅−
𝑛
, −ℎ < 𝑧 < −𝑑𝑛.

(21)

(3) Pressure continuity across the interface 𝑟 = 𝑅i,𝑛 and 𝜃𝑛 ∈ [0, 𝜋]: 

𝜙𝑗 |𝑟=𝑅+
i,𝑛

= 𝜙𝑗 |𝑟=𝑅−
i,𝑛
, −ℎ < 𝑧 < −𝑑𝑛. (22)

(4) Pressure continuity across the interface 𝑟 = 𝑅𝑛 and 𝜃𝑛 ∈ [0, 𝜋]: 

𝜙𝑗 |𝑟=𝑅+
𝑛
= 𝜙𝑗 |𝑟=𝑅−

𝑛
, −ℎ < 𝑧 < −𝑑𝑛. (23)

Combining the regional series for 𝜙𝑗 (Section 2.2) with the inter-
face conditions (Eqs. (20)–(23)) and applying orthogonality relations 
leads to a truncated linear system, from which 𝐴𝑗,𝑛

𝑚,𝑙, 𝐶
𝑗,𝑛
𝑚,𝑙, 𝐷

𝑗,𝑛
𝑚,𝑙, and 

𝐸𝑗,𝑛
𝑚,𝑙 are determined. For brevity, the calculation steps are provided 

in Appendix  A. While visually similar to our prior work regarding 
a single breakwater-integrated semi-circular OWC [25], the present 
model considers an array of semi-circular OWCs on a straight coast. 
This fundamental shift accounts for wave interaction between units 
and requires new mathematical formulations not only for the external 
velocity potential, i.e., Eq.  (19), but also for the dynamic equation and 
wave excitation forces etc., which will be reported in the following 
subsections.

2.4. Wave excitation volume flux and hydrodynamic coefficients

The wave excitation volume flux of the 𝑛th OWC produced by the 
oscillating internal water surface inside the 𝑛th OWC chamber due to 
the scattering waves can be written as 

𝑄(𝑛)
𝑒 = ∫

𝜋

0 ∫

𝑅i,𝑛

0

𝜕𝜙0
𝜕𝑧

|

|

|

|𝑧=0
𝑟𝑛d𝑟𝑛d𝜃𝑛 =

𝜋𝜔2𝑅i,𝑛

𝑔

∞
∑

𝑙=0
𝐴0,𝑛
0,𝑙

1
𝑘𝑙

𝐽1(𝑘𝑙𝑅i,𝑛)𝑍𝑙(0).

(24)

Following the same procedure, the radiation-induced volume flux 
of the 𝑛th OWC, produced by imposing a unit oscillatory air pressure 
in the 𝑗th chamber, is given by

𝑄(𝑛)
𝑟,𝑗 = ∫

𝜋

0 ∫

𝑅i,𝑛

0

𝜕𝜙𝑗

𝜕𝑧
|

|

|

|𝑧=0
𝑟𝑛d𝑟𝑛d𝜃𝑛 =

𝜋𝜔2𝑅i,𝑛

𝑔

∞
∑

𝑙=0
𝐴𝑗,𝑛
0,𝑙

1
𝑘𝑙

𝐽1(𝑘𝑙𝑅i,𝑛)𝑍𝑙(0)
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= −(𝑐(𝑛)𝑗 − i𝑎(𝑛)𝑗 ), (25)

where the third equality introduces the coefficients 𝑐(𝑛)𝑗  and 𝑎(𝑛)𝑗 , which 
represent the radiation damping and added mass terms, respectively.

2.5. Wave power absorption in regular and irregular waves

2.5.1. Regular waves
In the present idealized model, each PTO is approximated by a 

lossless linear Wells turbine, therefore the mass flow rate through the 
turbine is taken to vary linearly with the oscillatory air pressure in the 
chamber. 𝐩 denotes the vector of complex air pressure amplitudes, with 
components 𝑝𝑛 for the 𝑛th OWC (𝑛 = 1, 2,… , 𝑁). Furthermore, based on 
the scattered and radiated potentials, 𝐩 can be derived from 
[

−i
(

𝐀PTO + 𝐀
)

+
(

𝐂PTO + 𝐂
)]

𝐩 = 𝐐e, (26)

where 𝐀PTO is an 𝑁×𝑁 diagonal matrix that accounts for air-
compressibility effects. Its 𝑛th diagonal entry is 𝑎(𝑛)PTO = 𝜔𝑉𝑛∕(𝑣2𝜌0), 
where 𝑉𝑛 is the air-chamber volume of the 𝑛th OWC, 𝑣 denotes the 
speed of sound in air, and 𝜌0 is the ambient (static) air density. The 
matrix 𝐂PTO is likewise diagonal of size 𝑁×𝑁 and represents the 
PTO damping; it is governed by the turbine rotational speed, rotor 
geometry, turbine design parameters, and 𝜌0. The matrices 𝐀 and 
𝐂 (both of dimension 𝑁×𝑁) collect the hydrodynamic coefficients 
𝑎(𝑛)𝑗  and 𝑐(𝑛)𝑗 , respectively. The vector 𝐐e is an 𝑁-component column 
vector comprising the complex wave excitation volume flux 𝑄(𝑛)

𝑒  acting 
on the 𝑛th OWC (𝑛 = 1, 2,… , 𝑁). In the present work, the optimal 
PTO damping for each semi-circular OWC is taken to be the same 
as that for an isolated coast-attached semi-circular OWC. Formally, 
the array-optimal PTO settings would be obtained by maximizing the 
absorbed power with respect to the 𝑁 PTO damping variables, which 
yields 𝑁 coupled optimality conditions. While such optimization is 
straightforward for a single device and still manageable for very small 
arrays (e.g., 𝑁 = 2), it becomes increasingly complex for large 𝑁
and typically requires numerical optimization at each wave frequency, 
therefore we adopt the isolated optimum as a simplified, suboptimal 
baseline in the present analytical study. It also remains a reasonable 
approximation when device spacing is large relative to the wavelength, 
as hydrodynamic coupling weakens under those conditions.

The time-averaged power output 𝑃  absorbed by the PTO system of 
the coast-attached semi-circular OWC array is expressed as: 

𝑃 = 1
2
𝐩∗𝐂PTO𝐩, (27)

in which the superscript ∗ indicates the complex-conjugate transpose.
Wave power absorption is conveniently quantified using the relative 

capture width, also known as the wave power capture factor: 

𝜂 = 𝑘𝑃
𝑃in

= 2𝑘𝑃
𝜌𝑔𝐴2𝑐g

, (28)

where 𝑃in is the incident wave power per unit width of wave front, and 
𝑐𝑔 is the group velocity of the incident wave defined as 𝑐𝑔 = d𝜔∕d𝑘 =
(𝜔∕2𝑘) (1 + 2𝑘ℎ∕ sinh 2𝑘ℎ).

Unless otherwise specified, we restrict attention to a uniform array 
in which all OWCs share identical geometry and are equally spaced, 
and the same PTO system is employed for every unit. Furthermore, we 
adopt the simplified notation 𝑅𝑛 = 𝑅, 𝑅i,𝑛 = 𝑅i, 𝑑𝑛 = 𝑑, 𝐷𝑛 = 𝐷, 
𝑐(𝑛)PTO = 𝑐PTO, and 𝑎(𝑛)PTO = 𝑎PTO. The air-compressibility term is evaluated 
as 𝑎PTO = 𝜔𝑉0∕(𝑣2𝜌0), where 𝜌∕𝜌0 = 1000, 𝑣 = 340 m∕s, ℎ = 10 m, and 
𝑉0 = 𝜋𝑅2

i ℎ∕2. We denote the wave power capture factor attained by 
the 𝑛th OWC by 𝜂𝑛.

In addition to the overall wave power capture factor 𝜂, the influ-
ence of hydrodynamic interactions within an array of coast-attached 
semi-circular OWCs on wave power absorption performance can be 
evaluated by introducing the 𝑞-factor, defined as: 
𝑞 =

𝜂
𝑁𝜂0

, (29)

where 𝜂0 represents the wave power capture factor attained by an 
isolated coast-attached semi-circular OWC under the same PTO setting. 
When 𝑞 > 1, deploying multiple OWCs along the coast enhances 
energy absorption (constructive interaction); in contrast, when 𝑞 <
1, the interactions between the coast-attached OWCs impair energy 
absorption (destructive interaction).

Hereinafter, the dimensionless coefficients of 𝑄(𝑛)
e , 𝑐(𝑛)𝑗  and 𝑎(𝑛)𝑗 , 

together with the PTO-related parameters, are redefined as follows: 

𝑄
(𝑛)
e =

√

𝑔∕ℎ
𝐴ℎ𝑔

𝑄(𝑛)
e , (𝑐(𝑛)𝑗 , 𝑎(𝑛)𝑗 , 𝑐(𝑛)PTO, 𝑎

(𝑛)
PTO) =

𝜌
√

𝑔∕ℎ
ℎ

(𝑐(𝑛)𝑗 , 𝑎(𝑛)𝑗 , 𝑐(𝑛)PTO, 𝑎
(𝑛)
PTO).

(30)

2.5.2. Irregular waves
Although the above derivations are presented for regular waves, the 

present frequency-domain linear framework can also be extended to ir-
regular seas using a standard spectral approach. Specifically, following 
widely used formulations (e.g., Cui et al. [6], Goda [40]), the sea state 
is represented by the JONSWAP spectrum of free-surface elevation, 

𝑆𝜂(𝜔𝑝, 𝜔) = 𝛼𝜂
𝐻 2

𝑠
𝜔

(𝜔𝑝

𝜔

)4
exp

[

−1.25
(𝜔𝑝

𝜔

)4
]

𝛾
exp

⎡

⎢

⎢

⎣

−

(

𝜔∕𝜔𝑝−1
)2

2𝜎2

⎤

⎥

⎥

⎦

𝜂 , (31)

where 𝐻𝑠 denotes the significant wave height (also referred to as 𝐻𝑚0), 
𝜔𝑝 is the spectral peak angular frequency, and 

𝛼𝜂 =
0.0624

(

1.094 − 0.01915 ln 𝛾𝜂
)

0.23 + 0.0336𝛾𝜂 − 0.185
(

1.9 + 𝛾𝜂
)−1

, 𝜎 =

{

0.07, 𝜔 ≤ 𝜔𝑝,

0.09, 𝜔 > 𝜔𝑝,
𝛾𝜂 = 3.3.

(32)

To evaluate the mean absorbed power in irregular waves, we define 
the unit-amplitude pressure response 𝐩1(𝜔) as the solution of the gov-
erning system (i.e., Eq.  (26)) for a regular incident wave with amplitude 
𝐴 = 1 m at frequency 𝜔. For a given sea state, a frequency-independent 
PTO damping matrix 𝐂irr

PTO can be adopted for the irregular-wave 
evaluation. The time-averaged power absorbed by the PTO system is 
then obtained through spectral integration, 

𝑃irr (𝜔𝑝) = ∫

∞

0
𝑆𝜂(𝜔𝑝, 𝜔) 𝐩∗1(𝜔)𝐂

irr
PTO 𝐩1(𝜔) d𝜔. (33)

The corresponding incident wave power per unit crest width is 

𝑃in,irr (𝜔𝑝) = ∫

∞

0
𝜌𝑔 𝑐𝑔(𝜔)𝑆𝜂(𝜔𝑝, 𝜔) d𝜔, (34)

where 𝑐𝑔(𝜔) is the group velocity defined previously. Accordingly, the 
irregular-wave capture factor is defined as 

𝜂irr (𝜔𝑝) =
𝑘𝑝 𝑃irr (𝜔𝑝)
𝑃in,irr (𝜔𝑝)

, (35)

with 𝑘𝑝 determined from the peak-frequency dispersion relation 𝜔2
𝑝 =

𝑔𝑘𝑝 tanh(𝑘𝑝ℎ).
For consistency, the regular-wave capture factor can also be evalu-

ated under the same fixed (frequency-independent) PTO damping used 
for irregular waves, i.e., 

𝜂∗(𝜔) =
2𝑘(𝜔)𝑃 ∗(𝜔)
𝜌𝑔𝐴2𝑐𝑔(𝜔)

, 𝑃 ∗(𝜔) = 1
2
𝐩∗(𝜔)𝐂irr

PTO 𝐩(𝜔), (36)

where 𝐩(𝜔) is obtained from Eq.  (26) with 𝐂PTO = 𝐂irr
PTO. The superscript 

‘‘∗’’ indicates that 𝜂∗ is computed with a fixed frequency-independent 
PTO setting and is therefore directly comparable with 𝜂irr (𝜔𝑝).

2.6. Wave excitation and radiation forces

By applying a unit oscillatory air pressure in the 𝑗th chamber, the 
resulting wave excitation and radiation forces on the 𝑛th semi-circular 
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Fig. 3.  Convergence results: (a) Effect of the vertical truncation number 𝐿 on the frequency response of 𝑎(1)2  for 𝑀 = 7; (b) Effect of the angular truncation 
number 𝑀 on the frequency response of |𝐹 (1)

𝑦,0 |∕(𝜌𝑔𝐴𝜋𝑅
2 tanh(𝑘ℎ)) for 𝐿 = 19.

OWC along the 𝑥- and 𝑦-axes are given by 

𝐹 (𝑛)
𝑥,𝑗 = 𝐹 𝑖𝑛(𝑛)

𝑐𝑦𝑙,𝑥,𝑗 + 𝐹 𝑜𝑢𝑡(𝑛)
𝑐𝑦𝑙,𝑥,𝑗 , (37)

and 
𝐹 (𝑛)
𝑦,𝑗 = 𝐹 𝑖𝑛(𝑛)

𝑐𝑦𝑙,𝑦,𝑗 + 𝐹 𝑜𝑢𝑡(𝑛)
𝑐𝑦𝑙,𝑦,𝑗 , (38)

respectively, in which 𝐹 𝑖𝑛(𝑛)
𝑐𝑦𝑙,𝑥,𝑗 and 𝐹

𝑖𝑛(𝑛)
𝑐𝑦𝑙,𝑦,𝑗 (𝑗 = 0 and 𝑗 = 1, 2,… , 𝑁) 

are, respectively, the 𝑥- and 𝑦-components of the forces on the inner 
semi-cylindrical wall of the 𝑛th OWC arising from a unit air pressure os-
cillation in the 𝑗th chamber, including the wave excitation contribution 
when 𝑗 = 0 and the wave radiation contributions when 𝑗 = 1, 2,… , 𝑁 . 
Similarly, 𝐹 𝑜𝑢𝑡(𝑛)

𝑐𝑦𝑙,𝑥,𝑗 and 𝐹
𝑜𝑢𝑡(𝑛)
𝑐𝑦𝑙,𝑦,𝑗 (𝑗 = 0 and 𝑗 = 1, 2,… , 𝑁) refer to the 

corresponding force components on the outer semi-cylindrical wall. The 
calculation details are provided in Appendix  B.

In addition, the maximum resultant wave forces 𝐹 (𝑛)
𝑚𝑎𝑥 over one wave 

period are computed, 

𝐹 (𝑛)
𝑚𝑎𝑥 = max

(√

|𝐹 (𝑛)
𝑥 |

2
cos2(𝜑(𝑛)

1 + 𝜔𝑡) + |𝐹 (𝑛)
𝑦 |

2
cos2(𝜑(𝑛)

2 + 𝜔𝑡)
)

=

√

√

√

√

√

|𝐹 (𝑛)
𝑥 |

2
+ |𝐹 (𝑛)

𝑦 |

2
+
√

(

|𝐹 (𝑛)
𝑥 |

2
+ |𝐹 (𝑛)

𝑦 |

2)2
− 4|𝐹 (𝑛)

𝑥 |

2
|𝐹 (𝑛)

𝑦 |

2
sin2

(

𝜑(𝑛)
1 − 𝜑(𝑛)

2

)

2
,

(39)

where 

𝐹 (𝑛)
𝑥 = 𝐹 (𝑛)

𝑥,0 +
𝑁
∑

𝑗=1
𝑝𝑗𝐹

(𝑛)
𝑥,𝑗 , (40)

and 

𝐹 (𝑛)
𝑦 = 𝐹 (𝑛)

𝑦,0 +
𝑁
∑

𝑗=1
𝑝𝑗𝐹

(𝑛)
𝑦,𝑗 , (41)

the phase angles of 𝐹 (𝑛)
𝑥  and 𝐹 (𝑛)

𝑦  are denoted by 𝜑(𝑛)
1  and 𝜑(𝑛)

2 , respec-
tively.

3. Convergence analysis and model verification

Taking a semi-circular OWC system with 𝑁 = 2, 𝑅∕ℎ = 0.5, 
(𝑅 −𝑅i)∕ℎ = 0.1, 𝐷∕ℎ = 1.5 and 𝑑∕ℎ = 0.2 as a representative case, the 
convergence of the series truncations is examined. Firstly, the vertical 
truncation number 𝐿 is increased while the angular truncation is fixed 
at 𝑀 = 7. The response 𝑎(1)2  becomes insensitive to further increases 
in 𝐿 over the investigated frequency range once 𝐿 ≥ 19 (Fig.  3(a)). 
Next, with 𝐿 = 19 held constant, the angular truncation 𝑀 is varied, 
showing that |𝐹 (1)

𝑦,0 |∕(𝜌𝑔𝐴𝜋𝑅
2 tanh(𝑘ℎ)) attains convergence for 𝑀 ≥ 7

(Fig.  3(b)). Hereinafter, 𝐿 = 19 and 𝑀 = 7 are adopted in the remainder 
of the study as conservative truncations to ensure stable results for the 
subsequent parametric investigations involving 𝛽, 𝑅∕ℎ, 𝑑∕ℎ, 𝐷∕ℎ, 𝑁
and 𝑅1∕𝑅2.

The present theoretical model focuses on an array of coast-attached 
semi-circular OWCs (𝑁 ≥ 2). When the OWCs are spaced sufficiently 
far apart, their hydrodynamic interactions become negligible, and the 
performance of each device in the array is equivalent to a single coast-
attached semi-circular OWC, a case previously investigated by Tian 
et al. [25]. Fig.  4 presents the frequency responses of 𝑄(1)

e , 𝑐(1)1  and 𝑎(1)1
for the semi-circular OWC(s) with 𝑅∕ℎ = 0.5, (𝑅 − 𝑅i)∕ℎ = 0.1 and 
𝑑∕ℎ = 0.2. The present results for 𝑁 = 2, 𝐷∕ℎ = 500 and 𝛽 = 𝜋∕3 show 
good agreement with those for a single semi-circular OWC as expected.

Moreover, through applying image theory, the scattering configu-
ration considered herein can be mapped to an equivalent problem in 
which bidirectional incident waves interact with offshore full-circular 
OWCs. Under this equivalence, the flux for multiple coast-attached 
semi-circular OWCs equals one half of the flux obtained for the same 
number of offshore full-circular OWCs under bidirectional wave inci-
dence [41]. In the same manner, the radiation problems associated 
with multiple coast-attached semi-circular OWCs can be recast as those 
for an offshore array of full-circular OWCs, implying that the corre-
sponding hydrodynamic coefficients should be reduced to one half of 
the offshore full-circular values. To demonstrate this property, Fig. 
5 compares the dimensionless coefficients (𝑄(1)

e , 𝑄
(2)
e , 𝑐(1)1 , 𝑐

(1)
2 , 𝑎

(1)
1

and 𝑎(1)2 ) from the present formulation with those tested for offshore 
circular OWCs, using the same geometric and wave parameters (𝑁 = 2, 
𝑅∕ℎ = 0.5, (𝑅 − 𝑅i)∕ℎ = 0.1, 𝐷∕ℎ = 1.5, 𝑑∕ℎ = 0.2 and 𝛽 = 𝜋∕3). 
The close agreement observed confirms that the present model accu-
rately captures both diffraction and radiation effects for coast-attached 
semi-circular OWC arrays.

4. Results and discussion

4.1. Effect of incident wave direction

Fig.  6 illustrates the wave excitation volume flux of each OWC, 
the 𝜂 attained by the OWC system, 𝑞-factor and both together with 
the dimensionless maximum value of the total resultant force of each 
OWC for different incident wave directions 𝛽. As shown in Fig.  6(a), 
the first peak of the wave excitation of the down-wave semi-circular 
OWC (|𝑄(1)

e |) diminishes and shifts towards lower frequencies with 𝛽
increasing from 𝜋∕6 to 𝜋∕3, and shifts rapidly to the same value as |𝑄(2)

e |

for 𝛽 = 𝜋∕2. It is worth noting that, for 𝛽 = 𝜋∕3, an additional peak of 
|𝑄

(1)
e |-𝑘ℎ curve can be observed at 𝑘ℎ = 2.6, which is attributed to the 

frequency being close to the resonance of the water bodies between the 
two semi-circular OWCs, and this resonant frequency is believed to be 
dependent on the relative size of the interval between the OWCs and 
the incident wavelength. In contrast, as 𝛽 increases, the main peaks of 
the |𝑄(2)

e |-𝑘ℎ curves (see Fig.  6(b)) intensify and shift towards larger 𝑘ℎ. 
As shown in Fig.  6(c), at 𝑘ℎ ≈ 2.5 and 5.2, two peaks of 𝜂-kh curves are 
observed, which correspond to the first- and second-mode resonances 
of the internal water column of the semi-circular OWC chambers for the 
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Fig. 4.  Frequency-response comparison for the dimensionless coefficients 𝑄(1)
e , 𝑐(1)1 , and 𝑎(1)1  between the present results for two semi-circular OWCs (𝑁 = 2) far 

away from each other (𝐷∕ℎ = 500) and the theoretical results for a single semi-circular OWC (𝑁 = 1) [25] for 𝑅∕ℎ = 0.5, (𝑅−𝑅i)∕ℎ = 0.1, 𝑑∕ℎ = 0.2 and 𝛽 = 𝜋∕3: 
(a) |𝑄(1)

e |; (b) 𝑐(1)1 ; and (c) 𝑎(1)1 .

Fig. 5.  Frequency-response comparison for the dimensionless coefficients 𝑄(1)
e , 𝑄

(2)
e , 𝑐(1)1 , 𝑐(1)2 , 𝑎(1)1  and 𝑎(1)2  between the present results for a two-unit semi-circular 

OWC configuration and the corresponding theoretical solutions for two offshore circular OWCs [41]: (a) |𝑄(1)
e |; (b) |𝑄(2)

e |; (c) 𝑐(1)1 ; (d) 𝑐(1)2 ; (e) 𝑎(1)1 ; and (f) 𝑎(1)2 .

present configuration. These resonant frequencies are identified as the 
wave frequencies where 𝑎(𝑛)𝑛 + 𝑎(𝑛)PTO = 0 is achieved as reported in Tian 
et al. [25] for a single coast-attached semi-circular OWC. For 𝑘ℎ ∈
(1.5, 2.4), the wave power capture factor 𝜂 increases with increasing 
𝛽 from 𝜋∕6 to 𝜋∕2. For 𝑘ℎ ∈ (3.5, 6.0), the values of 𝜂 corresponding 
to 𝛽 = 𝜋∕4 and 𝜋∕3 are larger than 𝛽 = 𝜋∕6 and 𝜋∕2 — the reason 
being the array effect, as shown in Fig.  6(d), where constructive effects 
(𝑞 > 1.0) and destructive effects (𝑞 < 1.0) are indicated for 𝛽 = 𝜋∕4, 𝜋∕3
and 𝛽 = 𝜋∕6, 𝜋∕2, respectively, for 𝑘ℎ ∈ (3.5, 6.0). In Fig.  6(e), at 
𝑘ℎ ≈ 5.2, sharp increases in the 𝑘|𝐹 (1)

𝑚𝑎𝑥|∕(𝜌𝑔𝐴𝑅 tanh (𝑘ℎ))-𝑘ℎ curves 

are observed for 𝜋∕6, 𝜋∕4 and 𝜋∕3; similar behaviours are apparent 
in the 𝑘|𝐹 (2)

𝑚𝑎𝑥|∕(𝜌𝑔𝐴𝑅 tanh (𝑘ℎ))-𝑘ℎ curves for 𝜋∕6 and 𝜋∕4 (Fig.  6(f)). 
When 𝑘ℎ is close to 5.2, corresponding to the sloshing mode resonance 
of the inner semi-circular OWC water area, these behaviours become 
evident. With 𝛽 increasing from 𝜋∕6 to 𝜋∕2, the main peaks of the 
𝑘|𝐹 (2)

𝑚𝑎𝑥|∕(𝜌𝑔𝐴𝑅 tanh (𝑘ℎ))-𝑘ℎ curves lose intensity gradually. The value 
of 𝑘|𝐹 (1)

𝑚𝑎𝑥|∕(𝜌𝑔𝐴𝑅 tanh (𝑘ℎ)) for 𝛽 = 𝜋∕4 and 𝑘ℎ ≈ 5.2, over 18, is larger 
than any value for all the other incident wave directions, and this may 
be attributed to resonance in the sloshing modes of the water bodies 
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Fig. 6.  Comparison for different incident angles 𝛽 with 𝑁 = 2, 𝑅∕ℎ = 0.5, (𝑅 − 𝑅i)∕ℎ = 0.1, 𝑑∕ℎ = 0.2, 𝑉0 = 𝜋𝑅2
i ℎ∕2 and 𝐷∕ℎ = 1.5. (a) |𝑄(1)

e |; (b) |𝑄(2)
e |; (c) 𝜂; 

(d) 𝑞-factor; (e) dimensionless maximum value of the total resultant force of the first semi-circular OWC; (f) dimensionless maximum value of the total resultant 
force of the second semi-circular OWC.

confined between the two OWCs (see Fig.  7(b)). In practical engineer-
ing, the possibility of resonance in the water areas between an array of 
semi-circular OWCs should be assessed to ensure structural safety. The 
strong dependence on the incident direction 𝛽 observed here is con-
sistent with trends reported for rectangular OWC arrays under oblique 
waves. Specifically, theoretical studies show that the occurrence and 
intensity of the along-shore sloshing resonance in rectangular chambers 
are highly angle-dependent, and the hydrodynamic characteristics can 
vary substantially as the incident angle changes [32,33]. Moreover, 
related caisson-array configurations embedding multiple rectangular 
OWC chambers indicate that oblique incidence can narrow the effective 
capture bandwidth and that constructive and destructive interactions 
may both occur due to the combined effects of coastal reflection and ar-
ray coupling [34]. These established findings provide a useful reference 
frame for interpreting the present semi-circular OWC array results and 
further highlight that 𝛽 should be treated as a primary design variable 
for coastal OWC arrays.

As illustrated in Fig.  7, we focus on the resonance state of the water 
column confined within the inner semi-circular region of the OWC at 
𝑘ℎ = 5.2, which corresponds to the second peak of 𝜂 (see Fig.  6(c)), and 
plot the free-surface patterns Re(i𝜔𝜙e−i𝜔𝑡∕𝑔)∕𝐴 around a two-unit semi-
circular OWC array (𝑁 = 2) for four representative incident angles, 
namely 𝛽 = 𝜋∕6, 𝜋∕4, 𝜋∕3 and 𝜋∕2. For 𝛽 = 𝜋∕6, Fig.  7(a) shows that 
the wave motion in the up-wave chamber is mainly characterized by 
a sloshing mode, leading to pronounced free-surface amplification. A 

comparable sloshing-dominated response is observed in the down-wave 
chamber when 𝛽 = 𝜋∕3 (Fig.  7(c)). Due to hydrodynamic interac-
tions between the two devices, the oscillation patterns within the two 
chambers differ under oblique incidence (𝛽 = 𝜋∕6, 𝜋∕4 and 𝜋∕3), as 
shown in Figs.  7(a)–7(c). When 𝛽 = 𝜋∕2, the combined symmetry of 
the semi-circular chambers and the normally incident wave field leads 
to a symmetric free-surface pattern both within and around the OWCs 
(Fig.  7(d)), and the chamber water motion is primarily governed by a 
piston-type mode.

Fig.  8 presents the difference in performance between the present 
array of straight coast-attached semi-circular OWCs and an array of 
straight coast-embedded circular OWCs [30] with the 𝜂 evaluated for 
various incident wave angles 𝛽. It is worth noting that, 𝑉0 = 𝜋𝑅2ℎ and 
𝐷∕ℎ = 2.0 are set to be consistent with the configuration of Zheng et al. 
[30]. In the low-frequency range, 𝑘ℎ ∈ (0.5, 2.0), the 𝜂 of two coast-
embedded circular OWCs is greater than that of two coast-attached 
semi-circular OWCs under all the incident wave directions tested. Nev-
ertheless, in the operationally relevant intermediate-frequency band 
𝑘ℎ ∈ (3.2, 4.7), the semi-circular OWCs achieve larger 𝜂 values than 
the corresponding embedded circular OWCs. While the coast-embedded 
circular OWCs exhibit a prominent peak at 𝑘ℎ = 4.9, which is due to the 
sloshing mode-dominated resonance as reported in Zheng et al. [30], 
this performance enhancement is restricted to an extremely narrow 
frequency band, rendering it of limited utility from an engineering 
standpoint. From structural and economic perspectives, an array of 
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Fig. 7.  Free-surface elevation inside and around an array of semi-circular OWCs mounted on a straight coastal structure, 𝑁 = 2, 𝑅∕ℎ = 0.5, (𝑅 − 𝑅i)∕ℎ = 0.1, 
𝑑∕ℎ = 0.2, 𝑉0 = 𝜋𝑅2

i ℎ∕2, 𝑘ℎ = 5.2, 𝐷∕ℎ = 1.5 and 𝑡 = 2𝜋∕𝜔: (a) 𝛽 = 𝜋∕6; (b) 𝛽 = 𝜋∕4; (c) 𝛽 = 𝜋∕3; (d) 𝛽 = 𝜋∕2.

semi-circular OWCs installed along straight coastal structures offer 
distinct advantages over embedded circular OWCs. For a given ra-
dius, the semi-circular configuration requires approximately half the 
chamber perimeter, directly reducing material usage and construction 
costs. These semi-circular units can be externally mounted on existing 
straight coastal infrastructures, eliminating the need for cutting semi-
circular recesses into the primary structure. This simplification of the 
installation process reduces the risk of construction damage.

The array effect between an array of coast-attached semi-circular 
OWCs not only intensifies the wave power absorption of every OWC 
across a broad range of frequencies, but also changes the wave-induced 
forces on each OWC, thereby affecting the structural safety of the 
system. Fig.  9 compares the resultant wave forces acting on an array 
of coast-attached semi-circular OWCs and a single coast-attached semi-
circular OWC [25] under different incident wave directions 𝛽. For 𝛽 =
𝜋∕6 (Fig.  9(a)), at the resonant frequency 𝑘ℎ ≈ 5.2, the resultant wave 
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Fig. 8.  Comparison of 𝜂 between the coast-attached semi-circular OWC arrays 
and the coast-embedded circular OWCs [30] for varying incident angles 𝛽, with 
𝑁 = 2, 𝑅∕ℎ = 0.5, (𝑅 − 𝑅i)∕ℎ = 0.1, 𝑑∕ℎ = 0.2, 𝑉0 = 𝜋𝑅2ℎ and 𝐷∕ℎ = 2.0.

forces on both the up-wave and down-wave semi-circular OWCs are 
smaller than that on the single semi-circular OWC. In contrast, for 𝛽 =
𝜋∕4 and 𝛽 = 𝜋∕3, the down-wave device bears a larger resultant force 
than the single semi-circular OWC at the same resonant frequency (see 
Figs.  9(b) and 9(c)). Engineering designs should consider the impact of 
such a sharp increase in the resultant wave force on the structural safety 
of an array of coast-attached semi-circular OWCs. As shown in Fig.  9(d), 
owing to the symmetry of the OWC geometry and the normally incident 
waves on the straight coastal structure, the two semi-circular OWCs 
experience identical total resultant wave forces. The first peak values of 
𝑘|𝐹𝑚𝑎𝑥|∕(𝜌𝑔𝐴𝑅 tanh (𝑘ℎ))-𝑘ℎ curves of the array of semi-circular OWCs 
are higher than that of the single semi-circular OWC, while the second 
peak values of these three curves are almost the same.

4.2. Radius of the OWC chambers

Fig.  10 illustrates how the chamber radius influences the wave ex-
citation volume flux |𝑄(𝑛)

e |, hydrodynamic coefficients 𝑐(1)1 , 𝑐
(1)
2 , 𝑎

(1)
1  and 

𝑎(1)2 , wave power capture factor 𝜂, 𝑞-factor and the dimensionless peak 
total resultant force on each semi-circular OWC 𝑘|𝐹 (𝑛)

𝑚𝑎𝑥|∕(𝜌𝑔𝐴𝑅 tanh (𝑘ℎ))
over the 𝑅∕ℎ ratio range of 0.2 to 0.6. As 𝑅∕ℎ increases from 0.2 to 
0.6, the main peaks of the |𝑄(𝑛)

e |-𝑘ℎ curves shift towards the lower 
frequency; similar trends are also evident in the 𝑐(1)1 -𝑘ℎ, 𝑐

(1)
2 -𝑘ℎ, 𝑎

(1)
1 -𝑘ℎ, 

𝑎(1)2 -𝑘ℎ, and 𝜂-𝑘ℎ curves (see Figs.  10(b)–10(f)). As illustrated in Figs. 
10(a), 10(b), 10(d) and 10(f), within the low-frequency range (𝑘ℎ ∈
(0, 2.1)), |𝑄(𝑛)

e |, 𝑐(1)1 , 𝑎
(1)
1  and 𝜂 increase with larger 𝑅∕ℎ. As 𝑅∕ℎ in-

creases, the first peak value of the 𝜂-𝑘ℎ curve becomes larger, reaching 
6.4 at 𝑘ℎ = 2.5 (see Fig.  10(f)). In contrast, for small 𝑅∕ℎ values, such as 
𝑅∕ℎ = 0.2, the 𝜂 curve exhibits only a single peak within the computed 
wave frequency range. In contrast, for larger 𝑅∕ℎ values (𝑅∕ℎ = 0.3, 0.4 
and 0.5), an additional peak becomes evident, and three peaks can be 
observed for 𝑅∕ℎ = 0.6. This phenomenon arises because the resonant 
frequencies of the inner water region within the semi-circular OWC 
are associated with the relative dimensions of the OWC chamber to the 
incident wave wavelength. Fig.  10(g) demonstrates that for 𝑅∕ℎ = 0.6, 
constructive array effects (𝑞 > 1.0) can be attained over a broad wave 
frequency range (𝑘ℎ ∈ (1.1, 3.2)). Concurrently, the 𝜂 remains notably 
high within this frequency range (see Fig.  10(f)). From an engineering 
perspective, this specific OWC configuration can be fully leveraged to 
enhance 𝜂 within the target mid-frequency band. As shown in Fig. 
10(h), the first-mode resonant peak of the 𝑘|𝐹 (𝑛)

𝑚𝑎𝑥|∕(𝜌𝑔𝐴𝑅 tanh (𝑘ℎ))-𝑘ℎ
curve shifts towards lower frequencies as 𝑅∕ℎ increases from 0.2 to 0.6. 
This can be attributed to the pronounced attenuation of the first-mode 
resonant peak in the low-frequency range, caused by the increased 

radiation damping and added-mass contributions of each semi-circular 
OWC (see Figs.  10(b) and 10(d)).

4.3. Draught of the OWC chambers

Fig.  11 contrasts the semi-circular OWC array responses obtained 
with different chamber draughts 𝑑. As 𝑑∕ℎ increases, the first peaks of 
the |𝑄(𝑛)

e |-𝑘ℎ curves shift towards lower frequencies (see Fig.  11(a)). A 
similar behaviour appears in the 𝑐(1)1 , 𝑐

(1)
2 , 𝑎

(1)
1 , 𝑎

(1)
2  and 𝜂 curves (see 

Figs.  11(b)–11(f)), and the peak values of the 𝑐(1)1 -𝑘ℎ and 𝑎
(1)
1 -𝑘ℎ curves 

increase in magnitude as 𝑑∕ℎ increases. Figs.  11(a)–11(e) demonstrate 
that the curves of hydrodynamic coefficients become sharper, and 
the high-frequency cut-off (where the responses decay to near zero) 
shifts to lower 𝑘ℎ as 𝑑∕ℎ increases. For wave diffraction problem, this 
behaviour stems from the tendency of wave power to concentrate in the 
near-surface region at high frequencies. From a wave radiation perspec-
tive, increasing the draught of an OWC chamber reduces both wave 
generation and, consequently, the hydrodynamic interaction between 
such chambers is also diminished. From an engineering standpoint, this 
implies that the draught 𝑑 of the OWCs must be customized to match 
the dominant wave frequencies to optimize the overall 𝜂. Fig.  11(g) 
shows that constructive array effects (𝑞 > 1.0) can be achieved for 
𝑘ℎ ∈ (1.7, 2.6). Moreover, the array effect 𝑞 for 𝑑∕ℎ = 0.1 is greater 
than any other condition in 𝑘ℎ ∈ (3.1, 3.9). Therefore, to optimize the 
array effect and ultimately achieve high 𝜂 in the mid-frequency band, 
the draught of OWC chambers should be minimized, while ensuring 
that the OWC openings remain fully submerged even under extreme 
sea conditions. As illustrated in Fig.  11(h), increasing 𝑑∕ℎ causes the 
first resonant peaks of the 𝑘|𝐹 (𝑛)

max|∕(𝜌𝑔𝐴𝑅 tanh (𝑘ℎ))-𝑘ℎ curves to shift 
towards lower frequencies while increasing in magnitude. These peaks 
reach their maximum value, exceeding 14.0, for 𝑑∕ℎ = 0.5 and 𝑘ℎ = 2.9. 
This trend underscores the importance of minimizing the draught of 
OWC chambers to safeguard the structural load-bearing capacity of 
OWC systems.

4.4. Interval between OWCs

Fig.  12 illustrates the performance characteristics of a semi-circular 
OWC array with different intervals between OWCs. As depicted in Fig. 
12(a), as 𝐷∕ℎ increases from 1.5 to 3.0, the main peaks of the |𝑄(𝑛)

e |-𝑘ℎ
curves shift towards lower frequencies and decrease in magnitude; 
an analogous trend is evident in the 𝑎(1)2  curves (see Fig.  12(e)). The 
peak value of |𝑄(𝑛)

e | for 𝐷∕ℎ = 1.0 is lower than that observed for all 
other values of 𝐷∕ℎ. The reduction in wave excitation flux is likely 
attributable to a weakening of the standing waves that form between 
the OWCs when their spacing is insufficient. Figs.  12(c) and 12(e) 
demonstrate that the 𝑐(1)2  and 𝑎(1)2  curves generally become flatter with 
increasing 𝐷∕ℎ. This behaviour aligns with the physical expectation 
that the radiation damping and added mass induced by the other OWC 
tend towards zero as the inter-OWC interval becomes sufficiently large 
(𝐷∕ℎ → +∞). Furthermore, the influence of 𝐷∕ℎ on the curves 𝑐(1)1 -𝑘ℎ
and 𝑎(1)1 -𝑘ℎ is relatively minor within the frequency range 𝑘ℎ ∈ (2.0, 3.5)
(see Figs.  12(b) and 12(d)). This is because the radiation damping 
and added mass inherent to each individual semi-circular OWC are 
less dependent on the presence of the other OWC, albeit with a non-
negligible mutual influence. Fig.  12(f) demonstrates that within the 
frequency range 𝑘ℎ ∈ (1.8, 2.8), the wave power capture factor 𝜂
for 𝐷∕ℎ = 1.5 is greater than that observed under all other interval 
conditions, with the highest peak value exceeding 6.0 occurring at 
𝑘ℎ = 2.6. However, for 𝑘ℎ ∈ (2.8, 4.9), 𝜂 is maximized when 𝐷∕ℎ = 1.0. 
Within this latter frequency range, the closely spaced OWCs (𝐷∕ℎ =
1.0) exhibit constructive hydrodynamic interactions by array effect 
(𝑞 > 1.0) (see Fig.  12(g)), accompanied by the largest dimensionless 
maximum total resultant force on each semi-circular OWC (as shown 
in Fig.  12(h)). In practical engineering applications, the design of an 
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Fig. 9.  Comparison of the dimensionless maximum value of the total resultant force acting on the OWCs between an array of the semi-circular OWCs (𝑁 = 2
and 𝐷∕ℎ = 1.5) and single semi-circular OWC [25] as the incident wave angle 𝛽 varies, with 𝑅∕ℎ = 0.5, (𝑅−𝑅i)∕ℎ = 0.1, 𝑑∕ℎ = 0.2 and 𝑉0 = 𝜋𝑅2

i ℎ∕2: (a) 𝛽 = 𝜋∕6; 
(b) 𝛽 = 𝜋∕4; (c) 𝛽 = 𝜋∕3; (d) 𝛽 = 𝜋∕2.

array of semi-circular OWCs mounted on a straight coastal structure 
must take into account both the 𝜂 attained by the OWC system and 
the structural safety of individual OWCs. Therefore, the inter-OWC 
interval should be appropriately optimized to maximize wave power 
absorption while ensuring the structural safety performance of the OWC 
system. To guide engineers in selecting an optimal 𝐷∕ℎ interval, we 
recommend considering the more compact spacing of 𝐷∕ℎ = 1.0 for 
semi-circualr OWC layouts, particularly in the frequency range 𝑘ℎ ∈
(2.8, 4.9), where the wave power capture factor 𝜂 reaches its maximum. 
This configuration is especially efficient when the available coastal 
length is limited. However, it is important to consider that the closer 
spacing increases the resonant forces acting on the OWC system, which 
can lead to structural safety concerns. Consequently, engineers should 
reinforce the OWC structures to withstand these amplified wave forces, 
ensuring the OWC array design remains both efficient and safe.

4.5. Number of OWCs

Fig.  13 shows the frequency-dependent variations of the wave 
power capture factor for individual OWCs, the overall OWC system and 
the 𝑞-factor (for 𝑁 = 2, 3, 4, and 5). For comparative purposes, the 
wave power capture factor attained by an isolated coast-attached semi-
circular OWC (𝜂0) is also included. For semi-circular OWCs arranged 
uniformly along a straight coast and exposed to head-on incident waves 
(𝛽 = 𝜋∕2), each OWC device exhibits symmetric performance character-
istics relative to the central plane of the array. For brevity, only the first 
half of the OWCs are reported; when 𝑁 is odd, the central device is also 
included. As shown in Figs.  13(a)–13(d), the main peak values of the 
𝜂𝑛-𝑘ℎ curves for semi-circular OWC arrays exceed those of the isolated 
OWC. Additionally, the peak energy capture factor attained by a semi-
circular OWC increases as its position approaches the midpoint of the 
array. Conversely, within the range 𝑘ℎ ∈ (3.5, 4.5), each device of OWC 
system exhibits reduced wave power absorption relative to the isolated 
OWC. This reduction coincides with destructive interaction levels (𝑞 <
1) indicated by the corresponding 𝑞-factor trend (see Fig.  13(f)). As 

illustrated in Fig.  13(e), for all calculated wave frequencies except 
𝑘ℎ ∈ (3.6, 4.0), the system-level 𝜂 increases with 𝑁 . This aligns with the 
intuitive expectation that a larger array (comprising more semi-circular 
OWCs) can harvest more wave power in most wave frequency ranges. 
Typically, for 𝑘ℎ = 2.5, the wave power capture factor for a five-unit 
array (𝑁 = 5) is 18.0, which is even more than nine times that of the 
isolated case. Fig.  13(f) demonstrates that the 𝑞-factor increases with 
𝑁 for 𝑘ℎ ∈ (2.6, 3.2). In addition, for 𝑘ℎ ∈ (1.0, 3.0), all the OWC array 
configurations considered achieve 𝑞 > 1.0, indicating constructive array 
effects. Under these wave conditions, therefore, semi-circular OWC 
arrays comprising more devices are recommended to fully exploit the 
constructive array effect and extract wave power with higher capture 
factor.

4.6. Radius difference

As depicted in Fig.  14, we investigate the influence of varying radius 
ratios (𝑅1∕𝑅2) on the wave power capture factor for a two-unit semi-
circular OWC configuration, where the sum of their cross-sectional 
areas is kept constant (𝑅2

1+𝑅2
2 = ℎ2∕2). This constraint on 𝑅1 and 𝑅2 is 

imposed to maximize wave power absorption while adhering to fixed 
structural material limitations in engineering designs. As illustrated in 
Fig.  14(a), with an increase in 𝑅1∕𝑅2, the primary peaks of the 𝜂1-𝑘ℎ
curves shift towards lower frequencies and decrease in magnitude. This 
downshift is consistent with a reduction in the first-mode resonant fre-
quency of the first OWC when its radius increases. For 𝑘ℎ ∈ (2.3, 2.5), 𝜂1
decreases as 𝑅1∕𝑅2 increases; conversely, an opposite trend is observed 
for 𝑘ℎ ∈ (3.6, 4.2). As shown in Fig.  14(b), increasing 𝑅1∕𝑅2 shifts the 
first peaks of 𝜂2 to higher frequencies while reducing their magnitude. 
This loss of peak intensity is due to a narrower effective wave power 
absorption band when the OWC chamber becomes smaller. Fig.  14(c) 
demonstrates that as 𝑅1∕𝑅2 increases from 1 to 5, the first peaks of the 
𝜂-𝑘ℎ curves shift towards lower frequencies and diminish in intensity. 
For 𝑘ℎ ∈ (1.5, 2.8) ∪ (4.7, 5.8), 𝜂 decreases with increasing 𝑅1∕𝑅2, and 
for 𝑘ℎ = 2.5, 𝜂 for 𝑅1∕𝑅2 = 1 is over twice those for the mixed radii; 
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Fig. 10.  Comparison for different radii of the semi-circular OWC chambers, 𝑅, with 𝛽 = 𝜋∕2, 𝑁 = 2, (𝑅 − 𝑅i)∕ℎ = 0.1, 𝑑∕ℎ = 0.2, 𝑉0 = 𝜋𝑅2
i ℎ∕2 and 𝐷∕ℎ = 1.5. 

(a) |𝑄(𝑛)
e |; (b) 𝑐(1)1 ; (c) 𝑐(1)2 ; (d) 𝑎(1)1 ; (e) 𝑎(1)2 ; (f) 𝜂; (g) 𝑞-factor; (h) dimensionless maximum value of the total resultant force of each semi-circular OWC.

while for 𝑘ℎ ∈ (3.5, 4.5), an OWC array of chambers with different radii 
absorbs more wave power than an array with two identical chambers. 
This occurs because increasing the OWCs’ radius ratio separates and 
shifts their resonant frequencies towards opposite directions. In the 
mid-frequency range, where the wave power absorption response typ-
ically has a valley, this separation causes the larger chamber’s second 
absorption peak and the smaller chamber’s first absorption peak to 
shift towards these frequencies. This dual shift enhances overall energy 
absorption in the previously underperforming band. Therefore, for 
efficient wave power absorption in engineering applications: in the low-
frequency (i.e. 𝑘ℎ ∈ (1.5, 2.8)) and high-frequency (i.e. 𝑘ℎ ∈ (4.7, 5.8)) 

ranges, the two semi-circular OWCs should be configured with identical 
dimensions; in the mid-frequency range (say 𝑘ℎ ∈ (3.5, 4.5)), the wave 
power capture factor is improved by changing two identical OWC units 
into those with different chamber radii.

4.7. Comparison of wave power absorption in regular and irregular waves

In practice, tuning the PTO damping of a semi-circular OWC system 
(𝐂PTO) continuously over a wide frequency range is challenging. There-
fore, we consider a frequency-independent PTO damping, selected as 
the optimum at a representative wave condition 𝑘ℎ = 2.5 for the present 
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Fig. 11.  Comparison for different draughts of the semi-circular OWC chambers, 𝑑, with 𝛽 = 𝜋∕2, 𝑁 = 2, 𝑅∕ℎ = 0.5, (𝑅−𝑅i)∕ℎ = 0.1, 𝑉0 = 𝜋𝑅2
i ℎ∕2 and 𝐷∕ℎ = 1.5. 

(a) |𝑄(𝑛)
e |; (b) 𝑐(1)1 ; (c) 𝑐(1)2 ; (d) 𝑎(1)1 ; (e) 𝑎(1)2 ; (f) 𝜂; (g) 𝑞-factor; (h) dimensionless maximum value of the total resultant force of each semi-circular OWC.

configuration (𝑁 = 2, 𝛽 = 𝜋∕2, 𝑅∕ℎ = 0.5, (𝑅 − 𝑅i)∕ℎ = 0.1, 𝑑∕ℎ = 0.2, 
𝑉0 = 𝜋𝑅2

i ℎ∕2 and 𝐷∕ℎ = 1.5). Fig.  15 compares the wave power capture 
factors of the semi-circular OWC system under regular waves 𝜂∗(𝜔)
and irregular waves 𝜂irr (𝜔𝑝). It is worth noting that the irregular-wave 
capture factor 𝜂irr (𝜔𝑝) is evaluated as a function of the spectral peak 
frequency 𝜔𝑝. Consistent with expectations, spectral averaging smooths 
the sharp resonance features of the regular-wave response, and the peak 
of the irregular-wave curve is near the dominant regular-wave reso-
nance, 𝑘ℎ(𝑘𝑝ℎ) = 2.5, but with the peak magnitude of the wave power 

capture factor reducing from 𝜂∗ = 6.5 to 𝜂irr = 3.2. Meanwhile, although 
𝜂irr (𝜔𝑝) < 𝜂∗(𝜔) in the vicinity of the main resonant frequencies, the 
irregular-wave performance can be comparatively more efficient away 
from resonance due to the broader effective bandwidth induced by the 
spectrum.

5. Conclusions

This study examines the hydrodynamic response of coast-attached 
semi-circular OWC arrays within linear potential-flow theory using 
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Fig. 12.  Comparison for different intervals between the semi-circular OWCs, 𝐷, with 𝛽 = 𝜋∕2, 𝑁 = 2, 𝑅∕ℎ = 0.5, (𝑅 − 𝑅i)∕ℎ = 0.1, 𝑑∕ℎ = 0.2 and 𝑉0 = 𝜋𝑅2
i ℎ∕2. 

(a) |𝑄(𝑛)
e |; (b) 𝑐(1)1 ; (c) 𝑐(1)2 ; (d) 𝑎(1)1 ; (e) 𝑎(1)2 ; (f) 𝜂; (g) 𝑞-factor; (h) dimensionless maximum value of the total resultant force of each semi-circular OWC.

an eigenfunction-matching approach. The wave power capture factors 
of multiple coast-attached semi-circular and coast-embedded circular 
OWCs are compared, while wave forces on those semi-circular OWC 
arrays versus a single coast-attached semi-circular OWC are analysed 
to assess the array effect on the structural safety of OWC systems. 
Based on the validated model, an extensive parametric investigation 
is carried out to quantify the influences of wave conditions, chamber 
size, chamber draught, interval between adjacent OWCs, the number 
of OWCs, and the radius ratio between OWCs on the hydrodynamic 
performance. Key findings are summarized as follows:

Oblique incident waves can excite resonance in the water area 
between adjacent coast-attached semi-circular OWCs, resulting in sig-
nificant force amplification at specific frequencies. Compared to coast-
embedded circular OWCs, semi-circular arrays exhibit lower wave 
power absorption at low frequencies but attain a higher wave power 
capture factor across a practical mid-frequency band. Relative to a 
single coast-attached semi-circular OWC, the array may either reduce or 
enhance wave forces under different wave conditions, highlighting the 
necessity for designers to account for oblique incident wave directions 
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Fig. 13.  Effects of different numbers of semi-circular OWCs, 𝑁 , with 𝛽 = 𝜋∕2, 𝑅∕ℎ = 0.5, (𝑅 − 𝑅i)∕ℎ = 0.1, 𝑑∕ℎ = 0.2, 𝑉0 = 𝜋𝑅2
i ℎ∕2 and 𝐷∕ℎ = 1.5. (a) 𝜂𝑛 with 

𝑁 = 2; (b) 𝜂𝑛 with 𝑁 = 3; (c) 𝜂𝑛 with 𝑁 = 4; (d) 𝜂𝑛 with 𝑁 = 5; (e) 𝜂; (f) 𝑞-factor. 𝜂0 is the wave power capture factor attained by the isolated coast-attached 
semi-circular OWC.

Fig. 14.  Influence of the chamber-radius ratio, 𝑅1∕𝑅2, with 𝛽 = 𝜋∕2, 𝑁 = 2, 𝑅2
1 + 𝑅2

2 = ℎ2∕2, (𝑅1 − 𝑅i,1)∕ℎ = 0.1, (𝑅2 − 𝑅i,2)∕ℎ = 0.1, 𝑑∕ℎ = 0.2, 𝑉1 = 𝜋𝑅2
i,1ℎ∕2, 

𝑉2 = 𝜋𝑅2
i,2ℎ∕2, and 𝐷∕ℎ = 1.5. (a) 𝜂1; (b) 𝜂2; (c) 𝜂.

and explicitly evaluate resonance between adjacent units. As the cham-
ber radius increases, the dominant peaks in both the hydrodynamic 
coefficients and the capture factor attained by each semi-circular OWC 
move towards lower frequencies. For sufficiently large radii, the first 
resonance in the total resultant force is attenuated, implying that 

enhanced damping can effectively reduce wave forces in the low-
frequency range. Increasing the chamber draught shifts the primary 
responses of hydrodynamic coefficients towards lower frequencies and 
intensifies their frequency dependence, while significantly increasing 
resonant forces on the semi-circular OWC system. Therefore, a deeper 
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Fig. 15.  Comparison of 𝜂∗(𝜔)(𝜂irr (𝜔𝑝)) with 𝑘ℎ(𝑘𝑝ℎ) for 𝐂irr
PTO = 𝐂PTO|𝑘ℎ=2.5, 

with 𝑁 = 2, 𝛽 = 𝜋∕2, 𝑅∕ℎ = 0.5, (𝑅 − 𝑅i)∕ℎ = 0.1, 𝑑∕ℎ = 0.2, 𝑉0 = 𝜋𝑅2
i ℎ∕2 and 

𝐷∕ℎ = 1.5.

draught enhances low-frequency wave power absorption capability but 
comes at the cost of increased resonance-induced wave forces on the 
semi-circular OWCs.

Compact layouts of semi-circular OWCs can yield the highest wave 
power capture factors in the mid-frequency range. However, the inter-
val that optimizes wave power capture factor also induces larger peaks 
in the resultant force. This emphasizes that wave power absorption 
optimization must be coupled with wave force assessments to ensure 
structural safety of the OWC system. Increasing the number of semi-
circular OWC devices enhances the system wave power capture factor 
in most computed wave frequencies, and generates constructive array 
effects across a broad low-to-mid frequency range. Therefore, semi-
circular OWC arrays should incorporate more devices to fully exploit 
array effects and improve wave power absorption. Under a fixed con-
struction material constraint, semi-circular OWCs with equal radii are 
preferable for wave power absorption at low and high wave frequen-
cies, whereas an OWC array of chambers with different radii absorbs 
more wave power than an array with two identical chambers within 
the mid-frequency band. In engineering practice, it is recommended 
that semi-circular OWCs with an optimal radius ratio be installed under 
different wave conditions to maximize wave power absorption.

Although this study presents a theoretical model for coast-attached 
semi-circular OWC arrays, it does not consider viscous effects and 
nonlinear wave dynamics, nor does it evaluate extreme wave conditions 
(e.g., wave breaking and other extreme wave conditions). The optimal 
PTO damping selected for each OWC in the array is assumed to be 
equivalent to that of an isolated OWC, leading to a conservative pre-
diction of wave power absorption. Higher array performance is likely 
achievable with advanced control strategies. Despite these limitations, 
the present linear calculations remain valuable for identifying the 
optimal frequency ranges for wave power absorption of OWC systems. 
Future work will incorporate these complex effects into the analysis of 
semi-circular OWC systems using CFD simulations.
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Appendix A. Analytical derivation of the coefficients 𝑨𝒋,𝒏
𝒎,𝒍, 𝑪

𝒋,𝒏
𝒎,𝒍, 

𝑫𝒋,𝒏
𝒎,𝒍 and 𝑬

𝒋,𝒏
𝒎,𝒍

After substituting Eqs.  (10) and (13) into Eq.  (20), both sides are 
multiplied by 𝑍𝜁 (𝑧) cos(𝜏𝜃𝑛) and integrated over 𝑧 ∈ [−ℎ, 0] and 𝜃𝑛 ∈
[0, 𝜋]. For any nonnegative integer pair (𝜏, 𝜁 ), this yields 

ℎ𝑘𝜁𝐽
′
𝜏 (𝑘𝜁𝑅i,𝑛)𝐴

𝑗,𝑛
𝜏,𝜁 −

∞
∑

𝑙=0
(𝑋(1,𝑛)

𝜏,𝑙 𝐶𝑗,𝑛
𝜏,𝑙 + 𝑌 (1,𝑛)

𝜏,𝑙 𝐷𝑗,𝑛
𝜏,𝑙 )𝐿

(𝑛)
𝑙,𝜁 = 0, (42)

where 

𝐿(𝑛)
𝑙,𝜁 = ∫

−𝑑𝑛

−ℎ
cos[𝛽𝑙,𝑛(𝑧 + ℎ)]𝑍𝜁 (𝑧) d𝑧 =

(−1)𝑙(ℎ − 𝑑𝑛)2𝑘𝜁𝑍𝜁 (0) sinh[𝑘𝜁 (ℎ − 𝑑𝑛)]

[(ℎ − 𝑑𝑛)2𝑘2𝜁 + 𝑙2𝜋2] cosh(𝑘𝜁ℎ)
,

(43)

𝑋(1,𝑛)
𝜏,𝑙 =

⎧

⎪

⎨

⎪

⎩

𝜏
𝑅𝑛

(𝑅i,𝑛
𝑅𝑛

)𝜏−1
, 𝑙 = 0,

𝛽𝑙,𝑛
𝐼 ′𝜏 (𝛽𝑙,𝑛𝑅i,𝑛)
𝐼𝜏 (𝛽𝑙,𝑛𝑅𝑛)

, 𝑙 ≠ 0,
(44)

𝑌 (1,𝑛)
𝜏,𝑙 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1
𝑅i,𝑛

, 𝜏 = 0, 𝑙 = 0,

− 𝜏
𝑅𝑛

(𝑅i,𝑛
𝑅𝑛

)−𝜏−1
, 𝜏 ≠ 0, 𝑙 = 0,

𝛽𝑙,𝑛
𝐾′
𝜏 (𝛽𝑙,𝑛𝑅i,𝑛)

𝐾𝜏 (𝛽𝑙,𝑛𝑅𝑛)
, 𝑙 ≠ 0.

(45)

After substituting Eqs.  (13) and (19) into Eq.  (21), both sides are 
multiplied by 𝑍𝜁 (𝑧) cos(𝜏𝜃𝑛) and integrated over 𝑧 ∈ [−ℎ, 0] and 𝜃𝑛 ∈
[0, 𝜋]. For any nonnegative integer pair (𝜏, 𝜁 ), this yields 
∞
∑

𝑙=0
(𝑋(2,𝑛)

𝜏,𝑙 𝐶𝑗,𝑛
𝜏,𝑙 + 𝑌 (2,𝑛)

𝜏,𝑙 𝐷𝑗,𝑛
𝜏,𝑙 )𝐿

(𝑛)
𝑙,𝜁 − ℎ𝑘𝜁𝐻

′
𝜏 (𝑘𝜁𝑅𝑛)𝐸

𝑗,𝑛
𝜏,𝜁 −

𝑁
∑

𝑝=1,
𝑝≠𝑛

∞
∑

𝑚=0
𝑇 𝑝,𝑛(1)
𝑚,𝜏,𝜁 𝐸𝑗,𝑝

𝑚,𝜁 =

−
2i𝑔𝐴𝑘
𝜔

𝛿𝑗,0
1

𝑍0(0)
ℎ𝛿𝜁,0𝜖𝜏 (−i)𝜏𝐽 ′

𝜏 (𝑘𝑅𝑛) cos (𝜏𝛽)e−i𝑘𝑥𝑛 cos 𝛽 ,

(46)

where 

𝑇 𝑝,𝑛(1)
𝑚,𝜏,𝜁 =

𝜖𝜏
2

[

𝐻𝑚+𝜏 (𝑘𝜁𝑅𝑝𝑛) + (−1)𝜏𝐻𝑚−𝜏 (𝑘𝜁𝑅𝑝𝑛)
]

ℎ𝑘𝜁𝐽
′
𝜏 (𝑘𝜁𝑅𝑛)e

i(𝑚𝛼𝑝𝑛+𝜏𝛼𝑛𝑝),

(47)

𝑋(2,𝑛)
𝜏,𝑙 =

⎧

⎪

⎨

⎪

⎩

𝜏
𝑅𝑛

, 𝑙 = 0,

𝛽𝑙,𝑛
𝐼 ′𝜏 (𝛽𝑙,𝑛𝑅𝑛)
𝐼𝜏 (𝛽𝑙,𝑛𝑅𝑛)

, 𝑙 ≠ 0,
(48)

𝑌 (2,𝑛)
𝜏,𝑙 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1
𝑅𝑛

, 𝜏 = 0, 𝑙 = 0,

− 𝜏
𝑅𝑛

, 𝜏 ≠ 0, 𝑙 = 0,

𝛽𝑙,𝑛
𝐾′
𝜏 (𝛽𝑙,𝑛𝑅𝑛)

𝐾𝜏 (𝛽𝑙,𝑛𝑅𝑛)
, 𝑙 ≠ 0.

(49)
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After substituting Eqs.  (10) and (13) into Eq.  (22), both sides are 
multiplied by cos[𝛽𝜁,𝑛(𝑧 + ℎ)] cos(𝜏𝜃𝑛) and integrated over 𝑧 ∈ [−ℎ,−𝑑𝑛]
and 𝜃𝑛 ∈ [0, 𝜋]. For any nonnegative integer pair (𝜏, 𝜁 ), this yields 
∞
∑

𝑙=0
𝐽𝜏 (𝑘𝑙𝑅i,𝑛)𝐿

(𝑛)
𝜁,𝑙𝐴

𝑗,𝑛
𝜏,𝑙 − (ℎ − 𝑑𝑛)

(

𝑋(3,𝑛)
𝜏,𝜁 𝐶𝑗,𝑛

𝜏,𝜁 + 𝑌 (3,𝑛)
𝜏,𝜁 𝐷𝑗,𝑛

𝜏,𝜁

)

=
i𝛿𝑗,𝑛
𝜌𝜔

𝛿𝜁,0𝛿𝜏,0(ℎ − 𝑑𝑛),

(50)

where 

𝑋(3,𝑛)
𝜏,𝜁 =

⎧

⎪

⎨

⎪

⎩

(𝑅i,𝑛
𝑅𝑛

)𝜏
, 𝜁 = 0,

𝐼𝜏 (𝛽𝜁,𝑛𝑅i,𝑛)
2𝐼𝜏 (𝛽𝜁,𝑛𝑅𝑛)

, 𝜁 ≠ 0,
(51)

𝑌 (3,𝑛)
𝜏,𝜁 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 + ln(𝑅i,𝑛
𝑅𝑛

), 𝜏 = 0, 𝜁 = 0,
(𝑅i,𝑛

𝑅𝑛

)−𝜏
, 𝜏 ≠ 0, 𝜁 = 0,

𝐾𝜏 (𝛽𝜁,𝑛𝑅i,𝑛)
2𝐾𝜏 (𝛽𝜁,𝑛𝑅𝑛)

, 𝜁 ≠ 0.

(52)

After substituting Eqs.  (13) and (19) into Eq.  (23), both sides are 
multiplied by cos[𝛽𝜁,𝑛(𝑧 + ℎ)] cos(𝜏𝜃𝑛) and integrated over 𝑧 ∈ [−ℎ,−𝑑𝑛]
and 𝜃𝑛 ∈ [0, 𝜋]. For any nonnegative integer pair (𝜏, 𝜁 ), this yields 

ℎ − 𝑑𝑛
𝜖𝜁

(

𝐶𝑗,𝑛
𝜏,𝜁 +𝐷𝑗,𝑛

𝜏,𝜁

)

−
∞
∑

𝑙=0
𝐻𝜏 (𝑘𝑙𝑅𝑛)𝐿

(𝑛)
𝜁,𝑙𝐸

𝑗,𝑛
𝜏,𝑙 −

𝑁
∑

𝑝=1,
𝑝≠𝑛

∞
∑

𝑚=0

∞
∑

𝑙=0
𝑇 𝑝,𝑛(2)
𝑚,𝜏,𝑙 𝐿

(𝑛)
𝜁,𝑙𝐸

𝑗,𝑝
𝑚,𝑙 =

−
2i𝑔𝐴
𝜔

𝛿𝑗,0
1

𝑍0(0)
𝐿(𝑛)

𝜁,0𝜖𝜏 (−i)
𝜏𝐽𝜏 (𝑘𝑅𝑛) cos (𝜏𝛽)e−i𝑘𝑥𝑛 cos 𝛽 ,

(53)

where 

𝑇 𝑝,𝑛(2)
𝑚,𝜏,𝑙 =

𝜖𝜏
2

[

𝐻𝑚+𝜏 (𝑘𝑙𝑅𝑝𝑛) + (−1)𝜏𝐻𝑚−𝜏 (𝑘𝑙𝑅𝑝𝑛)
]

𝐽𝜏 (𝑘𝑙𝑅𝑛)e
i(𝑚𝛼𝑝𝑛+𝜏𝛼𝑛𝑝). (54)

A truncated linear algebraic system is obtained from Eqs.  (42), (46), 
(50) and (53) to determine the unknown coefficients 𝐴𝑗,𝑛

𝑚,𝑙, 𝐶
𝑗,𝑛
𝑚,𝑙, 𝐷

𝑗,𝑛
𝑚,𝑙 and 

𝐸𝑗,𝑛
𝑚,𝑙 numerically. Specifically, the infinite series in cos(𝑚𝜃), 𝑍𝑙(𝑧), and 

cos[𝛽𝑙(𝑧 + ℎ)] are truncated at 𝑚 = 𝑀 and 𝑙 = 𝐿. This yields a total of 
4𝑁(𝑀+1)(𝐿+1) unknown coefficients, namely 𝐴𝑗,𝑛

𝑚,𝑙, 𝐶
𝑗,𝑛
𝑚,𝑙, 𝐷

𝑗,𝑛
𝑚,𝑙 and 𝐸

𝑗,𝑛
𝑚,𝑙, 

which are solved using an equal number of equations provided by Eqs. 
(42), (46), (50) and (53).

Appendix B. Analytical expressions of wave forces acting on each 
semi-circular OWC

𝐹 𝑖𝑛(𝑛)
𝑐𝑦𝑙,𝑥,𝑗 = i𝜔𝜌∫

0

−𝑑𝑛
∫

𝜋

0
𝜙𝑗,𝑛|𝑟=𝑅−i,𝑛

𝑅i,𝑛 cos 𝜃𝑛d𝜃𝑛d𝑧 = 𝜋
2
i𝜔𝜌𝑅i,𝑛

∞
∑

𝑙=0
𝐴𝑗,𝑛

1,𝑙 𝐽1(𝑘𝑙𝑅i,𝑛)𝐾
(𝑛)
𝑙 ,

(55)

and 

𝐹 𝑖𝑛(𝑛)
𝑐𝑦𝑙,𝑦,𝑗 = i𝜔𝜌∫

0

−𝑑𝑛
∫

𝜋

0
𝜙𝑗,𝑛|𝑟=𝑅−

i,𝑛
𝑅i,𝑛 sin 𝜃𝑛d𝜃𝑛d𝑧

= i𝜔𝜌𝑅i,𝑛

( ∞
∑

𝑚=0

∞
∑

𝑙=0
𝐴𝑗,𝑛
𝑚,𝑙𝐽𝑚(𝑘𝑙𝑅i,𝑛)𝐹 (𝑛)

𝑚 𝐾 (𝑛)
𝑙 − 2

i𝛿𝑗,𝑛
𝜌𝜔

𝑑𝑛

)

,
(56)

where 

𝐹 (𝑛)
𝑚 = ∫

𝜋

0
cos(𝑚𝜃𝑛) sin 𝜃𝑛d𝜃𝑛 =

{

0, 𝑚 is odd,
2

1−𝑚2 , 𝑚 is even, (57)

and 

𝐾 (𝑛)
𝑙 = 𝑁−1∕2

𝑙
1
𝑘𝑙

(

sinh(𝑘𝑙ℎ) − sinh[𝑘𝑙(ℎ − 𝑑𝑛)]
)

. (58)

Furthermore,

𝐹 𝑜𝑢𝑡(𝑛)
𝑐𝑦𝑙,𝑥,𝑗 = −i𝜔𝜌∫

0

−𝑑𝑛
∫

𝜋

0
𝜙𝑜𝑢𝑡
𝑗 |𝑟=𝑅+

𝑛
𝑅𝑛 cos 𝜃𝑛d𝜃𝑛d𝑧

= −𝜋
2
i𝜔𝜌𝑅𝑛

( ∞
∑

𝑙=0
𝐸𝑗,𝑛
1,𝑙𝐻1(𝑘𝑙𝑅𝑛)𝐾

(𝑛)
𝑙 +

𝑁
∑

𝑝=1,
𝑝≠𝑛

∞
∑

𝑚=0

∞
∑

𝑙=0
𝐸𝑗,𝑝
𝑚,𝑙𝐾

(𝑛)
𝑙 𝑇 𝑝,𝑛(2)

𝑚,1,𝑙

−
4𝛿𝑗,0𝑔𝐴

𝜔
𝑁1∕2

0 𝐾 (𝑛)
0

cosh(𝑘ℎ)
𝐽1(𝑘𝑅𝑛)e−i𝑘𝑥𝑛 cos 𝛽 cos 𝛽

)

,

(59)

and 

𝐹 𝑜𝑢𝑡(𝑛)
𝑐𝑦𝑙,𝑦,𝑗 = −i𝜔𝜌∫

0

−𝑑𝑛
∫

𝜋

0
𝜙𝑜𝑢𝑡
𝑗 |𝑟=𝑅+

𝑛
𝑅𝑛 sin 𝜃𝑛d𝜃𝑛d𝑧

= −i𝜔𝜌𝑅𝑛

( ∞
∑

𝑚=0

∞
∑

𝑙=0
𝐸𝑗,𝑛

𝑚,𝑙𝐻𝑚(𝑘𝑙𝑅𝑛)𝐹 (𝑛)
𝑚 𝐾 (𝑛)

𝑙

+
𝑁
∑

𝑝=1,
𝑝≠𝑛

∞
∑

𝑚=0

∞
∑

𝑙=0
𝐸𝑗,𝑝

𝑚,𝑙𝐾
(𝑛)
𝑙

∞
∑

𝑚′=−∞
𝐹 (𝑛)
𝑚′ 𝐻𝑚+𝑚′ (𝑘𝑙𝑅𝑝𝑛)𝐽𝑚′ (𝑘𝑙𝑅𝑛)ei(𝑚𝛼𝑝𝑛+𝑚

′𝛼𝑛𝑝)

−𝛿𝑗,0
2i𝑔𝐴
𝜔

𝑁1∕2
0 𝐾 (𝑛)

0

cosh(𝑘ℎ)
e−i𝑘𝑥𝑛 cos 𝛽

∞
∑

𝑚=0
𝜖𝑚(−i)𝑚𝐽𝑚(𝑘𝑅𝑛) cos(𝑚𝛽)𝐹 (𝑛)

𝑚

)

.

(60)
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