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The solid-vapor interfacial free energy s, plays an important role in a number of physical phe-
nomena, such as adsorption, wetting and adhesion. We propose a closed form expression for the
orientation averaged value of this quantity using a statistical mechanical perturbation approach
developed in the theory of liquids. Calculations of =5, along the sublimation line for systems char-
acterized by truncated and shifted Lennard-Jones potential are presented. Within the temperature
range studied - not far from the triple point - model predictions are in good agreement with molec-
ular dynamics simulations. At the triple point itself the model yields interfacial tensions between
the three coexisting phases - solid-vapor, liquid-vapor and solid-liquid. The latter is obtained by
means of Antonow’s rule. All three triple point values perfectly agree with simulation results.

I. INTRODUCTION

The solid-vapor interfacial free energy s, plays an im-
portant role in a number of physical phenomena, such as
wetting, nucleation, adsorption and surface wear!’-3. In
particular, s, enters the Dupré-Young equation describ-
ing a liquid droplet resting on a rigid flat surface of solid
exposed to vapor?

Ysv = Vst + Yiv COS 97 (1)

where 75 and -y, are the solid-liquid and liquid-vapor
interfacial free energies, respectively, and 6 is the equi-
librium contact angle. The Dupré-Young equation plays
a key role in the theory of wetting phenomena. If the
three free energies are known, the wetting state of the
fluid follows directly. When ~s, < 7vsi + Y0, & droplet
with finite contact angle # minimizes the free energy of
the system, resulting in partial wetting. On the other
hand, if vs, = vs1 + 710, the contact angle is zero result-
ing in complete wetting when a macroscopic liquid layer
covers the whole solid surface. In nucleation studies the
interfacial free energy is one of the key parameters deter-
mining the nucleation barrier and nucleation rate?.

A specific feature of interfaces involving solids is that
the interfacial free energy is not equal to the interfacial
tension (stress) 7s, (being the average of the lateral com-
ponents of the surface stress tensor). The two quantities
are related by®

dvsy
dA

Tsv = Ysv T A

where A is the surface area. The difference between 7,
and ~s, stems from the fact that unlike a fluid, crystal is
able to support stress. For fluids, dvys,/dA = 0 because

*E-mail: Vitaly.Kalikmanov@twisterbv.com

the fluid-fluid interface is insensitive to strain. Solid in-
terfaces are in general sensitive to strain upon compres-
sion or stretching yielding the inequality 7, # vVso-

Among the four quantities entering Eq. (1) only two
- Vv and @ - are directly accessible in experiment, while
it is still difficult to measure 4, and 5. The solid-
liquid and solid-vapor interfacial free energies were mea-
sured for a very limited number of substances®®. That is
why a number of theoretical and simulation efforts have
been undertaken to calculate these quantities in the ab-
sence of experimental means. Theoretically, the primary
approach was the use of the density functional theory
applied for a number of simple systems, such as hard
spheres and Lennard-Jones systems®-''. The solid-liquid
interfacial free energy was studied in molecular dynam-
ics (MD) simulation for hard spheres'®!3, soft spheres'4,
Lennard-Jones fluids and their mixtures

15,16

The important feature of solid-vapor interfacial free en-
ergy is that it is a property of the solid and as such does
not depend on the particular liquid wetting it (partially
or completely). This is the reason that v, is frequently
referred to as the solid surface free energy. Molecular
dynamics simulations of solid-vapor interfaces were pio-
neered by Broughton and Gilmer!” '8, They considered
a two-phase system consisting of a slab of a crystal in-
teracting with a slab of vapor. Performing simulations in
the two bulk systems - solid and vapor and the two-phase
vapor-solid system, they calculated the surface excess en-
tropy S*° at temperature 7' from numerical integration of
the surface excess energy E® and stress data from the
zero Kelvin limit

T
S5 =S5+ / (dE® — 5,dA)/T
0

where Sj is the zero Kelvin value obtained from lattice
dynamics. The quantities E*(T") and 74, (T") were derived
from polynomial fits of the bulk and two-phase simula-
tion data. Applying the concept of the Gibbs equimolar
dividing surface, the solid-vapor interfacial free energy is



found from the relationship (see, e.g.,'?)

B - TS5®
Vsv = A

Smith and Lynden-Bell?® proposed an alternative
method in which instead of thermodynamic integration
over the temperature one performs simulations at a sin-
gle temperature of interest by varying the interaction
between crystal slabs from full to no interactions. This
method was recently developed by Modak, Wyslouzil and
Singer?! who applied it for calculations of the vapor-solid
surface free energy of n-alkanes. The solid surface free
energy plays an important role in material science. The
temperature dependence of -4, for Cu was studied in
Monte Carlo simulations??,2%, where it was found that
Ysv decreases with temperature.

In the present paper we propose an alternative ana-
lytical route to calculate s, originating from the liquid
state theory. In 1949 Kirkwood and Buff?* derived an ex-
act expression for the interfacial free energy of a planar
liquid-vapor interface in a system of pairwise interacting
particles:

1o 321 ’ (2)
T =7 dzy [ drig (r12 — —= ) ¥/ (r12) p'¥(r1,r2;p)
— 00

12

(2)
Here p®)(r1,ro;p) is a pair distribution function of the
two-phase system, describing correlations between par-
ticles located at the points r1 and ro, r12 = r1 —1r9; p
is the number density, © = d/dri2, inhomogeneity is in
the z direction. Note, that the original derivation of ~;,
in Ref.?* was based on the microscopic pressure tensor,
P, considerations. Meanwhile, as found by Schofield and
Henderson?®, the form of p is not unique. The same
result (2) can be derived avoiding the ambiguity in p
using general statistical thermodynamic considerations
(see, e.g.,26,19).

Application of Eq. (2) for 7, requires the knowledge
of p(® and p. Unfortunately, no practicable and exact
routes exist to determine these functions in the interfacial
domain from the knowledge of u(r) only. If the density
difference between the phases is substantial, which is the
case of vapor-liquid interface far from the critical point,
one can resort to the Fowler approximation in which the
physical transition zone is shrunk to a mathematical sur-
fage of density discontinuity. Equation (2) then results
in26

Vv = % (Pl)Q /000 i (r) g(r; o', T) drr (3)

where p!(T) is the number density of the bulk liquid and
g(r; p',T) is the pair correlation function in the bulk lig-
uid.

The present paper is based on the observation that
similar considerations are applicable to the solid-vapor
interface not far from the triple point Trp. Indeed, as
found in MD simulations of Broughton and Gilmer'®, the

surface free energy s, is nearly isotropic within 20% of
the triple point (as opposed to the surface stress 75, which
remains highly anisotropic at all temperatures). It is also
obvious, that the density difference between solid and va-
por is high which justifies the use of the Fowler approxi-
mation. We construct a simple theoretical model for the
orientation-averaged surface free energy of a crystal not
far Trp. The model is based on the ideas of the statis-
tical mechanical perturbation approach developed in the
theory of liquids (see e.g.,') which was applied earlier to
calculation of the vapor-liquid interfacial free energy?’.
Within the framework of the perturbation approach the
intermolecular interaction potential u(r), r being the in-
termolecular separation, is decomposed into the reference
uo(r) and perturbative uq(r) part: u(r) = uo(r) + u1 (r).
Consequently, the system under study is decomposed into
a reference model, characterized by a reference potential
uo and the same density and temperature as the original
system, and a perturbation. Properties of the reference
model are assumed to be known to appreciable accuracy.
The thermodynamics of the full system is obtained by
appropriate averaging of the perturbation over the ref-
erence model. The peculiar thing about application of
this approach to condensed system is that the reference
model must be nonideal. In most cases it is a hard-sphere
system with an appropriately chosen effective diameter.
The reason for the success of perturbation theories is that
the structure of a liquid is determined primarily by the
repulsive (hard-core) part of the interaction, while the at-
tractive part provides a uniform background potential in
which the molecules move. Within the first-order (mean-
field) approach the free energy expansion in e, where €
is the depth of the interaction potential u(r), 8 = 1/kpT,
T is the temperature, kg is the Boltzmann constant, is
truncated at the first order term which represents the
average contribution of attractive interactions to the free
energy. The higher-order terms take into account effects
of changing structure resulting from the perturbation.
If the density is high, as in liquids (and solids), these
changes in structure become increasingly difficult since
particles are closely packed. Therefore, at high densities
the higher-order perturbation terms become small and
the perturbation expansion converges rapidly even if Se
is not small. This is one of the main reasons for the
success of the mean-field perturbation approach in the
theory of liquids.

Applying the mean-field perturbation approach to
solids, it is necessary to bear in mind that by con-
struction the free energy expansion in [e remains a
high-temperature approximation and diverges in the zero
Kelvin limit. Therefore, the theory discussed in the
present paper is valid for temperatures not too far from
the triple point. Based on MD simulations'® the tem-
perature range for applicability of the model can be set
equal to 0.8Trp < T < Trp.

The paper is organized as follows. In Sect. II we formu-
late the framework of statistical mechanical perturbation
approach to describe the surface-vapor phase equilibrium



along the sublimation line. In Sect. III we present the
results of calculations of the interfacial free energy for the
system described by the truncated and shifted LJ poten-
tial and compare our theoretical predictions with avail-
able simulation data. Separate attention is paid to the
triple point in which the theory allows calculation of all
three interfacial free energies - vapor-solid, liquid-vapor
and liquid-solid. We finish by presenting our conclusions.

II. PERTURBATION APPROACH TO
INTERFACIAL FREE ENERGY

To calculate the solid-vapor interfacial free energy

8]-")
Ysv = | 34 ) (4)
<6A N, V,T

where F is the Helmholtz free energy of the two-phase
solid-vapor system, containing N molecules in the volume
V', we follow the same lines as in the theory of vapor-
liquid interface?®. We assume that

(i) the intermolecular interaction energy is pairwise ad-
ditive,

(ii) the interaction potential u(r) (where r is the inter-
molecular separation) is spherically symmetric, and

(iil) inhomogeneity is in the z direction.

The quantity s, discussed in the present paper, is
the orientation averaged plane layer property. Our start-
ing point is the Fowler approximation (3) written for the
solid-vapor system

Vsv = 5

20 [Tt Dar )

where p®(T') is the number density of the bulk solid and
g(r; p°,T) is the pair correlation function in the bulk
solid. Let us introduce the (orientation-averaged) cav-
ity function in the solid phase

y(r;p*, T) = g(r; p*, T) (") (6)

The important feature of y(r) is that it remains continu-
ous for all values of r as opposed to g(r) which can have
a finite jump for discontinuous intermolecular potentials,
e.g. for hard spheres'®. Using (6), Eq.(5) can be written
as:

™

Ysu = = (p°)7 kT [aa (T) + as(p®, T, (7)

m
8

where
o (T) = - / TP dr (8)
as(p”.T) = — / TPy T) - dr (9)

Here f = e A% —1 is the Mayer function of the potential
u(r). Integration of (8) by parts yields

o (T) = 4 /OOO Fr)r dr (10)

The temperature-dependent quantity aq(7") is thus cal-
culated straightforwardly for a given interaction potential

u(r).

u u

u(r) uqr)

-€

FIG. 1: Weeks-Chandler-Andersen decomposition of a typi-
cal interaction potential u(r); uo(r) - reference part, ui(r) -
perturbation.

In what follows we focus on evaluation of as(p®,T).
A typical interaction potential u(r) is characterized by
a short-range repulsive and a long-range attractive part
as schematically depicted in Fig. 1. Using the Weeks-
Chandler-Andersen (WCA) perturbation theory?®, we
decompose u(r) into the reference ug(r) and perturba-
tive u1(r) part: u(r) = uo(r) + uq(r) with

_Joulr)+e€ forr <rp,
UO(T)_{O forr>r,, , (11)

—e forr <rp ,
w(r) = { u(r) forr > ry, ,

where € is the depth of the potential and r,, is the corre-
sponding value of r: u(r,,) = —e. Figure 2 schematically
shows the behavior of the quantities entering Eq. (9) -
the derivative of the Mayer function f’(r) and the cavity
function y(r) - for a typical interaction potential u(r).

In the domain r < ry,, the function f’(r) has a sharp
positive peak at some r( close to 7, whereas y(r) mono-
tonically decreases. In the domain r > r,, the func-
tion f’(r) is negative and asymptotically tends to zero,
whereas [y(r) — 1] oscillates about zero'®. In view of these
oscillations we set the upper limit of the integral in (9)
equal to 7y,.

Consider the domain r < 7,,. Here from (11)

fi(r) = fo(r)e?s, v <rm (12)

where fo(r) = e #0(") — 1 is the Mayer function of the
reference system. By virtue of the perturbation approach
we approximate (12) as

f(r) = fo(r) (L + Be), 1<y
In the same domain one can replace the function y(r) by
its repulsive counterpart yo(r) = go(r)e?“ ("), because
y(r) and yo(r) are quite similar; here go(r; p, T') is the pair



df/dr

df/dr, y

FIG. 2: Behavior of the derivative of the Mayer function f(r)
and the cavity function y(r) for a typical interaction potential

u(r).

correlation function of the reference system. Equation (9)
takes the form

Q2 = — /Orm r fo(r) (1 + Be)lyo(r) — 1] dr (13)

Function f{(r) has a sharp peak at the same ry < ry, as
f/(r), and therefore the major contribution to the inte-
gral comes from the vicinity of 7o, where yo(r) behaves to

first order as a straight line with a negative slope (%) R
(see Fig. 2):

Yo(r) = yo(R) + (%)R(T—R)—i—... (14)

Here R is a point near rg which will be specified below.
Substitution of (14) into (13) gives:

Qo >~ ag+ay +az + ...

where
— (R " T) — 1] / Syt dr

a1 = —Pelyo(R; p°, T) —1/ fo(ryrtdr

on{-(2),) [ e

One can see that a; < 0 and as > 0 for all tempera-
tures (for a reasonable choice of R). At low temperatures
a1(p®,T) and az(p®, T) compensate each other. This im-
plies that it is plausible to set: s =~ ag, which after
integration by parts yields

s = 4[yo(R; p*, T) — 1] Orm fordr  (15)

Since the reference interaction is harshly repulsive, the
cavity function yo(r) is fairly insensitive to a particular
form of ug(r) and can be accurately mimicked by the cav-
ity function of the hard-sphere system in the solid phase
Y3 5(r; p°) with a suitably defined effective diameter dgg.
Within the WCA theory the effective diameter reads

1/3

dys = [3/ (1-efwm) r2 dr} (16)
0

The quantity yo(R) is then replaced by the value of y3; 4
at contact: yo(R;p®) =~ yio(das; p®) = yj. Combining
(7), (10) and (15), we obtain
T e e] Tm
o= 3 PR | [ a1 [ e
0
(17)

The virial equation of state for hard spheres reads'®

0

p
——— =1+4 s 18
kT +4nHs yq (18)

where p is the pressure, p is the density, and ngg is the

hard sphere packing fraction ngs = (7/6) pdi;g. From
(18)

p
i=l—-1 4 19
vi= (g = 1) /anus) (19)
In the solid phase the compressibility factor of hard
spheres is accurately described by Hall’s equation of
state?”

3
P__°2 + 2.557696 + 0.1253077 A 4 0.176239 \?
pksT &

—  1.053308 A% + 2.818621 A\* — 2.921934 \5 + 1.118413 X6

where

g=2r 1 N=4 <17’H—S)
NHS Tlep

and 7., is the close packing; for the face-centered cubic
(fec) lattice® ., = 7/2/6 .

IIT. RESULTS AND DISCUSSION

We illustrate the proposed model for the Lennard-
Jones (LJ) system with the interaction potential

st =4e[(2)"- (2]

As is common we introduce the reduced variables, in
which distances are measured in the units of ¢ and en-
ergy - in the units of e: r* = r/o, u* = u/e. The reduced
temperature, number density and interfacial free energy
become, respectively: T* = kgT/e, p* = po?, 7%, =



Ysv 02 /€. Equation (17) in reduced units reads (the su-
perscript ”*” is omitted):

o =5 (0 T+ @wi—Dhl  (20)
with
ha (T) = / T ) dr, he(T) = Om Folr)r® dr
’ (21)

and r,,, = 2/6. Calculations of 7, requires the solid den-
sity along the sublimation line. Solid-vapor coexistence
in LJ systems was studied by van der Hoef3! who derived
p*(T) from equation of state based on the free energy of
the fcc LJ crystal:

4
(1) =S b T* (22)

k=0
where by = 1.091, by = —0.134343,b, =
—0.0950795, b3 = 0.137215,b4 = —0.161890. This

expression is in excellent agreement with Monte Carlo
simulations of Barroso and Ferreira?? based on the
Einstein crystal method of Frenkel and Ladd?3.

Broughton and Gilmer!"'® studied the surface free en-
ergy of the LJ crystal using the MD simulations for the
truncated and shifted LJ potential

4 [r 12 =754+ Cy, r<23
027“_12 + 037“_6 + 047“2 +Cs5, 23<r<
0, »>25

uirg(r) =

where C7 = 0.016132, Cy = 3136.6, C's = —68.069, Cy =
—0.083312,C5 = 0.74689. [Note, that, as indicated ear-
lier by Laird and Davidchak®?, the sign of Cy was in-
correctly reported as positive in Brouhgton and Gilmer’s
original papers]. Such a choice provides continuity of the
uer,g(r) and its first derivatives at r = 2.3 and r = 2.5.
The triple point temperature for this potential was found
to be Trp = 0.617.

The results for 7, from Eqgs.(20) -(22) using the same
interaction potential u;z,;(r) are shown in Fig. 3. Within
the framework of the perturbation approach we are lim-
ited to the temperatures which are not too low, i.e. not
far from the triple point. With this in mind calcula-
tions are performed for the temperature range 0.5 < T <
0.617. Also shown in Fig. 3 are MD simulation results
of Ref.1” derived by thermodynamic integration from the
zero temperature limit which are in good agreement with
the model predictions. An important observation result-
ing from simulations'7 is that in the temperature range
0.5 < T < 0.617 the free energies of the crystal faces -
(111), (100), and (110) - are nearly identical and the dif-
ferences are in the range of statistical uncertainty of the
data, which justifies the use of the orientation averaged
sy in the present model.

One can notice that the curvature of v, (7") is oppo-
site to that of the simulation data. A possible reason for
that can be the use in Eq. (17) of the cavity function of

hard spheres y3;4(r) instead of the cavity function yo(r)
of the reference system. Unfortunately, the behavior of
yo(r; p°, T) is not known. Meanwhile, as it is shown in
the WCA theory?®, the choice of the reference model ac-
cording to the WCA decomposition (11) provides the ap-
proximate equality of yg and its hard-sphere counterpart
Yig to the high degree of accuracy.

1.8

0.8

O'60.5 0.55 0.6 0.65

V3]
2 F}IG. 3: Solid-vapor interfacial free energy of the truncated

and shifted LJ system along the sublimation line. Solid line:
present model; closed squares: MD simulations of Broughton
and Gilmer'”. Arrow indicates the triple point Trp = 0.617
found in MD simulations of'” and MC simulations of Barroso
et al.>2. Open circle: liquid-vapor surface free energy at the
triple point 7., (Trp) predicted by the present model; closed
triangle: 71, (Trp) found in MD simulations of Ref.'7.

The same approach can be applied to vapor-liguid sur-
face free energy 7;, not close to the critical point?": ~;,
is then given by Eq.(20) in which p® should be replaced
by the liquid density p! at vapor-liquid coexistence and
Y5 - by the corresponding quantity for the liguid hard
spheres, yé.

(") T [h1 + (yh — 1) o] (24)

o N

Yiv =

The quantity yfi is found from the highly accurate
Carnahan-Starling theory (see e.g.!%):

4-2n)

T (25)

vy =

where 1, = (7/6) p' d%;¢ and the hard-sphere diameter
dus is given by Eq. (16).

It is instructive to calculate all interfacial free energies
- vapor-solid, liquid-vapor and liquid-solid - at the triple
point Trp where all three phases coexist. Davidchack



and Laird!'® performed MD simulations of crystal-melt
interface for the same truncated and shifted LJ potential
as used by Broughton and Gilmer. The coexistence liquid
density at the triple point was found to be pl (Trp) =
0.828. From Egs. (24)-(25), we find 7, (Trp) = 0.760
which is in perfect agreement with the simulation result
of Ref.!” 4MP = (.75 £ 0.05.

Note, that the value of ~;, at the triple point found
in Ref.?” was higher: v;,(Trp) ~ 1.4 - which is due to
the fact the coexistence liquid density in?” was calculated
from the Song and Mason equation of state3®. The lat-
ter is known to be accurate at higher temperatures but
overestimates liquid densities (compared to simulations)
as the triple point is approached3®.

Assuming that liquid perfectly wets its own solid, we
apply Antonow’s rule?8

Vsv = Vsl T Vv (26)

which corresponds to the Dupré-Young equation (1 ) for
the case when liquid is spread as a film over the solid-
vapor interface yielding 6 = 0. From (26) we determine
the solid-liquid interfacial free energy ~s at the triple
point:

Ysi(Trp) = Vso(Trp) — Yiw(Trp) =~ 0.374

The orientation averaged value of g, found in MD
simulations!6 is ¥#P = 0.360 + 0.02 which agrees with
our theoretical estimate within 3.8% accuracy. The val-
ues of interfacial free energy at the triple point resulting

from the present model and found in MD simulations are
summarized in Table I.

TABLE I: Triple point values of the interfacial free energy.
Theory: present model; MD-BG: MD simulations of Ref.'";
MD-DL: MD simulations of Ref.®

Theory MD-BG MD-DL
vee 1134 1.16
YW 0.760  0.75
v 0374 0.35

0.360

In conclusion, we proposed a closed form expression
(17) for the solid-vapor interfacial free energy, based on
the statistical mechanical perturbation approach. The
model is applied to calculate s, for the LJ system along
the sublimation line for temperatures not far from the
triple point. Application of the model at the triple point
itself yields interfacial free energies between all three co-
existing phases. Model predictions are in good agreement
with MD simulations.
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