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A B S T R A C T   

Railway transition zones (RTZs) are regions where abrupt track stiffness changes occur that may lead to dynamic 
amplifications and subsequent track deterioration. The design challenges for these zones arise due to variations 
in material properties in both the depth (trackbed layers composed of different materials) and longitudinal di-
rections of the track, as well as temporal variations in mechanical properties of materials due to several external 
factors over the operational period. This research aims to investigate the effects of these variations in material 
properties (i.e., of the resulting stiffness distributions in vertical and longitudinal directions) on the behaviour of 
RTZs, assess from this perspective the performance of a novel transition structure called the SHIELD, and 
establish a methodology for designing a robust solution to mitigate the dynamic amplifications in these zones. 
Results indicate that stiffness variations in both vertical and longitudinal directions significantly influence the 
dynamic behaviour of the RTZs. The study also suggests a permissible range of stiffness ratios to control the 
amplification of strain energy in the most critical components of RTZs, both in the initial state as well as during 
the operational phase (where material properties may vary over time). Moreover, the proposed methodology 
offers a valuable tool for the design and evaluation of RTZs and is applicable to various transition types and a 
broad spectrum of material properties.   

1. Introduction 

Railway transition zones (RTZs) are critical regions where the track 
stiffness changes abruptly, such as in the transition from a ballasted 
track to a track supported by a concrete structure. In these zones, dy-
namic amplification due to moving loads can lead to increased track 
deterioration and reduced service life [1]. In [2], a detailed literature 
review is presented, concerning the problem of amplified degradation in 
RTZs due to an abrupt stiffness variation in the foundation. Another 
detailed study [3] presents an overview of the existing mitigation 
measures (both preventive and corrective) on superstructure and sub-
structure levels to deal with the dynamic amplifications in RTZs. Even 
though the influence of an abrupt increase in track stiffness in the lon-
gitudinal direction experienced by the moving load has been studied in 
the past [4–9], an effective design solution is lacking in practice. In 
addition to this, the trackbed layers (ballast, embankment and subgrade) 
are composed of materials with varying properties which adds to the 
complexity of the problem at hand [10,11]. There have been some 
studies [12,13] in the past on the influence of material parameters on 

the dynamic properties of railway transition zones. However, the cur-
rent literature has no evidence of the influence of the distribution of 
material properties along the depth of the railway track on the behav-
iour of RTZs. 

Even though transition structures like approach slabs [14–17] and 
transition wedges [18–21] are designed with an aim to achieve a gradual 
stiffness distribution in the longitudinal direction, it is difficult to 
maintain the robustness of the design of these transition structures as 
they are subjected to temporal variations in the mechanical properties of 
the materials due to environmental factors [22–24], geotechnical con-
ditions [25], operation-induced wearing of materials etc. These factors 
lead to changes in the mechanical properties of the materials in terms of 
elastic moduli, densities and Poisson’s ratios [24]. The influence of the 
variations in the mechanical properties of the materials on the perfor-
mance of the transition structure is unknown. Therefore, a robust design 
solution for RTZs must take into account these variations in the above- 
mentioned material parameters and the related studies are lacking in 
the current literature. 

This paper has three objectives. Firstly, the influence of the 
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distribution of material properties along the depth and longitudinal di-
rections of the track on the dynamic behaviour of a typical RTZ is 
investigated (Section 3.1). Secondly, the same analysis is performed for 
a specific transition structure, namely the safe hull-inspired energy 
limiting design (SHIELD) proposed by some of the authors in [26] 
(Section 3.2). The existing literature [18,19,2,3,27] shows that attempts 
have been made to mitigate the transition effects by providing a 
smoother stiffness transition (in the longitudinal direction) in the 
foundation, but it has been a challenge to quantify the permissible 
stiffness variation that is required to mitigate the dynamic amplifica-
tions in RTZs. Therefore, as a third objective, an appropriate set of 

material parameters for the design of the transition structure (SHIELD) 
to minimise the dynamic amplifications in RTZs is established. Based on 
that, the findings of this research will establish a methodology (Section 
3.3) for designers to adopt an appropriate distribution of the material 
properties (in space and accounting for variation over the operation 
period) of the trackbed layers and to choose appropriate material pa-
rameters for the design of transition structures, ultimately improving 
their effectiveness and prolonging the service life of railway tracks in 
transition zones. 

Fig. 1. Framework for evaluation of railway transition zones.  

Fig. 2. (a) Geometric details of an embankment-bridge transition, (b) time history of total strain energy in OT, AZ-I and AZ-II for an embankment-bridge transition.  
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2. Evaluation of railway transition zones: Methods 

Fig. 1 shows a flow diagram of the steps/ methods adopted for the 
evaluation of railway transition zones using a framework for sensitivity 
analysis [28]. Each of the steps mentioned in the figure is discussed in 
detail in the following subsections. 

2.1. Finite element models 

The output from finite element simulations is used to create Poly-
nomial Chaos Expansion (PCE) surrogate models. For this purpose, two 
finite element models are used in the present work. The first model 
(model 1) represents an embankment-bridge transition and the second 
model (model 2) incorporates a safe hull-inspired energy-limiting design 
of transition structure proposed by some of the authors in [26]. Both 
models include rail, sleepers, rail-pads, ballast, embankment and sub-
grade. Rails, rail-pads and sleepers have standard dimensions and ma-
terial properties [8]. 

A 2-dimensional plane strain model (Fig. 2) of an embankment 
bridge transition was used with linear elastic materials. An axle load of 
90 kN moving with a velocity of 144 km/hr was simulated using the 
DLOAD subroutine in Abaqus [29]. The details of the model used can be 
found in [8,26]. In accordance with the design criterion proposed in [8], 
the strain energy amplification in the approach zones (AZ) relative to the 
open track (OT) is studied for both models. In [8] authors presented a 
detailed analysis of kinematic response, Von Mises stress and mechani-
cal energy (kinetic and strain energy) variations in all track components 
(rail, sleepers, ballast, railpad, embankment and subgrade). The strain 
energy was shown to be the most comprehensive quantity to evaluate 
the railway transition as it comprises both distortional and volumetric 
components of the strain energy, while Von Mises stress for instance 
only captures the distortional component of energy. The total strain 
energy used for computations in this work is the volume integral of the 
strain energy density (only the dynamic contribution) in the zones under 
study. A detailed derivation of the expression for the total strain energy 
can be found in [30]. It is to be noted that the strain energy amplification 
is studied only for the ballast layer in both models as it is the most 
critical layer in terms of dynamic amplifications according to [8] (model 
1) and [26] (model 2). 

Bridge-embankment railway transition zone (model 1): A bridge- 
embankment transition is one of the most critical types of railway 
transition zones where the stiffness change is observed on multiple 
levels, i.e., the interaction of all trackbed layers (ballast, embankment 
and subgrade) with the concrete structure. In a detailed study [8] as 

mentioned above, it was concluded that the amplification in the total 
strain energy in the trackbed layers in the proximity of the transition 
interface relative to the open tracks can be associated with the non- 
uniformity in degradation observed along the longitudinal direction of 
the track. However, this study was performed for a specific set of me-
chanical properties of trackbed layer materials (Table 1). Therefore, this 
paper will assess the sensitivity of the dynamic response of the RTZ to 
the variation in the mechanical properties of trackbed materials in 
vertical and longitudinal directions. 

For this purpose, the mechanical parameters used to define the ma-
terial of ballast, embankment and subgrade layers tabulated in Table 1 
are varied as shown in Table 4. Fig. 2 shows the time history of the total 
strain energy in the ballast layer in open track (7.5 m) and approach 
zones (7.5 m), with an amplification of approximately 9% in the vicinity 
of the transition interface for model 1. The sensitivity of this amplifi-
cation to the variation in material properties of the trackbed layers is 
studied in terms of magnification factor (YRTZ) defined in 2.3. 

Bridge-embankment transition with SHIELD (model 2): This model is a 
modified version of model 1, as it has the transition structure proposed 
by the authors in [26]. This transition structure is placed between the 
ballasted track and the ballastless track to minimise the dynamic am-
plifications and guarantee a smooth variation of the total strain energy 
in the longitudinal direction. However, in [26], the design and evalua-
tion of this transition structure were performed using a particular set of 
material properties of trackbed layers (Table 1). Also, the mechanical 
properties of the transition structure (Table 2) were chosen to provide a 
smooth transition from certain materials in trackbed layers to a concrete 
structure. Hence, in this paper, the effect of variation in the material 
parameters of the trackbed layers on the choice of design parameters of 
the transition structure will be assessed. 

For this purpose, the mechanical parameters used to define the ma-
terial of ballast, embankment, subgrade layers and the transition 
structure (TS) tabulated in Table 2 are varied as mentioned in Table 5. 
Fig. 3 shows the time history of the total strain energy in the ballast layer 
in open track (7.5 m) and approach zones (7.5 m), with no amplification 
of total strain energy in any of the approach zones for the set of pa-
rameters used to design this particular transition structure (model 2). It 
can be seen that the total strain energy in AZ-II is much lower (65%) 
compared to OT. However, the total strain energy in AZ-I (38% lower 
compared to OT) can be sensitive to the variation in the material pa-
rameters of the trackbed materials listed in Table 3. Hence, the sensi-
tivity of this response amplification (in AZ-I compared to OT) to the 
variation in material properties of the trackbed layers around the TS and 
the efficiency of TS is assessed in terms of magnification factor (YTS) 
defined in Section 2.3. 

2.2. Design space (input) 

Design space is defined by the mechanical properties of materials 
(ballast, embankment, subgrade and transition structure) that are 
considered as random variables to account for the possible variations in 
their values. The mechanical parameters used to characterise the ma-
terials studied in this paper are tabulated in Table 3. The input domain of 
mechanical properties is defined by the probability density functions. 
Due to the lack of information in the current literature, uniform prob-
ability density functions denoted as U [a, b], were adopted for the ma-
jority of random variables. However, for the subgrade and embankment 
layers, preliminary investigations showed a very high sensitivity of the 
model response to the soil elasticity modulus. This was especially pro-
nounced for soft soils. Adopting a fully inclusive input space of all soil 
types would result in soil elasticity having an overwhelming influence 
on the model response when compared to the effects of material prop-
erties in the remaining layers. Hence, for the purpose of this study, the 
distributions of soil material parameters were restricted to a single soil 
type (clayey soil for subgrade and sandy soil for embankment) and a 

Table 1 
Mechanical properties of the track components.  

Material Elasticity 
Modulus 

Density Poisson’s 
Ratio 

Rayleigh damping  

E [N/m2] ρ [kg/ 
m3] 

ν α β 

Steel (rail) 21 × 1010 7850 0.3 – – 
Concrete 

(sleepers) 
3.5 × 1010 2400 0.15 – – 

Ballast 1.5 × 108 1560 0.2 0.0439 0.0091 
Sand 

(embankment) 
8 × 107 1810 0.3 8.52 0.0004 

Clay (subgrade) 2.55 × 107 1730 0.3 8.52 0.0029  

Table 2 
Mechanical properties of the transition structure.  

Transition structure Elastic modulus Density Poisson’s ratio  
E [N/m2] ρ [kg/m3] ν 

SHIELD 3.6 x 108 1900 0.2  
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normal probability density function denoted as N
(
μ, σ2), was adopted 

for the elastic modulus. A detailed discussion of the possible values of 
the mechanical properties of the materials (adopted across the literature 

for modelling purposes) constituting the trackbed layers (ballast, 
embankment and subgrade) was presented in [31]. The data presented 
in [31], combined with feedback from domain and industry experts has 
provided a starting point in establishing the lower and upper bounds of 
the uniform distributions (a and b, respectively) as well as the normal 
probability density function moments μ and σ. It is to be noted that, the 
chosen input space is intentionally kept broad, in order not to restrict the 
analysis results to specific site conditions. Nevertheless, designers can 
apply the methodology outlined in this research to a specific transition 
zone by adopting statistical distributions that accurately reflect the site 
conditions. The probability density functions used in this paper, for 
materials forming trackbed layers (ballast, embankment and subgrade) 
are presented in Table 4, and for the transition structure (SHIELD) are 

Fig. 3. (a) Geometric details of an embankment-bridge transition with SHIELD, (b) time history of total strain energy in OT, AZ-I and AZ-II for an embankment- 
bridge transition with SHIELD. 

Table 3 
Random variables defined in Table 4 and Table 5.  

Layer Elastic Modulus Poisson’s Ratio Density 

Ballast Eb νb ρb 
Embankment Ee νe ρe 
Subgrade Es νs ρs 
Transition Structure ETS νTS ρTS  

Table 4 
Probability density functions of random variables for bridge embankment transition.  

Layer E
[
Nm− 2] ν ρ

[
kgm− 3]

Ballast U [a, b] U [a, b] U [a, b]

a = 1.0⋅108 a = 0.15 a = 1.2⋅103 

b = 2.5⋅108 b = 0.25 b = 1.7⋅103 

Embankment N
(
μ, σ2) U [a, b] U [a, b]

μ = 8.0⋅107 a = 0.3 a = 1.2⋅103 

σ = 5.0⋅106 b = 0.4 b = 1.5⋅103 

Subgrade N
(
μ, σ2) U [a, b] U [a, b]

μ = 2.4⋅107 a = 0.2 a = 1.6⋅103 

σ = 4.0⋅106 b = 0.4 b = 1.8⋅103  
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reported in Table 5. 

2.3. Model response 

Magnification factor (MF): The amplification of the total strain energy 
in the approach zones relative to the open tracks is defined as the 
magnification factor, i.e., the ratio between the maximum total strain 
energy in each of these zones. The magnification factors for an 
embankment-bridge transition with (YTS) and without transition struc-
ture (YRTZ) are defined below.  

• MF for model 1: YRTZ is the ratio of the maximum total strain energy 
in AZ-II to that in OT as shown in Fig. 2. This magnification factor is 
expected to be always greater than 1 due to transition effects.  

• MF for model 2: YTS is the ratio of the maximum total strain energy 
in AZ-I to that in OT as seen in Fig. 3. This magnification factor is 
preferably smaller than 1 for an efficient design of a transition 
structure. 

2.4. Polynomial Chaos Expansion (PCE) Surrogate Model 

Given a rather wide range of possible transitions and a non-negligible 
computation cost of the FEM simulations, there is a need to efficiently 
sample the space of possible realisations. One such possibility is creating 
a PCE surrogate model with sparse bases. The advantages of PCE models 
as opposed to other surrogate model approaches are several. Firstly, 
these models are non-intrusive and do not require any modification to 
the underlying FEM simulations. Secondly, PCE models are transparent 
in terms of the theoretical underpinnings of their performance. Lastly, 
the post-processing of PCE model coefficients provides analytically 
computed Sobol indices, which can be used for global sensitivity anal-
ysis [32]. In the context of railway engineering the authors of [33] have 
recently demonstrated that PCE surrogates can be used instead of Monte 
Carlo simulations when modelling the response of railway embank-
ments. Given the input space of random variables and the FEM model, a 
PCE surrogate model is an attractive alternative to the Monte Carlo 
sampling method, as it provides the benefits of faster computation, the 
prospect for adoption of higher fidelity, non-linear FEM models, and the 
capability to perform sensitivity analysis and optimization tasks more 
efficiently. 

The PCE model in this work is built using UQlab, a framework 
developed at ETH Zurich [34]. This framework provides a high-level 
implementation of Uncertainty Quantification analysis. The details of 
the setup used to create PCE surrogate models employed in this work are 
described hereinafter. 

Polynomial degree truncation scheme: It is often the case in applied 
science problems, that some terms in the polynomial basis have a mar-
ginal influence on the overall model response. This is known as the 
sparsity-of-effects principle. Based on this a hyperbolic (q-norm) poly-
nomial degree truncation scheme [35] with q = 0.75 was chosen in the 
search of optimal basis. 

Calculation of the coefficients for Sparse PCE Bases: In this study, the 
least angle regression algorithm [36] was used to create sparse bases and 

reduce the toll induced due to the high dimensionality of the input 
space. The minimum polynomial degree p was set to 3. 

Design of Experiment (DOE) Samples: When the PCE model is built the 
input space is sampled at specific points, and the number of DOE sam-
ples (i.e. full FEM model evaluations) required to build the PCE surro-
gate model is proportional to the input space size and the degree of 
polynomial bases. For the standard truncation scheme, the cardinality is: 

P =
(M + p)!

M!p!
(1)  

where M is the number of input variables and p is the polynomial 
expansion degree. In the case of least-square minimization, if the num-
ber of samples n is smaller than P, it leads to an underdetermined system, 
while n = P may lead to overfitting. As a rule of thumb, 

n = k⋅P (2)  

with k = 2 ∼ 3. By adopting the hyperbolic truncation scheme and the 
least angle regression algorithm, the number of evaluations can be 
significantly reduced. In fact, the common practice is to set the initial 
number of full model evaluations to n = 10⋅M. Leave One Out (LOO) 
error can serve as an indicator of the surrogate model accuracy when 
selecting the minimum polynomial degree and the number of DOE 
samples. For the present analysis, 100 FEM model evaluation resulted in 
∊LOO of the order 10− 3 for both model 1 and model 2. Generally, ∊LOO ≤

10− 2 is sufficient for the purpose of global sensitivity analysis. 

2.5. Response Statistics 

The following results will be presented and analyzed in this paper 
(Section 3): 

1. Probability density function (PDF): A log-normal distribution pro-
vided a good fit for the surrogate model responses. The log-normal 
distribution was chosen as opposed to a Gaussian, as model re-
sponses, represented by magnification factors, are always positive. 
The PDF of a log-normal distribution can be expressed as follows: 

ψ(x, s, l, sc) =
1

(x − l)⋅s
̅̅̅̅̅
2π

√ ⋅exp
(
− ln2(x − l) + ln2(sc)

2s2

)

(3)  

where x is the random variable and the shape (s), location (l), and 
scale (sc) parameters are used to specify the particular log-normal 
distribution fitting the data.  

2. Mean (μ) and standard deviation (σ): The upper and lower limits are 
marked in probability density function graphs as per the empirical 
rule in statistics to include 90% data. In mathematical notation, these 
facts can be expressed as follows, where Pr is the probability function 
[37,38], X is an observation from a normally distributed random 
variable according to Eq. (4) 

Pr(μ − 1.6⋅σ < X < μ+ 1.6⋅σ) = 90% (4)   

Table 5 
Random variables for the transition structure of bridge embankment transition.  

Layer E
[
Nm− 2] ν ρ

[
kgm− 3]

SHIELD U [a, b] U [a, b] U [a, b]

a = 3.5⋅108 a = 0.15 a = 1.5⋅103 

b = 4.0⋅108 b = 0.30 b = 2.0⋅103  

A. Jain et al.                                                                                                                                                                                                                                     



Transportation Geotechnics 45 (2024) 101211

6

3. Sobol indices: Sobol indices are used in sensitivity analysis to identify 
which variables have the greatest impact on the output of a system. 
They are calculated by partitioning the variance of the output into 
contributions from individual variables and combinations of vari-
ables. The first-order Sobol index measures the contribution of in-
dividual variables to the variance, while the total-effect Sobol index 
measures the contribution of the individual variables and all of their 
interactions to the variance. A comparison of Sobol indices of the 
most influential parameters is done for model 1 and model 2.  

4. Scatter plots: The scatter plots are studied mainly for two types of 
parameters. Firstly, the parameters with the most significant 
contribution (in terms of Sobol indices) to the critical values of the 
magnification factor are investigated in detail. Secondly, as discussed 
in Section 1, even though the effects of stiffness variation in the 
longitudinal direction on the dynamic amplifications in RTZs is well 
known, there is no investigation on the influence of stiffness varia-
tion in the vertical direction on the dynamic behaviour of RTZs. 
Therefore, the influence of the stiffness ratios on the magnification 
factor will be analysed for all the cases under study. All scatter plots 
will be evaluated in terms of the quantities discussed below.  
• R-squared (strength): The coefficient of determination, also known 

as R-squared, is a statistical measure that represents the proportion 
of the variance for a dependent variable that’s explained by an 
independent variable or variables in a regression model.  

• Spearman correlation coefficient: This coefficient is a measure of 
the strength and direction of the monotonic relationship between 
two variables. It measures how well the relationship between two 
variables can be described by a monotonic function, such as a 
straight line or a curve. Spearman correlation coefficient ranges 
from − 1 to +1, where a value of − 1 indicates a perfectly negative 
correlation, 0 indicates no correlation, and  +1 indicates a 
perfectly positive correlation.  

• Linear regression line: This is a statistical method to find the best- 
fitting line through the data points in a scatter plot. This line can be 

used to predict the values of a variable based on the value of 
another variable. 

3. Evaluation of railway transition zones: Results and 
Discussion 

An initial analysis was performed to compare the Sobol indices of the 
parameters under study to highlight the most influential parameters. It 
was observed that the densities of materials had no influence on the 
dynamic response of the system for both the models studied in this work. 
Therefore, in this section, the influence of elastic moduli and Poisson’s 
ratios of different materials on the magnification factor is investigated, 
both for a typical transition zone without transition structure (Section 
3.1) and with transition structure (Section 3.2). In addition, design 
limits are formulated for the latter to ensure that dynamic amplifications 
are avoided (Section 3.3). 

3.1. Model 1 

In this section, the results are presented for model 1 to study the 
dependence of the magnification factor (YRTZ) on the variation in the 
mechanical properties of the materials. It is to be noted that even though 
the variation in material properties is implemented in the vertical di-
rection keeping the properties of the concrete bridge constant, there is a 
stiffness variation in both vertical and longitudinal directions (and the 
latter is affected as the stiffness of the layers in vertical direction, 
changes as per Table 4). 

Probability density function (PDF): Fig. 4 shows the probability density 
of the magnification factor YRTZ for the case without transition structure. 
It can be seen that 90% of the data belongs to the values of YRTZ lying 
between 1.12 and 1.3. This implies that for all combinations of param-
eters under study, the amplification in strain energy is approximately 
12% to 30%. The mean (μ) and standard deviation (σ) of the distribution 
are 1.2 and 0.06, respectively. The probability density function of a log- 

Fig. 4. Probability density distribution of the amplification factor.  

Fig. 5. Total Sobol indices for input space parameters in model 1.  
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normal distribution (Eq. 3) can describe the obtained probability density 
(shown in Fig. 4) when the following choices are made (YRTZ is the 
random variable): s is 0.27, l is 0.98 and sc is 0.22. 

Sobol indices: Fig. 5 shows the Sobol indices for all the parameters (Eb,

Ee, Es, νb, νe, νs) under study. It can be clearly seen that the elasticity 

modulus for ballast (Eb) and subgrade (Es) are the most influential pa-
rameters. While the Poisson’s ratio of the ballast and embankment layers 
shows no influence on YRTZ, the Poisson’s ratio for the subgrade layer 
(νs) has a marginal influence on the magnification factor. Hence, in the 
following sections mainly Eb, Es and νs will be investigated in detail. In 

Fig. 6. Scatter plot of (a) Eb and (b) Es for model 1. (c) Bar chart showing the comparison of the R-squared (strength) and Spearman’s correlation coefficient for the 
scatter plots. 

Fig. 7. Scatter plot of the ratios (a) Eb : ES, (b) Eb : Ee and (c)Ee : Es for model 1. (d) Bar chart showing the comparison of the R-squared (strength) and Spearman’s 
correlation coefficient for the scatter plots. 
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addition to these parameters, as discussed in Section 2.5, the ratios of 
elastic moduli of the trackbed layers will be studied too. 

Scatter of parameters (Eb, Es): In the previous paragraph, Sobol 
indices (see Fig. 5 show that Eb and Es were the most influential pa-
rameters and νs was marginally influential. Therefore, in this paragraph, 
only these three parameters are investigated. Fig. 6 presents the scatter 

plots of Eb (a) and Es (b) with YRTZ, showing the influence of νs by means 
of colour gradient. Fig. 6(c) shows a detailed investigation of these 
scatter plots in terms of strength and correlation coefficient. On one 
hand, a strong correlation of YRTZ is observed with both Eb (positive) and 
Es (negative). On the other hand, νs shows some effect on YRTZ only for 
very low values (smaller than 0.3). Hence, the scatter plot of νs was not 

Fig. 8. Probability density distribution of the amplification factor.  

Fig. 9. Total Sobol indices for input space parameters in model 2.  

Fig. 10. Scatter plot of (a) Eb and (b) Es for model 2. (c) Bar chart showing the comparison of the R-squared (strength) and Spearman’s correlation coefficient for the 
scatter plots. 
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studied as the Spearman correlation coefficient and the R-squared co-
efficient of the scatter plot of νs is negligible compared to Eb and Es. 

Scatter of ratios (Eb : Es, Eb : Ee, Ee : Es): Fig. 7 presents the scatter 
plots of the ratios Eb : Es (a), Eb : Ee (b) and Ee : Es (c) with YRTZ, showing 
the influence of νs by means of colour gradient. A strong positive cor-
relation is observed between Eb : Es and YRTZ in the scatter plots with the 

highest R-squared strength (0.84) and Spearman’s correlation coeffi-
cient (0.91) compared to Eb : Ee and Ee : Es as shown in Fig. 7 (d). In 
addition to these, the slope of the regression line for Eb : Es is signifi-
cantly large, demonstrating a strong dependence of YRTZ on Eb : Es 
confirming the results shown in Fig. 7(d). 

In summary, the most influential parameters that contribute to the 
amplification of the dynamic response in RTZs are the elastic moduli of 
the ballast (Eb) and subgrade (Es). Additionally, the Poisson’s ratio of the 
subgrade affects the response amplification to some extent only when 
the magnitude is less than 0.3. However, as seen in Fig. 7(d), when 
compared to the influence of the stiffness ratios, the contribution of the 
individual parameters is surpassed by all the ratios under study in terms 
of both strength and correlation factor. Furthermore, the Eb : Es ratio 
dominates the comparison of all parameters and ratios under study, 
implying that a small change in this ratio can result in a large amplifi-
cation of the dynamic response due to the reasons explained below. For 
completeness, it is noted that the vertical stiffness ratios do not only 
matter because they influence the stiffness ratio in the horizontal di-
rection of the track, but also influence the magnification factor (YRTZ) 
even if the stiffness ratio in the horizontal direction of the track does not 
change (as shown in [26]). 

The distribution of energy in a system (like the one under study in 
model 1) composed of three layers of different materials, where the load 
moves over a foundation of decreasing stiffness along the vertical di-

Fig. 11. Scatter plot of the ratios (a) Eb : ES, (b) Eb : Ee, (c)Ee : Es and (d) ETS : Eb for model 2. (e) Bar chart showing the comparison of the R-squared (strength) and 
Spearman’s correlation coefficient for the scatter plots. 

Table 6 
Design limits for ballast, embankment, subgrade and transition structure.  

Layer Design Limits Distribution 

Ballast (Eb) Eb > 150 [MPa]
Eb < 250 [MPa]

Eb ∼ U [a, b]
a = 150 [MPa]
b = 250 [MPa]

Embankment (Ee) Ee >
1

2.3
⋅Eb

Ee < 3.5⋅Es 

Ee = Eb

(
1

2.3
+ Re

(
3.5
Rs

−
1

2.3

))

Re ∼ U [a, b]

a = 0, b = 1 
Subgrade (Es) Es >

1
8

⋅Eb

Es <
1
2

⋅Eb 

Es = Rs⋅Eb

Rs ∼ U [a, b]

a =
1
8
, b =

1
2 

Transition Structure (ETS) ETS > 2⋅Eb
ETS < 3⋅Eb 

ETS = RTS⋅Eb
RTS ∼ U [a, b]
a = 2, b = 3  
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rection (from stiffer to softer layers) and abruptly changing stiffness in 
the longitudinal direction, can be explained as follows: 

1. Energy distribution in the open trackresponse: The energy distribu-
tion over the different layers (in vertical direction) in the deforma-
tion field that moves with the load (in the open track) depends on the 
stiffness ratios. Generally, the stiffer a specific layer, the more energy 
gets concentrated in it. This can lead to a non-uniform energy dis-
tribution over the layers and energy can thus be concentrated in a 
relatively stiff layer (e.g., the ballast), which can become problem-
atic in transition zones (see point 3). 

2. Reflection and transmission of waves: Generally, when a wave en-
counters a boundary between two different materials, some of the 
energy carried by the wave is reflected back into the original mate-
rial, and some is transmitted into the new material [39]. The pro-
portion of energy that is reflected or transmitted depends on the 
difference in properties between the two materials; generally, the 
larger the contrast in stiffness (or more specifically, the impedance), 
the stronger the reflection. In the case under study, the ratios of 
stiffness (Eb : Es, Eb : Ee, Ee : Es) between two consecutive layers 
along the depth play a significant role.  

3. Energy distribution in the RTZ: Amplifications in the response of the 
different track components and trackbed layers are the result of en-
ergy concentrations. As stated, large stiffness ratios will lead to en-
ergy concentrations in the open track response that approaches a 
RTZ (see point 1). The waves that are generated when the load enters 
and crosses the RTZ will not only be most energetic in the stiffer 
layers but most of the energy will also be trapped in these layers (in 
the form of guided waves [39,40]) due to the large stiffness ratios 
(see point 2). This can lead to significant energy concentrations in 
stiff components. 

The above-mentioned points explain the distribution of energy in the 
system under study and the actual behaviour therefore depends on the 
difference in stiffness between the layers, and how the stiffness changes 
from one layer to the other layer (gradually or abruptly). Hence, in order 
to obtain a uniform energy distribution along the depth of the trackbed 
layers, it is important to keep the ratios mentioned above under check 
and within permissible values such that the energy level in the stiffest 
layer (ballast) that is typically most prone to degradation does not 
exceed the critical values. In conclusion, a smoother stiffness variation 
in both vertical and longitudinal directions can ensure an uninterrupted 
energy flow and no trapping or concentration of energy at any particular 
location of the system. In all situations, energy concentrations should be 
avoided. 

3.2. Model 2 

In this section the results are presented for model 2, to study the 
influence of the variation in the mechanical properties of the materials 
on the strain energy amplification in the vicinity of the transition 
structure. The bounds of the material parameters for the trackbed layers 

(ballast, embankment and subgrade) are exactly the same as case 1 with 
an addition of transition-structure material parameters as mentioned in 
Section 2.2. 

Probability density function: Fig. 8 shows the probability density of the 
magnification factor YTS for model 2. It can be seen that 90% of the data 
belongs to the values of YTS lying between 0.6 and 1.3. The mean and 
standard deviation of the distribution are 0.9 and 0.2 respectively. It is 
worth noting that by just introducing a transition structure, the mean is 
reduced from 1.2 (model 1) to 0.9 (model 2). The probability density 
function of a log-normal distribution shown in Fig. 8 can be obtained by 
using Eq. 3, where YTS is the random variable, s is 0.097, l is − 1.2 and sc 
is 2.15. 

Sobol indices: Fig. 9 shows the Sobol indices for all the parameters (Eb,

Ee, Es, ETS, νb, νe, νs, νTS) under study. It can be clearly seen that the 
elasticity modulus for ballast (Eb) is the most influential parameter. 
Other than Eb, material parameters associated with subgrade (Es and νs) 
show a minor contribution to the amplification factor (YTS). Hence, in 
the following sections mainly Eb, Es and νs will be investigated in detail 
similar to Section 3.1. In addition to these parameters, similar to model 
1, the ratios of elastic moduli of trackbed layers and transition structure 
will be studied too. The ratios Eb : Es, Eb : Ee and Ee : Es will be investi-
gated with an additional ratio (ETS : Eb) representing the stiffness vari-
ation in the longitudinal direction of the track. It is to be noted that the 
stiffness ratio in the longitudinal direction is studied for model 2 but not 
for model 1 as the material properties of the transition structure are 
varied (in model 2) according to Table 6 but the properties of the con-
crete bridge are kept constant in both model 1 and model 2. 

Scatter of parameters (Eb and Es): Fig. 10 presents the scatter plots of 
Eb (a) and Es (b) with YTS, showing the influence of νs by means of colour 
gradient. Fig. 10(c) shows a detailed investigation of these scatter plots 
in terms of strength and Spearman’s correlation coefficient associated 
with these scatter plots. Similar to model 1, a strong correlation is seen 
between Eb and YTS. In addition to these, a comparatively small influ-
ence of Es is seen on YTS. Moreover, similar to model 1 νs is influential 
only for values smaller than 0.3. 

Scatter of ratios (Eb : Es, Eb : Ee, Ee : Es, ETS : Eb): Fig. 11 presents the 
scatter plots of the ratios Eb : Es (a), Eb : Ee (b), Ee : Es (c) and ETS : Eb (d) 
with YTS, showing the influence of νs by means of color gradient. A 
strong positive correlation of YTS is observed with Eb : Es (0.89) and Eb :

Ee (0.80) as shown in Fig. 11(e). In addition to this, a strong negative 
correlation of YTS is observed with ETS : Eb (0.81). Fig. 11 also shows the 
regression line for each scatter plot intersecting with the vertical line at 
YTS=1 (critical value of YTS) marking the critical allowable values of the 
ratios under study on the vertical axis of each of the plots. 

The allowable ranges of the stiffness ratios identified based on ob-
servations discussed above and shown in Fig. 11 can be summarised as 
follows:  

• Eb : Es must be kept smaller than 8  
• Eb : Ee must be kept smaller than 2.3  
• Ee : Es must be kept smaller than 3.5  
• ETS : Eb must be kept larger than 2.2 

Fig. 12. Probability density distribution of the magnification factor.  
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The ratios of elastic moduli of materials of trackbed layers 
(Eb : Es, Eb : Ee and Ee : Es) must be controlled for the same reasons as 
discussed in the previous section concerning model 1. As for the ratio 
ETS : Eb, which represents a stiffness change in the longitudinal direction 
of the track, it is expected to be within certain limits as this ratio 
(ETS : Eb) being too small implies that the transition structure is not stiff 
enough compared to ballast in order to provide a smooth transition to 
the bridge. However, if this ratio is too high, it might lead to similar 
transition effects as in the case without any transition structure. 

3.3. Design Limits 

This section summarises the conclusions obtained from model 1 and 
model 2 and in the end suggests a permissible range of the stiffness ratios 
to minimise the dynamic amplifications in the railway transition zones. 
The mean and standard deviation of the two cases under study provide 
useful insight into the behaviour of the two systems, particularly the 
central tendency (average dynamic amplification) and variability 
(consistency of the dynamic amplification). 

System without transition structure (model 1): With a mean of 1.2 and a 
standard deviation of 0.06, this system shows a higher average dynamic 
amplification (mean in Fig. 4) compared to model 2. The low standard 
deviation indicates that the amplification values are quite consistent - 
they tend to be close to the average value of 1.2. This could suggest that 
without a transition structure, the railway track consistently experiences 
a higher level of dynamic amplification and these dynamic amplifica-
tions are sensitive to variations in the mechanical properties of the 
materials in the system. 

System with transition structure (model 2): With a mean of 0.9 and a 
standard deviation of 0.2, this system shows a lower average dynamic 
amplification (mean in Fig. 8) compared to model 1, suggesting that the 
transition structures are effective in reducing the average dynamic 
amplification. However, the larger standard deviation indicates that the 
dynamic amplification values are more spread out and they vary more 
around the average. This could suggest that the effectiveness of the 
transition structures is not assured for all scenarios, reducing dynamic 
amplification significantly in some but less so in others. This is due to no 
active control over the relative stiffness or stiffness ratios when the 
materials present in the system are subjected to variations, leading to a 
non-uniform energy distribution within the system. This can be 
controlled by designing the trackbed layers around transition zones such 
that the relative stiffness of the materials in vertical and longitudinal 
directions stay within the ranges suggested in Section 3.2. 

As mentioned in previous paragraphs, the designers must choose the 
material properties of the trackbed layers and the transition structure 
such that even though there is a variation in the mechanical properties 
of the materials, the stiffness ratios are always kept in the permissible 
range. Therefore, based on the permissible ranges of these ratios pro-
posed in Section 3.2, the mechanical properties of the materials are 
varied such that stiffness ratios Re, Rs and RTS are restricted (see Table 6) 
and the design space for model 2 is modified such that the stiffness ratios 
are bounded (similar to parameters in Table 4 and Table 5) with the aim 
to verify if the magnification factor is indeed minimized. The new design 
space is defined as described below. 

The Poisson’s ratios (νb, νe and νTS) are fixed for all the materials as 
they showed no significant influence on YTS. νs is kept constant at 0.3 as 
lower values are usually expected for fully unsaturated clayey soil which 
is unlikely to be found in reality. The elastic moduli of the materials for 
the trackbed layers and transition structure are defined as random var-
iables with their relative distributions reported in Table 6. 

Fig. 12 shows the probability density of the magnification factor YTS 
for the case with a transition structure (SHIELD) and the material pa-
rameters bounded as defined in Table 6. In this case, the PDF resembles 
that of a uniform distribution, as opposed to a log-normal one. It can be 
seen that 90% of the data belongs to the values of YTS lying between 0.5 
and 0.9. The mean and standard deviation of the distribution are 0.7 and 

0.12 respectively. The mean is reduced from 0.9 to 0.7 when compared 
to case 2. Most importantly, all the values lie below the critical value 
(YTS=1) which is expected and desired for minimising the degradation 
in RTZs. 

4. Conclusion 

In this paper, a methodology to adopt an appropriate distribution (in 
space and accounting for the variation over the operation period) of the 
material properties in a railway transition zone is presented. The results 
of the study presented in this paper can be concluded as follows. 

The behaviour of a standard embankment-bridge transition (model 
1) subjected to variations in mechanical properties of the trackbed 
materials (ballast, embankment and subgrade) was investigated. While 
it is known that the stiffness variation in the longitudinal direction leads 
to dynamic amplification when the transition is subject to a moving 
load, this work has demonstrated that the stiffness variation in the 
vertical direction also significantly influences the dynamic behaviour of 
railway transition zones. 

The efficiency of a recently proposed transition structure (SHIELD) 
was evaluated (model 2) when subjected to variations in the mechanical 
properties of the trackbed materials. Similar to model 1, the results for 
model 2 show that the stiffness ratios in longitudinal and vertical di-
rections are the most influential parameters in determining the strain 
energy amplifications (strain energy is correlated to degradation) in 
railway transition zones. Moreover, for the system under study and the 
bounds adopted for the variation of material properties of the trackbed 
layers and SHIELD, a permissible range of design ratios is suggested to 
control the amplification of strain energy in all components of railway 
transition zones. 

Lastly, based on the allowable range of stiffness ratios obtained from 
model 2, new bounds for the material properties of the ballast, 
embankment, subgrade and transition structure were formulated to 
ensure no amplification of strain energy. It was demonstrated that it is 
possible to mitigate the strain energy amplifications if the stiffness ratios 
in vertical and longitudinal directions are kept in check. We note that 
the stiffness ratios should be respected both in the design of the transi-
tion zone and structures (initial state) as well as during the operational 
phase (where the properties may vary over time). 

The methodology adopted in this work to evaluate the behaviour of 
railway transition zones with or without a transition structure both in 
the initial design phase and when subjected to variation in material 
properties, and to establish the design limits on the material properties 
of the trackbed layers and the transition structure can be generalised for 
any type of transition zone and a wide set of material properties. 
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