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Preface

This thesis is the culmination of my Master’s degree in Mechanical Engineering: Energy, Flow and
Process technology, at Delft University of Technology and reflects a deep engagement with the complex
dynamics of transonic buffet phenomena. Conducted in collaboration with the German Aerospace
Center/Deutsches Zentrum fiir Luft- und Raumfahrt (DLR), the work explores an emerging and
powerful approach to reduced order modelling using Spectral Submanifold (SSM) theory, using the
method of spectra submanifold embedding. The objective was to develop a non-linear, data-driven,
reduced order model that can accurately capture the unsteady flow dynamics characteristic of transonic
buffet, a phenomena that continues to challenge both researchers and practitioners in the aerospace
field.

The inspiration for this research arose from the recognition that conventional linear models fall short in
describing the non-linearities and the growth of the non-linearities associated with buffet onset and
progression, governed by Hopf bifurcations. This limitation presents a bottleneck in designing effective
control strategies for mitigating buffeting and extending aircraft operational envelopes. Motivated
by the need for physically consistent, yet computationally efficient models, SSM-based reduced order
modelling methods were chosen as the means to create reduced order models for describing the
phenomena. SSM-based methods have been investigated and used to describe the dynamics of various
nonlinearizable phenomena with great success and possess a potential to capture the essential dynamics
of transonic flow within a compact representation.

The work presented here has required a good mix of theoretical understanding and practical application
conducted through the use of governing equations of compressible flow, turbulence modelling, invariant
manifold theory and data regression techniques. Bridging these domains has not only broadened
my academic perspective but also deepened my appreciation for the interplay between physics-based
modelling and modern dynamical systems theory.

This research journey has been both intellectually rigorous and personally transformative. It is my hope
that the insights offered by this thesis contribute meaningfully to the field of reduced order modelling,
and that they encourage further exploration into modelling of more nonlinearizable systems using the
SSM embedding methodology.

Rahul Jayaraj
Delft, September 2025
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Abstract

On aircraft wings operating in the transonic regime, self-sustained shock oscillations brought on by
shock wave-boundary layer interactions give rise to the phenomenon known as transonic buffet. The
operational flying envelope is limited by the ensuing unstable aerodynamic loads, which, if unchecked,
may cause structural fatigue or even catastrophic failure. The non-linear dynamics of Hopf bifurcations
and limit cycle oscillations, which control buffet start and progression, are not sufficiently captured
by traditional linear reduced-order models (ROMs), despite the fact that they have been used with
varying level of success for buffet suppression, with the use of controllers. The current thesis builds
a data-driven, non-linear, reduced order modelling framework for describing the transonic buffet
dynamics, based on spectral submanifold (S5SM) embedding, in order to get over this restriction.

The methodology implements the use of unsteady Reynolds-averaged Navier-Stokes (URANS) simu-
lations, which simulate an n-dimensional dynamical system, combined with the use of an invariant
manifold in n-dimensions, to construct compact and data-driven ROMs. First, steady and unsteady
flow simulations are performed for a supercritical aerofoil across different Mach number—angle of
attack combinations to identify the buffet onset boundary. Linear (eigenmode) analysis and Proper
Orthogonal Decomposition (POD) are applied to extract eigenmodes and POD modes from the flow
field, which are used to define a two-dimensional tangent space, to the n-dimensional manifold. The
n-dimensional system dynamics, stored as flowfield data, can be projected onto this tangent space,
creating a set of reduced coordinates through an encoder function. The dynamics of the system in the
reduced coordinates are then captured with the help of an ordinary differential equation, obtained via
polynomial regression. The pair of encoder function and the ordinary differential equations obtained,
results in a reduced order model for the system. Both the linear and non-linear behaviour of the original
system are captured and combined with a Taylor series expansion of the reduced coordinates to form
a decoder function, which reconstructs the n-dimensional system output in the flowfield form. The
identified ordinary differential equation is used to predict the evolution of reduced coordinates in the
tangent space, while the decoder function enables the evaluation of the full flow field from the predicted
reduced coordinates.

The validation of the obtained ROM is carried out against independent URANS simulations with
alternate initialization condition, for each flow condition evaluated. The results show that the SSM-based
ROM is capable of accurately reproducing limit cycle oscillations and reconstructing full flowfields with
good accuracy. The reduced order model predictions and the reconstructed flowfields obtained from
it show good agreement with actual features of the buffet phenomena like shock location at various
points in time.

This work establishes the use of spectral submanifold embedding as a promising tool for constructing
non-linear ROMs of transonic buffet. The developed framework provides new opportunities for real-time
prediction and control of buffet phenomena. Beyond aerospace applications, the methodology has
broader potential for analysing other nonlinearizable fluid—structure interaction problems.
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horizontal white arrows represent and name the extreme positions of the shock during
its motion, while a pair of vertical white arrows indicate state of the boundary layer for
the extreme positions of shockmotion. . . . . .. ... ... ... ... . L L L.
Different types of limit cycle as given in [65]. A stable and unstable limit cycle is
represented respectively. . . . ... ... L Lo L oL
Types of eigenvalues in Hopf bifurcation as given in [65]. (a) Shows the pair of eigenvalues
being both real and negative and (b) shows the pair of eigenvalues being a complex
conjugate Pair. . . . . . ...
Effect on disturbances with change in parameters and impact of parameters in limit cycles,
in supercritical Hopf bifurcation as given in [65]. The top image (a) represents the decay
of instability when y < u. and (b) represents the growth of instability when y > p.. The
bottom image represents the settling on system to a stable fixed point when u < . and
the growth of the system to a limitcyclewhen yu > pe. . . . . . .. .. ..o L L.
Impact on limit cycles due to parameters in subcritical Hopf bifurcation as given in [65].
The image represents two systems, where the left system represents when p < 0, and has
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cycle. The right image represents the system where y > i, which causes a switch to a
larger amplitude limitcycle. . . . . .. ... ... . L o
A bifurcation diagram indicating a supercritical Hopf bifurcation on the right side images
and a subcritical Hopf bifurcation on the left side images, from [34]. Here a = 11, which
represents the control parameter. The supercritical Hopf bifurcation diagram shows how
the dynamics move from a stable equilibrium to a stable limit cycle behaviour on change
of control parameters, while the subcritical Hopf bifurcation diagram shows how the
system switches to a large amplitude unstable limit cycle on change of control parameters
Model A and Model B flow separation according to Pearcey et al. [31]. Model A section
shows the evolution of the bubble bursting mechanism and Model B section shows
how three separate phenomena involving the (1) rear separation provoked by bubble
formation, (2) rear separation due to shock formation and (3) rear separation being
already present from theoutset . . . . . .. ... ... . L L oL
Types of periodic shock wave motion represented in Tijdeman et al. [71]. Type A
represents a shock which oscillates with a nearly sinusoidally varying frequency and
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propagation periodically occurs. . . .. ... L Lo
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Introduction

Since its introduction to society more than a century ago, air travel has reshaped history and revolu-
tionized mobility. The global aviation industry is projected to have 5 billion passengers in 2025; a 6.7%
increase from the previous year. Due to the nature of mobility, safety has always been of paramount
importance in the aviation industry. Those aeroplanes whose propulsion is provided by jet engines,
have an operating speed between Mach numbers (Ma) 0.6 — 1.2. In this operation range, known as
the transonic region, regions of subsonic and supersonic airflow maybe present around the air plane
wing/the aerofoil cross-section of the wing. When an aeroplane hits the speed of sound and it overtakes
the pressure disturbances produced due to its motion through the air, the air in front gets no warning.
The aircraft then generates a shock wave as it forces through the air, causing the air’s temperature,
density, and pressure to rise suddenly and sharply across the shock. Due to the presence of shock waves
in the supersonic regions in the transonic regime, large scale flow separation may occur downstream of
the shock on the aerofoil. These shock waves, can impinge onto an aerofoil surface and interact with
separated boundary layer creating a shock wave-boundary layer interaction (SWBLI). Frequently, these
SWBLI's give rise to flow unsteadiness. This unsteadiness results in large amplitude self-sustained
oscillations of the shock, known as buffeting. The oscillation frequency of the shock front is called buffet
frequency. The buffet phenomena occurring over a supercritical aerofoil is represented in figure 1.1,
taken from Scharnowski et al. [62]. In this image, the start of the buffet phenomena can be seen, when
the shock causes an adverse pressure gradient to form, which results in flow separation of the boundary
layer downstream of the shock, represented by the top-left image of figure 1.1. This flow separation
causes the shock to incline and move upstream as shown in the top-right image of figure 1.1. The further
the shock moves upstream towards the leading edge of the aerofoil, the higher the pre-shock Mach
numbers become, causing pressure to increase across the shock, and hence the shock strength too. The
most upstream position of the shock is represented in the bottom-right image of figure 1.1. At this point,
the boundary layer separation collapses and it reattaches to the surface of the aerofoil, causing the shock
to move downstream, until the boundary layer separation occurs again, repeating the cycle, represented
by the bottom-left image of figure 1.1. The mechanism behind the boundary layer reattachment and the
shock oscillation has been investigated in detail by various people including Lee et al. [42], who reasoned
the shock oscillation occur due to acoustic wave propagation from trailing edge and its interaction with
the shock resulting in the shock oscillation. Another proposed mechanism involves the instability of the
global mode of the flow, which results in a phase locked motion of the shock, as explained by Crouch
et al. [17]. Other explanations which involve a separation bubble formation, expansion and collapse
which causes the shock oscillation were investigated by Raghunathan et al. [58]. The model proposed
by Crouch, has found a excellent agreement against the experimental investigations done by McDevitt
& Okuno [47] and is widely accepted.

The mechanics of buffeting, as introduced by Crouch et al. [17], involve a supercritical Hopf bifurcation.
A supercritical Hopf bifurcation occurs when a stable system slowly changes as a control parameter is
varied, causing the stable state to become unstable, which results in a stable oscillation, which grows



shock

separation

Figure 1.1: A typical shock wave-boundary layer interaction (SWBLI) on a transonic wing causing buffeting as represented in
Scharnowski et al. [62]. The buffet cycle is represented in sequence as follows:- Top-left: Shock causes flow separation, top-right:
flow separation causes shock incline and upstream travel, bottom-right: Shock strength and pressure increases causing separated

boundary layer to reattach, bottom-left: the shock moves downstream again.

gradually into to fixed amplitude oscillation (called a limit cycle) appearing around the old stable point.
For an aerofoil, on increasing the angle of attack (a) above a critical angle of attack value (a.), ata
constant free stream Mach number, an instability can been seen being produced in the system, which
results in the gradual growth of oscillation of the shock boundary, into a limit cycle oscillation behaviour,
indicating a supercritical Hopf bifurcation beyond that critical angle of attack. It had been observed
that any perturbations introduced to such an unsteady system consisting of oscillations of the flow field
(as what is seen in buffeting), will grow in a weakly non-linear manner before settling into an unsteady,
oscillating system as stated in Crouch et al.[16]. Such an evolution of the system indicates the non-linear
nature of shock buffeting phenomena too.

Comparing a 2D aerofoil and 3D wing, it was described in Paladini et al. [53] that buffeting appears
in span wise-discrete areas or “buffet cells” with shocks that ripple and travel along the span of the
3D wing. For this study only 2D aerofoil profiles are considered, where buffeting results in periodic
variation of the aerodynamic loads acting on it. These varying aerodynamic loads, due to its interaction
with the structure of the wing, could result in failure due to fatigue, as stated in D’Aguano et al. [19]
and Giannelis et al. [29]. The aeroelastic vibrations resulting from the varying aerodynamic loads,
could damage the wing by weakening its structural integrity and in extreme cases, failure. To avoid
such critical structural failures and to increase the safety of the passengers, buffeting needs to be
reduced/suppressed. Buffet control is critical for ensuring aircraft safety, as buffeting can restrict the
flight envelope and jeopardize wing structural integrity. Methods for controlling buffet fall into two
main categories: passive and active. Passive control techniques, as outlined by Gao et al. [25], utilize
devices like mechanical vortex generators and shock control bumps to modify the wing’s geometry.
These modifications help delay the onset of buffet but are generally effective only at specific operational
points and are unable to eliminate buffeting entirely.

Active control approaches, in contrast, use external energy sources to dynamically adjust boundary layer
conditions and suppress buffet. Illustrative examples include actuators for trailing-edge devices, as
discussed by Gao et al. [26], and fluidic vortex generators, demonstrated by Dandois et al. [20]. Active
strategies can be implemented using either open-loop or closed-loop control systems, with closed-loop
controllers being particularly advantageous. Closed-loop controllers constantly adapt their inputs in
response to real-time feedback, making them well-suited to managing flow instabilities that characterize
buffeting. These controllers can be further classified as model-based or model-free. Model-based
controllers depend on mathematical or data-driven models of the flow, while model-free approaches
do not require explicit models. For real-time control applications, low-dimensional reduced-order
models are often preferred in model-based control because they offer a favourable balance between



computational efficiency and the ability to capture essential physical behaviours.

Within the scope of closed-loop buffet control, model-based approaches draw on several types of flow
models. These include high-fidelity models, which are based on discretized Navier-Stokes equations;
low-dimensional reduced-order models, which approximate the key physics of the system; and input-
output models, such as those utilizing neural networks [73]. While high-fidelity models offer high
accuracy, their significant computational demands make them impractical for real-time control of the
complex dynamics involved in buffeting. Input-output models, although flexible, typically lack a
direct connection to the underlying physics, which can limit their effectiveness and robustness when
designing control laws. Reduced-order models are therefore generally the preferred choice, as they
effectively reduce computational requirements while retaining important physical insights, enabling the
development of reliable and efficient real-time buffet control strategies [26].

As previously stated, the growth of the perturbation in an unsteady system follow a weakly non-linear
trend, where disturbances are small but non-linear effects start to curb the linear exponential growth
and set a finite amplitude. The non-linear growths of perturbations in the flow field can be modelled by
Stuart-Landau like equations. These equations are based on a global weakly non-linear analysis of the
flow, which are governed by the evolution of the most dominant global mode. The dominant global
mode, captures the spatial structure of the instability along with its complex eigenvalue that sets growth
rate and frequency. Evolution of global mode in time, paired with Stuart-Landau like equations were
used in Thompson et al. [69] and in Sipp et al. [64] to create a model, used to describe the oscillatory
behaviour of Von Karman vortex shedding, beyond a critical Reynold’s number, indicating that the
oscillatory vortex shedding is a case of supercritical Hopf bifurcation. The model developed by Sipp et al.
[64] was then extended to include an external forcing parameter used for controlling the vortex shedding
seen in the wake of the cylinder, making it suitable for closed loop control as shown in Vojkovi¢ et al.
[73]. There have been attempts to model the non-linear growth of parameters like the coefficient of lift
(CL) using Stuart-Landau equation, as seen in Crouch et. al.[16], but this methodology fails to properly
implement weakly non-linear analysis using the amplitude evolution of the dominant global mode and
instead uses the magnitude of coefficient of lift (C;). Efforts to create a reduced order model using
SINDy technique (Sparse Identification of Non-linear Dynamics, which learns parsimonious governing
equations from time-series data by selecting terms from a candidate function library), coupled with the
use of DMD modes (Dynamic Mode Decomposition, a data-driven spectral decomposition that extracts
coherent spatio-temporal modes with associated growth rates and frequencies from snapshot data) to
capture the dynamics as investigated by Sansica et. al. [60], failed to capture and predict the non-linear
growth of instabilities. Other attempts include the previously mentioned controllers developed by Gao
et al. [26], Dandois et al. [20] which are based on linear control laws, also fail to capture the non-linear
growth of instabilities and are only applicable in the limit cycle oscillation region of the buffet. Since
these current models for control, fails to account for this non-linear behaviour of the growth of the
instability in the flow field, a new model is required to accurately describe the unsteadiness and its
growth. The most promising technique would have been the use of weakly non-linear analysis using
the time evolution of the amplitude of the global mode, to generate a Stuart-Landau like reduced order
model for buffeting, but due to a lack of a well-developed closed form equation governing the flow in a
Hopf bifurcation for a transonic buffet case, alternatives means/methods are to be investigated.

An alternative method for producing a reduced order model was described by Haller and Cendese [32,
14], where non-linear dynamical systems like vortex shedding for flow past a cylinder, fluid sloshing in
a tank etc were considered. These non-linear systems cannot be linearized without losing out on some
defining dynamics and are also called non-linearizable systems. The method implemented by Haller
and Cendese [32, 14], involves the use of Spectral submanifold embedding, which utilizes spectral sub
manifolds (SSM, an n-dimensional topological space), by reducing the n-dimensional system which
defines the non-linearizable case considered, onto a lower two (or d) dimensional tangent plane, where
the complete reduced dynamics of the full system can be captured for all time . SSM embedding
has thus been used to generate a low dimensional reduced coordinates, using an encoder function,
which are used to define a higher dimensional system dynamics. These reduced coordinates which
capture the evolution of the dynamics of the higher dimensional system are used to reconstruct the
higher dimensional system using Taylor series expansions of the reduced coordinates, which acts as a
decoder function. A mapping function or an ordinary differential equation (ODE) is defined to describe



the evolution of the reduced order coordinates in the spectral sub manifold. The combination of the
encoder function and the map/ODE produce a reduced order model, and used to predict the dynamics
in the reduced coordinates. These predicted reduced coordinates can be used with the decoder function
defined, to reconstruct and predict the higher dimensional dynamic system. This has been implemented
to great success, for various cases in [14].

The aim of this master’s thesis is thus to generate a non-linear reduced order model for flow around an
aerofoil in transonic buffet region of operation (at a particular Ma-AOA combination), based on a data
driven modelling procedure using the spectral submanifold embedding, to obtain the time evolution of
reduced coordinates as well as the time evolution of the full state variables using the mapping function
obtained.



Investigation of the problem, its
details and current solutions

2.1. Transonic shock buffeting: A brief overview

Within a narrow band of transonic-flight conditions between the Mach numbers (Ma) of 0.6 — 1.2, both
subsonic and supersonic airflow can exist around the aircraft’s wings or the aerofoil cross-section. As
an aeroplane approaches the speed of sound, it begins to overtake the pressure disturbances it creates
while moving through the air. Consequently, the air ahead receives no advance warning, and the aircraft
must force its way through, generating a shock wave. This shock wave causes a sudden and significant
increase in the air’s temperature, density, and pressure.

Within the transonic regime, shock waves may form in the supersonic regions around the aerofoil,
often leading to large-scale flow separation downstream of the shock. At certain combinations of
Mach numbers and angles of attack () these shock waves impinge on the aerofoil surface and interact
with the intermittently separated boundary layer, a phenomenon known as shock wave-boundary
layer interaction (SWBLI) occurs. Such interactions frequently induce flow unsteadiness, resulting in
large-amplitude, self-sustained oscillations of the shock—an effect known as buffeting. During buffeting,
the shock front is seen to oscillate about a mean position, on the suction side and sometimes the pressure
side of the aerofoil. This oscillation occurs at a certain frequency referred to as the buffet frequency.
Buffeting reduces the flight envelope i.e. safe operational range of airspeeds, load factors etc. due to it
being detrimental to the structural integrity of the aircraft wings due to the production of dynamic
loads leading to fatigue failure. Thus buffeting can be stated as a limiting factor to aircraft performance
and leads to lowered handling capabilities and fatigue life [29] [19].

The shock buffet cycle visualization is given in figure 2.1, where the shock starts from the most upstream
position given in (a) indicated by the horizontal white arrow pointing to the same, and moves until the
most downstream position in (b), before moving back to the upstream position. Figure figure 2.1(a)
shows a typical lambda-shaped region associated with transonic shock wave /boundary-layer interaction.
The white area represents a boundary layer that develops along the slip line originating from the shock
foot region. The separated boundary layer above the profile, also indicated by a vertical white arrow,
located behind the shock and depicted in black, is also visible. As the shock wave moves upstream, its
strength increases (corresponding to higher local pre-shock Mach numbers), resulting in greater flow
separation.
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Figure 2.1: Instantaneous schlieren images of OAT15A for Ma= 0.73, a = 3.5° from [35]. (a) represents the shock position at the
most upstream location during oscillation and (b) represents the shock position at the most downstream location during
oscillation. The bottom of the image beneath the shock foot, shows the suction side of the aerofoil. The white area represents
boundary layer that develops from the foot of the sock and the separated boundary layer is represented in black, found above the
aerofoil boundary. A pair of horizontal white arrows represent and name the extreme positions of the shock during its motion,
while a pair of vertical white arrows indicate state of the boundary layer for the extreme positions of shock motion.

2.2. Non-linear dynamics involved in transonic buffeting

The mechanism behind transonic buffeting involves the growth of an instability, eventually reaching a
self sustained oscillatory behaviour which are governed by non-linearities. The details of the mechanism
and how it is connected to non-linear dynamics are described in detail in the upcoming sections of this
chapter. To understand those relations some elementary knowledge on non-linear dynamics, bifurcation
theory etc., are needed. These include concepts like limit cycles, bifurcations, Hopf bifurcations,
Stuart-Landau equations, invariance and invariant manifolds, which are discussed in detail in the next
part.

2.2.1. Limit cycles

A limit cycle is an isolated closed trajectory or an isolated periodic solution towards which neighbouring
states might tend towards, when stable. Limit cycles are inherently non-linear phenomena, i.e. they
cannot occur in a linear system. A limit cycle thus models systems that exhibit self-sustained oscillations.
If any trajectory near the limit cycle (and not on it), approaches the limit cycle, then the limit cycle is
stated to be stable or attracting. If the trajectory repels away from the limit cycle, it is an unstable limit
cycle. The various types of limit cycles are depicted in figure 2.2.

stable unstable
limit cycle limit cycle

Figure 2.2: Different types of limit cycle as given in [65]. A stable and unstable limit cycle is represented respectively.
2.2.2. Bifurcations

For a system where the dynamics of the vector field associated with it is dependent on parameters, when
the parameters are varied, the qualitative structure of the vector field itself is changed. More specifically,
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fixed points can be created or destroyed in the system for a one-dimensional system, and closed orbits
can be created, destroyed or destabilized for two-dimensional systems. The qualitative structural
changes in the vector field which occur in the system due to change in parameter values are called
bifurcations, and the parameter values at which it occurs are called bifurcation points. Bifurcations are
defined in all dimensions, but all the action is confined to a one-dimensional subspace along which the
bifurcations occur, while in the extra dimensions the flow is either simple repulsion or attraction from
that one-dimensional subspace [65]. For the purpose of considering the transonic flow around a 2D
aerofoil, the bifurcations defined in the system having two-dimensional subspace is considered.

Hopf bifurcation
Consider a two-dimensional linear system dependent on a parameter u, having the following form,

= Juley) 21)
]/ = f ,U(x/ ]/ )

where 1 is a parameter. Suppose it has a fixed point(x, y) = (xo, o), which may depend on u. The
eigenvalues of the Jacobian of this system, at its fixed point, is the key to determining when the system
loses its stability as the parameter u varies. If the fixed point remains stable, then both the eigenvalues
A1 & Aj need to lie on the left half plane of the Re(A)-Im(A) plane or Re(1)< 0. Since the A’s satisfy a
quadratic equation with real coefficients, there are two possible situations: either both the eigenvalues
are both real and negative or they are a complex conjugate pair as shown in figure 2.3.

Tm A Im A

Re A

»
®
=
mw
e

(a) (b)

Figure 2.3: Types of eigenvalues in Hopf bifurcation as given in [65]. (a) Shows the pair of eigenvalues being both real and
negative and (b) shows the pair of eigenvalues being a complex conjugate pair.

To destabilize the fixed point, one or both the eigenvalues have to cross into the right half-plane by
varying, p i.e. Re(A)> 0. This can lead to two types of Hopf bifurcation to form:

1. Supercritical Hopf bifurcation: where, the physical system whose decay rate depends on the
parameter u and has an equilibrium state, will lose the equilibrium state at 4 = p.. Small
disturbances in the system will thus dampen out when u < u. and will grow when u > .. It can
also be described as occurring when a stable spiral changes into an unstable spiral surrounded by
a small, nearly elliptical limit cycle (near the critical parameter region). The effect of parameter in
a supercritical Hopf bifurcation is shown in figure 2.4 and figure 2.6.

2. Subcritical Hopf bifurcation: where after the bifurcation or when the parameter y > p, the
trajectories of the system jump to a distant attractor, which is a limit cycle, making the system
destabilizing. When u < 0 there are two attractors: a stable limit cycle and a stable fixed point.
These two attractors are separated by an unstable limit cycle. The unstable cycle shrinks to zero
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Figure 2.4: Effect on disturbances with change in parameters and impact of parameters in limit cycles, in supercritical Hopf
bifurcation as given in [65]. The top image (a) represents the decay of instability when u < p. and (b) represents the growth of
instability when u > .. The bottom image represents the settling on system to a stable fixed point when u < . and the growth

of the system to a limit cycle when p > pi.

amplitude and engulfs the fixed point at u = y. and for u > . the system switches to a large
amplitude limit cycle, as shown in figure 2.5 and figure 2.6.

w0 =0

Figure 2.5: Impact on limit cycles due to parameters in subcritical Hopf bifurcation as given in [65]. The image represents two
systems, where the left system represents when u < 0, and has two attractors: a stable limit cycle and a stable fixed point,
separated by an unstable limit cycle. The right image represents the system where 1 > 1., which causes a switch to a larger
amplitude limit cycle.

2.2.3. Invariance and Invariant Manifolds

A subset M of the state space of a dynamical system is said to be invariant if every trajectory that starts
in M remains in M for all future (and past) times. Invariance is a key requirement for any reduced
model to faithfully replicate the system’s dynamics. A manifold is a topological space that, around
every point, resembles Euclidean space of a fixed dimension. This means that although a manifold
may have a complex global structure, such as having a curvature, holes, or even twisting locally (in
a sufficiently small neighbourhood of any point) but a local region on the manifold can be mapped
in a one-to-one, continuous, and invertible way to standard flat space (R"). An invariant manifold is a
differentiable submanifold of the phase space that is invariant under the dynamics. Formally, if ¢(x) is
the flow map of the system, then a manifold ‘W is invariant if ¢;(x) € ‘W forallx € W and t € R (or
t > 0 in dissipative cases).

It has been previously discussed on how a Hopf bifurcation arises when a pair of complex conjugate
eigenvalues of the Jacobian at an equilibrium crosses the imaginary axis as a parameter varies, leading
to the birth of a small-amplitude periodic orbit (limit cycle) as the equilibrium loses or gains stability.
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Figure 2.6: A bifurcation diagram indicating a supercritical Hopf bifurcation on the right side images and a subcritical Hopf
bifurcation on the left side images, from [34]. Here a = u, which represents the control parameter. The supercritical Hopf
bifurcation diagram shows how the dynamics move from a stable equilibrium to a stable limit cycle behaviour on change of
control parameters, while the subcritical Hopf bifurcation diagram shows how the system switches to a large amplitude unstable
limit cycle on change of control parameters

Near such a bifurcation, the dynamics of the full system are governed by a two-dimensional centre
subspace associated with the purely imaginary eigenvalues. According to the centre manifold theorem
as discussed in Yuri et al.[40], there exists a smooth two-dimensional invariant manifold W¥¢, tangent to
this subspace at the equilibrium. All nearby trajectories rapidly contract onto W¢, except possibly along
unstable directions, meaning that the essential non-linear dynamics of the bifurcation are captured by
the behaviour on this low-dimensional manifold. This indicates how the Hopf bifurcation and invariant
manifolds are closely connected, and how together they form a powerful framework for reduced-order
modelling of oscillatory dynamics.

The reduction to W¢ allows the full n-dimensional system % = f(x, a) to be represented by a two-
dimensional complex normal form, which describes the amplitude and phase evolution of oscillations.
On W¥¢, the dynamics can be expressed in a simplified form, typically

z = (u+iwo)z +hz|z|> + O(|z|*) (2.2)

where z € C is a reduced coordinate, u is the bifurcation parameter, and /; is the first Lyapunov
coefficient that determines whether the bifurcation is supercritical (stable limit cycle) or subcritical
(unstable limit cycle). This reduced normal form captures all qualitative features of the Hopf bifurcation,
including the emergence and stability of the limit cycle, while discarding irrelevant higher-dimensional
dynamics.

Invariant manifolds, and particularly centre manifolds, are therefore a natural tool for reduced-order
modelling. Since all bifurcation phenomena are confined to W¢, constructing a reduced system on this
manifold is sufficient to understand the behaviour near the critical point.
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2.3. Shock buffet, its mechanics and associated models describing

the mechanics

2.3.1. Types of shock buffets, the physics involved and need for buffet control

Types of shock buffets
There are two distinct types of shock buffet that were identified to occur on 2D aerofoils.

1. Type I buffet: typically occurs at zero incidence on biconvex sections and encompasses shock
oscillations on both the pressure and suction surfaces of an aerofoil. Shock wave-Boundary
layer interactions (SWBLI'’s) happen on either side of the aerofoil, and it initiates a phase-locked
oscillations in opposite directions. Through the investigation of Mabey [45] and Gibb [30], a
working model of type I buffet has already been developed which involves the weakening of the
shock on the suction side as it moves upstream. The shock motion on the lower surfaces occurs in
an identical manner, with a 180° phase shift. These pair-of-shock-motions yield a self-sustained
shock buffet cycle.

2. Type Il shock buffet: is characteristic of modern supercritical aerofoils and involves upper surface
shock oscillations at non-zero angles of attack. Many categorizations were made for type II shock.
Some of these include classifications made by,

(a) Pearcey & Holder: [54],[55],[56]: Two models of phenomena were identified for type II shock
buffet according to Pearcey & Holder:

i.

ii.

Model A- consisting only of a shock-induced separation bubble: the bubble bursting by
extending to the trailing edge through divergence of trailing edge pressure was studied.

Model B- for which trailing edge separation is either additionally present or incipient,
with:

* Rear separation provoked by the formation of a bubble
* Rear separation provoked by the shock

* Rear separation is present from the outset

These models proposed by Tijdeman is represented in figure 2.7. In this image, the
time evolution of the bubble growth and eventual collapse in model A is represented in
under the title of original model A, from plots 0-VI. The various mechanisms for model
B is represented under the titles rear separation, rear separation provoked by the shock
and rear separation already present respectively. The time evolution for each of these
mechanisms are also given vertically below one another.

(b) Tijdeman [71]: Tijdeman characterized three distinct modes of shock through his experimental
investigations of NACA 64A006 aerofoil. These include:

i.

ii.

Type A shock motion: which is represented by near sinusoidal shock oscillations on
the suction side of the aerofoil, where the shock strength varies throughout the buffet
cycle. The maximum strength of shock is achieved in the upstream excursion of the
shock. Type A shock motion was described by Lee’s model in [42], through an acoustic
wave-propagation mechanism, and Crouch’s model in [17], using global instability
analysis, both of which are described in detail in section 2.3.1.

Type B shock motion: which resembles type A, but the magnitude of shock strength
variation is much larger. This means that the shock disappears on its travel downstream
and reappears when moving upstream. A mechanism for type B was proposed by
Raghunathan et al. [58], which proposes an unstable shock-wave/separation bubble
interaction. The shock must be strong enough to create a separation bubble, whose
appearance initiates the periodic motion of shock. The shock oscillation is sustained
through the alternating expansion and collapse of the bubble on the upper aerofoil
surface. The trailing edge is crucial in communicating flow states between the suction
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Figure 2.7: Model A and Model B flow separation according to Pearcey et al. [31]. Model A section shows the evolution of the
bubble bursting mechanism and Model B section shows how three separate phenomena involving the (1) rear separation provoked
by bubble formation, (2) rear separation due to shock formation and (3) rear separation being already present from the outset

and pressure surfaces, and the varied extent of the separated zone alters the aerofoil’s
effective camber throughout the cycle.

iii. Type C shock motion: Here, the shock travels upstream, initially strengthening and then
weakening, but continuing to move forward, eventually propagating forward into the
oncoming flow as a free shock-wave. A mechanism for type C shock buffet was proposed
in Lee et al. [43]. This proposed mechanism involves the weak compression waves
coalesce to form a shock which moves upstream into the flow. After exiting from the
leading edge of the aerofoil, weak compression waves are formed again and the process
repeats itself.

The Tijdeman shock types are represented in figure 2.8.

Since the mechanism for biconvex aerofoils was already researched and defined in Mabey [45] and Gibb
[30], the focus of all further investigations for the past couple of decades has been to the type II shock
buffets occurring in super critical aerofoils. Hence, all further studies in this investigation will be done
for type II shock buffets, occurring on a supercritical aerofoil. Since the governing models proposed
for explaining the behaviour of type II shock buffets, in literature including Lee[42], Crouch et al.[17],
Crouch et al.[18], investigate the behaviour of the Tijdeman type A shock motion, the same has been
considered for all investigations herein.

Governing physics proposed for type II-Tijdeman type A transonic buffet

There are many prevailing theories that propose various methods of onset of type II-Tijdeman type A
shock buffet, which are seen in transonic flow conditions around a supercritical aerofoil. The dominant
and widely accepted theories regarding the same, as per Giannelis et al.[29], are stated below:

Model 1: Lee’s model The model proposed by Lee [42] establishes that the periodic oscillations of the
shock waves due to the SWBLI is caused by a feedback loop involving acoustic wave propagation. This
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Figure 2.8: Types of periodic shock wave motion represented in Tijdeman et al. [71]. Type A represents a shock which oscillates
with a nearly sinusoidally varying frequency and varying shock strength. Type B represents a shock motion where it periodically
disappears during its downstream excursion. type C represents the shock motion where upstream propagation periodically
occurs.

model enabled the prediction of shock oscillation frequency of the Tijdeman type A shock motions. The
disturbances arising from the SWBLI, generated at the shock, are advected downstream and grow in
their amplitude on the way through the separated boundary layer. These disturbances then trigger
upstream pressure waves at the trailing edge, satisfying the unsteady Kutta condition, thus closing the
feedback loop. One of the key features of a shock buffet is the oscillation frequency for the shock or
its inverse, the time period taken for a shock oscillation cycle to complete. The shock cycle period is
calculated as the sum of the total propagation time of the shock upstream and downstream. i.e. for an
aerofoil with a chord length of ¢, where the mean shock location occurs at a length of x;,

c Xs
- / Lo / LN 2.3)
x. Ap . Ay

where 7 is the period of buffet cycle, a, is the stream propagation velocity and a, is the velocity of the
downstream propagating pressure waves.

The problem with Lee’s model[42] is that the model underestimated the buffet frequency, found
through the inverse of time period obtained from equation (2.3) through the use of LES simulations,
by approximately 60% when compared to the experimental data obtained from [36], for the OAT15A
aerofoil by Garnier & Deck [28]. To accommodate for this, a modified model was proposed that accounts
for upstream propagating pressure waves travelling not only along the upper surface but also along the
lower surface and around the leading edge. Although it did improve buffet frequency predictions to
36% of deviation compared to the LES data, it suggested that there was a fundamental lack of robustness
in the original model proposed by Lee [42].

Model 2: Crouch’s model The model proposed by Crouch [15],[17],[18] states that the mechanism
dealing with the shock buffet involves the instability of a global aerodynamic mode. A global mode
decomposition of the steady transonic flow field under pre-buffet conditions identifies a marginally
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Figure 2.9: Model of self-sustained shock oscillation (adapted from Lee[42]).The shock buffeting occurs due to feedback from
acoustic waves propagated from trailing edge. Here, a is the stream propagation velocity and ay, is the velocity of the
downstream propagating pressure waves. The aerofoil has a chord length of ¢, where the mean shock location occurs at a length
of xs.

stable eigenvalue associated with the flowfield components. As the angle of incidence increases, a
Hopf bifurcation causes this eigenvalue to cross into the unstable regime, leading to phase-locked
oscillations of the shock and the separated boundary layer. To understand this model, a brief review of
non linear dynamics, bifurcation theory, and the mathematical framework for global stability analy-
sis is required, which has been done in section 2.2. The model is described in detail in upcoming sections.

Other models: The qualitative flow characteristics outlined by Crouch et al. [18] are exactly included
in the improved wave propagation model put out by Jacquin et al. [35]. Nitzsche [48] discovered that a
natural resonance in the steady transonic flow field might be the cause of shock oscillations in a linear
sense.

2.3.2. A detailed look into Crouch’s model and its validation

A moderately stable eigenvalue associated with the flowfield components is obtained by global mode
decomposition (using global stability analysis), of the steady transonic flow field under pre-buffet
conditions. This eigenvalue crosses the stability limit with increasing angle of incidence as a result of a
Hopf bifurcation, which results in phase-locked shock motion and a separated boundary layer.

Global stability analysis used in Crouch’s model
Global stability analysis methodology was performed by Crouch et al. [17] for evaluating the global
modes of an aerofoil. As per the evaluation done in Crouch et al. [17], two-dimensional, viscous,
compressible flows were considered, where the chord Reynold’s number of the aerofoil is Re. ~ O(10°77).
For these high Reynold’s numbers, the boundary layer on the aerofoil is turbulent. At these conditions,
the time scales of interest (of the buffet oscillations) is much smaller than the characteristic eddy time
scales. Thus, Unsteady Reynold’s Average Navier-Stokes (URANS) equations were chosen as defined in
section 3.1.2, with the effect of turbulence of the boundary layer was modelled to provide closure to the
Reynold’s stresses in the URANS, by a turbulence model. The turbulence model chosen by Crouch et
al. [17] was a single-equation, eddy-viscosity based model called Spalart-Allmaras (S-A) model, with
compressibility correction to account for the discontinuity faced in the shock region. The URANS and
the closure equations, can also be expressed in the terms of the following state vector, as stated in
Crouch et al. [17]:

qg={p,u,v,T,7} (2.4)

where the p represent the density, u and v are the stream wise and transverse velocities respectively, T
is temperature and ¥, the modified viscosity.

This state vector can be decomposed into the mean (7) flow and a fluctuating (") component, such that:

g=q+q" (2.5)
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On assuming the linearization of the governing URANS equations, it is then assumed that the fluctuations
in the mean flow (g") behaves like small perturbations. The complete set of equations can thus be
expressed in the simplified operator form.

9
5 Alg'1+Bglq'1 =0 (2.6)

where A is a linear operator consisting of the time derivatives of the URANS equations, while Bz is a
linear operator that includes the linear terms of URANS as well the non-linear coupling terms present
due tot the interaction between 7 and q’. These perturbations to the mean flow field § may be described
by time-harmonic aerodynamic modes:

q'(x,y,t)=§(x,y) - e (2.7)

where § is the eigenfunction representing the mode shape while w is the frequency. Conditioning this
result using a matrix (W), as defined in Crouch et al. [17] the following is obtained,

—iwg+L(g)-4=0 (2.8)
Where L is a second-order differential operator.

Equations equation (2.8) , describes an eigenvalue problem which are solved to find the complex
frequency w and the aerodynamic mode shape §. The complex frequency obtained can be written as,

@ =Y +iwg (2.9)

Here, the real part of the complex frequency w (yo), represents the growth rate of the mode, while the
imaginary part (wo) represents the frequency of the mode.

Crouch’s model

As previously discussed, transonic buffeting occurs under certain combinations of Mach numbers and
angle of attacks of the aerofoil («). The identification of the buffet onset with these combinations is
done through observing the level of unsteadiness, measured by the real component or the growth rate
of the extracted global mode (), following the global stability analysis in Crouch et al. [18]. These
instability are observed to increase as « increases, at a fixed Mach number. The instability occurs when
the prescribed growth rate of the mode ()p) becomes positive i.e. 9 > 0. The onset of the instability
is characterized by a Hopf bifurcation, which leads to a limit cycle behaviour of the shock or shock
oscillations. These shock oscillations can be visualized by observing the evolution of the coefficient of
lift (Cp) as seen in figure 2.10. (a) in figure 2.10 shows the time evolution of the lift coefficient for the
buffet-onset configuration and (b) presents the same plot but for higher angles of attack: both (a) and
(b) are plotted for OAT15A supercritical aerofoil at a Mach number (Ma) = 0.73 and a chord Reynold’s
number (Re.) = 3 x 10°.

Here, the increase of unsteadiness due to the onset and increase of instability can be observed with the
inception and increase of the Cj, oscillation over time. The C;, oscillations, after a certain amount of
time, can also be seen settling into a particular amplitude and frequency of oscillation, which represents
the limit cycle oscillation (LCO) behaviour of the shock. Crouch et al. [18] had suggested that the near
the buffet onset, the instability growth rate () > 0) of the dominant mode is observed to exhibit a
non-linear variation with the angle of attack (@) which are consistent with a supercritical bifurcation
from a weakly non-linear theory.

The variation of growth rate and frequency with the variation in « for aerofoil OAT15A, at Ma=0.72,
0.73 and 0.74 are represented in figure 2.11, as taken from [16].
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Figure 2.10: Evolution of coefficient of lift (Cy. or here C;) for OAT15A at Ma = 0.73, and Re. =3 X 10°. Adapted from Sartor et al.
[61]. (a) Represents the growth of lift coefficient at an angle of attack of 3.5° and (b) represents the growth of lift coefficient at
angles of attack of 4.0° and 4.5°.

Validation of Crouch’s model

The validation of Crouch’s model was done by comparing the buffet onset boundary by Crouch et. al.
[17, 18], which comprises of the combination of Mach number vs angle of attack where shock buffeting
is observed to be at, against experimental data obtained in McDevitt & Okuno [47]. This comparison
done for a NACAQ012 aerofoil at Reynold’s number (Re) = 10 x 10°, is shown in figure 2.12. It can
be seen that the unsteady URANS simulations match the buffet onset boundary observed through
experimental data.

The buffet onset region for various Mach number-a combination is represented for two aerofoils
NACAO0012 and OAT15A in figure 2.13.

The theory was also validated numerically in Crouch et al. [17] for a NACAQ012 aerofoil at Reynolds
number (Re)=10 x10° Mach number (Ma) = 0.73 and angle of attack («) = 3.0°, 3.1° and 3.2°, represented
in figure 2.14, where the least stable eigenvalue measured crosses into the real plane causing the buffet
onset can be seen.

The unstable/most dominant global mode (§) associated with growth rate (y)>0 of the eigenvalue,
as described in section 2.3.2, is then represented through the unstable u-velocity component of the
dominant mode, where the magnitude and phase of the u-velocity component are represented in
figure 2.15, as found in Crouch et al. [17]. From figure 2.15 in the magnitude plot (a), it is evident that
the unsteadiness is concentrated at the shock location and downstream at the boundary layer, and the
phase plot (b) indicates the phase locked motion between the shock wave and the separated boundary
layer, i.e. how the boundary layer thins when the shock moves downstream and how it thickens when
the shock moves upstream.
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Model selection for describing transonic buffet

Crouch et al. [18] describe shock motion in a way that contrasts with the transonic buffet model proposed
by Lee [42]. The model by Crouch et al. [17] indicates that pressure disturbances originate at the
shock foot and primarily propagate in the wall-normal direction along the shock, with lower intensity
through the boundary layer, rather than being confined to the boundary layer, even though both models
emphasize phase-locked modulation of the separated boundary layer and shock position. The pressure
variations seen during the shock cycle, shown in figure 2.16 for a Mach number of 0.76 with an angle of
attack = 3.2° at a Reynold’s number (Re) = 107, show how these disturbances advance and dissipate
into the incoming airflow as they approach the top of the shock indicated by the position of the green
arrows. The shock cycle is defined with eight steps, where the total time period of one oscillation (T) is
divided as t/T =0,1/8,2/8,3/8,4/8,5/8,6/8 and 7/8. Furthermore, these disturbances follow the
shock downstream, indicated by the position of the red arrows, intensifying before producing acoustic
waves that flow upstream along the bottom surface and across the trailing edge.

Figure 2.16: Contours of the pressure fluctuation at eight steps during the oscillation cycle (Crouch et al. [18]). Starting from top
left marked 0/8, through 1/8,2/8 ... 7/8 the images represent the eight steps within the total time period of shock oscillation (T).

Comparing transverse velocity components from global mode simulations with Laser Doppler Velocime-
try (LDV) measurements for the OAT15A aerofoil done in Crouch et al. [15] reveals excellent agreement,
supporting the validity of these findings. The unstable global mode mechanism is further validated by
Sartor et al. [61] through the eigenvalue decomposition of the global Jacobian matrix. Due to current
acceptance and experimental validation, henceforth all further investigations and research done for the
purpose of this master’s thesis would be based on Crouch’s model.
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2.4. Buffet control, its needs and the currently available solutions
2.4.1. Buffet control

Buffet control is a critical aspect of ensuring aircraft operational safety, as aerodynamic buffeting
imposes constraints on the flight envelope and poses risks to the structural integrity of the wings. As
previously discussed in chapter 1, control methods are divided into passive and active approaches.
Passive techniques as seen in Gao et al. [25], such as mechanical vortex generators and shock control
bumps, alter wing geometry to delay buffet onset but only work at specific operational points and
cannot fully eliminate buffeting. Active controllers, including actuators for trailing-edge devices as
given in Gao et al. [26], and fluidic vortex generators, use external energy to adapt boundary layer
conditions and suppress buffet as shown in Dandois et al. [20], and are suitable for both open and
closed-loop control systems. Closed-loop controllers, which adjust input based on real-time feedback,
are preferred for managing flow instabilities over the open-loop controllers, which does not consider any
real-time feedback to adjust the input. The closed-loop controllers can be model-based or model-free;
model-based approaches rely on flow models, and low-dimensional reduced-order models are favoured
for real-time control due to their balance of accuracy and computational efficiency.

In the context of closed-loop buffet control, model-based approaches utilize various types of flow models:
high-fidelity models (based on discretized Navier-Stokes equations), low-dimensional reduced-order
models (approximating essential system physics), and input-output models (such as neural networks).
High-fidelity models, while accurate, are computationally expensive and impractical for real-time
control of complex phenomena like buffeting. Input-output models lack direct ties to physical principles,
limiting their robustness for control law design. Reduced-order models, on the other hand, are preferred
because they significantly lower computational demands while retaining key physical insights, making
them well-suited for designing reliable and efficient real-time control strategies.

2.4.2. Reduced order modelling

Problems associated with the need of flow control, once discretized by CFD (Computational fluid
dynamics) techniques usually result in a system of order O(10°78). For the purpose flow control, where
the controller design are relatively of lower order O(10'), for the sake of computational efficiency for
real-time operation, the system has to be reduced to a lower order as a whole before the design of a
closed loop controller. There are different approaches to achieving this according to [41]:

1. Design-then-reduce: where a full dimensional system is constructed as a higher order model,
capturing all features of the system, which is then approximated by a reduced-order controller.

2. Reduce-then-design: where an order reduction by capturing essential features of the system, is
carried out on the large scale model and a reduced order controller is then designed based on the
reduced order model produced.

The 'reduce-then-design’ approach has been successfully employed in many cases, as mentioned in [26].
The reduction of the full dimensional system to a reduced order model (ROM) can be carried out in the
following ways as per Gao et al.[26]:

1. Proper orthogonal decomposition (POD) approach: Where the Galerkin projection of the equation
describing the system, here the Navier-stokes equation, onto a space spanned by POD modes.
The modes from the POD give a method of reconstructing the flow field, which then helps the
interpretation of the effect of the controller used in modifying the flow. The modes, however, often
do not represent the flow field fully, which is a disadvantage of this method.

2. Dynamic mode decomposition (DMD) approach: DMD is a spatio-temporal decomposition
technique that extracts coherent structures along with their temporal evolution. DMD is similar to
POD in the aspect of extraction of modes from a system but, unlike POD, DMD identifies modes
that oscillate at specific frequencies, making it useful for analysing unsteady flows.

3. System identification approach: Where information collected from sensors and actuators or outputs
and inputs respectively are used to determine the model without any a priori knowledge of the
governing equations. Methods like eigensystem realization method (ERA) and autoregressive
method (ARX) are some ways in which the model is constructed.
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The creation of a ROM is followed by the design of an active control law, which is used to control the
buffeting phenomena.

2.4.3. Currently available reduced order models for and drawbacks

The currently available reduced order models include ones made by ARX (autoregressive with external
input) technique to model a flow characterized by an oscillating shock in Gao et al. [24] and Gao et al.
[27]. These reduced order models lack any physical interpretations due to the use of ARX for model
building, since the ARX can only model linear relationships between inputs and outputs which are not
based on any underlying physics. Models based on dynamic mode decomposition (DMD) techniques,
to identify flow structures and to describe the underlying physics, as in Gao et al. [26] are also available.
Both these model types are linear and fail to capture the non-linearity involved in an unstable flow. So,
using these methods the buffeting is controlled only after its settling onto a limit cycle oscillation (LCO).
Two methods which has been successful to some degree in modelling non linearity are,

¢ By using the fit of coefficient of lift variation (C) to a Stuart-Landau equation as done in Crouch
etal. [16].

¢ By using the Sparse Identification of Nonlinear Dynamics (SINDy) technique to extract a
parametrized, interpretable, and minimal-order description of the dynamics of transonic buffet by
modelling a simple parametrized Stuart-Landau oscillator as done in Sansica et al. [60].

Both these methods are discussed in detail below.

ROM modelling through fit of C; variation to a Stuart-Landau equation

The onset of transonic buffet on aerofoils can be understood within the framework of global stability
analysis, which provides the linear foundation for studying flow instabilities. For transonic buffet, the
global stability analysis reveals the existence of an oscillatory mode whose growth rate changes sign
at a critical angle of attack or Mach number, signalling a Hopf bifurcation, as previously discussed in
section 2.3.2. Near this critical point, the flow transitions from a steady state to self-sustained oscillations,
and the linear analysis predicts the onset of instability through the growth rate y and the oscillation
frequency wy.

To capture the post-critical behaviour, linear theory is insufficient because non-linear effects become
significant once the perturbation amplitude grows beyond the linear regime. Due to the non-linear
nature of the dominant mode close to the critical point, as stated by Crouch et al. [18][16], it was stated
that the behaviour of the buffet follows a Stuart-Landau equation, which assumes that the oscillation
amplitude of the mode remains small but evolves on a slow timescale due to non-linear interactions.
The solution is expanded in terms of a small parameter representing the amplitude of oscillation which
leads to an amplitude evolution equation, where the linear growth predicted by the global analysis is
balanced by cubic non-linear saturation. In this framework, the oscillation amplitude A(t) evolves in the
form,

JdA
y = )/QA + )/1143, (210)

where )y is the linear growth rate obtained from global stability analysis, and y; (the Landau constant
or first Lyapunov coefficient) quantifies the leading-order non-linear correction. For a supercritical Hopf
bifurcation, which is the case for transonic buffet, y1 < 0, ensuring that the amplitude saturates to a
finite value instead of growing unboundedly. Here, the amplitude A is defined directly from the lift
fluctuations as

A= %pp (CL(®), (2.11)

cLt)-c® : ) . : ) ) )
where Ci(t) = L(C)(B) L is the normalized lift coefficient fluctuation, C;(¢) is the instantaneous lift
L

coefficient, C(LB) is the steady-state lift coefficient of the base flow, and pp(-) denotes the peak-to-peak
value. This definition directly links the amplitude A to a physically observable quantity, enabling the
determination of buffet boundaries based on lift oscillations. But this interpretation of the oscillation
amplitude evolution through the lift coefficient does not help in the creation of an generalized flowfield
equation, using weakly non-linear analysis, as seen in Vojkovi¢ et al. [73] where the vortex shedding in
the wake region of a cylinder is investigated. It also tries to replace the amplitude of the most dominant
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mode which evolves in time, which is characterized by the Stuart-Landau equation, by coefficient of
lift (C1), which may behave in the same way, but does not deal with modes as a whole directly. This
requires the use of the evolution of the amplitude of global mode in time, which can then be used to
describe an asymptotic expansion of the flowfield using the methodology followed in Vojkovi¢ et al.
[73]. The development of such a flowfield definition also requires a bifurcation parameter (€), whose
value indicates whether the flow is in a pre or post critical state. The bifurcation parameter in the
case of the aerofoil at a constant Mach number would be € = f(a., a), where a represents the angle of
attack of the aerofoil, and a. a critical angle of attack beyond which bifurcation occurs. This asymptotic
equation when paired with the governing Navier-Stokes equation results in a set of linear equations,
which when solved gives us the evolution of various modes and their interactions in time. The solution
of one of these equations results in the amplitude evolution of the global mode, which is governed by
the Stuart-Landau equation. But, due to the dependence on multiple parameters, there is lack of a well
defined bifurcation parameter expression, due to its complexity. Since the asymptotic expansion of the
flowfield requires the bifurcation parameter there is a lack of a the closed form model governing the
flowfield. Because of the lack of a closed form model, the weakly non-linear analysis, even though
promising, cannot be pursued as a viable method for describing the non-linear nature of the transonic
shock-buffet.

ROM modelling through data riven methodology using SINDy and DMD

The study by Sansica et al. [60] presents a data-driven methodology for constructing reduced-order
models (ROMs) that are capable of predicting the unsteady dynamics of transonic buffet. The starting
point is a set of time series of the lift coefficient, Cy(f), obtained from unsteady Reynolds-averaged
Navier-Stokes (URANS) simulations at various angles of attack (AOA). Despite the high-dimensionality
of the turbulent flowfield, it was demonstrated that the essential buffet dynamics can be accurately
captured using a low-dimensional state representation.

The methodology begins with a time-delay embedding of the scalar lift signal using the Broomhead-King
algorithm, which transforms Cy () into a latent space of dimension two. This is motivated by Takens’
embedding theorem, which guarantees that the dynamics of a non-linear system can be reconstructed
from time-delayed measurements of a single observable. The resulting Hankel matrix of the lift
coefficient is decomposed via singular value decomposition (SVD), revealing that the dynamics are
predominantly rank-2, corresponding to amplitude and phase dynamics of the buffet oscillations. To
identify a governing dynamical system in this latent space, the authors employ the Sparse Identification
of Non-linear Dynamics (SINDy) algorithm [7]. SINDy constructs a library of candidate non-linear terms
(up to cubic polynomials) and solves a sparse regression problem to identify the active terms that govern
the evolution of the latent variables. The resulting system is found to be equivalent to a Stuart-Landau
oscillator, which captures the self-sustained oscillations through a minimal set of non-linear terms.
For full-state prediction of the flowfield, the ROM couples the identified Stuart-Landau dynamics
with a Dynamic Mode Decomposition (DMD) representation of the flow. The high-dimensional flow
state q(x, t) is approximated by a Galerkin expansion over a small number of DMD modes ¢;(x) with
time-dependent complex amplitudes s;(t). A Kalman filter is then used to estimate these amplitudes
from the predicted lift coefficient, enabling reconstruction of the full flowfield around the aerofoil. The
low-dimensional linear DMD model, combined with interpolation of the DMD operator across different
AOAs, enables efficient generalization to untrained flow conditions.

While the ROM approach offers significant computational savings, reducing predictions from hundreds
of URANS core hours to seconds, is not without its limitations. The reliance on 2D URANS data means
that three-dimensional buffet mechanisms, which are known to be relevant for real wings, are not
captured. Furthermore, the accuracy of the DMD-based reconstruction is limited by the finite number
of modes used, which can lead to Gibbs-like oscillations near sharp gradients, such as shocks [60]. The
non-linear model includes only up to quadratic terms, and thus higher-order harmonics in the power
spectral density of the lift signal are not reproduced. Another drawback is the model’s dependence
on the quality and range of the training data. The interpolation of system parameters (e.g., the SINDy
coefficients and DMD operators) is only reliable within the convex hull of the AOAs used for training.
Extrapolation to untrained conditions may result in inaccurate predictions. Additionally, because the
identified system operates in a latent space, it requires an accurate measurement model to map back to
physical observables, which can introduce errors if the latent representation is not well-calibrated.
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Overall, the approach demonstrates the power of combining system identification techniques such as
SINDy with modal decomposition methods like DMD for capturing essential buffet dynamics in a
computationally efficient way. However, its reduced complexity and data-driven nature necessitate
careful validation, especially when extending the model to high-fidelity 3D scenarios or control-oriented
applications.

Though successful to various degrees, both these techniques fail to capture the nonlinearity completely
because of dependence on closed forms and need for multiple modes to define the system. Thus, the
exists need of a robust reduced order model, able to capture the nonlinearity seen during the time
evolution of transonic buffeting and which can accurately predict untrained conditions.

2.5. Observations, problem statement and research objective

2.5.1. Observations

As stated previously in section 2.3.1 - section 2.3.2, Crouch et al. [18] had suggested that the near
the buffet onset, the instability growth rate of the dominant mode is observed to exhibit a non-linear
variation with the angle of attack (a) which are consistent with a supercritical bifurcation supported
by a weakly non-linear theory. Currently, the proposed models available are linear in nature similar
to given in C. Gao et al.[25][26], Sansica et. al. [60], Crouch et al. [16] etc. These models do not fully
describe the time evolution of the amplitude of the critical /dominant global mode of the flow, which
would be described by a Stuart-Landau model, and hence the non-linear evolution of the flow. The
validity of such linear models are restricted to the vicinity of the linearization point and hence has
limitations in fully representing the system. Because of this, buffet control implemented based on such
models have not been completely successful in eliminating buffeting as a whole and returning the flow
field to a steady flow.

Description of the time evolution of the amplitude of the critical global mode requires a closed form
equation, defining the evolution of the flow and its dependence on the bifurcation parameter which is
defined as the parameter which when changed causes bifurcation. A similar equation was developed for
the case of evaluating the bifurcation phenomena observed in vortex shedding in a cylinder as shown
in Vojkovi¢ et al. [73]. The closed form equation for a case of transonic buffeting, whose bifurcation
depends on two parameters; Mach number (Ma) and angle of attack (), is more complex and is not yet
developed and is more complex to define. There has also been investigations into creation of a reduced
order model through a data-driven manner using SINDy and DMD modes by Sansica et. al. [60], which
fails to predict the dynamics for untrained conditions.

Thus, there exists a need for a robust reduced order model which can capture and predict the non-linear
dynamics well enough and which can be used for control purposes of transonic buffet.

2.5.2. Problem statement and research objective

The observations stated in section 2.5.1 gives rise to the formulation of the goal of this research: To
generate a non-linear reduced order model for flow around an aerofoil in transonic buffet region of
operation (evaluated for selected Ma-a combination) which captures the non-linear nature of the
time evolution of the conservative variables which include, density, x-momentum, z-momentum,
energy density and eddy viscosity, which are used to define the flow. The reduced order model
developed, should be able to capture and predict the dynamics of the flow in terms of the time
evolution of conservative variables, as well as be suitable for control purposes. Here, the problem
will be considered for an aerofoil with no external forcing acting from the aerofoil to the flow.



Governing equations and solvers used

In this section, the governing equations (Navier-Stokes equation with turbulence closure model) and
their RANS form, the details of the solvers and methods used for the RANS and unsteady RANS
simulations, extraction of the eigenmodes and POD modes are discussed in detail.

3.1. Governing equations

As discussed in the last chapter, the transonic buffet is a complex, self-sustained aerodynamic instability
that occurs on aerofoils and wings operating within the transonic regime, typically characterized by the
intermittent oscillation of shock waves and the boundary layer. To investigate the underlying physics
of transonic buffet in two dimensions (for a 2D aerofoil), the present study employs the compressible
Navier-Stokes equations, which govern the conservation of mass, momentum, and energy in a fluid.
These equations are implemented in simulation using the Reynold’s Averaged Navier Stokes equation
(RANS) form. Given the inherently turbulent nature of the flow in this regime, the RANS equations
are complemented by a suitable turbulence closure model, enabling the simulation to capture the flow
behaviour with the effects of turbulent fluctuations. The resulting set of equations provides a robust
framework for analysing unsteady shock-boundary layer interactions and the onset of buffet in transonic
flows. The governing equations are as follows,

3.1.1. Continuity and conservation equations

Here, for a two dimensional compressible flow occurring on the x-z plane is considered. The Navier-
stokes equation is then written in terms of the primitive variables, g4 = {p, u, w, T, ¥} in the conservative
form. Here, p represents the density, u represents the velocity along the x-axis, v represents the
velocity along the z-axis, T represents the absolute temperature and ¥ represents the turbulent viscosity
component which provides closure. The governing equations are thus written as follows:

Continuity equation:

dp  dpu) d(pw)
3 + P + 9 - 0 (3.1a)
Conservation of momentum in the x direction:
dpu) dpu?) INpuw)  dp I J
8t + ax + az - _5 + g(txx) + g(txz) (3-1b)
Conservation of momentum in the z direction:
dpw) dpwu) dpw?) I I J
ot + ox + 0z - _g + a(tzx) + g(tzz) (3'1C)

23
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Conservation of energy:

%(p(e + % (u? +w?) )+%[pu(k +(u? + wz))] + .5% [pw(h + 3w+ wz))] =

20, aqz) (3.1d)

d d

a(utxx + Wtzy) + E(”txz +wty;) = ( ox + 0z
Here, p = pRT by the ideal gas law where, p is the density, T is the temperature. Also, u, w are the
velocities in x & z directions respectively, R is the specific gas constant, e represents the specific internal
energyand h = e + % the specific enthalpy. The heat flux g is defined as gx = —A.f¢ g—z, gz = —Aef fg_Z'
The viscous stress tensors t are defined as

Ju 2 Ju Jdw Ju Jdw
bew = 2lef 5 - = gheff | 5+ 5— |, bxz = pheff | 5-+ 5|

3.2)
b = 20 20— 2 [ 2
= = Alelt g, T3 0 T oz
where the effective dynamic viscosity e and effective heat conductivity Aes are defined as,
- 5 _ D | po
peti = W(T) + p0, e = T B, (3.3)

Here u = u(T) is the dynamic viscosity, ¥ represents the turbulent viscosity, Pr and Pr; are the Prandtl
number and the turbulent Prandtl number, respectively.

3.1.2. Governing equations in Reynold’s averaged form

Reynold’s decomposition is a technique used to separate any flow variable into a mean (ensemble
averaged) component and a fluctuating (perturbation) component. This is fundamental in turbulence
modelling and forms the basis of Reynolds-Averaged Navier-Stokes (RANS) equations.

Reynolds averaging for a component y can thus be described as:

y=y+y (3.4)

where 7 represents the mean component of y, while y’ represents the fluctuating component. Here,

7:£m1% y@ (3.5)
—00 j=1
and, by definition,
y'=0 (3.6)

Here, N are the number of samples considered for the component.

The full state vector describing the flow can be decomposed into a mean flow (steady-state) component
and a perturbation (unsteady/fluctuating) component using Reynolds averaging.

q=q4+q’ 3.7)

where
g={p,a,,T,v} (3.8)
g ={p,u,w, T v'} (3.9)
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For flows close to steady state, the fluctuating component g’ can be considered to be small when
compared to the mean flow j i.e. 4" < §. By substituting g = § + ¢’ into the governing equations,
subtracting the equations for the mean flow, a set of equations for the perturbations is obtained.

RANS equations for perturbations in the xz-plane:
Continuity equation:
I _Api)  Apw)

8t+ e + Ep =0. (3.10a)
Conservation of momentum in the x direction:
pi) Ipi) Apiw) I I PR
R e e <R ol (ST R (SR T B (3.10b)
Conservation of momentum in the z direction:
Apw) Apwn) Ip@d) I D[ 9
= 4+ = — pw'u’ 7 3.10c
o T ox ez &z+8x(t P + az( - ). (3.10c)

Conservation of energy:

i-~1~2 72 1_/2 2 O (7 1/n2 , =2 l—s —
3 p(e+2(u +w))+2(pu + pw ) P pu(h+§(u +w))+u§(pu + pw )
i‘”‘~ 1~2 72 -1 ” ” _a 7 It L F 5o F T 11,12 ”
= pw(h+2(u +w))+w§(pu + pw ) —a[—qx—puh + byl + to® — pu/5(u? + w )]+
L ey s v IR PO Ry N Ry e
E[—qz—pwh + byl + b, W — pw’5 (% +w )]+a[u(txx—puu)whw(txz—puw)]
+% [ﬂ(fzx - pw'u’) + Wtz — pw’w’)]
(3.10d)
where,
e ou’ &u’+&w’ o dil %_’_&_ZD
Heff | 5% ~3\9x T oz Jx 3\ox 9z ]|’
g (8u 8w)+y, (&L’t+8u7)
eff eff | 5~ Y
d dx dz  ox (3.11)
. Jw’ 5u+8w e Jo 1 a_a+a_w
Hett | 52 ~3\ox T oz Hett | 52 ~3\ax " 9z )|”
Ge =P, q. = p
and
’ = — 7 ’ ‘uéff
Hegg = P Vi + pvy, Aeff Prt (312)

3.1.3. Turbulence model and equation used
The turbulent viscosity component used to provide closure to the conservation equation, depends on
the turbulence model used. Generally, for a single equation model they can be written as

pv = f(9) (3.13)
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where f(¢) is a function specific to the model used. Due to inherent limitations of the types of turbulence
models which could be used at DLR for the methodology followed in this study, the choice of model
selection is restricted to the Spalart-Allmaras single equation turbulence model and its modifications.
The SA-neg model [2] is a modification of the original Spalart-Allmaras one-equation model designed to
handle negative values of the working variable of eddy viscosity (i), which can occur due to numerical
errors. When ¥ < 0, the transport equation is modified to maintain stability and avoid non-physical
behaviour.

Governing Equation for ¥ < 0:

ov oy oV oV ] (3.14)

2
. 7 1] 0 - -
E + T/l]a—xj = Cbl(l - Ct3)£21/ + Cuw1 (3) + E |:8—x]((1/ + an)VV) + Cbzg—xz'a—xi

Here, where () describes the vorticity magnitude. The turbulent eddy viscosity (u; = v;p) relation is
given by:

pﬁfvl , v > 0
= 3.15
Kt {0, 7<0 (.15
The correction terms used here are:
v o1 + X3
==, = 3.16
The constants used in the model are:
* cp1 =0.1355 (production term coefficient)
® cpp =0.622 (cross-diffusion coefficient)
o k=041 (von Kérmén constant)
e o= % (diffusion coefficient)
® ci3=12 (negative damping factor)
e c,1=16 (correction function constant)
1+
® Cy1 = CL; + cu2 (wall destruction term)
K o

The SA-neg model ensures that no turbulent viscosity is generated when ¥ < 0, and the governing
equation in this regime is constructed to smoothly return ¥ to a physically valid positive value. The
production term is damped using the factor (1 — ¢;3), and diffusion is modified using the function f, to
maintain numerical stability. For # > 0, the model reverts to the original Spalart-Allmaras formulation.

3.2. Solvers and methods used

The RANS simulations are done on the DLR cluster CARO, using the the in-house CFD simulation
software known as TAU. TAU is used to generate numerical solutions of compressible flow equations on
unstructured and hybrid computational meshes, with common physical flow and turbulence models,
and numerical algorithms for efficient steady-state and time-accurate simulations (e.g. multi-grid, dual
time-stepping method). All further simulations were carried out in TAU and the solvers and methods
used for the same are described here.

3.2.1. Time-linearized Navier—Stokes solver for RANS simulation

TAU implements a time-linearized Navier-Stokes solver for implementing RANS simulations. The
governing equations used here are the mass-weighted (Favre-averaged) three-dimensional, time-
dependent Navier-Stokes equations or RANS equations [70]. The equations apply to an open domain
Q(t) c R® with a smooth boundary JdQ(t), described by the time-dependent coordinates:

x(t) = [x(t), y(t), z(t)]" (3.17)
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The velocity field is defined as:
Ulx(t), 1] = [u(x, 1), o(x, ), w(x, O] (318)

These equations are expressed in a non-dimensionalized, integral strong conservation form as follows:

i/ Qd|Q|+/ (f-n—f, -n—Wx- n)d|dQ)|
dt Jow 20(t)

= / Q4d|Q (3.19)
Q)

where |Q)| is the volume of the domain Q and |dQ)] is the surface area of its boundary JQ.

Here

* W = (p, pu, pv, pw, pE, pi")! is the state vector of conservative variables, where p denotes the
density, E is the specific total energy, and ¥ is the primitive variable of the S-A turbulence model.

¢ xis the grid velocity.
* Qs turbulence source term containing the production, destruction, diffusion of 7.

¢ f.is the convective flux vector, £, is the viscous flux vector, along the face normal vector n. They
are defined as,

1 0
_[mU+pn _|T'n
f-n= i H , f,-n= ®-n (3.20)
mv T, N

where 7i1 = p(U - n) is the mass flux through the surface JQ. Here, U is the velocity vector, p is the
static pressure, H is the specific total enthalpy, 7 is the S-A turbulence working variable, 7 is the
viscous stress tensor, @ represents the heat flux, and 7, is the diffusion term associated with 7.
For a calorically perfect gas, the relation between static pressure p and temperature T is given by
the equation of state p/p = T.

By applying the finite volume method and isolating the time derivative of equation (3.19), the governing
equations can be reformulated as:

4 Wd|Q| = -R(W, x, x) (3.21)
where the residual R is defined by
R(W, x, x) :=/ (fe-n—f, - n—Wx-n)d|0Q| - Qd|Q| (3.22)
dIQ(t) Q)

Discretizing in space with a finite volume approach, equation (3.21) can be reformulated in semi discrete

form as
Ad(MW)

dt
where W := W(x, x), and the mass matrix M is given by

+R(W,x,X) =0 (3.23)

M := M(x) = diag(|Q:(t)|), i=1,...,N (3.24)

with N denoting the total number of discrete control volumes. For temporal discretization, the unsteady
RANS equations are solved using dual-time stepping with an implicit backward difference formula
(BDF). At each physical time step, the residual is marched to a pseudo-steady-state using a multigrid
solver.

Linearization of W using Taylor series expansion results in

W(t) * W(X) + W(x,X), x(t)=x+x(t), x(t)=~x+x(t)=x(t) (3.25)
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For small harmonic perturbations the following is assumed,

W(t) = W+ Wel®,  x(t) = x + &e'®! (3.26)
Substituting into the semi-discrete RANS form and linearizing yields:

(iwl\_/[()‘() + g—‘l;

) W=b (3.27)
W,x,X

The right-hand side b accounts for mesh motion and deformation via finite differences. Separating into
real and imaginary parts, it can then be written as a linear system of equations defined by

AW =b (3.28)
where,
_ IR R | Yw(z)IM
Whwgx —oME 5 bz W (W +WESG ) .
— _W,f,x IR , — R i ™ R %/ | % (35)
M) 551 <k o (B + W2 ) ®|

where, M is of the same dimension as the flux Jacobian gTI; .The system is then solved to obtain W and

is then post processed to gain quantities of interest like the lift force (CL). The solver thus constructs
the flowfield solutions as W and the post processed quantities of interest, which are later used for the
construction of reduced order models as discussed in chapter 4.

3.2.2. Linear analysis and eigenmode extraction

Investigation of buffeting phenomena, based on Crouch’s model, involves the extraction and study the
dominant eigenmode as well as its corresponding eigenvalues for the case of Ma-a considered. These
extractions are carried out for the steady flowfield results in terms of conservative variable, obtained
from the RANS simulation using the solver discussed in section 3.2.1. For the extraction of eigenmodes,
the evolution of a small-amplitude perturbation is defined and analyzed, denoted by ew’, superimposed
on a steady base flow @w. The total flow is expressed as:

w=w+ew, e<xl1

By linearizing the discretized Navier—Stokes equations to first order in €, the governing equation for the
perturbation is obtained:

Frale Jw’ 4)

Here, ] € RNXN is the Jacobian matrix of the discrete Navier-Stokes residual operator R, evaluated at
the base flow @:

aRi
8w]-

Jij = )
w=w

The term R; denotes the i-th component of the residual vector, which depends on all unknowns w;
across the computational mesh. Since | involves spatial derivatives, it is a sparse matrix. Notably, this
framework allows for spatial inhomogeneity in the base flow and applies to global (as opposed to local)

linear stability analysis.

For two-dimensional (2-D) flows, it is assumed that the flow and perturbations are homogeneous in the
third dimension. The stability of the base flow is determined by analyzing the eigenvalue spectrum of J.
Perturbations are assumed to take the form of normal modes:

’ At

w’ = e
Substituting into Eq. (4) yields the eigenvalue problem:

Ji = Ad (6)
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The real part of the eigenvalue A corresponds to the growth rate ¢. If any A has a positive real part, the
base flow @ is unstable. In such cases, the associated eigenmodes grow in time and dominate the flow
dynamics. Conversely, if all modes are damped (i.e., the flow is globally stable), then external forcing is
required to sustain unsteadiness.

To numerically compute the Jacobian matrix J, a finite difference approximation is employed. For an
arbitrary perturbation vector u, the product Ju can be estimated using residual evaluations as:

Ju = é [R(@ + eu) — R(w)] (7)

where € is a small constant. By applying this expression to a set of well-chosen perturbation vectors u,
the entire Jacobian matrix | can be constructed.

Once the matrix | is assembled, the eigenvalue problem in Eq. (6) is solved using Krylov subspace
methods. These methods allow targeting of the least stable (least-damped) eigenvalues via shift-invert
techniques. Although the shift-invert method incurs significant memory costs (typically about 50 times
the matrix size), it is highly effective for resolving the desired part of the spectrum.

3.2.3. Proper Orthogonal Decomposition (POD)

Proper Orthogonal Decomposition (POD) [38] is a statistical technique used to extract dominant spatial
structures (modes) from high-dimensional data, such as those encountered in fluid dynamics, structural
vibrations, or any spatio-temporal system. It achieves model order reduction by projecting the original
high-dimensional dynamics onto a low-dimensional subspace spanned by the most energetic modes.
POD modes can be used to visualize the most energetic modes in an unsteady system, which here
would be extracted from the Unsteady RANS (URANS) flowfields extracted using the TAU solver as
discussed in section 3.2.1. The method of extraction of these modes is described as follows:

Let O(x, t) be arandom spatio-temporal field defined on a domain Q over time ¢. The field is decomposed
into a mean (x) and a time-varying part 9(x, ¢):

O(x,t) = u(x) + S(x, t) (3.29)

At discrete time instances tf, the system state is represented as a snapshot:

8(x) = 8(x, k) (3.30)

POD seeks to find an orthonormal spatial basis function ¢(x) that maximizes the average projection (or
“energy”) of the fluctuation field onto that basis:

max [(eo)) 63

Here,
* (f.9)= fQ f(x)g(x) dx is the inner product in Q,
o |$]1? = (¢, ¢) is the L2 norm,
* (-) denotes averaging over snapshots.

Using a Lagrange multiplier formulation, the above optimization leads to the following eigenvalue
problem:

/Q (S (x) 9 (x")) p(x") dx” = Aop(x) (3.32)

The kernel (8(x)3(x”")) is the averaged auto-correlation function. The eigenfunctions ¢;(x) are the
Proper Orthogonal Modes (POMs) or POD modes, and the corresponding eigenvalues A; (A; > 0) are
the Proper Orthogonal Values (POVs), indicating the energy captured by each mode.
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The fluctuation field can be reconstructed as an expansion over the POMs:

[ee]

8Cx,t) = > ait) pilx) (3.33)

i=1
where
ai(t) = (8(x, ), Pi(x)) (3.34)

The coefficients 4;(t) are uncorrelated in time:

<ai(t)ll]‘(f)> = 04 (3.35)

Discrete POD Using Data Matrices
Suppose there are n snapshots xy, . . ., x, € R™ (i.e., n observations of a m-dimensional vector x), forming
the response matrix:

X=[x1xp - x,] € R™*" (3.36)

Assuming zero mean, the sample covariance matrix is:

1

Yg = ;xxT (3.37)

The eigenvalue problem becomes:
Ysu; = Aju; (3.38)

The vectors u; are the discrete POMs and A; are the corresponding POVs.

Alternative Computation via SVD
An alternative and numerically stable approach is to use Singular Value Decomposition (SVD):

X =USVT (3.39)

e U e R™ is an orthonormal matrix, containing the left singular vectors (POMs),

e S € R™" is a pseudo-diagonal and semi-positive definite matrix with diagonal entries containing
the singular values o;,

* V € R™" is an orthonormal matrix containing the right singular vectors.

Energy Content
The eigenvalues of the covariance matrix relate to the singular values via:
7
/\j = 7 (340)
The total energy in the data is:
n
e= > A (3.41)
i=1
The percentage of energy captured by the ith mode is:
Ai
(3.42)
Z?:l Aj

This allows selection of a reduced number of modes capturing, for instance, 99% of the system’s energy.

POD provides an optimal linear basis (in the L? sense) for representing high-dimensional data by
minimizing the average reconstruction error. The extracted POD modes can be used to reconstruct the
dominant dynamics of the system with drastically reduced dimensionality. This makes POD highly
valuable in reduced-order modelling and system identification.



Proposed technique for ROM creation,
case selection and methodology

Through this chapter, a technique called spectral submanifold embedding which can be used to derive
a ROM will be discussed first. Then, the cases chosen and evaluated, along with the methodologies
implemented in the thesis are also described in detail. Along with that, a detailed discussion on the
aerodynamic model chosen for the study, along with details on the simulation setup are also discussed.
The reasoning of the choices taken are also discussed.

4.1. Spectral sub manifold theory

Many physical systems exhibit high-dimensional non-linear dynamics, which has been proven difficult
to produce a reduced order model for, as discussed in the previous sections. These reduced order
models are indispensable not only for reducing computational cost, but also for enabling deeper physical
understanding, facilitating design optimization, and supporting real-time control. Despite this clear
demand, a general, robust methodology for deriving such models from data, which captures the full
dynamics of the system, has not been achieved. A widely used approach for reducing non-linear
systems is the Proper Orthogonal Decomposition (POD) followed by a Galerkin projection, which
identifies the most energetic modes of a system and projects the dynamics onto a low-dimensional
linear subspace as seen in [4, 44]. However, this approach has significant limitations. POD focuses on
linear modal content and neglects essential non-linear interactions that are often critical for correctly
capturing the long-term behaviour of complex systems. Other methods which involve the use of
machine learning using neural networks and sparse regression models, as a data-driven alternative
has also been implemented to various degrees of success, for some systems, as seen in [7, 21] etc.
Although these methods show promise, they tend to act as black-box models that offer little in terms of
physical interpretability. They require large datasets and careful tuning and often struggle to generalize
outside the training regime. As a result, machine learning models tend to be either overly complex
or insufficiently robust, particularly when extrapolating beyond the regime of training data. Use of
Dynamic mode decomposition (DMD) and its various extensions as seen in [8, 5], has also been used
to try and fit a linear model to the evolution of observable quantities, thereby offering a data-driven
approach to identify coherent structures in the dynamics. But the methods using DMD are only valid
near fixed points in the dynamics, and fail to capture the entire dynamics of a non-linear system.
These observations were discussed and evaluated in detail in [14], where it was summarized that most
real-world systems are not globally linearizable. The presence of multiple attractors, such as fixed points,
limit cycles, or chaotic sets, precludes the possibility of any global linear coordinate transformation
that can capture the dynamics faithfully. Linearization-based methods, such as DMD or Koopman
operator approaches, are intrinsically incapable of resolving systems that exhibit phenomena such as
bifurcations, multi stability, or chaos.

Given that many systems of interest are fundamentally non-linearizable, constructing a low dimensional

31
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reduced order model requires a new methodology. The theory of Spectral Submanifolds (SSMs) proves
to be a compelling alternative for this requirement. SSMs provide a mathematically rigorous framework
for model reduction in non-linear dynamical systems. It was previously discussed in section 2.2.3
on how invariant manifolds, particularly the centre manifolds capture the qualitative features of a
Hopf bifurcation. In essence, an SSM is the smoothest invariant manifold that acts as a non-linear
continuation of a spectral subspace, which is defined as a direct sum of selected modal subspaces, of the
linearized system. Whereas linear modal analysis focuses on eigenspaces of the linearized Jacobian
matrix, the SSM extends those eigenspaces into the non-linear regime, yielding invariant manifolds that
retain key geometric and dynamical properties even under the influence of non-linear terms. Unlike
projection-based methods, SSMs do not require knowledge of the governing equations; they can be
extracted purely from data. Furthermore, SSMs are robust: they persist under small perturbations and
are uniquely defined when certain non-resonance conditions are met. The manifold geometry provides
a natural coordinate system for describing the dynamics, and the reduced dynamics on the SSM can
be described using polynomial normal forms, resulting in explicit, interpretable, and sparse models.
Importantly, the SSM-based model is not merely a local linear approximation. Methodology using
SSM, for data driven modelling and using the reduced order model produced for the prediction of
non-linearizable dynamics has been implemented in [14].

4.11. History and inception of SSM theory

History of SSM theory

The development of SSM theory started of from Linear Spectral theory. Linear spectral theory [22] is a
well-established tool for analysing linear and linearizable dynamical systems. When a system can be
brought into linear form via appropriate coordinate transformations, its behaviour can be effectively
described through spectral analysis. Linear spectral theory consists of linearization of non-linear
systems, spectral decomposition and modal analysis, which are explained below,

Linearization of Non-linear Systems: For a general non-linear system of the form
x=f(x), xeR",

the behavior near an equilibrium point x* (where f(x*) = 0) is often approximated by a linear model.
This is achieved by expanding f(x) in a Taylor series around x* and retaining only the linear terms:

¥~ A(x —x*), where A = Df(x")is the Jacobian matrix.

This yields a linear system that approximates the original system near the equilibrium.

Spectral Decomposition: The solution to the linear system ¥ = Ax can be expressed in terms of the
eigenvalues and eigenvectors of A. The eigenvalues determine the stability and timescales of the modes:

¢ Eigenvalues with negative real parts correspond to decaying modes.
e Eigenvalues with zero real part indicate marginal stability.

¢ Eigenvalues with positive real parts correspond to unstable growth.

Each eigenvector defines a direction in phase space along which the solution evolves exponentially in
time.

Modal Analysis: The state space can be decomposed into invariant subspaces (modal subspaces)
associated with groups of eigenvalues. Projecting the dynamics onto these subspaces allows one to
analyze and interpret the contributions of different modes independently. This forms the basis for
modal reduction and motivates the search for non-linear analogues, especially in the presence of weak
nonlinearity or damping.

However, systems that are inherently non-linear require more advanced techniques, as the superposition
principle no longer applies. While linear modal analysis provides a solid foundation for understanding
local dynamics near equilibria, many real-world systems exhibit non-linear effects that invalidate
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the assumptions of linearity. To address this, researchers have extended the idea of linear modes to
non-linear settings, leading to the development of non-linear normal modes (NNMs). In his seminal work,
Rosenberg [59] defined NNMs for conservative systems as families of synchronous periodic motions in
which all generalized coordinates reach their maximum and minimum values simultaneously. These
motions represent the simplest form of invariant oscillations in conservative multi-degree-of-freedom
systems. These synchronous motions lie on one or higher-dimensional invariant manifolds in the
system’s phase space. These manifolds are tangent to the linear modal subspaces at the equilibrium
and capture non-linear deformations of linear normal modes. To generalize the concept of NNMs to
dissipative systems, Shaw and Pierre [63] introduced the idea of non-linear invariant manifolds. These
manifolds are low-dimensional surfaces in the phase space that are tangent to selected eigenspaces
of the linearized system and invariant under the full non-linear dynamics. They serve as non-linear
continuations of the spectral subspaces and enable the study of energy exchange between modes.

However, this construction faced limitations:

¢ Such manifolds are typically not unique: infinitely many invariant manifolds may satisfy the
tangency condition at an equilibrium point.

¢ Their smoothness and analyticity are not generally guaranteed.

® Their local nature restricts their domain of validity.

Lyapunov Subcenter Manifold Theorem: In conservative systems with purely imaginary eigenvalues
and under nonresonance conditions, the Lyapunov subcenter manifold theorem [3, 37] ensures the
existence of a unique, analytic invariant manifold that contains small-amplitude periodic orbits. This
result lays the mathematical foundation for Rosenberg’s original concept of NNMs in conservative
settings.

The limitations of NNMs in the dissipative case motivated the search for a more robust, rigorous
framework for non-linear model reduction—a quest that led to the development of Spectral Submanifolds
(SSMs).

To address the ambiguity in NNMs, Haller and Ponsioen [32] introduced Spectral Submanifolds (SSMs)
as:

“The unique smoothest invariant manifolds that act as non-linear extensions of non-resonant
eigenspaces from the linearization of the system at a stationary point.”

This definition relies on spectral quotients derived from the ratio of real parts of eigenvalues and is
supported by the parameterization method of Cabr’e, de la Llave, and Fontich [11, 13, 12], and geometric
invariant theory from Haro and de la Llave [33].

SSM theory has since been applied to various settings: in forced vibration analysis [67, 6], finite element
models [23], automated computation [57], data-driven modelling [14], and direct parametrization of
invariant manifolds [72, 52]. Most of these developments concern finite-dimensional systems. Only
limited work addresses SSMs in infinite-dimensional systems, including PDE models [39] and fluid
dynamics [10].

4.1.2. Spectral submanifolds and its use in creating a reduced order model
According to the result of research done on dynamical systems as stated in [14], all eigenspaces or
spectral subspaces of linearized systems, under well-defined mathematical conditions, possess unique
non-linear continuations. Amongst these subspaces, as discussed, spectral submanifolds are the unique
smoothest invariant manifolds that act as non-linear extensions of non-resonant eigenspaces from the
linearization of the system at a stationary point. For a non autonomous n-dimensional dynamical
system of the form

x = Ax + fo(x) + ef1(x, Ot;€),  fo(x) =0(x]?), 0<e<x], (4.1)

where A € R™" is a constant matrix defining the linearized system. £ is the autonomous nonlinearity of
at least quadratic order. f; is time-dependent (e.g., quasiperiodic) forcing, where Q € R! which denotes
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the rationally independent components of the frequency vector, where € denotes a small parameter for
external forcing strength.

The linear part of equation (4.1), i.e: X = Ax has eigenvalues given as A; = a; + iw;, which are ordered as

Re(Aj) < Re(Aj-1) -+ < Re(A) 4.2)

The corresponding real modal subspaces or eigenspaces of these eigenvalues are defined as E; ¢ R", and
are spanned by the real and imaginary components of the corresponding eigenvectors and generalized
eigenvectors of A. Thus the system is assumed to be hyperbolic (no center modes): all eigenvalues of A
have non-zero real parts, i.e: Re(A;) = a; # 0 holds for all eigenvalues, i.e., x = 0 is a hyperbolic fixed
point for e = 0.

Spectral subspace A spectral subspace Ej,, ... j, is defined as the direct sum of selected modal subspaces
associated with a subset of eigenvalues, which here would be defined as,

Ej, . j, =Ej; @Ej, ®--- @ Ej, (4.3)

The spectral subspace is thus an arbitrary collection of model subspaces which is always an invariant
subspace of of the linear part of equation (4.1). The unstable subspace formed by the eigenvalues with
Re(A}) > 0is an example of one such spectral subspace. Projections of the linearized system onto slow
spectral subspaces, which are under a nested hierarchy as defined by,

E'cE’cE}--, Ef=Ei.x, k=1,---,n (4.4)

These projections provide the exact reduced order model of the linearized dynamics defined by the
equation (4.1), over an increasing number of timescales as k increases.

Invariant manifold An invariant manifold [23] for a dynamical system, as previously discussed in
section 2.2.3, is the subset of phase space such that any trajectory starting on the manifold, remains on
the manifold for all future and past time. For a chosen specific spectral subspace E = Ej.... ;, there exists
infinitely many invariant manifolds tangent to E at a fixed point, here € = 0. Out of these infinitely many
manifolds, there exists one unique, smoothest invariant manifold, called the spectral submanifold (SSM)
of E denoted by W(E, Q; €).

If the dynamical system defined in equation (4.1) is analytic, i.e. r=a, then as per [23], the reduced
dynamics on a slow SSM, where the slowest decaying modes of the linearized system exists (E¥), can be
approximated with arbitrarily high accuracy using arbitrarily high-order Taylor expansions, without
ever increasing the dimension of EX. The reduced models generated out of projection-based procedures
can only be improved by increasing their dimension, thus proving the advantage of using an SSM based
reduced order model generation. This advantage of the use of spectral submanifold over conventional
methods like DMD, which produces a linear reduced order model through Galerkin projection is
represented in figure 4.1

Embedding of an SSM  The embedding of a Spectral Submanifold (SSM) is a mathematical process that
constructs a smooth, non-linear, low-dimensional invariant surface within the high-dimensional phase
space of a dynamical system. This surface is tangent to a chosen spectral subspace at an equilibrium (or
a periodic/quasiperiodic orbit), and it captures the long-term dynamics of the full system near that
reference state. Embedding is done to map the low-dimensional reduced coordinates (on the SSM)
to full-state coordinates in the high-dimensional space. This makes the reduced dynamics physically
interpretable in terms of full-state variables and the full dynamics can be reconstructed using the reduced
coordinates. Taken’s delay embedding theorem [68], has been extended and generalized to be used to
embed a a compact d-dimensional subset of a Spectral Submanifold (SSM), denoted C c W(E, Qt, €), n
the delay-coordinate space of an observable s(t), forming a manifold M(Q¢), for almost all choices of
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Geometry of linearized dynamics Geometry of non-linearizable dynamics
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Figure 4.1: (a) Linear model reduction via Galerkin projection. The slowest spectral subspace E; (green), together with another modal
subspace E; (black), spans the second-slowest spectral subspace, E; = E1 @ Ej. Projecting the full system dynamics (red trajectory)
onto E; yields a reduced model that captures only the slow dynamics, excluding transients. Projection onto E; (blue trajectory)
retains both the slow dynamics and the slowest decaying transient. Faster-decaying transients can be included by projecting onto
higher-dimensional subspaces E, for k > 2. (b) Reduction of non-linearizable dynamics via spectral submanifolds (SSMs). In the
unforced limit € = 0, a spectral submanifold W(E, Qt;0) provides the unique, smoothest non-linear continuation of a nonresonant
spectral subspace E, even under quasiperiodic forcing with ¢ frequencies. In particular, the slowest SSM W(E, Qt;0) (green)
extends the slowest subspace Ey into a non-linear invariant manifold. The system exhibits non-linearizable behaviour if isolated
stationary states (e.g., fixed points or limit cycles) coexist on at least one such SSM. The image and description is taken from [14]

s(t). This is subjective to the condition that the number of delays p satisfies p > 2(d + {), and certain
generic conditions on the periodic trajectories of M(Qf) hold. Following a suitable coordinate shift,
the trivial fixed point of the autonomous limit of system represented in equation (4.1) can be placed
at the origin y = 0 in the observable space. To identify an embedded d-dimensional SSM M, c R”
anchored at this origin for € = 0 in equation (4.1), the regions of the observable space where My are
considered and can be represented as a graph over its tangent space 7o My at y = 0. Such regions always
exist and are typically large enough to encompass the non-linear features of the dynamics in most
applications. Importantly, the tangent space 7o My corresponds to the image of the spectral subspace E
under the observable mapping. The mapping obtained between the high and low dimensional space
can be used to create a set of reduced coordinates in the low dimensional tangent space ToMp at y =0,
whose time evolution in that space corresponds to the dynamics observed for the higher dimensional
system. Therefore if the dynamics in the lower dimensional system can be defined by using a normal
form equation or ODE representing the time evolution of the reduced coordinates, the dynamics of the
higher dimensional system can be reconstructed by reverse mapping from the low to high dimensional
systems.

The mapping function between the higher to lower dimension along with the normal form equation/ODE
capturing the reduced coordinate dynamics can then be used to generate a reduced order model for the
full dynamics, such that the reduced order model can both track some features of the data over time and
predict them into the future, assuring ROM invariance [66]. A very important feature of using spectral
submanifold embedding for creating a reduced order model is that, since all of the involved dynamics
of a non-linearizable system is said to be captured / lie on the manifold, it is non-dependant on the
initial conditions of the system. This means that for a non-linearizable system operating in a particular
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condition/ set of defining parameters, regardless of the initial conditions, the dynamics will lie on the
same manifold. Hence by defining the reduced dynamics on the tangent space for one initialization
condition, the evolution of the dynamics can be predicted for any other initialization condition for the
same set of defining parameters. The method of implementation of this technique will be discussed in
detail in the upcoming sections.

4.2. Case selection and description

OAT15A, developed by ONERA (Office National d’Etudes et de Recherches Aérospatiales), is the aerofoil
selected for this study, which is represented in figure 4.2. For this selected aerofoil, the transonic buffet
region present is evaluated for a selected Reynold’s number, for various Ma-a conditions. For this
non-linearizable phenomena of buffeting, spectral submanifold embedding of the system is implemented
and linear regression of the reduced coordinates thus obtained will be performed, which will be then
used to construct low-dimensional /reduced order models from data sets, as shown in [14]. Due to the
limitations in the using of the different types of turbulence models because of the availability of existing
and developed code for TAU, SA-neg turbulence model was chosen. The usage of SA-neg turbulence
model results in a range of Mach numbers (Ma) and angle of attack (a) combinations, where buffeting
is observed, which are atypical from the range of Ma-a seen in the commonly available research on
transonic buffeting such as Giannelis et. al, Couch et.al, Accorinti et. al etc [29, 18, 1]. This could be due
to the choice of turbulence model, which results in creation of the shock wave-boundary layer interaction
for the same case of Ma-a considered to be different, for different turbulence model. The onset of
instability bought on by the shift of the growth rate (y) of the global mode to positive as discussed in
section 2.3.2, would thus happen at different @c;jticq1 OF ac for each turbulence model chosen. According
to [50], for the same aerofoil, using the same turbulence model, the investigation done over a Mach
number range of 0.64-0.76, showed a result where buffeting was only observed between Ma=0.64-
0.72. The angles of attack used for the same study ranged in between 4° — 9°. The combinations of
Ma -« checked, to identify the transonic buffet onset/offset boundary in [50], is represented in figure 4.3.

The image figure 4.3 consists of subplots that show variation of coefficient of lift (C;) with time, for
each combination of Ma — a considered. The lines in red represent the region/combinations of Ma — «
where buffeting was observed. The lines in blue represent the region/combinations of Ma — a where no
buffeting was observed. For the range of Mach number investigated in [50], it can be seen in figure 4.3
that buffeting does not seem to occur beyond a Ma=0.71. This could be because of the potential shock
location stabilization at higher Mach numbers, closer to the leading edge, which reduces the interaction
with the boundary layer. It could also be due to the fact that because of higher local Mach numbers
the flow disturbances that propagate upstream to interact with the shock, are instead swept away
downstream.

For the thesis, two Mach numbers, 0.69 and 0.71 from the the case considered in [50], which matches
the current chosen aerofoil and simulation setup, are selected for investigation. The transonic buffet
onset and offset boundary represented in figure 4.3, will be validated beforehand for comparison. The
identification methodology for the transonic buffet onset region is discussed in detail in section 4.4.2. For
the selected Mach numbers, the spectral submanifold embedding methodology would be implemented
to generate reduced order models.
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Figure 4.2: OAT15A profile with a shock wave present on the suction side, from [46]
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Figure 4.3: The transonic buffet onset and offset boundary investigated for OAT15A, for SA-neg turbulence model as given in
Nitzsche et. al.[50]. The lines in red represent the region/combinations of Ma — a where buffeting was observed. The lines in
blue represent the region/combinations of Ma — a where no buffeting was observed.
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4.3. Numerical setup

4.3.1. Aerodynamic model used

As previously discussed, DLR’s unstructured-mesh RANS solver TAU is employed to solve the RANS
equations and obtain the flowfield solutions. The spatial and temporal discretization schemes are
selected based on established experience, reflecting a compromise between accuracy and computational
cost.

Mesh used and spatial discretization

The mesh used in the study, represented in figure 4.4 is the same one available based on [49] for OAT15A
and has been extensively used at DLR. The non-dimensional chord length of the aerofoil used has been
kept as ¢ = 1. The number of grid points amounts to 120 thousand and the number of elements being
161 thousand. In the outer (separated) boundary layer and wake regions, an approximately isotropic
cell spacing of Ax = 0.5% is maintained. Near the wall region, the cell spacing is kept at Ax = 0.035%.
The stretching of cells in both the wall-tangent and wall-normal directions does not exceed a factor of 1.2
anywhere in the domain. To minimize the influence of numerical reflections, the far-field boundary is
placed 100 chord lengths away from the aerofoil. The chord Reynold’s number of the flow surrounding
the aerofoil has been fixed at Re. = 3 X 10°, same as the cases found in [16],[61]. The ideal gas constant
has been set at 287 J/kg K with the gas constant/heat capacity ratio at () 1.4 at a reference temperature
of Ty = 273.15K.

A second order central Jameson-Schmidt-Turkel scheme with matrix dissipation in space is employed,
in a dual-grid setup, along with the use of multi-grid methodology as an acceleration technique. Along
with this, a first order Roe scheme has been used to model the central convective turbulence flux. These
settings were chosen to match the ones used in Nitzsche et. al. [50] where the same aerofoil and mesh
was used for the study of buffet phenomena for a range of Ma-a, to validate and replicate the results.
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Figure 4.4: Unstructured mesh considered for RANS simulation, for OAT15A aerofoil. (a) shows the mesh near the aerofoil, while
(b) and (c) show different views of the mesh around the aerofoil.

Temporal discretization

A dual-time stepping approach is employed in the present study to perform unsteady flow simulations.
This technique is implemented using a fully implicit second order backward Euler scheme (BDF2) for
temporal discretization in the physical (outer) time, and the resulting non-linear system at each physical
time step is solved iteratively using the LU-SGS (Lower-Upper Symmetric Gauss-Seidel) algorithm.
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The simulation proceeds over a specified number of oscillation periods, with the physical time step size
At determined based on four user-defined parameters encoded in the TAU CFD solver:

¢ the maximum reduced frequency w, whose default value is kept as 1.
¢ the number of oscillation periods N over which the simulation is conducted,
¢ the number of time steps per period n, and

¢ the number of inner iterations per physical time step tinner, Which controls how accurately the
numerical solution converges at each physical time step when using dual-time stepping.

The reduced frequency w, a dimensionless parameter characterizing the unsteadiness of the flow, is
defined as:
2nf
= 1
where f is the physical oscillation frequency, and U, is a reference free-stream velocity. This reference
velocity is derived from the chord-based Reynolds number, defined by:

w

U
Re. = —eC
v

where c is the chord length and v is the kinematic viscosity of air. Given Re. and v, the reference velocity
Us can be determined.

Rewriting the reduced frequency equation, the physical oscillation frequency f is:

wle
f= 2m

The corresponding period of oscillation T is the inverse of the frequency:

1 21
T = — = —
f wle

To resolve one period of oscillation using # discrete time steps, the physical time step size dt is computed

as: T )
14

At =— =

n  wlen

4.5)

This time step is used to advance the simulation in physical time, while convergence at each time step is
enforced via tinner pseudo-time iterations using the LU-SGS solver.

For instance, when the maximum reduced frequency w = 1, N = 1000 periods, a number of time step
per period chosen as n = 64 for a U = 225.275 m/s, a time step of At = 4.5 x 107 s is obtained.

This approach ensures that the unsteady dynamics corresponding to the chosen reduced frequency w
are resolved accurately over the specified number of oscillation periods. At the same time, the use of
implicit time integration and inner pseudo-time iterations guarantees stability and convergence of the
numerical scheme.

4.4. Methodology

In this section, a walk-through of the methodology implemented is discussed sequentially, in detail. It
includes a detailed description on how the steady simulations for the base flows were done through
RANS simulations and how the unsteady simulations though URANS simulations. It also includes
details on how linear analysis and eigenmode extraction are carried out, how POD modes are extracted
and finally how spectral submanifold embedding and reduced order model for the system is produced.
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4.4.1. Steady simulations for base flows (RANS)

The general evaluation principle of the RANS simulations done for this study is to use a CFL number i.e.
Courant-Friedrichs-Lewy number, of 10 and a maximum iteration of 100000 to reach the minimum
residual value of 10719, such that all steady simulations converge. A set of monitoring values are evaluated
to check the rate of convergence with increase in iteration, which include density residual(Res;,),
coefficient of lift (Cjisy or Cp), coefficient of drag (Cgr,g or Cp) etc. Two separate set of steady
simulations were done for this thesis. They are as follows:

Steady simulations for transonic buffet onset boundary evaluation

An important part of working with transonic buffets is to identify the transonic buffet onset conditions,
which occur at unique combinations of Ma and acyitica;, where beyond @ yiticar i-€. @ > @critical, buffeting
phenomena for a particular Ma is observed. Based on [50], the Ma range of evaluation between 0.68-0.72
is selected, with a step size of AMa = 0.01 between the range of Ma chosen. Here steady simulations
are initially performed between a span of a between 4° — 6°, with a step size of Aa;;., = 0.25° for each
of the Ma chosen. The chord Reynold’s number (Re, = 3 X 10°) was kept as a constant for all cases.
The converged steady simulation results serve as the initialization conditions for further unsteady
simulations. Thus 9 cases of a for each case of Ma were selected. The combinations of Ma-a evaluated
are depicted in table 4.1.

Mach \ a° | 400 425 450 475 5.00 525 550 575 6.00
0.68 v v v v v v v v v
0.69 v v v v v v v v v
0.70 v v v v v v v v v
0.71 v v v v v v v v v
0.72 v v v v v v v v v

Table 4.1: Ma-a cases evaluated for transonic buffet onset evaluation.

Steady simulations for detailed investigation into selected Mach numbers

For the thesis, 2 Mach numbers of operation for detailed investigation and for reduced order modelling
were selected: 0.69 and 0.71. The chord Reynold’s number (Re, = 3 X 10%) was kept as a constant for
both the cases of Mach numbers. Now, based on the results observed in [50], for the same turbulence
model selected, (SA- neg model), the shock buffet region was observed to lie between the angle of attack
(a®) 5° = 8° for Ma = 0.69 and between 4.5° — 6° for Ma = 0.71. For the sake of identifying the transonic
buffet onset and offset boundary for both the Mach numbers, a span of angles of attack between 4° — 6°
for Ma = 0.71 and 4° — 8° for Ma = 0.69, was selected for further study.

For identification of the onset boundary, which is of more interest in this section of the study, the span of
a selected for both Mach numbers were divided. To do this investigation of the span using two distinct
step size of a or Aa is done. To accurately identify the region of onset, Aa i, = 0.05° is used, and to
investigate the rest of the span, Aaoarse = 0.25° is used.

Based on the onset region identified in [50], for Ma=0.69, Aa;,. = 0.05° was used to check between
4.6° —4.9° and for Ma=0.71, Aa s = 0.05° was used to check between 4° — 4.5°. Thus, for Ma= 0.69, the
rest of the span of a i.e. 4° —4.6° & 4.9° — 8°, and for Ma=0.71, the rest of the span of 4.5° — 6° use the
Aacoarse = 0.25° for investigation. This is depicted in the table table 4.2

| Span of a using Aafjn, =0.05° | Span of a using Atcoarse =0.25°

Ma =0.69 4.6°-4.9° 4°—4.6°& 4.9°-8°
Ma =0.71 4°-4.5° 4.5°-6°

Table 4.2: Range values corresponding to different Mach numbers and Aa values.

Thus 23 cases for Ma = 0.69 and 17 cases for Ma = 0.71 were chosen to be investigated. The steady
simulations of all these cases were carried out until there was convergence.
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4.4.2. Unsteady simulations (URANS)

The URANS simulations are initialized using the converged RANS solutions, with fixed CFL number
of 20. According to [61], at a fixed Mach number when the angle of attack is small and below the
transonic buffet onset boundary pointi.e. i.e. @ < @critica, URANS computations converge toward a
steady solution, and no unsteady phenomena is observed. On further increasing the angle of attack,
URANS simulations indicate an unsteady behaviour as soon as the transonic buffet onset boundary
point (criticar) is reached i.e a > acritica;. At and beyond this point, the shock wave present over
the aerofoil begins to oscillate back and forth with a periodic motion, which is known as limit cycle
oscillations (LCO), which has been described in detail in section 2.1. Identification of the transonic
buffet onset boundary is important in recognizing the region of Ma-a where the buffeting phenomena
is observed. This requires setting up of URANS simulations for various Ma-a cases with the converged
steady solutions obtained as the result of section 4.4.1. But, before running the URANS simulation,
the setup for the URANS simulation including modifying its initial conditions and choosing a time
step for the URANS simulation need to be carried out. These are carried out through conducting a
perturbation study, which determines the additional initialization condition needed for conducting a
URANS simulation with lesser computational resources, and through a time step evaluation, which
determines the optimum time step which could be implemented for all the URANS simulations.

Perturbation study

Due to how the DLR TAU operates, the unsteady simulations initialized by the converged RANS
solutions, have some numerical "bridging" error which serves as the initial disturbance which could
either grow into a LCO or converge back into the steady solution. The growth into an LCO or converging
back into the steady solution, depends on which « for a specific Ma, the URANS simulation is done
for. The evolution of the solution in time is observed and evaluated through studying the evolution of
the coefficient of lift (Cp) in time. For a chosen Ma, if & < aitica1, the initial numerical disturbance
converges back to the steady solution, and if @ > @(itic. the initial disturbance grows into an LCO at
some time "t".

But these numerical errors are very weak and very small in nature (O(~ 10~'%)). When the URANS
simulations are initialized with only the converged solution of the steady simulation, for cases of @ =
Qcritical OF Very slightly greater than a;iticq1, the evolution of the flow to LCO behaviour, takes a very
long time. Due to the y of the eigenmodes being = 0, or very slightly greater than 0 for these cases as
discussed in section 2.3.2, which indicates the onset of unsteadiness but with a very small growth rate of
the unsteadiness, the time taken to reach LCO behaviour in the URANS simulation is high and thus is
computationally expensive to evaluate. To remedy this, additional disturbances are provided along with
the the initialization condition of using the converged steady state solution. This is done with the help
of FS Forced motion (FSFM), a tool used at DLR to provide dynamic motion to aerofoils/wings while
in URANS simulation. The dynamic motion can be a pitching motion, a heaving motion or a rolling
motion (if a 3D wing is considered). These motions are initiated by specifying the following factors,

® Type of motion: whether the intended motion is a pitch, a roll or a heave.

¢ The amplitude factor/strength of pulse: which determines what would be the angle of motion i.e
pitch, roll or heave about an axis. This corresponds to the strength of the disturbance introduced
in the flow. The amplitude factor is specified in degree angle (°).

¢ Shape of the motion: which decides on what sort of a shape the perturbation takes. FSFM contains
many shapes including a pulse shape (Gaussian curve), sinusoidal shape etc.

* Steps per pulse: which determines the total duration taken for the motion to occur, undergoing
the specified shape.

* Axis and location of pivot: the axis of intended motion and the location about which the motion
occurs can be specified.

Since the case at hand considers a 2D aerofoil, pitching and heaving motion were considered as potential
methods of perturbation to be used with the converged steady state solution initialization. To evaluate
the superior method for providing perturbation, which results in the quickest evolution to LCO for a
case where a > a(ritica;, @ URANS simulation case where an equal strength pitch and heave were used
were initially compared, with conditions: Ma = 0.71, and a = 4.5°, which was selected as per details
from [50]. The strength of heave can be matched with the pitching degree by the following equation,
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he =(1—x)cH (4.6)

where c is the chord length of the aerofoil, which is considered 1 as per out simulation setup (c = 1).
The location of pivot measured from the leading edge of the aerofoil is x, with the pitch motion in
radians is represented by 6. For instance, a pitching strength of 0.001°, a corresponding heave strength
of 1.31 X 107 radians is obtained, when the pitch point is 0.25 units measured from the leading edge of
the aerofoil. The pitching motion was found to result in a quicker evolution to LCO for the & considered,
which is discussed in detail in the section 5.1.2. Multiple pitching strengths were then evaluated to
find the optimum pitching strength which can be used for the initialization of the URANS simulation,
paired up with the converged steady state solution. The various perturbation conditions evaluated are
as follows:

¢ No perturbation

* Pitching perturbation of strength = (1 x 107°)°
e Pitching perturbation of strength = (1 x 107%)°
* Pitching perturbation of strength = (1 x 107%)°

 Heaving perturbation of strength = (1.31 x 10~°) units, which matches the pitching strength of
(1x1073)°

e Pitching perturbation of strength = (5 x 107%)°

e Pitching perturbation of strength = (1 x 1072°

e Pitching perturbation of strength = (1 x 1071)°

Time step evaluation
The time step size used for the URANS simulation, calculated as per equation (4.5), is evaluated for its
impact on the evolution of the unsteadiness in the flow into LCO for a > a(yitica;. This was done to
select an appropriately small enough time step to evaluate the flow behaviour, all the while minimizing
the computational effort required. The study was done for the case: Ma = 0.68 and « = 5.5°. The time
steps considered were:

e At=1x103s
o At=3x10"%s
e At=35x10"%s
o At=4x10"%
o At=44x10"%s
* At=45x10""s
o At=5x107%
e At=5x10""s
The time step was successively reduced from an initial value of (5 x 10~3s), with each run using a smaller

step, until further refinement produced no discernible change in the solution. The investigation and
results of comparison of different time steps are compared and evaluated in section 5.1.2.

Transonic buffet onset boundary evaluation

The perturbation evaluation and the time step evaluation conducted to setup the initialization condition
and the time step for URANS simulation respectively, results in a setup with the minimum amount
of computational resources and effort for all URANS simulation needed to be done for the thesis.
This setup is then utilized for evaluating the transonic buffet boundary, by initializing the URANS
simulations for the range of Ma — a selected as per section 4.4.1, with the converged steady simulation
results obtained from section 4.4.1, along with a perturbation finalized from section 4.4.2. The time
step selected for the URANS simulation is taken from the results of section 4.4.2. The evaluation of
the variation of coefficient of lift (C;) against time is done to observe whether any LCO behaviour is
reached or the case considered or whether the perturbation dies down to the steady solution. Thus, for
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evaluation, all cases discussed in detail in table 4.1 and table 4.2 are considered as steady initialization
condition to do URANS simulation with the corresponding Ma-a combination.

4.4.3. Linear Analysis

To find the "n" most dominant eigen modes in a system of unique Ma — a combination, an in-house
DLR TAU + Python code is used, modified to analyse the converged steady solution obtained for the
chosen Ma — @ combination, where the number of modes that need to be extracted is specified. The
underlying principle behind the process is as described in section 3.2.2, involving shift-invert techniques.
The eigen modes extracted will be represented in the conservative variables form, i.e. each eigen mode
will have corresponding components, both real and imaginary parts for the conservative variables:
[p, pu, pw, pE, p?], where,

* pis the density of the flow,

¢ pu is the momentum in the x direction or x-momentum of the flow,
* pw is the momentum in the z direction or z-momentum of the flow,
® pE is the energy density measured for the flow,

¢ pi is the eddy viscosity of the flow.

The adjoint of the eigenmodes can also be extracted using the TAU code. The eigenvalues corresponding
to each of the extracted eigen modes are represented in the form w = ¢ + iwp, where the real part of
the complex eigenvalue w ()y) represents the growth rate of the mode and the imaginary part (wp)
represents the frequency of the mode. As discussed in section 2.3.2, those eigenmodes are of interest,
whose eigenvalues have a positive real component, i.e. ¢ > 0. From the extracted eigenvalues obtained
for each Ma — a combination for the selected Ma, an eigenvalue spectrum is plotted on a Re — Im plane,
for the entire span of « investigated. From the eigenvalue spectrum, the eigenvalues whose real part
cross the real axis are noted. Those a with real part of the eigenvalue having the least positive (lowest)
and most positive (highest) are noted. This gives us 3 a:

* a1, which is the angle of attack whose real part of the eigenvalue, crosses the real axis first, in the
span of «a tested,

* ap which is the angle of attack which has the highest real part of the eigenvalue,

* a3 which is the angle of attack which has the last positive real part of the eigenvalue.

These eigenvalues for each of the eigenmodes for all Ma — @ combinations, discussed in table 4.1 and
section 4.4.1, for Ma=0.69 and Ma=0.71 are investigated to observe a clearer picture of when the transonic
buffet onset occurs.

4.4.4. URANS flow field data recording

After evaluation of the transonic boundary 2 Mach numbers 0.69 and 0.71 are selected, as stated
in section 4.2. For the selected Ma, URANS simulations are initialized with the converged steady
simulation results obtained from section 4.4.1, along with a perturbation finalized from section 4.4.2
with the time step selected from the results of section 4.4.2. For the selected cases, the flow field data for
the conservative variables [p, pu, pw, pE, p7] are to be recorded at each time step. This flow field data
recorded is to be referred to as training data. Another set of flow field recording was also done for the
same Ma — a combinations and the time step, but for the secondary perturbation chosen, which could
later be used for validation/testing purposes for any reduced order model obtained. This secondary set
of flow field recording was to be referred as validation/test data. The perturbations chosen for the same
are discussed in section 5.1.2.

4.4.5. POD mode extraction

To extract the "n" most dominant POD modes in a system of unique Ma — & combination, the URANS
flow field training data recorded at a time interval dt is used, as per section 4.4.4. The evaluation of
the coefficient of lift (C1) with time is checked for each of the cases to note the points in time where
the flow reaches limit cycle oscillation behaviour. The points of time at which the first cycle of LCO
starts and ends are noted and the same is repeated for second and third cycles of LCO. Using the SVD

methodology discussed in the section 3.2.3, the required dominant POD modes are extracted using
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the flow field data of first, second and third LCO cycles. As per standard practices followed in DLR,
encouraging the use of approximately 300-500 fully developed flowfield recording of time instances to
find POD from, three cycles of LCO which contains 471 time instance recording were chosen. The SVD
method is implemented in python using the flowtorch module [74], whose built-in functions are then
used to extract the dominant POD modes.

4.4.6. Spectral submanifold embedding

Since transonic buffet at its core, is a bifurcation phenomena as previously discussed in section 2.3.2 and
is a higher dimensional non-linear and non-linearizable system as per the definition seen in [14], the
embedding process of an SSM can be implemented in the current problem of producing a reduced order
model for the purpose of transonic buffet control. This may be carried out in the following manner:

The spectral submanifold (SSM) attached to the fixed point wy, is defined as two-dimensional (d = 2). To
embed this SSM, denoted M, C R”, the regions of the observable space where My can be represented
as a graph over its tangent space 79 My at the origin w’ = 0 were focused on. This tangent space 7o My
corresponds to the image of the unstable spectral subspace E,, (which is two-dimensional) under the
observable map. Such graph-based domains exist in general and are typically large enough to capture
the essential non-linear, non-linearizable features of the dynamics, unless M, develops a fold over
ToMp. Cendese et al.[14] tackles the problem of fold of My, over Ty M, for a case of time-periodic
vortex shedding for the flow past a cylinder, by defining the tangent plane using the two most dominant
POD modes extracted from the flow.

After the embedding, an encoder function (U) is obtained, which connects the full-state coordinates in
the high-dimensional space to the low-dimensional reduced coordinates (on the SSM) as per [66]. The
encoder function along with a map S, which can be used for predicting the data in the low-dimensional
space, constitutes the ingredients of a reduced order model. The map S, can be obtained through
linear regression of the low-dimensional reduced coordinates, producing a pair of ordinary differential
equations (ODE’s) which can be used to capture the evolution of the reduced coordinates and hence the
reduced dynamics.

After implementing predictions in the reduced order coordinates with the help of ODE’s, a decoder
function (W) can be used to construct the high-dimensional space from the lower dimensional predictions.
The methodology discussed in [14] has already been implemented for a case of Hopf bifurcation: vortex
shedding for a flow past a cylinder. Due to the nature of very good prediction results obtained using
the reduced order model obtained with SSM embedding compared to other conventional methods used
to model such phenomena, which has been compared in [14], for the case of transonic shock buffeting
over an aerofoil, the same methodology with appropriate modifications is implemented, to obtain a
reduced order model. A depiction of the algorithm implemented in this study is shown in figure 4.5.

For a case of transonic buffeting for an aerofoil, the dynamics are assumed to lie on an n-dimensional
space, R™". A procedure based on the theory discussed in section 4.1 is established. Here, in the setting
chosen, the full phase space of the discretized RANS simulation as the observable space is taken. i.e. If
p flow field recordings are present, as per section 4.4.4, then n = p. To learn the graph parametrization
of My from data, a matrix U; € R"™2 is defined, whose columns are orthonormal vectors and span the
tangent space 7o My. After the definition of the orthonormal vectors, the unsteady components of the
URANS data recorded is projected onto the orthonormal basis to produce a pair of reduced coordinates
on 79 My that capture the dynamics of the n-dimensional system. The dynamics of the system are then
captured into a pair of matrices which comprises of linear and non-linear coefficients which are used
with a Taylor expansion of the reduced coordinate monomials. These matrices are then used along with
the reduced coordinate monomials formed to reconstruct the n-dimensional system. This process of
embedding the dynamics on a spectral submanifold and the reconstruction of the higher dimensional
system are described in the upcoming parts of the section in detail, and is depicted as a flowchart in
figure 4.6.
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Figure 4.5: This image represents an algorithm of the SSM embedding methodology used for data driven reduced order model
generation and use of the reduced order model for prediction. Initially a set of data parameters, recorded as time series data of
field is considered. Next these training data recorded are embedded onto the SSM. Through linear regression, ODE'’s are
generated that describe the dynamics of the reduced coordinates obtained through SSM embedding. Finally, the algorithm uses
this model to predict individual unforced trajectories for alternate initialization conditions and is then used to reconstruct
flowfields for these new trajectories. The image is inspired by the algorithm represented in Fig.3 of [14].
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Figure 4.6: A flowchart representing the sequence of steps involved in reduced order modelling using spectral submanifold
embedding. The process starts with selecting either the most dominant eigen mode and orthonormalizing its components or 2
most dominant POD modes and orthonormalizing them. These orthonormalized vectors are used to create reduced coordinates
(n) of training data (functioning as an encoder), which are used to capture the linear and non-linear coefficient matrices V1 and V
respectively, suing Taylor series expansion of degree M. A linear regression over the reduced coordinates result in pair of ODE’s

which are used to predict evolution of reduced coordinates of validation data. The predicted reduced coordinates are then
converted back to full flowfield state using a decoder function which uses V1 and V. The encoder and the ODE created together
forms a reduced order model, marked by the red boundary.
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Creation of orthonormal basis for spanning 7, M,
The orthonormal vectors used to span 7o My can be created in two ways,

¢ Using the real and imaginary component of the most dominant eigenvector, extracted as per
section 4.4.3.

¢ Using the most dominant and second most dominant POD modes (POD; and PO D,) extracted as
per section 4.4.5.

These components are then multiplied by the volume of the cells in the mesh used to obtain a weighted
vectors, to consider the impact of the mesh considered and its density. These orthonormal vectors are
created using Gram-Schmidt orthonormalization process, which can be described as follows:

Given a set of linearly independent vectors {v1, vy, ..., v, } in an inner product space, the Gram-Schmidt
process constructs an orthonormal set {u;, u, ..., u,} as follows:

1. Set the first orthogonal vector:

Wi =V1 (4.7)
2. Fork=2,3,...,n,set
<Vk/ w]>

= 4.8
Wi = Vg — Z(w],w]) (4.8)

3. Normalize each vector: Wi
uy 49
Twi “9)

fork=1,2,...,n

Thus, {u1,uy, ..., u,} is an orthonormal set spanning the same subspace as {vy, V2, ..., V,}.

Creation of reduced coordinates and defining the unsteady dynamics using Taylor expansions
The flow field recorded according to section 4.4.4, is in a form w = W + w’, where W represents the
steady component of the total flow field and w’ represents the unsteady component of the flow field.
Subtracting out the steady component or the converged steady solution for the same Ma-a, from the
results of steps done in section 4.4.1, the unsteady component of each flow field is obtained, in the
conservative variables [p, pu, pw, pE, p?]. The volume of the mesh used, is multiplied with the flowfield
either before the subtraction process i.e. to both the total flowfield and the steady component or after
the subtraction process,i.e, to the unsteady component. This was done for a set of training data for the
Ma — a chosen for which URANS simulations with flowfield recording was conducted for, as discussed
in section 4.4.4. Since the dynamics of the flow lies on the embedded manifold My, a pair of reduced
coordinates 1 € R? for a point w’ € M are obtained via orthogonal projection:

n=Uw. (4.10)

This projection function is the encoder function (U), that is used to map between the n-dimensional
space and the low (d=2) dimensional space, as discussed in section 4.1. From this projection, the reduced
coordinates are obtained as,

1 =[mmnl" (4.11)

Mo near n = 0 is approximated using a Taylor expansion in terms of monomials 7%, where n*M
includes all monomials in 177 and 1, from degree 2 to M. For example, when M = 3,

= [0}, mnz, 3, 03, mimz, mg, 31" (412)
As a graph over 7o My, the SSM M is approximated by:

w' = Vi + VM, (4.13)
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where V; and V contain the linear and non-linear coefficients, respectively. These matrices capture
the linear and non-linear dynamics of the system respectively, and are used along with the Taylor
expansion of the monomials to describe the higher dimensional system using the reduced coordinates.
This description of the reconstructed dynamics seen in equation (4.13), is obtained from [14]. Here
the right hand side of this equation constitutes a decoder function (W) used to map between the low
dimensional space (d=2) back to the n-dimensional space where the dynamics originally lie.

To obtain these matrices Vi and V the following procedure is used:

Given P observations {w’l, . ,w;,}, learning My amounts to solving the following minimization

problem:

2: 2
’ T .7 T .t

w! - ViUl W/ —V(Ule)

P
(U3, V7, V) =arg min
ot S v ;‘ (4.14)

subjectto UJU; =1
From the results of a prior linear stability analysis, the real and imaginary parts of the unstable
eigenvector, W, and Ww;, are considered for spanning the tangent space 79My. Normalizing and

orthogonalizing these vectors yields the matrix U;.The tangent space 79 My can also be spanned by
using the POD; and POD, modes as seen in [14].

Assuming V1 = Uj, the only unknown is the non-linear coefficient matrix V, which can be computed by
minimizing:

, (4.15)

. M iy s . .
where w'; = w’; - ViUTw’; and n}Z,'M = (UTw’j)™". Here, the w’; can be split into its tangential
/

(w]. = V1U{w’j) and normal component (w’jl).

The residual vector for each sample can be expressed as:

[ 2
m,
| | | N
X; = w;.L —|y20 ... ymm .. yMO M, |- (4.16)
| | | :
M
| T2
This can be rewritten compactly using the Kronecker product:
v20
X; = W,]J‘_ _ ([77%,]' n;”;n’z”; ngﬂj] ® I") vmm | (4.17)
VMO

Summing over all P samples, the total reconstruction loss becomes:

P
X112 = ) I
j=1

2
7

(4.18)
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where
V20
2 my_my M
wit My 0 iy 0 Ty :
X=| 1 |- R : L eIt vl (4.19)

/L 2 my My M .

Wp Mp " Mpllp ~°° Thp :
VMO

Finally, the matrix V minimizing the error is computed using the pseudo-inverse:

20 ]
2 my.m Mt ,
: My ’hjnzj RITE] wit
vikl=1: - : oo eIt (4.20)
. 2 M ’
: Mp = MipMap = Thp wp
VMO ~——
L J A A%%
which gives,
V=AteI'W (4.21)

Using the property of Kronecker products involving vectorization, defined for for matrices A, B, and C
of dimensions k X I, I x m, and m X n respectively,

vec(AB) = (I, ® A)vec(B) = (BT ® I;)vec(A) (4.22)

It can be thus written that,
V=wAhT (4.23)

Substituting V1 = Uy, and equation (4.23) in equation (4.13), the reduced form of the w’ is constructed.
The entire process is repeated to find the ideal degree of of monomial required (M) for fitting the
trajectory of the full flow field in the reduced coordinate a time until the end of 1st LCO cycle. By the
theory of SSM embedding, when encoder function is used to reduce the n-dimensional system to a two
dimensional tangent space 7y M resulting in reduced coordinates 7, the construction V matrix with a
non-linear, Taylor series expansion of the reduced coordinate 7 will capture the normal component,
w’]»l, i.e. Vin would capture the tangential components of the system, while V> would capture the
normal components.

Visualization of the embedded spectral submanifold and the reconstructions done in 3D

The visualization of the embedded spectral submanifold can be implemented using a third vector, shift
mode: defined as the difference between the mean flow upy(x) and the steady flow up(x). When a flow
undergoes a supercritical Hopf bifurcation, a single oscillatory global mode becomes unstable, grows,
and then saturates because non-linear terms interact and modify the base/steady flow. The shift mode
is a simple representation of a missing dynamic mean-field correction, or how much the mean flow is
deviating from the steady flow behaviour as described in Noack et al.[51]. The unit vector along the
shift mode is described as:

up(x) = im0 Z () (4.24)
[lum (%) = up(x)|

Orthonormalizing shift mode vector to the orthonormal vectors that span the tangent plane, a three-

dimensional basis can made, which is used for visualizing the n-dimensional space in a reduced

coordinate system, through projection to the basis vectors. The trajectories obtained through the

projections of the actual flow field from the training data (w’, ) and the reconstructed-reduced flow field

(w/ ), defined by fitting of the reduced coordinates, can be used to generate enveloping surfaces, to

reduced
visualize the evolution of the dynamics in three dimensions. The cross section of the w/, , surface and
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W/ uceq SUrface can be used to check for best fitting in 3D by varying degree of monomial used (M),
along with a regular check for fit in the reduced dimensions, 7). This fitting process for the ideal degree
of monomial obtained (M), is repeated for different point in time for during the evolution of the flow
from steady state to LCO to check the evolution of fitting at different points of the dynamics.

4.4.7. Linear regression on the reduced coordinates and use of the fitted curve

for prediction

After obtaining the V; and V matrices from the training data of the Ma — a cases chosen, the process of
using linear regression to capture the evolution of the dynamics in the reduced coordinates is started.
This is done for the sake of understanding the reduced dynamics as well as using it for the sake of the
prediction of reduced dynamics for the same system of Ma — «, under different initialization conditions.
This methodology of using linear regression to define a set of ordinary differential equations (ODE’s) to
capture the reduced coordinate evolution, and using it for predicting the reduced coordinate evolution
of the same system under a different initialization condition works, because of the dynamics lying on
the spectral submanifold, regardless of the initialization conditions, as discussed in section 4.1. The
process is begun with the training time series {n1(t), nz(t)}tho obtained from the original flow field,
referred to as training data or training flow field, as described in section 4.4.6. Additionally, a new partial
time series {7j1(t), ﬁz(t)}::?)x is considered from a new flow field, termed training data, generated with a
different perturbation according to section 4.4.4.

To train a model for the reduced dynamics, the discrete time derivatives of the training data using finite
differences is computed first. For each time step, the time increment is given by At; = t;41 — t;, and the
derivatives are calculated as

dni| mtiva) —m(t) dnz|  ma(tiv) —n2(t) (4.25)
dt |, = At; ’ dt |, = At ' '
The corresponding input features are constructed as 17, = [11(t), n2(t)], while the target outputs are the
computed derivatives at each time step.

Next, a polynomial degree d € N, for example d = 3, is selected, and a polynomial feature transformation
is applied to each input vector. The feature mapping ®(1,) consists of all monomials in 171 and 1, up to
degree d:

O(n,) = [p1(n1,m2), p2(m1,1m2), -+ ., (1, m2)] (4.26)

where each ¢; denotes a unique monomial basis function.

Polynomial Regression and Model Fitting
The regression process begins with the construction of the input and output datasets from the training

time series {n1(t), 72(t)}]_,, as outlined previously. For each time step, the input feature vector is given
by

= [m@), m(t)], (4.27)
and the target outputs are the numerically computed time derivatives,
dm dnp
T | - 4.2
dt |’ dt |, (4.28)

To capture non-linear dependencies, the input features are transformed using a polynomial feature map
of degree d, which produces all monomials in 777 and 1, up to degree d. Denote the polynomial feature
vector as

O(1n,) = [p1(m1,m2), P2(71,1m2), -+, Pm(nm, m2)], (4.29)

where each ¢; is a monomial basis function, and M is the total number of features. For example, when
the polynomial degree chosen is d=3, there are M=7 components in the monomial basis function, which
are defined as

®(n,) = [n3, mn2,m3, 05, N02, M5, 15 (4.30)
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The regression model for each time derivative coordinate is specified as

d . M .
e =m0, me) = 3 w gilm(®), ), j=12, (43D)

where wEJ ) are the regression coefficients for the j-th state variable.

Now, let N be the total number of training samples, and let Xpo1, € RN*M denote the matrix whose rows

are the polynomial feature vectors @(1),) for each time step. Let y; € RN be the vector of numerically
computed derivatives for the j-th state variable.

The coefficients ng ) are determined by solving the ordinary least squares (OLS) problem, which
minimizes the sum of squared errors between the predicted and actual derivatives:

. . 2
min [[Xpay w -y, (4.32)

The solution to this minimization problem is given (when XgolyXPOIY is invertible) by the closed-form
normal equations:
-1
N _ T T .
W(]) - (XpolyXPOIY) Xpoly Y- (433)
This process is carried out independently for j = 1 and j = 2, yielding two sets of regression coefficients.

After fitting, the learned models fi and f, provide polynomial approximations for the time derivatives
of the reduced coordinates or as ODE’s, which are subsequently used for integration and flowfield
prediction as described below.

Prediction and Reconstruction Phase

Once the ODE’ are formed from the training data, the prediction and reconstruction phase can be carried
out by using the last known state from the fest/validation data, fj(tmax) = []1(tmax), 12(tmax)], as the initial
condition for forward prediction. For each subsequent time step t = tmax + 1, ..., fmax + Npred, the
polynomial features ®(7j(t — 1)) are computed and the time derivatives are predicted using the trained
models:

all N N ,
—r| =AMt -1,mE-1),  j=12 (4.34)
t-1
The reduced coordinates are then advanced using the forward Euler method:
o dij
t-1

At each predicted time step, the quality of the trajectory can be evaluated by comparing the predicted
and actual test data values using the mean squared error or the normalized mean trajectory error
(NMTE), defined as following;:

Given P observations of the observable vector y; and their corresponding model-based reconstructions
¥;, the NMTE is defined as follows:

P
11
NMTE:——§ llyi = ¥ill. (4.36)
i P &Y

For each predicted 7j(t), the non-linear polynomial features are computed as

M (t) = [p2(i(1)), . .., dm(FH))] - (4.37)

The corresponding reduced flow field is reconstructed using the known coefficient matrices obtained
from training data: V1 and V, via
w/(t) = Viii(t) + ViZM(t). (4.38)



4.4, Methodology 52

The final output is the predicted reduced flow field w’(t) for future time steps. Therefore, for any new
case where the embedding matrices Vi and V are known, the reduced coordinates and associated flow
field can be predicted under any initialization by fitting and integrating the polynomial regression
models for the time derivatives. These reconstructed flow fields from the test/validation data is compared
against the actual flowfields recorded from URANS simulation for the same, after dividing out the
reconstructed flowfield with the cell volumes of the mesh to "de-weigh" the flowfield. Using the feature
of flow property variation across shock, the predicted/ reconstructed flowfields are processed and the
URANS flow fields to compare the shock location too.



Results

In this section, the results of the methodology proposed as per section 4.4 is discussed in detail. This
consists of evaluating the steady RANS simulation results, the unsteady RANS (URANS) simulation
results which consists of various sub-studies/investigations for optimizing the methodology, linear
analysis or the eigen mode extraction, POD mode extraction, and the process of spectral submanifold
embedding for creating a reduced order model. Finally, linear regression to fit a polynomial curve along
the reduced order model trajectory obtained and is then used to predict the evolution of flow in reduced
coordinates as well as mapping the predicted reduced flow to full flow field of higher dimensions is
also discussed.

5.1. Problem evaluation

5.11. Steady simulation

As per the methodology discussed in section 4.4.1, the steady RANS simulation of various Ma — a
combinations is implemented. Evaluating a set of monitoring values like density residual(Res,, or
Rrho) or coefficient of lift (C;, or C — lift), the rate of convergence with increase in iteration is checked.
One such case is represented in figure 5.1, for Ma = 0.71 and a = 4.45°. Log plot and linear plot of
the monitoring values Res,;, and Cj, respectively, against the number of iterations taken is plotted
here. figure 5.1a shows the convergence of energy density residual (RrhoE) to a value ~ 1071°, and
figure 5.1b shows the convergence of the coefficient of lift (C; or C — lift) to a constant value of 1.05,
with increase in number of inner iterations. The simulation is stated to have reached convergence when
the monitoring values reach a constant state on all further iterations.

On convergence of the solution for the cases evaluated, the flow field data obtained for each of these
combinations are obtained. One such set of flow field plot for each of the conservative variables
considered i.e. [p, pu, pw, pE, p7] is represented in figure 5.2 for Ma = 0.71 and a = 4.45°. Here in each
of the conservative variable plotted for the flowfield, except the plot for the eddy viscosity, it can also be
seen that the presence of shock on the surface of the aerofoil, represented by a zone of distinct colour.
Based on the evaluations done in section 4.4.1 and section 4.4.1, multiple steady state simulations are
done across combinations of Ma-a, to estimate the transonic buffet onset boundary and for further
detailed investigations into those selected Ma — & combinations.

To understand the influence of a on parameters, one of the commonly adopted method as seen in
Sansica et. al, Sartor et. al,[60, 61] etc. is to evaluate the distribution of the coefficient of pressure (C)
around the aerofoil. This has been evaluated in figure 5.3. The set of curves observed here are for
a =4.0°,4.5°,5.0°,5.5° and 6.0°. The curves have two parts, an upper curve and a lower curve, whose
ends are joined at points x/c = 0.0 and x/c = 1.0. The upper curve represents the C, distribution of the
suction side of the aerofoil, corresponding to the chord coordinates x/c. The sharp drop of the C;, value
observed on the suction side denotes the presence of shock wave. It can be seen in figure 5.3, that as the
a increases from 4.0° to 6.0°, the position of the shock wave shifts to the leading edge of the aerofoil.
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(a) Convergence evaluation of energy density residual (RrhoE), where the y axis is plotted in log scale. The steady simulation is said to be converged
if the residual falls below the desired value: here 10710
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(b) Convergence evaluation of coefficient of lift (C) , where the y axis is plotted in linear scale. The steady simulation is said to be converged if the
coefficient of lift attains a constant value on further iterations.

Figure 5.1: Convergence evaluation with increase in iteration for steady simulations done for Ma = 0.71 and a = 4.45°
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(a) Steady flow plot of density (p) for Ma = 0.71 and a = 4.45° (b) Steady flow plot of x momentum (pu) for Ma = 0.71 and o = 4.45°
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(c) Steady flow plot of z momentum (pw) for Ma = 0.71 and a = 4.45° (d) Steady flow plot of rhoE (pE) for Ma = 0.71 and o = 4.45°

Eddy viscosity

(e) Steady flow plot of eddy viscosity (p¥)for Ma = 0.71 and a = 4.45°

Figure 5.2: Steady simulation flow field plots of conservative variables for Ma = 0.71 and o = 4.45°
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Figure 5.3: Coefficient of pressure (C,) comparison done for various angles of attack for Ma = 0.71. The curve seen can be split in

two halves: the lower curve representing the pressure side and the upper curve representing the suction side. The point x/c at

which the sharpest gradient of C, can be seen indicates the location of the shock for the a considered. As a is increased, it can be
seen that the shock move towards x/c=0 or towards the the leading edge of the aerofoil.
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5.1.2. URANS simulation

Using the converged steady solutions obtained, as seen in section 5.1.1, the URANS simulation
is initialized to investigate selected cases of Ma — @ combinations. These investigations start with
determining an adequate perturbation to allow growth of unsteadiness to an LCO, time step evaluation to
determine the most appropriate time step which could be used for the URANS simulation, determining
the transonic buffet onset boundary and finally flow field recording and evaluations for selected case on
and above the transonic buffet boundary.

Perturbation study

Asdiscussed in section 4.4.2, the impact and difference between various perturbation motions is evaluated,
to understand the effect it has on the evolution of the unsteadiness with time. The perturbation evaluation
is done for a case of Ma = 0.71 at @ = 4.5°. The evolution of the coefficient of lift (Cr) in time, is plotted
and compared for different perturbations conditions which include pitching strengths or amplitude
factor of pulse pitch angles in degree (°) angle of 1x107°,1x107%,1x107%,5x1073,1x102 and 1x107!
and a heaving motion of strength 1.31 X 10~°, which can be comparable to the pitching strength of
1x 1072 as per equation (4.6). Comparing to the case, which is initialized with no perturbation, it can be
seen that the stronger the perturbation, the faster the evolution of C, into an LCO behaviour. For an
equal strength pitch vs heave scenario as seen for the cases of pitching strength of 1 x 102 and heaving
motion of strength of 1.31 x 107>, the pitching motion perturbation is seen to grow faster, into an LCO.
The pitching strength of 1 x 107 and 1 x 1072 were selected as the initialization condition for the training
data simulations and test/validation data simulations respectively, because of the slower evolution into an
LCO compared to the stronger perturbation cases, thus ensuring the data at hand can capture adequate
amount of flowfield data, near to the base flow as well as throughout the development into the LCO
behaviour.

1.25 - -

1.00 C-lift [No perturbation]

1.25 . -

1.00 C-lift [Strength=1e-5 (pitch)]

1.25 . -

1.00 —vvnnnannn T CHlift [Strength=1e-4 (pitch)]

1.25 . -

1.00 A AN T CHlift [Strength=1e-3 (pitch)]
Ol e AN T CHTE [SErength=5e-3 (pitch)]

1.25 . -

1.00 - AN T CHlift [Strength=1e-2 (pitch)]

1.25 . -

1.00 C-lift [Strength=1e-1 (pitch)]

1.25 -

1.00 L CAAAAAAAAAN, T C-lift [Strength=1.31e-5 (heave)]

0 1 2 3 4 5
Time (s)

Figure 5.4: Variations of C; with time for various strengths of perturbations for Ma = 0.71 at & = 4.5°. It can be seen here, for
higher the perturbation strength given during at the start of the URANS simulation through a pitching motion, the faster the
evolution into an LCO is reached. On comparing between similar strength pitching and heaving perturbation, it can be seen that
the pitching perturbation produces a stronger effect.

Time step valuation

The impact of the time step for the URANS simulation has been assessed for the following time step
periods: 1x 1073s,3 x 1075, 3.5 X 1075, 4 X 1075, 4.4 X 107*s, 4.5 x 107%s, 5 x 1073s and 5 x 107*s.
The time step period was chosen in an irregular but sequential manner, moving from the larger time
step 5 X 10~° and reducing it after each run such that at some point no further effect in further time
step discretization will be observed. This evaluation was done for a case of Ma = 0.68 and «a = 5.5°,
which was considered to be a point where o > @iticq1, as per figure 4.3. It can be seen from figure 5.5b
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that, for all the time steps aside from At =5 x 10735, LCO behaviour was observed, whose peaks occur
within a span of 0.01 s. A time step of At = 4.4 X 10~*s was selected as the optimum time step below
which the amplitude and phase of the peaks of C; are overlapping, and above which all time steps with
a larger value shows a non overlap condition.
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1.00
1.25 C-lift [At = 3e-4 5]
1.00

1.25 —— C-lift [At = 4e-4 s]
100 = v v
LJ'1.25 —— C-lift [At = 4.4e-4 s]
100 T bt
1.25 —— C-lift [At = 4.5e-4 s]
100 T
1.25 —— C-lift [At = 5e-4 s]
100 AN v

0 1 2 ) 3 4 5
Time (s)

(a) Variations of Cj, with time for various time step sizes chosen. Various time step sizes were chosen to study the impact of it and to choose and
ideal time step, which would be short enough to evaluate and capture the LCO phenomena, as well as being computationally less intensive.
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C-lift [At = 3e-4 s]
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T ! AW\ } 1 1M ¥

2.94 2.96 2.98 3.00 3.02 3.04 3.06 3.08
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(b) Zoomed view of variations of C;, with time for various time step sizes chosen.

Figure 5.5: Variations of Cj, with time for various time step sizes. For the various time step sizes chosen and evaluated, it can be
seen that going above a time step size of 5 x 1073ss does not produce a Cy, that oscillates with time i.e. no LCO behaviour is
observed. Further decreasing the time step size, the oscillations in the Cj, with time can be seen, where the peaks of the Cy, in the
LCO region seem to shift slightly to the right. But on reaching a time step size of 4.4 x 107*s overlapping peaks can be seen for all
time step sizes below it.

Buffet boundary evaluation

The transonic boundary obtained following the methodology discussed in section 4.4.1 and section 4.4.4,
is evaluated. Here, a plot consisting of C;, evolutions in time for combinations of Ma — «a is constructed
based on the methodology and choices mentioned in section 4.4.1. The evaluation of the transonic
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boundary is done over a Ma range of 0.68-0.72, within an « range of 4° — 6°. For the URANS simulations
done over these Ma-a combinations, the evolution of Cy, in time is evaluated. figure 5.6 shows the C,
evolutions in time for the Ma-a evaluated. Here, the Cr, curves which are represented in blue colour
are cases where no growth in unsteadiness or settling onto the converged steady state is observed. All
cases which has a growing unsteadiness, which occurs for @ > a@c;itica1, are represented with red C,
curves. The a riticqar for each Ma, which is indicated by the first curve in red when moving from the
lower «a to higher a’s, when combined to their respective Ma give us the buffet onset boundary. This is
further compared to other available models from literature as shown in figure 5.7. It can be seen that
the transonic buffet onset boundary observed between Nitzsche et. al. [50], represented as the orange
curve closely matches the URANS simulations done in this study, represented by the green curve. A
slight deviation between the buffet onset boundary exists between the two curves due to the step size of
a considered for evaluation. It is also evident that, using the SA-neg turbulence model, as done in this
study results in a different buffet onset boundary compared to the boundaries obtained using other
turbulence models such as SST model in Giannelis et. al. [29] and SA-comp model used in Crouch et. al.
[16].

Now, two specific Ma are selected for all further evaluations. From the bifurcation plot observed in
figure 5.6, Ma:0.69 and 0.71 are considered. For these Mach numbers, further URANS simulations
were conducted as per the methodology described in section 4.4.1. For the selected Ma-a combinations

described as given in table 4.2, the URANS simulations are carried out. For each of the URANS

CL—Cr )
Cr(0)

and Cy g represents the value of Cy, at time t= 0, is evaluated for various a to show a bifurcation plot

indicating onset of Hopf bifurcation and indicating a,;tic,1 with better clarity. This is represented in
the plot figure 5.8, from which it can be seen that for Ma=0.69, it is found that a.;iticsr = 5° and for
Ma=0.71, acriticar = 4.45°. This representation is one of the methods followed to find critical angles for
buffet cases, in Crouch et. al. [16].

simulations done, the evolution of Cy. in time is recorded. The maximum value of C;, where C; =

7

URANS flow field

As discussed in section 4.4.4, two Ma:0.69 and 0.71, were selected for URANS flow field data recording
which would be used for all subsequent cases and for the generation of a reduced order model using
spectral submanifold embedding. Using an initialization perturbation of 1 X 1073, an initial set of flow
field recording is captured, referred to as training data which would be used for spectral submanifold
embedding and reduced order model generation and a second flow field recording with an initialization
perturbation of 1 x 1072, referred to as test/validation data, to be used for prediction of flow evolution
using the reduced order model generated.

5.1.3. Linear Analysis

The eigen modes are extracted from the converged steady solution for the combinations of Ma — «
discussed in section 4.4.4. Thirty of the most dominant eigenmodes are extracted from the steady
solution, where the eigen modes are split into their real and imaginary components for the conservative
variables discussed in section 4.4.3. The eigenvalues corresponding to each of the eigen mode extracted
is represented in the form w = yg + iwg, where the real part of the complex eigenvalue w (yo) represents
the growth rate of the mode and the imaginary part (wo) represents the frequency of the mode. These
eigen values extracted, for all the a’s considered for Ma = 0.69 and 0.71 are plotted along a Re-Im axis
representation of the eigenvalues in figure 5.10a and figure 5.10b respectively, in a non dimensional
form where the real and imaginary part are divided by U%, where L is the characteristic length or chord
length (c) which is 1 in this case and U is the farfield velocity of the case considered. Here, the most
dominant eigen values, represented as triangle indices, are seen to move from having a negative real
part to having a positive real part when « is increased. This shift of the value of the real part of the eigen
value across the real axis, represented by the dotted black line in figure 5.10a and figure 5.10b, represents
the onset of instability, indicating a Hopf bifurcation, as it was previously seen in figure 2.14. The first
a which crosses the real axis, is the a;jticqa1, Wwhich confirms the observations seen in section 5.1.2. It
can also seen that the corresponding eigen value of the most dominant eigenmode has its growth rate
of mode (yp) increasing with increase in a. The yg value reaches a maximum at some « and then it
decreases on further increase of a. At some « the value of y crosses the real axis and becomes negative
again indicating the buffet offset angle.
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Figure 5.6: Bifurcation plot with subplots of Cy evolution in time for various Ma-a combinations. Here, the each subplot is either

blue or red in colour, where cases with blue curves indicate no growth of unsteadiness into an LCO and the red curves indicate

the cases where an unsteadiness grows into an LCO behaviour. The cases of a, where the red curves start with for each Ma mark

the transonic buffet onset boundary. Some cases with red lines are those with very small growth rate and LCO cycle amplitude,
which are not easily visible in this scale.
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Figure 5.7: Comparison of the bifurcation boundary observed in figure 5.6 with the transonic buffet boundary available in various

literature. It can be seen here that boundary nearly matches with the one seen in Nitzsche et. al. [50] and is different because of

the difference in steps of « investigated for each Ma. The boundaries obtained from Giannelis et. al [29] and Crouch et. al. [16]
are different from the boundary obtained in the current study due to different turbulence closure models chosen.
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Figure 5.8: C i bifurcation plot, where C i = LCL«)L)(O) is plotted against the a for two Mach numbers 0.69 and 0.71. For each Ma

evaluated, it can be seen that at a particular & = @,jticq1, an increase and divergence of the C i value from 0 can be seen,
indicating the position of buffet onset more accurately.

The a at which the minimum values and maximum values of ) is noted in table 5.1. These « represents
where the minimum and maximum growth rate of the unsteadiness is observed for the buffet oscillation
and for the purpose of reduced order modelling, these are considered as the points of interest.

| Ma=0.69 Ma=0.71

a where minimum Yy is observed: Buffet onset point 5° 4.45°
a where maximum 7y is observed: 6° 5.25°
a where minimum Yy is observed: Buffet offset point 7.25° 6°

Table 5.1: Onset and offset points of yg for different Mach numbers. The buffet onset point is indicated by the the lowest a at
which the lowest positive value of yq is observed for a Ma, and the buffet offset point is indicated by the highest a at which the
lowest positive value of yg is observed for a Ma. The a for which the maximum ) is observed is also noted, which indicates the &

of highest growth rate of unsteadiness.

The extracted dominant eigen modes of the flow field data, splitinto their real and imaginary components
for the conservative variables, for an angle of attack of 4.45°for Ma=0.71 is represented in figure 5.9.
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Figure 5.9: Real and Imaginary eigen modes extracted for Ma = 0.71 at a = 4.45°. The components of the conservative variables
of the most dominant eigen mode are split into its real and imaginary components and represented in the right and left columns
respectively.
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Figure 5.10: Eigen spectra for Ma = 0.69, 0.71. The triangles indicate the position of the most unstable/dominant eigenmode
while the circles represent the other eigenmodes. The positions are indicated through the reduced damping rate (y) and the
reduced frequency (wp) in the real and imaginary axis respectively. It can be seen that on increasing the « for a Ma, the most
dominant eigenmodes position shifts rightward from a negative ) to a positive one, indicating the onset of instability or the
buffet onset point for the Ma considered. On further increase of a the yg reaches a maximum value indicating the maximum
instability or growth rate obtained for a Ma. The yy is seen to decrease with further increase in a before becoming a negative

value, indicating the buffet offset point for the Ma.
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5.1.4. POD modes

Using the training data recorded following section 4.4.4, the 2 most dominant POD modes can be
extracted using the SVD matrix extraction, provided in the flowtorch module in python. Using the same
cases for which the eigen modes were extracted for and which falls in the criteria followed in table 5.1,
the POD modes are extracted. Evaluating the training data through the evolution of C; with time, the
flow field recordings which show 1st, 2nd and 3rd LCO oscillations were considered from the training
data, and is used to extract the dominant modes from, following a standard practise of having ~300-500
mature flowfield recordings for POD. By considering three LCO cycles, 471 time instances corresponding
to three complete LCO cycles will be considered for POD mode extraction. The time points which
correspond to the start and end of the 1st, 2nd and 3rd LCO oscillation are depicted in figure 5.11. Here,
the evolution of C;, with time for a case of Ma=0.71 and « = 4.45° is depicted as the solid line. The dotted
black line represents the maximum value of C; possible in the time evolution of Cy, which is present at
the LCO region. The dotted grey line represents the initial C;, value for the case. The vertical red lines
indicate the time points at which the 1st, 2nd and 3rd LCO oscillation starts and ends. The points in time
chosen are described in detail in table 5.2. The extracted dominant POD modes as flow field data, for an
angle of attack of 4.45°for Ma=0.71 is represented in figure 5.12. Only two dominant eigenmodes are
extracted and represented here, as for the methodology following SSM embedding as given in Cenedese
et. al[14], the two most dominant POD modes are only needed. POD modes are different from eigen
modes in the following manner: The POD modes are orthonormal structures extracted by a data-driven
manner, which are ranked on how much energy each mode contains, while eigenmodes are solutions to
a linearized governing equation of the flow which gives intrinsic linear dynamical structures which
dictate how small perturbations evolve. Close to the base flow region of buffeting, the POD modes and
eigen modes would appear similar to each other. Beyond the base flow, they differ from each other.

1.10

1.08

1.06

CL

1.04

1.02

—— Ma =0.71, a = 4.45°
-------- Maximum value = 1.107
-------- Initial value = 1.050
-------- LCO locations

1.00

0.98

Time (s)

Figure 5.11: Time at which 1st, 2nd and 3rd LCO oscillations are observed in C;, marked by vertical red lines. These points in
time are considered for the evaluation of the POD modes, where 3 cycles in the LCO region were to be taken for the same. The
initial value of Cy, is marked by a grey dotted line, while the maximum value is marked by a black dotted line.

POD LCO times | t(s)

1st LCO start time (tg) 3.9138
1st LCO end time and 2nd LCO start time (1) | 3.9979
2nd LCO end time and 3rd LCO start time (f;) | 4.0443
3rd LCO end time (t3) 4.1099

Table 5.2: The point of times at which LCO cycles are evaluated at for extracting POD modes.
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First POD modes Second POD modes
Density: POD mode 1 Density: POD mode 2
0.02 0.02
0.01 — 0.01
0 0
-0.01 -0.01
-0.02 -0.02
- ] - ]
(a) POD 1 - Density (f) POD 2 - Density
X momentum: POD mode 1 X momentum: POD mode 2
0.02 F 0.02
0.01 001
0 0 0
-0.01 -0.01
-0.02 -0.02
_— ‘~\‘ _ -
(b) POD 1 - X momentum (g) POD 2 - X momentum
Z momentum: POD mode 1 Z momentum: POD mode 2
0.02 0.02
0.01 0.01
0 0
-0.01 -0.01
-0.02 -0.02
’» | —— ) ‘ _ S
C — < .

(c) POD 1 - Z momentum

(h) POD 2 - Z momentum

RhoE: POD mode 1
0.02
0.01
0
-0.01
-0.02

RhoE: POD mode 2
0.02
- 0.01
0
-0.01
-0.02

(d) POD 1 - RhoE

Eddy viscosity: POD mode 1
0.02
0.01
0
-0.01
-0.02

(i) POD 2 - RhoE

Eddy viscosity: POD mode 2
0.02
0.01
0
-0.01

(e) POD 1 - Eddy viscosity

(j) POD 2 - Eddy viscosity

Figure 5.12: POD modes extracted for Ma = 0.71 at a = 4.45°. The components of the conservative variables are split into the first
most dominant POD modes and the second most dominant POD mode and is represented in the right and left columns

respectively.
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5.2. Spectral submanifold embedding and reduced order model gen-
eration

On extracting the eigen modes and the POD modes, the same are used to describe an orthonormalized
basis which spans a tangent space oMy, which is then used for the embedding of the unsteady
dynamics on to it. The embedding of the unsteady dynamics in the tangent space, is obtained through
its projection on to the components of the basis, as described in section 4.4.6. This projection acts as
an encoder/ map between the higher, n-dimensional space where the dynamics actually lie, and a
reduced/low-dimensional space of 2 dimensions. To capture the linear and non-linear components
of the unsteady dynamics, a Taylor expansion is carried out, fitting using the monomials constructed
out of the reduced coordinates 17 = [11,72]" obtained through projections. These monomials are
described between orders of 2 to M, where M is the degree of monomial order chosen to test a fit of
dynamics. The unsteady dynamics described by the linear coefficient V1 and a non-linear coefficient
V, is used to reconstruct the flow field, using a decoder function W, described in equation (4.13).
To define the linear and non-linear coefficients, proper fitting of the reconstructed flow field to the
training data is required, as described in section 4.4.6. Here, a reduced order model is created through
the embedding of the spectral submanifold on a tangent space 79 My and defining the dynamics of
the reduced coordinates on the tangent space through linear regression as discussed in section 4.4.7.
Thus the encoder function (7 = [11, 12]" ) obtained through the embedding, paired up with the ODE
generated by linear regression gives rise to the required reduced order model. To initiate this process,
the first step involves appropriately capturing the linear and non-linear dynamics on the tangent space
using Taylor expansions, which is discussed in the upcoming section.

5.2.1. Fitting the manifold

To properly capture the linear and non-linear dynamics of the training data into coefficients, V; and V,
the 3-dimensional reduced representation of the n-dimensional manifold through projection over the
orthonormalized basis vectors is checked. These orthonormalized basis could be constructed by two
methods

* Basis type A: Consisting of the real and imaginary part of the most unstable eigen vectors of
the flow field considered, as well as shift mode. When plotting, the real component axis is
represented as Re(UE) and the imaginary component axis as Im(UE), where UE represents the
unstable eigenvector. Here the reduced coordinates [11, 112] are obtained through the projections
of the unsteady flow field on to the real and imaginary part of the most unstable eigen vector.

¢ Basis type B: Consisting of the the most dominant and second most dominant POD modes
extracted from the flow field considered, as well as shift mode. When plotting, the first POD
mode axis is represented as POD; and the second POD mode axis as POD;. Here the reduced
coordinates [171, 2] are obtained through the projections of the unsteady flow field on to the first
and second POD modes.

The three dimensional basis is used only for the sake of representing the n-dimensional manifold in
three dimensions. For the sake of embedding of the dynamics and creation of a reduced order model,
the components of the basis without the shift mode are considered.

When considering the three dimensional trajectory obtained through the projections of the unsteady
part of the URANS training data over the total basis including the shift mode, it has to be noted that
the trajectory so obtained is said to lie on the surface of a manifold according to theory described in
[14], discussed in section 4.1. The theory also states that, for a particular flow condition (here defined
by Ma and «), all trajectories, obtained from unsteady flowfields of various initial conditions, would
lie on the surface of the same manifold. This has been verified in figure 5.13a, for a case of Ma=0.69,
a =7.25°, where the trajectories constructed out of the test data and the validation data are seen to both
lie on the same manifold, with a degree of fit M=5. The selection of degree of fit is discussed in detail
in the upcoming sections. It is to be noted that the manifold My represented in 3D in basis type A
for this case, is tangential to the plane 7o My constructed out of the real and imaginary parts of the
eigen vectors, in the case of basis type A. For the trajectories, obtained through the projection of the
reconstructed flowfields obtained by using equation (4.13) over the basis chosen, through the process of
varying the degree of fitting M for the training data, it should match the original training data trajectories
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produced and should lie on the same manifold. These new trajectories obtained through projection of
the reconstructed flowfields obtained by using equation (4.13) over the basis chosen will be referred to
as reconstructed trajectories here on.

In figure 5.13a, as previously stated, two trajectories built from the training data and the validation data
flowfields over basis type A are seen, lying over the surface of the same manifold My. The trajectories
start from the tangent plane 79 Mo, at a point [, 2] = (0, 0) indicating the start of the unsteady flowfield
at a time t=0, at the base flow. Due to the growth of the unsteadiness owing to Hopf bifurcation, the
trajectories seem to grow until reaching the top of the manifold, whose cusp at which the trajectories
seem to lie on after a point in time. This cusp of the manifold around which the trajectories lie indicate
the LCO region, where the trajectories finally end up on. Since both the trajectories constructed out of
training data and the validation data flowfields lie on the same manifold, it can also be seen that both
the trajectories reaching the cusp of the manifold and remaining there during LCO. This can be better
understood by visualizing the trajectories over the tangent plane 7o M.

In figure 5.13b, the URANS training data trajectories and the validation data trajectories are shown to lie
on the tangent plane 79 My. From theory discussed in section 4.1, it is known that the reduction of
the n-dimensional dynamics to a 2 dimensional system occurs when the higher dimensional system
is used to create reduced coordinates, which are [, n2]. The tangent plane 7o My coincides with the
image of the unstable two dimensional spectral subspace E under observable mapping, as discussed in
section 4.1. This means that the the trajectories seen in three dimensional basis can be used to produce
an image on the two dimensional tangent plane 79 My, without any loss of information, unless the
three dimensional manifold develops a fold over itself. For the case of Ma=0.69, @ = 7.25° represented
in figure 5.13, such a fold is not seen, and therefore the two dimensional trajectory obtained as an
image of the three dimensional trajectory, captures the higher dimensional dynamics evolution, in a
lower dimension. The tangent plane 7o M, is constructed out of the real and imaginary parts of the
eigen vectors, over which the training data and the validation data flowfields were projected to obtain
the reduced coordinates (11, 12]. For the trajectories of both training data and the validation data, the
gradual growth from point [, 2] = (0, 0), to an outer bound is seen, where the trajectory resides once
the flow reaches LCO behaviour. As seen for the manifold My and the three dimensional trajectories
lying on it from figure 5.13a, both the trajectories lie on the cusp of the manifold in the LCO region of
flow. Looking at the image of the same over the tangent plane shown in figure 5.13b, it can be seen
that both the trajectories lie on the same outer bound in the LCO region of flow, which is the image of
the cusp of the manifold. Thus it is safe to conclude that for any specific condition of flow, here Ma-a,
any and all trajectories made through varying the initial condition would lie on the same manifold and
collapse on to the same manifold cusp/outer bound of trajectories.
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Manifold created from URANS
—— URANS trajectory from training data
—— URANS trajectory from validation data
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(@) The reduced trajectories of both training data and validation data of Ma=0.69, & = 7.25°, present on the surface of a manifold My, representing the
n-dimensional dynamics in 3D. The basis used here is basis type A.
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(b) The reduced trajectories of both training data and validation data of Ma=0.69, a = 7.25°, represented on the the tangent surface of 7o My to the
manifold Mp. The basis used to define the tangent surface is the basis type A, where 111 and 1), represents the reduced coordinates obtained
through projection of dynamics on to the vectors tat define the basis, which are the real and imaginary parts of the eigen vectors in this case.

Figure 5.13: The manifold My, of the dynamics of Ma=0.69, a = 7.25°, represented in 3 dimensions constructed out of basis type
A, along with the trajectories of the training data and validation data of the same case considered. The trajectories of both the
training data as well as the validation data lie on the same manifold, confirming what was seen in the theory discussed in [14].
The tangent plane 79 My constructed out of the real and imaginary parts of the eigen vectors of the case considered and the
dynamics captured on the tangent plane is also represented here.
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Evaluating the degree of fitting M

A suitable degree of fitting M, for a case considered can be decided by comparing the manifold on
which the reconstructed trajectories lie and the manifold on which the training data trajectories lie. This
can be implemented by considering the cross-section of the manifolds along a plane parallel to the shift
mode. This process is evaluated for all the conservative variables combined, for which there exists a
manifolds for each flow condition. One such instance of evaluation of the degree of fitting is represented
in figure 5.14a, for a case of the flowfield for Ma=0.69 a = 7.25°, which checks the cross sectional fit
of the manifold formed by the URANS training data and various manifolds formed by changing the
degree of fitting M. Here, the training data and the reconstructed flowfield data for various degrees of
M are projected onto basis type A of the flowfield, to obtain trajectories in space, which are then used to
define a manifold on which the trajectories lie. The cross section of the manifold of the URANS training
data, represented by the black line and the cross section of manifolds formed by the reconstructed
flowfield data for various M, represented by dotted lines of various colours are checked for the best
fit. The best degree of fit is evaluated by considering the normalized mean trajectory error (NMTE),
which was considered for works on other cases using SSM in [14]. NMTE is defined as follows; Given P
observations of the observable vector y; and their corresponding model-based reconstructions y;, the
NMTE is defined as follows:

P

11

NMTE:——§ llyi = ¥ill. (5.1)
i P &Y

Here, y represents a relevant normalization vector, such as the data point with the largest norm. The
NMTE error comparison was considered for the full flow, from time ¢ = 0 s. Various degrees of fitting
(M) were considered as shown in figure 5.14a, the NMTE of which are represented in table 5.3. From
figure 5.14a, it can be inferred that M=5 is the best degree of fit for reconstruction of the manifold of the
flowfield for a case of Ma=0.69 a = 7.25°.

Degree of fitting (M) NMTE

3 0.1709
4 0.05061
5 0.05008
6 0.05809
10 0.1188
15 0.1756

Table 5.3: Normalized mean-trajectory-error (NMTE) for various degree of fitting (M) for Ma=0.69 a=7.25°. The NMTE error is
found to be minimum at M=5.

Evaluating the effect of M at various points in time (t)

The degree of fit obtained from the previous evaluation, is compared to check for fit with the training
data manifold, at various points in time, until the first LCO oscillation. For the case of Ma=0.69 a = 7.25°,
discussed in section 5.2.1, it was seen that the best degree of fit was M=5. The cross section of the
manifold obtained for the reconstructed flowfield starting from ¢ = 0 to for various end times T, at M=5
is compared in figure 5.14b. Here, the end times T vary from 0.3s to 1.3701s. Times at 1.3156s indicate
when the limit cycle oscillation is initially observed for this case, which is obtained by checking the
variation of lift coefficient in time (Cp). The point of the first limit cyle oscillation (LCO) is obtained as the
time at which the maximum value of lift coefficent is observed once the lift coeffient exhibits repeated
oscillation of its value in time. The end point of first limit cycle oscillation at T=1.3701s is also considered
for comparison. This process was done to evaluate how well the manifold of the reconstructed manifold
fits against the URANS training data manifold at various points in time. The fit at various points in
time can be used to assess how well the reconstructed manifold captures the dynamics of the training
data at various points in time. Comparing the NMTE between the URANS data as given in table 5.4, a
decreasing error trend till the LCO cycle is seen, marking the capture of the dynamics of the training data
quite well for M=5.

Evaluating various cases of flow and their degree of fit
For evaluation of the degrees of fit, two cases are considered:
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(a) Fit check for various degrees of monomials (M) considered for Ma 0.69, & = 7.25°. It can be seen here that increase in M can only improve fitting

to a certain degree, beyond which some level of over fitting is observed. The optimum degree of fitting of the manifold for this case is M = 5.
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(b) Fit check for a chosen degree of monomial (M = 5) for various points in time, considered for Ma 0.69, @ = 7.25°. It can be seen from table 5.9 that
there is a good fit close to the base flow, for lower values of T and the fit improves when T is increased to till a value close to the beginning and end
of the first LCO cycle.

Figure 5.14: Determination of the degree of monomial used for defining the embedding of the manifold and the fit observed for

various points in time. On increasing M to an optimum value,improved fitting can be seen, beyond which an overfitting is also

seen. For fitting the manifold for the optimum degree of fitting at various point in time, an improved fitting can be seen when
moving from a T close to the base flows to a T at which the first LCO oscillation take place.
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Time considered (s) NMTE

0.3 0.7629
0.6 0.35
0.9 0.0711
1.2 0.0359
1.3156 0.0504
1.3701 0.0521

Table 5.4: Normalized mean-trajectory-error (NMTE) for different times considered. The NMTE errors indicate a good capture of
the dynamics from points close to the base flow and points including the LCO region.

e Case 1: A flow condition of Ma = 0.69 at o = 5°
e Case 2: A flow condition of Ma = 0.69 at & = 7.25°

The cases are further subdivided on the basis which they use to define the reconstructed flowfield.
These basis may be defined by the eigen vectors (eigen basis) as basis type A or the basis defined by the
POD modes (POD basis) i.e. basis type B. Case 1 is depicted in figure 5.15 and case 2, in figure 5.16.

First consider the case of the embedded manifold of the flowfield for the case of Ma=0.69 and o = 5° or
Case 1 in figure 5.15:

® The right column consists of figure 5.15a and figure 5.15b, which comprises of the projection of
the unsteady part of URANS training data and reconstructed flowfield onto basis type A of this
flowfield. This projection results in the creation of a manifold as seen in figure 5.15a of the URANS
training data over which trajectory of the reconstructed flowfield lies. The degree of fit used here is
M=5.

® The left column consists of figure 5.15¢ and figure 5.15d, which comprises of the projection of
the unsteady part of URANS training data and reconstructed flowfield onto basis type B of this
flowfield. This projection results in the creation of a manifold as seen in figure 5.15¢ of the URANS
training data over which trajectory of the reconstructed flowfield lies. The degree of fit uses here is
M=5.

In figure 5.16, case 2 is evaluated, where the embedded manifold of the flowfield, for a case of Ma=0.69
and a = 7.25° is observed. Two columns of images are present here,

¢ The right column consists of figure 5.16a and figure 5.16b, which comprises of the projection of
the unsteady part of URANS training data and reconstructed flowfield onto basis type A of this
flowfield. This projection results in the creation of a manifold as seen in figure 5.16a of the URANS
training data over which trajectory of the reconstructed flowfield lies. The degree of fit used here is
M=5.

® The left column consists of figure 5.16c and figure 5.16d, which comprises of the projection of
the unsteady part of URANS training data and reconstructed flowfield onto basis type B of this
flowfield. This projection results in the creation of a manifold as seen in figure 5.16¢ of the URANS
training data over which trajectory of the reconstructed flowfield lies. The degree of fit uses here is
M=5.

For both the cases, the NMTE error of the cross section of the manifold formed from the reconstructed
flowfield and the unsteady part of URANS training data was evaluated, as previously done in section 5.2.1
and section 5.2.1, shown in table 5.5. The comparison of the URANS training data flowfield trajectories
and the reconstructed flowfield trajectories for the cases considered, over the tangent plane 7o M, is
portrayed in figure 5.17. Here 11 and 1), are obtained through the projection of the URANS training
data flowfield over the real and imaginary components of the eigenvectors which make up part of
basis type A and over POD1 and POD2 components which make up part of the basis type B. 1] and
11, are the projections of the reconstructed flowfields obtained through equation (4.13), over the basis
type A and basis type B, both without the shift mode. Comparing between the URANS training data
flowfield trajectories and the reconstructed flowfield trajectories, a deviation between the two can
be seen. The reconstructed flowfield trajectories possess this deviation because of the inability to
completely capture linear and non-linear nature of the dynamics using monomial expansions of the
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reduced coordinates. This results in V1 and V matrices to produce imperfect flow reconstructions, and
thus imperfect reconstructed flowfield trajectories.

| Ma=0.69,a =5 Ma=0.69, a=7.25
NMTE for Basis type A 0.05008 0.0500838
NMTE for Basis type B 0.044313 0.044313

Table 5.5: NMTE values between the cross section of the manifolds made through URANS projections and reconstructed
flowfield projections onto different basis types and parameter combinations
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5.2.2. Using fitted manifold for polynomial regression

After fitting of the manifold to reconstruct the conservative variables components of the flowfield, V¢
and V is obtained for each of the cases of the flowfield (Ma-«), which capture their linear and non-linear
nature receptively. For each of the manifold of the different cases of flow fields, the training data used
for generation of the manifold and original trajectory, is used to create the reduced coordinates 777 and
12 by projection onto an orthonormal basis type A or basis type B. While using both basis type A and
basis type B for producing reduced coordinates, only two components of it are considered, excluding
the shifted mode component. The 3D basis created through basis type A and basis type B were used
only to visualize the embedding process and to check whether the degree of fit M use to define the
reconstructed flowfield as per equation (4.13) appropriately matches the training data flowfield. As per
the definition of the decoder function discussed in section 4.4.6 and in section 4.1, since the tangent
space on which the imaging is done is described using only the reduced coordinates 11 and 1, only
parts of the basis are considered for the purposes of linear regression. To reiterate,

* When using basis type A, 111 is the reduced coordinate obtained by the projection of the training data
flowfield onto the real component of the eigen vector and 7, is the reduced coordinate obtained
by the projection of the training data flowfield onto the imaginary component of the eigen vector.

¢ When using basis type B, 111 is the reduced coordinate obtained by the projection of the training
data flowfield onto the POD mode 1 and 7, is the reduced coordinate obtained by the projection of
the training data flowfield onto the POD mode 2.

The reduced coordinates allow us to study the time evolution of an n-dimensional system by embedding
into a lower, d=2 dimensional state. These reduced coordinates are then fitted individually by linear
regression using both the reduced coordinates, as described in section 4.4.7. These create a set of
differential equations which are used to predict the evolution of the reduced coordinates in time, and
when paired up with the encoder function described in equation (4.10) produces a reduced order model,
used to describe the time evolution of the various conservative variables of a flow field. This means
that for each pair of reduced coordinates produced by projection of conservative variable components
of a case of flowfield onto an orthonormal basis type a or basis type B, it creates a pair of ordinary
differential equations (ODE), which describes the nature of evolution of the reduced coordinates in time.
These ODE'’s produced can then be used to predict the evolution of the reduced coordinates for the
same case of the flowfield, but for any initial condition.

Now for the generation of reduced order models, linear regression is to be performed for some cases
whose embedding is done earlier to obtain the V7 and V matrices separately, for an optimum degree
of fitting M. Here, the following cases were considered for the evaluation of linear regression of the
reduced coordinates,

e Case 1: A flow condition of Ma = 0.69 at « = 5°, where the reduced variables constructed out of
flowfield projected onto basis type A and basis type B are considered.

e Case 2: A flow condition of Ma = 0.69 at @ = 7.25°, where the reduced variables constructed out of
flowfield projected onto basis type A and basis type B are considered.

e Case 3: A flow condition of Ma = 0.71 at @ = 4.45°, where the reduced variables constructed out of
flowfield projected onto basis type A and basis type B are considered.

¢ Case 4: A flow condition of Ma = 0.71 at « = 5.25°, where the reduced variables constructed out of
flowfield projected onto basis type A and basis type B are considered.

As discussed, the optimum degree of fitting of M is evaluated, for each of the cases and then the V; and
V matrices are stored for the sake of validation purpose, by reconstructing the flowfield. The degree of
fitting M obtained for all the cases considered for both basis type A and basis type B are represented in
table 5.6.

Now, consider case 1, which can be seen in figure 5.18a and figure 5.18c, where the flowfield is projected
onto the basis type A and basis type B respectively, both excluding the shift mode. For the reduced
coordinates thus obtained, 111 and 7, as discussed in section 4.4.7, the time derivatives are evaluated by
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| Degree of fitting chosen for basis type A Degree of fitting chosen for basis type A

Case 1 5 5
Case 2 5 5
Case 3 5 5
Case 4 5 5

Table 5.6: Degree of fitting chosen for basis type A and basis type B for the cases considered. For all cases, it was observed that a
degree of fitting, M = 5, provided the best fit of the manifold.

forward Euler method to obtain d% and %, described as,
d _
d_’Z _ 77t+1At yh (5.2)

where, At is the time step considered for the URANS simulation.

These are then separately fit by 71 and 1, obtained by the equation (4.10) for the receptive basis of choice,
to obtain the governing ODE. The maximum order of the 111 and 1, used for fitting here is fixed at an
order of 3. In this case, for the basis type A, seen in figure 5.18a the governing ODE are,

d
% = —2.4875x 107 % = 2.3570 x 107 i, — 7.5341 x 107 % — 2.5358 x 10™° 173 53
—4.9748 x 107 myny + 0.9854 171 —2.3078 x 1077 173 + 6.5812 X 107° 15 + 96.8121;
d
% = —6.0634 X 1078 % — 2.4694 x 107 12, + 8.4718 X 107 112 — 8.6647 x 1078 112 54
—1.9036 x 10™* 112 — 95.3303 171 — 2.5237 x 1076 173 + 3.8496 x 107 15 + 1.2249 1
and for basis type B, seen in figure 5.18c the governing ODE are,
d
% = —2.0366 X 107" = 1.6792 x 107 12, + 15349 x 1074 112 = 1.0756 x 107 1y 12 655
—2.1184 x 107* 112 — 4.0958 X 1072 11 + 1.5129 x 1077 173 — 5.9081 X 107> 175 — 69.469 1>
d
% = —1.1158 x 10° 1> = 2.2704 X 107 1312 + 2.9947 x 10~ ? — 1.1333 X 10~ mn3 56

+1.0595 x 107 112 + 1.3283 X 10% 17 — 1.1892 x 107° 13 — 1.7413 x 10~* 13 + 2.2530 1,

For cases 1, 2 and 4 constructed over both basis type A and basis type B, there exists the governing
equations which are described in Table 5.7. These ODE obtained for the reduced coordinate evolution
are stored for validation purposes, where the time evolution of the reduced coordinates obtained from
the projection of validation data on to the basis considered will be predicted from some time . This
prediction of reduced coordinates and the eventual conversion of the predicted reduced coordinates to
the full flowfield using the decoder equation equation (4.13), is discussed in detail in the next section.
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Case Basis type A Basis type B
1
d d
% = —1.4924 x 107° % +2.6431 x 1078 1% % = - 1.1135x 10 3 - 6.5852 x 10~ 12
+8.3735 x 107 1 - 1.4926 x 1076 1y 13 ~9.9207 x 107 2 — 1.1398 x 107° 11173
+2.9177 x 1074 1y +2.4495 7, 5.7) +6.7728 x 1074 11172 + 4.8955 1, (59)
- 6.3972x 1077 13 - 9.5873 X 107 3 —1.8929x 1077 13 +5.4052 x 10 173
+8.3367 x 101 +8.4764 x 10! 1p
d d
% = 1.2206x 107 n? - 1.6224 x 10 112, % = 54821 x107 n? - 1.2154 x 10° 21
- 1.3794 x 1074 n} +1.3623 x 1077 113 —1.7971 x 10~ n? + 5.6606 x 1078 1113
+13243x 104 —83510x 100, O +1.5082 x 1073 117, — 8.2145 x 101 1y (5.10)
- 1.6244 x 107 13 + 9.9702 x 107 13 —1.2764 x 107° 3 + 1.0654 x 10™* 12
+2.378012 ~5.9707 x 1072
2
dm _ -7.3 -7 .2 dm _ 6.3 -6 .2
< = —85283x107 n +4.9441 X107 niny —p = 44048 X107 +2.0275 X 10~ i
-2.1739 x 107° ? — 7.8074 x 1077 11173 ~1.7163 x 1074 n? - 2.5471 x 107° 1y 13
+1.9704 x 10~ 11772 +8.2320 1, &11) +3.0939 x 1074 1177 + 1.2185 x 10! 1 6.13)
+5.3249 x 1077 13 + 2.6205 x 107 13 +1.6233 x 107 3 +4.9135 x 1075 12
+1.0986 x 102 1 +8.9687 x 10! 1
d d
% = —6.4863x 107 1 75880 x 107 12 % = 42933107 n® — 43642 x 10° 112,
- 1.0588 x 107 1 — 6.9886 x 10~ 11173 —4.1378 x 1074 n? - 3.1876 x 1076 1y 173
+3.9530 x 107 fu — 1.0797 x 102 1 G12) +4.2400 x 10~ 1y, — 1.3182 x 102 ¢ (14)
-7.1263 x 1077 3 +1.1377 x 107* 13 —2.6064 x 107 3 +1.7453 x 1074 13
+4.3664 1, +4.9012x 1071 1,
4
d d
% = —1.0635 x 1076 — 47361 x 1078 1y, % = —5.9776 x 1070 n® + 59774 x 108 2y
—4.1203 x 107° ? — 1.0900 X 1076 171173 +6.4598 x 107° % - 3.6159 x 1076 1y 773
~3.9657 x 1075 11172 + 6.5708 11 (.15) ~7.1756 x 1075 11172 + 5.0202 173 (6.17)
-2.3423 x 1078 13 +3.1921 x 107 3 —1.0937 x 1078 3 + 3.8870 x 107> 3
+9.8696 x 10 17 +7.5827 x 101 1,
d d
% = —2.9893 x 1078 73 —9.4534 x 107 2 % = —4.0494 x 107 13 - 6.7059 x 107° ¥
—3.8803 x 107° 1 — 5.8055 x 1078 11173 +9.8836 x 107 2 = 1.3199 x 107 11173
(5.16) (5.18)

—4.5179 x 107 112 — 9.7006 x 101 1
-9.5793 x 1077 13 — 3.0826 x 107 13
+4.67251;

+3.9758 x 1072 112 — 1.2587 x 10% 11
—4.0322 x 107 3 - 2.6350 x 107° 13
+6.2665 172

Table 5.7: ODE for basis types A and B for cases 1, 2 and 4. The ODE obtained through linear regression for all the cases, for basis
type A is tabulated in the left column of the table, while the right column tabulates the cases of ODE obtained for basis type B.
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5.2.3. Application of the reduced order model for prediction
Using the ordinary differential equations (ODE) for the reduced coordinates obtained through linear
regression as seen in section 5.2.2, evolution of the same reduced coordinates for a different set of flow
field data, say, the validation data which was recorded, can be carried out. Using reduced coordinates
produced by the validation data for/at a time ty as initial conditions, predictions of the variations of the
reduced coordinates of the validation data can be carried out using the ODE’s obtained with the forward
Euler method as,

dn

Nee1 =M + At - —

= (5.19)

t

where, At is the time step considered for the URANS simulation and the Z—? considers the value of the
tn

ODE at 7.

The 4 cases discussed in section 5.2.2, are used along with their ODE’s for the reduced coordinate

evolution prediction for the validation data. The ty considered for start of prediction for each of the cases
are different to show the robustness of this method. The various starting times of predictions ¢, for both

11 and 1, are represented as tg“) and t(()m) for all the cases considered in table 5.8

Case | Basis type A Basis type B
1| 012845 | ¢ =0.12845

B = 01284 s

P =0.1284 s

2 | H{" =0.38655

£ = 03865 s

K1 = 0.3865 s
£ = 03865 s

3 | HW=041745
1 = 041745

£ = 0.4174 s
1P = 0.4174 5

4 |+ =02087s

£ = 0.2087 s

£ = 02087 s | £ =0.2087 s

Table 5.8: Prediction start times, o, for 771 and 1, in each case and basis type.

Case 1 predictions for basis type A and basis type B are represented in figure 5.20a and figure 5.20c
respectively. Case 2, 3 and 4 are also represented in similar fashion in figure 5.20 and figure 5.21. To
investigate the error between the actual reduced coordinates produced by the projection of the validation
data onto basis type A or basis type B, against the predicted reduced coordinate, NMTE is used, which
was discussed and used in section 5.2.1. The NMTE errors observed for each case is represented in

table 5.9.

Case

Basis type A

Basis type B

1

NMTE n; = 0.12462
NMTE 1, = 0.12405

NMTE n; = 0.13599
NMTE n, = 0.1395

NMTE 1 = 0.2085
NMTE 7, = 0.20845

NMTE 7 = 0.30922
NMTE 7, = 0.30123

NMTE 7, = 0.13908
NMTE 7, = 0.13.861

NMTE n; =0.12179
NMTE 1, = 0.12378

NMTE 1 = 0.044762
NMTE 1, = 0.04698

NMTE 7, = 0.11805
NMTE 7, = 0.13772

Table 5.9: NMTE values for 11 (first row) and 1, (second row) between the predicted values of the reduced coordinates of the
validation data using the ODE'’s obtained from training data and the actual reduced coordinates obtained from the validation data for
each case and basis type.



81

5.2. Spectral submanifold embedding and reduced order model generation

07 owry e woxy ad4£) sIseq a1 SMOI ‘SUOTIEUIqUIOD YOV-BJA 91 SUWIN|OD) g PUE T SISED 10§ ‘S9)LUIPIO0D Padnpai a} Ul vjup Suiuivig a4y 10§ uondrpaid gqO Sunordap sadewy :gg-g a8y

"86€'0 = 07 wouy ‘siseq
AOd AW Ul ,GT°/ = 0 “69'0=CIN 10§ T pue M ut ut vy uoHUpI YA Y} 10§ UOHIPIIJ (P)

(s) awiL
vT [ 0T 80 90 v'0 z0 00
000z~
00ST—
000T—
005
0 =
00§
S 6€°0 = 11e 1els uondipald 000T
(paIpald) U -----
(e3ep uonepijen) 2 — [0t
0002
A [ 0T 80 90 7’0 z0 00
00ST—
000T—
005—
0 2
00S
S 6£°0 = 31e 1els uondipald
(po3a1pasd) i - 0001
ejep uonepijep) th ——
(e3ep uonepljep) 005t

'$6¢°0 = 07 woiy “ siseq
Ud310 Ay} UT ,G7'/ = D ‘69°0=CIN 10y Tl pure Tl ut ut vyup uogupljva SY) 10§ UOHIIPaL] (q)

(s) awiL
1 T 0T 80 9'0 0 ral) 00
1 000E—
000Z—
A 000T—
0 =
g 0001
S 6E°0 = 138 LIS UoRdIpaId
i (pa12IpaId) 2 - 000
(e3ep uonepijep) 2 —— [000€
1 1 01T 80 9'0 0 0 00
000€—
)
000Z—
A
000T—
0 =
v 0001
S6E0 =
6€°0 = 138 1IeIS UoRdIpaId 0002
(paypipald) U -----
' (e3ep uopepyjep) tu —— [ 000€

oST'L =V 69°0=CJA :SUOTPIPAI]

"SET°0 = 04 woj ‘stseq
AOd 3 UT .G = 0 ‘69°0=CIN 10§ Zli pue L Ut Ut pjup uoypipe 33 10§ UOHIPL] ()

(s) awiy
ST 0z ST 0T S0 00
009—
00¥—
00Z-
o @
002

S €1°0 = 338 Me3s uondIpald
(paydIpald) b -~ 00t
(e3ep uonepljep) U ——

q9dod

sise

ST (k4 ST 0T S0 00

009—
00v—

002-

00z
S €T°0 = 3 38 MeIS UoIdIPaId
(pa1dIpald) tu - 0o

(e3ep uonepiep) . ——

009

*$€1°0 = 07 woxy

‘s1seq UadId AU} Ul (G = © “‘69'0=CIA :10J Tl pue Ll ut vjup uoyvpyva 3} 10J UOLDIPI] (€)

(s) awiL
ST 0z ST 0T S0 00
00ST—
000T—
00S—
0 = [ws]
Lt
005 Qe
S €1°0 = 33 He3s uondIpald ]
(SR BTy p— 000t o
(e3ep uonepijep) i —— 1gogr w..
- - - - - - 7]
ST 0z ST 0T S0 00 i
7]
00ST—
000T—
00S—
0 5
00s
S €1°0 = 33 Me3s uondIpald
(pampIpald) U - 000t
(e3ep uonepliep) U —— Loggr

o5 = U “69°0=CJAl :SUOTOIPaIJ



82

5.2. Spectral submanifold embedding and reduced order model generation

“$TZ'0 = 07 wouy ‘siseq

AOd Ay WI ,GT'S = V “T/°0=BIA :10j Tl pue Ll ur vjup uoyvpve 33 10J UOHIIPAL] (P)

(s) swiL
00z ST 05T ST 00T S0 050  STO0 000
00sT—
\ 0001~
i 005~
0 =
005
S 170 = 338 UeIS UoRdIPald
{ (pap1pald) el ----- 0001
(e3ep uonepijen) & ——
00sT
00z ST 05T ST 00T S0 050 STO 000
000T-
005—
0 =
S 120 = 338 UeIS UoNdIPaId 005
(PoYOIPRId) T --ov
(e3ep uonepiiep) tU —— 000t

*S17°0 = 07 woiy ‘siseq

uadle Ay Ul (G7'G = © ‘T4 0=CIN 10§ Ui pue Ll ut vjup uoyvpiive 343 10§ UOHIIPAL] (q)

(s) awiL
00Z SL'T 0S'T ST1 00T SL°0 0s°0 fral] 000
000€-
. 000Z—
.
000T—
0 =
. 0001
S TZ°0 = 338 Wels uondipald
(PaPIPaId) el ----- 000z
(e3ep uonepiep) i ——
000€
00T SL'T 0S'T ST 00T SL°0 0S50 S0 000
000€—
N 0002—
000T—
0 =
000T

S 1Z°0 = 338 Heys uopdIpaid
(Pa11pald) Tl - 000z
(e3ep uonepijep) tU ——

000€

oST'G = ¥ “IL°0=CJA SUOTPIPAI]

"s£%'0 = 04 woj ‘stseq

AOd Y W GF'F = © ‘T 0=BIN :10j ¢l pue Ll ur vjup uoyvpyve 33 10§ UOHIIPAIL] (9)

(s) swiL
0€ X4 0T ST 0T S0 00
00—
00Z-
0 <
S Z¥°0 = 338 eI uondIpald 00
! (pa1d1paud) i - oov
{ (e3ep uonepljep) U ——
0'€ ST 0T ST 0T S0 0'0
00—
00e-
. 00Z-
m 001-
i o =
001
i S Z¥°0 = 338 eI uoidIpald 00z
I oIpald) U -----
(pa121p3id) 008
(e3ep uonepljep) U ——
oot

'$/¥°0 = 07 woiy ‘siseq

uadte Ay ul GF'F = v ‘14 0=BJN :10j ki pue Ll ur vjup uoypyve 4} 10J UOTIIPAL] (€)

(s) swnp
0'€ sz 0z ST 01 S0 00
000T—
005~
0 =
S Z¥'0 = 3 3e Jejs uoipipald 00§
(paydIpald) U -----
(e3ep uonepljep) 2 —— Looot
(X3 sz 0z ST 01 S0 00
000T—
005—
0 H
S Z¥'0 = 11e ue)s uoidipald 005
(pampIpald) U -
(eep uonepljep) U —— Looot

oST'¥ = 0 “IL°0=CJA SUOTPIPAI]

*07 owry e woxy ‘od4} sIseq are SMOI ‘SUOTIRUIqUIOd YOV-BIA 918 SUWN[O)) § PUR ¢ SISED 10§ “S9JeurpIo0d padonpal ay3 Ut sy Suiuiviy 94y 105 uondrpard g Sunordep sadewr :1g'g a8y

q9dod

sise

q uaSry

sise



5.2. Spectral submanifold embedding and reduced order model generation 83

These new predicted reduced coordinates, combined with the linear and non-linear coefficients V; and
V respectively, obtained for the training data of the same case, after appropriate fitting as discussed in
section 5.2.1, can be used with the decoder function defined in equation (4.13). The decoder function,
would thus reconstruct the flowfield based on the predicted reduced coordinates. Thus, flow field
predictions for each of the conservative variables at any point in time can be obtained. For the cases 1, 2
3, and 4, the reconstructed flowfield is investigated, where the predicted reduced coordinates are based
on basis type A and basis type B, and compare it with the actual URANS conservative variable flowfield
chosen for the case.

Here initially, case 3 is considered. The prediction time of case 1 for both 777 and 7, coordinates i.e. t(()m)

and t((]nz), start at 0.1284 s. On reconstructing the flows based on predicted 7 from this t(()m) and tgm, the

predicted flow fields obtained via reduced coordinates using basis type A and basis type B at points in
time t = 1s, 2s and 3s, are compared. As seen in the reduced coordinate prediction plot figure 5.21a and
figure 5.21c,

® t=1s, marks the time at which the evolution into limit cycle oscillation has started,
® t=2s, marks the time at which the evolution into limit cycle oscillation is has almost ended,

® t=3s, marks the time at which the flow has reached the state of limit cycle oscillation.

These time points are represented as red, blue and green circles respectively in figure 5.22, for the actual
validation data 1 evolution. figure 5.22a represents these points in time for the validation data projected
onto the basis type A and figure 5.22b represents these points in time for the validation data projected
onto the basis type B.

The comparison of the predicted-reconstructed flowfield made with reduced coordinates obtained from
basis type A and basis type B for case 3 is represented in figure 5.23. Here the conservative variable
chosen to be reconstructed is the Z-momentum component. The figures with red circles indicate the
time of evaluation to be at t = 1s, the blue circles to be at ¢ = 2s and the green circles at ¢ = 3s.

To evaluate the error of the reconstructed flowfield for case 3, two methods were undertaken

* Method 1: Evaluate the error of the flowfield by subtracting the predicted flowfields at points in
time, with the actual URANS flowfield obtained at the same points in time. This error is evaluated
and plotted for the predictions obtained through using both basis type A and basis type B. For
case 3, at the points in time t = 1s, 2s and 3s, where the prediction was evaluated, the error plotted
for the predictions for both basis type A and basis type B show a high degree of error to be present
around the location of the shock, especially towards the foot of the shock.

* Method 2: Evaluate the L, norm of the difference in prediction at each time step to the URANS
flowfield at the same point in time. This comparison resulting in an L, norm error trend for the
entire time period of prediction for both basis type A predictions and basis type B predictions are
represented in figure 5.24c and figure 5.24d. This method has been implemented to understand
and quantify the difference between the full predicted flowfield and the full URANS flowfield,
consisting of the full range of the field (i.e. including farfield). The L error norm trend for a time
series prediction would give an indication into which regions of flow does the predictions work
best. For case 3, it can be seen that the predictions produced by basis type B are relatively better
for the time period of prediction compared to basis type A.

On further investigating the method 2 for evaluating the L, norm error between the basis type A based
projections and basis type B based projections, as seen in figure 5.24a and figure 5.24b respectively,
the minimum and maximum error range observed at various points in time from the ¢y can be seen.
Reconstruction of the training data flowfield using basis type A or the eigen basis results in a smaller of
L norm error for a time t<1.5s, compared to the reconstruction made using basis type B. This follows
the theory that the eigen basis used to reconstruct the flowfield can reconstruct the flow with lesser
error when the reconstruction is region is closer to the base flow, i.e. when unsteadiness is lower. On the
other hand the POD modes making up basis type B reconstruct the region of LCO seen at time t>2.5s
with lesser error compared to the what basis type A does. This is validated by the fact that the POD
modes used for defining basis type B were extracted from the LCO region of the training data.
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(b) Points in time t = 1s, 2s and 3s considered for Ma 0.71, a = 4.45° flowfield reconstruction, marked on the reduced coordinate plots on basis type

B for the validation data

Figure 5.22: Points in time t = 1s, 2s and 3s considered for Ma 0.71, a = 4.45° flowfield reconstruction, marked on the reduced
coordinate plots on basis type A and basis type B, for the validation data
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For cases 1, 2, and 4, the predicted-reconstructed flowfield with basis type A and basis type B are
compared, as done for case 3. As seen in figure 5.20a and figure 5.20c, the prediction done for the
reduced coordinates of case 1 for both basis type A and basis type B are significantly deviating from the
actual validation data reduced coordinate trend in the non-linear growth range of eta between 0.75 - 2
s. This could be due to the the stat time ¢y chosen for the prediction is close to the region where the
effect of the initial perturbation given for initialization is still lingering. Thus, the starting assumption
of n at to for case 1 would not be a good initial point for the the prediction using ODE. The flowfield
conservative variables represented here are X momentum, density and RhoE respectively. The results of
the same are discussed in the appendix A in detail for various points in time similar to what was done
for in case 3. A sample at one instance in time for cases 1, 2 and 4 are represented in Figure 5.25, to show
the validity of prediction done by through the methods suggested. The evaluation of the errors between
the predicted flowfield, using basis type A and basis type B, and the actual URANS flowfield obtained
at the same points in time are also evaluated, following method 1 described above.

Using the same methodology, all the conservative variable components of the cases of Ma-a considered
canbe evaluated. The reconstructed flowfield variables can be then post processed to evaluate parameters
like the coefficient of lift (Cr) from the Z momentum component and coefficient of pressure (Cp,) from
the energy density components. Using the density component of the flowfield, the flow over the aerofoil
can be evaluated to predict the shock location motion for the period of prediction, by utilizing the
aerodynamic property which ensures of the presence of a sharp density gradient present across the
shock location. Locating the position of the density gradient through out different points in time over
the suction side of the aerofoil helps us predict the location of the shock too in x/c or chord coordinates.
One such example is represented in figure 5.26, where the shock location obtained from the density
predictions out of basis type A and basis type b are compared, for a case of Ma=0.71 and @=4.45°.
The shock locations are compared or the LCO region of the wvalidation data, between 2.93 s - 3.05 s,
comprising of 2 cycles of LCO in it. The shock location oscillation appears step-wise in figure 5.26,
due the difficultly in resolving very close shock location values taken from density component of the
flowfield in neighbouring time steps, owing to the numerical resolution of the density variation over
the aerofoil. The NMTE errors for prediction of shock location done by basis type A and basis type B
compared to the URANS shock location is represented in table 5.10, indicating a high degree of accuracy
of shock prediction.

NMTE
Basis type A prediction vs URANS | 0.013872
Basis type B prediction vs URANS | 0.011238

Table 5.10: NMTE values for predictions of shock locations using different basis types compared to the actual locations obtained
from the URANS walidation data
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Prediction of Z momentum done at t = 1s for Ma=0.71 at o = 4.45°
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(b) Predicted flowfield using eigen basis, at t = 1s (c) Predicted flowfield using POD basis, at t = 1s
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(d) Error between the predicted flowfield using eigen basis (e) Error between the predicted flowfield using POD basis
and URANS flowfield, at t = 1s and URANS flowfield, at t = 1s

Prediction of Z momentum done at t = 2s for Ma=0.71 at o = 4.45°
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(f) URANS result at t = 2s
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(g) Predicted flowfield using eigen basis, at t = 2s (h) Predicted flowfield using POD basis, at t = 2s
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(i) Error between the predicted flowfield using eigen basis (j) Error between the predicted flowfield using POD basis
and URANS flowfield, at t = 2s and URANS flowfield, at t = 2s
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Prediction of Z momentum done at t = 3s for Ma=0.71 at o = 4.45°
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(n) Error between the predicted flowfield using eigen basis (o) Error between the predicted flowfield using POD basis
and URANS flowfield, at t = 3s and URANS flowfield, at t = 3s

Figure 5.23: Predicted Z momentum flowfield done based on ODE for the eigen and POD basis, compared to the actual URANS
flowfield at t = 1s, 2s and 3s. The comparison between the URANS flowfield to the predicted flowfields are carried out by the
error plots.
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(b) L, norm error trend between the predictions based on the POD
basis and the URANS flowfield, of Z momentum. The norm is
considered from prediction start point ¢ = 0.41739 s, for the case of
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(c) Relative Ly norm error trend between the predictions based on the
eigen basis and the URANS flowfield, of Z momentum. The norm is
considered from prediction start point ¢t = 0.41739 s, for the case of
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(d) Relative L norm error trend between the predictions based on the
POD basis and the URANS flowfield, of Z momentum. The norm is
considered from prediction start point t = 0.41739 s, for the case of

Ma =0.71, « = 4.45°.

Figure 5.24: Comparison of relative L, norm error trends for Z momentum using different bases and methods.
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Prediction of RhoE done at t = 2s for Ma=0.71 at « = 5.25°
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(c) Predicted flowfield using POD basis, at t = 2s
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Prediction of X momentum done at t = 2.5s for Ma=0.69 at o = 5°
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(g) Predicted flowfield using eigen basis, at t = 2.5s (h) Predicted flowfield using POD basis, at t = 2.5s
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(j) Error between the predicted flowfield using POD basis
and URANS flowfield, at t = 2.5s

(i) Error between the predicted flowfield using eigen basis
and URANS flowfield, at t = 2.5s
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Prediction of density done at t = 1.55s for Ma=0.69 at o = 7.25°
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(k) URANS result at t = 1.55s
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(1) Predicted flowfield using eigen basis, at t = 1.55s (m) Predicted flowfield using POD basis, at t = 1.55s
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(0) Error between the predicted flowfield using POD basis

(n) Error between the predicted flowfield using eigen basis
and URANS flowfield, at t = 1.55s

and URANS flowfield, at t = 1.55s

Figure 5.25: Predicted rhoE, X momentum and density flowfield done based on ODE for the eigen and POD basis, compared to
the actual URANS flowfield at t = 2s, 2.5s and 1.55s for Ma-a combinations of 0.71 — 4.45°, 0.69 — 5° and 0.69 — 7.25° respectively.
The comparison between the URANS flowfield to the predicted flowfields are carried out by the error plots.

0.46 —— Shock location from Eig. vec. basis prediction
—=— Shock location from POD basis prediction
—+— Shock location from URANS simulation

0.44
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Figure 5.26: The comparison of the predicted shock location through the density flowfield data, reconstructed out of the
predicted eta variables with the help of the ODE obtained through linear regression for both basis type A and basis type B,
against the density data obtained from the URANS validation data. The case considered is case 3: Ma=0.71 and «a = 4.45°. The
shock location prediction is done between t = 2.93s and t = 3.05s, which are in the LCO region for the case considered. The shock
location is obtained through finding the location of the sharpest density gradient along the surface of the aerofoil, which indicates
the location of the shock.
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5.2.4. Evaluation of the error of prediction and its minimization

During the evaluation of flow reconstruction results obtained in section 5.2.3, it was observed that all
reconstructed flowfields exhibited a deviation from the original URANS/unsteady flowfield. This
deviation was consistently observed in both the error plots for the flowfield components shown in
Figure 5.23 and Figure 5.25, as well as through the evaluation of the absolute and relative L, norms
between the unsteady URANS and the predicted /reconstructed flowfields for both basis type A and
basis type B, as summarized in figure 5.24. The deviation of the predicted flowfields from the URANS
unsteady flowfield can be attributed primarily to two sources:

1. Incomplete and improper capture of the dynamics in the V; and V matrices constructed using the
SSM embedding methodology described in section 4.4.6, leading to deviations from the actual
flowfield.

2. Inaccurate prediction of reduced dynamics in the 1 coordinates due to limitations in the linear
regression and ODE-based approaches.

Evaluation of the manifold using ., norm of normal component and remaking the tangent space
To assess the accuracy of capture of dynamics, a representative case with Ma = 0.71 and a = 4.45°
was analyzed. For this case, a manifold was constructed by plotting the URANS reduced coordinates
of training data and validation data against the L, norm of the normal component of the flow (||w*|]),
as discussed in section 4.4.6. This manifold was then compared with the manifold obtained from
plotting the URANS reduced coordinates against the L, norm of the reconstructed normal component
(I Wreconll = [IV%M]|). Comparisons were performed for both basis type A and basis type B, excluding
the shift mode, as illustrated in figure 5.27. For both basis types, the reduced coordinates (1) in
conjunction with the normal component of the flow yield a conical manifold. According to the theory
of SSM embedding [14, 32], such a manifold should exhibit tangency to 7o Mp. However, the manifolds
constructed using the URANS reduced coordinates for both basis types do not exhibit this tangency,
whereas the manifolds using the reconstructed normal component, VnZ:M, do. This difference is further
highlighted in the cross-sections at 17, = 0 shown in figure 5.27b and figure 5.27d.

The absence of tangency in the URANS-||w|| manifold is attributed to improper splitting of the total
unsteady URANS flowfield (w’) into tangential and normal components. The principal cause is the
inaccuracy of the extracted eigenmodes for basis type A and POD modes for basis type B, which are
used to define the tangent space 79 M. The extracted modes do not perfectly span the tangent plane,
resulting in improper decomposition when constructing reduced coordinates and splitting the flowfield.
To address this, the current tangent plane for both basis types is corrected as follows:

Step 1: Redefine the reduced coordinates as ) € R? for a point w’ € My using the orthogonal projection:
n=Ulw (5.20)
where U; comprises the orthonormalized real and imaginary components of the global mode (for

basis type A) or orthonormalized POD modes (for basis type B).
Step 2: Redefine the unsteady flowfield as

w’ = U+ vp'M (5.21)

with the constraint VIU; = 0, where V = U;. The second term in equation (5.21) models the
manifold’s component normal to the U; plane, with V containing coefficients for both linear and
non-linear monomials. This approach allows for linear parts in the normal component, implying
the plane may not be a perfect tangent plane.

Step 3: Solve for V by minimizing the residual, as previously described in section 4.4.6:

P
V* = argminy Z ||w;,L - Vn}lfMHZ (5.22)
j=1

where w;.L = w} - UlUfw;. and ntM = U{w}l.:M.

j
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Step 4: Update the tangent plane by constructing Uy, = Uz + [V10, VO], where V10, VO are the first two
columns of V representing the linear coefficients of 171 and 1,. Orthonormalize the columns of
U1,ew and set as the new Uj for the next iteration.

Step 5: Repeat steps 1—4 until the L, norms of the first two columns of V (V1?, V) converge below a
specified threshold, or a maximum number of iterations is reached.

Step 6: Upon convergence, the final U; vector, denoted as U{ , is used to construct the final V containing
only the coefficients of the non-linear terms, following the methodology in section 4.4.6. The
resulting Uy vectors are referred to as the initial remade basis type A and initial remade basis type
B, respectively.

With the new set of reduced coordinates obtained by projecting the URANS training and validation

data onto U{ , the URANS-||w*|| and URANS-||Wrecon|| manifolds can be compared again in terms of

tangency to the new tangent space 7, M, defined by U{ ! As shown in figure 5.28, both manifolds

for initial remade basis type A and B exhibit strong overlap and tangency to the new tangent space,
indicating that 7’ M is appropriately defined.

Examination of the cross-sections in figure 5.28c and figure 5.28d, particularly in the region near the
base flow (-150 < 1 < 150), reveals a pulse-shaped bulge at the bottom of the URANS-||w|| manifold.
This feature results from the initial perturbation applied in the URANS training and validation data,
causing a lack of overlap between the URANS-||w+|| and URANS-|| Wrecon|| manifolds within the range
—100 < 1 < 100. Because the initial remade basis types are constructed from the complete URANS flow,
including the base flow, this pulse effect hinders perfect overlap and thus limits the ability to accurately
capture the linear and non-linear dynamics coefficients in Vi and V.

Ma =0.71, @ = 4.45° | foralln for|n| > 100
NMTE for reconstructed Basis type A | 0.0255 0.019671
NMTE for reconstructed Basis type B | 0.02734 0.01984

Table 5.11: NMTE values between the cross section of the manifolds made through URANS projections and remade flowfield
projections onto different remade basis types for Ma = 0.71, o = 4.45°.

To address this issue, the remaking process is repeated for three additional iterations, starting from
U{ , but restricted to flowfields with || > 100 to exclude the base flow region affected by the pulse.

The final remade vector obtained from this process is denoted as Uy = U{ 74 The resulting Uy vectors
are referred to as the final remade basis type A and final remade basis type B, respectively. Using this
new basis definition for both basis types, the reduced coordinates (1), Vi, and V are reconstructed
according to the methodology in section 4.4.6. The intention is that the new V; and V will enable
accurate reconstruction of all flowfields of || > 100 for the validation data, based on the assumption
that the URANS-||w|| manifold for |n| > 100 is smooth and extrapolation to || < 100 is expected to
produce tangency at w’ = 1) = 0. The Taylor series expansion used for V supports this extrapolation,
facilitating a better overlap between the URANS-||Wyecon|| and the trimmed URANS-||w+|| manifolds.

Finally, the URANS-||w*|| and URANS-||Wrecon|| manifolds are constructed again, with the URANS-
[lw|| manifold built for |n| > 100 (training data) and the URANS-|| Wrecon|| manifold made for the full
range (validation data). These n-trimmed manifolds are compared in figure 5.29. As indicated by the
NMTE values in Table 5.11, the manifolds made for |5 > 100 exhibit improved overlap after remaking
of the basis, compared to manifolds that include all 7 values. Consequently, all further predictions are
based on the |n| > 100 range.
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5.2. Spectral submanifold embedding and reduced order model generation 96

New ODE constructed and used for prediction of validation data

After the definition of the final remade basis vector U; = U{ 4! for both the basis types, reduced
coordinates (1) of the training data can be made through its projection of the flowfield onto U;. This
results in the time varying n = 11, 2], which can be described by an ODE using linear regression as
defined in section 4.4.7. This results in the new ODE for the final remade basis. Here for the final
remade basis type A where |17| > 100 was considered the ODE defined are,

d

% = —1.8515x 107 % = 9.1928 x 108, — 53973 x 10° 2 — 1.8873 X 106 2 529
—5.1953 X 107° yn2 + 3.1336 11 — 7.9531 x 1078 13 + 4.7125 X 107> 15 + 96.6479 1

d

% = —1.17699 x 1077 12 — 1.7936 X 1076 12, + 7.5263 X 10 — 1.4537 x 107 12 520
—1.4062 x 107 112 — 95.2275 11 — 1.8264 X 107013 — 6.9892 x 107 13 + 2.9165 1>

and for the final reconstructed basis type B, seen in figure 5.18c the governing ODE are,

d

% = —1.7317x107° 1 — 5.8785 x 1078 31> + 3.0588 x 107> % — 1.7430 x 10~¢ mn3 (5.25)
—9.4123 X 107° yn2 + 2.318211 — 2.6730 X 1078 173 — 2.6174 X 107> 175 — 95.8094 1

d

% = 1.8722 x 1078 112 — 1.9410 x 107 2, + 6.7995 x 1075 1 = 2.7196 x 108 772 526

+2.9517 x 107 7z + 96.0661 11 — 1.9453 x 1070 1 — 7.3257 x 107 175 + 3.7319 1

These ODE made for the training data for the final remade basis are represented in figure 5.30a and
figure 5.30b. These ODE’s are then used with forward Euler integration as discussed previously in
section 5.2.3 to give the prediction of the validation data from a point 1 = 100, which here for the case
of Ma=0.71, a = 4.45° correspond to a point at t = 1.23s from the start of validation data. Now for the
predicted values of 1 for the validation data, the reconstruction of the flowfield using equation (4.13)
with the V1 and V matrices obtained after the final reconstruction. The points at which the predicted
flowfield obtained from the use of the final remade basis type A and final remade basis type B are
represented in figure 5.31, where the points in time ¢ = 1.23s, 2s and 3s were considered, represented as
red, blue and green circles on the plot.
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1000] T 1 (Validation data) Wn —— Validation data
—@— 1.23s
500 1000 —@- 2.00s
—@— 3.00s
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—500
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(a) Points in time t = 1.23s, 2s and 3s considered for Ma 0.71, a = 4.45° flowfield reconstruction, marked on the reduced coordinate plots on final
remade basis type A for the validation data

10001 T n1 (Validation data) —— Validation data
—@— 1.23s
500 1000 —@— 2.00s
—@— 3.00s
o
= 0
—500
500
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(b) Points in time t = 1.23s, 2s and 3s considered for Ma 0.71, a = 4.45° flowfield reconstruction, marked on the reduced coordinate plots on final
remade basis type B for the validation data

Figure 5.31: Points in time t = 1.23s, 2s and 3s considered for Ma 0.71, a = 4.45° flowfield reconstruction, marked on the reduced
coordinate plots on final remade basis type A and final remade basis type B, for the validation data
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Prediction of validation data flowfields using the final remade basis vectors

Using the predicted reduced coordinates 1 obtained, denoted in figure 5.30c and figure 5.30d, the Z
momentum component of the flowfields are reconstructed at times f = 1.23s, 2s and 3s. The predicted Z
momentum component of the flowfield using the final remade basis type A and final reconstructed
basis type B are compared against the actual unsteady URANS flowfield of the validation data for each
point in time considered. An error flowfield plot previously discussed as method 1 of error evaluation,
in section 5.2.3, is considered and are also plotted to visualize the location of error for the flowfield
reconstruction. The times t = 1.23s, 2s and 3s are represented as red, blue and green circles on the
flowfield plots as depicted in figure 5.32.

Compared to the error of prediction obtained in section 5.2.3 for the same case (case 3), it can be seen
that the error of prediction has become significantly better, indicated by the maxima and minima of the
error in the error plots in figure 5.32 compared to the error plots in figure 5.23. These comparisons can
be carried out only for the prediction times of t = 2s and 3s as due to the start time being different in the
case of the predictions done for the final remade basis (t+ = 1.23s). The shock foot still appears to be the
region where error of reconstruction in concentrated for all the time points considered.

Using the method 2 of error evaluation discussed in section 5.2.3, absolute and relative L, norm of the
difference of the predicted flowfield and URANS flowfield is found for both the final remade basis and
is represented in figure 5.33. Comparing from ¢ = 1.23s time mark in the result previously obtained
in figure 5.24, it can be clearly seen that in figure 5.33 are lower by a factor of 1-10 for the absolute L,
norm and 0.55-0.7 points lower for the relative L, norm. It is also interesting to see that in contrast to an
increasing trend of absolute L, norm as observed in the case of both basis type A and basis type B in
figure 5.24, for the final remade basis’s an almost generally decreasing trend is observed. This indicates
a very good prediction and reconstruction of the flowfield close to the LCO region relative to the region
of start of prediction.

As previously stated in section 5.2.3, the predicted flowfield components can further be post processed
into non-dimensional components like coefficient of lift (Cr) from the Z momentum component or
coefficient of pressure (C,) from the energy density component. Similar to what was depicted in
figure 5.26, the shock location can be predicted using the new density component of the flowfield
projections obtained from the use of final remade basis’s. The shock location, is evaluated as the position
of sharpest density gradient along the surface of the aerofoil and the comparison between the shock
location obtained from the density component of the unsteady URANS wvalidation data, against the final
remade basis type A prediction and the final remade basis type B are represented in figure 5.34. This
comparison, similar to the one indicated in figure 5.26, is evaluated in the LCO region, between 2.93 s
- 3.05 s, comprising of 2 cycles of LCO in it. The NMTE errors for the predicted shock location path
from the final remade basis type A and B are compared to the URANS shock location are represented in
table 5.12. Compared to the predictions done in section 5.2.3, represented in table 5.10, this new shock
location prediction is even more accurate, with a better match in the phase of oscillation compared to
the previous prediction, where an offset could be visibly observed.

| NMTE
Remade Basis type A prediction vs URANS | 0.005637
Remade Basis type B prediction vs URANS | 0.005634

Table 5.12: NMTE values for predictions of shock locations using different final remade basis types compared to the actual
locations obtained from the URANS walidation data
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Prediction of Z momentum done at t = 1.23s for Ma=0.71 at o« = 4.45°

. Z momentum: URANS at t=1.23s
|

Showo

(a) URANS result at t = 1.23s

. Z momentum: Eig. Pred. at t=1.23s .
- 6 Z momentum: POD Pred. at t=1.23s
3 m 6
g 0
R
- -3
-6
-

(b) Predicted flowfield using final remade eigen basis, at t = (o) Predicted flowfield using final remade POD basis, at t = 1s

1.23s
. Z momentum: Eig. err. at t=1.23s . Z momentum: POD err. at t=1.23s

mm 05 mm 05
025 025
0 0

g 025 025

s s

(d) Error between the predicted flowfield using final remade (e) Error between the predicted flowfield using final remade
eigen basis and URANS flowfield, at t = 1s POD basis and URANS flowfield, at t = 1s

Prediction of Z momentum done at t = 2s for Ma=0.71 at o = 4.45°

. Z momentum: URANS at t=2.0s
]

dhbowo

(f) URANS result at t = 2s
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Figure 5.32: Predicted Z momentum flowfield done based on ODE for the final remade eigen and final remade POD basis,
compared to the actual URANS flowfield at t = 1.23s, 2s and 3s. The comparison between the URANS flowfield to the predicted
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flowfields are carried out by the error plots.
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(b) L, norm error trend between the predictions based on the final
remade POD basis and the URANS flowfield, of Z momentum. The
norm is considered from prediction start point t = 1.23 s, for the case
of Ma =0.71, a = 4.45°.

(a) L norm error trend between the predictions based on the final
remade eigen basis and the URANS flowfield, of Z momentum. The
norm is considered from prediction start point t = 1.23 s, for the case

of Ma =0.71, a = 4.45°.
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(d) Relative Ly norm error trend between the predictions based on the

final remade POD basis and the URANS flowfield, of Z momentum.

The norm is considered from prediction start point t = 1.23 s, for the
case of Ma = 0.71, a = 4.45°.

(c) Relative Ly norm error trend between the predictions based on the

final remade eigen basis and the URANS flowfield, of Z momentum.

The norm is considered from prediction start point t = 1.23 s, for the
case of Ma = 0.71, o = 4.45°.

Figure 5.33: Comparison of relative L, norm error trends for Z momentum using different final remade bases and methods.
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Figure 5.34: The comparison of the predicted shock location through the density flowfield data, reconstructed out of the
predicted eta variables with the help of the ODE obtained through linear regression for both the final remade basis type A and
basis type B, against the density data obtained from the URANS validation data. The case considered is case 3: Ma=0.71 and
a = 4.45°. The shock location prediction is done between t = 2.93s and t = 3.05s, which are in the LCO region for the case
considered. The shock location is obtained through finding the location of the sharpest density gradient along the surface of the
aerofoil, which indicates the location of the shock.



Conclusion

This thesis presented a comprehensive study on the development of a non-linear reduced order model
(ROM) for transonic buffet phenomena, based on Spectral Submanifold (SSM) embedding. Transonic
buffet, characterized by self-sustained shock oscillations and shock wave-boundary layer interactions
(SWBLI), poses a serious threat to the structural integrity of aircraft wings, limiting the operational
flight envelope and potentially leading to fatigue failure. Traditional modelling approaches, particularly
those based on linearized reduced order models, have been shown to be inadequate in capturing the
essential non-linear features of buffet dynamics, throughout the growth of the instability stemming
from a Hopf bifurcation from close to the base flow to limit cycle oscillation (LCO) behaviour. This
inadequacy motivated the need for an advanced modelling approach that can faithfully represent the
non-linear evolution of perturbations and the limit-cycle behaviour of transonic flows.

To address this, the thesis adopts and applies a data-driven methodology utilizing the mathematical
framework of Spectral Submanifolds (SSM). SSM’s are low-dimensional invariant manifolds that act as
non-linear extensions of linear subspaces. Unlike linear subspaces, SSM’s remain invariant under the
full non-linear dynamics and, therefore, provide an ideal setting for constructing reduced-order models
that preserve the essential physics of growing oscillatory instabilities. The key advantage of using
SSM embedding lies in its ability to systematically reduce the high-dimensional flow dynamics onto
a non-linear manifold, parametrized by a few dominant modal coordinates, and then reconstruct the
full-state dynamics from this reduced representation. The implementation of this technique involved
multiple steps. First, steady RANS and unsteady URANS simulations were performed for a supercritical
aerofoil configuration (OAT15A) to obtain the base flows and time-dependent flow fields, respectively.
The URANS fields are recorded with two initializations, set by varying perturbations, resulting in two
set of flow data for each case of Ma-a considered; training data and validation data. Then, a global linear
stability analysis was carried out on the steady base flow to extract the eigenmodes and identify the
unstable modes responsible for the onset of buffet, confirming the presence of a supercritical Hopf
bifurcation. Proper Orthogonal Decomposition (POD) was used to extract the most energetic/dominant
structures from the unsteady flow field. The real and imaginary components of the eigenvectors and first
and second POD modes extracted were used to construct two basis’s for the construction of non-linear
manifold. The shift mode combined with these basis separately were used to visualize a local embed-
ding space, onto which the high-dimensional flow states were projected to obtain a three dimensional
representation of the n-dimensional manifold My. The linearity and the nonlinearity of the transient
flow are captured with the help of coefficient matrices V1 and V, which when paired with monomials
constructed out of the reduced coordinates obtained through projection of the unsteady flowfield onto
the two basis components, can be used to reconstruct the flowfields back again. The production of
the reduced coordinates act as an encoder function while the function used for the reconstruction of
flowfields act as a decoder function. The reduced coordinates which lie on the tangent plane 7o Mo,
tangential to the manifold, captures the evolution of the dynamics of the higher dimensional system in 2
dimensions, as reduced coordinates, which is an image of the trajectories lying on the manifold. Building
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an ODE using linear regression for the reduced coordinates, gives the means of capturing the evolu-
tion of the reduced dynamics. Pairing the encoder and ODE function, a reduced order model is obtained.

The results obtained from this methodology as the reconstructed flow fields demonstrated strong
agreement when compared to the original URANS simulations. An optimum degree of fit M, for the
monomials is investigated first for each case of Ma-« considered, using the corresponding training data.
This would result in pairs of coefficient matrices V1 and V, which are used to reconstruct the unsteady
URANS flowfield. The manifolds obtained through the projection of the unsteady URANS training
data data and the reconstructed flowfields are compared, as well as the three dimensional trajectories
obtained through the projection of the URANS training data flowfield and the reconstructed flowfield
over the basis considered combined with the shift mode. It was seen that there exists a deviation
between the three dimensional trajectories and hence, the manifolds for both the projections. This
points to the error present due to the use of Taylor expansion using the monomials of the reduced
coordinates, to capture the non-linearities of the unsteady flow. After obtaining an optimum degree
of fit M, for the monomials used for fitting the reconstructed trajectories for each case investigated,
the image of the trajectories over the tangent plane 79 My i.e. evolution of the reduced coordinates
are considered. The evolution of the reduced coordinates on the tangent plane 7y My are captured
through ODE equations, using linear regression. The pair of ODE equations obtained for the reduced
coordinates, combined with the encoder equation results in a reduced order model (ROM). The reduced
order model obtained thus was able to reproduce (to a certain accuracy) and predict the time evolution
of key flow variables for the cases considered, but for the validation data from various points in time,
demonstrating robustness of the method. The prediction of validation data in reduced coordinates from
some time point ¢y, has been observed to have errors compared to the actual evolution of the reduced
coordinates of validation data, mainly owing to the fact that the use of linear regression for creating ODE'’s
for one data set would not truly predict the evolution of another data set of same condition. The error in
prediction and error of reconstruction are the two main factors that cause a deviation of the predicted
and reconstructed flowfield, from the true flowfield. The error of reconstructed flowfield is observed to
be more dominant close to the location where the shock is present, concentrated towards the region of
the foot of the shock. Comparing between the basis chosen for the investigation, there is no particular
trend of obtaining a better flowfield prediction or reduced order model using the basis type A or basis
type B, although looking at the error of norm for the predicted and actual URANS data, it could be
seen that the basis type A produced better results close to the base flow and the basis type B produced
better results near the LCO region. The model though was successful in capturing the nonlinearity
seen in the evolution of the unsteadiness into an LCO behaviour seen in transonic buffeting, validating
its ability to model post-bifurcation dynamics. Importantly, the model maintained accuracy across
different operating conditions, including variations in Mach number and angle of attack, suggesting
its robustness and generalizability. The model was also able to predict the shock location with a good
degree of accuracy in the LCO region of the dynamics. Further post processing of the reconstructed
flowfields to non-dimensional parameters like the coefficient of lift (Cy), coefficient of pressure (Cp) etc,
are possible for the sake of comparison with the original URANS flowfield considered.

On evaluation of the error observed between the URANS data and the predicted data, a comparison
of the 3D embedded manifold constructed using the reduced coordinates against the L, norm of the
normal component (||w*||) of the URANS data and the 3D manifold constructed using the reduced
coordinates against the L, norm of the reconstructed normal component (|| Wreconl|) is done. The lack of
tangency of the the URANS-||w+|| manifold, indicated an incorrect tangent space 7o My used for the
reduction of the n-dimensional dynamics with the encoder function. This pointed to an inaccuracy in
the extracted eigen modes and POD modes, which failed to capture the complete linear nature of the
system and hence fail to span the real tangent plane. The basis vectors for both basis types are then
remade by extracting the linear components remaining in the normal component of the flow, and a
new set of initial remade basis are defined. The 3D manifolds of URANS-||w|| and URANS-||Wreconl|
are constructed again, which now indicates tangency and hence a proper and correct tangent space
7, M- Evaluating near the base flow, it was observed that the presence of the initializing pulse in the
URANS data, caused a deviation in the URANS-||w+|| manifold from the URANS-||Wyecon|| manifold.
For the case evaluated (Ma=0.71, o = 4.45°), the manifold region distorted by the presence of the pulse
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is ignored and the process of remaking is carried out again over the initial remade basis, for a region of
flow outside the influence of the pulse. This results in a final remade basis which is then used to create
reduced coordinates () for training data. ODE’s defining the nature of the new reduced coordinates are
then defined using linear regression and a prediction of evolution of the reduced coordinates using these
new ODE’s for the validation data is then carried out. The resultant predicted flowfield obtained through
the reconstruction seem to show a better match to the actual URANS flowfield, than the one with the non
remade/original basis, as well showing a better prediction of the shock location through post processing.

The use of spectral submanifold embedding proved to be a powerful approach for reduced order
modelling of non-linear flow phenomena. It successfully addressed the limitations of linear models
by incorporating the weakly non-linear dynamics characteristic of Hopf bifurcations and limit cycles.
Unlike input-output black box models, this approach maintained a clear connection to the underlying
physics through the use of eigenspace/POD space-based projection and invariant manifold theory, all
the while using only two dominant modes, without the use/need of additional modes to capture the
non-linear behaviour, as seen in methods like DMD. Moreover, the low dimensionality of the reduced
model makes it particularly well-suited for real-time control applications, including the development of
model-based controllers for buffet suppression.

This thesis has demonstrated that SSM-based reduced order models provide a physically interpretable,
mathematically rigorous, and computationally efficient framework for modelling transonic buffet. The
success of this approach opens new avenues for its application not only in aerodynamic instability
modelling but also in real-time control system design for high-speed aerospace vehicles. Future
work could involve extending the methodology to three-dimensional wings, incorporating actuation
models for control design, and exploring approaches for identification of the spectral submanifold from
experimental data.
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Appendix

For cases 1, 2 and 4 discussed in subsection 5.2.2, we investigate various positions in the evolution of
the reduced coordinates, such that the prediction carried out using basis type A and basis type B can
be made into flowfields at those points in time using Equation 4.13, as previously done for case 3 in
subsection 5.2.3. Here the points in time used for evaluation for the remaining cases are described in
Table A.1,

| Time point 1 (s) | Time point 2 (s) | Time point 3 (s)

Case 1 0.5 1.5 2.5
Case 2 0.5 0.77 1.55
Case 4 0.4 0.75 2

Table A.1: Selected time points for different cases 1, 2 and 4

The time points considered, for each of the cases are represented as red, blue and green dots denoting
the points of time chosen.The red, blue and green dotes represent the first time point, the second time
point and the third time point respectively. The reduced coordinate variation plots for the URANS
validation data on both basis type A and basis type B are represented as,

e For case 1: Figure A1,
¢ For case 2: Figure A4,
¢ For case 4: Figure A.7.

For each of the time points chose, we reconstruct the flowfield with Equation 4.13, using the predicted
reduced coordinates obtained using basis type A and basis type B. For each case, we split and depict the
predicted flowfield using both the basis types and compare it to the original URANS flowfield at that
point in time. The error plots obtained by subtracting the predicted flowfield obtained for a particular
basis from the URANS flowfield at the same point in time. We also compare the L, norm error for the
predictions and reconstructions done from the start point of prediction for each case, as per Table 5.8.
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A.l. Case 1: Prediction done for Ma=0.69 o = 5°

The reduced coordinate evolution in time for the URANS wvalidation data is plotted in Figure A.1, with the
selected time points at which the predicted flowfields are compared to the actual URANS flowfield. The
selected time points are 0.5s, 1.5s and 2s, which are represented by red, blue and green dots respectively,
and are indicated for both basis type A and basis type B in Figure A.1. The flowfields predicted using
the reduced coordinates made of the basis type A and basis type B are compared in Figure A.2, where
for each time point, we have the actual URANS wvalidation data flowfield at the center, the predicted
flowfield from basis type A on the left column below the actual URANS walidation data flowfield and the
error between the prediction and the actual flowfield below it. Similarly, the predicted flowfield from
basis type B is present on the right column below the actual URANS validation data flowfield and the
error between the prediction and the actual flowfield below it.

As per the start times decided for each of the cases, as given in Table 5.8, we evaluate the L, norm
error for the flowfield obtained for each of the time step predicted and the actual URANS data. This
evaluation is done for both basis type A and basis type B, and are represented in Figure A.3. Here,
it is evident that the L, norm error between the predicted flowfield of basis type A and the URANS
flowfield seems to show a lower error compared to the prediction done by basis type B. The eigen basis
describes the flowfield better than the POD basis for this case.
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(a) Points in time t = 0.5s, 1.5s and 2.5s considered for Ma 0.69, & = 5° reconstruction, marked on the reduced coordinate plots on basis type A for the
validation data
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Figure A.1: Points in time t = 0.5s, 1.5s and 2.5s considered for Ma 0.69, @ = 5°reconstruction, marked on the reduced coordinate
plots on basis type A and basis type B, for the validation data
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Prediction of X momentum done at t = 0.5s for Ma=0.69 at o = 5°

. X momentum: URANS at t=0.5s
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(b) Predicted flowfield using eigen basis, at t = 0.5s (c) Predicted flowfield using POD basis, at t = 0.5s
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(d) Error between the predicted flowfield using eigen basis (e) Error between the predicted flowfield using POD basis
and URANS flowfield, at t = 0.5s and URANS flowfield, at t = 0.5s

Prediction of X momentum done at t = 1.5s for Ma=0.69 at o = 5°
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Prediction of X momentum done at t = 2.5s for Ma=0.69 at o = 5°
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(n) Error between the predicted flowfield using eigen basis (o) Error between the predicted flowfield using POD basis
and URANS flowfield, at t = 2.5s and URANS flowfield, at t = 2.5s

Figure A.2: Predicted X momentum flowfield done based on ODE for the eigen and POD basis, compared to the actual URANS
flowfield at t = 0.5s, 1.5s and 2.5s. The comparison between the URANS flowfield to the predicted flowfields are carried out by the
error plots.
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Figure A.3: Comparison of relative L norm error trends for X momentum using different bases and methods.
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A.2. Case 2: Prediction done for Ma=0.69 o = 7.25°

The reduced coordinate evolution in time for the URANS validation data is plotted in Figure A.4, with
the selected time points at which the predicted flowfields are compared to the actual URANS flowfield.
The selected time points are 0.5s, 0.77s and 1.55s, which are represented by red, blue and green dots
respectively, and are indicated for both basis type A and basis type B in Figure A.4. The flowfields
predicted using the reduced coordinates made of the basis type A and basis type B are compared in
Figure A.5, where for each time point, we have the actual URANS validation data flowfield at the center,
the predicted flowfield from basis type A on the left column below the actual URANS validation data
flowfield and the error between the prediction and the actual flowfield below it. Similarly, the predicted
flowfield from basis type B is present on the right column below the actual URANS wvalidation data
flowfield and the error between the prediction and the actual flowfield below it.

As per the start times decided for each of the cases, as given in Table 5.8, we evaluate the L, norm
error for the flowfield obtained for each of the time step predicted and the actual URANS data. This
evaluation is done for both basis type A and basis type B, and are represented in Figure A.6. Here,
it is evident that the L, norm error between the predicted flowfield of basis type A and the URANS
flowfield seems to show a lower error compared to the prediction done by basis type B. The eigen basis
describes the flowfield better than the POD basis for this case.



A.2. Case 2: Prediction done for Ma=0.69 a = 7.25°

119

3000
2000

1000

—1000
—2000

—3000

3000
2000

1000

—— 1 (Validation data)

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
Time (s)

—— n2 (Validation data)

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
Time (s)

nz

3000

2000

1000

—1000

—2000

—3000

te4|

Validation data
0.50 s
0.77 s
1.40s

—3000 -2000 -1000 0

na

1000

2000 3000

(a) Points in time t = 0.5s, 0.77s and 1.55s considered for Ma 0.69, @ = 5° reconstruction, marked on the reduced coordinate plots on basis type A for
the validation data

1500

1000

500

0

na

—500

1000

—1500

2000

1000

nz
o

—1000

—2000

—— 1 (Validation data)

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
Time (s)

—— n32 (Validation data)

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
Time (s)

N2

2000

1500

1000

500

-500

—1000

—-1500

—2000

$e¢]

Validation data
0.50 s
0.77 s
1.40s

—-1500 -1000 -500 0

n

500

1000 1500

(b) Points in time t = 0.5s, 0.77s and 1.55s considered for Ma 0.69, a = 5° reconstruction, marked on the reduced coordinate plots on basis type B for
the validation data

Figure A.4: Points in time t = 0.5s, 0.77s and 1.55s considered for Ma 0.69, & = 5° reconstruction, marked on the reduced
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Prediction of density done at t = 0.5s for Ma=0.69 at o = 7.25°
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(b) Predicted flowfield using eigen basis, at t = 0.5s (c) Predicted flowfield using POD basis, at t = 0.5s
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Prediction of density done at t = 0.77s for Ma=0.69 at o = 7.25°
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(g) Predicted flowfield using eigen basis, at t = 0.77s (h) Predicted flowfield using POD basis, at t = 0.77s
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Prediction of density done at t = 1.55s for Ma=0.69 at o = 7.25°

. Density: URANS at t=1.55s

w007
0.035
0

g 0.035
- -0.07

(k) URANS result at t = 1.55s

. Density: Eig. Pred. at t=1.55s . Density: POD Pred. at t=1.55s
m 0.07 w007
0.035 0.035
0 0
-0.035 g 0035
L s 07
() Predicted flowfield using eigen basis, at t = 1.55s (m) Predicted flowfield using POD basis, at t = 1.55s
. Density: Eig err. at t= 1.55s . Density: POD err. at t= 1.55s
m 01 m 0.1
0.05 0.05
0 0
-0.05 g 005
X o
(n) Error between the predicted flowfield using eigen basis (0) Error between the predicted flowfield using POD basis
and URANS flowfield, at t = 1.55s and URANS flowfield, at t = 1.55s

Figure A.5: Predicted density flowfield done based on ODE for the eigen and POD basis, compared to the actual URANS
flowfield at t = 0.5s, 0.77s and 1.55s. The comparison between the URANS flowfield to the predicted flowfields are carried out by
the error plots.
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Figure A.6: Comparison of relative L, norm error trends for Density using different bases and methods.

(b) L, norm error trend between the predictions based on the POD
basis and the URANS flowfield, of Density. The norm is considered
from prediction start point t = 0.375 s, for the case of Ma = 0.69,

(d) Relative Ly norm error trend between the predictions based on the
POD basis and the URANS flowfield, of Density. The norm is
considered from prediction start point t = 0.375 s, for the case of
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A.3. Case 4: Prediction done for Ma=0.71 o« = 5.25°

The reduced coordinate evolution in time for the URANS validation data is plotted in Figure A.7, with
the selected time points at which the predicted flowfields are compared to the actual URANS flowfield.
The selected time points are 0.4s, 0.75s and 2s, which are represented by red, blue and green dots
respectively, and are indicated for both basis type A and basis type B in Figure A.7. The flowfields
predicted using the reduced coordinates made of the basis type A and basis type B are compared in
Figure A.8, where for each time point, we have the actual URANS validation data flowfield at the center,
the predicted flowfield from basis type A on the left column below the actual URANS validation data
flowfield and the error between the prediction and the actual flowfield below it. Similarly, the predicted
flowfield from basis type B is present on the right column below the actual URANS wvalidation data
flowfield and the error between the prediction and the actual flowfield below it.

As per the start times decided for each of the cases, as given in Table 5.8, we evaluate the L, norm
error for the flowfield obtained for each of the time step predicted and the actual URANS data. This
evaluation is done for both basis type A and basis type B, and are represented in Figure A.9. Here,
it is evident that the L, norm error between the predicted flowfield of basis type A and the URANS
flowfield seems to show a lower error compared to the prediction done by basis type B. The eigen basis
describes the flowfield better than the POD basis for this case.
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(a) Points in time t = 0.4s, 0.75s and 2s considered for Ma 0.71, a« = 5.25° reconstruction, marked on the reduced coordinate plots on basis type A for
the validation data
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(b) Points in time t = 0.4s, 0.75s and 2s considered for Ma 0.71, a = 5.25° reconstruction, marked on the reduced coordinate plots on basis type B for
the validation data

Figure A.7: Points in time t = 0.4s, 0.75s and 2s considered for Ma 0.71, @ = 5.25° reconstruction, marked on the reduced
coordinate plots on basis type A and basis type B, for the validation data
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Prediction of RhoE done at t = 0.4s for Ma=0.71 at & = 5.25°
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‘: Eig. Pred. at t=0.4s . RhoE: POD Pred. at t=0.4s
w5000 5000
2500 2500
0 0
2500 -2500
B 5000 B 5000
(b) Predicted flowfield using eigen basis, at t = 0.4s (c) Predicted flowfield using POD basis, at t = 0.4s
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Prediction of RhoE done at t = 0.75s for Ma=0.71 at o« = 5.25°
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Prediction of rhoE done at t = 2s for Ma=0.71 at o = 5.25°
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Figure A.8: Predicted rhoE flowfield done based on ODE for the eigen and POD basis, compared to the actual URANS flowfield at
t=0.4s, 0.75s and 2s. The comparison between the URANS flowfield to the predicted flowfields are carried out by the error plots.
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Figure A.9: Comparison of relative L, norm error trends for RhoE using different bases and methods.
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