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Abstract

When delving into the realm of the smallest systems in nature, quantum mechanics
is required to describe the time evolution of these systems. The storage of energy
in such systems is achieved by means of so-called quantum batteries. This thesis
investigates optimal charging for two types of quantum batteries, clarifying the role
of entanglement in the process.

Firstly, the central-spin battery (CS-battery) is studied, where N¢ number of 1/2-spin
particles serve as the charger, coupled to Np number of 1/2-spin particles that serve
as the battery. Analytical solutions are presented for special cases in which the
energy stored in the battery, denoted as Eg, reaches the maximum energy capacity
Ck,, as well as scenarios where Eg never reaches Cg,. Numerical simulations of
the time evolution are used for Np > 2 to demonstrate that Eg does not reach Cg,

within a time period of t < 2.

Subsequently, I introduce a novel model: the central-spin transmitter battery (CST-
battery), in which the battery and charger particles are indirectly coupled via one
1/2-spin particle, which I called the transmitter. Two setups of the CST-battery are
investigated: constant exchange coupling, where the coupling between both sides of
the transmitter remains fixed, and varying exchange coupling, where the coupling
between both sides of the transmitter changes. For constant exchange coupling,
numerical simulations are used to show that Eg does not reach Cg, within a time
period of t < 72, In the case of varying exchange coupling, it is demonstrated that
by enabling or disabling the exchange coupling between the charger-transmitter and
the transmitter-battery at precise moments, the mathematical representation of the
CST-battery simplifies to that of a CS-battery with Np = 1. This simplified scenario
can be solved analytically. By following this approach, it is possible to fully charge
the battery in the CST-battery system for arbitrary Nc > Np, within a time period of

t < %. The power of the CST-battery scales as P ~ %, as Np approaches infinity.
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Chapter 1

Introduction

In everyday life, the operation of big systems, such as steam engines and refrigerators,
can be described by the laws of classical thermodynamics. Nowadays, there is a
rapid development in creating complex technological systems which are getting
smaller and smaller, like microchips for example. Eventually one will reach the scale
where quantum mechanics is dominant, and where these complex systems cannot
be described by classical thermodynamics anymore. This is where the theory of
quantum thermodynamics comes into play. This theory investigates how concepts as
energy, work and temperature can be transferred between quantum systems, where
fluctuations and randomness are fundamentally unavoidable. In Millen 2016 the
perspectives on quantum thermodynamics and quantum machines are discussed [7,
8]. Recently, the study of quantum heat engines and refrigeration, energy storage
and transfer in quantum-mechanical systems has gained significant interest. These
systems, which can be used to store and extract energy, are so called "quantum
batteries".

Entanglement is a primary feature in quantum mechanics. In a mathematical
sense, two particles are entangled, if the quantum state of each particle cannot be
described independently. To provide more clarity about this mathematical definition,
a comparison is made between classical charging of a normal battery and charging of
a quantum battery, where entanglement arises. In Figure 1.1, the classical charging
process is depicted. The energy storage device on the left is called the charger and
the energy storage device on the right is called the battery. From left to right, one
can observe the battery transitioning from empty (red) to half-full (yellow), and
eventually to a fully charged (green) state. During the charging process, the battery
can be described independently (empty, half-full and full, etc.).
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Figure 1.1: Classical charging of a battery. The energy storage device on the left is called the charger
and the energy storage device on the right is called the battery. From left to right, one can observe the
battery transitioning from empty (red) to half-full (yellow), and eventually to a fully charged (green)
state. During the charging process, the states of the charger and battery can be described independently.

In Figure 1.2, the quantum charging process is depicted. Two spin particles are used
for energy storage. The left spin particle is called the charger, and the right spin
particle is called the battery. A spin particle can only be in spin up (full) or spin
down (empty), not something in between. From left to right, one can observe that
the battery is transitioning from empty to a superposition of empty and full, and
eventually to a fully charged state. Being in a superposition of full and empty, the
energy state of the battery cannot be described independently. The charger and
battery are entangled.

There are many recent investigations of quantum batteries, [1, 3, 10]. It is shown
that using entangling processes in an array of qubits can achieve a higher power
than local operations, and entanglement generation benefits the speedup of work
extraction. This is an advantage that arises when making use of these quantum
properties. In Peng 2021 and Liu 2021 this advantage of charging power and work
extraction is further investigated for the so-called central-spin battery, [6, 9].

In this thesis the role of entanglement and the optimal charging of a the central-spin
battery is studied. Two types of batteries are investigated. First, the charging process
of a central-spin quantum battery (CS-battery) is studied, where spin particles
considered as the battery are directly coupled to spin particles considered as the
charger. An illustration of this system is given in Figure 2.1. Following that, I
have devised a pioneering model where an additional spin-particle, referred to

¢+t v ¢
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Figure 1.2: Quantum charging of a quantum battery. The left spin particle is called the charger and the
right particle is called the battery. From left to right, one can observe that the battery is transitioning from
empty to a superposition of empty and full, and eventually to a fully charged state. In the second step, the
particles are entangled, the energy state of the battery and charger cannot be described independently.



as a transmitter, is positioned between the battery and the charger, creating what
I call a CST-battery. This arrangement ensures that the battery and charger are
solely connected through the transmitter. An illustration of this system is given in
Figure 2.2. Also, the influence of modifying the exchange coupling in the CST-battery
system between the battery, transmitter and charger during the charging process
will be investigated.







Chapter 2

Theory

In this chapter the theoretical basis which is used to describe the physics behind
quantum batteries is discussed. First some mathematical definitions will be intro-
duced in section 2.1. In section 2.2 these mathematical definitions will be used to
describe the physics behind quantum batteries.

2.1. Formalism
The mathematical formalism which is used in this thesis, is defined as in Griffiths [4].

2.1.1. Spin-particles in the Hilbert space

The Hilbert space is a complete inner product space. One example of a Hilbert space
is the vector space of square-integrable functions. In quantum mechanics the state
of a physical system is represented by a vector in this vector space. The space for a
spin-1/2 particle has two basis states. One is called spin down | |), and the other is
called spin up | T). These basis states can be represented by spinors:

m=(g) 10=(3). 1)

Multiple 1/2-spin particles, where all N particles are in the spin up state, can
be represented by | T,---, Tn). The Dicke model describes a collection of spins
interacting with a cavity field mode. In this thesis this basis is used. N spin-1/2
particles with m spins up can be described by a Dicke state (see Liu 2021 eq. 2, [6]):

1
Je

where (Z ) = N!/[m!(N —m)!] and Py denotes the complete set of all possible distinct
permutations of the spin particles.

[m)y =

DRt T bt D), (212)
k
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2.1.2. Spin matrices

Single 1/2-spin particle

For one 1/2-spin particle the state can be described by the Pauli-spin matrices. The
Pauli-spin matrices are unitary and hermitian matrices, given by

x_ (0 1 y _ [0 —i . (1 0
a—(lo,a—io,a—o_l, (2.1.3)

where each matrix o/ represents the observable corresponding to spin state along
the j-axis. The o* eigenstates are given in (2.1.1).

The creation and annihilation operators are given by

o = (8 é) , 0 = ((1) 8) , (2.1.4)

such that o*| |) = | T) and 67| T) = | ), where | T) and | |) are the spin eigenstates
.1.1).

Multiple 1/2-spin particles
For N 1/2-spin particles with m 1/2-particles up we have the total spin operator S¢,
given by

N
S% = Z af a=x,Yy,2z, (2.1.5)

i=1
where 0% represents the Pauli-spin matrix (2.1.3) for the a-axis for the i spin particle.
The total spin ladder operators for N 1/2-spin particles are given by

S* =8%+isY, (2.1.6)
These operators are defined such that, with m particles in the spin up state, one has

§%|myy = (m - %) [m)y (2.1.7)

St = o 1= = Xy = X+ 1y,

(2.1.8)
S lmyy = J%g #1) = (m — ) = o= Dl = 1),

S*IN)n =0,

570y =0, (2.1.9)

where |m)y and |m + 1)y are expressed as Dicke states (2.1.2). S* increments the
number of quanta in a certain state, and S~ decrements the number of quanta by one
in a certain state. Equations (2.1.7) and (2.1.8) look a bit different than in Griffiths
(Ch.4.4, [4]). The reason for this is because in this thesis N and m are defined as the
total number of particles and the number of particles in the up spin state, instead of
the total spin.
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2.1.3. Tensor product

The tensor product is a mathematical operation that combines two vectors or matrices
to form a larger composite vector or matrix. For two matrices A and B, their tensor
product A ® B is defined as follows:

ﬂuB 1112B s {11nB
anB  a»B --- ay,B

A®B= . . , (2.1.10)
amlB am2B e amnB

where A is an m X n matrix or vector and B is a p X 4 matrix or vector. The resulting
tensor product is an (mp) X (ng) matrix or vector.

The tensor product of two quantum states [i) and |¢) is given by
P1l¢)
[P) ® ) = N (2.1.11)
Vnl¢)

Take for example the state of N 1/2-spin particles each in the up state. Itis represented
by a tensor product between individual 1/2-spin states (2.1.1), given by

[T, I =11 ®--- @M. (2112)

2.1.4. Density matrices
The density matrix, denoted by p, represents a mixed state of a quantum system:

p= Zml%)«pil, (2.1.13)

where p; is the probability of the system being in a pure state |¢;). p is hermitian,
pos-semidefinite and normalized such that Tr [p] = 1.

The trace of a square matrix M, denoted by Tr[M], is defined as the sum of its
diagonal elements:

Tr[M] = Z M. (2.1.14)

The expected value of an observable K can be calculated using the trace of the
product of the observable and the density matrix describing the system:

(K) = TrlpK1 = > pililKlys), (21.15)

where p is the density matrix.

If pg, is the density matrix representing the state of a quantum system QO = © ® A,
where ® is the tensor product (2.1.10) and © and A are the subsystems, the reduced
density matrix representing the state of subsystem A is given by

pa =Trelpal, (2.1.16)
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2.15. Entanglement
To give a characterization to the entropy entanglement for a subsystem A the Von
Neumann entropy is used, given by

S(pa) = ~Trlpalog(pa)l = = " pi, log(pi,), (21.17)

where pj is the reduced density operator of a subsystem A at time ¢ (2.1.16). S(pa)
is zero if and only if p, is a pure state. S(pa) is maximally equal to log N for a
maximally mixed state, where N is the dimension of the Hilbert space.

2.1.6. Time evolution of a quantum system
The time-dependent Schrédinger equation describes the evolution of a quantum
state over time. It can be written as

() = HIg(), 21.18)

where [()) is the quantum state, H is the Hamiltonian, and 7 is the reduced
Planck’s constant (in this thesis #i = 1).

If we have a closed system (no interaction with the environment), the Schrédinger
equation can be written as the Von Neumann equation, given by

d i

- =——[H 21.1

Zp(H) = —3[H, p(b)] (21.19)
where p is the density matrix representing the system (2.1.13) and H is the Hamilto-

nian of the system. The term on the right-hand side represents the unitary evolution
governed by the commutator [H, p].

2.2. Quantum battery physics

In this section the physics behind the central-spin quantum battery and the central-
spin transmitter quantum battery will be discussed.

2.2.1. Central-spin quantum battery
The central-spin quantum battery (CS-battery) consists of Np spin-1/2 particles in a
magnetic field and is described by the Hamiltonian

Hp = B.S§,, (2.2.1)
where B; is the magnetic field applied along the z-axis and 53, is the total spin
operator (2.1.5) for Np battery cells.

The charger consists of N¢ spin-1/2 particles in a magnetic field and is described by
the Hamiltonian
He = hS%,, (222)



2.2. Quantum battery physics 9

Hc

==l

Figure 2.1: Schematic illustration of the CS-battery system with an magnetic field B, applied in the
downward direction. On the left there are N particles in the spins up state serving as charging cells,
described by Hc. On the right there are Np particles in the spins down state (ground state) serving as
battery cells, described by Hp. The red lines between represent the interaction between the charger and
battery cells, described by Hj.

where £ is a constant and represents the energy stored in a single charger spin
in the excited state and 53, is the total spin operator (2.1.5) for N¢ charger cells.
Throughout the evaluatlon of the CS-battery, the paramters B, and h are set as
B.=h=1.

The exchange coupling between the battery and charger is given by the Hamiltonian
Hy = A (S3, IR + Sk, i) + AS% T (2.2.3)

where S;'\‘IB and ]I‘\",C (with a = +, —, z) are the total spin operators (2.1.6) and (2.1.5).
S ;‘\‘]B works on the battery cells, | IQ‘IC works on the charger cells (] is chosen instead of
S to be clearer that this operator works on the charger cells and not on the battery
cells). The parameter A and A characterize the flip-flop interaction and the Ising
interaction respectively. These are set to A = 1 and A = 0 throughout the evaluation
of the CS-battery.

The total Hamiltonian of the battery-charger system is then given by
H;,; = Hg + Hc + Hj. (2.2.4)

In Figure 2.1 there is a schematic illustration of the CS-battery system, where the
charger is fully charged and the battery empty.

2.2.2. Central-spin transmitter quantum battery

Now instead of coupling between the battery and charger spins particles directly,
there is a transmitter spin particle placed between the battery and charger spins. In
this thesis it is called the central-spin transmitter quantum battery (CST-battery).
To illustrate this, there is a schematic illustration in Figure 2.2. The Hamiltonian to
describe this system is given by

Hiot = Hp + H]l + Hr + le + Hc, (2.2.5)

where Hp and Hc are as described in Equations (2.2.1) and (2.2.2) respectively. Hr
is the Hamiltonian of the transmitter spin given by

Hr = DS%,, (2.26)
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HC*‘HM Hr HI:*HB
D

Figure 2.2: Schematic illustration of the CST-battery with an magnetic field B, applied in the downward
direction. On the left we have N¢ particles in the spins up state serving as charger cells, described
by Hc. In the middle we have one spin down (ground state) serving as transmitter cell, described by
Hr. On the right we have Np particles in the spins down state (ground state) serving as charger cells,
described by Hc. The red lines on the left, between the charger cells and the transmitter cell, represent
the interaction between the charger and transmitter cell, described by Hy, . The red lines on the right,
between the transmitter cell and the battery cells, represent the interaction between the transmitter cell
and the battery cells, described by Hy,.

Where D is a constant and represents the energy stored in a single charger spin
in the excited stat and S, is the total spin operator (2.1.5) for Nt transmitter cells.
Throughout the evaluation of the CST-battery, Nt = 1.

The parameters B;, h and D are set as B, = h = D = 1 throughout the evaluation of
the CST-battery.

T he exchange coupling between the battery and the transmitter is described by Hy,,
which is given by

Hi, = A1 (S{,J5, +Sn,JR, ) + D183, TR, (2.2.7)

where S;'\‘]B and | K‘]T with (@ = 4+, —, z) are the total spin operators (2.1.6) and (2.1.5).
SK‘IB works on the battery cells, | K‘[T works on the transmitter cell. The parameter A;
and A; characterize the flip-flop interaction and the Ising interaction respectively.

Hj, describes the exchange coupling between the transmitter and charger, which is
given by the

Hiy = Az (S{ IR, + SncJi ) + 2285, (2.2.8)

where SZ‘(,C and ]I‘f[T with (a = +, —, z) are the total spin operators (2.1.6) and (2.1.5).
S\ works on the charger cells, ], works on the transmitter cell. The parameter A,
and A characterize the flip-flop interaction and the Ising interaction respectively.

In both Hj, and Hj,, the parameters representing the strength of the Ising interaction
are set to A; = A, = 0 throughout the evaluation of the CST-battery. The parameters
representing the strength of the flip-flop interaction will be Ay, A, € {0,1}, which
will enable/disable the exchange interaction. More information about determining
the value of A; and A, will follow in section 3.2.2.
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2.2.3. Energy, extractable work and charging power
The energy E(f) stored in a quantum (sub)system at time ¢ is given by

Eq(t) = (Ea(t)) = Tr [Hapa(t)], (2.2.9)

where pq(t) denotes the reduced density matrix of (sub-)system €, Tr[...] is the trace
of the matrix (2.1.14) and (...) denotes the expected value of an observable (2.1.15).

The maximum energy capacity a quantum battery can store, is given by
Ce, = Tr[HppF™], (2.2.10)

where pp'®* = INBYN; (NB|N;. Soif Hp and Njp stay constant, Cg, stays constant.

The extractable work W (t) stored in the quantum battery at time ¢ is given by
W(t) = Tr [Hppp(t)] = Tr [Hpps(£)], (22.11)

where pg(t) denotes the reduced density matrix of the passive state of the quantum
battery. The passive state is defined as

Np

po(t) = > rileieil, (2.2.12)

i

where the eigenstates of Hp = Z?]B €ilei)(eil and pp(t) = Z?]B ri|r;){r;| are reordered
sothatrg>r;1 >r > ... and ey < €1 < € <.... Passive states are defined as states
that do not allow for work extraction in a cyclic (unitary) process. see also Eq. (3) in
[10], and for more information about maximal work extraction, see [2, 1].

The charging power P(t) of the battery is defined as the time-average of the energy
that is stored in the battery at time ¢, given by

Py(t) = (Ep(t) - Ep(0))/t, (22.13)

where Ep(t) and Eg(0) are the energy and initial energy of the battery (2.2.9).







Chapter 3

Solutions for quantum batteries

In this chapter analytical and numerical results for for the time evolution of the
energy E in the CS-battery and CST-battery are presented. For all solutions the
parameters are kept B, = h = i = 1, where B, and h represent the parameters
described in (2.2.1) and (2.2.2) and % is the reduced Planck constant. The time is
scaled by tscale = 1/B;. In section 3.1 the charging process CS-battery is studied
analytically and numerically. In section 3.2 the charging process of the CST-battery
is studied. Two types of setups are investigated for the CST-battery: one with a
constant exchange coupling, and the other where the exchange coupling is modified
during the charging process, where the exchange coupling is described by (2.2.7)
and (2.2.8). Finally, at the end of this chapter, results regarding the total charging
time T and average charging power P of the CST-battery are provided.

3.1. Central-spin battery

Before the charging process of the CS-battery is evaluated, the initial state of this
closed system is determined. The battery is initialized with all spin particles in the
spin down state |0)y, (the ground state). The charger is initialized with all spin
particles in the spin up state [m)y_, with m = N¢ (maximal excited state). Both the
battery and charger are expressed in terms of the Dicke basis (2.1.2). The states
collectively form the initial state of the system at time ¢ = 0, given by

[¥o) = 10)n, ® Im)n. (3.1.1)
where ® is the tensor product (2.1.11).

The Hamiltonian which describes this system is given by (2.2.4). In terms of the
Dicke basis equation (2.1.2), it can be represented as a reduced (Np + 1) X (Ng + 1)

13
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matrix:
bo u
U b Uy
H=| - - - , (3.1.2)
unp-1 bnv-1 unwp
uny  bnw

where the matrix components, are given by

4j = AyJj(Np = j + D(Ne = m + j)(m = j +1),
N (31.3)

N N N .
bj = Ba(j = =5) + h(m = j = =) + 2 = =H)m = j = —5),

which are derived using Equations (2.1.7) and (2.1.8). This representation is the
same as in Liu 2021 (Eq. 10, [6]).

The Von Neumann equation (2.1.19) is used to evaluate the charging process of the
CS-battery. In the library QuTip for Python [5], the function is implemented as
qutip.mesolve(). In this case the Hamiltonian (3.1.2) is time-independent, so the Von
Neumann equation can be solved to yield

p(t) = U(t)pol ™ (¢) (3.1.4)

where pg = |00)(Wo| is the density matrix of the initial state (3.1.1), and U(t) = e~**
is called the evolution operator. The reduced density matrix (2.1.16) for the battery
and charger are pp = Trc[p] and pc = Trg[p] respectively.

Suppose H is diagonalized by a unitary matrix U and D the diagonal matrix. Than
the evolution operator can be written as

U(t) = Ve Ptyt (3.1.5)

The energy of the battery and the charger at time ¢ is calculated using (2.2.9). The
degree of entanglement between the battery and the charger is calculated using
the Von Neumann entropy (2.1.17). If the entropy is not equal to zero, the battery
cannot be in maximal energy state. An explanation for this is that the battery is in
maximum energy state when [¢) = [Ng)y, ® |0)y,. This means the battery is in an
pure state, which implies that the entropy is equal to zero. This is also discussed in
Liu 2021 and Allahverdyan 2004, [6, 2].

All results are plotted for t < 7%, This time period is chosen based on the result that
will be obtained in section 3.2.2. It will be shown that it is possible to fully charge a
CST-battery for t < 2. So, for comparison between the CS-battery and CST-battery,
larger time periods larger than 7% are unnecessary.
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Special case Ng = 1

For the case Np = 1 and N¢ > 1, the energy of the battery Ep reaches the full energy
capacity of the battery Cg, in certain time. This can be concluded from the analytical
proof in Liu 2021 (B. [6]). For the case Np = 1and N¢ > 1, the Hamiltonian in (3.1.2)
is reduced to

_[bo n
H_(u1 bl)l (3.1.6)

where u; and b; are the same as the ones in (3.1.3).

Solving the evolution operator (3.1.5), the matrices D and V are given by D =
diag(ey, e2), with the eigenenergies

e1 = b()-;bl +ﬁu%+ %(bo—bl)z,

(3.1.7)
by + by 1
€= =5 \/M% + Z(bo - b1)?,
and
Vzl(ez—b] E]_bl), V‘f': ;(U] bl_el)' (318)
u \ m Uy ey—eq \—u1 ex—Dby

Now solving (3.1.4), with the initial state determined as in (3.1.1), the reduced
density matrix for (2.1.16) (we don't have to take the partial trace because (3.1.2) is
already the reduced Hamiltonian) is given by

1-r(t) 0
pa(t) = ( o m(f)) , (3.1.9)
2
where
bo—by \° ’
0— 01 Ui
r(t)==———— | +cos((e1 —ex)t)| ————| . 3.1.10
(t) (2e1—b0—b1) ((ex 2))(e1—%b0—%b1) ( )
If B, = hand A =0, b; is the same for all 0 < j < Np, and (3.1.9) reduces to
1—cos(wt)
0 1 — cos(wt 1 + cos(wt
pi(t) = ( z 1+C05W)) = 12Dy, aly, + LD 0y, ol
2

(3.1.11)
where w = e; — e = 2uy, the highest energy eigenstate of the battery |1)n,, and the
lowest energy eigenstate of the battery |0)y,, written in terms of the Dicke basis
(2.1.2). So, the time to fully charge the one cell battery to maximum energy capacity

Cg,, is given by i -
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In Figure 3.1 the case where Np = 1 and N¢ = 5 is plotted as an example. It can be
observed that Ep indeed reaches Cg, in the given time period, so the battery is fully
charged, and that S is equal to zero at the times Ep is at maximum.

2.5 W 1.0
1.5
£ 5| wos
-G,
w
0.5
-0.5+ 0.0
0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0
t [1/B] t [1/8;]
(a) Energy of CS-battery. Ng =1, Nc = 5. (b) Entropy of CS-battery. Ng =1, Nc = 5.

Figure 3.1: The evolution of E and S for the CS-battery. The parameters are set as Ng = 1 and N¢ = 5.
The maximum energy capacity of the battery is Cg; = 0.5. One can observe that Ep reaches Cg, (the red
dashed line) and that S is equal to zero at the times that Ep is at maximum.

Special case N =2
For Np =2 and N¢ > 2 it is not always the case that Ep reaches Cg, in certain time.
The Hamiltonian (3.1.2) reduces to

bo u 0
H= ui bl ul, (3.1.13)
0 Uus bz

where u; and b; are the same as the ones in (3.1.3).

If A = 0 and Bz = h and using the initial state determined as in (3.1.1), the eventual
result for the evolution of pg is given by

pa(t) = p11(t)|12)ny Ing + p22(H)11)n; (TIng + p33(£)10)n (Ol N, (3.1.14)

where the highest energy eigenstate of the battery is |2)n,, the second highest energy
eigenstate of the battery is |1)n,, and the lowest energy eigenstate of the battery is
|0)n;, written in terms of the Dicke basis (2.1.2). The occupation p;;(t) is given by

1 )
p11(t) = ——==(1 = cos(wt))~,
(u? +ud)?
42
p(t) = — +1u2 (1 - cos’(wt)), (3.1.15)
17
p3st) = — ! (u? + uZcos(wt))?,

2)2
(uy +u3)
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NN

withw = ey —e1 = u12+u

The full derivation of this result can be found in Liu 2021, [6]. The occupation p;;(t)
is plotted in figure 3.2e.

The occupation of the highest energy state of the battery is denoted by p11(t) (3.1.15).
If u1 = up, the occupation p11(t) = 1 attime t = Z. The battery is charged at maximal
capacity Cg,. This is the case if Nc = Np = 2 and can be seen in Figure 3.2a. If
u1 # up, p11(t) < 1 for all £, so the battery can never reach its maximum energy
capacity Cg,. This is the case if Nc > Np = 2 and can be observed in Figure 3.2c.
From Figure 3.2d and Figure 3.2¢ it can be observed that S is at highest value when
the occupation of states is at most extensively distributed.

Arbitrary N > 2 case

For arbitrary Ng, Nc > 2, an analytical proof to show that Ep does not reach Cg,,
would be similar as for the cases Ng = 1, 2. But for Ng = 3, the reduced Hamiltonian
(3.1.2) would be a 4 x 4 matrix. Calculating the eigenvalues (eigenenergies) and
eigenvectors (eigenstates) would be long and complicated. Therefor, only results
obtained from numerical simulations are shown for N > 2. In the appendix part
of the code is given to make the Hamiltonian. In Figure 3.3, it holds true that for
none of the cases Ep reaches Cg, int < 712 time. Also, S is not equal to zero at the
times that Ep is at it’s maximum in. Even for the case Ng = N¢ = 100, Eg does not
reach Cg, int < 7% (At its maximum, close to t = 0, Ez < 49). The initial states for
the cases in Figure 3.3 are determined as in (3.1.1).
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Figure 3.2: The evolution of E and S for the CS-battery. The occupation of the states (3.1.15), for the case
Np =2and N¢ =5, isshownine. In a and b the parameters are set as Ng = 2 and N¢ = 2. Inc and d the
parameters are set as Np = 2 and N¢ = 5. The initial states are determined as in (3.1.1). In both cases,
Cgp = 1. For Ng = Nc = 2 one can see that the battery is fully charged, and that S is equal to zero at the
times that Ep is at maximum. This is not the case for Ng =2 and N¢ = 5. In d, one can see that S equals
zero at multiple ¢ > 0. This is because the charger is at full energy capacity Cg. again, which is a pure
state, which implies S is equal to zero. On the other hand S is maximal at the times that the occupation
of states is most extensively distributed, as can be observed in e compared to d.
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Figure 3.3: The evolution of the E and S of the CS-battery. In a and b the parameters are set as
Ng = N¢ =3, with Cg, = 1.5. In c and d the parameters are set as Ng = N¢ =5, with Cg, =2.5. Ine
and f the parameters are set as Ng = Nc¢ = 100, with Cgy = 50. One can see, that for all cases it is not
possible to fully charge the battery in t < 72 time. Also, S is never zeron for t < 72, except around t = 7.8
in b, where the battery is empty, a pure state.
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3.2. Central-spin transmitter battery

Now the charging process of the charging process of the CST-battery is investigated
(see Figure 2.2, where the CST-battery system is in the initial state). The initial
state of the CST-battery is determined in a similar way as for the CS-battery system:
The battery and the transmitter are initialized with all spin particles in the spin
down state |0)y, and |0)y,, where Nt represents the number of spin particles in
the transmitter, and in this case, it is equal to 1. The charger is initialized with all
spin particles in the spin up state [m)y_, with m = Nc. The battery, transmitter
and charger are all three expressed in terms of the Dicke basis (2.1.2). These states
collectively form the initial state of the system at time ¢ = 0, given by

[Yo) = |0)n, ® |0)n, ® M)y, (3.2.1)
where ® is the tensor product (2.1.11).

The Hamiltonian describing this system is given by (2.2.5). Two cases are investigated.
In the first case, the exchange coupling Hy, (2.2.7) and Hj, (2.2.8) are kept constant.
In the second case, the exchange coupling Hj, and Hj, are switched on and of
alternately during the charging process by modifying the values of A1 and A;, where
they can be equal to 0 or 1 (see Figure 3.6). The method of calculating the time
interval between switching is explained in section 3.2.2.

3.2.1. Constant exchange coupling

If the exchange coupling H;, and Hj, are kept constant with A; = Ay = 1, the
Hamiltonian describing this system (2.2.5), is time-independent. The Von Neumann
equation than is solved in same manner as (3.1.4).

One can see in Figure 3.4 and Figure 3.5, that Sg and Sc seem to follow each other.
This can be explained by the fact that the spins up/down are similarly distributed
in the charger and battery. At time t = 0, the battery is empty and the charger is full,
both in a pure state. Att > 0 the number of spins up in the batter and transmitter,
will be exactly the number of spins down in the charger. So in the case of constant
exchange coupling, if Ng ® Nc and Nr is relatively small in comparison with Np
and Nc, Sg = Sc. In Figure 3.5f, this is clearly visible.
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Special case Ng = 2

For N = 2 and N¢ > 2 the evolution of E and S is plotted in Figure 3.4. The initial
states are determined as in (3.2.1). For both Nc = 2 and N¢ = 5, it can be seen that
Ep does not reaches Cg, in t < ni2. Also, S is not equal to zero at the times Ep is at
maximum.

E [hB;]
o

0 2 4 6 8 0 2 4 6 8
t [1/B;] t [1/B;]

(a) Energy of CST-battery, Ng = Nc = 2. (b) Entropy of CST-battery, Ng = N¢ = 2.
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(c) Energy of CST-battery, Npg = 2 and N¢ = 5. (d) Entropy of CST-battery, Ng = 2and Nc = 5.

Figure 3.4: The evolution of the energy and entropy of the CST-battery, with A1 = A> = 1 held constant.
In a and b the parameters are set as Ng = Nc = 2. In c and d the parameters are setas Ng = 2 and N¢ = 5.
In both cases Cgj, = 1. For all cases, the battery is not fully charged in t < 72 time. Also, S is not equal to
zero at the times Eg is at maximum.

Arbitrary Ny > 2 case

For arbitrary Ng, Nc > 2 the evolution of E and S are plotted in Figure 3.5. For
each case, Ep does not reach Cg, int < pi2 time. Also, S is not equal to zero at the
moments when Ep is maximal.
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Figure 3.5: The evolution of the energy and entropy of the CST-battery, with A; = A> = 1 held constant.
In a and b the parameters are set as Ng = N¢ = 3, with Cg; = 1.5. In c and d the parameters are set as
Np = Nc =5, with Cg, = 2.5. In e and f the parameters are set as Ng = N¢ = 100, with Cg, = 50. For all
cases, the battery is not fully charged in ¢ < 7> time. Also, S is not equal to zero at the moments Ej is at
maximum.
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3.2.2. Modifying exchange coupling

Now the exchange coupling Hj, and Hj, are modified during the charging process.

The Hamiltonian (2.2.5) describing this system is time-dependent. Initially, we set
A1 =1and A; = 0, with the initial state |{o) determined as in (3.2.1). At a certain
point the exchange coupling is switched, so A1 = 0 and A, = 1, disabling Hj, and
enabling Hj,. The process of switching is illustrated in Figure 3.6, representing one
cycle of the charging process. To fully charge the battery, a total of 2N cycles are
required.

HC Hh HT HB HC Hiz HT HB
(a) The initial state of the CST-battery, at time ¢t = 0. (b) The transmitter is fully charged at t = 7.

He  Hr Ho Hy

Hc H: H. Hs — % <X
a8 y < s
x B ‘

(d) The transmitter is fully discharged and has given

(c) The exchange coupling is switched at to = 7,;. allits energy to the battery, at f = Tp + Ty,

Figure 3.6: An illustration of one cycle of the charging process of the CST-battery. In a, the CST-battery

is in the initial state with A; = 1 and A; = 0. In b, the transmitter is fully charged (Er = Cg,) at t = 1;.

In ¢, the exchange coupling is switched at t = 7, so A; = 0 and Ay = 1. In d the transmitter is fully
discharged at t = 7y + Ty, and Ep = Cg;.. The tilted spins represent a superposition of up/down states
(entangled state). To further charge the battery with Ng > 1, more cycles of switching are needed. The
time interval 7, and 7, are calculated using (3.1.12).

The time interval between each switch is determined by the exchange coupling Hy,
or Hj,. When only one exchange coupling operation is involved, the Hamiltonian

(2.2.5) reduces to the Hamiltonian from (3.1.2), describing a CS-battery with N = 1.

To understand why this is the case intuitively, one can compare the interaction
between the charger-transmitter in Figure 3.6a with the interaction between the
charger-battery in Figure 2.1, and observe their similarity. The transmitter reaches
the energy level Cg, in a time duration of 7,,;, and fully discharges within a time
duration of 1;,, transferring all its energy to the battery. To calculate 7, and 17,, the
following equations are used:

T = —— = n ) (3.2.2)
2um 241\ /(Nc —m + D)m
Ty = T (3.2.3)

21/{;” - 2A2\/(NB —mp + 1)mBl
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where A; and A; are the parameters representing the strength of the exchange
coupling, m the number of spin up particles in the charger and mp the number
of spin up particles in the battery. Equation (3.2.2) corresponds to (3.1.12), but in
this case, the number of spin-up particles m /mp in the charger/battery changes
during the charging process. Therefore, m and mp are used as a subscript instead of
j (which is always equal to 1 because H is a 2 X 2 matrix). In Figure 3.7, the variation
of 7, with respect to the n-th cycle is plotted for the cases of Ng = Nc = 5 and
Np = N¢ = 100.
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Figure 3.7: The time interval 7,;, between each switch of the coupling between the battery-transmitter and
transmitter-charger, for the n-th cycle of the charging process. In a, the parameters are setas Ng = Nc = 5.
Five cycles of switching the coupling have to be performed to fully charge the battery. In b, the parameters
are set as Ng = Nc = 100. To fully charge the battery, it requires hundred cycles of switching.

Now, between each switch, the Hamiltonian can be considered time-independent
again, so the Von Neumann equation (2.1.19) can be solved in a similar way as how
(3.1.4) is solved. As one can see in the following results, it is possible to fully charge
the battery in ¢ < 72 for arbitrary Ny < m < Nc.
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Special case Ng = 2 for comparison

For Np =2 and N¢ > 2, the evolution of E and S is plotted in Figure 3.8. The initial
states are determined as in 3.2.1. Ep reaches Cg, int < 72 time. As needed, Sg and
Sc are zero at the times or when the transmitter is fully charged or discharged.
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(a) Energy of CST-battery, Ng = N¢ = 2.
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b) Entropy of CST-battery, Ng = Nc = 2.
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(c) Energy of CST-battery, Ng = 2 and N¢ = 5. (d) Entropy of CST-battery, Ng = 2and N¢ = 5.

Figure 3.8: This is the evolution of the energy and entropy of the CST-battery, when Modifying switching
Hp, and Hp, on and of alternately during the charging process. In a and b, the parameters are set as
Np = N¢ =2. Incand d, the parameters are set as Ng = 2 and N¢ = 5. For both, Cg; = 1. In both cases

Ep reaches Cg, in t < 12 time, so the battery is fully charged. As needed, Sp and Sc are zero at the times
or when the transmitter is fully charged or discharged.

Arbitrary N > 2 case for comparison

For arbitrary Ng, Nc > 2 the evolution of E and S are plotted in Figure 3.9. The
initial states are determined as in 3.2.1. For each case, Ep reaches full energy capacity
Cgyint < 12 time. As needed, Sg and Sc are zero at the times Er is fully charged,
or fully discharged.
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Figure 3.9: The evolution of the energy and entropy of the CST-battery, when Modifying switching Hy,
and Hy, on/of during the charging process. In a and b the parameters are set as Ng = N¢ = 3, with
Cgp = 1.5. In c and d the parameters are set as Ng and Nc = 5, with Cg; = 2.5. In e the parameters
are set as Ng = N¢ = 100, with Cg; = 50. It may not be clearly visible, but also in e there are small
oscillations. One can see that in all cases the battery is fully charged in t < 72 time. As needed, Sp and
Sc are zero at the times E7 is fully charged, or fully discharged.
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Figure 3.10: The evolution of E and S of the CST-battery when switching the exchange coupling does not
happen at a 75, time interval after the previous switch. It can be seen that Cg, is not reached, and that
the average S increases, never equal to zero for t > 0. The subsystems stay entangled with each other.

Not switching at 7,

In Figure 3.10 an example is given what happens when switching the exchange
coupling does not happen at 7,, time after the previous switch, but at 7,, — 0.05 for
all m. The case Np = N¢ = 5 is plotted. One can see that Eg does not reaches Cg,,.
In the end (around t = 6) the battery "leaks" energy back to the transmitter before
it is fully charged. This happens because at the moment, the battery has relatively
more energy than the transmitter. Also, the average S is increasing because at each
switch particles between the subsystems stay entangled.

The convergence of total charging time for the CST-battery
The total time to fully charge the CST-battery if Nc > m > N, is given by

T= Z (tm +1,) = Z T + T ,
1<m<Nj 1<m<Np 2A1\/(NC -m + l)m ZAZ\I(NB -—m+ l)m

(3.2.4)

where 1), and 7;, are the times between each switch (3.2.2).

If N goes to infinity, the sum Y};<,«n 1/4/(N — x + 1)x converges to  '. So, if Ny
approaches infinity, the total charging time converges to

. . T T
Nl;r_)ng()T = NIB}E}OO Z (Tm +1T),) = R(E + E) = 2 (3.2.5)
1<m<Npg

This can be seen in Figure 3.11, where Np = Nc.

IThe sum 3¢ <y 1/V/(N —x +1)x is a Riemann integral if N — co. The Riemann integral
limyoe /" 1/y(N —x + Dxdx =
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Figure 3.11: Time T to fully charge a battery, against the number of particles in the battery and charger
Np = Nc, where the initial state is determined as in (3.2.1). The time T to fully charge a battery, does not
exceed 2.

The power
Using (2.2.13) and (3.2.4), the average charging power P of the CST-battery is given
by

2C N
p="ts _ B . (3.2.6)
T Zi<meng (Tm + )
where the average is calculated over the time it takes to fully charge the battery to its
maximum energy capacity Cg,.

For a CST-battery, if Np approaches infinity, using (3.2.5), the average power becomes

lim P~ — (3.2.7)



Chapter 4

Discussion

In this chapter the analytically and numerically obtained results will be discussed
and compared with existing literature. Also, suggestions for further research will be
made.

Entanglement in the results

Entanglement is used to transfer energy from the charger to the battery in the
central-spin quantum battery. Flip-flop interaction between the spin-particles is
used to bring the particles in a superposition of ground and excited states. To be fully
charged, the degree of entanglement needs to be zero again, because the quantum
battery is in a pure state. Our results match the conclusions made in Liu 2021 and
shi 2022, [6, 10]: During the energy transition between two subsystems, the degree
of entanglement between these subsystems first increases to the maximum which
marks a nearly balanced distribution of occupation numbers, as can be observed
in Figure 3.2d and Figure 3.2¢. Thereafter, the degree entanglement decreases.
Throughout this process the energy rises.

For the CST-battery, we have two possible combinations of subsystems available: The
charger-transmitter and the transmitter-battery. If the exchange coupling remains
constant for both subsystems, the degree of entanglement in each subsystem seems
to be correlated. This correlation arises from the similarity in state occupation
distribution between the subsystems, although with opposite energy states. This
can be seen clearly in Figure 3.5f.

The CS-battery versus CST-battery

In this thesis, two distinct types of quantum batteries, namely the CS-battery and
the newly introduced CST-battery, are investigated. In specific cases, such as Ng =1,
the battery in the CS-battery system can be fully charged. However, in most cases,
the battery does not reach complete charging within t < 72. On the other hand, by
utilizing the transmitter as a lock and switching the exchanging coupling between
the charger-transmitter and transmitter-battery alternately, it becomes possible to

29
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fully charge the battery in the CST-battery system. This can even be analytically
proven, because the mathematical description for this case is the same as for the
CS-battery Np = 1 case. When not switching after the correct time intervals 7,
(3.2.2), the battery cannot be fully charged. An example illustrating this is shown in
Figure 3.10. Since the transmitter remains entangled with the charger/battery, the
transmitter cannot be fully (dis)charged, resulting in the incomplete charging of the
battery. It is likely that similar phenomena would occur in an experimental setup
due to small errors in switching caused by the inability to instantaneously switch in
zero time.

The average charging power of the CST-battery is proportional to % as Np approaches
infinity, which is significantly lower than the upper bound of charging power for

a CS-battery as derived in Peng 2021 [9], given by Pmax = 0.72BAVNN 2/ ?. Here
B, A, N and Np are the parameters representing the magnetic field strength, the
exchange coupling strength, the number of charger particles and the number of
battery particles respectively, similar as in this thesis. This highlights that complete
charging comes at the expense of fast charging.

Therefore, while the battery in the CST-battery system can be fully charged, the
battery in the CS-battery system cannot always completely charged. On the other
hand, the CS-battery charges a large portion of its total energy capacity relatively
quickly compared to the CST-battery. Hence, the choice between the two depends
on the specific requirements, where one may prioritize complete charging or fast
charging.

Further research

There are multiple interesting paths to explore for further research. The papers Liu
2021 and Shi 2022 investigate the extractable work and the involvement of passive
states [6, 10]. Passive states are defined as states that do not allow for work extraction
in a cyclic (unitary) process. It would be interesting to examine the behavior of
extractable work and passive states during the charging process of a CST-battery,
considering that energy has a small "passage” through the transmitter.

The influence of energy dissipation on the CS-battery and CST-battery can also be
studied. For instance, it is worth investigating what happens to the optimal time
interval 7 (3.2.2) when the transmitter dissipates energy into the environment. This
information would be crucial for designing an experimental setup.

Another interesting aspect to consider is the exploration of the reasonable number
of particles that can be entangled with each other and the method by which they can
be brought into an entangled state. This analysis would provide insights into the
maximum number of particles for which a quantum battery would still be feasible.



Chapter 5

Conclusion

In this thesis the role of entanglement and the optimal charging of central-spin
quantum batteries is studied. Two types of systems were investigated: The CS-battery
and the new CST-battery system.

The role of entanglement

The entanglement is characterized by the Von Neumann entropy. The exchange
operator, which describes the flip-flop interaction between particles of the charger,
transmitter and battery, is used to entangle particles between these subsystems with
each other. This is needed to transfer the energy from one subsystem to the other.
During the energy transition between two subsystems, the degree of entanglement
between these subsystems is at maximum when the distribution of occupation
numbers of possible states is most extensively distributed. For a subsystem to be
in the maximal energy state (pure state), the degree of entanglement with another
subsystem needs to be zero.

Central-spin battery

In section 3.1 analytical and numerical solutions are given for the evolution of energy
and entanglement in a CS-battery. Special cases Np = 1 and Np = 2 are analytically
solved. For Np = 1 it is clear from the analytical and numerical results that the
battery is fully charged when the degree of entanglement is equal to zero. The same
goes for the case Npg = Nc = 2. If Nc > Np = 2, it is analytically proven that the
battery is never fully charged, and that the degree of entanglement is not equal to
zero at the moments Ep is at its maximum. For N¢, Ng > 2 the numerical solutions
show that the battery is also not fully charged in t < 7% time. Also, the degree of
entanglement is not equal to zero at the moments Ep is at its maximum, meaning the
particles are entangled, so the particles cannot be in maximum energy state (pure
state).
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Central-spin transmitter battery

In section 3.2 the numerical solutions are given for the evolution of energy and
entanglement in a CST-battery. If holding the exchange coupling constant, the
battery again is not fully charged in t < 7% time. On the other hand, by enabling
and disabling the exchange coupling between the charger-transmitter and the
transmitter-battery alternately, at precise moments, it is possible to fully charge the
battery. The transmitter is used as a lock. When one of the exchange couplings
between charger-transmitter or transmitter battery is disabled, the subsystem can be
considered as a CS-battery, with only a 2 x 2 Hamiltonian (3.1.6). The total charging
time T to fully charge a CST-battery can be calculated using Equation (3.2.4). If
Np < m < Nc, and Np approaches infinity, the total charging time T converges to

2. Finally, it can be concluded that the power P ~ % as Np approaches infinity.

Where the CS-battery can charge a substantial portion of its total energy capacity
relatively quickly, it often falls short of reaching full energy capacity. In contrast,
the CST-battery can theoretically achieve full energy capacity during the charging
process.
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Appendix A

Source Code

This is part of my code to create the Hamiltonian’s for the CS-battery and the
CST-battery. For the Hamiltonian in the CS-basis is made use of the equation (10) in
Liu 2021, [6]. The full code will be available at:

https://github.com/Quirijn®15/0ptimal-charging-quantum-batteries.git.

nun

The class for making the Hamiltonian which describes the CS-battery.

nun

class CS_QB_Dicke:
def __init__(self,Nb=1,Nc=1,m=1,Bz=1,h=1,A=1,delta=1:

self.Nb = Nb
self.Nc = Nc

self.N = self.Nb+self.Nc
self.m = m
self.B = Bz
self.h = h
self.A = A

self.delta = delta

self.H = self.create_H(self.Nb,self.Nc,self.h,self.B,self.delta,
self.A,self.m,self.intern)

self.Hb = qt.jmat(self.Nb/2, "z")
self.Hb = qt.Qobj(np.flip(np.flip(self.Hb.full())[:min(self.m,self.
Nb,self.Nc)+1,:min(self.m,self.Nb,self.Nc)+1]))
self.Hc = qt.jmat(self.Nc/2, "z")
self.Hc = qt.Qobj(self.Hc.full()[:min(self.m,self.Nc,self.Nb)+1,:
min(self.m,self.Nc,self.Nb)+1])
def create_H(self,Nb,Nc,h,B,delta,A,m):

n = min(self.Nb,self.m)
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A. Source Code

won

j = np.arange(n+1)
jou = jll:1len(j)1]

b_list = (B*(j-Nb/2)+h*(m-j-Nc/2)+
2*delta*(j-Nb/2)*(m-j-Nc/2))
u_list = A*np.sqrt(j_u*(Nb-j_u+l)*
(Nc-m+j_uw)*(m-j_u+l1))
H = np.diag(b_list) + np.diag(u_list,k=1) + np.diag(u_list,k=-1)
H[np.isnan(H)] = 0

return qt.Qobj (H)

The class for making the Hamiltonian which describes the CST-battery.

nwon

class CST_QB_Dicke:

def

def

def

__init__(self,Nb,Nt,Nc,m,Bz=1,h=1,A1=1,A2=1,delta=0):

self.Nc = Nc
self.Nt = Nt
self.Nb = Nb

self.Al = Al
self.A2 = A2

self.m = m

self.Hc = qt.jmat(self.Nc/2,"z")
self.Ht = qt.jmat(self.Nt/2,"z")
self.Hb = qt.jmat(self.Nb/2,"z")

self.Hil = self.create_Hi(self.Nc,self.Nt)
self.Hi2 self.create_Hi(self.Nt,self.Nb)

self.Hc_N,self.Ht_N,self.Hb_N,self.Hil N,self.Hi2_N = self.
create_tensors ()

self.H = self.Hc_N+self.Al*self.Hil N+self.Ht_N+self.A2*self.Hi2_N+
self.Hb_N

create_Hi(self,N_1,N_2):

Hi = qt.tensor(qt.jmat(N_1/2,"+"),qt.jmat(N_2/2,"-"))+qt.tensor(qt.
jmat(N_1/2,"-"),qt.jmat(N_2/2,"+"))

return Hi

create_tensors(self):

Hc_N = gt.tensor([self.Hc,qt.geye(self.Nt+1),qt.qeye(self.Nb+1)])
Ht_N qt.tensor([qt.qeye(self.Nc+1),self.Ht,qt.qeye(self.Nb+1)])
Hb_N = gt.tensor([qt.qgeye(self.Nc+1),qt.geye(self.Nt+1),self.Hb])
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37

Hil_N = qt.tensor(self.Hil,qt.qgeye(self.Nb+1))
Hi2_N qt.tensor(qt.qgeye(self.Nc+1),self.Hi2)

return Hc_N,Ht_N,Hb_N,Hil _N,Hi2_N
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