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Abstract: This paper is devoted to tangent martingales in Banach spaces.
We provide the definition of tangency through local characteristics, basic
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1. Introduction

This paper is devoted to tangent martingales. Let us start with the discrete
setting. Which martingale difference sequences do we call tangent? For a Banach
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space X two X-valued martingale difference sequences (d,,)n>1 and (ey)n>1 are
tangent if for every n > 1 a.s.!

P(dn|Fp—1) = P(en|Fn-1), (1.1)

where P(d,, | Fr—1)(A) :=E(1a(dy,)|Frn-1) and P(e, | Fr—1)(A) :=E(La(en)| Fn-1)
for any Borel set A C X. This notion was first introduced by Zinn in [122] where
he proved that if X = R, then for any p > 2 the L moments of ) d, and
>, en are comparable given (d,) and (e,) are conditionally symmetric? (the
general case 1 < p < oo was obtained by Hitczenko in [45]). The estimates of
Zinn and Hitczenko have been extended by McConnell in [73] and Hitczenko
in [44] to infinite dimensions. It turned out that such estimates characterize a
certain condition concerning the geometry of a Banach space, namely, the UMD
property (see Subsection 2.3 for the definition).

Theorem 1.1 (Hitczenko, McConnell). Let X be a Banach space, 1 < p < 00.
Then X is UMD if and only if for any X -valued tangent martingale difference
sequences (dp)n>1 and (en)n>1 one has that

N
E sup HZ dn,
n=1

0<N<oo

p p

(1.2)

N
~p,x E sup HE én
0<N<© n—1

(Note that the paper [73] did not cover the case p = 1, and [44] was never
published. Nevertheless, the reader can find this case in [25, pp. 424-425] and
in Theorem 5.9).

A classical example of tangent martingale different sequences is provided by
independent mean zero random variables. Let (£,,),>1 be real-valued mean zero
independent random variables, let (vy)n>1 be X-valued bounded predictable
(i.e. vy, depends only on &1, ...,&,—1). Then (v,,)n>1 is a martingale difference
sequence. Moreover, then (v,€),)n>1 is a tangent martingale difference sequence
for (&,)n>1 being an independent copy of (£,,)n>1 (see Example 2.28), so in the
UMD case (1.2) yields

p

P
~px E sup HZU,@% (1.3)

N
E sup H €
221 o 0<N<oo

0<N<oo

n= n=

It turned out that (1.3) characterizes the UMD property if one sets (£,,),>1 to be
Rademachers® (see Bourgain [11] and Garling [36, 37]), Gaussians (see Garling
[36] and McConnell [73]), or Poissons (see Proposition 3.23). In the Gaussian
and Poisson cases the equivalence of (1.3) and the UMD property basically says
that the following estimates hold for X-valued stochastic integrals

p
)

t t
EsupH/ <I>dWHp =px Esup”/ <I>dW’ (1.4)
0 0

t>0 t>0

ISee Subsection 2.2 for the definition of a conditional probability.

2T.e. the distributions (1.1) are symmetric a.s., equivalently (dn), (—dn), (en), and (—en)
are tangent altogether.

3See Definition 2.1.
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t P t .
EsupH/ FdNH :p,xEsupH/ FdNina
0 0

‘ p
t>0 t>0

(1.5)

(here ® and F are X-valued elementary predictable, W is a Brownian motion,
N is a compensated standard Poisson process, W and Z\N/ind are independent
copies of W and N respectively), which allows one to change the driving Brow-
nian or Poisson noise in a stochastic integral by an independent copy without
losing the information about strong LP-norms of the stochastic integral, are
equivalent to your Banach space X having the UMD property. Estimates of the
form (1.4) turned out to be exceptionally important in vector-valued stochastic
integration theory as the right-hand side of (1.4) is nothing but a y-norm (see
Subsection 2.11) of ® which is a natural extension of the Hilbert-Schmidt norm
to general Banach spaces (see McConnell [73] and van Neerven, Veraar, and
Weis [81], see also [83, 106, 108] for a general continuous martingale case and
Dirksen [30] for the Poisson case). Estimates (1.4) and (1.5) justify that tangent
martingales are extremely important for vector-valued stochastic integration.

The procedure of changing the noise by an independent copy (in our case
this was (&,) — (£1)) together with extending the filtration in the corresponding
way (i.e. F), := o(Fn, &, ..., &) creates a special tangent martingale difference
sequence, namely a decoupled one which can be defined in the following way:
(en) is a decoupled tangent martingale difference sequence to (d,) if (e,) are
conditionally independent given G := cr((dn))7 i.e. for any Borel By, ..., By C X
a.s.

P(el S Bl,...,eN S BN|Q) = P(el € Bl|g) ~...-HD(€N S BN\Q),

and P(e,|Fn—1) = P(e,|G) for any n > 1. Note that such a martingale difference
sequence might not exist on the probability space with the original filtration,
so one may need to extend the probability space and filtration in such a way
that (d,,) preserves its martingale property. Existence and uniqueness of such a
decoupled (e,) was proved by Kwapien and Woyczyniski in [64] (see also de la
Pefia [28], de la Pena and Giné [29], especially [29, Section 6.1] for a detailed
proof, Kallenberg [58], and S.G. Cox and Geiss [24]). The goal of the present
paper is to extend Theorem 1.1 to the continuous-time setting and to discover
in this case the explicit form of a decoupled tangent local martingale.

Let us start with explaining what continuous-time tangent local martingales
are. To this end we will need Lévy martingales. What do we know about them?
Well, one of the most fundamental features of Lévy processes is the Lévy-
Khinchin formula which is the case of a Lévy martingale L with Ly = 0 has the
following form (see e.g. [52, 102])

) 1 .
Eeiftt = exp{t(—50292 + / e 1 —ifx dl/(d.’E)) }, t>0, R, (1.6)
R
for some fixed o > 0 and for some fixed measure v on R. It turns out that the

pair (o, v) characterizes the distribution of a Lévy martingale, and it has the fol-
lowing analogue for a general real-valued martingale M: ([M¢],v™), where M¢
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is the continuous part of M (see Subsection 2.7) with [M€] being the quadratic
variation of M€ (see Subsection 2.6), and v™ is a compensator of a random
measure M defined on R, x R by

pM ([0, x B) := Y 1p\(oy(AM;), t>0, BeB(R) (1.7)
0<s<t

(see Subsection 2.8). In the case M = L we have that [M¢; = o2t and
vM = X\ ® v, where )\ is the Lebesgue measure on R, . This pair ([M¢],vM)
is called to be the local characteristics (a.k.a. Grigelionis characteristics or
Jacod-Grigelionis characteristics) of M, and two continuous-time local martin-
gales are called tangent if their local characteristics coincide. Continuous-times
tangent martingales and local characteristics were intensively studied by Ja-
cod [48, 49, 50], Jacod and Shiryaev [52], Jacod and Sadi [51], Kwapieri and
Woyczynski [62, 63, 64, 65], and Kallenberg [58] (see also [73, 81, 85, 86]). In
particular, Kallenberg proved in [58] that for any real-valued continuous-time
tangent martingales M and N one has that

Esup |M|P = Esup NP, 1<p< oo, (1.8)

with more general inequalities (including concave functions of moderate growth)
under additional assumptions on M and N (e.g. conditional symmetry). Fur-
thermore, in [50, 51, 58, 64] it was shown that any real-valued martingale M
has a decoupled tangent local martingale N, i.e. a tangent local martingale N
defined on an enlarged probability space with an enlarged filtration such that
N(w) is a martingale with independent increments and with local characteristics
([M¢)(w), M (w)) for a.e. w € Q from the original probability space. Moreover,
in the quasi-left continuous setting it was shown in [50, 51, 64] that such a
martingale can be obtained via the following procedure: if we discretize M on
[0,T7, i.e. consider a discrete martingale (fk R (MTk/n)k 1, and consider
a decoupled tangent martingale f™ := ( fk )i_y, then f™ converges in distribu-
tion to N as random variables with values in the Skorokhod space D([0,T],R)
(see Definition 2.2) as n — oo. This in particular justifies the definition of a
continuous-time decoupled tangent martingale.

In the present paper we are going to explore various facts concerning vector-
valued continuous-time tangent martingales. We will mainly focus on the fol-
lowing three questions:

e How do local characteristics look like in Banach spaces?
e What is a decoupled tangent martingale in this case?
e Can we extend decoupling inequalities (1.8) to infinite dimensions?

We will also try to answer all the supplementary and related problems appearing
while working on these three questions. Let us outline the structure of the paper
section-by-section.

In Section 2 we present some preliminaries to the paper, i.e. certain assertions
(e.g. concerning martingales, random measures, stochastic integration, et cetera)
which we will heavily need throughout the paper.
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Our main Section 3 is devoted to the definition of vector-valued continuous-
time tangent martingales, basic LP-estimates for these martingales, and the
construction of a decoupled tangent martingale. How do we define tangent mar-
tingales in the vector-valued case? As we saw in Theorem 1.1, a Banach space
X having the UMD property plays an important role for existence of LP-bounds
for discrete tangent martingales. This also turned out to be equivalent to exis-
tence of local characteristics of a general X-valued martingale M. Namely, due
to [116, 118] X has the UMD property if and only if a general X-valued martin-
gale M has the Meyer-Yoeurp decomposition, i.e. it can be uniquely decomposed
into a sum of a continuous local martingale M€ and a purely discontinuous local
martingale M9 (see Remark 2.19). In this case we define the local characteristics
of M to be the pair ([M¢],v™), where [M¢] is a covariation bilinear form, i.e.
a symmetric bilinear form-valued process satisfying

[MTe(2", 2%) = [(M,2")]s, =0,

for any #* € X* a.s. (such a process exists because of Remark 2.13), and v is a
compensator of a random measure u* defined on Ry x X analogously to (1.7)
(see Subsection 2.6 and 2.8). Similarly to the real-valued case, two X-valued
martingales are tangent if they have the same local characteristics.

Next, we present LP-estimates for UMD-valued tangent martingales. In The-
orem 3.7 we extend the result (1.8) of Kallenberg to any UMD Banach space X,
i.e. we prove that for any UMD Banach space X and for any X-valued tangent
martingales M and N one has that

Esup | M||P =p x Esup || Ne||P, 1<p<oo. (1.9)
>0 t>0

Let us say a couple of words about how do we gain (1.9). To this end we need
the canonical decomposition. Thanks to Meyer [76] and Yoeurp [120] any real-
valued martingale M can be uniquely decomposed into a sum of a continuous
local martingale M€ (the Wiener-like part), a purely discontinuous quasi-left
continuous local martingale M? (the Poisson-like part), and a purely discon-
tinuous local martingale M with accessible jumps (the discrete-like part). It
turned out that this decomposition can be expanded to the vector-valued case if
and only if X has the UMD property (see [116, 118]). Moreover, as it is shown in
Subsection 3.2 if M = M+ M9+ M® and N = N°+ N9+ N® are the canonical
decompositions of tangent martingales M and N, then M? and N? are tangent
for any ¢ € {c,q,a}, and thus by strong LP-estimates for the canonical decom-
position presented in [119] (see Theorem 2.18) we need to show (1.9) separately
for each of these three cases. Then the continuous case immediately follows from
weak differential subordination inequalities obtained in [91, 116, 119] and the
discrete-like case can be shown via a standard discretization trick (see Subsec-
tion B.1) and Theorem 1.1.

The most complicated and the most interesting mathematically is the Poisson-
like case. First we show that (1.5) holds true not just for a compensated Pois-
son process, but for any stochastic integral with respect to a Poisson random
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measure (see Proposition 3.23). Next we prove that any UMD-valued quasi-left
continuous purely discontinuous martingale can be presented as a stochastic
integral with respect to a quasi-left continuous compensated random measure
(see Theorem 3.30). Finally, by exploiting a certain approximation argument,
we may assume that this random measure is defined over a finite jump space,
and hence this is a time-changed Poisson random measure thanks to a funda-
mental result by Meyer [77] and Papangelou [92] (see e.g. also [1, 12, 56]) which
says that any quasi-left continuous integer random measure after a certain time
change becomes a Poisson random measure. As this time change depends only
on the compensator measure (which is one of local characteristics and which
is the same for M7 and N?), (1.5) immediately yields (1.9) for the quasi-left
continuous purely discontinuous case.

Another highlight point of Section 3 is existence, uniqueness, and construc-
tion of a decoupled tangent martingale. First, in Theorem 3.8 we extend the
result of Jacod [50], Kwapieri and Woyczytiski [64], and Kallenberg [58] on ex-
istence of a decoupled tangent martingale to general UMD-valued martingales
(recall that they have shown this existence only in the real-valued case). Next
in Subsection 3.8 we show that a decoupled tangent martingale is unique in
distribution (which extends the discrete case, see [29, 64]). Finally, in Subsec-
tion 3.9 we prove that if N is a decoupled tangent martingale of M, then N has
independent increments given the local characteristics ([M¢],v*) of M which
e.g. generalizes [58, Theorem 3.1].

It is of interest to take a closer look at the structure of tangent martingales.
Let us consider a particular case of (1.4) and (1.5). Intuitively it seems that
stochastic integrals f‘deN/ and deNind occurring in (1.4) and (1.5) should
be decoupled tangent martingales to [ ®dW and [ F dN respectively. And this

is true as [ ®(w) AW is a.s. a martingale with independent increments and with
the local characteristics (®(w)®*(w), 0) (here we can consider ® € L(L?(R, ), X)
instead of & : Ry — X a.s. as @ is elementary predictable, see Subsection 2.10
and Section 6), and [ F(w) dNinq has a.s. independent increments and the local
characteristics (0, (w)) with the measure v (w) defined on Ry x X by

v (w)([0,1] xB):/Ot 15(F(s,w))ds, ¢>0, BeB(X).

For a general martingale we have an expanded version the this construction. Re-
call that for a given UMD Banach space X any X-valued martingale M has the
canonical decomposition M = M°¢+ M9 + M®. Let us present a corresponding
decoupled tangent martingale N¢, N9, and N for each of the cases separately
(in the end we can simply sum up N := N¢+ N?+ N these cases, see Subsec-
tion 3.7). It turns out that by Subsection 3.3 we have that M€ o 7¢ = [ ®dWy
for some time-change 7¢, some Hilbert space H, some H-cylindrical Brownian
motion Wy (see Subsection 2.10), and some ® : Q — y(L*(R4;H), X) (see
Subsection 2.11; we are allowed to integrate such functions due to [81]). Then it
is sufficient to set N¢:= [ &AWy 0 A° (where A€ is the inverse time change to
T,ile. 7oA = Aot =t as. for any ¢ > 0) to be the corresponding decoupled
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tangent martingale N¢ to M€ for some independent H-cylindrical Brownian
motion Wy. Therefore N°(w) is a time-changed Wiener integral with a de-
terministic integrator, which agrees with (1.4). The construction of a decoupled
tangent martingale N to M® simply copies the one done in the discrete case due
to the approximation argument presented in Proposition B.1 (see [28, 29, 64, 65]
and Subsection 3.6).

The most intriguing thing happens in the quasi-left continuous case. Recall
that M7 can be presented as an integral with respect to a compensated random
measure, namely

MY :/ edp™ (- x), >0, (1.10)
[0,¢]x X

where M * is defined by (1.7), vM * is the corresponding compensator, M =
pM* — M (see Theorem 3.30). Tt turns out that in this case

N} ::/ wdpdl (x), t>0, (1.11)
[

is a decoupled tangent martingale to M9, where ué/foi(-, z) is a Cox process di-
rected by vM*, ﬁgfoz( = u](‘j/foi —vM* Cox processes were introduced by D.R. Cox
in [22], and in the present case this is a random measure on an enlarged proba-
bility space such that pL’ (w) is a Poisson random measure on R x X with the
intensity (or compensator, see Subsection 2.9) vM*(w) for a.e. w € Q from the
original probability space. Thus N9(w) is a Poisson integral with deterministic
integrator, which corresponds to (1.5). The idea of employing Cox processes for
creating decoupled tangent processes here is not new (see e.g. [58]), but what is
the most difficult in the vector-valued case is to show that both integrals (1.10)
and (1.11) make sense and tangent (see Subsection 3.5).

It is worth noticing that in Subsection 3.4 we are discussing LP-estimates for
general vector-valued integrals with respect to general random measures. Recall
that this type of estimates goes back to Novikov [84], where he upper bounded
an LP-moment of a real-valued stochastic integral [ F dfi by integrals in terms
of F and the compensator v of u (here i = u — v; see Lemma 3.4). Later on
sharp estimates of this form have been proven by Marinelli and Rockner [71]
in the Hilbert space case and by Dirksen and the author [32] in the L? case
(1 < ¢ < 00). In Theorem 3.22 we show that for any UMD-valued elementary
predictable F' and for any quasi-left continuous random measure u one has that

E supH/ Fdp
t>011J10,¢]x 7

where v is a compensator of u, fi == pu — v, pucox is a Cox process directed by
v, and [icox ‘= Mcox — V. Note that though it seems that the right-hand side
of (1.12) depends on F and pcox, the distribution of the Cox process entirely
depends on v (in particular, pcox(w) is a Poisson random measure with the in-
tensity v/(w)), and so on the right-hand side of (1.12) we in fact have E||F|]? « ,
where || F(w)||p,x () is the LP-norm of a stochastic integral of a deterministic

P
, 1<p<oo, (1.12)

p
~p, X EH/ Fdpcox
R+XJ
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function F'(w) with respect to the corresponding compensated Poisson random
measure (see Subsection 2.9 and [2, 3]). Thus even though (1.12) does not pro-
vide an explicit formula for a stochastic integral in terms of F' and v, as it was
done in [32, 71, 84], nevertheless it semigeneralizes the papers [32, 71, 84] as
it tells us that in order to get LP bounds for UMD-valued stochastic integrals
with respect to a general random measure we need only to prove the corre-
sponding estimates for the Poisson case with deterministic integrands (see e.g.
Remark 3.26).

In Section 4 we show that if X satisfies the so-called decoupling property (e.g.
if X = L'), then inequalities of the form

E sup || M]]? Sp.x E||Nz|P, T >0, pell,o0), (1.13)
0<t<T

are possible for an X-valued martingale M satisfying broad assumptions (see e.g.
Remark 6.5), where N is a corresponding decoupled tangent local martingale.
Recall that the decoupling property was introduced by S.G. Cox and Veraar in
[25, 26] as a natural property while working with discrete decoupled tangent
martingales and stochastic integrals.

In [58] Kallenberg also has shown ¢-inequalities for tangent continuous mar-
tingales (where ¢ is a convex function of moderate growth; recall that one can
even omit the convexity assumption for conditionally symmetric martingales).
In Section 5 we extend these inequalities to full generality (i.e. general martin-
gales in UMD Banach spaces). Though [58] also treats the semimartingale case,
it is not known to the author how to prove such inequalities for vector-valued
semimartingales.

In Section 6 we present estimates for vector-valued stochastic integrals with
respect to a general martingale which extend both (1.4) and (1.5). Namely, we
show that for a general H-valued martingale M (where H is a Hilbert space)
and an L(H, X)-valued elementary predictable process ® one has that for any
1<p<

E ‘o ddil] =, E[Dg/2|P
ool o ~p.X BN @ayi I 2y fareg; i x)

+]EH/ @(s)hdgg{;(s,h)Hp (1.14)
R+><H
+EH S aany|”,

0<t<o0o

where M = M€ + M7 + M is the canonical decomposition, q3;. is a quadratic
variation derivative of M¢ (see Subsection 2.6), and N® is a decoupled tangent
martingale to M. Note that the right-hand side of ( 1.14) in fact can be seen as
an LP moment of a predictable process. Such estimates are in the spirit of works
of Novikov [84] and Dirksen and the author in [32], and they are very different
from the classical vector-valued Burkholder-Davis-Gundy inequalities presented
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e.g. in [21, 72, 109, 119]. Note that the upper bound of (1.14) characterizes the
decoupling property (see Section 4 and Remark 6.5).

As it was discussed above, the notion of tangency heavily exploits the Meyer-
Yoeurp decomposition, which existence for a general X-valued martingale is
equivalent to X obtaining the UMD property. But what if we have weak tan-
gency, i.e. what if for a given Banach space X and a pair of X-valued martin-
gales M and N we have that (M, z*) and (N, z*) are tangent for any * € X*?
How does this correspond to the tangency property and will we then have LP-
estimates for a family of Banach spaces different from the UMD one? In Section 7
we show that in the UMD case weak tangency and tangency coincide. More-
over, in the non-UMD setting no estimate of the form (1.9) for weakly tangent
martingales is possible.

In Section 8 we discuss for which Banach spaces it is possible to extend the
definition of decoupled tangent local martingales (and prove their existence) via
using weak local characteristics. It turns out that this is possible for Banach
spaces with the so-called recoupling property which is dual to the decoupling
property (1.13) and which occurs to be equivalent to the well-discovered UMD™
property. Moreover, the converse holds true, i.e. a Banach space X having the
recoupling property is necessary for any X-valued local martingale to have a de-
coupled tangent local martingale (see Theorem 8.6 and Remark 8.7). It remains
open whether recoupling and UMD are identical (see e.g. [46, Section O]).

In Section 9 we consider vector-valued martingales with independent incre-
ments. First recall that one of the inventors of local characteristics was Grige-
lionis (that is why local characteristics are sometimes called Grigelionis char-
acteristics). In particular, in [42] he proved that a real-valued martingale has
independent increments if and only if it has deterministic local characteristics
(this result was extended by Jacod and Shiryaev in [52] to multi dimensions). In
Section 9 we extend this celebrated result to infinite dimensions. In preliminary
Subsection 9.1 we show that for any Banach space X, an X-valued local martin-
gale M has independent increments if and only if it has deterministic weak local
characteristics, i.e. the family ([(M,z*)¢, vM*)]) vc x+ is deterministic (such
an object always exists since (M, x*) has local characteristics as a real-valued
local martingale). Next in Subsection 9.2 we prove that if this is the case, then
M actually has local characteristics (which are of course deterministic), and
moreover, M has the canonical decomposition M = M¢+ M? 4+ M® so that
Me, M9, and M*® are mutually independent, and there exists a deterministic
time-change 7€ such that M€o71¢ = f ® dWp is a stochastic integral of some de-
terministic ® € v(L*(R4; H), X) with respect to some H-cylindrical Brownian
motion Wy, M? = [ zdN (+,z) for some fixed Poisson random measure N on
R4 x X, and M*® is a sum of its independent jumps which occur at deterministic
family of times (t,,)n>1. Note that throughout Section 9 X is a general Banach
space and there is no need in the UMD property.

Recall that Jacod [50] and Kwapieri and Woyczyniski [64] proved that for a
real-valued quasi-left continuous martingale M a decoupled tangent martingale
N on [0,7] is nothing but a limit in distribution of discrete decoupled tangent
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martingales f™ as n — oo, where for each n > 1 a martingale f" := (f,?)zzl is a
decoupled tangent martingale to a discrete martingale (f')i_; = (Mri/n)i—1,
and the limit is considered as a limit in distribution of random variables with
values in the Skorokhod space D([0, 7], R) (see Definition 2.2). In Section 10 we
extend this result to general UMD-valued martingales (thus somehow mixing
together the discrete works of McConnell [73], Hitczenko [44], and de la Pena [28]
and quasi-left continuous works of Jacod [49, 50] and Kwapieri and Woyczyriski
[64]). In our setting such a limit theorem is possible since we know what the
limiting object is (i.e. how does a decoupled tangent martingale look like) due to
Section 3, because of certain approximation techniques, and thanks to properties
of stochastic integrals and the canonical decomposition.

Section 11 is devoted to a characterization of the local characteristics of
a general UMD-valued martingale via an exponential formula which can be
considered as an extension of the Lévy-Khinchin formula. There we show that
for any UMD-valued martingale M with the local characteristics ([M<],v™)
and for any z* € X*

s Mot /G (2%, >0, (1.15)

is a local martingale on [0, 7 (,+)), where

1 o
Ag(z¥) = ——[[MC]]t(x*,x*)—l—/ (e¥®=) 1 —i(x,x*)) dvM (s,z), t >0,
2 0,6 x X

Gi(z*) == e Mpc o (1 4+ AA (z*))e 2@ ¢ >0,

and 7g(z+) = inf{t > 0: G¢(2*) = 0} = inf{t > 0: AA;(2*) = —1}. Moreover,
([M<],v™) are unique bilinear form-valued predictable process and predictable
random measure such that (1.15) is a local martingale on [0, 7¢(;+)). This is a
natural generalization of the Lévy-Khinchin formula (1.6) as if we set M to be
quasi-left continuous with independent increments, then 75(,+) = co and G(z*)
is deterministic, and consequently (1.15) being a local martingale implies (1.6).
The proof of the fact that (1.15) is a local martingale on [0, 7¢(,+)) presented in
Section 11 follows directly from the multidimensional case shown by Jacod and
Shiryaev in [52].

In Section 12 we discover LP-inequalities for characteristically subordinated
and characteristically dominated martingales. These notions are predictable ver-
sions of weak differential subordination of martingales (see [91, 115, 116, 118])
and martingale domination (see [19, 89, 119]) and have the following form: for
a Banach space X an X-valued martingale N is characteristically subordinate
to an X-valued martingale M if for any z* € X* we have that a.s.

(i) [(No,z")| < [(Mo, z)],
(i) [N,z — [(N© 2")]s < [(M 2%)]e — [(M€, 27)]s for any 0 < s < ¢, and
(iii) pNo=7) < Moz

and N is characteristically dominated by M if a.s.
(i) |(No,z*)| < [(Mo,x*)| for any z* € X*,
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(i1) [Noo < [M )00, and
(iii) vM(Ry x ) <vM(Ry x )

(here M€ and N°¢ are the continuous parts of M and N, see Subsection 2.7).
In Subsection 12.1 we compare weak differential subordination and character-
istic subordination (these properties turn out to be incomparable) and show
inequalities (1.9) for characteristically subordinated martingales. In Subsec-
tion 12.2 we show inequalities (1.9) for quasi-left continuous characteristically
dominated martingales (both estimates are proven in the UMD setting). LP-
estimates for general characteristically dominated martingales remain open (see
Remark 12.10) as the author does not know how to gain such estimates in the
discrete case, though this case is very much in the spirit of the original work of
Zinn [122].

In the end of the present paper we have appendix Sections A and B where we
collect some technical facts concerning tangency and martingale approximations.

All over this section we used to talk about some mysterious UMD spaces.
Recall that UMD spaces were introduced by Burkholder in 1980’s while working
with martingale transforms (see e.g. [15, 16, 17, 20]), and nowadays these spaces
are used abundantly in vector-valued stochastic and harmonic analysis (see e.g.
[11, 39, 46, 81, 101, 115, 119]). Let us shortly outline here where exactly the
UMD property is needed/used in the present paper.

e Theorem 1.1 due to Hitczenko and McConnell,

e Burkholder’s works [15, 17] on martingale transforms,

e existence of the Meyer-Yoeurp and the canonical decomposition and the
corresponding LP- and ¢-estimates (see [116, 118, 119]),

e vector-valued stochastic integration with respect to a cylindrical Brownian
noise thanks to van Neerven, Veraar, and Weis [81],

e Burkholder-Davis-Gundy inequalities (see [109, 119]),

e cxistence of a covariation bilinear form [M] (see [119]).

On the other hand, we obtain several new characterizations of the UMD prop-
erty, such as

e estimate (1.9) for continuous-time tangent martingales,

e existence of a decoupled tangent martingale (see Theorem 3.8 and Sec-
tion 8),

e estimate (1.5),

e the fact that for a purely discontinuous quasi-left continuous martingale
M? the integral [z daM"(-,z) exists and coincides with M9 (see Theo-
rem 3.30),

e estimate (1.12),

e [P-estimates for characteristically subordinated and characteristically
dominated martingales (see Section 12).

This demonstrates once again that the UMD property is not just a technical
assumption, but a key player in any game involving martingales in Banach
spaces.
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2. Preliminaries

Throughout the present article any Banach space is considered to be over the
scalar field R. (This is done as we are going to work with continuous-time
martingales, which properties are well discovered only in the case of the real
scalar field, see e.g. [52, 56, 95].)

Let X be a Banach space, B C X be Borel. Then we denote the o-algebra of
all Borel subsets of B by B(B).

For a,b € R we write a <4 b if there exists a constant ¢ depending only on
A such that a < cb. 2 4 is defined analogously. We write a <4 b if both a <4 b
and a 2 4 b hold simultaneously.

We will need the following definitions.

Definition 2.1. A random variable £ : 2 — R is called Rademacher if P(§ =
H=PE¢=-1)=1/2.

Definition 2.2. Let X be a Banach space, A € R be an interval (finite or
infinite). The linear space D(A, X) of all X -valued cadlag (i.e. right continuous
with left limits) functions on A is called the Skorokhod space.

Recall that D(A, X) endowed with the sup-norm is a Banach space (see e.g.
[105, 115]).

For a Banach space X and for a measurable space (5,Y) a function f: S —
X is called strongly measurable if there exists a sequence (f,)n>1 of simple
functions such that f,, — f pointwise on S (see [46, Section 1.1]). In the sequel
we will call a function f strongly predictable if it is strongly measurable with
respect to the predictable o-algebra (which is either P, see Subsection 2.5, or
ﬁ, see Subsection 2.8, depending on the underlying S).

For a Banach space X and a function A : Ry — X we set A* € R, to be
A* 1= sup, > || Al]-

Throughout the paper, unless stated otherwise, the probability space and
filtration are assumed to be generated by all the processes involved.

2.1. Enlargement of a filtered probability space

We will need the following definition of an enlargement of a filtered probability
space (see e.g. [64, pp. 172-174]).

Definition 2.3. Let (Q, F,P) be a probability space with a filtration F = (Fy)>0.
Then a probability space (2, F,P) with a filtration F = (Fy)i>0 is called to be
an enlargement of (Q, F,P) and F if there exists a measurable space (ﬁ, f) such
that Q=QxQand F =F® f, if there exists a family of probability measures
(Py)wea such that w — Py, (B) is F-measurable for any B € F and

@(AxB):/@w(B)dP(w), AeF, BeF,
A
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and if for any w € Q there exists a filtration Fv = (]?t“’)tzo such that for any

B € F the process
(t,w) — 1]f-tw(B), t>0, well,

is F-adapted, and such that Fy = F; @ ﬁt' for anyt >0, i.e.
AxBeF, if Ac F, and Bej-:t‘” for any w e A.

Example 2.4. A classical example of an enlargement of a filtered probability
space can be a product space, i.e. the case when IP’W =P and F* = ]-"t, t >0,

for any w € Q for some fized measure P and some fixed filtration F= (ft)tzo

2.2. Conditional expectation on a product space. Conditional
probability and conditional independence

Let (Q,F,P) be a probability space, and assume that there exist probability
spaces (¥, F',P') and (@', F",P/)weq (where P/, depends on v’ € € in
F’-measurable way, see Subsection 2.1) such that

(QF,P) = ( x Q" F @ F" P aP"), (2.1)

i.e. P, (Ay) is F'-measurable for any A € F and
P(A; x Ay) :/ P/ (A) dP/ (o), Ay € F, ApeF'
Ay

A particular example would be if P/, = P” is a probability measure which does
not depend on w’ € . Let X be a Banach space, and let f € L'(Q; X) (see [46,
Section 1.2] for the definition of LP(; X)). Then E(f|F’) is well defined (see
[46, Section 2.6]; by E(:|F’) here we mean E(:|F’ ® {Q”,2})), and moreover,
by Fubini’s theorem f(w’,-) exists and strongly measurable for a.e. w’ € ' (the
proof is analogous to the one provided by [9, Section 3.4]). It is easy to see that
for a.e. W’ € O

E(fIF)) = [ o)) =B @), (22)

where the notation Eq~ means averaging for every fized w' € Q' over ”. Indeed,
for any A € F' by Fubini’s theorem we have that

/AXQH fdP= /AEQ”JC(W/,')dP’(w’)’

so (2.2) follows by the definition of a conditional expectation.

Example 2.5. If there exists an F"-measurable £ : Q" — R such that F"' =
o(§) for a.e. W' € Q, then we will often write Bz = Eqr = E(-|F') (i.e
averaging over all the values of £).
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Let (Q, F,P) be a probability space, (S,X) be a measurable space, £ : Q — S
be a random variable. Let G C F be a sub-c-algebra. Then we define the
conditional probability P(£]G) : ¥ — L(Q) to be as follows

P(&|G)(A) = JE(1A(§)|Q)7 AeX. (2.3)

Now let N > 1, (&,)Y_; be S-valued random variables. Then ;... &y are

called conditionally independent given G if for any sets By, ..., By € X we have
that

P((€n)n=1|9)(B1 x - x By) = I P(69)(By). (2.4)

In the sequel we will need the following proposition.
Proposition 2.6. Let (Q, F,P) be defined by (2.1) for some (', F',P') and
for some family (', F" P! ) weqr. Let (£,)N_1 be as above. Assume that for

almost any fized W' € €, (fn(w/,-))N

_, are independent. Then ()N, are
conditionally independent given F'. "

Proof. By the definition of conditional independence we need to show that for
any sets By,...,B, € X
P((&a)nzr|F')(By X -+ x By) = I P(¢,|F')(By).
To this end note that by (2.2) for P'-a.e. v’ €
P((&)N_1|F)(Br x -+ x By) (W', ) = E(1pyxeooxny (€1, -« E8) | F) (W, 1)

- / Y15, (60(s ) AP (o)

=1, / 1p, (& (W', w")) dPL, (W)
= I P& | F) (W', ) (Bn),
which terminates the proof. O

We will also need the following consequence of the proposition.

Corollary 2.7. Let (S,%) and (T,T) be measurable spaces, let (2, F,P) be
defined by (2.1), and let £: Q' — S and n: Q@ — T be measurable. Assume that

7 is measurable with respect to o(§) @ F'. Let Fy,...,Fn : S xT — R. Then

(Fn(f,n)):j:l are conditionally independent given o(§) if there exists A € ¥

with P(€ € A) =1 such that (F,(a,n(a, )))N

,—, are independent for any a € A.
Proof. The corollary follows from Proposition 2.6 if one sets Q' := A, P’ := L(¢),
and

Pl = L(nw"), o' e,
where the latter exists by [33, Theorem 10.2.2 and pp. 344, 386] (here £ means
the distribution). O

We refer the reader to [46] for further details on vector-valued integration
and vector-valued conditional expectation.
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2.3. The UMD property

A Banach space X is called a UMD* space if for some (equivalently, for all)
p € (1,00) there exists a constant 8 > 0 such that for every N > 1, every
martingale difference sequence (d,,)"_; in LP(); X), and every {—1, 1}-valued
sequence (£,)N_; we have

p) 5

N N N
(e} <[5
n=1 n=1

The least admissible constant § is denoted by B, x and is called the UMD,
constant of X (or just the UMD constant of X if the value of p is understood).
It is well known (see [46, Chapter 4]) that 8, x > p* —1 and that 8, g = p* —1
for a Hilbert space H and any 1 < p < oo (here p* := max{p,p/(p — 1)}).

We will also frequently use the following equivalent definition of the UMD
property. X is UMD if and only if for any 1 < p < oo and for any (d,,)Y_; and
(en)N_, as above we have that

E sup H zm: endnp
n=1

1<m<N

p p

~ E su H dp
»X lngS)N nz::l
Note that a similar definition of the UMD property can be provided for a general
convex function of moderate growth (see e.g. [15, p. 1000]). We refer the reader
to [15, 20, 29, 39, 40, 46, 47, 68, 94, 101, 119] for details on UMD Banach spaces.

2.4. Stopping times

A stopping time 7 is called predictable if there exists a sequence of stopping
times (7,,)n>1 such that 7, < 7 a.s. on {r > 0} and 7,, 7 a.s. as n — oo.
A stopping time 7 is called totally inaccessible if P(tr = o # oo) = 0 for any
predictable stopping time o.

With a predictable stopping time 7 we associate a o-field F._ which has the
following form

Froi=c{FoU(FN{t <7}),t >0} =0{F;,,n>1}, (2.5)

where (7,,)n>1 is a sequence of stopping time announcing 7 (see [56, p. 491] for
details).

Later on we will work with different types of martingales based on the prop-
erties of their jumps, and in particular we will frequently use the following
definition (see e.g. Subsection 2.7). Recall that for a cadlag process A and for a
stopping time 7 we set AA, := A, — lime\ o Agy(r—e) on {7 < 00},

Definition 2.8. Let X be a Banach space, A : Ry x Q — X be a cadlag
process. Then A is called quasi-left continuous if AA; =0 a.s. on {t < oo} for
any predictable stopping time 7. A is called to have accessible jumps if AA, =0
a.s. on {t < oo} for any totally inaccessible stopping time 7.

4UMD stands for unconditional martingale differences.
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We refer the reader to [32, 52, 56, 116, 118] for further details.

2.5. Martingales: real- and Banach space-valued

Let (2, F,P) be a probability space with a filtration F = (F;);>0 which satisfies
the usual conditions (see [52, 56, 95]). Then particularly F is right-continuous.
A predictable o-algebra P is a o-algebra on R x Q generated by all predictable
rectangles of the form (s,¢] X B, where 0 < s <t and B € F;.

Let X be a Banach space. An adapted process M : Ry x Q — X is called a
martingale if My € L*(Q; X) and E(M,|Fs) = M, for all 0 < s < t. M is called
a local martingale if there exists a nondecreasing sequence (7,,)n>1 of stopping
times such that 7, ' 0o a.s. as n — oo and M™ is a martingale for any n > 1
(recall that for a stopping time 7 we set M := M a:, t > 0, which is a local
martingale given M is a local martingale, see [52, 56, 95]). It is well known that
in the real-valued case any local martingale is cadldg (i.e. has a version which
is right-continuous and that has limits from the left-hand side). The same holds
for a general X-valued local martingale M as well (see e.g. [105, 115]), so for
any stopping time 7 one can define AM; := M, —lim.\ 0 Moy (-—c) on {7 < oo}.

Let 1 < p < oco. A martingale M : Ry x Q@ — X is called an LP-bounded
martingale if My € LP(Q; X) for each ¢ > 0 and there exists a limit My, :=
lim¢_, oo My € LP(Q2; X) in LP(€); X)-sense.

Since || - || : X — R4 is a convex function, and M is a martingale, ||M|| is a
submartingale by Jensen’s inequality, and hence by Doob’s inequality (see e.g.
[60, Theorem 1.3.8(i)]) we have that for all 1 < p < co

E[MPP <E sup [|M,|]P < —L—E|MiP, t>o0. (2.6)
0<s<t p—1

In fact, the following theorem holds for martingales having strong LP-moments
(see e.g. [110, 111] for the real-valued case, the infinite dimensional case can be
proven analogously, see e.g. [32, 105, 115, 116, 117, 119]). Recall that Skorokhod
spaces were defined in Definition 2.2.

Theorem 2.9. Let X be a Banach space, 1 < p < co. Then the family of all
martingales M : Ry x Q — X satisfying Esup,~q [|M:||? < oo forms a closed
subspace of LP(2; D(R4, X)).

Remark 2.10. Recall that any local martingale M : Ry x Q@ — X is locally
in L'(Q; D(Ry, X)). Indeed, set (7,,)n>1 be a localizing sequence and for each
n > 1 set o, := inf{t > 0 : | M]| > n}. Then o, — 00 as n — o0 a.s. since
M has cadlag paths, and thus T, Ao, An — 00 as n — 0o a.s. as well. On the
other hand we have that for each n > 1

Esup |[M"7 " =E  sup  [[My]| < EnA[|My,pc,nnll
t>0 0<t<TpANonAn

<n /\EHMTn/\Un/\nH =<n /\EHMZTLAU"H < 090,

where we used the fact that M™" is a martingale as M™ is a martingale (see

e.g. [50]).
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Later we will need the following lemma proven e.g. in [32, Subsection 5.3]
(see also [56, 119]).

Lemma 2.11. Let X be a Banach space, M : Ry x  — X be a martingale
such that limsup,_,  E||M;|| < co. Let 7 be a finite predictable stopping time.
Then AM, is integrable and

E(AM,|r. ) =0,

where Fr_ is defined by (2.5). Equivalently, t — AM;1;; y(t), t > 0, is a
martingale.

We refer the reader to [46, 56, 74, 75, 90, 94, 95, 105, 117] for further infor-
mation on martingales.

2.6. Quadratic variation

Let H be a Hilbert space, M : Ry x Q2 — H be a local martingale. We define a
quadratic variation of M in the following way:

N
— : 2
M= 2=l () = Mt (2.7)
where the limit in probability is taken over partitions 0 = ¢t < ... < ty =
t. Note that [M] exists and is nondecreasing a.s. The reader can find more
information on quadratic variations in [74, 75, 108] for the vector-valued setting,
and in [56, 75, 95] for the real-valued setting.

As it was shown in [78, Proposition 1] (see also [100, Theorem 2.13] and [108,
Example 3.19] for the continuous case), for any H-valued martingale M there
exists an adapted process qps : Ry X Q — L£(H) which we will call a quadratic
variation derivative, such that the trace of ¢p; does not exceed 1 on Ry x €,
qnr is self-adjoint nonnegative on Ry x ) and for any h,g € H a.s.

(M, By, (M, g)), = / (@2 ()h, 02 (5)g) (M, > 0.

For any martingales M, N : Ry xQ — H we can define a covariation [M, N] :
Ry x Q — R as [M,N]:= ;([M + N]— [M — NJ). Since M and N have cadlag
versions, [M] and [M, N] have cadlag versions as well (see [52, Theorem 1.4.47]
and [56, 74]).

Definition 2.12. Let X be a Banach space, M : Ry x Q@ — X be a local
martingale. Fix t > 0. Then M is said to have a covariation bilinear from
[M]: at t > 0 if there exists a continuous bilinear form-valued random variable
[M]s : X*x X*xQ — R such that for any fived z*,y* € X* a.s. [M]+(x*,y*) =
[(M’ l’*>, <M7 y*>]t
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Remark 2.13. It is known due to [119] that if X has the UMD property,
then any X-valued local martingale M has a covariation bilinear form [M].
Moreover, [M] has a cadlag adapted version, and if M is continuous, then [M]
has a continuous version as well, and for a general local martingale M one has
that y([M]:) < oo a.s., where for a bilinear form V : X* x X* — X we set the
Gaussian characteristic v(V') to be

o the L%2-norm of a Gaussian random variable & having V as its bilinear
covariance form, i.e. B{E, x*) (&, y*) = V(z*,y*) for any x*,y* € X*, if
such & exists,

e 00, if such & does not exist.

We refer the reader to [119] for further details.

2.7. The canonical decomposition

In this subsection we discuss the so-called canonical decomposition of martin-
gales. First let us start with the following technical definitions. Recall that a
cadlag function A : Ry — X is called pure jump if Ay = Ao+, AA, for
any t > 0, where the latter sum converges absolutely.

Definition 2.14. Let X be a Banach space. A local martingale M : Ry xQ — X
is called purely discontinuous if [(M,x*)] is pure jump a.s. for any z* € X*.

Definition 2.15. Let X be a Banach space, M : Ry x @ — X be a local

martingale. Then M is called to have the canonical decomposition if there exist

local martingales M€, M1, M® : Ry x Q — X such that M€ is continuous, M4

1s purely discontinuous quasi-left continuous, M is purely discontinuous with

accessible jumps, M§ = M{ =0 a.s., and M = M+ M?+ M*.

Remark 2.16. Note that if M = M+ M4 M?* is the canonical decomposition,

then (M, x*) = (M° a*) + (M9, 2*) + (M*, x*) is the canonical decomposition

for any x* € X* (see e.g. [32, 116, 118]).

Remark 2.17. Note that by [52, 56, 116, 118] if the canonical decomposition

of a local martingale M exists, then M9 and M collect different jumps of M,

1.€. a.s.
{t>0:AMI#0}U{t>0: AM® £0} = {t >0: AM, # 0},
{t>0: AM!#0}N{t>0: AM} # 0} = @.

Then the following theorem holds, which was first proved in [76, 120] in the

real-valued case, and in [116, 118, 119] in the vector-valued case (see also [56,
Chapter 25]).

(2.8)

Theorem 2.18 (The canonical decomposition). Let X be a Banach space. Then
X is UMD if and only if any local martingale M : Ry xQ — X has the canonical
decomposition M = M€ + M9 + M®*. Moreover, if this is the case, then the
canonical decomposition is unique, and for any 1 < p < oo

Esup || M{[|P 4 Esup || M{||P + Esup || M{||P =, x Esup || M|]”. (2.9)
t>0 t>0 t>0 >0
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If we will have a closer look on each of the parts of the canonical decom-
position, then we will figure out that M€ is in fact a time changed stochastic
integral with respect to a cylindrical Brownian motion (see Subsection 3.3), M4
is a time changed stochastic integral with respect to a Poisson random measure
(see Subsection 2.9), while M can be represented as a discrete martingale if
it has finitely many jumps (see Subsection 3.6 and B.1; see also [32, 56, 116]).
Thus we often call M¢ the Wiener-like part, M9 the Poisson-like part, while
M*® is often called a discrete-like part of M: in many cases the corresponding
techniques help in finding required inequalities for M€, M?, and M®.

Note that the canonical decomposition plays an important réle in stochastic
integration theory (see e.g. [31, 32, 119]).

Remark 2.19. Often we will use the so-called Meyer-Yoeurp decomposition
which splits a local martingale M into a continuous part M€ and a purely dis-
continuous part M®. This decomposition is unique if it exists, and in the case
of existence of the canonical decomposition M = M+ M+ M® one obviously
has M? = M9 + M®. Analogously to Theorem 2.18 one can show that for a
given Banach space X every X -valued local martingale has the Meyer-Yoeurp
decomposition if and only if X has the UMD property (see [116, 117, 118]).

Later we will need the following lemma shown in [32, Subsection 5.1] (see
[56] for the real-valued version). Recall that two stopping times 7 and o have
disjoint graphs if P(t = 0 < 00) = 0.

Lemma 2.20. Let X be a Banach space, M : Ry x Q — X be a purely dis-
continuous local martingale with accessible jumps. Then there exist a sequence
(Tn)n>1 of finite predictable stopping times with disjoint graphs such that a.s.

{t>0: AM; #£0} C {7, Tyt

2.8. Random measures

Let (J,J) be a measurable space so that J is countably generated. A family
= {p(w; dt, dz),w € Q}

of nonnegative measures on (Ry x J,B(Ry) ® J) is called a random measure.
A random measure 4 is called integer-valued if it takes values in NU{co}, i.e. for
each A € B(R;)®J one has that u(A4) € NU{oo} a.s., and if u({t} xJ) € {0,1}
a.s. for all ¢ > 0 (so p is a sum of atoms with a.s. disjoint supports, see [52,
Proposition I1.1.14]). We say that p is non-atomic in time if p({t} x J) =0 a.s.
for allt > 0.

Let O be the optional o-algebra on Ry x €, i.e. the o-algebra generated by all
cadlag adapted processes. Let 0:=08 J, P=PaJ (see Subsection 2.5 for
the definition of P). A random measure y is called optional (resp. predictable) if
for any O-measurable (resp. ﬁ—measurable) nonnegative F': Ry x Q@ x J — Ry
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the stochastic integral

(t,w) — 1j0,q(s)F(s,w,x)pu(w; ds, dz), t>0, we,
Ry xJ

as a function from R, x Q to R, is optional (resp. predictable).

Let X be a Banach space. Then we can extend stochastic integration with
respect to random measures to X-valued processes in the following way. Let F' :
R4 xQxJ — X be elementary predictable, i.e. there exists partition By,..., By

of J,0=1tg < ti...<tr, and simple X-valued random variables (gn,g)f;’;ﬁ’m:l

such that &, ¢ is F;, ,-measurable for any 1 </ < L and 1 <n < N and

N L
F(t,-,j) = Z Z l(tthtz](t)an (J)&n,e-

n=1/¢=1
Let p be a random measure. The integral
i F(Sa a‘r)]‘[o,t](s):u’(7 dSa dx)

R+XJ
(2.10)

N
=3 u((teoa At te A X By)np, 20,

n=1 /(=1

is well-defined and optional (resp. predictable) if 11 is optional (resp. predictable),
and fR+><J [|IF|| dpe is a.s. bounded.

A random measure p is called P-o-finite if there exists an increasing sequence
of sets (A,)n>1 C P such that fﬂth 14, (s,w,z)u(w; ds, dz) is finite a.s. and

UnA, =Ry xQx J. According to [52, Theorem II.1.8] every P-o-finite optional
random measure p has a compensator: a unique P-o-finite predictable random

measure v such that
IE/ qu:E/ Fdv (2.11)
R+><.] R+><.]

for each P-measurable real-valued nonnegative F'. For any optional P-o-finite
measure p we define the associated compensated random measure by ji := p—v.
For each P-strongly-measurable F': Ry x Q x J — X such that

E/ I E] dpe < o0
R+><J

(or, equivalently, E fR+X s IF|[dv < oo, see the definition of a compensator
above) we can define a process

t— Fdﬂ::/ qu—/ Fdv, t>0, (2.12)
[0,t]xJ [0,¢]xJ [0,¢]xJ

which turns out to be a purely discontinuous martingale (see Proposition 3.27,
[52, Theorem II.1.8], and [32]).
We will need the following classical result of Novikov [84, Theorem 1].
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Lemma 2.21 (A.A. Novikov). Let u be an integer-valued optional random mea-
sure on Ry xJ with a compensator v being non-atomic in time, F' : Ry xQxJ —
R be P-measurable. Then

p
sl [ fep B[ sravif1spse
t>0'J0,t]xJ Ry xQ

P 2\ 2
Esup’ fdu‘ S (B f12 ) (2.13)
t>0'J]0,t]xJ Ry xJ
-HE/ |[fIPdv if p>2.
]R+><Q

For an X-valued martingale M we associate a jump measure p™ which is a
random measure on Ry x X that counts the jumps of M

pM((0,] x B) := > 1p\op(AMy), t>0, BeB(X). (2.14)

0<s<t

Note that pM is P-o-finite and we will frequently use the following fact which
was proved in [52, Corollary I1.1.19] (see also [32, 56, 57]).

Lemma 2.22. Let X be a Banach space, M : Ry xQ — X be a local martingale.
Let u™ be the associated jump measure. Then M is quasi-left continuous if and
only if the corresponding compensator v™ of ™ is non-atomic in time.

We refer the reader to [32, 41, 50, 52, 56, 57, 69, 71, 84, 85, 119] for details on

random measures and stochastic integration with respect to random measures.

2.9. Poisson random measures

An important example of random measures is a Poisson random measure.

Let (S,%, p) be a measure space, p be o-finite. Then we can define a Pois-
son random measure (a.k.a. Poisson point process) N, with intensity (or com-
pensator) p, i.e. a function ¥ +— L2, Ny U {+o0}) satisfying the following
properties

(i) N,(A) has the Poisson distribution with a parameter p(A) for any A € ¥
such that p(A) < oo,
(ii) N,(A1),...,N,(Ay) are independent for any disjoint Ai,..., A, € ¥,
(iii) N, is a.s. a measure on X

(see [102, Chapter 4] and [61] for details). We can also define the compensated
Poisson random measure N, to be N,(A) := N,(A) — p(A) for any A € ¥
satisfying p(A) < oo.

Remark 2.23. If we set S =Ry X J and p=v = AQ vy (so that we have the
setting which we used to work above) with \ being the Lebesgue measure on Ry
and vy being some fized o-finite measure on J, then we come up with Poisson
measures that are often exploited as a noncontinuous noise for SPDE’s (see e.g.

[13, 30, 35, 41, 70, 84, 93, 121] and references therein).



Local characteristics and tangency 567

In the sequel we will need the following definition of an integral with respect
to a Poisson random measure.

Definition 2.24. Let X be a Banach space, (S,3,p) be a measure space, N,
be a Poisson random measure on S with the intensity p. Then a strongly ¥-
measurable function F' : S — X is called integrable with respect to N, = N, —p
if there exist an increasing family of sets (Ap)n>1 € X such that Uy, = S,
fAn | F]|dp < oo, and fAn Fd]\pr converges in L1 (£; X) as n — oc.

Remark 2.25. Let G : S — X be strongly X-measurable such that [ ||G||dp <
0. Then G € LY(S, p; X), and as for any step function H € L'(S, p; X) we
have that E [ |H||dN, = ||H||1(s,0:x) by the definition of N, (in particular,
EN,(A) = p(A) for any A € ¥), we can extend the stochastic integral defi-
nition to G by a standard expanding operator procedure. Thus fAn Fd]\~7p =
fAn FdN, — fAn Fdp in the definition above is well defined.

Remark 2.26. Definition 2.24 is quite different from the one given in Subsec-
tion 3.5 as we do not have a time scale (so there is no martingale structure)
and since we are working with Poisson random measures. Moreover, notice that
if such a family (Ay)n>1 exists, then for any other increasing family (A})n>1
having the same properties as (Ap)n>1 we will have that fAil Fdﬁp converges
in LY(Q; X) as n — oo. Indeed, let

5:/Fdﬁp =LY% X)— lim [ FdN,. (2.15)
S n—o00 A,
Then

(gn)nZI = ( A’ Fde)’n,Zl’

is a martingale with independent increments as {41 — € = fA/ \A/ Fd]vp

n—1

is independent of o(Np|a: ), and hence independent of &1, ... ,&,. Thus we have
that for any x* € X*, E((§,2*)|0(Ny|ar)) = (&n,2*) for any n > 1 (which
follows from the fact that

/ (F,x*)d]vp% (F,ac*)d]vp in LYQ) as m — oo,
Al NAm A,

from [46, Theorem 3.3.2], and from the definition (2.15) of £), so (&n,x*) con-
verges to (&, x*) by [46, Theorem 8.3.2], thus by the Ito-Nisio theorem [47, The-
orem 6.4.1] we have that &, converges to & in L'(Q; X).

2.10. Stochastic integration

Let H be a Hilbert space, X be a Banach space. For each x € X and h € H
we denote the linear operator g — (g,h)xz, g € H, by h ® x. The process
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O : Ry xQ — L(H,X) is called elementary predictable with respect to the
filtration F = (F3)¢>0 if it is of the form

K L N

= 1tk Bu (bw) D> by @ apen, 20, wEQ,  (2.16)

k=1¢=1 n=1
where 0 =ty < ... < tg < oo, for each kK = 1,..., K the sets Bik,..., Bk
are in Fy, _,, the vectors hy,...,hy are in H, and (iﬂkm)kK’gLrlfl are elements of
X. Let M : R4 x Q — H be a local martingale. Then we define the stochastic
integral ® - M : Ry x ©Q — X of ® with respect to M as follows:

K L
(® M), = 1z, Z (th At) — M(tgp—1 A1), hn)Tpen, t>0.
k=1/¢=1 n=1

A map Wy : Ry x H — L*(Q) is called an H -cylindrical Brownian motion
(see [27, Chapter 4.1]) if

e Wy (-)h is a Brownian motion for any h € H,
o EWg(t)hWg(s)g = (h,g) min{t, s} for all h, g € H and ¢, s > 0.

For an H-cylindrical Brownian motion Wx we can define a stochastic integral
of @ of the form (2.16) in the following way

N

K L
(CI) . WH)t = ZZ Z WH tk /\t) WH(tk 1 A\ t)hn)l'kgn, t>0.

Further, if X = R, then due to [27, Theorem 4.12] (see also [56, 81, 108]) it is
known that a.s.

@wm:Awma (2.17)

and in particular by the Burkholder-Davis-Gundy inequalities [56, Theorem
17.7] we have that for any 0 < p < 0o

t /2
IEsupH(@~WH)th :pE(/ H<I>H2ds)p . (2.18)
>0 0

We refer the reader to [27, 32, 52, 56, 74, 75, 76, 81, 108, 119] for further
details on stochastic integration and cylindrical Brownian motions.

2.11. ~-radonifying operators

Let H be a separable Hilbert space and let X be a Banach space. Let T €
L(H,X). Then T is called ~-radonifying if

1Tl = (B[ D
n=1

2)% < o0, (2.19)
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where (hy)n>1 is an orthonormal basis of H, and (y,)n>1 is a sequence of
independent standard Gaussian random variables (if the series on the right-
hand side of (2.19) does not converge, then we set |||z, x) := o0). Note that
| T||(r,x) does not depend on the choice of the orthonormal basis (hy,)n>1 (see
[47, Section 9.2] and [80] for details). Often we will call || Tz, x) the y-norm
of T. Note that if X is a Hilbert space, then |7,z x) coincides with the
Hilbert-Schmidt norm of T". y-norms are exceptionally important in analysis as
they are easily computable and enjoy a number of useful properties such as the
ideal property, y-multiplier theorems, Fubini-type theorems, etc., see [47, 80].

2.12. Tangent martingales: the discrete case

Let X be a Banach space, (d,),>1 and (e,)n>1 be X-valued martingale differ-
ence sequences.

Definition 2.27. (d,,)n,>1 and (ey)n>1 are called tangent if
P(d,|Frn-1) =P(en|Fn-1), n>1. (2.20)

(Recall that conditional probabilities have been defined in Subsection 2.2.)

Example 2.28. Let (v,)n>1 be a predictable uniformly bounded X -valued se-
quence, (§n)n>1 and (&),)n>1 be adapted sequences of mean-zero real-valued in-
dependent random variables such that &, and &, are equidistributed, integrable,
and independent of F,_1 for any n > 1. Then martingale difference sequences
(€nvn)n>1 and (&), vn)n>1 are tangent. Indeed, for anyn > 1 and A € B(X) we
have that a.s.

P(&nvn|Fr-1)(A) = E(1a(§nvn)(A)|[Frnr) = E(]'A/Un (&n)(A)|Frn-1)
© (170, (€)(A)1Fn 1) = E(La(E,00)(A)|Fa 1) = P(E ol Fu1)(A),
where (%) follows from the fact that &, and &, are i.i.d. and independent from
Fn—1, and the fact that v, is F,_1 measurable, where for A C X and x € X we
define AJx C R by
Ajx :={teR:tx e A}.

It was shown by Hitczenko in [44] (see also [24, 28, 29, 32, 46, 64]) that
any X-valued martingale difference sequence (dy,),>1 has a decoupled tangent
martingale difference sequence on an enlarged probability space with an enlarged
filtration, i.e. there exists an enlarged filtration F w.r.t. which (dy,) remains being
a martingale difference sequence, an F-adapted martingale difference sequence
(en)n>1, and a o-algebra G C F, such that

IP)(en|]:n71) - ]P(en|g)7 n Z 17

and (ey)n>1 are conditionally independent given G (see Subsection 2.2). More-
over, (en)n>1 is unique up to probability. Later in Section 3 we will extend a
construction of such a martingale to the continuous-time case.
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Remark 2.29. Note that due to Proposition 2.6, the construction of a decou-
pled tangent martingale difference sequence [28, 29, 44], and the uniqueness of
its distribution we can give the following equivalent definition: (en)n>1 is a de-
coupled tangent martingale difference sequence to (dy)n>1 if and only if for a.e.
w € Q the sequence (e, (w))n>1 5 a sequence of mean zero random variables so
that cp(w) has P(dy|Fn-1)(w) as its distribution (see [28, 29] or the proof of
Theorem 3.39 for the construction of P(d,|Fn—1)w)).

3. Tangent martingales: the continuous-time case

This section is devoted to continuous-time tangent martingales and their prop-
erties. As the notion of tangency in the continuous-times case (see Definition 3.1
below) only cares about the jumps of a process and the quadratic variation of
its continuous part, throughout this section we will assume that any martin-
gale starts in zero. Also, in the sequel we will frequently use the stopping times
argument which is allowed by Theorem A.3. In particular, while talking about
tangent local martingales M and N we can automatically assume that these
martingales have finite strong L'-moment, i.e. Esup,s | M;|| and Esup,~q || V¢ ||
can be presumed to be finite unless stated otherwise (see Remark 2.10).

3.1. Local characteristics and tangency

In order to define tangent martingales in the continuous-time case we need local
characteristics.

Let M : Ry x Q — R be a local martingale, M = M¢ + M? be the Meyer-
Yoeurp decomposition of M (see Remark 2.19). Then the pair ([M¢], v™), where
[M¢] is the quadratic variation of M¢ (see Subsection 2.6), and v™ is a com-
pensator of the random measure p™ defined by (2.14), is called the local char-
acteristics of M.

Let X be a Banach space, M be an X-valued local martingale. Assume that
M admits the Meyer-Yoeurp decomposition M = M¢ + M9 (see Remark 2.19)
and that M€ has a covariation bilinear form [M€] (see Subsection 2.6). Then
we define the local characteristics of M to be the pair (JM¢],vM), where vM is
a compensator of the random measure u™ defined by (2.14).

Definition 3.1. Two X -valued local martingales M and N are called tangent
if both local martingales have local characteristics which coincide.

Remark 3.2. Note that this definition of tangency agrees with the one for
discrete martingales given in Subsection 2.12. Indeed, let (d,,)n>1 and (en)n>1
be tangent martingale difference sequences. Then they are tangent in the con-
tinuous-time case if for any n > 1 compensators of random measures pd" and
uer defined on X by

p(A) = 1a(dn), p(A) =Lalen), A€ B(X),
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coincide. But these compensators exactly coincide with P(d,|F.—1) and with
P(en|Fn—1) respectively as by the definition (2.3) of P(d,|Fn—1) and P(e,|Fn_1)
and by (2.20) for any Borel set A C X one has that

]E(Mdn (A)|]:n71) = E<1A(dn)|]:n71) = P(dnl}—nfl)(A) (3 1)
= Plen|Fam1)(4) = EQalen)| Faot) = B (A Fucr).

The converse direction can be shown similarly.

Now we are ready to define a decoupled tangent local martingale. Recall that
conditional independence was defined in (2.4) and an enlargement of a filtered
probability space was defined in Definition 2.3.

Definition 3.3. Let (Q, F,P) be a probability space endowed with a filtration
F = (Fi)izo0. Let M : Ry x Q — X be a local martingale. A process N :
Ry x Q — X over an enlarged probability space (Q,F,P) with an enlarged
filtration F = (F;)¢>0 is called a decoupled tangent local martingale of M if
M is a local F-martingale with the same local characteristics ([M¢],v™), N
is a local martingale, M and N are tangent, and N(w) is a local martingale
with independent increments and local characteristics ([M¢](w), v™ (w)) for a.e.

w e N.

Note that we can always set F := F,, and that N may be assumed to have
independent increments given F due to Proposition 2.6. We refer the reader
to [64, p. 174] and [24, 28, 29, 51, 58, 63, 65] for further details on decoupled
tangent local martingales.

Remark 3.4. Note that the martingale properties of M in Definition 3.8 could
change while enlarging the filtration, so it is extremely important to presume
that M is a local F-martingale having the same local characteristics as it used
to obtain. Indeed, first M can lose its martingality, e.g. if F; contains Fao
for any t > 0 (then My is Fo-measurable). But even if M remains a local
martingale, it could change its local characteristics. Though [M¢] would stay
the same for any filtration (due to the fact that [M€] is a continuous part of
[M], see Subsection 2.7, [56, Theorem 26.14], and [116], and the fact that [M]
does not depend on the enlargement by its definition (2.7)), v™ can change. E.g.
let X =R and let M = N' — N2, where N' and N? are independent standard
Poisson processes. Let F = (Fy)i>0 be generated by M and let F. be generated
by F; and 0((7’n)n21), where (T )p>1 are all jump times of M. Then M is both
an F- and F-martingale, but for any A C R and I C Ry in the first case we have
that v™ (I x A) = Mg, (I)(1a(—1) + 14(1)), but in the second case we obtain
VM x A) = 530,50 Li(ma)(La(=1) + 14(1)).

Remark 3.5. Note that every local martingale with independent increments is
a martingale by [29, Theorem 2.5.1]. Indeed, let M : Ry x Q — X be a local
martingale with independent increments. Then there exists a sequence (Ty)n>1
of stopping times such that 7, / 00 a.s. as n — oo and M™ is a martin-
gale. Moreover, by strengthening stopping times (T,)n>1 we can assume that
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Esup,sq || M| < co. Then by [29, Theorem 2.5.1] we have that for any n > 1

Esup || M| = Esup || M| < oo,
>0 >0

where M is an independent copy of M. As 1, and M are independent, we have
that

E sup ||M,|| =E sup || M, < oo, (3.2)
0<s<t 0<s<t

for any t > 0 safistying P(r, > t) > 0. Since 7, — o0 a.s. as n — o0, (3.2)
holds for any t > 0, and thus M 1is a martingale by a standard argument.
Consequently, N (w) in the definition above is can be assume to be a martingale
instead of a local martingale.

Remark 3.6. Let us show that this definition of a decoupled tangent martin-
gale agrees with the one given Subsection 2.12, i.e. if we have two martingales
M,N : Ry x Q — X which are purely discontinuous and have jumps only at
natural points, then Ns a decoupled tangent martingale to M if and only if
the same holds for the corresponding differences. Let (d,)n>1 be an X -valued
martingale difference sequence, (cp)n>1 be a decoupled tangent martingale dif-
ference sequence. Let M and N be martingales with respect to the filtration
F = (Fi)ez0 := (Fi)t>0 (here (Fn)n>1 is the filtration where (dn)n>1 lives and
[a] is the integer part of a > 0) of the form

My=> dn, Ny=) cn, t>0.

n<t n<t

Then M and N are tangent by (3.1), and N(w) is a martingale with independent
increments and local characteristics (0, (w)) as the same holds for (cn)n>1
thanks to Remark 2.29, so N 1is a decoupled tangent martingale to M. The
converse can be shown analogously.

Now we are going to state two main results of the paper.

Theorem 3.7. Let X be a Banach space. Then X is UMD if and only if any X -
valued local martingale has local characteristic. Moreover, if this is the case, then
for any tangent X -valued local martingales M and N and for any 1 < p < oo
we have that

Esup | M||P =~p,x Esup || Ny||P. (3.3)
>0 >0

Theorem 3.8. Let X be a UMD Banach space. Then for any X -valued local
martingale there exists a decoupled tangent local martingale.

In order to prove these theorems we will need to treat each of the cases of
the canonical decompositions separately in Subsection 3.3, 3.5, 3.6, and then
combine them using Subsection 3.2 in Subsection 3.7.
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3.2. Local characteristics and canonical decomposition

Let us first show that different parts of the canonical decomposition are responsi-
ble for different parts of the corresponding local characteristics, and in particular
that if two martingales are tangent, then the same holds for the corresponding
parts of the canonical decomposition.

Theorem 3.9. Let X be a Banach space, M, N : Ry x Q — X be local mar-
tingales that have the canonical decompositions M = M® + M + M® and
N = N¢+ N9 4 N°. Assume also that both M and N have local character-
istics ([M€],vM) and ([N¢],v"N) respectively, and that M and N are tangent.
Then the corresponding terms of the canonical decomposition have local charac-
teristics and are tangent as well.

We will prove the theorem by using the following elementary propositions.

Proposition 3.10. Let X be a Banach space, M : Ry x  — X be a continu-
ous local martingale which has a covariation bilinear form [M]. Then the local

characteristics of M are ([M],0).

Proof. As M does not have jumps, M = M + 0 is the Meyer-Yoeurp decompo-
sition; moreover, ™ = 0 a.s., and hence v™ =0 a.s. O

Proposition 3.11. Let X be a Banach space, M : Ry xQ — X be a purely dis-
continuous quasi-left continuous local martingale. Then the local characteristics
of M are (0,v™), where v™ is non-atomic in time.

Proof. First notice that M is purely discontinuous, hence M¢ = 0, and thus
[M¢] = 0. The fact that v is non-atomic in time follows from Lemma 2.22. [

Proposition 3.12. Let X be a Banach space, M : Ry xQ — X be a purely dis-
continuous local martingale with accessible jumps. Then the local characteristics
of M are (0,vM), where for v™ there exist predictable stopping times (7, )n>1
such that for any A € P we have that a.s.

/ 1A(t7~7m)duM(t,x):/ 1A(t7~7:r)1{717____7m___}(t)dz/M(t,:v). (3.4)
Ry x X Ry x X ’

In other words, {T1,...,Tn,...} X X is a set of full Y™ -measure a.s.

For the proof we will need the following lemma, which follows from [32,
Subsection 5.3].

Lemma 3.13. Let (J, J) be a measurable space, pu be an integer-valued random
measure on Ry x €, and let T be a predictable stopping times such that pl, = p.
Then for the corresponding compensator v we have we have that v1, = v, i.e.
{7} x X is a set of full v™ -measure a.s.

Proof of Proposition 3.12. First notice that [M¢] = 0 analogously to Proposi-
tion 3.11. As M is purely discontinuous with accessible jumps, by Lemma 2.20
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there exists a sequence (7, ),>1 of finite predictable stopping times with disjoint
graphs such that a.s.

{t>0: AM; #0} C{m1,.. ., Tny-- -}

Then the desired follows from the fact that u = D1 uM1, as., Lemma 3.13,
and the fact that vM = D>t vM1, . which follows e.g. from [52, Chapter I1.1].
Indeed, p™ is ﬁ—a—ﬁnite, and if we fix A € P such that IEIR+XX 14dpM < oo,

then by the monotone convergence theorem and by the definition of a compen-
sator measure (see Subsection 2.8 and [52, Chapter II.1])

IE/ 1AduM:E/ 1AduM:ZE/ 141, dp™
Ry xX RyxX n>1 RyxX

= E/ ]-A]-{Tl,A..,Tn.A.} dNJM = E/ 1A1{7'1,...,-rn...} dVMa
R+XX

so (3.4) follows immideately. O

Proposition 3.14. Let X be a Banach space, M : Ry x Q@ — X be a local
martingale. Assume that M admits the canonical decomposition M = M°® +
M? + M®. Then we have that v™ = pM" 4 M*

Proof. Note that by Definition 2.15 of the canonical decomposition and by Re-
mark 2.17, M7 and M collect different jumps of M, i.e. (2.8) holds true, and
hence ™" + M = pM so vM* 4 M" = M by the definition of a compensator
(see Subsection 2.8). O

We will also need the following lemma, which follows from [57, Theorem
9.22]. Recall that a random measure p with a compensator v is called quasi-left
continuous if any stochastic integral with respect to i = p— v defined by (2.12)
is quasi-left continuous. A random measure p with a compensator v is called
accessible if any stochastic integral with respect to fi has accessible jumps.

Lemma 3.15. Let (J,J) be a measurable space, p be an integer-valued Po-
finite random measure on Ry x Q. Then there exist unique random measures 1l
and p® such that p = p? 4+ p® and such that p? is quasi-left continuous and pu®
1s accessible.

Remark 3.16. Note that analogously to Lemma 2.22 one can show that u is
quasi-left continuous if and only if v is non-atomic in time. Similarly, by the fact
that any accessible measure is supported by countably many predictable stopping
times (see [57, Theorem 9.22]) and by applying techniques from the proof of
Proposition 3.12 it follows that p is accessible if and only if its compensator v
has a.s. a support of countably many points on R.

Proof of Theorem 3.9. The theorem follows from Proposition 3.10, 3.11, 3.12,
and 3.14, Lemma 3.15, and Remark 3.16. O
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3.3. Continuous martingales

First let us consider continuous martingales. The theory of continuous martin-
gales is already classical and in particular due to [36, 81, 119] the following
proposition holds true.

Proposition 3.17. Let X be a Banach space, 0 < p < co. Then X is UMD if
and only if for any pair M, N : Ry x Q — X of continuous martingales with
[Noo < [M]x a.s. one has that
E sup [[Ne[[” Spx E S ([ M [P (3.5)
1<t<oco
What we are interested in is constructing for an X-valued continuous mar-
tingale M a decoupled tangent martingale N (see Definition 3.3), which we will
need later in Subsection 3.7.

Theorem 3.18. Let X be a UMD Banach space, M : Ry xQ — X be a contin-
uous local martingale. Then there exists an enlarged probability space (Q, F,P)
endowed with an enlarged filtration F = (.Ft)t>0, and an F-adapted continuous
local martingale N : Ry x Q — X such that M is a local F-martingale with
the same local characteristics, M and N are tangent, and N(w) is a martingale
with independent increments and with local characteristics ([M](w),0) for a.e.
w € Q.

For the proof we will need the following statement concerning Brownian rep-
resentations.

Lemma 3.19 (Brownian representation). Let (M™),>1 be a family of contin-
uous martingales and (an)n>1 be a real-valued sequence such that a.s. for any
n>1and any 0 <s<t

M), — [M"], < an(t - s).
Then there exists a Hilbert space H, an enlarged probability space (Q,F,P) en-
dowed by an enlarged filtration F = (F;)¢>0, an F-adapted cylindrical Brownian

motion Wiy, and a family of predictable H-valued processes (fn)n>1 depending
only on the family of processes ([M™, M™))n,m>1 such that

"= fn . WH, n Z 1.
Proof. Let H be a separable Hilbert space, (hy)n>1 be an orthonormal basis
of H. Let us define an H-valued process M = }_ -, \/—n M"™h,. First let
us show that this process is well defined. To this end we need to show that
P 1’ a”nM”| converges a.s. for any ¢ > 0. Note that by the monotone
convergence theorem one has that a.s.

ann
( ) N 1 o

Y lim E M", <EY —t<t

N r; annz[ ) nzl ~



576 1. S. Yaroslavtsev

where (*) holds by [56, Theorem 26.12]. Therefore > 2
in measure, and as this is a sum of nonnegative random variables, it converges
a.s. For the similar reason and by the continuity of the conditional expectation
[46, Section 2.6] one has that M is an H-valued martingale so that by e.g. [108,
(3.8)] for any 0 < s <t a.s.

n
e 1’ a"nM ’ converges

(M) = M)y = UM bl = (Mol = S — (M) — [017).)
< i%(t—s) <t—s

Consequently, by [108, Example 3.18 and Proposition 4.7] (see also [88, Theorem
2], [54, 114], [27, Theorem 8.2], and [60, Theorem 3.4.2]) there exist an enlarged
probability space (Q2, F,P) endowed by an enlarged filtration F = (F;);>0, an F-
adapted cylindrical Brownian motion Wy, and a predictable process ® : R, X
Q — L(H) such that M = & - Wg. Notice that by the construction of @
presented in [108, Proposition 4.7] it depends only on the family of processes
((M,h), (M, g))ngen, and the latter by the fact that covariation is bilinear
depends only on the family of processes

([<M7 hn>v <M7 hm>])n,m21 = ([Mna Mm})nymzl‘
The desired follows by setting f, := \/a,n®*h,, for any n > 1, so
fo Wy =a,n® h, - Wy = \/a,n(® - Wy, hy,) =/apn{M,h,)=M". O

Proof of Theorem 3.18. Without loss of generality by the Pettis measurability
theorem [46, Theorem 1.1.20] we may assume that X is separable (and as X is
UMD, it is reflexive, so X* is separable as well). By a stopping time argument
we may assume that M is uniformly bounded a.e. on Ry x €. Let (z}),>1 be
a dense subset of a unit ball in X*, and let us define a random time-change

7 = inf{sEO:Z#[(Mw;}]s—ksZt}, t>0 (3.6)
n=1

(the latter time-change is well defined as ([(M,z})])n>1 are a.s. uniformly
bounded since by [119]

(M, 2")]s < ITM]s]l < ~([M]s) < o0, >0,

a.s. for any z* € X*, ||z*|| < 1, see Remark 2.13 for the definition of y(-)). Note
that as stricktly increasing, this time-change is invertible, i.e. for a time changed
filtration G = (G¢)i>0 := (Fr, )e>0 there exists a strictly increasing F-predictable
continuous process A : Ry xQ — X such that (Ao7); = (10 A); =t a.s. for any
t > 0. (Note that in fact A; = > 2 [(M,z})]: +t as it is defined by (3.6),

n1n2
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see e.g. [116, Theorem 2.16] or [117, Subsection 2.4.4]). Let M := M o 7. Then
by the Kazamaki theorem [56, Theorem 17.24] for any n > 1 a.s.

(M, z)]le — (M, 3]s = (M, 25)]r, — (M, 25)],
SnZ(t—s), 0<s<t,

thus by Lemma 3.19 we can show that there exist an enlarged probability space
(Q, F,P), an enlarged filtration G = (G;)¢>0, a Hilbert space H, a G-adapted
cylindrical Wiener process Wy, and a family of H-valued G-predictable pro-
cesses (fn) such that

t
(Mt,x;>:/ FadWa, n> 1. (3.7)
0

Let us first show that for any z* € X* there exists a G-predictable process
for : Ry x Q — H such that (M, z*) = fu« - Wy, Let Y = span{z},n > 1} C
X*. By the definition of (z}),>1, Y is dense in X*, so there exists a sequence
(Ym)m>1 € Y that converges to z*. By the definition of Y, by the linearity of
a stochastic integral, and by (3.7) for each m > 1 there exists a G-predictable
process fy, . : Ry x § — H such that (My, ym) = fym - Wa. Moreover, f, Wy

converges to (M, z*) in strong LP sense for any 1 < p < oo as

t
— P —
]Esup‘/ fym AWg — (My, 2*)| = Esup [(M, 2" — ypm)|”
t>01Jo >0

< ||#* = ym||PEsup | M|P = 0, m — oo,
t>0

where the latter follows from the fact that M is uniformly bounded. Therefore
the existence of the desired f,~ follows e.g. from (2.18) and the fact that the
space LP(Q; L?(R; H)) restricted to a proper predictable o-algebra is a Banach
space. Moreover, it follows from (2.17) that for any z* € X* for a.e. w € Q

/0 1for |7 ds = [M, 2%)oe = [M]oc(2",%) Sare 2" (3.8)

Let us now show that for a.e. w € Q the mapping z* + f,«(w) can be assumed
to be linear. As Y is a linear subspace of X* generated by a countable set, it has
a countable Hamel basis (z,,)p>1 C X*. Let Z be a Q-span of (2,,)n>1. Then by
the linearity of a stochastic integral and by the fact that Z is countable for any
2', ..., 2" € Z and for any r1,...,7; € Q we can assume that ot grpzk =
r1fo1 4+ ...+ rifoe everywhere on ). Moreover, without loss of generality since
Z is countable we know that (3.8) holds a.s. for any z € Z. Thus there exists
Qo C Q of full measure such that for any w € Qg we have a bounded linear
operator T'(w) : Z — L?(R; H) with T(w)z = f,(w). By extending the operator
T'(w) to the whole X* and by the construction of fy« for a general 2* € X* we
have that T'(w)z* = fu«(w) for a.e. w € Q, and the desired holds true.
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Now note that by (3.8), T* corresponds to a bilinear form [M]. having
a finite Gaussian characteristic (i.e. a.s. [M]o(z*,2*) = (Ta*,Tx*) for any
z* € X* with v([M]e) < 00, see [119, Subsection 3.2] and Remark 2.13), so by
[119, Subsection 3.2] a.s. there exists ® = T* € v(L*(Ry; H), X) such that a.s.

. t t
(Mg, z*y = / for dWgy :/ O " AWy, 2* e X*,
0 0

and thus by [81, Theorem 3.5] and the fact that ®*z* = Tz* = f,- is a pre-
dictable process for any z* € X* we have that M= Wy

Finally, let us construct N. Let W}, be an independent cylindrical Brownian
motion, N :=&. Wi, and let N := N o A. Then N is a martingale on an
enlarged probability space (Q,F,P) and an enlarged filtration F = (]?t)tzo
(which is now generated by the original filtration and time changed cylindrical
Brownian motions Wy and Wy;) by Kazamaki theorem [56, Theorem 17.24]
and the stochastic integration theory [81], so we need to show that M is a
local martingale with the same local characteristics ([M],0), [N] = [M] a.s.,
and that N(w) is a martingale with independent increments and with the local
characteristics ([M](w),0) for a.e. w € Q. M is a martingale because of the
fact that M is independent of W}, and the fact that M o7 = & - Wy is a G-
martingale, so when we time-change it back by using A we get a martingale with
respect to the filtration generated by the original filtration F and a time-changed
cylidrical process W}, o A (see Kazamaki theorem [56, Theorem 17.24]), while
M does not change its local characteristics as it remains continuous and due to
the definition of a quadratic variation which does not depend on enlargement of
filtration (see Subsection 2.6). The second holds by (2.17) and due to the fact
that for any z* € X* a.s.

~ At —_—
[[N]]t(x*,33*)=[[N]]At(x*,x*)=/0 |©%2*(|* ds=[M].a, (=", 2%) =[M]e (", ).

Now let us prove that N(w) is a martingale with independent increments and
with the local characteristics ([M](w),0). This directly follows from the con-
struction of a stochastic integral (see Subsection 2.10 and [81]), the fact that
®(w) is deterministic and is in y(L?(R; H), X) for a.e. w € €, the fact that the
time change (7¢(w)):>0 is deterministic for a.e. w € §, and the fact that W},
does not depend on w € Q. O

Remark 3.20. One can straighten the latter proposition in the following way:
N has independent increments given [M€]. Indeed, due to the construction of ®
(see Lemma 3.19 and its proof) and (7¢)¢>0 we have that these random elements
are o([Mc])-measurable, so the desired follows from Corollary 2.7 as for a.e.
fized [M€] both ® and (1;)1>0 are fized.

3.4. Stochastic integrals with respect to random measures

Before treating the case of purely discontinuous quasi-left continuous martin-
gales in Subsection 3.5 we will need to prove a similar result for stochastic
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integrals with respect to random measures (see Subsection 2.8). This case will
be done via Cox processes.

8.4.1. Cox process

Let (J,J) be a measurable space, p be an optional integer-valued random mea-
sure on Ry x J with a compensator v which is non-atomic in time (which is
equivalent to the fact that p is quasi-left continuous, see [57, Theorem 9.22] or
[52, Corollary I1.1.19]). Due to Cox [22] (see also [23, 52, 56, 57, 61]) it is known
that there exists an enlarged probability space (2, F,P) = (Q x (AZ, FQF , P@@)
(where (Q,j—z , @) is an independent probability space where the correspond-
ing Poisson random measure lives, see Example 3.21), an enlarged filtration
F = (F4)1>0, and a unique up to distribution integer-valued random measure
licox On Ry x J optional with respect to F having v as a compensator so that
lcox is conditionally Poisson given F, i.e. for any C € P (see Subsection 2.8 for

the definition of P) with EfR+XJ lodv < oo

e processes fcox (([0, ] x A1)NC) and pcox (([0, -] x A2)NC') are conditionally
independent given F for any disjoint A1, Ay € 7,

e the random measure pcox(w) is a Poisson random measure and for almost
any fixed w € Q (see Subsection 2.9).

Such a random measure pcox is called a Coz process directed by v.

Example 3.21. Let J be finite, J ={1,...,n}, J be a o-algebra generated by
all atoms of J. Let p be a random measure on Ry x J with a compensator v such
that v([0,¢]xJ) < 0o a.s. for any t > 0. Then the construction of the Cox process
lcox directed by v has the following form. Let N be a standard Poisson random
measure on Ry x J, i.e. f 1iydN,..., f 1,y AN are independent Poissons and

E/ ].{m}dNZt, 1<m<n.
[0,t]xJ

Then the desired measure has the following form
picox ([0, 8] x {m}) := N([0,v([0,#] x {m})] x {m}), 1<m<n. (3.9)

In the case of a general ﬁ-a-ﬁm’te compensator v the latter can be expressed
as the sum v =3, , V" of compensators (V*)x>1 with disjoint domains in P,
where each of V¥ satisfies vF (R, x J) < 0o a.s., and then the Cox process picox
will have the form picox = Y 1 Hesoxs Where each of pg,. is constructed analo-

gously (3.9), but with using independent standard Poisson random measures N*
on Ry x J and compensators v* respectively.

3.4.2. Random measures: tangency and decoupling

It turns out that Cox processes play an important role in random measure theory
and in particular if one changes a random measure by the corresponding Cox
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process then the strong LP-norm does not change much. Recall that a stochastic
integral with respect to a random measure is defined by (2.10).

Theorem 3.22. Let X be a Banach space, 1 < p < co. Then X is UMD if and
only if for any measurable space (J, J) and any integer-valued random measure
w on Ry x J with a compensator measure v which is non-atomic in time one
has that for any elementary predictable F': Ry x Q@ x J — X

P
EsupH/ FdﬁH ~p,X EH/ F diicox
t201J[0,t]xJ Ry xJ

where pcox 15 the Cox process directed by v, i = pp — v, and Acox = HCox — V-

g (3.10)

For the proof we will need the following proposition. Recall that a Poisson
measure N is called nontrivial if its compensator in nonzero (equivalently, if it
is nonzero itself).

Proposition 3.23. Let X be a Banach space, 1 < p < oo, (J,J) be a mea-
surable space, N be a nontrivial Poisson random measure on Ry x J with a
compensator v = AQ k with A being Lebesgue on Ry and k being a o-finite mea-
sure on (J, J), N := N —v be the corresponding compensated Poisson measure.
Then X has the UMD property if and only if for any elementary predictable
F:Ry xQxJ—X

~||P ~
]EsupH/ FdNH =px EH/ F dNing
>0 [0, Ry x.J

where Nind is an independent copy of N.

" (3.11)

Proof. First notice that as v = A® &, N is time-homogeneous, i.e. the distribu-
tions of N and shifted N(-,-+t,-) are the same for any ¢ > 0.

The “only if” part follows from the inequalities (1.2) for discrete tangent
martingales, Remark 2.28, the definition of a stochastic integral with reapect to
a random measure (2.10), and from the fact that by [47, Proposition 6.1.12]

~ p ~ p
IEH / F dNing ‘ =EEy, , / F dNig ’
R+ xJ R+ xJ
~ P ~ 14
~, EEy, SupH / FdNing ‘ - ]EsupH / F dNing ‘
t>0"J]0,t]x J t>0"J00,t]x J

(here Ep,,, is defined by Example 2.5). Let us show the “if” part. Let (3.11) be
satisfied for some 1 < p < oo and for any elementary predictable F'. Then

~|P ~
EsupH/ FdNH ~p.x IEH/ FdNiq
t>011J[0,6]x .7 Ry xJ

() = =
< ]EH/ FdNL, —/ FdN2,
R+><J R+XJ

p

P

)
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where N, and N2, are independent copies of N, and () follows by a triangle
inequality and the LP-contractility of a conditional expectation [46, Corollary
2.6.30]. Therefore for any predictable process a : Ry x — {—1, 1} independent

of Nﬁld and and one has that

~||P ~ ~ P
EsupH / aFdNH =px EH / aF dNL, — / aF ANZ,|
t>0"J[0,t]xJ RyxJ Ry xJ
(;)]EH/ FdN}, —/ FdN2, ‘,, (3.12)
R+XJ R+XJ

p
)

~p, X Esup”/ Fdﬁ’
t>0""J[0,t]x J

where (x) follows from the fact that we are integrating both «F and F' with
respect to a symmetric independent noise, so a does not play any role. Let
us show that (3.12) implies the UMD property. Without loss of generality by
assuming that J := A for some fixed A C J with 0 < k(A) < oo and that F'
has only steps of the form 1,4, we may assume that .J consists only of one point
and thus N is a standard compensated Poisson process with the rate parameter
k(A) (so, by a time-change argument the rate can be assumed 1), and thus (3.12)
implies that for any elementary predictable F': Ry x @ — X

p

t
" sox EsupH/ FdN (3.13)
0

t
EsupH/ aFdN
0 t>0

>0

First assume that p > 1. Then due to Doob’s maximal inequality (2.6), (3.13)

is equivalent to
]EH / aF dN
0

Let (r,))_; be a sequence of independent Rademacher random variables (see
Definition 2.1), ¢1 € X, ¢, : {—1,1}""1 — X for 2 < n < N. Let (£,)"_; be
a {—1, 1}-valued sequence. By the definition of the UMD property and by [46,
Theorem 4.2.5] we only need to show that

p

(3.14)

P o0 ~
~p.x EH/ FdN
0

N N
p p
EHZEnrngbn(rlw'-arn—l)H /SP,X E“Zrn¢n(rla'~'aTn—l)“ . (315)
n=1 n=1

To this end we approximate in LP-sense distributions of ny:lrnqzﬁn(rl, ey Th—1)
and 25:1 EnTn®n(T1,. - Tn_1) by fooo FdN and fooo aF dN respectively by
finding appropriate F' and a.

Fix € > 0. Let A > 0 be such that for a stopping time

T:=inf{t >0: |]\~ft| > A}

one has that B B
|lsignN; — N /A| Lr(q) < €. (3.16)
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Such A exists since |[AN;| <1 and 7 < oo a.s. as N is unbounded a.s., so a.s.

N,/Ae[-1-4,-1Ju1,1+ 4], (3.17)
and since by [56, Theorem 25.14)

EN, = 0. (3.18)
Let 19 =0, 7, = 7, and for any 2 < n < N define
Tp i=1nf{t > 71 : |Nt — ]\~an_1| > A}

By strong Markov property of Lévy processes we have that (Kfm - JVTnfl)flvzl
are independent, and thus by (3.16) and (3.18) there exists a sequence of inde-

pendent Rademacher random variables which we without loss of generality can
denote by (r,)N_; such that

Ira = (e, = Ry )/All ey Spe 1Sn<N. (319)

(One just needs to use the fact that by (~3.16) aild (3.18), |[Esign(N,, —N., )<,

€, so by (3.17) one can approximate (N, — N, _1)/A by a Rademacher.) Now
let us define appropriate F' and a in the following way:

¢1/Aa if OStSTla
F(t) = ¢n(rlv---7rn—1)/A7 if 71 <t<T, 2<n <N,
0, if t>7n,

En, ian71<t§Tn71§n§N7
a(t) == .
1, if t>7n.

Then one has that F' and a are predictable by [52, Theorem 1.2.2], and moreover

H/OOOFdJ\N] — iv:rngbn(rl, . ,rn_l)’
n=1

([ = oy = B/ Al
n=1

Lr(Q;X)

LP(Q:X)
N
: ;H(r" (N, = NT"_l)/A)%(Tl’ o ’r”_l)’ LP(92:X)
N *
< L; I — (Nr — JVT",l)/A‘ ooy S NI

where L > 0 is such that ||¢n|lec < L for any 1 < n < N, and () follows
from (3.19). For the same reason we have that

o N
H/ aFdN—Zenrn¢n(r17...,rn,1)‘
0 n=1

By letting € — 0 and by (3.14) we obtain (3.15).

NLe.

<
Le(x) ~F
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Now let p = 1. Then we need to use good-A inequalities in order to_show
that (3.13) holds for any p > 1 (see Section 5). Let M = .f[O,-]xJFdN and
L = f[o .}XJaF dN for some elementary predictable F' : Ry x @ — R and

a:Ry xQ — {0,1}. Let us fix f# > 1, > 0, and A > 0, and let us define
stopping times

)

=1nf{t > 0: || L] > A},
=1inf{t > 0: || M|| > 6N},
p:=inf{t > 0: || F|| > oA}

2

Define
-Z/\Zt = / F]-(‘r/\a/\p,‘r/\p] dﬁ: t>0,
[0,t]xJ

Et = / aFl(T/\o-/\p,T/\p] dN, t 2 0.
[0,t]x X

Note that M coincides with M — MT™ 7" on [0,7 A p], so by the definition of

7 and p we have that M < 26\ (note that F is elementary predictable, so p is
predictable, and so AM, = AL, = 0 as M and L are quasi-left continuous),
and thus by (3.13) for p = 1 we have that

Esup ||L|| $x Esup [|M]| < 2767\ (3.20)
>0 >0
Therefore, as [[AM,|| < [|F a.s. for any ¢ > 0,

()
P(L* > BN\, AM*V M*<6\) <P(L*> B\, 7=p=00) < P(L* > (8 -3 — 1))
1 (xx) 1

<— —  _EIL* < 71[‘:34\*
SB-s-Dx VX Es-DAa

where (x) follows from the fact that if 7 = p = oo, then L coincides with
L — L™ on R, and the fact that P(c = p) = 0 as p is predictable and o
is totally inaccessible (see [56, Chapter 25]), while (xx) holds by (3.20). On the
other hand as M < 26\ a.s.

]EJ/\I* = ]E]/\I*]-T/\O'/\[)<OO S 25AHD(U < OO) = 25)\]P(L* > >\)

Consequently,

20

P(L* > \),

and one has that (3.13) holds for any p > 1 by Lemma 5.2 and by the fact that
AM* < 2M* a.s., so the UMD property follows from the case p > 1 considered
above. O
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For the proof of Theorem 3.22 we will also need the following technical lemma
on approximation of continuous increasing predictable functions which simpler
form was proven in [32, Subsection 5.5].

Lemma 3.24. Let F': RL xQ — Ry be a nondecreasing continuous predictable
process such that F(t) — F(s) < C(t —s) a.s. for any 0 < s <t and any C > 0,
and such that F(0) = 0 a.s. Let 0 < p < oo. Then for any p € (0,1], for any
T >0, and for any § > 0 these exists natural Ko > 0 such that for any K > Kg
and for (ty)K = (Tk/K)K_, we have that

(Z|F tr) F(ty)| Fe,._ 1)‘)1’ < 4. (3.21)

Proof. Let us first show the lemma for p = 1. As it was shown in [32, Subsection
5.5], there exists a predictable process f : Ry x Q — [0, C] such that a.s.

t
F = / f(s)ds, t>0. (3.22)
0
For each K > 0 define
T f(t) =E(f(t)|F.), th1<t<ty, k=1,...,K. (3.23)

Then it is sufficient to show that Tk f converges to f in L*([0,T] x €, Aljg, 71 @P)
(where A is the Lebesgue measure on Ry ) as

Ezw (1) ~ E(F(10)| Fo,_) |—EZ\ 0 - (0|7 a
EZ/ (t)|F.,)| dt
—x [ 150 - BU@)F)

=f - TKf||L1<[o,T1xﬂ,Al[o,T]@P)~
Note that Tk is a bounded linear operator on L' ([0, T] x Q, X|jo, 7] ® P) of norm

1 as for any g € L*([0,T] x €, X|jo,7] ®P) by the Fubini theorem and by the fact
that a conditional expectation is a contraction on L*()

T
||TKg||L1([07T]><Q7)\\[0,T]®P) / |E ‘ftk |dt A E|E<g(t)|ftk)|dt

T
< / Elg(t)| dt=E / 1901 At =g]12+ (o.17 w005 .0

Therefore by [34, Lemma 9.4.7] it is sufficient to show that Ty f, — f, for a
converging to f sequence (f,)n>1. To this end we need to set f,(-) = f(-—1/n)
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on [1/n,00] and f(-) = 0 on [0,1/n]. Then f, converges to f in L'([0,T] x
Q, Ajo,r) @ P) as n — oo by [34, Lemma 9.4.7] (translation operators have a
strong limit, namely the identity operator, see e.g. [4, Theorem 1]) and by the
dominated convergence theorem, while Tk f,, = f, for K > n as in this case
fn(t) is Fi_1/x-measurable. Therefore the desired follows.

Let us show the case p # 1. In this case it is sufficient to notice that for any
K >1as.

K
S OIF(t) — E(F (1) Fry )|
k=1

M-

|F(tr) = F(tr-1) = B(F(tx) = F(te-1)|Fe._,)|

b
Il

1

—~
.
=

Nk

|F(tr) = F(te—1)| + [E(F (k) — F(te—1)1F, )]

b
Il
—

s
M=
!

(te) = F(te—1) + E(F(tr) = F(tr—1)[Fr, )
k=1

iy [T T (iv)
i / £ dt + / Tif(t)dt < 2CT,
0 0

where f is defined by (3.22), Tk is defined by (3.23), (i) follows from a triangle
inequality, (i7) follows from the fact that F' is nondecreasing (and the same holds
for the conditional expectations), (ii¢) follows from the definition of f and T} f,
and (4v) holds by the fact that f € [0,C] a.e. on R x £, by the definition (3.22)
of Tk, and the fact that a conditional expectation is a contraction on L™ (so
Tk f €10,C] a.e. on Ry xQ). Therefore (3.21) for p # 1 follows by the dominated
convergence theorem and the case p = 1. O

Proof of Theorem 3.22. The “if” part follows from Proposition 3.23. Let us
show the “only if” part. As F' is elementary predictable we may assume that J
is finite, J = {1,...,n}, J is generated by all atoms, X is finite dimensional,
and F has the following form

K

Ft,5) =Y 1y 0Bk >0, 1<j<n, (3.24)
k=1
where 0 <ty < ... <tk, and & ; is elementary X-valued F;, ,-measurable for
any k=1,...,Kand 1 <j<n.
Let pcox be as constructed in Example 3.21. Then we need to show that

ESUpHiiM([tkl At tr At) X {j})fkg“p

201 =1

K n
p.x BEx sup|[ 303 N (0710, ti-1 A 0)), 7 (0, A ) x {7}
k=1

0!l =

(3.25)
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where vy is a compensator of N, N :=N - vn, Exn denotes expectation in
Qu (i.e. the expectation taken for a fixed w € €, see Example 2.5), and 7 is a
random measure on Ry of the form

V(A :=v(Ax{j}), AcBRy), j=1,...,n. (3.26)

In order to derive (3.25) we will use the fact that any random measure is
Poisson after a certain time-change (see [56, Corollary 25.26]) and the decoupling
inequality (3.11). The proof will be done in four steps.

Step 1: v([s,t) x {j}) <t —3s, v(Ry x {j}) = 00, 1 < p < 2. First assume
that a.s.

v([s,t] x J) <t—s, 0<s<t, (3.27)

that (R4 x {j}) = oo a.s. for any j = 1,...,n, and that 1 < p < 2. By the fact
that any martingale has a cadlag version (see Subsection 2.5) and by adding
knots to the mesh we may assume that K is so big that (or the mesh is so small
that)

r P
EmﬁxH/ FdﬁH < EsupH/ ngH < 21EmﬁxH/ de‘
k=11J10,t,]xJ t>01J70,4]x 7 k=111J10,tx)x .7

so instead of (3.10) it is sufficient to show that for K big enough

p
)

P P
EmﬁxH/ FdﬂH ~p.x EH/ F dficox (3.28)
k=110 J10,t,)x 7 Ry x.J
By [56, Corollary 25.26] the random measure x defined on Ry x Q by
x([0,5) x {j}) := p((0,7) x {5}), 5>0, 1<j<nm,
with ,
77i=1inf{s > 0:v(]0,s) x {j}) >t}, s>0, (3.29)

is a standard Poisson random measure with a compensator
([0,s) x {j}) =s, s=20, 1<j<n.

Without loss of generality by an approximation argument we may assume that
K in (3.24) is so large so that there exists T' > 0 such that to,...,tx in (3.24)
are 0, %, ey %, T. Moreover, by considering a smaller mash for any ¢ > 0
we can assume that K is so large that by Lemma 3.24, by predictability and

continuity of the process ¢t — v([0,1)), and by (3.27)
K o , .
Enlfo 3 ((0.4) x (7)) ~ E0(0.40) x GDIF, )l <. (330)
j=1
Therefore the integral on the left-hand side of (3.25) becomes

K n
t 30> ([0 tims A0 (108 A 8) X {5} )i

k=1j=1
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where ¥ = x — v. As x is a standard Poisson random measure, by (3.27), by
adding some pieces of standard Poisson random measure within stopping times,
and by using the fact that Poisson process is strong Markov and stationary,
without loss of generality we may assume that there exists a standard Poisson
random measure n on R x J with a compensator measure v, = v, such that
k=1,....K,

nl[ =x\[

v ([0.t5-1)) 9 ([0.8)) )’

th—1,tk—1+v7 [tk—l,tk))

and 0|, | 4vity_1,te),t) 15 cOpied from an independent from y standard Poisson
random measure. Then the integral above becomes as follows

K n

M, = ZZﬁ([tk,l,tk,l Uty At AT)) X {j})gk,j, £>0, (3.31)

k=1j=1

where & j is Fy,_, @0 (n|[o,¢,_,))-measurable and 7 := n—vy,. Let L : Ry xQ — X
be a process defined for every ¢ > 0 by

K n
ZZ [kt AL (ot B T, 0l Fo )AL X L5} )k (3.32)
k=1j=1

Note that L is a martingale with respect to an enlarged filtration F' = (F});>0
of the following form

0(77|0t],-7:0) 0<t<ty,

o oo, Ft, ) 1<k<K, tip <t<tlp,
a(nl[o,t); ftk) 1<k<K, t=t,
]-'tK, t>tk.

L is a martingale with respect to F’, but it can be decomposed into two parts
L' and L? which are martingales in different filtrations, in the following way.
First we introduce a stopping time

J._ 3
Tk *= TUi[0,ty—1)+E@I [th—1,t) | Frp )’ (3.33)

where 77 is as defined by (3.29). Then let us define for any ¢ > 0

K n _ .
Lii=3, Zﬁatk—htk—l FEW [to—1, t) | Fo_ ) AV [ti-1 ALt AL)) X{j})fk,j

k=1j=1

K n ‘

=D illte-1 At A1) X {7})6ks,
k=1j=1

which is a martingale with respect to the original filtration, and



588 1. S. Yaroslavtsev

L? ~—th>tkz ((tk LVt t)) A

j=1
(b1 + B [t 0P ) AT) X {51) 1750, 0
which is a martingale with respect to the enlarged filtration
F" = (F)izo0 = (Foo @ 0(nla,n(0,1% 7)) 1500

where A, := Uk Ujes [tk,l,tk,l + Vifth_1 A titg A t)) x {j} is a o-field
depending on 2 and ® does not mean a direct product, see Subsection 2.2.
Note that L' and L? are martingales in different scales, so L = L' + L? not
necessarily in general (unless v((s,t] x {j}) =t —s), but Lo, = L. + L% and
sup;o [| el < supyso |LE]| + supeso || L] as.

Next, by Novikov’s inequalities (2.13), the fact that X can be assumed finite
dimensional, the fact that F' is uniformly bounded, the definition (3.33) of o7,
and (3.30)

K
EmaXH/ Fdp— L}
k=111 J10.4, %7 b

k n
) p
£=1 j=1

p

(3.34)

SpF EZZ Uk’tk {j})]‘aigtk

k=1 j=1
K n
<SEY Y 10([0,4) — E@ ([0, )| Fo )| < 6.
k=1j=1

On the other hand for a similar reason and the fact that v, (- x {j}) is a standard
Lebesgue measure on Ry forany j=1,...,n

Esup||L2||p—EsupIE Hth>thn th1 + VI [th—1, ), th1

j=1
. . P
B 1, )1 F ) X L)Ly,
(%) K n
NPFEZZVU (Ith-1 + 17 [tk—1, tk), tr—1
k=1j=1 (3.35)

+ B [te—1, te) | Fe, ) X {1115,

K n

<EY SR s 8l Fo ) — e, )1,
k=1 j=1
K n ‘ ‘

<EY" D00 0) — B (0, )Fo )| <,

£
Il

-
<
I

-
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where [, is defined by Example 2.5, (x) follows from the fact that F' is uniformly
bounded, (2.13), and the fact that the random measure constructed from

K

(77|ujeJ[tk,1+Vj [tk—htk)atk)x{j})k:l

is standard Poisson with the compensator measure

K .
(anujeJ[tk71+yj [tk—htk),tk)x{j})k:l' As we can choose K big enough (and § small
enough), it is sufficient to show that

p
EmaXHLt 1P =p.x IEH/ F dficos
R+><]

To this end first notice that analogously to (3.35)
EENSUI)H th>tk ZN tk 1 -I-Z/J[tk 1 At tk/\t) 1
20 s (3.36)
p
+Eftiot At ADIF ) % D150, 6| Sor .
where N is defined as in (3.25). Next note that by Theorem 1.1 (see also the

proof of Proposition 3.23), (3.36), and the fact that E(v7[tx_1 AL, tx At)|Fyy_,)
is F{,_,-measurable for any ¢t > 0

K
E Li||?
max || Ly, |

k n
K _ 1 .
= EI,?E‘{(EWH DO alte-rstey + B fteor, t)| Fr, ) x {714, €05
N =1 j=1
k n »
)0 a(lte-r.te) {j})lmﬁe,jH
(=1 j=1

K .
o Bl | 35 W1, + B e 1,0 F ) X D)L o
=1 j=1

k n
+ 375 N[t te) x UHlm&’JH

K n
O - | |
~p EEN ‘ > D> N(tk-1ste—1 +E@ [tr1,t)|Fo 1)) x {71 LA,

k=1 j=1
n

+ 30 N([tk-1, 1) X {J}>1mfkfop

=~
Il
—

<.
Il
N

K n
(*N—*)(; IE]ENH ZZN([tkflatkfl + V[t 1)) X {3}>§’”Hp
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~ g / Fdfice:
R+XJ

where Ay ; = {Ef[tp—1,te)|Fer ) < V|tk—1,tk)} C €, (x) holds by
Lemma 9.3, and (*x) holds for ¢ small enough by (3.30) e.g. analogously (3.34).
Therefore (3.28), and hence (3.10), follows. This terminates the proof.

Step 2: v([s,t) x {j}) <t —s, v(Ry x {j}) = o0, general 1 < p < co. In
the case of a general 1 < p < oo we will have exactly the same proof as in Step
1, but with applying more complicated Novikov inequalities (2.13) for the case
p> 2.

Step 3: v([s,t) x {j}) < o0, v(Ry x {j}) = 00, general 1 < p < co. Assume
now that v is infinite but finite on finite intervals. Then by a standard time
change argument (see [48, Theorems 10.27 and 10.28] or [32, Subsection 5.5])
we can assume that a.s.

p

)

v([s,t] x J)<t—s, 0<s<t,

which was considered in Step 2.

Step 4: v is general, 1 < p < oo. If we have a general measure v, then
we make the following two tricks. First, instead of considering u, we consider
W™= pla,, , where (Ap,)m>1 is an increasing family of elements of P such that
UnAm =Ry x Q x J and Eu(A,,) < oo for any m > 1 (such a family exists as
1 is ﬁ—a—ﬁnite). Note that by Step 3 for any m > 1 we have that

EsupH/ Fdag™
t>0"J]0,t]x J

Indeed, though p™ is finite a.s., we can add to p™ another independent Poisson
random measure £C, € > 0, where ( is a standard Poisson random measure with
a compensator v¢ satisfying v¢((s,t] x {j}) =t —sforall 0 < s <tand je J.
Then by Step 3 we have that

(3.37)

p —m p
~p,X EH Fd“Cox
R+><J

)

—__ || — p
Bowp [ Fam O = B[ P+ Cond)
t>0""J[0,t]xJ Ry xJ

and (3.37) follows by letting ¢ — 0, by a triangle inequality, and by the fact

that
Iy —
]EsupH/ ng(:H ~p, X IEH/ F deCoox
t>011J[0,¢]xJ Ry xJ

Now notice that by Burkholder-Davis-Gundy inequalities [119, Subsection
7.2], by y-dominated convergence [47, Theorem 9.4.2], and by monotone con-
vergence theorem (see Subsection 2.11 for the definition of a y-norm)

P
Esup”/ Fdlam_/ FdﬂH :]EsupH/ F1R+><Q><J\A7” di
t>0""J[0,t] x J [0,t]xJ t>0"J[0,t]xJ

~p.X EllF1r, coxmanll 2@, xr0.x)

p
SExp el

p
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—0, m— o0

(see also Section B), and for the same reason and the fact that we can set ug. .
to be pcox|a,, (as they are equidistributed)

B[ Fdt.- [ Fdaen
R+><J R+><J

Thus (3.10) follows as a limit of (3.37). O

p
— 0, m — oo.

Remark 3.25. Note that [ F djicox s a decoupled tangent martingale to [ F dji.
Indeed, let (2, F,P) and F be the original probability space and filtration, let
(0, F,P) be the extended by jicox probability space, and let F = (F;)i>o be such
that F; := o (Ft, hcoxl[o,) for any t > 0. One needs to show that M = [Fdn
is an F-martingale with the same local characteristics (0,v™) with v™ defined
by

VM(I X B) = /13\{0}(F) dv, I CcR;, B C X Borel. (3.38)

I

As F is elementary predictable (but the same can be proven for any strongly P-
measurable F' via exploiting an approximation argument, see Proposition 3.27
and Definition 3.28) and as J is countably generated, there exists an increasing
family of finite o-algebras (J™)m>1 on J such that F is B(Ry) @ J™ @ F-
measurable for any m > 1 and J = o((T™)m>1). Let T = (F; )io0 be such
that .Fln = 0 (Ft, pcoxl[o,gxgm) for any t > 0, where o(pcox|jo,xgm) means
that we are considering o-algebras generated by processes t — pcox([0,t] x A)
for all A € J™ (by approzimating F as it was done in Step 4 of the proof of
Theorem 3.22 we may assume that Eucox(Ry x J) = Ev(Ry x J) = Eu(Ry X
J) < 00), and let us first show that M is an F -martingale. Let (A7)Nm < J
be the partition generating J™ and let 77 = inf{t > 0 : v([0,¢] x A7) > s}.
Then thanks to Example 3.21 and the fact that the distribution of a Cox process
18 uniquely determined by its compensator we have that there exist independent
standard Poisson processes (]\f")rly;"1 which are also independent of F such that
f1cox ([0, 7] x A) = N. Fiz any t > > 0. Let N™ := o((N")"m)). Then

E(M, — M,[F™) & B(E(M, - M,|F, @ Nm)’?;") (=), (3.39)

where (%) follows from the fact that F, C F, @ N'™, and (s*) holds as My, — M,
is independent of N™ and as E(My — M,|F,.) = 0. Now it suffices to notice
that E(M, — M,|F,) = lim,, oo E(M, — M,|F,') = 0 due to the martingale
convergence theorem [46, Theorem 8.3.2]. The fact that M keeps the same local
characteristics (0,v™) can be shown by (3.38) via proving that u has the same
compensator after enlarging the probability space and filtration. Assume that p
has a different F-compensator . Then for any I C Ry and A C J we have that
t— p([0,t]NI xJ)—v([0,t]NI x J) is a martingale (as an integral w.r.t. fi
by the first part of the remark) and t — p([0,¢] NI x J) —([0,t]NI x J) is a
martingale (by the definition of a compensator), so a predictable finite variation
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process t — v([0,¢] NI x J) —0([0,¢] NI x J) is a martingale thus it is zero by
[56, Lemma 25.11] and hence U = v a.s.

Remark 3.26. Inequality (3.10) has an equivalent formulation in terms of
Poisson random measures. Indeed, as v is P-o-finite, it is a.s. o-finite, so by
Subsection 2.9 a.s. there exists a Poisson random measure N,,, which distribu-
tion by the definition coincides with the distribution of the Cox process directed
by v, so we have that for a.e. w € ) the distributions of fﬂthFdﬂCOx and

fﬂth FdN, coincide, and in particular by (3.10)

p ~
IEsupH/ Fdp|| ~px IEH/ FdN,
t>01J10,¢x Ry xJ

where the right-hand side is very much in the spirit of v-radonifying operators
(see Subsection 2.11; see also [3, 98]), but here instead of considering Gaussian
random variables we have Poisson random measures. Note that this parallel with
y-radonifying operators might mislead as e.g. one has that HfR+ .y FdN,,HLP(

p

: (3.40)

;X)
and |’fR+><JFdNV||L‘1(Q;X) are incomparable for different p and q (a classical
example would be a-stable processes which can be represented as such integrals)
which is of course not the case for Wiener integrals, see e.g. [47, Proposition
6.3.1].

Assume that for a Banach space X, for some 1 < p < oo, and for any
Poisson random measure N on Ry x J with a compensator v there exists a
function R, acting on deterministic X -valued functions on Ry x J such that
El|fg, ., FAN|[" Spx Ru(F) (resp. E| f5 , , FaN|]" Zpx Ru(F).) In this
case, if X is a UMD Banach space, we can conclude from (3.40) that

P
EsupH/ Fdﬂ” Sp.x ERL(F)
t>0"J[0,t]xJ

resp. EsupH/ FdﬁHp Zp.x ER,(F) | .
t>0"1J[0,t]x J

An example of such R, in the case of martingale type r spaces was presented in
[43, 121]:

y
(F) = min{pr(J [ F7 dv, (thXJ ||F||Tdu> }, 1<p<r,

R, 2
Joos WFIPav+ (fo IFIT V)", p>r

(though [43, 121] work only with Poisson random measures with the compensator
of the form Ar, ® vy, in the case of deterministic ' these estimates can be
generalized to a general compensated Poisson measure). Therefore (3.40) allows
us to extend [43, 121] to stochastic integrals with respect to general random
measures for martingale type r Banach spaces with the UMD property.
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3.5. Purely discontinuous quasi-left continuous martingales

The present subsection is devoted to the purely discontinuous quasi-left continu-
ous case. Our goal is to show that any X-valued purely discontinuous quasi-left
continuous martingale M coincides with [2dpM(-,z) (where p™ is defined
by (2.14)), so that we can reduce this case to the one considered in Subsec-
tion 3.4. To this end we need to define an integral of a general predictable (i.e.
not necessarily elementary predictable) process with respect to a random mea-
sure (as (t,x) — x, t > 0, € X is not elementary predictable). Let us start
with the following proposition.

Proposition 3.27. Let (J,J) be a measurable space, |1 be an integer-valued
optional random measure over Ry x J, v be its compensator, i := p—v. Let X
be a Banach space. Let F: Ry x Q x J — X be strongly P-measurable so that
EIR+XJ |F||dp < oo. Then

M, ::/ Fdﬂ:/ qu—/ Fdv, t>0, (3.41)
[0,t]xJ [0,t]xJ [0,t]xJ

1s well defined and is a martingale. Moreover,

Bsup M4 <28 [ [F]dn (3.42)
t>

R+><J

Proof. First of all note that M is well defined by formula (3.41) as by Fubini’s
theorem F'is a.s. B(R4)®J-measurable and a.s. integrable with respect to p and
v (the a.s. integrability w.r.t. v holds since E f]R+><J |F|ldv = IEthXJ |F|ldu <

00, see (2.11)). Also notice that (3.42) follows directly from (3.41), from a tri-
angle inequality, and from (2.11).

As F is strongly 73—rneasurable7 as F e LYQ xRy x J,P®v; X), and as step
functions are dense in L' (Q2 x Ry x J,P,P®v; X) (here we choose the measure

v so that P® v is a measure on P), there exist elementary predictable processes
(F™)p>1, F" 1Ry x Q@ x J — X for any n > 1, such that

B rfau=E [ P <o
R+><J R+X]

for any n > 1 and

E/ ||F7F"||du:]E/ |IF—F"||dv — 0, n — oo.
R+X] R+><J

For each n > 1 let

M ::/ F"dﬂ:/ F”du—/ F'dy, t>0.
[0,t]xJ [0,¢]xJ [0,t]xJ
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Then M™ is a martingale. On the other hand by (3.42) we have that

Esup || M, — M| < 21@/ IF — F"|di =0, 1 oo,
t>0

R+XJ

and thus, as martingales form a closed subset of L*(2;D(R,, X)) (see Defini-
tion 2.2 and Theorem 2.9), M is a martingale as well. O

Now we are ready to define an integral of a general process with respect to a
random measure.

Definition 3.28. Let (J,J) be a measurable space, u be an integer-valued op-
tional random measure on Ry x J, v be its compensator, i :== pu—v. Let X be
a Banach space. A general strongly P-measurable process FF: Ry x QA x J— X
is called to be integrable with respect to i if for any increasing family (Ap)n>1
of elements 0f73 satisfying ]EfAn |F|ldp < oo for any m > 1 and Up>14, =
Ry x Q x J, we have that the processes fAn Fdji converge in L'(Q; D(R4, X))
as n — co.

F is called to be locally integrable with respect to fi if there exists an in-
creasing sequence of stopping times (Tp)n>1 such that 7, — 00 as n — oo and
Al ., is integrable with respect to fi for any n > 1.

This definition is very much in the spirit of Lebesgue integration (a function f
can be integrable only if its restrictions f|p, are integrable and the correspond-
ing integrals converge as the restriction domains B,,’s blow up) or vector-valued
stochastic integration with respect to a Brownian motion, see [81].

Remark 3.29. Notice that in this case

s Fdﬁ:/ qu—/ Fdv, t>0, (3.43)
A,N[0,t]xJ A, N[0,¢]x J A,N[0,t]xJ

are well defined martingales by Proposition 3.27.
Now let us formulate the main theorem of the present subsection.

Theorem 3.30. Let X be a Banach space. Then X is UMD if and only if for
any purely discontinuous quasi-left continuous martingale M : Ry x Q@ — X
with Esup,sq | M]] < co we have that x is integrable with respect to g™ . If this
is the case, then M; = f[O,t]xX xdpM a.s.

Proof. We will separately prove the “if” and the “only if” parts.
The “only if” part. Let X be a UMD Banach space, M : Ry x Q — X be a
purely discontinuous quasi-left continuous martingale with E sup,~q || M¢|| < oo,

and let (A,)n>1 be some increasing family from P satisfying the properties from
Definition 3.28. For every n > 1 define an X-valued martingale

M ;=/ zdg™, t>0.
ApN[0,¢]x X
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We need to show that (M™),,>1 converges in L'(Q; D(Ry, X)) as n — oo. Note
that by the definition of M™ we have that AM]*(w) = AM;14, (t,w, AM(w))
for a.e. w € Q) for any ¢t > 0, and thus, as M and M™ are purely discontinuous
(M™ is purely discontinuous as it is an integral with respect to a random mea-
sure, see e.g. [52, §I1.1d] or [116, 118]), by [119, Subsection 6.1] we have that
(see Subsection 2.11 for the definition of a y-norm)

00 > Eiglg M| ~x ]EH(AMt)t20||'y(£2(R+),X);
also note that for any n > 1 by Remark 3.29 we have that Esup,s || M| < oc.
Thus we have that

E?‘;Ig ”Mt - Mt ” ~X EH(AMtlzn (t» K AMt(')))tZO|‘7(52(R+)7x)7

(here A,, means the complement of A in Ry x Q x J). As (A,,),>1 is a vanishing
family, by 7-dominated convergence [47, Theorem 9.4.2] and by the monotone
convergence theorem we have that E sup,~ || M; — M*|| — 0 as n — co. Conse-
quently, M™ converges to M in L*(Q;D(R,, X)).

The “if” part. This part of the proof is based on the tricks from [118; Sub-
section 4.4]. Assume that X is not UMD. Our goal is to find such a purely
discontinuous quasi-left continuous martingale M and such an increasing family
of sets (A,)p>1 in P that [, [lz]|du™ < oo for any n > 1, but [a14, da™
diverges in L'(Q; D(R, X)).

Due to the formula [15, (1.7)] and [118, Subsection 4.4] we have that X is
UMD if and only if

Esup lgu| Sx Esup | (3.44)

for any X-valued discrete martingales f = (fn)n>0 and g = (gn)n>0 with go =
fo = 0 and with
In — Gn-1 = En(fn - fnfl); n > 1, (345)

for any fixed {0,1}-valued sequence (e,),>1. As X is not UMD, (3.44) does
not hold. Therefore there exists a Paley-Walsh martingale (f,)n>1 (see [18, 46]
why we can restrict to the Paley-Walsh case), i.e. a martingale (f,),>0 such
that there exists a sequence (7,)n>1 of Rademachers (see Definition 2.1) so
that f, — fa_1 = Tadn(r1,...,m,) for some ¢, : {—1,1}""1 — X for every
n > 1and fop =0, and a {0, 1}-valued sequence (&,,),>1, such that we have that
Esup,, ||fn|| =1 and Esup,, ||gn|| = oo for (¢g,)n>0 satisfying (3.45) and go = 0.

Let N! and N? be two independent standard Poisson processes (Note that
in this case N! — N? has a zero compensator and thus it is a martingale). Let
70 = 0, and for each n > 1 define

Tp = 1nf{t > 7,1 : (Nt1 — ern,l) vV (Nt2 — NE,L,I) #0}, n>1

Note that 7,, < oo a.s. and that 7,, — oo a.s. as n — oo (for the construction of
the standard Poisson process we refer the reader e.g. to [56, 61, 102, 103] or in
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any other standard probability textbook), and that as Poisson processes have
strong Markov property,
(Un)n21 - (Nq%ﬂ - an - (Nq}n_l - N‘?n—l))nZI

are ii.d. random variables. Moreover, as N! and N? can have jumps of size
1 as., o, € {—1,1} as., and as N! and N? are independent equidistributed,
(o0n)n>1 are independent Rademachers. In particular, for a simplicity of the
proof we identify (o, )n>1 With (7, )n>1.

Now let us consider a martingale M : Ry x Q@ — X of the form M =
[ ®d(N' — N?), where

(I)(t) = Zd’n(rlw"7Tn)1(7n,177n](t)7 t>0,
n=1

and the integral is defined in the Riemann-Stieltjes way (N — N2 is a.s. locally
of finite variation). First of all, M is a local martingale since for any n > 1
we have that ®™ is bounded and takes values in a finite-dimensional subspace
of X, so the stochastic integral M™ = [®™ d(N* — N?) is well defined by a
classical finite dimensional theory (see [52, 56]). Moreover, as M, = f, a.s. and
as M is a.s. a constant on [1,_1,7,) for any n > 1, EM* = Esup,, || f»|| = 1, and
thus by the dominated convergence theorem and by the fact that a conditional
expectation is a contraction on L!(Q; X) (see [46, Section 2.6])

E(Mi|Fs) = lim E(M, it Fs) = lim M, a5 = M, 0<s<t,
n— 00 n— 00

so M is a martingale with EM™* < oco.

Since Esup,, |lgn|| = oo, there exists a sequence 0 = k1 < ... < kp, < ...
such that Esupy, cn<k,. ., |90 = gk, || > 1 for each m > 1. Set J = X. Define
Ry xQxJDA)=2 and

A2m71 = A2m72 Ukm<n§km+1,sn:1 (Tnflan] S ?7 m > ]-7 (346)
1.

A2m = A2m71 Ukm<n§km+1,sn:0 (Tnflan] S Pu m >

Then we have that Up, 4, = Ry x Q x J and that (A,,)m>1 in increasing. Let
us first show that E [, ||z||du? < oo for any m > 1

(*)
B[ ol <E [ lellde™ D8 S A
m [0, k.2 13T 0<5<Th,, 4y
( ) km+1 km+1
DEN AM | =E S [~ faoll < 2 i Esup [ full < 2Emia,
n=1 n=1 n

where (*) follows from the definition (2.14) of 4 and (x#) follows from the fact
that M is a.s. a constant on [7,,—1,7,) for any n > 1 and from the definition of
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M. Therefore x1 4,, is integrable with respect to i by Proposition 3.27. Let us
now show that [, xdi? does not converge in L' (€; D(Ry, X)). It is sufficient

to show that fAz B xdpM — ng B xdaM is big enough for any m > 1:

IEsupH/ zdpM — xdﬂMH
t>011J Ay, _1N[0,4]x J Azm—2N[0,t]xJ

:]EsupH/ xdﬂMH
t>0J Asy 1\ Aop—2n[0,t]x J

m+1
—EbupH E 1, =1(Mr a¢ — MTn—l/\t)H
t>0 n=ky,+1
(iz) km+1
E ]-enfl M‘anl)
n= km+1 k=kpy+1

i km
HE S g ol 21
where in (i) we used the definition (2.14) of u*, the fact that M is pure jump,
and (3.46), (i¢) follows from the fact that M is pure jump and has its jumps at
{T1,...,Tn,...}, and (iii) follows from the definition of M and g. Thus x is not
integrable with respect to ™. O

Remark 3.31. Though in the sequel we will need only the “only if” part of
the theorem above, the author decided to include the “if” statement with such a
complicated proof as well because he found such a nontrivial characterization of
the UMD property rather important and elegant.

Remark 3.32. Note that under the so-called Radon-Nikodym property (many
spaces have this property, e.g. reflexive spaces, see [46, Definition 1.8.9] and the
references therein) in Theorem 3.30 there is no difference between considering
martingales over Ry and over [0,1]. Indeed, if M : Ry x Q — X is such that
Esup,sq || M| < oo and if X has the Radon-Nikodym property, then by [40,
Theorem 3.3.16] M has an L*-limit M,. Therefore we can define a time-change
t — 2arctant/m, a time-changed ﬁltmtwn G = (Gt)i>0 with Gy = Fian(rt/2) for
0<t<1andG:=Fyx fort>1, and a G-martingale M with ]\Z = Mian(rt/2)
for0<t<1 and M = Mo fort > 1. In this case we have that x in integrable
with respect to ™ if and only if it is integrable with respect ™

Let us now state the corollaries we were looking for.

Corollary 3.33. Let X be a Banach space, 1 < p < co. Then X has the UMD
property if and only if for any pair M,N : Ry x Q — X of tangent purely
discontinuous quasi-left continuous martingales one has that

IEsupllf\%sHp ~p,X ]EsupHNtll” (3.47)

For the proof we will need the following lemma.
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Lemma 3.34. Let X be a UMD Banach space, (J, J) be a measurable space, '
and p? be optional quasi-left continuous random measures on Ry x J. Assume
that p* and p? have the same compensator v. Let pli=pl —v oand p? = p? —v.
Let F : Ry xQ — X be a strongly P-measurable process. Then F' is stochastically
integrable with respect to ' if and only if it is stochastically integrable with
respect to i*. Moreover, if this is the case, then [ F dp' and [ F dj? are tangent.

Proof. Let us first show the “if and only if” statement. Recall that stochastic
integrability of a general X-valued predictable process with respect to a ran-
dom measure was defined in Definition 3.28. Assume that F' is stochastically
integrable with respect to fi'. Let us show that F is stochastically integrable
with respect to fi?. Let (A,),>1 be an increasing sequence of sets in P with
UpAn = Q x Ry x J satisfying E [, |F|ldu' < oo for any n > 1. Then
by (2.11) we have that

B[ P4 =8 [ [Pl =B [ [Pl <oo nz1,
A, A, A,

so F1,, is stochastically integrable with respect to ji' and f? by Proposi-
tion 3.27. For each n > 1 let us set

M ::/ Fl,, da', NJ' ;:/ Fl,, dp?, t>0.
[0,¢]xJ [0,¢]xJ

As F is stochastically integrable with respect to fi', M™ is a Cauchy sequence
in L1(Q; D(R, X)). By Theorem 3.22 and by the fact that ! and p? have the
same compensator we have that for any m >n > 1

Bsup N7 - N = Esup| [ Pl 0
>0 t>01J[0,e)x 7

~x EsupH/ Fl4,.\4, d’alH = Esup | M]" — M|,
t>0"J[0,t]x J 120

so N™ is a Cauchy sequence in L'(€; D(R, X)), and thus F is integrable with
respect to 12 by Definition 3.28.

Let us show that M := [ Fdi' and N := [ F dji® are tangent, i.e. as M and
N are purely discontinuous, we need to show that the compensators v and
vN of M and p? respectively coincide. Fix a predictable set A C Ry x Q x X.
Then for any ¢ > 0 we have that a.s.

/ Ladp = Y 1A(s,-,AMS):/ 14(-,- F)dpt
[0,t]x X

0<s<t [0,t]xJ

(the latter can be infinite), so by the definition of a compensator we have that

E/ 1AduM:]E/ 14(-,- F)dv.
RyxX RyxJ

The same can be shown for v”V. Therefore, as A was arbitrary predictable, v
and vV coincide, so M and N are tangent. O
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Proof of Corollary 3.33. The “only if” part follows from the fact that M =
[zdp™ and N = [2dp by Theorem 3.30, the fact that v = vV as M and
N are tangent, and so Theorem 3.22; Definition 3.28, and Lemma 3.34

p

p
Esup | M||P = EsupH/ xdﬁMH ~p, X ]EsupH/ x dficox
>0 >011J70,4]x x 20110, 4]x x

o Bsup [ wap|" = Esup )
e20!l/j0,xx £20

(here we use the fact that both u™ and 1%V, as they have the same compensator,

can also share the same Cox process f1cox). The “if” part follows directly from

Theorem 3.22 since we can simply set M := [ Fdp and N := [ F dficox. Then

M and N are tangent, so in this case (3.47) in equivalent to (3.10), and thus X

is UMD by Theorem 3.22. O

Corollary 3.35. Let X be a UMD Banach space, M : Ry x Q@ — X be a
purely discontinuous quasi-left continuous local martingale. Let ™ be a random
measure defined by (2.14) with a compensator v™ . Then

Nt = / -Td,aCoxy t Z 07
[0,t]x X

is a decoupled tangent local martingale to M, where pcox s a Cox process di-
rected by VM} HCox = HCox — M.

Proof. By a stopping time argument presented in Theorem A.3 and by Re-
mark 2.10 we may assume that Esup,~ || M¢]| < co. Then the corollary follows
immediately from Theorem 3.22, 3.30 (so z is integrable with respect to ficox),
and Definition 3.3, where we have that after the probability space and filtra-
tion enlargement M remains a martingale with the same local characteristics
thanks to Remark 3.25 and the fact that the Borel o-algebra B(X) is countably
generated (recall that thanks to the Pettis measurability theorem [46, Theorem
1.1.6] we may assume that X is separable). O

Remark 3.36. Note that N constructed above has independent increments
given vM . Indeed, for almost any fived v™ we have that the corresponding Cox
process licox has a deterministic compensator, so it is a deterministically time
changed standard Poisson random measure (see e.g. Example 3.21), and so for
almost any fized v™ we have that N(vM) = J & dpcox has independent incre-
ments. Therefore the desired follows from Corollary 2.7.

3.6. Purely discontinuous martingales with accessible jumps

The present subsection is devoted to LP estimates for purely discontinuous mar-
tingales with accessible jumps and to how a decoupled tangent martingale in
this case look like. First we will start with the following elementary proposition
which will provide us with LP-bounds for tangent martingales.
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Proposition 3.37. Let X be a Banach space, 1 < p < oco. Then X is UMD
if and only if for any pair M and N of X -valued tangent purely discontinuous
local martingales with accessible jumps one has that

Esup | M||P =p,x Esup || N¢||P. (3.48)
>0 >0

For the proof we will need the following technical lemma.

Lemma 3.38. Let X be a Banach space, M,N : Ry x Q — X be tangent
local martingales. Let T be a predictable stopping times with T < co a.s. Then
P(AM,|F,) = P(AN,|F;).

Proof. As M and N are tangent, v™ = v In particular, since 7 is predictable
(and hence a process t — 1.(t) is predictable as well) we have that for any Borel
set A€ X as.

E(La(AM,)|F, ) @ / 1 (6)14 () A (1, 2)
_ /R 1, (O)1a(2) N (1 2) 2 E(QL(AN,)|F,),

where (x) follows from the fact that a.s. 14(AM;) = fR+ 1, (t)1a(z) duM(t, x),
[32, Subsection 5.3], the definition of a compensator [52, Theorem 1.3.17], the
fact that thus both

t 145, E(1a(AM,)|F,_) and t 1.(7)1a(x)dv™(t,z), t>0,
[0.1]

are compensators of 14(AM;) and the uniqueness of a compensator [52, Theo-
rem 1.3.17]; (xx) holds for the same reason. O

Proof of Proposition 3.37. First notice that the “if” part follows from Lemma
3.38, Theorem 1.1, and the fact that any discrete martingale can be represented
as a continuous-time martingale having jumps at natural points (see e.g. Re-
mark 3.2).

Let us show the “only if” part. Let X be a UMD Banach space, M and N
be X-valued purely discontinuous tangent martingales with accessible jumps.
Then by Lemma 2.20 there exist sequences (7),,>1 and (7),,>1 of predictable
stopping times with disjoint graphs such that a.s.

{t>0:AM #0}yc {rM,...,7M ...},
{t>0: AN £0} c {rY,..., 7N, ..}

n oS-

Moreover, by a standard merging procedure concerning predictable stopping
times (see e.g. [52, 56] and [32, Subsection 5.1]) we may assume that there
exists a sequence (7,)n,>1 of predictable stopping times with disjoint graphs
such that a.s.

(P rM o oYy e Ty
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For any m > 1 define martingales M and N™ by (B.1). Fix ¢ > 0. By Propo-
sition B.1 we can fix m > 1 to be such that

Esup || My — M{"||P < e, Esup || Ny — N*||P < e.
>0 >0
Let 71, ..., 7, be an increasing rearrangement of 71, ..., 7, (see [32, Subsection
5.3]). Then sequences (d,, )27, and (e,)2",

£ = AMT//2, nis even, 1<n <2m,
" 0, nisodd, 1<n <2m,

AN, niseven, 1 <n <2m,
e, = n/2
0, nisodd, 1<n <2m,

are tangent martingale difference sequences with respect to the filtration
(./_'.7-{,7./—'.7.{,\/—'.7é,, e aijnf;f'r;n)'

Indeed, first of all the latter is a filtration by [56, Lemma 25.2]. Next notice that
for any even n =2,...,2m

E(dn|]-};1/2_) = E(en|]-"7r
by Lemma 2.11. Finally for any even n = 2,...,2m we have that

()

P(dn|Fyr, ) =P(AM, | Fr ) = P(AN, | Fpr o) = P(ealFrr ),
where (x) follows from Lemma 3.38 and the fact that M and N are tangent.
Therefore by the definition of M and N™, by Theorem 1.1, and by the fact that
SUP¢>0 M| = SuP%ﬂl”ZZ:l dk” and Supy>q [N = SUP221||ZZ:1 ekH (as
both martingales M™ and N™ are pure jump processes which jumps coincide

with (d,)?™, and (e, )?™, respectively) we have that

E sup [|M"[]” =px E sup [IN/"]?,
0<t<o0 0<t<o0

and the desired follows by approaching ¢ to zero and by Proposition B.1. U

Let us now show that for any purely discontinuous martingale with accessible
jumps taking values in UMD Banach spaces there exists a decoupled tangent
martingale.

Theorem 3.39. Let X be a UMD Banach space, M : Ry x Q — X be a
purely discontinuous local martingale with accessible jumps. Then there exist
an enlarged probability space (Q, F,P) endowed with an enlarged filtration F =
(7t)t20, and an F-adapted purely discontinuous local martingale N : Ry x Q —
X with accessible jumps such that M is a local F-martingale with the same local
characteristics, M and N are tangent and N(w) is a martingale with indepen-

dent increments and with the local characteristics (0, (w)) for a.e. w € Q.
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Proof. By Remark 2.10 and Theorem A.3 The proof will be based on the con-
struction of a CI® tangent martingale difference sequence presented in the proof
of [29, Proposition 6.1.5]. Let (7,,)n>1 be a sequence of predictable stopping
times with disjoint graphs such that a.s.

{t>0: AM; #0} C{m,...,Tn,...}
(see Lemma 2.20). Let us define
Q=X"%xQ, F:=(0,>1BX))®7F,

where B(X) is the Borel o-algebra of X, and let for any ¢t > 0 a o-algebra Fe
on {2 be generated by all the sets

(Bnlr, <t UX1p si)n>1 X R, Bi,...,By,... € B(X), REF, (3.49)
so Fi:=S; @ F; for any t > 0 where
St = ®n21 (B(X)lrngt U {Qa Q}]-Tn>t)- (350)

(7t sees x, if 7, < t, and does not see otherwise. Note that ® in S; ® F; does not
mean the direct product of g-algebras since S; by its definition (3.50) depends
on 2, but in this case ® means that the corresponding o-algebra is generated
by products of sets of the form (3.49)). Let F := (F;)i>0. As (X,B(X)) is a
Polish space (see [33, pp. 344, 386]), by [33, Theorem 10.2.2] for any n > 1 and
for almost any w € €2 there exists a probability measure P{, on X such that for
any B € B(X) (see (2.5) for the definition of F,_)

E(1p(AM;, )| Fr,.~)(w) =PL(B), weQ. (3.51)
Then set
P(A x R) := / @n>1P?(A)dP(w), A€ XY, ReF. (3.52)
R

Now let us construct a cadlag process N : Ry x Q — X satisfying for a.e.

w e
ANTW, ((I’i)iZhw) =T, (11)121 c XN. (353)
(Spoiler: this is going to be our decoupled tangent martingale). We need to

show that such a process exists P-a.s. and that this is an F-martingale. For each
m > 1 define N™ : R, x Q — X to be

N ((@n)nz1,w) =Y anligg(ta), =0, (¥n)nz1 € XN, we Q. (3.54)
n=1

First note that N™ is an F-adapted process with values in X as for any fixed
t>0
(t, (In)nZhw) — In1[07t] (Tn), (IL‘n)n21 S XN, w €,

5CI is for conditionally independent
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is Fj-measurable since F; = S; ® F; with S; defined by (3.50), so N™ is F-
adapted as a sum of F-adapted processes.

Let us show that N™ is a purely discontinuous martingale with accessible
jumps. N™ has accessible jumps as by the definition (3.54) of N™ it jumps only
at predictable stopping times {71,...,7n} (which remain predictable stopping
times with respect to the enlarged filtration F as they remain being announced
by the same sequences of stopping times, see Subsection 2.4). Note that for
any 1 < n < m we have that (here ]_-',.n, and S;, _ are defined analogously
Fr,— through an announcing sequence as 7,, is a predictable stopping time, see
Subsection 2.4 and (3.55))

E(AN|F,, ) =E(AN|S,, —®F,, ) = E(E(ANT|S,, - QF)|Sr, - @F, ).

(Here ® again is not a product of o-algebras, but a o-algebra generated by prod-
ucts of sets of the form familiar to (3.49)). We need to show that E(AN"[S,, - ®
F) = 0. It is sufficient to show that for P-almost any fixed w € €,
E(AN:Z(UJ) (w)|S7,,—) = 0 because we have that for any R € F and A X R €
S, — ® F (where A depends on 2 in a predictable way so that A x R has the
form (3.49)) we have that

AN:Ld@:/ / AN?d®n>1 I[D:d[[b(w)’
AXR " RJA ’ )

so the first integral equals zero if fA AN d @p>1 Py = 0 for a.e. w € Q for

any A € S, _. By the definition (3.50) of S; we have that for almost any fixed
we

ST71 = ®i21,TiSTnB(X) ®i21,‘ri>7'n {®7 Q}a

3.55
St = ®i>1,m<r, B(X) ®i>1,7,>7, {9, 0}, (3.55)

so we have that
S, =o(S,, —,AS;, ), AS; = ®¢21(B(X)1i:n) U ({@,Q}l#n),

(here we used the fact that (7,,),>1 have a.s. disjoint graphs), so S-, is a.s. gen-
erated by two independent o-algebras S, _ and AS,, (which are independent
a.s. by the definition (3.52) of P), and hence as AN is a.s. AS,, -measurable,
E(AN (w)|S7, ) = Exn(AN")(w). Finally note that AN (w) has P, as its
distribution by the definition (3.52) of P and the definition (3.54) of N™, and the
latter distribution has a.s. a mean zero by the definition (3.51) as [, xdP}, =
E(AM., |F;,~)(w) = 0 for a.e. w € Q. Therefore E(AN™|F, _) =0, and hence
N™ is a martingale by [32, Subsection 5.3].

Let us now show that M is an F-martingale with the same local characteristics
(0,M). Fix n > 1. Then for any Borel B C X and any F,, _-measurable
bounded F : Q — R we have that

E15(AM,, )F = EE,15(AM, )(w)F = Elg(AM,, )E,F, (3.56)
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where E, denotes expectation w.r.t. ®,>1P;, for each fixed w € (1. As F is
F -, —-measurable and as F,,_ C Soc ® F;, — (this follows due to that fact that

Frn— =50, ®F, _) we have that E, F is F, _-measurable and hence

E1(AM,,)E,F = EE(15(AM,,)|F,, - )E,F = EE(15(AM,,)

an—)Fa
(3.57)
so by the definition of conditional expectation and freedom in choice of F' we
have that

P((AM,,)[F-,-)(B) = E(1p(AM,,)[F-, )

_ — 3.58
= E(]-B(AMTW)‘-FT”*) = ]P)((AMTTL)LFTW*)(B)? ( )

and hence M has the same F-local characteristics (0,%). The fact that M is
an F-martingale follows from Lemma 2.11, the fact that (7,,),>1 exhausts all
the jumps of M, and the fact that by (3.58)

E(AM,,

Fro—) =E(AM,, |F.,-) =0.

Now let M™ be defined by (B.1) and let us show that N™ is a decoupled
tangent martingale to M™. Note that M™ is an F-martingale as well as M. First
M™ and N™ have jumps only at {71,...,7m}, so they are tangent because for
any 1 <n < m for any B € B(X) for a.e. w € Q

PAM™F,, )(B)(w) L P(AM,, |Fr, )(B)(w)
— E(15(AM,,)|F,, )(w) € rr(B) 2 PANT(F,, )(B) ),

where (i) follows from the definition of M™, (i7) holds by the definition (3.51)
of P, and (iii) follows from the definition of P and the definition of N™.

Let us show that N™ is a decoupled tangent martingale to M™, i.e. that
N™(w) has independent mean-zero increments and local characteristics
(0,vM" (w)) for a.e. w € Q. This easily follows from the fact that for a.e.
fixed w € Q the process N™(w) has fixed jumps at {7 (w),...,7m(w)} and
for every 1 < n < m we have that AN (w) is AS;, (.)-measurable; as Sy =
o(AS; (w),n > 1) = @p>1B(X), so (AN (w));—; are independent since
(AS;, (w))n>1 are independent. The fact that N (w) has local characteristics
(0, ™M™ (w)) follows from the construction of N™.

Now let us show that N™ converges as m — oo, and that the limit coincides
with the desired N which thus exists. For any ms > m; > 1 by (3.48) and by
the fact that N™ — N™2 is a decoupled tangent martingale to M™ — M2
(which can be shown analogously to the considerations above) we have that

Esup [[N;™ — N;™*|| =x Esup || M;™" — M;"*||.
>0 t>0

Thus martingales (N™),,>1 converge in L'($; D(Ry, X)) by (B.4). Let N be
the limit. Note that by Theorem 2.9 N is an F-martingales. Let us show that
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N coincides with the desired N. For any n > 1 we have that for A{Vm defined
by (3.53) (note that we still need to prove that N exists and that N = N) and
by the fact that AN, = AN form >n

E|AN,, — AN, || = lim E[|AN,, — ANZ||
m—oo "

(%) ~ ~
< lim E(||Ny, = N2+ [Ny, - = N2 |))

— T,
m— oo "

<2 lim Esup ||j\7t - N[l =0,
>0

m—0o0 t

where (x) follows by a triangle inequality. For the same reason we have that
AN, =0as.on T ¢ {11,...,Tn,...} for any stopping time 7. Therefore N coin-
cides with the desired IV, so such N exists. N is a decoupled tangent martingale
to M for the same reason as N™ is a decoupled tangent martingale to M™ for
any m > 1. O

Remark 3.40. To sum up Theorem 3.39. Any purely discontinuous martingale
M with accesstble jumps and with values in a UMD Banach space has a tan-
gent martingale N on an enlarged probability space with an enlarged filtration
such that for a.e. w from the original probability space N is a martingale with
fized jump times coinciding with the jumps times of M and with independent
increments.

Remark 3.41. Note that N constructed in the proof of Theorem 3.39 has in-
dependent increments given vM. Indeed, for a.e. fited v™ we have that the
set (Tn(+))n>1 1s fized, the distributions (P1),>1 are fized and mean zero, so
(AN, (y)n>1 are independent mean-zero random variable. Consequently the de-
sired independence follows from Corollary 2.7.

3.7. Proof of Theorem 3.7 and 3.8

Let us finally prove Theorem 3.7 and 3.8. First, Theorem 3.7 follows from The-
orem 2.18, Remark 2.19, Proposition 3.17, 3.37, and Corollary 3.33. Now let us
show Theorem 3.8. This theorem follows from the fact that for a.e. fixed w € Q2
we have that N°(w), N9(w), and N%(w) are independent. Since each of them a.s.
have independent increments and local characteristics ([M¢](w), 0), (0, ™" (w)),
and (0, ™" (w)) respectively, N(w) has independent increments and local char-
acteristics ([M¢](w), ™ (w)) (the letter follows from Proposition 3.14).

It remains to show that M and N are local F-martingales with F-local char-
acteristics ([M¢],v™). Let us start with M. To this end recall that the new
filtration F over the enlarged probability space (Q,F,P) is generated by F,
time-changed independent cylindrical Wiener process Wy, (see the proof of
Theorem 3.18), the Cox process ficox (see Remark 3.25), and the filtration
(St(w))i>0 defined by (3.50). Let F' : © — R be any bounded F-measurable
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random variable. Then for any fixed ¢ > 0
E(F|F;) = E(E(F|o(Wi, N, Soc, Ft)) | Ft)

N v (3.59)
= E(E(F|F)|F¢) = E(F|F),

where N is a o-algebra generated by independent sequence of standard Poisson
processes (this sequence can be assumed finite thanks to Remark 3.25), and
where (x) follows from the fact that F' is independent of W}, and N and the
trick similar to the computations (3.56) and (3.57). Hence, as F' was general,
M is a local F-martingale.

In order to show that M preserves its local characteristics we notice by Re-
mark 3.4 that [M°] stays the same, the predictable jumps (7,),>1 remain pre-
dictable (hence M has accessible jumps and the local characteristics (0, ")
do not change by (3.56) and (3.57)), and MY does not change its local charac-
teristics as analogously to Remark 3.25 with exploiting (3.59) instead of (3.39)
pM* has the same compensator M so M9 has the same local characteristics
(0,vM"), and thus M keeps the local characteristics ([M¢],™) by Subsec-
tion 3.2.

Proving that N is a local F-martingales with local characteristics ([M¢], vM)
follows analogously. We will only show this for N¢ (the cases of N? and N¢
can be shown similarly). Let F=F® Wilo,4,) and F .= (}N"t)tzo, where the
time-change (A;);>0 depending only on F; defined in the proof of Theorem 3.18.
Then for any bounded Foo-measurable F similarly to (3.59)

E(F|?t) = E(E(FW(N, Soo»jft))|?t) = E(]E(F|]~:t)|?t) = E(F|]?t)7

so as N¢ is a local ﬁ—martingale, it is a local F-martingale. The fact that N has
the local characteristics ([A¢], ™) follows in the same way as for M.

3.8. Uniqueness of a decoupled tangent martingale

This subsection is devoted to showing that a decoupled tangent local martingale,
if exists, is unique up to the distribution.

Proposition 3.42. Let X be a Banach space, M : Ry xQ — X be a local mar-
tingale. Assume that M has two decoupled tangent local martingales N' and N?
on possibly different enlarged probability spaces with enlarged filtrations. Then
N and N? are equidistributed as random elements with values in D(R,, X).

Proof. Suppose that N! and N? live on probability spaces (ﬁl,?l,@l) and
(52,f2,@2) respectively, where both (51,7—1,@1) and (52,f2,@2) are enlarge-
ments of (Q,F,P) (see Definition 2.3). Then by Definition 3.3 for a.e. fixed
w € Q processes N'(w) and N?(w) are local martingales with independent in-
crements and local characteristics ([M¢](w), ™ (w)). Thus N!(w) and N%(w)
are equidistributed by Corollary 9.8, and thus N! and N? are equidistributed
as we have that for any Borel set B € D(R,, X)
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B'(N' e B) = / BL (N (w) € B) dP(w)
Q

w

=2

_ / P2 (N?(w) € B) dP(w) = B*(N? € B),
Q

where @i and ﬁi are as in Definition 2.3. This terminates the proof. O

3.9. Independent increments given the local characteristics

In fact, we can make Definition 3.3 stronger by proving the following theorem.

Theorem 3.43. Let X be a UMD Banach space, M : Ry x Q — X be a local
martingale, N : Ry x Q@ — X be a decoupled tangent local martingale to M.
Then N has independent increments given ([M€], ™).

This theorem extends e.g. [29, Example 6.1.7] and [58, Theorem 3.1].

Proof. The theorem follows directly from the construction of a decoupled tan-
gent local martingale presented in Theorem 3.18, 3.22, and 3.39, from Re-
mark 3.20, 3.36, and 3.41, from that fact that we can consider an enlargement
of (2, F,P) generated by Wy, picox, and P defined by (3.52), and from Corol-
lary 2.7 on condtioinal independence with respect to a random variable. O

4. Upper bounds and the decoupling property

As it was shown in Theorem 3.7, if X is UMD, then for any local martingale M
and for a decoupled tangent local martingale N we have that for any 1 < p < oo

(*)
E sup |[[M||P =px E sup ||N|P =, E||Nr|P, T >0, (4.1)
0<t<T 0<t<T

where (x) follows from Lemma 9.3 and the fact that N(w) is a martingale with
independent increments for a.e. w € ). But what if we are interested only in
the upper bound of (4.1) (this is often the case, see Remark 6.5 on stochastic
integration)? Can we have such estimates for non-UMD Banach spaces? Inequal-
ities of such form have been discovered by Cox and Veraar in [25, 26] (see also
[24, 46, 73]) and they turn out to characterize the so-called decoupling property.

Definition 4.1. Let X be a Banach space. Then X is said to have the decou-
pling property if for any 1 < p < oo, for any X-valued martingale difference
sequence (dn)n>1 and for a decoupled tangent martingale difference sequence
(en)n>1 one has that

p

E sup Hi dn, (4.2)
n=1

oo
p
Sp,X ]EH E Cn
N>1 _
n=1
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Unlike the UMD property, Banach spaces with the decoupling property might
not enjoy reflexivity. For example, L' spaces has the decoupling property. More-
over, quasi-Banach spaces can also satisfy (4.2) (e.g. L9 for ¢ € (0, 1), see [26]).

The goal of the present section is to extend (4.2) to the continuous-times case.
Of course for a general Banach space X with a decoupling property and for a gen-
eral X-valued martingale we will not have a decoupled tangent local martingale
thanks to Theorem 3.8, but nonetheless, we are able to provide a continuous-
time analogue of (4.2) in some spacial cases when such a decouple tangent local
martingale exists. Let us start with the continuous case which is an elementary
consequence of [26, Theorem 5.4]. Recall that for any time change (75)s>0 we
have the inverse time change (A;);>¢ defined by A; :=inf{s > 0: 7, > ¢}, and
that a process is in vee(L?(Ry; H), X) if it is locally in v(L?(Ry; H), X) (see
Subsection 2.11).

Theorem 4.2. Let X be a Banach space with the decoupling property, M°€ :
Ry x Q — X be a continuous local martingale. Assume that there exists a
time change (7S)s>0, a Hilbert space H, an H-cylindrical Brownian motion
Wy adapted with respect to (possibly, enlarged) filtration G := (Fr,)s>0, and
a strongly G-predictable process ® : Q0 — vioe(L?(Ry; H), X) such that for any
x* € X* we have that (M, x*) o7¢ = &*z* - Wy a.s. Then M€ has a decoupled
tangent local martingale N¢ which has the following form: N¢ = (® - W) o A€,
where W g is an independent copy of Wy and (Af)i>0 is the time change inverse

to T¢. Moreover, if this is the case then for any 1 < p < oo

E sup [M{|P <px E[NZ[P, T >0. (4.3)
0<t<T

Proof. First note that by [26, Theorem 5.4] ® is integrable with respect to Wy
and M€ o71¢ = & - Wg. Moreover, by [26, Theorem 5.4] we also have that @ is
integrable with respect to Wg. Let N¢ := (®-W g)oA¢. Then N° is a decoupled
tangent local martingale to M€ due to Definition 3.3 and (2.17). (4.3) follows
directly from [26, (5.3)] and the fact that

YL ([0. AL H),X)" O

A
i, INEIP = B, | [ 0 a W =, Bl
Now let us move to the quasi-left continuous case. Recall that a stochastic
integral with respect to a random measure was defined in Definition 3.28.

Theorem 4.3. Let X be a Banach space satisfying the decoupling property,
(J,T) be a measurable space. Let y be a P-o-finite quasi-left continuous integer
random measure on Ry x J with a compensator v, i := p—v. Let F : Ry xQ —
X be strongly P-measurable. Assume that F(w) is integrable with respect to
fcox(w) for a.e. w € Q, where pcox s a Cox process directed by v, Hcox =
tcox — V. Then F is locally integrable with respect to i and for any 1 < p < 0o

P P
Bswpl [ Pl SB[ FPdic
=01/ [0,4)x 7 RyxJ

(4.4)
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Proof. For each k > 1 define a stopping time

/ F d,aCox
[0,t]xJ

We can find such (possibly infinite) ¢ that Ecox|| f[o fxJ
function ¢ — Ecex|| f[o % F(w)dficox(w)|| is continuous in ¢ > 0 for a.e. w €
ttbe] X F(w) dficox(w) — 0 a.s. as ¢ — 0. Without loss of generality

by a stopping time argument we can set F' := Fljg ;] and so we may assume
that Ecox| fR+XJ F djicox|| < C a.s. for some C > 0.

Let us show that F' is integrable with respect to fi. Let the sets (Ay)n>1 be
as in Definition 3.28. Then

T 1= inf{t > 0: Ecox

= k}.
F dficox|| = k since the

because | [

t+—)Mtn::/ F1, dp, t>0,
[0,t]xJ

is a martingale for any n > 1. Due to (4.2) and by an approximating by step
functions we have that

p
Esup || M7 <, x EEcox / Fla diiced|’s n>1, (45
>0 Ry xQ
and for the same reason for any m >n > 1
E sup ||th — Mtn” ,SX EEcox / FlAm\An diicox||- (46)
t>0 Ry xQ

Thus we have that (M"™),,>; is a Cauchy sequence in L!(Q; D(R, X)) by (4.6)
and Remark 2.26. Inequality (4.4) follows from (4.5) by letting n — oo. O

The following corollary is a direct consequence of Theorem 4.3.

Corollary 4.4. Let X be a Banach space with the decoupling property, M9 :
Ry X Q — X be a purely discontinuous quasi-left continuous local martingale.
Let u™* be defined by (2.14), vM? be the corresponding compensator, ué/{; be a
Coz process directed by v™* ﬂé/foi = ué{)‘; — M Assume that f[O,t]xX xdﬂ(l‘j/foi
1s well defined a.s. for anyt > 0. Then an X -valued local martingale N? defined
by

N} ::/ xdﬁg{)qx, t>0,
[0,t]x X
is a decoupled tangent local martingale to M? and for any 1 < p < 00

E sup [[M{|]P <px E[NZIP, T >0. (4.7)
0<t<T

Now let us move to the accessible jump case.
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Theorem 4.5. Let X be a Banach space with the decoupling property, M® :
Ry x Q — X be a purely discontinuous local martingale with accessible jumps.
Assume that it has a decoupled tangent local martingale N*. Then for any 1 <
p <o
E sup [[M|" Spx E[NZ(?, T =0. (4.8)
0<t<T

Proof. Fix T > 0. Without loss of generality assume that E|N%|? < co. Let
(Tn)n>1 be finite predictable stopping times with disjoint graphs which exhaust
jumps of M, M®™ and N®™ be defined analogously to (B.1). First notice that
thanks to the proof of Proposition 3.37 and (4.2) we have that for any m > 1

E sup [[M™|P Spox ENF™ P
0<t<T

For the same reason we have that for any £ > m > 1

E sup [|[M" — MM|P <px E|NEE — Ng™|P.
0<t<T

Therefore in order to show (4.8) it is sufficient to show that E||N&"™ — N&||P — 0
as m — oo. This follows directly from the fact that N®(w) has independent
increments, hence N*™(w) = E(N*(w)|o(N*™(w))) due to the construction of
N®™ and so the desired holds true by [46, Theorem 3.3.2]. O

The following theorem sums up Theorem 4.2, Corollary 4.4, and Theorem 4.5.

Theorem 4.6. Let X be a Banach space with the decoupling property, M :
R4 xQ — X be a local martingale. Assume additionally that M has the canonical
decomposition M = M€+ MY+ M. Assume that M, M4, and M* satisfy the
conditions of Theorem 4.2, Corollary 4.4, and Theorem 4.5 respectively. Then
M has a decoupled tangent local martingale N, and for any 1 < p < oo one has
that

ox E[Nz[7, T >0.

E sup [[M[|” S
0<t<T

Proof. Existence of a decoupled tangent local martingale IV follows directly from
Theorem 4.2, Corollary 4.4, and Theorem 4.5. Let N = N¢+ N%+ N® be the
canonical decomposition of N. Then by (4.3), (4.7), and (4.8), and by a triangle
inequality we have that

E sup [[M|P Spx E[NZIP +[INZIP + [|IN7P, T > 0.
0<t<T

It remains to show that
E||N7||” =p E[[N7 [P + [INZIP + [Nz [P, T >0,

which follows from the fact that N (w), Ni(w), and N¢(w) are independent
mean-zero for a.e. w € Q due to Definition 3.3 and Theorem 9.2. O
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5. Convex functions with moderate growth

A function ¢ : Ry — R, is called to have a moderate growth if there exists
a > 0 such that ¢(2z) < a¢(z) for any x > 0. The goal of the present section
is to show the following result about tangent martingales and convex functions
with moderate growth which extends Theorem 1.1 to more general functions and
to continuous-time martingales and also extends [58, Theorem 4.2] to infinite
dimensions.

Theorem 5.1. Let X be a Banach space, ¢ : Ry — Ry be a convex function
of moderate growth such that $(0) = 0. Then X is UMD if and only if we have
that for any tangent local martingales M, N : Ry x Q — X

Eo(M™) =g x EG(N¥),
where M* := sup; || M¢]| and N* := sup,~q || N¢||.

In order to prove the theorem we will need two components: the canonical
decomposition and good-\ inequalities for each part of the canonical decompo-
sition. Namely we will use the following lemma proven by Burkholder in [14,
Lemma 7.1] (see also [18, pp. 88-90], [15, pp. 1000-1001], and [91, Section 4] for
various forms of general good-\ inequalities).

Lemma 5.2. Let f,g: Q — R, be measurable such that for some > 1, > 0,
and e >0
P(g > BN, f <N <eP(g>AN), A>0.

Let ¢ : Ry — Ry be a convex function of moderate growth with ¢(0) = 0. Let
v < et and n be such that

P(BN) <76(N),  d(07A) <ng(N), A >0,

Then

n

5.1. Good-\ inequalities

Let us start with good-\ inequalities for tangent continuous and purely dis-
continuous quasi-left continuous martingales. The following good-A inequalities
for continuous tangent martingales follow from LP estimates (3.5) analogously
good- ) inequalities presented in [14, Section 8 and 9].

Proposition 5.3. Let X be a UMD Banach space, M,N : Ry x Q — X be
tangent continuous local martingales. Then we have that for any 1 < p < oo,
0>0,and f>1

P

B(N* > BA, M* < 6)) Spx PN > N), A> 0,

B-1)
where M* := sup;~q || My|| and N* := sup;~q || N¢]-
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Let us now show good-\ inequalities for stochastic integrals with respect to
a random measure. First we will need a definition of a conditionally symmetric
martingale.

Definition 5.4. Let X be a Banach space. M : Ry x Q — X s called condi-
tionally symmetric of M has local characteristics and if M and —M are tangent.

Remark 5.5. Note that in the discrete case, i.e. when we have an X -valued dis-
crete martingale difference sequence (dy)n>1, the latter definition is equivalent
to P(d,,|Fn-1) being symmetric a.s. for any n > 1.

Now let us state and prove the desired good-\ inequalities.

Proposition 5.6. Let X be a UMD Banach space, M and N be X-valued
tangent purely discontinuous quasi-left continuous conditionally symmetric local
martingales. Then for any 6 > 0 and any B > d + 1 we have that

P(N* > X\, AM* V AN*V M* < §))

5P (5.1)
< - *
Sp,X (5_5_1)1)1?(]\7 >A), A>0,

where AM* := sup,sq |[AM;||, AN* := sup,>q [[ANg|[, M* := sup,> || M¢]],
and N* := sup;>q || Ne||-
For the proof we will need the following elementary lemma.

Lemma 5.7. Let X, M, and N be as above, a > 0. Let
pi=inf{t > 0: ||AM|| V |AN|| > a}

be a stopping time. Thent — AM,1;>, andt — AN,1;>, are local martingales.
Moreover, we have that a.s.

M, = / ]-HzHga-Td/j’Ma Ny = / 1Hz\|§axdﬂN7 te [O7p)7
[0,t]xX [0,t]xX

where p™ and pN are as defined by (2.14).

Proof. As M and N are conditionally symmetric and tangent, we may set that
v =vM = N is the compensator for both g™ and p, and that v(- x B) =

v(- x —B) a.s. for any Borel set B € B(X). Now let
M; :/ Lj>a(@)2Li0,(s) dB™ (s,2), 20,
[0,t]x X
N = / L >a(@)alio, (s) di™ (s,2), ¢ >0.
[0,¢]x X

These processes are local martingales by the fact that z is locally stochastically
integrable with respect to ™ and i’V thanks to Theorem 3.30, therefore x1 4
is also locally integrable with respect to i for any A C P by [119, Subsection
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7.2] and y-domination [47, Theorem 9.4.1]. On the other hand, as v is symmetric

in z € X and as the function 1j.5(z)2 10, (s) is antisymmetric in z € X, by
the definition of p we have that

M; :/ L >a(@)zl 5 (s) dip™ (s, 2)
[0,t]x X
:/ Lo (@2l 5 (s) du™ (s, 2)
[0,t]x X
_/ 1 >a(®)21)0,p(8) dr(s, )
[0,¢]x X

B /[0 x X 1H<\|>a($)x1[0,p} (s) d/lM(s7 x)
,t X

> AMdyan,sa = AM,1es,

0<s<tAp

so the desired follows for M. The same can be done for N.
The second part of the lemma follows from the fact that

M :M'+/ Lj<ar it N:N'+/ Lo <a® A"
[0,-]xX [0,]xX
a.s. on [0, p] and the fact that by the considerations above a.s.
M, =AM,1;>,, N;=AN,1;>,, t>0. O

Proof of Proposition 5.6. The proof is based on approach of Kallenberg [58,
pp. 36-39]. Let us define stopping times

o:=1inf{t > 0: || Ne|| > A},
T:=1inf{t > 0: || M| > oA},
pi=inf{t > 0: ||AM|| V [|AN|| > oA}

Let ™ and pV be defined by (2.14), g™ = p™M — v and gV = v — v be the
corresponding compensated random measures (as M and N are tangent, u
and pV have the same compensator). Define

My = / ]-Hng(S)\xl(T/\a/\p,T/\p] (S) dﬂM(s,x), t> 03
[0,t]x X

Nt = / 1||1H§6>\x1(7'/\0/\p,7'/\p](S) d,D’N('S?I)7 t>0.
[0,¢]x X

Note that by Lemma 5.7, M coincides with M — M™\7" on [0,7 A p), so by
the definition of 7 and p we have that M < 26), and thus by the fact that M
and N are tangent by Lemma 3.34, so by Corollary 3.33 for any 1 < p < co we
have that N e
Esup || N||P Sp,x Esup [ M¢||P < 2P6PAP. (5.2)
>0 >0
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Therefore,

P(N* > B\, AM* V AN* V M* < §)) < P(N* > B\, 7 = p = )

AT IA

P(N* > (8 -6 —1)))
P((N*)P > (8 — 8§ — 1)PAP)
1 N

CEFEIDTEARY
(*<*) 1
X Fog- 1w

IN

E(M*)?,

where () follows from the fact that if 7 = p = oo, so by Lemma 5.7 N coincides
with N — N? on Ry and || Ny|| < ||No—| 4+ [|AN,|| < (14 )A on {7 = p = oo},
while (x%) holds by (5.2). The desired then follows by

E(M*)P = E(M*)"1y<rp, < E276P N1, o
— 2p6p)\p]P>(0- < OO) — QP(SP)\;DP(N* > )\) D

5.2. Proof of Theorem 5.1

First we will prove each case of the canonical decomposition separately, and
then compile them using the following proposition.

Proposition 5.8. Let X be a UMD Banach space, ¢ : Ry — Ry be convex
of moderate growth such that ¢(0) = 0. Then for any local martingale M :
Ry x Q — X with the canonical decomposition M = M€+ M9 + M we have
that

E¢(M*) =g x E¢((M)*) +Ep((M?)*) +Eo((M?)*). (5.3)
Proof. Inequality <, x of (5.3) follows from the fact that M = M°+ M9+ M*
a.s., so M* < (Me)* + (M9)* + (M%)* a.s., and the fact that ¢ has moderate
growth, so a.s.

GM™) < (M) + (M)" + (M?)") =g ((M)") + S((M?)") + $((M")").

Let us show 24 x of (5.3). As X is UMD, each of M, M¢, M7, and M*® has
a covariation bilinear form [M], [M°], [M1], and [M°] respectively (see Re-
mark 2.13). Moreover, by [119, Subsection 7.6] we have that [M] = [M] +
[M] + [M?] a.s., and thus by [119, Subsection 3.2 and Section 5] (see also
Remark 2.13) for any i € {¢,q,a}

E¢(M”) =.x E6(7([M]e)) 2 E¢(v([M']w)) =o.x ES((M')").

This terminates the proof. O

Fix ¢ : Ry — R4 convex of moderate growth such that ¢(0) = 0.



Local characteristics and tangency 615

Theorem 5.9. Let X be a UMD Banach space, (dy)n>1 and (e, )n>1 be tangent
martingale difference sequences. Then we have that

su d, ~ E¢ | su H en
w0 (s ) <o 0 (]
Proof. Let (ry)n>1 be a sequence of independent Rademachers (see Defini-
tion 2.1). Then by [18, (8.22)] and by [119, Section 2] we have that

(i‘i‘{”zr” . ) ~sx Eo <supH§n:dn )

n>1 b1
n
supHZrnen ~¢,x E¢ SupHZen .
n>1 n>1 1

Finally, (r.dy)n>1 and (rpe,)n>1 are tangent martingale difference sequences
with respect to an enlarged filtration F = (F,,),,>1 which is generated by the
original filtration (F,),>1 and by Rademachers (d,,),>1 as for any n > 1 and
for any Borel set A € B(X)

(5.4)

P(rndn “Tn—l)(A) - E(lA(T’ndn) ‘?n—l)

2 JE(1a(d) [ Fomt) + 3E(1a(da) For)

W LR(14(d)|Fa) + SEA_a(d)[Fa)  (5:5)
D LE(1 4 (en)|Fn1) + LE(_aen)|Fa )
(iv)

= P(rpen|Fn_1)(4),

N2

A

where (i) follows from the fact that r, is independent of d,, and F,_1, (i)
follows from the fact that d,, is independent of o(r1,...,7n—1), (4i7) holds as
(dn)n>1 and (en)n>1 are tangent, and finally (iv) holds as (), (#¢), and (4i7)
can analogously be shown for e,. Moreover, r,d, and r,e, are conditionally
symmetric given F,,_1 for any n > 1, so we have that

> (5.6)

0 (s3] o 2o (s e

by [44] (see [25, pp. 424-425]). The desired follows from (5.4) and (5.6). O

Theorem 5.10. Let X be a UMD Banach space, M,N : Ry x Q — X be
tangent continuous local martingales. Then E¢(M*) =4 x ES(N*).

Proof. The proof follows directly from Lemma 5.2 and Proposition 5.3. O

Theorem 5.11. Let X be a UMD Banach space, M,N : Ry x @ — X
be tangent purely discontinuous quasi-left continuous local martingales. Then

E¢(M*) =g x EG(N™).
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For the proof of the theorem we will need the following lemma.

Lemma 5.12. Let X be a Banach space, M, N : Ry x © — X be tangent local
martingales. Then

P(AN* > \) < 6B(AM* > X), A >0, (5.7)
where we set AM™* := sup,>q [|AM;]| and AN := sup;> AN

Proof. By a standard restriction to finite dimensions argument (see e.g. the
proof of [115, Theorem 3.3]) and by the fact that AM and AN ate tangent for
any linear operator A € L(X,Y) (see Theorem A.1) we may assume that X is
finite dimensional. Due to Theorem 3.9 we may assume that both M and N are
purely discontinuous. Let M = M?+ M® and N = N9+ N® be the canonical
decompositions of M and N. Then by (2.8) we have that a.s.

{t>0: AM; #0}={t>0: AM? #0}U{t>0: AM} # 0},
{t>0: AN, #0} ={t >0: AN A0} U {t > 0: AN +# 0},

and

{t>0: AMI#£0}N{t>0: AM} #£0} =g,
{t>0: AN #0}N{t>0: AN #0} = 2.
Thus in order to show (5.7) it is sufficient to prove that
P((ANY)* > X) <4P((AM?)* > X), A >0, (5.8)
P((AN®)* > X) <2P((AM*)* > X), A>0. (5.9)

First notice that (5.9) follows from a standard discrete approximation of purely
discontinuous martingales with accessible jumps (see e.g. the proof of Proposi-
tion 3.37 and Subsection B.1) and [29, Lemma 2.3.3]. Let us show (5.8). Without
loss of generality we may assume that M + M7T and N = N7 for some foxed
T > 0. Let us define for any n > 1

dfl = MY

k .__ —
Tk/n—M% e .—Ngk/n—Ng,(k_l)/n, k=1,...,n.

(k=1)/n>  ©n

For each n > 1, let (d%)7_, be a decoupled tangent sequence of (d¥)7_, and
(ek)n_, be a decoupled tangent sequence of (e¥)?_,. Then by [29, Lemma 2.3.3]
we have that

P(stip lei > A) < 2P(silp flaz] = A),  A>0,
k=1 k=1

- - (5.10)
P(stip |d| > \) < 2P(stip 4} > A),  A>0.
k=1 k=1

Let MY be a local martingale decoupled tangent to both M9 and N9. As MY,
N9, and M7 have cadlag trajectories (see Subsection 2.5), we have the following
convergences

P — lim sup||dp|| = sup [|AMf|, P— lim stp ey = sup [|AN{|,
n—00 k=1 0<t<T N—=00 k=1 0<t<T
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B(stip |dy]| > ), P(stip &) > A) = B( sup AN > ), n— 00, A>0,
k=1 k=1 0<t<T
where the latter follows from Theorem 10.3; thus by (5.10) we have that

P((AN)* > X) < 2P((AMY)* > X\) <4P((AM?)* > 1)), A >0,

so (5.8) (and consequently (5.7)) follows. O

Proof of Theorem 5.11. First we prove the conditional symmetric case, and then
the general case.

Step 1: conditionally symmetric case. Let M and N be conditionally sym-
metric. Then by Lemma 5.2 and Proposition 5.6 we have that

Ed(N™) Sp.x EQ(AM™V AN* VvV M™).
As ¢ has a moderate growth, we have that
E¢(AM*V AN*V M*) <y E¢(AM™) + E¢(AN™) + Eo(M™),

where
E¢(AM™) S Ep(M™), (5.11)

as AM* < 2M*, and
E¢(AN™) < 6ES(AM™) Sy ES(M™),

by Lemma 5.12, since E¢(§) = fR+ P(¢ > A)d¢(A) for any random variable
£ :Q — Ry and since ¢(0) = 0, and by (5.11). Thus we have that E¢(N*) <,
E¢(M™*); the converse follows similarly.

Step 2: general case. First of all, it is sufficient to assume that N is a decoupled
tangent martingale to M. Let N’ be another decoupled tangent martingale to
M conditionally independent of N given F. Then M — N’ and N — N’ are
tangent martingales which are conditionally symmetric, and thus

(i) (ii7)

EG(M*) € E¢((M — N'Y) <, x E((N — N')*) 'S , EG(N"),

where (7) holds by the fact that a conditional expectation is a contraction and
by the fact that ¢ is convex, (i) follows from Step 1, and (iii) follows by the
fact that ¢ is convex of moderate growth and that N and N’ are conditionally
independent given F and equidistributed.
Let us show that
EG(N™) So.x ES(M). (5.12)

Without loss of generality by the dominated convergence theorem we may as-
sume that M; = Mp and Ny = Np for some fixed T" > 0 and any ¢t > T.
By Theorem 10.3 there exist pure jump processes (M"),>1 and (N™),>1 such
that

(A) for each n > 1, M™ and N™ have jumps at {%...,M,T},

n
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(B) for each n > 1, (Mpy ., — My _y) ) )k=1 and (N7y = N1y /m)iza
are martingale difference sequences with respect to the enlarged filtration
(F7h/n)i=1 (which enlarges (Fry/n)i—y) such that (N, =Ny 1) /n) k=1
is a decoupled tangent martingale difference sequence to
( ’qu/n o M?(kfl)/n)z:p

(C) N™ converges to N in distribution as random variables with values in the
Skorokhod space D([0,T], X) as n — oo,

(D) M™ converges to M a.s. as n — oo, and, moreover, (M™)* S M* a.s.

By (B) and Theorem 5.9 we have that
E¢((M")*) ~é,X Eqb((N")*), (5.13)

for any n > 1. On the other hand we have that E(b((M”)*) /" Ep(M*) by the
dominated convergence theorem and (D). Therefore (5.12) follows from (5.13),
(C), and Fatou’s lemma. O

Remark 5.13. Note that if M and N have predictably bounded jumps, i.e.
there exists a predictable increasing process A : Ry x Q — Ry such that
IAM], |AN]| < A; a.s. for any t > 0, then there is no need in conditional
symmetry in the proof of Proposition 5.6, and hence there is no need in us-
ing Section 10 in order to prove Theorem 5.11 (see e.g. the proof of Proposi-
tion 3.23).

Let us eventually show Theorem 5.1. By Proposition 5.8 it is sufficient to
show that

Ep((M)*) mg.x E6((N)"), (5.14)
Eo((M9)*) =g,x E¢((N9)*), (5.15)
Ep((M*)*) =p,x E¢((N)"). (5.16)

The inequality (5.14) follows from Theorem 3.9 and 5.10, (5.15) follows from
Theorem 3.9 and 5.11, and finally (5.16) holds by Theorem 3.9 and 5.9, and the
approximation argument from the proof of Proposition 3.37 and B.1.

5.3. Not convex functions

What is of a big interest is whether it is possible to have an analogue of The-
orem 5.1 for a general ¢ of moderate growth (e.g. ¢(t) = V/t), as it was done
in the conditionally symmetric case in [58, Theorem 4.1]. In our case this is
possible due to the following theorem.

Theorem 5.14. Let X be a UMD Banach space, ¢ : Ry — Ry be an in-
creasing function of moderate growth such that ¢$(0) = 0. Then for any tangent
conditionally symmetric martingales M, N : Ry x Q — X we have that

E¢(M™) = x ¢(N7).
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Note that M is conditionally symmetric if and only if M9 is conditionally
symmetric, where M = M¢+ M% is the Meyer-Yoeurp decomposition of M (see
Remark 2.19).

Proof of Theorem 5.14. First note that one can show Proposition 5.6 and
Lemma 5.7 for general conditionally symmetric M and N (with modifying M
and N by adding to them M ot = Mipgp, and N4 v — N7 p, a, Tespectively).
Then thanks to (5.1) we get that for any A >0, >0, and 8> 14§

P(N* > BA) — P(AM* V AN* vV M* > 6))
opr
(B—6—1)p

so by fixing p > 1, § = 2, and 8 > 4 we derive for some fixed Cp x > 0 by (5.7)

<P(N* > B\, AM* V AN* vV M* < 6)) <, x P(N* > \),

]P)(N* > B)\) < prxﬁﬁ”(]\[* > )\)

+P(AM™* > 2)\) + P(AN* > 2)\) + P(M™ > 2))
2 * *
< Cpx mIE»(N > \) + 8P(M* > \).
Then
Ea(N*) :/ P(p(N*) > N)dr= [ P(N*> N\ (¢ 1) (\)d), (5.17)

Ry Ry

consequently in particular if ¢(ex) < a¢(x) for some o > 1 (hence ¢(Bz) <
pimetle(z) for B big enough), which holds as ¢ is of moderate growth, then
analogously to [58, p. 38] by using the fact that ¢ is increasing so (¢~1)’ is
nonnegative a.s. on R

—lna—1 2 * * 2 *
(577~ Cox (g7 JBOIN") < BOIN'/B) = Gy x g5, EO(N)
2

_ /R+ (]P’(N*/ﬁ > 0) = Cpx g BV > )\))(qb‘l)’()\) A

< / P(M* > X)(¢~") (A) dA = E¢p(M*),
Ry

so the desired follows by choosing p > Ina + 2 and S big enough. O

Unfortunately the author does not know whether Theorem 5.14 holds for
general martingales. Nonetheless, the following upper estimate can be shown.

Theorem 5.15. Let X be a UMD Banach space, ¢ : Ry — Ry be an increasing
function of moderate growth such that $(0) = 0. Then for any local martingale
M Ry x Q — X with a decoupled tangent local martingale N we have that

E¢(M*) Sy, x Eo(N™).
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Proof. Let N be another decoupled tangent local martingale to M which is
conditionally independent of N given the local characteristics of M. Then by
Theorem 5.14 we have that

E¢((M — N)*) =4.x Eo((N — N)*).

It remains to notice that P(M* > \) < IP’((M—]V)* > )/2) +IP’((]\7)* > A/2), s0
Ep(M*) S Eo((M — N)*)+E¢(N*) by (5.17), the fact that ¢ has a moderate
growth, and due to the equidistribution of N and N , and to note that by the
fact that N — N has increments which are independent symmetric given the
local characteristics of M we have that thanks to (5.17) and [47, Proposition
6.1.12]

*

~ ~ (
ES((N = N)*) = E¢(|[Now = Necll) S Ed([[Nool) S ESH(NE)
where (x) follows from (5.17), the fact that
P(|Noo = Nool| > A) < B(|Noo || > A/2) + (| Noo| > A/2),

and the fact that ¢ has a moderate growth. O

6. Integration with respect to a general martingale

The present section is devoted to new estimates for stochastic integrals with
values in UMD Banach spaces. These are so-called predictable estimates as we
will have a predictable process on the right-hand side since this process depends
only on the corresponding local characteristics and thus it is predictable. In
particular, these estimates extend sharp bounds for a stochastic integral with
respect to a cylindrical Brownian motion obtained by van Neerven, Veraar,
and Weis in [81, 82] (see also [106, 108] for continuous martingale case). On the
other hand, this section in some sense extends a recent work [32] by Dirksen and
the author on stochastic integration in L?-spaces, though the latter publication
provides precise formulas for the right-hand side of (6.1), i.e. formulas that
do not depend on the decoupled tangent martingale or the corresponding Cox
process, but only on ™. We also wish to note that the obtained below estimates
are very different from those proven in [119, Subsection 7.1]: estimates (6.1) are
more in the spirit of works of Novikov [84], Burkholder [14], and Rosenthal [99],
while [119, Subsection 7.1] is based on Burkholder-Davis-Gundy inequalities,
which are similar to square function estimates (see e.g. also [109]).

Theorem 6.1. Let H be a Hilbert space, X be a UMD Banach space, M :
Ry x Q — H be a local martingale. Then for any elementary predictable ® :
Ry xQ — L(H,X) and for any 1 < p < co one has that

b 1/2)p
Esup|| | @AM =px BlP I e aregin) x)
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+ IE]ECox

o
[ eenaien] 6
R+><H

+EECIH S aany|”,

0<t<oc0o

where M = M€+ M9+ M® is the canonical decomposition, qy;. s as defined in
Subsection 2.6, u(l‘f{; zls:va Cox process directed by v™", and N is a decoupled
tangent martingale to M® constructed in Theorem 3.39, while Ecox denotes an
expectation for a fized w € Q in a probability space generated by picox, and Ecr

denotes an expectation for a fired w € Q in a probability space generated by N®
(see Subsection 2.2).

Proof. The theorem follows from Theorem 2.18, the continuous case [108, Ex-
ample 3.19 and Theorem 4.1}, Theorem 3.22, and Proposition 3.37. U

Remark 6.2. As on both the right- and the left-hand sides of (6.1) we have
norms (strictly speaking, seminorms, but we can consider a quotient space and
make these expressions mnorms), analogously to [119, Subsection 7.1] we can
extend the definition of a stochastic integral to any strongly predictable @ :
Ry x Q — X with

1/2

E”(I)(IMC

[ eenatiin)|
]R+><H

+]EECIH 3 BAN?

0<t<o0

(L2 (R, 31}, x) T EECox

< 00.

Remark 6.3. Due to standard Lenglart’s trick [67, Corollaire II] we can extend
the upper bounds of (6.1) to p € (0,1) in the following way

EsupH/tCI)dMHp <,x E||@g 2| _
t>0!lJo ~ MeTy(L? Ry, [M°];H), X)

/ a(naplli(sn))’ (©2)
Ry xH
)

Remark 6.4. Why expressions on the right-hand sides of (6.1) and (6.2) can
be useful? First, if one fires w € Q, then these expressions become stochastic
integrals with respect to martingales with independent increments, which it is
easier to work with. Second, if we are in the quasi-left continuous setting (i.e.
M® = 0 and we have only Poisson-like jumps), then we end up with y-norms and
the norms generated by Coz processes, which might be of v-radonifying nature
but with the Poisson distribution (see Remark 3.26).

Remark 6.5. Thanks to Theorem 4.6 both (6.2) and the upper bound of (6.1)
hold true if X has the decoupling property.

+E (Ecox

+E(Eal| > ANy
0

<t<oo
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7. Weak tangency versus tangency

The natural question is raising up while working with local characteristics in in-
finite dimensions: given a Banach space X (perhaps, not UMD) and an X-valued
martingale M. Can we have results of the form (3.3) for more general Banach
spaces by using a family of local characteristics ([(M,x*)°], M=) o cxv in-
stead of local characteristics discovered in Section 3 (note that the latter even
might not exist by Theorem 3.7)? And how do these weak local characteristics
correspond to the those defined in Section 37 Let us answer these questions.
First we will need the following definitions.

Definition 7.1. Let X be a Banach space, M : Ry xQ — X be local martingale.
Then the family ([(M,z*)¢], M=) . cx+ is called weak local characteristics.

Definition 7.2. Let X be a Banach space, M, N : Ry x Q@ — X. Then M and
N are weakly tangent if (M, z*) and (N,z*) are tangent for any x* € X*, i.e.
if M and N have the same weak local characteristics.

Here we show that weak tangency coincides with tangency in the UMD case,
so this approach cannot extend Theorem 3.7 in the UMD setting.

Theorem 7.3. Let X be a Banach space, M, N : R, x Q — X be local martin-
gales which have local characteristics. Then M and N are tangent if and only
if they are weakly tangent.

For the proof we will need the following lemma.

Lemma 7.4. Let X be a Banach space, M : Ry x Q — X be a martingale.
Assume that M has a covariation bilinear form [M]. Then for any t > 0 we
have that

X* = LY%Q), o [M](z*, 2*),

is continuous for X* endowed with the weak® topology.

Proof. By a stopping time argument and by Remark 2.10 we may assume that
Esup,sg | M| < oo. Let (xf),>1 be a weak®* Cauchy sequence with the limit
x*. By the definition of weak* convergence we have that (z,x%) — (x,2*) for
any z € X. Thus by [56, Theorem 26.6] a.s.

|[M]o (2", @) = [M]e(y, 27)] = [[(M,27)]e — [(M, 2})]i]
= |2[(M, &™), (M, 2}, — 2™)]; + [(M, 2" — x})]:|

< 2V/[(M, 2o/ [(M, 2% — a)]e + (M, 2" — a7,

so we have that

1M (2", 2%) = [M] (7, 20) | 212 (0)
< [2v/IM, &) e I, 2% — wi)]e + (M, 2" = a3)]el pz o
S VM, a9/ (M, o = 25)]ell 12 @)
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I, 2 = i)l o/
1/2 1/2

< VI 22 g |V 2 = el

M, 2 = 2l oy,

and thus it is enough to show that |[(M,z* — 2})]¢l[L1/2(q) — 0 as n — oo,
which follows from the fact that by Burkholder-Davis-Gundy inequalities [56,
Theorem 26.12]

* * — * * 2
" = a)lilzaraey = (B sup [(M.a” —a3)])* =0, n— o

as (M,z* —z%) — 0 a.s. and (M, z* — z}) are uniformly bounded by Banach—
Steinhaus theorem. d

Proof of Theorem 7.3. Tt is clear that tangency implies weak tangency. Let us
show the converse. Assume that M and N are weakly tangent. Let M = M€ +
M?% and N = N°¢+ N? be the Meyer-Yoeurp decompositions (see Remark 2.19;
this decomposition exists as M and N have local characteristics). First notice
that for any ¢ > 0 and for any z* € X* a.s.

[Me]u(z*,a*) = (M€, 2", 2 (M, 7)),
— (N, 2" & (N, 2™)]; = [N]o(a, %),

where (x) follows from the fact that (M€, x*) = (M, z*)¢ and (N, x*) = (N, 2*)¢
a.s. (see [32, 116, 118]). Therefore [M°]i(z*) = [N (z*) for any z* € X*
a.s., so we can set [M¢]; = [N¢]; a.s. on Q as X can be assumed separable
by the Pettis measurability theorem [46, Theorem 1.1.20], so [M¢]; and [N€];
coincide a.s. on weak™ dense subset of X* which can be assumed countable by
the sequential Banach—Alaoglu theorem, and thus they coincide on the whole
X* by Lemma 7.4.

Now let us show that ™ = vV a.s. Fix Borel sets B C X and A C R,.. It is
sufficient to show that a.s.

vM(A x B) = vV (A x B) (7.1)

As X is separable, the Borel g-algebra of X is generated by cylinders (see
e.g. [8, Section 2.1]), we may assume that B is a cylinder as well, i.e. there
exist linear functions z7j,...,z), € X* and a Borel set B € R™ such that
1p(z) = 15({z,27), ..., (x,2},)). Let Y = span(x7,...,2},), (Yn)n>1 be a dense
sequence of Y. Then by the assumption of the theorem there exists Q¢ C 2 of
full measure such that on

yMoyn) — ,(Noym) oy > 1

)

and as (Yn)n>1 is dense in Y by a continuity argument we have that on Qg

yMY) — (N ey (7.2)
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Let P: X — R™ be such that Pz = ((z,z7),...,{(z,z},)) € R™ for any x € X.
Then by (7.2), by Lemma A.2, and by the Cramér-Wold theorem (see e.g. [7,
Theorem 29.4] and [5]) we have that on Qg

vM(Ax B) =" (A x B) =v"N(A x B) =N (4 x B),

and thus (7.1) follows. Consequently, M and N have the same local character-
istics, and thus they are tangent. O

Assume now that inequalities of the form (3.3) hold for some Banach space
X for some 1 < p < oo for all weakly tangent martingales. Then in particular
for any independent Brownian motions W and W and for any elementary pre-
dictable ® : Ry x Q — X for martingales M := [®dW and N := [ & dW we
have that by (2.17) for any ¢t > 0 a.s.

[M]i (2", 2%) = [(M, 2")]s :/O |[@*2*|*ds = [(N,2")]¢ = [N]e(a",2%), ¢>0,

so M and N are weakly tangent and thus by (3.3)
t » "
EsupH/ <I>dWH ~p, X JEsupH/ @dW‘ ,
t>0llJo t>01lJo

which implies UMD e.g. by [24, 36, 46] and by good-\ inequalities (5.3).

8. Decoupled tangent martingales and the recoupling property

An interesting question is the following. Thanks to Theorem 3.8 we know that
for any given UMD space X any X-valued local martingale has a decoupled
tangent local martingale. Using Section 7 one can try to extend the notion of a
decoupled tangent local martingale via exploiting weak local characteristics in
Definition 3.3, i.e. for a general Banach space X a local martingale N defined
on enlarged probability space and filtration is called decoupled tangent to a
local martingale M if M is a local martingale with respect to the enlarged
filtration having the same weak local characteristics ([(M, 2*)¢], v . c x-
so that N(w) is a local martingale with independent increments with weak
local characteristics ([(M, z*)¢](w), v™*") (w))g+ex+ for a.e. w from the original
probability space. For which Banach space X we can guarantee existence of such
an object?

In order to answer this question we need the recoupling property, which is
dual to the decoupling property (see Definition 4.1).

Definition 8.1. Let X be a Banach space. Then X is said to have the recou-
pling property if for some 1 < p < oo, for any X-valued martingale difference
sequence (dp)n>1 and for a decoupled tangent martingale difference sequence
(en)n>1 one has that

p

(8.1)
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Let us first show the following elementary proposition demonstrating that we
can assume any 1 < p < oo in Definition 8.1.

Proposition 8.2. Let X be a Banach space, (dy,,) be an arbitrary X -valued mar-
tingale difference sequence, (ey) be its decoupled tangent martingale sequence.
Then the following are equivalent.

(i) EHZZO:l ean Spox EsupNZlHZgzl dan for any 1 < p < oo, any (d,)
and (ey).
(ii) B> 0, ean Spox EsupNZluzgzl dan for some 1 <p < 0o, any (d,)
and (ey).
) EE(HZZ‘; en” F)p Sp.x ]EsupN21||Zg:1 dan for some 1 < p < o0,
any (d,) and (ey).
(iv) There exists a constant Cx such that szE(HEZO:l enH
we have that EsupNZlHZnN:l du|| > Cx.
(v) There exists a constant Cx such that if || >0 | en|| > 1 a.s. then we have
that EsupNZluzgzl dn|| > Cx-.
Proof. The proof in analogous to the one of [37, Theorem 4.1]. (i) = (i3) = (4i1)

follow for an obvious reason and by Jensen’s inequality. (iii) = (iv) follows
similarly to [15, p. 999]. (iv) = (v) follows from the fact that if ||> 0" | e, || > 1

a.s., then E(HZZO:l enH f) > 1 a.s., and thus the desired holds. Now let us
show (v) = (7). Fix 1 < p < 0co. Let G,( —IE(HZn 1

.7:) > 1 a.s. then

) Then

(G (0n) > ) L s (1l 2 3) E;gpnzd Al

where (x) follows from the fact that averaging operators are contractions on
Lorentz spaces (see e.g. [55]) and (xx) can be derived from (v) analogously [15,
p. 1000]. Now applying [15, pp. 999-1000] one can conclude from (8.2) that

(oo}
p
EHZen
n=1

so the proposition follows. d

= EG,(dy)

N>1

Recall that X is called a UMDT Banach space if for some (equivalently, for
all) p € [1,00), every martingale difference sequence (d,,)>%, in LP(2; X), and
every independent Rademacher sequence (r,)$2 ; one has that

IEHi rod
n=1

(see [24, 26, 37, 46, 107]).

(8.3)
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Remark 8.3. The recoupling property immediately yields the UMD™ property
for Paley-Walsh and Gaussian martingales (see [46, pp. 498-500], [91, Section
4.2], and [37]) and hence any Banach space X with the recoupling property is
supereflexive, has finite cotype (see [37, Theorem 3.2]) and nontrivial type (due
to [47, Theorem 7.3.8] and the supereflexivity of X ). It remains open whether the
recoupling property implies UMD (note that the recoupling property is equivalent
to UMD if X is a Banach lattice thanks to [59, Theorem 8.4]; see also the
discussion in [38] and [46, Section O]). Nonetheless, one can show that the
recoupling property is in fact equivalent to UMD™ for general martingales, which
is in some sense a dual result to [24, Theorem 6.6(%ii)].

Proposition 8.4. Let X be a Banach space. Then X has the recoupling property
if and only if it is UMD™.

Proof. The “only if” part. Assume that X has the recoupling property. Let
(dn)22; be an X-valued martingale difference sequence, (e,)22; be a corre-
sponding decoupled tangent sequence on an enlarged filtration. Then by Defi-
nition 8.1

N2>1

Note that (d,, — en)n>1 is conditionally symmetric. By an approximation argu-
ment (by adding a sequence (exr!!) for some z € X, independent Rademacher se-
quence (7)), and some small enough ¢ > 0) we may assume that P(d,,—e,, = 0) =

0. Moreover, for the same approximation argument we may assume that there ex-
ists * € X* such that (d,,—e,, x*) # 0 a.s. Let v}, := (dp,—epn, x*)/[{dn—en, x*)],
& = (d,, — ep)/r),. Let us show that r/, is independent of o(&,, F,—1). Indeed,
for any A € X with (z,z*) > 0 for any © € A and any B € F,,_1 by the
conditional symmetry we have that

P({r" =1} N {&, € A} N B) = P({d,, — en € A} N B)
— P({d, — en € —A} N B) = P({r, = 1} N {&, € A} N B),

S0
P{r], = £1}n{&, € A}NB) = ({fn € A}NB) = P(r], = £1)P({&, € A}NB).
Therefore by setting a new filtration (G, )n>1 := (0(Fn, &n+1))n>1 and noticing
that (r7,&,) is a martingale difference sequence w.r.t. this filtration we can deduce

from (8.1), Example 2.28, and the fact that a product of two Rademachers is a
Rademacher that for any independent sequence (r,,),>1 of Rademachers

IEHi ro(dn — €n) g E“irnrgfn :
n=1 n=1

NpXIEsupHZr n

N p
fEsupHZdnfen

Nz21T 3




Local characteristics and tangency 627

Finally, by applying a conditional expectation w.r.t. o(F, (r,)) and Jensen’s in-
equality we know that E|| >°°° | rnd, [P < E| Y07 rn(dn—en)||P. By combining
all the inequalities above (8.3) follows.

The “if” part. Let X be UMDY, (d,)n,>1 be an X-valued martingale dif-
ference sequence, (e,),>1 be a decoupled tangent sequence. Given the UMD™
property we need to show (8.1) for some p > 1. Without loss of generality we
may assume that the filtration is generated by (d,) and the enlarged filtra-
tion is generated by (d,) and (e,). First assume that (d,),>1 is conditionally
symmetric. In this case for any Borel A C X we have that

P(].A(dn)|fn_1) = P(I_A(dn)urn_l), n Z 1. (84)

Let (z,,)M_, € X\ {0} be disjoint and let balls (B,,)M_, be disjoint with
ZTm € By and {0} ¢ B, so B, N =B, = &. Then for any n > 1 we can
approximate d,, in L? for any p < oo by Z% 12m(1B,,(dn) — 1B, (dyn)) by
taking big enough set (x,,)M_, € X and by considering smaller balls (B,,)_,.
Let A" :={d, € B,} U{d, € —B,} and let r?, := 1p_(d,) — 1_p, (d,) +
rfnl 1o\ an for some independent r”, (one may need to enlarge the probability

space and filtration). By (8.4) and independence of (") we conclude that

P(r? = +1|F,_1) = P(d,, € ﬁ:Bm\]-"n ) +PQ\ A" N {r? = £1}|Fry
(A" |]:n 1) + P(Q\A ‘]:n 1) =

)

)
1
2

so (r") is conditionally independent of F,,_1. For the same reason (r?)M_,
are independent Rademachers which are mutually 1ndependent of
o(Fn-1,A7,..., A%;). Thus we can approximate d,, by Zm 1"mlan, so by
assuming d,, = Zi\f 1"mlan , by (8.3), and by the fact that A}, are disjoint for

every n > 1 (which guarantees that the corresponding suprema coincide) we get

EHZZT" Lan NpXEsupHZZrnlAn
=1m

n=1m=1

, (8.5)

where (7 )2 ]1\4m ! is an independent sequence of Rademachers. For each n > 1

let e, := Z%Zl Z;l 14n and let us show that (e,)n>1 is a decoupled tangent

sequence to (dn)nZI First both (d,,) and (e,) take values only in (+z,,)
and for any m = 1,..., M by the independence of 7" and by (8.4)

M
m=1>

P(ey = £m|Fr1) = P({r;;; =+1}N A" |}'n 1) = —]P’(A” |Fn1)

so (d,) and (e,,) are tangent. Next, for any fixed w € 2, (e,,(w)) are independent,
hence (e;) is decoupled. Thus (8.1) follows from (8.5).
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Now let (d,,) be general. Then for any sequence of independent Rademachers
(rn) by (8.3) and [47, Proposition 6.1.12]

EsupHZm n NEHZT" n

Let (e,) be a decoupled tangent sequence to (d,). Then (rpe,) is a decoupled
tangent sequence to (r,d,) (see (5.5)), which is conditionally symmetric, and
hence by the conditional symmetric case we get

[e%s) N
p o p
]EH E Tnen| Spox EsupH E Trdn,
— N=1""—
n=1 n=1

It remains to show that E|| Y7 e,||P ~, E| > 07, rpe,|/P, which follows di-
rectly from the conditional independence and a randomization argument (see
e.g. [66, Lemma 6.3]. O

Remark 8.5. The same proof yields that the UMD~ property (the property
which is inverse to UMDY, see e.g. [46, Chapter 4]) implies the decoupling prop-
erty. The converse statement can be shown for conditionally symmetric martin-
gale difference sequences (which is a weaker form of [24, Theorem 6.6(iii)]),
but unfortunately a similar technique seems to be not able to provide an exten-
ston to general martingales as UMD~ constants heavily dominate the decoupling
constants in the real-valued case (see the discussion in [26, pp. 346-348]). The
equivalence of UMD~ and decoupling remains unknown for the author.

The following theorem is the main result of the section.
Theorem 8.6. Let X be a Banach space. Then the following are equivalent:

(i) X has the recoupling property.
(i) Any X -valued martingale M has a decoupled tangent local martingale N.

Moreover, if this is the case, then for any 1 < p < oo

Esuplthllp Spox EsupHMtllp (8.6)

Proof. Part 1: (i) = (it1). Assume that X has the recoupling property. Let
M be an X-valued martingale. First let us show that [M] exists, cadlag, and
Y([M]:) < oo a.s. for any ¢ > 0 (see Remark 2.13 and [119]). To this end note
that by Proposition 8.4 one can repeat the proof of [119, Theorem 2.1] showing
only the upper estimate 2, x in [119, (2.2) and (2.3)]. This upper estimate
together with the superreflexivity of X (see Remark 8.3) is enough to repeat
the proof of [119, Theorem 5.1] again with providing only

Ey([M]oo)” Sp.x Esup [Mi[", 1< p < oo, (8.7)
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in [119, (5.1)]. For the same reason it follows that y([M]:) < oo a.s. for any
t > 0 and that it is locally integrable. Existence of a cadlag version of [M] holds
similarly [119, Proposition 5.5].

Now, as [M] is cadlag and nondecreasing (see Subsection 2.6 and [119]),
analogously to [56, Section 25, 26] it has a continuous part [M]° and a pure
jump part [M]?¢ (shortly, one can simply define [M]¢ := Y ..., A[M]; and
[M]e¢ := [M] — [M]?). Moreover, by [119, Lemma 3.9, 3.10], by the definition
of [M], and by [56, Theorem 26.14] we have that v([M]) = y([M]¢) +~([M]%)
a.s., so in particular by [119, (3.2)] [M]° is bounded and locally integrable.

Let us show that there exists a decoupled tangent martingale N. We will con-
struct separately N¢, N9, and N¢, and then sum them up. For N¢ let us consider
[M]c. We know that v([M]°) is finite and locally integrable. Therefore analo-
gously to the proof of Theorem 3.18 there a.s. exist an invertible time-change
(Ts)s>0 with an inverse time-change (A;);>¢ (see the proof of Theorem 3.18),
a Hilbert space H, ® € v(L*(Ry; H), X) predictable with respect to (F,)s>0,
and a cylindrical Wiener process Wy such that for any z* € X* a.s.

¢
((M,z*)oT) = / O " dWy, t>0.
0

As ® € y(L?(Ry; H), X), by [119, Subsection 3.2] (see also [81]) ® is a.s. inte-
grable with respect to an independent cylindrical Brownian motion W}, (with
(Ewy, H@WI’iH?)% = [|®]|y (2R, H),x) @.8.), s0 we can define Nf := OAt O dWy,.
Moreover, by (8.7), Remark 8.3, and [119, Lemma 3.10 and Proposition 6.8]

Esup V71" Sp.x EY(IN]oo)” = B (1M o)

(8.8)
< By([MIx)" Spx Esup [ M.
t=>

Let us now construct N9. Analogously to [56, Proposition 25.17], [M]? can
be decomposed into [M]?, which is quasi-left continuous, and [M]%, which is
purely discontinuous with accessible jumps. Let u* be defined by (2.14), let
v be the quasi-left continuous component of u (see Lemma 3.15), and let v
be the compensator of u, i = p — v. Then we have that for a.e. w € Q [M]%,
collects quasi-left continuous jumps of M and in particular by [119], v([M]%,) =
(E, ]l fR+ x Yexdu(t, x)|?) 2, where (7)1>0 is a family of independent Gaussians
which can be considered countable a.s. as M has countably many jumps a.s. Let
lcox be a Cox process directed by v, ficox = pcox — V- Let us show that x is
integrable with respect to ficox(w) for a.e. w € 2. To this end notice that by [119,
Proposition 6.8 and Subsection 7.2] and by the fact that ficox(w) is a Poisson
random measure (so it is a random measure with independent increments) x is
integrable with respect to ficox(w) if Ecox |||y (L2 (R, x Xiucox (w)),x) < 00, which
is a.s. satisfied as for any p > 1

0) 2\ 2
EHx”?;(L?(]R+><X;MCOX)7X) - E(E’YH/ ’ytard,ucox(w)(t,l‘)H )
R+><X
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(34) 2\ %
= lim E(EWH/ 1A”(t,x)vn(t)mducox(t,a:)H )
RyxX

n—oo

(#i7) 2
< Xhm]EEH/ 14, tacvn(t)xd,uth)2
Ry xX

(8.9)

. 2\ &
(&) E<E7H/ 'yta:du(t,x)H )2
Ry xX

2 E(ML) < Esup M7,

where (A,)n>1 are defined analogously to the proof of Theorem 9.2 for quasi-
left continuous jumps of M, (v;);>0 are independent Gaussians, a step nonde-
creasing function ¢ +— n(t) is a discretization so that (7, )¢>0 includes finitely
many Gaussians and n(t) — t as n — oo, (i) and (v) follow from [47, Sec-
tion 9] and the fact that pcox and p are a.s. atomic measures, approxima-
tions (4¢) and (iv) follow analogously [119, Lemma 3.11], and finally (4i7) holds
due to (8.1), [66, Lemma 6.3], [47, Proposition 6.3.1], and the fact that ¢ —
f[w]xX 14, (t, 2) @z dicox (t, x) is approzimately a decoupled tangent martin-
gale to t f[O,t]xX 14, (t,2)yawz du(t,z) (in fact t — f[o,t]xx e dpcox (t, 1)
is a decoupled tangent martingale to ¢ — mexX v du(t,z), but the filtra-
tion generated by (7:)i>0 is not countably generated, so an approximation
needed; such an approximation can be done analogously Section 10). There-
fore t — N} := f[o, fgxx T dficox is a well-defined purely discontinuous quasi-left
continuous martingale which has independent increment for a.e. w € Q and
thanks to (8.9) and [119, Proposition 6.8 and Subsection 7.2] we have that

Boup NFIP 5 Bl e x) Sox BSWRIMIP. (810)

Finally, let us turn to N¢. First let (7,)n,>1 be a sequence of predictable
stopping time exhausting predictable jumps of M (equivalently, all the jumps of
[M]*, see also Lemma 2.20 and [56, Proposition 25.4]). Let N*™ be constructed
for any m > 1 similarly to (3.54). Let us show that N%™ converges in strong
LY(Q;X) asm — 0, i.e. for any n > m > 1

Esup ||N;"" — N, = 0, n >m — oo.
>0

Note that by its construction N*"(w) — N*™(w) has independent increments,
hence by [119, Subsection 6.2] and Remark 8.3

Esup [N — N{ | =x E(IN" — N )
[

:EH 3 AN, (8.11)

k=m+1
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() n
’SP,X EH Z ’YkAMTk
k=m+1

(2;)0 as n>m — 0o,

where (%) follows from (8.1), [66, Lemma 6.3], and the fact that (4 ANz, )i_,, 1
is a decoupled tangent sequence to (v,AM,)i_,, ., (this follows analogously
Theorem 3.39, where one needs to reorder (74)}_,, 41 making it increasing as it
was done in the proof of Proposition 3.37), and (#x) holds true similarly to [119,
Theorem 7.14]. Thus N* := lim,,_,oc N*" is a well-defined purely discontinuous
martingale with accessible jumps and has independent increments for a.e. fixed
w € Q due to its construction (see the proof of Theorem 3.39), and analogously
(%) in (8.11) (which holds for any power p > 1) and due to [119, Proposition 6.8
and Subsection 7.2] and (8.7)

Eoup INFIF . BN L)’ Spx E(IMI)? Spx Bsup AP (8.12)

It remains to let N := N°¢+ N7+ N® with (8.6) holding by (8.8), (8.10),
and (8.12). The fact that N is a decoupled tangent martingale to M follows
similarly Subsection 3.7.

Part 2: (i1) = (i). Let X fail the recoupling property. It is sufficient to show
that there exists a martingale without a decoupled tangent local one. First
let us construct an X-valued martingale difference sequence (d,,),>1 such that
Zn>1 d,, converges and bounded a.s. and Z>1 e, diverges a.s., where (€,)n>1
is a decoupled tangent sequence to (d,),>1. To this end we Wlll apply Proposi-
tion 8.2. Due to Proposition 8.2(v) for any m > 1 we can inductively construct
an X-valued martingale difference sequence (d™)Mm with a decoupled tangent

martingale difference sequence (7)Y such that

(i) ESHPN"H I35, 2]l < 5, and
(ii) (||Zn mel|| > Cp1) > 1— 2m,WhereC’O—landforanym> IC’m is
such a constant bigger then 2C,,_; that P(|| "M em| > C,) <

nln

(see e.g. [118, Subsection 4.4]). Then we can set

dM1+...+Mm_1+n = dTnna m Z 17 1 S n S Mm,
6M1+...+Mm,1+n = ezla m 2 17 1 S n S Mma

and the pair (d,)n>1 and (e, )n>1 would satisfy the desired properties. Now let
us construct a martingale M : Ry x  — X without a decoupled tangent one.
To this end let the filtration (F;);>0 be generated by (d,)n>1 and (ep)n>1 in
the following way: let F1_y/gn := 0(d1,...,dn,€1,...,6€,) and let Fy := Fy_q/on
forany n > 1land t € [1 —1/2" 1 —1/2""1). Set

M; = Z dn, N;:= Z en, 0t <1,

n:l1—1/2n<t n:l—1/2n<t

First of all notice that N by its definition is a decoupled tangent martingale to
M on [0,1 —1/2"] for any n > 1. But lim; x Ny = > -, e, does not exists
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due to the construction, so it is not a local martingale and thus not a decoupled
tangent local martingale to M. Assume that M has some decoupled tangent
martingale N. Then by Remark 3.6 for each w € Q we have that (AN (w))i>0
and (AN, (w))e>0 are equidistributed and independent, so N and N are equidis-
tributed, hence N is not a local martingale, so the desired holds true. O

Remark 8.7. Note that thanks to the proof of Theorem 8.6 any UMD™ -valued
martingale M has a covariation bilinear form [M], and more importantly, this
covariation bilinear form has a continuous part [M]° so that the weak local
characteristics of M are generated by ([M]¢,v™). It remains unknown for the
author whether one can characterize the UMD™T property of X via existence of
the pair ([M]¢,v™M) (or, equivalently, only via existence of [M]¢ as v™ is always
well-defined, see Subsection 2.8) for any X -valued martingale M.

9. Independent increments

The present section is devoted to martingales with independent increments. As
we will see below, in this case one could avoid the UMD assumption in order to
show existence of local characteristics. Moreover, in Subsection 9.2 we will show
that such martingales have a precise form in terms of stochastic integrals with
respect to cylindrical Brownian motions and Poisson random measures. Recall
that we will be talking about martingales with independent increments without
the localization assumption which can be omitted due to Remark 3.5.

9.1. Weak local characteristics and independent increments

As it was originally shown by Grigelionis in [42] (see also a multidimensional
version [52, p. 106]), a local martingale has independent increments if and only
if its local characteristics are deterministic. Let us extend this result to infinite
dimensions via using weak local characteristics.

Theorem 9.1. Let X be a Banach space, M : Ry xQ — X be a local martingale.
Then M has independent increments if and only if its weak local characteristics
are deterministic.

Proof. The “only if” part is simple and follows directly from the real-valued
case [42] and the fact that if M has independent increments then (M, z*) has
independent increments for any «* € X* as well.

Let us show the “if” part. First we reduct to the finite dimensional case.
By the Pettis measurability theorem [46, Theorem 1.1.20] we may assume that
X is separable. Let (z,)n,>1 be a dense sequence in X \ {0}, (z%)n,>1 be a
norming sequence, i.e. (T,,z%) = ||z,| and ||z%|| = 1 for any n > 1 (such
linear functionals exist by the Hahn-Banach theorem). For each m > 1 define
Y., := span(zj,...x},) and let P, : Y,, = X* be the corresponding inclusion

operator. Then by the definition of (z,,)n>1 and (z},)n>1 we have that the Borel
o-algebra of X is generated by (z7),>1 (e.g. « in the unit ball of X if and only
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if [(x, %) <1 forall n > 1), and so by the definition of P, we have that M has
independent increments if and only if P} M has independent increments for any
m > 1. So we need to prove the theorem for any m > 1, which is equivalent to
proving it for finite dimensional case as P;;, M takes values in a finite dimensional
space ran(Pr).

Now let X be finite dimensional. Then the theorem follows from [52, Theorem
11.4.15]. |

9.2. General form of a martingale with independent increments

Now we are going to show that any martingale with independent increments
(with values in any Banach space) has local characteristics, so there is no need
in weak local characteristics. Moreover, any such a martingale has a very specific
form outlined in Theorem 9.2. Recall that a vector-valued stochastic integral of
a deterministic function with respect to a compensated Poisson random measure
was defined in Definition 2.24.

Theorem 9.2. Let X and M be as in Theorem 9.1. Assume additionally that
My = 0. Then M has the canonical decomposition M = M¢ + M9 + M*,
where martingales M€¢, M1, and M® are independent and have independent
increments, and for any ¢ : Ry — Ry with moderate growth and with ¢(0) =0
we have that

Esup ¢(|[Mi]]) ~¢ Esup ¢(|[M{|) + Esup ¢ (|| M) + Esup o(|M7]).  (9.1)
t>0 >0 t>0 >0

Moreover, there exist a cylindrical Brownian motion Wy, ® € v(L?*(Ry; H), X)
locally, and a deterministic time-change ¢ such that M€ o 1¢ = ® - Wy, there
exists a Poisson random measure N, on Ry x X with a compensator vy,

Vna

(which is a non-atomic in time part of v™ ) such that M9 = f[o,»]xedNV

(where N, = N,
Jump times.

na

— Una), and finally M® is a martingale which has fized

Recall that v,, was defined in Lemma 3.15 since a measure is quasi-left
continuous if and only if the corresponding compensator is non-atomic in time
by Remark 3.16 (see also [57, Theorem 9.22]). In order to prove Theorem 9.2
we will use these lemmas.

Lemma 9.3. Let X be a Banach space, M : Ry x Q — X be a martingale with
independent increments. Then we have that for any ¢ : Ry — Ry with moderate
growth and with ¢(0) =0

E sup (| M) =4 Eo(|Mr|]), T >0. (9-2)
0<t<T

Proof. Let M be an independent copy of M. Then M — M is a symmetric



634 1. S. Yaroslavtsev

martingale with independent increments, so by [29, Proposition 1.1.2]

B sup o0~ 3E[) = [ B( sup |IM,~ 3E| > A) do()
0<t<T A>0  N0<t<T (9'3)

<2 [ B(IMr — 3Er| > X) do(3) = 226(|Mr - M),
A>0

Moreover, by conditional Jensen’s inequality [46, Proposition 2.6.29], by a tri-
angle inequality, by the fact that ¢ has moderate growth, and by the fact that
M and M are equidistributed we have that

E sup ¢(|M; — M) =4 E sup o(|| M),
0<t<T 0<t<T (9.4)

Eé(|[Mr — Mrl|) = Eé([[Mr])),
0 (9.2) follows from (9.3) and (9.4). O

Lemma 9.4. Let X be a separable Banach space, (zy,)n>1 be a dense subset of
X, (z})n>1 be a norming sequence, i.e. (x,,x}) = ||x,| and ||z%| =1 for any
n>1. Let M : Ry x Q — X be a local martingale. Then

(I) M is continuous if and only if (M, xz}) is continuous for anyn > 1,
(IT) M is purely discontinuous if and only if (M, xz}) is purely discontinuous
foranyn>1,
(IIT) M is quasi-left continuous if and only if (M, xz%) is quasi-left continuous
foranyn >1,
(IV) M is with accessible jumps if and only if (M, x}) is with accessible jumps
for any n > 1.

Proof. The “only if” part of each of the statements is obvious. Let us show the
“if” part. First let us start with (I). Assume that M is not continuous. Then
there exists a stopping time 7 such that P(AM, # 0) > 0. Without loss of
generality by multiplying M by a constant we may assume that P(||AM.| >
1) > 0. Fix ¢ < 1/2. Then, as (z,)n>1 is dense in X, there exists n > 1 such
that ||z,| > 1 — € and for a ball B with centre in x,, and radius € we have that
P(AM, € B) > 0 (such a ball exists as X can be covered by countably many
such balls). Then

P((AM;, &) #0) > P((AM;,&}) € [[2a]—<, [, +€]) > B(AM, € B) >0,

so (M, z¥) is not continuous and the desired follows.

Now let us turn to (IT). Assume that M is not purely discontinuous. By [116,
Subsection 2.5] (see also [32, Subsection 5.2]) it is analogous to the fact that
there exists a continuous uniformly bounded martingale N : Ry x Q@ — R such
that No = 0 and M N is not a martingale. Moreover, by exploiting the proof
of [116, Proposition 2.10] we even can find such N that EM;N; # 0 for some
t > 0. On the other hand if (M, z%) is purely discontinuous for any n > 1, then
by [116, Proposition 2.10] (M, z})N is a martingale starting in zero, so

<]EMtNt,.’£;kL> = ]E<MtNt,.’E;kL> = ]E(Mt,x:L>Nt = 0,
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consequently EM;N; = 0 as (x}),>1 is a norming sequence, and thus M is
purely discontinuous.

Let us show (III). Let 7 be a predictable stopping time. Then it can be shown
that AM, = 0 a.s. analogously (I), so M is quasi-left continuous. (IV) follows
similarly. O

Corollary 9.5. Let X, (xy)n>1 € X and (z},)n>1 € X* be as in Lemma 9.4. Let
M, M, M9, M*: Ry xQ — X be local martingales. Then M = M°+M94+-M* is
the canonical decomposition of M if and only if (M, x}) = (M€, x})+ (M9, z%)+
(M®, z¥) is the canonical decomposition of (M, x%) for any n > 1.

rn

Eventually we are going to show Theorem 9.2.

Proof of Theorem 9.2. Without loss of generality assume that My = 0 a.s.
We can also set that there exists T > 0 such that M; = My for t > T, so
Esup,sq | Mt|| = E||Mr| < oo (see Remark 3.5 and Lemma 9.3). First of all
let us prove the first part of the proposition in the finite dimensional case, and
then treat the whole proposition in infinite dimensions.

Step 1. X is finite dimensional. First assume that X is finite dimensional.
Then the existence of the canonical decomposition is guaranteed by Theo-
rem 2.18. Let us show that M¢, M?, and M® are independent and have inde-
pendent increments. By Proposition 3.10 M€ has local characteristics ([A],0).
Further, by Lemma 2.22, Proposition 3.11, 3.12 and 3.14 M9 has local char-
acteristics (0,vM), where v is the nonatomic part of ¥, and M® has local
characteristics (0, M), where vM is the atomic part of v™. Each of three local
characteristics are deterministic, so by Theorem 9.1 each of M€, M9, and M*
has independent increments. Let us show that M¢, MY and M*“ are indepen-
dent. By the Lévy-Khinchin-type formula [52, 11.4.16] (see also Remark 11.4)
and by the fact that M, M€, M9, and M have independent increments we have
that for any ¢y < t; < ... < ty, for any numbers (a,)2_;, (b,)N_;, and (c,)2_;,

n=1»
and for any vectors (x2)N_,, (v )N_,, (z2)N_; € X*

N
]Eexp{Z(fo,an - Mg )+ <yZ,Mtqn - M}

tn—1

)+ G Mz — M)
n=1
@ nglEexp{@;‘l, My — M

tn—1

>+<y;kwMg,L_Mtq >+<z;’k7,7Mta - My >}

n—1 n tn—1

) [N (oM, —ME, ) W ME, MY, ) (M, =M, )

(g) ]Eezgzﬁwithcn*Mtcn,l)Ee f:1<y;7an—Mtqnil>Ee TIL\]:1<Z:L7M;"7M::”71>
where (i) follows from the fact that M, M€, M?, and M* have independent
increments (so that M{ — M{ s independent of M} — M _ foranyi,je
{¢,q,a}, i # j, and any n # m, which can be shown by the Lévy-Khinchin-type
formula [52, I1.4.16] and by [103, Theorem I1.12.4)), (ii) follows by [52, I1.4.16],
and (zit) follows analogously (7). Now the desired independence follows from
[103, Theorem I1.12.4].
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Now let us show (9.1). By Lemma 9.3 it is sufficient to show that
E (| M) =4 Eo (M) +Ep(IM7]]) +E(|IM7]), > 0. (9.5)

First M¢, M{, and M} are independent mean zero, so for any i € {c,q,a} we
have that M} = E(M;|o(M})), consequently by Jensen’s inequality

E6(|M) = Eo([EQLI(M))]) < E[E(S(IMI)Io(M)] = Eo(|an]),

so 2 in (9.5) follows. On the other hand as ¢ has moderate growth and as
M = M°+ M9+ M® we have S, of (9.5).

Step 2. X is general. Now let X be general. We will constrict each part of the
canonical decomposition separately and show that each of them has the form
predicted in the second part of the theorem.

Step 2. Part 1. Construction of M®. Let (tm)m>1 C Ry be such that
P(AM,, # 0) > 0 for any m > 1 (recall that cadlag processes have at most
countably many jumps, so the set of such ¢,,’s is at most countable). For each
t > 0 define

Fei=0(AMy, :m>1), M :=E(M|F*), t>0.
Let us show that M® is an F-martingale. Let
Fri=0(AM, :0 <ty <t), FL =0(AM,, :t, >1t), t>0.
Then for any ¢t > 0

E(|FY) 2 EQLIF © F2,) 2 EQ4IF),
where (x) holds from the fact that F;* and F¢, are independent, and (*x) holds
since M, is independent of F¢,. Therefore M} is F;-measurable. Now fix ¢t >
s > 0. Then M; — M; is independent of F¢ and F¢, is independent of F;, and
thus

E(M;" — M| F,) = E(B(M, — M| F¢ @ F2,)|Fs)
= ]E(E(Mt — MS|J-"§S)|]-"S) = ]E(Mt — MS) =0,

consequently, M® is a martingale. Let us show that M® is a purely discontinuous
martingale with accessible jumps. To this end it is sufficient to notice that M
is an Fe-martingales (where F* = (F{)i>0), so for any z* € X* a process
t — (Mg z*) is Fe-adapted, and hence it is purely discontinuous with jumps
in the set (tm,)m>1 because of the structure F®. Indeed, let L := (M?*, z*). For
each k£ > 1 define

LY =Y E(LJAF:), t=>0,

m<k

where AF{ := o(AM,, ). Then L* is an F®-martingale which has jumps of
the size ((AM;, ,2*)™_; at (t;,)F and L* converges to L in L'(f2) by [46,

m=1>
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Theorem 3.3.2], the definition of L and M?, and by the fact that ¢ = @, AF ,
SO

L; — L} = E(Ly| @k AF ), t>0.

Thus L is purely discontinuous with jumps of size ((AM;,_,z*))m>1 at (tm)m>1
by the fact that purely discontinuous martingales with accessible jumps form
a closed subspace of L1(€2), see e.g. [116, Proposition 3.30] or [56], and hence
M¢ is purely discontinuous with jumps of the size (AM;, )m>1 at (tm)m>1, SO
it has accessible jumps.

Step 2. Part 2. Construction of M€. Let us now construct M¢. By the Pettis
measurability theorem [46, Theorem 1.1.20] X can be presumed separable. Let
(zn)n>1 be a dense sequence in X. Let (2} ),>1 be a norming sequence in X*, i.e.
|z |l = 1 and (z}, z,,) = ||zn]|| for any n > 1. For each n > 1 let M™ := (M, a:n>
Let M™ = M™° + M™%+ M™ be the corresponding canonical decomposition.
By a stopping time argument, by a rescaling argument, and by Lemma 9.3 we
may assume that Esup,~ ||[M;| < 1. Then by (2.9), [56, Theorem 26.12 and
26.14] we have that -

iniMnc 1/2<]EZ Mn 1/2 Z ESU.p‘Mn|

(9.6)

o0
1
Szn— iup|<Mt, |<Z ESUP”MtH 5

0 ([M™¢)s/n*)n>1 are uniformly bounded a.s. Note that M has independent
increments, so by Theorem 9.1 it has deterministic weak local characteristics,
and thus ¢t — [M™¢];/n* equals a finite deterministic constant a.s. for any
t > 0 and n > 1. Therefore without loss of generality we may assume that all
the processes t — [M™¢],/n*, t > 0, are continuous (see [56, Theorem 26.14]),
deterministic, and uniformly bounded by (9.6). Let us then define a deterministic
function

iniM”c t, ;t>0,

and let (7%)s>0 be a deterministic time change defined by 75 :=inf{t > 0: A, =
s} for all s > 0. Then by Lemma 3.19 there exist a Hilbert space H, an enlarged
probability space (€2, F,P) with a cylindrical Brownian motion W living on
this space (here we set the enlargement filtration to be F= (7})1‘20 is defined
by F; := o(Ft, Wrl[0,4,1)), and a set of deterministic functions f, : Ry — H
(note that by Lemma 3.19 (f,,),>1 depends on ([M™°, M™°]),, n>1 which are
deterministic as M has deterministic weak local characteristics by Theorem 9.1)
such that M™¢ o 7¢:= f, - Wy. Let M{ := E(M;|oc(Wg)) for every t > 0. Let
us show that M€ is a continuous martingale. First M€ is a martingale as we
have that for any ¢ > s > 0 the martingale difference M; — M, is independent
of o(Wklj,4,]) as M is a martingale with independent increments and by the

construction of Wi, so as 0(Wg|(a, o)) is independent of g we have that (here
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we for simplicity write o(W|a, o0)) instead of o(Wr — Wi (As))|ja,,00) =
o(dWhl|(a,,00)))

E(M{ — M{|Fy) = E(E(M; — My|o(Wg))|Fs)
=E(E(M; — M|lo(Wr|ja,,)))|Fs) =0,

hence M€ is a martingale. Let us show that it is continuous. As (z}),>1 is
a norming sequence, by Lemma 9.4 it is sufficient to show that (M€, z}) is

continuous for any n > 1, so it is enough to prove that (M€ zr) = M™°.
First notice that by the construction of Wy in Lemma 3.19 the latter depends
only on (M™¢),>1. Next note that the families (M™9),,>1 and (M™%),>1 are
independent of (M™*°),,>1 which follows from Step 1 of the present proof (Step 1
proves the independence directly for (M™9)N_ - (M™)N_| “and (M™)N_, for
any N > 1, and the desired independence follows by letting N — o00). Finally,
we have that for any n > 1 and for any ¢ > 0 a.s.
(M, 27) = (E(Mi|o(Wh)), z;,) = E((My, 27,)|0(Wh))

— E(M™ + M™ 4 M™*|o(Wg)) < pme,
where (k) follows from the fact that Wy may be assumed to depend only on
(M™°),,>1 and the fact that M™9 and M™* are independent of (M"¢),>1.

Now let us show that there exists ® € (L?(Ry; H),X) such that M€ o
7¢ = & - Wy. First notice that for any «* € X* a martingale (M€, z*) o 7° is
adapted with respect to the filtration G := (G;)s>1 generated by Wyy. Therefore
by the martingale representation theorem (see [97, §V.3] for the case of finite
dimensional H, the infinite dimensional case can be shown analogously) there
exists a G-predictable process f*  : Ry x Q — H such that (M¢ z*) o 7¢ =
f*" Wy Note that f* is deterministic. Indeed, as X can be assumed separable,
the unit ball of X* is sequentially weak™ compact by sequential Banach-Alaoglu
theorem, so we may assume that (z}),>1 is weak® dense in the unit sphere of X*.
So for a sequence (Ym)m>1 C (z))n>1 weak* converging to z* we have that by
Burkholder-Davis-Gundy inequalities [56, Theorem 26.12], by Lemma 9.3, and
by the dominated convergence theorem

Ay . 1/2
B([ 1776 = )P ds) < E sup (M - )

0 0<t<T
~E|[{(Mp,x* —ym)| = 0, m — oo,

so f* is deterministic as the limit of f¥m which are deterministic. Also note that
by our assumption from the very beginning of the proof E|| My || = E||Mr|| < oo
for some fixed T' > 0. Therefore as we have that (M, z*) = fOAT & AWy is
a Gaussian random variable for any z* € X* (since f* is deterministic), MS
is a Gaussian random variable itself, so by Fernique’s inequality [8, Theorem
2.8.5] we have that E|Mg||? < co. Let ® € v(L?*(Ry; H), X) be defined in the
following way: ®f = EMS Noo, where N = f - Wy for any step deterministic



Local characteristics and tangency 639

f € L*(Ry; H). This ® is bounded as by Itd’s isometry [27, Proposition 4.13]
(see e.g. [87, Lemma 3.1.5] for the finite dimensional version) and by Hoélder’s
inequality for any f € L?(R; H) step deterministic

12 £l = IEMS,Noc|| < (B[ ME]*)?(EINo|?)? = EIME) 21 fll 2w, )

and ~v-radonifying by [119, Subsection 3.2] since
% o : )
E(Mz, z*) (Mg, y") :/ (F7 (s), /Y (s))ds = (@"2","y"), a",y" € X7,
0

is a covariation bilinear form of a Gaussian random variable Mg, where (x)
follows from the fact that by It&’s isometry [27, Proposition 4.13] and by the
definition of f*"

(@ ", f) = (2%, ®f) = <;v*7EMt°' /OOO deH> = E(z*, M) /OoodeH
5[ o dwy /Oo fdWy (9.7)
02 0

:/ U ) ds, f e LARyH), ot € X

0

Now in order to show that ®-Wpg coincides with M€ o 7€ it is sufficient to notice
that by (9.7) ®*z* = f* | so

(P*z*) - Wy = fﬂc* Wy = (M x*)or¢= (M o7 2"), a*eX"

and thus the desired follows from [83, Theorem 6.1].

Step 2. Part 3. Construction of M9. Now let us show that M9 := M —
M*¢ — M*® is quasi-left continuous purely discontinuous and has the following
form M? = fxdﬁMq = [xdN,,, for some Poisson random measure N,

na Vna

with a compensator v,,. First notice that M? is purely discontinuous quasi-left
continuous by Corollary 9.5 as we have that for (z}),>1 exploited in Step 2.
Part 2 (M€ x¥) is the continuous part of (M,z}) for any n > 1. Moreover,

’rn
(M2, z¥) is the purely discontinuous with accessible jumps part of (M, z}) as

M® collects all the deterministic-time jumps of M, and since by Theorem 9.1

v {Mzh) g deterministic for any n > 1, its atomic part uéM’I"'> (which coincides

with v{M:22) by Proposition 3.14 and Remark 3.16) has a deterministic support,
which is a subset of (t,,)m>1 presented in Step 2. Part 1 as if P(A(M, z},), #
0) > 0 for some ¢t > 0, then P(AM; # 0) > 0, so the jump times of (M, z})*
are covered by and coincide with the jump times of (M%, z}), consequently

(M@, z}) is the purely discontinuous with accessible jumps part of (M, x7) for

rYn
any n > 1, and thus M? is the purely discontinuous quasi-left continuous part
of the canonical decomposition of M.
Next let us show that ™" is a Poisson random measure with a compensator
oM =y, (the letter equality follows from Proposition 3.14, Lemma 3.15,
and Remark 3.16). First note that M? is independent of M€ and M® and
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that MY has independent increments. This follows from a standard finite di-
mensional argument (see the proof of Theorem 7.3), Step 1, and the Cramér-
Wold theorem (see [7, Theorem 29.4]). Now let us fix disjoint cylindrical sets
By,...,Bk € B(X) (see the proof of Theorem 7.3) satisfying dist(By, {0}) > ¢

for any £k = 1,..., K for some fixed ¢ > 0. Then for any stopping time 7 we
have that
]E/ 1d™M’ :E/ 1dp™' =E ) 15, (AMY), (9-8)
[0,7]x By, [0,7]x By, 0<s<r

and the latter is locally finite if one chooses 7 to be the time of nth jump of M?
of value more than e. Therefore we can define point processes L',..., LK :
R, x Q — Ny satisfying LF = p™"([0,t] x By) for any k = 1,...,K for
any t > 0. But then by [56, Corollary 25.26] and Step 1 these processes are
times-changed Poissons, where the time-changes are deterministic as processes
Vna([0,1] X By,) are deterministic since 1,4 is so. Therefore p™” IR, x X\B(0,c) IS @
Poisson random measure with the compensator v, |r, x x\B(0,c) (here B(0,¢) C
X is the ball in X with the radius ¢ and the centre in 0), and then ™" is
Poisson as we can send € — 0 and use the fact that by (2.14) we have that
M (R, x {0}) = 0 as. Therefore we can set N,, . := pM* and N, =
M.

Finally, let us prove that M9 = [zda™* = [z dN,,,. Recall that the defi-
nition of such an integrability was discussed in Subsection 2.9. Let us show that
there exist an increasing family (A4, ),>1 of elements of B(R4)® B(X) such that
UpAp =Ry x X, [, [lz]|dvpe < oo for any n > 1, and [, xdN,, . converges
in L*(Q) to M4, = M7.. For every k € Z let By, := B(0,2%)\ B(0,2*~1). By (9.8)
and the discussion thereafter we have that

t— ||| dvne < Qk/ ldv,, < oo, t>0. (9.9)
[0,t]x By [0,t] x By

Moreover, the process (9.9) is continuous as v, is nonatomic in time. Thus for
any n > 1 there exists t* such that f[o % By |lz]| dvna < n27F. Without loss

of generality we may assume that (t£),>1 is an increasing sequence. Moreover,
we may assume that t¥ — oo as n — oo for any k > 1. For each n > 1 let us
set

Ay = (Ry x {0}) Ugs1 ([0, 28] x By). (9.10)
Then by the construction of (t£), x>1 and by the fact that v,,(Ry x {0}) =
pM* (R, x {0}) = 0 a.s. by (2.14) we have that fAn |z]| dvne < oo by (9.9)
and (9.10). Let &, := fAndeum for every n > 1 (see Remark 2.25). Let
£ := MZ. By [46, Theorem 3.3.2] in order to show that &, — & in L'(Q; X) it
is sufficient to prove that

&n = E(lo(Ny,.la,)), n=>1 (9.11)



Local characteristics and tangency 641

Fix n > 1. To this end it is enough to show that (&,, z*) = E((§, 2*)|0(Ny,,,|4,))
for any 2* € X*. Fix #* € X*. Then (£, z*) = fR+XX<m,a:*>dﬁym(-,x) as by
Burkholder-Davis-Gundy inequalities [56, Theorem 26.12] and by the dominated
convergence theorem

ESU.p <M1‘?7$*> - / <l‘,$*> dj\vfuna('ax)‘
t>0 [0,t]x XNA,

1/2
:E(Z1Zn(t,AM‘1)|<AM‘1,x*>|2) =0 n— oo,
>0

where A,, C R, x X is the completion of A,,. Therefore
B oW, a,) =E( [ (007) AN, ()|, a,)
R+ x X

:E(/An +/An<x,$*>dﬁum(-,w)‘U(Num a)

@/ (@,2*) AN, (x) = (€n,2"),

n

where (*) holds from the fact that N is a Poisson random measure so N, _|a,
and N, |7 are independent, and the fact that E [ (z,2%)dN,

Vna v (2) = 0.
Therefore (9.11) holds true, and thus &, — € in L'(Q; X) by the Ito-Nisio
theorem [47, Theorem 6.4.1], so M? = [ zdN,, (-, z).

Step 3. Proving (9.1). Finally let us show (9.1). This estimates follow analo-
gously finite dimensional case proven in Step 1, with exploiting the fact that M€,
M1, and M are independent by the Cramér-Wold theorem (see [7, Theorem
29.4]) and by Step 1. O

Remark 9.6. Note that ® is locally in v(L*(Ry; H), X), so by [119, Subsection
3.2] and by (9.12) we have that y([M°]¢) = ||®|~yL2(j0,4;m),x) < 0.

The following corollary is an extension of the famous result of Grigelionis [42]
(see also [52, p. 106]) to infinite dimensions.

Corollary 9.7. Let X be a Banach space, M : Ry x Q — X be a martingale.
Then M has independent increments of and only if it has local characteristics
which are deterministic.

Proof. The “if” part follows from Theorem 9.1. Let us show the “only if” part.
The fact that M admits the Meyer-Yoeurp decomposition and that v is deter-
ministic was shown in Theorem 9.2. Let us show that [M¢] exists. This follows
from the fact that for any ¢ > 0 a.s. for any =*,y* € X* by the Kazamaki theo-
rem [56, Theorem 17.24] and by (2.17) (recall that ®*x* is locally in L*(R; H)
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for any * € X*)

[[MeTe (2", ™)

(D2, 2%), (M, y")]e|

- H/q»*x* dWH,/<1>*y* dWH}A

" (9.12)
= ‘/ (D" (s), P y*(s)) ds’
0
< @Iz 220,00 12 My,
so [M¢]s is a.s. a bounded bilinear form. d

Corollary 9.8. Let X be a Banach space, M : Ry x Q@ — X be a martingale
with independent increments satisfying My = 0. Then the distribution of M 1is
uniquely determined by its local characteristics.

Proof. By Theorem 9.2 it is sufficient to show that each part of the canonical
decomposition M = M°+ M9+ M?* is uniquely determined by its characteristics.
To this end it is enough to notice that the distribution of M€ depends only on ®
and (A;)>o0 which depends only on [M¢], the distribution of M7 depends only
on vy, and the distribution of M* depends only on v,. O

10. The approach of Jacod, Kwapienn, and Woyczynski

In the present section we discover the infinite dimensional analogue of the cele-
brated result of Jacod [50] and Kwapien and Woyczyriski [64], which says that
if one discretize a real-valued quasi-left continuous martingale M by creating
a sequence d" = (dy)p_; = (Myp/n — Mrpg—1)/n)f—1, and if one considers a
decoupled tangent martingale difference sequence d" = (JZ)ZZI to d™, then d"
converges in distribution to a decoupled tangent martingale M. The goal of
the present section is to extend this statement to UMD-valued general local
martingales.

Before stating the main theorem of the section we will need the following
definitions. First recall that D([0,T], X) denotes the Skorokhod space of all X-
valued cadlag functions on [0,7] (see Definition 2.2). Throughout this section
we will assume the Skorokhod space to be endowed with the Skorokhod topology
(instead of the sup-norm topology, see Remark 10.9) which is generated by the
Skorokhod metric which has the following form. Let F,G € D([0,T], X). Then

)

where the infimum is taken over all nondecreasing functions A : [0,7] — [0,T].
Note that

dy, (F,G) := igf(oiggT IN(E) —t| + OiltlETHF(t) — GO\

dy,(F,G) < |F - Glloe. (10.1)

We refer the reader to [6, 7, 53, 104, 112] for further information on Skorokhod
spaces.
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Definition 10.1. Let (D,d) be a metric space. A sequence of D-valued ran-
dom variables (&n)n>1 converges to an D-valued random variable £ in distribu-
tion if the distributions of (§,)n>1 converge weakly to the distribution of £, i.e.
Ef(€,) = Ef(§) as n — oo for any bounded continuous function f: D — R.

We refer the reader to [9, 103] for further details on convergence in distribu-
tion and on weak convergence.

Remark 10.2. Assume that D in Definition 10.1 is a locally convex space.
Without loss of generality by [9, Remark 8.3.1 and the proof of Theorem 8.2.3]
we may assume that f in the definition above is Lipschitz. Moreover, by multi-
plying f by a constant we may assume that ||f||co < 1 and that

‘f(x) - f(y)| < d(xvy)v z,y € X.

Let X be a Banach space, M : Ry x Q — X be a local martingale. Fix T" > 0
and for each n > 1 define

dz = MTk/n _MT(k‘fl)/’rm k: 1,...7n. (102)
For each n > 1, let (Jﬁ)ﬁ:l be a decoupled tangent sequence. Let

MP = Y dp, t>0. (10.3)
k:Tk/n<t

First start with a classical real-valued result. The following theorem was
shown by Jacod in [49, 50] (see also Kwapien and Woyczyniski [64, p. 176], and
[52, Chapter VI-VIII]).

Theorem 10.3. Let X be a finite dimensional Banach space, M : Ry xQ — X
be a quasi-left continuous local martingale that starts at zero, T > 0, (Mn)n21 be
defined by (10.3). Then (Mn)nzl converges in distribution as random variables
with values in D([0,T], X) to a decoupled tangent process M of M.

The goal of the present subsection is to extend Theorem 10.3 to infinite
dimensions and to general local martingales.

Theorem 10.4. Let X be a UMD Banach space, M : Ry x Q — X be a
local martingale that starts at zero, T > 0, (Mn)nZI be defined by (10.3).
Then (M")nzl converges in distribution as random variables with values in
D([0,T],X) to a decoupled tangent process M of M.

In order to prove Theorem 10.4 we will need several intermediate steps out-
lined here as lemmas.

Lemma 10.5. Let X be a UMD Banach space, M*,... . M"™ : R, x Q —
X be local martingales. Then there exist corresponding decoupled tangent local
martingales M*, ..., M™ such that &’ M + ...+ a"M" is a decoupled tangent
local martingale to o' M + ... 4+ o™ M" for any o,...,a™ € R.
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Proof. First notice that the nth power X x .-+ x X of X (endowed with the
£2 product norm for any 1 < p < oo) is a UMD Banach space (see e.g. [46,
Proposition 4.2.17]). Then it is sufficient to consider an X x - - - x X-valued local
martingale (M1, ..., M™) and set ]\Afl7 . ,M" to be such that (Ml, . ,]\7”) is
a decoupled tangent local martingale to (M, ..., M™). Then the lemma follows
from Theorem A.1 and the fact that

(zb,...,2") = alat + .. 4 a2, 2b . 2" e X,

is a bounded linear operator from X x --- x X to X. O

Lemma 10.6. Let X be a UMD Banach space, M, (M,,)m>1 be local X -valued
martingales such that Esup,sq || My — (My,)e]| — 0 as m — co. Let T > 0, and

let M™ and (M?2)m>1 be defined analogously to (10.3). Assume additionally

that M]}l converges in distribution to a local martingale M,, which is decoupled

tangent to M,, for any m > 1. Then M™ converges in distribution to a local
martingale M which is decoupled tangent to M.

Proof. Fix a continuous bounded function f : D([0,T], X) — R. Our goal is to
show that Ef(ﬁ) = lim;, 00 Ef(ﬂ”) Thanks to Remark 10.2 we may assume
that f is Lipschitz, || f|lec < 1, and that by (10.1) |f(z) — f(y)| < dj, (z,y) <
|z = yl| for any x,y € D([0,T], X).

Assume the converse, i.e. that Ef(M) # lim, o0 Ef(M") Then we can
identify our sequence with a subsequence such that

Ef(M) <Ef(M") -3, (10.4)

for some fixed § > 0 for any n > 1 (we may use —f instead of f if needed).
Fix e > 0. Let m > 1 be such that Esupy<,<r [|[M; — (Mp):]| < e. Then by
Lemma 10.5 and by (3.3) we have that

E sup [[M; — (M)l < Cxe (10.5)
0<t<T

for some universal constant Cx > 0. For this m by the assumption of the
theorem we can find n > 1 such that

Ef((Myp):) > Ef(MZ),) —e. (10.6)

Finally, by the construction (10.3) of ]’\\/I;TT‘L and M™ and by Lemma 10.5 we may

assume that M™ — M is a discrete decoupled tangent martingale to M; — M,,
constructed by (10.3) so analogously to (10.5) we have that

E sup [|[MP — (M2)|| < CxE sup |[M; — (My,)]| < Cxe. (10.7)
0<t<T 0<t<T
Therefore summing up (10.5), (10.6), and (10.7) together with the Lipschitzivity

of f we have that Ef (M) > Ef(M"™) —e —2Cxe¢, so (10.4) does not hold if ¢ is
small enough. O
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Lemma 10.7. Let M° : Ry x & — R be a continuous local martingale, let
n>1,J={1,...,n}, and let u be an integer-valued optional random measure
on Ry x J with a compensator v. Assume that there exists a random time-
change 7 = (7¢)i>0 such that [M€|,;, = t, and random time-changes (17 )i>0,
7 =1,...,n such that

v([0,7] x {j}) =t, t>0, j=1,...,n.

Then the process t — ME, and random measures (¢,7) — @7 ([0,t] x {j}) :=
w([0,7] x {5}), 5 =1,...,n, are mutually independent.

Proof. The fact that (i’ )7_, are independent standard Poisson random mea-
sures follows from [56, Corollary 25.26]. Let us show that W := M€ o 7 is inde-
pendent of (fi7)}_,. Without loss of generality assume that n = 1 (the proof for

n > 1is analogous). Let i = i, Ny = ju([0,4] x {1})—¢, ¢ > 0. Then W is a stan-
dard Brownian motion by [56, Theorem 18.3 and 18.4] and N is a standard com-
pensated Poisson process by [56, Corollary 25.26], and for any 0 < t; < ... < ty,
0 < sy <...< sy and for any numbers «y,...,ay and f1,..., By we have that
(here we set tg = sp = ag = Bo = 0 and doy, 1= ag, — ag—1, df; := ap — Br—1
forany k=1,...,N)

35N, (doxM)r, ~ldaxM¥)r, )+, j‘( Pk _1—idBy dv

e Tslkil,rgk]x{u

— o E XA dod (= th-1)+ T N, (PR —1—idBy) (sk—s1—1)

is a constant a.s., so by a stopping time argument and by [52, I1.4.16] we have
that

et Aoy arWe, +32 70, BilNay)
— 6_% Sy dag(te—tr—1)+X n_ (" Pk —1—idBy) (sk—sk—1)
— e~ Xty dai(te—ti1) R, (e"F —1—idBy) (sk—sk 1)

— ]EeiZlchl akwik Eez {cv:1 ﬁkﬁbk ,
so (Wi, )N, and (ﬁsk)szl are independent by [103, Theorem II.12.4] as
ai,...,ay and Bi,..., BN are arbitrary. As t1,...,ty and s1,...,sx are ar-
bitrary, W and N (hence, W and [i) are independent. ]

Let us finally prove Theorem 10.4.

Proof of Theorem 10.4. First, by a stopping time argument and by Theorem A.3
we may assume that Esupgc,«p ||[M¢]] < co. By Lemma 10.6 and by a stopping
time argument it is sufficient to show Theorem 10.4 for a martingale M from
a dense subset of martingales. In particular, by [119, Subsection 7.5] we may
assume that X is finite dimensional. Let M = M*°+ M7+ M® be the canonical
decomposition. We will approximate each part of the canonical decomposition
separately (we are allowed to do so by (2.9)). Our goal is to exploit Lemma 10.5
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and approximate M in such a way that M™ almost coincides with M for any n
big enough.

Step 1: approximation of M. By the proof of Theorem 3.18 we may assume
that there exists an invertible time-change (75)s>¢ with an inverse time-change
(Ay)i>0, a separable Hilbert space H, an elementary (F.,)s>o-predictable pro-
cess @ : Ry x Q — L(H,X), and an (F,)s>o-adapted cylindrical Brownian
motion Wy such that M€ o7 = ® - Wy, or, in other words, Mf = OAt & dWy.
By an approximation argument and the definition of a stochastic integral (see
Subsection 2.10) we may assume that ® is elementary (F,)s>o-predictable with
respect to the mesh

{Ao, Ar/ngs -+ Ar(Ng—1)/No» AT} (10.8)

so (® o A) is (Fr(e—1)/N,)t>0-measurable for any kN—_OlT <t < NLOT for some
fixed big natural number Ny. Moreover, for Ny big enough we can approximate
MF¢ by a continuous martingale (adapted to another filtration) MM in the
following way.

By a stopping time argument and by the fact that A is continuous we may
assume that Ap < C a.s for some fixed C' > 0. Let W g be a cylindrical Brownian
motion such that

WH|[C(k71))c(k71)+ATk/NU*AT(k—l)/NO] :WH‘[AT(k—l)/NO:ATk/NU]’ k = 17 e 7NO-
Set A': Ry x Q2 — R, to be
A= Clk=1)+ A — Apg—1y/ng: ST <t < =T, k=1,...,No,
C(No) + Ar — Ar(Ny—1)/Nos t>T,
and set &' : Ry x Q — L(H, X) to be such that

/ _ _
P |(C(k_1)7c(k_1)+ATk/No_AT(k:—l)/No] - ¢)|(AT(k—1)/N07ATk/NO]’ k=1,...,No,

and zero otherwise. (Recall that we assumed ® to be elementary predictable with
respect to the mesh (10.8), so ® is a.s. a constant on (Apx—1)/n,, Ark/n,], and
thus @' is a.s. a constant on (C'(k—1),C(k—1)+ Apk/n, — Ar(k—1)/nN,))- By the
definition of ® and Wy we have that Mf = fOA; ®' dW g for any t > 0. Now
let us construct the desired M*™o in the following way. Let A : R, x Q — R
be defined by

B Ck-1)+ E(At — AT(kfl)/No ’}—T(kfl)/No)y kJ;OIT <t< NLT,
AtI: kzl,...,No,
C(No) + E(Ar — Ar(ng—1)/No| Froe—1)/n0)s  t =T,

and let ® : R, x Q — L(H, X) be

B Ppgy, Clhk—1)<s<Ck—-1)+ E (At — Az(e—1)/No | Fr(k—1)/No )
@s:: k:].,...,NO,

0, otherwise.
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Let MtC’N0 = fOAt &AW g, t > 0. Let us show that
N .
Ezg‘i; 1M, — M;’,%O | =0, Ny— oo. (10.9)

(Though the limit here cannot be considered literally as ®o A is step with respect
to the mesh (10.8) for some fixed Ny, but not for any big Ny, we still can send Ny
to infinity, as for any N > Ny we have that ® o A is almost step with respect to
the mesh {Ao, Ar/n, ..., Ap(n—1)/n, A7} as for such big N by the boundedness
of @ the process ® can simply be assumed zero on (Apy—1y/n, Arr/n] if one of
the knots of (10.8) turned out to be in (Ap—1)/n, A7k n]- This does not change
much the norm of the stochastic integral by [56, Theorem 26.12] and (2.17)).
Let L§ := fot ®a>No AW i, where

aNo (t)
No

= 2 :1[C(k71)+]E(ATk/NO7AT(k—1)/N0|]:T(k—1)/N0)vc(k71)+ATk/N07AT(k—1)/N0](t)’
k=1

for any ¢ > 0. Then

L) No
Esup [L{]| < x.0 E(Z | Ark/Ne — AT(k—1)/ N,
t20 k=1
1/2
—E(Arr/ng — ATl—1)/No |fT(k—1)/No)|)
No 1/2 ()
= E<Z|ATk/N0 - E(ATk/NolfT(k—l)/No)D — 0, Ny — oo,
=1

where (%) holds by (2.18), the fact that X is finite dimensional, and the fact
that @ is elementary predictable, and hence bounded, while (xx) follows from
Lemma 3.24. Moreover, if for any ¢ > 0 we set

b No(t)
No

= § : 1[C(k_1)1c(k_1)+E(ATk/NO_AT(k—l)/NO|]:T(k—1)/N0)/\(ATk/NU_AT(k—l)/NO)] (t)’
k=1

then
N N, ¢ 7
(9] c c, c c, N
E?;E?HMTWNO — (MZone = Lorywe)|| < Ei‘i{?H/o (1 — bNo) dWHH

() No
Sxe E(Z |Aziyng N E(ATh/No | Frik—1)/n,)
k=1

1/2
— E(Ark/No [ Frk-1)/80) ’)
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No 1/2 ()
< E(Z|ATk/NO - ]E(ATk/ND|fT(k—1)/NO)|> -0, Ng — o0,
k=1
where (%) follows from (2.18), and (*x) follows from Lemma 3.24. Thus (10.9)
follows.

Step 2: approximation of M1. By Theorem 3.30 and by Lemma 10.6 we may
assume that M? = f[o,‘]xJFdﬂ for some finite set J = {1,...,n}, for some
elementary predictable F': Ry x Q x J — X, and for some quasi-left continuous
random measure g on Ry x J with a compensator v so that v([0,¢] x {j}) < o0
a.s. for any t > 0 and v(Ry x {j}) = oo a.s. for any j € J (the latter can
be done e.g. similarly to Step 4 of the proof of Theorem 3.22). By a stopping
time argument and by Lemma 10.6 we may assume that v([0,7] x J) < C
a.s. for the same constant C as in Step 1 of the present proof. Analogously
to Step 1 of the proof of Theorem 3.22 we may construct an approximation
MaNo of M9 such that I/MQ‘NO([O,t] x {j}) is Frk—1)/n,-measurable for any
kT_OlT <t< NLOT. Indeed, as it was done in the proof of Theorem 3.22, we
can approximate M? with a process M%No which is constructed analogously
to (3.32) in the following way. Let Ny be so big that M? has the form (which is
analogous to the form (3.31))

n

No
M =3 i[Ok =1),C0k =)+ PG AL TEAD) x {5} )rys 120,

0
k=1j=1

where 7 is some standard Poisson random measure on R xJ with a compensator
U, =1 — Vy, &k j 18 Frp—1)/N,-measurable and simple. For any j =1,...,n
let 7 be defined by (3.26) and let

n

e =303 (et -,

k=1j=1
C(k—1)+ ]E(Vj[—T(ff;l) At TE A Frr-1y/30)) % {j})ﬁkm t>0.
It remains to notice that

Eiivi“;l) M2, . — MENS || =0, Ny — o0, (10.10)

k/No k/No |

which follows analogously (3.34) and (3.35). (Here we are allowed to send Ny to
infinity for the same reason as in Step 1).

Step 3: approzimation of M. By Lemma 10.6 and by (B.4) we may assume
that M® has its jumps in predictable stopping times 0 < 01 < ... < g, <
T. Moreover, by Lemma 10.6, Lemma 3.38, and the proof of Proposition 3.37
we may assume that AM,,,...,AM, are simple in L°°(; X) and thus have
values in a finite dimensional subspace of X. In addition assume that there
exists § > 0 such that for all differences we have that a.s.

09— O01y.. ) Om — Omp_1 > 0. (10.11)
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We can assume so as we can approximate M9 by the following martingale

MG6 AMall[Ot 01 +ZAM021[01§](05) 02>0140,...,00>0p_1+05> tZOa
(=2

which is a martingale by Lemma 2.11, and set o} := o1 and

;) ou ifoo >01+90,...,00>0p_1+9,
& oy_q +9, otherwise,

for any £ = 2,...,m. Indeed, as M takes valued in a finite dimensional subspace
of X, X can be assumed finite dimensional, so by the finite dimensional version
of [56, Theorem 26.12]

a a,d S 2 1/2
Es‘ip ”Mt - Mt ' H ~ E(Z ”AMUZH 1022014‘57--4704202714-5) —0, d—=0,
>0
= =1
where the latter holds by the dominated convergence theorem and by the fact
that a.s.
max{oy —01,...,0m — Om—1} > 0.

Thus we can redefine M® := M%? and {01,...,0m} :={0},...,0/.}.

Step 4: the desired convergence in distribution. For any n > 1 let M" be
defined by (10.3). Let f : D([0,7],X) — [—1,1] be a Lipschitz function such
that |f(z)— f(y)| < dj, (z,y) for any =,y € D([0,T], X) (see Remark 10.2). Our
goal is to show that Ef(M”) — IEf(M) as n — 0.

By Step 3 we may assume that there exists m > 1 and predictable stopping
times 0 < 01 < ... < 0y < T such that M has its jumps in {o1,...,0m}
satisfying (10.11), and AM,,,...,AM,,  are simple in L>°(Q; X).

Let MNo and M%™No be as in Step 1 and 2. These processes are martingales
with respect to different filtrations F&No and F%"o (generated by time-changed
W g and 7 respectively). Nonetheless, if we set

]:]?]0 Z:U(.FTk/NO,f;’é\;(;VO,f%’é\/](;VD), kzl,...,No,
then (dy°)~°, defined by (10.2) and

(cNo No = (MCNO MCNO )NO k:l,N()

Tk/No Tk—1/No) k=1
(el = (M3, = MED n) oy k=1, No
(e ™2, '—( TNy — M- 1/N0)£/°1, k=1,...Ng
are martingale difference sequences with respect to FNo := (]—'NU)kNO o (since

WH\[chk] and 7[o,cx) are independent of WH| Cl,00) ~Wg(Ck) and Nl [Ck,00) —
n(Ck)). Let o := (e gO)NO be a martingale difference sequence defined by

ego = eZNO—i—eZ’N“—f—eaN" k=1,...,Ny.
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Fix € > 0. Let us show that for Ny big enough we have that for a decoupled

tangent martingale difference sequence éNo := (éév 0)N 0. the following holds true
[Ef (M) —Ef(N™)] Sx e, (10.12)
[Ef(M) ~Ef(NV)| x e, (10.13)

S0 |Ef(M) - IEf(MNO)| <x € by a triangle inequality, where

NVo= 3N &l t>o. (10.14)
k:Tk/No<t

First let us show (10.12). As f is Lipschitz and as M™0 and N™° are pure
jump with jumps at {T//Ng,...,T(No — 1)/No}, by (10.1) it is sufficient to
show that there exist a version of M ™ and a version of the decoupled tangent
martingale difference sequence V0 := (& ,]CV O)kN:f’l satisfying

Esup” Tk/NO N%V;S/NOH Sx €. (10.15)

Let dNo d?No and d*™o be defined analogously to (10. 2) for martingales M,
M1, and Ma respectlvely (note that d»No = e»No), Let d>No, ¢4No and d* Ny
be the corresponding decoupled tangent martingales. Let €© NO, ¢9No and é*No
be decoupled tangent martingales to e“™V0, e4™No and e®No respectively. Then
by Lemma 10.5, Theorem 1.1, (10.9), and (10.10) we may find such suitable
versions of d¢-No, J‘LNO, ¢>No and €90 and assume that Ny is so big that

EsupHZ g No JE’NO

CN(] C,N()
<x EsupHZe —d,

<e, (10.16)

ESUPHZ ~q,No dg,No

<x EsupHZefNo dq’NO

(10.17)

It remains to show that for Ny big enough there exist such versions of d*o and
é®No that

EsupHZ galNo _ jaNol| — o (10.18)
which follows directly from the fact that d*No = e®No. Thus (10.15) follows
from Lemma 10.5 (so that we can set dNo .= No + dq’NO + d®»No and éNo .=
gelNo 4 ga:No  ga:Noy (10.16), (10.17), and (10.18).

Let us show (10.13). First note that for any Ny big enough we have that

[Ef(M) ~Ef(LY)] x e, (10.19)
where LYo is a discretization of M defined by

LY = Z MTk/No - MT(kfl)/Nw t>0.
k:Tk/No<t
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Indeed, it is sufficient to notice that a.s. as f is Lipschitz

F(M) — f(LNo) < dyg, (M, L)

() T/N,
< sup |)\N°(t) — t’ + sﬁ%) s{lp0

< |MTI¢/NO - MTk/Ng—t| i 0, Ny — oo,
+€[0,T) k=1 =0

where

AN (1) = F- 4], te[0,T]
(here [a] is the smallest integer bigger than a € R), (x) follows by (10.1), and
(xx) follows from the fact that M has cadlag paths and the fact that

sup |/\N°(t) - t‘ < T/Np.
t€[0,T]

Hence (10.19) follows by the dominated convergence theorem and therefore
by (10.19), (10.1), and the fact that f is Lipschitz it is sufficient to show that
for any Ny big enough there exist such a version of ¢V that

~ N ~ —
IEf(NNo) —Ef(LNo)| < ]Ezli‘i; INPR 3y = M|l Sx & (10.20)
By Step 1 and 2, by Lemma 10.7, and by the fact that

E(Ark/Ng — AT(k—1)/No | FT(k=1)/No )

and
]E(I/J(T(lf - 1)/N0’Tk/NOH'FT(k—l)/NO)) J = 1’ .. 7n’

are Fp(_1)/N,-measurable for any k = 1,..., Ny, we may assume that for any
k=1,...,Ng

O(T(k —1)/No) AW,

N /C(k—l)“"E(ATk/NO—AT(k1)/N0|-7'T(k1)/N0)
~C,INo
e

k

C(k—1)

et = / d7ing;
U;[C(k—1),C(k=1)+E(wI (T (k—1)/No,Tk/Nol| Fr—1)/ny)]1% {3}

where WH and 7,4 are independent copies of Wy and 7 respectively. Moreover,

by Lemma 10.5 and by the proofs of Theorem 3.18 and 3.22 we can set for any

1<k< Ny

__ __ C(k=1)+Ark/Ng—AT(k—1)/Ng N
Miwng = M g—1y/n, = /C(k—l) ®(T(k —1)/No) dWg,
Mg“k/No - M%(kq)/Ng = / _ ATipg-

U;[C(k—=1),C(k—=1)+vi(T'(k—1)/No,Tk/No]| x{j}

Then similarly to (10.9) and (10.10) we have that for any Ny big enough (here
NeNo and N2-No are defined analogously to (10.14))

N e, N e
E st N7, — M| Sx 2, (10.21)
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N q,N, ~
Eilfll) INTe /g = Miwyn, | Sx € (10.22)

It remains to show that for Ny big enough there exists a version é%™¥0 such that
No '\ 37a,No rra —
Eili}l) ||NTk/N0 — My /n, | = 0. (10.23)

To this end notice that we can choose T' and Ny big enough so that T/Ny < 4,
and hence

dp™No = AM,,, k=1,...,Ny, lissuch that o, € (T(k —1)/No, Tk/Np).

For each k =1,..., Ny set

oy, if there exists £ such thatoy € (T(kz —1)/Ny, Tk/No],
P Tk/Ny,  otherwise.
Th No : . : : . a,No _ _a,No __ .
en (pi),2, are predictable stopping times and d;)""° = e, = AM,, a.s.
for any k = 1,..., Ny. Let us show that we can set (&"°)~° and (AM,, )N°,

have the same distribution (and thus can be assumed to coincide). First notice
that (Aﬂpk)gil are independent given F. Moreover, as by [56, Lemma 25.2]
Frik—1y/no C Fpr C Fri/n, and as eZ’NO = AM,, for any k = 1,..., Ny, for
any Borel set B € X we have that

P(AM,, |~FT(k—1)/NU)(B)
= E(15(AM,,)| Frg—1)/n,)

= E(E(15(AM,,)| %)

YE(E(s(AM,,)|7,)

= E(15(AM,,)| Fra-1)/v,) = P(AM,, | Frg—1y/n,) (B),

fT(k—l)/No)

]:T(k—l)/No)

where (x) follows from Lemma 3.38. Therefore by Subsection 2.12 we can set
éZ’NO = A]\Afpk for any k =1,..., Ny, and (10.23) follows.

(10.13) follows from (10.19) and (10.20), where (10.20) holds by Lemma 10.5,
(10.21), (10.22), (10.23), and the triangle inequality. O

Remark 10.8. What if we endow our Skorokhod space D([0,T]; X) with a dif-
ferent Skorokhod topology, say, with the Jo, My, or My topology (see [10, 112]
for the definition)? Then we will still have convergence in distribution in The-

orem 10.4 as Jy as a topology is stronger than any one of the aforementioned
(see e.g. [112, Subsection 11.5.2]).

Remark 10.9. Note that Theorem 10.4 does not hold if one changes the topol-
ogy of the Skorokhod space to the one generated by the sup-norm. If this is the
case, then D([0,T],X) becomes nonseparable. In particular, if we set T = 1
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and X =R, and if we choose our martingale M to be a compensated standard
Poisson process, then M has the same distribution as M. Let f : D([0,T],R) —
[—1,1] be a function such that

F) = AF()| AL, FeD(0,T],R).
f(F) te{on,%«’f\@l (t)] ([0, 7], R)

Then f is Lipschitz if D([0,T],R) is endowed with the sup-norm, P(f(M) =
1) >0 as M has Jumps of size 1 and as the first jump time has the exponential
distribution (recall that this distribution has a density on Ry thus Q has zero
measure with this distribution), but f(M”) =0 as M™ has Jumps only in rational
points, so lim,_, Ef(M") # ]Ef(]/\Z)

11. Exponential formula

In the present section we are going to provide another elementary characteriza-
tion of local characteristics. Namely, we will be generalizing a Lévy-Khinchin-
type result for general martingales which is of the form [52, Theorem I1.2.47)
(see also [49]). First recall that for a given predictable stopping time 7 a pro-
cess V is called a local martingale on [0,7) if V™ is a local martingale for any
n > 1 and for any announcing sequence (7,)n>1 of 7 (see Subsection 2.4 and
[52, Definition I1.2.46]). Then the main result of the section is as follows.

Theorem 11.1. Let X be a UMD Banach space, M : Ry x Q — X be a local
martingale. Let V' be a cadlag bilinear form-valued predictable process starting
in zero, v be a predictable random measure on Ry x X. Then (V,v) are the local
characteristics ([M¢],v™) of M if and only if for any x* € X* there exists a
process

1 . *
Ag(z¥) = ﬁvt(x*,:c*)+/ (=) —1 —i(x,2*)) dv(s, z), t >0, (11.1)
2 0,6 x X

such that for a process G(z*) : Ry x Q@ — R defined by
Gi(z*) = E(A(z*))y i= e Mpc oy (1 4+ AA(27))e 24D 1 >0, (11.2)
and for a predictable stopping time
TG(z+) = Inf{t > 0: Gy(z*) = 0} = inf{t > 0: AAy(z") = —1},

we have that
t s e Me™) JG (2", >0, (11.3)
is a local martingale on [0, Tg(z+)).

Why is Theorem 11.1 connected to the Lévy-Khinchin formula? Assume for
a moment that M is quasi-left continuous. Then v is non-atomic in time, so
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A does not have jumps and G(z*) = eA®") for any 2* € X*, and thus by

Theorem 11.1 we have that 7g(,~) = 0o, hence
fr HMez") fpAu(a)

. * _lrpe 2tz )+ i) 1, ™)) d M s,
:eZ<Mt;93 >/6 2|I Je(z™,2™) j[O,t]xX(e i(x,2z”)) dv™ (s z)’ tZ 0

is a local martingale. Furthermore, if M additionally has independent increments
and if My = 0, then by Corollary 9.7 ([M¢],v*) are deterministic, hence A; is
deterministic, so we have that e**(*") is deterministic for any ¢ > 1 and for any
z* € X*, and as ‘Mo ig integrable and uniformly bounded, we have that
t s e{Mez") JoAu(@™) i 4 martingale, so for any ¢ > 0 and z* € X*

B M) o~ HIML G @) e 1miea) 0 0) (g g

which is the Lévy-Khinchin formula (see e.g. [52, 102]).

Let us shortly recall to the reader the idea of the proof of Theorem 11.1 in
the real-valued setting (for the full proof we refer the reader to [52, §I1.2d]). We
start with proving the “only if” part, i.e. first we show that (11.3) is a local
martingale given the corresponding local characteristics. Fix a local martingale
M : R, x Q — R with the local characteristics ([M¢],v™) and fix u € R. Then
by It6’s formula [56, Theorem 26.7] for any ¢ > 0 we have that

t t
ez’th -1 +Z’LL/ ezuMS, dM, — —U2/ ezuMS, d[Mc}s
0

0 2
| | (11.5)
+ Ae"Ms _ et Ms= AN, .
0<s<t
Note that
Z AettMs — / e M= (et _ 1) dpM (s, x) (11.6)
0<s<t Ry xR
and
Z iue™Ms= AM, = iue™Ms—g duM (s, ), (11.7)
0<s<t Ry xR

so as M is a compensator of u, (11.5), (11.6), and (11.7) yield that
) 1 L ) )
eteMe —u2/ e M= d[Me), —/ (e™® —1 —ijux)e™M:— dvM (s, 2), t>0,
2 0 Ri xR
is a local martingale. Denote this local martingale by N and note that
N, = efuMe _ / eMam qA, t>0, (11.8)
0

where A = A(u) is defined by (11.1). For simplicity also denote Y; := e?*Mt and
Gy := G¢(u) for any ¢t > 0. By a stopping time argument and thanks to the fact
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that G defined by (11.2) is predictable, cadlag, and starts in 1, we may assume
that it almost never vanishes, so 7g(,) = o0, and thus we need to show that
t — Y;/Gy is a local martingale in ¢ > 0. It6’s formula [56, Theorem 26.7] yields
that for any ¢ > 0

a1 Y Y, 1 Y,
A9t — QY — M 4G 4 AL AV 4 A
v, G Wi g Gt Ag gAYt G AG
(i) 1 Y: 1 Yi_
O L AN, + AL LAY 4 A
G, t+ G, G t+ az Gy
(i) 1 1
D AN 4 ———— AN,AA
P P I B

where (7) follows from (11.8) (so dY; = dN;+Y;— dA;) and the fact that dG; =
G¢—dA; due to the definition of a stochastic exponential (see [52, Theorem
1.4.61]), while (i7) follows for the similar reason and a direct computation (one
needs to simply set AG; = G;-AA; and AY; = AN, + Y;_AA;). Therefore
we have that Y;/Gy = 1+ fot G% AN + 3 o< o< MANSAAS, which is
a local martingale as N is a local martingale and thanks to [52, Proposition
1.4.49].

The “if” part of Theorem 11.1 follows from the fact that as Z := Y/G is a
local martingale, and as G is predictable, Y =GZ =G_-Z+Z_-G+[Z,G] =
G_-Z+Y_-A+[Z G| (here we omit the difficulty with complex values, one
should consider real and imaginary parts separately), where G_ - Z is a local
martingale as a stochastic integral w.r.t. a local martingale and [Z, G] is a local
martingale by [52, Proposition 1.4.49], therefore Y —Y_ - A is a local martingale,
and hence A has the form (11.1) with the desired V and v due to the uniqueness
of a predictable finite variation compensator (see [52, Theorem 1.3.18]) and the
fact that Y_ has absolute value 1, so A can be reconstructed from Y_ - A.

Let us finally prove Theorem 11.1. For the proof we will need the following
lemma.

Lemma 11.2. Let M : Ry x Q — R be a local martingale. Then we have that
foranyt >0 a.s.

/ lz|% A |z duM(x,s),/ lz|? A || dpM (2, 5) < oo. (11.9)
[0,t] xR [0,t] xR

Proof. By a stopping time argument and by Doob’s maximal inequality (2.6) we
may assume that Esup,s |M;| < co and that for some constant C' there is a.s.
at most one jumps exceeding C' by the absolute value e.g. by setting M := M7
where 7o := inf{t > 0: |AM,| > C}. First let us show that

/[ : |x‘21\x\§0 dI/M(.’E, S)a% : |x|21\x|§0 dp,M(l',S) < o9, (1110)
0,¢] xR 0,{] xR

which follows from the fact that

L A, ::/ 2P 1< dp (@,5) = 3 JAM,[2 < [M], < oo,
[0,t]xR

0<s<t
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and A; locally has the first moment (so (11.10) for v™ follows from (2.11)) as
A, has jumps of at most value C2.
Let us show that

/ |21 |25 ¢ duM(m,s),/ 12|11z 0 dp™ (2, 8) < o0, (11.11)
[0,t] xR [0,¢] xR
which follows from our assumption on M, the fact that consequently

E/ 2|10 dp™ (z,8) =E Z |AM|1)an,>c < 2Esup [M;] < oo,
[0,t]xR 0<s<t 120
and from (2.11). (11.9) follows from (11.10) and (11.11). O
Proof of Theorem 11.1. Let us start with the “only if” part. Let (V,v) =
([M<],vM). Notice that for any z* € X* by Taylor’s formula

) 1 — iz, a*) = <z, 2", zeX,

DN | =

for small (x,z*) and
|ei<m’””*> —1—di{x,a™)| < [{x,2")|+ 2 < [z, 2")], z€X,

for big (z,z*), so by Lemma 11.2 and A.2 the integral
/ o) 1 — iz, 2 dvM (s, ), >0, (11.12)
[0,¢]x X

is well defined. Consequently, A is well defined.
Now let us show that (11.3) is a local martingale. As by Definition 2.12 and
by Remark 2.16 we have that a.s.

[Me) (2", 2%) = [(M®, 2] = [(M,2")]s, >0,

and since by Lemma A.2 we have that

/ eNTT) 1 —i(x, ) dl/M(s,x):/ (e —1—ir) dv™M:=") (s,7), ¢ >0,
[0,t]x X [0,£] xR

we can restrict ourselves to the one dimensional setting. Let X = R, M be one
dimensional. We will be using the setting of [52, Section I1.2]. Let h(r) = r,
r € R (though h is assumed to be bounded in [52, Section I1.2], in our case
both [(e" — 1 —ih(r)) dvi™=")(s,r) and [hda™ are well defined by (11.12)
and by Theorem 3.30, so we can set h to be as defined). Then we have that the
representation of M given by formula [52, I11.2.35] is

M:MO+MC+/hdﬂM+/ r—h(r)d,uM(s,r)—f—B:Mc—i—/hdﬂM,
[0,-]xR
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so by the uniqueness of this representation and by [52, Theorem II1.2.47] the
desired follows.

Let us now show the “if” part. It is sufficient to show that V(x* 2*) =
[Me](z*,z*) a.s. for any «* € X*, and analogously to the proof of Theorem 7.3
it is sufficient to show that v* = vM*") for any z* € X*, where v* is defined
as a unique predictable random measure on R} xR such that for any elementary
predictable F': Ry x 2 x R — R, one has that a.s.

[ P e = [ Pl v, o)
Ry xY Ry xX

In order to construct such a random measure it is sufficient to set a.s.

/ 14(s, ) 1p(y) dv® (s, y) == / 1a(s,)1p((x, 2%)) du(s, - z)

for any A € P and B € B(R). To this end note that V(z*,2*) = [M](z*, z*)
a.s. for any z* € X* as well as v* = v{M:*7) a5 by the fact that (11.3) is a
local martingale and by [52, Theorem I1.2.47 and 11.2.49]. O

Remark 11.3. Note that Tg(cp+y — 00 a.s. as € — 0 for any x* € X*\ {0}.
Indeed, due to the definition of Tq(co+) is it sufficient to show that

/ ™) 1 iz ex®) | dvM (s, 2) = 0, =0,
[0,t]x X

which follows from the fact that for e <1
e =) — 1 —ifw,ea”)| S [(w,ea”) P A [z, ex®)| S e(|(z, ") A |z, 27)])

and from Lemma 11.2. It remains unknown for the author whether Tg;+) — 00
as x* — 0.

Remark 11.4. Let M have independent increments and let My = 0. In this
case one can show that analogously to (11.4)

B’ = Gy(a") = e Tlocucs (1 4+ AAy(a7))e 240, (1113)

for any t > 0 and x* € X* even if t > Tg(y~). First note that Tg(,~) in this
case is a deterministic stopping time as G(x*) is deterministic by Corollary 9.7.
Second, in order to prove (11.13) for t > Tg(g+) (the case t < Tg(g+y follows
from Theorem 11.1) let v = Tg(g+y. Then by the discussions in Subsection 3.6

0=14+AA.(z") =1 +/ 1{T}(s)(ei<7"”v*> — 1 — iz, z*)) dv™M (s, z)
RyxX

=14+ E(AMm) 1 ((AM,, z*)|Fr_)
_ E6i<AMT’:E*>,
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where the latter follows as M has independent increments and as M is a mar-
tingale (so E((AM,,z*)|F._) = 0). Therefore Ee\*Mr") = 0 and as M has
independent increments

Eet{Muz™) — gei{Mr—a") gei{AM 2" ) poi{(My—Mr),z") _ 0,

so (11.13) is satisfied. Note that thanks to the techniques from Section 9 one
can omit the UMD assumption.

12. Characteristic subordination and characteristic domination of
martingales

In the present section we prove basic LP-estimates concerning characteristic
subordination and characteristic domination.

12.1. Characteristic subordination

Let X be a Banach space, M, N : R} x @ — X be local martingales. Then N
is called to be weakly differentially subordinate to M if [(No,z*)| < [{My, z*)|
a.s. and if [(M,z*)], — [(N,2*)]; is nondecreasing a.s. for any z* € X*. Weak
differential subordination was intensively studied during past two years in [91,
113, 115, 116, 117, 119]. In particular, it was shown in [119, Subsection 7.4] that
if this is the case and X is UMD then

Esup || NV||? <p.x Esup || M,]]P. (12.1)
t>0 t>0

In the present section we will consider a predictable analogue of weak differential
subordination which exploits local characteristics — characteristic subordination.

Definition 12.1. Let X be a Banach space, M,N : Ry x Q — X be local
martingales. Then N is characteristicly subordinate to M if for any z* € X*
a.s.

(A) [(No,z*)| < [(Mo,z™)],
(B) [(N,z")%)e — (N, 2)%]s < [(M, "))y — [(M, 27)°]s,
(C) I/<Na$ ) S I/U\/Lw )

(Recall that though M and N take their values in a general (not necessarily
UMD) Banach space X (so M€ and N¢ may not have sense), (M, z*) and (N, z*)
are real-valued martingales, so (M, z*)¢ and (N, 2*)¢ exist, see Theorem 2.18).

Note that if M and N are continuous, then N is characteristically subor-
dinate to M if and only if N is weakly differentially subordinate to M. The
following two propositions show that weak differential subordination coincides
with characteristic subordination only in continuous case.

Proposition 12.2. Weak differential subordination does not imply character-
istic subordination.
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Proof. Let M be a purely discontinuous nonzero martingale with an a.s. finite
measure v (e.g. a compensated standard Poisson process which stopped at
time point 1) and N = %M . Then N is weakly differentially subordinate to M,
but is not characteristically subordinate. Indeed, by Lemma A.2 we have that
a.s. for any Borel B € X

vN([0,] x B) = v™([0,t] x 2B), t>0. (12.2)

Thus we have that a.s. v ([0,¢] x X \ {0}) = vV ([0,¢] x X \ {0}), and as v™
is finite, by (12.2) we have that v £ 1™ on a set of positive probability, as if
we assume the converse, then for the sets C,, = 2"B\ 2" 1B, —co < n < oo,
where B € X is the unit ball, we have that C,, = 2C,_1, and hence by (12.2)
for any —oo < n < 00

vM([0,4] x C) > N ([0,8] x Cy) = M ([0,8] X Crpr), t>0,

so vM is infinite (as C,,’s are disjoint, UC,, = X\ {0}, and as v™ # 0, there exists
n and t such that v ([0,¢] x C,,) > 0), which contradicts our assumption. [J

Proposition 12.3. Characteristic subordination does not imply weak differen-
tial subordination.

Proof. 1t is sufficient to consider two independent compensated standard Pois-
son processes N1 and Ns, as they are characteristically subordinate to each other
(because they have the same local characteristics), but they are not weakly dif-

ferentially subordinate to each other as they have jumps at different times a.s.,
ie. ANy 20 = ANy =0 and AN, #0 = AN; =0 a.s. for any ¢t > 0. O

Remark 12.4. What do the aforementioned examples demonstrate? These ex-
amples show that N is weakly differentially subordinate to M if N has smaller
jumps than M, and N is characteristically subordinate to M if N has the same
jumps as M but these jumps occur less often.

Let us now formulate the main theorem of the present section.

Theorem 12.5. Let X be a Banach space. Then X is UMD if and only if for
any 1 < p < oo and for any local martingales M, N : Ry x Q — X such that N
1s characteristicly subordinate to M one has that

Esup || Ne[|P $p.x Esup || M]|”.
>0 +>0

The proof of the theorem is based on the canonical decomposition (see Sub-
section 2.7) and treating each case of the canonical decomposition separately.
Therefore we will need the following propositions.

Proposition 12.6. Let X be a UMD Banach space, (J,J) be a measurable
space, o and p' be quasi-left continuous optional random measures on Ry x J
such that for the corresponding compensators v and v' we have that v/ < v
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a.s. Then for any elementary predictable F : Ry x Q x J — X and for any
1 < p < oo we have that

E supH/ Fdi
t>011J[0,4x.7

where i :=p—v and i’ == p' — v,

p
)

p
Spox Esup”/ Fdp
t>011J[0,t)x.J

Proof. Let picox and g, be Cox processes directed by v and v/ respectively,
and set ficox = HCox — Vs lgox = Heox — V'~ Then by Theorem 3.22

P
/ F dﬂCox
R+xJ

7 p
F d:U/Cox
RyxJ

where Ecoy is defined in Example 2.5. Thus it is sufficient to show that for a.e.
fixed w €

)

p
]EsupH/ FdﬂH ~p,x EEcox
t>0"J00,t]x J

t>0

p
EsupH/ Fdﬁ/H ~p,x EEcox
[0,t]x J

p
§ ECox

Ecox (12.3)

P

/ FdﬂlCox / FdﬁCox
R+ xJ R+ xJ

Let us now show (12.3). Fix w € Q such that v/(w) < v(w). Then both pcoox
and pi¢,, are time changed Poisson. Let v” = v — v/, pf. . be the Cox process
directed by v”’. As w is fixed, p¢,, and pf, are independent and g, + féiox
has the same compensator and hence coincides in distribution with pcex so we
can set fiCox = feox T Hoxs HCox = fgox T Heox- Therefore (12.3) follows from
the fact that for a fixed w € ) the process F' is deterministic, the fact that a
conditional expectation operator is a contraction (see [46, Section 2.6]), and

[ P =E([  Fducafot,.).
RyxJ RyxJ

as oo, and pdy . are independent for any fixed w € Q. O

We will also need the following proposition which is some sense extends
stochastic domination inequality [96, Theorem 2] (see also [79]).

Proposition 12.7. Let X be a Banach space, (£,)N_; and (£)N_; be in-

n=1
dependent X -valued symmetric random variable such that for any Borel set
A C X\ {0} and for any n = 1,..., N one has that P(¢, € A) < P&, € A).
Then for any convex symmetric function ¢ : X — Ry one has that

N N
Bo(Y_¢) <Eo(X ). (12.)

Proof. As (£,))_; and (&,)N_, are symmetric, (12.4) is equivalent to

N N
Eo (Y raeh) E6(Y rakn), (12.5)
n=1 n=1
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where (r,)N_; is an independent sequence of i.i.d. Rademachers (see Defini-
tion 2.1). Thus it is sufficient to show (12.5). By an approximation argument
we may assume that (&,)0_, and (&), take finitely many values. By the
assumption of the proposition we have that for any n = 1,..., N the random
variable &, has the same distribution as 1,,(£,)&,, where for any z € X \ {O} we
define a random variable 1, (z) on an independent probablhty space (Q F.P)

to be such that n,(z) € {0,1} a.s. and En,(z) = ggg :w), where we set § := 0.

Fix w € Q and & € Q. Then in order to show (12.5) it remains to prove that

w(i Pl (2)(@)én(w)) < E¢(i Pagn(w)),
n=1 n=1

and as all the coefficients (1, (z)(@)))_; are either 0 or 1, the latter follows from
Jensen’s inequality (see [46, Proposition 2.6.29]) as ZnN:1 T (2)(0)En (w) is

just a conditional expectation of ZnN=1 rnén(w) given o (rpn, (x)(@))N_;. O

Proof of Theorem 12.5. Without loss of generality (as | No|| < ||Mo]|, see [115,
Lemma 3.6]) we can set My = Ng = 0. Let M = M°®+ M?+ M* and N =
N¢+ N9+ N® be the canonical decompositions. Note that due to Definition 12.1
and Subsection 3.2 we have that V2" < p(M%27) apd p(N"2™) < (M*.27)
a.s. for any * € X*, so N’ is characteristically subordinate to M® for any
i €{c,q,a}. By (2.9) it is sufficient to show that

Esup [ N7 Sp,x B sup [ M), (12.6)
IE3suplquHp Sp.X ]EsupHMqu (12.7)
ESHPIIN“H” Sp.X ]ESUPHM“H” (12.8)

First of all, (12.6) follows from (12.1). (12.7) follows from Proposition 12.6, the
fact that M9 = [xdg™® and N9 = [2dp™" by Theorem 3.30, and the fact
that N7 is characteristically subordinate to M?. Finally, (12.8) follows from a
standard approximation argument (see e.g. Proposition B.1), the fact that any
purely discontinuous martingale with finitely many predictable jumps has a dis-
crete representation (see e.g. the proof of Proposition 3.37), Proposition 12.7,
the construction of a decoupled tangent martingale from the proof of Theo-
rem 3.39, the symmetrization argument (see the proof of Theorem 5.9), and the
fact that N® is characteristically subordinate to M“. O

12.2. Characteristic domination

We can straighten characteristic subordination in the following way. Let X be a
Banach space, M and N be X-valued martingales. Then N is characteristically
dominated by M if a.s. |(Ng, x*)| < |[(Mo, 2*})| for any z* € X* [N < [M[o
and vV (R, x -) < vM (R, x ). Then the following theorem holds true.
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Theorem 12.8. Let X be a Banach space. Then X has the UMD property
if and only if for any (equivalently, for some) 1 < p < oo and for any X-
valued quasi-left continuous local martingales such that N is characteristically
dominated by M one has that

E sup [[Nif[” Spx E sup [[M]”. (12.9)
0<t<o0 0<t<oo

For the proof we will need the following proposition.

Proposition 12.9. Let X be a UMD Banach space, (J,J) be a measurable
space, p and p' be optional quasi-left continuous random measures on Ry x J
such that for the corresponding compensators v and v’ we have that V' (Ry x A) <
V(Ry x A) < 00 a.s. for any A € J. Then for any elementary B(R}) ® Fo ® J-
measurable F : Ry x Q x J — X and for any 1 < p < oo we have that

EsupH/ Fdap
t>0"J[0,t]x J

where i :=p—v and i’ == p' — .

p
)

p
<Sp.x EsupH/ Fdﬂ‘
[0,t]xJ

t>0

Proof. Without loss of generality we may assume that ¢ — F(t, -, -) is a constant
a.e. on  x J as otherwise we just approximate F' by a step Fp-measurable
function and apply the whole proof below for each step of F' separately.

The proposition follows analogously Proposition 12.6, but then we need to
show (12.3) in a difference way. Fix w € Q such that

V(Ry x A) < v(Ry x A) <00, A€ J. (12.10)

Then by the definition of a stochastic integral (2.10), by the fact that F' is
elementary predictable, and by the definition of a Cox process (see Subsubsec-
tion 3.4.1) there exist z1,...,2y € X, independent Poisson random variables
(£,)M_, with parameters (\,,)_; and independent Poisson random variables
(¢ )M_, with parameters (X, )M_, satisfying N, < A, forany m =1,..., M
by (12.10) such that

M
Fdﬂcox = Tm (Em - )\m),
/[O,t]xJ Z

m=1
M

/[O RS SERCA
St x

m=1

(see e.g. [56, p. 88] or [7, Section 23] for details on Poisson distributions). Now
by the fact that sum of two independent Poisson random variable is again has
Poisson distribution with parameter being the sum of the corresponding param-
eters and by independence of all &,,’s and &/,,’s we can assume that there exists
a sequence of independent Poisson random variables (£/2)M_, with parameters
(M) = (O — M)V such that € — A = (€, — A + (€1, — A1), and
then the desired follows from the same conditional expectation trick used in the
end of the proof of Proposition 12.6 and Theorem 3.22. O
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Proof of Theorem 12.8. The “if” part follows directly from Proposition 3.17 as
the latter is a particular case of Theorem 12.8.

Let us show the “only if” part. By Proposition 3.17 we have that for the
continuous terms of the Meyer-Yoeurp decompositions M = M¢ + M? and
N = N¢+ N9 (see Remark 2.19)

E sup [[N{|P Spx B sup [[M7]P. (12.11)
0<t<o0o 0<t<o0o

Also note that as M and N are quasi-left continuous, M = M9 and N% = N¢
(see Subsection 2.7 for the definition of M7 and NY). Thus by Theorem 2.18, by
Proposition 3.17, and by the considerations above it is sufficient to show (12.9)
for M and N being purely discontinuous quasi-left continuous. First let us show
that if
E sup [[M|]” < oo,
0<t<o0o

then v™ (R, x B) < oo a.s. for any centered ball B C X (here B is the com-
plement of B). Indeed, as M is purely discontinuous, then by the fact that any
UMD Banach space has a finite Gaussian cotype g > 2 (see [47, Definition 7.1.17,
Corollary 7.2.11, and Proposition 7.3.15]) and by Burkholder-Davis-Gundy in-
equalities [119, Subsection 6.1] for a family (v;);>0 of i.i.d. standard Gaussians
and for any d > 0 we have that

P
)

p
E sup |[Mill? =p,x EE, || Y M| 2 EE, | Y- 0 AMLjan s
0<t<oo >0 t>0

@)

a\p/q
~pa ]E(E’YHZ%AMtIHAMHDl; )
t>0

q)p/q

(44)
= E(]EwH/ Vel ss du (t, z)
]R+><X
(i37) p/q
2 B([ lelaes i (o)
R+XX

r/q
25 E( Ljzy>s A (¢, 33)) ,
]R+ x X

where E,, is defined by Example 2.5, (¢) follows from Kahane-Khinchin inequal-
ities [47, Theorem 6.2.6], (ii) holds by the definition of u* (see (2.14)), and
(73i) follows from the definition of a Gaussian cotype [47, Definition 7.1.17].
Therefore we have that

/ Lyjz)>s de™ (¢, ) is finite a.s., (12.12)
RyxX
and hence its compensator,

/ Ljz>s v (t,2) = v™ (R4 x B) is finite a.s., (12.13)
R+ x X
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as well because for stopping times

Ty = 1nf{/ 1||x\|>6 d‘u,M(,lL') > n}
[0,¢]x X

we have that by (12.12) {7, = co} 7 up to a negligible set, and then (12.13)
follows by [52, Theorem 1.3.17].

Now let M™ and N™ be as defined by (B.6). Then by Proposition 12.9, by
the definition of the characteristic domination, by Theorem 3.30, and by (12.13)
we have that

E sup [N/l Spx E sup [|IM",
0<t<o0

0<t<o0o
and thus
E sup [[N|P Spx E sup [[M]"[", (12.14)
0<t<oo 0<t<oo

holds true by Proposition B.2 and by letting m — oo. Then (12.9) follows
from (12.11), (12.14), (2.9), and the fact that M and N are quasi-left continu-
ous. O

Remark 12.10. It is not known whether Theorem 12.8 holds for gemeral lo-
cal martingales. By Theorem 3.39 and by Proposition B.1 the main issue here
s in proving a similar statement for discrete martingales with independent in-
crements. Let us state this problem here as open. Let X be a Banach space,
1 <p<oo. Let (§n)n>1 and (Ny)n>1 be X -valued mean-zero independent ran-
dom variables such that for any Borel B € X \ {0}

Zp(gn € B) < Zp(nn € B).
Does there exists a constant C (perhaps depending on p and X ) such that

B> 6| < B>

By a standard symmetrization trick [66, Lemma 6.53] one can assume that &,’s
and ny,’s are symmetric. But even the symmetric case is not known for the
author.

P
?

Appendix A: Tangency under linear operators

The goal of this section is to show that TM and T'N are tangent for any linear
operator T' from a certain family given M and N are tangent. Let us start with
bounded linear operators between Banach spaces.

Theorem A.1. Let X be a Banach space, M, N : Ry xQ — X be tangent local
martingales. Let Y be a Banach space, T € L(X,Y). Then TM and TN have
local characteristics and are tangent. Moreover, if N is a decoupled tangent local
martingale to M, then TN is a decoupled tangent local martingale to T M.
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The proof needs the following lemma.

Lemma A.2. Let X, Y, and Z be Banach spaces, M : R, x Q — X be a local
martingale, T € L(X,Y). Then for any predictable function F : Ry xQxY — Z
we have that

/ 1F (s, 9)| duT™ (s, ),
[0, ]xY

18 locally finite if and only if

[ PG Tt s,
[0, ]xX
and if this is the case then

/ F(s,-y)du™ (s,y) = / F(s,-,Tx)dp™M (s, z). (A1)
[0, ]xX

[0, ]xX

Moreover, if

B[ PGl i () < 0
[0,t]xY

or, equivalently,

IE/ | F(s,-, Tx)|| du™ (s, x) < oo
[0,t]x X
for any t > 0, then

/ F(Sa " y) dVTM(Sa y)

[0,¢]xY (A2)

:/ F(s,-,Tz)dvM(s,z) < o0, t>0.
[0,¢]x X

Proof. The first part of the lemma follows directly from the definition of ™ and
puT™ (see (2.14)). (A.1) follows for a similar reason. (A.2) follows from (A.1),
the definition of a compensator random measure (see Subsection 2.8), the defi-
nition of a compensator process [52, Theorem 1.3.17], and the uniqueness of the
compensator process. |

Proof of Theorem A.1. Let us start with the first part of the theorem. We need
to show that TM and T'N have local characteristics which coincide. First let us
show that T'M and T'N have the Meyer-Yoeurp decomposition. As M and N
are tangent, they have the Meyer-Yoeurp decomposition (see Subsection 3.1).
Let M = M€+ M% and N = N¢ 4+ N? be this decomposition. Then TM =
TM¢ 4+ TM?* and TN = TN¢+ TN? are the Meyer-Yoeurp decomposition
as well since TM¢ and TN€ are continuous and TM¢ and TNY are purely
discontinuous as for any y* € Y* we have that both (TM%,y*) = (M4, T*y*)
and (I'N? y*) = (N9 T*y*) are purely discontinuous (see Definition 2.14).
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Let us show that both [TM°] and [TN€] exist and coincide. To this end it is
sufficient to notice that for any y* € Y* we have that a.s.
[TM)uy™, ") = (TM®,y")]e = (M, T y")]e

c ok c * (A3)
< IIMETNTy 1P < ITMlTIP Y112, ¢ >0,

where we define [[V[| := sup,.cz« .- <1 V(2" 2") for any symmetric bilinear
form V : Z* x Z* — R for any Banach space Z. Therefore ||[TM]:| <
IT|I*[M€]e|| for any ¢ > 0, and [TM€]; defines a bounded bilinear form. The
same holds for [TN¢];. Equality [TM]; = [TN¢]: follows directly from the
fact that for any y* € Y* a.s. for any ¢ > 0 by (A.3)

[TMu(y" y") = IMT(T"y" T*y") = INL(T™y ", T y") = [TNTe(y™, 7).

The fact that vTM = TN ass. follows from Lemma A.2. Therefore TM and
TN have the same local characteristics, and thus are tangent.

Let us show the second part of the theorem. This part follows from Defini-
tion 3.3 and the fact that action of a bounded linear operator does not ruin
independence and martingality (so if N(w) is a martingale with independent
increments, TN (w) is so as well). O

Another important type of operators are stopping time operators. Apparently,
they also preserve tangency.

Theorem A.3. Let X be a Banach space, M, N : Ry x Q@ — X be tangent
local martingales. Then M™ and N7 are tangent. Moreover, if N is a decoupled
tangent local martingale to M, and if T is an F-stopping time (where F is the
original filtration where M used to live), then N7 is a decoupled tangent local
martingale to M.

Proof. Let M = M¢+ M? and N = N¢ 4+ N¢ be the Meyer-Yoeurp decom-
positions. Then M™ = (M¢)™ + (M%) is the Meyer-Yoeurp decomposition
as (M7, z*) = (M®)",2*) + ((M%)7,2*) is the Meyer-Yoeurp decomposition
since ((M®)7,z*) = (M¢,2*)7 is continuous and since (M%7, x*) = (M?, 2*)7
is purely discontinuous by [56, Theorem 26.6]. For the same reason N7 =
(N)T 4+ (N9)™ is the Meyer-Yoeurp decomposition as well. Moreover, by [56,
Theorem 26.6] we have that [(M°)7] = [M°]” = [N°]” = [(N°)7] a.s. It re-
mains to show that v™ = N7, To this end it is sufficient to notice that
M= 1[077],uM and pN" = 1[077]/1]\7, so by [52, Proposition 11.1.30] (see also
[32, Subsection 5.4]) we have that v~ = 1[0’.,.]1/M = 1[0’T]VN =vN" so M7
and N7 are tangent.

Let us show the second part. First recall that by Definition 3.3 N is a de-
coupled tangent local martingale if and only if N(w) is a martingale with inde-
pendent increments with local characteristics ([M¢(w)], v (w)) for any w € Q
(where Q, F, P is a probability space where M lives). As 7 is an F-stopping time,
it depends only on w, N7 (w) = N(w)™“) is a martingale with independent in-
crements having ([M¢(w)]™“), 1p,7(w) ™ (w)) as its local characteristics, so the
desired holds true. O
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Appendix B: Martingale approximations

Here we present certain martingales approximation techniques shown in [119].
Recall that a function ¢ : R — R is called to have a moderate growth if there
exists a > 0 such that ¢(2t) < a¢(t) for any t > 0.

B.1. Purely discontinuous martingales with accessible jumps

Let X be a Banach space, M : R} x Q — X be a purely discontinuous martin-
gale with accessible jumps. Then by Lemma 2.20 there exist finite predictable
stopping times (7,,)n>1 with disjoint graphs which exhaust jumps of M. For any
m > 1 let us define

M{" =" AM; 1 o)) t>0. (B.1)

n=1

Then due to Lemma 2.11 M™ is a local martingale for any m > 1 and by [119,
Subsubsection 7.5.2] the following proposition holds true.

Proposition B.1. Let X be a UMD Banach space, ¢ : R — R, be a convex
function of moderate growth with ¢(0) = 0, M : Ry x Q — X be a purely
discontinuous martingale with accessible jumps such that

Esup ¢ (|| M) < oo. (B.2)
>0

For any m > 1 let M™ be defined by (B.1). Then

Esup¢(|M"]]) < oo, m>1, (B.3)
>0

and moreover
E sup ¢(||Mt — th||) -0, m— oo. (B.4)
t>0

Proof. The case of ¢(t) = t?, 1 < p < oo, was covered [119, Subsubsection
7.5.2]. The general case follows analogously. Indeed, first notice that [M™]s <
[M]s a.s. for any m > 1 by [56, Theorem 26.6 and Corollary 26.15]. Thus
Y([M™] ) < v([M]oo) by [119, Subsection 3.2], so by [119, Section 5] we have
that

]Eigggb(HthH) ~o.x Eo(7([M™]))

< ES(V([M]so)) ~p,x Eb;;lgd)(HMt”) < 00,

and (B.3) holds true. Moreover, by [119, Subsubsection 7.5.2] we know that
[M — M™] s — 0 monotonically a.s., so by [119, Subsection 3.2] we have that
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Y([M — M™]s) — 0 monotonically a.s., and hence by the dominated conver-
gence theorem, the fact that [M — M™]s < [M]w a.s., by (B.2), and [119,
Section 5 and Subsection 3.2] we have that

]Eiglgqﬁ(HM - thH) g X ]Egb(fy([[M - Mm]]oo)) — 0, m — oo,
o (B.4) follows. O

B.2. Purely discontinuous quasi-left continuous martingales

Now let M : Ry x © — X be a purely discontinuous quasi-left continuous
martingale. Then by Theorem 3.30 (see also [32, Subsection 5.4] and [119, Sub-
section 7.2 and 7.5]) M, = f[o % X xdpM, where p™ is as defined by (2.14), vM

is the corresponding compensator, g™ = p™ — M. For each m > 1 let

Aﬂ”ﬁi/ Lo m(lz]) da™, >0, (B.5)
[0,t]x X

or

i [ et (el apt, e0, (B.6)
[0,t]x X

Then due to [119, Subsubsection 7.5.1] and [32] M™ is a local martingale and
the following proposition holds true by [119, Subsubsection 7.5.1].

Proposition B.2. Let X be a UMD Banach space, ¢ : Ry — Ry be a convex
function of moderate growth with ¢(0) = 0, M : Ry x Q@ — X be a purely
discontinuous quasi-left continuous martingale such that

Esup ¢(| M) < ox.
>0

For any m > 1 let M™ be defined by (B.5) or (B.6). Then

Esupg(|M]) < o0, m > 1,
>0

and moreover

Esupo(||M; — M{™||) =0, m — occ.
>0

Proof. The proof is fully analogous to the proof of Proposition B.1. O
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