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ZonoReach: A Reachability-Guided Controller Using Zonotopes and Lo-

cal Hamilton—Jacobi Analysis

Isabelle El-Hajj*{, Jasper van Beers

, and Prashant Solanki

Abstract: This paper presents a reachability-guided controller for nonlinear systems that synthesizes pseudo-
optimal control using only local linear models. At each step, a forward reachable tube (FRT) is computed via
zonotope-based set propagation; the closest point in the FRT to the target is chosen as an intermediate waypoint,
around which a backward reachable tube (BRT) is solved using Hamilton—Jacobi (HJ) reachability. The resulting
value function yields a locally optimal control action. This process is repeated iteratively to steer the system toward
the target without requiring global nonlinear dynamics. We evaluate the method on the double integrator, inverted
pendulum, and Dubins car, benchmarking against model predictive control baselines. For the double integrator,
we additionally benchmark against its ground-truth time-optimal bang-bang solution. Our proposed ZonoReach
controller achieves successful setpoint tracking and near time-optimal performance. Results highlight the influence
of planning and control horizons, while limitations include reliance on local linear approximations and grid-based
solvers for BRT computation. We conclude with directions for improving scalability toward real-world systems.

Keywords: Backward and forward reachable tubes, Hamilton—Jacobi reachability, reachability-based control, zono-

topes.

1. INTRODUCTION

The problem of synthesizing goal-reaching controllers
for nonlinear systems under input constraints is central to
robotics [1], autonomous systems [2], and safety-critical
control [3]. Hamilton—Jacobi (HJ) reachability analysis
provides a rigorous mathematical framework for comput-
ing such controllers with formal guarantees [4,5]. In par-
ticular, backward reachable tubes (BRTs) yield not only
the set of states from which a target can be reached [6],
but also the corresponding optimal control. However, a
major drawback of this approach lies in its computational
cost: solving HJ partial differential equations (PDEs) on
high-dimensional grids is infeasible for many real-world
systems due to the curse of dimensionality [7]. This bot-
tleneck is especially severe when the target is far, as the
BRT must expand over a large domain to include the ini-
tial state.

In contrast, forward reachable tubes (FRTs) describe the
evolution of reachable states over time from a given initial
condition [5]. They can be computed efficiently, especially
for linear systems, using set-propagation methods based
on zonotopes [8,9]. However, FRTs are often limited to
verification and open-loop planning, rather than feedback
control synthesis [9].

Indeed, several approaches have been developed to ef-
ficiently approximate reachable sets for nonlinear and
uncertain systems. Chen et al. [6] proposed decompos-
ing reachable sets into lower-dimensional components to
manage the computational burden of high-dimensional
systems. Herbert ef al. [4] introduced efficient initializa-
tions for reachability analysis to provide real-time safety
guarantees. Zonotopes have emerged as a popular choice
for representing reachable sets due to their closure un-
der linear operations. Althoff and Frehse [10] and Al-
thoff and Krogh [11] demonstrated how zonotopes can
improve both accuracy and scalability. Bird et al. [12]
extended these methods to hybrid zonotopes for use in
explicit model predictive control (MPC). For stochastic
systems, Gleason et al. [13] developed Lagrangian-based
methods for underapproximating reach-avoid sets. Recent
work has also leveraged data-driven and learning-based
techniques: Alanwar et al. [14] proposed a robust data-
driven predictive control scheme using matrix zonotopes,
while Holaza et al. [15] revisited reachability-driven MPC
for embedded systems. Other notable contributions in-
clude FaSTrack [16], a modular framework for fast and
safe motion planning; classification-based reachability ap-
proximation [17]; and classical reachability analysis using
support functions, ellipsoids [18], or optimal control [19].
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Collectively, these methods highlight a rich landscape of
tools for reachability-based verification and control.

However, many of these approaches rely on a global
(nonlinear) model of the system, which may not always
be available. Moreover, for methods reliant on grid-based
solvers, the (global) spatial and temporal resolution is con-
strained by the available computational resources—even
for offline estimations of the reachable sets.

Therefore, we propose a hybrid reachability-based con-
troller for nonlinear systems that combines the computa-
tional efficiency of FRTs with the control-theoretic power
of BRTs. In contrast to existing work, our contribution
lies in a practical controller synthesis framework that 1)
avoids the need for global reachability computation, 2)
operates using only local linear models circumventing the
need for a global nonlinear model, and 3) generates a feed-
back control strategy that can steer the system to a target
while respecting constraints. This is achieved by strate-
gically combining zonotope-based FRT propagation with
local BRT computation in a receding-horizon fashion. At
each step, we use a local linear model of the dynamics at
the current state and compute the FRT of this model using
zonotope-based propagation. Among the states in the FRT,
we identify the one closest to the final goal. We then com-
pute a local BRT on a small grid around this intermediate
state using the continuous-time linearized dynamics. If the
current state lies within this local BRT, we determine the
associated optimal control, apply it to move toward the in-
termediate state, and repeat the procedure. The result is a
method that provides pseudo-optimal control for nonlinear
systems reliant only on a family of linear representations
of the system (e.g., linear parameter-varying models).

We note that there are many conceptual similarities
between our proposed approach and MPC formulations.
However, there are some nuanced differences between
the two. The most important of these distinctions lies in
the treatment of the cost/value function. MPC relies on
a known (user-tunable) cost function in order to derive a
sequence of control actions that minimize the cost. In con-
trast, our approach attempts to find the initially unknown
reach cost value function which, once found, can be used
to determine the time-optimal control sequence needed to
reach the target set/state from the current point. Thus, the
control strategy is obtained directly from the value func-
tion, rather than from a trajectory optimization routine.

The structure of the paper is as follows: Section 2 for-
mally states the control problem of interest. Section 3
reviews key relevant concepts. Section 4 introduces our
proposed ZonoReach controller. Section 5 describes the
benchmark systems used to evaluate our method and Sec-
tion 6 presents the results. Finally, Section 7 offers con-
cluding remarks and highlights opportunities for extend-
ing the approach to real-world systems.

A preliminary version of this work was presented at the
ICCAS 2025 conference [20]. This paper provides a more

detailed exposition with expanded explanations.

2. PROBLEM STATEMENT
We consider a general nonlinear control system
x(t) = f(x(r),u(t)), x(t) e R", u(t) eUU CR", (1)

where x(¢) is the state vector, u(t) is the control input, and
f:R"xR™ — R" denotes the system dynamics. More-
over, the control inputs are constrained within a compact,
convex set U that is box-bounded

U={ueR"|u<u<i}, @

where u, 1 € R™ are element-wise lower/upper input
bounds.

Given an initial state xo € R” and a compact target set
T C R”, the objective is to synthesize a feedback control
strategy u*(¢) that steers the system from xo to 7 within
a finite time horizon 7', while respecting input constraints
and system dynamics.

Assumptions: To facilitate tractable control synthesis,
we make the following assumptions:

1) (Lipschitz continuity): We assume that f(x,u) is lo-
cally Lipschitz continuous in x.

2) (Smoothness): f(x,u) € C' in both arguments.

3) (Bounded inputs): The admissible input set I/ is a
convex zonotope or hyperrectangle centered at the
origin.

4) (Reachable goal): The target set 7 is reachable from
xo under some admissible control input.

5) (Availability of local linear models): We assume ac-
cess to representative local linear dynamics of the
nonlinear system about the current operating point:
Xo, Up. This may be obtained, for example, via a first
order Taylor expansion.

Assumptions 1, 2, and 4 are standard assumptions in
nonlinear control and reachability analysis problems [21-
24]. As for Assumption 3, actuator limits are inevitable
for real-world systems [25]. Assumption 4 rules out triv-
ial infeasible problems. Finally, Assumption 5 allows us
to investigate our approach without introducing the addi-
tional complexity of model identification.

3. BACKGROUND

We briefly introduce the tools that form the basis of
our approach: Hamilton—Jacobi reachability, forward and
backward reachable tubes, and zonotope-based set propa-
gation.
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3.1. Hamilton—Jacobi reachability analysis

HIJ reachability provides a rigorous framework for com-
puting reachable tubes. For instance, the BRT character-
izes the sets of initial states from which a target set can be
reached within a finite time horizon under admissible con-
trol inputs. Likewise, the FRT describes the sets of future
states that are reachable over a finite time horizon from
a given initial condition under admissible control inputs.
These computations are typically framed as differential
games and solved using dynamic programming principles.

Let /(x) be a continuous function such that the target set
T C R" is defined as the sub-zero level set of /(x)

T={xeR"|Il(x) <0}. 3)
Given a time horizon 7 € [t, T], the BRT of (1) is

B(t:;T) = {xo eR"

Hu() . [[,T] _>u7
drelr,T]st ¢f (1) € T}, 4

where ¢y ,(7) denotes the state trajectory under control
u(-), starting from x, at time . In the context of reach
problems, we are concerned with finding the trajectories
that reach the target set by the terminal time, 7. Accord-
ingly, the BRT at 7" may be derived from the sub-zero level
set of a value function, V(x,t), that describes the reach
cost of the trajectories which terminate in the target set
within the time horizon 7 € [¢, T

Bt;T)={xeR"|V(x,t) <0}, ®)
where V (¢,x) is given by

V(x,t) = inf min [(¢y,(7)). (6)

u(-) telt,T)

This value function satisfies the final-time Hamilton—
Jacobi—Isaacs variational inequality (HJI-VI)

0
min { ait/(x,t) FHx), 1)~V (x) } =0,
V(x,T)=I(x), )
where the Hamiltonian H (x,¢) is defined as

H(x,t)= Ilgiz/rll(VV(x,t)J(x, u)). (8)
The BRT contains all states from which the system can
be driven into the target set 7 within the time horizon
[t, T], under some admissible control signal. Moreover,
the time-optimal feedback control (on the BRT boundary)
is given by

u(x,t) = argrgi&(VV(x,t),f(x,u)}. )

HIJ analysis can also be used to compute FRT by time-
reversing the dynamics and target condition, yielding

Flrixo) = {x(1) |x(0) =0, (s) = F(x(5),uls)).
u(s) €U, se [o,z}}. (10)

However, while the FRT characterizes which states are
reachable, it does not provide a controller to steer the sys-
tem to a specific point within the set. In general, determin-
ing the input signal required to reach a particular state in
the FRT is a nontrivial inverse problem, and may not ad-
mit a unique or easily synthesized solution. For this rea-
son, the FRT is typically used for reachability certification
and safety analysis, but not for direct control synthesis.

Therefore, in this work, we use forward reachability for
intermediate target selection and backward reachability to
construct locally optimal control actions.

3.2. Zonotope-based set propagation

For locally linear models, the FRT can be efficiently
computed using zonotope-based set propagation. A zono-
tope Z is defined as

zZ= {C+ 0,8
iz

(XiE[_l,l]}, (]1)

where ¢ € R” is the center of the zonotope, g; € R" are
the generator vectors of the zonotope, and ¢; are the co-
efficients of the generators. Zonotopes are closed under
linear transformations and Minkowski sums, enabling ef-
ficient computation of reachable sets for linear systems.

Continuous-time dynamics: Consider an affine linear
time-invariant (LTI) system of the form

X=Ax+Bu+E , ucl, (12)

where A € R"*" and B € R are the state and input ma-
trices, respectively, and I/ is a compact control input set.
E € R" is an offset matrix. Though E = 0 in many linear
systems, such an offset matrix may appear by linearizing
a nonlinear system about an operating point (xg, ug). Con-
sider, for example, a first-order Taylor expansion of the
system dynamics given in (1)

Fxu) = f(xo,up) +A(x —x0) + B(u— up), (13)
yielding a local affine model of the form

X=Ax+Bu+E, (14)
with

E = f(xo,u0) — Axo — Buyg. (15)

Discrete-time dynamics: For discrete-time systems of
the form

Xk+1 =Agxp+Bau +Eq4, uy €U, (16)
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the forward reachable set (FRS) over a finite horizon can
be computed iteratively using the recurrence

Xir1 = Ag X B BaU D Ey, Xy = initial set, a7
where X}, is the reachable state set at step k.

Since zonotopes are closed under affine maps and
Minkowski sums, each X} remains a zonotope. This prop-
erty allows for fast and scalable propagation of reach-
able sets in discrete-time, especially when combined with
zonotope order reduction techniques to mitigate complex-
ity growth [9]. Note that, in our current implementation as
a proof-of-concept, such order reduction is not conducted
and is reserved for future work.

4. ZONOREACH CONTROLLER

In this section, we present ZonoReach, a control frame-
work that synthesizes locally optimal control actions for
nonlinear systems through forward and backward reacha-
bility analysis. The key idea is to enable nonlinear control
using only local linear models and short-horizon reacha-
bility computations. The advantages are twofold: first, we
do not require explicit knowledge of the nonlinear dynam-
ics. Second, ZonoReach operates on local spaces, avoid-
ing the estimation of the value function along a global
grid, which is computationally prohibitive in high dimen-
sions. Our method, illustrated in Fig. 1, consists of four
main components: 1) local FRT construction via zonotope
propagation on discrete-time linearized dynamics, 2) geo-
metric selection of an intermediate goal along the contour
of the FRT closest to the final target, 3) BRT computation
about the intermediate goal, and 4) greedy control selec-
tion using the BRT gradients.

4.1. Forward reachable tube using zonotope-based set

propagation
To approximate the FRT, we assume access to local linear
approximations of the system dynamics around the cur-

Find closest
point on
FRT contour

Obtain
linearized
dynamics

Zonotope-
based FRT

Y
Target Propagate BRT /
reached? dynamics Control

Terminate

Fig. 1. Flowchart showing the main steps of ZonoReach.
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rent state and input, given by A , B, and E matrices, as
discussed in Subsection 3.2.

With zero-order hold, the discretized matrices of (16)
are obtained as shown in (18)

Ad — eAAf
By=A"'(* —1)B,

E;=A"'(M —)E, (18)

where At is the time step.

We propagate the dynamics over k steps using (17) to
obtain the FRS. The FRT is then approximated by the
union of these FRSs.

4.2. Intermediate target based on geometric construc-

tion

The FRT contains many states, but not all are equally use-
ful for reaching the final target. To focus the control effort,
we identify the point on the contour of the FRT closest to
the target as an intermediate subgoal, which we denote by
Xint. To determine it in practice, we evaluate the proximity
of the target to each FRS composing the FRT. We denote
the boundary of the i-th FRS by €;. For each Q;, we iden-
tify the point that yields the smallest Euclidean distance
between the target, denoted by Xiarger, and the points on ;.
Then x;j,, corresponds to the boundary point that results in
the smallest overall distance

Xing = argxggl}} [|x — Xtarget || 2- (19)
This construction ensures that the intermediate point lies
on the contour of one of the FRSs which compose the FRT
and can be reached by the current dynamics and control
constraints.

4.3. Local value estimation using backward reachabil-
ity

We compute the BRT about the intermediate target x;p
to determine the locally time-optimal control input that
steers the system toward this point. We use continuous-
time HJ reachability for this step (i.e., (7) and (8)), ap-
plying it to the linearized dynamics about x;j,;. For linear
dynamics, the Hamiltonian (8) becomes

H(x,t) =minp' (Ax+ Bu)

ucld
— p"Ax+min («"B p) (20)
ueld
Since the control set I/ is a box, the result is bang-bang
control

U (X) = —tmax - sign(B' VV (x)). 21

Note that though (21) is the theoretical optimal control
for linear systems with box-bounded inputs, the presence
of the sign(-) function may induce chattering in practice.
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Algorithm 1: ZonoReach.

1) while current state has not reached target set do
2) Obtain local state and input matrices (A, B, E)
3) Discretize dynamics to obtain (A4, By, E,)

4) Compute FRT over time horizon T' = kAt

5) if target € FRT then

6) Set xiny = Xtarget
7 else
8) Compute x;y as closest point in FRT to target
9) end if
10) Solve BRT from x;,, using continuous-time HJ on

linearized model
11) for i=1ton.do

12) Compute VV (x) at current state
13) Determine u* using (21)

14) Apply control u* and update state
15) end for

16) end while

Chattering may arise due to noise, uncertainties, or nu-
merical errors within the representation of the value func-
tion. Chattering poses several disadvantages that can be
especially detrimental for real-world applications includ-
ing wear and tear on the hardware, energy inefficiency,
and degraded performance. Chattering can be mitigated
through, for instance, the use of low-pass filters applied to
the control signal or hysteresis [26].

4.4. Greedy action selection and replanning

Once the BRT contains the current state, we determine
the control action based on the spatial gradient of V (x,7) at
the current state. Rather than re-computing the reachable
tubes at every time step, the BRT is used over a certain
control horizon, which we denote by n.. During this pe-
riod, at each step, the gradient of the V (x,7) is evaluated
at the current state to determine the optimal control input
u*, which is then applied to the system. This process is re-
peated for n. steps before proceeding to the next iteration
of the algorithm. Algorithm 1 summarizes the steps of our
ZonoReach controller.

5. CASE STUDIES

To demonstrate the effectiveness and versatility of our
proposed controller, we apply it to three representative dy-
namical systems: the double integrator, Dubins car, and
the inverted pendulum. These systems are chosen to high-
light different challenges in nonlinear control, such as lin-
ear versus nonlinear dynamics, holonomic versus non-
holonomic constraints, and stability around equilibrium
points. Each example showcases a distinct aspect of the
controller’s capabilities and sheds light on some limita-
tions. We also compare our approach against standard
MPC designs to highlight the differences in performance

between MPC and ZonoReach. In what follows, we de-
scribe the system models that serve as testbeds for our
controller.

5.1. Double integrator

As a baseline, we consider the double integrator system
by virtue of its simplicity and the availability of an ana-
lytical bang-bang solution. This serves as a ground-truth
benchmark for assessing our method’s ability to approxi-
mate time-optimal behavior.

The equations of the double integrator where the control
is bounded are shown in (22).

Xy =X, Xp = U, |I/t‘ < Umax- (22)

In the case of bounded control, the time-optimal control
law is a bang-bang controller. That is, the control takes on
its extreme values and switches once at a critical time #,,
which may be computed by solving a quadratic equation
[27] that depends on the initial and final states. The opti-
mal control is expressed as

Um:
I/t([) _ { max
— Umax,

5.2. Inverted pendulum

t <ty

or the reverse. (23)
r 21,

The inverted pendulum is a canonical benchmark in
nonlinear control. It models a rigid rod pivoted at one end,
free to rotate in the vertical plane, with the state defined by
the angular position 6 € [—7, 1) and angular velocity 6.
The system is underactuated, with a single control input
in the form of a torque applied at the pivot, which cannot
directly actuate all state variables.

The system’s nonlinear dynamics, under gravitational
and damping effects, are given by

. T —bO+mglsin®
6= ,
mi2/3

(24)

where m denotes the mass of the pendulum, [ is its length,
g is the gravitational acceleration, b is a viscous damping
coefficient, and 7 is the torque. The pendulum mass is set
to m = 1 kg, the length is [ = 1 m, the viscous damping
coefficient is b = 0.05 kg m?/s, and T is constrained to
[—2, 2] Nm, reflecting realistic actuator limitations. In our
experiments, we focus on stabilization around the upright
equilibrium.

5.3. Dubins car

Furthermore, we consider Dubins car, a classical exam-
ple of a nonholonomic and nonlinear system. The state
of the Dubins car is described by the position (x,y) € R?
and the heading angle 6 € [—, ) rad. The control input
u € U =[—1, 1] rad/s represents the bounded turning rate,
while the forward velocity is held constant at V = 1 m/s.
The system evolves according to the following dynamics:
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x=Vcos(0),
y="Vsin(0),
0 =u(r), (25)

where u(t) is a measurable function constrained to lie
within the control bounds for all time. These dynamics are
subject to a nonholonomic constraint as the vehicle cannot
move laterally. Despite its low dimensionality, the Dubins
car presents notable challenges for long-horizon planning
and feedback control, particularly under state and input
constraints. This makes it a valuable testbed for validating
reachability-based control methods.

6. RESULTS AND DISCUSSION

This section presents and analyzes the results obtained
from applying our proposed ZonoReach controller to each
of the case study systems. Table 1 summarizes the exper-
imental configuration for each benchmark system. Note
that for the double integrator, some units are omitted since
its state variables admit versatile interpretations.

Across all experiments, FRTs were computed using
custom routines that leverage the zonotope class from the
CORA toolbox [28], while BRTs were obtained using the
HelperOC toolbox [29] with additional integration into
our control loop. As such, the current implementation can-
not be used in real-time as it still relies on a grid-based
solver to estimate the BRT, even though this grid is over a
smaller domain. However, we emphasize that the ZonoRe-
ach algorithm itself does not require a grid-solver to run.
Thus, if, for example, the BRT is computed via the Hopf—
Lax formula [22,30-32], the value function could be eval-
uated without discretizing the state space, replacing grid-
based PDE solvers with variational or closed-form char-
acterizations and thereby improving scalability.

Double integrator: For the double integrator, the
ZonoReach controller successfully drives the state from
[0.5,0.25] m to the target set, as shown in Fig. 2. With a
FRT horizon of 50 steps, the trajectory converges swiftly
to the target, demonstrating behavior consistent with the
known time-optimal bang-bang solution, which is also

Table 1. Experimental setup for each benchmark system.

Double Inverted Dubins
integrator pendulum car
X [0.5,0.25] | [%&rad,0™] |[~2m,0.5m, Z rad]
Xiarget [0, 0] [0 rad, 0 4 [0 m, 0 m, O rad]
Target 0.1 0.05 0.5
radius
k 50 steps 15 steps 40 steps
At 0.01s 0.01s 0.01s
U [—1,1] [—2,2] Nm [-1,1] %
ne 5 steps 5 steps 10 steps

plotted in Fig. 2.

Moreover, as a baseline comparison, we also task a stan-
dard linear MPC with the same goal. To make the compar-
ison fair, we do not penalize the control effort in the MPC
cost function and only specify the standard penalty for
state deviations through xQx”. Moreover, the same plan-
ning and control horizons employed by ZonoReach (see
Table 1) are used by the MPC baselines. For one MPC,
we choose Q as the identity matrix, and for another, we
take Q as the diagonal matrix of [1.0, 0.1]. The resultant
trajectories and the control effort are shown in Fig. 2 (solid
and dashed purple lines).

Although MPC with Q = I produces a smoother trajec-
tory toward the target set, it is the slowest to reach the
target set with # = 2.51 s. ZonoReach arrives almost twice
as fast (t = 1.58 s), which is near the time-optimal value
(t = 1.54 s). However, this comes at the cost of chattering
in the control signal, which arises due to numerical er-
rors in the value function representation for near-zero gra-
dients. Such chattering may be circumvented by using a
low-pass filter on the control signal, at the cost of a longer
time-to-reach. It is interesting to note that all approaches
initially follow the same trajectory before diverging. The
divergence for ZonoReach occurs due to the aforemen-
tioned numerical errors at near-zero gradients. In contrast,
the MPC breakaway is governed by the cost function. If
the cost penalizes positional deviations more heavily than
velocity as is the case for MPC 2, then the time-optimal
trajectory gets followed more closely, as seen in Fig. 2.

Inverted pendulum: Here, the goal of the controller
is to stabilize the pendulum near the (unstable) upright
position. Again, we compare ZonoReach to a standard
nonlinear model predictive control (NMPC) design (im-
plemented via the nlmpc function in MATLAB R2021b).
Furthermore, we provide the NMPC design with perfect
knowledge of the nonlinear dynamics. As the prediction
horizon can affect the performance of the NMPC, espe-
cially for a system like the inverted pendulum with a non-
trivial trajectory to the desired state, we compare two dif-
ferent planning horizons. The first mirrors that of ZonoRe-
ach (15 steps); whereas, the second enjoys a longer hori-
zon (100 steps).

Fig. 3 depicts the resultant trajectories of the NMPC de-
signs and ZonoReach alongside their control sequences.
Although all controllers initially follow the same trajec-
tory, ZonoReach not only arrives at the target set faster
than either NMPC formulation, but also does not over-
shoot the origin. While it is possible to augment the cost
function of the NMPC to penalize overshoot and promote
time-to-reach performance, defining such a cost function
is not always trivial. Alternatively, NMPC parameters can
be tuned in such a way that reduces the overshoot and im-
proves the time-to-reach performance; however, this can
involve considerable tuning effort and such additional tun-
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shown is the FRT (for clarity, we plot only the FRS
containing the closest point to the target among all
FRSs pertaining to the FRT).

ing is unnecessary for ZonoReach.

ZonoReach reaches the target set in t = 0.54 s; whereas,
for the two NMPC controllers, the time needed is 0.96 s
and 1.0 s. This is an impressive result given the fact that
the ZonoReach only operates on local linear approxima-
tions of the system and uses comparatively short plan-
ning horizons. In fact, we observe that shorter FRT hori-
zons lead to more consistent convergence for ZonoReach.
This is because longer horizons tend to introduce greater
discrepancies between the true nonlinear dynamics and
the local linear approximations, degrading control perfor-
mance. Thus, for highly nonlinear systems, it is favorable
to keep the planning and control horizons short such that
they remain within the domain of validity of the local lin-
ear approximations of the nonlinear dynamics. This limits
the propagation of the approximation errors in the succes-
sive linearizations.

Dubins car: For the Dubins car, the controller gener-
ates curved trajectories consistent with Dubins car kine-
matics (Fig. 4). Similar to the inverted pendulum, shorter
horizons result in more reliable tracking. Longer horizons
increase the mismatch between the linear model and the
true dynamics, making it harder to synthesize effective
control actions.

Discussion: Through these experiments, we found that
a key factor influencing performance was the choice of
planning and control horizons for both forward and back-
ward reachability computations. Preliminary observations
suggest that: for linear systems, longer horizons lead to
smoother and more direct trajectories. Conversely, for

nonlinear systems, longer horizons may degrade perfor-
mance due to the growing mismatch between the lin-
earized and true dynamics. These observations high-
light the potential importance of horizon selection in
reachability-based planning. While longer horizons offer
greater foresight, they are limited by model fidelity. Sim-
ilarly, longer control horizon intervals reduce computa-
tional cost but may cause the controller to act on out-
dated reachable tubes, especially under rapidly changing
dynamics.

Although these trends are consistent with intuition, a
systematic study of horizon selection and model mismatch
remains for future work.

Furthermore, when access to models is available, the
control designer may decide between MPC and ZonoRe-
ach depending on their control task priorities. The ex-
amples of the double integrator and the inverted pendu-
lum illustrate the nuanced difference between MPC and
ZonoReach in their use of the cost and value functions, re-
spectively: in MPC, the cost function is used to synthesize
control actions; whereas, ZonoReach derives a reach-cost
value function from which the time-optimal control can be
determined. Therefore, if the designer prioritizes smooth
and limited control effort, then MPC offers a viable path
forward. However, note that augmenting a cost function
and tuning parameters to produce the desired control may
not be trivial. In contrast, if time-optimality is essential,
then ZonoReach offers an attractive framework for reli-
ably synthesizing such policies. However, ZonoReach is
limited in its tendency to produce chattering. Despite this,
chattering can be limited by employing mitigation strate-
gies, such as low-pass filters.

Another limitation of the current proof-of-concept im-
plementation is the reliance on a grid solver for the
BRT computation. To this end, several recent works pro-
pose alternatives such as the Hopf-Lax formula [30-32],
which provides closed-form or approximate characteriza-
tions that circumvent explicit gridding of the state space.
Such extensions are the subject of future work.

7. CONCLUSION

We have presented a novel hybrid control approach
for nonlinear systems that combines local linear mod-
els, zonotope-based forward reachability, and Hamilton—
Jacobi-based backward reachability analysis. Our con-
troller iteratively constructs a FRT using the local linear
discrete-time dynamics and zonotope propagation, selects
the point in the FRT closest to the final target, and solves a
local backward reachability problem to determine the op-
timal control input.

Through numerical experiments on the double integra-
tor, inverted pendulum, and Dubins car, we observe that
our approach can drive the system toward the target un-
der nonlinear and nonholonomic dynamics in a near time-
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optimal manner. Most notably, our approach can reach a
target set of states faster than a comparable NMPC design
which enjoys perfect model knowledge. This is achieved
even with relatively short planning horizons. In fact, our
results suggest that shorter time horizons may be ben-
eficial for nonlinear systems, where linearization errors
can accumulate over longer intervals, while linear systems
tend to benefit from longer planning horizons as lineariza-
tion error is absent.

This work opens several promising avenues for future
research. A key assumption is perfect access to local linear
models; relaxing this to allow estimation from observed
data would improve applicability in real-world settings.

Likewise, the current method assumes a fixed target and
full state observability, and does not model disturbances or
stochasticity. Extending the framework to handle moving
targets, partial observability, and uncertainty would signif-
icantly enhance robustness and scope.

Moreover, the computational cost of solving the
Hamilton—Jacobi variational inequality on a grid in the
current implementation remains a limiting factor, particu-
larly in higher-dimensional systems. Since our backward
reachability computations are performed on linearized dy-
namics, future work will explore scalable linear reachabil-
ity techniques by leveraging, for example, the Hopf-Lax
formula.

Finally, providing theoretical guarantees on conver-
gence, robustness, and safety would be a critical step to-
wards deploying this method in safety-critical domains.

Overall, this work lays a foundation for a scalable and
modular control framework that leverages local model-
based reachability to enable nonlinear control, while re-
maining agnostic to the underlying nonlinear dynamics.
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