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Directed Acyclic Hypergraphs:
Topology Identification from Nodal Data

Geert Leus†, Yongsheng Han†, Elvin Isufi†, and Antonio G. Marques∗

Abstract—Inferring higher-order network structures from
nodal data is an emerging challenge across fields such as
signal processing, machine learning, and causal inference. While
directed acyclic graphs (DAGs) provide a powerful framework
for modeling causal or functional dependencies, they only capture
pairwise interactions. This paper introduces a new directed
acyclic hypergraph (DAH) signal model that generalizes DAG-
based structural equation modeling to multi-node (higher-order)
relationships. Our approach begins by lifting a directed hyper-
graph (DH) into an equivalent bipartite directed graph (DG),
where virtual nodes represent source-node sets of hyperedges.
Nodal data are assigned to both original and virtual nodes, and
an SEM is defined over the DG. By imposing a smooth acyclicity
constraint on this bipartite graph, we obtain a continuous and
scalable formulation for DAH estimation from nodal obser-
vations. The proposed framework unifies hypergraph learning
and DAG inference under a common optimization perspective,
enabling interpretable higher-order dependency discovery. Nu-
merical experiments demonstrate the ability of the method to
recover meaningful DAH structures from simulated nodal data.

Index Terms—Hypergraphs, directed acyclic graph (DAG),
graph learning, hyperedge identification

I. INTRODUCTION

Inferring the structure of a directed acyclic graph (DAG)
from nodal data is a fundamental problem not only in data
science disciplines such as machine learning (ML), signal
processing (SP), and causal inference, but also in fields such as
biology, genetics, epidemiology, and transportation. Learning a
DAG from data is typically a combinatorial problem; however,
recent advances have reformulated it as a continuous optimiza-
tion task by introducing a smooth acyclicity constraint [1].
This continuous characterization enables the imposition of
a differentiable DAG constraint and the optimization of a
suitable score function—often based on a structural equation
model (SEM)—to fit the observed nodal signals. This per-
spective aligns with graph SP approaches to graph topology
identification, where the goal is to learn an underlying graph
that explains the observed signals [2].

However, classical graph models, including DAGs, capture
only pairwise relationships between nodes. In many real-world
datasets, interactions occur among groups of nodes (multi-
way relations) rather than solely between node pairs [3],
[4]. Higher-order networks such as hypergraphs, simplicial
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complexes, and cell complexes have been introduced to rep-
resent these multi-way relationships and have recently gained
attention in network science, SP, and ML. Prominent exam-
ples in SP and ML include topological SP over simplicial
complexes [5], [6] and hypergraph SP [7], [8]. One of the
critical tasks within this field is inferring higher-order network
structures, e.g., learning a hypergraph topology from nodal
observations. Several related works have started exploring
this direction. For instance, when only nodal data are avail-
able, graph Volterra models have been proposed to capture
non-pairwise interactions on networks by augmenting SEMs
with higher-order (nonlinear) terms [9], [10]. These models
leverage Volterra series expansions to account for multi-node
influences and have shown improved performance in topology
identification and link prediction tasks by modeling group
interactions beyond simple edges.

While these advances enable the modeling and inference
of higher-order relationships, they lack a clear connection to
acyclicity in hypergraphs—the natural higher-order general-
ization of a DAG. In other words, although directed acyclic
hypergraphs (DAHs) have been studied in the literature [11],
methods for inferring such structures directly from nodal
signals remain unclear. Motivated by the expressive power of
DAHs, in this paper we pursue the inference of a DAH from
nodal observations as a parsimonious model to explain the
data in an SEM framework. Formally, given observed signals
on a set of nodes, our goal is to learn a directed hypergraph
structure (i.e., hyperedges with specified sets of source and
target nodes) that best fits the data under a suitable SEM-based
cost, while containing no directed cycles in the hypergraph
sense.

This problem is significantly more challenging than infer-
ring a simple graph (DAG) for three main reasons. First,
there is no unique or universally accepted notion of direct-
edness, edge weight, or even acyclicity in hypergraphs. We
must therefore define what it means for a hypergraph to be
“directed” and “acyclic” in our context to impose a mean-
ingful DAG-like constraint. Second, a single hyperedge can
connect an arbitrary number of nodes, which vastly enlarges
the search space of possible structures beyond pairwise con-
nections, ultimately making continuous formulations essential
for scalability. Third, the expressive power of hypergraphs
introduces a large number of degrees of freedom. Without
additional structural restrictions or regularization, inferring a
hypergraph from data risks overfitting or becoming ill-posed,
especially for typical sample sizes. Stronger constraints or
model assumptions are thus required to ensure tractability.
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To address these challenges, we develop a principled frame-
work that exploits the advantages of continuous optimization
(as in DAG learning) while controlling the structural com-
plexity of the hypergraph model. Our main contributions are
described next.
• We first define a dedicated class of DHs suited to our

objectives, where each directed hyperedge originates from
one or more source nodes and points to a single target
node. Such DHs are sometimes also labeled as backward
hypergraphs [11], [12].

• We introduce an equivalent functional dependency directed
graph (FD-DG) representation of the hypergraph, which
is an adaptation of the FD-graph first presented in [13].
The FD-DG is a bipartite directed graph composed of two
disjoint node sets: the original nodes and a set of virtual
nodes, each representing a distinct source-node set from
which one or more hyperedges emerge. An original node
connects to a virtual node if and only if it belongs to that
virtual node’s source set, while a virtual node connects to an
original node whenever a corresponding hyperedge exists.
This bipartite construction compactly encodes all hyperedge
relationships.

• We impose an acyclicity constraint on the FD-DG to ensure
that it forms a DAG. Critically, this condition guarantees
that the underlying hypergraph is acyclic, since any directed
cycle in the hypergraph would manifest as a cycle in the
FD-DG through its virtual nodes.

• We propose a DAH-based data model that integrates an
SEM with a graph Volterra formulation. In this model,
each original node’s value is expressed as a combination of
contributions from its associated source-node sets (virtual
nodes), analogous to a standard SEM on a DAG. The graph
Volterra component enables continuous modeling of multi-
node interaction effects, effectively lifting node signals onto
the virtual nodes.

• Finally, we formulate a DAH learning (topology inference)
problem that estimates the underlying DAH from signal
observations. This formulation reduces hypergraph inference
to the estimation of an acyclic bipartite graph (the FD-DG),
allowing us to leverage continuous optimization techniques
developed for DAG learning. We promote tractability and
prevent overfitting by imposing sparsity-inducing penalties
on the hypergraph connections, and we enforce acyclicity
through a smooth DAG constraint on the FD-DG. The result-
ing optimization problem jointly estimates the hyperedges
and their corresponding weights by minimizing an SEM-
based loss subject to the DAH constraint.

II. DIRECTED ACYCLICY HYPERGRAPHS

In this section, we introduce the concept of a directed
hypergraph along with its bipartite graph representation and
how we could consider acyclicity in this setting.

A. Directed Hypergraphs

A directed hypergraph (DH) is a natural extension of a
directed graph (DG) [11], [12], [14]–[16]. It consists of a set of

Fig. 1: A directed hypergraph with 6 nodes and 3 hyper-
edges. The nodes v1, . . . , v6 are shown with gray circles.
There are 3 directed weighted hyperedges. The first hyperedge
h1 =

(
S1 = {v1, v3}, v5, w1 = 2.1

)
is in blue. The second

hyperedge h2 =
(
S2 = {v2, v4, v6}, v1, w2 = 0.7

)
is in red.

The third one, h3 =
(
S3 = {v3}, v2, w3 = 0.5

)
, is in green.

nodes V = {v1, . . . , vN} and a set of (weighted) hyperedges
H = {h1, . . . , hM}, where each hyperedge is defined as the
triplet hj = (Sj , tj , wj). Here, the source is a subset of nodes
Sj ⊂ V (called the source-node set), the target is a single1

node tj ∈ V \ Sj (thus avoiding self-loops), and wj ∈ R is
the weight2 associated with the hyperedge. A hyperedge hj

can therefore be interpreted as an arrow pointing from the
source node set Sj to the target node tj with weight wj ; see
Fig. 1 for an illustrative example. Note that this definition
includes hyperedges of order one, where both the source and
target consist of single nodes—as exemplified by the green
hyperedge h3 in Fig. 1.

Weights quantify the strength, reliability, or importance of
the relationship between a source and its target. Their inclusion
allows multiple hyperedges to originate from the same source-
node set but point to different targets with distinct weights.
This flexibility enables the modeling of heterogeneous inter-
actions emanating from the same source, where each weighted
hyperedge represents a unique source–target relation rather
than grouping all targets into a single hyperedge. It also
naturally allows a node to have multiple outgoing conventional
edges with different weights. We assume there are K distinct
source-node sets, with K ≤ M . For simplicity, we order
the hyperedges such that the first K hyperedges correspond
to distinct source-node sets, i.e., S1, . . . ,SK are all unique.
Furthermore, for each hyperedge hj , j = 1, . . . ,M , we

1While there exist DH models where the target of a hyperedge can be a
subset of nodes, we focus on the single-node case.

2While many works in graph theory consider unweighted graphs, incor-
porating hyperedge weights yields a more general formulation and facilitates
several downstream tasks, as will become evident in subsequent sections.
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Fig. 2: The functional dependency directed graph of the
hypergraph example in Fig. 1. The three source-node sets
S1,S2,S3 are represented respectively by the virtual nodes
(in boxes) u1, u2, u3. The nominal nodes v1, . . . , v6 are still
represented with the gray circles. The set of edges E collects
the colored weighted edges, i.e., the former hyperedges hj

between the virtual nodes and the nominal nodes. The edge
set D collects the unweighted gray edges, i.e., between the
nominal nodes vi and the virtual nodes uk, that exist only if
node vi was part of the set Sk in the hypergraph.

define an index mapping [j] = k, with k = 1, . . . ,K,
whenever Sj = Sk.

B. Directed Graph Representation

It is often beneficial to represent a DH by means of a
DG, so that existing graph algorithms can be used. Although
many such graph representations exist, we focus on the so-
called functional dependency directed graph (FD-DG), adapted
from [13], where the DH is lifted to a larger bipartite DG.
More specifically, we extend the nominal set of nodes V with
a set of K additional virtual nodes U = {u1, . . . , uK}, one
for every distinct source-node set Sk. Between the nominal
and the virtual node sets, we will consider two sets of directed
edges. First, every hyperedge hj is represented by a (weighted)
edge from the virtual node u[j] ∈ U to the nominal node
tj ∈ V with weight wj , denoted as ej = (u[j], tj , wj). The
set of all these edges is denoted as E ⊂ U × V × R. Second,
for every distinct source node set Sk, all the nominal nodes
vi ∈ Sk ⊂ V are connected to the virtual node uk ∈ U with an
arbitrary weight (let us assume it is 1). This leads to the second
edge set D ⊂ V ×U × 1. The resulting FD-DG representation
is then denoted as (V,U , E ,D).

Let us now see how the adjacency matrix W of this FD-DG
looks like. Assuming the nodes are ordered with set V at the

top and set U at the bottom, W has size (N +K)× (N +K)
and can be written as

W =

[
0N×N W12

W21 0K×K

]
,

where W12 is of size N ×K with entries

[W12]ik =

{
wj if ∃j : vi = tj and k = [j]
0 otherwise ,

and where W21 is of size K ×N with entries

[W21]ki =

{
1 if vi ∈ Sk

0 otherwise .

Since the FD-DG is bipartite, we have two zero blocks on the
diagonal. So we have no edges within V and U .

If the hypergraph contains hyperedges of order one, i.e.,
conventional edges, then we could replace these hyperedges
consisting of a pair of edges in the FD-DG (one edge between
V and U and one between U and V) by a single directed
edge within V . In that case, the set U will exclude source
node sets of size 1 and the top left corner of W will consist
of the adjacency matrix of the conventional edges of the
hypergraph. This will slightly reduce the size of the overall
W. Related to the example in Figs. 1 and 2, this implies that
that hyperedge h3 =

(
S3 = {v3}, v2, w2 = 0.5

)
in the DH

can be represented with a conventional directed edge between
nodes v3 and v2 rather than by the two edges e3 = (u3, v2, w3)
and (v3, u3). However, for simplicity, we will not consider this
representation here.

C. Introducing Acyclicity

The notion of acyclicity depends on the way we define
a hyperpath. Here, we consider the simplest definition of a
hyperpath [11], [12], i.e., an alternating sequence of nodes
and hyperedges, vi1 , hj1 , vi2 , hj2 , . . . , hjL , viL+1

, where we
assume that vil is a source node of the hyperedge hjl , i.e.,
vil ∈ Sjl , and vil+1

is the target node of hjl , i.e., vil+1
= tjl ,

and this for all l = 1, . . . , L. Such a hyperpath is a cycle if
the last target node ends up in the first source-node set, i.e.,
viL+1

∈ Sj1 . A hyperpath is acyclic (or cycle-free) if it does
not contain a subpath that is a cycle, or in other words, for
a hyperpath to be acyclic, we need vil+1

/∈ {Sj1 , . . . ,Sjl}
for l = 1, 2, . . . , L. The DH is acyclic, if all hyperpaths are
acyclic. Conceptually, a DAH can be seen as the extension
of directed acyclic graphs to the hypergraph setting, where
we cannot start from a node and by traversing the directed
hyperedges return to it.

It is easy to show that this definition of acyclicity of the
DH is equivalent to acyclicity of the related FD-DG. In other
words, the FD-DG of a DAH is a DAG, hence its adjacency
matrix W belongs to the set of DAG adjacency matrices.
Recently, it has been shown that this set can be represented by
the zero level set of a continuous smooth nonconvex function
of W. Many such so-called acyclicity functions have been
proposed. Because of the favorable properties outlined in [17,
Sec. 3.2], we consider the function

f(W) = (N +K) log s− log(det(sI−W ◦W)), (1)
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where s ∈ R+ can be chosen freely. Because of the block
structure of W, we can write

sI−W ◦W =

[
sIN −(W12 ◦W12)

−(W21 ◦W21) sIK

]
.

Applying the block determinant identity based on the Schur
complement, we obtain that det(sI−W ◦W) is

sN+K det(IK − s−2(W21 ◦W21)(W12 ◦W12)).

Substituting this result into (1) yields

f(W)=− log(det(I−s−2(W21 ◦W21)(W12 ◦W12))), (2)

which captures the structure of our DAG. In conclusion, since
the FD-DG of a DAH is a DAG, we can guarantee that a DH
is acyclic if the adjacency matrix of its associated FD-DG W
satisfies f(W) = 0, with f having the form in (2).

III. STRUCTURAL EQUATION MODEL

So far, we have only discussed the structure of the DH
(or DAH) and how to represent this by means of its FD-
DG. However, how can we link this structure to the signals
that are observed at the nodal level? One way to do this is
by means of a so-called SEM. This model has been derived
for conventional graphs and expresses a graph signal as the
product of the adjacency matrix with the graph signal itself,
up to some additive exogenous noise signal. In other words,
it expresses a node signal by means of a linear combination
of neighboring node signals.

Applying this model to our FD-DG, we first need to
introduce nodal signals for the set of virtual nodes U which are
related to the distinct source-node sets. Suppose the nominal
node vi ∈ V measures a signal xi, and suppose we assign
signal yk to virtual node uk ∈ U related to source-node set
Sk. Introducing x = [x1, . . . , xN ]⊤ and y = [y1, . . . , yK ]⊤

and stacking the two into the vector z, i.e., z⊤ = [x⊤,y⊤]⊤,
the SEM for the FD-GD can be written as

z = Wz+ ζ,

where ζ = [ϵ⊤,η⊤]⊤ represents the exogenous noise with ϵ
the noise on x and η the noise on y, although we will set this
latter to zero, i.e., η = 0. Due to the bipartite structure of the
FD-DG, the SEM for x and y separately can then be written
as

x = W12y + ϵ, (3)
y = W21x. (4)

It is clear that if we substitute (4) into (3), we obtain a conven-
tional SEM for the nominal nodes, i.e., x = W12W21x+ ϵ,
and thus lose the higher-order information. The reason for this
is that (4) enforces the signal yk on the virtual node uk ∈ U
to be constructed as the sum of the signals on the nominal
nodes in the related source-node set Sk ⊂ V .

As a result, we will drop (4) from our hypergraph SEM, and
we instead assume that yk = ϕ(xSk

), with xA the subvector of
x related to the index set A and ϕ(a) any permutation invariant

function of the related elements in the vector a (excluding
the sum in (4)). The considered hypergraph SEM can thus be
expressed as

x = W12y + ϵ, (5)
yk = ϕ(xSk

), for k = 1, . . . ,K. (6)

Note that this model is similar to the autorecursive graph
Volterra model introduced in [9], but now viewed as a SEM
on the FD-DG related to the DH.

The hypergraph SEM has different applications such as
denoising, signal prediction, and topology identification. In
the remainder of this paper, we focus on this latter application,
thereby specifically paying attention to DAHs.

IV. TOPOLOGY IDENTIFICATION

In this section, we will consider multiple samples of x, i.e.,
xt, t = 1, 2, . . . , T , to estimate an acyclic hypergraph from (5)
and (6). Since we do not know which source-node sets are
active, we need to consider all possible sets, up to some order
P . So we will consider K̄ =

∑P
p=1

(
N
p

)
source-node sets and

denote them as Sk̄, with k̄ = 1, . . . , K̄. For every virtual node
uk̄ related to Sk̄, we further construct the signals

ȳt,k̄ = ϕ(xt,Sk̄
), k̄ = 1, . . . , K̄, t = 1, . . . , T, (7)

yielding the virtual node signal ȳt = [ȳt,1, . . . , ȳt,K̄ ]⊤, t =
1, 2, . . . , T . We also do not know yet to which targets all
the K̄ source-node sets are pointing, and hence we need to
consider all nodes (except the ones in the source-node set itself
to exclude self-loops) as targets for every possible source-node
set. In other words, we consider N − p hyperedges for every
source set Sk̄ of size p, one for every node vi ∈ V \ Sk̄. We
call the resulting hypergraph, the complete hypergraph of order
P . It has M̄ =

∑P
p=1(N − p)

(
N
p

)
hyperedges, although some

hyperedge weights can still be zero. The adjacency matrix of
the FD-DG related to this complete hypergraph is given by
the (N + K̄)× (N + K̄) matrix

W̄ =

[
0N×N W̄12

W̄21 0K̄×K̄

]
.

Here, W̄12 ∈ RN×K̄ is similarly defined as W12 but now
considering all possible source-node sets, up to order P . Note
that we explicitly set to zero all entries [W12]ik̄ for which vi ∈
Sk̄ (since we do not allow self-loops). Furthermore, W̄21 ∈
RK̄×N indicates which nodes are in a particular source-node
set. This matrix W̄21 is fully known, since it includes all
source-node sets and we know how they are constructed. Even
if some of these source-node sets turn out not to be active,
leaving them in W̄21 will not change the acyclicity condition
f(W̄) = 0.

So the only unknown in W̄ is W̄12 which contains the
hyperedge weights (remember that some of these weights
are explicitly set to zero to avoid self-loops). A non-zero
column in W̄12 means the related source-node set is active
and the non-zero elements in that column tell us which target
nodes this source-node set points at (and hence how many
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hyperedges are related to that source-node set). Since only
a limited number of source-node sets will be active, we can
adopt a column-wise sparsity constraint on W̄12. Furthermore,
since an active source-node set will only point to one or a
few target nodes, we can also use an element-wise sparsity
constraint on W̄12.

As a result, a natural way to estimate W̄12 from xt, t =
1, 2, . . . , T and the related ȳt, t = 1, 2, . . . , T [see (7)], under
the considered sparsity constraints is by solving

min
W̄12

1

T

T∑
t=1

∥xt−W̄12ȳt∥22+λ1∥W̄12∥2,1+λ2∥W̄12∥1, (8)

where λ1 and λ2 are the sparsity regularizing weights,
∥A∥2,1 =

∑
j ∥[A]:,j∥2, and ∥A∥1 =

∑
i,j |[A]i,j |.

From [18], we know that when P = 1 and ϕ is the identity
function (i.e., the HG is just a DG and yt = xt), the solution
for λ1 = λ2 = 0 does not correspond to the true graph.
However, when in addition acyclicity is assumed and the noise
ϵ satisfies certain conditions, problem (8) for λ1 = λ2 = 0 is
identifiable [19], [20]. This example shows that acyclicity can
improve identifiability.

Similarly, we believe that introducing acyclicity (as well as
sparsity) for the more general P > 1 case will lead to a better
solution. As such, we will boost problem (8) by adding the
acyclicity constraint f(W̄) = 0 as a regularizer. Our final
DAH estimation problem is then given by

min
W̄12

1

T

T∑
t=1

∥xt − W̄12ȳt∥22 + λ1∥W̄12∥2,1 + λ2∥W̄12∥1

− ν log det
(
IK̄ − s−2(W̄21 ◦ W̄21)(W̄12 ◦ W̄12)

)
.
(9)

where we again note that W̄21 is a fully known matrix and
the only optimization variable is W̄12 (except for the entries
that are explicitly set to zero).

V. EXPERIMENTS

We evaluate the creation-and-recovery pipeline on synthetic
DAHs, which are constructed as follows. We fix N = 10
nominal nodes and choose P = 2, so the K̄ = 55 source-
node sets are all size-1 and size-2 subsets of V . Among these
we activate K = 10 distinct source sets; for each active S we
select up to 2 targets in V \ S and assign nonzero weights.

Acyclicity is enforced by imposing a global order on the
nodes. Let π : V → {1, . . . , N} be a permutation. We only
admit a hyperedge h = (S, t, w) if

max
u∈S

π(u) < π(t), (10)

so source nodes always precede their targets in the order.
Under this rule, every alternating path in the FD-DG strictly
increases the order index, hence no cycle can form and the
synthesized directed hypergraph is acyclic. For the weights on
W̄21 we follow DAGMA [17] and draw each nonzero entry
uniformly from [−2,−0.5] ∪ [0.5, 2].

Given a synthesized DAH, we generate T samples by a
single forward pass along the order π. For sample t, we

compute for each target node vj in increasing π(vj), the
following signals:

yt,k =
∏

vi∈Sk

xt,i, for all k with max
vi∈Sk

π(vi) < π(vj),

(11)

xt,j =

K∑
k=1

[W12]j,kyt,k + ϵt,j , ϵt,j ∼ N (0, σ2), (12)

where the noise variance σ2 is set to 1 for simplicity.

Our algorithm then solves (9) over W̄12, with W̄21 fixed
and assuming the product aggregator in (7). Recall that
we consider a hard source-exclusion mask, i.e., we enforce
[W̄12]i,k̄ = 0 whenever vi ∈ Sk̄. Following DAGMA [17],
we gradually decrease s and enlarge the acyclicity weight ν
during the optimization to obtain a DAH.

For different sample sizes T we draw 10 random DAHs
and corresponding datasets, run the estimator, and compute
the normalized squared error of ˆ̄W12 against W̄12. We report
the average over the 10 DAHs as shown in Figure 3. We
clearly observe that the acyclicity constraint improves the
performance significantly.

Fig. 3: Average normalized squared error of ˆ̄W12 versus the
sample size T

In Figure 4, we consider a particular DAH realization and
plot the energy related to the different estimated source-node
sets, i.e., ∥[ ˆ̄W12]:,k̄∥2. Here, it is clear that only a few source-
node sets are discovered (due to the sparsity constraint) and
that considering the acyclicity constraint leads to a better and
more sparse fit.
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Fig. 4: Energy of estimated source-node sets, i.e., ∥[ ˆ̄W12]:,k̄∥2,
versus the source-node set index k̄.

VI. CONCLUSIONS

We reviewed a dedicated class of DHs suited to our setup
and introduced the corresponding class of DAHs. We estimated
a DAH from nodal data by i) lifting the DH to a bipartite FD-
DG; ii) imposing a continuous acyclicity (DAG) constraint on
the FD-DG, which enforces a DAH; iii) assuming data can be
explained by a nonlinear Volterra-based SEM and iv) solving
the related constrained hypergraph SEM data fitting problem.
Synthetic simulation results show that the acyclicity constraint
leads to improved DAH estimates.

Future work will focus on a study of the identifiability
of the problem. Furthermore, we will work on reducing the
complexity by exploiting a low-rank tensor model and on
extending our method to dynamic online settings. We will
finally test our proposed technique on real data from, e.g.,
brain science, gene regulatory networks, or chemical reactions.
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