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Statistical Analysis of Block Coordinate Descent
Algorithms for Linear Continuous-Time
System Identification

Rodrigo A. Gonzalez™, Koen Classens, Cristian R. Rojas™, Senior Member, IEEE,

James S. Welsh

Abstract—Block coordinate descent is an optimization
technique that is used for estimating multi-input single-
output (MISO) continuous-time models, as well as
single-input single output (SISO) models in additive
form. Despite its widespread use in various optimization
contexts, the statistical properties of block coordinate
descent in continuous-time system identification have
not been covered in the literature. The aim of this letter
is to formally analyze the bias properties of the block
coordinate descent approach for the identification of MISO
and additive SISO systems. We characterize the asymptotic
bias at each iteration, and provide sufficient conditions
for the consistency of the estimator for each identification
setting. The theoretical results are supported by simulation
examples.

Index Terms—Continuous-time system identification,
MISO models, additive models, block coordinate descent.

[. INTRODUCTION

YSTEM identification deals with the problem of learning

dynamical models using input and output data [1]. In
this field, a fundamental choice is whether to work with
discrete-time or continuous-time models based on the spe-
cific application. Continuous-time system identification [2]
is advantageous if a requirement is that the model should
have physical significance, and its methods can be adjusted
to address irregular sampling and the estimation of stiff
models [3].
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For identifying continuous-time, single-input single-output
(SISO) systems, a widely-used method is the simplified refined
instrumental variable method (SRIVC [4]), which iteratively
computes instrumental variables estimates of the system
parameters. A limitation is that the pseudolinear equation used
in the SRIVC estimator cannot handle multiple-input single-
output (MISO) models described with transfer functions of
distinct denominator polynomials. For such case, [5] (see also [4,
Sec. 5.2]) proposes a backfitting algorithm that estimates each
submodel keeping all the other submodels fixed, and iterating
until convergence. Such algorithm has been applied to model
blood glucose [6] and wireless power systems [7], among
other applications. Recently, a similar identification method
for additive SISO models was introduced in [8]. This additive
representation is particularly useful for systems interpreted in
modal form, common in many mechanical systems. Unlike
the approach presented in [5], in [8], instrumental variable
iterations are performed for each submodel until convergence,
aligning with the philosophy of the block coordinate descent
approach for non-convex optimization [9]. This descent strategy
has been also used for optimization over networks [10], and
for training Neural ODEs [11].

The statistical analysis of continuous-time system identifica-
tion methods is essential for their applicability, with substantial
progress being made in recent years. The consistency and
efficiency of the SRIVC estimator are studied in [12] and [13],
and its relation to Maximum Likelihood is studied in [14].
Likewise, [15] extended these findings to closed-loop models.
Despite this progress, the block coordinate descent method
for MISO and additive SISO identification does not yet have
this theoretical foundation. The method for MISO systems is
believed to yield consistent estimates upon convergence [5],
though it lacks a formal proof. Similarly, conditions for consis-
tent estimates have not been pursued in [8]. Although Monte
Carlo simulations can provide evidence of the performance of
these methods, a comprehensive theoretical analysis of their
bias properties is essential to offer practical guidelines for
their use under general conditions, and may help to design
identification experiments that allow for consistent estimators.

In this letter, we analyze the statistical properties of the
backfitting methods proposed in [5] and [8] in a unified
manner. Our main contributions are outlined below.

C1 We generalize the algorithms in [5] and [8] by deriving

closed-form expressions for the Gauss-Newton (GN) and
SRIVC iterations, which, upon convergence for finite
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Algorithm 1 Block Coordinate Descent

1: Choose an initial parameter vector 0} for each i

2: forl=1,2,... do

3: fm;i]:l,...,l(dol . i . .
4 e E%riger&mv,v(aﬁ b 0751,0,,00 0%
5 end for

6: end for

sample size, are proven to deliver a stationary point of
the cost function under mild conditions.

C2 We characterize the asymptotic bias obtained at each
descent iteration, which shows that consistent estimates
can be achieved in one iteration in the MISO setup case.

C3 We discuss the difference between the MISO and addi-
tive SISO setups in terms of the persistence of excitation
conditions required for consistent estimates, and we
provide sufficient conditions for the generic consistency
of the block coordinate descent approach for each setup.

The remainder of this letter is structured as follows. Section II
introduces the identification setup. Section III revisits the block
coordinate descent method that is used for identifying MISO
and additive SISO models. The statistical analysis is addressed
in Section IV. Extensive simulations that verify the theoretical
results can be found in Section V, while Section VI contains
concluding remarks.

Notation: Vectors and matrices are written in bold. The
Heaviside operator p is defined as pu(t) = %u(t), and
G(p)u(ty) means that the continuous-time signal u(¢) is filtered
through the transfer function G(p) and evaluated at r = . If
A(p) and B(p) are polynomials of degrees n and m respectively,
then S(A,B) isa (n+m+ 1) x (n+ m+ 1) Sylvester matrix
(see, e.g., [16, Eq. (A3.9)]).

Il. ADDITIVE SISO AND MISO SYSTEM SETUPS

Consider the following K € N linear and time-invariant,
causal, continuous-time systems

B*
Gi(p) = ;(p)7 i=1,...
Af (p)
The numerator and denominator polynomials B (p) and A} (p)
are assumed to be coprime, i.e., they do not share roots, and

Af(p) = a;ﬁnip"i + a;fni_lp""_l 4+ + azlp +1,
Bi (p) = b} P + bF 1P D+ B ()

with af, # 0 and m; < n;. The polynomials A¥(p) and B} (p)
are jointiy described by the parameter vector

K. (D

T
07 =[aiy, aiy ooy ai,, bl biy, oo b0 )
These systems are excited by inputs u;(¢), i = 1,..., K, and
a noisy measurement of the sum of the outputs is retrieved
at every time instant t = fz, k = 1,..., N, where {tk}kN:1 are
assumed to be evenly spaced in time. That is,
K
x(0) =) GHpui(0) &)
i=1
y(tk) = x(t) + v(t), 5)

where v(f) is a zero-mean stationary random process of finite
variance. Two frameworks are studied in this letter:
1) Continuous-time MISO identification: We assume that
the inputs u; are uncorrelated with each other, and we
allow the denominator polynomials A; to be distinct.

2) Continuous-time additive SISO identification: We
assume that all inputs u; are equal. In addition, we
assume that at most one subsystem is biproper.

This letter presents a statistical analysis of block coordinate

algorithms to obtain estimates of the joint parameter vector of
the systems G} (p), i.e.,

B* =67,

We consider {u; (), ..., ug(t), y(tk)}fc\’:l as given. In the next
section, we revisit the block coordinate descent algorithm that
solves this identification problem for both MISO and additive
SISO frameworks.

*xT =TT
;T ..., 0] .

Il1. BLOCK COORDINATE DESCENT APPROACH FOR
CONTINUOUS-TIME SYSTEM IDENTIFICATION

Towards the goal of computing an estimator for 8*, we are
interested in solving the following minimization problem:

in V(B), 6
onélél B (6)
i=1,..., K

where @; C R+l js a compact set where the true
parameters of the ith subsystem are assumed to lie, and

| K 2
VB = Z|:)’(tk) - Gy, 0i)ui(tk)i| : @)

k=1 i=1

The approach for solving (6) that we investigate consists of
iteratively minimizing the cost with respect to 8; while leaving
the other variables fixed. Algorithm 1 describes the general
procedure, known as block coordinate descent [9].

For each iteration (in /) of Algorithm 1, denote ﬂl =
(@D, ..., (0% 71" and the update rule B! = A(B'). The
following result concerns the convergence of Algorithm 1 to
a stationary point of the cost (6).

Theorem 1 (Global Convergence of Algorithm 1): If  the
search along any coordinate direction #; yields a unique
minimum point of V, then the limit of any convergent
subsequence of {ﬂl} obtained from ﬁlH = A(ﬁl) belongs to
the set of fixed points {8 € Hszl Q. VV(B) =0}

Proof: See, e.g., [9, Sec. 8.9]. [ ]

Remark 1: The result in Theorem 1 still holds if the unique
minimum assumption is replaced with the requirement that V
decreases at each coordinate search.

V. STATISTICAL ANALYSIS

This section addresses the statistical properties of
Algorithm 1 applied to the identification of MISO and additive
SISO continuous-time systems. We explore Gauss-Newton
and refined instrumental variable methods for computing the
descent, the parameter bias at each descent iteration, persis-
tence of excitation issues, and statistical consistency. These
topics will be covered in the following four subsections.

A. Two Alternatives for Computing the Descent Step

The block coordinate descent algorithm described in
Algorithm 1 requires a way to compute, at each iteration,

N
0§+1 = argmin— Z
0,cQ2; Nk:]

i—1
¥ = 3 Gi(p. 8] )ujiap)
j=1
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K 2
= Y Gi(p. 0w - Gip, By | ®
Jj=it1
fori=1,2,..., K. For fixed values of {0”1} and {6! }/ i1

and for a sufﬁ01ently large compact parameter space Q,, the
optimization problem in (8) reduces to a nonlinear least-
squares problem that can be solved via iterations. Indeed, if
we define the residual output of each submodel

i—1 K
i) =yt = Y Gi(p. 0] i) = Y- Gi(p. 0] )us(w),
j=1

J=it1

then 05“ must satisfy the first-order optimality condition

L (o067 )e (1 0171) 0. ©)
k=1

where the gradient and total residual are denoted as

H‘l niBl-+l
¢t<tk,9l+l> = [ © ui(tg), - p—l(l;)”i(tk),
[Aﬁ“(p)] (41 )]
1 pm T
mui(lk), cee, m”i(lk)} , (10)
BI-H )

E(Ik, 05“) = yi(ty) — 14;+—1$)Mi(tk), (11)
l

with Bf‘H,AgH denoting, respectively, the numerator and
denominator polynomials of the ith model evaluated at Ofﬂ.
Lemma 1 provides two alternatives that are proven to deliver
the same stationary points of the cost function in (8) at
convergence in iterations under mild conditions.

Lemma 1 (Gauss-Newton and SRIVC Iterations): For an
initial model parameter estimate 05‘51 and s = 0,1,2,...,
consider the Gauss-Newton (GN) iterations

-1

0t = [11, i‘?’f(tk,()f:l)@;(lkﬁle)]
k=1

X [fvi«»f<rk~oﬁt'>(e<fk~0ﬁ.t‘> b 0

uit) ||, (12)
k=1 [Aﬁ.*;l(p)]z )]
and the SRIVC [4] iterations

-1
ft—ll—l . |: Z‘”f<tk’ 0z+1) ( 01+1):|
X |:1%/ Z(bf(tk, 05:’;1)5710(11(, Oftl)j| s (13)
k=1

where ¢; and filtered residual output yf are given by

i

14 —P
(pf<tk7 01+1> |:Al+l(p)yl(tk), AI-H(p)yl( 1),

.
p"
Al+1(p) i), - W”i(ﬁc)} , (14)

1
(tk, 9l+1> A’“(p)y’(tk) (15)

If the matrices being inverted in (12) and (13) are non-singular
for all large enough integers s, then any converging point
(when s tends to infinity) satisfies (9).

Proof: We omit the (-); notation on 6,A, B, and u for
simplicity, assuming that the expressions refer to the ith
submodel. Upon convergence as s — 00, any converging point
ot = limy—s 0o 0§+1 of the GN iterations satisfies

-1
o+l — |:11/ f:@(flw 01+1>¢;r <tk, 6,1+1):|
k=1
3 /41
x Li] ;@f(tk, 0z+1) (e(zk, om) + [fm((:))]?”(”‘))}

which, thanks to the non-singularity assumption of the normal
matrix above, is equivalent to

N
1
5 Z <7)f(tk, 0[+1) <¢fT (tk» 01+1)01+1

l+1
(1 07) = 2P
[Al+1(p)]
The gradient vector @g(t, 0't1) can be shown to sat-
~ /41
isty ¢f (1, 0"71He ! = B [AH‘l(p)]zu(tk) Replacing this
expression in (16) leads to (9) which is what we aimed to

prove. For the SRIVC iterations, the expression (13) reduces

to the following condition when 65! = ¢t} = o'

N
1 A ~
5 Zfﬂf(tk, 01+1) [yf(tk, 0/+1) _ ¢;r (tk, 01+1)01+1] —0
k=1
However, from the definitions of ¢ and yr in (14) and (15),

5’f<tk»0l+l) _ ‘pr<tk’0l+1>0l+1 _ e(tk,()l“).

Substituting this result above also leads to (9). |

In the literature of both the MISO [5] and additive
SISO [8] methods, only SRIVC iterations have been con-
sidered. Lemma 1 derives the Gauss-Newton iterations that
also lead to the same stationary points as the SRIVC iter-
ations. While the SRIVC iterations have been known to be
numerically robust against poor initialization [2], the iterations
depend on the specification of the intersample behavior of
the output, which is not known beforehand, since only output
samples are measured. The output intersample behavior can
influence the convergence rate of the iterations, but it does not
affect the converging point of the algorithm [12].

(16)

7)

B. Bias Analysis at a Fixed Descent Iteration

For the following analysis, we assume that we compute the
GN (12) or SRIVC iterations (13) until convergence, and study
the converging point of the ith submodel for a fixed descent
iteration / and large sample size. The theoretical analysis
requires the following assumptions:

Assumption 1 (Persistence of Excitation): Each input u;(#;)
is persistently exciting of order no less than 2n;.

Assumption 2 (Stationarity): The inputs u;(f;) and distur-
bance v(#;) are stationary, and each input is independent of
the disturbance for all integers k and s.

Assumption 3 (Stability and Coprimeness): For every inte-
ger s, the model estimate Bffl(p) /Afl',l(p) is stable, and the

’b 0 .
numerator and denominator polynomials are coprime.

Authorized licensed use limited to: TU Delft Library. Downloaded on May 23,2024 at 12:09:21 UTC from IEEE Xplore. Restrictions apply.
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Assumption 4 (Non-Singularity): The  normal  matrix
of the GN iterations, E{@¢(#, 05+1)¢t (t, 01+1)} or
the modified normal matrix of the SRIVC iterations,
E{@¢(t, 01+1)(p (t, +1)}, are generically non-singular with
respect to all system and model denominators.

Assumptions 1 to 3 are standard in the literature on
statistical properties of the SRIVC method for open and closed
loop [12], [15], and extensive practical experience indicates
that instabilities rarely arise, but they may occur if the data
is poor [17]. Assumption 4 for the SRIVC iterations can be
posed as a 2-norm condition on the interpolation error of the
output intersample behavior [12]. Since this condition holds
for most cases of interest, Assumption 4 is not restrictive.

Theorem 2: Consider the block coordinate descent method
in Algorithm 1, where V is computed using (7), and the
coordinate minimization is performed using the GN or SRIVC
iterations in Lemma 1. Suppose Assumptions 1 to 4 hold, and
define 5; € R%+m+1 ag the vector that contains the coefficients
of A]’.“(p)Bj(p) — Aj(p)B]’-k(p) in descending order of degree,
where

[A}“(,;),Bj“(p)],j: i
[A/l.(p),Bj(p)], j=i+1,... K.

If the GN or SRIVC iterations of the ith model converge (for
a fixed descent iteration /) for all N sufficiently large, then the
converging point of the ith submodel satisfies

[Ai(p). Bi(p)] = l (18)

K
;E{A;(p)ui(k)A*(p)lA SulG =0 19

where w;(#) (j=1,...,K) is given by
wn) = [, prtnt 1] . (20)
Proof: Define 01+1 = limg 500 0,7 [+1 , where 0”‘l is com-

puted from the GN (12) or SRIVC (13) iterations. For a fixed
sample size N, the converging point 0[+ must satisfy (16) in
the case of the GN iterations, or

-1

1.

o o (00
k=1
1 ,

[l St t) o) 0
for the SRIVC iterations. Recall that the expressions in
parentheses in (16) and in the second sum in (21) are simply
e(ty, 05“), which follows from the proof of Lemma 1. Under

Assumption 2, the sums in (21) converge to their expected
values as N — oo [18]. Thus, as N — oo,

E{or(1. 017 (1. 07) ) B0 (11. 01 )e(w.00") | = 0

for the GN iterations, and

]E{@f(tk,af"Ll)(pr(tk, 0§+1)}_1E{é’f<fkv0£+1)3<tks 9f+1)} =0

for the SRIVC iterations. Either way, under Assumption 4, the
converging point must (generically) satisfy

E{@f<tk, 0£+1>e(tk, 05+1)} =0.

(22)

The instrument vector @; can be written as

@(%05“) - 5(—B§+1,A§+1) Suin), (23)

[Aerl (p)]

where Bﬁ“ , Ag“ denote the ith model polynomials evaluated
at 05“, u;(#x) has the form in (20), and the Sylvester matrix
S (—Bf“, Aﬁ“) is non-singular thanks to Bﬁ“ and Af“ being
coprime [16, Lemma A3.1]. On the other hand, e(#, 05“) can
be written as

KB Bip)
’0{+1 — J
e(tk i ) j=21|:A;-‘(p) Ai(p)

where we have used the notation in (18) for defining
Bj(p)/Aj(p). By exploiting these alternative descriptions for @;
and e, we can write the condition (22) as

Bi®)  Bip) 1
J _ .
Z IE{ Az(p) w; (7%) |:Aj*(p) AJ(P) i|uj(tk)} E{ (p) ul(tk)V(tk)}
=0,

:|uj(tk) +v(), 24

Jj=1

where the last equality holds because the signals u and v are
uncorrelated due to Assumption 2. Thus, (22) reduces to

X 1 BY(p)  Bi(p)
ZE{A%([))W(U AT _Aj(l)) uj(ty) f =0

Finally, by rearranging the residual terms as

B p)  Bi(p) 1
oy 50 ) = ————u (W,
0 Ap) AX(D)A;(p)
the converging point 05“ must satisfy (19). |

Corollary 1: Under the same assumptions of Theorem 2,
for the MISO system case, the converging point of the ith
model for a fixed descent iteration as N tends to infinity
generically satisfies B;(p)/A;(p) = B} (p)/AF(p).

Proof: All expectations in (19) are zero except for when
J = i, due to the assumption that the inputs u; are uncorrelated.
Thus, the expectation gives a matrix that is generically non-
singular due to the genericity argument of Theorem 1 of [12].
We reach 5; = 0, which occurs if and only if B;(p)/A;(p) =
B} (0)/AY (). m

Theorem 2 reveals that, at a fixed descent iteration [, the
block coordinate descent algorithm for additive SISO models
will lead to biased estimates in general, and more bias is
expected if the other submodels deviate further from their
true subsystem. On the other hand, Corollary 1 reveals that
consistent estimates can be obtained in the MISO framework
by a single descent iteration with GN or SRIVC iterations
performed until convergence. Such approach is similar but
not equivalent to the one in [5], which performs one SRIVC
iteration for each submodel, and descent iterations until con-
vergence. Descent is not guaranteed with only one SRIVC
iteration, which suggests that the method in [5] can benefit
from multiple GN or SRIVC iterations for each submodel.

C. Persistence of Excitation of the Input

Theorem 2 requires a persistence of excitation order of
2 max; n; for the additive SISO case. However, such condition
is not enough to avoid identifiability issues when trying

Authorized licensed use limited to: TU Delft Library. Downloaded on May 23,2024 at 12:09:21 UTC from IEEE Xplore. Restrictions apply.
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to estimate each submodel separately. An example of this
identifiability problem is detailed below.

Example 1: For the additive SISO case, let Gj(p) and
G (p) be two strictly causal, asymptotically stable, first-order
subsystems. If the input is a sampled sinusoid signal (with
ZOH intersample behavior and sampling period /) of the form
u(ty) = sin(wkh), with |w| < m/h, then, as N — oo, the GN
or SRIVC iterations for estimating G} (p) lead to the following
interpolation conditions:

G (e:tia)h’ 011+1) =Gy, (e:tiwh) + Gziyz(e:tiwh) — Gas (E:Eiwh! 012)

where Gg; denotes the ZOH discrete-time equivalent of the
continuous-time transfer function G;. On the other hand, the
GN or SRIVC iterations for estimating G3(p) converge to

Gan (e:kimh’ 912+|> =G;, <e:tia)h> + G;z(eiiwh) — Gy (e:tiwh’ 011+1>.

These equations indicate that Gd,z(eii‘”h,olz“) =
Gd,z(eii“’h,Olz), i.e., 6> converges in one descent iteration.
Thus, the parameters 011+1 and 012+1 must satisfy the
underdetermined system of equations

Ga: (e:kizuh’ 911+1> + Gd12<e:tia)h’ 912+1) _ G§,1 (eiimh) + Gi,z (E:kimh>’

which is the expected result for identification with a single
sinusoidal input. Since an infinite number of solutions exist
for the system above, the parameters are not identifiable. A

Remark 2: A similar observation to Example 1 can be
derived for continuous-time multisine inputs. In such case,
for u(t) = sin(w11),t > 0, a tailored version of the SRIVC
iterations suited for continuous-time multisines [19] results in
G (i, 07" + Ga(iwy, 057" = G* (ziw) + Gi(Fioy),
which again indicates a problem of identifiability.

Towards the goal of solving this identifiability problem, the
next subsection studies sufficient conditions for consistency of
the coordinate descent method for both MISO and additive
SISO identification.

D. Consistency Analysis: Infinite Descent lterations

We first must investigate the nonsingularity of a certain
matrix formed by filtered versions of the input signal.

Lemma 2: Let the ingut u(ty) be persistently exciting of
order no less than 2 ;" n;, and assume that the sampling
frequency is more than twice that of the largest imaginary
part of the zeros of ]_[]K= 1Aj(p)A;.k(p). Moreover, suppose
Assumptions 1 to 3 hold. Then, the matrix

—_— 1 —1—
A%l(p)m(tk) AT(p)lAl(p)ul(fk)
——u(t) ()
®=E]| 2" APA®) , (25
-l l.lK(tk) —L ' ug (f)
A%(p) AL (p)Ak ()

with w;(#) defined in (20), is generically non-singular with
respect to the system and model denominator polynomials.

Proof: Direct from [20, Lemma 3] when, following their
notation, we set S(q) = 1 and z(#x) = u(ty). |

Theorem 3 shows that the block coordinate descent method
possesses the consistency property in both MISO and additive
SISO setups, provided the persistence of excitation order of
the input in the additive SISO case is at least twice the number
of poles of the aggregated model.

Theorem 3: Consider Algorithm 1, and suppose that
Assumptions 1 to 3 hold. In addition, assume that the input
u(ty) is persistently exciting of order no less than ZZlK: 1 7
for the additive SISO setup, and that the sampling frequency
is more than twice that of the largest imaginary part of the
zeros of ]_[jK= 1 Aj(p)A;‘ (p). If the GN or SRIVC iterations are
performed until convergence, and the descent iterations / —
00, then the true parameters {0;‘}{(: | are the unique converging
point (generically) as N — oo.

Proof: As the number of GN or SRIVC iterations tends to
infinity, the model parameters satisfy (19). At convergence in
descent iterations, the condition ®5 = 0 is obtained, where
® is given by (25) and 5 = [an, ...,n}]T is the joint bias
vector. Lemma 2 shows that @ is generically non-singular,
which implies that 7 = 0 generically. This expression means
that B;(p)/Ai(p) = Bf(p)/AF(p) for all i = 1,..., K, which
proves the statement. |

Remark 3: There exists a parameter identifiability issue in
the additive SISO setup when a pair of subsystems shares
the same model structure. Swapping such pair results in an
identical additive model, altering the arrangement of param-
eters within . This property, however, does not impact the
consistency of the additive model estimator as a whole.

V. SIMULATIONS

In this section, we will verify the theoretical results via
Monte Carlo simulations. We consider the following systems:

2 1
3 . Gip) = : .
0.25p2 + 0.25p + 1 0.025p% + 0.01p + 1

The output is contaminated by white noise of variance 0.25,
and is sampled every 0.02[s]. Each setup considers unit-
variance Gaussian white noise inputs, both resulting in an
output signal-to-noise ratio of 6.6 [dB]. The additive SISO
and MISO estimators consider SRIVC iterations; GN itera-
tions have shown no significant performance differences at
convergence in iterations, in agreement with Lemma 1.

Gi(p) =

A. Bias at a Fixed Descent Iteration

To verify the results in Theorem 2, we perform 300 Monte
Carlo runs with varying input and noise realizations for 30
different sample sizes, ranging logarithmically from N = 2000
to N = 50000. On each run, one descent iteration is performed
on Gy(p) for a fixed model estimate G1(p) = B1(p)/A1(p).
The additive SISO and MISO setups are tested under two
different model estimates for G (p):

2.2
0.2p2+02p+1°

1.7

Gt (p) = .
2 0.1p2 +027p + 1

Gl (p) =

The 2-norm errors of each initial model for Gy (p) are ||Gal‘ -
Gill, = 1.25 and ||G® — G¥||2 = 2.11. The empirical means of
each parameter estimate of G}(p) are shown in Figure 1. As
expected from Corollary 1, the MISO estimates converge to
the true values for increasing sample size, independently of the
initial estimate of G’f (p). In contrast, the coordinate descent
step for the additive SISO setup suffers from parameter bias.
Since Gll’(p) is a more inaccurate estimate of G} (p) compared
to G{(p), its associated bias vector 7, in Theorem 2 is larger
in magnitude, implying that 5, must also be large for (19)
to be satisfied. The sample means for G2(p) are further away
from their true values if Gl]’ (p) is used as an estimate of G} (p),
which is in accordance to this insight.
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Fig. 1. Empirical mean of the estimate of each parameter of G3(p) for
one descent iteration. The estimates of the MISO model setup converge
to the true value, while bias is observed in for the additive SISO setup.

L
2000 10000 50000

——e—— SISO
MISO

— — — - True value

0.025005

0.024995
2000

1.002

1

0.998

I
2000 10000
N (samples)

50000

Fig. 2. Empirical mean of each parameter estimate of G;(p) using the
full block coordinate descent method. Both the MISO and additive SISO
estimators converge to the true values as the sample size grows.

B. Consistency

The consistency of the block coordinate descent estimator
for additive SISO models is studied under a similar exper-
imental condition to Section V-A. This time, the estimators
are both initialized with th’(p), and ten SRIVC iterations are
performed for each descent step. A maximum of 30 descent
iterations are used for each estimate, and the iterations also
may terminate if the relative error of the parameter vector with
respect to its previous value is below 1070, The estimated
parameters for G3(p) are analyzed. To avoid exchangeability
issues for the additive SISO setup, we study the submodel
parameters that are closest to G3(p) according to the 2-norm
of the parameter error.

The results in Fig. 2 show that both MISO and additive
SISO setups achieve consistent estimates of G3(p). This
result is in accordance to Theorem 3. Note that the per-
sistence of excitation is not an issue in this test, since
the inputs are designed to be persistently exciting of any
order.

VI. CONCLUSION

In this letter we have analyzed the statistical properties of the
block coordinate descent method applied to the identification
of MISO and additive SISO systems in open loop. The main
difference between these setups is the nature of the input
excitation, which reveals different bias properties and conditions
for consistency. We have characterized the bias after a single
descent for additive SISO systems, and we have used this insight
to prove the generic consistency of the method for MISO and
additive SISO setups in a unified manner. The results hold
for both Gauss-Newton and SRIVC iterations. The numerical
experiments here presented have verified the theoretical results.
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