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Quantum phase transitions are characterized by the universal scaling laws in the critical region surrounding the
transitions. This universality is also manifested in the critical real-time dynamics through the quantum Kibble-
Zurek mechanism. In recent experiments on a Rydberg atom quantum simulator, the Kibble-Zurek mechanism
was used to probe the nature of quantum phase transitions. In this paper, we analyze the caveats associated with
this method and develop strategies to improve its accuracy. Focusing on two minimal models—transverse-field
Ising and quantum three-state Potts, both in one dimension—we study the effect of boundary conditions, the
location of the endpoints, and some subtleties in the definition of the kink operators. In particular, we show
that the critical scaling of the most intuitive types of kinks is extremely sensitive to the correct choice of
endpoint, while more advanced types of kinks exhibit remarkably robust universal scaling. Furthermore, we
show that when kinks are tracked over the entire chain, fixed boundary conditions improve the accuracy of the
scaling. Surprisingly, the Kibble-Zurek critical scaling appears to be equally accurate whether the fixed boundary
conditions are chosen to be symmetric or antisymmetric. We also show that the density of kinks extracted in the
central part of long chains obeys the predicted universal scaling for all types of boundary conditions. Finally, we
test our kink definition for the Ising transition on the period-2 phase of the Rydberg model and show that it is
more robust against the endpoint than the standard definition.

DOI: 10.1103/s1pr-8vlp

I. INTRODUCTION

Understanding the nature of quantum phase transitions is a
central challenge in condensed matter physics. Unlike clas-
sical transitions, which are driven by thermal fluctuations,
quantum phase transitions (QPTs) appear due to quantum
fluctuations, offering a unique perspective on the fundamental
mechanisms of critical phenomena [1].

Traditionally, the critical exponents characterizing QPTs
have been investigated in equilibrium [2]. However, the
discovery of the Kibble-Zurek (KZ) mechanism [3–7] has
opened pathways to explore the interplay between nonequilib-
rium dynamics and critical phenomena. Near the critical point
of a second-order phase transition, both the correlation length
ξ and healing time τ diverge with the distance to the transition
gc following a power law scaling [6]:

ξ ∼ |g − gc|−ν, (1)

τ ∼ |g − gc|−νz. (2)

When a system is driven with a constant sweep rate s from
a disordered phase to an ordered one crossing a second-order
phase transition, its dynamics become nonadiabatic when the
temporal distance to the critical point matches the system’s
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healing time. This loss of adiabaticity leads to the formation
of topological defects—kinks nk [8,9]. Sufficiently far from
the transition, the density of kinks scales as a power law with
the sweep rate [10]

nk ∼ s(D−d )μ, (3)

where D and d denote the spatial dimensionalities of the sys-
tem and the defects, respectively, and μ is the Kibble-Zurek
critical exponent that can be expressed as a function of the
critical exponent ν and the dynamical critical exponent z:

μ = ν

1 + νz
. (4)

In one dimension, these kinks are quasiparticle excitations that
act as domain walls between ordered regions [8].

Originally proposed by Kibble to explain the formation
of topological defects in the early universe [11,12], the
symmetry-breaking framework was later extended by Zurek to
describe classical [13] and quantum [3,4,14] phase transitions
in condensed matter systems. In its original formulation, the
Kibble–Zurek mechanism (KZM) postulated that the system
effectively freezes at the onset of the nonadiabatic regime
when the relaxation time exceeds the inverse rate of change of
the control parameter [3]. However, subsequent studies have
shown that this freeze-out is only approximate. The system
continues to evolve, with correlations spreading via the prop-
agation of quasiparticle excitations. This extended dynamical
behavior is captured by the sonic-horizon hypothesis, which
refines the original KZM by accounting for the postcritical
spreading of correlations [15–18].
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Experimental progress in platforms of Rydberg atoms [19]
have brought renewed attention to the experimental study of
quantum many-body systems and, in particular, to nonequi-
librium critical phenomena [7], spurring extensive numerical
[20–25] and experimental [26–36] studies of the quantum KZ
mechanism. However, although these numerical and experi-
mental studies typically report power-law scaling, the critical
exponents they extract often deviate from those predicted by
the corresponding universality class. Such discrepancies are
believed to arise from competing effects inherent to the KZ
protocol, which can obscure the underlying universal behavior
[37–39].

The remainder of this article is organized as follows. In
Sec. II, we introduce the two one-dimensional (1D) models
studied in this work: the transverse field Ising model and
the quantum three-state Potts model. Section III provides a
concise review of the tensor network algorithms used in our
simulations, along with relevant technical details. In Sec. IV,
we investigate the influence of system size on the Kibble–
Zurek mechanism. Section V presents an alternative approach
to counting kinks by focusing exclusively on isolated kinks,
and we show that this method is more robust to changes in
the final point of the sweep through the transition. In Sec. VI,
we compare various boundary conditions, demonstrating that
fixing the boundaries—either on the same or in different
directions—yields more accurate results than leaving them
free. Section VII applies our alternative kink definition to the
Ising transition in the Rydberg atoms model. Finally, Sec. VIII
summarizes our findings and offers concluding remarks.

II. THE MODELS

We explore the role of boundary conditions and the effec-
tiveness of various definitions of kinks in two well established
microscopic quantum models: The antiferromagnetic trans-
verse field Ising model and the quantum three-state Potts
model in 1D.

A. Transverse field Ising model

The transverse field Ising model (for simplicity we will
refer to it as Ising model) is defined by the following micro-
scopic Hamiltonian:

H = J
L−1∑
i=1

σ z
i σ z

i+1 − h
L∑

i=1

σ x
i , (5)

where σ z,x represents the Pauli matrices, J is the nearest-
neighbor Ising coupling, and h is an external magnetic field
in the transverse direction. The model is ferromagnetic when
J < 0 and antiferromagnetic when J > 0. In this paper, we
focus on the latter case. The location of the critical point
h/J = 1 is known exactly, along with all relevant critical ex-
ponents: z = 1, ν = 1, μ = 1/2 [40]. To control the boundary
conditions, we also included a magnetic field in the first and
last lattice sites along the z direction:

H = H0 − (
hz1σ

z
1 + hzLσ z

L

)
. (6)

For the antiferromagnetic Ising model (J > 0), the standard
number of kinks operator is defined as

nk = 1

2

L−1∑
i=1

(
1 + 〈

σ z
i σ z

i+1

〉)
, (7)

which assigns 1 for each pair of aligned neighboring spins
(i.e., a kink in the otherwise alternating antiferromagnetic
configuration).

B. 1D quantum three-state Potts model

The ferromagnetic quantum three-states Potts model, to
which we will refer as Potts model for simplicity, is a general-
ization of the ferromagnetic Ising model for the local Hilbert
space of dimension three. The microscopic Hamiltonian is
given by

H = −J
L−1∑
i=1

3∑
a=1

Pa
i Pa

i+1 − h
L∑

i=1

Pi, (8)

where Pa
i = |a〉〈a|i − 1

3I is a traceless Hermitian operator de-
rived from the projector onto the state |a〉 at site i, and Pi =
|λ0〉〈λ0| − 1

3I is the traceless Hermitian operator associated
with projection along the state |λ0〉 = 1√

3

∑
a |a〉. The first

term represents a ferromagnetic interaction, and the second
term represents a generalized transverse field. The critical
point is located at h/J = 1 and has critical exponents ν = 5/6
and z = 1, and thus μ ≈ 0.454 [40]. Similarly to the Ising
model, boundaries can be controlled by adding an external
longitudinal field:

H = H0 −
3∑

a=1

(
ha1Pa

1 + haLPa
L

)
. (9)

The kink operator has the form

nk =
L−1∑
i=1

(
1 −

〈∑
a

(|a〉〈a|)i(|a〉〈a|)i+1

〉)
, (10)

where (|a〉〈a|)i is the projector onto state |a〉 at site i. Thus,
nk counts a kink whenever two neighboring sites differ. For
simplicity, we will refer to the three possible directions as A,
B, and C.

III. METHODS

A. Ground state calculations

The initial state defined at time t = 0 is a ground state at
a given starting point in the disordered phase sufficiently far
from the transition. To ensure this point was in the adiabatic
regime, we set the starting point h0 = 10 s1/(1+zν). The ground
state was determined using the density matrix renormalization
group algorithm [41,42] on the matrix product state formal-
ism. Singular values were kept above 10−6, and maximal
bond dimension was restricted to D = 300. Convergence of
the ground state was assumed when the energy difference
between two successive sweeps, including an increase in the
bond dimension, divided by the system size not exceeding
10−8.
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B. Simulation of dynamics

Simulations of the time evolution for the Ising model with
open boundary conditions and Potts model were conducted
using a second-order time-evolving block decimation (TEBD)
algorithm [43–45]. In both cases, the quench protocol was
conducted by keeping the coupling J constant, while varying
the transverse field linearly with time:

h/J = −st + h0. (11)

As noted in the Introduction, we propose an alternative
definition of kinks in this work; however, unless other-
wise specified, kink counting follows the standard definitions
given in Eqs. (7) and (10) for the Ising and Potts models,
respectively.

For the Rydberg model with 1/r6 van der Waals interac-
tions, time evolution was simulated using the time-dependent
variational principle (TDVP) [46,47]. The long-range interac-
tions were approximated using a sum of seven exponentials
[42,48], i.e., 1/r6 = ∑11

i=1 ciλ
r
i . The coefficients ci and ex-

ponents λi were determined by minimizing the cost function
defined as

L∑
r=1

∣∣∣∣∣ 1

r6
−

7∑
i=1

ciλ
r
i

∣∣∣∣∣. (12)

This optimization process followed the method described in
Ref. [48]. The maximum error in this approximation was
∼10−10, with a cost function ∼1.3 × 10−19.

C. Estimation of the uncertainty on the fitting

To quantify the uncertainty in the KZ critical exponent μ,
we analyzed the stability of the fit with respect to the choice
of data points. From the full set of sweep rates used for the
fitting, we constructed sliding windows of four consecutive
points and extracted an effective exponent μeff from each
window. The total fitting error for μ was defined as the larger
of the following two contributions: the maximum deviation
between the fitted value of μ and the set of effective exponents
μeff and the 95% confidence interval of the fit, obtained as
±1.96 times the standard error of the fitted slope.

Unless explicitly stated, all data points shown in the fig-
ures were used for the fitting.

IV. SYSTEM SIZE

We first investigated the role of finite-size effects in the
Kibble-Zurek mechanism for both models. Figure 1(a) sum-
marizes our findings for the Ising model, where we explored a
wide range of sweep rates s to capture the full spectrum of dy-
namical behaviors. Three distinct regimes emerge clearly. For
slow sweeps, the correlation length becomes comparable to
the system size, and the system evolves adiabatically through-
out the process. In this regime, the kink density remains near
zero and is largely independent of the sweep rate [6,14]. For
fast sweeps, the evolution is fully nonadiabatic, and the kink
density saturates at a maximum value determined by the final
point of the quench [49,50]. Between these two extremes lies
the KZ scaling regime, characterized by a power-law depen-
dence of the kink density on the sweep rate [51].

FIG. 1. Kibble–Zurek scaling of the kink density nk as a function
of the sweep rate s for different system sizes in (a) the Ising and
(b) Potts models. In both panels, three distinct dynamical regimes
are visible. At slow sweep rates, the system evolves adiabatically and
the kink density remains near zero. As the sweep rate increases, an
intermediate regime emerges in which nk exhibits universal power-
law scaling with s. At high sweep rates, the dynamics become fully
nonadiabatic, and the kink density saturates to a constant value.
(a) For system sizes L � 50, the numerical results are in excellent
agreement with the theoretical prediction μ = 0.5. (b) A small finite-
size effect leads to a slight overestimation of the critical exponent μ

in smaller systems. For L = 401, the extracted exponent agrees with
the theoretical value μ = 5/11 within 2%. Data points not included
in the KZ fits are shown in pale. All simulations were performed with
a maximum bond dimension of D = 300.

We estimated the optimal fitting window by scanning over
all contiguous subsets of the data containing at least a mini-
mum of six data points (with no restriction on the maximum).
For each candidate region, we performed a linear fit and
evaluated its associated uncertainty. The region yielding the
smallest fitting uncertainty was selected as the optimal scaling
window, and the corresponding region was used in all subse-
quent analyses.

In both models, increasing the system size has a noticeable
but moderate impact on the extracted KZ scaling exponent
μ, as shown in Fig. 1. For the Ising model [Fig. 1(b)], this
dependence is very weak: results for smaller systems can
be brought closer to the theoretical prediction μ = 0.5 by
reducing the number of data points included in the fit. As the
system size increases, the threshold sweep rate below which
the scaling becomes linear shifts to smaller values, thereby
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extending the interval over which KZ scaling can be reliably
observed. The extracted exponents are μ = 0.54 ± 0.04 for
L = 30, μ = 0.515 ± 0.020 for L = 50, μ = 0.512 ± 0.005
for L = 70, and μ = 0.5014 ± 0.0016 for L = 200.

For the three-state Potts model [Fig. 1(b)], reducing the
number of data points does not improve the agreement with
the predicted value at small system sizes. Instead, the slope
of the scaling curve systematically approaches the theoretical
value μ = 5/11 from above as L increases. The extracted
exponents are μ = 0.477 ± 0.004 for L = 51, μ = 0.472 ±
0.003 for L = 101, μ = 0.466 ± 0.004 for L = 201, and μ =
0.464 ± 0.004 for L = 401. For L = 401, the value of μ

agrees with the theoretical prediction to within 2%.

V. TYPES OF KINKS AND THE ENDPOINT

The standard experimental protocol for extracting the KZ
exponent μ consists of driving the system from the disordered
phase into the ordered phase and counting the number of kinks
after the transition for various sweep rates. In our simulations,
we evaluate the expectation value of the kink operator rather
than sampling individual spin configurations.

As mentioned in the Introduction, in a first approximation
the system freezes upon entering the nonadiabatic regime,
and the correlation length (which in 1D is directly related to
the density of kinks) remains fixed thereafter. However, this
picture is oversimplified: the state continues to evolve and cor-
relations keep spreading even after crossing the critical point
[15–18]. In the Ising model, a more refined description shows
that the KZ mechanism excites entangled kink pairs with
opposite momenta, which propagate correlations through-
out the system [15,16]. Owing to their fermionic character,
kink quasiparticles exhibit strong short-range anticorrelations,
which drastically suppress the probability of generating two
kinks on adjacent bonds. As a result, the occurrence of con-
secutive kinks produced by the KZ mechanism is essentially
forbidden [52].

Moreover, during the dynamics, quantum coarsening
competes with the KZ mechanism, further increasing the
correlation length [39]. As a result, the correlation length
continues to increase even after the system has returned to the
adiabatic regime.

Finally, if the transverse field is not completely suppressed
at the end of the ramp, the ground state is not a perfectly
ordered state, but there is a certain probability of local spin
flips. Consequently, not all detected kinks arise from the KZ
mechanism itself. From perturbation theory, one can estimate
the density of spin flips for a given value of the transverse
field. For both the Ising and Potts model considered in this
work, the ground state in the presence of a small transverse
field h takes, to first order in perturbation theory, the form

|ψ0〉 ≈ |0〉 + h

4J

1√
L

∑
i

| fi〉 + O(h2), (13)

where |0〉 is the ground state for h = 0, and | fi〉 is a state with
a spin flip in position i. It is a standard practice in this type of
protocol to remove the expectation value of the ground state
to kink distribution after the quench to eliminate the influence
of the endpoint [53–55]. However, the protocol presented

FIG. 2. Kinks and domain walls in the Ising model with
(a)–(c) antiferromagnetic and (d), (e) ferromagnetic interactions. Red
and blue colors are assigned to each of the two ground-states. (a),
(d) In the standard definition [6], a kink is counted whenever the
expected ordering is violated. (b), (e) In the isolated kink definition
proposed in this work, kinks are identified over four consecutive
spins, requiring that the domains on either side of the kink have
a minimum length of two. (c), (f) A single spin-flip is interpreted
as a double kink under the standard definition but is excluded in
the isolated kink criterion, since it does not alter the nature of the
surrounding domains. We argue that such isolated spin flips should
not contribute to the kink count, as they do not correspond to genuine
domain boundaries.

here has the advantage that it does not require precise knowl-
edge of the endpoint.

In this section, we analyze two factors that affect the cal-
culation of the KZ critical exponent μ: the endpoint where
the dynamics terminates and the choice of a kink operator.
All results presented in this section were obtained with fixed
boundary conditions, while the effect of various boundary
conditions on the apparent KZ critical exponent will be dis-
cussed in detail in the next section. We consider two types
of kink definitions, illustrated in Fig. 2, corresponding to the
Ising chain with antiferromagnetic interactions [Figs. 2(a)–
2(c)] and with ferromagnetic interactions [Figs. 2(d)–2(f)].
In the standard definition, a kink is counted whenever the
expected order is violated. For instance, in the ferromagnetic

FIG. 3. Domain wall characterization in the three-state Potts
model. (a) In the standard definition, a kink is counted whenever two
consecutive sites occupy different local states. (b) In the isolated kink
definition proposed in this work, a kink is only counted when two
differing spins are also aligned with their nearest neighbors, ensuring
that the adjacent domains have a minimum length of two. (c) A single
spin-flip is interpreted as a double kink under the standard definition
but is excluded in the isolated kink definition, as it does not alter
the structure of the surrounding domain. (d) A spin-flip occurring at
the boundary between two genuine domains is counted as a double
kink in the standard approach. In contrast, the isolated kink definition
counts it as a single kink, since only two true domains are present in
the configuration.
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FIG. 4. Density of spin flips for ρ f for (a) the Ising model and
(b) the three-state Potts model as a function of the sweep rate s
for two endpoints he of the transverse field. In both cases, ρ f is
independent of the sweep rate. In both cases, the system size is
L = 201.

case, a kink is counted if any pair of neighboring spins are
antialigned, while in the antiferromagnetic case, it is counted
if they are aligned [see Figs. 2(d) and 2(a), correspondingly].

Alternatively, one can count only isolated kinks, thus ex-
cluding configurations in which more than two consecutive
spins deviate from the expected order. In the antiferromag-
netic case, this means disregarding regions where three or
more neighboring spins are aligned instead of alternating:

nk =
∑

i

(〈P↑i ⊗ P↓i+1 ⊗ P↓i+2 ⊗ P↑i+3〉

+ 〈P↓i ⊗ P↑i+1 ⊗ P↑i+2 ⊗ P↓i+3〉), (14)

with P↑ and P↓ being the projectors for spin up and down,
respectively, as shown in Fig. 2(b). In the ferromagnetic case,
it entails excluding regions where three or more spins are
antialigned:

nk =
∑

i

(〈P↑i ⊗ P↑i+1 ⊗ P↓i+2 ⊗ P↓i+3〉

+ 〈P↓i ⊗ P↓i+1 ⊗ P↑i+2 ⊗ P↑i+3〉), (15)

as depicted in Fig. 2(e). Such scenarios are typical for a single-
spin flip, as shown Figs. 2(c) and 2(f). Under the conventional
definition [6], such a single flip would count as two kinks.

This logic of robust kinks can be extended beyond the
trivial Ising model, as shown in Fig. 3. However, for the Potts
model, the definition of a robust kink is more subtle, since
the spin flip might be located between two different domains,
as shown in Figs. 3(c) and 3(d). In this case, the advanced
definition of kink discards spin flips inside a domain of the
same type [Fig. 3(c)], but treats a spin flip that bridges two

FIG. 5. Density of single spin flips as a function of the absolute
value of the transverse field h during the quench for (a) the Ising
model and (b) the three-state Potts model, with L = 201 sites. The
sweep rate is s = 0.04 for Ising and s = 0.02 for Potts. In both cases,
the solid line shows the expected scaling of the spin-flip density
obtained from first-order perturbation theory in the ground state.

different domains as a single kink [Fig. 3(d)]:

nk =
∑

i

⎛
⎝∑

a 
=b

〈(|a〉〈a|)i(|a〉〈a|)i+1(|b〉〈b|)i+2(|b〉〈b|)i+3〉

+
∑
a,b,c

a 
=b, b
=c, a 
=c

〈(|a〉〈a|)i(|b〉〈b|)i+1(|c〉〈c|)i+2〉

⎞
⎟⎟⎠. (16)

We begin by examining how the density of single spin
flips depends on the sweep rate s. In Fig. 4, we report the
single–flip density ρ f as a function of s for two final values
of the transverse field, he = ±0.2, for both the Ising model
[Fig. 4(a)] and the Potts model [Fig. 4(b)].

For the Ising model, we obtain slopes μ = −0.009 ±
0.030 for he = 0.2 and μ = 0.013 ± 0.017 for he = −0.2. For
the Potts model, the corresponding values are μ = −0.01 ±
0.19 and μ = 0.07 ± 0.22. Within uncertainties, all these
slopes are consistent with zero.

In Fig. 5, we show the density of spin flips generated dur-
ing the quench for the Ising model with s = 0.04 [Fig. 5(a)]
and the three-state Potts model with s = 0.02 [Fig. 5(b)] for
L = 201 sites. In both cases, the resulting kink density closely
follows the perturbative prediction for the ground state, con-
firming that the observed spin flips are consistent with the
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FIG. 6. Scaling of the density of kinks nk with the sweep rate
s for the Ising model for various final values of the transverse field
he using (a) the standard kinks operator and (b) a kink operator that
only counts isolated domain walls (i.e., excludes local spin flips). The
Kibble-Zurek exponent μ is extracted from the slope of the power
law scaling using the whole set of data points depicted in the figure.
(a) Numerically extracted μ using the standard kink operator agrees
with the theory prediction μ = 0.5 only for he = 0, while the value
of μ extracted with other endpoints is significantly underestimated.
(b) The scaling of isolated kinks provides accurate numerical esti-
mates of the Kibble-Zurek critical exponent μ for a wide range of
final endpoints. In both cases, the system size is L = 201.

expected field-induced defect background,

〈ψ0| f̂ |ψ0〉
〈ψ0|ψ0〉 ≈

(
h

4J

)2

, (17)

confirming that the density of spin flips is independent of the
sweep rate.

Figure 6(a) shows the critical scaling of the density of
standard kinks with a sweep rate for three different endpoints:
he = 0 and he = ±0.2. The extracted KZ critical exponent
is μ = 0.5032 ± 0.0012 for he = 0, and μ = 0.39 ± 0.05 for
he = ±0.2. While the KZ exponent extracted for the trajectory
terminating at he = 0 is in excellent agreement with the theory
prediction for Ising criticality μ = 0.5, critical exponents ex-
tracted for other endpoints deviate significantly. If instead we
use an advanced definition of kinks where a single-spin flip
is explicitly excluded from the kink counting, extremely ac-
curate values of KZ exponents have been extracted from time

FIG. 7. Scaling of the density of kinks nk with the sweep rate
s for the Potts model for various final values of the transverse field
using (a) the standard kinks operator and (b) a kink operator that
only counts isolated domain walls. The Kibble-Zurek exponent μ

is extracted from the slope of the power law scaling using all data
points observed in the figure. With the simple kink operator, only μ

extracted for the trajectory that ends at he = 0 is reasonably close
(within 3%) to the theoretical value μ ≈ 0.454 for Potts, while other
endpoints significantly reduce the slope. When using the isolated
kink operator, numerically extracted value agree within 2% with the
theory prediction for a wide range of endpoints. In both presented
cases, the system size is L = 201.

evolution to all three endpoints, as demonstrated in Fig. 6(b).
In this case, the extracted critical exponent is μ = 0.5011 ±
0.0011 for he = 0.2, μ = 0.4997 ± 0.0020 for he = 0.2, and
μ = 0.5009 ± 0.0019 for he = −0.2. This means that local
impurities do not play a role in the Kibble-Zurek dynamics
and must generally be filtered out by a proper definition of the
kink operators. Alternatively, one can terminate the dynamical
evolution at the point where the quantum term responsible for
the local spin flip is absent, and such impurities do not appear.

This method of counting kinks in the Potts model pro-
duces results comparable to those of the Ising model, as
shown in Fig. 7. The extracted KZ critical exponent for the
standard kink operator [Fig. 7(a)] is μ = 0.466 ± 0.004 for
he = 0, μ = 0.42 ± 0.05 for he = 0.2, and μ = 0.44 ± 0.08
for he = −0.2. The Kibble-Zurek exponent μ is closest to its
theoretical value when the sweep ends at zero transverse field,
he = 0, where the dynamical term vanishes. For the advanced
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FIG. 8. Evolution of the kink density nk during a constant-rate
quench s = 0.04 in the finite size Ising model with L = 201, com-
paring the standard kink-counting method (red circles) to counting
only isolated kinks (blue triangles), where isolated means that single
spin flips are not counted. Deep in the disordered phase (h � 1),
the density of kinks reaches its maximum (nk = 0.5 for the standard
definition and nk = 0.125 for isolated kinks). As the system crosses
the phase transition at h = 1, the emergence of large ordered regions
leads to a sudden drop in the kink density. At h = 0, both counting
methods yield the same minimal density, since any remaining kinks
are solely due to domain wall creation as described by the KZ
mechanism. Notably, while isolated kinks maintain their minimal
density over a wide range of h, the standard kink definition only
attains this minimal value at h = 0. The inset zooms into the region
around h = 0 for better clarity.

kink definition [Fig. 7(b)], the extracted KZ exponent is μ =
0.4625 ± 0.0022 for he = 0, μ = 0.463 ± 0.006 for he = 0.2,
and μ = 0.460 ± 0.007 for he = −0.2. This operator is more
robust with respect to the ending point, causing the three
curves to overlap and yielding a more accurate μ, with much
smaller uncertainty on the fitting. In all cases, the density of
kinks scales as a power law dependence on the sweep rate.

Finally, let us compare the evolution of the overall den-
sity of standard and isolated kinks in the whole quench
protocol. The results for the Ising model are presented in
Fig. 8. Let us carefully explain this figure. When h → ∞, the
ground state is |... + + + + + ...〉. The density of kinks in this
maximally disordered state is nk = 0.5 while isolated kinks
is nk = 0.125. This number can be easily obtained by count-
ing the number of domain walls or isolated domain walls,
respectively, in the perfectly disordered state (i.e., number of
aligned pairs of spins or isolated aligned pairs of spins in the
antiferromagnetic Ising model). As we approach the phase
transition at h = 1, but still far from the nonadiabatic regime,
the average number of kinks decreases, while the density of
isolated kinks remains constant. Around the phase transition,
the density of kinks drops sharply as ordered domains form,
separated by a small number of domain walls. The density of
standard kinks reaches a minimum at h = 0, where quantum
fluctuations are solely driven by the Kibble-Zurek mechanism,
and increases for h > 0. In contrast, the density of isolated
kinks attains its minimum before h = 0 and remains nearly
constant over a wide range of h values on both sides of the

TABLE I. KZ exponent μ, for several boundary conditions in the
Ising model. Whole-chain values show strong boundary dependence,
while central-interval values converge to a universal bulk exponent.
The errors come from the fitting, as explained in the Methods section.
The theoretical prediction for the Ising transition is μ = 0.5.

Boundary conditions μ (whole) μ (center)

Strong symmetric 0.507 ± 0.008 0.506 ± 0.014
Strong antisymmetric 0.507 ± 0.008 0.506 ± 0.014
Weak symmetric 0.527 ± 0.008 0.508 ± 0.008
Free 0.543 ± 0.018 0.508 ± 0.008
Fixed-Free 0.545 ± 0.021 0.508 ± 0.008

transition. This indicates that the isolated kink operator is
robust against random quantum fluctuations and selectively
detects domain walls generated by the KZ mechanism.

VI. BOUNDARY CONDITIONS

The critical properties of a quantum system depend not
only on the bulk Hamiltonian but also on its boundary con-
ditions, and the same holds true for its dynamical behavior. In
equilibrium boundary conditions have a substantial effect on
several properties of a system, and this has been extensively
studied in the Ising model. While they do not modify the bulk
critical exponents, they lead to distinct boundary field theory
and can change the finite-size scaling of the energy gap and
entanglement entropy [56–59].

Recently, the role of periodic and antiperiodic boundary
conditions in the context of the KZ mechanism has also
been investigated [60], where it was found that Kibble-Zurek
scaling remains essentially unchanged whether the boundary
conditions are periodic or antiperiodic. Here, we build on
these findings by conducting a more detailed study of var-
ious boundary conditions. To investigate whether boundary
conditions influence the apparent Kibble-Zurek exponent, we
examined the scaling of kink densities for both the Ising and
Potts models under various boundary conditions. The corre-
sponding results are shown in Figs. 9 and 10. We evaluate the
kink density in two ways: (i) over the entire chain, including
the edges, and (ii) within a small interval centered in the
middle of the chain. Unless stated otherwise, all results in
this section were obtained for L = 201, and kinks are defined
according to the standard convention (see previous section for
details). The boundaries are polarized by applying a longi-
tudinal magnetic field, effectively imposing fixed boundary
conditions.

We assess how boundary conditions affect the estima-
tion of the critical exponent μ in Fig. 9. We consider five
representative cases for the Ising model: (i) strongly po-
larized symmetric boundaries (hz1 = hzL = 10), (ii) strongly
polarized antisymmetric boundaries (hz1 = −hzL = 10), (iii)
weakly polarized symmetric boundaries (hz1 = hzL = 0.1),
(iv) free boundaries (hz1 = hzL = 0), and (v) one end free and
the other polarized (hz1 = 0, hzL = 10). Table I summarizes
the corresponding estimates of μ, obtained both by counting
kinks along the whole chain and by restricting the count to
a small central interval so as to suppress boundary-induced
effects.
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FIG. 9. Scaling of the density of kinks nk with the sweep rate s
for the antiferromagnetic Ising model for various boundary condi-
tions for a system of L = 201 sites. The kink density is measured
(a) over the entire chain and (b) over the central 10% of the chain,
using the whole set of data points shown in the figure. Boundary
conditions are fixed with external longitudinal field applied at the
first and last site of the chain and indicated in the legends. The results
evaluated in the central part of the chain always agree within 2%
with the theory prediction μ = 1/2, while the results evaluated over
the entire chain provide more accurate estimate of the KZ exponent
when the boundary conditions are fixed.

When kinks are counted in the small central interval
(≈10% of the total length) of a long chain, the density of
kinks evaluated for all five boundary conditions scales with
a KZ critical exponent that agrees within 2% with the theory
expectation μ = 0.5. If instead, the density of kinks is evalu-
ated over the entire chain (as is often the case in experiments
where available system sizes are limited) the critical exponent
evaluated with the fixed boundary conditions turns out to be
significantly more accurate. Surprisingly, in the regime where
the Kibble–Zurek mechanism exhibits power-law scaling, we
find no discernible difference in the KZ dynamics between
fixed symmetric and fixed antisymmetric boundary condi-
tions. This behavior contrasts with the ground-state properties,
where the energy gap scales differently with system size [56].

For the ferromagnetic three-state Potts model, we examine
five different boundary conditions, shown in Fig. 10: (i) fixed
boundary conditions favoring the same ferromagnetic state
at both edges (A A), (ii) fixed boundary conditions favoring

FIG. 10. Scaling of the density of kinks nk with the sweep rate s
in the Potts model for various boundary conditions when the density
of kinks is measured (a) over the whole chain and (b) over the central
10% interval of the chain for the whole set of data point depicted in
the figure. Fixed boundary conditions are labeled with A or B, mixed
with AB (not C), and the free boundary is marked with 0. The results
evaluated in the central part of the chain always agree within 2% with
the theory prediction μ = 5/11, while the results evaluated over the
entire chain provide more accurate estimate of the KZ exponent when
the boundary conditions are fixed.

different states at the two edges (A B), (iii) free boundaries
(0 0), (iv) fixed–free boundaries (A 0), and (v) mixed bound-
aries (AB AB), implemented by applying a longitudinal field
in the C direction at both edges. The first four cases are
direct generalizations of the boundary conditions used for the
Ising model. The corresponding estimates of μ, obtained by
counting kinks either along the whole chain or only within a
small central interval, are summarized in Table II.

Similar to the Ising model case, we see that when the
KZ exponent is extracted from the total density of kinks, the
results obtained with fixed boundary conditions are signifi-
cantly more accurate than those obtained with other types of
boundaries [see Fig. 10(a)]. If, however, the density of kinks
is evaluated only in the central interval of a long enough
chain, the boundary conditions do not matter, just like we have
observed for the Ising model in Fig. 9(b).

We also examine the scenario of periodic (PBCs) and
antiperiodic boundary conditions (APBCs) by considering an-
tiferromagnetic Ising model on a closed loops with even and
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TABLE II. KZ exponent μ for the ferromagnetic three-state Potts
model under different boundary conditions. Whole-chain estimates
depend strongly on the BC, while central-interval values converge to
a consistent bulk exponent. The error estimation comes from the fit-
ting, as explained in the Methods section. The theoretical prediction
for the three-state Potts transition is μ ≈ 0.454.

Boundary conditions μ (whole) μ (center)

Fixed same (A A) 0.466 ± 0.004 0.461 ± 0.005
Fixed different (A B) 0.466 ± 0.004 0.461 ± 0.005
Free (0 0) 0.479 ± 0.006 0.461 ± 0.006
Fixed–free (A 0) 0.485 ± 0.009 0.462 ± 0.004
Mixed (AB AB) 0.505 ± 0.019 0.462 ± 0.006

odd number of sites that are correspondingly compatible and
incompatible with the ordered phase. In Fig. 11, we compare
the scaling of the kink density for the antiferromagnetic Ising
model under PBCs for two system sizes, L = 200 (the system
size compatible with the periodicity of the ground state) and
L = 201 (the system size incompatible with the ground-state
periodicity, often called antiperiodic boundary conditions in
the field-theory context). In both cases, the extracted KZ
critical exponent is 0.4989 ± 0.0023, indicating that μ is in-
dependent of this choice.

In Fig. 12, we present the local kink density along the
chain under various boundary conditions for the Ising model
[Fig. 12(a)] and the Potts model [Fig. 12(b)]. Both models
exhibit remarkably similar kink distribution profiles when
subjected to identical boundary conditions. For the periodic
boundaries, the kink distribution, as expected, is uniform
across the chain. For open and fixed boundaries—whether
fixed in the same or opposite directions—kinks tend to ac-
cumulate near, but not directly adjacent to, the boundaries,
reaching zero at the edges. Remarkably, although the to-

FIG. 11. Comparison of the kink density scaling for the antifer-
romagnetic Ising model under periodic boundary conditions (PBCs)
when the system size is compatible (blue markers) and when it is
incompatible (orange markers) with the periodicity of the ground
state. The latter case is equivalent to imposing antiperiodic bound-
ary conditions in the conformal field theory sense. The two data
sets overlap almost perfectly, indicating that the scaling behavior is
unaffected by the boundary choice.

FIG. 12. Distribution of kinks along the chain after a quench for
(a) the Ising models at sweep rate s = 0.04 and (b) the Potts model
at s = 0.014 for various boundary conditions listed in the legend.

tal number of kinks is the same under fixed and periodic
boundary conditions, their spatial distribution along the chain
differs.

When boundaries are open but free, the peak in the kink
distribution observed for fixed boundaries disappears, al-
though the kinks density still decreases toward the boundaries.
Under these conditions, the total number of kinks is reduced
compared to the fixed boundary conditions.

Finally, for the mixed boundaries in the Potts model—
where the degree of freedom is partially constrained at the
edges, such that local state C is disfavored, while A and
B can appear with equal probability—the peak in the kink
distribution is smaller than in the fixed case. Here, the total
number of kinks falls between those for free and fixed bound-
ary conditions. And, as we have seen in Fig. 10, the accuracy
of the KZ exponent also lies in between the fixed and free
cases.

The final question we address is how the extracted KZ
exponent is affected by the size of the fragment retained in
the calculation when different boundary conditions are used.
Figure 13 shows the value of the KZ exponent μ as a function
of the fraction of sites discarded at each edge of a chain
with L = 201 for several choices of boundary conditions. We
selected the same range of s as in the calculations shown in
Figs. 9 and 10. The kink density is computed only within the
retained central interval, allowing us to quantify how sensitive
the fitted exponent is to boundary effects. Ising and Potts
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FIG. 13. Kibble-Zurek critical exponent μ as a function of the
fraction of the edge discarded for density calculations for various
boundary conditions for (a) the Ising and (b) the three-state Potts
model for a system size L = 201 sites. The exponent μ was cal-
culated using the same range of sweep rates as in Figs. 9 and 10,
respectively. Dashed lines indicate theory predictions μ = 0.5 for
Ising and μ = 5/11 for Potts. Error bars represent the uncertainty
in the exponent calculated as indicated in the Methods section.

models show a similar behavior. In both cases, μ matches
the theoretical value for the whole chain when boundaries
are fixed. For the chosen system size L = 201 and for all
boundary conditions, the edge effects seem to vanish after
half of the considered chains are discarded. This interval is
expected to be model and system size dependent, but already
this simple examples of the two minimal models provides us
with a good indication that one has to discard many dozens of
sites posting quite a significant lower bound on the total length
of the chain.

In Fig. 14, we perform the same comparison of the KZ
exponent as a function of the size of the discarded fragment
for the same range of s as in Fig. 9 but for free boundary
conditions hz1 = hzN = 0 and various system sizes. Bigger
system sizes yield a critical exponent μ closer to the theoreti-
cal μ = 0.5 when the whole chain is considered and converge
faster to the theoretical μ as a function of fraction discarded,
although not faster as a function of the number of atoms
discarded.

FIG. 14. Kibble-Zurek critical exponent μ as a function of the
fraction of sites discarded at each boundary when computing the
kink density, shown for several system sizes of the Ising model. The
exponent μ was extracted from the same range of sweep rates as in
Fig. 9. Error bars indicate the uncertainty in the extracted exponent,
evaluated as described in the Methods section.

VII. ARRAYS OF RYDBERG ATOMS

Finally, we test whether kink definition also applies to
arrays of Rydberg atoms. The Rydberg-atom system can be
described by the Hamiltonian of interacting hard-core bosons

H = 	

2

∑
i

(di + d†
i ) − 


∑
i

ni +
∑
i< j

Vi jnin j, (18)

where 	 is the Rabi frequency driving an atom to the Rydberg
state, 
 is the laser detuning, and Vi j ∝ 1/r6 is the van der
Waals interaction.

We perform a quench from the disordered phase to the
period-2 phase at a constant rate. Throughout the quench, we
keep 	 = 1 and the blockade radius Rb = 1.5 fixed and vary
the detuning from 
 = −5 to 
 = 5. Note that our quench
protocol differs slightly from that used in Ref. [7]. In their
protocol, 	 is switched off before the measurement, making
the ground state at the final point a perfect crystal. In our case
	 remains finite, and thus the ground state exhibits quantum
fluctuations and is not perfectly ordered.

In Fig. 15, we compare two definitions of kinks: the stan-
dard period-2 kink (blue markers), and our proposed
isolated-kink definition (orange markers). We
consider a system of size L = 200, whose length does not
match the periodicity of the underlying crystal. The extracted
KZ scaling exponents are μ = 0.43 ± 0.04 for the standard
kink definition and μ = 0.502 ± 0.004 for the isolated-kink
definition, the latter agreeing with the theoretical Ising pre-
diction within 0.4%.

These results demonstrate that, within the range of quench
rates exhibiting clean KZ power-law scaling, it is not nec-
essary to choose a system size that matches the crystal
periodicity, and that isolated kinks provide a more robust
measure in the presence of quantum fluctuations of the ground
state.
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FIG. 15. Scaling of the kink density nk with the sweep rate s
for the Rydberg model with van der Waals interactions decaying as
r−6. We quench to a final detuning 
 = 5 while keeping 	 = 1 and
Rb = 1.5 fixed. Results are shown for the standard kink operator
(blue) and for a kink operator that counts only isolated domain walls
(orange), for a system size L = 200. All data points in the figure are
included in the fit. The Kibble–Zurek exponent μ is extracted from
the slope of the resulting power-law scaling.

VIII. CONCLUSION AND DISCUSSION

In this paper, we have studied the effect of boundary con-
ditions and ending point in the Kibble-Zurek mechanism.

Our main finding is that the accuracy of the Kibble-Zurek
mechanism in the naive implementation is extremely sen-
sitive to the location of the final point—the point where
the time evolution terminates and the measurements are per-
formed. Our data show that for the two minimal models
considered here, the best choice of the final point would be
the point where the transverse field responsible for quantum

FIG. 16. Comparison of kink density for different numerical pa-
rameters in the Potts model with system size L = 101. We test two
values of the singular value cutoff (χ = 10−6 and χ = 10−7) and two
time-step values (dt = 0.1 and dt = 0.01). The results show negligi-
ble differences across these parameters, indicating the robustness of
the kink density against moderate variations in truncation threshold
and time discretization.

FIG. 17. Kibble-Zurek scaling of the density of kinks nk as a
function of the sweep rate for various bond dimensions D in (a) the
1D transverse-field Ising model and (b) the 1D quantum three-state
Potts model. In both cases, L = 201 sites. Simulation of Kibble-
Zurek dynamics requires relatively small bond dimension (D � 100).
For the rest of the simulations, D = 300 was used for both Ising Potts
models.

fluctuations vanishes. If the final measurement point deviates
from this classical limit, whether it lies before or after the
zero-transverse-field point, the observed critical exponent μ

deviates markedly from the theoretically predicted universal
value.

Interestingly enough, exactly the same type of fine-tuning
to the classical endpoint has been realized in Rydberg simu-
lators. In the experiment, after quenching through a quantum
phase transition, the Rabi frequency 	 responsible for quan-
tum fluctuations of atoms between the ground state and
excited Rydberg state has to be turned off to perform the read-
outs. The only difference between the two protocols is a path
to reach this specific endpoint. In the minimal models con-
sidered above, we quenched the transverse field itself to the
point when it vanishes. In experiments, one quenches either
the laser detuning (this would corresponds to an additional
longitudinal field in the minimal models) or the combination
of the detuning and Rabi frequency to an arbitrary point inside
the ordered phase and then turns off the lasers responsible for
the resonance. Importantly, in both protocols, the transition is
crossed with a linear ramp. Numerical simulations that closely
reproduce the experimental protocol demonstrate excellent
agreement with the expected universal scaling at the Ising and
Potts points [25].
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FIG. 18. Local density of kinks nk along the chain for (a) the
Ising and (b) the Potts models for various values of the final trans-
verse field he and finite system size L = 201. The sweep rates
values considered in the figure are s = 0.04 for the Ising model
and s = 0.014 for Potts. Each plot is split in two: on the left side,
the kink operator is the standard domain wall operator, while on
the right side only isolated kinks are measured. For both Ising and
Potts models, when he = 0 the profiles of standard and isolated
kinks coincide. However, for different endpoints the profile of stan-
dard kinks is shifted, while the profile for isolated kinks remains
robust.

Such fine-tuning of the final point is natural for experi-
ments on Rydberg atoms but may not be generic in other
contexts. In this paper, we present an alternative approach
based on a more careful definition of the kink operator, which
demonstrates a remarkable robustness to the location of the
final endpoint. In this approach, the kink represents a domain
wall between two extended domains, excluding, in particular,
localized excitations within the domain of the same ground
state, like a single-spin flip. This definition requires some level
of bookkeeping but admits a conceptually straightforward
generalization to other more complex models.

In addition, we investigated how different boundary con-
ditions affect the accuracy of the critical scaling. For both
minimal models considered, we find that the accuracy of
the Kibble-Zurek critical exponent is systematically improved
for fixed boundary conditions with respect to the free ones.
Surprisingly, we observe no difference in critical dynamics

FIG. 19. Local density of two types of local kinks nk in the Potts
model after a slow quench with sweep rate s = 0.014, shown along
a finite chain with L = 201 sites for (a) he = 0 and (b) he = 0.2. The
blue curve corresponds to spin flips inside a domain and the orange
curve to spin flips at a domain boundary. In both cases, spin flips
inside a domain are more abundant than at a domain boundary.

performed with symmetric and antisymmetric (in the con-
formal field theory sense) fixed boundary conditions, despite
their drastic differences in equilibrium scenarios. In effective
models of Rydberg atoms, the presence of a longitudinal
field (arising from laser detuning) partially fixes the bound-
ary conditions by favoring the excitation of edge atoms into
Rydberg states. Increasing the laser detuning at the edges can
further reinforce these effective fixed boundary conditions.
The lack of any difference between symmetric and antisym-
metric boundary conditions relaxes experimental constraints.
Typically, arrays with a total size N = kp + 1 with k ∈ Z
have been used to probe the transition into the period-p phase.
Our results show that the scaling should be universal for any
values of N (of course, N has to be big enough to host the
Kibble-Zurek regime).

We also report that, for sufficiently long chains, the uni-
versal Kibble-Zurek scaling can be accurately extracted by
calculating the density of kinks in the central part of the
chain, thus ignoring the effect of the boundaries. The size of
the chain in this case must be substantially larger than the
resulting correlation length after a quench, which naturally
increases with decreasing sweep rate. For the minimal models
and sweep rates considered here, the edge effects are signifi-
cant over the first 30-40 sites, imposing a lower bound on the
total chain length of at least N � 100 sites. These lengths are
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feasible but challenging in modern Rydberg experiments, so
fixing the boundary conditions seems to be the best strategy
for now.
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APPENDIX A: CONVERGENCE AND BOND DIMENSION

In Fig. 16, we compare two cutoff values for the minimum
singular value, χ = 10−6 and χ = 10−7, as well as two time-
step values, dt = 0.1 and dt = 0.01. We observe no significant
differences in the kink density across these parameters.

Figure 17 presents a comparison of various bond dimen-
sions D for both the Ising model [Fig. 17(a)] and the Potts
model [Fig. 17(b)]. In both cases, the Kibble-Zurek exponent
μ remains stable for moderately large D, with noticeable de-
viations occurring only at very small bond dimensions. Based
on these observations, we fixed the time step at δ = 0.1, set the
maximum bond dimension to D = 300, and applied a singular
value cutoff of χ > 10−6 for the simulations presented in the
main text.

For simulations employing periodic boundary conditions,
the TDVP [45–47] was used instead, while retaining the same
values of D and χ as in TEBD.

APPENDIX B: KINK DENSITY PROFILES

In Fig. 18, we show the profiles of the local kink density
value for the Ising and models at various endpoints of a single
sweep rate and finite system size. The operator local kink
operator is just the density of the kinks operator applied to
a single location of the chain. A direct comparison between
standard and isolated kinks reveals that all profiles corre-
sponding to the same sweep rate and system size, but ending
at different final fields, are nearly identical up to a constant
vertical shift. This shift appears to result from single-spin-flip
excitations, as it disappears entirely when considering isolated
kinks: in that case, all curves collapse onto each other.

In the Potts model, we can also compare the local den-
sity of spin flips inside or between domains for he = 0 and
he 
= 0. Figure 19 illustrates these scenarios: Fig. 19(a) shows
the local density profiles for both types of spin flips when
he = 0, and Fig. 19(b) shows them when he = 0.2. As ex-
pected from Fig. 18, spin flips occur more frequently under
nonzero he. Moreover, even though flipping a spin inside a
domain costs twice as much energy as flipping one at a do-
main boundary, such in-domain flips are still more common.
The apparent contradiction is resolved by noting that domain
walls are relatively rare, making it statistically more likely
for a random spin to be inside a domain rather than at its
boundary.
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