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Propositions

Associated with the dissertation Studies on the Flow Induced by an Oscillating Airfoil in
a Uniform Flow, by Zeguang Wang

1). The *memory effect’ of shed vortices in the wake of an oscillating airfoil should be 1-
C(k), instead of C(k) as stated in Ashley and Landahl’s book Aerodynamics of Wings and
Bodies. Here, k is the reduced frequency, and C(k) Theodorsen’s function.

2). 1t can be shown rigorously that Maskell’s conjecture on the flow at the trailing edge of
a moving airfoil with variable circulation yields a continuous pressure at the vortex wake line.
The flow then leaves the airfoil tangentially to either the upper- or the lower-surface, while
the free vorticity at the trailing edge has a non-zero finite velocity.

[Basu & Hancock, 1978, JFM. Vol. 87, Pt. 1, pp. 159-178.]

3a). A flow which satisfies the Kutta-Joukowsky condition evolves from a strong viscous-
inviscid interaction, though in an established steady state weak and mild interactions take
place.

3b). Without viscosity of the air, modern flight would not be possible.

4). The correctness of the solution to a (boundary value) problem depends on the correctness
of modelling in the field, and on correcily posed boundary conditions. In this sense,
D’alembert’s paradox and the Kutta-Joukowsky condition suggest the same thing, though they
end up quite differently.

5). A singularity is an important tool in mathematics. But in the field of continuum
mechanics, singularities are difficult to accept. To resolve a mathematical singularity in
continuum mechanics requires either a certain magnification with a proper scale, or
formulation of a realistic physical hypothesis.

6). Programming is not too much of a difficulty, iff the programmer knows precisely what
he wants to do.

7). Hot-wire technique for velocity measurement may be a derivative of the Dutch natte
vinger method.

8). ’No one believes the analytical results (except for the modeller), and everyone believes
the test data (except for the experimentalist)’ [MSC/NASTRAN Dynamic Seminar Notes,

London, 1993]. This is a legitimate complaint.

9). Human behaviour generally tends to be viscous.
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Chapter 1

Introduction

Wings are essential for the flight of an aircraft. They produce the lift to keep the
aircraft in the air. Naturaily, many studies have been directed at the theory of wings.
In the present study, we are dealing with a case where the flight speed is substantially
lower than the speed of sound, so that the air can be regarded as incompressible. In
agreement with daily experience, we consider the air to be inviscid except in the regions
of boundary layers and wake. The flow in the inviscid region is considered to be
irrotational. We shall concentrate here on two-dimensional wings (airfoil), i.e. the
spanwise dimension of the wing is very large with respect to the dimension in the

chordwise direction.

The lift force arises from the circulation bound to the airfoil. The bound circulation is
there because otherwise there would be a singularity in the flow velocity at the trailing
edge of the airfoil, which is physically unacceptable. To eliminate this difficulty a
circulation of proper magnitude and sign is imposed such that the flow leaves the
trailing edge smoothly, as observed in experiments (Prandtl and Tietjens [27]). The

smooth off-flow requirement is referred to as the Kutta-Joukowsky condition.

1.1 The Classical Unsteady Airfoil Theory

Airplanes do not always fly smoothly. Sometimes they encounter gusts, at other times
the wings may oscillate. In all these cases the angle of attack changes continuously.
This gives rise to the unsteady airfoil problem. Theodorsen and other researchers
studied these problems in the 1930’s. Corresponding theories were developed. In view

of the historical importance we call it the classical theory.



Within the scope of the present study we consider the problem in Theodorsen’s
formulation—an airfoil performing small amplitude oscillations of a certain kind in a
steady uniform flow. The oscillation can be assumed to be harmonic without loss of

generality, thanks to the superposition principle and the Fourier transformation.

In the same way as in the steady airfoil problem, the Kutta-Joukowsky condition has
to be met at each moment of the unsteady motion. Consequently, a continuous change
of bound circulation takes place. In view of the law of conservation of total circulation
in the whole flow field, corresponding to the change of bound circulation counter

vortices must be continuously shed into the wake.

In potential theory the wake is usually considered to be of zero thickness. It represents
a vortex sheet across which the tangential velocity component is discontinuous. The
local strength of the vortex sheet (circulation per unit length) is equal to the velocity

discontinuity.

In the case of two-dimensional flow without viscosity, conservation of circulation is
conceived with material fluid particles, i.e. vortices moving with the local velocity of
the flow. In the classical airfoil theory which is within the framework of potential flow,
the shed vortices move with the uniform flow velocity. Therefore, when the airfoil is
performing a harmonic motion, a sinusoidal distribution of shed vorticity would be
found in the wake. Clearly, in this context, the wave length is A=U,T, where Uy is the
uniform flow velocity and T is the period of the oscillation of the airfoil. In unsteady
airfoil theory the wave structure is represented with a dimensionless parameter, the
reduced frequency, defined as k=wc/2U,, where c is the chord length of the airfoil and

w the angular frequency of the oscillation.

tIf otherwise, the vortex sheet would be subject to a non-zero pressure
difference across it. Being with zero mass per unit length, which is
implied by its zero thickness, the vortex sheet would be set into an
infinite acceleration in the lateral direction which is physically
unacceptable.



The influence of the shed vortices may not be neglected since they will induce a
perturbation velocity to the flow field at the airfoil (the upwash field) so that the angle
of incidence of the airfoil is modified (Steketee [30]). The influence of a shed vortex
in the wake upon the up-wash field depends on its relative position with respect to the
airfoil—in the two-dimensional case the influence is inversely proportional to the
distance. In view of the fact that shed vortices are not convected away to infinity in
negligible time, so that it is clear that in the due course of their being carried away,
they keep perturbing the flow field. Focusing at an individual shed vortex, it would be
seen that the influence becomes weaker and weaker. As a whole, the perturbation is a
sum of the contribution of all the vortices in the wake. In view of their phase
differences, the extent of the influence on the up-wash field depends on the wave
structure. In some of the cases it can amount to 50 % in terms of the lift force
(Theodorsen [34]). The influence of the shed vortices in the wake constitutes one of the

major features of the unsteady airfoil problem.

One of the important applications of unsteady airfoil theory concerns the stability of the
structures that undergo vibrations in a stream. The stability problem of a vibration
arises because in some cases when the oscillatory motion and the reaction of the air
stream are in phase, the forcing from the flow does positive work on the structure such
that there is a net energy input to the structural vibration. The vibration will then be
divergent. In fact, Greidanus [16] has performed such calculations for a combined small
amplitude rotational and translational oscillation of a rigid airfoil. Taking account of the
influence of the shed vorticity and omitting the structural damping, he was able to find
that unfavourable combination of amplitude ratio and phase difference of the two would

result in divergent oscillation of the airfoil.

Besides the flutter of airfoils in the aeronautical field, suspension bridges subject to
lateral wind, pipelines in a cross stream are good examples of this type of problem in
civil engineering (Fung [13]). Though the vortex shedding in these cases is not
determined by the Kutta-Joukowsky condition, the wake vortices exert their influence

in a similar way.



1.2 Statement of the Problem

The classical unsteady airfoil theory reveals the essential mechanisms of the flow
accompanying the unsteady motion of an airfoil. Within the framework of potential flow

the solution is consistent.

However, flights take place in an actual flow, where the fluid has a certain viscosity.
For the practical interest of airfoil theory, the flow is of high Reynolds’ number. In this
circumstance, the flow field can be distinguished into two parts. In the major part of
the field the flow is effectively inviscid as described in the potential flow. In the other
part, i.e. the boundary layer and the wake, however, the flow is viscous. The lateral
dimension of the viscous regions is small with respect to that in the streamwise
direction. The flow in the viscous region is characterized by a velocity defect (with
respect to the flow outside). Also, vorticity, both bound on the surface and shed in the

wake, is contained in these viscous regions.

In view of what is described above, the classical treatment of the problem gives rise to
an inconsistency. Recognizing the fact that free vortices have to move with the local
flow velocity, we would expect that the convection of the shed vorticity in an actual
flow is retarded with respect to what is assumed in the classical theory because of the
velocity defect in the wake. Consistent with the viscous flow theory, we would expect
that the convection velocity of the shed vorticity would be small near the trailing edge
of the airfoil. As the distance from the trailing edge is increased the convection velocity

develops, approaching the value of the outer flow velocity asymptotically.

In a way similar to the boundary layer theory, the local interaction theory, established
by Stewartson [31,32] and others, studies the case where streamwise change of the flow
condition happens in a singularly fast rate. Flow near the trailing edge falls in this
category. Boundary layer flow from upstream is constrained by the solid surface. Upon
leaving the wall the constraint is suddenly released, which gives a large acceleration of

the flow in the streamwise direction. In such a case the usual assumption adopted in
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boundary layer theory (which states that large gradients occur only in the normal
direction but not in the streamwise direction) is not true. The abrupt change of the
boundary condition induces the flow to have a kind of layered structure in the
neighbourhood of the trailing edge. After Stewartson, this structure is named the friple
deck, since according to the physical property of the flow the structure can be
distinguished into three layers. These layers extend into the near wake where convection
of shed vorticity takes place. In view of this we expect that the convection of the shed
vorticity in the near wake would also be conceived in a layered structure. With regard
to the important role the shed vortices play in unsteady airfoil theory, the investigation

of shed vorticity convection is one of the chief interests in the present study.

The study in the classical theory is mainly for the concern of aeroelasticity. The results
are presented in terms of aerodynamic loadings, such as lift force and moment. The
kinematics of the flow, however, is not discussed explicitly in the literatures. Therefore,
in the present study we shall focus on this aspect. The other reason why we emphasize
the study of the kinematics of the flow is because we approach the investigation of the

shed vorticity convection from this point of view.

1.3 Plan of the Present Thesis

The thesis is organized in the following way. In chapter 2 a review of the classical
unsteady airfoil theory is given. In this theory the airfoil is assumed to be thin and
rigid. It performs a certain kind of small amplitude oscillation in an uniform flow. This
review is aimed at clarifying the physical background of the theory. To this end, the
problem is studied in terms of the velocity potential, rather than by the method of
acceleration potential which provides another way of approach (Fung [13]). This review
serves as a theoretical basis for the numerical calculation in the later chapters. A survey
of viscous flow structure is presented in chapter 3. Through this, we put forward the

hypothesis that convection of shed vorticity is actually retarded, and further speculate



that the convection is likely to be conceived in a kind of layered structure. Experimental
studies are described in chapter 4. The experimental study consists of two parts,
namely, experimental measurements and numerical calculations based on a panel
method which is discussed in detail in chapter 5. The outcome of the numerical
calculation serves as a reference in the interpretation of the experimental results.
Chapter 4 accounts for the study of a steady near wake, and the unsteady velocity
perturbations in the outer flow due to the shed vortices in the viscous wake. In chapter
5 numerical studies based on a panel method are presented. Convection of shed vorticity
in the numerical models is assumed to be of two forms, namely, no retardation and
retarded convection at the centerline velocity of a wake. This chapter is directed at two
objectives, namely, the study of the flow kinematics and an elucidation of the numerical

calculation employed in chapter 4. Conclusions are summarized in chapter 6.



Chapter 2
Two-dimensional Potential Flow Around Oscillating
Airfoils

2.1 Introduction

In this chapter the classical linearized potential flow formulation is presented for cases
with small amplitude harmonic oscillations of an airfoil. The objective here is to obtain
some physical insight of the problem. This is essential for the experimental study and
the numerical modelling to be presented in chapters 4 and 5. In doing so, we make the
assumption that the fluid is inviscid and incompressible. A motion of the fluid of this
nature is completely described by the conservation of mass and momentum. In view of
the small density of air, in which the motion of airfoils takes place, the gravity effect

will be neglected.

Assuming a coordinate system x=x (X,y,z) fixed in space, the conservation of mass can

be expressed with the following equation

9 (pv)=0, @.1)
ot

where p is the density of the fluid, v=v(x,t) is the flow velocity at point x and time t.
For an incompressible fluid the density is a constant, so that equation (2.1) can be

reduced to

Vv=0. (2.2)

The equation for the momentum relates the rate of change of momentum of a fluid
element to the sum of all the forces acting on it. With the assumptions we have made,

it can be written



~a—v+(v-V)v=—in, 2.3)
ot p

Vorticity of the fluid is defined as w=curl v. By Stokes’s theorem we have the relation

= fcv dx
= fA(va) ndA, (2.4)

where ¢ is a simple, closed curve in the fluid, spanned by a surface A with unit normal
n. In equation (2.4), T' is the circulation round ¢, positive clockwise. The circulation
is equal to the strength of w over a surface bounded by c¢. Here we define the
circulation yielded by integrating along a circuit that encloses an airfoil as the bound
circulation. The bound circulation represents the strength of the vortices bound to the
airfoil. So that the circuit has to be chosen such that it does not enclose the free

vortices.

Kelvin’s theorem, or the law of conservation of circulation, states that for an inviscid,
barotropic flow (which is applicable in our case), the circulation round a material circuit
moving with the fluid does not change with time. Based on this, it is further stated in
Landau and Lifshitz [18] that if w=0 at any arbitrary point on a certain streamline, then
w=0 at all the points on that streamline. It is to be noticed that this statement is not true
for streamlines in contact with a solid body. A uniform flow is irrotational. We know,
therefore, that when it streams past a solid body, w keeps to be zero on all the

streamlines except the ones in contact with the body surface.

If curl v=0 everywhere in a flow, the flow is said to be irrotational. For irrotational

flow a velocity potential ¢ can be defined by



o= [vs, @2.5)

]

where O is an arbitrary fixed point, and P is the point at which the potential is to be

determined. Partial differentiation of equation (2.5) gives
v=Vo. (2.6)

In fact, the vector identity curl grad ¢=0 implies that a potential flow is necessarily

irrotational.

Taking the curl of equation (2.3), with some vector manipulation on the term (v-V)v,
it is found that the equation for conservation of momentum is satisfied automatically by
irrotational flow. To satisfy the conservation of mass, we substitute equation (2.6) into

equation (2.2). This gives the Laplace equation for the velocity potential
V24 =0. Q.7

Using equation (2.6) it follows that the (x,y,z) velocity components also satisfy the

Laplace equation.

2.2 Statement of the Problem

Throughout this thesis, we are dealing with two-dimensional airfoil problems. When not
specially mentioned, the discussions will be limited to the two-dimensional case.
Consider a thin, symmetric, rigid airfoil of chord ¢c=2b, with its mid-chord point at the
origin of a set of Cartesian coordinates (x,y). The x-axis is parallel to the uniform flow
at infinity, and points in the direction of the flow. The velocity of the uniform flow is

U,. The airfoil, with its mean position on the x-axis at [-b,b], is performing a small



amplitude simple harmonic oscillation at not too high frequency’ in the direction
perpendicular to the uniform flow (figure 2.1). We are to study the reaction of the flow

to the unsteady motion of the airfoil described above.

a =dSin{w i p)

Figure 2.1 A thin symmetrical airfoil undergoing small amplitude oscillation and the coordinate system.

2.3 The Governing Equation and the Determinant Conditions

2.3.1 The Governing Equation

As mentioned in the introduction, the potential flow problem is governed by the Laplace

equation. In the two-dimensional case this reads

7,3 2.8)
axl ayZ

In this circumstance, the problem can be represented with a complex potential

w(2)=+iy, 2.9)

where y is the stream function, u=3a8y/dy=0¢/0x, v=-0y/dx=08¢/dy; *=-1; z is a
complex number z=x+iy. Both ¢ and y in equation (2.9) satisfy the Laplace equation.

Velocity components are related with the complex potential such that

¥ More precisely, the magnitude of the frequency is limited such that its
product with the amplitude of the oscillation is small with respect to U,

10



a9 ;9 2.10)
dz ox oOx

For two-dimensional problems complex function theory is often used to construct
solutions of flow past more complicated configurations in a physical plane (z-plane)
from solutions at a simpler level in a mathematical plane ({-plane). The two planes are
related with a certain mapping function. For our problem, the Joukowsky

transformation

¢+ 2, @2.11)
4¢

will be used. It maps a circular cylinder of radius b/2 with center at the origin of the
{-plane to a plate at -b<x<b, y=0 on the z-plane (figure 2.2).

A n

® d ®

&

4
K/ K ? ’ ’ E

Figure 2.2 Transformation from a flat plate to a circle by z=¢+b%4¢.

2.3.2 The Boundary Conditions

In section 2.2 we have assumed that the airfoil is thin, the amplitude of the oscillation
is small, and the frequency of the oscillation is not too high. The implication of these
assumptions is that the dimension of the airfoil in the y-direction is small with respect
to that in the x-direction which we assume of order of unity, and the magnitude of the

perturbation velocity v is small with respect to U, O(1). While this is generally true

11



over the major part of the airfoil, it is not quite so at the nose of the airfoil where dy/dx
is not a small quantity. Fortunately, this violation is only very local. The properties

mentioned above allow a series of linearizations which simplify the problem.

First of all, with these assumptions, the velocity perturbation v due to the airfoil can
be separated into two parts, namely, a symmetric and an anti-symmetric perturbation.

The symmetric part, with

u](x9 8] =u1(x, Y 0, Vl(X,)’J) = —Vl(x’ Y, n, (2.12)

is the perturbation due to the thickness of the airfoil. It has no direct consequence for
the aerodynamic loadings, instead it gives rise to a potential wake as we shall see later.

This is often referred to as the thickness problem.

The anti-symmetric part, with
uz(X,)’,t) = _uz(x, B 0, Vz(x9yat) =V2(x5 =Y, n, (2 . 13)

is the perturbation due to the anti-symmetry of the configuration with respect to the
plane y=0. In the present case, where the airfoil is uncambered, the anti-symmetry is
due to the angle of incidence of the airfoil. This part gives rise to the lift force and

moment on the airfoil, and is referred to as the lift problem.

In equations (2.12) and (2.13) v,=iu,+jv,, v,=iu,+jv, represent the symmetric and
anti-symmetric part of the perturbation velocity respectively. The total perturbation is

v=v,+V,. For detailed derivation in this respect the reader is referred to Steketee [30].

Since only the lift problem has a direct consequence on the aerodynamic loadings, we
shall concentrate on this part. In what follows, we replace the thin, symmetric airfoil

with a flat plate.

The boundary condition for a flow past an impermeable solid body requires that on the

surface of the body the normal component of the flow velocity with respect to the

12



surface must be zero. This is sometimes referred to as the flow-tangency condition. Let
the flat plate be described by Y=Y(x,t), we define a quantity F(x,y,t)=y-Y(x,t). It has
to remain zero for any particular fluid particle in contact with the surface. It follows

that the material time derivative of F (DF/Dt) is equal to zero

%I; +HVWVF =0, on -b<x<b, y=Y(x,f) (F=0, equivalently). (2.14)

where V=iU,+v is the flow velocity. On the argument that the oscillation is of small
amplitude, equation (2.14) can approximately be written on -b<x<b, y=0, if we
expand it in a Taylor series at y=0 and neglect the quadratic and higher order terms
of Y.

Recognizing that

dF _ oY oF ay

== U +u)—=—(U +u)—, 2.15)
a o DTy

and the term udF/9x is small by an order with respect to U,dF/0x, on the assumptions

made above (u<Uy), the boundary condition can be written

ay )4
vb=5+an, on -b<x<h, y=0. (2.16)

With v, we denote the velocity of fluid particles in contact with the solid surface. Here,

the linearization is applied the second time.

As usual, we require that the perturbation velocity v vanishes at infinity, except in the

neighbourhood of the wake.
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2.3.3 The Kutta-Joukowsky Condition

Consider the plate at -b<x<b, y=0, on the z-plane. A uniform flow with complex
potential Ugze™ at infinity streams past it. Here, « is the angle that the uniform flow
makes with the x-axis. In the far field, this is equivalent to a uniform flow with
potential Upfe ™ at infinity past a circle of radius b/2 at the origin of the {-plane, since
from equation (2.11) it is clear that {=z at infinity. The solution of this problem in the
{-plane is (Steketee [30])

W(C)=U{Ce -ia+a?zeiu)+£1nC+E (2.17)

2n 2r’

i.e. a superposition of the uniform flow, a doublet of strength 27Uja? at the originf,
and a circulation of strength T' around the circle (the bound circulation). The term
T'a/27, being a constant is of no importance here. The velocity field can be calculated

with equation (2.10)

. _dwd(
u-iv=——>
ag dz
-ia ir i b2 b2
=(U,e +21rC*U°e 4—(—2-)/(1"4—{2) (2.18)

We notice here that the value of the circulation is not unique. In fact, the circulatory
flow has the circle as one of its streamlines. No matter what value it attains, it has no
effect on the flow tangency condition on the circle, i.e. the normal component of
velocity is not affected. Also, from equation (2.18) it appears that the flow velocity is
singular at the leading and trailing edge. This is physically quite difficult. In reality, the
rounded nose of an airfoil resolves the difficulty at the leading edge. For the infinite
velocity at the trailing edge, we introduce the Kutta-Joukowsky condition which requires
that the flow leaves the trailing edge smoothly. Implementation of the Kutta-Joukowsky

condition implies that the circulation has to be chosen such that the numerator in

* The axis of the doublet is in the opposite direction with respect to the
uniform flow.
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equation (2.18) becomes zero at the trailing edge {=b/2, hence I'=27bUgsina. The
steady lift force is determined with the Kutta-Joukowsky theorem

L=pU'=2pnbU_sine. (2.19)

Some discussion about the nature of the Kutta-Joukowsky condition will be given in
section 2.6. Nevertheless, it seems to be pertinent to make the observation here that this

condition is in fact a representation of the viscous nature of a real flow.

2.3.4 The Conservation of Circulation

In the unsteady motion of an airfoil, the Kutta-Joukowsky condition has to be satisfied
at every moment. Accordingly, the bound circulation varies with time. In view of the
inviscid and incompressible nature of the fluid in question, the law of conservation of
circulation is valid, i.e. the total circulation in the whole flow field has to be constant.
As the bound circulation changes, there must be vorticity shed from the airfoil. The
circulation of the shed vorticity is equal to the change of bound circulation in
magnitude, but opposite in sign, such that the total circulation in the flow field is
unaltered

dar
o[, = bounds, (2.20)

shed dt

where 6t is the time interval in which the shedding process is considered.

For the convenience of discussion, we call the streamline that emanates from the
trailing edge a wake, though this is a term usually associated with the viscous flow. In
the present context, the wake is seen as a sheet with infinitesimal thickness. We assume
that the shed vortices are distributed on this sheet. The circulation of the distributed
vortices per unit length along the wake is denoted with +. Its dimension is [L][T]*. We

notice that v is different from w in that the dimension of  is [T].
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Consider a point P which is a distance r away from a straight line vortex whose
strength is T'. From elementary fluid mechanics we know a velocity with magnitude
I'/2#r will be induced at P. In the present case, we see the distributed vorticity in the
wake b<x < + oo as an assembly of vortex elements y(x,t)dx". Collectively they induce

on the airfoil a velocity

V095 - fY(E Dge, _bexs<h, (2.21)

in the y-direction. The flow field in the neighbourhood of the airfoil is thus affected by
the vortices in the wake. In fact, it is for this reason that in the unsteady airfoil problem
the influence of the shed vorticity must be taken into consideration. The exception is
the limiting case where the unsteadiness is very weak, the so called quasi-steady case

where the wake influence can be neglected.

To evaluate the induced velocity written in equation (2.21), the distribution of the shed
vortices has to be determined. In a two-dimensional inviscid flow, the vortex strength,
v (in the case of wake vortices y(x,t)=u(x,0*t)-u(x,0,t)), is conserved by fluid
elements, so that shed vorticity must move with fluid particles to which it is attached.
In the classical theory, assuming small perturbations, the shed vorticity is assumed to
be convected away from the airfoil with the constant main stream velocity U,.
Observing at a point fixed in space one has then

ay Uay

(2.22)
a ‘ox

£

or in integral form

t The length of the element depends on the velocity with which the shed
vorticity is convected, dx=Udt. Considering the conservation of
circulation it can be written for the shed vorticity at the trailing edge
Uxy(b,t)=-dI',/dt, where the subscript b stands for bound.
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Y=y(x-Uyp). 2.23)

If, however, the convection velocity of the shed vorticity is, instead of constant, a
function of the distance from the airfoil, U=U(x), then the conservation assumes the
following form
9y, oY) g (2.24)
o Ox
Obviously, it reduces to equation (2.22) if U(x)=U,=const. In the classical theory

equation (2.22) is used. In the present thesis equation (2.24) will be used to account for

the variable convection speed U(x) in the wake.
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2.4 Thin Airfoil Oscillating in a Uniform Flow

In this section we are to treat the problem as posed in section 2.2, subjected to the
conditions discussed in the last section. The thin airfoil is replaced with a flat plate
described by Y=Y(x,t), -b<x<b.

To elaborate the mechanism of the problem, we shall follow the conformal mapping
method, constructing the solution with source and vorticity distributions. The source
distribution will be used to meet the flow tangency condition on the surface, while the
vorticity distribution is to satisfy the Kutta-Joukowsky condition at the trailing edge.
The far field condition that the perturbation velocity vanishes at infinity is automatically
satisfied, since we know the perturbation velocity due to a source and/or vortex decays

towards zero as the distance increases.

2.4.1 The Non-circulatory Solution.

In view of the anti-symmetric property (with respect to y=0) of the lift problem, a
source and a sink distribution can be put on the two sides of the plate, or the two halves
(upper and lower) of the circle in the {-plane. The distribution is anti-symmetric, i.e.
q(x,0%,t)=-q(x,0,t). The dimension of q is [LJ*[T]". It is shown in Milne-Thompson
[24] that such a combination of source and sink implies that the circle itself is a
streamline in the {-plane, i.e. for such a distribution, the normal velocity component

at a boundary point depends only on the local singularity.

The singularity distribution can be determined by requiring that the normal velocity it
induces on the boundary be equal to v, calculated with equation (2.16). Consider a
distribution of source on the upper surface of the plate, q(x,0%,t), -b<x<b. This

distribution has a perturbation potential
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b
$,(x, ,t)=—1— f q(£,0",Dlny/(x-£)*+y2dE (2.25)
2n’,

in the flow field. Here, (£,7) are the coordinates of the source point, and (x,y) are the

coordinates of a field point at which the perturbation potential is to be calculated.

A’

qrdp

&

?
o 3

2y

-qrdp

Figure 2.3 Equal strength source and sink at two mutually conjugate points

have a circle as a streamline with the center at the origin.

The normal velocity component it induces near the upper surface can be calculated as

follows.

o,

v(x,0%,0)=lim
y-0"

b
=ilimif4(i,0+,t)IHV(x‘E)2+y2dE
27 y-0* ay b

! } aE0'D 4o

=—limy 2
27y (x-E) +y?

(2.26)

In the limit y=0*, the contribution of the integral is caused to vanish due to the
multiplying factor, except at £=x where the integrand is singular. By isolating this

singular point with a short segment of length 2¢, centered at it, we have
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ep Lo F g(,0%0)
v(x,0 ’t)_ﬂil-?y,{ mdﬁ. 2.27)

Suppose the distribution is continuous, |q(£,0%,t)-q(x,0%,t)| is O(e). Replacing
q(£,0%,t) with g(x,0%,t), and using variable substitution £’ =x-£, we have

+ i /
v(x,O*,t) - q(x’o st) lim y dE
2 o T ey
= q(x90 ’t) lim [tan—l(_e_) _tan—l(_i)]
2z . y

y-0 y
:%q(x,onr), 2.28)
if the small quantity ¢ is fixed and y made approaching zero. Satisfying the boundary

condition, we find the source distribution on the upper surface to be

q(x,0°,0)=2v (x,0). (2.29)

In fact, this result is in agreement with what would be expected physically. The out-flux
of the source distribution can only leave the sheet on its two sides. In the {-plane, half
of the emission goes outside and the other half goes inside the circle. While in the z-
plane, the exterior of the circle is mapped to fill the whole surface, and the interior is
mapped into the second Riemannian surface. The slit b<x<b, y=0 is a cut in
mathematical terms. So half of the source flux goes outward, the other half goes to the
second of the two sheeted Riemannian surface. If the source distribution has a strength

of q, then the normal velocity it induces at the boundary is q/2.

Similarly, for the sink distribution on the other surface of the plate we have g(x,0,t)

=-2v,y(x,1). In the {-plane, the source and sink distribution is
b b .
4('2—,%1)=‘¢I(§,'q>,t)=4vbsm(p, (2.30)

where (b/2,¢) are the coordinates of the source point on the circle. The factor, 4, on
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the right hand side of the equation is due to the stretching in the Joukowsky
transformation (Appendix A.1).

With some trigonometrical operation (Appendix A.2), the tangential velocity at a point

(b/2,6) on the circle due to this distribution can easily be calculated

in?pd
v e__f VoI PP (2.31)
cos<p—cosB

The perturbation potential follows from

$-0o=[vd, 2.32)

Xg

where ¢, is a reference value. The path of integration does not have to be specified as
long as it does not go through the circle, or the cut in the z-plane, since in a simply
connected region, for an analytical function, it is not the route but the two ends that are
relevant. Substituting equation (2.31) into equation (2.32), the perturbation potential on
the circle surface can be determined. The pressure, p, on the surface can be calculated

with the help of the linearized Bernoulli equation for unsteady flow (Steketee [30])

p-p.=—p(U, ‘3¢+ ¢), (2.33)

where p,, is a constant ambient value. Integration of the pressure difference on the two

sides of the plate yields the lift force

b
L= [, p)dx
-b

b
=202 [¢,ax, 2.34)
o,

where the subscript nc denotes the non-circulatory part of the lift, while / and « stand

for lower and upper surface respectively. It is interesting to note that this part of the
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lift depends solely on the unsteadiness of the motion of the plate which is assumed to
be rigid. In fact this force arises from the acceleration of the fluid due to the time
dependent motion of the plate. It is referred to as the apparent mass force. From the
origin of this force, it is clear that it is proportional to the square of the frequency for

an oscillatory motion. Similar conclusions also apply to the moment of the forces.

2.4.2 The Circulatory Solution

The non-circulatory solution derived in the last paragraph is generally incapable of
satisfying the Kutta-Joukowsky condition. To show this, we examine the tangential
velocity, u, in the z-plane. From equation (A.3) it follows that

Hpe
|2sin8 ]’ (2.35)

on the plate. The denominator becomes zero at the trailing edge, which corresponds to
6=0, 2= in the {-plane. Hence, the velocity on the z-plane will generally have an

infinite value at this point.

As we did in paragraph 2.3.3, a bound circulation with proper strength T';' will be
superimposed on the non-circulatory solution, equation (2.31), to make the numerator
in equation (2.35) zero at =0, 2« in the final solution. Corresponding to the bound
circulation T, there must be a counter vortex of strength -T', in the wake so that the
total circulation in the whole flow field is unchanged. The wake vortex is assumed to
move with the uniform flow velocity U, along the x-axis in the z-plane. The positions
of the bound and the wake vortex are resolved on the consideration that the flow-
tangency condition satisfied with the source-sink distribution must not be violated by

the superposition of the vortex pair, i.e. the plate (in the z-plane) and the circle (in the

¥ To facilitate the discussion, we consider in the first instance a discrete
vortex, -T'; in the wake. For continuous vortex shedding, this can be
understood as a vortex element, with I'y=+d¢.
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{-plane) must be streamlines of the vortex flow. This requirement implies that
corresponding to the wake vortex, the bound vortex is at the image position inside the
circle (figure 2.4). For a circle with radius b/2, the distances of the two vortices from

the center of the circle has the relation &, =b%4¢,,.

A"
T, T
/a/ . O A /}o >€
[
M6 &

Figure 2.4 The relation of £,=b%/4£,, implies the wake and the bound vortex

have the circle of radius b/2 as one of their streamlines.

Differentiating this relation with respect to time, it emerges that as the wake vortex

moves with velocity u,, away from the circle, the bound vorticity moves with velocity

(2.36)

towards the center.

Consider first the discrete vortex configuration as shown in figure 2.4. With some
manipulation (Appendix A.3), the tangential velocity component on the circle due to the

vortex pair can be written

T 2 _(bf2)*
ve(2,6)=— £, -(02)

Zo ' 2.37)
2 b g2+ (b2)*-E, bcosh

At 0=0, i.e. the trailing edge in the z-plane, this is
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T, £, +b/2
V(2 0=-—2

, 2.38
nb €, -bf2 @39

The location of the wake vortex, £,, is not arbitrary. It is related with the
corresponding position on the x-axis in the z-plane through equation (2.11). Since the
wake vortex is moving along the real axis, letting n=0 and y=0 in the Joukowsky

transformation, we have

x=E+—, y=0. (2.39)
3 T: y
This has an equivalent form
x+b - E+b2
x-b E-b2’ 2.49

The perturbation potential on the surface can be calculated in the following way

@)=~ vegde

[}
_To -2 | 4o
2n s £2+(B/2)*-Ebcost

25 arctan[ E-b2 ‘ 1 +cos6]’
T E+bf2\ 1-cosD 2.41)

in which it is assumed that the potential vanishes at the leading edge where 6=m. In

view of equation (2.40) this can be written

I‘O
=—arctan

= - (2.42)

x-b| 1+cos
x+b| 1-cosO

The pressure difference across the plate is
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PuPr” [ 3 bsind 90
ddr_ Y oo

ax di bsin® 90

pU I (x+bcose)

(2.43)
nbsin®yx2-b2

o Uy a¢}

=—2p

Concerning the continuous shedding of vortices, we replace I'; in the above equations

with -ydx, and accounting for the accumulated effect of the shed vortices distributed
along the whole wake. Therefore

pU, }x+bcose

nbsin® ‘/Tﬁ

(1-cos0)+ cose v(x,t)dx.
Trbsmﬂ m J (2.44)

Superposing the non-circulatory flow (equation (2.31)) and the circulatory flow (integral

p, P~

v(x,0dx

form of equation (2.37)), we satisfy the Kutta-Joukowsky condition at #=0 with
sin?qd p
f PRI L 2y wpao. 2.45)
cosg-1 b AR

Once v, is specified the first integral in the above equation can be calculated
Accordingly, v can be determined from this integral equation. For convenience in

further calculation, we introduce a factor Q, and rewrite equation (2.45) as follows
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1 }vbsinchdo

T, COSQ -1
__ 1 T ( x+b
= E_T.c—b'{. Ey(x,t)dx. (2-46)

Making use of this, equation (2.44) can be written

pU, 7| « x+b
_p= —=  (1-cosB)+, | Z—cosO |[y(x,0)dx
PPy thsinﬁf /xz_bz( ) x-b ]Y( )

b

o

X

- 20U, 0| cotd+ 1-cosB b yx*-b>

sin® = b '
[ o reends
A x-b

The ratio of the two integral represents the effect of the wake vortices. It also appears

¥ (x,0)dx

(2.47)

in the calculations of force and moment.

Now, we restrict the motion of the airfoil to be simple harmonic,
vy =V(x)e™, -bsx<b. (2.48)

We assume that the oscillation has gone on for an infinitely long period, so that a
stationary state has been reached. In such a way, the strength of the shed vorticity in

the wake varies also harmonically. In view of equation (2.23), it shows a wave pattern

Y(x’t)z,?ei(wt—h‘)’ (249)

where k=wb/U, is the reduced frequency, and x"=x/b is a dimensioniess distance.
Recognizing that «/U, is inversely proportional to the vortex wave length, we

understand that the reduced frequency in fact represents the wave structure.
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Observing equation (2.49), the ratio in equation (2.47) can further be calculated

oo

X
dx
I Vi
7| x+b
e
Yemtbf —ilcx'dx*
0 x'+1 - .
tbf — ikx” e
{ -ikt'dx*
- (2.50)

+1 —zkx dxx,
N

which is a complex function of the reduced frequency only. Theodorsen identified the
integral in the last line of equation (2.50) as Hankel functions of the second kind, and
wrote

) K
Ck) =F(k)+iG(k)=——H—1£)—. 2.51)

HP()+iHP (k)

This function is called the Theodorsen’s function. Figure 2.5 shows a plot of this

function in a polar coordinate system.

Figure 2.5 The Theodorsen’s function plotted in a polar coordinate system.
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The force on an oscillating airfoil therefore consists of two parts, namely, a non-
circulation related force, as expressed with equation (2.34), and a circulation related
force. Integration of equation (2.47) shows that the circulation related force is

proportional to Theodorsen’s function C(k) (Bisplinghoff, Ashley & Halfman [4])

L =2npUbpQC(K). (2.52)

Comparing equations (2.52) with (2.19) we see that the circulation related lift force has
essentially the same structure as the steady lift. In both cases, it is the upwash at the
3/4 chord point from the leading edge that determines the force (in the steady case this

is Ugsine uniformly over the chord), as we shall see below.

Consider a composite motion of heaving and pitching about the mid-chord point of the

airfoil. The velocity on the plate can be written

v, =h+Uyo +éx
=h+Uyo +ébeosg, 2.53)

where the dots designate differentiation with respect to time.

Substitution of equation (2.53) into the first line of equation (2.46) yields

Q-+, (2.54)

which is the upwash at the 3/4 chord point from the leading edge. Referring to equation
(2.52) we see that in fact it is the modified upwash that determines the circulation
related force in the unsteady case—the "natural” upwash, Q, is modified by the
perturbation of wake vortices in terms of C(k). In some circumstances the influence of

the wake vorticity is referred to as the memory effect.

The memory effect can be appreciated by considering two limiting cases. Referring to

figure 2.5, we see that at very low reduced frequency, i.e. k-0, the value of the
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Theodorsen’s function approaches unity, implying that the wake vortices’ modification
to the upwash is negligible. Physically, this is because in the very slow oscillation of
the plate, there is time (o 1/w) long enough for the shed vortices to be transported (with
velocity Uy) far away from the plate, in comparison with its chord ¢. As a matter of
fact, in such a circumstance the quasi-steady argument is valid, which assumes that the
shed vortices are swept to infinity instantly, so that the lift on the plate is solely

determined by the (equivalent) angle of incidence a+h/Uy+ab/2U,.

At very high reduced frequency, on the other hand, the vorticity wave length (o< Uy/w)
is very small with respect to the chord. Considering the phase shift of the vorticity
element along the wake, it can be expected that the perturbation due to the wake
vortices collectively would become constant. In fact, it is seen in figure 2.5 C(k)—~0.5
as k—oo. From the two aspects discussed above, it can be concluded that the memory
effect is 1-C(k).

2.5 The Kutta-Joukowsky Condition

As mentioned in section 2.3, the Kutta-Joukowsky condition represents the viscous
nature of a real fluid in the terminology of potential flow. According to Prandtl and
Tietjens [27], in experiment it can be observed that at the very initial phase when the
airfoil is set into motion with small angle of incidence, the flow pattern is indeed as the
one calculated without imposing the Kutta-Joukowsky condition (e.g. I'=0, in equation
(2.18)). However, this state cannot last long. After some moments, a starting vortex is
found to be shed, and the flow from the two sides of the airfoil joins smoothly at the
trailing edge, indicating that the Kutta-Joukowsky condition is satisfied. This state is

stable until the motion is otherwise altered.

The condition results from the interaction between the outer potential flow and a thin
layer of viscous flow (the boundary layer) around the airfoil in which the vorticity

congregates. The interaction determines that, within restricted parameter ranges, only
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those outer potential flows that satisfy a Kutta-Joukowsky condition are compatible with
an acceptable inner viscous structure (Crighton [11]). It seems appropriate to point out
though in the stable motion, i.e. the Kutta-Joukowsky condition is met, the viscous-
inviscid interaction is mild (in the sense that the viscous region has only minor influence
on the remainder of the flow through its thickness), the viscous flow at the trailing edge
has nonetheless the strongest effect, since its existence changes the flow field
completely. For motions of practical interest the thickness of the viscous layer is of
higher order small with respect to the characteristic length in the potential flow, say,
the chord length. So we shall leave the study of the viscous flow structure for the next

chapter, since we can not see it presently with the potential flow scale.

For steady flow, satisfaction of the Kutta-Joukowsky condition implies the establishment

of a number of other facts.

1). The vorticity shedding vanishes. This statement is based on the
consideration of conservation of circulation. When the steady state is
reached, the bound circulation remains constant, so that there is no
vorticity shedding. If we look microscopically, it appears that the
circulation of the vortices carried from the boundary layers on the two
sides of the plate is equal in magnitude but of opposite direction.

Merging at the trailing edge they cancel each other.

This observation is equivalent to saying that the flow velocities on the two sides of the

trailing edge are equal, which implies

2). The loading at the trailing edge is zero.

For steady potential flow Bernoulli’s equation

p=p,,-%p v, 2.55)

holds in the whole flow field. Designating with subscript « and / for
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upper and lower surface respectively, the loading at a cusped trailing

edge is

1
PP 5P ViV
=pUy(u,-u,) + O(u,u}). (2.56)

If the vorticity shedding vanishes, then u,-u;=v=0 at the trailing edge.
Therefore, the pressure difference at the trailing edge is zero. This is

correct to at least O(u,?, u?).

3). For an airfoil with non-zero wedge angle, the stagnation streamline

emanating from the trailing edge bisects the wedge angle.

There have been ambiguities about this condition, when for instance the trailing edge
is not strictly sharp, or if the viscous layer is considered with finite thickness. In fact
Kiissner [17] argued explicitly that instead of coinciding with the sharp trailing edge,
the rear stagnation point should be allowed a small distance away from it. As to how
large this distance should be, he maintained that experimental investigation must decide.
Lately, with the development of local interaction theory, it is confirmed that this
conjecture is indeed the case (Brown & Stewartson [8]). The same is true for the
unsteady motion of an airfoil. Corrections to the bound circulation determined with the
formal Kutta-Joukowsky condition were made in line with this (Brown & Cheng [6],

Brown & Daniels [7], Brown & Stewartson [8]).

2.6 Discussion

The classical theory of unsteady motion of an airfoil in a uniform flow has been
discussed. The boundary condition specified according to the airfoil motion was
satisfied with certain singularity distributions. The functional form of the vorticity

distribution in the wake was determined with Kelvin’s theorem along with the
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assumption that the transportation of the shed vorticity was with the uniform flow
velocity U, for the lifting problem. The parameters of the vorticity wave in the wake

were resolved by enforcing the Kutta-Joukowsky condition at the sharp trailing edge.

Subject to Kelvin’s theorem, the assumption of uniform convection of the shed vorticity
is specific for the isolated lift problem, under the restriction of small perturbation and
potential flow. In fact, we have observed in section 2.4 that the shed vortices were
transported with a non-uniform velocity away from the circle in the {-plane, because

of the potential wake behind the circle.

Kiissner [17] solved a similar problem with consideration of the finite thickness of an
airfoil. He was able to show that due to the thickness of the airfoil the memory effect
(wake function, in his terminology) is not 1-C(k), as we have seen in section 2.4 for
only the lift problem. It only approaches this value in the limit where the thickness ratio
tends to zero. This is because the thickness of the airfoil gives rise to a non-uniformity
(’potential wake’). Instead of being uniformly the main stream speed, the convection
of free vorticity must now follow the velocity development on the streamline emanating
from the trailing edge. In such a way the memory pattern is changed. It should be
pointed out that the non-uniformity due to the thickness effect subsides very quickly,

since in the far field the thickness of the airfoil has an effect as a dipole.

In conclusion, we notice that the transportation of the free vorticity is of essential
importance for the unsteady airfoil problem. In addition to the potential wake, for a real
fluid there is also a viscous wake behind the body it passed. Curiosity therefore arises:
will there be any modification to the memory pattern in this connection? If so, what the

consequence will be?
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Chapter 3
The Unsteady Flow Around an Airfoil in a Real Fluid

3.1 Introduction

In chapter 2, the potential flow due to the unsteady motion of an airfoil is discussed.
There, it was assumed that the fluid is inviscid and incompressible for convenience of
the study. Since the assumptions are approximations to the properties of a real fluid,

they are valid only under certain restrictions.

The assumption of incompressibility is true only if the magnitude of the flow velocity
is small with respect to the speed of sound. For the problem in the present study this
condition is generally met. Therefore, the incompressibility assumption is considered

to be valid in the present circumstances.

Fluids in reality are viscous. They react on the rate of shear strain with a shear stress.
For a Newtonian viscous fluid which streams parallelly with v={u(y),0,0}, this is
—LY 3.1)
dy

where p is the coefficient of viscosity of the fluid. The magnitude of y varies from fluid
to fluid. For air at normal conditions (20 °C, one atmosphere pressure) it attains a
small value of 1.81*10° kg/(m sec). Clearly, in view of equation (3.1), the inviscid
assumption is valid only when du/dy is not too large. While this is the case for the
major part of the flow, it is not true in the regions close to the body surface (the
boundary layer) and its down stream extension (the wake). Flows in these regions are
viscous. These regions are of special interest for our problem, since we recognize that
vorticity (du/dy in this case) is exclusively located there. In this chapter, we are to

study the flow behaviour in these viscous regions.
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In the present context, mass conservation is described by equation (2.2). However, the
equation that prescribes the momentum conservation is different from the one for
inviscid flow (equation (2.3)), because in addition to the inertia and pressure force,
there is now also a viscous force. Considering the balance of all these, the equation for

the momentum is written in the form of the Navier-Stokes equations

iv—+(v~V')v=——1—Vp+vV7'v, (3.2
ot P
where y=p/p is the kinematic viscosity of the fluid.

The distribution of vorticity is of major interest in our study, as elaborated in chapter
2. For this, we take the curl of the Navier-Stokes equation. With some vector

manipulation (Appendix B), we obtain the vorticity transport equation for viscous flow

%+(V-V)w=(w'v)v+v\72m. (3.3)

The first term on the right hand side of equation (3.3) represents the stretching of a
vortex line with a consequent increase in vorticity, while the second term shows the rate
of change of vorticity due to viscous diffusion. In the case of two-dimensional flow,
where v={u(x,y,t),v(x,y,t),0} and w={0,0,ws,}, the stretching term drops out. The
vorticity transport equation becomes
Do _ e, (G.4)
Dt
where D/Dt=49/8t+v+V, is a time derivative following the motion of the fluid. From

this, it is clear that for two-dimensional viscous flow the change of vorticity following

a fluid particle is due to viscous diffusion.

The boundary condition on the surface of a rigid body requires that both the normal and
tangential velocity component of the flow must be equal to those of the boundary itself,
i.e. the flow may neither penetrate through (or separate from), nor slip over the surface

of the body past which the flow takes place.
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The relative magnitude of the inertia and the viscous force determines the nature of
fluid motion. Based on dimensional analysis, it can be argued’ that for steady flow the
inertia force is of order pU,Y/L (L is a characteristic length in the flow, past which the
flow velocity has a change of order Up), while the viscous force is O(uUy/L?). The

Reynolds number, defined as

Re-=—%" 3.5)

represents the ratio of these two forces in a global sense.

For large Reynolds number flow, as is the case in airfoil theory, the flow is essentially
dominated by the inertia force, and viscous terms in the governing equations can
therefore be neglected. One is left with Euler’s equations for inviscid flow (equation
(2.3)). Study of this leads to a so called outer solution to the flow problem. The
simplification of neglecting the viscosity cannot be carried out uniformly in the whole
flow field, however. In the boundary layer and wake region the viscosity may no longer
be neglected. Study of the flow behaviour in these regions gives an inner solution. The
two solutions have to match at the edge of the boundary layer. In this chapter we are

to discuss the flow behaviour in the inner region.

' This is obtained by inspecting the convection term, (v-V)v, and the
viscous term, »V?v, in the momentum equation. Assumption is made that
U, is a typical value for flow velocity, and L is a characteristic length
scale for the flow.
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3.2 The Scales

Airfoil problems are usually characterized by large Reynolds number flow. Globally
this indicates that the flow is essentially of inviscid nature, as assayed in the last
section. In fact, this is true only for the flow at some distance away from the body. For
this part of the flow it is indeed so that the velocity can have an appreciable change
over a distance of the order L (in airfoil problems, L is taken to be the chord length c).
Very close to the surface of the body, however, the situation is different. We consider
the velocity change in the normal direction of the body surface. As the boundary
condition requires, the tangential velocity of the flow is zero on the surface. Away from
the surface, it increases and assumes the value of the outer inviscid flow which is
O(U,). This transition happens in a region adjacent to the solid surface, which is
referred to as a boundary layer. Since the flow velocity changes from zero at the solid
surface to O(U,) at the outer edge of the boundary layer, the thickness of the boundary
layer is the relevant characteristic length in this case. It determines the magnitude of
the velocity gradient du/dy, and hence, the magnitude of the viscous force in this
region, as observed in the last section. Assuming that the viscous force be of the same
order of magnitude as the inertia force in the boundary layer, we can estimate its
thickness §
vU, Uo2 L (.6)

o L 5-0 :
82 L (Re”z)

Clearly, for large Reynolds number flow as we have in our problem the boundary layer

thickness is small with respect to the characteristic length L.

The flow problem studied with a length scale L leads to an outer solution, in which the
boundary layer cannot be perceived, since as shown in equation (3.6) its thickness is
of higher order small with respect to L. In the outer solution the flow can be considered
to be inviscid in view of the large Reynolds number. Close to the boundary, however,

the situation is different. In the streamwise direction the characteristic length is still L.
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In the normal direction the characteristic length is the boundary layer thickness 3, since
flow velocity changes from O to U, within this distance. Study with these scales leads
to an inner solution which satisfies both the no-slip and no-penetration condition on the
wall, if the wall is impermeable. The correctness of the solution is deduced from the
requirement of consistency, i.e. the inner and the outer solutions must match each other

at the outer edge of the boundary layer.

The boundary condition for flow past a rigid body is quite different for inviscid and
viscous flow. For inviscid flow (»=0) there is only the no-penetration condition. The
fluid is allowed to slip over the body surface. While for a real flow (v#0, however
small it may be), in addition to the no-penetration condition, the no-slip condition has
also to be satisfied. Mathematically, this can be understood by noting that from viscous
to inviscid flow the momentum equation is reduced by one order, correspondingly the
number of boundary conditions is also reduced by one. The reason why the no-slip
condition is removed for the outer flow can be understood with some physical
consideration. Since the thickness of a boundary layer is small with respect to the outer
flow scale L, in the study of the outer solution it then appears that the fluid slips over

the body surface.

Boundary layers interact with the outer flow generally in two ways, namely, the weak
interaction in which the boundary layer remains attached and the outer flow is not much
affected; and the strong interaction in which the flow separates from the body, leading
to a (outer) flow pattern which differs in large degree from that predicted by the
inviscid theory. In a weak interaction the boundary layer flow can be determined with
the outer flow solution. It affects the outer flow with its displacement thickness which
arises from the velocity defect, U-u, (U is the flow velocity outside the boundary layer)

in the boundary layer. This thickness is defined as

1 IS
6=T]{(U—u)dy. (3_7)
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The displacement thickness introduces a linearized pressure perturbation to the outer

flow in terms of the Hilbert integral
U 6'(x)
pix)=—p [—
T x-x,

-0

dr, 3.9)

where the prime denotes the differentiation in the streamwise direction.

In boundary layer theory, streamwise gradients are assumed to be small with respect
to those in the normal direction. However, there are certain regions in the flow, such
as the neighbourhood of the trailing edge of a plate, or the front end of a separation
bubble, where the streamwise gradient does not satisfy this assumption. Conventional
boundary layer scales are not sufficient in resolving what happens locally in these
regions. Instead, a large streamwise gradient appears in the usual boundary layer theory
as a singularity (Meyer [22]). An appropriate stretch transformation of the coordinate
in the flow direction is therefore necessary for studying the local flow structures.
Efforts to this end lead to the establishment of the so called local interaction theory.
This theory is essentially based on the following four features which are derived from
physical considerations (Meyer [22]).

1).The displacement thickness remains of order Re’'? throughout;

2).Changes of velocity or pressure in this region might penetrate farther into the

flow than does a weak interaction, but not to distances independent of the

Reynolds number;

3).The region is quite short in the flow direction depending on the Reynolds

number(in usual boundary layer theory the length scale in this direction is

L—independent of the Reynolds number.);

4).The flow structure in this region has to match the upstream boundary

layer flow.

As we shall see in section 3.4, this theory predicts a rather complicated multi-layered

structure in the neighbourhood where local interaction occurs.
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3.3 The Boundary Layer and the Wake

We consider cases with two-dimensional flow past an impermeable body fixed in space.
Let a coordinate system be chosen such that x measures along the tangential, y along
the normal direction on the surface. We denote with u the velocity component in the
tangential direction and v the component in the normal direction. For the convenience
of discussion, we write the Navier-Stokes equation in component form for the two-

dimensional flow

o1, (P Py (3.9)
o ox Jdy pdy (ax? g?
The equation of continuity is
ou, v g (3.10)

We refer all the linear dimensions to the characteristic length L. The thickness of the
boundary layer, &, is a small quantity with respect to L for large Reynolds number flow
(equation (3.6)). Let U, be some typical value for u. Then, we have for the boundary
layer flow du/dx ~ O(Uy/L) and av/dy ~ O(v/8). In view of equation (3.10) terms du/dx
and dv/dy must be of the same order of magnitude. Recognizing that v=0 at the wall,
it can be concluded that v is O(Uy/L), i.e. a small quantity with respect to U,. Based

on these, the following properties can be inferred

ue Ue U, U,
u@ =0(—2), v@ =0(—2), @:0(_0), @:0(_0);
ox L oy L x? LY oyr 8§
av av_ Uod v Up @y U

__Upd ) ,
e O Ve 0T @O 5% ey

The magnitude of the kinematic viscosity » can be written O(U,6%L) by virtue of
equations (3.5) and (3.6). Substituting these into equations (3.9) and viewing them as
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expressions for dp/dx and dp/dy respectively, it follows that [dp/dy|< |dp/ax|.
Considering the estimation of order of magnitude made above, the Navier-Stokes

equations can be simplified as

du,u du__ldp o (3.12)

—_——

a ox oy pdr gy?

if terms involving small quantity 6 are neglected. The boundary conditions are
u(x,0)=v(x,0)=0, and at the outer edge of the boundary layer where y/§~oo (y is with
the length scale of outer flow, O(L)), the tangential velocity should approach the value

in the outer flow, i.e. u—U.

The magnitude of the time derivative term, du/dt, deserves some consideration. If du/at
is O(U,Y/L), then the time derivative term is of the same order of magnitude as the
other terms. The equation describes the flow motion in an unsteady boundary layer. In
this case the time scale must be O(L/U,). If the time scale in an actual problem is larger
than this (the variation in time happens more slowly), the time derivative term drops
out and the problem reduces to a steady one. If, on the other hand, the time scale is
smaller than O(L/U,) the variation is too rapid so that the viscous flow exhibits other

features, as we shall see below.

Vorticity is generated at a solid boundary when flow passes a body. Considering
equation (3.4) we see that the viscosity of the fluid has the effect of diffusing the
vorticity, while the convection of the flow (represented by the nonlinear terms on the
left hand side of the equation) carries the vorticity down stream. In fact, it is the
interplay of these two effects that suggests the thickness of the boundary layer. Given
the coefficient of kinematic viscosity », the time taken for vorticity to diffuse a distance
of order & (the thickness of boundary layer) is O(6%/v)—a typical time scale for diffusion

problems. In the mean while the vorticity is convected a distance x=0(U8%»), so that

1
a(x)«(i’f)iz 2 (3.13)
Us) JRe(®
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The time scale in the above discussion is O(L/U,). We now consider a case, where the
time is not limited to this, through the second problem of Stokes. This problem
concerns an infinite flat plate oscillating parallel to itself (in the x-direction) with an
angular frequency w in a stagnant viscous fluid (Schlichting [29]). In such a case the

Navier-Stokes equation is simplified to a diffusion equation

o o8 (3.14)
ot gy?

with boundary condition «(0,¢) =écoswt on y=0. The solution of this is
u(y,t)=de VO cos(wt -2V y). (3.15)

It is clear that u# decreases exponentially with the distance from the wall. Over a

distance

8,~0(/v]®), (3.16)

the amplitude of the velocity reduces to Uye. This defines the thickness of a Stokes
layer. It is sometimes referred to as the penetration depth. Vorticity generated by the
unsteady motion of the body is largely confined to this layer. Clearly, the thickness of
the Stokes layer decreases with increasing frequency. We notice that the Stokes layer
has the feature that the viscous term in the equation of motion is balanced by the term

involving the time derivative.

We now return to the usual boundary layer problem, and let a plate of finite length L
oscillate in a uniform flow (the flow is parallel to the plate) U,. If w is O(L/U,), then
the penetration depth is of the same order of magnitude as the boundary layer thickness.
This is very easily checked with the relation (3.16). If w is large with respect to Uy/L,
the Stokes layer is embedded in the boundary layer.

Friction of the viscous flow in the boundary layer consumes energy. In the case where
the flow has to go against a substantial pressure rise, i.e. dp/dx >0, the kinetic energy

having been consumed so, the fluid particles in the boundary layer cannot accommodate
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the pressure rise (their kinetic energy is less than the pressure energy implied by the

outer flow). Boundary layer separation will then occur (Schlichting [29]).

When flow separates from a body and does not reattach, it leaves a wake behind it. The
wake distinguishes itself from the outer flow by a velocity defect and the presence of
vorticity in it, as in the boundary layer flow. We shall confine ourselves to a thin wake,
such as the one behind an airfoil at small angle of incidence. In such a case, the
transverse length scale is small with respect to that in the main direction of the flow,
so that the velocity gradient is large across the wake. Flow in this region is still of a
boundary layer nature. A fundamental difference between boundary layer and wake
flow is that in boundary layer flow the velocity defect is not filled up—the diffusion of
momentum from the outer flow counteracts the friction at the wall; while in a wake
flow there is no wall friction so that the diffusion effect gradually fills up the velocity
defect as the distance from the body is increased. The development of the wake
thickness is also due to the interplay of the diffusion and convection effect as in the
boundary layer. Following similar arguments, the thickening of the wake is found to

have the behaviour as that for a two-dimensional boundary layer 6=0((»x/Up'?).

3.4 The Triple-deck Structure

We consider here two-dimensional parallel flow past a flat plate of finite length L.
When the flow leaves the trailing edge, the boundary condition is suddenly changed:
the no-slip condition on the plate surface is replaced by the condition of zero stress
(du/dy =0) at the wake centerline. This abrupt change of boundary condition gives rise

to a large acceleration to the flow, since the wall constraint is suddenly removed.

Assuming the initial velocity profile at the trailing edge as the one in Blasius’ solution
for boundary layer on an infinite plate, Goldstein [15] derived a solution for the flow

development in the near wake with a conventional boundary layer method. The flow in
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this region was identified to have a two layered structure. In the inner wake the flow
is accelerating because of the removal of the wall constraint, while the outer wake
would have to accommodate this acceleration. In this work, an infinite acceleration of

the centerline velocity is found just at the trailing edge, as can be seen in figure 3.1.

In fact, Messiter [20] has shown that Goldstein’s solution is no longer valid within a
distance that is O(LRe™*®) from the edge in the flow direction. Because of the localized
behaviour, a new stretching transformation of the coordinates is necessary. Distinct
from the usual boundary layer calculation, in this case the local pressure distribution
is not specified in advance, since the local interaction is found to induce in the external
flow a pressure gradient exceeding the first term in the range x=0(LRe®). It has to
be determined by the coupling of a boundary layer solution for the sub-layer with a
small disturbance description of the external flow. Efforts in this direction (Messiter
[20], Stewartson [31], [32]), lead to the recognition of a triple-deck structure in the
neighbourhood of the local interaction point. In this section we shall briefly outline the

studies in this respect.

(o]

0.2

1 1 1 1 L 1
0.2 0.4 0.6 0.8 1.0 1.2 x/L

Figure 3.1 Goldstein’s solution of the centerline velocity in the near wake (adapted from Goldstein [15]).

Let ¥ be the stream function measured from the body surface in units of UgL. The

velocity components are related to the stream function in the following way
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L S -, (3.17)

In such a way the equation of mass conservation is automatically satisfied, and the
Navier-Stokes equation for the steady case can be written in the following

(dimensionless) form

V¥, - =-p, +Re (W, +¥ ),
V-V =P, -Re (Y, +Y ), (3.18)

where p is the pressure, measured in units of pUg2. The subscripts denote partial

differentiation.

According to the features observed in section 3.2 we shall proceed with the discussion
of the flow structure in the neighbourhood of the trailing edge. In view of features 3),
which states that the region of local interaction is quite short and dependent on the
Reynolds’ Number, a coordinate stretching in the flow direction will be applied. Feature
4), which points out that the flow structure in the local interaction region has to match
the upstream boundary layer flow, suggests a scale of the boundary layer thickness in

the normal direction. So that we write
%=xRe®, y=yRe? (3.19

where x and y are measured in units of L. The pressure perturbation with respect to the
value determined by the external flow is a small quantity, which has to be seen with a
magnification factor #(Re) such that
o 1
p(xai) =':“—“‘[P(xa)’) —pg(x9y)]’ (3 20)
fi(Re)
where p and p, are measured in units of pUJ?, the subscript e stands for external.

According to feature 4), and conforming with boundary layer solution, the stretching

transformation for the stream function can be written



YEP=Re Y (x.y). (3.21)

Since x>0 as Re—~at all X, only the values p.(0) and u.(0) enter the argument. The
above transformations cannot account for feature 2), which requires a farther
penetration of the pressure perturbation. Another set of stretching needs to be

introduced in order to bring greater distance from the body surface into view'

%=xRe®, J=yRe®, (3.22)
1
5(£,9) = - 3.23
PEY) () [p(xy)-p, (0], (3.23)
1
£9)= -uyl. 3.24
{647 5 (Re) [¥(xy)-u,y] (3.24)

In order that the penetration be significantly beyond the boundary layer, « must satisfy
0<a<1/2. Feature 1), which requires that the mass-flow deficiency u.y-y be of the

same order as that of a boundary flow implies

5=5=Re 2. (3.25)

As can be seen from the coordinate stretching, the transformation denoted with a tilde
~ reveals a flow structure correspondent to the boundary layer in the normal direction,
while the transformation denoted with a hat * reveals a structure beyond the boundary

layer. For this reason, the region corresponding to transformation ~ is called the main

* At this larger distance, streamlines come from the external flow as
implied by feature 4). Streamlines in the boundary layer would not enter
this region. This is implied by feature 1), which states that the
displacement thickness remains O(Re??). By Kelvin’s theorem, the flow
in this region remains an irrotational one, which has no distinguished
direction of influence (Meyer [22]). Therefore, the stretching
transformation in this region is the same in x and y direction.
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deck, the other, corresponding to transformation *, is called the upper deck.

Substitution of the stretching transformations into the equations (3.18), and taking the

limit Re—>oo, yield the following limit equations

+ﬁa—’i~0,

ox

5OV iRt (3.26)
of oy

5%

for the main deck, and

bl

B Rer-2P g
oy ok

DV iRe122 %P g (3.27)
at EY

for the upper deck. In equations (3.26) and (3.27)

p-S¥ 9 k9o (3.28)
dy dx OJx dy

for corresponding stretched variables. It is remarkable to see that the enhanced
streamwise changes in the local interaction overshadow the viscous shear even in the
main deck such that the governing equations are inviscid in the limit. This is because
due to the shortening of the x scale (from O(L) to O(LRe*®)), the acceleration and
pressure force are increased, while the viscous force remains of the same order since
the thickness of the main deck remains of the same order as the boundary layer
thickness. Eventually in this region it is the balance between the inertia and pressure
force that constitutes the fluid motion. In view of the properties of the two decks
discussed above, we understand that the flow in the upper deck is rotation free. In the
main deck, however, the flow is rotational, the vorticity being carried from the up

stream boundary layers along the streamlines,

By considering the nature of velocity and pressure perturbation in view of equations

(3.26) and (3.27), and the matching of the two decks the proper choice of the pressure
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scaling factor 7 and 7 is found to be (Meyer [22])

f=f=Re** L. (3.29)

In the main deck, the pressure and the streamline slope, defined as §=-(3{/3%)/(3¥/3y),
are shown to be independent of ¥ (Meyer [22]). It is thus concluded that the main deck
merely transmits the perturbation of pressure and the streamline slope from the upper

deck towards the body surface.

It is clear that the main deck cannot satisfy the boundary condition for viscous flow.
Another deck, analogous to the Prandtl boundary layer, has to be introduced. In view
of the boundary condition at the body surface, the momentum near it must be arbitrarily
small, and non-trivial pressure changes in the local interaction can be balanced near the
body surface only by the enhanced shear stress in this lower deck. To solve for the flow

in this region, the following transformations are written

x=xRe®, y=yReP, B>1/2, (3.30)

5(£i)=%[p(x,y) ey, (3.31)
o1

== 3.32

BE == W) (3.32)

with again 7=Re?*! for consistency with the transmitted pressure. Considering the mass
flow in this lower deck and matching the velocity in the lower and the main deck as
§-»o0, it is found (Meyer [22]) that G=Re*!2, Substitution of equations (3.31) through
(3.32) into the Navier-Stokes equation (equation (3.18)) and taking the limit Re—>oo,
yield
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5%‘1_’ +Re 2("””'1)8—13 -Re 3"'“'3‘293_1TI—~O,

& »° (3.33)
P

In equation (3.33) positive and negative values of a+3-1 or 38-«-3/2 imply truncation
of the equation that are either degenerations inconsistent with a mild interaction or are
reduced forms describing only sub-layers y—=>0 or §—>oo of the stretching (Meyer [22]).

Therefore they have to be zero. This leads to

«=3/8, B=5/8, G=Re ¥, T-fi=f=Re ' (3.34)

Substituting the transformation back to the Navier-Stokes equations, and taking the limit

Re—>o0, the lower deck is found to be governed by the following equations

g, Fu (3.35)
dax dy Ox gy?
P, (3.36)
oy

This set of equations has the same form as the Prandtl boundary layer equations. Their
boundary condition at y =0 is as usual. Apparently, the flow in the lower deck is driven
by the pressure gradient of the upper deck, since we have seen that the main deck
merely transmits the pressure perturbation (p independent of ). On the other hand, the
flow in the lower deck induces a pressure perturbation in the main deck, because of its
displacement thickness. The pressure perturbation is related with the lower deck flow

with the Hilbert integral equation (equation (3.8)).
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3.5 The Kutta-Joukowsky Condition

In chapter 2, the importance of the Kutta-Joukowsky condition in the classical airfoil
theory has been discussed. However, the physical arguments at the root of it cannot be
explained if the viscous nature of the flow is not accounted for, and one could only
accept it with an intuitive approval. In fact, the Kutta-Joukowsky condition is a
statement of the effect of the boundary layer flow in terms consistent with potential
theory. Satisfying this condition implies that an outer solution is properly chosen, such

that it matches the inner viscous flow structure in the limit Re—»oco (Crighton [11]).

When a flat plate is mounted in a parallel flow with a certain angle of incidence «,
potential theory (without applying the Kutta-Joukowsky condition) predicts a pressure
rise at the (rear) stagnation point, and an infinite under-pressure at the trailing edge, as
sketched in figure 3.2. This is consistent for the outer potential flow itself. But for the
boundary layer flows approaching the stagnation point, this pressure distribution is
unfavourable—since the flow would have to go against a pressure gradient. Separation
of the boundary layer would generally result. In such a way, the outer and the inner
flow adapt to each other until a stable state is reached. This stable state is prescribed

by the Kutta-Joukowsky condition.

P/ 5008

stagnation point

Figure 3.2 Schematic drawing of the pressure distribution in the neighbourhood of the rear stagnation point.
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It is generally true that potential theory in conjunction with the Kutta-Joukowsky
condition provides correct solutions for usual airfoil problems. In some cases, however,
this is limited, for instance, at certain larger angles of incidence when trailing edge stall
(catastrophic separation of flow at the trailing edge) sets in. The Kutta-Joukowsky
condition does not apply in this circumstance, neither does it explain why the stall
happens. In order to clarify this, we would have to consider the local interaction at the

trailing edge, where flow from the two sides of the plate join the wake.

Consider a case in which a plate is inclined with a certain angle o to a uniform stream.
Classical airfoil theory (Kutta-Joukowsky condition satisfied, thus) predicts for this case
a flow with pressure distribution O(-ar'?) on the suction side near the trailing edge,
where r is the distance measured from the edge (over-pressure side is not considered,
because flow is accelerating there). This distribution is evidently unfavourable for the

oncoming boundary layer flow.

On the other hand, considering the local interaction at the trailing edge, it appears that
the acceleration of the viscous flow in the wake induces a favourable pressure
distribution which can be felt in a range O(Re*®L) from the edge. The magnitude of
this perturbation is Reynolds number dependent. In fact it is a fraction O(Re ") of the
dynamic head pUy?, as can be seen from the scaling factor m(Re) (equation (3.34)). So
that the pressure gradient in this neighbourhood is a fraction of O(Re"®) of pU,Y/L. It
is argued in Brown and Stewartson [8] that the unfavourable pressure gradient discussed
in the last paragraph is counter-acted by this agent so that, with the angle of incidence
bounded up to acertain critical order, the boundary layer nevertheless keeps attached
until it reaches the trailing edge. The critical order of o can be determined by arguing
that the potential pressure gradient in the triple deck region be of the same order.
Consequently, this is found to be O(Re"*). If the order of magnitude of the angles of
incidence is smaller than this, the triple deck perturbation is dominant. Flow keeps
attached up till the trailing edge. It is in effect a small perturbation to the unseparated
zero-incidence case, as studied by Stewartson [32] and Messiter [20]. When the angle

is larger, separation occurs at a distance, which is noticeable in the outer flow scale,
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upstream of the trailing edge. In the critical range, the two pressure gradients are
comparable, the flow will separate in the immediate neighbourhood of the trailing edge.
In line with this Brown and Stewartson [8] were able to identify that for large but finite
Reynolds number the interaction results in a stagnation point in the outer flow at a
distance x/L=0(Re”®) ahead of the trailing edge. Corresponding to this the lift
coefficient is modified by a fraction O(Re™).

Brown and Daniels [7] studied the problem of an airfoil undergoing pitching motion
about its mid chord point with angular frequency w and amplitude . The relevant
parameters here are the amplitude «, the reduced frequency k (=wL/2U,), and the
Reynolds number Re. The orders of magnitude of amplitude and the reduced frequency
will be determined in terms of the Reynolds number as follows. Upon reaching the
trailing edge, the upstream perturbed Blasius flow is to enter the triple deck. As
discussed in the last section, the main deck of the triple deck is of thickness O(LRe'?),
i.e. the boundary layer thickness. The thickness of the lower deck is O(LRe™®). Due
to the oscillation, there is a Stokes layer in the neighbourhood of the wall whose
thickness is O((»/w)"?), (equation (3.16)). In order that the solution in the Stokes layer
will match that in the lower deck, Brown and Daniels [7] choose the order of the
reduced frequency so that the two layers have the same thickness. It then follows
k=0(Re"). It is argued that if the order of magnitude of k is smaller than this the flow
will be merely a perturbation of that for a steady airfoil at incidence; if it is larger it

is probable that the triple deck flow structure will be destroyed by the rapid oscillation.

For oscillation of the airfoil, the potential pressure (Kutta-Joukowsky condition
satisfied) near the trailing edge is O(ck’r'’?). Like that in the steady case, this pressure
distribution is unfavourable for the boundary layer flow approaching the trailing edge.
It has to be counter-acted by the favourable pressure gradient induced by the triple deck
such that the flow could reach the trailing edge without separation. In line with this, the
order of magnitude of the oscillation is found to be O(Re*'6) (Brown & Daniels [7]).

Figure 3.3 shows the flow structure they identified in the study.
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Figure 3.3 Structure of uniform flow U, past a flat plate, oscillating about a pivot with
angular frequency » and incidence amplitude «. I, potential flow; II, perturbed Biasius
boundary layer and Stokes layer; III, foredeck; IV, triple deck; V, modified Goldstein
wake. (adapted from Brown and Daniels [7])

3.6 Turbulent Boundary Layer and the Near Wake

Up to this point the discussion has been restricted to laminar flows. However, most
flows of practical interest are turbulent. Understanding of turbulent flows has been
limited, even a precise definition is very difficult to give. All one can do is list some

of the characteristics of turbulent flows (Tennekes & Lumley [33]).

One characteristic of all turbulent flow is the randomness. In addition to the mean
motion, the physical quantities (e.g. velocity, pressure) exhibit a random fluctuation.
The random fluctuation of a turbulent flow has an effect which is in a way similar to
the molecular diffusivity’. It increases the rate of momentum exchange which, in
laminar flow, is accomplished by only viscous (molecular) diffusion. Three-

dimensionality is another characteristic of turbulent flows. Two-dimensional flows can

T The difference can be stated that the molecular diffusivity is a property
of the fluid (the mean free path of molecular is small with respect to the
flow scale), while the turbulent diffusivity depends on the flow
condition.
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be studied in the sense of mean motion.

In view of the enhanced viscosity of the mean flow, we expect that a turbulent boundary
layer would be thicker or, more precisely, grows faster than a laminar one. In fact the
level of turbulent velocity fluctuation can be written in terms of a friction velocity
which is defined as u.=(7/p)""?, where 7, is the turbulence shear stress at the wall. In
turbulent boundary layer flow the velocity in the normal direction results from the
turbulent fluctuation so that it must be O(u.). Consider the boundary layer is defined
by a certain streamline with distance 6(x) from the surface we can write dé/dx ~u./U,
so that § ~xu./U. Here u. varies slowly in the streamwise direction depending on the
flow situation. For a flat plate with zero pressure gradient it is found to be §~x*?
(Schlichting [29]).

Similar to that in a laminar boundary layer, in a thin region close to the wall the flow
velocity must reduce to zero in order to satisfy the boundary condition. Microscopically
the Reynolds number is small there, because both the velocity and the dimensions are
small in this region. Therefore in this thin, near wall region the viscous force is
dominant. The turbulent fluctuation, which is basically of inertia nature, is prohibited.
Hence, a turbulent boundary layer can be distinguished into two parts. Near the wall,
there is an inner viscous sub-layer', where viscosity of the fluid is dominant. The large
viscous shear force in the sub-layer implies a large velocity gradient, or vorticity
concentration. Outside of this is the main part of the turbulent boundary layer in which
the enhanced mixing due to the turbulent fluctuation makes the diffusion of momentum
or vorticity more effective. Therefore, a turbulent boundary layer is seen to be thicker

than a laminar one.

Local interaction occurs in the turbulent case as well. In Melnik and Chow [19] it is

found that a multi-layered flow structure exists in the neighbourhood of the trailing

t Not to be confused with the Stokes layer which is due to stronger
unsteadiness of the motion.
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edge. It is established that in the outer layer the flow is basically inviscid and rotational.
The region of local interaction includes most of the boundary layer and part of the
irrotational flow outside of the boundary layer. This property is similar to the upper and
main deck in the laminar case. Vorticity from the upstream boundary layer is
transmitted through it in to the outer near wake. Immediately next to the wall there is
an inner wall layer which is similar to the lower deck. It matches the wall layer up
stream of it. Between these two layers there is a ’blending’ layer which resolves the
discontinuity in Reynolds stress in the outer and inner layer. The displacement effect

mainly affects the two inner layers.

In Bogucz and Walker [5], it is demonstrated that the turbulent near wake also shows
a two-layered structure. The flow in the outer layer passes into the outer near wake
relatively undisturbed. The primary effect of the change in boundary condition at the
trailing edge is confined in the thin inner near wake. The outer wake would have a

transverse velocity in order to accommodate the acceleration in the inner wake.

3.7 Discussion

Kinematically, boundary layer and wake flow distinguish themselves from the outer
flow by velocity defect and vorticity concentration. The vorticity is generated on the
solid surface by the friction force. The flow in these regions is also characterized by
the viscosity. Due to the viscosity the vorticity is diffused outwards into the flow, as
it is convected along a certain streamline in the viscous region. For large Reynolds
number flow the diffusion effect is relatively weak with respect to the convection. In
view of the velocity defect in these regions, we expect a retardation in the vorticity
convection, i.e. the vorticity is convected with a speed which is lower than that of the

outer flow.

Study of local interaction in the neighbourhood of the trailing edge and the near wake
reveals that a multi-layered flow structure exists there. Corresponding to this, we

postulate that vorticity convection should also have different behaviour in the different
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regions. In the outer wake where the velocity defect is small, vorticity would be
convected with a speed not much different from the outer flow velocity. While in the
inner wake the velocity varies largely with the distance from the body. The velocity
defect, being large in the inner (near) wake, is gradually filled up by the diffusion
mechanism (viscous, turbulence). We expect that the convection of vorticity in this
region would be rather slow initially. It accelerates due to the growth of flow velocity
in this region. On account of these effects, it seems reasonable to expect that the

convection of the shed vorticity in the near wake is conceived in a layered structure.
Of course, the postulation of the layered vorticity convection structure is only

qualitative, since diffusion would soon smear it out. But in the near wake region it

should be more pronounced.
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Chapter 4
The Experimental Studies

4.1 Introduction

In chapter 2 we studied the unsteady airfoil problem within the framework of potential
theory. It was noticed that the effect of the shed vortices accompanying the unsteady
motion of the airfoil is one of the major aspects which make the unsteady problems
different from the steady ones. This influence enters from the shed vortices’
perturbation into the upwash field of the airfoil. From equation (2.21) we see that the
perturbation depends on both the strength of the shed vortices and their position in the
wake. They can be determined with the Kutta-Joukowsky condition. Obviously, the

position of the shed vortices depends on the velocity with which they are transported.

For thin airfoils performing small amplitude oscillations in an inviscid flow, it is
consistent to assume that the shed vorticity is convected away from the airfoil with the
velocity of the uniform flow at infinity, U,. If the oscillation of the airfoil is harmonic,
one would then observe a vortex wave extending from the trailing edge of the airfoil
down stream, with the wave length A=U,T, where T is the period of the oscillation.
The structure of this vortex wave is determined by a dimensionless parameter, the
reduced frequency, defined as k=wc/2U,=wb/Uy. In terms of this parameter, the vortex
wave in the wake perturbs the flow field so that the upwash at the rear aerodynamic
centre of the airfoil is modified with a factor C(k), where C(k) is Theodorsen’s function

as defined in equation (2.51).

As a matter of fact, in potential theory for thin airfoils one has to assume that the shed
vorticity is transported with velocity U, of the uniform flow (except for e.g. Kiissner’s
effect, cf. section 2.7). In this context, the wake simply represents an infinitely thin
vortex sheet which has no mass. If the shed vorticity is transported with a speed other

than U,, it would be subject to a pressure jump. Consequently, an infinite acceleration
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of the vortex sheet in the lateral direction would result, which is physically

unacceptable.

However, when a real flow is considered, the convection of shed vorticity assumed in
the potential theory raises some inconsistency. Concerning large Reynolds number flow,
we saw in chapter 3 that vortices are solely confined in the thin, viscous regions, i.e.
the boundary layer and the wake'. Kinematically, flow in these viscous regions is
characterized by a velocity defect and corresponding velocity gradients. In the last
chapter we have learned that, for two dimensional flow, the rate of change of vorticity
observed at a point fixed in space is due to two factors, namely, convection and viscous
diffusion (equation (3.3)). In airfoil theory, flow of practical interest has a large
Reynolds number. In this connection, the effect of convection is overwhelming. In view
of Kelvin’s theorem, we argue that the convection of shed vortices (in the viscous
region) will take place with a velocity which is somewhat less then that of the outer
flow since the velocity defect is quite appreciable in the near wake. The convection
velocity will gradually increase due to the viscous forces. In making this argument, we
notice that a thin viscous wake is essentially different from a shear layer in the sense
that it has a finite thickness, though it is small with respect to the chord length of the
airfoil. It therefore has a non-vanishing mass per unit length—a model which is
fundamentally different from the vortex sheet in the potential theory. Further discussion

of this will be found in chapter 5.

In the present chapter we are to investigate whether indeed the convection of shed
vorticity is retarded with respect to U, or is it just uniform at speed U, as assumed in
the classical potential theory. Harmonic decomposition of the unsteady velocity

perturbation (u’ =u-U, U is the steady part of perturbation due to the airfoil) is another

* Far down stream in the wake, the velocity defect is filled up. The flow
becomes uniform. In this case vortices appear to exist in a potential
flow. But at this distance the effect of the vorticity on the flow field near
the airfoil is small. So that, we are interested in the shed vortices in the
wake which is not too far from the airfoil.
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interest in our study. We believe that this would reveal the nature of the process of
vortex shedding due to the unsteady motion of the airfoil. Also of interest is the relation
between the perturbation and the related parameters, e.g. the reduced frequency, the
Reynolds number, and the amplitude of the airfoil oscillation. The latter actuaily
concerns the investigation of the linearity of the problem. They are not less important
because the special case of harmonic oscillation is studied on the assumption that a
more complex motion can be related to it by way of Fourier transformation, provided

the process is linear and allows of superposition.

A direct calculation of the vorticity convection might be difficult, since in the
neighbourhood of the trailing edge stronger interaction gets involved, as we saw in the
last chapter. Moreover, closure models for the turbulent flow might be different
depending on the modes of motion. In the present study we shall approach the problem
with a novel method that combines experimental measurement and numerical calculation
in the way described below. It might appear that the title of the present chapter is not
quite consistent with the content, since numerical calculations are also involved.
However the choice seems justified since the experimental effort forms the bulk of the
study described in the present chapter, while the numerical calculation is an
indispensable auxiliary whose outcome serves as reference in the interpretation of the

experimental results.

The perturbation that the shed vortices give to the flow field is the integrated
contribution of all the vortices distributed in the entire wake. In view of the global
effect numerous individual vortices (if one consider the wake consists of infinitesimal
vortex elements) would have to be traced—this would be too laborious to be executed.
Moreover there is also a practical limitation: we are not in possession of a vorticity
meter which can detect local vorticity. It is for these reasons, we devised the new
approach which combines experimental and numerical studies. Experimentally, we shall
measure the velocity perturbation in the space. Corresponding to the measured

perturbation, we are to make numerical calculations based on the classical theory as
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discussed in chapter 27. The scheme of the numerical calculation is described in chapter
5. From the comparison between the measured and the calculated results we can infer
the transportation of the shed vorticity. A direct analysis of the sampled signals will
provide information concerning the parameter dependency and the harmonic

composition of the perturbation.

The experiments were conducted in the M-Tunnel of the Low Speed Laboratory of the
Department of Aerospace Engineering, TU Delft. The inner cross section of the tunnel
is 40xX40 cm. A standard NACA 0012 airfoil (Abbott & von Doenhoff [1]), with chord
length ¢=15 cm, was used in the experiment. The airfoil spanned the whole width of
the tunnel. In the whole set of measurements the airfoil was placed at the open end of
the tunnel, in order to avoid the influence of the vortices image from the upper and
lower wall of the tunnel, which may introduce some extra complications. As a price,
the two dimensionality provided by the two side walls is lost which may reduce the
intensity of the perturbation signal. But since we are measuring along the centerline the

symmetry in the horizontal (spanwise) direction is preserved.

The airfoil was forced to oscillate in a uniform flow with Reynolds number to the order
of 10°, based on the airfoil chord. It is hinged at the trailing edge, at the two ends of
its span. The unsteady streamwise velocity component, as well as the mean velocity
were measured both along and across the wake. The reduced frequency ranges from 0.9
to 10. A measurement of the steady near wake was also made. Some interesting

features, such as the "potential wake" as discussed in chapter 2, were observed.

Transition of the boundary layer may occur at a certain Reynolds number. It is likely

that the transition point will move to and fro accompanying the oscillation of the airfoil,

' More precisely, the mechanism of the numerical modelling is based on

the classica] theory. For the shed vorticity convection, however, we are
not limited with the uniform velocity U, as assumed in the classical
theory. In some cases we assume a convection velocity which is a
function of the distance from the trailing edge of the airfoil.
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introducing another uncertain factor in our problem. To avoid this, the airfoil was
tripped with a plastic zig-zag tape at 30 mm distance from the leading edge, on both
sides, to ensure a fully developed turbulent boundary layer. A check with a microphone

in the boundary layer, at the usual Reynolds number we operate, confirmed this effort.
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4.2 The Experiment

An overview of the experimental set-up is shown schematically in figure 4.1. The inner
cross section of the wind tunnel measures 40*40 cm. A standard NACA 0012 airfoil,
with chord length c=15 cm, was used in the experiment. The airfoil spanned the whole
width of the tunnel. In the whole set of measurements the airfoil was placed at the open
end of the tunnel, in order to avoid the influence of the image vortices from the upper
and lower wall of the tunnel, which may introduce some extra complications. As a
price, the two dimensionality provided by the two side walls is lost which may reduce
the intensity of the perturbation signal. But since we are measuring along the centerline
the symmetry in the horizontal direction is preserved. The experiment was conducted
at the Reynolds number of order of 10° based on the airfoil chord, and in the reduced

frequency range from 0.9 to 10.

The airfoil is forced to perform a pitching oscillation about its trailing edge. The reason
why we choose the pivot at the trailing edge is to minimize the undulation of the wake
in the vertical direction. The driving of the oscillation is provided by a Briiel & Kjar
vibration exciter, type 4809. The exciter has a frequency range from 10 Hz to 20 kHz.

The maximum displacement the exciter can reach is 8 mm, peak-to-peak.

The oscillation of the exciter is controlled by a Prodera digital frequency generator
(Générateur Numérique), GN484, which guarantees a harmonic distortion <0.7% and

noise-to-signal ratio <60 dbs. The frequency range of the generator extends from 0.100
to 1999.999 Hz.

A Briiel & Kjr power amplifier (type 2706) is used to amplify the signal produced by
the frequency generator, before it is transmitted to the vibration exciter. The frequency
range of the power amplifier is from 10 Hz to 20 Khz. The harmonic distortion is

specified to be less than 0.2% in the frequency range 20 Hz to 10 Khz.
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Figure 4.1 An overview of the experimental set-up.



The measurement arrangement is shown in figure 4.2. Data acquisition and storage
were executed with a HP-1000 laboratory computer. The oscillation of the airfoil is
measured with an Endevco piezo-electric accelerometer, type 2220c mounted at one of
its ends, 30 mm from the leading edge. Its frequency response is in the range from 5
Hz to 10 kHz. The amplitude range is from 0 to 5000 times the gravitational

acceleration.

joscilloscope

[CANYE P
A/D card
RTI-860

“m{oscilloscopd

Figure 4.2 Schematic drawing of the measurement arrangement.

The electrical signal of the acceleration is amplified with an Endevco charge amplifier,
model 2721A. The signal is then filtered with a Disa 55d26 signal conditioner. The
frequency range of which is from 0 to 1 MHz, selectable in steps of 1/3 octave. The
processed signal is simultaneously monitored with an oscilloscope, and transmitted to
the third channel of the A/D card (Analog Devices, RTI-860), where it is sampled. The

sampled data are stored in the extended memory of the laboratory computer.

For the measurement of the (perturbation) velocity of the flow, a single-wired hot wire
was used. The hot wire was manufactured in the Low Speed Laboratory. Its sensitive
part has a length of 1 mm, and a diameter of 5 um. The hot wire probe was supported
with a sting, which held it at the centerline with respect to the extension of the two
vertical walls of the tunnel. The traversing mechanism made it moveable in both the x-
(streamwise), and the y- (perpendicular to x and the span, pointing upwards) direction,

see figure 4.1.

The hot-wire was connected to a linearized constant temperature hot-wire anemometer,

as described in Miller [23]. The frequency response of the anemometer is in excess of
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100 kHz for the bridge, and 7.5 kHz for the linearizer. In order to achieve a higher
resolution of the unsteady part of the velocity signal the output from the anemometer
was split into two parts, namely, a DC part which is measured by a digital multimeter
(Fluke, 8842A), and an AC part that goes through a Disa 55d25 bandpass filter. The
measurement of the DC component was directly fed to the Laboratory Computer via the
IEEE-488 interface. The filtered signal of the unsteady part of the velocity was
amplified with a NEFF 124A wideband differential amplifier. It was then fed to the
second channel of the A/D card, and sampled in a like manner as that for the
acceleration signal. The AC part of the velocity signal is also monitored with an

oscilloscope as it is being sampled at the laboratory computer.

The tunnel speed was measured with a Pitot tube mounted in front of the airfoil. The
Pitot tube was connected to a barocell (Datametrics, type 572), where the pressure was
transformed into an electrical signal. The signal was fed to the first channel of the A/D

card after it was amplified (NEFF, 124A).

Data acquisition of channels 2 and 3 was executed simultaneously with the A/D card,
installed in the Laboratory Computer. The sampling rate can be as high as 62.5 kHz
(8 bits), 60 Khz (12 bits). The sampling of the pressure signal was done separately.



4.3 The Study of the Near Wake for an Airfoil at Zero Angle of

Incidence

The near wake distinguishes itself from the far wake in a number of aspects. First of
all, in contrast to the case of the far wake, the presence of the solid body gives rise to
a non-negligible perturbation to the pressure field of the uniform flow in the range of
the near wake. The perturbation subsides as the distance from the body is increased.
Therefore, distinct from the study of the far wake (Schlichting [29]), in the
consideration of the momentum balance, pressure differences must be taken into
account. This feature arises from the ’potential aspect’ of the flow, since in a far field
view the body can be represented with a dipole in the uniform flow. Secondly, as was
noted in the last chapter, the outer and inner flow in the near wake region involves a
stronger interaction compared to what happens in the far wake. So that we expect a
different development of the near wake. In view of these peculiarities, the study of the
steady near wake is of interest. In the present study, it moreover serves as a preparation

for the unsteady near wake measurement.

In the present measurement the airfoil was mounted at zero angle of incidence near the
open end of the tunnel. The distance from the tunnel end to the leading edge of the
airfoil is 100 mm. The Reynolds number based on the airfoil chord length was O(10°).
The wake traversing was done in the range of 1 ~100% chord length behind the trailing
edge, in the streamwise direction. In the vertical direction the traverse ranged from -50

to 50 mm, with y=0 taken at the wake centerline (figure 4.1a).

In relation with the unsteady near wake measurement that is to follow, we are interested
in the flow geometry. Since we are to measure the perturbation velocity in the
‘potential’ part of the flow, we need to know the lateral dimension of the wake.
Tripping the boundary layer with a zig-zag tape appears to be not so uniform as with
sand paper. So we wish to know whether this will give rise to asymmetry of the wake

flow. Also, since the measurements are conducted in an open jet, we should like to
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know the two-dimensionality of the wake. This information is relevant for the

interpretation of the unsteady measurements.

Mean velocity profiles of the streamwise component were measured in 5 different
streamwise stations. It was found that, extending from the trailing edge of the airfoil,
the wake slightly curled up with a rate of about 5% with respect to the chord length of
the airfoil. Since the later measurements are to be conducted in a short range (1 ~2
chord) from the trailing edge, this would not give much of a problem. Shifting the wake
centerline back to y=0, we obtain the mean velocity profiles shown in figure 4.3. It is
clear that good symmetry of the flow with respect to the wake centerline is attained.
Hence, it can be concluded that though the teeth of the zig-zag tripping tapes on the two
sides of the airfoil are somewhat arbitrarily spaced (with respect to each other), it does
not actually affect the mean velocity profile in the wake. This can also be seen in the

profile of velocity fluctuation later in this section.
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Figure 4.3 The symmetry of the velocity profiles measured at different streamwise stations.

We notice from the profiles in figure 4.3 that the near wake, at least in the range of our
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measurement, can be distinguished into two parts, namely, an inner wake and an outer
wake. Clearly, the velocity defect and the velocity gradient, dU/dy, in the inner region
are much larger than in the outer region. The large velocity gradient in the inner wake
indicates that the shear stress in this region will also be large. In view of the small
velocity gradient in the outer wake we expect that the flow here is more of an inviscid

nature.

In fact, the small velocity defect in the outer part can be identified to be due to a
potential wake as referred to in chapter 2, the velocity and/or pressure perturbation
being the result of the finite thickness of the airfoil. Writing the surface contour of the
airfoil with function y= +y(x)/2 with reference to the chordline y=0, in order to satisfy
the no-penetration condition in a uniform flow with velocity U,, we then find that the
airfoil can be represented with a source distribution, g(x)=Uy'(x), along the chordline

(Steketee [30]) (figure 4.4).
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Figure 4.4 Representation of the thickness of an airfoil with a source-sink distribution.

The net flux through a circuit which encloses the distribution has to be zero, since the
body is finite. This, in a far field view, is in effect a dipole located on the chord, with
its axis along the chordline pointing against the uniform flow. To quantify this, a
numerical calculation was made for a parallel flow past a NACA 0012 airfoil at zero

angle of incidence. The calculation was based on an algorithm for inviscid flow devised
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in Moran [25]. The calculated (potential) velocity profile is in fairly good agreement
with the measured one in the outer region as can be seen in figure 4.5 (x/c=6%). The
discrepancy (the measured value is larger that the calculated one) can be attributed to
the displacement effect of the viscous flow (boundary layer and the wake). The
thickening of the wake is equivalent to distributing a source layer on the wake
centerline. This introduces a net mass flux into the outer flow. In order to maintain

mass balance the flow velocity would have to be larger outside the wake.
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Figure 4.5 A comparison of the calculated potential wake and the measured wake (x/c=6%).

We understand that in figure 4.3, the velocity measured near the wake centerline in the
very close neighbourhood (x/c=1%, for instance) of the trailing edge might be
inaccurate. Because the mean velocity of the flow, U, is very low in this region, the
velocity fluctuations, u’, can be of the same order of magnitude. The measured value
of the mean velocity at this locality includes the velocity fluctuation, since the hot-wire
anemometer cannot distinguish the direction of the flow. In fact the histogram of the
measured velocity fluctuation is not a Gaussian distribution as normally would be

observed in the region further downstream. Nevertheless, the general trend of the curve
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indicates that in the very close range from the trailing edge, the velocity profile is in
effect a merging of the two turbulent boundary layers from the two sides of the airfoil.
Similar features last up to x/c=5%, where a normal wake velocity profile starts to
appear. This fact suggests that, phenomenologically, the transition from wall boundary
layer structure to free shear layer takes place in the range from O to about 5% of the

chord length.

To study the self similarity characteristics of the wake velocity profile, a length scale,
half-wake-width, was introduced. This scale is defined as the distance between two
points on a velocity profile at which the velocity defect recovers half of its (local)
maximum at the centerline of the wake. The half-wake-width is not a constant along the
wake. It changes as the wake develops in the streamwise direction. The growth of the
half-wake-width is found to be approximately proportional to the fourth root of the
distance from the trailing edge, in agreement with the result reported in Chen and Ho
[9] (figure 4.6).
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Figure 4.6 The growth of the half-wake-width.

In figure 4.7 we show a plot of velocity defect, scaled with the local maximum defect

U,-U,,;,, where U, is the free stream velocity, versus the y-distance, scaled with half-
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wake-width y,,. It appears that for the inner viscous wake, self-preservation of the
velocity profile is reached in a distance between x/c=10 and 20%. For the outer
potential wake no self-preservation is observed in the range of our measurement. This
fact indicates that the development of the velocity profile in these two regions follows

different mechanisms.
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Figure 4.7 Self-similarity of the velocity profiles in the viscous wake. The deviations in

the outer part of the wake are attributed to the different mechanism of wake development.

The turbulent velocity fluctuation is defined as the root-mean-square value of the
fluctuating part of the velocity signal and is one of the points of interest. In the present
study, with the single wire anemometer we measured only the fluctuation component
in the mean flow direction. Shown in figure 4.8 is a plot of the velocity fluctuation
measured at 5 different streamwise stations. The fluctuation is scaled with the local
maximum velocity defect, and the distance in y-direction is scaled with the local half-
wake-width. The symmetry of the profile suggests that the tripping on the two sides of
the airfoil does not seem to affect the symmetry of the flow. The profiles are

qualitatively in agreement with the measurement of Chen and Ho [9], obtained in a
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closed wind tunnel. High intensity of fluctuation is mainly confined in a region which
corresponds to the viscous inner wake. In the outer potential wake region the fluctuation
is small. Self-preservation of the fluctuation profile is not observed in the range of our

measurement.
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Figure 4.8 Velocity fluctuation profiles at several streamwise stations.

Since the experiment was carried out in a free jet, the two-dimensionality of the flow
was uncertain. To check this, extra measurements were made. The measuring points
for the checking traverse were shifted 40 mm horizontally (in z-direction) from the
routine measurement points (z=0) in the spanwise direction. Figure 4.9 shows a
comparison of the mean velocity profiles at station x/c=100% from the two sets of
experiment. In this plot, the velocity was scaled with the corresponding outer flow
velocity, and the y-distance was scaled with the corresponding half-wake-width. Small

discrepancy in the velocity, at the highest of about 2%, is observed.
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Figure 4.9 Check of two-dimensionality; mean velocity profiles at x/c=100%.

Checking traverse is made at z=40 mm.



4.4 Experimental Study of the Periodic Flows

The experimental arrangement for the study of the unsteady motion of the airfoil is
essentially the same as in the steady wake study. The mean angle of incidence of the
airfoil is zero. The oscillation of the airfoil is driven with a B&K vibration exciter as
described in section 4.2. The power transmission from the exciter to the airfoil is
accomplished with two piano wires (¢0.2 mm), attached at the two ends of the airfoil
(see figure 4.1). The amplitude of the oscillation of the airfoil was maintained to be
small’ (~0.1°). A small amplitude oscillation is also favourable in the sense that it

may avoid the complication of the rolling-up of the vortex layer in the wake.

Accompanying the oscillation of the airfoil, the angle of incidence varies continuously
with time. Consequently the bound circulation changes and free vorticity is being shed
into the wake, as explained in chapter 2. It is the time dependent variation of bound
vorticity and the accompanying vortex shedding that determine the unsteady perturbation
to the flow. In the present experimental study we are to measure this unsteady
perturbation of velocity and compare it with a numerical calculation based on the

classical theory as described in chapter 2.

The motion of the airfoil and the velocity of the flow were measured with an
accelerometer and a hot-wire anemometer respectively. The sampling frequency of these
signals was kept to be 50 times the input frequency of the excitation in order to have
a sufficient frequency reach (Bendat & Piersol [3]). According to the Nyquist sampling
theorem, the upper limit of the signal filtering was correspondingly set. This is
necessary because, if otherwise, harmonics with frequency higher than the Nyquist

frequency will be mis-interpreted as low frequency harmonics (the aliasing effect).

T Inthe study of aeroelasticity problems, as Theodorsen’s theory is chiefly
concerned with, the amplitude of the oscillation is assumed to be
infinitesimally small. But this is impractical in the experiment. Here we
restrain the amplitude to be small, yet sufficient in yielding a detectable
perturbation signal.
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4.4.1 Calibration of the Motion of the Airfoil

The construction of the airfoil is described in full detail in appendix C. The material
used is wood, in view of its favourable stiffness-to-weight ratio. The support and the

loading condition of the airfoil in the oscillation is shown in figure 4.10.
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Figure 4.10 Perspective view of the support and the loading condition of the airfoil

for unsteady motion. Forcing is applied at the two end points on the leading edge.

Due to the harmonic excitation F(z)=Asinwt the airfoil is undergoing a forced
oscillation, with frequency w. As a first estimate we may consider the airfoil as a beam
which is forced to perform a harmonic oscillation y(#) =-Bsinwt at its two ends. This
motion results in inertia forces distributed on the beam. The force can in general be
written as R(z,2) =-m(z)y'’, where m(z) is the mass distribution in the spanwise direction
and y’’ denotes the second derivative with respect to time. In view of the finite stiffness
of the beam, the oscillation may be not constant in amplitude, or even in phase along
the z-axis under the influence of the inertia forces. Of course, what actually happens
depends on the frequency. However, we observe that if the damping of the structure is
neglected, its vibration can only be in phase or in counter-phase. This is because for
a linear, damping free system its eigenvalues and eigenvectors are real so that no phase
shift can take place. When the two dimensionality of the airfoil cross section, and non-
uniform mass distribution in the chordwise direction is taken into account, the above

discussion should qualitatively be true, but more complications are involved.
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In this connection the calibration of the dynamic behaviour of the airfoil appears to be
necessary. For the numerical calculation the calibration provides a prescription of the

actual mode of oscillation, so that appropriate comparisons can be made.

As mentioned in section 4.2, the motion of the airfoil is measured with an
accelerometer fixed at one end of the airfoil, of a distance 30 mm from the leading
edge. Knowing the frequency of oscillation, the displacement at the point on the airfoil
can be calculated from the relation y'’=-Bw’y. In the calibration, we use the output of
this accelerometer as a reference. Another accelerometer is used to detect the motion
elsewhere on the airfoil. Referring to the coordinate system (x=0 is at the trailing edge)

indicated in figure 4.10, the calibration points are

Table 4.1 The coordinates (z,x) of the calibration points, (unit: mm).

(-300,-30) (-150,-30) 0,-30)
(-300,-70) (-150,-70) (0,-70)
{(-300,-120) (-150,-120) (0,-120)

Measurements were made in terms of both the vibration amplitude and the phase with
respect to the reference point (-300,-120). The results are presented in figure 4.11. The
frequencies used in the calibration are the ones used in the subsequent experiments.
With the formulation discussed above, it is not surprising to see that at low frequency
of oscillation, e.g. 20 Hz, the amplitude and phase are essentially constant along the
span. As the frequency is increased the inertia forces increase correspondingly, and the
distortion of the displacement is also increased. This can be clearly seen in figure
4.11b, ¢ and d. We observe that though the amplitude ceases to be constant, the
vibration is in phase. At still higher frequency e.g. 120 Hz and 160 Hz, we see besides
the distortion in some part of the airfoil the vibration is in counter-phase (separated with
broken lines in the figures) with respect to the reference point. The fact that the

vibration is either in phase or in counter-phase indicates that piecewisely (in spanwise
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direction) the oscillation of the airfoil has a fixed nodal point. So that at every spanwise
position a definite pitching oscillation can be determined. This will be important when
two-dimensional strip model is to be applied. Also of importance, we point out that the
calibration is consistent at different levels of forcing. This testifies to the linearity of

the structure.
Lastly, we should like to make it clear that the kinks appearing in figures 4.11c through

4.11f are due to the limitation of the drawing programme which does not have a spline

function, so that linear interpolation is applied.
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Figure 4.11(a,b) For caption see next page.
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Figure 4.11 Amplitude of displacement calibrated with respect to the displacement at point

(-300,-120). The sign difference on the two sides of the broken line in e). and f). shows

the two parts are in counter-phase.
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4.4.2 The Spectra of the Signals

The problem we are studying is unsteady. With the input of excitation (oscillation of
the airfoil), there are various kinds of responses, e.g. vortex shedding, unsteady
perturbation to the flow field, loadings, etc., while we are mainly interested in the
velocity perturbation, i.e. the kinematics of the flow. We refer to the physics happening
between the input and the output as a process. Generally, it can be stated that the
process we are interested in involves the interaction of potential and viscous flow. A
formal analysis of this process would be too difficult to be carried out. Therefore, in
the present experimental study we approach the problem by studying the input and its
response. In such a way we could infer some of the general properties of the process.
Besides its intrinsic interest, this is also important for the interpretation of the results,
and directing the study. A numerical frequency analysis was therefore made first to the

recorded signals in order to study the harmonic composition.

The FFT algorithm used in the analysis is as described in Press ef al [28]. The analysis
was made to a registration with length of 41 periods of the first harmonic, i.e. 2050
data points. To meet the requirement of the FFT algorithm that the number of the input
time series data be an integer power of 2, we took 2048 (=2!!) data points. By doing
so, an error is introduced. Quantitatively, the relative error amounts to 0.009% of the

period of the first harmonic.

In figure 4.12 we show typical amplitude spectra of the fluctuating part (not the RMS
value of it) of the velocity component in x-direction measured both outside and inside
the near wake, and the corresponding amplitude spectrum of the acceleration of the
airfoil. It is clear that for the velocity perturbation outside the wake, corresponding to
an excitation of certain specific frequency there is a distinctive response in the first
harmonic, no frequency shift is present. Higher harmonics, if any, can hardly be
distinguished from the ambient turbulence. The same is true for the velocity measured
inside the wake, though the signal-to-noise ratio is low due to the higher intensity of the

turbulence.
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Figure 4.12 Typical amplitude spectra of velocity and acceleration signals.




This satisfies the additive property of a linear process (f{x,+x,) =f{x,) +f(x,), where x,
and x, are the inputs). The homogeneous property (f(cx) =cf(x), where c is a constant
and x is the input) will be shown in paragraph 4.4.3. In what follows we shall

concentrate on the first harmonics of the velocity perturbation.

4.4.3 The First Harmonic Velocity Perturbation

The information of the first harmonic velocity perturbation was obtained by fitting the
measured velocity signal with a harmonic wave of properly selected frequency. An

average over 20 to 40 periods was made at each of the measuring points.

To gain some insight of the mean flow condition for the case where the airfoil is
performing a small amplitude oscillation, velocity profiles of the streamwise component
in the unsteady near wake was measured. The result from a measurement is shown in

figure 4.13.
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Figure 4.13 The mean velocity profile of an unsteady wake. Trailing edge is at y=78 mm here.
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In this measurement the uniform flow velocity U, is 10 m/s, and the oscillation
frequency of the airfoil is 160 Hz. Comparing with figure 4.3 (velocity profiles of a
steady wake), qualitative resemblance is evident. In figure 4.13 the profiles appear to
be nicely symmetric, suggesting that the mean angle-of-incidence of the airfoil is zero.

It also appears that no large scale boundary layer separation occurs.
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Figure 4.14 The amplitude of the harmonic velocity perturbation versus the distance

from the wake centerline. Trailing edge at x=78 mm, y=78 mm in the present plot.

The viscous wake is the region where shed vorticity is contained. The shed vortices are
assumed to induce a velocity perturbation in the space according to Biot-Savart’s law.
It is therefore expected that closer to the wake (but still in the ’potential’ region) the
velocity perturbation due to the vortices would be stronger. The perturbation should
decrease as the distance from the wake is increased. Figure 4.14 shows the amplitude
of the first harmonic of the velocity perturbation obtained from the vertical traverse. It
is clear that when measuring closer to the wake the amplitude of the perturbation
becomes larger, as was expected. The results measured inside the wake are not quite

reliable because of the high intensity of turbulence noise which may account for the
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abnormal shoot-up at the edge of the viscous wake.

The wake thickens as the distance from the body is increased, as a result of momentum
diffusion. Imagine the wake as a vortex sheet, when traversing in the streamwise
direction at a constant y-elevation, effectively it would appear that the hotwire probe
is closer to the sheet at a larger distance downstream. Therefore the measured
perturbation would be larger. This effect can be seen in figure 4.14: outside of the
wake, at the same value of y the perturbation amplitude is larger for measurement

further downstream.

In the frequency analysis discussed in the previous section we have shown that the
frequency correspondence between the excitation and the velocity perturbation is one
to one, no frequency shift is present. Upon this fact it was observed the present process
satisfies the additive property. As promised, we are to show the homogeneous property

of our process here. For this purpose, we refer to figure 4.15.
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Figure 4.15 The linear dependency of the perturbation on the strength of

excitation. Trailing edge is at x=78 mm in this plot.
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The three curves in this figure represent the harmonic perturbation amplitudes from
three sets of measurements. The reduced frequency and the Reynolds number were kept
to be identical in all the 3 sets of measurement, except that the strength of the excitation
(the oscillation of the airfoil) was adjusted to different levels with ratio of about 1:2:3.
Presented in this graph, the harmonic velocity perturbation amplitudes are scaled with
the corresponding strength of excitation (amplitude of the airfoil oscillation). It appears
quite clearly that with such a scaling, the three curves are fairly well reduced to a single
one. This furnishes the homogeneous property of the process. Therefore, we can
conclude that the process we are concerned with is a linear one in the range considered.
This is quite a remarkable observation, since in a fluid flow higher harmonics might be
introduced through the non-linear convection terms in the equations of motion. But
apparently this is not the case in our problem. This observation is also relevant to the
study of aeroelasticity problem in the sense that experimental studies can be related to

the theoretical ones by way of linear extrapolation.

Besides the amplitude of oscillation of the airfoil, there are two other parameters
relevant to the experiment, namely, the reduced frequency, k, and the Reynolds
number, Re. The reduced frequency is defined as k=wc/2U; and can be interpreted as
a parameter representing the ratio between the chord length of the airfoil and the linear
wave length A=U,T. So that, in a way, the reduced frequency gives an indication on
the distribution of the shed vortices in terms of a vortex wave. In view of the
mechanism following which the velocity perturbation is generated, it is to be expected
that the reduced frequency is more relevant to the velocity perturbation in the space
than the Reynolds number. This argument is in agreement with the experimental results
as shown in figure 4.16. In this experiment, two sets of streamwise traverse were made.
The oscillation frequency of the airfoil was set at 80 and 160 Hz respectively. The flow
speed was adjusted accordingly, in order to keep the reduced frequency unaltered. But
due to the difficulty in the setting of the tunnel speed, instead of 14 m/s we had 14.1
m/s for the 160 Hz measurement. In the graph, the amplitude of the velocity
perturbation was scaled with its value at the trailing edge. The similarity of the two

curves demonstrates the dependency of velocity perturbation on the wave structure of
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the shed vorticity in the wake.
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Figure 4.16 The relevance of the reduced frequency to the velocity perturbation.
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4.5 The Viscous Effect on Vorticity Convection

In figure 4.16, we notice that the amplitude of the velocity perturbation shows a
peculiar behaviour as one traverses in the streamwise direction. Distinctively, there is
a maximum occurring in the neighbourhood of the trailing edge, and a minimum at less
than a linear wave length, U,T, downstream. In fact, the same feature is found to
happen in the whole parameter range we measured, though the magnitude of the
amplitude defect (the depth from the maximum at the trailing edge to the minimum on
the curves) is different for different reduced frequencies. The observation of the
relevance of the reduced frequency to the velocity perturbation, made in the last section,
is of great importance. In terms of the interpretation of the reduced frequency that
ke chord length/wave length, we recognize the dependence of the perturbation on the
structure of the vortex wave. Therefore, it is expected that from the measurement of
the velocity perturbation in the outer flow, one may be able to infer the vortex wave

in the wake.

In line with this, we base the interpretation of the experimental results on comparisons
with those from numerical calculations which is modelled according to the principle of
the classical theory of Theodorsen as discussed in chapter 2. The numerical calculation
serves here as a reference. The calculation is realized with a panel method which is
described in detail in chapter 5. However, to facilitate the discussion in the remainder
of this chapter we give here a brief summary for the calculation procedure. In the
numerical calculation the airfoil was replaced with a flat plate. The plate was divided
into a number of panels on which vorticity distribution is to be calculated so as to
satisfy the flow tangency boundary condition. The vorticity shedding due to the
unsteady motion of the plate is determined by the Kutta-Joukowsky condition which
requires that the loading at the trailing edge be zero. The convection of the shed
vorticity is assumed with the uniform velocity U, along the centerline. The strength of
the vorticity distribution over the wake element is y=-6I'/ds, where éI' is the change
of bound circulation between two successive time steps, and ds=Uyt is the length of

the wake element. The velocity perturbation in the flow is calculated by taking into
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account the contributions from both the bound and the shed vorticity. The points at
which the perturbation is to be calculated is coordinated in accordance with the ones in

the experiment.

4.5.1 Some Consideration of the Flow Conditions

According to the calibration, the shape of oscillations of the airfoil at different
frequencies was determined (cf. figure 4.11). Based on this, numerical calculations
were made to compare with the experimental results. Before we go into the detailed

discussion of numerical-experimental comparison, a few remarks should be made.

As mentioned in section 4.2, we notice that the experiment is conducted in a jet. The
usual two-dimensionality assumed for experiments inside wind tunnels is some what
affected, since the side walls which act as mirrors extending the finite span to infinity
do not exist in our experiment. Therefore, in the interpretation of the experimental

results the effect of three-dimensionality should be taken into account.

Three-dimensionality of the airfoil problem addresses itself to the particular feature of
trailing vortices (Prandtl & Tietjens [27]). The trailing vortices have two effects,
namely, the modification of the bound circulation and the induced drag. Both arise from
the perturbation of the upwash field due to the trailing vortices. These effects are
accounted for in the lifting line theory. In Steketee [30] it can be found that for the
quasi-steady case, an airfoil with aspect ratio A=b/c, where b is the length of the span,
the lift coefficient is modified by a factor (1+2/A)" in an infinite expanse of uniform
flow. As a consequence, we can expect that the results of calculations assuming two
dimensionality at the mid-span would be larger than the measured ones. The three-
dimensionality effect, however, would become smaller with increasing reduced

frequency.

Three-dimensionality enters in another way, namely, the finite stiffness of the airfoil
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in the spanwise direction. Due to the non-constant amplitude of oscillation at higher
frequency (figure 4.11), we expect that the bound circulation will vary along the span.
This will also give rise to a situation which is similar to that in the lifting line theory,
where trailing vortices are known to be distributed in the spanwise direction (horseshoe
vortices), the rotational axis of the trailing vortices being in the direction of the flow.
In view of the fact that the direction of the trailing vortices is perpendicular to the
rotational axis of the shed vortices (which is in the direction of the span) and the
symmetry at the mid-span, we assume that the perturbation velocity component in the
flow direction is not directly affected by the trailing vortices. Indirectly the trailing

vortices have an effect on the upwash field as discussed in the previous paragraph.

In view of the three-dimensionality mentioned above, the absolute value of the velocity
perturbation may be influenced (with respect to the two-dimensional numerical
calculation). To have a relevant comparison, we shall normalize both the measured and

the calculated perturbations with their corresponding values at the trailing edge.

In the numerical calculation, we shall calculate the velocity perturbation with the strip
assumption at the mid-span (assuming the airfoil is infinitely long in the spanwise
direction, and is performing rigid body oscillation with the mid-span strip). This is

justified in view of the symmetry of the configuration.

4.5.2 The Viscous Effect on Vorticity Convection

Consideration of the actual flow conditions, and the possible consequences on the
measured velocity perturbation have been discussed in paragraph 4.5.1. We now
proceed to the analysis of the velocity perturbations that come from both experimental
measurement and numerical calculation. In the numerical calculations we adopt the strip
argument at the mid-span. A proper definition of the mode of oscillation of this

spanwise strip is based on the calibration of the airfoil as described in section 4.4.1,
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The trailing edge has a unique importance in wing theory. It is at the trailing edge
where the Kutta-Joukowsky condition is applied. It is also in this neighbourhood where
the shedding of vorticity occurs; the boundary layers join in the wake. For this reason,
we pay attention to the behaviour of the velocity perturbation in this particular region.
The peculiar maximum of the velocity perturbation at the trailing edge, observed in
both the experimental traverse (figure 4.16) and the numerical calculation, to be shown
later in figures 4.17 and 4.18, is intriguing. A comparison between the measured and
the calculated magnitude of the maxima was made. The results are listed in table 4.2,
The general trend appears to be clear. At low reduced frequency, the discrepancy
between the experiment and the linear calculation (1-u,,,/u ) is small. In view of the
discussion in paragraph 4.5.1, the discrepancy can to certain extent be attributed to the
effect of the trailing vortices due to the three-dimensionality. As the reduced frequency
is increased, however, the discrepancy increases consistently. At the highest reduced
frequency studied (k=9.54), the measured maximum perturbation amplitude at the
trailing edge is about 60% of that predicted by the classical theory. The argument of
trailing vortices effect’ does not seem to be able to explain this increasing discrepancy

corresponding to the growth of the reduced frequency.

Accompanying the harmonic oscillation of the airfoil, the distribution of the trailing
vortices (due to the three-dimensionality) is also sinusoidal in the streamwise direction.
A higher reduced frequency implies a shorter length of the trailing vortex waves. As
a result, the congregation of the short trailing vortex waves would have a limited effect
on the upwash field of the airfoil. This is in a way similar to the memory effect of the
shed vortices in the spanwise direction (in that case the memory effect tends to be
independent of the reduced frequency when k is about 1, cf. chapter 2). With such a
formulation, it appears reasonable to interpret the reduction of the maximum
perturbation at the trailing edge as due to the viscous effect of the flow, of which the

convection of the shed vortices and the satisfaction of the Kutta-Joukowsky condition

T The absolute value of the velocity perturbation amplitude depends on the
strength of the excitation, i.e. the amplitude of the airfoil oscillation.
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are two factors we can think of. The discussion of the first will come up later. We will
address here the second, since it is consistent with the observation of other researchers,
¢.g. Chen and Ho [9], in experiments with other principles (measurements of trailing

edge loading, trailing edge streamline, etc.).

Table 4.2 Comparison of the perturbation amplitude at the trailing edge.

k u, (m/s) U, (M/s) Ugry/ Uy
1.88 0.047 0.042 0.89
2.74 0.13 0.11 0.75
3.58 0.12 0.09 0.85
4.9 0.13 0.11 0.85
5.38 0.089 0.092 1.03
5.54 0.22 0.16 0.73
7.25 (120 Hz) 0.21 0.14 0.66
7.25 (160 Hz) 0.21 0.13 0.66
9.54 0.19 0.11 0.58

Comparisons of streamwise traverses of the amplitude of velocity perturbation were
made with the numerical calculations assuming constant convection velocity of U,
adopting the strip assumption as mentioned in paragraph 4.5.1. The results are shown
in figure 4.17, in which the vertical coordinate stands for the perturbation amplitude,
and the horizontal coordinate represents the streamwise distance from the trailing edge
of the airfoil. Both the experimental traverse and the numerical calculation were made
at a y elevation that is 0.1c from the centerline of the wake. For both the experimental
and the computational results, the amplitudes of harmonic velocity perturbation were
scaled with the corresponding maximum values at the trailing edge. For each reduced
frequency, the streamwise distance was scaled with the corresponding half-wave-length,
N2.

We first note the point they (measurement and calculation curves) have in common. It
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is immediately clear that the curves from both experiments and numerical calculations
have a general similarity in shape. Following an observer travelling in the streamwise
direction, we notice that upon approaching the trailing edge, the perturbation attains a
maximum value in that neighbourhood. It then decreases when the streamwise distance
from the trailing edge becomes large, until a minimum is reached at some distance.

This unique feature deserves an interpretation.

In chapter 2 we studied the induced normal velocity component in the immediate
neighbourhood of a source layer. The magnitude of the normal velocity component is
found to be half of the local strength of the source distribution (equation (2.28)). This
is true also for the induced tangential velocity component in the immediate
neighbourhood of a vortex layer, since in a two-dimensional case the complex potential
of a source would be that of a vortex if it is turned by #/2'. Such an ideal
measurement (in the immediate neighbourhood of a ’vortex sheet’) is apparently not
applicable in a real situation, since what we have is a vortex layer of finite thickness.
In the present experiment the measurement points have a finite distance from the wake
centerline which, in a far field view, represents the position of the abstraction of a

discontinuity layer.

Apparently, the finite distance will introduce influences from the neighbouring vortex
elements. This can be seen quite well in the numerical modelling. On the projection of
the airfoil on the x-axis, -c <x <0, it is distributed with bound vortices which vary with
time. The positive half of the x-axis is occupied with the shed vortex wave of constant
amplitude (assuming that the shed vorticity is convected with a constant velocity).

Observing in the neighbourhood of the trailing edge with a certain distance from the

t This can be done by multiplying the complex potential of the source with
i (i=(-1)¥%. In such a way the potential function of the source becomes
the stream function of the vortex, and the stream function of the source
becomes the (negative) potential function of the vortex. From the
orthogonality between the potential and stream function it is immediately
clear that the normal velocity component of the source becomes the
tangential component for the vortex.
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plane y =0, one sees a half-infinite vortex wave and the bound vortices near the trailing
edge. Due to this kind of non-uniformity in the vorticity distribution, the magnitude of
the perturbation would depend on both the observation point’s distance from the vortex
sheet, and its streamwise position. This partially explains the behaviour of the amplitude

of the velocity perturbation observed above.

Further downstream, however, the effect of bound vortices fade away so that one sees
locally an infinite vortex wave on the x-axis'. In such a circumstance, the magnitude
of the perturbation would be independent of streamwise position of the observation
point. What matters is only the distance from the observation point to the vortex sheet.
This is clearly demonstrated by the damping-out of the amplitude oscillation at a larger

distance down stream of the trailing edge in the calculated curves (figure 4.17).
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Figure 4.17 To be continued. For caption, see page 93.

* This depends on the observation point’s distance from the vortex sheet.
If the observation point is closer to the vortex sheet, then the ’fading
away’ is faster.
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Referring still to figure 4.17, we now proceed to the analysis of the differences between
the experimental and the calculated results. We notice three features that reflect the
discrepancy between experiment results and the theoretical predictions assuming
constant convection velocity, namely, 1). the experimental curves’ increasing versus the
calculated curves’ approaching constant values; 2). the difference in the positions where
the minima (the dip) of the perturbation amplitudes happen; 3). the difference in the
depth of the dips measuring from the maxima at the trailing edge to the minima near

the trailing edge. In what follows we shall discuss these separately.

4.5.2.1 The Difference in the Perturbation Behaviour at Larger Distance from the

Trailing Edge

For the general behaviour of the curves shown in figure 4.17, numerical calculation
predicts that after the occurrence of the minimum near the trailing edge, the amplitude
of the velocity perturbation gradually approaches a constant value, though secondary
oscillation is still observed in the range of our study. In the experiment, however, we
observe in the same range of traversing the amplitude of perturbation shows a general
increasing trend with the distance from the trailing edge. Corresponding to the
secondary oscillations in the calculated results, we can still see comparable symptoms
in the experimental curves, though they are somewhat submerged in the general
increasing trend. In view of the discussion in section 4.4.3, this appears to be in
agreement with the development of wake geometry. It is well recognized that as the
distance increases the diffusion of momentum results in a thickening of the wake. For
a traverse at constant elevation this implies that the hotwire probe comes gradually
closer to the wake when travelling downstream. This results in an increasing amplitude

with the distance in the measurement results (figure 4.14).

In view of the above discussion, we observe that the experimental and numerical results
are in qualitative agreement. The similarity in the general behaviour of the two curves

has a two-fold implication. It proves that the modelling assumed in the numerical
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calculation is qualitatively correct. On the other hand, by such a judgement, the
mechanism of the flow interaction is understood. Despite of this reassuring observation,

there remain other clear discrepancies between the experimental and numerical results.

4.5.2.2 The Difference in the Position Where the Minima Occur

We notice in figure 4.17 that, systematically, with respect to the numerical prediction,
the experimental curves are substantially shifted to the left, e.g. the minima of the
velocity perturbation amplitude occur earlier than would be expected according to the
numerical calculations (assuming constant convection velocity). So are the maxima of

the perturbation amplitude at the trailing edge.

In order to explain this difference between the experimental and numerical results, we

refer to figure 4.18.
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Figure 4.18 Calculated (constant convection velocity U,) amplitude curves of velocity

perturbation at different reduced frequencies. Trailing edge at x=0.
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This figure shows the calculated perturbation amplitudes at different reduced
frequencies. The vertical axis represents the perturbation amplitude scaled with the
corresponding maximum value at the trailing edge. The horizontal axis represents the
distance from the trailing edge, and is scaled with the chord length of the airfoil. We
observe in this figure, that the curves with higher reduced frequency are shifted to the
left (closer to the trailing edge) in a similar way to what appears in figure 4.17! From
the discussion in section 4.4.3, we understand that the reduced frequency can in fact
be interpreted as a parameter that represents the ratio of the chord length and the wave
length of the shed vortices, i.e. ko< (chord length/wave length). In other words, a larger
reduced frequency corresponds to a shorter wave length. Therefore it can be concluded
from figure 4.18 that corresponding to a shorter wave length, the amplitude curve of
the perturbation is shifted more to the left, i.e. closer to the trailing edge. Therefore,
observing the discrepancy in figure 4.17, we conclude that the wave length of the shed
vorticity in an actual, viscous flow is shorter than what is assumed in the numerical
calculation (A\=U,T). This is in fact equivalent to the statement that the shed vortices

are not transported with the mean flow velocity Uy, but that the convection is retarded.

4.5.2.3 The Difference in the Depth of the Dip

The third clear discrepancy between experimental and the calculated results based on
classical theory is the amount of perturbation amplitude reduction, defined as (U~
W) Uy In figure 4.17 we see that this discrepancy is consistent and quite appreciable.
A similar feature is observed in figure 4.18, where we see that corresponding to shorter
wave lengths (higher reduced frequency), the amount of amplitude reduction is larger.
This is again a solid confirmation for the observation made earlier: in real flow the
wave length of shed vortices is shorter than A=U,T, or, the convection of the shed

vortices is retarded with respect to the uniform flow velocity U,

In figure 4.19 we plot the reduction of the perturbation amplitude as a function of the

reduced frequency. We notice in this figure that though the amount of reduction in
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experiment and calculation show the same behaviour of increasing with the reduced

frequency, the rates of increase are appreciably different. It is clear that the reduction

in the experimental results develops at a considerably faster rate than that predicted by

the numerical calculation assuming constant convection velocity Us,.
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Figure 4.19 A comparison of the perturbation amplitude reduction.

Persistency of vorticity is well recognized. Therefore the extra amount of the amplitude

reduction appears to suggest an interaction of vortex waves. In chapter 3 we conjecture

that in view of the flow structure in the near wake, it is plausible that the convection

of shed vorticity is conceived in a layered structure. In the outer part of the wake the

velocity defect is less. So that the wave length of the shed vorticity would be not much

different from U,T. We shall refer to this as the outer wave'. But in the inner part of

the wake (near the wake centerline), the velocity varies strongly with the distance, so

' If one looks microscopically, there would be two such waves on the two
outer edges of the wake. They are symmetric about the wake centerline
in view of the antisymmetrical property of the lift problem (the velocity
is antisymmetric, so that the unsteady part of the vorticity is symmetric).
Therefore in what follows we shall make no distinction of these two.
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that it is reasonable to expect that in this region the shed vortices would have a wave
length which is shorter initially. As the distance from the trailing edge is increased, the
length of the inner wave is gradually extended approaching UyT. Associated with the
unsteady motion of an airfoil in a viscous flow we then expect a two-wave structure for

convection of the shed vortices.

It is clear that the measured curves shown in figure 4.17 consist of the contribution
(vector sum) of the two vortex waves mentioned above. The inner wave, with its wave
length varying along the wake, interferes with the outer wave, giving the extra amount
of the amplitude reduction. To verify this conjecture, another set of numerical

calculation was made to simulate the two-wave structure.

In this numerical procedure, the outer wave and its velocity perturbation in the flow
field is calculated in the same way as described in the beginning of the present section
(constant convection velocity Ug). For the inner wave, the principle of the numerical
modelling is essentially the same as for the outer wave, only the convection velocity of
shed vorticity is assumed to be a function of the distance from the trailing edge. It starts
with zero value at the trailing edge, and gradually increases to the value of the
undisturbed flow velocity. In such a way the inner vortex wave and its perturbation in
the flow field can be calculated. For more details concerning the numerical procedure,
the reader is referred to chapter 5. The velocity perturbation is obtained by performing
vector summation of the contributions due to the two vortex waves. In view of what is
shown in figure 4.19, we made the proportion of the waves adjustable. The results of
this calculation are shown in figure 4.20, for cases with reduced frequency 3.58 and
5.54 respectively. For the case where the reduced frequency is 3.58, the inner wave is
20% of the outer wave in strength. For the case where the reduced frequency is 5.54,
the inner wave is 40% of the outer wave in strength. From figure 4.20 it appears that
the results of the two-wave model fit the experimental curve better concerning the
reduction of perturbation amplitude. Also, the trend that the strength of the inner wave
increases with increasing reduced frequency agrees qualitatively with what is shown in
figure 4.19.
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Figure 4.20 Simulating the amplitude reduction with the two-wave model.

From the numerical calculation we found that the perturbations due to the two waves
are approximately in phase at the trailing edge. As the distance from the trailing edge

is increased, the phase difference builds up. In the neighbourhood where the minima
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occur the two run into counter phase (for k=3.58 case the counter phase happens closer
to the trailing edge). This observation is in line with the partially destructive

interference conjecture elaborated above.

Measurements of the mean velocity profile of the unsteady wake is also in agreement
with the above observation. Shown in figure 4.21 are results from the mean velocity

profile measurement of two unsteady wakes.
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Figure 4.21 The outer wave over takes the inner wave by half a wave length at a distance about

N2 from the trailing edge. The vertical axis, denoted with delta x gives the distance of over taking.

In case 1, the uniform velocity is 7.0 m/s and the excitation frequency is 40 Hz,
yielding a half-wave-length of 88 mm (in this neighbourhood the minimum occurs). In
case 2, the velocity is 10.0 m/s, =160 Hz, and \/2=31.25 mm (in this neighbourhood
the minimum occurs). It is clear from this figure that in each of the two cases, a
particle with the uniform flow speed overtakes the particle with the centerline velocity

by an amount of A/2 in a distance which is about the half-wave-length (approximately
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10% less, to be more precise) from the trailing edge (see Appendix D). In other words,
at the distance of about 90% of \/2 from the trailing edge, the vorticity at the centerline
will run into counter phase with respect to the vorticity at the outer edge of the wake

if they start in phase at the trailing edge.

4.6 Concluding Remarks

In this chapter we described an experimental study in the near wake range of an airfoil.
The experiment was conducted at the open end of the M-tunnel in the Low Speed

Laboratory of the Aerospace Engineering Department, Technical University Delft.

A steady wake measurement was made for the airfoil at zero angle of incidence. Good
symmetry of the mean velocity, as well as the velocity fluctuation profile was observed.

Two dimensionality was checked to be satisfactory.

The near wake is found to consist of two parts, namely, a potential wake and a viscous
wake. The potential wake exists because of the perturbation due to the thickness
distribution of the airfoil. Both the velocity defect and the velocity gradient are small
here. The velocity deficiency in the potential wake is filled up at a faster rate.

Comparison with numerical calculation shows a fair agreement.

For the inner viscous wake the self preservation of the mean velocity profile is reached
at about 0.2c behind the trailing edge. The growth of the half-wake-width and the
centerline velocity is in agreement with what Chen and Ho [9] observed in a closed

wind tunnel.

For unsteady motion of an airfoil, it is identified in the present study that the process
of the associated vorticity shedding is a linear one. This observation is relevant to the

study of aeroelasticity problem in the sense that experimental studies can be related to
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the theoretical ones by way of linear extrapolation.

The perturbation is strongly reduced frequency dependent. In the measured range, it is

found that the perturbation is not very sensitive to the change of the Reynolds number.

For the investigation of the convection of shed vortices, a novel approach is devised.
It integrates experimental measurement and numerical calculation. The modelling of the
numerical calculation is based on the mechanism as discussed in chapter 2 in the main
line, and is shown to be qualitatively correct. By comparing the experimental and the
numerical calculation we extract the real physical information contained in the measured

results.

Technically, this approach consists of three steps. First, the velocity perturbation
outside of the wake is measured in the experiment. Then, corresponding numerical
calculations are made, based on the principle as described in chapter 2 (for details of
the numerical calculation one is referred to chapter 5). Finally, comparisons between

experimental and numerical results are made and conclusions are drawn.

It is concluded from the present study that the shed vortices have a shorter wave length
than assumed in the linear theory. In other words, the convection of the shed vortices

is retarded.

Referring to the larger amount of the perturbation amplitude reduction observed in the
experiment (with respect to the numerical result based on the classical theory of
Theodorsen), it is inferred that shed vorticity convection in the near wake is conceived
in a two-wave structure. The extra amount of reduction of the perturbation amplitude
measured outside the wake may arise from the partially destructive interference of the
two waves at about A/2 distance from the trailing edge. Comparison with a two-wave
simulation verifies this conjecture. The two-wave structure is also compatible with the
near wake flow structure as discussed in chapter 3. Measurement of mean velocity

profile of the unsteady wakes supports this interpretation.
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Chapter 5

Numerical Studies

5.1 Introduction

The present chapter is directed at two objectives. In the first place, we are to provide
a detailed description of the numerical modelling applied in the present chapter as well
as in the reference calculation in chapter 4. Secondly, we are to present numerical
studies of the kinematics of the flow associated with the unsteady motion of an airfoil.

The study is accomplished with a vorticity distribution based panel method.

In the panel method, the governing equation represents the flow-tangency requirement
on the boundary surface. Vortex shedding, accompanying the oscillation of the airfoil,
is determined by imposing the Kutta-Joukowsky condition in the form of smooth off-
flow at the trailing edge, in conjunction with Kelvin’s theorem of conservation of (total)

circulation.

The distribution of the shed vorticity is another important factor to be determined, and
whose significance is seen in the memory effect (cf. chapter2). In the present study, we
examine two extreme cases. In the first case, the velocity of vorticity convection is
assumed to be identical with the constant uniform flow velocity U,. This comes down
to assuming that the vorticity is convected at the outer layers of the wake. In the second
case we assume the velocity of shed vorticity convection to be a function of the
streamwise distance from the trailing edge. In this case, the convection velocity starts
with zero value at the trailing edge. It develops as the distance from the trailing edge
is increased approaching the uniform flow velocity U,, corresponding to convection at

the centerline of the wake.

It might be recalled that in the previous chapter, in order to verify the conjecture of the
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two-wave structure in the shed vorticity convection we implemented a simple modelling
(paragraph 4.5.2.3). In fact, the two-wave verification modelling is a synthesis of these
two extreme cases. In the two-wave modelling, the two extreme cases were calculated
separately. The induced perturbation in the flow field was calculated by taking the
weighted vector sum of the contributions from the two. The weighting factor is inferred

from figure 4.19.

As mentioned above, we are interested in the investigation of the kinematics, such as
bound circulation, and the bound vorticity distribution. This is for several reasons. First
of all, we noticed in chapter 4 that the importance of the kinematical study of the flow
field follows from the role it played in the experimental investigation of shed vorticity
convection in a viscous flow. In the second place, the kinematics is of intrinsic interest
itself in view of the mechanism of the problem we are dealing with. Replacing the
oscillating airfoil and the wake with a vortex sheet, we see that the distribution of the
singularities is the origin of perturbation to the flow field. The distribution is not
arbitrary. In the wake, it has to follow a pattern prescribed with equation (2.23) for
constant velocity Uy, and equation (2.24) for non-constant velocity U(x). On the airfoil,
the vorticity distribution is such that the induced (by both the bound and the shed
vorticity) normal velocity component has to be identical with what is specified by
equation (2.16), so that the boundary condition is satisfied. This study also appears to
be necessary in view of the fact that in the analytical solutions of the classical theory
(cf. chapter 2) the kinematics is concealed in the integrated results, i.e. the loadings.
Moreover, the kinematics might also be relevant to the understanding of unsteady

boundary layers on an oscillating airfoil.
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5.2 The Panel Method

A panel method is a numerical method for solutions of linear potential problems.
Essentially, it is a numerical implementation of the surface integral in the field theory.
By virtue of Green’s identity (appendix E), for problems governed by the Laplace
equation (potential problem, therefore) the solution can be represented by an appropriate
distribution of sources and doublets over the boundary surfaces. Once the distribution
of the singularities is properly determined according to the boundary condition the
potential flow is solved. In line with this, the first step of solving a potential problem
is to seek a proper distribution of the singularities which satisfies the boundary
conditions on the bound surface and at infinity. In what follows, the discussion appears

to be for steady problems, but it can easily be extended to the unsteady problems.

In the numerical calculation, the profile contour is approximated with a number of line
segments which are called panels. The distribution of singularities is to be determined
piecewisely on each of the panels according to some prescribed manner. The
distribution is determined so that taking account of the perturbation introduced by the
singularities the flow-tangency condition on the solid boundary is satisfied at the

collocation points on each of the panels.

In the two-dimensional case, a source distribution q(x) over a segment, a<x<b, on the

x-axis introduces a perturbation potential (cf. equation (2.24))
) b
6 ) =5~ (gl -7 -y de. G-I

Corresponding to this, there is a discontinuity in the normal velocity component across
the distribution. The jump of the discontinuity is v*-v'=q(x), where the superscripts +
and - denote the upper and the lower side of the distribution respectively. The tangential

velocity component is continuous across the distribution.
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A distribution of doublets q(x)' over a<x<b on the x-axis has a potential in the space

which can be written

b
d>(xy)- q€)y L&Y g, (5.2)
2n, (x-E)2+y?

This gives rise to a discontinuity in the tangential velocity component across the
distribution. The jump is u*-u=aq/dx. The normal velocity component is continuous

across the distribution in this case.

In view of the perturbation the singularities introduce into the flow field, it is clear that
the source distribution is relevant to the thickness problem in the thin airfoil theory (in
fact, it results in the ’potential wake’, as identified in chapter 4), while the doublet
distribution is associated with the lift problem. In what follows we shall concentrate on

the latter.

The property of the doublet distribution is strongly reminiscent of vorticity distribution
for which perturbation velocity component is continuous in the normal direction, but
discontinuous in the tangential direction. In fact it can be proved that the two are indeed
equivalent. Consider the distribution of doublet q(x) over a<x <b, on the x-axis. The

potential as written in equation (5.2) can be integrated by parts to yield

98 p1 Y
o= 27 x- El

-9 _faqedg,

faq 1Y g

2%t (5.3)

where §=tan''(y/(x-£)) as sketched in figure 5.1.

' For simplicity of notation, we use here q(x) also for the doublet
distribution. It will not be confused with the source distribution since
they are only temporal in the context.
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It is clear that this is a potential due to two concentrated vortices -q(a), q(b) at (a,0),
(b,0), and a distribution of vorticity y=0dq/dx over a<x<b, y=0. So that we see that

a doublet distribution can equivalently be replaced with a distribution of vortices.

Figure 5.1 The spatial relation between the doublet distribution

over a<x<b, y=0 and a field point at (x,y).

As discussed in chapter 2, for the lift problem we are concerned with, the airfoil is
replaced with a flat plate. We divide the plate into a number of panels on which the
vorticity distribution is to be determined subject to the flow-tangency condition on the
surface. The jump (discontinuity) of tangential velocity component across the
distribution is just the local vorticity strength y. The segment discussed above can be
understood as one of the panels. The joint of two neighbouring panels is referred to as
a node, or a nodal point. By properly choosing the vorticity distribution, the
concentrated vortices at the nodes of the panels will cancel each other, except at the
leading and the trailing edge. As is usual in the airfoil problem we shall allow the
singularity at the leading edge, but remove the one at the trailing edge by applying a

Kutta-Joukowsky condition.
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5.3 The Governing Equations and the Discretization

5.3.1 The Governing Equations

Formally, a potential problem is governed by the Laplace’s equation. However, if we
approach the problem from the Green’s identity, we do not solve for the potential in the
field directly. Instead, we seek for appropriate distribution of the singularities on the
boundary according to the boundary conditions prescribed. In this connection, the
equation that describes the boundary conditions becomes the governing equation. In the
panel method approach of the unsteady airfoil problem, the conservation of circulation
and the Kutta-Joukowsky conditions enter also as the governing equation, making the

problem determinate.

5.3.1.1 The Boundary Conditions

Let a Cartesian coordinate system (X,y) be chosen so that the x-axis is in the direction
of the uniform flow with velocity U,. The y-axis is perpendicular to the mean flow and
positive upwards. Velocity components of flow in the two directions are denoted with
u and v respectively. We consider the flat plate performing a small amplitude
harmonic oscillation with its mean position on the x-axis. The leading edge is at x=0,
and the trailing edge at x=c. Though the boundary condition has been derived in

chapter 2, for the convenience of reference we recapitulate it here.

Let the instantaneous position of the plate be described by

y=Y(x,1), on O<x<c. (5.4)

' To be more precise, the amplitude does not need to be small in principle,
as long as the product of the amplitude and the frequency is small with
respect t0 U,. The requirement of small amplitude is more for the
convenience of writing the boundary condition on the plane y=0.
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The flow velocity in the normal direction of the plate must be equal to that of the plate
itself at each moment. This can be written as vpn=v,n, where n=(-0Y/dx,1) is the
normal vector on the plate. The subscripts f and p stand for flow and plate respectively.
Recognizing that the oscillation is of small amplitude, the velocity of the plate can be
written v,=(0,dY/dt). The velocity of the flow is the sum of the uniform flow (U,,0)
and the perturbation (u,v). So that the boundary condition on the plate can be written

)4
§=—(Uo+uf)%§+vf . (5.5)

Omitting the term that is of higher order small we have

v,y ¥ (5.6)

The restriction that the oscillation is small in amplitude allows equation (5.6) to be

applied on 0<x<c, y=0.

Since the singularities on the bound surface are basic solutions of the Laplace equation,
their perturbation decays with increasing distance. The condition that the perturbation
vanishes at infinity, leaving only the uniform flow, is automatically satisfied with the
velocity potential Uyx. Of course, in the neighbourhood of the vortex wake, which

extends from the trailing edge to (o0,0), this is not the case.

5.3.1.2 The Conservation of Circulation

Accompanying the oscillation of the plate, vortices are continuously shed into the wake.
Observing the conservation of the total circulation in the whole flow field, the total

circulation is independent of time. Therefore, the relation between the bound and shed

vorticity can be written
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T(8) =T, (t+81)+8T,. 5.7

In equation (5.7) the subscripts b and w stands for bound and wake respectively.

5.3.1.3 The Kutta-Joukowsky Condition

Vortex shedding accompanying the oscillation of an airfoil is determined by applying
the Kutta-Joukowsky condition at the trailing edge, in conjunction with the law of
conservation of total circulation. The basic form of the Kutta-Joukowsky condition is
that flow from the two sides of the airfoil, upon joining at the trailing edge, passes
smoothly into the wake. The essence of this phenomenological hypothesis is that a flow
cannot go around a sharp corner, e.g. the sharp trailing edge in the present case, in
such a way global separation of the flow is avoided. This being the case, the bound

circulation round the airfoil is uniquely determined (cf. chapter2).

In mathematical terms, this implies
¥4(€) =v,(0), (5.8

in which y,(c) is the strength of bound vorticity at the trailing edge, and v,(c) is the
strength of the newly shed vorticity located adjacent to the trailing edge. For simplicity,
in what follows we shall omit the subscript b for bound vorticity if no confusion will

be introduced.

In the case where the flow is purely potential and without retardation, the wake is an
infinitely thin sheet across which the streamwise velocity is discontinuous. When no
retardation in shed vorticity convection is accounted for it can be proved that equation
(5.8) implies another statement: the pressure difference at the trailing edge is zero (the
zero loading hypothesis). The equivalence of the two hypothesises is demonstrated as

follows.
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For unsteady potential flow, Bernoulli’s equation reads
p=-p(2:1y2yf0, (5.9
a 2

where V=((U,+u)®>+v?)*?, and f(t) is an arbitrary function of time only. Neglecting
higher order small terms, such as u? and v* (they would tend to cancel anyway, in the
calculation of pressure difference across a vortex sheet), Bernoulli’s equation is

linearized to be

p=-p (22U 10 (5.10)

Denoting with subscript # and { for the upper and lower side respectively, we have for

the pressure difference
- G 5.11
PI—P.,—PUO(UU‘UI)+P5;(¢u—¢l)- (5.11)
Let the difference vanish at the trailing edge, it follows

Uo(uu—ul)=—§;(d)u—¢l), at x=c, (5.12)

where it is recognized u,-u,=+, per definition. ¢,-¢,=( { udx),_o, ,—( § udx),_o .. =T

is the bound circulation. So that the hypothesis of zero loading implies

UOY(C):_%F{' (5.13)

Considering a small time interval 8t, the bound circulation is changed by an amount oT".
In view of the convection speed U, the wake is extended by a length Ugdt. If 8t is
small enough, it can be assumed that the shed vorticity is evenly distributed over this
wake element, so that v, =-6I'/(UySt). In view of equation (5.13), we see that the

hypotheses of zero loading and smooth off-flow are equivalent, both require that
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¥(c) =%, (equation (5.8)).

For the case where convection of the shed vorticity is retarded, the two hypotheses are
not equivalent on the level of the outer potential flow. In this case the shed vorticity
over a wake element is v, =-0I'/(U,6t), where U,, is the convection velocity which is
different from U,. Obviously, Uyy(c)=U,y, (zero loading requirement) and v(c)=v,
(smooth off-flow requirement) cannot be satisfied simultaneously, if U,, # U,. Based on
physical consideration, we maintain the smooth off-flow hypothesis, i.e. y(c)=7,, so

that global separation of the flow may be avoided.

As noticed earlier, in classical theory (where there is no retardation), the wake is only
a terminology that represents a sheet of tangential velocity discontinuity. It does not
have a finite lateral dimension. On account of the fact that the density of the fluid is
uniform, the wake has a vanishingly small mass per unit length in view of its lateral
dimension. Therefore zero loading is a necessary requirement in this case. For, if
otherwise, a discontinuity of the pressure across the *wake’ will necessarily result in an

infinite acceleration, which is physically unacceptable.

Considering the retardation in shed vorticity convection we are implicitly confronted
with an actual wake. In view of what is discussed in chapter 3, we understand that the
reduction of the lateral dimension of the wake to infinitesimal is because its scale in this
direction is of higher order small with respect to the relevant scale in the potential flow
(the chord length c). To see what actually happens to the shed vortices we need to
consider the boundary layer scale for the moment. With this scale we can see the finite
lateral dimension of the wake and the velocity defect in it. In this case, if we require
a shed vortex to move with velocity U, it would be subject to a finite *Kutta force’
(and thus infinite acceleration). So it would have to move with the local velocity in the
wake (which is less than Ug). This is for the same reason why in the classical theory
it has to move with the uniform flow velocity. This is in fact a restatement of Kelvin’s
theorem (only it is applied at a finer, boundary layer scale); there can be no Kutta force

if the relative velocity vanishes.
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Turning back to the geometrical scale of potential flow, at which the present numerical
calculation is performed, the issue of non-zero loading across the ’infinitely thin’ wake
encountered in the case of retarded shed vorticity convection should not worry us.
Because we know that though the geometrical dimension of the wake is made to vanish
in the lateral direction, it retains a finite mass per unit length in the flow direction, so

that the infinite acceleration can be avoided'.

5.3.1.4 The Integration

According to Kelvin’s theorem, for uniform convection, vorticity in the wake v, (x,t)

is related to the bound circulation by (Ashley & Landahl [2])

19 xX-c
x,)=———[(c,t-—). 5.14
Y50 ant( Uo) (5.14)
The denominator U, in this equation expresses the distribution of the shed vorticity,
while the argument t-(x-¢)/U, indicates that vorticity shed at time t-(x-c)/U, is observed

at point (x,0) at time t. The latter is in fact a Galilei transformation.

A vorticity distribution vy(x,t) on a<x <b, y=0 will induce a velocity in the y-direction

at a point (x,,0) in the following way (cf. chapter 2)

tIf vortex elements in the wake move at the local velocity, then pressure
variation in the lateral direction of the wake is continuous. Therefore,
dp/dy is bounded. The pressure difference across the wake would be
proportional to &, the thickness of the wake. The mass per unit length of
the wake is also proportional to 6. In this sense, it can be observed that
the mass per unit length of the wake is non-vanishing.
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1 ry@&n 5.15
(D= f e (5.15)

In the present study, we assume that the harmonic oscillation y =a(x)e'* has been going
on for so long that the vortex wake virtually extends to infinity. Taking into account of
the perturbation of both the bound and the shed vorticity we have for the up-wash field
at the plate

oo=-L £(E)ME | iwl }em(-iw(x-c)/UO) i, (5.16)
21t x-E 21:U0c x-E

where ¥, 4, and T' under the hat are the complex amplitudes of the up-wash, bound
vorticity, and the bound circulation respectively. According to equation (5.6), we have

for the boundary value problem the integral equation

a7, £R(E)E | il f""P( o) Do 4 (5.17)
EN °ax 2‘rr x-§ 2nU x-E ’

in which the bound vorticity 4(x) is to be solved. Here, we observe that the Cauchy
principal value integral represents the perturbation due to the bound vorticity. The
second integral on the right hand side of equation (5.17) gives the perturbation due to
the shed vorticity in the wake.

In line with the interpretation of equation (5.14), we can write the relation for the case

in which convection of shed vorticity is non-uniform

= -_— (5.18)
Y, (5,0 U()at fU(E)E),

which satisfies equation (2.24) as is easily verified. Obviously, equation (5.18) reduces

to equation (5.14) for constant convection where U(£)=U,. Corresponding to this, the
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integral equation governing the boundary value problem for non-uniform convection of

vorticity is then

3
5 5 ¢ L w Le:xp(—i(,)fﬂ_)
O ¥ _ 1 38 *Ef U(g) LU i
o Pox 2mp g 2n x-§ T (.19

c

5.3.2 The Discretization

The governing equations were established in the last section. They are:
- the equation for conservation of circulation (equation (5.7));
- the equation for the Kutta-Joukowsky condition (equation (5.8));

- the equation for the boundary condition (equation (5.17)/(5.19)).

At this stage these equations are exact with respect to the numerical approximations that
are to follow. Equations (5.7) and (5.8) should be satisfied at each moment of the
motion. Equations (5.17) and (5.19) should be satisfied on the whole boundary surface
at each moment. To realize numerical calculation approximations need to be made in
order to render the number of equations to a finite (manageable) amount. This is done
by way of discretization. Appropriate equations should be satisfied at only a finite
number of spatial points and/or time steps. The spatial points at which the equation for

the boundary condition is satisfied are referred to as the collocation points.

5.3.2.1 The Panels

In numerical calculation, the plate is resolved into a number of N panels. The governing
equation that ensures the boundary condition applies to each of these panels. Experience

with analytical treatment of airfoil problems shows that the vorticity distribution has a
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more complicated behaviour near the leading and the trailing edge (Ashley & Landahl
[2]). To have a better resolution, the panels are so divided that they are finer near the
two edges, but coarser on the mid-chord. This is done with a cosine scheme. The

coordinate of the nodal points is

o (GDmY
x.-*l cos(—N,_‘], 1_1’2’---5N+1' (520)

5.3.2.2 The Process

We start the calculation at time t=0, when the plate is set into oscillation. Before this
moment the plate is aligned in the uniform flow with zero angle of attack. As soon as
the unsteady motion begins, bound circulation is built up and counter vortices are shed
into the wake. In principle, a stationary state” can be reached only infinitely long after
the onset of the unsteady motion. However, experience with calculations shows that
after about 4 periods of oscillation the stationary state is practically established.
Vortices farther down-stream in the wake have little influence on the flow field near the
plate. The step length of time increment plays a role in the accuracy of the numerical
calculation. It appears from calculation practice (van Duivenbode [35]) that when the
length of the time step is 2.5% of the period, and the number of the panels is 40, the
numerical results check the analytical solution (with U=Uj, as described in chapter 2)
already satisfactorily. In the case where the convection of shed vortices is retarded, it
is natural to expect that the vortex wave extends in a slower rate. In the actual

calculation we consider that the stationary state is reached after 6 periods of oscillation.

' By stationary state we mean that despite the unsteady nature of the
process, the characteristics of it—the amplitude and the phase angle of
bound circulation here—is time independent.
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5.3.2.3 The Distribution of Vorticity

The bound vorticity distribution ¥(x) in equations (5.17) and (5.19) is an unknown
function. We shall approximate it with numerical values at the nodal points. Over the

panels, i.e. in between the nodal points, we assume a linear interpolation

Yi—1+Yi+ Yi—Yi-lx’
2 A

il

¥x)= (5.21)
in which |, is the length of the panel (panel i) and x; is the local coordinate with its
origin at the middle of that panel. Such a distribution is generally valid for most of the
panels except for the first one, because the velocity singularity at the leading edge
results in a vorticity distribution singular like x'. For this reason we shall allow a
distribution of vorticity in the form of y,(x)=Ax'?, and let, in the linear distribution
part, the vorticity strength be zero at x=0. So that we have for the bound vorticity
distribution y =", +7,.

The distribution of the shed vorticity in the wake is assumed to be piecewisely constant
over each of the wake elements. This is valid because the influence of the wake
vorticity on the up-wash field is small with increasing distance (Giesing [14}]), and also
there are no collocation points for the wake elements where boundary conditions should
be satisfied. In van Duivenbode [35] it is shown that it is the introduction of the
singular distribution v, at the leading edge that plays an important role in improving the

accuracy.

5.2.3.4 The Discretization of the Governing Equations

The conservation of circulation requires that the total circulation in the entire flow field
must remain unchanged at each time step. Corresponding to equation (5.7) and the

vorticity distribution discussed above, this can be written
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[¥(&0dE = [y(E.1vd0dE +y, 0 8s,, (5.22)
0 0

The second term on the right hand side is the circulation of shed vorticity during a
small time interval 8t. While és,,=U(c,t)dt is the length of the first wake element just
downstream of the trailing edge. Since we start the unsteady motion at zero angle of

attack, the total circulation is zero, so that at each time step we have

[vE.rende = -y s, (5.23)
0

As mentioned earlier, the boundary condition is satisfied at the collocation point of each
of the panels. Considering numerical stability the collocation points are chosen at the
middle of each of the panels. In line with equation (5.17) (and also equation (5.19)),
this can be written for each collocation point, according to the devised vorticity

distribution

o . Y__ A/\/_ v(&)dz
+US f
at ox 211: o % 21:
1 N Sin (g) n  c+kUdt
-—— YL dg + "k dE. (5.4
2ﬂ,§,{xo 13 2“§c+(kj;)0d: x,-& .29

In this equation, terms on the left hand side give the normal velocity at appropriate
collocation point x,. The first term on the right hand side gives the normal velocity
induced by the singular vorticity distribution. The second term represents the normal
velocity induced by the linear vorticity distribution on the panel itself. The third term
are the contributions due to linear vorticity on all the other panels on the airfoil
0<x<c. The last term gives the influence of the shed vorticity in the wake. For each
of the terms influence factors can be written, corresponding to the vorticity strength at
the nodal points (Appendix F). These will be used in forming the coefficient matrix for

numerical calculation.
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The form of the wake influence term is different from the ones in equations (5.17) and
(5.19). This difference arises from the fact that in the analytical treatment the wake
vorticity is considered to be frozen in the space, while in the numerical calculation the
motion of the shed vortices is followed. They actually describe the same mechanism.

Only in the numerical calculation the shed vortices must be relocated at each time step.

5.2.3.5 The Numerical Calculation

The flow chart of the numerical implementation is shown in figure 5.2. An important
part of the calculation follows an algorithm as devised in van Duivenbode [35]. The
equations to be solved are equation (5.24) for the boundary conditions at the collocation
point of each of the panels, equation (5.22) for the conservation of the total circulation,
and equation (5.8) for the Kutta-Joukowsky condition. The prescribed boundary
condition forms the free vector {b} for the simultaneous equations. It is updated at each
time step, to take account of the perturbation due to the old shed vorticity at the
collocation points and the instantaneous oscillation of the plate. With the coefficient
matrix being constant, the simultaneous equations are solved after the free vector {b}
is established. The bound circulation and the vortex shedding are accordingly
determined. The shed vortices in the wake are then relocated according to the

prescribed convection function before the free vector {b} is updated.

The stationary state is considered to be reached after a number of periods of oscillation
as discussed above. For calculation of the velocity perturbation in the space, the time
has to be longer. Because in this case the influence of the shed vorticity in the far end
of the wake may also be important depending on the position of the calculation point.
This is controlled through the input. When the stationary state is reached, appropriate
calculations such as the bound vorticity distributions, induced perturbation in the flow
field, etc. are executed. This is performed for one period of the oscillation before the

whole calculation is concluded.

119



paneling

total circulation
is initially zero

[_form coefficient matrix ]

Lform free vector w

I solve the governing equotions—l

I new bound circulation |

I relocating shed vorticies l

stationary state?

I appropriate calculations

exceeding
control time?

Figure 5.2 Flow chart of the numerical calculation.
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5.4 Results and Discussion

In this section we present and discuss the calculated results. In the first 4 paragraphs
we are concerned with the case where the convection of the shed vorticity is with the
uniform flow velocity U,. In the last paragraph we shall deal with the case where the

shed vorticity convection is retarded.

5.4.1 The 3/4 Chord Point

In section 2.4 it has been shown that the lift force due to circulation can be represented

by the upwash at the 3/4 chord point of the plate

L=-21pUpp Ck}V,,y- (5.25)

For this reason, this particular point on the airfoil is referred to as the rear aerodynamic
centre (Fung [13]). In terms of the aerodynamic response, the oscillation of an airfoil
with a fixed pivot point can generally be decomposed into two elementary modes,

namely, a heaving and a ’pure’ pitching about the rear aerodynamic centre

Y ¢
V3c/4—5\3c/4+ oa_x|3c/4

=-ane""o"u(xo-%)iuokae"%” (5.26)

where x, is the position of the pivot point measured from the leading edge, and k is the
reduced frequency. The first term on the right hand side of equation (5.26) is the
upwash due to the "pure’ heaving, and the second is the upwash at the 3c/4 point due

to a pitching motion.

121



Apparently, the lift force exhibits a symmetry with respect to the 3c/4 point' for
different modes of pitching motion. In fact, though less apparent, this is true also for

the bound circulation, as can be seen in figure 5.3.

TUge

Figure 5.3a Amplitude of bound circulation for different modes of

pitching oscillation. k is the reduced frequency.

In figure 5.3a, we notice that for two pitching motions when the pivot points are
symmetrically located with respect to the rear aerodynamic centre, the amplitudes of
the corresponding bound circulations are identical. In this figure they coincide perfectly,
so the reader is reminded not to mistake them as one. The two curves on the upper part

represent actually the bound circulation of four cases.

t  Here, by symmetry we mean that if the pivot points of two pitch motions
are symmetrical with respect to the 3c/4 point, then the aerodynamic
response of the two motions are also symmetrical with respect to the one
for the ’pure’ pitching, in terms of both amplitude and phase angle. This
will become clearer in the following discussion.
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22|

Figure 5.3b Phase angle of bound circulation for different modes of

pitching oscillation. k is the reduced frequency.

In figure 5.3b, the phase angle is determined with reference to a harmonic wave which
is 37/2 lagging behind the oscillation. In this figure we see that the bound circulation
of two symmetrical pitching motions have the same amount of phase shift with respect
to the phase angle of the circulation associated with the pitching motion about the 3c/4
point. However they are on the different sides of the reference curve. At very low
reduced frequency, the amplitudes of the circulation are seen to be nearly the one in the

steady case, 27, and they are essentially in phase with the oscillation of the plate.

It is also clear that the development of the bound circulation, as a function of the
reduced frequency, depends on the mode of oscillation. For ’pure’ pitching (pivot at
3c/4), the bound circulation is decreasing monotonously with increasing reduced
frequency. While for pitching about a pivot distinct from the rear aerodynamic centre,
the bound circulation is seen to increase in higher reduced frequency range. This non-

uniform behaviour of the amplitude curves can be explained by considering the upwash
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at the rear aerodynamic centre for different modes of oscillation.

In equation (5.26) we observe that for oscillation pivoted at the 3c/4 point, the upwash
at the rear aerodynamic centre depends only on the instantaneous angle of incidence of
the plate. With a given amplitude of oscillation, the amplitude of the upwash is constant
for all reduced frequencies. In this case, the reduced frequency enters only as a
parameter describing the harmonic oscillation of the plate. But for pitching with a pivot
at other than the 3c/4 point, the rear aerodynamic centre is itself performing an
oscillation in the transverse direction. This, in addition to the instantaneous angle of
incidence, gives rise to an upwash of heaving nature as represented by the second term
on the right hand side of equation (5.26). The amplitude of upwash of this kind is
proportional to the reduced frequency of the motion, so that in the high reduced
frequency range this term is overwhelming. Thus, the development of the bound
circulation in these circumstances is dominated by the augmentation of the upwash at
the 3c¢/4 point. In line with this, it appears clear that pure pitching is a proper case fore

studying the effect of the shed vorticity.

5.4.2 The Bound Circulation and the Related Force

The lift force acting on an airfoil can be calculated by integrating the pressure

difference on its two sides, along the chord.
L = [@pdx, (5.27)
0

where the pressure is determined with the linearized Bernoulli’s equation. Inserting

equation (5.10) into equation (5.27) we have for the lift force
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L) = pU,T() + p% [[v(€.ndzax (5.28)
00

As discussed in chapter 2, the lift force on the airfoil arises generally from two origins,
namely, the force which is related to bound circulation, and the force which is related
to the apparent mass effect. These two kinds of forces have different natures. The
apparent mass force arises from the acceleration of the fluid (9¢/dt0) due to the solid
body’s unsteady motion. So that it is present only when the motion of the airfoil is
time-dependent, even though the total circulation bound to the body might be zero.
While for the circulation related force, the unsteadiness of the motion is not absolutely
necessary. The lift force on a steadily moving airfoil is a good example. In this case,
the second term on the right hand side of equation (5.28) vanishes because of the
steadiness, with only the first term remaining (which vanishes also for the special case

of a flat plate at zero angle of incidence).

In principle, the distribution of bound vorticity, v(x,t), can be decomposed into two
parts, y=vy,+v,, with, say, [ v,dx=0 and | y,dx=T. Clearly, the force due to the
vorticity distribution 1, is related to the apparent mass effect as mentioned above, while
the one associated with v, is related to the bound circulation. Thus, the circulation
related force has essentially two origins. The one represented by pU,I" comes in because
the rectilinear motion of the airfoil with speed U, implies a stretching of a vortex ring!
with such a rate, that the momentum in the flow is increased at a rate amounting to
pU ' (von Kérmén & Burgers [36]). Consequently a reaction force from the flow is
acting on the airfoil. The other part which is included in the time derivative term of
equation (5.28) can be understood as due to the vortex shedding corresponding to the

unsteady motion of the airfoil. In a far field point of view, the variation of the bound

' Imagine a wing with finite length of span. The bound vortex, the trailing
vortex at the two ends of the span, and the starting vortex form a vortex
ring. If the length of the span is infinitely stretched a two-dimensional
situation is established.
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circulation and the corresponding shed vortex comprise at each moment a vortex
doublet. This vortex doublet introduces momentum to the flow field, so that a force is

acting on the airfoil as the reaction of the flow.

This distinction is not made artificially. Instead, it has implications on the quasi-steady
argument which simplifies the unsteady problem. This argument has two main features,
namely, the shed vortices are instantly convected to infinity so that they have no effect
on the upwash field, and the lift force is solely due to the instantaneous bound
circulation, i.e. pU,I' (the last term in equation (5.28) drops off). In view of the
different dependencies of the two forces on the operation parameters, it is clear that the
quasi-steady argument is not uniformly valid for all the reduced frequencies as can be

seen in figure 5.4.

5 &  heaving
+  pitching, Xr=3c/4

Lift (scaled)

Figure 5.4 Amplitude of the circulation related forces (the values are scaled
with pUge for pitching, and pUga/c for heaving).

In figure 5.4 the amplitude of circulation related forces are shown as a function of the
reduced frequency for the two *pure’ oscillations, namely, heaving and pitching about

3/4 chord point. In this graph, comparisons are made between the amplitude of the
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force that is pUyI" (from the present numerical calculation, denoted with a’ and b’ for
the two cases respectively) and the amplitude of total circulation related force (denoted

with a and b for the two cases respectively), i.e.
a cx
PUL®) +p— { { v,(E, DdEdx.

The latter is calculated from equation (2.51). The force for pitching motion is scaled
with pUyé&, and the force for heaving motion is scaled with pUja/c, where & and 2 are

the amplitudes of the pitching and heaving oscillation respectively.

It is clear that, corresponding to each specific mode of oscillation, the curves for
comparison (a~a’, b~b’) are virtually reduced to one in the lower reduced frequency
range. In the case of heaving motion the upwash is essentially zero when the reduced
frequency is low (3Y/dt+U,0Y/9x=3aY/ot<Uy). The circulation due to the slow
heaving is therefore vanishingly small. The situation is in fact that of a flat plate in an
uniform flow with zero angle of incidence. For pitching motion of the airfoil, the
circulation related force depends mainly on the upwash due to the instantaneous angle
of incidence of the plate, as we have seen in the previous paragraph. Shedding of
vorticity occurs, but the slow oscillation determines that the rate is low. So that in this
case the circulation related force arises mainly from the extension of the vortex ring

area. In this range, k up to 0.5, say, the quasi-steady argument is approximately valid.

As the reduced frequency is increased, the difference soon develops. This indicates that
at the high reduced frequency the momentum introduced by vortex shedding becomes
important. We also notice that at high reduced frequency the curves corresponding to
the heaving motion behave quite differently from the ones for pitching. This difference
is found to be due to the involvement of the reduced frequency in the upwash for the
heaving motion as can be seen from equation (5.26). In fact, when the 1ift (or bound
circulation) of the heaving motion is scaled with the reduced frequency, it becomes

identical with that of the pure pitching as can be seen in figure 5.5.
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Figure 5.5 Circulation related forces for heaving are identical with

those of pitching, when scaled with the reduced frequency k.

Pitching with another pivot is an intermediate case. When at low frequency, it is the
pitching effect that dominates. At high reduced frequency the heaving effect becomes

dominant (figures 5.3a and 5.4).

From the discussion above, it can be understood that it is the wave structure
(represented by the reduced frequency k=wc/2Uy~c/N) that determines the
aerodynamic response on the airfoil. The specific mode of oscillation is not of direct

relevance.
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5.4.3 The Distribution of Bound Vorticity

The boundary layer is the location where vorticity is generated. When viewed with an
outer flow scale the boundary layer is regarded as a vortex sheet attached to the solid
surface. In the present case we have therefore two vortex sheets attached to the two
sides of the plate. By virtue of the anti-symmetry in the lift problem, they can be

replaced with one, y=u,-u;=2u,=-2u,.

For steady motion of a thin, uncambered airfoil it is found that the bound vorticity
distribution approaches zero at the trailing edge with a behaviour [(c-x)/c]"?, when x-c.
This is referred to as the elliptic behaviour of vorticity distribution in the neighbourhood
of the trailing edge (von Kirman & Burgers [36]). The loading at the trailing edge, -
pUyy, approaches zero likewisely, satisfying the Kutta-Joukowsky condition. The
gradient of the pressure difference, however, presents a square root singularity ((c-x)""%)
as x—c. Therefore, the flow condition in this neighbourhood is expected to be more

complicated.

For unsteady motion of the airfoil, the Kutta-Joukowsky condition still requires that the
loading at the trailing edge be zero if the shed vortices are convected with velocity U.
But, apparently, the vorticity would not be zero like in the steady case, because of the
vortex shedding due to the unsteady motion. In fact it is the balance of the two kinds

of pressures, as discussed in the previous paragraph, that makes the loading zero, i.e.

()= ~p Uyt()~p-=. [ Y(EOIE =
0

A question naturally arises: how is then the vorticity distributed in the neighbourhood

of the trailing edge?

In figure 5.6 the calculated amplitude of the bound vorticity distribution from the mid-
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chord to the trailing edge is shown’. The amplitude of vorticity distributions is scaled
with Uy. It is seen that at very low reduced frequency (say, up to 0.05), the
distribution qualitatively resembles that in the steady case. Only it is not zero at the
trailing edge, indicating that there is a vortex shedding accompanying the unsteady
motion. This, again, justifies the quasi-steady argument. However, as the reduced
frequency is increased, the trend changes. Instead of decreasing, the distribution now
increases upon approaching the trailing edge. The gradient (94/9x) appears to increase

with the reduced frequency.

i pitching about 3¢/4 point
2F
= k=0.01
k=0.05
o k=0.1
k=1.0
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o
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Figure 5.6 Amplitude of vorticity distribution near the trailing edge, for pitching about 3c/4 point.

The increasing gradient of the vorticity in the x-direction implies that as the trailing
edge is approached, there is an acceleration of the boundary layer on one side, and a
deceleration on the other side of the plate. The situation alternates each half period of

the oscillation. It is well known, on a viscous flow scale, deceleration of the boundary

t  The singular behaviour of the vorticity distribution at the leading edge
makes the scale of the complete graph so large that the distribution near
the trailing edge is barely recognizable. For this reason we show only
the part from mid-chord to the trailing edge.
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layer flow may imply the possibility of its separation. Though potential flow theory can
not answer the question as to what happens locally inside the boundary layer, this
observation, in the scope of the outer flow scale, gives rise to some concern about the
validity of the Kutta-Joukowsky condition for oscillations at higher reduced frequencies

at finite values of the amplitude of oscillation.

On account of the validity of the quasi-steady argument, it can be anticipated that the
bound vorticity distribution would essentially be in phase over the major part of the
chord for low reduced frequency oscillation. Near the trailing edge, some phase shift
may be expected in view of the vortex shedding. The situation is not so clear when the
reduced frequency is high. On the one hand the unsteadiness of the motion is stronger.
On the other, bound circulation (therefore vortex shedding) is weaker. This can be
clarified only with actual calculation. In figures 5.7a, b we show the phase curves of
the bound vorticity (y,+7,) at various reduced frequencies, for pitching oscillations

about the mid-chord and the rear aerodynamic centre respectively.
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B pitching, Xr=c/2.
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B o k=0.1
a k=10
B X k=10,
0 N 1 1 Il 1 i 1 1 i 1 1 1 1 1 1 1 L L 1 1 1
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Figure 5.7a Phase curves of bound vorticity for pitching motion about mid-chord point.
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Figure 5.7b Phase curves of bound vorticity for pitching motion about 3¢/4 point.

It is clear from both of the two graphs that the phase shift shows a strong dependency
on the reduced frequency. At very low reduced frequency the shift of phase angle is
very much concentrated in the neighbourhood of the trailing edge as was expected. As
the reduced frequency is increased the influence extends towards the leading edge. But
the shift of the phase angle is still uniform along the chord generally (k=0.1). It ceases
to be so at a moderate reduced frequency, k=1, say. Therefore it is reasonable to infer
that it is the structure of the vortex wave which has an important influence on the
aerodynamic response, since the reduced frequency can be interpreted as the wave

length measured with the chord length.

It is interesting to note the peculiar behaviour of the phase angle of the vorticity
distribution at high reduced frequency, k=10. In this circumstance, the bound vorticity
appears to group itself locally along the chord, i.e. in some localized regions the
vorticity is essentially in phase, while in between the regions there is a jump of 7 in the

value of the phase angle. This jump necessarily implies a minimum in the amplitude of
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the bound vorticity distribution at that locality as can indeed be seen in figure 5.8 where
the amplitude curve of the distribution is displayed. Because the jump of the phase is

not abrupt, the amplitude attains a small but non-zero value at the point of phase jump.
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Figure 5.8 Amplitude curve of bound vorticity distribution for pitching motion about mid-chord point.

When a flat plate performs a heaving motion in an otherwise stagnant fluid, the total
bound circulation is zero (though locally it is not), because of the symmetry of the flow.
But the plate still experiences a force. This is the apparent mass force as mentioned
earlier. The vorticity distribution at a certain moment for this motion is schematically
shown in figure 5.9. It is seen that the bound vortices on the front and rear half of the
plate are just in counter phase. When the plate heaves in an uniform flow parallel with
its mean position, this symmetry does not exist. The Kutta-Joukowsky condition
enforces a vortex shedding at the trailing edge, and the flow carries the shed vortices
away, so that bound circulation builds up in order that the total circulation (bound
circulation and the circulation of the shed vortices) in the whole flow field is

unchanged.
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Figure 5.9 Schematical drawing of the bound vorticity distribution

for a plate heaving in a stagnant fluid.

The reduced frequency can be interpreted in some other way. In view of its definition,
k=wc/2U,, it can be written k~(c/Uy)/T, where T is the period of the oscillation.
Obviously, c/U, is proportional to the inverse of the convection rate of the shed
vorticity, and 1/T to the rate of its generation. Therefore, the reduced frequency can
be understood as a ratio between the generation and convection rate of the shed
vorticity. A small reduced frequency implies a more effective vorticity convection,
while a larger one implies the converse. By high reduced frequency the shed vorticity
appears to be more congested near the trailing edge in such a way that high
concentration of vorticity is established at both the leading and trailing edge. Thus, the
situation more resembles the case where the plate oscillates in a stagnant fluid.
Comparison of figures 5.10 and 5.9 verifies this statement. In the preparation of figure
5.10, to demonstrate the effect more clearly, the reduced frequency is taken to be 100.

In fact, a similar behaviour can already be observed at k=10.

Despite the general similarity, we see that at the trailing edge the strength of vorticity
attains a finite value instead of approaching infinity as it would be in the stagnant fluid.
Obviously, this is due to the Kutta-Joukowsky condition imposed. It is also seen that
the phase angle shifts locally at the trailing edge. On account of the anti-symmetrical

distribution, it is apparent that in this mode of oscillation a major part of the force on
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the plate is due to the apparent mass effect.
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Figure 5.10 Amplitude and phase curves of bound vorticity for plate heaving in uniform flow.
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5.4.4 The Perturbation Velocity in Space

The variation of bound vorticity, and the shed vortices in the wake induce an unsteady
velocity perturbation in space. Conversely, the information concerning the distribution
of bound and shed vortices is contained in the induced perturbation field. In line with
this, we devised the experimental study as described in chapter 4. Despite of the
qualitative agreement of the general features which confirm the mechanism of the
theoretical modelling, discrepancies between the measured and the calculated results
reveal the differences between the real physics and the theoretical model, whereupon
we gain insight into the real flow. Theoretical modelling serves in this circumstance as

a reference.

From a practical point of view, knowledge of the perturbation field is of interest for
problems in which another airfoil is passing by in the neighbourhood of the oscillating
airfoil, for instance the motion of helicopter blades, or the stabilizer of an airplane
which is not very far from the wake of the main wing. In this case the following airfoil
is subject to an unsteady flow field resulted from the foregoing one. The unsteady
perturbation field is also interesting for certain experimental studies in unsteady
aerodynamics. For instance, some of the researchers make use of the unsteady flow
field induced by the shed vortices from either a cylinder or an oscillating airfoil
upstream the one that is being studied (Commerford & Carta [10], Polling & Telionis
[26]). The calculation of the perturbation field is of intrinsical interest itself, because
it reveals some features unknown before. For details of the calculation, one is referred

to Appendix G.

Shown in figures 5.11 and 5.12 are the amplitude and phase distribution of the
streamwise perturbation velocity component resulted for pitching oscillations of a plate
about its trailing edge for reduced frequency k=1.0 and 3.14 respectively. The

convection velocity of the shed vortices is assumed to be U=U,=const.
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Figure 5.11a Amplitude distribution of the streamwise perturbation velocity component, k=1.0.
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Figure 5.12a Amplitude distribution of the streamwise perturbation velocity component, k=3.14.
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Figure 5.12b Phase distribution of the streamwise perturbation velocity component, k=3.14.
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We notice from these figures that due to the interaction of the vorticity distributed on
y=0, there exist a number of nodal points in space. These are the points at which the
amplitude of the perturbation velocity is zero (figures 5.11a, 5.12a), and the phase
angle is not resolvable (figures 5.11b, 5.12b).

Comparing figures 5.11 and 5.12, it emerges that the location of the nodal points
apparently depends on the distribution of the bound vorticity and the vortex wave in the
wake, in view that the difference for the two cases is only the magnitude of the reduced
frequency. This can be seen more clearly in figure 5.13, for which we assume a
concentrated vortex at the origin. The vortex is made to change its strength
sinusoidally. Corresponding to this, we assume a vortex shedding in order to conserve
the total circulation. The shed vorticity moves with an assumed velocity, so that the
structure of the free vortex wave is prescribed. In this figure we observe that nodal
points appear regularly in the streamwise direction, with distance of about a wave
length in between. The pattern of the phase distribution becomes more regular farther
downstream of the concentrated vortex, indicating that the influence of the concentrated

vortex is diminishing, and what is felt locally is in fact an infinite vortex wave at y =0.
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Figure 5.13a Amplitude distribution of the streamwise perturbation

velocity component, concentrate vortex.
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Figure 5.13b Phase distribution of the streamwise perturbation

velocity component, concentrate vortex.

5.4.5 Modification due to Retardation of Vorticity Convection

In chapter 4, by comparing the measured perturbation structures with the ones
calculated according to the classical theory described above, it was concluded that the
convection of the shed vorticity is retarded (paragraph 4.5.2.2). It is further argued that
the convection of the shed vorticity is conceived in a two-wave structure (paragraph
4.5.2.3). This is based on the observation of the systematic difference in the magnitude
of the perturbation amplitude reduction between the measurement and the numerical
calculation according to the classical theory. The essence of the argument is that, in
view of the persistency of vorticity, the larger amount of the perturbation amplitude
reduction in the experiment can only be explained by the interference of the vortex
waves. The argument was verified with an artificially devised two-wave model which
synthesises the perturbation due to the vortex waves of two agencies, namely, the
uniform convection and the retarded convection as is the case in the present paragraph.

We now proceed to calculate the part of the solution related to the inner wave.
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The present paragraph must not be regarded as merely an appendix of chapter 4,
however. It stands on its own right. Clearly, the retardation in shed vorticity convection
would modify the memory pattern (cf. chapter2). We are interested to see what the
retardation effect would be on the aerodynamic response. In the present calculation,
convection velocity is assumed to be zero at the trailing edge. It develops with the
increasing distance from the trailing edge, U(x)/U,=1I-(I-B(x/c)"?)", asymptotically
approaching the uniform flow velocity. In the calculation presented here we take
B=35.6, so that at one chord distance downstream of the trailing edge the velocity defect

is recovered by about 80%.
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Figure 5.14 Development of the convection velocity as a function of the distance from the trailing edge.

Shown in figure 5.14 is a plot of the above mentioned velocity development as a

function of the distance from the trailing edge.

The length of the wake element corresponding to the time increment 6t is determined

according to the velocity function with the iteration method of Newton.
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To begin the discussion in this section, we point out that the symmetry as observed in
paragraph 5.4.1 is also preserved in the case where convection of shed vortices is
retarded. Having in mind that it is the upwash at the rear aerodynamic centre which
determines the bound circulation, this is a rather straight forward consequence. For
brevity, we do not show the graphs here. On the other hand, there are differences in
other aspects. A pronounced one is that the bound circulation is appreciably affected by
the retardation. In figure 5.15 the bound circulation is shown as a function of the
reduced frequency for pitching about the 3c/4 point, for cases of retardation and no-

retardation respectively.

4 pitching about xr=3¢/4.

by

4 cose 1, no retord
3r + case 2, retorded
V  cose 1—case 2

Figure 5.15 Comparison of the bound circulation amplitude.

Qualitative agreement is clear. Curves from both of the two cases behave in a similar
way: with the same amplitude of oscillation, the bound circulation reduces with
increasing reduced frequency, or in other words, it decreases with wave length in the
wake. There is also quantitative difference, however, as is indicated by the curve with
the inverted triangles (case 1-case 2). At very low reduced frequency, the differences

are negligibly small. This is not difficult to understand. At lower reduced frequency the
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wave length is relatively long with respect to the length scale in which the convection
velocity has an appreciable growth, so that local retardation near the trailing edge
(figure 5.14) does not change the wave structure much. Thus in this range of reduced
frequency the retardation does not have its effect yet. Both of the two cases converge
to the quasi-steady solution. The larger difference at higher reduced frequency can also
be understood in line with this. But, the fact that the difference is approaching a
constant in the high reduced frequency range seems to suggest that the uniform
compression of the vortex wave! (U=Uy=const) and the non-uniform compression

(U=U(x)) have different effects on the bound circulation.

Calculations were also made for the distribution of the bound vorticity. Modification
to the distribution due to the retardation can be seen over the whole chord, though the
general behaviour qualitatively resembles the ones for the no retardation case. The
discrepancies of the results of the two cases depend on the reduced frequency. At low
reduced frequency, in view of the larger convection rate with respect to that of the
shedding, the perturbation due to the shed vortices is small. In this case the differences
are observable mainly in the neighbourhood of the trailing edge. As the reduced
frequency is increased, the difference in the convection has a more pronounced effect
on the shed vorticity distribution. The results of the ’retardation’ case now have larger
differences from that of the no retardation case. This is in agreement with the

observation made in the last paragraph. Figure 5.16 shows such an example.

In the discussion of bound vorticity distribution for uniform convection (paragraph
5.4.3), it was noticed that when a plate is heaving with higher reduced frequency, the
situation is similar to the case in which it performs the same motion in a stagnant fluid.
It was argued there that this is due to the inadequacy in the convection of the shed
vorticity with respect to its generation at higher reduced frequency. Congestion of shed

vorticity in the wake increases the vorticity at the trailing edge so that locally the

t By ’uniform compression’ we mean that at higher reduced frequency the
wave length is shortened.
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situation is similar to the oscillation in a stagnant fluid. The consequence is the
reduction in the total bound circulation. This interpretation is in accordance with the
fact that total bound circulation decreases with increasing reduced frequency (figure
5.5).
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Figure 5.16 Amplitude of bound vorticity distribution for pitching about 3c/4 point, k=1.

When convection of shed vorticity is retarded, in view of the Kutta-Joukowsky
condition (y(c)=+,,) and the behaviour of the convection function (figure 5.14) it is easy
to infer that the effect explained in the paragraph above is strengthened. The very low
convection velocity in the immediate neighbourhood of the trailing edge elevates the
value of y(c), such that locally the flow appears to be even more stagnant. The
statement can readily be checked by noticing figure 5.15, in terms of the global

property.
To make the interpretation of local stagnation concrete, we point out here that the

agreement is not only found in the global property. It is also to be found in the

differential properties. In figure 5.17 are shown comparisons of amplitude and phase
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angle of the bound vorticity distributions for heaving motion in retardation and no-
retardation cases. The anticipation just made is clearly verified in these two graphs,
both the amplitude and the phase angle of the bound vorticity distribution are more
resembling those of the heaving in a stagnant fluid, as was shown in figure 5.9. The
strength of vorticity does not approach infinity at the trailing edge because of the Kutta-
Joukowsky condition imposed there, but the retardation apparently enhances the strength

of bound vorticity near the trailing edge.
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Figure 5.17a Comparison of the amplitude of bound vorticity distribution. heaving, k=10.
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Figure 5.17b Comparison of the phase of bound vorticity distribution. Heaving, k=10.

5.5 Concluding Remarks

In this chapter a numerical study of the aerodynamic responses in terms of kinematics
associated with the unsteady motion of an airfoil is presented. The objective is two-fold.
In the first place, we elaborate the mechanism of the numerical modelling. Moreover,
it serves as a reference for the numerical calculations performed in chapter 4. In the
second half of this chapter the results of the numerical calculation are presented along

with discussions.

The numerical study is accomplished with the vorticity distribution based panel method.
Two extreme cases have been studied, namely, unsteady motion without retardation in
shed vorticity convection and unsteady motion with retardation in the shed vorticity

convection. In the second case the convection velocity corresponding to the centerline
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velocity of the wake. The simple model used in chapter 4 for verifying the two-wave
speculation is in fact a synthesis of these two. The weighting factor can be inferred

from figure 4.19.

In the modelling of the case with retarded shed vorticity convection a confusing
problem is encountered. The problem is namely that in view of the vanishingly small
lateral dimension of the wake, it seems impossible that the shed vorticity in it would
move with a velocity that is different from the mean flow velocity U,. The argument
for this is that, if otherwise, the wake would be subject to a finite loading in the lateral
direction, therefore an infinite acceleration would result on account of the infinitesimal
mass per unit length of the wake, implied by its lateral dimension. This is not a trivial
problem. It has been one of the arguments in objecting the retardation of the shed
vorticity convection. In the present study, we argue that when concerning the
convection of shed vorticity in a real flow, the wake should be viewed with the
boundary layer scale. With this scale it is evident that a vortex element in the wake
would have to move with the local velocity, just as a vortex element in the classical
problem would have to move with velocity U,. In the potential scale, we argued that
though the geometrical scale in the lateral direction reduced to infinitesimal, the mass
remains to be finite, so that infinite acceleration due to the non-uniform convection

could be avoided.

In the present study, the uniqueness of the 3/4 chord point was demonstrated in terms
of the symmetry of the bound circulation for pitching oscillation with respect to this
point. For heaving motion, by scaling the bound circulation with the corresponding
reduced frequency, it is shown that the development of the circulation, as a function of
the reduced frequency, is identical with that of the pure pitching about the rear
aerodynamic centre. This, from another aspect, confirms the unique importance of the

upwash at the 3c¢/4 point on the aerodynamic response.

From the observation made in the last paragraph, it is also understood that the structure

of the vortex wave has a strong influence on the development of the bound circulation.
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With the same strength of the upwash at the 3c/4 point, shorter wave length (or larger
reduced frequency) tends to inhibit the development of the bound circulation. The same
is true also for the retardation case, only the inhibition is more severe. The mechanism
of this phenomenon is revealed by the study of the bound vorticity distribution. It is
found that insufficiency in shed vorticity convection leads to a situation similar to a

plate oscillating in a stagnant fluid, so that the bound circulation is limited.

The bound vorticity distribution, in terms of both amplitude and phase angle, was found
to vary with the reduced frequency. At lower reduced frequency it does not differ much
from that in the steady case. This confirms the quasi-steady argument. At higher
reduced frequency, the difference is drastic. Instead of decreasing upon approaching the
trailing edge as in the steady case, the bound vorticity now increases. The gradient
becomes larger with the reduced frequency. It is noticed that the positive gradient
implies a flow deceleration on one side of the plate so that likely flow separation may
occur at certain high reduced frequency. This might be relevant for unsteady

experiments, where the amplitude is small but finite.

It is observed in the present study that, in a way, retardation in shed vorticity
convection has a similar effect as short wave length by the no-retardation case. But the
nonuniform vorticity convection strengthens the local stagnation effect. The bound
vorticity distribution tends to be anti-symmetric about the mid-chord point for the
heaving oscillation. It is observed that at the high reduced frequency range the bound

circulation of the two cases approach different limits.

Velocity perturbation in space was calculated. The half-infinite vortex wave together
with the bound vortex perturb the flow field so that some nodal points exist in the field.
At the nodal point the amplitude of the velocity perturbation becomes zero and the
phase angle is not resolvable. The distribution of the nodal points becomes regular
farther away from the bound vortex, where the influence of the bound vortex is small
and the vortex wave appears to be infinite. Besides these interesting features, this also

has a close affiliation with the numerical modelling in chapter 4.
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Chapter 6

Summary and Conclusions

The present study is directed at the investigation of the kinematics of flow associated
with the unsteady motion of an airfoil. Though classical unsteady airfoil theory has been
established since the 1930’s and the mechanism of the problem is quite well understood,
there appear to be two issues worth of further study. In the first place, the velocity of
shed vorticity convection, assumed to be of the magnitude of the undisturbed uniform
flow velocity in the classical theory, is arguable in view of the velocity defect in the
wake. Secondly, the literature in the field of unsteady airfoil theory deals mainly with
the aerodynamic loadings on the airfoil, corresponding to its unsteady motion. Having
these integrated results, detailed information concerning the kinematics of the flow field
is not made explicit. In the present study, we are concerned with the kinematics for two
reasons. First, it plays an essential role in our experimental study of the shed vorticity
convection (cf.chapter 4). Secondly, it is of intrinsic interest itself for the purpose of

extending our knowledge in this field.

To study the shed vorticity convection, an experimental study has been conducted. As
far as we know, this is the first attempt in this connection. Though Kiissner proposed
that the effect of the finite thickness of the airfoil’ should be taken into consideration
when studying the shed vorticity convection, this is still within the frame work of
potential theory. The present study extends the scope by recognizing that the shed

vorticity convection actually takes place within a viscous wake.

The experimental study is in itself novel in the method of approach. It consists of two

parts, namely, experimental measurements and numerical calculations based on the

T This represents a ’potential wake’ behind the airfoil, as identified in the
experimental study in chapter 4.
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classical theory®, which serves as a reference. Specifically, we measured the velocity
perturbation outside the wake traversing in the streamwise direction; and the
corresponding numerical calculation was performed. The correctness of the numerical
modelling is supported by its qualitative agreement with the measured results. By
comparing quantitatively with the reference, the real physics contained in the

experimentally measured results are extracted.

The numerical study described in chapter 5 is accomplished with a panel method based
on vorticity distribution. The emphasis is placed upon the kinematics of the flow, in
terms of the bound circulation, vorticity distribution and velocity perturbation in the
space. Two limiting cases, namely, no-retardation and retardation (with wake centerline
velocity) in shed vorticity convection, have been studied. For the model of nonuniform
convection of the shed vorticity one encounters the problem concerning the lateral force
on the wake and the application of the Kutta-Joukowsky condition in a proper form.

These were resolved in the present work based on physical arguments.

' With this, we mean that we base the mechanism of the numerical
modelling on the classical theory. However, the velocity of the shed
vorticity convection is in some cases different from the uniform flow
velocity, U, as assumed in the classical theory.

149



6.1 Conclusions

Vortices induce a perturbation velocity field in the flow. In the experimental study, the
streamwise component of the perturbation velocity was measured. It is shown that the
process of the vortex shedding accompanying the unsteady motion of an airfoil is a
linear one, in terms of both additivity and homogeneity. This observation is important
for the study of stability problems in the sense that experimental studies can be related

to the theoretical ones by way of linear extrapolation.

Traversing in the streamwise direction shows that perturbations in the flow field are
dependent on the reduced frequency, or, in other word, the structure of the vortex wave
in the wake. It does not appear to be very sensitive to the Reynolds number in the range

studied.

Having this observation, an experimental method was developed for the study of the
convection of the shed vorticity. The streamwise component of the perturbation velocity
is measured outside the wake and is compared with the corresponding numerical
calculations. Qualitative agreements between the numerical results and those of
experiment are observed. This confirms the correctness of the mechanism in the
classical theory of Theodorsen. On the other hand, by studying the systematic
discrepancies between results from the experimental measurement and the numerical
calculation it is shown that the convection of the shed vorticity is retarded with respect

to the uniform velocity U, used in Theodorsen’s theory.

In the experimental study it is argued that convection of shed vorticity is effectively
conceived in a kind of layered structure. Vortices in the outer layer are convected with
a higher speed due to the small velocity defect in this region, while in the inner layer
the convection is more retarded. The argument is supported with a simple two-wave
model calculation. This observation is compatible with the triple-deck theory concerning

the viscous flow structure in the near wake.
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In the steady case, study of the near wake shows that, in addition to the usual viscous
wake where the velocity defect and the gradients are large, there is an outer region
where the corresponding quantities are substantially smaller. It is identified that this is
in fact a potential non-uniformity due to the thickness of the airfoil which can be

represented by a source/sink distribution along the camber line.

Numerical studies for the unsteady problems were made. The Kutta-Joukowsky
condition is taken in the form of smooth off-flow at the trailing edge. In the case of
retarded convection of the shed vorticity a non-zero pressure difference across the
infinitely thin vortex sheet might be expected on the level of potential flow. Seemingly,
an infinite acceleration of the vortex sheet would result. But this is not the case. The
model with retarded vorticity convection was conjectured on the following physical
considerations. On the boundary layer flow scale, each vortex element would have to
move with local velocity, leading to an effective retardation. On the potential flow
scale, when considering the retardation effect, the mass of the wake needs to be taken
into account, though the lateral dimension of the wake is vanishingly small here. In

such a way, a finite pressure difference across it is allowable.

The uniqueness of the 3/4 chord point is shown here in the sense that it is the upwash
at this point that determines the development of bound circulation. It is also shown in
the present study that, with the same magnitude of upwash at this point shorter wave
length of the vortex wave inhibits the development of the bound circulation. This is also
true for the case where convection of shed vorticity is retarded, only the non-uniform
shortening of the wave length inhibits the bound circulation more severely. This is
understood by studying the bound circulation. With heaving oscillation as an example,
it is shown here that the shortening of the wave length (or local retardation) has the
effect that the flow appears locally to be stagnant, so that the bound vorticity
distribution is more antisymmetric about the mid-chord point. This, in effect reduces

the total bound circulation.

Study of the bound vortex distribution near the trailing edge reveals some new features.

151



It is found, instead of reducing the magnitude, the bound vorticity strengthens upon
approaching the trailing edge. The gradient is observed to increase with the reduced
frequency. It is argued that this might have some consequence on the boundary layer
flow near the trailing edge. The further implication of this may impair the validity of
the Kutta-Joukowsky condition above a certain reduced frequency. This is relevant to

the experimental study where the amplitude is small but finite.

Calculation of the perturbation velocity in the flow field reveals some interesting
features. Due to the interaction of the half-infinite vortex wave and the bound vortex
a series of nodal points exist in space. At the nodal points the amplitude of the
perturbation velocity becomes zero and the phase angle is not resolvable. At a larger
distance from the bound vortex, its influence becomes smaller and the vortex wave
appears to be infinite so that the distribution of the nodal points gets further away from

the vortex sheet.

6.2 Recommendations

In the present study it is shown that convection of the shed vorticity is in fact retarded,
and conceived in a kind of layered structure. A quantitative convection model is not
established at this stage. In view of the practical application, further study on this would

be of interest.

In view of the limited scope of the experiment, some specific recommendations can be
made. In the present study, the range of Reynolds number was limited. The variation
was in the same order of magnitude. To gain some insight into the Reynolds effect on
the shed vorticity convection, further study which can account for a larger range of

Reynolds number variation is desired.

In the present study, a symmetrical airfoil was used; the mean angle of incidence of

which was zero. To generalize the research for practical interest, further study with
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asymmetrical airfoil or non-zero mean angle of incidence is recommended. This would

account for the vorticity convection in an airfoil dependent wake structure.

Studying the local flow structure at the trailing edge with the triple deck scales, some
of the earlier researchers arrived at a global observation concerning the modification
of the Kutta-Joukowsky condition at the trailing edge. This observation is derived by
considering the triple deck as a bulk which induces in the outer flow field a favourable
pressure gradient. In the context of the layered vorticity convection hypothesis, it would
be interesting to study how vortices behave in the different layers of the triple deck to

accommodate the outer flow.
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Appendix A.

A.1 The Velocity Components on the Boundaries in the Two Planes

From equation (2.11), we know that velocity magnitudes in the two planes are related
with
=== (A1)
=1,
where z and ¢ are related with the Joukowsky transformation function, equation (2.9).

We consider here the perturbation velocity in the two planes. On the solid boundary,

where r=b/2, this is

2
[u- zv|._‘lve+vr/ldc ,=_5 VVB v, (A.2)

|Zsm(-) |’

where v, and v, are the tangential and radial velocity component in the {-plane.
Conformal mapping preserves the angle which two vectors include, and scales the
length of vectors uniformly. So that corresponding to velocity components u, v on the
plate surface in the z-plane, we find the tangential and radial velocity component on the

circle in the {-plane to be

Vol,.5=|ul[2sin6 |,
2

vl _2=|v||2sinB|. (A.3)
2
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A.2 Tangential Velocity Component on the Circle due to the Source-
Sink Distribution

Referring to figure A.1, we proceed to calculate the tangential component of the
perturbation velocity on the boundary r=b/2. Let a source element q*deb/2 be at (b/2,
¢), and a sink element q'deb/2=-q"deb/2 be at (b/2,-¢). At point P (b/2,6) the source

element will induce a velocity of magnitude

a*Zao
|- 2 (A4
2m bsin(p-0)/2’
and the sink element will give
4" Lbdg
o1 2 (A.5)
|av|

" 2% bsin(p +8)2

Substituting equation (2.24) into equations (A.4) and (A.5), and with reference to figure

A.1 we can calculate the tangential component due to this source-sink pair

Figure A.1
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dvy=-|dv' |cos"’T‘6 ~|dv"|cos "’2*9

4vbsincp%bd<p 4vbsin(p%bdcp

= cos 28 cos 219
2nbsin(p-8)2 2 2nbsin(p+0)2 2 (A.6)
_ v,SinQede ( cos(o -0)/2 , cos(@+6)/2
n_ sin(p-6)/2 sin(p+6)2
2vbsin2cpa'(p

- n(cos¢@ —cosB)'

The tangential velocity component due to the source-sink distribution on the whole
boundary is then

n

V0.0 [

0

vy (x, Dsin*pde AT
cos@ -cos®
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A.3 Tangential Velocity Component on the Circle due to a Vortex

Pair

Referring to figure A.2, we calculate the tangential component of the perturbation

velocity at a point P (b/2,6) on the circle.

Ty Ty
Vo=——cos(¢,-0)- cos(¢,-0)
Z'nr2 nry (A.8)
=E r,cos(@,-0) ) r,cos(¢,-0) ’
27 v r? ’

where r, and r, can be calculated with the cosine-law

2\ 2 g2
r12= b1k —2b—£cos6,
4E) \2

2
r22=£2 +(§) -2F gcose. (A.9)

With the help of the two auxiliary lines in figure A.3, we observe that

rcos(g, —6)=2 —b—zcosﬁ,
! 2 4 (A.10)

rzcos((p2-6)=—g— -Ecosh.

Figure A.2
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Substitution of equations (A.9) and (A.10) yields

3
L 2) (A.11)

2
mb 52+(§] ~Ebcosd

Vo=-
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Appendix B.
Derivation of the Vorticity Equation

The Navier-Stokes equation reads

é+(V~V)v=—in+vV2v. (B.1)
ot p

We recognize the vector identity

(A-V)A=(V><A)xA+V(%A’). (B.2)

Therefore equation (B.1) can be written as

% +HUxv)xv+V(v}2) = —le +v Wy, (B.3)
p

Taking curl on the two sides of equation (B.3), and denoting w=V Xv, we have

%‘;’_+VX(QXV)=Vv%. (B.4)

In arriving at equation (B.4), we recognized that the curl of a gradient is zero, i.e. Curl
Grad ¢=0.

Vx(@xv)=(vV)o -(0 V)v+ea(Vv) +v(V-@)
=(vV)o-(0Vv. (B.5)

The third term on the right hand side of the first line vanishes because of the

conservation of mass for incompressible flow, while the fourth term vanishes because
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Div Curl v=0. Hence we have

—gt—+(v-V)(.> = (@ V)V +vVa, (B.6)

which in the two-dimensional case simplifies to

Do _ g, (B.7)
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Appendix C.
Design of the Airfoil.

The arrangement of the experiment was described in Chapter 4. Here we shall have a

brief discussion on the construction of the airfoil.

In figure 4.1, it can be seen that the excitation to the flow is introduced by the
oscillation of a NACA 0012 airfoil. The airfoil is driven by an exciter, whose
characteristics is specfied in Section 4.2. The power transmition is completed with a
self-designed beam, and two piano threads (¢#0.2 mm) which are clamped at the two

ends of the beam, as well as the airfoil.

The airfoil was made of wood, in view of its favourable stiffness-to-weight ratio. Figure
C.1 gives a top and a cross-sectional view of the airfoil. In order to reduce the mass
(thus, the inertia force in the oscillation) the airfoil was made hollow. It is obvious that
the moment of inertia of the cross section is not much reduced in such a way. The
shaded area is made of Limba wood, and the unshaded of Balsa wood. The airfoil was
made so that the fiber of the wood is in the spanwise direction. The surface is polished

with celluloid lacquer.

The shaded box in the leading part of the airfoil is mean to sustain the shear force, the
torque, and the bending in the in the spanwise direction. In the estimation of mechanical
characteristics of the airfoil we consider only this box when the cross sectional property
and the modulus are concerned. For mass distribution the other parts have also to be

included.

For an uniform beam, its free vibration is described by the following equation
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E13Y m Y o, (C.1)
ozt or?

where E is the modulus of elasticity, I the moment of inertia of the cross section of the
beam, and m is the mass per unit length. z is in the axial direction. For the present

problem, the box can be considered as a simple beam which has the frequency equation
sinkL=0, (C.2)

here L is the length of the beam. k is defined as

jroom (C.3)
El

in which w is the angular frequency of vibration. Solving the frequency equation, we

get the frequency of the first bending mode

wo,=n | EL. (C.4)
mL*

Substitution with the proper numbers (see reference) in to equation (C.4), we estimate

the first bending harmonic of the beam is about 150 Hz.

18.0, 1500 150.0 r A
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) leading edge L A
1,200 ¢ 50.0 ) 500 | 300 |
} 4 1 o L
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M '2-0 |2.o
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Figure C.1 Top and crosectional view of the airfoil.
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Appendix D.

The Mean Velocity in an Unsteady Wake

In Chapter 4, it is mentioned that in an unsteady wake a fluid particle with the
centerline velocity takes about twice the time to reach a distance that is A/2 behind the
trailing edge than if it travels with the free stream velocity (fig. 4.19). This statement
is made based on measurement of the mean velocity of two unsteady wakes. In what

follows, we present the results of these two sets of measurement.

Case 1. U,=7.0 m/s, f=40 Hz; k=2.7, N/2=88 mm.

X (mm) Uo/Upin We assume that the development of the
6.6 2.70 centerline velocity, U,,, follows the
16.6 1.79 empirical relation
26.6 1.55

Y y.c (D.1)
46.6 1.37 U %"
166.6 1.16 In equation (D.1), C and n are constants
366.6 1.10 to be determined with the measured data

listed in the table on the left. It is found
that for the given operation parameter

they are
C=7.7, n=08.
Therefore, in the present case the velocity can be described with

Y 11 (D.2)

0.8
Umin X
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We now consider the integration

Mu,-u

dx= dx, (D.3)

0 min

which is in fact the distance by which the particle with free stream velocity over-runs
the one with centerline velocity, at A/2 distance behind the trailing edge. Insert equation
(D.2) into equation (D.3), it is calculated that éx =94 mm, which is about the value of
A/2. This result means that particle with the free stream velocity takes about only half
the time to arrive the half-wave-length distance, with respect to the time needed by the

particle with centerline velocity.

In a similar way, we studied another case.

Case 2. U,=10.0 m/s, f=160 Hz; k=7.54, N/2=31.25 mm.

x (mm) Uy/Upia The empirical formula is found to be
5 2.40
Uy 3.74
LSy Pl D.
15 1.71 v e -5
25 1.52

upon which the over-run distance is

55 1.32 calculated to be §x =~36.7 mm ~ N\/2. This
75 1.26 leads to an observation which is
105 1.20

consistent with what we made in case 1.
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Appendix E.

Green’s Identity

Observing the divergence theorem

an-UdQ =- fAn-UdA, (E.1)

where {2 is a region in space, A the boundary of the region, and n is the unit normal

vector of A.

We define the vector U as

U=6Y6,-,9, (E2)

where ¢ is the velocity potential in 2, and ¢, is the potential of a unit-strength source

at point P. For two-dimensional problems, this is

.= Inr, (E.3)

where r is the distance measured from P to the point at which U is to be evaluated. By
the assumption of ¢ we know that V2¢=0. If we exclude the singularity at P with a
small circle A,, with radius ¢, then in the remaining region Q, we have V2¢,=0 since
the potential of a source is a basic solution of the Laplace’s equation. Making use of

these, and taking divergence of equation (E.2) we find in the region Q¢
VU=V +¢ V2 -V, Vb -d.Vd=0. (E.4)
It then follows in the region {2, that

fA+AEn-(¢V¢S~¢SV¢)dA --f o VUdQ=0. (E.5)
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Therefore we have

[ n@0,-0,4)dA+ [ n(&Ve,~6,V4)dA=0. (E.6)

In the first integral on the left hand side of equation (E.6), we let &=0. Then the
continuous function ¢ and V¢ approach their value at the point P respectively. So that

in the limit we have

fA ROV -~ Vb)dA=, fA nVo dA-V,- fA b .ndA, (E.7)
where the subscript P denotes the appropriate value at the point P.

Since ¢, is constant on the surface @, (¢,=Ine/2) it can be taken outside the second
integral. Then we recognize that

[ nda=o. (E.8)
So that the second term on the right hand side of equation (E.7) vanishes. The integral

in the first term is the outflux of a unit strength source. So that its value is unity. Hence

we have the Green’s identity

b= [(1V0)D,~b(n VA, (E.9)

At an earlier stage ¢, was introduced as the potential of a unit strength source at P. But
because it depends only on the distance between P and dA on the boundary A, it can
also be regarded as the potential of unit strength at dA, evaluated at P. So that the first
integral is in fact the potential of a source distribution on the boundary A, whose
strength is the magnitude of the local normal velocity component of fluid on the

boundary.
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We notice that the dot product of a direction vector and the gradient of a source
potential is the potential of a doublet oriented in the direction of the vector. Therefore
the second integral in equation (E.9) is identified as the potential of a doublet
distribution on the boundary surface A, with axis in the direction of n and the strength

of the local flow potential ¢.
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Appendix F.

Induced Velocity at a Collocation Point due to the

Vortex Elements

In the numerical calculation, vorticity distribution, both on the plate and in the wake,
is based on line segments assigned certain length. A segment with vorticity distribution
on it is called a vortex element. For a bound vortex element, the strength at its two
ends are to be determined, while on the segment a linear interpolation is assumed. For
shed vorticity in the wake, a vortex element is assumed to have a constant strength. We
shall show here the normal perturbation velocity component at the collocation points
(the mid-point of a certain panel, in the present study) due to the different vortex

elements.

F1.Normal Perturbation Velocity Component due to the Singular
Distribution of the Bound Vorticity

In this case the vorticity distribution is described by y=A/x"2, 0<x<c. It induces a

perturbation velocity in the normal direction at point (x,,0)

V(xoa )-—fA/‘/_dx (Fl)

xo -X

With variable substitution x=t?, this can easily be integrated to give

A fan F.2)
2mfr \ro '

v(x, 0)=-
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F2.Normal Perturbation Velocity Component due to the Linear
Distribution of the Bound Vorticity on a Panel

With reference to the coordinate system shown in figure F.1, linear distribution of
bound vorticity on a panel can be described with

YI_er+erl_ler

, (F.3)
!

Y(x,0)=
where the subscripts / and r stand for leading and rear end of the panel, respectively.
1=x,-x,, is the length of the panel. It induces a normal component of velocity at x=0

according to

1 fde- (F.4)

Insert (F.3) into (F.4), and integrate we have

X X X
v=2l(y,—y,+’Y’—’Y'ln|—’ |]. (F.5)
T xr—x, xl

It is clear that the vortex element

induces at it own collocation point a

normal velocity as well, if v,#7,.

v Y, Noting that x=0 is addressed at the
it mid-point (the collocation point) of

each of the panels, x,=-1/2, X,=1/2.

0 X X, x Insert these into equation (F.5) we

have v=(y,-y)/2x.

Figure F.1
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F3.Normal Perturbation Velocity Component due to a Wake Vortex

Element

The vortex element of shed vorticity induces velocity at the collocation points in the

same way, only y,=v,=7' in this case. The superscript i indicates the i* wake element.

v=Xn’r, (F.6)
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Appendix G.

The Perturbation Velocity in Space

Referring to figure G.1, a vortex element yd¢ at (£,0) induces a perturbation velocity

component in the x-direction at a point (x,y) as follows.

wo L Y®dE o
2% J-ep+y?
Y ¥(®dE

2 (x-E)2+y? G.D

Figure G.1
Corresponding to the computational scheme in chapter 5, we consider the contribution

due to the singular bound velocity, linear bound vorticity, and the shed vorticity

distribution.
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G.1 Induced x-wise Velocity Component due to the Singular Vorticity
Distribution y=A/x2,

In line with equation (G.1), the perturbation velocity component in the x-direction can

be written

f y _y(®)dg
27 (x- E)2+y

f

5 [e- z)2+y G2)

Introducing variable substitution £ =t*, we obtain

f 2tdt
fx-12+y?]

Ayf

T g x7+y -2xt2+t . G-3)

Let x2+y*=r*=B, -2x=C, 1=D, we have

Ve
u:ﬂf__dt . G4
n o B+Ct?+Dt*

Apparently,
C2-4BD=4x*-4(x+y?%)=-4y2<0. G.5)
In view of equation (G.5), equation (G.3) then yields (see reference)

1242gtcos> +q2

2_,2
Ay [sinﬁm +2cos%tan 119" | | (G.6)
4an3sinaL 2 2

12-2gtcos & + 2gtsin>
q. 2 q q. 2),
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where

4
q= £=4s/x2+y2=\/?,

C

2

cosg=-——=— % X

2\/_ 2yx +y2 r
sing =y1 -cos? a——

sin& =

2\

o
cos—=,| 1-sin

2 N\

l—cosoz l r—x

2
P
2 2

Substitute these into equation (G.6) and rearrange, we obtain

A (\/r xlp crydeyrextr +2y/r+xtan ———

ez Tefraer o=
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G.2 Induced x-wise Velocity Component due to Linear Bound

Yorticity Distribution on a Panel.

Consider linear bound vorticity distribution on the ith panel

_Yin _Yix+xi+lyi—xiyi+l (G.8)

bl
iv1 7% Xi1 7%

where x is measured in the coordinate system as shown in figure G.2.

Ay

Y1 Yia1

° Xy b Y

Figure G.2

In line with equation (G.1), the x-wise perturbation velocity component due to this

vorticity distribution is

¥y y(E)dg
xf 21 (x-E)?+y?

Yia7Vi ]1 EdE +xi+1Yi_xiYi+1 if"l dE .
2“[ XXy, @By Xty (-E)ey? (G.9)

The second integral is standard. It yields an arctangent function. For the first integral,

we introduce the variable substitution {-x=t. By doing so we have
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Xisl Xivg ™%

f £dt =f ALY
X, (E —x)2+y2 X-x t2+x2

f d(t2 +x2)

dt
2 R xf 12+y?

sz_)_y_[m_m_

G.10
2 (x-x)tey? Y y y ( )
Substitute this into equation (G.9), with rearrangement, we have
Yia oy (x,.+1—x)2+y2+ (tan-lx“l_x —tan 1 5
270, %) " ey )
i+l x x) +y y y
-X
a2 g )
y
Y; ylrl(xi+1_x)2+y2+x(tan'l i+l _tan—l l'_x)]
211:(x -x) 2 (x -x)2+y?
i+1 ; y y
-x -X
&, 5 g 5Ty (G.1)
y y

G.3 Induced x-wise Velocity Component due to Shed Vorticity
Distribution.

The strength of shed vorticity is constant over each of the individual wake elements.

For element i, we can write
] S S | (G.12)

176



Reference

Gradshteyn and Ryzhik, Table of Integrals, Series, and Products. Academic Press.
1980.

177



List of Major Symbols

A list of major symbols that appear frequently in the text is given here. In the first column

the symbols are listed. In the second column the usual meaning of the symbols is described.

The third column gives the dimension of the symbol, if there is any. Temporal symbols are

not listed. They are defined in the text where they occur.

b semi-chord length of an airfoil.

c chord length of an airfoil.

C(k) Theodorsen’s function.

F(k) real part of the Theodorsen’s function.

G(k) imaginary part of the Theodorsen’s function.
_1112'

—

unit imaginary number. i=

k reduced frequency. k=wb/U,,.

L characteristic length.

p pressure.

q strength of a source/sink layer per unit length.
Re Reynolds number.

t time.

T period of oscillation.

uw’ velocity fluctuation (chapters 3 and 4).

u. friction velocity (chapter 3). u.=(7/p)"2.

U time averaged streamwise velocity component.

U uniform flow velocity at infinity (assumed in i direction).

v velocity perturbation, general velocity field (chapter 3).

v=ui+vj+wk, reduces to ui+vj in two-dimensional case.

A\ normal velocity component of fluid particle
in contact with a boundary surface.
A\ velocity field (chapter 2). V=Uji+v.

w(z) complex potential. w=¢+iy.
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x,y,z Cartesian coordinate system.

Y(x,t) function describes the contour of a two-dimensional airfoil.

Z

€ &« € & ® MmN R > ox O H 2 D

€

complex number. z=x+iy.

angle of incidence.

circulation of a vortex sheet, per unit length.

circulation. I'= § v-dx.

boundary layer thickness.

complex number. {=§£+in.

vortex wave length. A=U,T (assuming uniform convection velocity).
coefficient of viscosity.

kinematic viscosity. v=pu/p.

coordinates in the complex {-plane. dummy argument for integration.

density of fluid.

velocity potential. grad ¢=v.
angle, phase angle.

stream function. grad ¢ =vi-uj.
angular frequency of oscillation.

rotation. w=curl v.
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Abstract

The present study deals with the investigation of the kinematics of the flow associated with
the unsteady motion of an airfoil. Though classical unsteady airfoil theory has been
established since the 1930’s, there appear to be at least two issues worth of further study. In
the first place, the convection velocity of shed vorticity, assumed to have the value of the
undisturbed uniform flow velocity in the classical theory, is debatable in view of the velocity
defect in the wake. Secondly, from an aerodynamic point of view, the kinematics of the flow
field is not clearly revealed in the existing literature since it is concealed in the integrated
result of aerodynamic loading. These two aspects constitute the basic subject of the present

study.

Aimed at the first question, an experimental study has been conducted. The experimental
study consists of two parts, i.e. measurements and numerical calculations which serve as a
reference for the interpretation of the experimental results. In the experiments, the velocity
perturbations outside the wake are measured, and are compared with the ones obtained from
numerical calculations based on the classical theory. It is concluded, from these comparisons,
that the convection of the shed vorticity is appreciably retarded. It is suggested that the
convection of the shed vorticity may be suitably described as a kind of two-wave structure,
which is compatible with the triple-deck theory, applied to describe the viscous flow structure
in the near wake. Spectral analysis of the velocity perturbation shows that the process of

vortex shedding associated with the unsteady motion of the airfoil is linear.

The numerical study has been carried out with a vorticity based panel method. It focuses on
the flow kinematics in terms of the bound vorticity distribution and the velocity perturbation
in space, associated with the unsteady motion of the airfoil. Two limiting cases of the shed
vorticity convection have been studied, namely, no-retardation and pure retardation
(convection follow the centerline velocity of the wake), have been studied. The numerical
study is not isolated, but serves as reference for the numerical part of the experimental study.

By itself, it reveals several new features of the kinematics of the flow field.
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Samenvatting

Dit proefschrift beschrijft het onderzoek naar de kinematica van de stroming om een niet
stationair bewegend draagvlak. Alhoewel de klassieke theorie met betrekking tot niet
stationair bewegende draagvlakken dateert van de jaren 30, zijn er tenminste twee punten die
verdere studie rechtvaardigen. Ten eerste, de convectie snelheid van de afgevoerde wervels,
waarvan men in de klassieke theorie aanneemt dat deze gelijk is aan de snelheid van de
ongestoorde stroming, is discutabel met het oog op het snelheids defect in het zog. Ten
tweede, vanuit een acrodynamisch oogpunt gezien is de kinematica van het stromingsveld niet
volledig beschreven in de bestaande literatuur omdat het impliciet zit in de aerodynamische

belasting. Bovengenoemde punten vormen de basis van de onderhavige studie.

Met betrekking tot het eerste punt, is een experimentele studie uitgevoerd. Deze bestaat uit
twee onderdelen te weten metingen en numerieke berekeningen die dienen als een referentie
voor het interpreteren van de metingen. In het experiment zijn de verstoringen van de
snelheid buiten het zog gemeten en deze zijn vergeleken met berekeningen op basis van de
klassieke theorie. Uit deze vergelijking is geconcludeerd dat de convectie van de afgevoerde
wervels aanzienlijk is geretardeerd. Gesteld word dat de convectie van de afgevoerde wervels
beschreven kan worden met behulp van een soort twee golven structuur vergelijkbaar met de
zgn. triple-deck theorie welke wordt gebruikt voor het beschrijven van de visceuze stroming
in het nabije zog. Spectraal analyse van de snelheids verstoringen laat zien dat het proces van

het afvoeren van wervels van een niet stationair bewegend draagvlak lineair verloopt.

Het numerieke gedeelte is uitgevoerd met behulp van een op wervels gebaseerde panclen
methode. Hierbij is de aandacht gericht op de kinematica van de stroming in termen van de
gebonden wervel verdeling en de ruimtelijlk snelheids verstoringen om een niet stationair
bewegend draagvlak. Twee limiet gevallen van de convectie van de afgevoerde wervels zijn
bestudeerd, namelijk, geen retardatie en pure retardatie (convectie met de center lijn snelheid
van het zog). De numerieke studie staat niet op zichzelf maar dient als een referentie voor
het numerieke gedeelte van de experimentele studie. Het laat een aantal nieuwe facetten van

de kinematica van de stroming zien.
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