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Summary

Shell structures can be either calculated with complex mathematics and
differential geometry, or with the help of finite element method (FEM)
software. Neither method gives the designer sufficient insight about the
behaviour of the shell in the early design stage. The first method is for most
designers too complex, it requires proficiency in at higher order mathematics
and it can be only used for shells the geometry of which can be described by
analytical equations. The second method is more accessible for most designers,
and in combination with 3D modelling software is an attractive alternative to
the cumbersome mathematics. However, the disadvantage of using FEM
software is that the analytical relations between the different parameters
important for obtaining insight into the structural behaviour of the shell is lost.

The ideal tool for designers would take the best of both methods: the analytical
insight of the mathematics and the relatively easy access of FEM and 3D
modelling software. The aim of the research done presented in this thesis is to
do precisely that. By extending the well-known beam-analogy and its relations
for an arch to shell structures a construct of relations is available for providing
the designer with insight and means to influence the geometry of the shell and
the resulting stress state.

The proposed hypotheses are based on classic analytical geometry and
mechanics, especially analogies and methods developed in the past to
elucidate the complex mathematics and mechanics for the purpose of insight
[1]. The theory of graphic statics, reciprocal diagrams, complementary and
potential energy was used to develop the method of solving the thrust
network. Analogies such as the moment-hill for out-of-plane loaded slabs and
the static-geometric analogy for thin shells as well as the load path theorem
and stress functions were used to develop the slab — shell analogy.

Two approximate hypotheses are proposed in this thesis, the first is used to
solve 3D indeterminate thrust networks by using complementary energy. The
second hypothesis extends the beam — arch analogy in two directions to the
slab — shell analogy; this method produces results in range of solutions found in
classical shell theory.

The result of the different examples has been checked with the help of well-
known solutions of classical shell mechanics, FEM calculations or graphic

statics. Examples with relatively basic analytical formulas have been used to
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elucidate the proposed method and for other examples simple purpose made
tools based on the method have been used. Some simplifications have been
made to avoid unnecessary complications in the derivation of the proposed
method, such as only applying a uniformly distributed load. But most of the
simplifications are not technically necessary; the conclusion and
recommendations section include some suggestions have been added for
extending the method.

The inception of numeric methods for analysing structures in the 1960° was the
end of the development of analytical mechanics for shell structures. This thesis
aims to continue this development by tying the used theories and analogies
together and bridge the gap with the numeric methods and to increase the
understanding of the structural performance of shell structures.
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Samenvatting

Het berekenen van schaalconstructies kan op twee manieren, met behulp van
complexe wiskundige toegepaste mechanica en met de eindige elementen
methode (EEM). Beide methoden zijn niet bevredigend om in een vroeg
stadium de ontwerper bij te staan met het maken van onderbouwde
beslissingen. De eerste wijze is voor de meeste ontwerpers en ingenieurs te
complex en tijd rovend. De tweede wijze is, in combinatie met 3D modelleer
programma’s, veel toegankelijker voor de meeste ontwerpers en ingenieurs,
het nadeel is wel dat bij numerieke methoden de analytische samenhang
tussen de verschillende parameters die inzicht geven in het constructieve
gedrag van de schaal verdwijnt.

De meeste ideale werkwijze zou een compromis zijn met de beste ingrediénten
van beide methoden, het analytische inzicht van de complexe wiskunde en
schaalmechanica en het gebruikersgemak van EEM en 3D modelleersoftware.
De doelstelling van dit onderzoek is een methode te ontwikkelen die precies
dat doet. De bekende balk — kabel / booganalogie zal uitgebreid worden naar
schalen. Dit geeft de ontwerper en ingenieur voldoende inzicht om in de eerste
ontwerpfase afgewogen beslissingen te maken over het ontwerp.

De voorgestelde hypothesen voor benaderingen zijn gebaseerd op klassieke
geometrie en mechanica. Er wordt gebruik gemaakt van eerder ontwikkelde
analogieén die als doel hadden om naast de complexe wiskunde en mechanica
inzicht te bieden, en deze zijn gebruikt voor het ontwikkelen van de theorieén
en methodes van dit onderzoek. De grafo-statica, de leer van wederkerige
diagrammen en complementaire en potentiéle energie zijn gebruikt om druk
netwerken op te lossen. Analogieén als de momentenheuvel van platen, de
statisch-geometrische analogie voor dunne schalen alsmede spanningsfuncties
en de “load path” theorie zijn gebruikt voor de ontwikkeling van de plaat —
schaal analogie.

Twee hypothesen worden gepresenteerd in dit onderzoek, de eerste lost
statisch onbepaalde 3D stangenveelhoeken (druk netwerken ) op met behulp
van complementaire energie. The tweede methode breidt de balk — boog
analogie uit in twee richtingen, de plaat — schaal analogie, deze methode levert
resultaten vergelijkbaar met oplossingen uit de klassieke schaaltheorie.

De verschillende resultaten in dit onderzoek zijn geverifieerd met behulp van
bekende oplossingen in de schaalmechanica, EEM berekeningen en grafo-
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statica. Voorbeelden zijn uitgewerkt met relatief eenvoudige analytische
formules, anderen met voor dit onderzoek speciaal ontwikkelde tools. Om in
staat te zijn de voorgesteld methoden helder te presenteren zijn
vereenvoudigingen aangenomen, zoals uitsluitend gelijkmatig verdeelde
belastingen. De meeste vereenvoudigingen zijn technisch gezien niet
noodzakelijk; in de aanbevelingen worden suggesties gedaan voor het
uitbreiden van de methode.

De geboorte van numerieke methoden voor het analyseren van constructies in
de jaren 60 van de vorige eeuw betekende nagenoeg het einde van de
ontwikkeling van analytische mechanica voor schalen. Deze thesis beoogd de
ontwikkeling weer op te pakken en een brug te slaan naar de numerieke
methoden, met als doel om het inzicht in schalen te verhogen.

13
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horizontal thrust, mean curvature
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bending moment slab
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redundancy, stress function
Moment-hill

thurst surface

uniformly distributed surface load
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span, length
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curvature (deformation)
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membrane force

projected membrane force

radii

width, distance

height cross section
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eccentricity

height, distributed horizontal thrust
angle, ratio of loads

rotation

slope of fold, rotation

total uniformly distributed surface load
radius

bending stiffness strip

bending stiffness slab

change of Gaussian curvature
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1 Introduction

1.1 Background and motivation

This research is partly based on more than 25 years of experience teaching
structural mechanics and spatial structures to students of Architecture and Civil
Engineering of Delft University of Technology and internationally. Therefore,
this part of the introduction strays somewhat from the conventional
introduction of a PhD thesis. It is impossible not to take into account the very
different background to which this thesis has been developed. For the readers
to get a level of understanding of the motives behind this research some words
should be dedicated to the authors position as teacher and researcher, they
were instrumental to writing this thesis.

The text of the thesis should be read as one continuous “train of thought”,
whereby the written words, the images and formulas form one coherent
proposition resulting in the hypotheses. The propositions will be underpinned
by analytical and pictorial validations.

The purpose of this thesis is to analyse the structural behaviour of shell
structures by studying the way the applied loads flow naturally through the
shells surface (cross section) to its supports and how the flow off forces relates
to the shell’s geometry. This will give a fundamental understanding of the
behaviour of shell structures and will thus provide the means to design these
with form efficiently and elegance, as has been done by engineers such as
Heinz Isler, Felix Candela and Eduardo Torroja.

Shells have geometrical and mechanical properties which have a close
relationship for transferring loads and determine its structural performance.
For many years shell structures have excited interest, especially their seemingly
enigmatic states of equilibrium in relation to their form. Thin shells spanning
long distances are a sight of beauty. However, just as professor Ekkehard
Ramm [2] once called shells are the prima donnas of structures, the designing
of these gracious structures has many pitfalls. An ill-shaped curved geometry,
which is not always a real shell in the sense that the predominant part of the
load is carried by membrane forces but are just curved surfaces loaded in
bending, or incorrect shaped edge can totally ruin the shell’s structural
behaviour and the shell consequently performs poorly resulting in a failed
design.
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Many scientists, from Timoshenko to Flligge, over the years have formulated
very useful shell theories for analytically calculating the internal forces and
stresses in shells. These theories are usually very mathematically complex but
give some insight into the relation between the stresses and the shell’s
geometry and are nearly always only applicable to shells with simple
mathematically describable geometries. Some engineers, like Heinz Isler, have
performed physical experiments on shell structures to try to uncover more of
the form-force relationship [3].

Nowadays, 3D modelling software and computational structural analysis are
utilized by architects and engineers in the design of irregular curved surfaces.
Most of the classical shell theories fail to provide analytical solutions for these
complex shapes and thus the structures are calculated numerically with the
help of the finite element method (FEM). In doing so, the relations, which are
enclosed in analytical solutions are lost, making the relationship between the
internal forces and the geometry even less insightful. This lack of insight makes
designing these types of shells even more difficult for the designer and
engineer.

The designer gets insight of the relation between the internal forces, loads and
their geometry by graphical solutions, force polygons and form diagrams, for
linear 2D structures such as cables and arches and thrust networks for
discretized shells [4]. What even graphical solutions do not always reveal is why
a (ratio of) curve(s) or the number and location of supports results in a certain
load path. This is especially the case for 3D thrust networks.

The principal load path of an applied load to a shell is not easy to determine,
because most shells are highly indeterminate. The principal stresses and their
trajectories, often calculated with the aid of finite element methods, are not
exactly the load path, the trajectories of the vertical component of the internal
forces which carries the load. This means that to determine a thrust network
for analysing a shell’s state of stress, with or without making an additional
finite element calculation, an infinite amount of possible load paths have to be
considered as they are all possible. The best fit solutions are several possible
states of equilibriums within the thickness of the shell’s surface or predefined
design envelope. However, the “correct” solution is not provided by this
method which makes it impossible without the finite element method to find
the correct internal forces for a given geometry, loading and boundary
conditions.

17



As can be seen with experiments of hanging models of deformable cloth or
latex sheets, they are naturally shaped by gravity loading. Their load path and
unique thrust surface are inseparably linked with the gravity shaped surface
and its curvature. This means that there is a unique solution for each shell’s
thrust surface under a specific loading and boundary condition. In this case the
thrust surface is the shell’s shape function. But these do not always have to be
the same surface. As an example, the shape function of a spherical dome is not
equal to its thrust surface.

The ratio of curvatures of the surface in conjunction with the boundary
conditions determine the shell’s state of indeterminacy. By solving the
relationship between curvature and load path the unique thrust surface can be
derived and thus the problem has been solved: a qualitative and quantitative
relation between form and force.

The author’s curiosity and search for knowledge and insight into shells started
with the Blob revolution at the start of the 21 century [5]. Students of
Architecture discovered the extensive possibilities ushered by the newly
available 3D modelling software and in particular the ease with which complex
curved surfaces could be drawn and explored in CAD. These types of forms
were quickly called Blobs. It is unclear where the word BLOB came from, some
sources refer to Binary Large OBject another to shapeless object as can be seen
in the 50’s movie “The Blob”, which was very popular with students at the time
of the Blob revolution.

Figure 1 Ski Hall [image 6], design by Henno Hanselaar (2003)

18



One of the early blob-like shell structures the author encountered was the ski-
hall designed by a graduate student of his at the time of the Blob revolution,
Henno Hanselaar, fig. 1 [6]. Together with colleague Karel Vollers the author
ran in the first decade of this century the Blob graduation studio of the master
track Building Technology at TU Delft.

As a curvature analysis of the ski-hall shows the “shell-like” blob or “blob-like”
shell is highly irregular curved, with areas where clastic and anti-clastic
curvatures alternate. As can be observed of a Gaussian curvature analysis of
the designs surface. The irregular curvature, illustrated in the Gaussian
curvature analysis (fig. 2), makes it impossible to calculate the stresses with
analytical equations.

I
Stle.
Gauszian

Curvatune tange —

M[oa1z352

-

Ao Range
Max Flange
¥ Shon socurve

AdistMesh

Figure 2 Gaussian curvature analysis Ski Hall [image 6]

Therefore, a FEM calculation was performed in order to determine the internal
forces, stresses and deformations. For the FEM analysis shell elements where
used. The outcome was unsurprising in that the location of the best and worst
preforming areas on the surface were unpredictable. On the one hand this
highlights the power of FEM calculation, but on the other hand the complexity
of the geometry makes it difficult to intuitively predict the performance. It is
therefore cumbersome to steer the design in a certain desired direction.

Due to the extreme curvature change in the lower part of the ski-hall the
displacements in the valley are considerable. By altering the curvature
problems would arise in another part of the surface. It is not easy to mentally
predict which local curvatures would have a positive or negative effect. The
only way to find this out was by trial and error and by altering the geometry
and run another FEM calculation. Hanselaar “solved” the weak valley by adding
a spider like truss on the of the surface, this proved to be effective, fig. 3.
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Figure 3 deflections by FEM calculation Ski Hall before and after added spider truss [image 6]

In particular the Ski-hall design of 2003 became a recurring theme in
subsequent years and are present to this day. The problematic nature of the
structural behaviour versus the fascinating shape proved to be a challenge for
the author and the student research group. Methods would be developed to
get a grip on the this “shell”, not always successfully but the understanding of
“complex geometry surfaces”, the new name for blobs, slowly grew [7].

Nowadays there are optimization routines, like Bi-Directional Evolutionary
Structural Optimization (BESO) [8], available to come to the best possible
irregular curved surfaces with the minimum of stresses and deformations [9].
But these numerical routines are in fact automatized “black box” methods,
they provide little analytical or qualitative insight. The goal of the Blob
graduation studio was to develop methods and tools to expand the insight
whilst designing shell structures.

One of the methods developed was the “Rain Flow” analysis [10] [11]. The
hypothesis of this method was: “Like a rain flow, loads will flow along curves
with the steepest ascent on the shell to its supports”. This is not correct, as will
be shown later in this thesis, but gave the input for this research, fig. 4. The aim
of this method is to use particles to simulate the flow of the loads that role
over the surface, close to the gradient representing the vertical component of
the axial forces of a thrust line of an arch or cable. This is similar, to the
gradients of the moment hill, which represent the shear forces of a slab, loaded
out-of-plane.
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rain flow analysis
ski hall

Figure 4 "Rain flow” analysis Ski hall [images 10, 52]

Although the “rain flow” analysis is not correct it does give some insight into
how the edges of shells need to be shaped for an optimal performance. If the
particles flow over an edge, usually curved downwards, then it can be expected
that a large part of the load needs to be carried by shear forces and bending
moments, fig. 5. The load cannot be sufficiently resolved in-plane to make
equilibrium with internal membrane forces.

Figure 5 downward edge Ski Hall [image 52]

Edges which are turned upward divert the loads away from the edge, these
edges are unloaded and will perform well, fig. 6. The shells of Felix Candela
often have these types of edges.

21
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Another student project is the shell designed and constructed by students from
Delft and Montpellier during the Morpharchitecture workshop in Lyon. This
shell also adheres to the “rain flow” principle. The result is a very light weight
shell with all the right curves to ensure the most optimal load transfer, fig.7.

Figure 7 shell Morpharchitecture workshop Lyon

The research for this thesis starts from the fascination to uncover the
fundamental principles that govern the structural behaviour of shell structures.
The curiosity was fed by work done with students by making models, physical,
analytic and numeric. The work presented in this thesis was done in silence,
contemplating over what was discovered, after the fun part with the students
was completed. And page after page trying to turn this insight into analytical
formulas, so that the relations expressed in elegant mathematics can be the
basis of new graphic models. To be used for the exploration and design of
elegant shell structures.

In the past research was mostly concerned with finding analytical formulas to
be able to calculate a design of shell structures. Many classic handbooks have
been written in the first part of the last century, such by Timoshenko [12],
Fligge [13], Novozhilov [14], Love [15], Haas [16], Csonka, Girkman [17],
Billington [18], Ramaswamy, Heyman, Calladine [19], Born, Dischinger [20] and
many other. Their content is predominately mathematical, and for most
designers and modern-day engineers difficult to read. Other engineers, such as
Candela [21], Torroja [22], Nervi [23] and Isler (fig. 8) [24] took a more practical
approach. Between approximately 1930 and 1990 they built many elegantly
shaped thin concrete shells [25]. By the 1960° the main wave of shell building
was all but over, different reasons have been suggested to explain this. Such as
rising labour costs of building shells, to shells being out of fashion etc [26].
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The other important development in the 1960° was the inception of
computational methods such as the finite element method (FEM) which made
it possible to calculate complex structures without the cumbersome
mathematics [27]. Especially for irregular shapes, which are nearly impossible
to describe with mathematical formulas, the FEM was a good alternative and
made their analysis possible. This development all but stopped the further
progress of analytical methods which slowly faded and was eventually mostly
confined to libraries.

At the beginning of the 21st century due to newly developed parametric
software graphic statics was rediscovered by researchers, architects and
engineers. This made it possible to create interactive animation between the
different form diagrams and their respective force polygons. O’Dwyer [28],
Ochsendorf and Block [29] expanded graphic statics from arches and cable to
3D thrust networks. William Baker, Allan McRobie, Chris Williams any many
others took the development on graphic statics further with the help of
rediscovered work from James Clerk Maxwell on reciprocal diagrams. These
principles were used to develop the polyhedral Airy stress function.
Researchers such as Chris Calladine and Sergio Pellegrino worked on mechanics
and rigidity theory. Wolfgang Beranek was the first to introduce the “shower
analogy” as an addition to the moment hill for slabs, which analogies will be
used and expanded for use to shells in this dissertation [30]. Their research is
part of the basis of this thesis.

Figure 8 scanning of the Bellinzona shell model of Heinz Iser,
Burgdorf, Switzerland by team from TU Delft, July 2011
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1.2 Research objectives

The aim of this thesis is it to close the gap between the mathematical theory of
shell structures and the recent developments in the field of graphic statics and
reciprocal diagrams and to apply these to the understanding of shells
structures. Because of the inability of computational methods such as FEM, to
give analytical insight into the behaviour of shell structures this thesis will
concentrate on trying to continue with the development of analytical methods,
but without the complex mathematics. The aim is to develop semi-analytical
methods which can form the basis of computational tools, like the example of
parametric software being used for graphic statics, such as RhinoVAULT. In this
thesis some results will be presented of the use of parametric tools used for
creating M-hills, stress functions and thrust surfaces.

From the start of the research for this thesis it was always presumed by the
author that the load path or distribution was the key for understanding the
behaviour of shells. Aided by the curvatures of the shell the load path
determines the internal membrane forces and whether out-of-plane ones are
needed to ensure equilibrium, this in case due to incorrect curvatures the
membrane forces would not be able to do this by themselves. The relational
diagram below shows the initial hypothesis from which the research started. It
will be shown that the load path is determined by the moment hill of the load
on an equivalent flat slab. The curvatures are represented by the shape
function of the shell. In addition, it will be explained that the force network is a
simplified discretized version of the thrust surface. The initial relational
diagram has slightly changed into the one which forms the basis of the research
hypothesis as result of knowledge gained over the years, fig. 9 [31].

load path

VAT

force network curvature

NS

stress function

Figure 9 initial relational diagram
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The differential equations which govern beams, slabs and shell structures
consists of two parts. The first relates to equilibrium, the second part to cross
sectional and material properties, these are the constitutive and kinematic
relations, respectively.

beam equation:

d’M
dw_q )T T
dx*  EI |d*w M

dx2  EI

The solutions for statically determined structures only concerns the first part of
the differential equations. Like the cable / arch equation, which can be
represented by graphic statics via a form diagram of the structure and its
reciprocal force polygon. Once the load distribution has been determined what
remains is a scaling issue, this occurs when moving the pole in the direction of
the closing string. The rise of the arch fis reciprocal to the thrust H, and their
product is constant. If the pole moves perpendicular to the closing string the
load distribution alters, the vertical support reactions change as does the
curvature of the arch, fig. 10.

cable equation:

=—-H d’z ith: Hf = tant
q= T2 with: Hf = constan
N
- Vb =5/2F| F
\\;
f 7y F Pole
p—7]
F
Va = 5/2F
F
H ﬁ H
" Closing string A H
TVa = 5/2F TVb = 5/2F
Form diagram Force polygon

2D,when moving the pole along the closing string:
-V, =V, = constant
the load path / distribution remains unchanged

Figure 10 reciprocity between form diagram and force polygon

25



For shell structures statically determined solutions are less straight forward,
due to their 3D geometry. For a funicular cable or arch structure, the tension or
thrust line is equal to their shape function. For arches it is important not to
have bending, although for arches a discrepancy between the thrust line and
shape is possible resulting in bending. Shells have an extra dimension in space
compared to arches which can provide for membrane forces that cancel out-of-
plane bending, like hoop forces in domes.

For shells the load distribution is coupled to the curvatures of its geometry and
the type of the boundary condition. If the curvatures (k) are fixed but the
overall height of the shell is changed it is a scaling problem, i.e. the load
distribution remains unchanged. But when the ratio of the curvature is changed
the load distribution changes accordingly, fig. 11.

3D,when changing the shells ratio of the curvatures:
the load path / distribution changes

Figure 11 load path of shell in relation to its curvature [image 61]

Thrust networks are statically indeterminate; they are in fact three dimensional
trusses, whose configuration is made-up of lines of actions along which its
forces act and which as a whole is in equilibrium with the loads (imposed
and/or self-weight). It is proposed that the indeterminacy is solved with the
help of complementary energy, in which the constitutive relations are used.
This is elaborated in the first part of the thesis, in the second part the load path
theorem (moment-hill) of slabs loaded out-of-plane is extended to shells
structures. The moment-hill is the 3-dimensional representation of weighted
sum of the bending moment of the slab in two directions (M).

My, + myy

M =
1+v
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The moment hill (M) is the alternative solution, next to that of the deflections
w, of the slab equation, which in most cases is a statically indeterminant
problem. The slab equation can be split via the M-hill in two parts, one that
allows the M-hill to be solved via the membrane analogy due to the similar
structure of the differential equation, see section 8.3. The other part is a direct
relation of the M-hill with the load p, this provides the route to the load path:
the “shower analogy”, fig. 12 [30].

slab equation:
(M =-D <62—W + 62—W>
o*w o'w  d*w d0x2  dy?
p=D <6x4 tloxzayr T 6y4> = i 021 02M
p=- <6x2 * a_yz>

Like a rain flow the loads will discharge along the curves with the steepest
ascent (n-direction) on the surface of the moment-hill. This determines the
load distribution and thus the load path.

load path, load distribution.:

oM
Uy = an = max /
_ 81\% o X ‘\//tnjOVmax
Ve =50 T

Figure 12 the moment-hill and the “shower analogy” [image right 30]

When considering the equilibrium of halve of a uniformly distributed load g a
function can be derived, this is the line of equilibrium. It depends on a
geometry of the loaded structure what this line represents, for a straight beam
it is the moment diagram, for a structure without internal bending moments it
is equivalent to their shape function. These curved structures are either arches
or cables, depending if they are curved upwards or downwards. For both cases
the slope of M represents the vertical load distribution V.

ql 1 x 1
M=— —— — l2_42
2 37y =ga -4
{M = Hz = H = constant
M=z
i o
8/ I':lu' hrust line or _ A _1 1 =—=—qx
# fnometntdjagmm M_Hf_qu Z'!_gqlz dx




1.3 Research hypothesis

For cables and arches the relationship between the shape function, the thrust
line, the moment diagram and the stress function is unambiguous. The relation
is direct because the cable or arch has a horizontal component H, which is
constant in any cross section. The thrust line is in fact equal to the shape
function and equivalent to the moment diagram, the stress function plays a
subordinate role because of the two-dimensional nature of the cable and arch
and the fact that the horizontal thrust is constant, fig.13. For arches the
difference between the thrust line and its shape function is equal to the
resulting bending moment imposed onto the arch.

N ETIERERERRERERNETE!
q

TR IR R R RN ENEEY!
\\\\\\b -

beam - arch
q
H ooy H
o N 1
moment line cable
O*w M, =Hz, o'z
M =-EI—; q=-H—
Ox Ox

Figure 13 the beam - arch analogy [image 101]

For shell structures the relationship between the shape function (z), the stress
function (&), the thrust surface (¢) and the moment hill (M) is more
complicated, fig. 14. This is because of the 3-dimensional nature of shell
structures which, compared with 2-dimensional arches, leads to a larger
number of possible solutions for a given situation. It can be stated that the
relation between the four functions for arches is a reduction of a higher order
hierarchy.

moment hill ( M)
thrust surface ( { ) shape function ( Z )

NS

stress function ()

Figure 14 relational diagram hypothesis 28



The driver of the relation between geometry and mechanical behaviour of shell
structures is the flow of forces. For arches this is unambiguous, but for shell
structures there are for a given load case many lower bound solutions possible
that ensure equilibrium. In contrast to arches, if the thrust surface deviates
from the shape function this does not automatically result in out-of-plane
bending. Also, the thrust surface is not necessarily equal to the moment hill. In
fact, now there is a trade-off possible between the four functions, yet they are
all linked to the flow of forces / load path.

arch: shell structure:
d_M V= Hﬁ dM _ _62(1)62 0%¢ 0z
dx dx de _x7 dy20x 0xdydy
moment shape function / t i
hit stress function ik stress Junction |
dM o 0%p oz 0%¢ 0z
dy Yy T g2 dy 0xdyox
mmnt stress function /
hill shape function
dav ov, 0vy,
q=-— p=—(o-+52
dx dx  dy
24 32 2 2 24 32
( ___d_zz (hll' =_6¢62_ 0%¢p 0%z 0%¢ 0%z
arch:q = —H dx? shei:p dy? 0x? 0x0dy 0x0dy + 0x? dy?
o a‘m 0’M o0*M\  _
beam.q——w Slab:p=—<ax2 + ay2>;WlthM=mxx+myy

The beam - arch analogy The slab — shell analogy

In this thesis the relation between the four functions will be explored, and how
they shape the flow of forces of the shell in conjunction with its geometry.

q
[REEERERRRERRRETE TR RT TR

simply-supported plate subjected to distributed load p

M=m_+m,

moment hill

Figure 15 the beam - arch & slab - shell analogy [image 101]
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The hypothesis states that the established relation between the moment
diagram of a beam, the stress function and the thrust line / shape function of
the equivalent arch, having a corresponding load and boundary conditions, also
holds for the moment-hill of out-of-plane loaded slabs and their equivalent

shell structure.

The hypothesis is valid for thin shells. In fact, the beam — arch analogy is the
simplified version for one direction of the slab — shell analogy, fig. 15. The
thrust surface is a reciprocal diagram, see chapter 8, of the stress function and
it therefore not part of the slab — shell analogy equations.

The flow of forces or load transfer is central for both the slab- and the shell
structure. For the slab the load transfer goes via the moment hill. For the
membrane shells, thus without bending moments needing to assist in
transferring the load, the load transfer goes via an interaction between the
curvatures of the shape function and the stress function of the shell (fig. 16),

see chapter 7 and 8.

_ (0vy | Ovy,
p= dx  dy

+
load transfer

slab structure:

dm
Ve T Ty
dm
‘UyZE

0’°M 9*M
>p=- W-l‘a—yz

Figure 16 the beam - arch & slab - shell relations [image left 100]

A

shell structure:
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The bending stiffness of the slab D is equivalent to the ratio of the curvatures
and the stress function of the shell and their interdependency, and determines

the load transfer.

Momenten in 0,01 }’:3,2‘

slab, simply supported along all edges:
uniformly distributed load p
L, =141,

slab b is isotropic: D = K, = Ky, = Ky,
slab a & c are orthotropic: Ky # Ky, # Ky,

The moment hill, and thus the load distribution

depends on the ratio between the bending
stif fnesses K, and K,, and the torsional
Ky + K,

stif fness Ky, = >

For shell structures the load distribution
depends on the ratio between the
curvatures: kyy, ky, and k.

image [30]

As an example of the slab — shell analogy are the skylights, fig. 18. These where
form found by inflating a membrane [32], which is equivalent to the moment-
hill of an out-of-plane loaded slab. The flow of forces (load path) of the skylight
(shell) is represented by the trajectories of the maximum shear forces v, of the
slab, which are the curves of steepest ascent of the M-hill, fig. 17. For further

elaboration see section 8.3.

Figure 18 “rain flow” of skylight, image provided with
courtesy by John Chilton
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1.4 Thesis structure

The thesis is structured in three parts, the first part (chapters 2 to 4) concerns
trusses and cables and the second part (chapters 5 and 6) arches and the third
part (chapters 7 and 8) focusses on shell structures.

The thesis starts with a round up and an additional perspective to the classic
approach on the fundamentals of form diagrams and force polygons.
Reciprocal characteristics of trusses and cables are discussed, to which the
theory of rigidity will be applied. Indeterminacy in graphic statics will be
introduced and applied to 3D graphic statics with the help of complementary
and potential energy.

The second part starts with statically indeterminate arches and to solve these
with complementary energy and concludes with a discussion of the stress
function in relation to the other fundamental function of arches, the shape
function and the thrust line.

The third part concentrates around the relationship of the four fundamental
function for shell structures; the shape function, the thrust surface, the
moment hill and the stress function. Different shapes of shells will be used to
exemplify this relationship and different methods will be presented to solve
these equations. The second part concludes with a method to also take into
account out-of-plane bending if the geometry of the shell is such that it is not
possible to carry all the loads via membrane forces.

Results throughout the thesis will be shown of analytical examples, or from
computational tools based on theories and methods that have been developed
in the context of this thesis. These tools have been developed with help of
master graduate students from the faculties of Architecture and the Built
Environment and Civil Engineering and Geosciences of the Delft University of
Technology, whereby the theoretical input was provided by the author.
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2 General properties of force polygons and form diagrams

2.1 Introduction

The practical use of graphic statics for visually representing the state of
equilibrium of funicular structures, such as cables and arches, has been well
established for centuries [33]. Funicular in the sense means structures whose
centroidal axis coincides with the line of action of all its forces, known for
arches as a “thrust line”. Another way of describing a funicular is the infinite
collection of points forming a line in which in each point all its forces are in
equilibrium.

The force polygon is the graphical representation of the equilibrium of the
forces in the structure which topology is the form diagram, such as the shape of
an arch or a cable. It is a well-established fact that the force polygon (FP) and
form diagram (FD) are reciprocal diagrams, fig. 19 [34].

force polygon

force polygon

form diagram \\\

reciprocal diagrams 2 \

Figure 19 reciprocal relation between form diagram and force polygon

Some of the properties that describe this reciprocity, meaning mutually
corresponding and dependent, will be further elaborated in this chapter with
the help of formulas.

2.2 Sign convention
In this thesis we will not be using the classic Bow’s notation for graphic statics

[35]. Bow’s notation uses the reciprocal properties between the form diagram
and force polygon. It numbers the surfaces in the form diagram which refer
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their reciprocal point in the force polygon. In this thesis the surfaces of the
force polygons will be numbered which will refer to their reciprocal points in
the form diagram, fig. 20 [36]. This makes it easier to directly observe the
forces which act on a point in the structure. This is also a direct link between
the pairs of lines of both diagrams, which represent the forces and their
respective lines of action.

Bow's notation

6 7 o : Bow's notation:
= of a force in the force polygon

2 4 its corresponding line of action in the
FD i ' EP form diagram lies between the two
reciprocal surfaces of the two points

Frame notation Frame notation:

between two points, begin and end point,

there is a direct correspondence between
the force in the force polygon and its

3 4 £ line action in the form diagram

FD FP

Figure 20 notation of form diagram and force polygon

2.3 General reciprocity of a basic form diagram and its force polygon

In this chapter general rules will be established concerning 2D force polygons
and form diagrams, such as cables and arches. In chapters 3 and 4 these will be
expanded to 3D for the purpose of constructing thrust surfaces for shell
structures.

To exemplify the reciprocity a basic form diagram will be explored representing
a cable with one point load (JF ) and with level supports. Their form diagram
and a force polygon have a reciprocal relation as can be observed through
uniform triangles (eq. 1), fig. 21. Because the structure is statically determined
any change in the rise f will not change the vertical support reactions V;.
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closing string

point of

application reciprocal

pole

reciprocal:
point - surface
surface - point

Figure 21 basic form diagram

f,H are variables; x; ,V; are constants

_S_Va Vo
tanay = —= — - Hf =V, x4 = constant
x, H
f Vs
tan ag = =7 — Hf = Vg xg = constant

(1

Compared to an equivalent beam with the same span and load the shape of the
form diagram corresponds with the shape of its bending moment diagram. The
product of the horizontal force H and the rise f of the cable is constant and

remains such for any change of f and is equal to the maximum moment Mmqx of

the equivalent beam (eq. 2).

_. closing string

closing
string_ |

point of
application

Mpax = Vaxy = Vg Xp

H
VA+VB—ZF—>—f+—f—ZF
XA XA

with: x4 +xg =1

XaX
S Hf = ZF( Az B) _ Moo (2a)

H
xA+xB:l—>75+V—f l
B

WaVe) _py (2b)

- Hf =1 7
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Any change in position of the pole of the force polygon has a reciprocal effect
on the point of application of the total force JF in the form diagram and vice
versa. So if either the rise f or the horizontal force H changes and because their
product is constant these two points, the pole and point of application, move in
opposite directions.

The force density of a bar is the ratio of its axial force over the length of the bar
(eq. 3). The total force density Q, the summation of all the individual force
densities of each bar, of this system can also be expressed in either a function
of the horizontal force H or the total load JF (eq. 5). The geometric factor s¢
(eq. 6) for the change of fin the form diagram represents the reciprocal effect
on the force polygon. The total force density will also change accordingly to the
same factor (eq. 7).

N N
Q=7+ (3)
la I
ith Nl li _Ni ll 4
wi H _xi,Vi f ()
H+ H XF c
e d = —_— —_— T —

EA T Tt ®
1 H
f_&l_z_“ (6)
fl Sf H
Q+1=S_Q (7)

f

The principles of these relations hold for all cable and arch structures with
different loads, apart from the last part of (eq. 5), which for truncated form
diagrams will be altered, this will be discussed further in section 2.7.

There are a few basic ways to reconfigure a form diagram and its reciprocal
force polygon. When one of them is reconfigured the other will automatically
follow and the basic relations will remain applicable to both. The properties of
reconfiguration through scaling the FP / FD or changing the load distribution,
by horizontally moving the point of application, will be briefly discussed.
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a. scaling FP / FD
It is possible to scale either the form diagram or the force polygon by a
scaling factor. The properties below will alter according to this scaling
factors, sep and sep.

scaling force polygon: 14 B2 '

S — E — ZF‘l‘l ‘| “ /_/
P H *F B

Qi+1 = Spp U | /

scaling form diagram: .. 3 //7’

o =t _ba I
FD f l \ \ \\\

Q0 =— 0 WY
17 o W

B

By scaling the force polygon but leaving the form diagram intact the total
force density increases. And by scaling the form diagram and leaving the
force polygon intact the total force density decreases.

b. moving horizontally the point of application of the total load >F
The horizontal force H stays constant but the position of the total load
shifts horizontally and thus the total force density changes accordingly as
does the load distribution. The vertical support reactions in A and B
change in the same ratio smo as the horizontal distance of JF.
Note that if the pole of the force polygon moves whilst having a constant
H and constant total load the rise f of the form diagram changes. This is
due to the uniformity of their respective triangles.

Y ¥
| | W\
‘ NS
R XaiXgi _ VaiVeyi 3 \ //
mo — - =i i
Xai+1XBi+1  Vai+1Vpi+1 | \\)\/
Q+1 = Smo Qi 3 e
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2.4 General reciprocity of a basic configuration with non-level supports

In @ more general case consider a cable with non-level supports loaded by a
point load. Like the case with level supports the uniform triangles, which can be
observed in the form diagram and the force polygon, have a reciprocal relation
(eq. 8). Also with non-level supports, by moving the point of application of the
total load in the form diagram, the pole of the force polygon moves in a
reciprocal manner along the closing string.

The force polygon can be split along a line parallel to the closing string, both
parts belong to one of the supports. Hereby the vertical support reactions Sa
and Sg are determined as well as the support reaction along the closing string
So. This line in the force polygon cuts the vector of the total force JF in point 0.

f, Sy are variables; &;, S; are constants

f _Sa

— === Sof = S4¢, are constant

—=—> Syf = Sgép are constant

S
N $a B (8)
S Sa
Hf = M,,,, = constant 9

For an equivalent beam with the same span and load the shape of the form

diagram corresponds with its bending moment diagram, and has the same
maximum moment (eq. 9).
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The ratio of the position of the line of action /- of the total force >F is equal to
the ratio of the vertical support reactions, the line of action /rand point 0 are
reciprocal.

When the pole of the force polygon is moved the shape of the form diagram
changes. By moving point 0 in the force polygon the line of action /r and thus
the point of application moves in the form diagram, as seen in section 2.3.

ratio:
& _Se
S Sa

2.5 Truncated form diagrams, subdivision of the total load

Cables and arches usually have multiple loads, for this a truncated basic
configuration can be used. The truncation of the form diagram is the result of
splitting the total load in several point loads. The total load JF and its
corresponding point of application is the vertex of the envelope of the form
diagram where the lines of action of the total load and of the reactions forces
Ri, which are also the tangents of the form diagram at the supports, meet. This
point is in the case of a uniformly distributed load comparable to a control
point of a quadratic Bezier curve.
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The force polygon retains its overall shape when the total load is split, yet the
point of application stays the same, but will be subdivided into more triangles
representing the different point loads. The rays of the force polygons are the

tangents of the parabola in the case of a uniformly distributed load and in the
case of discreet point loads it coincides with the straight members which form

the form diagram.

When the form diagram is scaled, by increasing or decreasing f and thus
moving the control point, the other location coordinate for each node z;i which
define the form diagram in respect to the closing string will be scaled according
to the same factor (eq. 10).
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2.6 Relation form diagram and force polygon

The classic understanding of the geometric reciprocity between a (truncated)
form diagram and it’s force polygons is between points and triangles.

A reciprocal relation between the form diagram and the force polygon has
already been introduced in sections 2.3 and 2.4 are the uniform triangles which
are observed in both and are reciprocal to each other (eq. 11). These can also
be found in a truncated form diagram. When the basic form diagrams from 2.3
and 2.4 are truncated, thus with more than one load, more triangles will
appear in the form diagram. This has as a consequence that both of the two
uniform triangles which constitute the basic form diagram will be scaled back
to accommodate additional triangles as a result more loads (eq. 12). The slopes
of reciprocal triangles in the form diagram and the force polygons are equal
(eq. 13). The rise of each triangle in the form diagram Az; is equal to the
incremental equivalent moment over the base of the triangle if it was part of a
beam divided by the horizontal thrust H. This is essentially the same
relationship as between the rise f of the envelope of the truncated form
diagram and the equivalent maximum moment (eq. 2 & 14). And it also
represents the discretization of expression for the load transfer of a cable with
a uniformly distributed load (eq. 15).
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Each element of the form diagram has a triangle that corresponds to its
reciprocal in the force polygon. If the triangles of the form diagram are
assembled in a similar configuration of that of a force polygon this will most
likely not result in the polygon being in equilibrium. To achieve this each
triangle needs to be scaled individually. This scaling is the force density (eq. 16),
which connects each triangle in the form diagram with its reciprocal in the
force polygon. Thus the correct force polygon is obtained.
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An example where all the individual force densities are equal is a cable with a
discretized uniformly distributed load, which result in a form diagram with the
shape of a parabola.

H H

q; = x_i'Q =L
x; = constant, thus uniform distributed load is

discretized: q; = 1
X; = oo, thus uniform distributed load is
continuous: Q = oo




If the discretisation of the parabolic cable goes to infinity the total force density
Q also goes to infinity.

Although each assemblage of triangles can be scaled to produce a closed force
polygon, in which all forces are in equilibrium, they do not automatically result
in a closed form diagram, in which all the loads are in equilibrium. If total
summation of the rises of triangles is not zero, then the closing string will be
discontinuous and thus there will be no equilibrium (eq. 17).

closed form diagram:

ZA 2=0 17)

g(_'___ T

2.7 Relation force density and equilibrium

If the difference of the two location coordinates at each end of a member Az;,
the rise of a triangle, is taken as a ratio of f we get the shape coefficients of the
form diagram a; (eq. 18). These remain constant when the form diagram is
scaled.

A Z;
! (18) 43




T i (19)
. H N;
with:q; = z— = —
: FD b
FP _
e T = A Z; li Fl] (20)
j * S
j: t) Lo (19)
; fa SO

FP

By comparing a set of reciprocal triangles from the form diagram and the force
polygon it can be observed that the ratio of two sides are equal (eq. 19). By
reworking this ratio with the triangle scaling factor, the force density, the result
is the kernel of the well-known expression of equilibrium used in the force-
density method to find equilibrium solutions for cable nets (eq. 20).

AZi

- #] :E
el \ X H

/ — - 21
|f>~'Z' H
s 4
wt ql_xl_ll,q]_xj_l]
S e Y
)‘-L xe
} N, N,
Azi_—AZj—:Fi': (22)
L L
.
ii- - Azizzi.—z.Az.zz. — 7.
N : j hi j jk ij
M= Z ‘ (zij — Zhi)T + (z; — ij)T = Fij
l ]

Expanding the procedure to a point of a cable with point loads (eq. 21), the
derivation results in the classic force-density relations (eq. 22). Thus graphic
statics has been used to established the relation between the form diagram,
the force polygon and the force density (eq. 23), and is a function of horizontal
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thrust H and the rise f. The negative sign in equation 22 becomes positive at
the node where the slope of the form diagram changes from positive to
negative. Which also acts like a drainage divide of the load transfer.

Xi Xj H
witn: a; —_— ;= —
PO

a4 9 ij

= J-—7) = — 23
f(xi x; = (23)
N o

form diagram force polygon

For each node of the form diagram, which has a point load, an equilibrium
equation (eq. 24) can be set-up using the derived expression (eq. 22). When all
these equations are put together there can be observed from the result that all
the relations relating to the nodes between the two outmost free nodes (a and
d), which are directly connected to the supports (/ and r), fall away (eq. 25).
The ratio of the location coordinate z,; of node a and the length of member 1,
which connects node a to support /, is equal to the ratio f and length of the
envelop of the form diagram between the support / and the point of
application of the total load, the uniform triangle (eq. 26).
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The relation between the force density and the equilibrium of the system has
been established (eq. 27). This expression is equal to that for the basic system
with only one point load discussed in section 2.2, which actually forms the
envelope of the form diagram with multiple point loads or a uniformly
distributed load.

(24)

N Ns

Zo -+ 20> = Fy+ Fy + B+ Fy = 3F = (25)

Ftot Ftot Ve 1 5
v
H

Z Z

Za_f Za_J (26)

Lo 'l L
Ny Ns

fl_'l'fE:Vl'l'Vr:Ftot:ZF (27)
a

The total force density of a form diagram can also be determined by using the
shape coefficients and the vertical projection of the axial force (V)). This is
however only possible for inclined elements not for a horizontal one for which
Aziand a; are zero. A horizontal element is the watershed of the load transfer
(Vi). Using this alternate formulation (eq. 28) allows the total force density to
give insight into the load transfer of the system in relation to the rise, i.e.
morphology of the system.

Q=2]7—;=H(2xli)=M?“"(lei)=>%(22—i)+ (?—l) (28)

only horizontal element
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Expanding on this expression for the force density (eq. 28) for a system with
multiple point loads it can be observed that the first part relates to the
envelope (or a system with just one point load). The other parts are a result of
the division of the total load into multiple point loads and thus the truncation
of the form diagram of which the envelop forms its tangent and with the latter
part referring to a horizontal element.

By using the expressions of (eq. 1) from section 2.3, the part that relates to an
eventual horizontal element can be rewritten so that the entire relation of the
total force density is a function of the rise of the point of application of the
total load f (eq. 29). Because all the elements of the function remain constant
when either f or its reciprocal H change it is established that the total force
density of a funicular system (cable of arch) is a function of f.

SF=V,+ V.
_EF 1 Vl(l_al) Vr(l_ar) 1 Vin H
0=F (T ) e - (f)

only horizontal element

_EF 1 Vl(l_al) Vr(l_ar) 1 Vin 1 Vixp + Viex,
o= () i) - (M) e

only horizontal element

By comparing a cable to the equivalent beam the total force density can be
determined in three ways:

- total force density expressing the load transfer (Vi)

- total force density related to the “moment” distribution

- total force density relating to the cable
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2.8 Relation equilibrium, discretization and cable equation

In section 2.7 the classic force-density equilibrium relation was derived. This

equilibrium equation is used by the force-density method (Sheck, Linkwitz) [37]

to form find membrane structures but also forms the basis of the thrust
network analysis (O’'Dwyer, Block, Ochsendorf). This relation is in fact the
discretized version of the cable relation using the finite difference method.

S -
d-r/
/
/

with: AZi = Zij — Zpi» AZ] = ij
and: x; = xXj = AX,

ij _Zij _Zij +Zhi _ _qu
AXx H
cable equation:
u d?z
$ —_—
dx? 1

ij — ZZij + Zni
(A x)?

=—q (30)

Because the force polygon is the reciprocal diagram of the form diagram, in this

case a cable, it also represents the discretized version of the differential
equation. Because of the similar structure of the first part of the beam
equation to the cable equation the bending moment diagram can be

constructed using a force polygon.

first part of beam equation:

d*M

1= dx?
dmM

T dx

cable equation:

_ .y d?z
1= dx?
N dz

U dx
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An example of a cantilever with loads and the construction of the bending
moment diagram with the help of the force polygon and its reciprocal form

diagram [38].

a

4

force polygon

M, = FH*fx

form diagram

)
fa

]

41
f2

i

moment diagram

form diagram

Figure 22 drawing the moment diagram by using the beam - cable analogy [images 38]

The form diagram and the force polygon of a cable or arch are in fact the
graphical representation of their differential equation.




The version presented in section 2.7 is for cables and arches but can be
expanded in 3D for membranes and thrust networks. Derived here, is the 3D
version for an orthogonal grid as basis for the discretization. For both force-
density and thrust networks other non-orthotropic grids as bases can also be
used. This does not change the load transfer in x- and y-directions.

The discretization used for the force-density and thrust networks results in a
version of the cable equation [39] with the part relating to the twist of the grid
omitted, which means there are no in-plane shear forces to help carry the load.
This is of course a result of discretizing the membrane and thrust surface into a
grid. For an anti-clastic membrane as a minimal surface or a cable nets this is
reasonable, but for thrust surfaces this does not result in the optimal load
transfer and is therefore a sub-optimal shape.

with: Fijymn =Ax Ay p,
Zmn = Zij
\\ , ij — ZZij + Zni
Mo PHTS
Zno — 2Zjj + Zyy F
(ay: o

+ H,

cable equation:
0%z 0%z

inﬁ‘l'Hya—yzz —p,
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2.9 From the cable equation via force density to the thrust network

The discretized version of the cable equation from section 2.8 can be
generalized. The result is the force-density equation in the version for the
horizontal projected forces. The classic force-density equation contains the
axial forces in the links of the mesh and their length. But their force-densities
are equal to those in the horizontally projected plane.

YA, A z; Az ANz
l i ]+H - ml_m_Fi]'mnzo
pm

i ] j ] n
lP'l lp,J lP'n

with: l,; = \/Ax? + Ay?

AZL' = Zij — Zpi, AZ] = Zij — ij,
A Zp = Zjj — Znoy D Zm = Zij — Zpy , ANA Zpyy = Zj5

H; H; H H
(zij — zni) jl + (21 — z.) ﬁ + (21 = Zno) lp_r:l + (21 — zim) lp_:nn = Fijmn =0
' N, H; ' '

force density: q; = — = —
L Ly

The version presented here form the basis for the thrust network analysis [40

].

As with the cable and arch for a thrust network the form diagram and the force

polygon are reciprocal diagrams.
The height of the thrust network has yet to be determined, there are many

solutions possible which ensure equilibrium. Multiple reciprocal force polygons

are possible for the same horizontal projection (primal grid) of the thrust
networks form diagram.

horizontal projection of form diagram horizontal projection of force polygon

o

v AL BN A
e AT
/ # = B .
V= 2 N
y 2 % ) |
/ # \
/ J A Lo X
2 X AN I /T“\ 4
1o ‘o 0 E ¢
e J ; rl el KA
L ; " . .
~ v

thrust network

reciprocal diagrams

Figure 23 thrust network and its horizontal projections [images 89]
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Each viable solution has a different set of z-coordinates and thus different ratio
of “curvatures” of the network and accompanying load distribution. It should
be noted that for the thrust network shear elements are omitted. The
individual link can only take up axial forces.

horizontal projection
thrust network network nomal forces

there are multiple possible solutions for the vecipracal grid : horzontal projection normal forces

Figure 24 thrust network and possible solutions [images 103]

Once a solution has been chosen, a closed polygon of the horizontally
projected force is set, the ratio between the z-coordinates for each node of the
network is fixed. As with the force polygon and form diagram of the arch, the
thrust network is scalable. Whereby the load distribution remains unaltered.
The horizontal forces are reciprocal to the z-coordinates and just as for the arch
their product is constant throughout the scaling.

In fact the thrust network is equivalent to the moment hill of a twistless case of
a slab loaded out-of-plane, this will be explained in more detail in section 8.2.

scaling the thrust network:
H; z; = constant throughout
the network
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3 Reciprocal characteristics of cables and trusses; and energy methods

3.1 Introduction

The relation between funicular cables and a specific type of truss structures is
explored in this chapter. What will be established is the reciprocity of the force
diagram of the funicular cable structure and the force polygon of the truss
structure and thus the reciprocity of their respective force polygon and form
diagram. This reciprocity concerns their state of rigidity [41], the funicular cable
structure having mechanisms and the truss structure having independent
states of self-stress (degree of static indeterminacy) of the same order [42].
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LTI : ' . Maxwell / Calladine
o Y’ | (¥0

L9 7 dG—b-—k=m~—s

d = dimension
j = number of joints
X: \ b = number of bars
' i =t k = kinematic constraints

-
ey
o

m = number of mechanisms

s = state of self-stress

Cables are used to illustrate this approach here, but the general properties also
hold for the other type of funicular structure, the arch. But because these can
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be statically indeterminate relations become more complicated, which will be
further discussed in chapter 4.

It can be observed in the force polygons of the trusses which are statically
indeterminate (s >1), that its state of equilibrium of the applied load and the
state of self-stress are complementary. The difference in the force polygon
between the statically determinate and statically indeterminate state is the
force polygon of the state of self-stress.

Two independent mechanisms of the hanging cable m = 2

state |
=k N dj—b—k=m—s
2:5—4-2-2=2
' m=2
N VA s=0

Figure 25 image right of mechanisms of cable is from “Mechanics of Kinematically Indeterminate
Structures” by Sergio Pellegrino.

3.2 Some properties of the state of rigidity

In a closed system the internal horizontal force due to the vertical load and the
topology of the structures is taken up by the structure itself. The internal forces
form a “closed loop” with respect to its horizontal component. If the horizontal
component has to be taken up by the structures support reaction it is called an
open system.

For example a truss with a redundancy of s = 1 will keep its state of rigidity if
one of its support reactions is altered but an extra strut is added to take up the
horizontal component, in that case it changes from an open system to a closed
system.
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3.3 Statically (in)determinate trusses

A funicular cable and a truss structure with only one load and respectively
two ties or bars are both statically determinate (s = 0). If the total load JF is
divided into more point loads along the cable, and thus the force polygon is
subdivided, it still remains statically determinate. If its reciprocal diagram for
the truss structure, the form diagram, is subdivided and thus extra bars are
added it becomes statically indeterminate. This will further be discussed with
the help of an example.

e e e L1 [, =15/4
/// l2 =
b y ‘\
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L
| S= 1
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N
N | 5P
N - . \ 2/
B A/
S s O 31 “ S = 2
3 1
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A two bar truss is suspended from two hinges and has one load and is statically
determinate. The internal forces can be represented unambiguously by its
reciprocal diagram, the force polygon .

When the truss structure becomes statically indeterminate by adding an extra
bar there are theoretically an infinite amount of solutions possible which
ensures equilibrium [43]. The initial force polygon belonging to the two bar
truss can be endlessly truncated to suit these possibilities. There is only one
exact solution, the one with the lowest complementary energy [44]. This
solution can also be obtained by making for example a FEM calculation of the
problem.

:FL-—. ’LL

G

(compression) §

“F:!z.

correct solution
\q, s=1 T
For the purpose of comparing the statically determinate truss (s = 0) with two
cases of statically indeterminate trusses (s = 1 and 2), first some properties of
the statically determinate truss are given. They are the total force density of
the system and the equilibrium equation, their relation was discussed in 2.7.

Ny Np_ Ny Ny YsF OsF 1 F
L, 15,75 15/, 75 "3 " f

3
Q-f= §N1 + ENZ = F:equilibrium equation

The solution for the statically indeterminate trusses are determined next.
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a. solving the redundancy fors = 1
The redundant ¢ , which is the force in the vertical bar, will be solved by
determining the lowest complementary energy of the system.

complementary energy s expressed in stresses:
p 102
compl — 2 F

the complementary energy per unit of bar length:

V12 1N?
Ecomplzf av
0

2E  ~2EA
for the bar with length l:
1N?
Ecompl = Eﬂl

For determining the total complementary energy the equilibrium
equations need to be set up (EA is presumed to be constant).The total
complementary energy can be accordingly calculated and minimized,
thus resulting in the exact solution. When the redundant ¢ has been
solved the other internal forces can be calculated. This method is
relatively simple.

4 3 4
EFoere =0= Ny + ¢+ cNp =F Ny =g (F—-¢)
3 4 4 3
ZFror =02 Ny —zN; = 0= Ny = 2, Ny =< (F—¢)
N; = ¢
Ecompl,N = N12l1 + N22l2 + N3’2l3
21 , 42 36
Ecompin = EF - EF¢ + E(ﬁ member |N, | E.
dEcomplN 7 1 0.8(F - 3,75l l} 2
ZcomplN _ - _F 8(F-¢)| ° 1L,2—(F-¢
i =>¢=1 T )
_ 4 _3 _7 210.6(F~4¢)| S 0.9-L(F-g)
Ny == FNy = = F Ny = = F Z
3| ¢ 3l L5—¢




b. solving the redundancy fors =2
As a follow-up to the previous example an additional bar is added to the
truss, thus making the degree of indeterminacy equal to two. This means
that there are two redundancies: ¢: and ¢, the consequence of this
being one equation for the complementary energy with two unknowns.
In addition to equilibrium equation to set up the total complementary
energy we will use compatibility to express one redundancy in another
and thus reducing to number of unknowns to one and directly solve the

problem.
3 - ; > g | S SH  ENSM T M 2R B, it b
\ f 4 7 Pl SHASFHBNGEr NNENES
| | &/ 1L EMEEEERRER F2
NEE q,/// ANENNRENED N )
) 1 / ; o '\, l ‘ ‘ ‘ | M;_%;r_j -‘, A ‘
1 N 7 A5V i } | W’ ? RN
5 0, 5 5, S Pl I3 |
4/5 Uy 3/5 Uy 3/5 Uy 4/5 Uy L [ 55 ‘___,g 5 J
& = + & = - I = o ‘ | e B
ly . ly 5 L L | PN
ol /sty °/5ux T TN *
T T, Ly — . M T |

5081 + 2582 - 5783 + 2584 =0

The equilibrium equation again is used to set up the equation for the
complementary energy:

: P M= (F — by~ 5502)
ZFvert=O$§N1+¢1+§¢2+§N2=F 175 12072

3 3 4 N p_p 8
EFnor =0 =Ny =2y =Ny =0 2=g\F =150

N3 = ¢, Ny = ¢,
Including compatibility the equation for the complementary energy and
its solution becomes:

: _43125F2 367440F +12364356 ,
dC;’"”"’V ~ 676 6%252 1 42250 1
compl,N — —
AR
_ 55F 112 310 v
¢z = 13 13 71 7 1346
N 490 N = 135 v
1713467 %27 1346
N = _625F . = _310F
3_¢1_1346’ 47 V27 1346
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If we use the full variational method to set up the equation for the
complementary energy we can dispense with the additional compatibility
condition, this is satisfied by the minimisation of the complementary
energy. We arrive at the same solution.

3(350F2 — 700F ¢, — 620F ¢, + 60092 + 6206, ¢, + 721¢2)

Ecompl,N = 500
dE compin _ 3(60¢, + 31¢, — 35F) 0y = 625 ;
9, 25 171346
dEcompiy _ 3(310¢; + 721¢, — 310F) _ 056, = 310
ap, 250 B 27 1346
490 N - 135
1713467 %27 1346
e _625F N = _ 310
3701 = 13366 Na=¢2 =135

In other words: if there are more states of equilibrium statically admissible, the
situation with the minimum complementary energy will prevail.

The method discussed above can be generalised:

— variational method of the lowest complementary energy:

Ecompl,N = Z Niz [; = minumum
i
Z aEcompl,N —0
—  ON;
i
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For completeness the general method will be demonstrated by solving the first
example in this section with s = 1.

Ecompl,N = Z Niz l; - minumum
i 3
Ecompin = N1 34+N2 5+N33 - min

with equilibrium:

4 3 5
ZFvertzo:F_(V1+V2+V3)=O=>F_(§N1+§N2+N3>=0$N3=§N2—F
3 4 4

ZFhO-r-:O:Hl_HZ=0:§N1_§N2=O:>N1=§N2

= Ecompiny = 2N — FN, 4+ F? - min

Z—aEg’;ipl'N = 4N,—F=0= N, = %
l 4 7

=> N, = EF, N; = EF

The following observations can be made:

1. When calculating the total force density Q of both examples the

redundancies ¢; fall out of the addition. Which means that for each possible

solution for equilibrium the total force density is constant, including the exact

solution. The total force density is equal to a parameter a times the total load.

In the next section it is shown that the coefficient a is the reciprocal value of

the rise f of the form diagram.

The total force density is stays constant and is equal to the coefficient a, for

both systems. So by adding a bar to the truss and thus increasing the degree of

indeterminacy does not change the value of a.

statically determinate example,s = 0:

oMo e N Ny YsF PsF 1,
L L 15/4 5 15/ 5 3
statically indeterminate example,s = 1:

4 3
Q_N1 N2+N3 g(F—¢)+§(F—¢)+¢
L, I3 15/4 5 3
statically indeterminate example,s = 2:
4 7 3 8
Ny N, Ny N, s\F=b1—55¢2) z(F-d1—c¢2 1
Q=_1+_z+_s+_4=5( 20 )+5( 5 )+ﬁ+ o Sy

15 15
L L 1 /s 5 3 /s

1F
3

Ni
:>Q—Zl—: aF
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2. As already has been shown is that if the individual force density for each bar
is multiplied with the parameter a the equation of the total force density turns
into the equilibrium equation, see also 2.7.

statically indeterminate example s = 1:

Ny N, N3 Ny, N, N; 1
= tu Ty 15/4+5+3 =3
4
§N1 + < N, + N3 = F:equilibrium equation

statically indeterminate example s = 2:

Ny N, N3 NN n Ny N, N3y N, 1
Q=—+—+—+—=——+—+—-+-7—=-F=>
L L 3 15/4 5 3 15/4 3

3 4
§N1 + < N; + N3 + §N4 = F: equilibrium equation

3. The total force density of the complementary state of self-stress, see section
3.1, is equal to zero for a certain type of geometry, see section 3.7.
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state of self — stress:

statically indeterminate example,s = 1:
A VA VA

Ny Np Ns_ /15F+7/20F_7/12F:
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statically indeterminate example,s = 2:

Coo oo = 1467 3363 625 310
o= Mo N Ny /3365F+ /6730F °*/13a6F /1346F:0
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3.4 Example from statically determinate to statically indeterminate truss

This example starts with a statically indeterminate truss, with a central vertical
axis of symmetry [45]. The internal axial forces and the support reaction will be
determined by using the variational method of the lowest complementary
energy. With this outcome the force polygon of the truss can be drawn. By
altering the support conditions by adding two struts to the truss, thus the
kinematic constraints, it becomes statically determinate.

=
+ : (7)
\V
2:4—-5—-4= -1 2:6—-7—-4=1
m=20 m=1
s=1 s=0

Not only does the truss become statically determinate, it also becomes a
mechanism. If their respective force polygons are compared it can be observed
that the slope of the supports reaction align with their accompanying struts for
the statically determinate truss. This is not so for the statically indeterminate
truss.
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Ecompin = Z N?1l; - minimum
i

Ecompiy = N210 4+ N210 + N211 + N23V5 + N23V5 - min
due to symmetry: Ny = N, and N, = N5

with vertical and horizontal equilibrium:

8 2 5 1
1 1 2
V4+V5_N3:O:>§V5N4+§V5N4_N3:0:>N1:§V5N4

3 2 11
H—(H1+H4)=O:>H——N1+§\/§N4=O:>H=—N1—F

5 5
1204 500 625
= Ecompl,N = <6\/§ +W) N42 - W\/EFN‘} + %FZ - min
OE compin 602 125 125(301v5 — 600)
—2PT — (1245 —)N ——\5F=0=>N, =
Z aN; ( Vs 80/ * 80 V5 4 37202

i

_10(1875v5 — 2378) N = 50(—600V5 + 1505)

1 37202 T 37202
b 22(1875v5 — 4069)

37202
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3.5 General reciprocity of cables and trusses

The relation between the total force density Q and the equilibrium equation
has been discussed in sections 2.7 and 3.3. The relation between the force
density and the load F is constant and is determined by the coefficient a.

equilibrium equation force density
Zi =F 0= Z& =aF
al, [

1

The coefficient a is the reciprocal value of the rise f of the FD. The total force
density and the equilibrium equation can now be expressed as a function of f,
see also 2.3 equation (5).

truss:

N; N;
li ali

equilibrium equation:

. N;

ZNl- sin 6; =F<:)Z—=F
ali

1

{sineizl— S sin0i=a—}=>a=

l
N:
~Yhes
l;

o-Ties

Using the reciprocity of the properties between the truss and funicular
structures, it is possible to derive a similar set of relations for the funicular

system. The equivalent coefficient a* is the reciprocal value of the thrust H of

the FP.
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7 Sfunicular

due to reciprocity Mttt

funicular:

z l; . z l l
—_— = = =
Ni @ (Z*Ni

compatibility equation:

. li
21i51n9i=l<:>za*llvi=l
1

H
{sin@i =N < sing; =W}:a* =
i i

I,H

DI
N;
5
N, H

This chapter shows the relation between funicular systems and their reciprocal
truss structures. It is interesting that there are multiple solutions that ensure
equilibrium for the type of statically indeterminate trusses discussed in this
chapter which means its force polygon changes and thus the form diagram of
the funicular systems changes accordingly. But what does not change in this
situation are the form diagram of the truss and the force polygon of the
funicular system.
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The next two diagrams show an overview of the reciprocal relation between

funicular systems and truss structures.

funicular russ

@

FP

| ~

| ™
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3.6 Maxwell’s load path of cables and arches

Maxwell’s load path theorem [46] is well known, especially in relation to
trusses, and basically states that the difference in the sum of the tension load
paths (product of the axial force N;in a member and its length /;) and the
compression load paths is equal to the dot product of the external loads and
reactions and their position vectors from an arbitrary point. The latter comes
down to the dot product of the magnitude of the external force and its line of
action, the distance of the external force travels over its line of action in
relation to the supports of the structure. Maxwell’s theorem means that the
internal energy generated by the axial forces is equal to the work done by
external loads. Maxwell’s theorem is usually applied to truss structures, hence
members which are in tension and compression.

Maxwell load path:
Yt k= DT
i i i
internal forces loads, reactions

If the theorem is applied to cables and arches then the internal forces are only
compression or tension respectively.

Maxwell theorem can be used to find a minimal load path by minimizing the
total volume of the structure for a given allowable o stress in all members.

optimal load path, minimum volume:

1
minz v, = minzAili = min;ZlNilli

In the first example, a precursor for load path of a dome in section 7.1, the
optimum ratio between the rise f and the span / of a parabolic arch with a
uniformly distributed load will be found. The span will remain constant [47].

69



Because of the shape function the geometry of the parabolic arch is fixed. The

shape function is a function of the rise f* of the arch. Thus the only parameter

determining the optimization is the rise f, the shape coefficients a; remain

constant for every value of f.

[

64f*2x2\2
ds=|(1+ dx
14
2 2 1
1 ql? 2 q(I* + 64f*2x?)2
_ 2 217 — 2| —
1 1
[ qU* + 64f*2x?)2 64f2x?\2  q(*+ 64f"?x?)
Nds = 8 1+ L dx = 812

the total load path:

1 1
1 (2 1 (2t q(I1* + 64f*2x? [(31% + 16f*?
de fq( 2% |l )

=5 R TS x 24fc "
the lowest value of the load path gives the optimal ratio:
d 1(16f*% — 31? V3
_ qidef ):O:””:_l
af”* 24f*2 4
fr V3
=R 0.433

In the next example, a precursor for section 3.7, the optimum ratio between
the rise f and the span / of a discretized arch with point loads will be found.

The shape coefficients of the form diagram a; and rise of the point of

application of the total load f will be used. Also in this example the geometry is

fixed and the horizontal spacing x; between the loads remains constant.
Z Ni li = min I1l,'

i L
Nili=ViAZi+Hxi ’ 25

with: A Z; = Clif; Hf = CHf = constant ']

Cus = ¢

= Nili = Via'l-f + Txi ’..H \ X |
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e
|
constant:
Hf =8-8 =64

the total load path:

<8%f+ﬁ2>+(4%f+%4>+<%4)+(4%f+%4)+<8%f+%2>—>min

f f f f f
6f+ 1024 _ 6f%+1024 _—
f f

the lowest value of the load path gives the optinal ratio:
d 6f%-1024 . 16vV6
_ 2 Tt 0>

-2 _ = ~13.064
T f=73
f 16V6 e
= L= 65322 =— =~ 0.408
I'=3="% "T7%
Hf =64=>H o4 2V6 ~ 4.899
= =3 == = 4.
16V6

3

The result corresponds to that to that one of the parabolic arch. There is a
small difference due to the discretization.



The only parameter as object for optimization when Maxwell’s theorem is used
in this example is f, in other words only the span —rise ratio can be altered.
Because the product Hf is constant, the form diagram and the force polygon
change in reciprocal ways.

W e l, s {

variable &
| reciprocal
&

Maxwell: x v
ideal ratio of, |-

L \
i "
1

What cannot be examined by using Maxwell’s theorem as described in the
previous examples is the determination of the position of the loads along the
axis of the arch, thus different values for the shape coefficients a; and the
horizontal spacing x; between the different loads along the arch or cable that
make up the total load JF. This total load can be subdivided in different loads in
infinite ways provided the form diagram stays within the bounding envelop and
the two reactions left and right of the arch follow the slope of the boundary
envelop so the vertical support reactions remain unaltered.

When Maxwell’s theorem is used while keeping the force polygon constant,
notably the horizontal reaction H, it results in an optimal arch or cable with a
rise f that goes to zero. The reason for this is that although the product of H
and its line of action / remains constant, the line of action of the loads goes to
zero and thus the external work done decreases and thus the lower the total
load path the more optimal the structure according Maxwell’s theorem. But a
very shallow arch or cable is not practical.

The next section discusses how Maxwell’s theorem is used to test solutions for
an optimal position for the subdivided loads, with different values for the
horizontal spacing x; and the shape coefficients a;. This principle is a result of
the reciprocal properties of cables and trusses.
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3.7 Variational principles of cables and trusses

FP- T FP

£ dual

2 £ q

As is observed that for a statically indeterminate truss with any given number
of branches there are an infinite amount of solutions possible which ensure
equilibrium. In the case of the truss the topology of the form diagram remains
constant for each alternative solution of the force diagram, although its
solution remains within the bounding envelop. The redundancies can be solved
by using the variational method of the lowest complementary energy and
taking into account the relations of equilibrium.

Ecompin = Z N? l; > minimum

2

It is also observed that in general for a given load there are equal amounts of
configurations possible for the cable which ensure equilibrium within its
bounding envelope. The force polygon of the cable is the reciprocal diagram of
the form diagram of the truss. In section 3.3 it was shown that the reciprocal
parameters of the cables / arches and trusses are the axial force of a member
and the length a member, and vice versa. The dual relation for an unloaded
cable (network) is the functional of the force density method, which is
equivalent to the result of a form finding process by means of solved force
density equations.

The functional of the force density method II is the variational principle of the
force density method.

— 5 o 73
1= z [T q; > minimum
i



If the state of self-stress (s in the Maxwell-Calladine equation) is not zero for a
truss it is statically indeterminant which redundants can be solved with the
variational method of the lowest complementary energy. If the state of self-
stress is not zero for a cable its (unloaded) equilibrium geometry has to be form
found which can be done with the variational principle of the force density
method.

This is explained with the next example, a small 3D anti-clastic cable
configuration comprising of 4 ties. All nodes except node 1, which is to be form
found, are pinned. The dimension of the design space is 2 by 2 by 2, and chosen
force density of all ties is equal to 2.

-

—— e ——
——

anti — clastic:
dj—b—k=m-—s

___________ 35_4_432—1
-m-—s=-1
m=20

o o o e o e o e e e e i S

—_————

In order to solve the coordinates of node 1 first the force density equation are
solved.

Na Nb Nc Nd
— = x)+—(xg —x3) +—(x; —x4) +— (1 —x5) =0
la lb lc ld

a Nb Nc Nd _
— = Y)t+t—O1 =)+ =1 —Y)+—1—y5) =0
la lb lc ld
Na Nb Nc Nd
—(2z1—2))+— (21— 23) +—(2y —2z4) + — (2, —25) = 0
la lb lc ld

with:q = Na _No _Ne Na
LT, T 1

and: X, = X3 =Y, =Ys = Z3 =25 =0
Xg =Xs5 = Y3 =Yg =Zy =Zy =2

- solve:x; =y, =2, =1 74



The variational principle of the force density method will now be applied to
check the previously found coordinates. An established theorem of the force
density method is: for each equilibrium state of an unloaded network the sum
of the squared lengths weighted by the force densities is minimal [48, 49].

M= z I? q; > minimum

i
q(I2 + I + 12 + 13) > minimum
with:q = 2
lczz = (%, — 0)2 + (1 — 0)2 +(z; — 2)2
lh =0 —0)2 4 (y; —2)% + (z, — 0)?
=0 —2)*+0n —2)*+ (2, —2)?
15 =(x1—2)*+ (y, — 0)% + (z, — 0)?

- 2(4x% + 4y? + 4z? — 8x, — 8y, — 8z, + 24) > minimum
9,
—=16x;—16=0->x; =1

dxq

—= 16y, —16=0 =1
agl V1 V1
6_21= 16z, —16=0-2, =1

As expected, the results are equal. The length of the ties are now known and
the axial forces can be determined which represent the pre-stress of the
unloaded network.

This example demonstrates the dual relation of cables and trusses. For
statically indeterminant trusses the sum of the squared bar axial forces
weighted by their length has to be minimal. Similarly, the equilibrium geometry
of cable structures can be determined from the sum of the squared tie lengths
weighted by their force densities has to be minimal.

In section 3.4 it was observed that in case of a state of self-stress for a certain
type of geometry the total force density Q is equal to zero, these geometries
are synclastic. For anti-clastic geometries, such as tent structures, the total
force density of a state of self-stress is positive and not zero. Anti-clastic
geometries can be pre-stressed which results in an overall state of stress in
tension, because pre-stress of an anti-clastic geometry is possible without an
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external surface load p. Synclastic structures cannot be submitted to a pre-
stress without an external load p.

To illustrate this principle, consider the anti-clastic form found geometry will
be changed into a synclastic geometry by bringing the two top members down
to the same plane as the other two members. For this synclastic geometry
there is a state of self-stress, two members in compression and two in tension.

synclastic:
dj—b—k=m-—s

No=—3

3:5—-4—-4-3=-1
-m—-—s=-1
m=20

state of self — stress:

statically indeterminate synclastic example:

N, N, N, N; v3 3 V3 3
Q=—+—+—+-—=
la lb lc ld \/§ \/§

___+___—

V3 V3

statically indeterminate anti — clastic example:

N, N, N, N
0=-"2+24+C+%=-24242+2=8
la lb lc ld

If the geometry of an anti-clastic surface goes from a discretized network to a
continuous field (function) it becomes a membrane or a tent.

When the network is increasingly refined its upper limit case of summing the
individual force densities of the increasing number of members results in the
total force density Q going to infinity.

anti — clastic :

—d —
e e

Figure 26 anti-clastic network / surface, image right of membrane by courtesy of Arno Pronk



The energy and functional relations are also applicable to 3D truss and cable
structures. For soap films, such as a catenoid the potential surface energy is
minimized, the constitutive relation does not influence the shape [50]. The
catenoid is a minimal surface, thus it’'s mean curvature is equal to zero, as a
consequence of the potential surface energy being proportional to the surface
area [51, 52], and being minimal. A soap film has no out of plane loads.

catenoid: minimal surface
gy 1
57 H=§(K1+K2)=O
H = mean curvature

Epot,surface = DZ liz - minimum

= < |
=

l

I 8T i THORN D = constitutive constant
i & Sk ‘*LLJ"L AN . . —

Calenoide: R Wlth' pZ

Total Area = 1106.32175

Cilinder:
‘]"- t al 1“.[ ca

Figure 27 area optimization of cylinder [image 52]

The 3D statically indeterminate truss is the reciprocal of a (soap film) catenoid.
The 2D version of the truss is the reciprocal of the catenary, the catenoid is the
surface of revolution of the catenary. The loads of the catenary are a result of
the hoop force of the catenoid, and are not out of plane loads.

catenoid / catenary FP catenary

B Eonn

catenary

v i3 N
N
W =t <X i B e
| 5 ringforces
B catenoid : ¥

\’\V\«S{\v\’ﬁ)

If the slopes of the lengths /i are set, the force density can be replaced by the
axial force Ni.

= z I? q; > minimum
i
. N, H ‘ _
with: q; = T = e if the network is loaded and the FP is set —
i i
Epot,tot = z liz N; - minimum

l
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As an example the shape of a symmetric arch with two point loads will be
found.

The example is derived from an arch with a uniformly distributed load, which is
split into the two equivalent point loads. It is the first step from the
development of drawing a bending moment diagram of a thrust line from one
point load (the total load JF) to a uniformly distributed load which results in a
parabola. This results in the position of the two loads at one quarter of the
span at either side from the supports. The variational method is used in which
the equilibrium equations are replaced by the minimisation of the potential
energy. The horizontal thrust H is constant and the arc segments have the same
slopes as their equivalent rays in the force polygon: x;is set by /.

Epot,tor = Z I? N; > minimum
1 11 |
Epottor = 11 E‘qu + 15 qu + 15 E\/qu - min

with compatibility:
1 1
l—(x1+x2+x3) =0=>l—(§\/§l1+l2 +E\/§l3> =O=>l1 =\/§l_\/§l2—l3

OE 1 5 \"L - | a,[
pottot _ 01, = \/El _1, (\/E n _) SEC TR [ 1
a1, 2 5 SRR

oE | |
pottot _ 0=, =1- \/513 685 "
al3 r-“‘F. 'f |

1 i g
>h=t=(1-3V2)1 b= (2-V2) o w0
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The result of this procedure is surprising, it is not the same as the first step of
splitting the total load JF resulting in a parabola. The length of the segments of
the arch either side of the point load is equal. The total load path according to
Maxwell is lower than the “parabolic” solution, although the total length /s of
the arch is approximately the same.

l l l
Nl :\/Eq?:Nz :q—: N3 :\/Eq?

2
"parabola”
=l = V2Ll = ol
1= 3 4 2 T 2 ;
Maxwell: N1 l; + Nyl + N3l = quz = 0.75 ql?
V2+1
Iy = > [~ 1207101
* = 1l = 0.251
f - 4 - *
"catenary"

1
L=1;= (1—?/5) Ll =(2-v2)1

1
Maxwell: Nyl; + Nyl, 4+ N3ls = E\/quz ~ 0.70710 g2

ly=4—2v21~1171571
L _VE-i
fr= 2

[ = 0.207101

In the next example the same total load JF will be split into four equal point
loads. Also this conventionally results in a discretised version of a parabola in
which the arch segments are the tangents of the parabola.

Again the segments of the arch halfway the loads and the supports are exactly
equal. If the point loads with evenly distributed along these segments we get a
constant load along the axis of the arch, in other words we have the shape of a
catenary. The total load path is lower than the parabolic solution with
approximately the same total length. Again the horizontal thrust H is constant
and arc segments have the same angles as their equivalent rays in the force

polygon.
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catenary

Epot,tor = 2 I?N; - minimum
i
Epot,tot = le\/E + l%Z\/E + 134 + liZ\/g + l§4\/§ - min

with compatability:

1 2 2 1
L — (g + Xy + X3 + Xq + %1) =0:>16—(5\/511+§\/§lz+l3+§\/§l4+§\/§ls) =0

with symmetry: [y = ls: 1, =1,

2 1
= l]_ = 8\/5—5\/El2 _E\/El3

aEpot,tot 4 5
Za—lz_ 0=y = 16—5\/512 —5\/512

o0E 5 5
z—pot,tot =0=1, = 40V5 — —\/§l3 - _\/El3
15 2 4

400 640

= L, =1
50 +32v5 + 25v2 - °
1 L+l 720

2 504 32V5+25v2

:>l1: 15

~ 4.588

800

N ;Hvi
1 - 25 !

= L, =
50 +32v5 + 25V2  © 50 +32v5 + 25v2

80



From these examples and the rules of reciprocity we can conclude the
following for this method. It provides for an arch (or cable) the thrust line with
the most evenly “distributed” load along its axis with the lowest total load path
with the longest possible total length, the catenary.

In other words: if there are more modes of displacement kinematically
admissible whilst considering the arch as flexible (cable or thrust line), the
shape with the minimum potential energy will prevail.

The catenary is the revolved curve that forms the catenoid. The loads of the
catenary are actually the resolved components of the hoop forces, and can
therefore be considered as the in-plane tension and not as out-of-plane loads.

Maxwell’s method in these cases with fixed internal axial forces N; would
produce a near flat thrust line, yet it can be used to find the optimal span —rise
ratio.

Ny =Ns =4V2:N, =N, = 2V5: N; = 4

"parabola”
L=lg=2V2:1,=1,=2V5: 1, =4

MaxWell: Nlll + Nzlz + N3l3 + N4l4 + N5l5 - 88
lg = 4V2 + 4V5 + 4 ~ 18.60112

1 1
fr =§\/§l1 +§\/§l2 =4

"catenary" [ discretized catenary
400 640 800

= =1, = dly =
50+32V5+25v2 © 50+ 32V5425V2 ° 50+ 32v5 + 25v2

l1215

3200v2 + 2560+/5 + 2880
Maxwell: Nlll + Nzlz + N3l3 + N4_l4 + N5l5 = ~ 8571702
50 + 32V5 + 25V2

B 2880
510 + 32\/31 +25v2
fr= E\/Ell + gx/Elz ~ 3.62667

~ 18.35452

N
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If the discretized catenary, the result of the minimization of the potential
energy, is compared with the analytical solution it can be concluded that the
segments have the same tangents of the catenary function like with the
parabola as the result of truncation, see section 2.5. The energy solution is an
approximation, the finer the discretization the higher the rise will be and the
closer to the analytical solution the result will be.

parabola

catenary

catenary

Comparing the results of the catenary function to those for the discretized
catenary the fit is very close.

A last remark in this section, the force polygon for the discretized parabola and
catenary is the same, due to the differing distance of the applied loads along
their axis the two form diagrams are achieved.

catenary
F-4 2-4

4= T 1835452

~ 0.43586: H = 4:1 =16

z(x) = g<coshq(x_Tl/2) — cosh qu£>

4 043586 (x — %) 0.43586 - 12—6
=z(x) = 0435860 cosh 2 — coshT
= 9.17726 <cosh 0'43582(x —8_ cosh(0.87172)>

16 dz\2 % 16 x—8
L =j0 <1 + (E) > dx =f0 cosh (9.17726) dx ~ 18.10478

f* = z(8) ~ 3.71335
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3.8 Overview of variational principles

Short overview of the variational principle as given in this chapter, with their
respective characteristics and applications.

- variational principle of the force density:

M= Z I7 q; > minimum
:

o use to find the equilibrium geometry for an unloaded network
o the length and the angles of the bars of the network are not fixed
(nodes of network are free)

- variational principle of complementary energy:

Ecompl,tot = Z Niz li - minimum

2

o to solve the redundancies of a loaded truss or network in
equilibrium, to find the correct force polygon

o the length and the angles of the bars of the network are fixed, the
form diagram is fixed
(nodes are fixed)

- variational principle of potential energy:

Epottot = z I? N; > minimum

1

o to optimize the form diagram by minimizing its developed length
or surface area (N; = constant) or total load path (N; # constant)

o angles of forces and bars are fixed, the force polygon is fixed
(nodes of network are free but with conditions)
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3.9 Similarities of methods for examining extrema

In section 3.7 the variational method of minimizing the potential energy was
used. This method has a similarity to other methods for examining extremes of
a function, such as the method of least squares and the stretched grid method.
These methods have in common a quadratic function which reaches its
minimum of maximum value when its derivative is equal to zero.

M= z I? q; > minimum

i

on_
Lol
=1

The method of least squares minimizes the sum of squared residuals R, or
explained in another more visualising way it expresses the sum of the areas of
the squares minimized [53]. This method is used to find a compression only
thrust network that is as close as possible, “best-fit”, to a given surface, such as
a gothic vault [54].

N
R(a,b) = Z(yn — (ax, + b))2 — minimum

n=1
OR _ OR

%—0.%—0:

(o), () (5 4)

The stretched grid method [55] is equivalent to the variational method of
minimizing the potential energy (/7), and is related to elastic grids. This method
is used to find a minimum surface, based on the total energy balance of a nodal
network. Similar to the example in section 3.7 regarding the catenoid and the
catenary.
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As a very simple example of the stretched grid method an asymmetric grid cell
(quad) with the mid node (5) displaced from the centre of the cell. By

minimizing the total potential energy of the system this becomes symmetric.

n
n=0>D z I? > minimum
i=1 .
on__, .
s ank]

L=

with:

D = an arbitrary constant

n = total number of segments in the network
l; = length of segment

Ax = displacement of a node

v —_

Inner node m a rectangular domain
Jj = the number of interior node of the area
k = the number of the axis

Figure 28 “tightening up” a node [image 55]
The formation of the minimal surface the catenoid by means of the stretched

grid method results, thus minimizing the total potential energy, resultin a
solution equal to the example in section 3.7.

3
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The final catenoidal surface

Figure 29 minimizing a surface [images 55]

85



The topology of the mesh of grids is also of important. For the example of
section 3.7 the total surface area, bounded by two closed circles, is minimized
resulting in a catenoid. The topology of this mesh was orthogonal. The catenoid
with a triangular mesh and also found by minimizing the total potential energy,
which is proportional to the surface area, allows non-planar quads on the
surface to be approximated by triangles. This should result in smoother
surfaces [56].

'l

ST L7
N2

Catenoidal surface

Figure 30 influence mesh topology on smoothness of surface [image left 56]

The choice of topology for the grid of a thrust network is of significance. Four
sided surface (quads) grids are unable to contain shear forces as the members
of the network are extension only. Thus the load can only be carried by axial
forces. When a quad thrust network is used as a simulation of a shell structure,
thus neglecting its in-plane shear forces, the result is a compression only thrust
network. Thus negating the possible tension membrane forces of the shell
which are a result of its shear forces. In order to be able to transfer shear
forces, diagonals have to be added to the quads. This holds for all networks
which have no in-plane form stability. More in detail see section 8.2.

Figure 31 thrust network: left in-plane form stable, right not form stable
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4 Indeterminate 3D graphic statics

4.1 Introduction

In chapter 2 formulas were derived to quantify the relations of and between
form diagrams and force polygons of funicular structures, such as cables and
arches in 2D. The structures from chapter 2 are statically determinate. Their
vertical support reactions are obtained by solving equations of equilibrium or
by using graphic statics, in the same way as for beams.

Funicular structures in 3D are an enigma, statically indeterminate in respect of
their support reactions and their load transfer. If the vertical reactions are
known then the relations of chapter 2 and 3 can be used to construct the 3D
form diagram and force polygon. In this chapter an approach will be set out to
determine the vertical reactions and the forces in the 3D network using the
energy method of variation.

4.2 Statically (in)determinate 3D trusses

In section 3.3 statically indeterminate trusses in 2D were solved by using the
variational method of the lowest complementary energy. This can be expanded
to statically indeterminate trusses in 3D [57].

N1

Figure 32 indeterminate 3D truss [image 57]

Although the truss has a form diagram which is reciprocal to the force polygon
of a funicular structure (section 3.5), its form diagram has a similar shape if the
funicular structure has only one point load, see section 2.3. For this structure
the product of the horizontal force H and the rise of the cable f is constant. This
is not so for the truss. For the funicular structures the relation between the

87



form diagram and the force polygon are only based on equilibrium and are
statically determinate in 2D. For the truss structure the stiffness has to be
taken into account due to its indeterminate state, as well as its equilibrium. So
when its rise f is altered the horizontal support reactions H do not change in
the same reciprocal way like with the funicular structures.

Funicular structures in 3D are usually not statically determinate. Based on the
variational method of the lowest complementary energy and the reciprocity
between funicular and truss structures the alternate method to determine
their support reactions is derived.

Ecompl,N = Z Nizli - minimum
i
Ecompl,N = N125 + N223\/§ + N323\/§ + N423\/§ - min

with equilibrium:
IE =0

1 4
N.=vV2—N,==0
32‘/_ ls

SF, =0

1
NZE‘/E_Nzt \/§=0

N =

SE, =0

3 1 1 1

2432 4242
= Ecompl,N = Tle + 5N12 —TFNl + 3\/§F2 =0

Z Poompin _ 486\/EN + 10N, — 42V2 F=0
aN; 25 1 1 5

i

N 14580 — 3750\/§F 031684 F
= = =~ (.
1 29278

N = N, = D250 +4433v2

2T T 29278

116642 — 6000
° 29278

F =~ 0.39344 F

F~035847F = |, = %Nl ~ 0,190F

1
Vv, = E‘E N, ~ 0,278F

1
Vs = E‘E Ny ~ 0,253F

1
V, = E\/EN4 ~ 0,278F

88



4.3 An alternative method to determine vertical support reactions

The axial force N;is used in the variational method of the lowest
complementary energy for the truss. The axial force can be resolved into the
vertical component V;and the horizontal thrust H. Consider the rise f of the
truss with two bars and one point load being lowered downwards until it
approaches zero. The horizontal thrust H and the complementary energy will
go to infinity because the load can no longer by carried by the axial force. The
load is carried by a shear force equal to the vertical component V;, similar to a
beam.

The form diagram of a funicular structure has no physical properties because its
topology represents the lines of action of the forces and thus has no stiffness,
thereby it is assumed that the axial forces do not result in strains which have an
influence on the distribution of the internal forces. Only the state of
equilibrium is represented in the force polygon which determines this
distribution.

The load distribution of a funicular structure is equivalent to that of a beam,
which was explained in section 2.3. The constant product of the funicular
structure Hf represents the maximum moment in the beam as a result of the
total load ZF. And the support reactions of the two systems are equal. This
principle will be used to determine the support reactions of a 3D form diagram
with an equivalent grid.

Additionally in order to solve the support reactions of a 3D funicular structure it
has to be presumed that is has no physical properties. But it is again a
collection of intersecting lines of action which form a network in equilibrium.
The equivalent grid needs to have the same relation to the 3D network as the
beam to the 2D funicular structure. This means the equivalent grid also has no
physical properties. Thus let’s assume the beam has no strains (curvature), this
implies it has an infinite (bending) stiffness.

Returning to the total equation of the complementary energy the first two
parts have to be omitted. The energy as result of the axial forces disappears
because a beam or grid is a truss with rise f is equal to zero. The second part
relating to the bending moments in the beam or grid also disappears because it
has an infinite bending stiffness. The last part regarding the vertical forces and
thus also the vertical support reactions remains.

In other words a truss with a rise of “zero” results in a beam so that the Hand f
fall out of the energy of the axial force N; and only the part relating to the
vertical force Viand span a; are left.
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The variational method of the lowest complementary energy with respect to
the shear forces is used to determine the vertical support reactions.

L L

1 1
Ecompin = —N-de+f —M-de+j
compLN = ) Jpg i , 2E1 . 2G4,

L

V2dx - minimum

l
f—=>0:N; > 00:H > © =>Ecompl,N_’°°

Ecompl,N - ZNizli = Z(Viz + HZ)(aiZ + f2)1/2 - min
i

with:El = © = E.oppy = Z V21, — min
i

In the next section some examples will be used to explain the method, and test
it for suitability and accuracy. This will first be done on statically determinate
beams and grid and then statically indeterminate grids.
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4.4 Determinate and indeterminate examples

a. statically determinate examples
The first example is a beam with a point load. The proposed method
results in the exact solution.
The next example is a grid in three directions with one central load and
with one axis of symmetry. For grids in addition to the equilibrium of the
forces also the rotational equilibrium around both axis out of plane are
needed. This also produces the exact result.
This is followed by another grid in three directions with a central load but
without an axis of symmetry. The result is nearly exact, there is a small
error. For statically determinate examples this method is redundant
because the equations of equilibrium are sufficient. These examples are
included to show the general application of the proposed method, but it
is mainly intended for use solving statically indeterminate 3D funicular
networks.

example 1

— 2 .
Ecompl,V - Z Vi li — min
i

Vix, + VExg — min
with: x, = axg: x4 + x5 = [

equilibrium:
VA+VB=2F :VB=2F_VA

VZaxg + (EF — 2XFV, + V3)xg — min

aEcompl,V XF Xp
ZT—QVA-FVA—ZF—O =>VA—1+a—TZF
aXF x4
Vg = =2YF 91




example 2

Ecompl,V = Z Vizli — min
i

VEl + Vi, + Vil — min
V21 + V21 + V21 — min
equilibrium:
XM, =0

1 1
sz\/g_V3§\/§= 0= Vz = V3

=0

1 1
V11_V2§_V3§=0$V2=2V1_V3

SF, =0
V1+V2+V3=ZF=>V3=ZF_2V1

aEcompr 1
————=-3YF+3V; =0 =V, ==XF
Z v, 1 173

V. —1ZFV —12F
273783
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example 3

— 2 :
Ecompl,V - Z Vi li — min

L
VEL + Vi, + Vil — min

, V6l 2\/3_ V109

3 273 + V2 3 — min
equilibrium:

IM, =0
Vz + V3 - 2V1 =0 _

sM,=0 (253
V1 + Vz - 2V3 =0
XF, =0
Vl + Vz + V3 =2XF

V61 461

Ecompry = 3 XF — 3 XFV3 + T

9
1

using direct equilibrium:

ZM =0

10 5 5
2§_V1§=0
ZM
V3 1+V2 1_V12:0

e

V3+V2+V1_ZF=O
1
_)‘/1=I/2:I/3=§EF'z

0.333 XF

W, VB

4 2v109

V109

+——V2 — min
3 3

JE 46l . 8V61  2v34
Z O, = ZFF +——— V. V.

v, 3 3 3t 3
4+/61

Vs = SF ~ 0.32876 IF

8V61 + 234 + 2/109
461

V, =
27 8V61 + 2434 + 2109
2v/34 + 24/109

V. =
17 8V61 + 2434 + 24109

XF = 0.32876 XF

XF ~ 0.34246 XF

V3=0




b. statically indeterminate examples
The first example is a grid in four directions with no axis of symmetry and
a central load. The results obtained are in good agreement with those

obtained from finite element analysis.
example 1
y
it
2 &
& ; \_'1
n \\"“- i
¥ . I‘_;:‘ﬁ = L{ —i ~ | L‘;
: i 3 b
i
~d_
¢ 17
Ecompl,V = Z Vizli — min
i
V21, + Vi, + Vil + VEl, — min
16 16 2\/73
3 3
equilibrium:
M, =0
16 16 3
Vl 1+V4?_V2?: 0:>V4 :VZ_EV:l
=M, =0
16 9 6
V42+V3?_V13—0$V3 16V1_EV4
SFE, =0
8 185
V1+V2+V3+V4—2F=>V2 =E2F_mvl
\/_V | 1oz4 1024 Y2 2960 SEV. + 34225 ) 13467 VZ 402 402 ev + 48 (ZF)2
Ecompry = 17 507 ZF) 507 TRV 2704 1697 ' 169
| 128V73 F) 448V73 | 39273, _
_— —
507 507 1T 757 1 TR
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784\73  448Y73 4166
— V- ———SF———3F =0
507 507 507

Z OEcompry _ 37313

= V, + 2V10V.
v, 2028 1T Lt

33328 + 3584v73

74626 + 8112v10 + 627273
16281 + 4992v10 + 67273

>V XF =~ 041561 XLF

Ve = 4626 + 8112vi0 + 6272vTs . CA4T2EE

_ 14985 — 1872v10 + 2016x/ﬁzF 017086 SF

74626 4+ 8112v10 + 6272V73

. 10032 + 499210 SF ~ 016779 SF

Y7 74626 + 8112V10 + 6272V73
for LF = 1000: FEM results for £F = 1000 (with EI = oo):
V, = 415.61 415.9
V, = 245.72 245.5
V; =170.86 171.1
V, =167.79 167.5

The next example refers back to section 4.2. The grid is the horizontal
projection of this truss, so the rise f is zero. The difference is that the
truss is composed of bars whose bar lengths determines their axial
stiffness ratios (EA is presumed constant) and thus the load distribution
and that the grid has infinitely stiff beams.

The results for the vertical support reactions are compared with a finite
element calculation (GSA) and corresponds closely. Compared to the
vertical support reactions of the truss of section 4.2, there is a small
difference of about 5 percent.
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example 2

Ecomply = z V21, > minimum

L

V2l + Vi, + Vil + V2, — min
V24 + Vi3 +VE3 + V23 - min

with equilibrium:

M, =0
V14‘_V33=0
M, = 0
V23_V4_3=0
SF, = 0

V1+V2+V3+V4= XF

35 , .
7V1 —72FV; - min

aEcompr
—— =35V, -7%F =0
Z v, 1

1
=>V1=§ZF=O.22F

4
Vz S V3 = V4 = ZF =~ 0.2666 ZF

15

FEM results (with EI = o):

0.1999 XF

0.2667 LF

V, ~ 0,190F
V, ~ 0,278F
V, ~ 0,253F
V, ~ 0,278F

compare with results of equivalent 3D truss from section 4.2:

96



4.5 Form diagrams, networks in 3D

\k A, ™S V _ ‘Vg
3 R; = /Viz + H?

Constructing 2D form diagrams using force polygons are not difficult as they
are statically determinate. 3D networks or form diagrams are more difficult to
construct as they are in nearly all cases statically indeterminate. The problems
that need to be solved are the determination of the vertical support reactions
and the shape and topology of the network, the discretized thrust surface.
Together they determine the load path and multiple solutions could are
possible. For a 3D funicular network the vertical support reactions can be
calculated by using the proposed method in this chapter. Hereby the global
load transfer is determined, the next step is find the correct shape and
topology of the network (see also section 3.8).

A 3D funicular network can be treated like the 2D version, which means that
the relations and methods derived in section 4.4 can be used.

Hif =Via; = fz H; = z V;a; = constant = My,
i i

example:
Mt’Ot == V1a1 + Vzaz + V3a3 + V4a4
Mo, = (H1 + H, + H; + H4)f

with:

_ ] _ Ni
V. = N H; N with force denszty q; = T
i

D I I T
th—ZVal ZN‘l a; = fzalql
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According to the membrane shell theory, which disregards the shells material
properties, equilibrium with the loads can be achieved taking into account of
the correct boundary conditions. That means the problem becomes statically
determinate. A distinct example is a spherical dome, loaded by self-weight or a
uniformly distributed load. This can be solved using the membrane equations
or graphic statics [58] [59]. Due to the axis of symmetry the dome can be
regarded as a pseudo 2D problem, similar to the catenary which is the 2D cross
section of the catenoid. The hoop forces in a dome act like additional loads on
the arch-like wedge shaped cross section to ensure equilibrium. There is only
one possible load path which excludes eccentricities and thus moments and the
system is statically determinate. The difference with the catenoid is that the
axis of catenary coincides with the thrust line of the load, as a result the force
polygon of the catenary has a pole. In the case of the dome the axis of the
dome is not equal to the thrust line of the load. The resolved components of
the hoop force guarantees that the rays of the force polygon follow the axis of
the dome, its force polygon does not have one pole, but results in a membrane
state of equilibrium.

membrane equation:

Nyx n, n
+22+ 2=

Ty Ty Ty

—Pz

_—

/
,

J /

Figure 33 meridian and hoop forces of dome [image 59]

From the previous two examples a fundamental distinction has to be made
between the thrust line or surface of the load and the shape of the cable, arch
or shell. This will be discussed in the chapter 7 in more detail in relation to shell
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structures. The thrust line and thrust surface can always be determined. They
represent the lines of action of the loads and the internal forces of the 2D and
3D form diagrams which have no material properties. The problem for 3D cases
is finding which thrust surface is the correct one. As there are multiple
admissible load paths, hence shapes and topologies of the thrust surface that
ensure equilibrium given its loads and support conditions, there will always be
a solution with the lowest complementary energy. As is the case with soap
films and bubbles.

uniformly distributed load self-weight
G/ rtvererf G )
L} f! .k/_) — ] |
9%
%(_:\----;‘ ] o awm &
\ / 0 § ! YIS
ol = A AR A 40 {6
f Cay g ¥ S Cileke LURE Y
parabola: x? catenary: cosh(}) ,

3D “‘l. s p 1_ ,_‘Ej & . | TJ‘ (

AR (AR ' L“-
2 7% S
5 LAY s
v S HEERS)! s

e P P IR
Vi ﬂx i .,'_5:;\
FE= ) am »'\«—.;E‘:i lx P

An elliptic paraboloid on semi-rigid edges with a uniform load has a membrane
solution. There is an Airy stress function solution of the partial second order
differential equation (Pucher’s equation) [60], which only takes into account
equilibrium and not the shells material properties. This makes the problem
statically determinate, there is one admissible load path given the load and
boundary conditions. As in the case of the dome the thrust surface of the load
and the surface of the shell do not coincide, corrective hoop forces similar to
the dome provide the moment free membrane solution.

In the case of the same shell but different support conditions, namely on four
corner points, and with free edges, bending moments and shear forces are
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needed to ensure equilibrium. This problem therefore now becomes statically
indeterminate. Obviously the membrane or Pucher’s equation do not suffice in
these cases, due to being both based on equilibrium only.

thrust hoop forces intersection

Surface in ShEII and
) thrust surface
compression

shell £
surface

Mo &R B
{FETEL FETEE FENTH RTETY FUTEY |

O e N O R R
:

1 8
5\4\\/‘/
4 i
-4
2‘,6_3

Figure 34 elliptic paraboloid [image 11]

"hoop forces”
in tension

In section 2.5 a total load was subdivided into a uniformly distributed load, if
this is done with sufficient steps the discretized result converges to a parabola,
where the rays of the force polygon are the tangents of the parabola. In section
4.3 it was explained that a 3D form diagram, like the 2D example of the
uniformly distributed load, has no physical properties. Its topology represents
the lines of action of the forces.

2D:parabola
V=fqu=qx+c...

1
szqxdxziqx2+c...

point of application of total load:

f=2f

To solve a 3D statically indeterminate case such as described above, the
following method is proposed. But first we have to distinguish between
statically determinate and indeterminate cases.

A triangular based shell on three supports with free edges and a square based
shell on four supports with four edges are statically determinate (two axis of
symmetry). In both cases the point of application of the total load, which
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represents a uniformly distributed load, is to be found in the centroid of both
horizontal planes. The 3D form diagram can be truncated in the same way as
the 2D case of the uniformly distributed load (section 2.5).

For the 2D case this result in a parabolic shaped form diagram, for a 3D surface
of revolution in a parabolic or cubic one, parabolic if the position of subdivided
loads are set at an equal horizontal distance, cubic if the position of subdivided
loads are free to “relax” in the horizontal plane like in the examples of section
3.7. The first truncation result in the horizontal tangent plan. For the parabolic
cases this is half from the base to the point of application of the total load [61]
and for the cubic case this one third.

3D: cubic
1
v=qudx=§qx2+c...

_fl Zd _1 3+
m = qu x—6qx C...

point of application of total load:

f=3f

The load transfer is in two directions for the 3D case, that explains why the
form diagram is parabolic or cubic. With the triangular, especially an equilateral
one, and square based examples it can be observed that load transfer is in two
directions and that the central part of the form diagram, thrust surface, is
parabolic or cubic. The free edges will need to be funicular “arch” shaped to
ensure moment free edges.

Fres

Fres /2 Fres /2

Fres /4 Fres /4 Fres /4 Fres /4

Figure 35 parabola by subdividing load

[image 61] 101
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horizontal projection
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A
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projection ViTE
form diagram ' 7

Fres
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projection

force polygon /3 h

triangular base

Shells on four and more supports with free edges which have a non-symmetric
floor plan and a uniformly distributed load are statically indeterminate.

The correct form diagram or funicular network can be found by following the
procedure listed below. The topology of the network grid is important, see

section 3.9.

- Calculate the vertical support reactions, as described in section 4.3 and

4.4.

- Determine the position of the total load with respect to the positions of
the supports in the horizontal plane, which for a uniformly distributed
load is the same position of the centroid of the area of the load.

- Assume a rise f from the horizontal plane for the point of application of
the total load, see beginning of this section.

- Determine the horizontal support reactions, using the method given at

the beginning of this section.
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- Subdivide the total uniform load by making a first truncation of the
parabolic or cubic envelop into as many subdivided loads as there are
supports. Place the subdivided loads in the nodes of the network.

o This involves setting the position of the subdivided loads in the
centroid of the area of the uniformly distributed load it represents
in the horizontal plane (parabolic). Use the force density equations
to arrive at an arbitrary equilibrium network by setting a value for
the force density and taking into account the angles of the support
reactions R.. Iteratively minimising the total complementary
energy of the network by varying the force densities, and thus the
heights of the network nodes.

o As a possible second step let the position of the subdivided loads
free in the horizontal plane (cubic), then minimise the total
potential energy of the network, keeping the support reactions
constant. This results in a more compact network, the load is now
uniform along the surface arc lengths instead of projected, similar
to that of self-weight.

- The sum of the product of the horizontal reactions and the rise f is
constant with constant vertical support reactions, so the overall height of
the funicular network can be altered (scaled, see section 2.5).

- Further refining the network ‘s mesh by more subdivisions of the load
and truncation leads to a better approximation of the network,
minimising the complementary or potential energy again as described in
previous steps.

The correct form diagram or funicular network can also be achieved without
first estimating the vertical and horizontal support reactions, as is done at the
beginning of this section. It would also be possible to start with a horizontal
projection of the form diagram (section 2.9) of an initial trial network, use the
force density equations to arrive at an arbitrary equilibrium network by setting
a value for the force density and then minimising its total complementary and
potentially the potential energy.
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Note that if the shell’s ground base is non-symmetric the tangent plane will no
longer be horizontal as for the case of the symmetric based shell. The
horizontally projected forces of the truncation must be in equilibrium by
forming a closed force polygon. This could mean that as result of the first trial
truncation by subdividing the total load JF into loads they are different to their
corresponding vertical support reactions. By tilting the tangent plane to ensure
equilibrium the subdivided loads will re-distribute whilst keeping the vertical
support reaction constant. This is automatically the result of minimising the
complementary or potential energy.

3D form \11,7 :

horizontal projection K,
Jforce polygon

horizontal projection /j
Jorm diagram . t

3D form
diagram Jal \ i} j

horizontal
projection
force polygon | form diagram

4 horizontal projection

Fi+F+F+F=3F 5
V1+V2+V3+V4=ZF X‘T‘!f\
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4.6 The degree of accuracy of energy approximations

With the example of section 3.7 the degree of the accuracy of energy principles
will be discussed. The force density is in this case not constant for all lines of
action, the top two lines of action now only have half of the value.

After the equilibrium geometry has been found via the variational principle of
the force density, which is equivalent to solving the force density equation for
an unloaded case, the network will be loaded with a point load Fin node 1.

= Z I? q; » minimum
i
q; (12 + 12 + 12 + 1) > minimum

N, N N, N
a c b d

1= (x;—0)% 4+ (y; — 0)* + (7, — 2)?
I = (x; —0)2 + (y; — 2)® + (2, — 0)?
2= —2)"+ (1 —2)* + (7, — 2)?
G = —2)*+ (v — 0)* + (2, — 0)?

- (6x% + 6y? + 627 — 12x, — 12y, — 82, + 32) - minimum

d
a_x'l: 12x1—12=0—>x1=1
_0 12 12=0 1
= — = —_ =
9y, Y1 Y1

I 122, —8 =0 2
—_— 74 — = - 7, = —
1 173 105



As seen in section 3.7, using the force density equations leads to the same

results.
Na Nb Nc Nd
l_(xl —X3) +l_(x1 — X3) +l_(x1 — Xy) +l_(x1 —x5)=0
N N N N
b d
l_a(J’1 —¥3) +l_(J’1 —¥3) +l_c(3’1 — Y4) +l_(J’1 —¥5) =0
N, N, N. N
b d
l_a(Zl _Zz)+l_(Z1 — Z3) +l_C(Z1 — Z4) +l_(Z1 —2z5) =0
a b c d
N N
With: que = —=—S=1and gyq = — =2 =
la lc lb ld

and:x, = X3 =y, =y = 23 =2z =0
Xy =Xs5 = Y3 =Yg =Zy =Zy =2

2
- solve:x; =y, =1,z = 3

The forces of the network will be determined by the variational principle of

complementary energy. Note this network is not comprised of physical bars,
but constitutes a network of lines of action of forces in equilibrium. Thus a 3D

form diagram, a thrust network, is formed.

Ecompl,tot = Z Niz li - minimum
i
symmerty:
1

NG |
I, =1, = 12+12+<—> =—+/34
3 3
1
2212 1
lb:ld:l12+12+<§)l =§m
Na:NcandNb:Nd

V. 22 N, dV, - N
= — an = —
RS VA be 1T e

equilibrium: F — (V, +V, + V. +V;) =0
NZl, + NZl, + N21, + N2l; - minimum

0 (4(17V17 + 44VI1)N, — 17V374F) _ 0

aN, 662
17V187(17V17 — 4411)
- Ny =Ny =— F ~ 0.38047 F
327662
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By means of symmetry the I, & I —and I & s — part can be considered as being
statically determinate, each loaded by F/2. Compared with their vertical
component of the force N, or the vertical support reaction, the result of the
variational principle will have a small margin of error of the order of 3%.

V2
V, =V, =——N, ~ 0.16223 F
V11

V,=V.~ 033777 F

correct solution on the basis
of symmetry:

ratio of slope l,/ 1, = 1/2 -
V, =V, = 0.16666 F
V, =V, =033333F

Although this example is not a thrust network it does exemplify the use of
complementary energy. The solutions for 3D graphic statics are always an
approximation, also by means of variational principles, but they do provide the
lowest energy solutions.
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5 Thrust line of statically indeterminate arches

5.1 Introduction

There is only one unambiguous solution for the thrust line of a statistically
determinate arch and it can be determined easily. Because of the statically
determinacy of the arch we know that the thrust line must pass through the
point where the moments are equal to zero, such as the hinges. The thrust line
thus can be drawn using a force polygon, which is its reciprocal figure.

statically determined

P /'/’ml/if hevizontral

1R0R HRAM

1

Va =V = %

2
statically determinate H =g =91
A B — 8f,

This is not the case for statically indeterminate arches with hinged supports,
which degree of indeterminacy is: s = 1. A range of possible solutions exist that
satisfy equilibrium, consequently each solution is viable. To be able to
determine the correct solution, several analytical and numerical methods can
be used, such as a FEM or the finite difference method. The correct solution is
the one in which the statically indeterminacy, which determines the support
reaction and the internal forces of the system, is solved. In the case of the arch
the rise f of the thrust line or the horizontal reaction force H can be solved. The
method used here is analogous to that in the previous chapters. To determine
the value of the redundant is to minimize the complementary energy of the
system [62] [63].
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Constructing the force polygon for different values of H

A TN [

AN s

Different values of H give different heights in lines of thrust

Figure 36 relation of arch and force polygon [images 62]
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The total complementary energy of a system exists out of two parts, one due to
extension (N) and the other due to bending (M).

1N215 lelS
Ecompl,N&M = E EA +§ El N M

l; = arc lenght of the arch

EA £l

with for rectangular cross section:

A=bt:] = 1bt2
U T 12

Because we are only concerned with the minimum complementary energy we
can simplify this formula for the case of an arch with a uniform (prismatic) cross
section.

2 12 2
Ecompl,N&M =N ls +t_2M ls

For most arches and shells the thickness t is much smaller than the

arc length of the arch/shell I. In section 5.6 it will be shown that the energy
due to extension (N) is much smaller than the bending energy and can
therefore be neglected. The equation for the complementary energy reduces
to.

Ecompl,M =

In section 5.5 the procedure will be explained in detail and will be
demonstrated with an example and an analytical proof of this theorem [64].

5.2 Relation between the thrust line and the axis of the arch

We will use an example in the next section to elaborate on the method of
solving the redundant (H or f) by using the full expression to determine the
complementary energy and minimizing this for the system. This will be done by
varying the magnitude of the horizontal reaction force H until the minimum
value has been reached.

For this procedure we need information from both the actual arch and a - for
now assumed - course of the thrust line. The force polygon of the thrust line
gives a direct relation between the loads in the arch or thrust line and the
internal axial of the thrust line. The axis of the arch and the thrust line will
probably not coincide, which means the axial force of the thrust line has an
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eccentricity to the axis of the arch thus resulting in bending moments in the
arch. It must be noted for completeness that it is entirely possible that the
thrust line and the axis of the arch coincide, forming a funicular arch thus
without bending moments.

lF lF lF o,

thrust line

force polygon thrust line

arch

(b)

(c)

The information required from the arch concerns its geometry, the applied
loads and the support conditions, which we will limit in this text to hinges. By
assuming a magnitude for the horizontal thrust H together with the applied
loads F a force polygon can be constructed. This force polygon has a reciprocal
diagram which forms the thrust line of the arch.

Because of the discrepancy between the axis of the arch and the thrust line,
the internal axial forces (Ni, Vi, M) of the structure can be related to the force
Fi of the thrust line. The bending moment M, depends on the distance
(eccentricity e) between the axis and the thrust line. There are several ways to
determine this, but because horizontal reaction force H (=Fx) is the redundant,
the bending moment will be determined by multiplying Fx with the vertical
eccentricity ev. In this way we can set up an equation for the complementary
energy of the system with only one parameter or unknown, the redundancy Fx.

(a) (b) (c)

M; = Fiep M; = N;ey M; = Fyey

Figure 37 relation eccentricity with axis arch [images 63]







We can graphically represent the relation between the force polygon of the
thrust line and the structure (axis) in one force polygon. The classical force
polygon shows the forces F; of the thrust line, and by decomposing these forces
according to the slope of the respective segments into which the arch is
discretised, we get the internal forces (Ni, Vi) of the structure, we can
represent these in the same diagram.

}/
|
|
¥

—

1 \
~— =\

thrust line
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5.3 Solving the indeterminate horizontal thrust

As an example the structure can be discretised into straight segments with the
loads (F) applied to the folds between the segments and their local coordinate
system defined. The redundant Fu (H) will be solved by minimizing the
complementary energy due to bending of the system. It is acceptable to
neglect the energy due to extension, as will be shown in section 5.6.

OMsit

: 0 i : Fr

Tix

thrust line
structure (5361 5362 (S.X'S

Figure 38 relation trust line with axis arch [images 63]

For the above three bar arch the total complementary energy will be
analytically determined and minimized. For this example the spacing between
the loads is equal.

6x, = 0xy, = Ox3 = Ox

First equations are set-up to quantify the vertical distance between the arch
and the assumed thrust line (excentricity e,) based on a viable presupposed
force polygon (ensure equilibrium). With the help of these, the moments in the
structure will be determined expressed as a function of the redundancy Fu. The
squared moments will be integrated over the arc length of the arch, for each
segment, which results in the total complementary energy of the structure, and
is minimized to ascertain the exact solution for Fp.
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X
ey1 = (6hy — 5ht1)l_
1

X

ey1 = (6hy — 5ht2)l_ + (6hy — 6hyy)

2

ey1 = (6hy — 6hyz) ———

The goal is to express the outcome for Fy in terms only pertaining to
parameters of the geometry of the arch; the horizontal and vertical projected
distance of each segment (6x;, 6h;) and the segment length (/;). For this it is
necessary to replace in the expression for the eccentricities the rise of each
segment of the thrust line 6ht; . This is also takes care of the necessity to
include the vertical component of the axial force in each segment Fi, which is
related to the load (F) of the structure.

Fy
Shyy = F—:(?x

F,
Shy, = F—:(Sx

F3
Shys = F—Ijax

The expressions for the eccentricities can be multiplied with the redundancy Fx
to determine the bending moments in each segment.

M, = Fye,, =

M, = Fye,; = F

l2 FH l2
Shy  Fs, 0%
M3 = FH€U3 = FH (_l_ + F_l_>x - F3v5x + FH6h3
3 H *3
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By integrating these moments over the length of each segment, we arrive at
the total complementary energy of the structure, where the last five terms are
not a funtion of Fy. In the next section it will be shown that these relate to the

transfer of the load.
I Iy I3

Ecompim = | Midx+ | Mjdx+ | Midx=
0 0 0

1 1 1
S ShELF} + (§ ShZ + 8hyShy + 5h§) 1, + 5 6h315Ff

2 2 2
§F1‘U 6h16xllFH - [F1U(26h1 + 6h2) + FZ‘U <6h1 + §6h2>:| 5leFH - §F3v6h36xl3FH +

1 1 1
§F12U5x2l1 + §F22v5x2l2 + §F32v5x2l3 + FZ,6x%1, + Fy, Fyy6x21,

load transfer

By minimizing this we get an exact solution for the redundant F.

dEcompl,M _

0=
dFy

L Fudr (3R, + 26hy1, + O1yly) + Fy6x (8haly + 5 6hyly ) + Fyy5x (5 8hals)
.

2 6121, + £ 5h2L, + 5 6h3ly + 26h2L, + 26hyShol,
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The images below provide a visual overview of the process. Figure (e) shows
the area that has been integrated to get the structures total complementary
(bending) energy.

lF F
i [ F
T
—
Fxu

y— thrust line

(a __ structure
[
dx
(b) e
(c) A A M=e¢e,.Fu
N

5 . {2 . ls . s

(e)

Figure 39 graphic representation of the complementary energy arch [images 63]

M2

This section will be concluded with a numerical elaboration. For this we need to
make an initial assumption of the force polygon and thus the thrust line.

The value for Fy calculated by minimizing the total complementary (bending)
energy is 3375 N. The value obtained from a FEM (GSA) calculation, in which of
course the energy due to extension is not neglected, is 3374 N, that is an error
of 0.03%. When the value of F has been calculated, the correct force polygon
and thrust line can be drawn.
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Fy = j=33»75N
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/ (2)
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| e
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R
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5.4 The two load cases and Maxwell’s load path for indeterminate arches

The total complementary energy due to bending has two parts. The first part is
a function of the horizontal thrust H, the second part is only related to the
vertical forces in the system. This part remains constant if the horizontal thrust
changes by scaling the force polygon. It relates to the load transfer and is
equivalent to the load transfer of a beam with the same load and span. In fact
there are two load cases each with their own energy. We further elaborate
using the example of the previous section.

‘.‘).;‘:

e ~ 154 25
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When the static indeterminacy, the horizontal thrust, is solved the resulting
total energy has the smallest possible difference between the energy of the
two load cases.

1 2 2 1 2 2 2 1 2 2 2
Ecompl,M:H = §5h1l1FH + (§5h2 + 5h16h2 + 5h1) leH + §6h3l3FH - §F1v 5h15xl1FH

2 2
- Flv(25h1 + Shz) + FZ‘U (6h1 + §6h2>:| 5xl2FH - §F3v5h36XI3FH = _1154‘.25

1 2 2 1 2 2 1 2 2 2 2 2
Ecompl,M:V == §F1v6x ll + §F2U6x lz + §F3U6x l3 + F1v6x l2 + FlvF2U6x l2 == 1164

Ecompl,M = Ecompl,M:V - Ecompl,M:H = 1164 — 1154.25 = 9.75

Another way of solving the statical indeterminacy is thus minimizing the
difference between the two energy parts.

15
Ermup/, M

101.33333x2 — 684x + 1164

(3.375,9.75)

Fu

This result is the same solution for the horizontal thrust.

1
Ecompimn = 101§FI§ — 684Fy

Ecompl,M:V = 1164

1
Ecompim = 1015 Ff — 684F, + 1164 > min = Fy = 3.375

1
Ecompim = 1015(3.375)2 — 684(3.375) + 1164 = 9.75
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—

\'* = 33 T—J

To-date, Maxwell’s load path theorem is has only been used for statically
determinate structures.

Maxwell load path:

ZNtilti_zNCilCiz ZE.FL)
i i i

internal forces loads, reactions

But this theorem is also applicable for statically indeterminate arches. The
reason for this is that the summation of the work done by the shear forces over
all members is always zero. The work done by bending in each cross section is
also zero, the tension is equal to the compression in each cross section. The
load path for the arch is slightly lower than for the thrust line.

l1 =15 = e

l2 == 3 : ‘//

l3 — 5 Q‘F / 4 -
1—

Fo, _ ohy
2F 4
= F91l1 = 2F - 6h1

cosf; =
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Maxwell load path:

arch:

2F 6hy + F 6h; + Fy36x = 24000 + 12000 + 30375 = 66375

Nyl + Nyly + Nals = 30125 + 10125 + 26174 = 66375

thrustline:
40 32 80000 32000 1
ZF?+F?+FH9= 3 + 3 +30375=67708§
291125 99125 219125 1
Nlll + Nzlz + N3l3 - 9 + 9 + 9 = 67708§

122



5.5 Procedure of the method

The hand calculation of a relatively simple example in the previous section is
cumbersome. With more complex examples the complexity will increase
rapidly. This makes a computational procedure attractive to solve the
redundant F.

e e o
thrust line I

— structure OX1 OX:2 OX3

A parametric platform makes a good design tool and is advised as a basis for
the computational procedure, allowing a real-time feedback and to be able to
present the results of the process visually. Some parameters are fixed, for
example relating to the geometry of the arch, or the given loads. Other
parameters depend on the redundant F4 which is the unknown to be solved.
We will denote the two types of parameter with: fixed f and dependant d.

The following parameters are needed.
- geometry of the arch:
a) the horizontal projected distance of each segment (6x) f
b) the vertical projected distance of each segment (6h)) f
c) the segments length (/}) f
d) the angle of each segment with the horizontal axis (Bsi) f

- draw a force polygon (d) based on the loads (f) which ensures
equilibrium

- geometry of the thrust line (based on viable presupposed force polygon):
a) the horizontal projected distance of each segment (6xi), equal to
arch f
b) the vertical projected distance of each segment (6h:) d
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c) the angle of each segment with the horizontal axis (B) d

calculate the total complementary energy of the system:
a) determine the internal axial force arch d:

Vi= ﬁsi - :Bn'
N, =F.cosy,
b) calculate the eccentricities along the arc length (local coordinate
system) d: e

c) calculate the total extension complementary energy d

Ec,n = Zlell

if t<<0_,0h,,l then compl.energy N can be neglected

d) calculate the total bending complementary energy d

E 2212

c,m 2

t
This can be done by numerically integrating the area of (M;)? along
the arc length.

(FHevi )2 Zi

Eear
J’m %775\ M2

e) vary the value of Fyuntil the total complementary E.»menergy is at
a minimum to attain its correct value.
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An alternative procedure is to square the difference of the area’s under the
arch and the thrust line of the load, the eccentricity, and minimized these to
solve the redundancy fand H.

A
R EEED
-
7 | /11
EAREY/AT S
- /| sl |
B i o
S =1
SRR EEN S
EEEN S SR
e L! L
Hf-20000 | |Z=4| |
re |
e

area under arch:

1 1 1 1
Agren = 6x <§6h1 + &hy +§6h3> =3 <E4 +4 +§4> =24

area under thrust line:
1 1 1
AthT‘U.St = E6ht15x + (6ht1 - E(Shtz) 6x + §5ht35x

13 3+(3 13 )3+13 3_81
_24f 4f 220f 25f _zof

ey = Atnrust — Aaren = %f — 24
6561f2 972f

Ecompl,M = MZ = FI_ZIQE = FI'ZI( 400 5 + 576) - min

d Ecompi 6561 972 160
— MM ) —— =0 f = —
df 200 T3 f=%

27
Fuf = 20000 = Fy = 20000 = 3375
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N4/
/ 1 L
/4 i :
Y \ =/ L\ ~MN
V34NN N
LOLY N\ | 241D i
3 4 N\ J |
—vA Y+ = \j{ ¢ M\ |
\ {7
NI S
K2 jL>

The simplified procedure with only the equivalent area’s gives an exact solution
if the arch and the loads are symmetric. By numerically subtracting the area’s
under the arch and the thrust line of the load the information on the
distribution of the eccentricity along the axis is lost. This results in a small error
in this example due to the arch’s asymmetry. But this method gives a
sufficiently good result for design purposes.

20
Fuf = 3000~ = 20000

with: 6hti = aif
3 3 3
a1=Z:a2=%:a3=§

area under arch:

1 1 1
Aarch = 3<§4+4+§1 +§5) :27

area under thrust line:
81
Athrust = %f

8
ey = Athrust — Aarcn = %f - 27

6561f% 2187f ,
Ecompl,M = MZ = Fl'zleg = FI'ZI < 400 — 10 + 729) - min
d Ecompim 6561 2187 20
—=0> — =0=>f=—
daf 200 ~ 10 f=3

3
Fyf = 20000 = Fy = 20000m = 3000 (error 2.57%)
exact: Fy = 2923
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5.6 Contribution of extension to complementary energy

The complementary energy is taken into account as a result of the axial force,
extension.

Ecompl,N = Nizli = (Fi Cos yi)zli
Wlth Fiz == FI‘% + Fl%/

Ecompl,M + Ecompl,N =
[ 1 21 2 o (L2 2 2 1 21 2
3 Shil Fy + 3 6h5 + 6h 6hy + 6hi | LF; + 3 6h3l;F;

121 2 2
t_z _§F1‘L7 6h16x11FH - [Flv(26h1 + 6h2) + FZ‘U <6h1 + §6h2):| SXIzFH
2
_§F3v5h35xl3FH

+(F7 + F2)l cos?yy + (F3 + F4)l, cos? y, + (F3 + F%,)1;5 cos? y4

In the expression for the horizontal thrust the contribution due to the axial
force can be neglected if the height of the arch is of an order smaller than the
dimensions related to the height and span of the arch. Basically the extension
of the members is neglected.

dEcompl,M&N _

0=
dFy

and with maximum value for cos?y; = 1:

. 12 Fryx (5 8hyy + 28Ry, + 8lyly ) + Foybx (8hyly + 5 6hy Ly ) + Fyy8x (5 8hals )|

122 6h21, + 2 8h3L, + 5 6hly + 26h2, + 28R, Shy L, | + L2[2L; + 21y + 21;]
compl ehergyN

If t K 8x,6h;,l; then complementary energy N can be neglected
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5.7 Example semi-circular arch

oy,

I
i

n

_ .
A /A8
A A 1
R=—-1
qR gR - 2

The method of this chapter will be demonstrated by the next two examples.
For a semi-circular statically indeterminate arch with a uniformly distributed
load the horizontal thrust is determined by minimizing the complementary
energy, this results in a near exact solution.

semi — circular arch:
= (xl — x2)1/2
Yarch

thrust line uniform distributed load (parabola):

WP L
with: f = 8F,,
f(x—R)? q x|l —x?
Vinrust = f — R2 = E 2
q x| — x?
€y = Yarch — Yarch = ((Xl - xz)l/z _ <E 2 >>
M? = Fie?
2
! ! xl — x?
Ecompl,M = j M?dx = Ff%f (xl - x2)1/2 - <i > dx - min
0 0 Fy 2
2 3mlt .
Ecompim = EFH - 132—8511:11 + ﬁq - min
dEcomle&N l 3ml
——ComPLMAN _ )= —Fy —=——q =0
dFy 3 H 12819
91
= Fy ql = 0.221ql (error 4.1%)

~ 128 )
exact: Fy = gql ~ 0.212 ql
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Here is shown the solution using the squared difference of the areas under the
arch and the thrust line of the load, minimising these to solve the redundancy f,
which results in the exact solution, with the contribution of the extension being
neglected. The result with this method is more exact if, apart from an
approximately symmetric geometry, there are multiple loads or a distributed
load.

semi — circular arch:
y = (2Rx — x*)1/?

thrust line uniform distributed load (parabola):

. ql*> qR?

th:Fy = — =~

wil H 8f 2f
f(x—R)?
y=f——"pg

area under arch:

1 2
Agren = ET[R

area under thrust line: / \
4 Rs Rs
Athrust = §fR

4 1 ) 8fR — 3nR?
ey = Athrust — Aarcn = §fR - ET[R = T

16f%R?> 4nfR®* mw?R?
Feompas = W* = e = i (22 - 2L T i

dE compim 32R?  47R3
D ——— 0 = — =

dF; 5 /73
3m
qR? qR?* 3m
=TI
:FH=%qR

Now the redundancy fis solved, and the precise rise of the thrust line is known,
the horizontal thrust F is also fixed. The moments in the arch can now be
determined, this is done be considering the arch as a superposition of two load
cases; the beam loaded by the uniformly distributed load g and the curved arch
loaded by the horizontal thrust F, [65].
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Y
EEER AR R Y EREEEEE

load case q

A

load case Fu

DT T T RAL Mypen = My + Fy* Yaren

Bending moments should be avoided as much as possible when designing an
arch. A well designed arch should carry its load efficiently mainly through axial
forces instead of bending moments. It is important to assess the structural
behavior and to analyze the load-transfer mechanism of an arch during the
design process.

| | . 4 2
| P= thrust line ~ with:Fy = qu = 5ql
3m(xl — x?)
' [ = Ythrust = T

1 1
arch 2 1 2ql(xl — x?)2

MFH= FH'yarchzgql -(xl—xz)iz 37

ax
My =——(-x

1
—3mx(l — x) + 4l(xl — x*)2
q

Mgren = Mq + MFH = 61

. 10.23571

o2 — —um——uw__ 08 1
| moment

Two methods to assess the efficiency of the arch will be presented here; one
on the stress level with the ratio between the axial (o») and bending (om)
stresses and via the strain-energy with the ratio of the axial (E») and bending
(Em) strain-energy [66, 67].
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80%

50%

20% 1

e =o0

e="t

.
R
‘ S e =Yt
compression ‘-‘. 0 L‘ s
+. -‘.' curved 4—[}% 3
o Mbeam forb =1:
E (N '..v n
W e=Yaat o, = — .
i | t . n
Ty, 8 ke 6m Stress ratio: —— =
Oy + 0y
compression n
—100%
6m
+ + + + _t +n
20% 50%

When the ratios are close to 1, the load transfer is primarily done by the axial
force. The more the ratio moves to zero, bending will become predominate.
With the results of a finite element analysis of the arch an assessment has been
performed with both methods. In each point along the arc length the
assessment has been determined and is represented in the graph.

forb =1:
with:
_ n d _ m
S—Etan K_Eit3
12
£ - 1n?
no 2Et En n2
: :1 m?2 ¢ Strain energy ratio: E tE. = 152 ) +100%
mo2.1 J >—+n
E—t3 t
12
= Sfress ratio
Strain-energy ratio
M=0 M=0 M=0 M=0

131

Figure 40 stress and strain energy ratio’s along the axis of the arch[ image 66]



In the next example the semi-circular arch is loaded by four point loads. The
loads have a value and are placed in such a way that the areas under the arch
and the thrust line are equal, the force polygon and accompanying thrust line
are thus given. This results immediately in the correct solution; Ecomp,m= 0, thus
demonstrating the equivalent areas method. The eccentricity of the thrust line,
which is the difference between the areas under the arch and the thrust line,
can be used to extend Pucher’s equation to include bending, see section 6.3.

s 1T
"i‘ ‘. | ‘_’yl
v
"-.\ I
Al :
i
-
- 1
]
—
L\ 4~
, . ) thrust
semi — cn‘culzar1 g‘ch. line arch
y = (2Rx — x*) area==%
with:
R=4:6x=2

area under arch:

Agren = EnR2 =8m

area under thrust line:

11 1 :
Athrust = 2 (_ * —5ht15x) + 2 (6ht16x + E(Shtzé‘x) + (5ht1 + 5ht2)5x = 87T

2 2
ey = Atnrust _zAarch2 =2 8m —8m =0
Ecompl,M = M* = Fje; =

Wlth FH = 2: ZMthrust,apex = 0 =

34 me2 e B0
5T Tgh 57T 5T



6 The stress function of arches

6.1 Introduction

There are two expressions using stress functions for internal forces which are
relevant for arches, the 4" order in-plane stress equation which includes the
condition of compatibility, and the 2" order Pucher’s equation which is only
based on equilibrium.

Because the plane stress equation also concerns compatibility it is suited to
solve statically indeterminate problems depending on the support conditions.
Pucher’s equation is used for membrane solutions, which disregard bending
moments [68]. In fact Pucher’s equation is closely related to the membrane
and cable equations.

P .
plane stress equation:

D R L T S T S T
B g : dx* e d0x20y? * dy* =0
shallow membrane: with:
a2z 9z Pz #P. , =6‘2_¢n =—6‘2—¢n =5'2_¢
n(ﬁ+6_)ﬂ):_pz~pl e T 9y Y T T oxay ™Y T
Pucher’s equation:

0%2¢ 0%z ) 0%2¢ 0%z N 0°¢p 0%z
0y?2 0x2 dx0y 0xdy  0x2 dy? Pz
with:
_ 0°¢ _ ¢ _ 0°¢
Nyy = a_yz;nxx = _axay;nyy = W
membrane equation:

0%z 0%z 0%z
Nyy W + anym + leya—yz = —p,

cable equation:
0%z 0%z 0%z

H, — + 2H,) ~—— + H, — = —
* gxz T xy6x6y+ Y 0y? Pz

The plane stress equation does not contain geometric information about
curved structures. The other three equations incorporate the shape of the
curved surface by means of the shape function. The cable equation and
Pucher’s equation, in contrast to the membrane equation, is concerned with
the horizontal projection of the internal forces and the horizontal support
reactions respectively. If the curved surface is very shallow, then the three 2™
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order equations are practically similar, where the cable equation as given here
represents a discretised surface, such as cable nets. But the horizontal support
reactions can also be represented as a uniformly distributed force.

6.2 Funicular arches

In chapter 2 it was explained that the form diagram (shape function) of a cable
or arch, which in these cases was the funicular line, is similar to the bending
moment diagram for a beam with the same load, span and support conditions.
Here an explanation is given using the stress and shape functions, and Pucher’s
equation.

_y dz
U dx
v dM
= —0g = = —
dx? 1 dx

Two examples will be used, one with a uniformly distributed load and one with
a linear distributed load. For both cases a shape function based on the load
transfer can be derived, the arch will have the same exact shape. For the
uniformly distributed load this results in the parabolic form diagram and the
linear distributed load in a cubic form diagram.
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Pucher’s equation will be used for both examples to derive the stress function.

i 5
' shape function load:
c\( e o S e A e e | z(x) = —c;x% + ¢,
- z(0) = —¢,0% + ¢, = f*
= z(a) = —ca’*+c, =0
N > X =>C1=E?C2=f*
_.Ilk'\ zl:l'\. j[ = * xz

shape function load:
z(x) = —c;x3 + cx

3
Z(l/z) == _Cl(l/Z) + sz == f*
z()=— B +cx=0
8f* 8f*
T sas=gmia=gp

8 * 3
z(x) = 3];3 <lx — xT>

Interestingly the second derivatives of the shape function (load / arch) and of
the stress function are reciprocal and their product is equal to the load.

0%¢p 0%z
dy? dx2 1
x? 0%z 2f*
Zaren(X) = f (1 —;) :ﬁ = — 3
2
q qa
= || ——d - _ 2
o= || gpir=o =g
aZ
0° 2
ayz Zf*
azd) 622 az zf*
gz o= 917037 4) —77 =4
~—~— load S~——
reciprocal reciprocal

~—_ —

H
62¢ qaz . xZ q(az _ xZ)
Mequiv(x) = 9y? Zaren(X) = 2f* f (1 - ;) = 2
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The diagram of the equivalent moment, the product of the horizontal thrust H
and the shape function, is the mirror image of the shape function.

It can be observed this holds for both examples.

0%¢p 0%z qx
9y? axz |

8f* x3 0%z 16f*x
Zaren(X) = W(lx - T) = 92 = - I3

q

0%¢ ql?

ayZ - 16f* H

92¢ 0%z qx B gx 16f"x  qx

a1 T L) B
m load reciprocal

l

H
0%¢ ql> 8f* x3\  q(lPx —x3)
Mequiv(x) = a_yzzarch(x) = 16f* ' 3]2 <lx ) = T

Note that the apex of both the equivalent moment and the shape function is
eccentric.
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The consequence of this is that the form diagram, the shape function, is equal
to the thrust line of the load and thus equal to the equivalent bending moment
diagram.

The distribution of the shear force of the equivalent beam and the transfer of
the vertical load of the arch or cable are equal and produce the already derived
horizontal thrust.

£ CI_azc ax
2H dz 2f*
V=H—=—-H—x
dx a?
aM ql q
f*=q12<= dx 6 2l
16H ), _ 92 _ H<8f* 8f" )
dx JNER

This example looks trivial, but it is important as it shows that if the shape
function of the arch is exactly the same as the thrust line, the form diagram, it
is equal to the moment diagram of the equivalent beam.

If the parabolic arch is rotated around the z-axis to form a shell of revolution
with a uniformly distributed load there will be hoop forces besides meridian
forces, see chapter 7.

Both the shape function and the stress function are parabolic. If the arch is a 2D
structure in a plane surface then the horizontal thrust is a discrete force. But it
can be observed that both functions are in fact a 3D surface. Which are mono-
clastic surfaces along an axis in perpendicular directions.

S
>
Pali 2
T \\
N T e 4 5
g | y \
R \
B 4 o
a 1‘ & b7
) B K :
B b Siress function
a e
‘ b
/" !
/. \
parabolic arch/ 137

cylindrical vault



The thrust is therefore uniformly distributed, h [N/m]. The discrete value of the
thrust H [N] / h [N/m] is the difference in slope of the stress function.

f
_99 _pa* ,
oy 2f
d¢ d¢
H=h-2b (@) (ay) =0
1
forb—z,yz—zandy —3 2 2
pa pa 14
51_52_4f :91/2 Sl+52 Zf* h:2f*
for:b=1y=1andy = -1
pa® a? pa?
51_52_2_](,*$91—51+52—f*=>h=2f*
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6.3 Non funicular arches

In this example the load and the arch have different functions. The load being a
linear distributed load has a cubic shape function and the arch shape is

parabolic.

'\Z_Z

shape function arch:

z(x) = —cl(x — l/z)2 + ¢,

2(0) = —c;(0 - 1/2)2 +c,=0

Z(l/z) = _Cl*(l/z - l/z)z to=f"

> X

— . — *
Sa=-"Ti6=f

z(x) = 4f*(blcz_ <)

First the relation has to be established between the two functions. This is done
by minimising the complementary energy, as shown in chapter 5. It seems the

rise mid span of both functions is equal. Because the thrust line and the axis of
the arch do not coincide, bending moments in the arch are expected.

shape function arch:
4f*(lx — x?)

Zaren(X) = 12

thrust line load:

3 8h x3
Z1oaa(x) = 32 lx — T

area under arch:

Laf*(lx — x?) 2Uf*
Aarchzjol—zdx= 3
area under load:

4 fl 8h <l x3> p 2Llh
load = | Fz\X—7 ) ax =——
oa o 312 l 3

2lf*  2lh
Ecompl,M =M?* = Fﬁ'eg = Fp%'( f ——> - min

3 3
=>f*=h
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For this case Pucher’s equation will be extended by adding the second order
differential equation (M-hill) of the beam that concerns equilibrium. The stress
function will be derived, and again the second derivatives of the functions for
the thrust line and the stress function are reciprocal but its product is no longer
equal to the load but is only a part of it. The difference of load is carried by
bending and shear forces in the arch. The moment distribution can be derived
from this difference.

extending Pucher's equation:

dz(;b d?*z N d*M
dy? dx? dx? 1
N——r .
Pucher’s equation ~ beam equation

It can also be concluded that the symmetric part of the linear distributed load
for which the thrust line is parabolic is carried by the symmetric and parabolic
arch. The antisymmetric part of the load results in bending in the arch.

d*M N d*¢ d’z  qx
dx? =~ dy?dx? |

1 > q 8f* qx - '
__E)+( T 8f* 2)' Tz T t—_"g‘ﬁ*—"*

; load reciprocal
reciprocal b

x 1 X
SRS

L 2) 2 1 T
codz 4 LTI
dy? dx? 2 i
Pucher's equation -}

d*m (x 1) q (L) '3
dxz =q l ) V '3 ‘_} l _f"""h'
beam equation

The cubic thrust line of the linear distributed load is “split” into a parabolic one,
which is the axis of the arch, and for the symmetric load and bending of the
arch for the antisymmetric load.
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The mechanics of the load transfer is partly by the moment hill (slope of the
moment diagram / shear force) and partly by the slope on the shape of the
arch (“arch action”).

d*mM dzd) d’z _qx

dx? dyz dx? 1

Af*(lx —x?) d?*z 8f* 8h x3 d?z 16hx

Zaren(X) = 2 = A2 = - 1z Z10aa(x) = 32 Ix -7 > 2 = — E
' s ql?
stress function of load: ¢ = ff PEE dy = ffmdy >¢ = 32hy
dx? [3
d2¢ B ql2 qlz 3
dy2 ~  16h  16f*
d*M d?*¢d*z qx d*M 1?2 q 8f* qx
+ =To st (5= 3) T =T
dx? dy?dx? 1 dx? 8f* 2 [? l
reMal load reciprocal
H
d*M <x 1)
$ —_ —_—— —
dxz 1
x3  x?
e = [[a(3-3) q(a—T>+Clx+Cz
with:
ql

MO)=M1)=0=C, =E;C2 =0

2x3 = 3Ix? + I?x
M(x) = q( )

121

The first part is accompanied by bending moments and the second part by an
axial force.

/Mome\nt , M(x) = q(2x3 — 31x? + [%x)
03 04 I -r._,___iaf,,_.,-——-"'/’ X) = 12% ,
! dM 6x°—6lx +1
v =M _ q( )
dx 121

Shear force *
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load transfer:

- Hdz dm
o dx

"arch action"  shear force /
moment hill

o ql? 4f*(l—2x)+dM
- 16f* 12 dx

02 ] A’/OB _ Q(l - ZX) q(6x2 — 6lx + lz)
. T shear force V=- 4 + 121
arch act‘lfo_‘n/, = _qBx*-1?)
b oad transfer = <

The moment diagram of the equivalent beam is no longer equal to the shape
function of the arch, but it is still equal to the thrust line of the linear
distributed load.

d?¢p ql> 8f* x3\  qPx —x3)
Mequiv(x) = dy? *Zioaa(X) = 16f° : 312 lx — T = el
ql> 4f*(lx—x%) q@x3-312x+1%x) q(l?x—x3)
Mequiv(x) = H * Zgren(x) — M(x) = 16f* ' 12 B 121 - 6l

If this example is revolved around the vertical axis at mid span the load will be
carried by membrane forces only; meridian, hoop and shear forces.

F‘y L f\ . N
d?¢ d?z 1.1 4
dy? dx? — Ll bt &
o e R ——
stress function shape function arch / cable %
M d% d?z B i
dx? dy? dx? -1 Py { Ty
beam equati s Function Sha tion arch / cabl el ae
quation stress function pe function arch / cable ) § TR I O s | 1
dM d2¢ dz _y L
dx dy? dx B
- \ ) \—r

moment hill  ¢tress function shape function arch / cable
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The purpose of these examples is to distinguish between the moment hill,
stress function, function of the load (thrust line, form diagram) and the shape
function of the structure (arch, cable).

These different functions can be expanded from arches and cables to shells and
membranes, as shown in chapters 7 and 8.

In chapter 5 the moment in the arch was determined by multiplying the
horizontal thrust with the eccentricity e, of the thrust line in respect to the axis
of the arch. The eccentricity is obtained by subtracting the function of the
thrust line from the shape function of the arch.

By using the eccentricity the 2" order differential equation, thus Pucher’s
equation including bending, in one direction can be reformulated as a function
of the stress function, the shape function and the eccentricity with the thrust
line.

Pucher's equation in one direction:
0%2¢ 0%z
Pz = 0y2 0x2
reformulated Pucher's equation:

d2¢ <d22 dzev>

4= dy? \ dx? * dx?

The reformulated equation of Pucher is applicable to arches, for shell
structures the relationship between the stress function and the shape function
is more complex, see chapter 8. With arches deviations of the thrust line from
its axis results in bending moments. For shell structures this is not always the
case, additional internal forces (e.g. the hoop forces in domes) can alter the
shape of the thrust surface of the load so that it does coincides with the shells
centroidal plane and thus avoiding bending moment, see chapter 7. But if
additional internal forces are not sufficient to ensure a membrane state of
stress in a shell, bending moment and shear forces will be needed, see sections
8.10 and 8.11.
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Using the reformulated Pucher’s equation results in the same equations for the
bending moment M, the load transfer V and the load q.

ey(%) = Zipaa (%) — Zaren (%)

with:
8f*<l x3> 4f*(lx — x?) 8f*x3 — 121f*x? + 41%f*x
x — — ——————————————————— —

~ 32 T

12 313

€y

d? 12 8f*x3 — 121f*x? + 41*f*x
M) = - ey(0) = 5 (o) = = 1o (- L T
q(2x3 — 31x? + [?x)
B 121
y =208 Wy L8 (L de
dy?dx dx dy? \dx dx
dip d2z  d*M A2 (d2z  dZe,
1= dy? dx? + dx? Z4= dy? <dx2 + dx2>
d*¢ (dz de, ql? [(4f*(L—2x) 24f*x*—24lf*x + 41*°f*\ q(3x*—1?)
zd_y2<a+dx>=_16f*< z 313 >= 61
d?¢ (d?z dZe, ql? 8f* 8f*(2x—10)\ gqx
q:dy2<dx2 dx2>:_16f*<_ EEEE ):T
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6.4 General properties of stress functions

In this section the static-geometric analogy in the equations of thin shell
structures [69] will be generalized to beams, this extends to the application of
the first and second moment-area theorem’s of Mohr.

A general solution to the plane stress equation will be presented for beams and
the solution for an arch by means of the plane stress equation will be
compared to the solution of Pucher’s equation.

static — geometric analogy for beams

2 5 2 2
- ::Inx 9 ‘I’/ay Ny d4W 1 a4¢

# = EI kg = ———
% % 1 dx* ¢~ Et oy*
d3w

V=—El—

) dx3

\ M= —EI d*w  d*w _0%¢
B dx? ' T dxz " dy?

\5;...04.,__'
<
A
&»‘-\
S
Il
Q.| &
S
()
Il
Q_>| Q
R[S

For beams the parameters that are covered by the differential equation range
from the load g to the displacement w, in the static-geometric analogy this
ranges from the Gaussian curvature kg to the stress function ¢.

For this purpose a beam is compared to the cross section of a stress function of
a slab-like beam. Here is a duality, the beam is a line element where the
internal forces are a function of the coordinate along the axis and the slab like
beam adheres to the plane stress equation and is thus as a surface element a
function of both axis of the surface.

(K { =0 Le

Vv
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beam equation: plane stress equation:

d*w 0o
El pp =q 6_3/4 =
with:
_0%
Nyx = a_yz

The internal forces of a beam can be determined using the stress function [70],
again here is a duality. The internal forces of a beam are only a function of the
coordinate along the axis and the stress functions are a function of a surface,
the surface of the beam. In beam theory we assume the beam is just a line
element and we reintroduce the second dimension, the height, back when the
stresses are calculated.

Vo= [ty = ["5Rar= (52) (3 ()
x = Nyx Ay = o, AY =\ —\5 =S =51 =\7—
41 ayz ay Y2 ay Y1 ay y

Y1

Y2 Y2 9%¢ P12 Y2 9h
M=| (y—y)n dy=f (y—yl)—dy=[(y—y1)—] - | - dy
" "" " dy? oyl, —J,, 0y

=>M =y, —y1)s; — [P — P4l

Now the static-geometric analogy has been established for beams, it is possible
to apply Mohr’s moment-area theorems to the stress function [71].

This will be done by a generalisation of Mohr's first and second moment-area
theorem:

- the change in rotation (@) / slope (s), the first derivative of the function,
over a distance along the axis is equal to the area of the second
derivative over that distance

- the intersection of the tangents of the rotations / slopes is in the same
position, along the axis, as the centroid of the area of the diagram of the
second derivative

static — geometric analogy
Mohr's first theorem:

sz X2 Y2
(Pz—(p1=j de=f Kdx =60 52—51:.[ ndy =N
X1 X1

Mohr's second theorem:

X2 M Y2
wy —wp = @q(X; —xq) + j E(xz — x)dx G — P11 =512 —y1) + f n(y, —y)dy
X1 41
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static — geometric analogy
Mohr's first theorem:
X2 M X2
<p2—<p1=f —dx=f Kkdx =6
X1 EI X1

_M
(%) §01—E1

Mohr's second theorem:
X2 M

w, —wy = @1(x; —x) + j E(Xz — x)dx
X1

_ MM I MP?
W2 T W1 =T El 2 2EI

S;— 8§ = ndy =N
Y1
1h 6  h6pl* 3plz_N
52751 22 h2" T "4nz’8 16 h %

Y2
¢ — 1 =510z —y1) + j n(y, —y)dy

Y1

—_ = e =—pl?=—M
b= b=~ 3t e "5 16° T3
> ¢po—p1 =M
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6.5 Applications of the stress function to beams

The first application is a bar with a centric axial force. The stress function is

parabolic which results in a constant stress distribution [72].

_9%¢

Nyx _a_yz

F
h

The stress function is a product of the force (x-direction) and stress distribution
(y-direction). When the stress function is discretized the difference of the slope

of the tangents is equal to the axial force.

i _0¢ _F

Koz BT

e h
/N for:y=—andy=—§

2
F
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=
x
b
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Mohr's first theorem:

Mohr's second theorem:

_Fh Fhh Fh

P27 Tk h2d T8

148



e alld

The next example is a classic one, a simply supported beam with a uniformly
distributed load [73]. The solution gives the stress distribution in the beam as
can be expected from the beam theory, but it does not completely satisfy the
plane stress differential equation, although the difference is very small.

plane stress equation:

04 o*p 8¢

dx* 2 d0x?0y? * dy* =0
with:

d%¢ d%¢ d%¢
Nyey :a_yz'nxy = _M’nyy :W

In section 6.4 it was shown that the rise along the x-axis of the stress function is
equal to the bending moment in the beam M. Thus the stress function consists

of two parts, the function of the bending moment (x-direction), and a function
for the stress distribution (y-direction).
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7 B B 5 7|, 2y% — 3hy? + h3
A ol ol a4 ¢=M(x)'(y h3y )
> M q(* —4x*) (2y° —3hy* + k%)
WM ‘ ,{,h ¢ = 3 ) h3

_0%°¢ _ q(I* —4x?) 62y —h)

? ? Nyy Mex = dy? 8 e
926 (2y* — 3hy? + %)
_ _ &y y
Ny, = ox2 —q h3
Lo o y(h-y)
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The change of y-slope in y-direction gives the internal compression and tension
forces, which are equal, and multiplied with the internal arm gives the internal
moment which is in equilibrium with the load.

As observed the difference of slope along the stress function results in discrete
internal forces as opposed to distributed internal forces of the stress functions.

change of y — slope in y —direction :

8
oy ,

change of x — slope in x — direction :

T
oox ),

change of y — slope in x — direction /

change of x — slopein y — direction:
v, =[2) =x. (2
Co\loy), ox ),

The curvatures of the surface of the stress function represent the stresses [74].
The principle stress trajectories are equivalent to the principle trajectories of
the curvatures of the surface. Each meet at an angle of 90 degrees.

z=¢(x,y)
0p?
Max = 5yz = Koy
0p?
Nyy = 0x2 = K¢,xx
Rk
Nyy = — = —k
xy d0xdy ¢xy trajectories of stress function
_ My TNy Nyx — Nyy\ 2
Ny, = > + ( 5 ) +nxy2
K¢!yy + K¢'xx K¢;yy - K(,b,xx 2
Ny, = > + ( > ) + K xy?

>Ny S Kgpand Ny, = Kgq
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A numerical example of the problem.
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The stress function of the analytic solution, previously discussed, is shown
below. The stress function has been discretized, resulting in the polyhedral
stress function.

polyhedral
stress function

Figure 41 (polyhedral) stress function truss [images 101]

For the smooth stress function the change of slopes gives the discrete internal
forces and its curvatures the stresses. The discretized version concentrates the
curvature in kinks which are equivalent to the forces in that fold.

The projection onto a horizontal plane serves as the solution of the forces in
the bars of a truss with the same loads. Along each fold of the discretized
stress function lies a bar. The way the discretization is carried out determines
the topology of the truss. The reciprocal figure of the truss, the form diagram,
is its force polygon; also known as the Cremona diagram.
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Figure 42 slopes of polyhedral stress function equals bar forces of the truss
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form diagram

[images Pim Buskermolen]

Interestingly the way the stress function is discretised to form the polyhedral
stress function determines the topology of the truss and the Cremona diagram

in the horizontal projection [75] [76]. The support reactions remain equal.

form diagram
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The reciprocal figure of the horizontal projections of the trajectories of the
smooth stress surface produces a smooth “force polygon”, which is equivalent
to the Cremona diagram, the discretized version of the example.

support reations V'

trajectories of the stress function reciprocal diagram

Figure 43 stress trajectories beam and reciprocal diagram [images Yu-Chou Chiang]

A few beams with different loads and different boundary conditions will be
examined next.
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For a beam with a different boundary condition, in this case fixed outer edges,
the stress function is also a product of the bending moment diagram and the
3" order polynomial needed the obtain the correct stress distribution.
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IR [ \ o
% Eﬁj —
2y® — 3hy? + b3
¢=M(x)_(;v hs;v )
_q(® —12x*) (2y® =3hy* +1°)
¢ = 24 h3
moment

Two variants of the 3™ order polynomial are used in this chapter, depending on
the position of the origin of the coordinate system on the beam surface.

¢

(2y3 — 3hy? + h3)
3

(3h%y — 4y3 + h3)
2h3
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We conclude this section with examples of cantilevers with different load
cases. Their stress functions all have a same function in the y-direction and thus

a similar stress distribution. The moment depends on the load and boundary
condition.

(2y3 — 3hy? + h3)
h3

stress distribution

0= MG

moment

Ealildt

3
or

_q(x? = 2x1+1?) (2y® —3hy* + h®)

#1. ¢

24 h3

moment

2y® —3hy? + h?
42, &= p(l—x) 2 "3y +R)

moment 3 3h 2 + h3)
2v3 —
83 = M 2y hg;v
moment
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6.6 Applications of the stress function to arches

Two alternative approaches may be used for deriving the stress function for
arches. Pucher’s equation can be used, as shown in section 6.2 and 6.3, which
would be an obvious choice because it includes the shape function of the
curved form of the arch. The other approach is to use the plane stress
equation. This equation does not include the shape of the arch, thus its effect
needs to be incorporated in the resulting expression.

The problem with Pucher’s equation applied to arches is that its result is
implicit. It produces the horizontal projection of the axial load in the arch,
which for the arch is equal to the horizontal thrust, but not the stress
distribution over the height of the cross section of the arch.

If an arch has bending moments due to its shape and the load, the stress
function needs to express a combination of stresses as a result of axial forces
and bending moments.

With the plane stress equation a combination of stresses can be obtained by
the superposition of the cases of the bar with a centric axial force and the
simply supported beam with a uniformly distributed load, both separately
discussed in section 6.5. The resulting stress function gives the stress
distribution of the height of surface area of the beam.
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Arches with straight elements, portal frames, can be interpreted as continuous
beams on multiple supports with the outer two spans bent inwards to form the
portal frame [77].
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A portal frame, like most arches, has axial forces and bending moments. For
this case the combined stress function, presented in the previous paragraph
can used. And again the moment distribution can be recognized along the
outer boundary of the stress function.
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For funicular curved arches, like the parabolic one with a uniformly distributed
load, Pucher’s equation was used in section 6.2. As mentioned this do not
result in a stress distribution over the cross section. A transformation formula
has to be used to obtain the axial force in the arch from the projected force,
which is the result of the solution of Pucher’s equation. From the axial force the
stress can be obtained.

L
The alternative to the Pucher stress function is the one derived for the bar with
a axial force by means of the plane stress equation. This will provide direct
information on the stress distribution over the cross section. The stress
function needs some adjustment, the first part which concerns the axial force
will be in the global coordinate system (x-axis) and the second part concerning
the stress distribution over the height h of the cross section, in the local
coordinate (y-axis) system of the arch.

plane stress equation:
1
(h? —47%) _ qU* +64f2x%)2 (h? — 47°)

¢=N"—% 8f 8h

Pucher's equation:
12 02 12 1
L ORI L AR

— 2 — —
¢_16f*y - dy? 8f*'N Cos @
1 1 1
N = ql? - (ay)z 2 ql? [(*+64f2x)2|  qU* + 64f*2x?)2
- 8f* ox - 8f* 12 B 8f*

~—_ — —
transformation
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A semi-circular arch with a uniformly distributed load will have bending
moments, because the thrust line will not coincide with the axis of the arch
resulting in eccentricities and thus bending moments.

In section 5.7 this case was solved and a similar stress function can be used as
described in the previous paragraph.
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6.7 Graphic statics of stress functions

Now the static-geometric analogy has been established for beams, graphic
statics can be used to construct a stress function.

A form diagram and its reciprocal force polygon is the graphical representation
of the cable equation. The part of the beam equation that deals with
equilibrium is equivalent to the cable equation. It was shown that the shape
function of the cable is equivalent to the bending moment diagram. The second
part of the beam equation that deals with compatibility and stiffness has the
same structure as does the stress function. As a conclusion they can all be
represented by means of graphic statics [78] .
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As an example the simply supported beam with a uniformly distributed load
and the stress function, from section 6.4, to establish the static-geometric
analogy for beams [79] will be used.
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Figure 44 reciprocal diagrams: moment M form diagram and
deflection w polygon [images 79]

For the first example the line of deflection is constructed, for the second
example the stress function.
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Referring back to the example of a uniformly loaded parabolic arch and its
accompanying stress function of section 6.2, the stress function will be
represented by means of graphic statics.

Both the shape function and the stress function of the arch are a function of

the rise of the arch f*.

)
<
TS N (1 x
CDRAR, | 20 =1 (1-5
2N 4 b stress function 2
LI . 7 pa 5
D =

| . o) vt

with: p[N /m?]

If the stress function as a form diagram is discretized it can be represented by a
similar polygon as the force polygon of an arch. The slope of the folds (8) in the
discretized stress function represent summarised forces. Because the polygon
represents the slopes of the stress function the horizontal distance of the
polygon has unit 1. If the discretized stress function and its reciprocal diagram
the polygon is scaled the ratio between slopes of the folds remains constant,
the stress function is an isotropic surface [80].
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scaling function: Spe =

9 = 291"‘292
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If the rise of the arch f* is scaled the force polygon and the stress function
polygons are scaled accordingly.
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In this chapter the relationship has been explored between the shape function,
the stress function, thrust line and the M-hill of the arch. This lays the basis for
establishing the relations between these four functions for shell structure.
Chapter 7 concerns with membrane shells and in particular axisymmetric ones,
and in chapter 8 the general theory of the four functions will be presented.
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7 The stress function of membrane shells

7.1 Introduction

In this chapter the relation will be explored between the fundamental
characteristics that determine the relation between the geometric and
mechanical properties of shells structures. The shell’s geometry is described by
the shape function. The stress function ensures equilibrium, the thrust surface
is equivalent the thrust line of arches. The moment hill associated with slabs
has a similar relation to the thrust surface as the moment line of a beam has to
the shape of an equivalent arch or cable.

For simplicity this chapter will focus on membrane shells only to introduce the
relations, and mainly axisymmetric shells. In the next chapter bending of the
shell will be addressed. In chapter 7 and 8 the assumed load is uniformly
distributed p = p; and Poisson’s ratio is assumed equal to zero.

moment hill ( M)
thrust surface ( { ) shape function ( Z')

NS

stress function ()

7.2 The cubic funicular arch

To establish the thrust surface of an axisymmetric membrane shell loaded by a
uniformly distributed load p, first the thrust line of the equivalent arch will be
derived.
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An orange peel part will be taken from an axisymmetric shell and modelled as a
beam, which results in a triangular load g on the beam. For half of this beam
standard formulas can be used to determine the bending moments, and by
adding an additional load case to eliminate any support reactions midway this
results in the bending moment diagram.

- i AP
'|""'"'"'"‘.’ﬁTTﬁi”["’i’i’%?—I""'Z_;J,ff:'{%:fiﬁ'foﬂﬂT"!'\'"J'i'T
A A
; = = |

- X

P =ma’p

_ P _ map
D=2,"72
with:l =a

_ 2q0x

ol

By using the analogy between the bending moment diagram and the shape of a
cable or its inverse, the arch we arrive at the funicular thrust line for the load
case.

qox qoa® ja—x qo(a® — x3)
M=<;_a(az_xz)>+<03 (= )>=°T

Mpmax = 3 beam — cable/arch analogy:
, _d*M u d?z
Vzd_M=_q0x P="axz = " ax?
dx a M = Hz; ,with: H = constant

The result is a cubic shape function, which can also be determined by using
graphic statics. Het horizontal thrust H is constant throughout the arch.
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z
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o = ‘x
h \\
X y
&
a - Lo ___..._\(_H. ! =N
Hh = Mipax
qoa* qoa’
Hh = = H = 1
3 3h H=qea/3h

Az

Ax ——H

V dz - dz
—_—=——

H dx dx
M = dex— J dx = Hz

= constant

%(a —x3 %a
M= 3a ~ 3h
h(a® — x?)

-7 = —
a3

The shape depends on the ratio of span a to rise h. Because of the beam
analogy Maxwell’s load path theorem can be used to obtain the optimum ratio.

N =

h(a® — x3) dz\*
z=—3L—f ds;ds = 1+( ) dx
a dx

9h2x* 2
A ] dx

a

2 272 2.4 6 l
1 qa? qx? q(9h?x* + a®)2
— 2 2172 = - _ =
N = [(H)* + (V)*]2 [<3h> +<a>] 3ha
q(9h2x* + a®)
3ha*

ds=[1+

| =

Nds =

the total loadpath

1[4 q(9h?x* + a®) 2aq(5a® + 9h?) )
V= _f Nds J 2 X = =min
0J_q a 3ha 15ho
the lowest value of the loadpath gives the optimal ratio:
d 2aq(9h? —5a?) V5
:%\/_ Toh2 —0:>h—?a
h 5
—=—=0,74535
a 3
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7.3 The cubic funicular shell

In order to obtain the funicular shell [81], equivalent to the funicular arch, with
a uniformly distributed load there are no hoop forces which consequently
means that the horizontal thrust “H” has to be constant, as with the arch [82].

dx

- n,..x coseg ="H"

d
— (nypx cosp) =0

dx )
e px@COS @ = constant

dx , X »
px a0 cos“ @ = > (supposition)
dx=—20 ¢
- =
X ox 2p cos? @ ¢
J x| ey ¢
- =
xox 2p cos? @
X = Dang 4
- — = —
5t 2 ang +c¢
Fr Wlthp =1

W

- x?2 =x,tan¢@

- { /
P es @ 7
\ L/
7 . x? dz
— v — tan = = —
= constant ¥y ¢ Xo dx

W

with:n,, = r;p_ = 11p C0s? @ X2
->dz=—dx
- prx cos? @ = constant Xo
) dx dx x2
with: cosp = — = -z=|—dx
ds nde Xo
p dx 1 x3 N
and:ry = — »z=—+cC
! do cos @ 3x9

dx

- px%cos2 @ = constant

The result is the same cubic shape function as found for the funicular arch.

x3+
z=—+=+c
3xg

with:x =aandz =0

a3

T 3x,

with:x =0andz=h

|z




The increment of the horizontal thrust “H” has to be equal to zero. Which
means that the shape of the dome is determined by the change of slope which
is equivalent to the change of the vertical component of the internal force and
that carries the load.

z
"H" = constant -V ="H"—
dx

the increase of V is equivalent to

z
the increase of the slope Tx

SI

with: "Htotal" =
"H" = n,,x cos @
DNy COSP = Ty

ot 2TTX
NyrX

The horizontal thrust “H” is constant but the horizontal projection of the
meridian forces n,r is not, this is a function of the radius of the dome.

cubic funicular shell

h(a® — x3)

7 =
a3
3hx3

dz 3hx? 3
dx a x

3hx3 .
o a %
z X 3hx .

® i Ox*h? +af)2 168
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The total horizontal thrust “H” can also be represented with Dischinger’s
graphic method [83] to represent the summation of the load and membrane
forces. The result is very similar to the arch.

\ I’/""
& A\ 7l T
- S | f\ " 'ﬁ_"B

The horizontal component of the membrane force goes to infinity at the axis of
revolution of the shell. But to ensure equilibrium and even when there are no
membrane hoop forces there must be a force at the summit of the dome.

C o — 2
2w an,, sing =ma“p

_ b 1 et
> Ny = -
1
ith (9x*h? + a®)2
3hx )
p(9x*h? + a®)2
- N =
" 6hx
, VA a3
with: cosp = —= ———
T =
2 (9x*h? + a®)2 :
a
pa3 i = M CosP=———
Ny = = — 6hx
rr = Nyr COSA = |
with:x = a -
_ pa?
nrr,a S e ﬁ M COSP " _
pad 0 02 04 056 o8 Hiptat" = Tprgq - 2ma =
n " ju—
H — X =T . —
" 6h Ny sing| \ with: "H" = Ny = N,
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By making a cross section through the dome and regarding all the horizontal
forces this force can be determined. And by multiplying this with the rise of the
dome we arrive at the moment equilibrium. Later it will be shown that this
aligns with the moment equilibrium due to the vertical forces.

[ [

2 2
Hypos = fﬂﬁrr’a CoSfOds = fﬂﬁrr,a COSBadf = 2an,,g

2 3
= pa pa
with: Nypg = W - HTeS = E

pa
M; = Hyes - h = T

Because the dome is a surface of revolution Maxwell’s load path theorem can
be used to obtain the optimum ratio. We arrive at the same result as found for
the funicular arch.

N| =

z= h(a — ffzn[1+ ]xdxd@

3 p(9x4h2 + a6)2
Trr = 6hx

the total loadpath:
1 (27 ra dz 2
J— 1 -
a_fo Jo n"[ +(dx)]

the lowest value of the loadpath gives the optimal ratio:

1
2

dxdf = ———min

2m ra(9x*h? + a6)p p(5a? + 9h?)
xdxdf = f f
"~ 6ha® 15ah

_d _ mp(9h? —5a%) =>h_\/§
df\l/_ 15ah2 -3¢

h 5

—=—-"~0,74535

a 3
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7.4 The spherical dome

The spherical dome loaded by a uniformly distributed load p has membrane
forces in both directions of the principle curvatures, unlike the funicular dome.
The membranes forces in question are the meridian forces nr and hoop forces
nee, there are no shear membrane forces [84].

p

1
z=(a?—x?)2 X

s

a — [P

The formulas that describe this problem are well known and can be found in
most handbooks on shell structures. The focus here is on the relation between
the thrust surface of the load p and the dome, similar to that of the thrust line
and an arch. Due to the load and the fact that the dome has 3 dimensions there
are membrane hoop forces in compression and tension.

The hoop forces has a similar function as the bending moments in an arch if the
thrust line does not coincide with the axis of the arch. It corrects the path of
the thrust surface so it does coincide with the axis of the dome, so in this case
no bending moments are needed. This can be presented by graphic statics.

hoop forces

hoop forces nes B

The thrust surface has its own shape function, and for the dome with the
uniformly distributed load we can use the shape of the cubic funicular shell for
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the accompanying thrust surface. Where the hoop forces are zero in the dome
the thrust surface cuts the dome, for this load case under an angle of 45
degrees.

For the thrust surface the correct ratio of rise h to span a* need to be
determined in relation to the dome. For this the ratio is used for the optimum
load path by using Maxwell’s theorem.

It can be observed that the thrust surface of the load falls out- and inside of the
span of the dome. Given the fact that the hoop forces are not zero at the spring
of the dome this seems reasonable. In fact the membrane forces of the dome
are the result of two load cases, the cubic funicular shell (with no hoop forces)
and the corrective hoop forces. The result of these two load cases coincides
with the axis of the dome.

thurst
surface

1
shape function dome: z = (a? — x?)2
h(a*® —x%) V5 at(a*® —x3)

thrust surface dome: { =
4 ¢ a*3 3a*3

with:a* =~ 1.19589a

Again Dischinger’s graphic method can be used including the horizontal
component of the hoop forces Ny, in the meridian direction.
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7.5 Deriving the stress function by means of the moment-hill

To establish the relationship between the moment-hill, thrust surface/shape
function (for membrane shells these are equal) and the stress function this
section starts with considering a mono-clastic shell before the axisymmetric

shells will be discussed.

|z,M

stress function —¢

g

-,,..w-#"’

0.5

The beam — cable/arch analogy, thus a constant horizontal thrust, will be used
in combination with the moment diagram to derive the shape function and the

stress function.

Le a a

¥ P
T T T T T T OO I

»l
|

: - X

1
max = Epaz

<

The result is a parabolic shell. The distributed horizontal thrust 7 is the
projected meridian forces n,, and constant, which is confirmed with

Dischinger’s graphic method.




The moment-hill, associated with slabs, determines the flow of forces of the
loads. The loads flow along the moment-hill’s steepest descent toward the
supports.

M-hill

The moment-hill will be used for a parabolic shell of revolution to determine
the stress function. The moment-hill of the previous parabolic shell will be used
now because it concerns a shell of revolution, half of the previous moment-hill
will be used as the load transfer is in two direction instead of one. It is
important to establish that for both example’s the distributed horizontal thrust
H, thus the projected meridian forces 7, is constant.

, h(a? —1?) hog.0

parabolic shell: z = — i

2 .2 R -T
take: 1 = P& T
4 1
M=Hz-H il pa’ tant
= - = —= = — =
z ~ = Ty = - = constan
0%z 0% 0%z 0°
¢+ ¢+p=0

0x? dy?  0y? 0x?

, 22 2 0%z N 0%z 0%z N 10z
= e d = —_— —_—— —_——

TEXTy dx?  0dy? odr? ror e
0%210¢ 10:0%¢ 109 _ _0%9 \ A\

—_ —_— —_—— = = —_—— = —_— \ A\
arZror Trorarz P T UM TG00 = 52 )
2hpa? 1 2hro?¢ 0%¢p pa?®

_ = - —_— = — \

a’? 4h r az arz ' P or?  4h ‘
2 P12 4 ¢ with dp=0-c=—LP
—_ — : = = e d = - \'w
0] ah r ,With:z =aand ¢ ah l: \
a’p 2 2 : \

s p=-—4- 2— %)

_ _ pa — 2

Nyr Ngg = E P 7Ta2p

iy P, = mrip
i
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z
= — with: Ny, = . 21T

th dx
nr’p  2hr _ a’p
& onr = g oy == constant e
ax 3 'Nm
alternative: y
P, dz v, dM 1 P

Ny, dx 1., dx n,.,

because shape function and moment hill
are both parabolic, n,,, = constant

The parabolic shell of revolution has a relation with an inflated membrane,
both principle membrane forces are constant and there are no shear
membrane forces [85].

membrane equation:
9%z 9%z 9%z
nxxW'i_ anym-l'nyya—yz —Dp= 0

soap bubble, with: ny, = n,, =nand ny, =0
0%z N 0%z 0
- -_— _— | — =
"\ 9x2 dy? P

With:z=:;n(x2+y2—a2)
- n(p + p)—p=0

2n ' 2n
__0%¢ 0%¢
n=<=n= axzzayz
n n
- ¢=E(x2+y2—a2)=z(r2—a2) PL
. EEREEERw -
_ _p p(a® —r?) = B i :
M = — 5. (2 2y — [T x = ~
n-z=n 4ﬁ(r a“) 2 i < <
s g 0%z p%z
BTE e Pa

<=

Figure 45 photo of soap bubble [image https://creativecommons.org/licenses/by-sa/4.0/]
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7.6 Stress function of axisymmetric membrane shells

With the help of the moment-hill the stress function can be derived for
different axisymmetric membrane shells with an uniformly distributed load.

_aMm aMm
Vp = =max,vg = — o= - :
v, dz _ dz 16(1) dz _dM zp
= =5 Ny =0 \
e dr dr ror dr  dr az |
i p(a? —1r?) dm pr e .
S ARG VR o
4 e T2 %
19¢ dz dM \,
ror dr dr
. h(a—r1)
conical shell: z = B
109 h _pr ap pria _ apr®
S ror ‘a—i*fadr—f‘ on e =gt
pa*
Wlthr—aand¢—0—>C—6—
_a(a®—r?)
~ 6h
. (a® —1?)
parabolic shell: z = oz
19¢p 2hr pr 6¢d f pra?® a’pr? c
- —_— = — = —_— = —_ = —
r or a? 2 ¢ ar an ¢ 8h
pa*
ith:r = dp=0->C=—
wi 7; aan2¢ - ah
a?(a® —r?)
p=——"=
8h
h(ad — 13
cubic shell: z = Q
19¢ 3hr pr a3pr
Crar T a ~¢= f—d—f‘ﬁd ="n T
ith:r = dp=0 C———
wi 7; aand ¢ - oh
a’(a—r)
¢ =—-—
6h
1
spherical shell: z = (a? — r2)2
1 3
10 r(a? —r?)2 a’? —r?)2
DL S N J—d —]—p( 2, _plad—r)z
r or (a2 — 2)2 2 6
with:r=aand p =0->C =0
3
(a® —1%)2
P=—%

all above solutions satisfy Pucher's equation:
0%2z10¢p 10z0%¢p

R T S A

0r2r or r Or Or?



rical

stress function
spherical dome

stress function
cubic dome

_qu)

parabolic |
dome

conical
dome

stress function
conical dome

stress function

- parabolic dome
1 05 0 05 1

Note that for the different shells the total horizontal thrust N, is not always
equal to the projected meridian forces 7

— conical shell: N, # constant, n,.. # constant
— parabolic shell: N, # constant, n,.. = constant
— cubic shell: N, = constant, n,. # constant
— spherical shell: N, # constant, n,. # constant

If the horizontal thrust N, is equal to zero then there are no hoop forces in the
shell, the cubic shells, and the stress function is a mono-clastic surface like a
cone.
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When the stress function has been derived the membrane forces can be
determined. These correspond with those found in classical shell theory.

__lap _ 9%*¢ ]
M =25, 160 = 5.2 ¢,z \
Ny = Ny COS(p’nBB = TNgg COS P
AT |

cos<p=[1+<5) ] | . .
conical shell: 3 L S e
_ apr _ apr . 07
nrr=—ﬁ,"ee=l—T | :

pr(a® + h?)2 a’pr f Wl
W =—""" 5p M= 1 e\ \

1 : ¢ {1,
h(a? + h?)2 X
parabolic shell: T~ ¥

o __az_P = __a2p ) o I Iﬁw‘.f_,
T 4h’ 06 ‘ll-h_ o I8
_ pla*+4n*r®z a*p X
Ny = — 4h yNgg = — et ARETD

1
4h(a* + 4h%r?)2
cubic shell:

_ a’p _
Ny = —%»"99 =0 )

p(a® + 9h%r*)2
Nypr = — 6hr ,Ngg =0
spherical shell:

1
_ p(a® —r*z _ p(a® —2r?)
pr =——"% Mo =" 1
2(a? —r?)2
no—_ P2t
(g 2’ 06 — 2a

The membrane forces can be represented with the help of the following
diagram.
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The total load P and the total support reactions V and are in equilibrium in
vertical direction but there is also an internal couple M: needed for rotational
equilibrium. For a circular slab this would result in an internal bending moment,
but for a shell the resulting force of internal membrane forces over the internal
arm ensures the rotational equilibrium [86].

a a‘m
V=a7r—p=—
2 p
a?
P=—
p
2a 4a 2a

This will be demonstrated using the conical shell. As a check for the derived
stress function, for this case the classic membrane equation will be used.

1
with: I = (a* + h?)2

/ 1
& r(a® + h?)2 I, pr I
s TR T
aoo-_ar_a
h_{_nﬂ:_p cos ¢ Ny = Zh'_hvr
&1 2 a or alternatively;
ith — — l l
Wlth.COS(p—Z andr; = o hzﬁs_)nrrz_svr
r h ar Ur 2
—=— sz =— Ny Q _ _a
a h L v, _E_)nrr_ﬁvr
1 ar\2\2 rl
r2=(r2+22)7=(r2+(7) ) =TS
, a\? rl a’rp
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The hoop forces in the cross section have a resultant which is equal to the
summation of the projected meridian forces in the same direction at the spring

of the shell. Mulitplying the resulting force with the internal arm result in the
internal couple M.

2

a’r B ar
. Ngg = — 05 nrr,az_ﬁp
A7 3 h(a? + h?)2
1 a’r 1., .1 ap
Ng = ngg 'Els = ——12"5(0 +h%)2 = N
h(a? + h?)2
Vs

2 2
Hyps = f Ny q COSO ds = fnﬁrr.a COsfadb = 2an,,,

2 2

o a’p a’p
with: nrr,a = —E s Hres = —T =2 N9
h pad
My = Hyeg § T

When the summation is taken of the moment hill in the centre cross section we
arrive at the same internal couple M:. Thus there is a direct relation of the

moment hill with the thrust surface/shape function (for membrane shells these
are equal).
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For the parabolic shell the projected meridian forces nr, this multiplied with the
shape function of the shell we get the moment-hill.

_a’p h(@®-r?)  p(a®-r?)

M= T 2=y a? 4

For the other shells 7, is not constant, by integrating n.r over the cross section
we get for each shell the moment-hill. This outcome confirms the premise for
deriving the stress functions.

' \~;(<\- N i Z. e % 141 ' o
Z4 o2 ., ¢ conical = o (d-- \\) z, ¢ spherical

ob { - ‘1"S C.f'—\’LS-L
(D: \,\;ﬁﬁ) CD:: \Q(

el z, ¢ parabolic
2L P

Q\L
% . — 2 i
PRSI 7Y 3

& & ; ?<l,,* Gha

_ dz _dz dM @ _ _ dz
nrr'EZUTQnTT'EZW_)MZJ‘nW Edr

conical shell:

_ apr h r x?
M=J—L—dr=f—p7dr=—p—+6'

2h a 4
o pa’
Wlth:M=Olfx=a—>C=T
_ pla®—1?)

M=
” 4

parabolic shell:

_ a’p 2hr pr p(a? —r?)
= | g ar= [ Gar P
cubic shell:

_ a3p 3hr? pr p(a? —1r?)
= [ Gy tr= [ -Gar -
spherical shell:

1
_ (a®> —r?)2p r pr p(a? —1r?)
M = J— dT:f—7dT _)T 182




It can be observed that there is a reciprocity between the shape function and

the stress function of the conical and cubic shell.

conical shell: cubic shell:
Zzh(a—r) ¢_a3(a—r)
a = —6h b
a(a® —1r3) h(a® —13)
$="n P 2= ———
: k\ ‘ l e 5 - . -7.‘,: —]
X SR e - s //’ |1 -
b\ 7 T oh |_ h

“‘74¢i4' :::i_ﬁﬁtiiaﬁf_—- 7E*”“*“‘***~~";--_.f.mi__“

(8 i Q& N
conical dome cubic dome

This is in line with the static-geometric analogy if thin shell structures:

92z10¢ 10z03%¢p
or?2r or r Or Or?

conical shell:

2h v a h or?
cubic shell:
6hr a®p 1 3hr? _ 0%¢
T e Ty T 0P e =5 =0
Ngg < Kpr
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8 The relationship between the shape function, stress function, thrust surface
and moment-hill

8.1 Introduction

In this chapter the relation between the fundamental characteristics that
determine the relation between the geometric and mechanical properties of
shells structures will be further explored. These are the shape function, stress
function, thrust surface, and moment-hill. Triangular, rectangular and square
based shells will be discussed as their behaviour is more complex than
axisymmetric membrane shells. The internal shear and bending forces will have
to be taken into account.

moment hilf

/0 N\

thrust surface shape function

\ / >..
b

stress function <«----9 displacement field
8.2 “Twistless case”, moment-hill and thrust network / surface

The twistless case [87] is a phenomenon of slabs in which the flow of forces is
independently decoupled in two directions. The strips in these directions are
subjected to curvature and bending, but not to twist or torsional moments.
Two types can be identified, firstly continuous slabs which deformations fields
are due to the their twisless nature translation surfaces. And secondly beam
grids in which beams have bending stiffness K but no torsional stiffness, these
usually do not result in a translation surface [88].

. Y
1: translation surface z ¥ 2:twistless beam grid

w(x,y) = W(F(x) + G()) 184



The first type of twistless case results in a statically determined slab, after the
ratio of loads B in the two directions has been chosen. The displacement field is
a translation surface, it has curvature in the two directions but no twist. This
can be observed in the displacement function w, the x- and y-directions are
decoupled.

For the second type the ratio of loads depends on their respective bending
stiffnesses in the two directions. Thus this constitutes a statically indetermined
grid.

The moment-hill M determines the flow of the shear forces and thus of the
load and will always be equal, due to the constant total load. As with most of
the loads in this thesis we assume a uniformly distributed load p and a Poisson
ratio of zero.

pP=pzv= 0 ,
¥ a”—Xx
& Ely M=) i, =
py(b? —y%)
M, = yT with:p, = (1 —B)p

M= M, + My = 21B(a? - x2) + (1 = B)(b? — y?)]

dM,
vy =% = —fap

di,,
vy =—-=—0-Byp

_avx+6vy_ a )

P= o T oy T Bp Bp

1 _ 2a% — x? —y?

ifa=b—>,8=5andM=p( . )
_axp T oyp
T E Ty

The slopes of the moment-hill represent the shear forces in the two directions.
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e (x
: R r Ky ¥ ")
b, = K ) i A K T
: i &t E Y K = strip stif fness
‘; J L X i . b = width of strip
= > i iy ¥z X b
) }//»l 1 2y a = ratio of strip lenght,a = 2
&, A
Fib e B = ratio of loads

- bx

The second type of twistless case, the torsion-less grid of beams, can be
translated to a cable network with no shear panels. For both cases their

respective stiffness ratios can be determined with the help of a two-way sine
load.

., L X Ty
p =p sin— sin—~
) ) o*w 0*w
twistless case beam grid : p = me + Kya—y4
, ElL, ElL,
with: Kx = E,Ky = E
a*b* .. mx | my
w = TP atK, + n4b4Ky p- Sm; smT
, ata* .. mx | my

Wlth:CI:E—)W: mp-sm; smT

o*w a*K,
Px = K gd = @ik, + K,

o*w K,
Py = K537 = @ik, + K,) P

0%z 0%z H, H,
cable network:p = hxﬁ + hya—y2 ,with: h, = —y vhy = b_x
a’b? . mx | my

z= 2a?h, ¥ n2b2hyp : sm; sm7

0%z a’h,
Px= e ga = Gn P

2

p, = h 0°z h,,

Yoy?  @Phy+h,’

This ratio for the beam grid depends on the respective bending stiffnesses K of

the two directions, and for the cable network the ratio is fixed by the horizontal
thrusts H.

beam grid: Px _ bp = a4pr
Dy (1 - ﬁ)p Ky

2
h
cable network: Px pp =4

py:(l_,g)p_ hy P
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As the gradients of the moment-hill are the shear forces, by changing the
curvatures of the moment-hill the ratio of the shear forces changes
accordingly. The shape of the M-hill depends on both ratios a and B.

M = M, + M, [ﬁ(a —x3) 4+ (1 - B)(a*a® - y?)]
ifx=y=0:
i = g[ﬁ + (1 - B)(a%a?)]
dM
Vy = ——
X
dM
Uy=E

¥ M-hill

The step can be made from a twistless slab with “beams” in two directions to
“arches” in these directions, again using the beam — cable/arch analogy. Similar
as to the cable network. The vertical force v act as intermediate, dependant on
the M-hill for the load transfer, and on the shape of the shell.

Hy
by
d?z d?z
hegz +hy g
= pp+ (1 -PBp
—n dz_dM _
T ¥dx dx Bpx
_ dz dMm, e )
T hay Ty T By
shape moment
function hill

A shell with a translation surface as shape function, depending on its boundary
conditions, acts like a “twistless case”. If the shell has semi-rigid edges then the
horizontal support reactions will be zero and the loads will be transferred by
internal shear forces to the diaphragms, the shell is then not a twistless case.
In the situation of a twistless case the ratio of the load transfer will depend,
apart from the boundary conditions, on the ratio of the horizontal thrusts.
Compared with the twistless slab the ratio of horizontal thrusts is equivalent to
the ratio of the bending stiffness.

The next example concerns a shell, pin supported along all sides. Its shape
function will be derived.
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example twistless shell, deriving shape function of shell:

Mx ﬁp(az - xz)

h, = — =
Xz, 22,
_M, (1-Bp®*-y*)
Yz, , 2z, i
Bra Bra
Mx,max= Tzhx'ha_)hx= 2h,
Bp(a® —x?)  ppa? ha(a® — x?)
hx == = - Zx - —_—
227, 2h, a?
(1 - B)pb? (1—B)pb?
My,maszzhy-hb—) yZT
1 -pBp b*—-y*) (1 -p)pb? hy(b* — y?)
h. = = >z =—°- -
y ZZy Zhb y bZ
(@-x1) -y
= Zsheu = Zx +Zy = hq PE + hyp b2

The M-hill has been used to derive the shape function of the shell. Due to the
pin supports and the twistless case the horizontal thrusts are constant. The
stress function of the shell can now be derived, the horizontal thrusts are equal
to the projected forces.
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By altering the parameters of the shape function the curvature of the shell
changes accordingly. This has an effect on the ratio of the load transfer.

d2z C(th azhx
= _— g =7
Pe=hegr 2P = P T P T v h,
nE L aop hy
= —- (1 - =——
Py = Wyy2 L T n, P
_ a®hy  hy B
B=—r 7 27 = m
a’hy+h, h, a?(1—p)
h a?  2h h
ha¢hb¢0—>—x=ﬁp . b =t A
hy  2hg (1=B)pb?  hga?(1-p)
d?z
e Mg B0 1 B ke
py hy d’z (1-Bp he a*(1-p) kyy
dy?
px kxx

if h ="hy =h, then: —=-——
Py kyy

The ratio of the load transfer depends on the shape function and the chosen
distribution of the loads. In the next numerical example a different choice of
value for B leads to different solutions for the same shape. This should not be
possible, each set shape and its accompanying parameters leads to one

solution.

d’z ,
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S shellleft: 2= 255 cpeliighe: 2= — . 5
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1
choose: f = 7

5 1
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This is precisely the problem of thrust networks, each load case has an infinite
amount of solutions (statically indeterminate). But only one geometry / shape
function will be correct.

To solve the problem of multiple possible solutions, the method can be used as
described previously in chapter 4 with the help of minimizing the
complementary energy in the structure. For this example this will be done in an
approximate way, as it is more important to show the principle.

The result is the ratio between the load transfer and the curvatures in both
directions.

2
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The previous examples considered a twistless case where there are no shear
panels in the model, there are thus no internal shear forces that can contribute
to carrying the loads.

If a shape function is used which is not a translation surface, to describe the
shell’s surface it can still be a twistless case if the twist of the surface is not able
to carry loads. This is a hypothetical case, if the shear panels are omitted this
will result in a thrust network. A thrust network is a discretized thrust surface
without the shear panels and is in fact a twistless case.

i =0
4
b a*  nmx _ my
square base: z = — sin—sin—
q shell = 5 2 P P
X Ty

with:p = psin—sin—
p=7"r ) 2 2
pa® mx my
My =M, = -— sin—sin—
2 a a
dM, pa? my nx
Vy = —— = — sin—cos—
Y dx  2m? a a
dM, pa®* _mx my
v, = —= = — sin—cos—
Y dy @ 2m? a a

. T X
d a3 sin2 cos X 2
z TP
- hy—= hy- d azvx_)hxz_
dx 2m3 a?
M, m?p
or hy = — = —- = constant
z a
hy = hy

With: Ny, and ny,, # 0,1y, =7y, =0

The internal forces can be in tension or compression, but there are no shear
forces. The load is no longer uniform, but is discretized into forces which are
placed in the nodes where the bars meet, similar to the thrust network.
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no shear panels

thrust network thrust network

In a loaded twisted shear panel, due to its twist, the shear forces have a vertical
component which is able to carry part of the load.

N
\
y
s
w g\
\. \\" \ bar
\ W\
p W\ |
\ b\\ vertical component
x : (‘ of shear forces
@ o “)(5 i
shear panel N Portion of load carried by shear forces

due to twist

A twistless case is statically determinate, once a ratio of the loads (px/py) has
been determined [89]. To begin with there are infinite possibilities for
determining this ratio to carry the same total load. This is similar to a thrust
network, there are infinite solutions for a network to be able to carry the same
load. Each solution, height and topology, which provides equilibrium is a viable
option.

The ratio of “curvatures”, or because of the discretized nature of the network

the angles, of a chosen network determines the ratio of the load transfer in the
different directions.
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The geometry of a thrust network is thus dependent on the chosen ratio of the
loads. By adding shear panels to a thrust network the problem becomes
statically indeterminate, meaning the ratio of the loads can no longer be
chosen [90, 91]. For the given shape of the network we get a single solution,
the thrust surface.

L
47‘6\\

thrust network thrust network with shear panels

In the next section the full expression for the thrust network will be derived.
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8.3 Shells on a square or rectangular base

This section will discuss the relation between the four basic functions, the
shape function, stress function, thrust surface, and moment-hill of shells on a
square or rectangular base. Differing from axisymmetric membrane shells this
involves some out-of-plane bending, as membrane only solutions are nearly
impossible. More in detail on this in the last section.

W i ¥ H, = h,dy
e ) H, = h,dx
dy N .‘\‘ ny = hxy dy
X Loy H,, = h,, dx

pure curvature curvature and torsion ' %

For square, rectangular and triangular based shells the surface of the four basic
functions will not only be curved but also twisted. The consequence of this is
that the internal membrane forces and their projected components, will also
include shear. Which will contribute in the carrying of the load. In a
discretization of these functions the shear panels will need to be added.

shear panels

0z dz _ 0z _ 0z
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0z 0z 0z 0z
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B gy 007, 0%
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In sections 2.8 and 2.9 it was shown that the discretization used for the force-
density method and thrust networks results in a similar expression as the
differential scheme of the cable equation with the shear part omitted. By
adding the shear panels we get the full differential scheme of the complete
cable equation and thrust network [92].
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(A x)2 4AXxAy (A y)?
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* 9x2 Y oxdy Y 0y? Pz
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4.(axayy

}
(2 o) x)
7 # ' 3
W N 7N
e =)
e Nz

J
I

When these equations are solved, a thrust network including shear panels is
obtained and thus the thrust surface of the load can be determined. The
problem is statically indeterminate, and can be solved by minimizing the
complementary energy for the system or by solving the stress function, see
section 8.7.
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The differential scheme can also be used for a discretization of the stress
function and the moment hill, because they are applicable to all second order
partial differential equations.

shear panel
Az; + Azj + Az, + Az,
2Kyy =
Xy
with: Az; = z, — 74,
Azj = 74 — 73,
Azk =23 — 23,
Azy =2y — 274
ke = —zy+2zy— 23+ 2, _f_?,%_t:f Zy % S20 4 g 322
xy = X e Jo e £
y X‘j x‘j 01(0\:‘)

The importance of the equations being second order is that a thrust line of an
arch and the thrust surface of a shell are material independent. For the arch
this means the problem is mostly statically determinate, depending on the
boundary conditions. For some shells the thrust surface is statically
determinate, for example of axisymmetric shells, see chapter 7. The analogy
between the M-hill and its equivalent membrane equation will be used to solve
the next example, shells on a square or rectangular base with hinge supports
along all edges [93]. Its equivalent slab is equally hinge supported along all
edges, see section 8.6.

soap bubble, with: ny, = n,, =nand n,, =0

o I';.L _)n<a_2Z+a_ZZ)_p=0
il | .-._—!-uu Ox? ayz
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5 16pa® ~ 1 n-1 COSh% nmx
Z=Zvjf-pin = n Z E(_l) 2 11— b | €95 2a
n=13,5.. | cosh— -

M — hill:

M-hill

W= —p 0%w N 0%w ' B
- 0x%2 = 0y? v, = oM = max
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9%z 0%z oM _ 6
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The expression for the moment hill of the twistless case adheres to the
analogy, and is thus a correct M-hill. This also holds for the slab with torsional

stiffness.

moment hill twistless case:
_ p
M =2 (8@ =22 + (1= B)(b? ~ y?)]

p 0%z 0%z 92M  9*M
analogy:;= W+— =p=-— +—

dy? dx? = 0dy?
Zom o = =5 [B(@ = ) + (1= {)B? = y2)]
L(Pr O=Fr\_»p
n n B n

In this analogy, taken from slab theory, an inflated membrane is equivalent to
the moment-hill. The analogy has been used to derive the stress functions in
chapter 7 for the axisymmetric shells. For these shells the surface of the
moment-hill is curved. For shells on a square or rectangular base the surface is
curved and twisted.

M-hill A

square

circle

The trajectories of the maximum shear forces v, in slabs, which are the curves
of steepest ascent of the M-hill, are equivalent to the trajectories of the flow of
forces of a shell. Comparing the trajectories of a circular or square moment-hill
it can be observed that for the latter the lines are skewed outwards like
tendons running over an inflated balloon.
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M — hill, round versus square

The flow of forces for shells on a square, rectangular and triangular base nearly
always involves shear forces in the shell. The strips of the load transfer are,
different from the twistless case, not aligned in a orthogonal grid. But the strips
do follow the trajectories of the flow of forces.

M — hill

strip is curved

|
i : V,
! =
Bl : | strip is curved and twisted
|
!
¥
aM
Vo= 2 (
e m= () 6
Nt = Ny = \\4
Y 3 m
_ 0z . 0z = e
Uy =Npp—+1n 0\
_aM n nn on nt ot > N
m T 0z 0z

An example of a shell on a square base is the bubble shell. The shape function
of the shell is the same of the inflated membrane. The shell is also subjected to
a uniformly distributed load p. In order to find the stress function, the
approximation of the shape function will be used as found in the “Theory and
practice of membrane shells” by Pal Csonka [94].
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The example Csonka uses starts from the stress function and derives the
accompanying shape function. Because Pucher’s equation allows for both
functions to be interchanged (see section 8.8), the expression for the stress
function will be used as shape function. Thus a useable stress function for this
problem is obtained.

bubble shell

It is impossible for this example to find a fully analytical solution for this
example. On the basis of the shape function an analytical solution can be found
for the edge of the stress function and for the horizontal thrust 7,,. Using the
results of the numerical solution found in Csonka the shear stresses along the
edge can be estimated. Because the shell is flat along the edge in the parallel
direction the shear force is not able to carry any loads, this results in bending
moments and shear forces in the edge zone.

for this example the reciprocal charateristic of Pucher's equation will be used to
interchange the shape function z and the stress function ¢ as found in Csonka:

(a? = ¥*)(a? = y?)
at — x2y2

Zshell = —2K< >, with K the height of the shell can be chosen.

N 1 3(x)2+1 13 3(")2
pa X X 7 -3z
Dreage = — 16K (5) \/§E arctanx/_a —3arctany/3 — > In—% 4 + > 2 a

_ azd)'edge _ pa4 (az - xz)

Tovetse =" 5x2 = K GRG0 1 a)
_ 0z _ 0z 0z 4 0z
Vyedge = nyya-l‘ Tlxya with: @ = 3 and FP =0
4

= Vyedge = Myy"” =7

— the discrepancy between vy, 1,4 and vy cq4e has to be carried by out — of — plane
internal shear forces and bending moments
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stress function

M — hill
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|
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schematic diagram a 0 a

FEM calculation o=

Figure 46 FEM calculation [image by Peter Eigenraam]

The M-hill shows the flow of forces. The stresses of the bubble shell have been
validated by FEM calculations. In the last section it will be outlined how to deal
with the bending moments and shear forces.
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8.4 Shells on a triangular base

For a shell on a triangular base it is possible to analytically derive the basic
functions. The first example is an equilateral triangular shell with pin supports
along its edges.

h
Zshent = m(xz +y? — 4a?)
dz hx dz hy \ -
dx 2a?2’dy 2a2 y =
d*z h d?z h

dx? ﬁ'd_y2= 2a?

The shape function is given and the M-hill of the p-load will be used to derive
the stress function.
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The solution is very similar to the twistless case shell from section 8.2.

M-hill

For the same shell the boundary conditions will be changed. The vault like pin
supported edge will become a semi-rigid one. This means that the edge can no
longer take up thrust perpendicular to the edge, only shear forces can be
taken. Structurally the edge will include a diaphragm.

The derivation below of the stress function for the semi-rigid edges is taken
from the forementioned book by Csonka. It is based on the premise that the
stress function is equal to zero along the edges, as a consequence of the
boundary conditions.
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Using the stress function, the correct function for the M-hill can be
constructed. The M-hill for the semi-rigid boundary conditions will have to
include shear forces. The surface of the altered M-hill will be curved and
twisted. This will be reflected in the flow of the vertical forces.
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12a
p—load boundary

condition
This result also adheres to the membrane equation, as would be expected for a
M-hill. From the expression can be seen that the new M-hill is a tranformed
version of the p-load M-hill. This is the result of the boundary conditions. The
new surface of the M-hill is no longer a translation surface, but it now includes
twist. Shear membrane forces can be expected in transfering the load.

£=D

fory=0 |

moment hill |

stress function

M-hill
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8.5 Properties of trajectories

It is important to note that the trajectories of the force flow / load transfer and
the principle (projected) membrane forces are not the same.

The first relates to the load path, thus along which lines the load is transferred
to the supports and these lines are gradient curves of steepest decent of the
M-hill surface.

The second relates to the state-of-stress of the shell which is the result of its
membrane forces (bending is not considered here, see section 8.10/11). The
trajectories of the principle projected membrane forces (71, ,) are lines that lie
on the stress function and have normal and geodesic curvature (section 6.5).
The trajectories of the principle membrane forces (n, ;) act in the cross section
of the shell’s surface (shape function) and lie on it. The lines have normal and
geodesic curvature and geodesic torsion.

trajectories of n
principle projected |
M-hill membrane forces
flow of forces/ load path: principle projected membrane forces:
oM _ 0z . 0z . ~ —
Vp = —=—— = Ny = + Ny = = max 3 n n Ny — N _
"= a0 "Moan ™ot 12 =¥i\/<¥) _|_nxyz
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8.6 Boundary conditions

Boundary conditions are important in determining the flow of forces [95]. A
straight edge of a shell will not be able to carry a thrust perpendicular to the
edge, a funicular arch is better suited [96]. This can be found by an inverted
hanging model, either by a physical or numerical model. In the next section will
be discussed what this means for an inflated membrane with “free edges”,
analogous for a shell with semi-rigid supports.

edge cable

funicular arch

In previous sections it was shown that if the boundary condition is pinned the
M-hill for a uniformly distributed load p is an axisymmetric parabola. This fits
with a pinned supported circular slab. The equivalent for a square or
rectangular slab is a twistless case. The M-hill strips of the flow of vertical
forces are curved but not twisted.
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| p—load — T

M-hill

‘\ p-load twistless case
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A shell with curved and pinned edges is not a very common solution, it is more
theoretical and served its purpose in proving a principle.

Three realistic boundary conditions of shell will be discussed with their slab M-
hill analogy. The first is the square or rectangular based shell with straight
edges, like the bubble shell from section 8.3. Its M-hill analogy is the simply
supported plate, the boundary conditions are equivalent and because the shell
is square or rectangular the M-hill strips of the flow vertical forces are curved
and twisted.

Simply-supported plate Shell on pin supported edges
M-hill

CIITLT YT
SN\ ) 1]
SN

=N |/ =
[ = —= g |
L\ NN
—*’-.':7 /f \) \ \\E:‘“*
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For shells with curved edges there two types, those with semi-rigid edges or
free edges, like the triangular shell from section 8.4.

Point supported plate
(with free edges)

plate subjected to distributed load p

A\
Point supported plate (twistless) Shell with free edges
(with free edges, no rotation)



Semi-rigid edges take up shear stress, which implies that the surface of the M-
hill has to be twisted as well as bent to be able to accommodate the correct
flow of the vertical forces.
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Figure 47 shell surface (shape function) is taken equal to surface of M-hill, its (polyhedral)
stress function and the horizontally projected forces and the load distribution [image 101]

For the shell with free edges the accompanying M-hill needs to have flow
trajectories that run parallel along the edges. The continuous slab on columns
has such trajectories. Perpendicular to the axis of symmetry the rotations are
zero, thus there are no shear forces along the shells edge. This also results in
slightly turned up edges for the shell, which is positive for the load transfer.
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As long as the rotations perpendicular to the edge are zero there are two types
of M-hill permittable, slabs with a stiffness or the twistless case. For the last
situation the shape of the M-hill depends on the correct ratio of the “edge
beam” stiffness B and the field stiffness K.

Px Dyb a-p

K, By X B %
Py DPxa B
y_&55% p __ P g
K, B, Y a-p

BB, = K;b-K,a

The “edge beam” of the M-hill is equivalent to the edge zone of the shell,
usually an upward edge.

M-hill shell with free edges

M-hill shell with free edges, twistless case
Figure 48 shell surfaces (shape function) is taken equal to surface of M-hill and its load

distribution [image 101]

The M-hill represents the flow of forces v of the load for the shell and depends
on the boundary condition of the shell. The shape function of the shell, thus its
form, and the internal stresses, governed by the stress function, depend on the
flow of forces and the M-hill.
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8.7 The relationship between the four functions

thrust surface ({ )

stress function () moment hill (M)

shape function ( Z)

In previous section the close relationship between the four functions was
shown that determine the shape of a shell in relation to its flow of forces.

shape function

moment hill

stress function
t a a A

The example of the funicular will be further discussed. The M-hill for a

uniformly distributed p load is the parabola. For the equivalent loaded circular

slab [97] the M-hill is the summation of the radial m,r and tangential mee
moments.

Mgy

— pa m
1 | 1
[,;2
8

moments of circular slab with load p

—» tfla

p

(5

P =ma’p

Mgy = Ngg = 0



The part of the radial moment not concerned with equilibrium but which is the
result of compatibility issues will be discarded. Because the M-hill is the
summation of the two moments there are equivalent radial and tangential
membrane forces in the shell. Both moments contribute to the flow of forces.
With the funicular shell there are no radial forces. The funicular shell can be
considered as an axisymmetric collection of orange peel shaped beams.

The “natural” flow of a uniformly distributed p load is the parabola, the
funicular shell is an exception.

12 022+ 10z
n  \dr2 raor
p
= Zvff—hi" = %(Tz —a?) ) )
0*M 1aM>

use the analogy: —p = (W + .

p@-ry_ 3@ -1’ pGe-r?) pa’
4 rr 00,red 16 16 P

Myr mee,red

- Mp—load =

2 pr
panr - +v.2nr =0-> v, = - or:
v = dM _dmy,  dmggreq  3pr pr _ pr
= — - _ _Pr

dr (dr3 3) dr 8 8 2
bola” —T . P pa
Mipryst = T,Wlth Po= o——=—

2at = 2
p(a®—13)

6 )
poa® _pa’ M
~h

= Mipryst = and mgg =0

pa’
6h

if r=0then: Mypyqyst = — = —: "H"

V. = AMpryst _ Porz pr
= =

The relations between the functions will be exemplified by the equilateral
triangular shell with semi-rigid edges. Start with constructing the M-hill by
virtue of the membrane analogy for slabs with the correct boundary conditions;
a slab on three corner supports and with free edges. From the M-hill follows
the flow of forces. Then the shape function of the shell will be introduced. With
the help of the projected forces and Pucher’s equation the stress function can
be derived and finally the internal membrane forces. In the next section the
thrust surface will be extracted from the stress function.
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p_(0°z 0°z)\ . : .
solve: — =32 +—— |, including the appropriate boundary conditions:
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with transformation equations:
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(nxx = Nyx Z =
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The solution of the membrane analogy is an approximate stylized M-hill
surface. By inspecting the function for the edge of the membrane / M-hill it can
be observed the edge zone of the surface is anti-clastic, this is due to the
boundary conditions of the free edges.

membrane equation:

0%z 0%z
n ﬁ-}-a_yz =p fory=0 ek =
With: Zeg_pinr = Jj (3ax? + 3ay? — 2x3 + 6xy? — 28a3) . Anti-clastid
0%’z p (a—20)
ox2  2an ¥
72 _ P (41 2x)
dy?  2an aTex 1
3p
forx=a = zeqge = E(yz — 3a?)
0%z P 0%z _3p
0x%eage 2n’ ayzedge 2n :
_P 3_p> - 5 arn
- n( 2n + 2n) P

The boundary conditions involves a diaphragm due to the displacement
perpendicular ux to the edge being equal to zero. This results in the surface of
the inflated membrane having an anti-clastic zone along the edge. The analogy
with its equivalent slab is the concentrated shear force in the “hidden beam”
along the edge.

~._anti-clastic By

n ? W o ‘%?* =0 ;i‘ :3\ X 1\ x
‘ N @ ok .
~» n i . /}/’ Mxy ™ g
anti — clastic edge “‘é : ~ b
membrane: T ///
aZZ p /’/ 2
axzedge ZTI.

2 "hidden beam":
0°z 3p = diaphragm concentrated
ﬁ = 2_ :,\ shear force

5 d

Y eage n free edge T B My

ree edge ay

For constructing the surface of the M-hill the force density method can be used
[98, 99]. With this method inflated membrane surfaces can be relatively easily
created. For more details see the thesis of Daoxuan Liang, “A Parametric
Structural Design Tool (Grashopper Interface) for Plate Structures” [100].

Usually the total set of force density equations have too many unknowns to be
solved, but for an inflated membrane the internal stress n is constant as is the
load p. This means that in each link of the discretized mesh the force density is
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equal. Together with the correct boundary conditions the equations can be
solved resulting in the M-hill. For a M-hill with pinned supports the boundary

conditions are simple, along all edges z = 0.

mesh with load p = 1

points in equilibrium ., . ,

b
| ﬁrrkt){ I'p I 1\/;,
o
] / :I:h
N
. : b, :
creating the M-hill —i mesh N M-hill, free edges
D 0%z 0%z 0’M 09°M
Tl =t—=|z=p=—( 5+
n 0x?  dy? 0x? = dy?
N
force density: q = 7= l—p, N, and [, relate to the horizontal projection

p
nbp

with: N, =n-b, > q = i

P
E,=p-l,b,

Figure 49 constructing the Np
M-hill using force density solve: Z Az l_ —Futor =0
14

method [image 98]

andn=1,p=1

include boundary conditions: — M — hill

But the M-hill for the case with free edges, like the example of the equilateral
triangle, requires that the correct upward curved edges needs to be

determined first and then the rest of the surface can be constructed using the
force density method. The edges can be determined with the help of the finite

difference method.

Figure 50 M-hill
and its load
distribution
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8.8 The reciprocity of the shape- and stress function

As can be observed from Pucher’s equation the shape function and the stress
function can be switched given an initial M-hill as long as the result of their
multiplication remains equal as they are reciprocal.

Once again the M-hill analogy is used to derive the stress function in
conjunction with a shape function, but with different boundary conditions. In
this case fully pinned and able to take up thrust as well as shear forces.

p 0%z 0%z _
solve:— =|=—+-— z
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The M-hill belongs to the case of a simply supported slab, and thus the shell
has pinned edges. After switching the shape function for the stress function the
boundary conditions change accordingly, and thus the M-hill.

the derived solutions satisfy Pucher's equation:
0%z 0%¢ 0%z 0%¢ N 0%z 0%¢
d0x? dy? dxdy 0xdy = dy? dx?

+p=0

the shape function and the stress function are reciprocal and can be switched:
a
b2 = —Z—h(xz +y? —4a?)

h
Zshel2 = m(6ax2 + 6ay? — x3 + 3xy? — 32a3)

pa _ pa

With:ﬁxx = —ﬁ,nw = —E rr_lxy =0

The result is a vault like pinned shell, with no allowable shear forces along the
edges.

jfory=0 ‘ forx =a

ma=S
-

shape function2|/

shape function2/
| stress function

stress function1

stress function2
shape function1

~

stress function2
shape function1

initial .
moment hill

2 A 0

Both solutions satisfy Pucher’s equation and carry the same load. But by
switching the functions the load distribution changes due to the different
boundary conditions.
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8.9 From stress function to thrust surface

In the thesis of Pim Buskermolen, “Shell Structures, On the relationship
between moment hills, stress functions and thrust surfaces in the design of
shell structures” [101] the parametric relation between the stress function and
the thrust surface can be found. This was done using a parametric tool based
on the reciprocal figure (Maxwell, 1864) [102] of the polyhedron Airy stress
function.

But first the other method will be discussed via the force density method and
the primal grid.

Discretized surface Surface

Horizontal Polyhedral Airy Airy Stress function
equilibrium  stress function

Vertical Force Density Pucher’s Equation
equilibrium  Method

When Pucher’s equation is discretized it results in the force density equations,
apart from representing its middle term regarding the membrane shear force.
This omission is solved by adding shear panels or diagonals to the network.

A thrust network, in this case with shear panels, or its equivalent diagonals so
that the network is form stable, is used. The network can be solved by
minimizing its overall total complementary energy (section 4.5) or by solving its
stress function using the method from section 8.11. A horizontal projection of
the thrust network can be made, the primal grid.

the primal grid: nodes
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Figure 51 form stable thrust network and its primal grid: the horizontal projection



When the problem has been solved by the complementary energy method the
entire geometry of the thrust network is fixed, including the he heights of the
nodes of the thrust network.

Alternatively when the stress function has been solved (via the method of
section 8.11), the projected forces are known, which lie in the same plane as
the primal grid.
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Figure 52 (polyhedral) stress function and its horizontal projected forces [images 101]

From the primal grid the connectivity, projected length and the position of the
nodes and bars can be extracted. These can be used together with the force
density formulas (section 2.9) to determine the heights of the nodes of the
thrust network.
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the primal grid: extracting information on length, angles and connectivity

Figure 53 reciprocal diagrams: primal grid and force polygon of horizontal projected forces
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Normally the force density formulas cannot be solved as there are too many
unknowns. But because the projected forces can be taken from the discretized
stress function. The force density of a bar in the network is equal to the force
density of the projected bar. There is now enough information to be able to
solve the equations. Including the boundary conditions, as there are now as
many unknowns as equations. All the z-coordinates of the network can be
solved [103].

projected force

N ¢«—— taken from stress function

-value's for Force Density from Stress Function
€— projected bar length

taken from primal gird
275 QOfR 6 +(2503 = ORR-6-0

-remove variables

zz;s; *(“ 25" -0

-solve the system (Z Az * ) Do =1

The second method, as described in Buskermolen, uses a reciprocal figure of
the stress function for the thrust surface. See image 54: (=) For this purpose
the M-hill and the shape function of the shell are taken to be equal. (1) The M-
hills have been produced by the method as described in section 8.7. (2) From
the M-hill via the method described in section 8.11 the stress function has been
determined.

@ Moment P;II (M) @

Shape function (z)

@ Thrust surface (f)

Airy stress (@)

Figure 54 relation of the three surfaces [image 101], 218
whereby for this example the M-hill and the shape function are equal



(3) The discretized stress function is the polyhedral stress function for which
there is a reciprocal figure [104], the thrust surface.

RECIPROCAL FIGURES

Polyhedron A ((/.I‘..\'J {L\'I*ﬁ_l’+]/
Airy stress l [
Polyhedron B Z=rx—qy+s =B,a,y)

Thrust surface

z=ax+fBy+y (Face of Airy stress mesh)

-p.a, Vertex of thrust surface
Airy stress mesh Thrust surface (=8.a.7) ( )
(q,r,s) (Vertices of Airy stress mesh)
Z=rx—qy+s (Face of thrust surface)

Figure 55 creating reciprocal figures [images 101]

The flow chart and the complete procedure is discussed in the thesis of Pim
Buskermolen. Here is a result of an example.

Airy stress mesh Thrust surface

thrust surface

Figure 56 reciprocal figures: (polyhedral) stress function and the thrust surface [images 101]
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The M-hill, the stress function and the thrust surface of the semi-rigid case.

shell on semi-rigid edges

Figure 57 shell, its (polyhedral) stress
function and thrust surface [images 101]

It is observed that the thrust surface has a different foot print than that of the
M-hill. The shown thrust surface only contains the compression membrane
forces, but for the semi-rigid case with straight edges there are also membrane
forces in tension in the edge zone. This result is to be expected, as was
explained at the beginning of section 8.6.

The shape function (in this case the M-hill) on a rectangular base with semi-
rigid edges has infinity high (shear) stresses in the corners due to the p-load.
The membrane state of stress for this case has a stress function which
reciprocal diagram results in a non-continuous surface along the edges. It has a
turned-up “truss-like” edge, with alternating trajectories of tension and
compression.
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This membrane state of stress is an idealisation and in fact the p-load in the
corners is predominantly carried by moments and shear forces (p»-load) and
less by membrane forces (ps-load), see section 8.11.

Shell surface

10
08 0s | EP
cormar antee fr—
; st T i B ey
Airy Stress Function ¢ pe oim e = ~d
0.5 0s
Ps - load
o -0
15 N
Displacements w
20| 20
P» - load P ] o
applied  pressure
ol 3.0
P = ps + Pp Ps along the diagonal Billang e flagond

Figure 58 load carried by membrane forces and bending moments [image left 108, right 107]

As with the thrust line of an arch, the height of the thrust surface of a shell can
be scaled with the intensity of the load.

scaling thrust line / thrust surface

Figure 59 scaling the thrust
surface [image 101]
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Alternative to the polyhedral stress function, the continuous stress function can

be used as described by Maxwell [105] to find the reciprocal diagram, in this

case again the thrust surface (7).

Maxwell (1868) proposed a mapping between two functions, say F'(x,y) and F*(f,-n):

OF OF . OF oF
Sar "oy T e ey T
OF”" oF*  OF" OF"

ir:aig, y:ain. = £a£+?]7‘F

When F(x,y) and F*(&,n)are smoothly differentiable, a point on F'(x,y) maps to
another point on F7(£,7),and vice versa, thus Maxwell classified them as reciprocal

diagrams.

Figure 59 mapping of reciprocal diagrams [image 74]

For uniformly distributed p load the thrust surface (¢) will be derived by taking
the reciprocal diagram of the stress function of its M-hill, which is again taken

equal to the shape function.

_ p(a? —1?)

Mp—loai - 4
_daM  pr
~dr 2

Maxwell’s method for mapping reciprocal diagrams will be used for the
procedure.

. . p(a® —r%)
take for the shape funtion the moment hill: zg_pyy = ————

19¢ dz dM 16(1) pr pr _r?
vor @ ar Crar T2 2°%% f—dr—f‘”’”—‘f”

with:r=aand¢=0—>C— >

(a*—r%)
Pit—nin = ————
M I F = oF* 6F
axwell: 3¢ 6

with: F = CI)M hill ™

= (GF* —r) B (a®> —1?)

FI 2
and take & = r for equivalent scale
2 _ 3(12
(§? —¢a®)

or including scalefactor ¢: A
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The derived formula results in a scalable thrust surface.
[ | z

'stress function M-hill ¢

scaled thrust surface
05 | ¢C=1

thrust:surface:(

The thrust surface of the p-load is parabolic, which means that it has meridian
as well as hoop forces in the thrust surface. Just as with the arch, the projected
meridian forces 7, are constant.

The thrust surface of the p-load which has no hoop forces is cubic (section 7.3)
and is not the reciprocal diagram of the stress function of the M-hill. For the
cubic thrust surface the horizontal thrust N, is constant and the projected
meridian forces n, are not, see also section 7.6.

parabolic thrust surface:

— thrust surface is the reciprocal diagram of
M — hill stress function

Ny = Ngg = constant

cubic thrust surface:

— thrust surface is not the reciprocal diagram of

M — hill stress function

N, = "H" = 7n,,.r = constant

N, ¥ constant
The reason for this is that the cubic thrust surface has no two dimensional state
of stress, like the parabolic thrust surface does have.
In fact the cubic thrust surface is a one dimensional corbel-like arch ("false
arch") turned into a surface of revolution. When the stress function of the cubic
funicular arch, of section 7.2, is derived we can compare it with the parabolic
funicular arch, see section 6.2.

0%¢ 0%z _ 2qox
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Zaren(X) = a3 = 9x2 = T3
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a3
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Both their stress function is parabolic in one direction, which means that for
each case the horizontal thrust H is constant. If the comparison is extended to
their respective domes (section 7.6), it can be observed that the two stress
functions are no longer congruent. The horizontal thrust “H” of the cubic dome

remains constant

parabolic: x?

2

— qa 2 . * __
arch: p = ———y“, withf* =h

4h

dome: ¢ = ah

[opee]

parabolic dome

a?p(a® — r2)

cubic: x3
2
qoa
h:p = — 2
arch: ¢ h y
dome: & = a’p(a—r)
ome: ¢ = h

/15/ 0
parabolic arch

ne

/ 0
cubic arch

stress functions

— =

ngK
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8.10 Discussion; bending moments in shells structures

Not for all shapes or boundary conditions for shell design is there a membrane
only solution. Some out-of-plan bending is inevitable, this should be minimized
as much as possible. In addition to the four basic functions the displacement
field, and thus moments and shear forces, play a role when bending is needed
to complement the membrane forces in carrying the load, as is explained in

section 8.11.

moment hill

/0 N\

thrust surface shape function

\ / L
..‘

stress function <----% displacement field

One of the Heinz Isler models scanned and analysed by Peter Eigenraam and
Andrew Borgart is the shell design for a series of sports halls built by Isler [106].
For the purpose of analysing its behaviour the author devised a simple method
to assess the structural performance of the shell, see section 5.7.

100?
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compression “\. 0
.. curved T

tension
50%

/. _slab
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compression .
g shell — I:ir:I —
2 o

n

20% 50% 80% . A00%

Figure 60 analysing shell Heinz Isler [images 106]
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Figure 61 FEM calculations shell Heinz Isler [images 106]

The assessment takes into account the ratio of stresses as a result of internal
membrane forces g, and of bending moments om, and distinguishes parts of
the shell being in compression or a combination of tension and compression.
The shell can be assessed as being in a state of a pure membrane, a slab loaded
out-of-plane or as something in between, more a curved slab. The assessment
is also correlated to the eccentricity of the thrust line with regard to the shells
axis.

As can be observed for the Isler shell the curved upward edge zones, needed to
limit the deflection as a result of asymmetric loads, have considerable amount
of out-of-plane bending. The synclastic curved part of the shell is nearly a
perfect membrane shell in compression. This is a nice example of the necessity
to have some degree of bending in a shell.

The demonstrated methods in this thesis can be further developed and
integrated and used for designing and analysing shell structures. The advantage
of a software tool or tools would be its ability to explore the shell’s structural
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behaviour in a visual manner in a design process. FEM calculation would then
only be needed at the very end of the design stage to verify the results.

By optimizing the flow of forces and thus the load distribution a complex
geometry shape was found with a minimum of bending moments and most of
the loads are carried by membrane forces. The flow of forces is shown a
particle “rain shower” which represents the load path, in fact the shape
function of this shell was very close to the M-hill for this case.

shape function flow of forces

Figure 62 “rain shower” , load distribution of shell [images 52]

During the form finding process the flow of forces was the driving principle and
in each iteration of the process it could be observed after each slight
modification of the form that the amount of bending moment in the shell

decreased.

bending moments in shell in first and last shape iteration

Figure 63 FEM calculation shell, top view [images 52]

In most cases shell structures have a certain degree of bending moments, in
the next section it will be explained how these can be determined by solving
the static-geometric relations for thin shells, see the next section.
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8.11 Numerical procedure for solving the static-geometric relations for thin
shells

As concluded in section 8.3 square shells will always have some bending
moments and shear forces to help carry the loads, this holds in general for
most shells. In other words the thrust surface is no longer material
independent, and the flow of forces resulting from the M-hill can no longer be
exclusively resolved into membrane forces.

T PR 9
_ z z My Myey
T g Ty T T T gy
5 Ds 5 P Db P
_ z z my,, Myy
Ty T Ty T
Ds 14
ov, 0v,
p=—F5-—5"
d0x dy

_ 0%z 9%¢ B 0%z 9%¢ N 0%z 0%¢ B 0Pmyy 0%y, N 9%*my,,
p 0x? dy? d0xdy 0xdy  dy? dx?
Ds Pb

In this case the full set of shell equations, the static-geometric relations, can be
used [107]. The first equation relates to equilibrium, part slab action p» and
part membrane action ps. The second equation concerns the compatibility
expressed in the change of Gaussian curvature g, again one part relating to slab
action g, one to membrane action gs.

equilibrium:
o*w o*w  o*w 0%z 0%¢ 0%z 0%¢p 0%z0%¢
D 7ttt 2 9v2 t5.25,2) 7P
d0x Jdx40y dy Jdx*4 dy 0xdy dxdy 0y* 0x
Pp +Ps =P
compatibility:
1 04¢>+2 a*¢  d*¢\ [(0%°z0*w ) 0%z 0*w N 0%z 0°w\
Et\ ox* dx20y?  dy*) \0xZ?dy?2 0xdy dxdy dy? dx? -9
9s=9p =9

These equations can be solved numerically, for further detailed information see
the master thesis of Kris Riemens, “A Parametric Structural Design Tool for Shell
Structures” [108].
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The numerical example shown here is the analysis of an actual shell designed
by Heinz Isler, the Hallenbad in Brugg from 1981.

Figure 64 Hallenbad by Heinz Isler [image Peter Eigenraam]

The geometry used for the numeric analysis comes from 3D scans of the real

scale models of Heinz Isler, done by Peter Eigenraam together with Andrew
Borgartin 2011 [109].

) MadelSpace: isler010_.

maﬂmhmmummmmhw
[z mree|ze2|s @z aangnl|o~|se
‘JJM,@IM&J:\-&H@@TH GaEs adTeeh

En e nbbe [@

Figure 65 scanning of models by Heinz Isler [images 106]

For simplicity the shell has been analysed with a uniformly distributed load and
with semi-rigid edges.
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The procedure revolves around determining the change of Gaussian curvature
for each mesh point of the discretized shell surface. Once this is done the stress
function and the displacement field can be determined. The total load p can be
split into the part that will be carried by membrane forces ps and the other part
by bending moments and shear forces py [110].

The global procedure with its different steps is represented below. For the total
procedure see the aforementioned thesis of Kris Riemens. A global overview is
provided here below, as well as the main results for this example.

Geometry & Mesh
Component

[
' ] t 1

Loads Curvature Stretching Boundary Bending Boundary
Component Component Conditions Component Conditions Component

f

¥ T T
7]
— | | —

Shell Calculation

Component gS = gb = g

T

- divide the surface of the shell into a mesh

— specify the loads on the mesh

— determine the initial curvatures of the shell surface

— set the boundary conditions

— express the stress function (¢)and the displacement (w) in (g)

— express change of Gaussian curvature (g) in the load (p) and add the boundary conditions
- solve equations to calculate the change of Gaussian curvate in each mesh point

— determine (¢p)and (w)

— determine (ps)and (py)

— determine the support reactions and the internal forces

_(P20%¢_ 0%z 9 9%20%
Ps =\ 9x2 0y? 0x0y 0xdy 0y? 0x2

_p 64W+2 o*w +64W
Pp =P\ 9x4 0x2dy?  Ody*

Figure 66 flow chart procedure [image 108]

After the problem has been solved the internal forces of the shell can be
calculated. The result of the stress function and the displacement field is shown
in the next image.
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Shell surface 1
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Figure 67 load carried by axial forces or bending moments [images left 108 and right 110]

Using a fine enough mesh the results are very accurate compared to a FEM
analysis of the shell. This analysis has been performed by Pim Buskermolen.
The calculcated displacement of the axis of symmetry of the shell is shown in
the graph below.
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Figure 68 accuracy method [image 108]
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9 Conclusions and recommendations

9.1 Conclusions

Different analytical procedures and methods to analyse arches and shells have
been described in this thesis. The method set out in chapter 4 is an
approximation. The method set out in chapter 8 provides a more insightful set
of relations, the slab — shell analogy.

The thesis comprises of three parts, the first part (sections 2 to 4) focusses on
2D and 3D graphic statics, the reciprocal relationship between cables/arches
and trusses and (in)determinate graphic statics.

The relationship between form and force and the equations of
equilibrium, force density method, thrust network analysis and the cable
equation are essentially the same in which the force density is the scaling
factor between the form diagram and the force polygon, this can be
explained and visualized by graphic statics (sections 2.6 — 2.9)

The mutual relationship of trusses and cables/arches can be described by
reciprocal structures, this holds for their force polygons, form diagrams
and state of rigidity (chapter 3)

Trusses and cables/arches have a dual relation. For statically
indeterminant trusses the sum of the squared bar axial forces weighted
by their length has to be minimal, and for cable structures to find their
equilibrium geometry the sum of the squared tie lengths weighted by
their force densities also has to be minimal (section 3.7)

Three dimensional graphic statics, such as thrust networks, which are
mostly statically indeterminate, can be solved by minimizing the
complementary energy. This makes it possible to find the geometry
which is in equilibrium which would be the result of a FEM calculation
out of the infinite number of possible solutions (sections 3.8, 4.5 & 4.6)

The second part (sections 5 and 6) deals with statically indeterminate arches
and their stress functions.

Maxwell’s load path theorem is also applicable to indeterminate arches
(section 5.4)

As with the thrust network the correct thrust line for a statically
inderteminate arch can be determined by minimizing the
complementary energy of the system
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- For arches Pucher’s equation, which is normally used to determine axial
forces in arches and shells, can be extended to incorporate the
eccentricity of the thrust line if it deviates from the arches shape
function to determine the amount of bending in the arch (section 6.3)

- Itis possible to apply the principles of Mohr’s first and second moment-
area theorem’s to the static-geometric analogy, thus for deflections and
the stress function (section 6.4)

- The stress function can be visually represented by graphic statics, just
like for cables and arches using a form diagram and stress polygon
(section 6.7)

The third part (sections 7 and 8) deals with the relationship between the four
fundamental properties of arches and shell structures, namely the shape
function, stress function, thrust surface and moment-hill.

- The M-hill and its load distribution can be used to derive the stress
function and thus the internal membrane forces of (axisymmetric) shells,
the last in range off results of classic shell theory (chapter 7)

- The M-hill is an equilibrium surface with the lowest energy considering
its load and boundary conditions

- The established beam — arch analogy also holds for shells and their
equivalent slabs and is in fact the one dimensional version of the slab —
shell analogy (chapter 8)

- The moment-hill of its equivalent slab is responsible for the load
distribution in shell structures (chapter 7 and 8)

- For each set of boundary conditions for a shell there is an equivalent slab
with dual boundary conditions (section 8.6)

- The shape function, stress function, moment-hill and thrust surface of
arch and shell structures are directly related by means of interconnected
functions (sections 8.7 and 8.9)

- The shape function and the stress function are reciprocal, with the M-hill
acting as an intermediate and determined by the boundary conditions
(section 8.8)

- The out-of-plane moments in shell structures can be determined with
the static-geometric relations for thin shells by solving the change of
Gaussian curvature g (section 8.11)
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9.2 Recommendations and outlook

For this thesis some simplifications needed to be made in order to establish the
relations without unnecessary complication. A Poisson’s ratio of zero has been
assumed throughout the thesis and only a uniformly distributed load has been
considered. In future research this could be extended.

This could be the basis of a potential parametric design tool, which integrates
the theory developed in this thesis used in the thesis and would making it
accessible and user friendly.

The procedure would contain the following steps:

- use the force density method including the correct loads and boundary
conditions (see section 8.6) to create the M-hill (see section 8.7), this
components can also later be used to show the principle shear forces
(“rain flow”) in the shell if it contains bending

- use the flow of forces / load distribution of the M-hill as the basis for
deriving the shape and stress function (section 1.3, 8.7 and 8.8)

- once a shape function has been chosen, analytically or with the help of
3D modelling software, generate the stress function numerically using
the slab - shell analogy (section 8.3 and 8.7)

- checkif it isa membrane only solution (section 8.11)

- derive the membrane forces by using the transformation equations
(section 8.7)

- if the solution requires additional bending moments, derive them
(section 8.11)

- if required to find another result, alter the shape- or stress function and
repeat the process

Recommendations for further research and work that would considerably add
to the applicability of the tool to be developed:

- incorporate the self-weight of the shell into the methods, minimizing the
eco impact

- extend the different types of boundary conditions available for the
method of section 8.11

- further research on generating the thrust surface and its relation with
the M-hill and the stress function
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Poisson’s ratio can be easily incorporated whilst creating a M-hill. Although it
does change the gradients in the x- and y-directions and thus the load
distribution, for the present research goal it was acceptable to neglect it.

i = My + My,

1+v
The proposed method to add self-weight to the procedure is to generate the
M-hill of a flat slab with the correct boundary conditions with horizontally
projected load pw of a hanging model. The load pw is the projection of the load
along the arc surface of the hanging model, similar to that of the catenary. In
this way the self-weight of the shell can be approximated and be incorporated
into the method in a relatively simple way.

catenary

inverted
catenary

/

0=La=LY (5)

qw:projection of load g,
along the cable/arc lenght I

l
2

Q ::.f lQM/dx
2

The new possibilities offered by CAM or the advent of 3D printing could be
both utilized in the making process for double curved shell. It is worthwhile to
investigate if the making process can be part of the parametric design tool.
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When taken into account the relationship between the four fundamental
functions which govern the structural behaviour of shell structures, their design
process can be steered. A shell can be achieved with elegance and efficiency, as
has been demonstrated by Candela, Torroja, Nervi and Isler.

Manufacture and loading test of reinforced gypsum shells generated from
hanging models — a workshop at Delft University of Technology [111].
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