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a b s t r a c t 

In this paper, the thermo-hydrodynamics of Al 2 O 3 -water nanofluid in a wavy U-turn channel with hot walls is 
numerically investigated by means of lattice Boltzmann modeling. At first, the numerical technique is validated 
by simulating fluid flow in a (non-)wavy straight channel. Then, the effects of various active parameters, e.g. 
pressure gradient in the channel, nanoparticles volume fraction, and number of sinusoidal waves along the chan- 
nel, on the flow field and heat transfer is studied. Furthermore, the thermal–hydraulic performance factor is 
determined to investigate whether heat transfer enhancement outweighs the greater frictional losses caused by 
both complex wavy wall geometry and nanoparticles. The results show that the heat transfer rises by increasing 
pressure gradient in the channel while drops by increasing number of waves. Also, the effect of nanoparticles 
volume fraction on dimensionless Nusselt number becomes more pronounced at higher pressure gradients. The 
results indicate that the thermal–hydraulic performance factor grows by increasing nanoparticles volume fraction 
or decreasing the number of waves. 

1

 

n  

s  

m  

o  

r  

s
 

m  

o  

i  

m  

a  

c  

o  

t  

i  

n  

t  

f  

r  

L

 

i  

v  

c  

e  

a  

[  

c  

t  

a  

w
 

h  

s  

t  

b  

i  

w  

A  

a  

c  

o
 

e  

h
R
A
0

. Introduction 

Fluid flow with heat transfer inside channels occur in many engi-
eering applications such as heat exchanger systems, heat sinks, cooling
ystems and chemical reactors [1–3] . However, the intrinsic low ther-
al conductivity of heat transfer fluids is considered a major drawback

n the heat transfer in thermal systems. Hence, improving heat transfer
ate of flows is very important for designing high efficiency engineering
ystems. 

In recent years, nanofluids have been proposed to improve the ther-
al conductivity of heat transfer fluids. A nanofluid is a fluid composed

f a mixture of a base fluid (such as water, organic fluids and bioflu-
ds) and a significant number of nano-scale particles (such as metals and
etal oxides) and is shown to enhance heat transfer in forced convection

pplications [4–7] . The properties of nanofluids are dependent on physi-
al properties of based fluid and nanoparticles, geometry and dimension
f nanoparticles and existing interactions between the nanoparticles and
he base fluid (such as fractions and interface effects). The precise def-
nition of these parameters allows the precise characterization of the
anofluid. Sheikholeslami and Ganji [8] studied the effect of shape fac-
or on nanofluid forced convection considering the impact of Lorentz
orces. Their Results proved that temperature gradient augmented with
ise of Darcy and Reynolds numbers while it decreased with increase of
orentz forces. 
∗ Corresponding author. 
E-mail address: h.r.ashorynezhad@gmail.com (H.R. Ashorynejad). 
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Another distinct method to enhance heat transfer rate of fluid flows
n channels is the use of complex channel geometries to induce con-
ective transport and mixing in laminar flows [9] . The wavy walled
hannel is one of these complex geometries which is used widely to
nhance heat transfer efficiency of industrial transport processes such
s compact heat exchangers and high efficiency membrane oxygenators
9–10] . Generally, when fluid flows in wavy channels, wall corrugations
reate a steady vortex or swirl in laminar flows in the furrow regions of
he wavy wall. The changes in flow mixing, boundary layer disruption,
nd thinning cause heat and mass transfer enhancement near the wavy
alls. 

The ability of the wavy channel geometry to enhance mixing and
eat transfer has been studied extensively. A significant amount of re-
earch has been devoted, using both numerical [11–15] and experimen-
al [16–18] techniques, to better understand the physical mechanisms
ehind these enhancements. The most noticeable conclusion from those
nvestigations is that a significant increase in heat transfer is experienced
hen the Reynolds number increases and the flow becomes unsteady.
lso, it has been demonstrated that an increase in the pressure drop
lways enhances the heat transfer flow in a straight channel. These con-
lusions indicate that using wavy walls to increase mixing is a viable
ption for heat transfer devices. 

The usage of nanofluids in channels with wavy walls could be an
ffective method to enhance the rate of heat transfer in channels, signif-
cantly. Some studies have been done on nanofluid flow through wavy
 2018 
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𝑔  
hannels. Ahmed et al. [19] numerically investigated the flow and heat
ransfer of a copper–water nanofluid flow through a wavy channel with
sothermal walls. They found that the friction coefficient and Nusselt
umber increase as the amplitude of wavy channel increases. In addi-
ion, it was found that the local skin-friction coefficient rises with in-
reasing amplitude of the wavy wall for the pure water, but this augmen-
ation is less for the case of a nanofluid. Yang et al. [20] performed an
ptimization procedure on the heat transfer enhancement for nanofluid
ow in a two-dimensional wavy channel, for Reynolds numbers of 250–
000. They showed that the enhancement in heat transfer mainly de-
ends on the nanoparticle volume fraction, the amplitude of wavy wall,
nd the Reynolds number. Heidary and Kermani [21] studied numeri-
ally heat transfer and flow field in a wavy channel with nano-fluid, and
howed that the heat transfer rate inside the channel was enhanced up
o 50% by using the nanoparticles and wavy walls. Akbarzadeh et al.
22] performed a sensitivity analysis by means of surface methodology
n order to manage thermal and pumping power for nanofluid flow in-
ide a wavy channel for different Reynolds numbers. They found that
avy channels with high amplitude, have a significant pressure drop
hich leads to an increase in pumping costs. Esfahani et al. [23] ana-

yzed the entropy generation for the Cu-water nanofluid flow through
 wavy channel. They indicated that the thermal entropy generation is
ain term in most part of the channel, including near the wavy walls.
oreover, they showed that the rise in viscous entropy generation with
eynolds number increases with increasing dimensionless amplitude. 

In the past two decades, the lattice Boltzmann method (LBM) has at-
racted significant attention as an alternative technique to solve complex
uid flow problems [24–33] . The simple form of the governing equa-
ions, the space–time locality, the straightforward parallelism, the easy
rid generation and the capability of incorporating complex microscopic
nteractions are the main advantages of the LBM. Moreover, the pressure
eld and the stress tensor are locally available, without the need for solv-

ng any Poisson problem [34] . The LBM is a mesoscopic method which
ses the discrete Boltzmann equation to model a Newtonian fluid that
s governed by the Navier–Stokes equations. As a mesoscopic method,
B method integrates both microscopic and macroscopic characteris-
ics, which make it receive much attention in simulating nanofluid flow
roblems [35–36] . Kefayati and Tang [37] investigated on the natural
onvection and entropy generation of non-Newtonian nanofluid, using
he Buongiorno’s mathematical model in a cavity in the presence of a
niform magnetic field by LBM. They have shown that the increase in
he Brownian motion and Thermophoresis parameters enhance the to-
al irreversibility and ameliorate mass transfer and declines heat trans-
er significantly. Recently, Ashorynejad and Zarghami [38] studied the
ffects of uniform vertical magnetic field on thermo-hydrodynamics of
anofluids in a partially porous channel by LBM. Their results revealed
hat the Nusselt number is an increasing function of nanoparticle vol-
me fraction, Hartmann number, pressure gradient and Darcy number,
lthough the effect of Darcy numbers and pressure gradient on the tem-
erature profile are more noticeable than others. 

Fluid flow in curved channels with various bend angles has several
pplications in solar collectors, heat exchangers and rotary power ma-
hines such as gas turbines [39–40] . Despite the numerous studies of the
orce convection in wavy channels with nanofluids, to the best knowl-
dge of the authors, there is no study on the force convection in the wavy
-turn channels with nanofluids. In the present study, the force convec-

ion heat transfer of Al 2 O 3 -water nanofluid in a wavy U-turn channel is
imulated numerically. For this purpose, the thermal LBM with double-
istribution function (DDF) model is used to capture the temperature
eld. The walls are assumed to be isothermal with constant high temper-
ture. In order to carry out fundamental investigations, gain exhaustive
nderstanding into the problem, and also examine the capability of the
roposed numerical method, we first start with a two-dimensional ge-
metry as a case study in the present work. For this purpose, the effect
f various physical parameters, such as volume fraction of nanoparti-
les, pressure gradient in channel, and geometry of wavy walls on heat
629 
ransfer rate are investigated. The results of this study can be used at
esign decisions by engineers for the aforementioned applications. 

The rest of the paper are structured as follows: Section 2 presents
he thermal LBM for simulating nanofluids. In Section 3 the flow and
emperature boundary conditions for lattice Boltzmann modeling are
resented, comprehensively. The numerical results are presented in
ection 4 . Finally, the concluding remarks are given in Section 5 . 

. Thermal LBM for nanofluids 

.1. LBM for fluid flow 

The general lattice Boltzmann equation with the BGK approximation
or simulating single-phase flow is derived as following [34] : 

𝑓 𝑖 

(
⇀
𝑥 + 

⇀
𝑒 𝑖 Δ𝑡, 𝑡 + Δ𝑡 

)
− 𝑓 𝑖 

(
⇀
𝑥 , 𝑡 

)
Δ𝑡 

= − 

1 
𝜏

(
𝑓 𝑖 ( 

⇀
𝑥 , 𝑡 ) − 𝑓 

𝑒𝑞 

𝑖 

(
⇀
𝑥 , 𝑡 

))
(1) 

here 
⇀
𝑥 is spatial coordinate, t is time, 𝑓 𝑖 ( 

⇀
𝑥 , 𝑡 ) is the density distribu-

ion function associated with discrete velocity direction i and 𝜏 is the

elaxation time. The discrete velocities 
⇀
𝑒 𝑖 in the i th-direction, for the

 2 Q 9 lattice are given by 
⇀
𝑒 0 = 0 and 

⇀
𝑒 𝑖 = 𝜆𝑖 ( cos 𝜃𝑖 , sin 𝜃𝑖 ) with 𝜆𝑖 = 1 , 𝜃𝑖 =

 𝑖 − 1 ) 𝜋∕2 for 𝑖 = 1 ∼ 4 and 𝜆𝑖 = 

√
2 , 𝜃𝑖 = ( 𝑖 − 5 ) 𝜋∕2 + 𝜋∕4 for 𝑖 = 5 ∼ 8 .

he order number 𝑖 = 1 ∼ 4 and 𝑖 = 5 ∼ 8 represent the rectangular and
he diagonal directions of the lattice, respectively. Also, 𝑓 𝑒𝑞 

𝑖 
is the equi-

ibrium distribution function and is calculated as: 

 

𝑒𝑞 

𝑖 
= 𝑤 𝑖 𝜌

⎡ ⎢ ⎢ ⎢ ⎣ 
1 + 

(
⇀
𝑒 𝑖 ⋅

⇀
𝑢 

)
𝑐 2 
𝑠 

+ 

(
⇀
𝑒 𝑖 ⋅

⇀
𝑢 

)2 

2 𝑐 4 
𝑠 

− 

(
⇀
𝑢 ⋅

⇀
𝑢 

)
2 𝑐 2 
𝑠 

⎤ ⎥ ⎥ ⎥ ⎦ 
(2) 

here 𝑐 𝑠 = 1∕ 
√
3 is the lattice speed of sound, and w i are the weighting

actors, equal to 4/9 for i = 0, 1/9 for 𝑖 = 1 ∼ 4 and 1/36 for 𝑖 = 5 ∼ 8 .
he local mass density, the local velocity and the viscosity in the lattice

nits are calculated as 𝜌 = 

∑
𝑖 𝑓 𝑖 , 

⇀
𝑢 = ( 

∑
𝑖 

⇀
𝑒 𝑖 𝑓 𝑖 ) ∕ 𝜌 and 𝜈 = ( 𝜏 − 0 . 5 ) ∕3 , re-

pectively. Eq. (1 ) is usually solved through the standard collision and
treaming steps as: 

ollision ∶ 𝑓 𝑖 
(
⇀
𝑥 , 𝑡 + Δ𝑡 

)
= 𝑓 𝑖 

(
⇀
𝑥 , 𝑡 

)
− 

Δ𝑡 
𝜏

(
𝑓 𝑖 

(
⇀
𝑥 , 𝑡 

)
− 𝑓 

𝑒𝑞 

𝑖 

(
⇀
𝑥 , 𝑡 

))
(3) 

treaming ∶ 𝑓 𝑖 
(
⇀
𝑥 + 

⇀
𝑒 𝑖 Δ𝑡, 𝑡 + Δ𝑡 

)
= 𝑓 𝑖 

(
⇀
𝑥 , 𝑡 + Δ𝑡 

)
(4) 

here 𝑓 𝑖 represents the post-collision state. The simulation is performed
n a structured Cartesian grid where unit spacing is utilized the dimen-
ionless lattice units, i.e. Δx = Δt = 1. During the streaming step the par-
icles move from one node to its neighbor node, according to the set of
iscrete velocities. Computationally speaking, during the streaming step
ll distribution functions are copied to the adjacent cell in the direction
f the lattice vector. Therefore, the streaming step involves very little
omputational effort. On the other hand, during the collision step the
articles relax towards local equilibrium according to the BGK operator
34,41] . 

.2. Thermal LBM 

Ignoring viscous heat dissipation, the thermal LBM based on the dou-
le distribution function (DDF) model is expressed as follows [42] : 

𝑔 𝑖 

(
⇀
𝑥 + 

⇀
𝑒 𝑖 Δ𝑡, 𝑡 + Δ𝑡 

)
− 𝑔 𝑖 

(
⇀
𝑥 , 𝑡 

)
Δ𝑡 

= − 

1 
𝜏𝑔 

(
𝑔 𝑖 − 𝑔 

𝑒𝑞 

𝑖 

)
(5) 

here the g i ’s denote the energy distribution functions, 𝜏g is the ther-
al relaxation time and g eq denotes the energy equilibrium distribution

unctions given by: 

 

𝑒𝑞 

𝑖 
= 𝑤 𝑖 𝑇 

⎡ ⎢ ⎢ ⎢ ⎣ 
1 + 

(
⇀
𝑒 𝑖 ⋅

⇀
𝑢 

)
𝑐 2 
𝑠 

+ 

(
⇀
𝑒 𝑖 ⋅

⇀
𝑢 

)2 

2 𝑐 4 
𝑠 

− 

(
⇀
𝑢 ⋅

⇀
𝑢 

)
2 𝑐 2 
𝑠 

⎤ ⎥ ⎥ ⎥ ⎦ 
(6)
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Table. 1 

Thermophysical properties of nanoparticles at 30 °C [50] . 

Property Al 2 O 3 

c p (J/KgK) 765 
𝝆 (Kg/ m 

3 ) 3970 
k (W/mK) 25 
d (nm) 47 

Fig. 1. Sketch of the bounce back boundary condition scheme for an arbitrary 
shaped solid wall. 

Table. 2 

Results from grid independence test for a U-turn channel with four waves, 
P 0 = 30 and 𝜙= 0. 

Mesh size Nu ave %Change Re %Change 

200 ×80 8.182 1.44% 108.60 0.96% 

250 ×100 8.242 0.72% 109.01 0.59% 

300 ×120 8.301 0.04% 109.66 0.03% 

400 ×160 8.304 – 109.71 –
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Fig. 2. Schematic of simulation domain with n = 4. 
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c  
here 𝑇 = 

∑
𝑖 𝑔 𝑖 is the temperature and 𝛼 = ( 𝜏𝑔 − 0 . 5 ) ∕3 is the thermal

iffusivity. It is worth mentioning that the DDF approach is based on
he principle that the isothermal LBM can be directly derived by prop-
rly discretizing the continuous Boltzmann equation in temporal, spa-
ial, and velocity spaces. This model assumes that the viscous dissipa-
ion and compression work can be neglected for incompressible fluids
nd the evolution of the temperature is given by the advection–diffusion
quation. Hence, the temperature is considered as a passive scalar trans-
orted by the speed without changing the velocity field [43,44] . 

.3. Thermo-physics of nanofluids 

To develop the LBM for nanofluid, mesoscopic properties should be
hanged due to interaction between nanoparticle and base fluid. Both
he base fluid and the nanoparticles are assumed to be in thermal equi-
ibrium and to move with the same local velocity. The properties of wa-
er and Alomina nanoparticles are listed in Table 1 . The density ( 𝜌), and
pecific heat ( C p ) of nanofluid are obtained from the following formula
45] : 

𝑛𝑓 = ( 1 − 𝜙) 𝜌𝑓 + 𝜙𝜌𝑛𝑝 (7)
630 
𝜌𝐶 𝑝 
)
𝑛𝑓 

= ( 1 − 𝜙) 
(
𝜌𝐶 𝑝 

)
𝑓 
+ 𝜙

(
𝜌𝐶 𝑝 

)
𝑛𝑝 

(8)

here 𝜑 is the volume fraction of the nanoparticles and subscripts f,
f and np denote the base fluid, nanofluid and solid nanoparticles, re-
pectively. The Effective viscosity of nanofluid, 𝜇nf , is calculated as a
unction of temperature and the volume fraction of nanoparticles with
he following correlation was presented by Abu-Nada [46] : 

𝑛𝑓 = −0 . 155 − 

19 . 582 
𝑇 

+ 0 . 794 𝜙 + 

2094 . 47 
𝑇 2 

− 0 . 192 𝜙2 − 8 . 11 𝜙
𝑇 

− 

27463 . 863 
𝑇 3 

+ 0 . 0127 𝜙3 + 1 . 6044 𝜙
2 

𝑇 
+ 2 . 1754 𝜙

𝑇 2 
(9) 

here the viscosity and temperature are expressed in centi poise and
entigrade. It is clear that the effective viscosity increases (decreases)
y increasing the particle volume fraction (temperature). The effective
hermal conductivity of the nanofluid, k nf , is approximated by [47] : 

 𝑛𝑓 = 𝑘 𝑓 + 𝑘 𝑝 

( 

𝐴 𝑝 

𝐴 𝑓 

) 

+ 𝑐 𝑘 𝑝 𝑃 𝑒 

( 

𝐴 𝑝 

𝐴 𝑓 

) 

(10)

here c is constant and evaluated experimentally, 𝑃 𝑒 = 𝑢 𝑝 𝑑 𝑝 ∕ 𝛼, and 

 𝑝 ∕ 𝐴 𝑓 = 

𝑑 𝑝 

𝑑 𝑓 

𝜙

1 − 𝜙
(11)

here d p is the diameter of solid particles and d f is the diameter of liquid
articles (see Table 1 ). Also, u p is the Browning motion velocity which
s calculated as: 

 𝑝 = 

2 𝑇 𝐾 𝐵 

𝜋𝑑 2 
𝑝 
𝜇𝑓 

(12)

For more accurate simulation in this study, some properties of the
ase fluid (i.e. water) are allowed to vary with temperature. The expres-
ions of temperature dependent thermo-physical properties are given as
ollows [48–50] : 

( 𝑇 ) = 1000 
[ 
1 − 

( 𝑇 + 15 . 9414 ) 
508929 . 2( 𝑇 − 204 . 87037) 

( 𝑇 − 276 . 9863 ) 2 
] 

(13)

( 𝑇 ) = 1 . 005 × 10 −3 
(
𝑇 

293 

)8 . 9 
exp 

[
4700 

( 1 
𝑇 

− 

1 
293 

)]
(14)

 𝑃 ( 𝑇 ) = 3908 + 3 . 826 𝑇 − 0 . 01674 𝑇 2 + 2 . 33 × 10 −5 𝑇 3 (15)

 𝑓 ( 𝑇 ) = −1 . 579 + 0 . 01544 𝑇 − 3 . 515 × 10 −5 𝑇 2 + 2 . 678 × 10 −8 𝑇 3 (16)

. Boundary conditions 

.1. Flow inlet/outlet boundary condition 

The nanofluid flow is driven in the channel by a constant pressure
radient, i.e. P inlet = P atm 

+ p x and P outlet = P atm 

, where p x represents a
onstant pressure gradient. In order to apply the boundary condition
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Fig. 3. Comparison of (a) velocity profile and (b) local Nusselt number distribution in a channel for present study and previous studies [50] . 

Fig. 4. Comparison between the numerical solution and previous study [60] for 
local Nusselt number distribution along wavy wall with constant temperature 
at two different Re numbers and Pr = 6.93. 
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ith a constant pressure gradient in the LBM, the so-called Zuo–He
cheme [51] is implemented. The unknown distribution functions at in-
et (here: f 1 , f 5 and f 8 ) are determined as: 

 𝑖𝑛 = 1 − 

[
𝑓 0 + 𝑓 2 + 𝑓 4 + 2 

(
𝑓 3 + 𝑓 6 + 𝑓 7 

)]
(17)
631 
 1 = 𝑓 3 + 

2 
3 𝜌𝑖𝑛 𝑢 𝑖𝑛 

(18) 

 5 = 𝑓 7 + 

1 
2 
(
𝑓 4 − 𝑓 2 

)
+ 

1 
6 𝜌𝑖𝑛 𝑢 𝑖𝑛 

(19)

 8 = 𝑓 6 + 

1 
2 
(
𝑓 2 − 𝑓 4 

)
+ 

1 
6 𝜌𝑖𝑛 𝑢 𝑖𝑛 

(20)

here 𝜌𝑖𝑛 = 𝜌 + 72 𝑃 0 𝜌𝜈2 𝑆 ∕ 𝑊 

3 , W is the channel height, S is the length
f the channel centerline (see Fig. 2 ) and P 0 represents a dimension-
ess pressure gradient in the lattice units [38,52] . Since, the density and
iscosity in this simulation are affected by temperature, the average den-
ity and viscosity throughout the channel are used in the above equation
or calculating the inlet density. A similar equations are written for the
nknown distribution functions at outlet with 𝜌out = 𝜌. 

.2. No-slip boundary condition for curved walls 

In order to model the wavy walls as no-slip boundaries in the LBM,
he enhanced bounce-back procedure proposed by Mei et al. [53,54] is
pplied. Fig. 1 depicts the schematic of the wall boundary condition for
n arbitrary shaped moving object between the lattice nodes of spacing
x . In this figure, b and f denote the lattice nodes on the solid and
uid side, respectively, and w denotes the intersections of the wall with
he particle velocity directions. The corresponding solid, fluid and wall

ositions are given by 
⇀
𝑥 𝑏 , 

⇀
𝑥 𝑓 and 

⇀
𝑥 𝑤 , and the distance between the

olid node and the wall node can be calculated as Λ • Δx , where Λ =
𝑥 𝑓 − 𝑥 𝑤 |∕ |𝑥 𝑓 − 𝑥 𝑏 |. Subscript i denotes the direction from a fluid node
o a wall node along a particle velocity direction and subscript ̄𝑖 denotes
he reverse direction, i.e., from a fluid node to a wall node. Therefore,

𝑒 𝑖 = − 

⇀
𝑒 𝑖 defines the velocity of particles moving along the i th direction

rom x b to x f . 
After the collision step, the probability density function on the solid

ide (i.e. 𝑓 𝑖 ( 
⇀
𝑥 𝑏 , 𝑡 ) ) is unknown and is recovered by using the following

nterpolation scheme [55] : 

 ̃𝑖 

(
⇀
𝑥 𝑏 , 𝑡 

)
= (1 − 𝜒) 𝑓 𝑖 

(
⇀
𝑥 𝑓 , 𝑡 

)
+ 𝜒𝑓 ∗ 

𝑖 

(
⇀
𝑥 𝑏 , 𝑡 

)
(21)

here 

 

∗ 
𝑖 

(
⇀
𝑥 𝑏 , 𝑡 

)
= 𝑤 𝑖 𝜌

(
⇀
𝑥 𝑓 , 𝑡 

)⎡ ⎢ ⎢ ⎢ ⎣ 
1 + 

(
⇀
𝑒 𝑖 ⋅

⇀
𝑢 𝑏𝑓 

)
𝑐 2 
𝑠 

+ 

(
⇀
𝑒 𝑖 ⋅

⇀
𝑢 𝑓 

)2 

2 𝑐 4 
𝑠 

− 

(
⇀
𝑢 𝑓 ⋅

⇀
𝑢 𝑓 

)
2 𝑐 2 
𝑠 

⎤ ⎥ ⎥ ⎥ ⎦ 
(22) 
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Fig. 5. Velocity magnitude and stream lines (left panels) and temperature contours (right panels) in a U-turn channel with various number of waves ( n = 0, 2, 4, 6) 
for P 0 = 50, and 𝜑 = 0. 

632 



H.R. Ashorynejad et al. International Journal of Mechanical Sciences 144 (2018) 628–638 

Fig. 6. Streamlines in a U-turn wavy channel with n = 4 and 𝜑 = 0.02 for (a) P 0 = 10, (b) P 0 = 30 and (c) P 0 = 50. 

Fig. 7. Streamlines in a U-turn wavy channel with n = 4 and P 0 = 50 for (a) 𝜑 = 0, (b) 𝜑 = 0.02 and (c) 𝜑 = 0.03. 
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t  
nd 𝜒 = ( 2Λ − 1 ) ∕ ( 𝜏 − 2 ) and u bf = u ff if Λ< 0.5, and 𝜒 =
 2Λ − 1 ) ∕ ( 𝜏 + 0 . 5 ) and u bf = [( Λ − 1) / Λ] u f if 0.5 ≤ Λ< 1. This scheme
ormulates a fictitious distribution function at the solid nodes and then
xecutes the collision step at those nodes. Substantial evidence shows
hat the bounce-back boundary conditions combined with interpolation
chemes, and including the one-half grid spacing correction at bound-
ries, are second-order accurate and thus capable of handling curved
oundaries quite well [53–55] . 

.3. Thermal inlet/outlet boundary condition 

The channel inlet is kept at a constant temperature T in , so the un-
nown distributions functions are calculated on the left boundary by
56] : 

 1 = 𝑇 𝑖𝑛 
(
𝑤 1 + 𝑤 3 

)
− 𝑔 3 

 5 = 𝑇 𝑖𝑛 
(
𝑤 5 + 𝑤 7 

)
− 𝑔 7 

 8 = 𝑇 𝑖𝑛 
(
𝑤 8 + 𝑤 6 

)
− 𝑔 6 (23) 

For the outflow, the convective boundary condition is applied. This
ondition can be written as: 

𝜕𝑇 

𝜕𝑥 
+ 

⇀

𝑈 
𝜕𝑇 

𝜕𝑥 
= 0 (24)

here 
⇀

𝑈 = 

⇀
𝑢 ( 𝑁 − 1 , 𝑗, 𝑡 ) is a typical velocity normal to the outlet bound-

ry [57] . The mesoscopic representative of the convective boundary
ondition for the unknown distribution functions at outlet boundary lo-
ated at x = N is expressed as follows [57] : 

 𝑖 ( 𝑁, 𝑗, 𝑡 + 1 ) = 

𝑔 𝑖 ( 𝑁, 𝑗, 𝑡 ) + 𝜆𝑔 𝑖 ( 𝑁 − 1 , 𝑗, 𝑡 + 1 ) 
1 + 𝜆

(25) 

here 𝜆= U ( t + 1), which is known after the streaming step at the
 N − 1)th layer. 

.4. Constant temperature for curved walls 

It is assumed that the channel wavy walls are in constant temperature
 wall . Following the method presented by Guo et al [58] , the distribution
unction at a wall node which has a link across the physical boundary is
ecomposed into its equilibrium and nonequilibrium parts as follows: 

̃ 𝑖 
(
𝑥 𝑤 , 𝑡 

)
= 𝑔 

𝑒𝑞 

𝑖 

(
𝑥 𝑤 , 𝑡 

)
+ 

(
1 − 𝜏−1 

𝑔 

)
𝑔 
𝑛𝑒𝑞 

𝑖 

(
𝑥 𝑤 , 𝑡 

)
(26)
633 
Here, 𝑔 𝑖 represents the unknown distribution functions coming from
he solid node into the fluid region (see Fig. 1 ). The equilibrium part is
hen approximated with a fictitious one where the boundary condition
s enforced, and the nonequilibrium part is approximated using a first-
rder extrapolation based on the nonequilibrium part of the distribution
n the neighboring fluid node. 

 

𝑒𝑞 

𝑖 

(
𝑥 𝑤 , 𝑡 

)
= 𝑤 𝑖 𝑇 

∗ 
𝑏 

[
1 + 3 

(
⇀
𝑒 𝑖 ⋅ 𝑢 

∗ 
𝑏 

)]
(27)

 

𝑛𝑒𝑞 

𝑖 

(
𝑥 𝑤 , 𝑡 

)
= Λ𝑔 𝑛𝑒𝑞 

𝑖 

(
𝑥 𝑓 , 𝑡 

)
+ ( 1 − Λ) 𝑔 𝑛𝑒𝑞 

𝑖 

(
𝑥 𝑓𝑓 , 𝑡 

)
(28)

here for Λ> 0.75: 

 

 

 

 

 

𝑇 ∗ 
𝑏 
= 

1 
Λ
[
𝑇 𝑤 + ( Λ − 1 ) 𝑇 𝑓 

]
𝑢 ∗ 
𝑏 
= 

1 
Λ
[
𝑢 𝑤 + ( Λ − 1 ) 𝑢 𝑓 

] (29) 

nd for Λ≤ 0.75: 

 

 

 

 

 

𝑇 ∗ 
𝑏 
= 

1 
Λ
[
𝑇 𝑤 + ( Λ − 1 ) 𝑇 𝑓 

]
+ 

1 − Λ
1 + Λ

[
2 𝑇 𝑤 + ( Λ − 1 ) 𝑇 𝑓𝑓 

]
𝑢 ∗ 
𝑏 
= 

1 
Λ
[
𝑢 𝑤 + ( Λ − 1 ) 𝑢 𝑓 

]
+ 

1 − Λ
1 + Λ

[
2 𝑢 𝑤 + ( Λ − 1 ) 𝑢 𝑓𝑓 

] (30) 

The heat transfer rate in the channel is characterized using local,
verage and mean Nusselt numbers as: 

 𝑢 𝑙𝑜𝑐𝑎𝑙 = − 

𝑘 𝑛𝑓 

𝑘 𝑓 

𝐷 ℎ 

𝑇 𝑤 − 𝑇 𝑚 ( 𝑠 ) 
𝜕𝑇 

𝜕𝑛 
(31)

 𝑢 𝑎𝑣𝑒 = 

1 
2 
(
𝑁 𝑢 𝑙 𝑜𝑐𝑎𝑙 ,𝑡𝑜𝑝 + 𝑁 𝑢 𝑙 𝑜𝑐𝑎𝑙 ,𝑏𝑜𝑡𝑡𝑜𝑚 

)
(32) 

 𝑢 𝑚𝑒𝑎𝑛 = 

1 
𝑠 

𝑆 

∫
0 

𝑁 𝑢 𝑎𝑣𝑒 𝑑𝑠 (33) 

Here D h and T m 

( s ) are the hydraulic diameter (here: equal to 2 W )
nd bulk mean temperature along the channel defined as: 

 𝑚 ( 𝑠 ) = 

∫
𝑦 

𝑇 ( 𝑥, 𝑦 ) 𝑈 ( 𝑥, 𝑦 ) 𝑑𝑦 

∫
𝑦 

𝑈 ( 𝑥, 𝑦 ) 𝑑𝑦 
(34)

The thermal–hydraulic performance factor is an important parame-
er in the heat exchangers to indicate interaction of pressure drop and
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Fig. 8. Temperature contours in a U-turn wavy channel with n = 4 and 𝜑 = 0.03 for (a) P 0 = 10, (b) P 0 = 30 and (c) P 0 = 50. 

Fig. 9. Comparisons of dimensionless isotherm contours for the pure fluid (solid lines) and Nano-fluid with 𝜑 = 3% (dashed lines) for P 0 = 50. 
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eat transfer and it is defined by [59] : 

= 

𝑁𝑢 ∕ 𝑁 𝑢 0 (
𝑓∕ 𝑓 0 

)1∕3 (35)

here, 𝑓 = ( 2 𝑝 𝑥 𝐷 ℎ ) ∕ ( 𝜌
⇀
𝑢 
2 
) is the channel friction factor. The parameters

 0 and Nu 0 in above equation are the reference friction factor and refer-
nce Nusselt number on the flat U-turn channel without nano particles.

he velocity 
⇀
𝑢 in this equation relates to mean velocity at the middle of

hannel. The dimensionless temperature and velocity are defined as: 

 

∗ = 

𝑇 − 𝑇 𝑖𝑛 

𝑇 𝑤 − 𝑇 𝑖𝑛 
(36)

 

∗ = 

𝑢 𝐷 ℎ 

𝜈
, 𝑣 ∗ = 

𝑣 𝐷 ℎ 

𝜈
, 𝑉 ∗ = 

√ 

( 𝑢 ∗ ) 2 + ( 𝑣 ∗ ) 2 (37)

. Results and discussions 

.1. Problem statement 

A schematic diagram of wavy U-turn channel is shown in Fig. 2 ,
here Al 2 O 3 -water nanofluid flows through it due to the constant pres-

ure gradient. The upper and lower walls are separated by a distance
 , and the periodic shape of both walls is described by f ( x ) = Asin

2 𝜋nx / L ), where A, L and n are the amplitude, the length and the pe-
iod of the wall oscillations, respectively. The centerline of the chan-
el, S , is shown by dashed lines in Fig. 2 . The normalized amplitude
 

∗ = A/W = 0.33 and L = 8.33 W are used for all simulations, while num-
er of waves (or periods) along the U-turn channel are set to n = 2, 4
nd 6. The nanofluid is supposed to be laminar, steady and incompress-
ble and enters as a coolant to the domain with constant temperature
 in = 293 K. Also, the wavy walls are kept at constant hot temperature
 wall = 313 K. Calculations are performed for different values of the vol-
me fraction (i.e. 𝜑 = 0%, 2% and 3%) and dimensionless pressure gra-
ient ( P 0 = 10, 30 and 50). Also, the Reynolds number is defined as
634 
e = u m 

D h / 𝜈, where u m 

is the mean velocity of the flow and D h = 2 W
s the hydraulic diameter. 

.2. Validation 

The presented numerical technique is validated by reproducing so-
utions for some benchmark problems. At first, the fluid flow and forced
onvection heat transfer in a parallel-plate channel subjected to con-
tant wall temperature is simulated. As expected from classic results for
his problem, the flow will be developing in the entrance region until
t reaches fully developed condition, where no further changes in ve-
ocity profile take place in the streamwise direction. Since the pressure
radient in the fully developed region is constant, the velocity profile
s parabolic, with the maximum velocity at the centerline and equal to
.5 times the mean velocity. The streamwise velocity profile in the fully
eveloped region calculated by the LBM is shown in Fig. 3 (a). A perfect
greement is observed between the numerical result and the analyti-
al solution. The local Nusselt number calculated by the LBM shows
nly 0.12% deviation from the Nu local = 7.54 mentioned by many au-
hors such as ref. [50] . 

Now, the method is validated against previously published results of
ang and Chen [60] for force convection in a straight wavy-wall chan-

el with Pr = 6.93 and Re = 100 and 300. They calculated the local Nus-
elt number along the wavy surface. The results are shown in Fig. 4 and
 good agreement is observed between the models. Fig. 4 shows that
u local is higher in the converging section of each wave than in the di-
erging section. The reason is that the flow has a higher average ve-
ocity and velocity gradient in the converging sections, which increases
he heat transfer rate. Conversely, the minimum values of the Nu ap-
ear near the maximum cross-sections. This is due to a decrease in the
onvective heat transfer effect with the velocity. Also, it can be seen
hat Nu local has a maximum value in the first wave, and it has the same
endency after the tertiary wave. This is because the thermal bound-
ry layers are formed. Furthermore, as the Reynolds number increases,
u along the wavy wall will also increases. 
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Fig. 10. Averaged Nusselt number along the channel for pure fluid (i.e. 𝜑 = 0) and nanofluid with 𝜑 = 0.03 at P 0 = 50 for a channel with (a) n = 4 and (b) n = 6 waves 
channel. 
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.3. Mesh dependency test 

At first, a grid refinement study is performed in order to assess the ac-
uracy of the results and to determine the necessary grid spacing for our
nvestigation. Table 2 gives a summary of the grid independence tests
or a U-turn wavy channel with four waves, P 0 = 30, 𝜑 = 0. Table 2 con-
ains the values of Nu ave and Re calculated for each grid resolution along
ith their percent differences from the values obtained for the highest

elected resolution (i.e. 400 ×160). Note that the following convergence
riterion, 𝜀 , is used in the present study for the termination of all com-
utations: 

 = 

∑𝑁 

𝑖 =1 
∑𝑀 

𝑗=1 
|||𝑇 𝑛 +1 − 𝑇 𝑛 

|||∑𝑁 

𝑖 =1 
∑𝑀 

𝑗=1 |𝑇 𝑛 | (38)

here, n, N and M represent iteration number and the number of grid
oints in x and y directions, respectively. It can be seen in Table 2 that
he values of N ave and Re obtained using 300 ×120 nodes differ from
hose obtained using 400 ×160 by only 0.04% and 0.03%, respectively.
ecause the grid with 300 ×120 nodes provides nearly identical results
ith those of highest resolution at significantly lower computational

osts, we used this grid size in our simulations. 

.4. Flow in a wavy U-turn channel 

Streamlines and temperature contours for a wavy U-turn channel
ith P 0 = 50 and 𝜑 = 0 for a range of n (number of waves) from n = 0

flat channel) to n = 6 are shown in Fig. 5 . Generally for n = 0, the flow
t the inlet section is similar to the flow between two parallel flat plates
nd axial symmetry is obvious. When the flow reaches the curve, this
ymmetry becomes concealed and the bulk flow tends to move to the
nner wall. At the end of the curve, the flow separates from inner wall
nd the reversed flow occurs near the inner wall of outlet section; if the
urvature radius is large enough there will not be any separation. 

In terms of hydrodynamics (see Fig. 5 , left panels), by increasing
he number of waves in a constant length of the U-turn channel, the ad-
erse pressure gradient in the cavity portions of the waves becomes pro-
ounced and as a result, lateral vortices are created in trough (crest) of
ower (upper) wall. The wall waviness creates changes in the heat trans-
er rate (see Fig. 5 , right panels). By increasing the number of waves,
etter mixing occurs in the cavity regions that in turn increases the rate
f heat transfer. 
635 
Fig. 6 shows the velocity streamlines for Al 2 O 3 -water nanofluid in a
avy channel with n = 4 and 𝜑 = 0.02 for different pressure gradients,
 0 . Generally by increasing the pressure gradient, the Re number in the
hannel increases as Re ≈38, 110 and 212 corresponding to P 0 = 10, 30
nd 50, respectively. When the fluid enters to each wave, its motion is
ffected by two major influences. The expansion of the channel cross-
ection and the resulting deceleration of the fluid motion that causes an
dverse pressure gradient and opposes the fluid flow. At low Re numbers
see Fig. 2 (a)), the inertia of the flow is small and streamlines largely
ollow the wall shape due to the large viscous effect, and no recircula-
ion region is formed in the furrow regions. As the Re number increases,
 recirculating region appears in the upstream part of the furrow. By fur-
her increasing the Re number, the backflow becomes more intense and
he center of the recirculating cell shifts downstream. The recirculation
egion is the major key feature of the fluid flow in a wavy channel [27] .
ompared to the flow in a flat channel, this feature results in streamline
urvature and non-zero wall-normal velocity in the wavy channel. These
on-zero wall-normal mean velocities and their non-negligible spatial
radient play a significant role in flow mixing and heat transfer that is
ot possible in a channel flow with flat walls. The effect of nanoparticle
olume fraction on the flow streamlines is shown in Fig. 7 . By increas-
ng the nanoparticle concentration, the viscosity increases (see Eq. (9 )),
hich indicates that the overall Re number decreases. Hence, by increas-

ng the nanoparticle volume fraction, the recirculation regions formed
n the trough of the wavy wall are damped. 

Fig. 8 shows the temperature distribution inside a wavy channel with
 = 4 and 𝜑 = 0.03 for P 0 = 10, 30 and 50. For P 0 = 10, the streamlines
losely follow the channel shape (see Fig. 6 a) which leads to the cooling
uid located in the center of the channel remaining near the center of
he channel and away from the hot walls, resulting in a minor increase
n Nu mean compared to the flat channel. By increasing P 0 , the flow rate
ncreases and the reversal flow occurs in trough (crest) of lower (upper)
all. By further increasing P 0 , the size of recirculation regions increases
nd hence the strength of these recirculation regions to the main flow is
ronounced, therefore the flow becomes more disturbed. Furthermore,
he core fluid must turn to pass through the channel [61] , and interacts
ore with the recirculation regions. This mechanism can improve the
uid mixing in core with that near the walls. Also it should be mentioned
hat by increasing the Re number, the thickness of thermal boundary
ayer decreases and the temperature gradient at the upper and lower
alls of wavy channel increases due to the improvement of the mixing
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Fig. 11. Averaged Nusselt number for wavy U-turn channel as a function of nanoparticle volume fraction with (a) various number of waves for P 0 = 30 and (b) 
different pressure gradients at n = 2. 

Fig. 12. Friction factor for wavy U-turn channel as a function of nanoparticle volume fraction with (a) various number of waves for P 0 = 30 and (b) different pressure 
gradients at n = 2. 
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n the wavy channel [17] . Fig. 9 shows non-dimensional isotherm lines
or pure fluid (i.e. 𝜑 = 0%) and nanofluid with 𝜑 = 3% for P 0 = 50. As
hown in this figure, the thermal boundary layer thickness for nanofluid
s smaller than that of the pure fluid in the wavy channel particularly
n the trough of lower wall. Hence, the addition of nanoparticle causes
 decrease in thermal boundary layer that consequently results in pro-
otion in temperature gradients and Nu number at the wavy walls. 

Fig. 10 shows the averaged Nu number, Nu ave , along the wavy U-
urn channel with n = 4 and 6 at P 0 = 50. It can be seen that Nu ave first
xperiences a quite sudden and sharp decrease and then experiences
ncreasingly larger variations with the minimum and maximum values
orresponding to the crest and trough of the channel, respectively. As
t is showed earlier when the fluid flowing in such channels, the re-
ersal flow occurs in trough (crest) of lower (upper) wall. The rever-
636 
al flow becomes pronounced as the pressure gradient or number of
aves increases (see Figs. 5 to 8 ). The maximum and minimum values
f Nu ave occurs upstream and downstream within a short distance of the
rough of each wave. This is because the former has higher temperature
radients than the latter and hence a higher heat transfer rate at this
ocation. 

Fig. 11 reveals the average Nu in various nanoparticle volume frac-
ions, 𝜑 , at different number of waves in Fig. 11 (a), and various pressure
radient in Fig. 11 (b). As it is expected the variations in Nu ave undergo
ncreasingly larger changes as the volume fraction of nanoparticles in-
reases. However this increment is more significant at higher pressure
radient ( P 0 = 50) as it can be seen in Fig. 11 (b). The average Nu is a
ecreasing function of number of waves, because of by making more
aves along the channel with constant pressure gradient, friction factor
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Fig. 13. Performance factor for wavy U-turn channel as a function of nanoparticle volume fraction with various number of waves for (a) P 0 = 10, (b) P 0 = 30 and (c) 
P 0 = 50. 
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ramatically rises (see Figs. 12 (a)) and lead to lower fluid velocity in
he channel. Consequently heat transfer rate decreases by dropping Re

umber. On the other hand, the friction factor has an inverse relation
ith Reynolds number. Thus by increasing pressure gradient, when the
e number rises in the channel, the friction factor decreases sharply as
an be seen in Fig. 12 (b). 

In order to quantify the overall thermal performance and pressure
rop on the U-turn wavy channel when the Al 2 O 3 -water nanofluid flows,
he thermal–hydraulic performance factor, 𝜂, as a function of nanopar-
icle volume fraction, 𝜑 , and for various number of waves and P 0 are
hown in Fig. 13 . It can be explicitly observed that the performance fac-
or increases with an increase in the nanoparticles volume fraction due
o improved thermal conductivity of the base fluid. It is worth mention-
ng that the friction factor nanofluids, which is appeared in the denom-
nator of the performance factor (see Eq. (35 )), increases with increas-
ng nanoparticle volume fraction at the constant P 0 , but the growth of
u number is more than friction factor. Consequently, by increasing Nu
umber and friction factor at the presence of nanofluids the performance
actor enhances at the channel. 

The performance factor shows significant dependence on number of
aves, n. It can be seen that for small P 0 (i.e. 10 and 30, see Figs. 13 (a)
nd 13(b)), the performance factor decreases by increasing the number
f waves in the channel. The reason is that the friction factor signifi-
antly increases as the number of waves in the channel rises while the
u number increases with lower rate thus leading to a decrease in 𝜂.
owever, for larger pressure gradients (i.e. P 0 = 50), the performance

actor for n = 4 becomes slightly larger than the case with n = 2 which is
ue to the formation of recirculating regions in the channel leading to
etter heat transfer in the channel which cause a change in the trend of
in larger pressure gradients. 

For the steady flow which we have studied here, it can be concluded
hat even though the wavy walled channels with large number of waves
nhances heat transfer at the constant Re number, the increased friction
actors associated with the geometry can lead to lower performance fac-
or than that of channels with smaller n or flat channels. 

. Conclusion 

In this paper, force convection heat transfer of Al 2 O 3 -water
anofluid through a wavy U-turn channel was investigated numerically
sing the thermal LBM approach. The effect of dimensionless pressure
radient, number of waves along the channel and nanoparticle volume
raction on the thermo-hydrodynamics of flow were examined. It was
ound that by increasing the pressure gradient (number of waves in the
hannel), the rate of heat transfer increases (decreases). Also the re-
ults showed that the thermal–hydraulic performance factor grows by
637 
ncreasing nanoparticles volume fraction at the same pressure gradient.
alidation of present numerical results with previous published data
vailable in the literature demonstrates that the LBM is a reliable and
ccurate approach for predicting the correct behavior for thermal flows
n complex geometries. 
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