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ABSTRACT

Coordination between transmission system operators (TSOs) and distribution system operators (DSOs) can support TSOs in

using the distribution system (DS) flexibility while ensuring feasible operation. Flexibility areas (FAs) can support TSO-DSO

coordination, aggregating the total feasible flexibility within the DS. However, existing real-time estimation approaches do not

consider the limited measurements within DS. This paper proposes a Bayesian neural network (BNN) to estimate the operating

conditions that bound the operational flexibility, including epistemic and aleatoric uncertainties. These uncertainties stem from
the limited real-time measurements in DSs and the measurement noise. TSOs can select a threshold that confirms a probability
of safety, considering uncertainty margins. The paper also provides FA estimation in DS topologies with two points of common
coupling (PCC) with the transmission system. Case studies in the CIGRE and Oberrhein networks compare the proposed BNNs
to baseline statistic-based approaches for forecast and measurement uncertainty in FAs. The case studies show the proposed FA
estimation under various safety margins and systems with 2-PCC. Case studies also assess various measurement noise levels and

evaluate model performance for different DS topologies.

1 | Introduction

Flexibility from service providers (FSPs) in DSs can ensure a
resilient and efficient transmission system (TS) and DS operation.
FSPs can modify their active and reactive power net injection
upon request by the TSOs or DSOs to avoid or address TS or DS
issues, such as congestion.

TSOs and DSOs need to coordinate to enable TSOs utilize
DS flexibility while also considering the DS constraints. TSO-
DSO coordination is inherently complex due to the coupling
of TS and DSs, the nonlinear and non-convex nature of AC
power flow constraints, and the presence of multiple participants

and uncertainties. TSO-DSO coordination is inherently complex
due to the coupling of TS and DSs, the nonlinear and non-
convex nature of AC power flow constraints, and the presence of
multiple participants and uncertainties. TSO-DSO coordination
approaches can be diversified to TSO-managed, DSO-managed,
and hybrid managed [1]. The most common, DSO-managed
approaches [1], can utilize aggregated DS FAs.

DSOs can inform TSOs about the total feasible flexibility available
within DSs using FAs, without requiring the exchange of details
on DS topology, and operating conditions. A flexibility combina-
tion is feasible if the resulting operating condition fulfils all power
flow constraints in the DS, and line loading and bus voltages
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do not exceed rated values. By summarizing the capabilities
of FSPs within DS, FAs enable TSOs to access the flexibility
needed for balancing supply and demand, managing congestion,
and enhancing system stability at the transmission level while
ensuring DS feasibility. This TSO-DSO coordination approach
simplifies the DSO-TSO interaction, ensures data privacy, and
reduces the complexity of operational coordination while still
using the potential of DS flexibility to support grid reliability
and efficiency. FAs provide the TSOs with information on the
controllable space in the active and reactive power plane from
DS resources, independent from the specific application and
enabling preventive and corrective actions. In contrast, platforms
for specific applications, such as congestion management, may
focus on active power and primarily for corrective actions. In set-
tings with multiple DSOs, each DSO estimates and communicates
the local FA to the TSO. The TSO treats each FA as an aggregated
controllable feasible region and identifies the optimal setpoints
within these FAs, satisfying the TS needs.

Existing FA estimation approaches mainly require the operating
condition (OC) of the DS as input, as [2-6]. However, DSs can
have limited real-time observability with measurement units on
limited network components [7-10], for example, 5%-40% in
medium voltage (MV) DS [11]. Thus, DSOs might not know the
exact physical feasibility margins from all DS constraints due to
this limited observability. These margins are important for DSOs
to evaluate the feasibility of flexibility combinations. Although
some existing approaches address forecasting uncertainty in day-
ahead FA estimations [12-14], existing FA approaches neglect the
limited observability in real-time FA estimation.

This paper proposes a new approach for FA estimation, using
probabilistic Bayesian neural networks (BNNs) to assess the risk
for non-feasible flexibility due to limited DS observability and
DS constraint approximation error. BNNs extend conventional
neural networks by including uncertainty estimation in the pre-
dictions [15,16], capturing inherent uncertainty from the available
measurements and the uncertainty in model parameters. These
probabilistic estimates indicate the model prediction confidence
and problem uncertainty, which can be important for robustness
in tasks involving critical infrastructure, such as the power grid.
The main tractable approaches in BNNs include variational
inference (VI) [17], Monte Carlo dropout (MCD) [18] and deep
ensembles (DE) [19]. The proposed approach enables the TSOs to
select the safety percentage in the resulting area. A lower safety
returns a larger FA for TSOs to select an operating point, whereas
a higher safety better secures feasibility on the selected operating
point. Nevertheless, the proposed approach also includes the
density of feasible combinations for each operating point and
the given safety. Thus, for a low-safety FA estimation, a higher-
density operating point provides more reliability in finding
alternative flexibility combinations.

FA estimation approaches apply steady-state simulations, typ-
ically using power flows (PFs) [5, 14] or optimal power flows
(OPF) [3, 4,13]. PF-based approaches typically apply Monte-Carlo
sampling for a predetermined number of combinations. OPF-
based approaches apply different multi-objective optimization
(MOO) techniques. These approaches typically rely on an initial
DS forecast or approximated state to evaluate the feasibility of
different flexibility combinations. To deal with uncertainties from

renewable sources in aggregated flexibility area estimation, [12]
applied a chance-constrained method, and [13, 20] applied robust
optimization. Refs. [14, 21] included the probability distributions
of forecast errors to determine the probability of feasibility, and
[22] focused on forecast uncertainty generation. The approaches
of [12-14, 20-22] consider the forecast uncertainties rather than
real-time observability uncertainty and map these uncertainties
to the network constraints using the power-flow relationships.
The proposed approach approximates the network constraint
margin uncertainty using BNNs, considering the real-time mea-
surements and limited DS observability.

FAs enable TSOs to account and utilize feasible DS flexibility. To
further improve the information encompassed in FAs and support
TSOs in the flexibility selection, studies also include costs in
estimated areas [5, 23], or reliability metrics [22, 24]. The density
of feasible combinations of the proposed approach can provide a
reliability metric on the feasible combinations, but also the room
for cost optimization when more combinations are feasible [25].

Existing FA estimation approaches rely on TS-DS interconnec-
tions with a single PCC [3-5, 13, 14]. However, DS ring topologies
with two PCCs are increasingly adopted and can improve the
DS losses [26]. The main challenges for estimating FA of TS-DS
connected with multiple PCCs are the dependencies between the
PCCs[23] and the complexity of representing these dependencies.
This paper provides an approach to estimate and represent
network flexibility with two PCCs. Hence, enabling the adoption
of FA estimation in systems with two PCCs.

Recent works in energy management and DS operation sup-
port decision-making under uncertainty, particularly in the
presence of high renewable penetration and distributed energy
resources [27]. Resilience-oriented approaches emphasize the
need to account for uncertainty, disturbances and multi-objective
trade-offs between economic performance and system security.
The uncertainty characterization in the proposed FA estima-
tion approach supports optimization algorithms to incorporate
uncertainty-aware feasibility constraints. This aligns with emerg-
ing trends in energy management systems, where data-driven
models are integrated into optimization and control loops to
enhance system flexibility and resilience [28].

Distribution system state estimation (DSSE) algorithms consider
the challenge of limited observability in DSs by estimating
the system’s state using available measurements and pseudo-
measurements. These algorithms primarily estimate nodal volt-
age magnitudes and angles [8, 29-31], though some also estimate
nodal active and reactive powers [32] or additional metrics as
line loading [33]. DSSE approaches applied Bayesian models
for non-Gaussian pseudo-measurement uncertainties [32], to
fuse measurements with varying sampling rates [29], or to
generate data samples to train deep learning-based DSSE models
[31, 34]. Bayesian models for DSSE often model uncertainties
but typically provide a single expected state estimate [29, 32].
These DSSE approaches generally focus on estimating voltage
magnitudes and angles. The proposed FA estimation approach
applies BNNSs to estimate the probabilistic DS constraint margins,
accounting for the available measurements to provide an FA
that is constrained by the safety margins selected by the TSO.
The proposed approach also includes real-time interface (RTI)
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measurement considerations. RTI is a platform in the Nether-
lands that mandates DER with a capacity higher than 1 MW
to provide real-time measurements to system operators. Thus,
unlike these DSSE approaches, the proposed BNN focuses on
the constrained variables needed to evaluate the feasibility of
flexibility shifts. The proposed FA estimation approach directly
utilizes the available measurements to aggregate the feasible
flexibility at the PCCs without requiring DSSE.

This paper develops an approach for FA estimation with BNNs to
consider the estimation and DS observability uncertainties. This
paper analyses the performance of BNN approaches considering
the impact of network sizes, assumptions about noise levels, and
data distributions for the power system task. The proposed FA
approach also includes an algorithm for networks with two PCCs.
Therefore, the main contributions are:

1. FA estimation approach that considers the uncertainty for the
DS constraint margins due to limited DS observability and
estimator uncertainty.

2. BNN model structures to estimate FAs considering real-time
uncertainties and data distributional changes.

3. Approach approximating and representing FAs in networks
with two-PCCs.

The case studies use the CIGRE 15-bus MV network and Ober-
rhein 70-, 109- and 179-bus MV networks. The case studies
compare the proposed BNN model to alternative approaches for
FA uncertainty, and demonstrate the proposed approach for FA
estimation in DS with one and two PCCs.

2 | Limited Observability in Steady State
Flexibility Area Estimation

2.1 | Problem Introduction

Let a DS state described by X(t) € R, V() € R",L(t) € R* at
time ¢t. The matrix X(¢) is the active and reactive power injected
at each of the n nodes, V(¢) is the voltage magnitude at each n,
and L(t) is the loading at each of the k lines and transformers.
The FSPs can linearly modify X(t) by increasing or reducing
the injection on a subset of the DS nodes A. However, the
impact on the network component loading and voltage is non-
linear. Thus, a combination of flexibility shifts from FSPs at ¢ is
U(t,7) € QU(t,7) € R™2, where QU(t, 7) is the set of all flexibility
combinations at ¢, and 7 is the duration until the new state is
achieved. Applying U(t, 7) would result in a new state after 7 as:

X(t+1)=X({®)+B-U(t,1), ®
Vit+1)=V(t)+F'X(),V(),U(,1)), )
L(t + 1) = L(t) + F{(X (1), L(t), U(t, 1)), 3)

where B € {0,1}™" is a binary matrix with 1 on each FSP’s
corresponding node and O otherwise, for example, if only the
fifth FSP is connected on the first node, the first row of B will
be 1 only on the fifth element. F°(-) and F'(-) are the non-linear

functions of flexibility impacts on network component voltage
and loading, respectively.

A network includes voltage constraints cl‘}“i“,cg‘a", and loading
constraints ¢™*. The objective of a steady-state FA estimation
algorithm is to describe the feasible area (considering DS con-
straints) of active and reactive power exchange at 7 PCCs between
the TSO and DSO, given all available flexibility combinations
QY(t,7). A single PCC’s active and reactive power exchange is
Xpce(t). As shown in [10, 25], an additional dimension for the
density of feasible combinations (DFC) can further demonstrate
the reliability in achieving a PCC operating point. Reliability in
terms of a plethora of alternatives to achieve said operating point.
Thus, the FA objective is to identify Y(¢ + ) C R™5, as:

Y(it+1)= {y(t + 1) = FAX(t), L(t), V(t), U(t, 7)), U(t, T)

€ QU(L,T), ¢ < V(t +T7) < e, L(E+T) < o }
4

where y(t + 7) € R™ describes the active power, reactive power
and DFC [25] for each PCC operating point. Function FA(-)
applies each U(t,7) € QUY(t,7) on (1)-(3) and aggregates the
feasible combinations for each xpq(t + 7) as [25].

2.2 | FA Uncertainty

Existing approaches mainly apply (1)-(3) by solving the power
flow relationships. However, DSOs do not deterministically know
X(t),V(t),L(t) to estimate the FAs. Depending on the intended
FA estimation speed, the X(t), V(t), L(t) source for uncertainty
can be:

1. In the day-ahead estimation of FAs, DSOs forecast the DS
operating conditions, which can differ in real-time.

2. In the real-time estimation of FAs, DSOs only measure a
subset of the network components.

Addressing the day-ahead FA estimation forecast uncertainty,
existing approaches [12-14] include the standard deviation in
DER injection forecasts for X(¢) to provide robust or chance
constrained FAs. However, for limited observability in real-
time, existing approaches neglect the resulting FA error [10].
This research addresses the impact of real-time limited DS
observability on the FA estimation task.

FA estimation uncertainty can be split into aleatoric and epis-
temic. Aleatoric uncertainty is inherent in data and cannot be
reduced, for example, measurements and pseudo-measurements
have noise that causes uncertainty. Epistemic uncertainty relates
to the model’s structure, parameters or assumptions due to lim-
ited data. Different data distributions and patterns can be absent
in the model development, however appear in model deployment.
Existing FA estimation approaches for forecasts focus on aleatoric
uncertainty as they do not include the uncertainty in prediction
model parameters but rather the uncertainty associated with the
data. Considering this uncertainty, a safety margin for the DS
loading and voltage constraints can alleviate any potential impact
from the miscalculation of the initial DS conditions.
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FIGURE 1 | Overview of proposed FA estimation process.

Vi 4
max

v T

Kvi @ Flexibility

Combination
My; —F - 0y Impact
7 T

FIGURE 2 | Feasibility evaluation example.

2.3 | Proposed FA Estimation Approach

Figure 1 shows the proposed FA estimation. The DSO provides the
measured and pseudo-measured DS variables. The TSO provides
the percentage p” for safety margin, that is, the minimum
confidence that the flexibility combinations are feasible consid-
ering the real-time DS operation uncertainty. FSPs provide their
offered flexibility, to obtain the U(t, 7). The proposed approach
estimates F'(-),F!(-) and the tensors of flexibility impacts on
the constrained voltage and loading variables using the mod-
ified TensorConvolution+ algorithm of [25]. This algorithm
estimates FU(-), F!(-) and the tensors of flexibility impacts by
performing power flow estimations, and modified convolution
operations to combine flexibility shifts. Therefore, the functions
FY(-), F!(-) are non-analytical and are further examined in [25].
The BNN estimates the distributions of the constrained DS
voltage and loading variables using the available measurements
and pseudo-measurements. Using these distributions, the p", and
the estimated flexibility impact of each FSP combination, the
proposed approach evaluates the feasibility of each flexibility
combination. The approach then aggregates the filtered feasible
combinations as in [25] and returns the flexibility area. Thus,
the proposed approach adds minor computational burden to
[25], mainly for the BNN estimation. Figure 2 illustrates how
the considered uncertainty and accepted safety by the TSO
can influence the flexibility considered feasible. For the TSO-
selected safety and uncertainty levels in Figure 2, the impact
from the flexibility combination could result in over-voltage.
Thus, in this example, the proposed algorithm would consider the
combination non-feasible.

The proposed approach first assumes a local approximation of
voltage and loading sensitivity to a flexibility action. If two DS

states {X(¢), V(t), L(t)}, {X(¢), V(t), L(t)} are within a small ball of
radius ¢, then VU(t, 7) € QU(t,7):

F'X@), V), U(t, 1)) = F*(X (1), V (1), U(t, 1)) ©)
FY(X(0), L(t), U(t, 7)) = F'(X(1), L(t), U(t, 7)) (6)

Thus, this local approximation assumption represents the sen-
sitivity functions as similar for close DS states. Hence, with
error e < ¢ between an estimated {X(¢t),V(t),L(t)}, and a real
{X(@©),V(),L(t)}, the voltage and loading sensitivities of DS
components to flexibility shifts are assumed similar.

Let Q° be the set of DS buses excluding the PCC buses, Q* the set
of DS lines and transformers, that is, |Q*| = k. Let X(¢t), V(¢), L(t)
be the expected network state values considering the measured
and pseudo-measured variables, that is, measured variables have
lower noise. Considering the limited observability, any estimated
values for voltage and loading V(¢), L(¢) will have some mismatch
&,,¢ from the actual voltage and loading values V(¢),L(¢).
The proposed probabilistic estimator represents this imperfect
estimation and task’s stochasticity by estimating the distribu-
tion for each bus voltage v;(¢)ViQP, and line or transformer
loading I;(t)Vj € O, given the measured and pseudo-measured
values. Thus, the proposed probabilistic model estimates a
normal distribution for each v;(t),;(t) as N (u,, (1), o5,(1)), Vi €
Qb, Ny, (1), Uzzj (), Vj € O, where u, (1), 0;,(¢) are the model’s
expected value and standard deviation for the voltage magnitude
of busi at t, and ,u,j(t), Ufj (t) are the model’s expected value and
standard deviation for the loading of line or transformer j at ¢.
Using these standard deviations, the proposed approach applies
the quantile function H(-) (inverse of cumulative distribution
function) to select a safety level for the network constraints.
The quantile function takes a probability and a distribution as
inputs and returns the margin r. The probability of a sample
being inside the margin r equals the input probability p". For
example, for p = 84%, the H(-) of a normal distribution will
return r = 1, for the margins w, (t) +r -0, (t). Hence, 84% of
samples from the input distribution would be within the w,,(¢) +
o0,,(t). Through H(-), the TSOs can select the safety percentage
for the FA, p"%, being the probability of the actual network
state being within the estimated margins, modifying (4), (2) and
(3) to:

Y(t+1)={y(t+71)=FAXQ), L), V), U, 1), Ut 1)

€ QV(t, 1), c™ < u, (t+7) —r- 0, (Vi € Q,
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My (t+7) = py (0 + F'(X(0),L(1),U(t,1)),Vj € Q. (10)
2.4 | Two-PCC FA Estimation

Considering two PCCs in FA estimation would require aggregat-
ing feasible points in four dimensions, the active and reactive
power per PCC. Visualizing these four dimensions can be chal-
lenging, while this increased dimensionality can worsen the
implementation complexity or computational burden for the
FA estimation. The proposed approach considers that the TSO
can select and decouple the flexibility for active and reactive
power. Alternatively, estimating two single-PCC FAs, one for each
PCC can represent the problem while neglecting dependencies
between the PCC operating points.

The proposed approach modifies y(t + 7) of (7) selecting the first
two dimensions as (i) active powers of the two PCCs and (ii)
reactive powers of the two PCCs. The third dimension is the
density of feasible combinations. This approach initially runs
power flows to estimate F'(-), F'(-) as in Figure 1. However, the
sensitivity matrices’ (and impact Tensors’) first two dimensions
are the TSO’s selection of active or reactive powers. If the TSO
considers active and reactive power flexibility from the two PCCs,
then the DSO can perform two simulations, selecting two of the
four dimensions for each simulation. However, this selection will
decouple the two sets of dimensions.

Exceeding two PCCs would increase the number of dimensions
needed to store the coupled aggregated shifts on each PCC. More
importantly, an increased number of PCCs would complicate
the decoupling and selection of dimensions to visualize the FAs.
Thus, this research is focused on meshed and radial DSs with one
or two PCC.

3 | Bayesian Neural Network Based Approach

Figure 3 illustrates the proposed BNN model process in esti-
mating the bus voltage magnitude and the line and transformer

loading distributions. The BNN model estimates the distributions
per datapoint Z times, each time with different model parameters
to approximate the epistemic uncertainty. For each parameter
setting z € Z and input features y = [vec(X),V,L] € R*"*, the
BNN estimates the output means u, ,, , Mz and aleatoric standard
deviations a;‘,vi,cr;l_ for bus voltages and line or transformer
loading. The loading variables have different scales and vari-
ability from the voltage and power injection variables. Hence,
the proposed approach first performs standard scaling on all
input features.

The proposed supervised BNN uses a training dataset D with |D|
data points. During training, the model processes the dataset D
in batches. The model uses these batches to compute predictions,
compare them to the true labels using a loss function, and
update its parameters via backpropagation. Each datapoint d €
D includes input features y, and targets ¢, = [v;Vi € Q,1.Vj €
Q'] € RIZH2 | yec(+) vectorizes an input matrix and | - | is a
set cardinality.

Conventional supervised feed-forward neural networks (FNNs)
return point predictions for the above targets ¢, given the input
features y,, and trained parameters W. These FNNs approximate
the underlying input-output relationship using the available
training data. However, these point predictions are also impacted
by the inherent noise within the training data and the data
distributions, which might differ from the real-life applications.
Therefore, understanding what the models do not know can be
critical for ML [35].

BNNSs consider the aleatoric and epistemic uncertainties in their
estimations. To consider these uncertainties, BNNs do not make
point predictions but rather predict distributions of possible
outputs for the given inputs:

p(vilz.D) = / (il 2. W)p(WID)AW, ¥i € Q°, (1)

p(l,12.D) = / (17 WP D)W, Vj € O, (12)

where p(-) is a probability distribution, p(v;|x, W), p(l;|x, W)
are the likelihoods of the outputs given the inputs and model
parameters, p(W|D) is the posterior distribution over the model
parameters. The integral represents the marginalization over all
possible model parameters W. The v;,[; in (11) and (12) are
the values from the dataset targets, split to return one normal
distribution per target.

IET Generation, Transmission & Distribution, 2026
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3.1 | Epistemic Uncertainty

To consider the epistemic uncertainty, BNNs do not have a single
setting of parameters but rather use different settings of param-
eters weighted by the posterior probabilities [16], the p(W|D)
term of (11) and (12). As (11) and (12) can be computationally
challenging, main approaches such as VI [17], MCD [18] and
DE [19] approximate p(v;|x, D), p(l;| x, D). VI uses a variational
posterior g(W|D) to approximate the true posterior p(W|D),
thus optimizing the parameters of the distribution g(W|D). MCD
applies dropout during training and inference time. During infer-
ence, the BNN model estimates the output distributions for the
same inputs multiple times, with the activated dropout resulting
in different neurons being deactivated each time. Therefore, for
Z estimations for the same inputs, Z different parameter settings
are used, approximating (11) and (12) with:

| —

A
pwlx.D)~ = Y plx.W.), W, ~q(W|D),Vi € Q°, (13)
=1

ZZ

N

1 .
pUlx.D) = 7 Y pUil W), W, ~qWID).Vj € QL (14)
z=1

To provide Z different parameter settings as in MCD, DE train Z
independent FNNs, resulting in Z different parameter settings,
applying (13) and (14). With (13) and (14) each pass utilizes
different settings, resulting in different estimates to showcase the
model’s parameter uncertainty.

3.2 | Aleatoric Uncertainty

To consider and estimate aleatoric uncertainty, BNNs include
standard deviation U;Ui,o"zl,lj for each predicted output in the
p(;|x, W), p(l;1 x, W) terms of (11), (12), (13) and (14). The
proposed BNN for FA estimation considers aleatoric uncertainty
as heteroscedastic [35], that is, dependent on each data point
rather than being constant for all data, for example, varying
environmental factors can impact measurements and pseudo-

measurements differently between prediction instances.

3.3 | BNN Model Output Distribution Estimation

The mean value, and the epistemic, aleatoric and total standard
deviation per output are:

1 .
Wy =7 Z{ oo, Vi€ Qb 15)
oy, =4/ (05)? + (07,2, (16)

z

=Yy, viea an
z=1

Z Moy — My )?, ViE Qb, 18)

Z

1 .

Z 2 MZ,lj? V.] € Qla (19)
z=1

oy, = /(0] +(o})?, (20)

ey

(22)

(16), (17), (18), (20), (21) and (22), utilize the additive property
of variance for independent estimations, before taking its square
root to estimate the standard deviation. Equations (17) and (21)
estimate the aleatoric variances for each target as the average
variance from the Z BNN output standard deviations [35].
Equations (18) and (22) estimate the epistemic variances for each
target as the average variance of the mean predictions for each
target distribution [35]. Equations (16) and (20) add aleatoric and
epistemic variances to obtain the total variance [35].

3.4 | Model Training Loss Function

As the BNN estimates a distribution per output, the negative
log-likelihood (NLL) function measures how well the estimated
distributions represent the actual distribution generating the
data [19, 36, 37]. NLL considers the confidence in the aleatoric
uncertainty, and the error between the predicted mean and the
target values as:

'D' By 1 ,
Lyu(6) = |D|Z< (ax)z Elog(a;;d)) (23)

The BNN outputs, wu,, =[u,, Vi€ Qb,/,lz’lej e’ o4 =
[o2,VieQb, Ug,le j€Q*" include voltage and loading
variables that differ in scale and deviation. For VI, the loss
can also include a regularization term on the Kullback-Leibler
divergence. Different scales and variances for a subset of outputs
can impact the loss function to focus on the subset that produces
a higher numerical loss, for example, a 0.5 p.u. voltage mismatch
is severe, whereas a 0.5% loading mismatch is minor. Hence,
the proposed approach performs standard scaling in the target
outputs during training, to ensure (23) is not impacted by the
different output units. This scaling results in standardized
(15)-(22). Thus, the proposed BNN output estimation (Figure 3)
performs inverse standardization on the outputs to obtain p.u.
voltage and % loading scaling.

4 | Case Studies

The case studies used the CIGRE MV network, the networks
from the separated Oberhein substations 0 (Ob0), 1 (Obl) and the
connected Oberrhein network (Ob) as visualized in Figure 4. All
case studies considered the PCC buses, the HV-MV transformers,
and the buses below the HV-MV transformers as observable
(v,1,P and Q measurements). In the CIGRE network, the wind
turbine with 1.5 MW capacity would require RTI measurements.
For Oberrhein networks, all buses connected to three lines or
more were considered observable.
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(a) Ob. (b) Ob0 (mm) & Ob1 ().

(c) CIGRE MV.

FIGURE 4 | Testnetwork lines (—), buses (®), HV-MV transformer stations (i), transformers (), external grid (®), CIGRE DS observable buses
(@), RTI observable buses (®) and switches (e’e). Panel (b) shows how Ob separates into Ob0 and Obl.

The case study in Section 4.1 included the CIGRE network of
Figure 4 in a meshed (closed switches) and radial topology
(open switches) with four FSPs. For each FSP, Section 4.1
considered all shifts [AP, AQ] with steps 0.1 MW constrained
by the FSP’s initial output. For each shift, 100 different DS
operating conditions were sampled by changing the power
injection X(t) of all non-observable loads and generators with 0
mean and o™ € {1%, 2%, 5%, 10%, 20%, 50%} standard deviation,
for pseudo-measurement errors.

The case study in Section 4.2 compares the proposed BNN
model’s performance to modified uncertainty evaluations from
FA estimation literature. Appendix A includes the comparative
analysis performed on BNN structures: VI, MCD and DE models.
The MCD model had the highest consistency under different
test set distributions. The training, validation and test datasets
were on synthetic data generated using CIGRE, Ob0, Ob1 and Ob
networks as summarised in Appendix Table A.1. The MCD model
was trained for 500 epochs, with a learning rate of 0.0001.

For the baseline design, existing forecast-based evaluations map
the uncertainty of nodal injections to the network constraints
using the power flow relationships [12, 14, 21, 22]. For example,
[12] assumed a mathematical linear relationship between power
injection forecast errors and deviations in voltage magnitudes
and angles. However, the formula in [12] is rather complex,
includes participation factors, and excludes the loading variables.
The approach in [14] runs multiple power flows for different
forecasts to approximate the probability of feasibility. This case
study approximates the constraint uncertainty mapping using
power flows and data statistics. This statistical approximation
considers a forecast DS operating condition per hour for each
of the Figure 4 systems. For each hour forecast, the statistical
approximation estimates 100 ‘actual’ operating conditions with
oP™, and ¥',¢P the load, and PV correlation, respectively.
The average standard deviation from the 100 samples returns

the o, Vi € Qb, o,Vje Q* for each forecast condition. For each
network, the approximated o, Vi € Q°, o,Vje Q" used datasets
with oP™ = 20%, ' = 60%, P = 70%, like the BNN training
datasets. The case study in Section 4.2 also considers a second
baseline, where the measured buses included o;',0;' power
and loading measurement standard deviation, instead of oP™, to
create a measurement-based statistical approach. The baseline
test datasets for each network vary the oP™ € {10%,20%, 50%}
and o} = o]" € {1%,2%, 5%} as the BNN test datasets. For each
baseline model’s test set evaluation, the estimated mean resulted
from the power flow solutions, whereas the standard deviations
were the training set hourly standard deviations.

The evaluation metrics for the BNNs and the baselines were (i) the
prediction interval coverage probability [38-42] for 95% (PICP,s):

1D| .

1 if¢, € +196-0

PICPy; = —— > %4 ,[“ K= ) (24)
D] &2 | 0 otherwise

where D are the validation and test sets, and gy, =loy,Vie
Qb, o,Vje Q*]". The PICPys metric shows how well the model
confidence reflects the actual test data, that is, PICP,s should be
as close to 0.95, whereas PICPy; > 0.95 shows under-confident
model, and PICPy; < 0.95 overconfident model. An overconfi-
dent model estimates too narrow uncertainty intervals. Addi-
tional evaluation metrics are: (ii) the root mean squared error
(RMSE) between the mean predictions and the actual values
[19] (should be as close to zero as possible) (iii) the negative
log-likelihood [16, 19, 36] (should have the lowest value).

The case study in Section 4.3 estimates safety-constrained
FAs in the OB1 with, ¢ = 1.05,c™" = 0.95, and five FSPs.
The active and reactive power discretization steps were
0.05 MW, 0.1 MVAR, respectively. The ¢, = 0.01 p.u.Vi € Q°,

IET Generation, Transmission & Distribution, 2026
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FIGURE 5 | Voltage and loading sensitivity deviations for operating conditions with different pseudo-measurement standard deviation for the

CIGRE DS radial (mm) and mesh (mm) topologies.

o, = 4% for all the lines and 2% for the measured transformers.
The FSP flexibilities were any power setpoint within each FSP’s
nominal apparent power.

The case study in Section 4.4 estimates safety-constrained FAs
in the OB with two PCCs, with seven FSPs. The active and
reactive power discretization steps were 0.03 MW, 0.03 MVAR,
respectively. The uncertainties were the same as Section 4.3. Due
to the initial DS conditions being outside the 0.95 —1.05 p.u.
limits, the constraints were c® = 0.9 p.u. and ¢™>* = 1.1 p.u. The
FSP flexibilities for the active power scenarios were any setpoints
below the initial active power. For reactive powers, the flexibilities
were between —150% and 150% from the initial reactive powers
for the loads and between —50% and 50% from the initial active
power outputs for the generators (as the initial setpoints had 0
reactive power).

4.1 | Sensitivity Local Approximation

This case study analyses the impact of different pseudo-
measurement deviation levels on the sensitivity between DS
operating conditions, for the validity of the assumption in
Section 2.3. The FA estimation algorithm approximates the sen-
sitivity of network buses F*(-) and lines F'(-) to FSP shifts using
measured and pseudo-measured values {X(t), V(t), L(t), U(t, 1)}
instead of the actual, unobserved values {X(¢), V(¢), L(t), U(t, 1)},
assuming F', F! to remain approximately constant for pseudo-
measured operating conditions close to the real operating con-
ditions. Figure 5 compares the absolute percentage difference
in sensitivities between actual and pseudo-measured conditions
(AF*%, AF'%).

The simulations only included F*(X(t),V(¢),U(t,7)) >
0.0005 p.u., F'(X(t), L(t), U(t,7)) > 0.5%, to avoid instabilities
from low-sensitive components to FSP shifts.

The results had average line loading sensitivites
F(X(), L), U(t, 1)) between [-16.52%,9.23%] and
average voltage sensitivities F'(X(¢),L(t),U(t,7)) between
[-0.017,0.019] p.u. for the radial network. For the mesh
network, the average loading and voltage sensitivities were
[—4.32%,5.13%], and [—0.009,0.008] p.u., respectively. From
the results in Figure 5, the sensitivities remain approximately
consistent, with an average deviation less than 5% for loading
and less than 1% for voltage with pseudo-measurements with
20% or less standard deviation. For 50% deviation, the loading

sensitivities deviate by an average of =~ 11% for loading in the
meshed network.

AF' is higher in the meshed network, whereas AF" is higher in
the radial network. Addressing the first observation, in radial
networks, the load flow paths are relatively limited; in mesh
networks, the power injection deviations can redistribute the load
flow paths. Addressing the second observation, the limited paths
in radial networks could mean that a different power injection on
a bus would impact all upstream or downstream bus voltages.

4.2 | BNN Comparison With Baselines

Figure 6 compares the PICP,;, RMSE and NLL between the
baselines and the proposed BNN of Section 3 for varying test set
noise deviations and networks. Table 1includes the PICPy5, RMSE
and NLL values with the best performing model highlighted for
each noise and network scenario. The results indicate that the
network structure and noise levels impact the BNN less than
the baselines. In PICP,;, the BNN outperforms the baselines
with an average PICPysv = 0.91, and PICPys/ = 0.94 compared to
the measurement-based PICPysv = 0.73, and PICPysl = 0.78, and
forecast-based PICPysv = 0.67, and PICPysl = 0.77. The baseline
models consistently underestimate the uncertainty, with values
significantly lower than 0.95, except in the lower-noise scenarios
for loading variables. In these scenarios, 0.9 < PICPysl < 0.95.
However, this means that the uncertainty estimation for loading
can be accurate if the noise is half of the one considered during
estimation. The baseline exclusion of epistemic uncertainty in
the estimations contributes to this significant underperformance
compared to the BNN. As Figure 7 shows, the epistemic uncer-
tainty can be a substantial part of the total uncertainty. Figure 6
shows that the BNN drastically improves the voltage and loading
RMSE and NLL compared to the baselines. Further, BNN is
less impacted by the different noise levels and networks than
the baselines. The BNN has, on average, more than four times
improved voltage RMSE and more than three times improved
loading RMSE compared to the baselines.

Figure 7 shows example MCD predictions on the vertical axis with
measurement inputs on the horizontal axis. The uncertainties of
Figure 7 have a 95% confidence margin (two standard deviations).
To improve the visualization clarity, 90% of the datapoints
were removed in Figure 7 in densely populated regions. The
figures show that epistemic uncertainty depends on the dataset’s
number of examples. In the regions with more concentrated
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FIGURE 6 | Comparison of forecast-based statistical baseline (#8), measurement-based statistical baseline (#888) and MCD BNN (#5) models
under varying pseudo-measurement (and measurement) noise and network size. The network size corresponds to the number of buses.
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FIGURE 7 | Voltage and loading predictions by MCD model for CIGRE DS with mean (—), epistemic uncertainty (=), aleatoric uncertainty (- ),

total uncertainty (-), and true data (e).

datapoints (closer to 0 in the horizontal axes), the epistemic
uncertainty is smaller than the less-populated regions. This
difference highlights that more training examples can reduce
the model uncertainty in the parameter space and the epistemic
uncertainty. Figure 7 also illustrates that the aleatoric uncertainty
varies between datapoints.

Considering the computational burdens, the baselines would not
require additional estimations as the FA estimation would solve
the power flows to estimate the sensitivities in Figure 1. However,
the MCD BNN would add a negligible prediction duration, as
Table A.2 shows (between 0.09-0.3).

4.3 | Measurement Uncertainty-Controlled FA
Estimation

This section shows the proposed FA estimation process of
Section 2.3. Using the BNN mean prediction and uncertainty,
the TSO can select a safety margin on the FAs with the p”

input as in Figure 1. Figure 8 shows the proposed approach for
FA estimation with different safety levels, p" = 50%, 68% (+ the
estimated standard deviation), 84% (r = 1) and 95% (+2X the
estimated standard deviation). DFC is the density of feasible
combinations for each FA point. The increasing safety margin
further restricts the FA feasible space. The uncertainty levels in
Figure 8c,d shows that even the initial DS operating condition can
be out of the selected safety margins.

The FA estimation durations using the Google Colab’s A100 GPU
required 15.6,16.2,17.1 and 18.7s for Figure 8a-d, respectively.
The difference in computational time as the margins increase is
due to the increased number of network buses and lines that can
reach the network constraints.

4.4 | Two-PCC FA Estimation

This case study shows the proposed FA estimation approach
for DS with two PCCs as explained in Section 2.4. Figure 9
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shows the resulting FAs for the two PCCs when considering only
active power in Figure 9a or only reactive power flexibility in
Figure 9b. The diagonal shapes in Figure 9 show the correlation
between the two PCCs’ power exchange, for example, a flexibility
shift to decrease the active power at PCC; can also reduce the
active power at PCC, for the majority of flexibility combinations.
However, some combinations (low DFC) can also shift each PCC’s
power unequally, for example, decreasing the active power in
Figure 9a of PCC, by 0.5 MW and maintaining the active power
of PCC, at 21.5 MW.

Using these FAs, the TSO can select any feasible active or reactive
power setpoint for the correlated PCCs. The FA estimation
required 11.1 s for Figure 9a and 7.5 s for Figure 9b with the
A100 GPU.

4.5 | Discussion

Through the proposed approach, TSOs can consider real-time
uncertainties when accounting for the available flexibility, unlike
prior FA approaches. These real-time uncertainties are due
to limited measurements, input noise, and model parameters.
Using BNNs, the estimated uncertainties can generalize better
to different noise levels and networks compared to the statistical
baselines extended from [12, 14, 21, 22].

The results of Section 4.2 show the proposed BNN structure
improves the uncertainty estimation in all metrics compared to
the statistical baselines. The baselines underestimate the uncer-

tainty in the majority of tests (PICPy5 < 0.95). The measurement
and pseudo-measurement noise increase impacts the baselines
significantly more than the MCD BNN in all metrics. In terms
of computational burden, MCD requires low training times
(0.8-1.2 h) and prediction duration 0.1-0.3). The computational
burden added to [25] for FA estimation is mainly the BNN
prediction duration, with FA estimations requiring between
7.5-18.7. Prior approaches for uncertainty consideration in FA
estimation offered simplicity, but showed limited performance
compared to the proposed BNN structure. This also highlights the
need for more advanced, possibly learning-based approaches for
uncertainty quantification.

The TSO’s selection for safety probabilities can impact the size
of the FA, as well as the risks of selecting operating conditions
that would be non-feasible for the DS constraints. A p* of 95%
could be highly restrictive, as it would require all voltage and
loading conditions in the DS to have a margin of two times
the uncertainty’s standard deviation. A selection of p! = 68%
could provide sufficient safety margin, while also permitting a
broader FA.

The two-PCC results in Section 4.4 show the algorithm’s capa-
bility for fast estimation, and the interdependency between the
two PCCs, as the areas show diagonal rotation, for example, shifts
increasing PCC, P also increase PCC,P. Nevertheless, decoupling
the active and reactive powers neglects the active-reactive power
interdependency, where active power shifts can cause reactive
power deviations and the opposite.
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The results of Appendix A indicate BNN approaches can perform
well for the power-system task, maintaining a relatively consis-
tent PICPys, RMSE, and NLL when trained in different networks.
Between VI, MCD and DE BNNs, the MCD has, on average, the
best | PICP,s, RMSE (for v and 1), and NLL (for v and I).

The proposed approach was evaluated in synthetic data. Nev-
ertheless, the case studies used a realistic percentage of mea-
surement units [11], varied operating conditions, network topol-
ogy and structure, and possible measurement and pseudo-
measurement noise. These variations were selected to reflect the
possible impact of deployment in real life under various scenarios.
Nevertheless, retraining is required under topological changes
that were absent during training. Nevertheless, the proposed
MCD model’s low training time requirements would enable DSOs
to re-train the model with new data collections.

The proposed approach can be extended to support co-
optimization with economic objectives. The estimated FA
can be embedded within optimization frameworks, such as
congestion management, operational planning and flexibility
procurement mechanisms. Furthermore, the approach can be
extended to multi-energy systems by adding variables in the
input space, representing heat, gas or storage dynamics. In
such settings, the approach can estimate coupled FAs across
energy sources.

The sensitivity local approximation may cause incorrect FA
estimation for loading approximations in cases with high pseu-
domeasurement noise (e.g., 50% noise), mainly in meshed DS
topologies. To mitigate such cases, data-driven approaches could
be utilized to provide pseudomeasurements based on similar
prior network states [43]. The local sensitivity approximation
could be ineffective after topological changes since the flow of
energy would follow alternative paths. Correct anticipation of the
network topology is crucial for all FA estimation algorithms to
evaluate the feasibility of flexibility combinations.

A limitation of the proposed approach is the underconfidence in
test sets with lower noise than the training sets (PICPy5 > 0.95).
To mitigate this limitation in case of low pseudo-measurement
and measurement noise, DSOs can utilize real-life data to train
another BNN MCD in ~ 1 h. The demonstrated BNN latency
showed minimal impact on the FA estimation duration. The
underlying FA estimation, utilizing the structure of [25] would
similarly have consistent speed under varying network structures,
but may require high memory usage under increasing number of
FSPs, for the tensor operations.

5 | Conclusions

System operators can use the proposed approach to select
safety levels in real-time FA estimations, considering the limited
observability in DS. Aiming for real-time operation, the proposed
approach is fast and considers the uncertainty from limited real-
time DS measurements. In addition, with the proposed approach,
TSOs can select active and reactive power flexibility aggregation
in DS with two-PCCs. The proposed BNN structure improves the
accuracy of the estimated uncertainty and RMSE compared to the
baselines. The proposed BNN improves the RMSE compared to

baselines by an average = 4x for voltage and = 3X for loading.
The average MCD BNN test uncertainty using PICP,5 shows slight
overconfidence with 0.91 for voltage and 0.94 for loading, unlike
the baselines that show significant overconfidence.

Future work includes evaluating the BNN performance in real
data from distribution networks and studying the impact of
alternative measurement locations in DS. Future work could
explore how to improve the network measurements for FAs,
considering recent approaches on optimal measurement place-
ment and observability levels for DSSE [44, 45]. Such work could
provide information on how to reduce the uncertainty in FA,
whereas this paper proposes a method to anticipate and consider
the uncertainty in FAs.
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Appendix A: BNN Comparative Analysis

The comparative analysis included one training, one validation and three
test sets for each of the four networks in Figure 4. All datasets followed
residential load, PV and wind turbine (where available) hourly profiles
and assumed a 40% increase in generation capacity and 20% in load con-
sumption as [8]. For each hour, the datasets sampled different operating
conditions for the load consumption, PV and wind turbine generations.
The CIGRE dataset also included topological changes between all switch
combinations in Figure 4, and three binary features on the status of each
switch. The test sets varied in measurement and pseudo-measurement
noises (and correlations in CIGRE). The CIGRE network also included
an RTI-measured bus (generation with capacity > 1 MVA) with noise
double from the respective measurement noise. Table A.1 includes the
information for each dataset, o) is the measurement voltage standard
deviation. The BNN model settings were:

1. VI: A variational inference model with four dense layers, one dense
variational layer with multivariate normal posterior distribution,
with Tanh(-) activation function and Z = 100.

2. MCD: A Monte Carlo dropout model with four dense layers, 0.1
dropout, with ReLU(-) activation function and Z = 100.

3. DE: A deep ensembles model with 20 FNNs (Z = 20) of three dense
layers, with ReLU(+) activation function.

All models were trained with a 0.0001 learning rate. VI and MCD were
trained for 500 epochs and each DE FNN was trained for 250 epochs. MCD
and DE had 512 hidden units for all layers. For VI, the hidden units were
256,128,128,32 for the dense, 32 for the variational layer in CIGRE, and
256,128,128,64 for the dense, and 64 for the variational layer in OB0O, OB1
and OB.

In all models, alternative activation functions (ReLU, Tanh), the number
of dense layers, and the neurons of each layer were tuned. For VI, a larger
imbalance between deterministic and variational layer neurons nega-

TABLE A.1 | Dataset settings.

Size ¢! ¢ oo oyt oP™

Name Usage Net. — % % % % %
Tr.C train CIGRE 33k 60 70 2 1 20
V.C validate CIGRE 7k 60 70 2 1 20
Tel.C test CIGRE 7k 60 70 1 0.5 10
Te2.C test CIGRE 7k 60 70 2 1 20
Te3.C test CIGRE 7k 60 70 5 50
Te4.C test CIGRE 7k 30 35 1 0.5 10
Te5.C test CIGRE 7k 30 35 2 1 20
Te6.C test CIGRE 7k 30 35 5 3 50
Tr.OBO train OBO 16k 60 70 2 1 20
V.OBO validate OBO 3k 60 70 2 1 20
Tel.OBO test OBO 3k 60 70 1 0.5 10
Te2.0BO  test OBO 3k 60 70 2 1 20
Te3.0BO test OBO 3k 60 70 5 3 50
Tr.OB1 train OB1 15k 60 70 2 1 20
V.0OB1 validate OBl 3k 60 70 2 1 20
Tel.OBl test OBl 3k 60 70 1 0.5 10
Te2.0B1 test OBl 3k 60 70 2 1 20
Te3.0B1 test OB1 3k 60 70 5 3 50
Tr.OB train OB 15k 60 70 2 1 20
V.0OB validate OB 3k 60 70 2 1 20
Tel.OB test OB 3k 60 70 1 0.5 10
Te2.0B test OB 3k 60 70 2 20
Te3.0B test OB 3k 60 70 5 3 50

tively affected training. Increasing the size of deterministic layers reduced
the relative contribution of the variational posterior, while enlarging the
variational layer increased the computational overhead, leading to slower
convergence. For MCD, the identified number of layers and neurons
showcased the best performance, while maintaining fast training. The
dropout level for MCD was selected as it balanced predictive performance
and uncertainty estimation. For the DE model, the size of the networks
was reduced as larger networks did not showcase a clear predictive
performance improvement, but increased the training duration.

For each network, the models were trained once in the corresponding ‘Tr’
dataset of Table A.1. Each test set was used to evaluate the models trained
on the same network. The validation sets were used to store the model
parameters with the best performance during training for each network.
Figure A.1 illustrates the model performances for each metric under the
varying noise levels and network sizes.

Considering PICPys, all models were slightly underconfident (0.95-1) in
the low and medium noise scenarios, excluding the MCD which was
overconfident in the low noise v for OB1 (0.89) and OB (0.85), and slightly
overconfident for OB1 (0.92). In all models, a lower correlation in the test
sets reduced PICPqs but maintained its levels between 0.91-1 for the low
and medium noise. All models were impacted by the high noise scenarios,
with MCD maintaining the best performance in most. Considering the
voltage RMSE metric, all models showed fluctuations for the different test
sets. MCD showed deterioration for lower and higher noise in the larger
networks, which can indicate fitting to the noise uncertainty. However,
MCD also showed a consistently better RMSE than VI and DE for higher
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FIGURE A.1 | Comparison of VI (mm), MCD (mm=)and DE (mmm) models under varying pseudo-measurement (and measurement) noise and network

size. The network size corresponds to the number of buses.

TABLE A.2 | Model computational aspects.

Training duration [h] Prediction duration [s]

Net. VI MCD DE VI MCD DE

Cigre 1.8 1 81 0.28 0.09 0.01
OBO 10.6 0.8 6.2 0.4 0.12 0.04
OB1 16.6 0.7 7.7 0.36 0.16 0.04
OB 14.7 1.2 9.8 0.46 0.3 0.03

noise levels. Considering the loading RMSE, the VI was highly impacted
by the topological changes within the CIGRE datasets, whereas MCD
and DE maintained a similar RMSE for all topologies and networks. The
MCD mainly outperformed the DE and VI in loading RMSE and was
less impacted by the test set noise variations. The NLL metric showed
similar levels for all low and medium noise scenarios in all networks
and models. However, MCD maintained almost consistent performance
in all scenarios with minor noise impacts compared to VI and DE. The
VI model was negatively impacted by the different DS topologies in the
training dataset and reduced PV and load correlations in the test sets. The
MCD and DE did not show significant impacts from the DS topologies.
The reduced test set PV and load correlations did not significantly impact
the MCD and DE, except for a slight improvement for the [ PICPg5 and a
slight deterioration for the I NLL. The results indicate that the MCD model
is the most consistent among the three BNNs, especially with increased
noise levels. Nevertheless, all BNN models showed low RMSEs, NLL and
close to 0.95 PICPys.

Table A.2 shows the training and prediction durations per model and
network using the Google Colab CPU. The number of input features,
neurons and outputs highly impacted the VI training time, with 6-9

times larger durations for OBO, OBI1, OB than CIGRE. MCD required
significantly less time than DE, as MCD only trained one BNN, whereas
DE trained 20 BNNs. The prediction durations were small for all
networks, with DE being the fastest. The difference between MCD and
DE prediction duration was potentially caused by the larger Z and the
MCD having more layers (and parameters).
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