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ABSTRACT

We study the three-dimensional, divergence-free, incompressible Euler equations in the f-plane approximation for
off-equatorial oceanic flows of constant vorticity, where the fluid domain is bounded by a free surface and a flat bed.
The major difference, compared to related earlier works, is that we refrain from any global restrictions on solutions
with respect to the latitudinal coordinate y, which we justify by the f-plane approximation’s locality. The resulting
flows are necessarily steady (despite the time dependence of the governing equations), zonal, independent of the
zonal coordinate x, and fully explicit; the corresponding free surface exhibits a nontrivial parabolic structure in y.
We also provide an application to the Antarctic Circumpolar Current (ACC) for which we compare the sea surface
height predicted by our constant vorticity model with satellite altimetry measurements available in the literature.
2020 Mathematics Subject Classification: 35Q31, 35Q86

1 | Introduction

The mathematical analysis of geophysical fluid dynamics is very intricate and complicated due to many factors, including
the nonlinear character of the equations, the three-dimensional nature of the water flows, stratification of the fluid, the
Coriolis effects due to the Earth’s rotation around its axis, and the presence of swirling motions of the fluid. The latter is
mathematically captured by the vorticity vector, which is defined as the curl of the velocity field and measures the strength
of a fluid’s local rotation. While irrotational flows (i.e., flows with zero vorticity) have very nice mathematical properties,
such as the existence of a velocity potential enabling far-reaching applications of harmonic and complex analysis, realistic
flows are typically nonuniform. The simplest nontrivial rotational flows are linear shear flows, that is, currents with
constant vorticity. Compared to uniform flows, they are more complex, as they may have stagnation points or critical
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layers. Significant analytical progress has been made rather recently in the investigation of steady periodic gravity waves
with constant vorticity; see [1, 2] and the references therein.

Nonzero constant vorticity flows have been shown to be in essence two-dimensional, for constant density flows, as well
as for vertically stratified flows [3-9]. Even more specifically, constant vorticity flows were shown to give rise to only
trivial bounded solutions in the equatorial S-plane [10]. The recent studies [11, 12] explored the existence of solutions in
the f-plane approximation at arbitrary off-equatorial latitudes under the constant vorticity assumption and found that
any bounded solution is almost trivial with a flat surface, vanishing vertical fluid velocity, and the horizontal velocity
components independent of spatial variables, taking the form of temporal simple harmonic oscillators with the frequency
determined by the Coriolis parameter f.

In the present study, we dispense with the assumption that solutions have to be bounded with respect to the latitudinal
direction y. This can be justified, since the f-plane approximation is accurate and valid only in a narrow latitudinal strip,
and therefore global boundedness restrictions on solutions with respect to y are unnecessary. Precisely this relaxation
gives rise to nontrivial off-equatorial flows of constant nonzero vorticity satisfying the f-plane approximation of Euler’s
equations. These solutions are necessarily steady, zonal, independent of the zonal direction x, and fully explicit. The
azimuthal velocity component is linear in both y and the vertical coordinate z; the other velocity components are zero;
the pressure is quadratic in y and z; the free surface exhibits a parabolic shape. Finally, we apply our result to the Antarctic
Circumpolar Current (ACC), for which we compare the sea surface height predicted by our constant vorticity model with
satellite altimetry measurements available in the literature.

The paper is structured as follows: Section 2 introduces the geophysical setting and further assumptions. In Section 3, we
state and prove our main result. Section 4 provides an application of this result to the ACC.

2 | The Geophysical Setting

We consider the f-plane approximation for the governing equations of geophysical fluid dynamics and denote by
(x,y,z) € R3 the position vector in the corresponding rotating Cartesian coordinate frame for the standard basis vectors
€y, e,,e; € R3 pointing eastward, northward, and upward, respectively. The fluid domain lies between a flat ocean bed
at depth z = —d < 0 and a free surface , which is an a priori unknown part of the solution (see Figure 1). We assume that
the free surface is described by the graph of a continuously differentiable function 7 : R® - R, (x,y,t) = 5(x,y,t). At
each instance of t € R, we denote the fluid domain by Dn(t), that is,

Dy(t) :={(x,y,2) € R® : —=d < z <5(x,y,1)},
and set

D, :={(x,y,z,t) eR* : (x,y,z) € Dy(t) and t € R}.

- T~ ) T )

z=n(x,y,t)

z=—d

FIGURE 1 | A cross section of the (a priori unknown) fluid domain D, (t) bounded by the free surface  and the flat bed.
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We denote by Q ~ 7.29 - 107> rad s~! the angular velocity of the Earth and set
f :=2Qsinf, f :=2Qcosb,

where 0 € (-7 /2,7/2) is a fixed angle of latitude (the Equator is located at 6 = 0 and @ is positive on the Northern
Hemisphere). Furthermore, (u, v, w) : D, — R3 denotes the velocity field, where u, v, and w point in the directions x, y,
and z, respectively, and P : D, — R is the pressure. Our set of governing equations, namely, the f-plane approximation
for Euler’s equations, reads

Up + Uy + vuy + wu, + fw - fo=—p71P,,
U + Uy + 0vy + wo; + fu = —p_le, 21

w; + uwy + vwy, + ww, — fu=—p~1P, —g.

The density p > 0 is assumed to be fixed and g denotes the gravitational constant. In addition, we require conservation of
mass, that is,

Uy + vy, +w, =0. (2.2)

We impose the usual dynamic and kinematic boundary conditions at the free surface and the flat ocean bed, that is,

P=P
atm on z=n(x,y,t), (2.3)
W =N +uny +vm,

where P, > 0 denotes a given constant atmospheric pressure, and
w=0 on z=-d. 2.4
The relative vorticity in D, (with respect to the rotating frame of reference) is given by

w = (w1, Wy, w3) = (wy — Uz, Uz = Wy, Uy — uy)- (2.5)

Assumptions. Our main result (Theorem 3.1) relies on several requirements, which are listed below in Assumption
2.2. They are similar to those employed in [11], except for one crucial difference: in our present study, we do not assume
boundedness of solutions with respect to the y-coordinate. It is precisely this relaxation which permits the existence of
nontrivial flows of constant nonzero vorticity governed by the f-plane approximation of Euler’s equation off the equator.
Our motivation for this relaxation stems from the fact that the f-plane approximation is accurate in a very narrow
latitudinal strip about the underlying fixed latitude 8. Geophysicists typically require deviations from y = 0 to lie in a
range of about +50 km, which is of an order 100 less than the zonal dimension of large (zonal) ocean currents. Due to the
strong locality of this approximation, we refrain from imposing any kind of global restriction for solutions with respect to
y. Thus, (u,v,w), P, and 5 can become unbounded or undefined as y — +oo; the graph of » might potentially intersect
the line {z = —d} at very large latitudinal distances. We emphasize at this point that we are not interested here in studying
properties of solutions near regions where they become potentially undefined. Instead, we argue that regions where such
mathematical singularities might occur do certainly lie far beyond the f-plane approximation’s scope of applicability and
thus unlikely bear geophysical significance.

Notation 2.1. In view of the above discussion, we impose a suitable restriction on the fluid domain in y-direction to rule
out ill-posedness. For this purpose, we set

. (g—fuo)z . @

Yimax = , = , 2.6
max 28| fw,| 1000 (2:6)
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and restrict the y-range to the interval (-Y,Y’). Here, uq is associated with the azimuthal velocity component (cf.
Theorem 3.1). We denote the resulting restricted fluid domain by

D,y :={(x,y,z,t) ER* : |y| <Y, (x,y,2) € Dy(t) and t € R}.

We emphasize that we do not impose additional lateral boundary conditions (they would be physically meaningless); we
simply restrict (2.1)-(2.4) to D, y. The formula for Yy,,x comes from (3.1): it equals the absolute value of the zero of the
discriminant. We will see that Y is large enough to fully cover realistic geophysical applications such as the one given in
Section 4.

Assumption 2.2. We assume that Y, > 0 and impose the following requirements.

i. The vorticity vector w € R3 is constant, nonzero and

=y + f #0, (2.72)

@
Wl i=w3+ f#0. (2.7b)

ii. The latitudinal angle 6 is nonzero: 6 € (-7 /2,7/2) \ {0}.

iii. The free surface 7 : Rx (-Y,Y)xR — R is continuously differentiable and satisfies the following sea-level
normalization:

7(0,0,0) :=0. (2.8)
iv. The fluid velocity vector
(u,v,w) : D)y - R3

is twice continuously differentiable; furthermore it is bounded with respect to x, t € R for every fixed y € (-Y,Y).

v. The pressure
P D’LY - R
is continuously differentiable; moreover it is bounded with respect to x,t € R for every fixed y € (-Y,Y).

Remark 2.3. We are only interested in classical solutions of (2.1)-(2.4), which explains the smoothness requirements in
2.2(iii)—(v). Note that conservation of mass (2.2) in combination with the assumption of constant vorticity and smoothness
entails harmonicity and thereby real analyticity of u, v, w in the spatial variables within the connected domain D, y (we
will prove that 7 satisfies (3.1), which ensures connectedness for real-world scenarios). That is,

Au=Av=Aw=0

throughout D, y, where A := V- Vwith V := By, 9y, 9,).

3 | Main Result
In this section, we present and prove our main result, which is stated as follows.

Theorem 3.1. The set of solutions fulfilling the free boundary value problem (2.1)-(2.4) under Assumption 2.2 is
characterized as follows:

i. Thevorticity satisfies w = (0, w,, fw,) for some w, € R \ {0} with f := f/f = tané.
ii. Throughout Dy, v = w = 0 and u depends only on (y, z); it is given by

u(y,z) =ug +wy(z - fY)

for some ug € R. In particular, the flow is steady and zonal.
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iii. Throughout D, y, the pressure P depends only on (y, z) and satisfies

P(y,z)=p [f(% ((z=fy)?) +up(z - fy)) - gZ] + Pyem.

iv. The free surface ) depends onlyon 'y € (-Y,Y) and is given by

g+ f(fary —up) — \/(g — fup)” + 20,8 fy

— (3.1)
S

ny) =

Proof. One can directly check that u, v, w, P, and 7 given by Theorem 3.1(i)~(iv) are indeed a solution of the free boundary
value problem (2.1)-(2.4), which fulfills Assumption 2.2.

Let, on the other hand, u, v, w, P, and 7 be a solution of (2.1)-(2.4) satisfying Assumption 2.2. We first prove Theorem 3.1(i).
To this end, we consider the vorticity equation, which is obtained by taking the curl of (2.1). In view of mass conservation
(2.2) and the assumptions that density p and w are constant, the vorticity equation written out componentwise simplifies
to

WUy + W)Uy + WU, =0, (3.2a)
w1 Uy + W)V, + @0, =0, (3.2b)
w1Wy + Whw), + wiw, = 0. (3.2¢)

By combining (2.4), (2.7b), (2.8), (3.2c), and continuity of the free surface, we infer the existence of a small open subset in
D, y lying between the ocean bed and the surface, where w vanishes. Thanks to harmonicity of w in D,, y (cf. Remark 2.3),
we infer that

w=0 in D,),y. (3.3)
Therefore (cf. (2.5)), we infer that
W] = -0
! z in D’] Y>
Wy = Uy ’

which yields that

u(x,y,z, t) =u(x,y,t) + wrz i
{(y )= ax,y.0) + @ in D,y )

u(x,y,z,t) =0(x,y,t) — w1z
for some functions @1, 0 : R X (-Y,Y) x R — R. From (2.2), (3.3), and (3.4) we deduce that
iy +0,=0 in Rx(-Y,Y)xR
giving rise to a function ¢ : Rx (=Y, Y)XR — R, (x,y,t) » ¥(x,y, ), satistying
Yy =1u, Py=-0. (3.5)
Substituting (3.4) and (3.5) into (3.2a), (3.2b), and (2.5), shows that
W1 xy + @)y + @ywsy =0,
W1 Pxx + @)y + Wiy =0, (3.6)
—(xx + ) = @3-

By solving (3.6) for ¥, ¥y, and ), we obtain that

50f11

85U8017 SUOWIIOD BAEa.D 3|qeol(dde aup Aq peusenob a e sajolle YO ‘@S JO 'S8 10} Ariqi8ul|uO /8|1 UO (SUORIPUOD-PUB-SWBIW0D A8 | IMAeIq 1 jaul|UO//:SdNY) SUORIPUOD pUe swe | 8y} &8s *[620z/20/72] Uo AriqiTauliuo Aelim ‘Hea AisieAun ealuyse L Aq 1800, Wides/TTTT'0T/I0p/Wo0 A8 | Arq1juljuo//sdny wouy pepeojumod ‘T ‘S202 ‘0656.9%T



/ £ 2./
_ wz(wa - fC()3) - 601603

Pxx 5 = A, (3.7a)
w? + ),
1179
w (W} + fel)
Py = - 2 B, (3.70)
<h + 602
fol —walal
= ——— 23 (3.7¢)
cu% + )

. . . 2 . .
These fractions are well-defined by (2.7a), that is, co% + cog > 0. Next, we integrate (3.7) to infer that

»(x,y,t) = %xz + Bxy + %yz + a(t)x + b(t)y + c(t), (x,y,t) ERX(-Y,Y) xR
for some functions a, b,c : R — R. Thus, for all (x,y,t) e R X (-Y,Y) X R,

u(x,y,t) =1, = Cy + Bx + b(1),
(3.8)
0(x,y,t) = =, = —(Ax + By + a(t)).

Since we require u(-,y,z,t) : R > R and v(:,y,z,t) : R - R to be bounded for fixed (y, z,t), (-, y,t) : R - R and
0(-,y,t) : R - R have to be bounded as well, which implies that

A=B=0. 3.9
To show that
w1 =0, (3.10)

we employ a contradiction argument. Let us assume that w; # 0. Then it follows from (3.7b), (3.9), and (2.7b) that

/

. (3.10)

r_ ) ’
Wy = —fw, = —W W, + W3w;.

From (3.7a), (3.9), and (2.7), it follows that

wh(whaws — whws) = cufcog. (3.12)
Next, we substitute (3.11) into (3.12), divide the outcome by wg # 0(cf. (2.7b)), and use the assumption that w; # 0 to infer
that

N2 _ 2
—(w))* =w; >0,

which is obviously a contradictory statement. Therefore, (3.10) must hold true. Furthermore, we employ (2.7a), (3.7a),
(3.9), and (3.10) to conclude that

fowy = fos. (3.13)

This proves Theorem 3.1(i), since w is nonzero by assumption.

/

»@3, which in combination with (3.7c) and (3.10) implies

As an immediate consequence, we infer from (3.13) that wng =w
that

C= —W3 = —fQ)Z.

In view of (3.4), (3.8), (3.10) and by setting uy(t) := b(t), vo(t) := —a(t), t € R, we obtain

in D77’Y'

u(y’ Z, t) = uO(t) + CUZ(Z - fy)
v(t) = vo(t)
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Particularly, u is independent of x and v depends only on t. Together with (3.3), this reduces the governing Equations (2.1)
to

Py = pci(1),
Py = p(ca(t) = far(z - f¥)),
P, = p(es(0) + for(z = fy),
where
c1(t) 1= —uf(t) + wjue(t),
c(t) = —vi(6) = fuo(®),
c3(6) 1= fup() - g
Thus, straightforward integration yields

fwz

P(x,y,z,t)=p T(Z — )2 +c1(O)x + cr()y + c3(Dz | + Payn. (3.14)

Note that the dynamic boundary condition in (2.3) combined with (2.8) determines the constant of integration to be Py,.
To ensure boundedness of P in the x-coordinate (cf. Assumption 2.2(v)), it is required that

ci(t)=0 forall teR, (3.15)

hence P is independent of x. Thanks to (3.14) in combination with the dynamic boundary condition in (2.3) and (2.8)—the
latter determines the physically meaningful branch of the root—we obtain the following explicit formula for the surface

n:

_ 8~ Juo®) + fary — VA, D)

Ny, 1)
wy f

(3.16)

where

AW, 1) = (g - fuo())” + 205 (2f + Ul (O)y.

In particular, » is independent of x, which—in combination with (3.3)—simplifies the kinematic boundary condition in
(2.3) to

n[(y’ t) = _UO(t) ny(y’ t)? (y’ t) € (_Y’ Y) X R. (317)

In order to show that vy = 0 and u, is constant, we calculate 7, and 7, using (3.16):

e p—— lfug(r) ¥ M]
1 Ay(t)
)= — | fo, - —2—],
77y(y ) orf lfwz Ve t)]

where
A, 1) =2 ((fuo(t) — g)uh(t) + w0l (1)),
Ay (1) = 20, f (fg +vj()).

We observe that the y-dependencies of 7, and 7,, are of a different form if v(’)’ (t) # 0 for some t € R, as then A, exhibits
a linear y-term, while A, is independent of y. Therefore, (3.17) cannot be satisfied for all y € (=Y, Y) unless vy = 0. The

case v(’)’ = 0 also enforces vy = 0, because the y-dependent terms in (3.17) can again be isolated on the right-hand side
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of the equation, with the left-hand side depending only on t. We conclude that (3.17) is valid only if vy = 0, in which
case Uy is constant by (3.15). This proves Theorem 3.1(ii). Plugging the steady velocity field into (3.14) and (3.16) validates
Theorem 3.1(iii) and (iv). O

Remark 3.2 (The zero vorticity case). We find that the uniform flow (u, v, w) = (4g,0,0) in combination with the
pressure

P(y,z) :P[f(uo(z_f)/')) —gz] + Patm

satisfies the governing equations and boundary conditions (2.1)-(2.4), where the surface 7 is a linear function of y given
by
Suo

nQy) = ——y. (3.18)
Jup—g

Remark 3.3 (Equatorial f-plane). Let us briefly discuss the case 6 = 0, that is, f = 0. The proof of Theorem 3.1 shows
that in this case, Assumption (2.7b) would lead to contradictions. This explains Assumption 2.2(ii). However, one can
directly check that the flow given by

o = o “2 2 -
u(z) :==ug+wyz, v=w=0, P(z):=p|2Q 5z tuz)-gz +Pym, =0

is a steady constant vorticity solution of (2.1)-(2.4) in the equatorial f-plane. But this is not the only constant vorticity
solution. It has been shown in [13] that the Coriolis terms can be eliminated in the equatorial f-plane approximation by
means of a transformation, provided that steady two-dimensional flows are considered. Thus, the large class of steady
constant vorticity flows gives rise to corresponding solutions in the equatorial f-plane. The analytical study of equatorial
waves and currents has been the subject of numerous investigations in recent years (see, e.g., [14-19] and the references
therein).

4 | Application to the ACC

This section provides an application of Theorem 3.1 to a scenario which is relevant for the ACC. We are particularly
interested in the theoretical prediction of the sea surface height (both qualitatively and quantitatively); a comparison with
satellite altimetry measurements from the literature will be made.

The ACC is the world’s largest and strongest ocean current. It completely encircles Antarctica in the eastward direction
due to the absence of continental barriers and thereby connects the Pacific, Atlantic, and Indian Oceans. Figure 2 depicts
its location and mean current speed. It is driven by strong westerly winds and has a mean mass transport of (possibly more
than) 130 Sverdrups (Sv; 1 Sv = 10° m3s™1) (see, e.g., [20, 21]). There is a rapidly growing number of studies on various
different mathematical aspects of the ACC, which are based on analytical approaches for partial differential equations;
we refer to [22-28] and the references therein for some recent developments.

To define a steady velocity field according to Theorem 3.1, we rely on the following observations. ACC’s mean surface
velocity ranges between 20 and 50 cms~! [29]. In contrast to earlier studies, which suggest almost zero bottom velocity
(see, e.g., [30]), modern observations found relatively high and stable near-bottom mean speeds of around 10 cms~! (cf.
[31, 32]).

We apply Theorem 3.1 with the following set of parameters:
* The angle of latitude 0 is fixed at 49° South, that is, 6 = —%, which on average locates the center of the Subantarctic
Front (SAF)—one of the three fronts in the ACC.
* The depth d = 5000 m is fixed.

* At y =0, the azimuthal surface and bottom velocities are assumed to be 25 cm s~! and 10 cms™!, respectively.
Theorem 3.1 applied to this situation yields u(y, z) = ug + w,(z — fy) withug = 1/4ms~! and w, = up-1071 s~!(and
v=w =0).

* The constant atmospheric pressure equals Py, = 101000kgm~!s~2.

* The constant sea water density is p = 1030kgm™3.
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FIGURE 2 | Mean eastward current speed of the ACC; black lines represent the Subantarctic Front and the Polar Front.
Image credit: Hellen Phillips (Senior Research Fellow, Institute for Marine and Antarctic Studies, University of Tasmania),
Benoit Legresy (CSIRO), and Nathan Bindoff (Professor of Physical Oceanography, Institute for Marine and Antarctic
Studies, University of Tasmania).
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FIGURE 3 | A plot of the nonlinear sea surface profile » given by (3.1) (solid line); the unit is meter (m). The dashed
line, which is the tangent at y = 0, shows the corresponding uniform flow scenario (w, = 0), in which 7 is given by (3.18).
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* The gravitational acceleration equals g = 9.8 ms™2.

* The Earth’s angular velocity is Q = 7.29 - 107> rad s 1.

First, we calculate Y, & 1.48 X 10° km, hence Y ~ 1480 km. In view of the f-plane approximation’s range of accuracy
(aroughly 100 km wide strip about the fixed angle of latitude), we see that (2.6) is not restrictive at all. A plot of the explicit
parabolic sea surface height function z given by (3.1) is shown in Figure 3 (solid line). It shows a variation of roughly 0.6 m
along a latitudinal range of 100 km.

Satellite altimetry measurements, see, for example, [33, Figure 6], suggest that the sea surface height is monotonically

increasing at a rate of approximately 0.5 m per 1° latitude (roughly 100 km) in the center of the SAF (at —49°). The graph
of 7 depicted in Figure 3 shows local surface height variations of similar size and form.
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