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We consider hybrid systems consisting of a hole-doped semiconductor coupled to electronic states of finite-
size superconductors, where the opposite sign of the masses in the two subsystems gives rise to insulating gaps at
subband anticrossings. Consequently, increasing the coupling strength to the superconductor can paradoxically
suppress the proximity-induced superconductivity in the semiconductor by enhancing these insulating gaps. We
demonstrate that the presence of such induced insulating gaps leads to a characteristic atypical behavior of the
critical supercurrent in Josephson junctions based on these hybrid structures. Our findings provide important
insights for the design of robust quantum computing platforms utilizing hybrid superconductor-hole systems.
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I. INTRODUCTION

Over the past decade, the usage of hole gases in semi-
conductor devices—such as germanium (Ge)—has surged,
in part due to the prospective scalability of these de-
vices for future quantum computing purposes and in part
because of the recent technological improvements in fabri-
cation [1-3]. Furthermore, hole gases present strong, tunable
spin-orbit interactions, allowing for electrostatic control of
system properties [1,4—18] and tunable coupling to nuclear
spins [19-21]. Many potential quantum computing platforms
utilize hole gases [22-29]. However, hybrid superconductor-
semiconductor devices, in which thin superconducting (SC)
layers are brought into contact with a semiconductor such
as a two-dimensional hole (electron) gas [2DHG (2DEG)]
[30-33], not only host Andreev bound states—the building
block of Andreev spin qubits [34—37]—but they have also
recently been proposed as platforms for topological supercon-
ductivity [38-43].

Central to hybrid superconductor-semiconductor systems
is the superconducting proximity effect, in which a parent
superconductor induces an SC pairing in a semiconductor.
The proximity effect in electron systems has been the sub-
ject of extensive study, both experimentally and theoretically
[44-51]. While the proximity effect in hole gases exhibits
many similarities to its electron counterpart, there is also a
unique phenomenology and this can result in non-trivial ef-
fects [30-33,52-66]. For instance, surprisingly, it was recently
observed that a strong coupling between a hole gas in Ge and a
superconductor can reduce the proximity effect [31,32], which
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would lead to undesirable device characteristics for quantum
computing applications. In hybrid devices, the regime of most
interest is when the proximity-induced pairing is of the same
order of magnitude as in the parent superconductor. If the
crossing between a subband of a 2DEG and a metallic sub-
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FIG. 1. A hybrid superconductor-semiconductor system with an
SC layer of thickness d on top of a semiconductor [(a) 2DHG and
(b) 2DEG]. The tunnel coupling ¢ between a semiconductor and the
SC subband with smallest momentum can result in an insulating
gap, 2A;, [indicated by the gray bar in panel (c)], or an avoided
crossing [as is shown in panel (d)], depending on the sign of the mass.
The hybridization between the subbands can be characterized by the
weight in the semiconductor, |y, |?, which is indicated by the color
of the dispersions in panels (c) and (d) [see colorbar in panel (c) and
Appendix A]. Here, my, = 0.95m, and mg, = £0.07m,, where my,
and my, refer to the effective masses in the superconductor and semi-
conductor, respectively [39,40,67], with m, the bare electron mass.
The parameters used are t = 5meV, ugm = 22meV, and Ay =0,
and the effective SC subband chemical potential is i, = 1.5meV.
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band in the superconductor is close to the chemical potential
u of the coupled system, the proximity effect is most pro-
nounced [see Fig. 1(d)]. In this case, the strong hybridization
between the two subsystems results in a substantial SC gap
in the semiconducting subsystem [44—46]. In contrast, due to
the opposite signs of the effective masses, coupling a 2DHG
subband to a metallic subband results in an insulating gap in
the energy spectrum [see Fig. 1(c)], such that there are no
states with a significant weight in the semiconductor in this
energy range. The absence of states at the chemical potential
in the 2DHG suggests that the SC proximity effect will be
suppressed close to such subband crossings. As a result, in
such a setup, we expect an interesting interplay between these
insulating and SC gaps.

Interestingly, we find that the presence of insulating gaps
can imply that increasing the coupling between the subsys-
tems can result in a reduction of the proximity-induced SC
pairing in the semiconductor. We demonstrate how this effect
can be observed in one-dimensional (1D) Josephson junctions
(JJs). Our results are most relevant to systems in which SC
subbands are well-defined, i.e. the mean-free path in the su-
perconductor is longer than the layer thickness, which in turn
is assumed to be much shorter than the SC coherence length.
This is a regime only recently accessible experimentally and
could explain the inconsistent SC proximity effect recently
observed in hybrid Ge devices [31,32]. Our main results are
valid both for one- and two-dimensional coupled systems
[44-46], whereas the JJ analysis is done for nanowire systems.

II. MODEL

To model the proximity effect in hybrid superconductor-
semiconductor devices, we consider a thin 2DHG (2DEG)
coupled to an SC layer of thickness d (along z direction, see
Fig. 1). The superconductor is assumed to have a parabolic
dispersion with positive mass mg, an s-wave pairing ampli-
tude Ay, and to be described by the Bogoliubov-de Gennes
(BdG) Hamiltonian

k2 _ 32
Hyx = L — Mse |1z + Aoy, (1

2mge

where 7; denotes the ith Pauli matrix in Nambu space,
WUse is the chemical potential in the superconductor, and
k= (k* + k?)!/? is the in-plane momentum (/i = 1). The
finite thickness of the superconductor defines multiple sub-
bands, of which 2|kpd /7] are occupied (factor of two due
to spin degeneracy). The semiconducting layer consists of
a single spin-degenerate parabolic subband with a negative
(positive) effective mass mygy,, describing a 2DHG (2DEG)
subband, such that the Hamiltonian is given by

k2
Hipnx = <2m — sgn(mgm )Msm) Nzs (2)

where g, is the chemical potential in the semiconductor. We
use sgn(msm ) hsm to ensure that wg, > 0 gives rise to occupied
states in the semiconductor. We note that, due to the rotational
invariance of the Hamiltonians defined in Egs. (1) and (2), the
energy spectra depend only on k. Thus, the results in this work
also pertain to 1D systems (see Refs. [44,45]).

We are interested in the low-energy physics in the subband
of the semiconductor, which, especially in the presence of
strain and in the absence of inversion-symmetry breaking,
implies that it is appropriate to use the effective mass approx-
imation [7]. We note that the full Luttinger-Kohn description
does not modify the results in this work. The coupling be-
tween the superconductor and semiconductor is assumed to
be independent of momentum and to occur at the interface
z = zo [45] (see Appendix A).

In this work, we focus on the parameter regime where there
is only a single SC subband that is strongly tunnel coupled
to the semiconductor subband (with amplitude 7). Therefore,
there is only a single metallic subband that is strongly coupled
to the semiconducting subband [see Figs. 2(a) and 2(b)]. All
other subbands are gapped by &~ Aq [see Fig. 2(c)] and are
therefore assumed not to contribute to the phenomena of in-
terest in this work. The subband spacing in the superconductor
due to the hard-wall confinement, §Es. = mvp/d ~ 75 meV,
and p are assumed to be the largest energies in the system
(vF is the Fermi velocity in the superconductor).

Proximity effect. The proximity effect can be taken into
account using the self-energy, % ., obtained by solving the
Dyson equation for the full Matsubara Green’s function of the
semiconductor

Grow = (i — Hyng — Zio) ', A3)

where w is a Matsubara frequency. In particular, the self-
energy can be written as [44,45]

Sho = (i — Agn)(1 =T L) = Sponz. (4

The functions (1 — F,;;) and Sur ., have simple poles at the
energy levels of the SC. As described in Ref. [45], they can be
expressed as

14
Qelcosh(2xd) — cos(2¢d)]

X {sinh(2xd) — cos(2¢zp) sinh[2x (d — z9)]

Fk,w = (1 =+

-1
— cos[2¢(d — z0)] sinh(ZXZO)}) ,
. 14
p[cosh(2xd) — cos(2¢d)]
X {sinh(2¢d) — sin(2¢zp) cosh[2x (d — zp)]
—sin[2¢(d — zp)] cosh(2xzp)}, 5)

where we define

0 =+/1—Kk2jk%, ¢ =kro,
Q= /A +e? x=2mQ/t, y=1i/vr, (6)

where #( is the hopping amplitude between the subsystems.
The lower boundary of the SC layer is located at z = 0, while
the 2DH(E)G is located at z = zp for 0 < zp < d.

5I‘Lk,a) =

A. Renormalized dispersions

After analytic continuation, we numerically determine the

poles of the full retarded Green’s function quw, which define
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FIG. 2. The induced gap E, in the spectrum E (k) of a hybrid superconductor-2DHG can be (a) smaller or (b) larger than A, of the
superconductor. While for proximity-induced pairing gap E, < A [see the inset in panel (a)] in the SC phase, we find E, > A in the
insulating phase (b). The insulating phase emerges when the 2DHG and SC subbands cross close to u [see also Fig. 1(c)]. However, the other
SC subbands at larger momenta remain gapped only by A, [see inset in panel (c)]. The relative position of the subbands can be tuned by
adjusting (d) ptem or (e) kpd. For 2DEGs [thin lines in panels (d) and (e)], E, < A corresponds to the SC proximity gap. In contrast, 2DHGs
are in the insulating phase at the same parameter values at which the SC pairing is at its maximum in the 2DEG. When E, > A,, the BCS
charge, Q,, approaches unity, implying a suppression of the proximity pairing. In contrast, O, ~ 0 when E, < A, implying an almost equal
linear combination of quasiparticles and quasiholes, and thus Q, offers a convenient indicator of the loss of superconducting correlations.
(f) As expected for a 2DEG (thin line), E, — A as ¥ > Ay. In contrast, for a 2DHG (thick line) E, > A, for large y with 0, — 1, i.e,,
increasing y strongly reduces the SC proximity effect. (a)—(c) y = Ao, (d) y = 2A¢, and (e) y = 25A, where Ay = 0.2 meV, while kpd /7 =
172.05, 172, 172, 172.025, 171.05 in panels (a)—(d) and (f), respectively. We set d = 30 nm and vary k, additionally, ps,, = 22 meV in panels
(a)—(c), (e) and (f), and s = 13 eV everywhere. Finally, zo = Ar/7, where Ar & 0.35 nm is the Fermi wavelength in the superconductor. The

effective masses are as in Fig. 1.

the renormalized dispersion relation E (k) in the semiconduc-
tor. The renormalized energy spectrum is shown in Fig. 2,
comparing [Fig. 2(a)] the insulating and [Figs. 2(b) and 2(c)]
the proximitized SC phases, where in panel (c) we show
a few additional SC subbands at larger momenta. We de-
fine the gap in the energy spectrum as E, = ming; |E(k)],
where the cutoff k. is chosen to capture the minimum of
the semiconductor band at the smallest momentum. Addition-
ally, we define k, as the momentum where E(k,) = E, and
(Hsm,kg + Ekg,Eg)|kg, E,) = E,|k,, Eg). Importantly, E, corre-
sponds to the excitation gap in the semiconductor, which
does not necessarily match the proximity-induced SC pairing
gap. Remarkably, E, can exceed A, if the system is in the
insulating phase, where an intrinsic insulating gap 2A;,s with

Ao — Zt\/msc|msm| _ 2t\/vsc|vsm|
ms — -
mSC + |m5m| vSC + |U§m|

(N

exists even when Ay =0 [see Fig. 1(c)]. Here, vy (vsm)
is the Fermi velocity of the relevant superconducting

(semiconducting) subbands. We refer to Appendix B for an
effective two-band model description of the insulating gaps.

To obtain E, > Ag is indeed possible if the chemical
potential is close to the anticrossing between the 2DHG sub-
band and one of the metallic subbands of the superconductor.
Moreover, E, for 2DHGs can exceed the corresponding value
for 2DEGs even when E, < A [see Figs. 2(d)-2(f)], with-
out significantly suppressing SC properties. This suggests
that the insulating gap can enhance the proximity gap while
maintaining robust pairing.

In this work, we define the insulating phase as E, > Ag;
however, it should be noted that the transition between SC
and insulating phases is gradual, especially on the scale of the
temperature of SC systems, and on the scale of Ay, as can be
seen in the insert of Fig. 2(d). However, for the purpose of this
work, we will treat the phases as distinct.

As shown in Figs. 2(d)-2(f), insulating phases and SC
phases with strong proximity-induced SC pairing are close
to each other. As such, extra care is required to differentiate
between a semiconductor with a large pairing gap and one

013289-3



JOHANNSEN, LEGG, BOSCO, LOSS, AND KLINOVAJA PHYSICAL REVIEW RESEARCH 8, 013289 (2026)

(a) (b)

0.4

---- IDEG

. —— IDHG
1
\
\

I/

20 40
1y (meV]

20 40
1y [meV)

60

FIG. 3. One-dimensional JJ consisting of an infinite 1D semiconducting wire (blue), with a single subband that extends through both the
junction region and the leads. Each lead is covered by a semi-infinite SC film (brown) with a phase difference ¢ across the JJ that generates a
supercurrent /(¢) in the wire. When the leads are in the insulating regime (black lines), the critical current /. [panel (c)] and the ratio between
the first two harmonics of the CPR, |[I®/IV|, [panel (d)] are strongly nonmonotonic: Adjusting the chemical potential j; in the junction
reveals sharp peaks in I. and [I®/IV| [see panels (c) and (d)], corresponding to bound states confined around the normal junction region. In
contrast, for a IDEG coupled to a superconductor [dashed lines in panels (c) and (d)] or when the 1DHG is in the SC phase [blue lines in panels
(c) and (d)], the system exhibits a more steady dependence of I. and |1 /IV| on w;. In these cases, the oscillations are due to Andreev bound
states whose transmissivity is p; dependent. The vertical lines in panel (c) show wu, for the CPRs I(¢) in panel (b) [, = 12 meV (orange)
and 20 meV (green)]. The junction length is L; = 50 nm, the superconductor thickness d¢;, = 20 nm, and the lattice constant ¢ = 0.5 nm. Here,
kpT = Ay/20 ~ 100 mK, py = 90meV, and the hopping between the semiconductor and superconductor . = 50 meV (see Appendix D).
For the black lines in panels (c) and (d) and all CPRs in panel (b) iy ~ 293 meV, while for the blue lines in panels (c) and (d) s = 306 meV.

The effective masses are the same as in Fig. 1. The supercurrents are normalized relative to Iy = |e| Ay &~ 49 nA.

that is insulating, which is difficult to determine from the
density of states alone or from the spectrum. However, when
a supercurrent is forced through the semiconductor, as in a JJ,
we can expect distinct signatures of insulating and SC phases
(see below).

The resonances in Fig. 2(e), where the subband crossing
occurs exactly at u, arise approximately when krd/m is
an integer [as in Figs. 2(b) and 2(c)]. The insulating gap
persists in an interval ~2y /§E,. around krd/m (assuming
Ay, ¥ K 8E). As such, increasing the coupling between the
systems and/or the SC layer thickness will not only improve
the proximity effect away from resonance (as discussed in
Ref. [45] for 2DEGs) but will also make it more likely to
be in an insulating phase. Numerically, we find that this
behavior persists until y 2 §F,., at which point the insulating
phase starts to disappear and we obtain similar behavior
as in Ref. [45] such that the SC proximity effect is more
accurately described by the infinite superconductor limit (see
Appendix C), and there is no difference in the proximity
effect between 2DHGs and 2DEGs.

Surprisingly, by increasing y a system being initially in
the SC phase can be brought into the insulating phase for
chemical potentials close to the crossing point [see Fig. 2(f)].
First, E, increases as a function of y for the 2DHG (thick
line), so does the BCS charge Q, = [{k,, E,¢|n;|k,, E,)| (line
color) (see Appendix A). The imbalance of the quasiparti-
cle and quasihole components of the wave function leads to
0O, ~ 1, indicating a suppression of the SC proximity effect.
Conversely, in the 2DEG case, E, always represents the SC
gap and thus approaches Ag as y /Ay > 1, with Q, ~ 0 ev-
erywhere [thin lines in Figs. 2(d)-2(f)].

As discussed above, in this work we focus on the interme-
diate coupling regime, where Ag < ¥ < 8Eq, such that we

can obtain a large proximity effect even away from resonance
but still only need to consider an individual subband in the su-
perconductor. We note that this is the experimentally relevant
regime because the SC pairing is usually Ay < 1 meV, while
the subband spacing in metallic layers has a range §Eg. ~
10-100 meV [60]. It is important to note that in this regime
one also expects the largest differences between 2DHG and
2DEG hybrid systems with the insulating gap dominating over
the SC proximity gap. As shown in Figs. 2(d)-2(f), whether
the coupling between the subsystems leads to an SC or insu-
lating gap can strongly depend on the system parameters. In an
experiment, it is impractical to vary d and kr will be almost
fixed. Therefore, upon fabricating a device, it is possible to
end up close to a resonance and, with only a small variation
of parameters, either obtain a large proximity-induced pairing
or an insulating phase. Here, we treat the effective parame-
ters such as y, d, zo, and ug, as independent. However, for
example, applying an electric field to the semiconductor can
localize the semiconductor wave function closer to the inter-
face to the superconductor and this can increase y, change
Usm as well as influence the effective lengths d and zp.

III. ATYPICAL JOSEPHSON EFFECT

We consider a 1D JJ, where the leads consist of a semi-
conductor (one subband) covered by a superconductor with
finite width, while the junction region consists only of this
semiconducting subband. A schematic of the setup is shown
in Fig. 3(a). The system is modeled using a tight-binding
Hamiltonian, which includes a junction region (in which
only semiconducting sites are present) and two infinite leads.
Following Refs. [68-71] and using kwant [72], we numeri-

013289-4



ATYPICAL JOSEPHSON EFFECT IN HYBRID ...

PHYSICAL REVIEW RESEARCH 8, 013289 (2026)

cally evaluate the supercurrent /(¢) as function of the phase
difference ¢ across the JJ.

To calculate the supercurrent through the junction, we
use a Green’s function approach, which is described in
Refs. [68—71]. We attach virtual leads at two adjacent sites
(sites m and m + 1) in the junction and calculate the following
quantity:

00
Im,m+l((p) = |€|kBT Z Im{Tr[nsz,m+1G111+1,m(ia)ns (P)
n=0

- nsz+l,me,m+1 (1.0),1, (ﬂ)]}7 (8)

which describes the current between sites m and m 4 1. Here,
e denotes the elementary charge, kg is Boltzmann’s constant,
and T is the temperature of the system, which is taken to be
significantly smaller than Ay/kg. Here, H,, ,,+; is the matrix
element of the tight-binding Hamiltonian that couples sites
m and m + 1 (hopping), while G, m+1(iw,, ¢) is the Green’s
function matrix element that couples the same sites evaluated
at the (fermionic) Matsubara frequency iw, (see Appendix D
for further details).

As discussed above, the leads can be in the insulating
phase for the semiconducting subband, which could sup-
press proximity-induced superconductivity. Consequently, the
critical supercurrent /. is strongly suppressed since other high-
momentum superconducting subbands have a relatively small
weight in the semiconductor such that they do not couple
strongly to the normal semiconducting region. To illustrate
this suppression, we plot /. as a function of the chemical po-
tential w; in the junction both inside and outside the insulating
regime for the leads [see Fig. 3(c)]. As expected, near the
insulating phase [Fig. 3(c)], 1. for IDHGs (full line) is signifi-
cantly suppressed compared to 1DEGs (dashed line). Notably,
in this parameter regime, the hole system only exhibits a
substantial /. when a bound state forms in the normal region
at an energy within the parent SC gap A, leading to a highly
atypical Josephson effect—the junction behaves similarly to
a dot-junction, despite being in a parameter regime where the
transmission is expected to be close to unity. This is evident
from the current peaks observed in Fig. 3(c). We note that the
sharp peaks in I. versus p; remain, even when the standard
deviation of the chemical potentials (due to disorder) exceeds
Ay (see Appendix D). This confirms that the proposed effects
are robust to disorder.

We note that the hopping strength z, between the supercon-
ducting and semiconducting subsystems in Fig. 3 is chosen to
be comparable to the subband spacing in the superconductor.
As a result, several superconducting subbands contribute to
the supercurrent. This indicates that the supercurrents shown
in Fig. 3 persist even in the absence of pairing in the particular
superconducting subband that undergoes the anticrossing with
the hole band and is therefore gapped out by the insulat-
ing gap. This further highlights the necessity of explicitly
including all superconducting subbands in the analysis.

Similarly, in Fig. 3(d), we show the ratio of the first
two Fourier components of the current-phase relation (CPR)
I(p) = Y02 1™ sin(ng), with ¢ being the superconducting
phase difference across the JJ, both inside and outside the
insulating phase. Here, I denotes the coefficient of the

nth harmonic in the Fourier expansion of the CPR. These
results further highlight a strong suppression of transparency
in the insulating phase [73-75]. Finally, away from the insu-
lating regime [blue lines in Figs. 3(c) and 3(d)], the atypical
Josephson effect disappears, and both 1DHG (solid) and
IDEG (dashed) systems exhibit similar critical current and
transparency behavior.

We conclude by noting that the effects discussed here are
robust against moderate disorder, e.g., variations in chemical
potential. As such, the atypical behavior uncovered in this
work is not only of fundamental importance but also of key
relevance in hybrid systems, such as proximitized Ge hole
semiconductors, which are of significant current experimental
interest [31,32,54-61].

ACKNOWLEDGMENTS

We would like to thank Joel Hutchinson, Maximilian Hii-
nenberger, and Christoph Adelsberger for useful discussions.
This work was supported by the Swiss National Science Foun-
dation (SNSF) and NCCR SPIN (Grants No. 51NF40-180604
and No. 51NF40-225153).

DATA AVAILABILITY

The data that support the findings of this article are openly
available [76].

APPENDIXES

In these Appendixes, we provide details on the analytic
expressions used to describe the SC proximity effect for a
2DHG. First, we describe the Green’s function approach and
give explicit expressions for the various terms in the self-
energy. Moreover, we describe the numerical methods used to
create Figs. 1 and 2. Having established the Green’s function
description, we give a brief analysis on the effects of disorder
and demonstrate that the main results in this work are robust
against weak disorder. This is followed by a brief discussion
on the effective size of the insulating gaps, which tells us
about the probability of a system being in the insulating phase.
We continue by discussing the limit where the superconductor
has infinite length—a limit in which it does not matter whether
the carriers in the semiconductor are holes or electrons. Addi-
tionally, we provide further details on the “effective two-band
model,” and how this can be used to calculate expressions for
the pair expectation value in the semiconductor. Additionally,
the two-band model allows us to estimate the size of the
insulating gap given any ratio of effective masses. Finally, we
present the numerical calculation of the supercurrent through
a one-dimensional Josephson junction.

APPENDIX A: DYSON EQUATION

In this Appendix, we will give the expression used for the
full Green’s function of the semiconductor, after integrating
out the SC layer of thickness d. This result is used to obtain
Fig. 2.
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Let us begin by defining the action that describes the
s-wave SC [45]:

1 -
See = = / / dz d;{’wiz(la) - HSC,k,Z)dk,w,Zs
2 JewJo ’

/ _/ d’k /00 do
ho  Jre @Qm) ) 2m

where d,:w = (d,iw’Z’T, d—k,—w,z,ﬂ' The operator d,iw’z,a cre-

ates an electron with in-plane momentum k = (k7 + k;)'/?
and Matsubara frequency w at position z inside the su-
perconductor (z denotes the position in the out-of-plane
direction, and hence is constrained to lie between 0 and d).
The fermionic Matsubara frequency is given by w = i(2n +
1)mkgT, where n is an integer, kg is the Boltzmann constant,
and 7 is the temperature (we set i = 1 throughout). However,
for Fig. 2, we take the zero temperature limit, which implies
that we perform the analytical continuation iw — w + 0¥,
and obtain expressions that are in terms of the retarded
Green’s functions. Additionally, H x , is the Hamiltonian of
the SC system:

(AD)

2 2
Hy . = ( m =+ V(z) - Msc) Nz + Aony, (A2)

SC

where 1, . are the Pauli matrices in Nambu space. V (z) is
assumed to be a hard-wall confinement, constraining the SC
wave function to lie between z = 0 and z = d.

Similarly, the action that describes the 2DHG and 2DEG is
given by

1 .
Ssm = —f Cz,w(lw - Hsm,k)ck.a)v (A3)
k.o

2

oo . . .
where Crw = (Ck,a),T’ C_k,—w,) Creates a spinor in the semi-

conductor and Hyy p = (k% /2mgm — sgn(mgm ) hsm )1 1s the
Hamiltonian of the 2DHG (2DEG). We restrict the semi-
conductor to its lowest subband, justified by the large

J

Fk,w - (l + Y
Qe[cosh(2xd) — cos(2¢d)]
14

B p[cosh(2xd) — cos(2¢d)

3/‘Lk.w =

where we define

=1 =k/ki, ¢=kro,
Q= /A2 +?, x=2mcQ/¢, y=1/vr. (A8)

The lower boundary of the SC layer is located at z = 0, while
the 2DH(E)G is located at z = zy for 0 < z9 < d. Here, vg
denotes the Fermi velocity of the SC.

The dispersion relations, E(k), used in the main text are
then obtained by solving the generalized eigenvalue problem

[ET (k) — Hami — Zk.E+ ] ¥re+a = 0, (A9)
where ET (k) = E (k) +i0™.

]{sinh(2§d) — sin(2¢zg) cosh[2x (d — zg)] — sin[2¢(d — zg)] cosh(2xz0)},

confinement-induced level spacing along the z direction of the
quasi-two-dimensional structure in the xy plane.

Finally, the coupling between the superconductor and the
semiconductor is given by

Se=—73 /k ; (d] . . n:Ch0 + He), (Ad)
where £ is the coupling amplitude (with units of energy x
J/length), and where we assume that the semiconductor is
positioned at z = zp, which implies that the coupling only oc-
curs at the interface at z = z9. Due to the hard-wall boundary
conditions, the SC Green’s function vanishes exactly at z = 0,
necessitating that zop > 0. In Fig. 2 and in the main text, we set
z0 = Ar/7, where Ap = 0.35nm is the Fermi wavelength of
the SC.

Following the calculation in Ref. [45], we solve the Dyson
equation for the hybrid SC-semiconductor system, which
gives us the full Matsubara Green’s function of the system

Gro = (i — Hyni — ho) ' (AS5)

The results in this section are independent of the exact expres-
sion for Hyp,  and, therefore, are equally valid for 2DHGs and
2DEGs.

The Green’s function and Hamiltonian are in the BdG
basis: !ﬁ; = (cik, cy—k), Where cj;k creates a hole (electron)
with spin ¢ and momentum k in the 2DHG (2DEG). Spin
is a good quantum number because we are studying systems
without spin-orbit coupling and, as such, we can represent the
system in terms of 2 x 2 Green’s functions/Hamiltonians. The
self-energy X, can be decomposed into the Pauli represen-
tation [as in Eq. (4)],

So = (iw — Agn)(1 = T L) — S ptkon:- (A6)

The functions (1 —I';” 610) and S§uy , have simple poles at
the energy levels of the SC. As described in Ref. [45], they
can be expressed as

-1
{sinh(2xd) — cos(2¢zg) sinh[2x (d — z9)] — cos[2¢ (d — z9)] sinh(2xZo)}> )

(A7)

(

This is equivalent to finding the poles of the full retarded
Green’s function. Numerically, it is advantageous to find the
zeros of det(E™ — Hyyn x — Xy g+ ) instead of the poles of the
retarded Green’s function Gf’ T

Effective quasiparticle weight in Figs. 2(a)-2(c). The effec-
tive quasiparticle weight can be calculated using

1 r?

- - ko . (Al0
1-0,[0(1 =T )] Tho = 0dlke (A1

Zk,(u

When Z; , = 1, the pole of the full Green’s function describes
a state that has all its weight in the semiconductor, whereas
for Z; ., = 0 the Green’s function poles describe states in the
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SC. This is used in Figs. 2(a)-2(c) to show the weight of each
subband in the SC.

BCS charge in Figs. 2(d)-2(f). Having found the disper-
sion E (k), as described above, we can evaluate the effective
Hamiltonian, which is defined as

Hett = Hom i + 2 Ek)- (A11)

More specifically, for Figs. 2(d)-2(f), we evaluate Hs at the
energy minimum E, (and the corresponding momentum k) as
well as find corresponding wave functions:

Hegr (kg, Eg)lkg, Eq) = E,lkg, Eg). (A12)

Using |k,, E,), we evaluate the expectation value of n,, which
will give us an estimate for the BCS charge:

Qg = |<kg’ Eg|nz|kga Eg)|

at the edge of the bulk band. If Q, = 0, the wave function
consists of equal parts quasiparticle and quasihole. Thus, one
is in the superconducting phase. In our work, Q, — 1 implies
that the wave function is of purely electron or hole character.
Thus, one is in the insulating gap. The Q, values are shown
by colors in Figs. 2(d)-2(f)—we see that when E, < A, the
value Q, ~ 0; however, as soon as E, > Aq the quantity Q,
starts to increase and approach unity.

(A13)

1. Insulating gaps in the presence of weak disorder

An important aspect of proximitized superconductivity is
disorder, which unavoidably will be present in realistic sys-
tems. Specifically, it is the disorder in the SC, which can
play an important role for our results because it can broaden
the self-energy. Here, we briefly comment on the effect that
disorder in the SC layer will have on the results in this work.

The impact of disorder on the density of states (DOS) is
evidenced by the broadening of the energy peaks within the
system. In this Appendix, we characterize this broadening
by incorporating a constant imaginary self-energy into the
SC Green’s function. This approach enables us to provide
a general overview of the effects of disorder on the system,
despite the fact that momentum is no longer a valid quantum
number. It is important to note that this technique captures
only the broadening of the peaks in the DOS and does not
fully account for the effects of disorder.

As we just described, we model the effect of disorder by
the addition of a small imaginary self-energy iA in the SC.
This is achieved by setting w — w + iA in the self-energy
in Eq. (A6). Using this, we can calculate the DOS in the
semiconductor:

2
Pro = ——Im {ir[(w + 0" — Hym ko — Ziwrin) 1}, (A14)

where the factor two is due to the spin-degeneracy of the
system. In particular, when the insulating gap is much larger
than A, we need to compare the broadening to the insulating
gap size. Thus, the insulating phase discussed in this work
can be relevant even for a level broadening that surpasses the
parent pairing potential Ay. To demonstrate this, in Fig. 4,
we plot p,, in momentum space. Even for cases where the
level broadening is substantially larger than the parent pairing
potential A [see Figs. 4(d)- 4(f)], p is still suppressed for a

range of energies, i.e., the insulating gap survives even in the
presence of relatively strong disorder.

Hence, our analysis implies that the insulating gap physics
discussed in the main text is still relevant in the presence
of broadening, i.e., disorder, provided the coupling is strong.
However, we still expect that this can only be seen in rela-
tively clean systems, where the broadening is smaller than the
subband spacing in the SC, i.e. where the mean-free path is
larger than the thickness d of the SC layer.

2. Dependence of resonances on coupling strength
and height of the SC

In this Appendix, we establish how the coupling strength
y, the thickness of the SC layer d and the SCs Fermi mo-
mentum kg, affect the probability of a system being in the
insulating phase. In particular, we are interested in regions of
parameter space, where the gap in the 2DHG is larger than
Ay. The nth subband energy in a confined metallic system of
height d with a parabolic dispersion (as in our SC layer) is
given by

’n?

B = 2

— Ep, (A15)
where Ep denotes the Fermi energy and n is the subband
index. To estimate the size of the resonances, we can calculate
the length scale by which d needs to change in order for the
energy of the nth subband to vary by 2y . To solve this, we can
solve the following equation for éd > 0:

—[Eq(d +8d/2) — Ey(d — 5d/2)] =2y, (A16)
since this gives us an approximate range in height d, where
the system is close to resonance. By evaluating the above
expression, we obtain

16dn>n*sd

m(8d? — 4d2)? A17)

=2y.
Since we assume the change in height is smaller than the total
height, 6d <« d, we can expand the left-hand side to linear
order in §d, giving

N 2myd?

8d ~ —. (A18)

n’m

Furthermore, the subband index is givenby n = |kpd /7 |, and
thus we can write

kpdd _2yd 2y
T v SEg

, (A19)

where kr and §E,. = mvp/d are the Fermi momentum and
subband spacing in the SC, respectively. Hence, the size of
the resonances [e.g., in Fig. 2(d)] are proportional both to the
coupling strength y and to the thickness d of the SC layer. In
agreement with this analytic derivation, we also find numeri-
cally that the insulating region becomes wider as we increase
d or y. Moreover, we see that when y /§E,. becomes unity,
we approach the regime in which neighboring resonances in
Fig. 2(d) in the main text begin influencing one another.
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FIG. 4. The effect of disorder on the density of states py ., in the semiconductor. Panel (a) shows the energy dependence of p; ,, for different
disorder strengths integrated over a small momentum range (0-0.5 nm™"). Note that the peaks are due to the van Hove singularities at the edges
of the insulating gaps, which accounts for the energy scale being much larger than the parent gap A,. Panels (b)—(f) show the momentum
dependent f (o) for the different disorder strengths, where f(x) = sgn(x) log(1 + 5000|x]|) is used to show the general behavior of the DOS,
despite it being very peaked in panels (b) and (c). The disorder strengths in panels (b)—(f) are given by Ag/2, Ag, 5A¢, 104y, and 25A,,
respectively. These are also the disorder strengths chosen in panel (a) and are shown by blue, yellow, green, red, and purple lines, respectively.

APPENDIX B: EFFECTIVE TWO-BAND MODEL

In this Appendix, we further examine the “effective two-
band model” from the main text, which describes a single
semiconducting subband coupled to a single SC subband. We
will show that some of the effects discussed in the main text
(such as the presence of a gap larger than A and the suppres-
sion of the SC proximity effect in 2DHGs) can be understood
in terms of exact expressions obtained in this section. We
discuss them graphically in Fig. 5.

We will begin by discussing the normal spectrum of the
effective two-band model, which is given by the Hamiltonian

T T
HN,U,k = Esc,kda,kdo,k + ";:sm,kcd’kca,k

+1d] jeo i+ te) o, (B1)

where d; , creates an electron in the superconductor with

momentum k and spin o, and c; . creates a hole (electron)
in the 2DHG (2DEG) with momentum k and spin o. Ad-
ditionally, &, = k2 /(2my,) — sgn(m, )|, denotes the kinetic
energy of subband n, minus the effective chemical potential,
Un € {sm, ILsc}, and ¢ is the effective coupling between the
subbands (and thus has units of energy). We can represent this
by the following 2 x 2 Hamiltonian:

Eqm k t
Hyop = (™
N.o-k ( 4 ‘§>:sc,k

in the (c] _,d] ) basis.

(B2)

Using the Hamiltonian Hy s in Eq. (B2), we can cal-
culate the dispersion relation of the coupled system without
superconductivity. This is used to obtain Figs. 1(c) and 1(d).
In the context of the SC proximity effect, we are especially
interested in parameters where Hy , ; has a zero eigenvalue
and there is a crossing between two subbands around zero
energy. This occurs when &gy = g(&sck) = 12 /Esc.k-

Moreover, the weight in the semiconductor |y, |*> can be
defined in terms of the above quantities:

2

’

(B3)

[Yrsml* = %(1 +sing), ¢ = arctan <

which is used in Figs. 1(c) and 1(d) to color the subbands.
Note that this quantity is closely related to Z; ,, [Eq. (A10)], as
they both contain information about the wave function weight
in the semiconductor; however, in this Appendix we consider
only a single subband in the superconductor, while Z; ,, de-
scribes the weight in the semiconductor after integrating out
the full superconductor.

Finally, the size of the insulating gap in the spectrum can
be calculated by requiring that the effective masses/Fermi
velocities have opposite signs, and is given by 2Ajy:

_ 2t/ |Vsc Vsm | _ 2t/ |msciign |

= = , (B4)
[Vse| + [Vsm |mse| + [Msm]

ins
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FIG. 5. Suppression of the SC proximity effect in 2DHGs close to the resonance (with the chemical potential being close to the crossing
point between semiconducting and superconducting subbands). The corresponding energy spectrum is shown in panels (a) and (b), as well
as the proximity-induced pair expectation value in panel (c). We demonstrate the differences between systems with Fermi velocities of equal
signs (dashed lines) and opposite signs (solid lines). Not only do the gap sizes [which can be read off in panels (a) and (b)] differ, but also the
pair expectation values [shown in panel (c)] depend strongly on the relative signs of the Fermi velocities and on the chemical potentials in the
subsystems. This again shows that the insulating gaps in 2DHGs can suppress the SC proximity effect. The smallest energy in the spectrum of
Hy, E_ (s, Esmoi)» takes smallest values along the curve &, = g(5scx) = 12/Escx. It is generally larger than A, [green contour in panel (b),
and green horizontal line in panel (a)] and exceeds E, .« [red contour in panel (b) and line in panel (a)] in the second and fourth quadrant.
The straight line (s x, &m x) 1S forced to cross the curve g(&. ) if the effective masses have the same sign [see the dashed lines in panels (b)
and (c)], whereas it can avoid the E_ < A, region completely if effective masses have opposite signs. Similarly, the pair expectation value,
g defined in Eq. (B10), is suppressed away from g(&..«), as is seen in panel (c). Here, the magnitudes of Fermi velocities are set equal and

t = 3A, and Ay = 0.2meV. For further details, see Appendix B.

where vy, (my) and vy, (mgy) are the Fermi velocities
(effective masses) of the SC and semiconducting subbands,
respectively, and ¢ is the coupling between the subbands.

J

Introducing the SC pairing potential (Ap), and go-
ing to the BdG description, we obtain the following
Hamiltonian:

Em.k t 0 0

_ t Esc,k 0 A0
Hk - 0 0 _Ssm,k —t ) (BS)

0 JAV) —t _ésc,k
in the basis (c,:T, dlj,?’ C—j,» d—k,})-
The positive energy spectrum of H;, is given by
1 2

Es(Eomkr Ese k) = 5\/%2 +AFHE  HEL \/4t2[A% + Gk + Emi)?] + (A5 + Ery— szm,k) . (B6)

The negative eigenvalues are given by —E., as required by
particle-hole symmetry. We introduce E as a function of &y, «
and &, as parametrizing everything in terms of &g, ; and
&« simplifies the calculations compared to using chemical
potentials and momenta separately.

In the SC system, the curve &, = g(&swcx) = t2/Excx ap-
proximately describes the local minima in the energy E_. This
approximate description is valid for t 2 Ag. In Fig. 5(b), we
show the smallest positive eigenvalue of Hy, E_, as a function
of & and &gy . Additionally, we add the line g(&ix) =
2/ &k (blue) and the contour E_ = A (green). Furthermore,
we can parametrize the lines (& x, &m.x )x in terms of straight
lines in the & x —&sm « plane. These lines are described by

mSC

Ssm,k(ésc,k) = (B7)

(Esc,k + pvsc) — Msm-

sm

(

Thus, we see that & x(§sc.x) 1S an increasing function in
&k, when the sign of the effective masses are equal,
and that &, x(§sc.x) Will always cross the curve g(€sx) =
t?/Esx. Whereas, when the signs are opposite, there exist
combinations of chemical potentials, for which &y i (&sc.r)
can avoid the line g(&s ). These are the resonances dis-
cussed in the main text at which the gap E, can be larger
than Ay.

1. Pair expectation value

Using the Hamiltonian defined in Eq. (B5), we can cal-
culate the pair expectation value of the ground state. The
operator that describes the pairing in the semiconducting
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subband, expressed in the same basis as Hy is given by

0 0 1 0
0 0 0 O
P=11 0 o of (BS)
0 0 0 O
and we define the pair expectation value as gp=

> r-olEIPIE), where |E) is the eigenfunction at energy
E. We now calculate the residue of the Green’s function,
GR(w) = (w — Hy +i0%)7!, at the two negative eigenvalues.
This is related to the expectation value by

o= Z iilx}g(w—E)tr[GR(w)P]. (B9)

Ee{—-E_,—E,)

By expressing G® in terms of the eigenvalues of H;, we can
calculate gpexactly and express it in terms of E:

. —ZIZAO
 E_E.(E,+E.)

In Fig. 5(c), X&sm.k, &sc.k) 1s shown, demonstrating that the
pair expectation value is maximal around g(& x), which tells
us that proximity-induced superconductivity is suppressed in
the insulating phase [when &gy (&5 x) can avoid crossing the
8(&im ) line]. We note that the expression for goobtained from
the residue of GR is equivalent to one obtained by evaluating
the expectation value of the pairing operator using the eigen-
states of Hy. However, it has the benefit that it can easily be
rewritten in terms of E.

To gain a better understanding of g we can consider the
two limiting cases, where the ratio between effective masses is
Mgm /My = 1. For mg, /mg. = 1, we obtain an approximate
expression for g such that

& (B10)

1 A A2
|K~}nax|%___0+0<t—20), forr > Ag.  (B11)

2 8t
However, for mgy, /my. = —1, we obtain an exact expression
for the maximal g at & x = &m x = 0, such that
AV
X0, 0)| = (B12)

Jarr+ Al

In this calculation, we have additionally assumed that
MgmMsm = Mgcilse. We see that increasing ¢ can reduce the
proximitized pair expectation value for 2DHGs, whereas |¢f
will asymptotically approach 1/2 in the electron case, as ¢ is
increased.

In Fig. 5(a), we show the full dispersions for systems

Mgm /Mg = 1 (dashed lines) and mgy, /mg. = —1 (solid lines).
We see that whilst the gap for mgy, /my. =1 is E; < Ag, we
obtain E, = Ey nax > Ag for mgy, /my. = —1, where

(B13)
|

Egmax = %(,/4t2 + A3 — Ag).

fort > Ag.

(2 + 01x%).
Ao + OLx?),

E, max s shown by the red contours in Fig. 5(b). We consider
t > ﬁAo, therefore E, max > Ao.

2. Mass dependence of the insulating gap

In realistic systems, the effective masses/Fermi velocities
in the semiconductor and superconductor will have different
magnitudes. As discussed previously, this can make the insu-
lating gaps smaller. This effect can already be seen from the
normal spectrum, where the insulating gap of the size 2A ;s is
opened at the crossing between two subbands:

_ 2t/ |mscgn| _ 2t/

Ains = = R
" |mge| + [Mgm | I+ |r|

(B14)

where mg. and myg, are the effective masses of the SC and
semiconducting subbands respectively. The renormalization
depends only on the ratio between two masses, ¥ = Mgy /M.
For linearized spectra, r = vy./vsy instead. For the param-
eters used in this work (see the caption of Fig. 1), this
results in a reduction of the insulating gap in the normal
spectrum, 2Aj,, by approximately a factor of two, com-
pared to the case in which the effective masses have equal
magnitudes.

The insulating gap 2Aj,s in the spectrum results in an
excitation gap in the normal spectrum, E,, which depends
on the chemical potential. The largest E, is observed as the
chemical potential is tuned in the middle of the insulating
gap, opened at the crossing point between semiconducting
and superconducting subbands, and is given by Aj,s. In the
presence of superconductivity, we also expect that the gap
in the SC spectrum will be affected by the difference in ef-
fective masses. Here, we assume that the chemical potential
is tuned at the crossing point between semiconducting and
superconducting subbands (this gives us an upper bound for
E,, which we call E, ). To calculate this quantity, we set
& = régm (under this condition the uncoupled subbands meet
at the chemical potential) in Eq. (B6) and minimize E_ with
respect to &,. We obtain the following expression for the E,
in the BAG spectrum:

Egmax(t, Ng), forr_ <r<ry,

Eg,max,r(ry z, AO) = {

Eqma(r,t, Ag), otherwise,
(B15)
where for small y = Ay/t:
re~ —14/2) 4+ O(x), (B16)
and the mass-dependent gap is given by
forr <r_orry <r <0 (B17)

for max{0, r4} < r,
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FIG. 6. The largest mass-dependent gap obtained from the two-band model [see Eqs. (B15)—(B17)] when the chemical potential is tuned
to the crossing points between the semiconducting and superconducting subbands [panels (a) and (c)] for different values of 1/ A as a function
of r and [panels (b) and (d)] for different values of r as a function of #/A,. For negative r [panels (a) and (b)], the energies are normalized
relative to 7, whereas for positive » [panels (c) and (d)], the energies are normalized to A,. The dashed lines in panel (a) show the value of
E, max/t, which describes the value at the plateaus. The dashed lines in panel (c) show the value of E, 1. /A, which is only the limit value for
large r, provided that t < V2Ao. In panels (b) and (d), the dashed lines show the asymptotic limit as /A, >> 1, which for panel (b) is given
by Ai/t, but for panel (d) is determined purely by the mass ratio: 1/(1 + r). For |r| < 1, the excitation gap is given by E, . for t < Ao,
whereas fort 2> A it is given by A¢/(1 + r) (Ajns) for r positive (negative).

As can be seen in Fig. 6, there are three energy scales that
are relevant in the system: E, max, Ains, and Ag/(1 + r). For
x S 1, E, is given by Ajys for r < 0, whereas for r > 0 it
is given by Ag/(1 + r). In the opposite limit, where x 2 1,
E, is instead given by E, . for all r. For intermediate val-
ues of y, E, smoothly transitions between the two limits.
For semiconductors being proximitized by metals, typically
|r| < 1. Therefore, for x « 1, E, is given by Ay for r < 0
and by Ay/(1 + r) for r > 0. Hence, even if the difference in
magnitudes of the effective masses is taken into account, it is
clear that E, can exceed A.

APPENDIX C: INFINITE SC

Here, we study the behavior of the SC proximity effect in
the limit where the height of the superconductor becomes very
large, i.e., d — oo. Physically, this limit corresponds to the
regime d > &y, where &; denotes the coherence length of the
superconductor. As we will see, the difference between SC
proximity effects in 2DHGs and 2DEGs will vanish in this
limit.

In the d — oo limit, the dimensionless proximity-induced
gap € = Eg/Aq depends only on the ratio between the cou-
pling and the parent gap, x = y/Ay. This can be shown by
beginning with the expressions given in Egs. (A6) and (A7),
setting zo = d/2 and letting d — oo. The requirement that
Z0 = d /2 is to ensure a constant effective coupling strength.
This gives us a Matsubara self-energy that is independent of k

(which also means there is no difference between the 2DHG
and 2DEG in this limit):

_ y(iw — Agny)

A+ @?

in accordance with Ref. [45]. Using this expression, we cal-
culate the full Green’s function G = (iw — &1, — £)~', where
& = k*/(2mgn) — sm. We now perform the analytical contin-
uation iw —  + i0™, allowing us to find the induced gap. We
can now require that the retarded Green’s function diverges
and evaluate the eigenenergy at £ = 0 (X is independent of k,
so this will give us the proximity-induced gap), and express it
in terms of the dimensionless quantities defined above [47]:

Y= (C1)

[e(x)]? (1 + (C2)

2x 2
— | =
V1=T[e@))?
where x =y /Ag and € = E,/A,. As aresult, the dimension-
less gap takes on the following form, for 2DHGs and 2DEGs
alike:

1 2 1 2
€x) = —(x — e} + o) + 1]), (€3)

a(x)
where  a(x) = n(x)(1 — 18x2 4+ 3/3x/x* + 1122 — 1)!/3
and where 7n(x = 1/\/3) =1, whereas n(x < 1/\/5) =
exp(% ). Using this expression, we can derive the asymptotic
behavior of the induced gap, E, ~ Ag(l — ZA% /y?) for
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FIG. 7. In the insulating phase, the peaks in the critical current /. [shown in panel (a), light blue] appear at the same values of p; as the
peaks in p,(0) [shown in panel (d), light blue]; thus, these peaks can be attributed to bound states confined by the insulating gap in the normal
section of the junction (present in the spectrum even in the absence of SC, Ay = 0). (c) The wave functions of these bound states (light blue)
can be calculated in the two-subband tight-binding model assuming that the leads are longer than the coherence length of the superconductor
[in panel (c) the junction extends from x = —25 to 25 nm, the ends of the junction are shown by the ticks on the inserted axis of panel (c)].
There is only one bound state with wave function (x|y;) = ¥, (x) in the considered regime. These bound states are localized on a length scale
set by the insulating gap, which is much shorter than the coherence length of the SC part of the leads [compare to the typical ABS wave function
shown in dark blue in panel (c)]. (b) In the normal state, the energy spectrum of leads contains several metallic electronic subbands (positive
effective mass) and a single hole-semiconductor subband. The insulating gap is opened at anticrossings between the superconducting subbands
and the hole-semiconducting subband, as can be seen from the insert in panel (b). (e) A sketch of the tight-binding chain used for the Josephson
junction calculation. The leads consist of a single chain of semiconductor sites (blue) coupled of an SC strip of finite thickness d;, (red). The
leads are semi-infinite in all calculations except for panel (c), where we consider only the lowest-momentum SC subband that has the strongest
coupling to the semiconducting subband at low energies. The junction has length L; = 50 nm and only consists of the semiconductor sites. For
panels (a), (b), and (d), we use d;, = 20 nm, a = 0.5 nm, pg, = 90 meV, Ay = 0.2 meV, 7. = 50 meV, t;,, = £2320 meV, and 7,, = 144 meV.
In panel (a) kT ~ 100 mK. For panel (b) and for the light blue lines in panels (a) and (d), us & 293 meV (insulating phase), whereas for the
dark blue lines in panels (a) and (d) us. = 306 meV (superconducting phase). The currents are normalized to Iy = |e|Ay = 49 nA. In panel
(c), N = 6000, ¢ = 7, while L, a, ug, are the same as in panels (a), (b), and (d), and i, = 5meV (18 meV) for the light blue (dark blue)
wave functions.

several subbands with a positive effective mass (SC subbands)
coupled to a single subband with a negative effective mass
(semiconducting subband).

The Hamiltonian describing the junction is given by

strong coupling, while E, ~ y (1 — y /Aq) for weak coupling,
as already demonstrated in Ref. [47].

APPENDIX D: JOSEPHSON JUNCTION NUMERICS

The supercurrent through the JJ is calculated using kwant R N N2 ¥
[72], following the methods described in Refs. [68—71]. The H; = Z Y Ctsm — 1) Ym — Z Vi 1lsmnz¥m + Heoc.
system consists of a junction region of length L;, coupled m=0 m=0
to two semi-infinite leads. The Hamiltonian is treated in the =y, (D1)
framework of the tight-binding model. The semiconducting
i

layer (one chain) extends over the entire setup. The junc- with ¥) = (cf,m, Cmy ), Where erm creates a hole (electron) in

tion consists only of semiconducting sites [shown in blue in
Fig. 7(e)], whereas the leads consist of this semiconducting
chain coupled to two SC strips of the finite width d;, which
implies that there are several occupied bands inside the leads,
as can be seen in Fig. 7(b). In the regime of interest, there are

the 1DHG (1DEG) at the mth site with spin 4, and where
N, is the number of sites in the junction region. It should
be noted that the sign of the chemical potential in the junc-
tion, wuy, is adjusted in the 1DHG versus 1DEG calculation,
to ensure that a positive chemical potential corresponds to
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occupied subbands. Here, #;, = 1/ (2mgma®) describes the
hopping inside the semiconductor, where mgy, ~ £0.07m,,
and m, is the free-electron mass and a denotes the lattice con-
stant in the tight-binding chain. For convenience, we define ¥
as the vector containing all v, in the junction, which allows
us to define the matrix representation of H;, which we denote
as Hy.

As we consider finite-width leads, there are hopping matrix
elements in both the longitudinal and transversal directions,
and we work with the following Hamiltonians:

(00, dp/a))

> ik,

n=(N,0)
(00, dL/a))

— 2. 2 VaeTurjaVa + He

n=(N,0) je(xz}

(=00, ldL/a])

> wlnky,

n=(—1,0)
(—o00,|dr/a])

- Z Z wnr-ﬁ-] n+j, 2¥n +He,

n=(-2,0) je(xz2}

Hlead,R -

Hlead,L =

D2)

where n = (n,, n;) denotes the position of the site in the x
and z directions as well as X and Z are the unit vectors in
the x and z directions, respectively. Here, w(Tm 0y = ¥p» Where

¥l is as defined above—this is a continuation of the semi-
conductor into the leads [see the blue sites in the leads in

Fig. 7(e)]. On the other hand, for n, > 0 the operator w:nx,m) =

(d; ot dy, .., ), Where df n..o Creates an electron with spin
o at site (nx,nz) in the superconducting strip. The onsite

coefficients 45X and hopping coefficients 7, , are defined as

hL /R _ {(2t8m Msm)zs semiconducting site,
(2tse — Mse)N; + Aonx,  SCsite,
(D3)
—tsm?z, both sites are semiconducting,
Tnn = { —tscn;,  bothsites are SC, (D4)
—t1;, otherwise.

The hopping matrix element in the superconductor is
given by ;. = 1/ (2mg.a®), where mg. ~ 0.95m, is the effec-
tive mass in the superconductor, while iy sets the offset
from half-filling of the lowest SC subband. The parameter
Usm 1 the effective chemical potential of the semiconducting
subband, and hence sets the maximum (minimum) of the
semiconducting hole-subband (electron-subband).

The leads are connected to the junction only through the
semiconducting sites at the interface:

_tsm[l/f(t],o)nzl/f(o_o) + w:]vq_o)’?ze_l
+H.c.,

P o)
(D5)

where the phase ¢ is the superconducting phase difference
between the left and right superconductor. We have performed
a gauge transformation in order to include ¢ as a hopping term
between two sites at the interface between the junction and
the leads. The gauge freedom allows us to place the complex
phase exp(—in.¢/2) in the hopping between any two adjacent
sites in the junction.

Hj,lead =

The SC strips are coupled to the semiconducting chain
through an effective coupling .. As te < 8FEjead, fsm, tsc (Where
0Fe,q is the subband spacing in the lead), the majority of
the contribution to the supercurrent comes from the coupling
of the semiconducting subband to a single SC subband (for
our parameters the SC subband that is closest to £ = 0 and
k = 0). This explains why increasing the chemical poten-
tial has little effect on the properties of the Josephson
junction—this simply adds more weakly coupled bands at
larger momenta but does not change the physics in the
momentum and energy window that is of relevance to the
Josephson junction.

To calculate the supercurrent through the junction, we use
a Green’s function approach, which is described in Refs. [68—
71]. In this approach, we attach virtual leads at two adjacent
sites (sites m and m + 1) in the junction and calculate the
following quantity:

oo
lelksT Y Xm{Tt[n:Hynims1Goms1.m(i0n, )
n=0

Im,m+1 (Qo) =

- nzlim-‘rl,me,m-H (iwm (0)]}9 (D6)

which describes the current between sites m and m + 1. Here,
e denotes the elementary charge, kg is Boltzmann’s constant,
and T is the temperature of the system, which is taken to be
significantly smaller than Ag/kg. Here, H,, ;11 is the matrix
element of the tight-binding Hamiltonian that couples sites
m and m 4 1 (hopping), while G, u+1(iw,, ¢) is the Green’s
function matrix element that couples the same sites evalu-
ated at the fermionic Matsubara frequency iw,. The hopping
matrix element is given by Hym+1 = tse;, While Gppqm 18
calculated using the virtual leads and kwant [72].

The Nambu space Pauli matrix n, in Eq. (D6) can be
thought of as the BCS charge-matrix—the quasiparticles and
quasiholes have opposite charges and will therefore have
opposite contributions to the current. Since the system is a
one-dimensional chain, calculating this for adjacent sites gives
us the supercurrent through the entire junction. Furthermore,
for our numerics, we truncate the Matsubara sum once the
last term is smaller than 10~ nA, such that the current has
sufficiently converged. We take kg7 = A(/20, as this is the
experimentally relevant temperature regime. This approach
gives us the CPR, which we then use to calculate the critical
supercurrent /. (maximal value of the CPR) and the ratio of the
first two harmonics of the CPR (see Fig. 3). As discussed in
the main text, the ratio of the first two harmonics is a measure
for the transparency of the junction.

We found that the CPRs obtained from this method
are consistent with what is obtained from a finite sys-
tem, where the current at phase difference ¢ is defined as
(@) = |e| ZE(¢)<0 aEa—fp@, where E(¢) are the negative
eigenenergies of the finite system. However, using Eq. (D6)
is computationally more efficient and allows us to consider
infinite leads, which means that there are no finite-size effects.

1. Bound states in the Josephson junction

In the previous section, we gave a description of the nu-
merical methods used to obtain the CPR through the junction.
The critical current /. is especially studied as a function of
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FIG. 8. Plots of bound state energies for a JJ vs chemical potential u; and superconducting phase ¢ for 1IDHG [panels (a) and (b)] and
1DEG [panels (c) and (d)]. The bound states for a IDHG are localized in the normal section of the JJ due to the insulating gaps in the leads
and carry significant SC correlations only when their energies are below A, [which is indicated by the horizontal black dashed line in panel
(a)]. (c) On the other hand, the ABSs that arise when the system is in the SC phase have a weaker dependence on p,, both in their energies and
in the SC correlation. The dotted lines in panels (a) and (c) are for ¢ = 0, where the SC correlation is maximal, whereas the full lines (blue)
are for ¢ = m, where the SC correlation is zero (in this case the pairing is A in the left lead and — A in the right lead). In panel (b), we show
the energy of the lowest bound state as function of ¢ for the leads being in the insulating phase at 1, = 8.9 meV [see vertical black line in
panel (a)]. There are no states with energies just below the superconducting gap as well as there are no other states within the insulating gap,
as can be seen in panel (a). For comparison, in panel (d), we show the energy-phase relation for the lowest n = 12 states for a 1DEG JJ with
leads being in the SC proximity phase. Here, the ABS energy is around A, for ¢ close to zero and it almost merges with the bulk states. This
is a reason why we included ¢ = 7 in panel (c) to show the presence of the ABSs in the spectrum. The results are obtained from a finite-size
system, with a single SC subband, described in Egs. (D1) and (D2) with d; = 2a. We used the following parameters: L = 3500 nm (total
length of chain), L; = 62 nm, a = 1 nm, t;,, = £580 meV, t,, = 36.2 meV, 1, =5 meV, gy = 40 meV, iy = 2.5 meV, and Ay = 0.2 meV.

In panels (a) and (b), the effective masses have opposite signs, whereas in panels (c) and (d) they have the same signs.

s, where it shows distinct peaks when the leads are in the
insulating phase. These sharp peaks are attributed to bound
states in the junction that are confined by the insulating gap
in the leads. Thus, these bound states are present even with-
out superconductivity (under the assumption that higher SC
bands are only weakly coupled due to momentum mismatch),
which can be seen from the normal state local density of
states (LDOS) at zero energy [0,(0)] in the junction shown
in Fig. 7(d). We define p,(w) as

pu(@) = Zm (G — 07, (O7)
where G, (@) = [0 — Hj — Zjeads(w)]~! is the Green’s func-
tion that describes the junction after integrating out the leads.
The self-energy in the leads, ¥j.,qs(w), is obtained numeri-
cally using kwant [72].

The LDOS [see Fig. 7(d)] in the junction displays well-
pronounced peaks at the same values of u; at which we
observe peaks in /. [see Fig. 7(a)] in the insulating phase.
However, when the leads are in the SC phase, the w; de-
pendence of 1. exhibits broad oscillations [which is the case

when the 1DHG system is away from resonance or when
the semiconductor is a 1DEG, see the dark blue curve in
Fig. 7(a)]. These oscillations are due to Andreev bound states
(ABS) weakly confined in the junction due to an SC gap in
the leads. The energy separation between bound states, both
in the insulating phase and in the SC phase, is defined by the
length of the junction, which explains why the peaks in critical
current have the same spacing in both phases (see Fig. 3).
However, we note that the positions of the peaks in the I,
versus py plot for IDEG and 1DHG systems are generally
not the same. Importantly, the ABS confined by the insulating
gap in the leads have the similar pairing expectation values as
the ABS confined by the proximity-induced pairing gap in the
leads, provided that their energy does not deviated by more
than A from the chemical potential, which can be seen from
Fig. 8.

We can gain further understanding of the peaks in /. as a
function of u; by considering a finite system, where we can
explicitly calculate the wave functions. The wave function of
a bound state (light blue), confined to the junction due the
insulating gap in the leads, is much more localized compared
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FIG. 9. In the insulating regime, the bound states in the junction give rise to sharp peaks in the supercurrent as a function of ;. However,
the position and linewidth of these peaks could be affected by the disorder. In panels (a)—(c), we show the results for three typical disorder
configurations. Generally, the height of peaks gets suppressed as disorder strength grows. (b) The peaks are often shifted compared to their
positions in the absence of disorder. Interestingly, even in the strong disorder limit, I' = 20A, = 4 meV, the peaks in the supercurrent remain

pronounced. The parameters are the same as in Fig. 8(a) and Ny.x = 300.

to the wave function of an ABS (dark blue) confined by the
proximity pairing gap, when the system is in the SC phase [see
Fig. 7(c) where we plot the lowest-energy bound states, [/)].
This is expected since the insulating gap is generally much
larger than Ag and thus the wave functions decay faster into
the gapped region. In these finite-size system calculations,
we consider only the lowest-momentum SC subband that is
directly coupled to the semiconducting subband and neglect
other superconducting subbands for simplicity.

While the sharp peaks in I, are characteristic for the leads
being in the insulating phase, they are still linked to the re-
maining superconducting pairing correlations of the strongly
confined bound states with energies close to zero. Indeed,
boundary effects at the junction interfaces, which mix-in lo-
cally also higher subbands of the superconductor, generate
some SC correlations around the junction within coherence
length &y = v /Ay, whereas the leads far away from the junc-
tion (distances larger than &j) are in the completely insulating
phase without any SC correlations. In Fig. 8, we plot the ener-
gies of the bound states versus w; [Fig. 8(a)] in the insulating
phase and [Fig. 8(c)] in the superconducting phase. Addition-
ally, using the color scheme, we indicate the value of the SC
correlation, | Y, (¥,lcy icy.il¥n) |, for the respective eigenstate
[¥,) in the energy spectrum. As expected, the SC correlation
is only significant in the insulating phase when |E| < Ay and
when ¢ = 0. Interestingly, for ¢ = m, the SC correlation is
zero in both [Fig. 8(a)] the insulating phase and [Fig. 8(c)]
the superconducting phase. This is because the pairing is Ag
and — A in the left and right leads, respectively, which means
that the sum over all sites in the system (the i sum above), will
give contributions from the left side and the right side of the
system, which cancel perfectly. The strong phase dependence
of the bound state energy [shown in Fig. 8(b) for the insulating
phase and Fig. 8(d) for the SC phase] confirms again that these
are indeed bound states confined at the junction between two
superconductors.

Throughout this work, we have considered Josephson junc-
tions with highly transparent interfaces between the junction

and the superconducting leads. This assumption is supported
by experimental measurements demonstrating high trans-
parency in similar setups [60]. However, it is important to
point out that strong barriers at the junction ends could sig-
nificantly impact our results. Such barriers can generate peaks
in the supercurrent as a function of p, that resemble those
we attribute to bound states formed by the insulating gap,
even in the 1DEG system. Thus, it is important to emphasize
that these sharp peaks in /. versus w;, which are otherwise
associated with a junction being in the weak transparency
regime, can occur in the insulating phase in the leads. Thus,
the insulating gap strongly suppresses the average junction
transparency (the transparency is only of order unity, when
Wy is tuned to one of the peaks in 1,).

2. Robustness of I, peaks in the presence of disorder

As discussed previously, disorder will inevitably be present
in experimental setups. Therefore, it is important to investi-
gate the effect of disorder on the peaks in . versus ;. In the
finite system with a single SC subband [i.e., we set d; = 2a
in Eq. (D2)], we introduce disorder to the onsite energies.
The disorder is treated using a normal distribution, centered
at zero with standard deviation I', which is added to the local
chemical potentials (s, and pg for semiconducting and SC
sites, respectively, and p; in the junction). The results are
shown in Fig. 9, where we see that even for strong disorder,
I' = 20A, the peaks in supercurrent are still present.

The current is calculated using [68,75]

Nimax

JdE,
I(p) =lel Y  —.
n=1 8@

where the summation should run over all occupied states
(states with negative energy); however, states too far away
from the chemical potential do not contribute, so we can cut
the sum at some large value Np.x, chosen such that I(¢) has
already converged and does not depend on the choice of Np,y.

(D8)
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We assume that the energies are sorted such that E,, > E,, for
m > n, and that E; is the largest negative eigenvalue. The
supercurrent is normalized relative to Iy = |e|Ay ~ 49nA,
where e is the elementary charge. There could be slight shifts
in the position of the peaks in the supercurrent because the
disorder in the junction shifts energies of the bound states (see

Fig. 9). The distance between peaks stays approximately the
same. As expected, the results depend on the specific configu-
ration of the disorder. However, from what we have observed,
the peaks are present even for relatively strong disorder but
their linewidth and shift in p; depend on the disorder strength
and a given disorder configuration.
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