A moment

extension of
Lions’ method
for SPDEs

J.P.C. Hoogendijk

siteit Delft

Technische Univer

]
TUDelft



A moment
extension of
Lions’ method
for SPDEs

by

J.P.C. Hoogendijk

to obtain the degree of Master of Science
at the Delft University of Technology,
to be defended publicly on Monday August 30th, 2021 at 10:00 AM.

Student number: 4583736

Project duration: = November 24, 2020 — August 30, 2021

Thesis committee: Prof. dr. ir. M. C. Veraar, TU Delft, supervisor
Dr. M. V. Gnann, TU Delft, supervisor
Dr. ir. R. C. Kraaij, TU Delft

This thesis is confidential and cannot be made public until August 23, 2021.

An electronic version of this thesis is available at http://repository.tudelft.nl/.

]
TUDelft


http://repository.tudelft.nl/

Abstract

This master’s thesis introduces a new p-dependent coercivity condition through which
LP(Q; L2([0, T1; X)) estimates can be obtained for a large class of SPDEs in the variational
framework. Using these estimates, we obtain existence and uniqueness results by using a
Galerkin approximation argument. The framework that is built is applied to many SPDEs
such as stochastic heat equations with Dirichlet and Neumann boundary conditions, Burger’s
equation and Navier-Stokes in 2D. Furthermore, we obtain known results for systems of
SPDEs and higher order SPDEs using our unifying coercivity condition. We also obtain first
steps towards a theory of higher order regularity of stochastic heat equations.
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Introduction

In his Théorie Analytique des Probabilités [26], Pierre-Simon Laplace remarks

It is remarkable that a science which began with the consideration of games of
chance should have become the most important object of human knowledge.

This quote remains more true than ever before, possibly beyond all of Laplace’s expecta-
tions. However, probability theory has not always taken this important place in mathemat-
ics. Starting with the conception of classical mechanics in the 17th century by Isaac New-
ton, models of nature through Newton’s laws were governed by deterministic equations.
This approach was expanded by people such as Lagrange and Hamilton through their own
respective formulations of mechanics, with still no room for probability in the equations.
In the 19th century, this slowly started to change. Beginning with Ludwig Boltzmann’s sta-
tistical physics, Boltzmann showed that macroscopic thermodynamic variables could be
derived from a probabilistic examination of the microscopic variables, which was revolu-
tionary and controversial at the time. Boltzmann'’s discoveries were especially remarkable
if one considers that scientists had no notion of atoms and the microscopic world during
Boltzmann'’s time! One success of statistical physics was given by Albert Einstein and Paul
Langevin. They managed to give an explanation of the Brownian motion of pollen grains
by doing a probablistic, microscopic examination of the system, describing one of the first
stochastic differential equations (SDEs) in history [25, 27]. Proceeding into the early 20th
century, classical mechanics was superseded by quantum mechanics, which gives a proba-
bilistic description of objects on small scales. It became clearer and clearer that probability
theory had a fundamental place in nature. !

Since Laplace’s remark, probability theory and analysis have not stood still either. Both
have gotten rigorous fundamentals, starting with analysis in the 19th century by Augstin-
Louis Cauchy and Karl Weierstrass. For probality theory, the modern axiomatic foundation
was layed by Andrei Kolmogorov only in 1933. This allowed for a rigourous study of many
new concepts, such as Markov processes, martingales and Wiener processes. Kyoshi It6 in-
troduced a theory of stochastic integration [17, 18], through which a rigorous mathematical
interpretation to the SDE of Einstein and Langevin could be given. As a generalization of

10Of course, a probabilistic view of nature has also led to some controversialism in philosphy. For different
interpretations of probability theory, see [16]
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SDEs, one can also consider stochastic partial differential equations (SPDEs), which will be
the main topic of this master’s thesis. As the name suggests, these are a natural extension of
partial differential equations with some stochastic dependence included in the equation.
For example, a natural extension of the heat equation 0,u = Au on R4 is the stochastic heat
equation

Oru=Au+¢é

on R? ,where ¢ is some random signal in space and time. Just as SDEs turned up in the
study of Brownian motion by Einstein and Langevin, SPDEs turn up naturally in many other
physical models, such as the ®3 model in quantum field theory [32] and stochastic fluid
models [1, 6]. Other areas where they turn up are filtering theory [21, 24], reaction diffu-
sion equations, neurophysiology and finance [10, 21], amongst others. From a more math-
ematical point of view, SPDEs bring their own interesting problems. The most common
approach to study PDEs and SPDEs is to reformulate them as infinite dimensional ordi-
nary differential equations (ODEs) or stochastic differential equations (SDEs). However, it
is well-known that not all results from finite dimensions carry over to infinite dimensions.
A famous theorem in the study of finite dimensional SDEs is Itd6’s lemma, which can be
used to prove existence and uniqueness of solutions of SDEs and very useful theorems such
as the Burkholder-Davis-Gundy (BDG) inequalities (useful for energy estimates) and Gir-
sanov’s theorem (often used for a change of measure in mathematical finance). However,
It6’s lemma does not carry over to the infinite dimensional setting for all SPDEs. Therefore,
itis not possible to simply generalize finite dimensional results to infinite dimensions. This
prompts a different approach, which leads to interesting mathematics of itself and makes
SPDEs definitely worth studying.

1.1. Exposition and background

In this thesis, we will introduce a new coercivity condition to obtain existence and unique-
ness of a large class of SPDEs. In particular, we are interested in L” (Q; L2([0, T]; X)) results,
where Q is a probability space, p = 2, [0, T'] is a time interval and X is a Hilbert space (take
for instance the Sobolev space Woz’k (2) on adomain 2). The main motivation to study this
problem comes from the theory of stochastic maximal regularity. To illustrate this problem,
we first introduce maximal regularity in the deteriministic setting. In this setting, we can
consider the inhomogeneous Cauchy problem

Q)+ Au(t) = f(1), tel0,T], ul0)=up, (1.1)

in LP([0, T1, X) for p € (1,00) and X a Banach space. We say that a closed and densely de-
fined operator A: D(A) € X — X has maximal LP-regularity if for each f € L”([0, T]; X)
there exists a unique u € WP ([0, T]; X) n LP ([0, T]; D(A)) satisfying the above equation a.e.
in [0, T'] with 1y = 0. We can also derive the following:

lullzr o, ;) + NAUl r 0, 11,30 < Cll f Il P (0, T1;) - (1.2)

It is well-known that A has maximal regularity if and only if — A generates an analytic semi-
group [33]. Now, maximal regularity can be used to obtain a wide range of well-posedness
results for nonlinear PDEs using fixed-point arguments or others. In particular, the above
estimate is very useful in proving this. A long standing aim in the study of SPDEs has been
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to obtain a theory of stochastic maximal regularity. In this theory, we search for existence
and uniqueness of solutions of SPDEs in a class LP(Q; L9([0, T]; X) where p,q =2, Q is a
probability space, [0, T] is a time-interval and X is a Banach space. However, a theory of
stochastic maximal regularity only exists for certain subcases of p, g and certain choices of
X. The aim of this thesis is to introduce a new coercivity condition that leads to existence
and uniqueness in L”(Q; L2([0, T]; X)) for a large class of SPDEs. This can be applied to a
wide range of equations, such as stochastic heat equations with both Dirichlet and Neu-
mann boundary conditions, as well as Burgers’ equation and the Navier-Stokes equations
in 2D. Furthermore, we are able to recover results from the literature for systems of SPDEs
and higher order SPDEs by using our theory.

In order to study SPDEs, we will reformulate them as infinite dimensional stochastic evo-
lution equations of the following form:

du, = A(t,uy) de+ B(t, uy) dWy,  u(0) = up. (1.3)

There are three main approaches that have tackled these type of equations over the past 70
years. The most studied approach is probably the semigroup approach. In this approach,
the operator A is assumed to be the generator of some semigroup and B a bounded op-
erator satisfying a Lipschitz condition. Using contraction mapping arguments, both exis-
tence and uniqueness of solutions can be obtained. Another approach is the martingale
approach. This approach generalizes the notion of weak solutions of SDEs to SPDEs. As it
is easy to confuse the notion of weak solution to SDEs with weak solutions to PDEs, this ap-
proach is called the martingale problem approach by some authors [10]. Both approaches
will not be discussed in the sequel, but it is good to be aware of their limitations. In particu-
lar, itis standard to assume that the operator A is the generator of a Cy semigroup. However,
many SPDEs do not satisfy this assumption. For example, certain SPDEs arising in control
theory are not included in the semigroup or martingale approaches, see [23].

The third approach is the variational approach, which will be the only important approach
for this thesis. The variational approach for SPDEs was initiated by Alain Bensoussan in
1971 [2] [3], based on Lions’ approach for PDEs. In this approach, a coercivity condition
on the operator A is assumed, together with B = I. Using time discretization methods, ex-
istence and uniqueness of solutions is proved. Bensoussan’s work was later generalized in
1975 by Ftienne Pardoux [31], who proved existence and uniqueness results for monotone
operators in both the parabolic and hyperbolic setting based on Galerkin approximations.
Influential work by Krylov and Rozovskii in 1981 [23] loosens restrictions on the operators A
and B made by Pardoux, but still uses the Galerkin approximation idea. More recently, Wei
Liu and Michael Rockner [28] have generalized this framework even further by using locally
monotone operators instead of monotone operators. This allows for new equations to be
studied, such as the stochastic Burgers equation. However, the assumptions in their pa-
per still allow limited growth on B and the estimates for their solutions are only restricted
to L? estimates in Q. Work published by Zdzislaw Brzezniak, Wei Liu and Jiahui Zhu [4]
expands their framework by considering a slightly better growth condition on B and Lévy
noise. The latest point in this development is a paper published by David Siska and Nee-
lima Varshney [38], in which LP(Q; L?([0, T]; X)) estimates are obtained, where r € (0, 1).
This paper will be the starting point of this thesis. We will use a slightly more general coer-
civity condition and improve the argument given by Siska and Varshney to actually obtain
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LP(Q; L2([0, T]; X)) estimates, which we will describe now. In order to study (1.3) in the
variational approach, we need to introduce the Gelfand triple setting. This means that we
have a triple of spaces (V, H, V*), where V is a separable Banach space, H is a Hilbert space,
V € H densely and V* is the Banach space dual of V. We will also need an extra separable
Hilbert space U to make sense of the stochastic part of the equation. Then, we consider A as
amap A:V — V*and Basamap B:V — L,(U, H), where L, (U, H) is the space of Hilbert-
Schmidt operators. We also assume that A and B satisfy local monotonicity bounds, as well
as certain indivdual bounds, details of which can be found in chapter 4 of the thesis. The
most important assumption is the following: forall ve V,v #0, t € [0, T] a.s.

* 112
IB(t, )" vl

||l)||2 S_9||v||?/+ft+Kc”V”§q (1.4)
H

2(A(t, v), v) + | B, 2, gy 1y + (P —2)

where p=2,0>0,a>1, K. =20and f € Lg(Q;Ll([O, T1;R)) nonnegative. With these as-
sumptions in hand we can state the most important result from this thesis. Given the above
assumptions, suppose a solution exists to (1.3). Then, there exists a constant C = 0 depend-
ingon 0, @ and p such that

P
T T 2
-2
E sup ||ut||§i,+[Ef0 el ||ut||%dt+rﬁ(f0 ||ut||‘;dr)

tel0,T]
T 5
[E||u0||§1+[E(f0 f,dt) :

Moreover, these estimates are optimal. With optimal, we mean that it is not possible to
obtain better results such as higher moments based on the assumptions we used to prove
this estimate in the first place. These a priori estimates will then be used to prove existence
and uniqueness for (1.3) using the method of Galerkin approximations. This means that
we project (1.3) to finite dimensions and use the finite dimensional theory to obtain a se-
quence of approximate solutions. It is then shown that this sequence converges and that
its limit is indeed a solution of (1.3). It can be shown that this framework applies to a wide
range of equations. The equations we work out in this thesis are stochastic heat equations
with both Dirichlet and Neumann boundary conditions, as well as Burgers’ equation and
Navier-Stokes in 2D. Furthermore, we are able to recover results from the literature for sys-
tems of SPDEs and higher order SPDEs by using our theory.

(1.5)

< Ce‘T

We also study the higher order space regularity of stochastic heat equations on smooth
domains in the LP(€;...) setting. First results in this direction were obtained by Krylov for
p = 2 [20], though he needs weighted Sobolev spaces to do this, unlike the deterministic
setting [14]. We aim to produce the same results for p = 2. In this thesis, we have made
the first steps in this direction by proving higher order space regularity for p = 2 on R for
stochastic heat equations with constant coefficients. A large part in proving this is taken up
by the framework built in this thesis.

1.2. Reading guide
Now that we have established the exposition of this thesis, we will provide a brief overview
of the structure of this thesis and how different chapters relate to each other.
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* Chapter 2 (Preliminaries): The intended audience for whom this chapter has been
written are mathematics students with some knowledge of PDEs, functional analy-
sis and stochastic integration. The chapter mostly contains statements of important
theorems and lemmas that will be used later. References for proofs are also provided.
Only some theorems and lemmas were proven by the author himself.

e Chapter 3 (A coercivity condition for higher order moments): The main problem of
the thesis is treated in this chapter. We build a framework based on the new coer-
civity assumption by first proving a priori estimates and then proving existence and
uniqueness. Optimality of the framework is also proven in this chapter.

* Chapter 4 (Examples of coercive SPDEs): In this chapter we introduce a variety of
SPDEs to which our framework applies. The examples here are certainly non-exhaustive,
but might provide a good insight in what the framework is capable of. For example,
we show that the stochastic heat equation with Dirichlet boundary conditions re-
duces to the known setting using our framework. We are also able to derive previously
obtained results in the literature for systems of SPDEs and higher order SPDEs.

* Chapter 5 (Higher order regularity): This chapter proves higher order space regularity
of stochastic heat equations with constant coefficients.



Preliminaries

The most essential knowledge that is needed to understand the results in this thesis is
treated in this chapter. The topics included are ordered in three sections: functional anal-
ysis, PDE theory and stochastic integration theory. Most results can also be found in the
literature and are referenced accordingly, while some other, less standard results are tay-
lored for this thesis.

2.1. Some functional analysis

2.1.1. Bochner integration and Bochner spaces

Suppose one is given a function f : E — X, where E and X are both Banach spaces. In many
situations in mathematics, one is interested in integrating such a function for a variety of
reasons. The easiest case one could think of, and for which integration was introduced
historically, is determining the area under a curve. In this case, X = R and integration can be
made rigorous in both the Riemann sense and the Lebesgue sense. To motivate integration
for infinite dimensional Banach spaces F, we inspect the heat equation

9 (¢, x) = Aul(t, x).

If we surpress the spatial variable x from notation, we can see this PDE as a function valued
ODE, where u(t,-) takes values in some function space X. Informally, one would then solve
this PDE by finding a function u(t, ) that satisfies the following integrated form of the PDE:

T
u(T,)—u0,) = f Au(t,-)dt.
0

Therefore, to solve this PDE, one needs to be able to make sense of the integral on the
RHS. This can be done using the Bochner integral, which allows integration of functions
f : E— X, where both E and X are Banach spaces. The Bochner integral generalizes the
Lebesgue integral, and accordingly one can also introduce Bochner spaces as a generaliza-
tion of the classical Lebesgue spaces.

For ease of exposition and since all Banach spaces in this thesis will be separable, we only
treat the special case where the space X is separable. The exposition in this section is

adapted from [10]. The interested reader can find the case of non-separable Banach spaces

6
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in [29].

To introduce the Bochner integral, we have to recall some basic measure theoretic notions.
We consider a measurable space to be a pair (E,&), where E is a set and & is a o-algebra.
If E is a metric space, one particular choice of o-algebra is the Borel o-algebra. This is the
o-algebra generated by the open sets of E. A measurable space can be turned into a mea-
sure space by equipping it with a measure p: & — [0,00]. Now, consider two measurable
spaces (E,&) and (X,%Z). A mapping f : E — X is said to be measurable if for every Ae &,
{XeAl={acE:X(a)e A}e&.

We call a function f: E — X simple if it can be expressed as f ="' | a;14, where a; € X and
A; € &. To construct the Bochner integral, we first define integration for simple functions
and then use an approximating sequence. Therefore, we need the following approximation
lemma

Lemma 2.1. Let E and X be separable Banach spaces with norms || - | g, || - |x. Consider a
measurable map f : E — X. Then there exists a sequence { f,,} of simple X -valued functions
such that for everya€ E, || f,(a) — f(a)|lx — 0 monotically.

Proof. [Seelemma 1.3, p. 16 in [10]] Let Ey = {ex}xen be a countably dense subset of E. For
m e N and a € E, define the following:

pm(@ = min |f(a)—erlx
kefl,...,m}

km(a) =min{k <= m:py(a) = | f(a) — el x}

fm(@) = ek,

Then, every f,, is a simple function, since f,,(E) < {e1,...,em}. Since E; is dense in E,
pm(a) is monotonically decreasing to 0 in m for all a € E. It is clear to see that p,,(a) =

p(f(@), fm(a). O

We are now in a position to define the Bochner integral. Suppose f : E — X is a simple
function on a measure space (E, &, 1) of the form

N
f=Y xla, Aje&, x;€E, NeN
i=1

We set
N
f fdu= Z Xip(Ag) 2.1)
E i=1
This integral does not depend on the representation of f, as can be checked similarly
for Lebesgue integration by using refinement. It is also straightforward to prove that the
Bochner integral for simple functions is additive and linear. The following triangle inequality-

E

< [ 1f1x dp. 2.2)
X E
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Next, we want to extend this integral to all measurable functions f : E — X. First note that
|l fll x is also a measurable function, since | - || x is a continuous function. We call f Bochner
integrable if

fE I fllx du <oo. (2.3)

Note that the above integral is a Lebesgue integral, since | f| x is a real function. Using
lemma 2.1, we obtain an approximating sequence of simple functions {f;;},en such that
{lf(a) = fm(a)lx} decreases to 0 for all a € E. It follows that {fE fm dulmen is a Cauchy

sequence, since
Hf fm d/v‘_f fndu
E E X 2.4)

sf IIf—fmllxdu+f 1 = fullx d
E E

and the RHS decreases to 0 as m, n — oo. Since X is a Banach space, we can therefore define

ffdp: lim ffm du. (2.5)
E m—oo Jg

We call the quantity on the RHS the Bochner integral of f against p. It is routine to check
that the integral does not depend on the approximating sequence { f;,;} en. For a bounded
linear operator 7, it is clear that the operator T and the integral can be interchanged. How-
ever, we can prove the same for a certain class of closed operators, which is the content of
the next proposition.

Proposition 2.1. Suppose f : E — X is Bochner integrable and T a closed linear operator
with domain D(T) < X and values in some Banach space Y . Suppose f takes values in D(T)
a.e. and that T f : E— Y is Bochner integrable. Then, [, T fdue D(T) and

Tf fd,u:f Tfdu.
E E
Proof. See [29]. O

2.1.2. Hilbert-Schmidt operators

In order to build the stochastic integral in Hilbert spaces, we need to introduce the con-
cept of Hilbert-Schmidt operators. To preserve some type of It isometry, Hilbert-Schmidt
operators form the natural arena for stochastic integration in Hilbert spaces. The mate-
rial treated in this section is entirely standard and also treated in [28]. Let (U, (:,")y) and
(H, (-,-) i) be two separable Hilbert spaces. We denote the space of bounded linear opera-
tors between U and H by L(U, H).

Definition 2.1. An element T € L(U, H) is said to be a nuclear operator if there exists a
sequence (a;) jen in H and a sequence (b;) jen in U such that

(0,0
Tx:Zaj(bj,x)U, forallxe U
j=1

and

[e.®]
> llajlalbjlly <oo.
j=1
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The space of all nuclear operators is denoted by L;(U,H). If U= H and T € L;(U,U) is
nonnegative and symmetric, then T is called trace class.

Definition 2.2. A bounded linear operator T : U — H is called a Hilbert-Schmidt operator
if

2
Y I Texll%; < oo,
keN

where ey, k €N, is an orthonormal basis of U.

The space of all Hilbert-Schmidt operators is denoted by L, (U, H). We can define a norm
on Ly (U, H) by setting

oo
I3, .m = 2 I TelF;. (2.6)
k=1

The following properties of Hilbert-Schmidt operators turn out to be crucial later for stochas-
tic integration in Hilbert spaces:

Proposition 2.2. Let T € L,(U, H). Then,

2

1. the definition of Hilbert-Schmidt operators and the number || TIILZ(U 0

dent of the basis on U.

are indepen-

2. 1T, m = 1T N 2y 1,0y
3N ew,m = NT L, m-

4. Let (G, (-,")g) be another separable Hilbert space, S € L(H,G), S» € L(G,U) and T €
L,(U,H). Then, S1T € Ly(U,G) and TS, € L, (G, H) with estimates

I1S1 TN, w,60 = ISl | Ty w, 1y

1TSoll,6,m < N TNy, m I S2ll LG, -

Proof. The proof is taken from [28, Remark B.0.6, p. 217]. We prove items 1 and 2 at the
same time.

1. Let {ex}kens 1fi}ken be two orthonormal basises of U and {gi}xen be an orthonormal
basis of H. We use Parseval’s identity to obtain:

2 el =3 3 (Ter, g)| = X 1T gl
k=1 k=1j=1 j=1

We can now apply the same trick to obtain:
2T gl =3 Y KTfe.g)|” = 3 IT fiellg-
j=1 k=1j=1 k=1

In the course of the proof we have also obtained that | T'llz, i) = 1 T™ | 1, (z1,0)

2. Seeitem 1
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3. Let x € U and {fi}xen be an orthonormal basis of H. We can then use item 2 and
Parseval’s identity to obtain:

o0 o0
2 2 2 2 2 2
ITx7 =Y (KTx, fid]” < x5 X 0T filly = 0TI, . X115
k=1 k=1

By definition of the operator norm, we obtain || Tz, m) < |1 Tll 1, w, 7)-

4. Let {eg}reny be an orthonormal basis of U. Then,

o0

2 2 2
151 Texll? < 15112 1.6 I T2, 7.1
k=1

Using item 2 and the property (T'S2)* = S; T it follows that

ITS2ll 1,60 = I(TS2)* | 1, (11,6)
=185 T* N 1,6, m)
< IS2llL, I Tl Ly, By - 0

We end this section by showing that the space L, (U, H) can be turned into a Hilbert space.

Proposition 2.3. Let S,T € L, (U, H) and let {e}ren, be an orthonormal basis of U. If we
define

o0

(T, )1, = Y_(Sex, Tex) 2.7)

k=1
we obtain that (L,(U, H),(,*)1,) is a separable Hilbert space. Furthermore, if {fi}ken is an
orthonormal basis of H we get that f; ® ey = fi{ex,")uy, where j,k € N, is an orthonormal
basis of L,(U, H)

Proof. See [28, Proposition B.0.7, p. 218]. O

2.1.3. Weak convergence

As outlined in the exposition, we are interested in treating the variational approach for
SPDEs. In this approach, we build a sequence of approximate solutions of which we extract
a convergent subsequence in some way. One way to do this is by using weak compactness
arguments. The basics to make such an argument are recalled in this section. We will take
the easy route and avoid any reference to the theory of locally convex spaces, following
Evans [14]. For a more detailed treatise of weak topologies, weak convergence and locally
convex spaces, see [9, 35]. In this subsection we let X be a real Banach space.

Definition 2.3. A sequence {xy}ren € X is said to converge weakly to x € X, denoted by
X — X,

if
(X, Xy — (x, x™)

for each bounded linear functional x* € X*.
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The following proposition is a simplified version of the famous Banach-Alaoglu theorem.
The proof is taken from [36].

Proposition 2.4. Let X be a separable normed space and let (x;) =1 be a bounded sequence
in the dual space X*. Then there exists a subsequence (x;, Jk=1and an x* € X* such that

lim (x, x;‘lk> =(x,x*) forallxe X. (2.8)
k—o0

Proof. Let (x;) j>1 be a countable set whose linear span X is dense in X (which is possible
by separability). By a diagonal argument we find a subsequence (x;, ) k=1 such that the limit
P (xj) == limg oo (X}, x,’;k) exists for all j = 1. Then, the limit ¢(x) := limj_ . (x, x;;k) exists for
all x € Xy, which follows from linearity. It is easy to see that x — ¢(x) is a bounded linear
map from Xy — R. Since X is dense in X, we can obtain a unique bounded extension of
¢ of the same norm, which we also denote by ¢. Since the operators (-, x; ) are uniformly
bounded, we obtain that ¢(x) = limy_(x, x,”;k) for all x € X. Therefore, x* := ¢ has the
required properties. O

We can obtain a very useful corollary from this proposition. For example, one can identify
a candidate limit from having a bounded sequence of certain approximate solutions to a
PDE, using this corollary.

Corollary 2.1. Let X be a separable reflexive Banach space and (xy,) ,>1 a bounded sequence
on X. Then, there exists a subsequence (xp,) k=1 and an x € X such that

klim (X, X"y =(x,x*) forallx" € X*. (2.9)

Proof. We first note X™ is also separable, since X is reflexive and separable. This allows us to
apply Proposition 2.4 with X* as our normed space and (x,),>1 as our bounded sequence,
which is possible by reflexivity. We immediately obtain a subsequence (x,,)¢=1 and an
x € X such that
klim (Xp, X"y =(x,x") forallx* e X". (2.10)
—00

This finishes the proof. O

We proceed to prove one extra lemma related to weakly convergent sequences, which will
be useful in proving existence of the SPDEs we consider. Recall that for any weakly conver-
gent sequence {x,},en we have the following bound:

x|l x <liminf| x| x. (2.11)

We can generalize the above bound in a special way that is needed for one of the results in
this thesis. Let Q2 be a probability space and H be a separable Hilbert space. Then we have
the following:

Lemma 2.2. Suppose a sequence (u(”)) n=1 converges weakly to u in I? (Q; [2 ([0, T1; H)). Then,
for any weight w: [0, T] x Q — [0,00) with w < 1, we have the following inequality:

T T
E f lull%w,dt < liminfE f 1112 w,de (2.12)
0 0
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Proof of Lemma 2.2. Let v € L2(Q; L2([0, T); H)). By definition of weak convergence, we

then have:

(n)

nlign (u™, vy ={u,v).

Now, consider the following:

T T
lim E (u(t"), v)gwdt= lim [Ef (ui”), w,vy) gdt

? (2.13)
:[Ef (U, wev) gde
0

where the last line follows since wv € L2(Q; L3([0, T]; H)). Now, we can consider the LHS

and RHS as duality pairings between the spaces L2(Q; L2([0, T); w; H)) and L2(Q; L2([0, T]; w; H)).
Therefore,

T
[Ef (ut, Vt)HI/UtdtS limianlu(n)Ile(Q;Lz([O,T];w;H)) ”V”LZ(Q;LZ([O,T];H)) (214)
0

We can therefore conclude that the lemma holds. O
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2.2. Stochastc integration theory

The main motivation to study stochastic integration theory is to study stochastic differen-
tial equations. One could consider the following ODE:

dus — £t 1,) +E(1), u(0) = up, (2.15)

where ¢(#) is some kind of forcing signal. In many situations in nature, it is reasonable
to assume that ¢ is a random signal. For instance, the Langevin equation (also called the
Ornstein-Uhlenbeck process by mathematicians)

dx, _ d
2 = —6mpag; +&(1)

m

describes the motion of a particle of radius a suspended in a liquid with viscosity p with
Gaussian white noise £(7), see [25] (translated version [27]). Using the theory of stochastic
integration introduced by Kyoshi It6, we can give rigorous meaning to the above equation
[18]. For other motivations to study stochastic differential equations and stochastic inte-
gration theory, see for instance the introduction of [30].

Of course, we can consider stochastic forcings for PDEs as well. This leads to the study of
SPDEs, which we briefly touched upon in the exposition. To make sense of the SPDEs that
we are going to study, we need a theory of stochastic integration in Hilbert spaces. Suppose
one is given an SPDE of the form

0
i = Au+E(t,x),

where £(7, x) is a white noise in space and time (this is a stochastich heat equation). The
aim is then to reformulate this SPDE as a function-space valued ODE, just as in the deter-
ministic setting. The function spaces we consider in this master’s thesis are almost always
Hilbert spaces. We can give meaning to the white noise! by using stochastic integration
theory in Hilbert spaces.

2.2.1. Stochastic integration in R?

For a primer on stochastic integration theory in R4 we refer to [19]. We also refer to the
short callback in [28].

2.2.2. Gaussian measure theory and infinite dimensional Wiener processes
The goal of this subsection is to introduce enough theory so that we can build the stochastic
integral for Hilbert spaces in the next section. We start of by recalling the definition of an
R-valued Wiener process (also called Brownian motion sometimes).

Definition 2.4. A stochastic process {W;};>¢ is called a Wiener process whenever the follow-
ing four properties hold:

1. W(0)=0a.s.

2. W) —-W($) ~AN(0,t—s)forall t =s=0.

IStrictly speaking the spatial dimension should be of dimension 1. In higher dimensions, the white noise can
only be interpreted as a distribution.
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3. For any finite collection of time points 0 < #; < fp < --- < {, the collection W; - W; |,
Wi, =W, ,, ..., Wy isindependent.

4. The paths t — W; are continuous a.s.

It is not straightforward how one should extend the second property. One standard char-
acterization of the normal distribution is that it has Gaussian density. However, this does
not work in infinite dimensions, since there exists no infinite dimensional Lebesgue mea-
sure. Therefore, we will introduce infinite dimensional Wiener processes using a different
approach, namely Gaussian measures. To this end, let (U, (:,-)) be a separable Hilbert space.

Definition 2.5. A probability measure y on (U, (-,-)) is said to be Gaussian whenever the
measure pol ~1 has Gaussian density for all [ € U*, that is,

1 _x=-m?
ule A) = f e 20?2 dx for all Ae B(R)
V2no2Ja

where m € R and o > 0, and 28(R) denotes the Borel o-algebra on R.

If one takes U = R4, where d > 1, and X is an R%-valued Gaussian random variable, we can
find that the above definition also holds for X. Indeed, for any a € RY a-X is normally
distributed with mean zero. Since any linear functional in U* can be identified with some
a € R?, we obtain the above definition. This gives a hint that the new definition is indeed
the ‘right’ one.

It turns out that Gaussian measures can be characterized by a mean m € U and a nonneg-
ative, symmetrice, finite trace, covariance matrix Q € L(U), just as in the real case. We have
the following theorem:

Theorem 2.1. A measure p on a separable Hilbert space (U, (-,-)) is Gaussian if and only if
) :f o1V gy = imO-3 QU ey
U

where m € U, Q € L(U) is nonnegative, symmetric and with finite trace.
Proof. See [28, Theorem 2.1.2, p. 10]. O

From now on, we will denote a Gaussian measure p as N (m, Q) where m and Q are specified
using the above theorem. However, this theorem does not show us if we can form any
Gaussian measure given arbitrary m € U and Q € L(U). It turns out that this is also possible,
which will be helpful to define the infinite dimensional Wiener process.

Proposition 2.5. Let (U, (+,-)) be a separable Hilbert space, m € U and Q € L(U) be nonneg-
ative, symmetric with tr Q < co. Let {ex}xen be an orthonormal basis of U, consisting of the
eigenvectors of Q with corresponding eigenvalues Ay, where k € N. Then, a U -valued random
variable X is Gaussian withP o X~ = N(m, Q) ifand only if

X=Y VABrex+m
k=1

where {Bi}ren are independent real-valued standard normal random variables. Further-
more, the above series converges in L2(Q; U).
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This leads to the following corollary:

Corollary 2.2. Let Q be a nonnegative and symmetric operator in L(U) with finite trace and
let m € U. Then there exists a Gaussian measure = N(m, Q) on (U, (-,-)).

Proof of proposition 2.5. See [28, Proposition 2.1.6, p. 14]. O

This allows us to introduce the definition of the infinite dimensional Wiener process on a
Hilbert space.

Definition 2.6. Let (U, (-,-)) be a separable Hilbert space. A U-valued stochastic process
{W(8)}repo,1) is called a Q-Wiener process if:

1. W(0)=0a.s.
2. W(t)—=W(s)~N(@©O,(t—s)Q)forall t=s=0

3. For any finite collection of time points 0 < f; < f < --- < f, the collection W; - W, |,
Wi, . — Wi, ..., Wy is independent.

4. The paths t — W; are continuous a.s.

The existence of such a process can be derived from the real case. The interested reader
is again referred to [10, 28]. Ideally, we would like to set Q = I, but this is not possible in
the current setting, since the identity operator does not have finite trace. If we go back to
Definition 2.5, this means that it is not possible to seek convergence for

Y Br(ney
k=1

in L2(Q; L2([0, T]; U)). Using Hilbert-Schmidt embedding, we can let the above series con-
verge in a different space, and therefore define the infinite dimensional version of the Wiener
process for traceless Q. This type of Wiener process is called the cylindrical Wiener process.
We will only consider setting Q = I, though it is also possible to take other traceless Q. It
is also clear that the identity operator [ is nonnegative and symmetric. Then we have the
following proposition:

Proposition 2.6. Let (U, (-,-)) be a separable Hilbert space. Let{ej}xen be an orthonormal ba-
sisof U and { B} ken be a family of independent, real-valued Brownian motions. Let (Uy, (-,-))
be a further separable Hilbert space such that U is Hilbert-Schmidt embedded in Uy, i.e.
U c U, and ] : U — U, is Hilbert-Schmidt. Last but not least, define Q, = JJ*, which is
nonnegative and symmetric with finite trace and Q, € L(U,). Then, the series

W) =) Br®)Jer, tel0,T), (2.16)
k=1

converges in L*(Q; L°°([0, T1; U1)) and defines a Q; -Wiener process on Uy. Moreover, we have
1
Q:(Uy) =J(U) and forallue U,

1
lully = 1Qf Jully, = Jull

Q] (Ul)

Proof. See [28, Proposition 2.5.2, p. 50]. O

Remark 2.1. One can also introduce Hilbert space-valued Wiener processes through isonor-
mal processes. See for instance [37].
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2.2.3. Stochastic integration in Hilbert spaces

Having made sense of the Wiener process in separable Hilbert spaces, we are in the position
to introduce the stochastic integral. We will do this through 4 steps, which mimick the
construction in the real case:

Step 1: Defining the stochastic integral for a certain class of elementary L(U, H)-valued
processes.

Step 2: Prove an [t6 isometry and use the isometry to extend the integral to a larger class of
integrands.

Step 3: Identify the extension.

Step 4: Extend the stochastic integral through localization.

The construction we give follows [28]. Throughout this section, H and U are assumed to be
separable Hilbert spaces.

Step 1:

Let ¢ : Ry x Q — L(U, H) be an adapted elementary process of finite rank. That is, ¢ is a
linear combination of processes of the form

L, qxr(u® h)

where 0 <s<t, Fe %, ue U, he Hand u® h is a linear operator u® h : U — H such
that (u® h)u' = (u, u')h for all ' € U. We can then define the stochastic integral against a
cylindrical Wiener process W by setting

f 16, < p(U® AW := 1p(W (1) - W(s), u) ® h
0
and extend this to all adapted elentary processes of finite rank by linearity.

Step 2:
Let ¢ be an adapted elementary process of finite rank. We can write ¢ as

N M k
(/) = Z 1(tn—1;tn] Z lan Z u] ® h]mn
n=1 m=1 j=1

where (u1)§:1 is an orthonormal system of U, for each 1 < n < N, the sets F;;,;, 1 < m < M,
are disjoint and belong to &;,_,. Finally, h,,, € H. We see that

0o N,M,k
f pdW= > 1p, (W(ty)—W(tn), uj) ® hjmn. (2.17)
0

n,m,j=1

We use the inner product structure of the Hilbert space H to obtain the following isometry:

fooocpdw

2 2

=L
H

N,M,k
Y 1 (Wtn) = W(tn-1), 1) ® hjmn

n,m,j=1
N,M,k )
Z (tn_ tn—l)[E[lan”hjmn”H]

n,m,j=1

o 2
- [Efo lpell2, oy dt.

E

H

®) (2.18)
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In the (x) step, we use that W is a Wiener process, orthonormality of the collection (u;) ;?21
and adaptedness of ¢. For details, see [28].

Step 3:

Let & be the class of all adapted finite rank elementary processes. Then, the above isometry
can be used to extend the stochastic integral to the closure of &, which turns out to be all
progressively measurable ¢ : R, x Q — L,(U, H) such that E f(fo lpell dr < co. We will
not prove this here, but refer to [28].

2
L,(U,H)

Step 4:
The above stochastic integral can also be extended to integrands ¢ : R, x Q — L,(U, H) for

which ¢ is progressively measurable and P ( ol dr< oo), again see [28].

2
L, (U, H)

We will also state Burkholder’s inequality, arguably the most important inequality of this
master’s thesis:

Theorem 2.2. Let (U, (-,-)) and (H, (-,-)) be separable Hilbert spaces. Then, for any progres-
sively measurable ¢ : Ry x Q — Ly (U, H) and 0 < p < oo, there exists a constant C only de-

pending on p such that
t
I
0

Proof. See [12]. O

p
p
- ClolL @z @.inaw.my (2.19)

Esup
=0

2.2.4. It6 formulas for the square norm and p-norm

A cornerstone of much of the study of stochastic differential equations is Itd’s lemma. For
example, Itd’s lemma allows us to verify solutions of stochastic differential equations and
prove certain important theorems such as the martingale representation theorem and the
Burkholder-Davis-Gundy inequalities. Seeing that we are interested in obtaining solutions
of SPDEs, it is therefore desirable to produce a similar formula in an infinite-dimensional
setting. We give such a result for the square norm and subsequentially for the p-th norm
where p = 2. The results in the next chapters crucially hinge on the It6 formulas presented
here.

In the sequel we assume that (V, H, V*) is a Gelfand triple. That is, V is a reflexive Banach
space with its dual V* and H is a Hilbert space such that V is densely embedded in H (from
which it follows that H* is densely embedded in V*). We have the following two theorems:

Theorem 2.3. Let a € (1,00), X € L*(Q; %o, P; H) and Y € L#([O, TIxQ;dteP; V), Z €
L2([0, T] x Q;dt ® P; L, (U, H)), both progressively measurable. Define the following continu-
ous V* -valued process

t

¢
X(1) :X0+f Y(s)ds+f Z(s)dW(s), tel0,T].
0 0

Ifforitsdt®P-equivalence class X we have X € L¥([0, T]1xQ; dt®P; V) and IfE(I X (1) II%) <00
fordt-a.e. t €[0,T] then X is a continuous H-valued & ;-adapted process and the following
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It6-formula holds for the square of its H-norm P-a.s.:

t
IX (012 = 1 Xol%, + fo (20v (9, XsDv +1ZOI2, 1) ds

t (2.20)
+2f (X(s),Z(s))dW(s) foralltel0,T],
0
where X is a V -valued progressively measurable version of X .
Proof. See [28, Theorem 4.2.5, p. 91] or [34, Theorem 3.2, p. 73]. O

We can generalize the above theorem to any p € [2,00)

Theorem 2.4. Let p € [2,00), a € (1,00), Xp € LP(Q; %y,P; H) and Y € L%([O, Tl x Q;dt®
P;V*), Z € L2([0, T] x Q;dt ® P; L, (U, H)), both progressively measurable. Define the follow-
ing continuous V* -valued process

t r
Y(S)ds+f Z(s)dW(s), tel0,T].
0

X(1)=Xo+ f

0

Ifforitsdt® P-equivalence class X we have X € L*([0, T] xQ; dt®P; V) and if E(II X (1) ||%I) <00

fordt-a.e. t €[0,T], then X is a continuous H -valued & -adapted process and the following
It6-formula holdsP-a.s.:

t
IXOIP, = 1 X117, + p fo 1X ()17 X (8), Z(5))d W,
-2 t B
+%fo X1 129" X ()1 ds (2.21)
t
+§/0 IIX(s)IIZ‘2(2<Y(s),X(s)>+IIZ(s)II%Z(UyH))ds forallte0,T),

where X is a V -valued progressively measurable version of X.

Proof. Since X € LP(Q; %o; H) < L*(Q; %o; H) for any p € [2,00), we can apply Theorem 2.3.
Therefore, we obtain continuity and .%;-adaptedness for X as an H-valued process. We also
obtain the formula stated in Theorem 2.3:

t -
IX (D12 = 1 Xol3, + f (200, XDV + 1212, 5,11 ds

0 (2.22)

t
+2f (X(s),Z(s))dW(s), forall te](0,T],
0

Now, observe that this formula implies that || X () II%I is a real-valued local semi-martingale.
We can therefore apply the real-valued version of Itd’s lemma [19, theorem 3.3, p. 149].

Since f(x) = x7 is not C2 for p € (2,4), we use an approximating sequence of C? functions

P
fe(x) = (x*+€) 7, where € > 0. It is clear that the theorem holds for p € [4,00). For exposi-
tion, we first calculate the relevant derivatives of f,. These are

IS

fl=2(x*+e)4 x (2.23)
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and

p_ p
4 4

7' (x) = g (*+e)*  +p (g —1)(x* +¢) 252 (2.24)

Using these derivatives, we can apply It0’s lemma. This results in:

14
4

(IX@N% +e)

_ 4 g ! 4 f-1 2 ,
=(IXol+€)*+p A (X +€) | X ()5 (X(s), Z(s))dWs

J

-

t p_ _
+£ fo (XU +) ™ IXIE (207 (5, K@)+ 1 ZO)IE, 1) ds

S

-

4 p 4 %_1 * 2
+2f[ IIX(s)IIH+£) IIX(s)IIH+5(IIX(S)IIH+€) ]IIZ(S) X9y ds

J

-~

(2.25)

We will take the limit in probability by taking € — 0 on both sides. By considering subse-
quences, we obtain the formula stated in the theorem. Therefore, we inspect terms ,

and | C|individually.

For term , we use the It0 isometry. Therefore, it suffices to show the following:

! 4 21 2 p-2]” « 2
[Efo [(IIX(S)IIH+€)4 X = I1XONy “| 129" X($)ds—0  ase—0 (2.26)

We will show this by using the dominated convergence theorem. Taking € > 0 small, we
have the following bound:

p—4 _
(XS4 +€) T 1XOI1L-1X10

p-2
4

<(IX@)I4+e) T —1XIF?

_ (2.27)
<c(IxwIf+e'7)

<c(IX@ " + M),

where the third line follows since p € [2,00). Since X is continuous in H, the above multi-
plied by || Z* X||?,, is integrable in ¢ a.s. Therefore, we can apply the DCT to obtain the limit
(2.26). Therefore, we have shown the following:

14
4

P - hm. P - hm[ |X(s)||H+e IIX(s)II%I(X(s),Z(s)-)dWS
(2.28)

= fo IXP72(X(5), Z(5)) AW,
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The limits need to be interpreted as limits in probability. We continue with term . The
integrand in | B |can be dominated in a similar way as in (2.27). This results in:

p- _
(X1 +€) = 1XEN3 (207 (5, X&) + 121, 1,11

(2.29)
< CUX @I+ M) 20V @y IX Sy + 1261, 0,10

Therefore, if we pick the RHS as dominating function for the DCT, we only need to check
integrability. Indeed,

t
fo CUXSNE %+ MEIY Sy 1X )y + 1 ZG$)I2, 5y ds

t
<C(sup IX(DIP 2+ M) fo 20Y @l IXS v + 12612, g ds
te[0,T]
© i (2.30)
<C( sup IIX(t)||p2+M) (f 1Y () ) (f PAOI ds)
te[0,T]

t
+ [ 1261 1)

Since X is continuous, Y € La1 (Qx[0,T;V*), X € L*(Qx[0,T]; V) and Z € L*(Qx[0, T); L,(U, H)),
all above quantities are finite P-a.s. Therefore, we can apply the DCT for term . This re-
sults in:

t p—4 -
P -lim(B]=P -lim fo (X +€) ™ IXI (247 (), X&)+ 123 0,10

. (2.31)
= [ 0x U (2079, XD+ 12O 1)

Here, the limits should also be interpreted as limits in probability. We are only left to treat
term . We will do this again by using the DCT. First note by the Cauchy-Schwarz inequal-
ity and some other elementary inequalities, that for all € > 0 small enough, there exists C = 0
such that:

p_
‘p(4 1) (IX@ Y +€) 2 IX O + 2 (1XOI +2) T 120" X001

=

)
_2
( ) ||X(S)||H+€ 4 ||Z(S)||%2(U_H)
-2

'E

IX)IL +€) T 12 X912

.4;

(2.32)

‘G

st( )(IIX(S)II” 2HMIZOI, 0

where the last line follows since p > 2. By similar arguments for terms | A|and | B}, the last
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quantity is integrable. Therefore, we can apply the DCT to conclude:
P - liII(l)
E—
4
4

T ! p 4 52 4 P 4 -1 * 2
=p-lim | (5 =1 1X@I+e) X O+ 5 (IXO+ ) 1260 X©)1ds

-2\ rt -
_ p(pT)fo IXOIZ 129" X9 ds
(2.33)

Again, the limits should be interpreted as limits in probabilty. We can combine all limits

and take a subsequence to obtain the It6 formula stated in the theorem, which concludes
the proof. O

Remark 2.2. It turns out that Theorem 2.3 can be generalized even further than Theorem
2.4. See for example [22].
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2.3. Standard notions from PDE theory

In this section, we will state some definitions and notation used for elements of PDE theory
used in this master’s thesis. We will

2.3.1. Sobolev spaces

We first state the definition of a Sobolev space on some set 2 < R%.

Definition 2.7. The Sobolev space WkP (@) is defined as the space of all u € Llloc(@) such
that for each multiindex |a| < k, D% u exists in the weak sense and belongs to L”(2).

We can turn the Sobolev spaces into normed spaces, identifying functions that are equal
a.e., by defining

1
p
lullywep @) = ( Y |D“u|pdx) , forl<sp<oo. (2.34)
laj<k/?
For p = oo, we define
lull yrooy i= Y, esssupg |D%ul. (2.35)
la|<k

It is a standard exercise to prove that the Sobolev spaces are Banach spaces. However, un-
like the L” spaces, C° functions are not always dense in the Sobolev spaces. Therefore, we
make the following separate definition.

Definition 2.8. We let Wok’p (2) be the closure of C°(2) in W*P(2) under the above norms.

Remark 2.3. The Sobolev spaces for which p = 2 take a special place in the theory of PDE,
because they are Hilbert spaces. They are usually denoted as H*(2) = W%?(@). Accord-
ingly, the closure of C°(2) in W*?(2) is denoted by Hg(@).

Remark 2.4. We will denote the dual of H(’,C (@) by H*(@).



A coercivity condition for higher order
moments

In this chapter we will introduce the new p-dependent coercivity condition that will allow
us to obtain LP(Q; L2([0, T1; X)) estimates for solutions of SPDEs in the respective class we
study. It must be mentioned that this condition is only a slight generalization of a rela-
tively new coercivity condition introduced in a recent paper by David Siska and Neelima
Varshney [38]. In turn, they extended earlier work by Liu and Rockner, a more extensive
summary of which can be found in the introduction.The main novelty of this thesis over
the work of Sigka is two-fold: We slightly generalize the coercivity condition as well as ob-
taining endpoints for L (Q; L2([0, T]; X)) estimates. Slightly generalizing the p-dependent
coercivity condition allows us to distinguish between p-dependent and p-independent ex-
amples such as the stochastic heat equation and the p-Laplacian. Furthermore, Siska and
Neelima only obtained almost p-th moments, i.e. estimates of type

E sup flully/, 3.1
tel0,T]

where r € (0,1), whereas our methods allow for r = 1. This is because we avoid the use of
Lenglart’s inequality.

This chapter is structured as follows. We first state the setting and assumptions we use for
the SPDEs we study. We then proceed to prove our main workhorse of this thesis, which are
a priori estimates on the solution of the SPDEs in our class. Using these a priori estimates,
we prove existence and uniqueness using Galerkin approximations. We proceed by extend-
ing our framework to additive equations, which will be especially useful when we consider
examples. Last but not least, we prove that the results that we have obtained are optimal
in the sense that it is not possible to obtain higher moments based on the assumptions we
use.

3.1. Setting, assumptions and a solution definition

This section will first illustrate the assumptions from which we will build our theory, and
define variational solutions for SPDEs. Afterwards, we will give some comments on these
assumptions.

23
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Assumptions 3.1. Let (U, (-, )y), (H,(-,-)g) be separable Hilbert spaces and (V, | - |ly) a re-
flexive Banach space embedded continuously and densely in H. We denote the dual of V by

V* and the duality pairing by {-,-). We can then consider the Gelfand triple (V, H,V*) where
all embeddings are dense and continuous.

Now, consider the SPDE
du; = A(t, u,)dt + B(t, u,)dWy, (3.2)

where A is a nonlinear operator
A:[0,TIxQxV —>V*
and B a nonlinear operator
B:[0, T xQxV — L,(U, H).

Both operators are assumed to be progressively measurable. To shorten notation, we will de-
note A(t, uy) as A;(u;) from now on, in which we also surpress the dependence on w € Q. The
same remark holds for B(t, u;). We consider (Wy) (0, 1) to be a U-valued cylindrical Wiener
process, as defined in the previous chapter, proposition 2.6. Furthermore, it is assumed that
there exist constantsa > 1,=0,po = f+2,0 >0,K,, K4, Kp, K, = 0 and a nonnegative func-

tion f € L? (Q; L1([0, T1;R)) such that the following five conditions hold for t € [0, T] a.s.
(H1) (Hemicontinuity) Forallu,v,w eV, w € Q, the map
A= (A(u+ Av,w), wyy
is continuous.

(H2) (Local weak monotonicity) Forallu,veV,
2(A; () = Ay(v), u—v)y + 1By (w) = ByWIZ, .

< KA+ vl A+l Ullg) lu— vl
(H3) (Coercivity) ForallveV, v #0,

IB:(v)* vli%,

2(A; (), Vv + B, .11y + (Po —2) ’
’ o3,

2
< =0lvlly + fi + Kcll vy

(H4) (Boundedness 1) ForallveV,

a

IA: )" < Kalfe + V1) A+ VIlg)-

(H5) (Boundedness?2) ForallveV,

BT, .1 < (fe + KpllvF + Kl VII) .
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Remark 3.1. Most conditions are fairly standard and appear in previous works that treat
the variational approach to SPDEs [31] [23] [28]. The coercivity condition we use is slightly
more general than the one in Siska and Neelima’s paper, which is as follows:

2(A; (1), V) + (po = DIB:WT, . gy < —ON VIS + fr + Kl vl (3.3)

Whenever Siska and Neelima’s condition holds, we can derive our coercivity condition H3
using Cauchy-Schwarz and the operator adjoint isometry for Hilbert-Schmidt operators.
We have also introduced an extra condition, H5, which bounds the norm | B;(v) II%Z(U, 0
In most other works [28][23], this bound is only mentioned as an extra assumption in the
main theorems. We also use a slightly more general bound, taking inspiration from recent
work by Brzezniak, Liu and Zhang [4]. Last but not least, we mention that the constant
allows us to incorporate some polynomial growth in the operator A.

Remark 3.2. In most cases, a =2, f =0, Kg =0 and f = 0. This is for example the case in
the stochastic heat equation treated in the next chapter.

Having laid out the assumptions from which we will work, we need to define what it means
to be a solution to equation (3.2).

Definition 3.1. Given the assumptions in assumptions 3.1, let uy € LP°(Q; H) be the initial
condition to (3.2). An adapted, continuous H-valued process u is called a solution of the
stochastic evolution equation (3.2) if:

1. d¢ x P almost everywhere u € V and

T

f lulydet<oo as.
0
2. Foreveryre[0,T1], P-a.s.,
t t
Ur= uo+f As(us)ds+f B (ug)dWs,
0 0

where the u; on the RHS is taken to be a progressively measurable version to ensure the
stochastic integral exists.

3.2. A priori estimates on the solution

We first present a priori estimates (which we will also call energy estimates occasionally) on
the solution of SPDE (3.2) under assumptions H3, H4 and H5. These are estimates under
the solution that SPDE (3.2) indeed has a solution. Eventhough this might seem superflu-
ous, a priori estimates will later help us to prove existence and uniqueness for SPDE (3.2).
The a priori estimates are summarized in the following theorem:

Theorem 3.1. Suppose u is a solution of equation (3.2) with initial condition uy € LP°(Q; H)
and assumptions H3, H4 and H5 hold. Then, for all p € [2, pol, there exists a constant C
depending on 0, a, and p such that

P

T T 7
-2
E sup ||ut||§i,+[Ef el ||ut||cv“dt+[E(f ||ut||$dr)
te[0,T] 0 0
T £
fftdt) .
0

(3.4)

< Ce“T Ellul?, +E
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If we assume that Kz = K¢ = 0 in H3 and H5, we can make energy estimates with constants
that do not on p. This will be commented on in the remark after the next proof.

Proof of Theorem 1. The above estimate can be proven by proving the inequality for each
term on the LHS individually. Before we do this, we first lay out some general estimates
that will be useful for all three terms. To this end, suppose that u is a solution of equation
(3.2). We introduce a sequence of stopping times to apply the function | - || Z to u by using
theorem 2.4. Fix S € (0, T]and consider the following sequence of stopping times:

t
T, =inf{r €[0,S] : lusllg > n} Ainf{z € [0, S] :f luslyds=niAS, (3.5)
0
where n € N. It is clear that 7,, — S a.s. as n — oco. Applying theorem 2.4, this results in the

following formula for ||z, |l Z:

AT ~
lttone, 12, = ol + p fo g7 (115, Bi(125) ) AW
( _2) ATy, _ .
P22 fo g2 1B () sl ds (3.6)

p ATy o 2
+2 fo sy (24 Actuas), ) + 1B us) I ) s,

where the dot in (u, Bs(us)-) is short notation for a linear operator. We combine the last
two deterministic integrals, which results in:

ATy
-2
Neeenr, I = lluollhy + p fo sl (us, Bs(us) ) dWs
INTy
-2
+2 fo sl (20 As w0, u) 1By 827

B * 2
f(p-2) | Bs(us) us”U)

2
lusl,

The last expression on the RHS can be simplified by invoking the coercivity assumption H3,
giving:

ATy

INT,
-2
||um,,||§;+9§f0 ||us||$dss||uo||ﬁ+pf0 2t l772 (11, B () ) AW,

p ATy _ 2
+5f0 lugl?72 (i + Kellugl, - 0l 451%) ds.
(3.8)

This inequality will be our starting point to derive different inequalities which ultimately
lead to our result. Taking expectations on both sides of (3.8) and using that the stochastic
integral is a martingale results in:

p AT, 5 p AT, _2
[E||um,,||7;+9—[Ef s ||us||‘édss[E||uo||Z+—[Ef sl ” feds
2 Jo 2 Jo 3.9)

p AT, »
+ EKC[E_[O lluslly,ds.
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This estimate will be re-used at different times throughout the proof. At this point, we
specialize to indivual terms of the inequality in the theorem.

Step 1: Supremum term
We proceed by making an estimate on the quantity

E sup | utllz. (3.10)
te[0,S]

By re-using the Ito formula obtained in (3.8) for Esup || us,, III’ZI, we obtain the following
estimate:

tATh

E sup llune, I = Elluollly+ pE sup | llusly ™ s, Bylueg))dWs
te[0,S] te[0,S]
) AT (3.11)
—2
+ZF sup ||us||§]{ (fs + Kellusl3,) ds
t€10,5]Jo

Note that we can remove the supremum on the last term as the integrand is nonnegative.
Therefore, we are left with

ATy,
-2
E sup lluiar,lIf; <Elluoll?, + pE sup sl (s, Bs(us) ) dWs
t€[0,S] t€[0,5]J0
Tn
+ B [l fds (3.12)
0

+ BKC[Ean gl ds.
2 0 H

Note that the last two integrals range from 0 to 7, as S A 7, = 7, by definition. We esti-
mate the stochastic integral first, which we will recombine with estimate (3.12). Let £; > 0.
We estimate the stochastic integral term by doing a combination of the Burkholder-Davis-
Grundy inequality, Holder, the Peter-Paul inequality and invoking H5:

AT,
-2
pE sup a7y (s, Bs (1)) AW
t€[0,S]J0

(BDG) 2
2\/_p[E (f | us||2p leBs(us)“%z(U,H)ds)

Tn
-2
< p2\/§[E(SuP lttine, 17, fo gl ||Bs(us)||iz(U,H)ds)

te[0,S]
1 1
(Hﬁlder) 2 Tn ) 2 3 13
< p2\/§(ﬂ': sup ||ut/\-r,,||€1) ([Ef ||us||§1 ||Bs(us)“%2(U,H)ds) ( )
1€[0,S] 0
(PP) 2
< pV2eiE sup lusng, I+ \/_[Ef sl “IBs(us) 17,y ds
te[0,S]
(H5)
< pV2eE sup ||ut/\rn”Z
t€[0,S]

Tp _
+ fzgﬂ([Efo ||us||f;z(fs+KB||us||§J+Ka||us||‘;)ds).
1
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We recombine this estimate with (3.12), taking the supremum term to the LHS. This results
in

(1- pV2e1)E sup lluiar,lIb;

t€[0,S]
\/z 1 Tn -2 \/iKB K Tn
<Ellugl? + —+—[Ef ug|?7" fuds + +—C[Ef ug|? ds
luollyy 19(81 2 A luslly = fs p o 2 5 sl
V2 [Tn _
+ pKa ok fo ees 2 g s, (3.14)
1

The last term on the RHS can be estimated by re-using estimate (3.9). This results in

Tn _ 2 1 Tn )
E w P g1 %ds < —=—F||u p+—ﬂ5f ug||? ds
fo sl ~lluslly, 0 luoll o), luslly, = fs

K (v (3.15)
+?[E 5 lluslly ds.
Recombining with estimate (3.14) gives
(1-pV2e)E sup lluenr, 17 (3.16)
€10,5]
2V2 V2 1 v2) [ L
< |1+ Ky=—= |Elluoll? + —+—+K—[Ef usl| P77 fods
( agle) ol p(gl . aggl)‘ , Nslly fds
V2K Ko V2K K| _ [T
+ +—+ 2 CE usl|? ds. 3.17
p( R fo lusl?, (3.17)
N —

It remains to estimate items |A|and [B]. We first estimate item [A], whereas term [ B | will
be estimated later using Gronwall’s inequality. To this end, let e, > 0. We use Holder’s
inequality and Young’s inequality to obtain

Tn Tn
-2 -2
E| lusl? “fids < E sup g, 7 feds
0 H H 0
p

te[0,S]
py 2
(Holder) p -2 Tn 7\P
< E sup llully, [Ef fsds (3.18)
t€[0,S] 0
p
(Young) p — 2 2 Tn 2
< P & sup IIut,\TnIIZ+ pZ[E(fo fsds) .
2

te(0,S] pe
2

Filling in this estimate on the RHS of (3.16), taking the supremum term to the LHS again,
we finally obtain:
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V2 1 V2
(1—p\/§sl—(p—2)€z —+-+Ko— )[E sup l[usnr, 1%,
€1 2 Oe1 ) teos)
2V2 p
S(1+Ka£1—6)[E||u0||H
2 (V2 1 V2 Y
—+—-+K,— |E d
P_Z(El 2 a9€1) (fo fs S)
£,"
\/EKB Kc \/ZKOLKC n
+pl—+ =+ ——L|E Pd
P( & > 0, fo sl ds

We can simplify the above expression in such way that we can apply Gronwall’s inequal-
ity. We do this by choosing €, and €, such that the bracket term on the LHS is positive.
Denoting the resulting constant by C (depending on K, K4, Kp, Ky, p and 0), we obtain

T £ Tn
[E||u0||Z+[E(fO fsds)2+[Ef0 ||us||g) (3.19)

As S was arbitrarily chosen in (0, T] and the constant C does not depend on S, we can apply
Gronwall’s inequality as a function of S. We find:

E sup [, |l <C
tel0,S]

n(T) g
E sup llusnr,nlly < Ce®T ([EII uoll? + [E(f fst) ) (3.20)
te(0,T] 0

We can remove the stopping times by overestimating the RHS and then using Fatou’s lemma
on the LHS. This leaves us with:

T P
E sup llucl? < CeCT ([EIIuOIIZHE(f fsds)z) (3.21)
tel0,T] 0

Therefore, up to some constants, we have derived the first part of the inequality stated in
the theorem.

Step 2: Mixed norm

The second part of the inequality in the theorem follows by re-using equation (3.9) at time
t = T. We therefore also need to reintroduce the stopping time 7, used before. Specifically,
we reintroduce 1, where we take S=T':

t
T, =Inf{t € [0, T]: llusll g > n} Ainf{t € [0, T :f lusl$yds=n} A T. (3.22)
0

We can now re-use equation (3.9). Leaving out one of the terms on the LHS, this results in
the following estimate:

p ATy 2 p T _2 p T
HE[EfO s ||us||$dss[E||uo||§;+§K[Ef0 s fsds+5K[Ef0 luslbds  (3.23)
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The second term on the RHS is estimated as in equation (3.18). This results in:

(STRS]

T T
- p—2 p 2
[Ef lu ||p 2f ds<——E sup |[lull +—[Ef ds (3.24)
0 SHE P 0,71 H p (ofs )

Using the estimate derived in (3.21), we obtain:

[EfTII 1772 fds < P2 CeCTR w17+ (2 + P22 CT)[E(fod)g (3.25)
u S<s—~C_Ce¢e U — —~Ce S .
0 sy S P Oll iy P P 0 s

We now proceed to estimate the third term on the RHS of equation (3.23). We again use
(3.21) to get:

T
[E]O lusl P ds < TE sup [lu.ll%,

t€[0,T]

T 14
< TCe“T ([EII uoll? + [E( f fsds) 2) (3.26)
0

Recombining estimates (3.25) and (3.26) in equation (3.23), we finally obtain:

INTy . T 14
E f lugl? 2 ugl&ds < C"eC'T ([EII uoll? + ﬂi( f fsds) ’ ) . (3.27)
0 0

Applying Fatou’s lemma on the LHS and setting ¢ = T, we obtain the estimate

SIaSS

T " T
[Ef lus? 2wl ds < C"eC T([EIIuOIIZHE(f fsds) ) (3.28)
0 0

Step 3: V-norm
There is only a third part of the inequality stated in the theorem that we have to prove. We
are interested in the following quantity:

T 5
E ( f I us||$ds) (3.29)
0

In order to estimate this quantity, we have to apply It6’s formula for || u t”%‘[ as given in [28],
Theorem 4.2.5. This results in:

t t
el = Nl + fo (24450, 1) + 1B, 5 ) ds +2 fo (115, By(u) )W, (3.30)

Apply the coercivity assumption H3 to the second term to get:

t I Bs(us)* us?
||ut||§,+f ((po-2)——"L +0llugl} |ds

t t
< ||uo||§,+KAfO (fi+ ||ut||i,)dt+2f0 (us, Bs(us)-)dW
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In particular,

t t t
0 [ ulds < huoll+ K [ (it Nk} de 2 [ G Budrdws  3.32)
0 0 0
We introduce the stopping time 7, again:
t
T, =1inf{r € [0, S]: | u;ll g > n} Ainf{z € [0, S] :f lusly >nyAT (3.33)
0

. . P . . . . .
Applying the function |- |2 to both sides and taking expectations at time ¢ A 7, we obtain
the following estimate:

L ( ptaa :

eﬂEU ||us||‘;ds)
0

sc([E||uO||§ZI+E(f fds)" +

<
2

IATh 5| pir 5
(e f || usni,ds) +2?[E‘ f (s, Bs(14) ) AW,
0 0

(3.34)

We are only left to estimate the third term on the RHS. Applying the BDG inequality, Holder’s
inequality and Young’s inequality, we obtain:

<E sup
t€[0,T]

ATy, p t g
'f (us, Bs(us) ) dWy f (us, Bs(us))dWg
0

P
4

T
< cp[E( fo %11 By t) Iliz(U,H)ds)

14
4

T
< Cp[E(ts[lépT | el fo ||Bs(us)||i2(U,H)ds) (3.35)

1

1 P\2
2 T 2
scp(tE sup ||ut||z) [E( f ||Bs(us)||ig(U,H)ds)
t€[0,T] 0

Yng.

1 T
<Cp,—E sup llul},+C [E(f | Bs(us) |12 ds)
Pog tE[OPT] thygTLp 0 s\Us)l L, u, /)

p
2
We use H5 to estimate the second term on the RHS. This results in:

P
T ) 2
IE(\/(‘) ||Bs(us)||L2(U,H)dS)

p
T 2
s[E(f fs+||us||%{+||us||‘éds)
0

T £ T 5
sC[E(f fsds) +C[E(f IIuSII%,ds) +C[E( IIuSIIVds)
0 0
14
2

P
2

T
sC[E(f fsds)” +CT2E sup ||ut||p+C[Ef lugl%ds
0 t€[0,T]

(3.36)
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Recombine this estimate with inequality (3.35) to get:

P
2

t
IE f (us,Bs(us)')dWS
0

P
2

1 PE p e (T e (T, & 2
= |Cppz +CCpTES|E sup ||ut||H+CC,,£[E(f0 fids +cc,,§Ef0 lusl%ds|  (3.37)

t€[0,T]
P
2

3.21) T g e (T
£ CeElluoll?, + c;[E(fO feds)" + CC,,EIE(fO IIuSII‘{‘,ds)

We can finally combine this with the estimate (3.34) to obtain:

p AT, 2
eﬂE(f ||us||‘éds)
0 ) (3.38)
N e ([T 5
S(C+Cé)[E||u0||Z+(C+CE)[E(f fuds) +ccp§[E(f ||us||$ds)
0 0

Choosing time ¢ = T, we obtain:

S

» e T 5 , T
(ez—ccpi)m(fo IIuSII‘{‘,ds) 5(C+C£)[E||u0||?1+(C+C£)[E(fO fsds] (3.39)

Choosing € > 0 small enough, we finally obtain the estimate we are interested in:

T 5 ., T v
[E(f IIuSII‘{‘,ds) < (" T([E||u0||f;+[E(f fsds) ) (3.40)
0 0

To conclude the proof we combine the three main estimates (3.21), (3.23) and (3.40) O

Remark 3.3. When Kp = K, = 0 in assumptions H1-H5, it is possible to make energy esti-
mates where some of the constants in the estimate do not depend on p. Specifically, we
can prove the following estimates:

1
p
(E sup ||ut||§,)

t€[0,T] (3.41)

2
< C|lluollzr;m + 1 f1I°p ,

LZ ;L1 ([0, T;R)

where C depends on 8, a, K4 and K, but not on p!. We also get:

1
T 5\” ) )
[E(f ||us||%d8) <C' |luollrr;m + 1 FII° p , (3.42)
0 LZ (L1 ([0, THR)

where C’ depends on 0, a, K4 and K, and p. In this case, the constant C’ behaves as C;Q ~
v/P- The first estimate allows one to obtain L™ estimates, while the second estimate is still
useful to obtain tail estimates. Applications of this remark can be found in the next chapter
when we treat the Burgers’ equation and the stochastic Navier-Stokes equation in 2D.
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Proof of Remark 3.3. We prove the inequality for the two terms on the LHS individually.

Step 1: Supremum norm We can do exactly the same steps in the previous proof to obtain
inequality (3.19), where €1, €2 > 0:

V2 1 V2
(1 pV2e - (p- 2)62(—+— Kaegl )[E sup lluinr,I%;

£€[0,S]
2V2
<14+ K, == |EJlul”
( “616) luolly, (3.43)
p
2 (V2 1 V2 2
+ —+=-+Ky—|E
’%2(81 2 aefl) (fo & )
)
We can choose
1 1
€1 =

—, 82
2V2p 2(p-2)8p +1+K )

which results in the constant on the LHS being equal to Z' We also note that

1
— < 16p? (1+Ka—)+p +1< Ap® +1,
&2

where A is a constant depending on K, and 6. Therefore, we get:

1 p
—E sup [lusar,lly
t€[0,S]

p (3.44)
8p Tn z
(1+Ka 5 )[E||u0||” +(Ap*+1) G [EU fsds)
0
We take 1/p powers on both sides to obtain:
1
P
(rE sup ||ut||§;)
te(0,T)
(3.45)

p=2

1
8p\r p—2
(1+Ka—9’9 ) luoll s + (Ap? +1) 72 [1£12

1
<4v :
L7 (@Q;L((0, TI:R))

Both constants can be bounded uniformly in p. Therefore, we obtain the estimate we were

looking for:
1

p p
E sup lluellyy]| <
t€[0, T

C [luolzrum + 117, (3.46)

Lz (Q;L1([0, TT;R))

where C depends on § and Kj,.

Step 2: V-norm To prove the inequality for the V term, we re-use equation (3.34). We there-
fore obtain:
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tAT £
([ usnzds)
p P
23 T p p AT, 5 (3.47)
95 0 W y
We estimate term | A | as in (3.35) using the BDG inequality. This results in
b (o ¢
< LE sup Ju 12+ = s[E(f IBs(us)ll ds) : (3.48)
()" e s vy () e [ 180080
where € > 0 is chosen retrospectively. We continue to estimate the second term on the RHS
Using assumption H5, we obtain
Tn g P T g P 2 T 14
E fo IBs(udly, @ mds| <22 [E(fo fsds) +22K2E fo llusllyds (3.49)
Recombine all terms with inequality (3.47) to obtain
(3.50)

E ( fot ll usn‘;ds)7
et 23] ("
(p)ﬁfﬁ(forn ||usl|3)§)_

+2p\/p E sup ||ut||p+2‘”K2
2 € tefo,T1]

Set time ¢ = T. We can take the last term to the LHS to obtain
(3.51)

=<

> | &)
[SIRST SRS

i1
427 (B)“ “E sup IIu[IIZ)

2 p g
1- —22 K
2
p
23 P T P
—p([En uoll? + (1 +2r (B s) [E(f fyds)”
0z 2 0 te[0,T]
We choose )
2
€= 5 7
2P+1KZ27 (5)*
This leads to the constant on the LHS being equal to . The following is obtained:
22”“[( (3.52)
E sup flul |-

1 ([T o \?
E[E(f ”us”VdS)
P
0z r 5 P\t
- d Lt
(fo fs s) (2) 0% t€[0,T]

< ([Enuon” +[1+
K222+1

) | \&
N SIS
S
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We can take 1/p powers on both sides and re-use the estimate in step 1, to obtain

([E(j(;rn “us”%ds)é)%

1 [2 Vo
Szp\/;(“u0||LP(Q;H)+ L+ ——z [IfI, =)
VK2 L2 (Q;L'([0,TT;R))
2p+1
pz p \/K
+1/==—"2F sup ||ut”€1)
2 Vo t€[0,T]

All constants can be bounded by a constant growing as ,/p. We can also re-use the esti-
mate in step 1 to estimate the supremum term on the RHS. To summarize, we obtain the
following bound, where the constant C depends on 0, a, K4 and K, and /p:

1

bl

Tn 3\P
([E(fo ||us||%d3) ) 5C(||u0||LP(Q;H)+||f||2p (3.54)

L2 (QLL([0, T;R)

Using Fatou’s lemma on the LHS to remove the stopping time finishes the proof. O
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3.3. Existence and uniqueness result for coercive SPDEs

The a priori estimates derived in the previous section can be used to prove existence and
uniqueness results by using a Galerkin approximation. This will be done in the next theo-
rem:

Theorem 3.2. If assumptions HI to H5 hold and uy € LP(Q; H) with p € [2, pol, then the
stochastic evolution equation (3.2) has a unique solution u and the following estimate holds
forallqe€ [(2,p]:

q
T T 2
-2
E sup ||ut||;‘5,+[Ef lul?; ||ut||°v‘dt+rﬁ(f ||ut||°v“dr)
tel0,T] 0 0

q
T 2
< CeT (E|u0|j{l+[5(f ftdt) )
0

Proof of Theorem 3.2 (Existence). We start the proof with some constructive preliminaries
in order to project the SPDE to a finite dimensional subspace. This allows us to perform
the Galerkin approximation later.

(3.55)

Step 1: Existence and uniqueness of projected SPDE
Let
{e1,en, ...} 2V

be an orthonormal basis of H. This is indeed possible, since we can apply the Gram-
Schmidt procedure to any countably dense subset of V in H. Define H,, = span{ey, ...,e;}
for every n € N and the operator P, : V* — H,, by

n
Ppy=)> (yeive;
i=1
for y € V*. Similarly, let
{gl)gZ) } cU
be an orthonormal basis of U and define the operator P, : U — span{gy, ..., g} by

n

Pou=Y (u,8)ugi
i=1

Using this operator, define
W"(t) = P,W(t).

This allows us to consider the following projected SPDE (which is actually an SDE now),
where we suggestively write u} for the solution process:

du = P, A (u")dt+ PpB(uMP,dW;,  ul = PLuy. (3.56)

For notational convenience, we will denote A;(u}) and B;(u}) by a}' and b} respectively
from now on. Furthermore, we claim that the quantities appearing in equation (3.56) sat-
isfy the premises of Theorem (3.1). This will allow us to place a bound on several quantities
involving u}, independent of n € N. To this end, we take the following Gelfand triple:

(Hp, - llv) € (Hp, |- 1) < (Hp, |- llv+).
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The embedding constants in this triple are independent of n € N, since the norms used
are associated with the Gelfand triple (V, H, V*). This will be useful for obtaining uniform
bounds independent of n. To obtain these, we only need to check whether a solution of
equation (3.56) exists and assumptions H1 to H5 are satisfied.

Before we do this, we first take note of one identity that will simplify these checks. For
ueV,ve Hy,

(PrAi (W), v)y = (PpAi(W), V) g = (A (W), V)v 3.57)
which can be found by using the definition of P,,.

We use Theorem 3.1.1 from [28, Theorem 3.1.1, p. 56] to show that a solution exists for
equation (3.56). First note that Pnth turns equation (3.56) into a finite dimensional SDE.
Indeed, dW"(f) = P,dW(f) and by definition of W (¢), the projection P, creates a finite
dimensional Wiener process, when applied to W (¢). Let u, v € H, such that | ullg,, | vl g, <
Rwhere R € [0,00) and ¢ € [0, T]. We check the local weak monotonicity and weak coercivity
conditions. For the local weak coercivity condition, we get:
2(Pp Ay () = Py Ay (0), = v) g + 1P By (1) = PpBrIT, (spancer g, Hi

< 2(A; () — A (), u—v)y + | B (w) = B{WII, .11

<KQ+[vI)a+ ||U|| lu— UIIH

<KA+RHA+RP)|u-vl%

For the weak coercivity condition, we get:

.....

Sﬁ+MWM
<max{f;, K}(1+ [ vl|5)

where the second step follows by assumption H3 for equation (3.2). We conclude that equa-
tion (3.56) has a unique solution.

Next, we show that assumptions H3, H4 and H5 hold for equation (3.56). To this end, let
v € Hy, be arbitrary. Then,

1Py B (v)Pp)* vlIZ,

2(Pp A1 (), )y + IPuBi (W) Pyl 1y 11y + (P0—2)

2
lvli2,
(3.57 - 1P B (v) Pp)* v|?
22 A W), Vv + 1 PRBW) Bl 1)+ (po—2) —— U
vl (3.58)
) IB:()* vl
52<At(l/),l/>v+||Bt(U)||L2(U_H)+(P0— W
H

(H3) 2
<—0llvlIy+Klvl+ fr
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Now, let u, v € H,, be arbitrary. We determine the operator norm || A;(v) ||y« for v € Hy, using
equation (3.57):
[(PrpAi(u), vyv] = (A (W), v)v| = | Al v+ v A, (3.59)

We conclude that || P, A (u)|lv+ < || A¢(u) | v+, which implies that

1P A t(u)” =[A t(u)ll{}*l<(ft+K||u||V)(1+||u||H) (3.60)

The last assumption H5 follows by a similar argument, since projections are contractions.
We can consequently apply Theorem 1 and conclude the following:

For all p € [2, po] and for all n € N, there exists a constant C independent of n such that the
following bound holds for all 7:

P
T T 7
-2
E sup ||ut||”+[Ef T ||u?||°v”dt+[E(f ||ut||%dt)
tel0,T] 0

T %
<C [E||u3||§,+[£(f fsds) )
0

The above bound is relevant, since it will allow us to build a solution using the Galerkin
approximation method.

(3.61)

Step 2: Weak approximation of solutions

We now proceed to apply weak compactness arguments to obtain a weak approximation
of a candidate solution to the SPDE (3.2). To obtain these, one needs uniform bounds on a
sequence of approximations. In this case, we aim for a candidate solution that is the weak
limit of the sequence (u,),en. Having obtained this candidate solution, we need to show
that it is actually a solution. We do this by extracting weakly convergent subsequences of
a; := A;(u") and b} := B;(u"") in some space. Specifically, we look for uniform bounds on

T a T
[Efo laflg,  dt, [Efo B2, mdt
We start with a}'. Using H4, H5 and pg = 8 + 2, we obtain:
T T B
Efo la" II“lds<Ef (]g+1<||u?||$)(1+||u;’|| )ds

<Ef o+ K191+ 1u12) " ds

(3.62)
——1

2
<2 f o+ Kl 12)(1 + 1 17072)
nyPo—2 njga njga ny Po—2
<G [ f+ FIUM I+ KIS + Kl | |72 ds
0

One of the terms in equation (3.62) can be estimated using Holder’s inequality, giving:
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T
[Ef fellul ||’”°‘ ds<E sup lu}l?)” zf fids
0

t€(0,T]

([E sup [u? ||”°) [E( f fsds)
te[0T] 0

Po

-2 2 r 2
< PO 7% sup fu ||p°+—[E(f fsds) :
Po  telo,T) po \Jo

We can estimate equation (3.62) by combining the above estimate with equation (3.61)
where we take p = pg and p = 2. This results in:

T
[Ef la II“ alds
0

Po - 2 (("r0)?
< Cp,p E f fsds+Cpp,—— p” [Etz[lépﬂllutllpo+Cﬁ,pO%[E(fo fsds)

T
+ Cp,po KCEllug ||, + Cp p, KCE fo fsds + Cp p, KCEl uo||7?
(3.63)

T 2
0

Po

o[ )

! Po— 2
SCﬁ,po(l-FKC)[EfO f3d5+cﬁ,l)0(c . +%+KC

—2
+Cp,p, KCE ol + Cp py (KC+ cp‘; )[EII oI’
0

We conclude that the term on the LHS of the inequality is therefore uniformly bounded in
n. We do similar estimates for the b term, using the growth condition H5:

T
E f IBP I3, (1, myds (3.64)
0
T
< K[Ef fo+ Iul 3+ ul1%ds (3.65)
0
T
sK[Ef fsds+ TKE sup |u} ||H+K[Ef lusll§ds (3.66)
0 t€[0,T1]
T T
< K[Ef fsds+KC(1+ DE|uoll3, + KC(1 + T)[Ef fds. (3.67)
0 0
(3.68)

We conclude that the LHS is also uniformly bounded in n. These bounds consequently al-
low us to extract weakly convergent subsequences in the following reflexive Banach spaces:

LA L2(00, THH)), L0, T x V), La1([0,TIxQ; V™), L([0, T] x Q; Lo (U, H)).
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One consequence of reflexivity is that unit balls (and multiples of it) of these spaces are
weakly compact, which follows by the Banach-Alaoglu theorem. This implies that any
bounded sequence in one of the four spaces must always have a weakly convergent subse-
quence. We have shown earlier in expressions (3.61), (3.63) and (3.64), that the sequences
(Un) nens (@) nen, (b™) nen all are uniformly bounded in n, respectively. This implies that
they have weakly convergent subsequences. We summarize this as follows. There exist
i, a and b with @ € L2(Q;L2([0, T); H)), @t € L*([0, T) x Q; V), a € La=1([0, T] x Q; V*) and
b e L%([0, T] x Q; L,(U, H), and a subsequence (1) ey (by taking further subsequences if
needed) such that:

1. u") — @in L2(Q; L%([0, T1; H)).

2. u™ — jzin LY([0, T] x Q; V).

3. a™) — gin La-1([0, T) x Q; V*).

4. b — pin L2([0, T] x Q; Lo (U, H)).

We further note, by boundedness of the stochastic integral, that
f Py bk dW™ (s) — f Z(s)dW (s)
0 0

in ./%%(H). Here, ./%%(H) is the space of square integrable continuous martingales taking
values in H with norm

2
2
NVl 2y = ([E sup |l Vt”H)
T tef0,T]

forve %%(H ).
We use the last two limits to define a candidate solution
t t
Uy = Up +f asds +f bsdWs. (3.69)
0 0
Step 3: Showing that the candidate solution is a solution
In the previous step 2, we defined the candidate solution u. We are only left to show that

this is an actual solution to the SPDE (3.2). To do this, we first show that # = u almost
everywhere. To this end, let n € L*(Q x [0, T;R), ¢ € U,>1 Hy. By weak convergence and
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equation (3.57), we get:

T
E fo i by
g (ng)
— 1: k
= lim [E/(; <ut ,nt([)>vdt

k—o0

T t t
= lim [Ef0 <ué”k)+f0 Pnka?’“ds+f0 Pnkb?des(”k),m(p>dt

k—o0

T T t
:[Ef (uo,nep)ydr+ lim [Ef <f b?kds,nt¢>dt
0 k—oo Jo 0
T t
+ lim [Ef <f b?des(”’“),nt<p>dt
k—oo Jo 0
T T t
:[Ef <u0»nt(,b>dt+[Ef <f asds,nt(,b>dt
0 0 0
T t
+[Ef <f bdeS,nt([)>dt
0 0

T
=[Ef0 (up,npyvde

(3.70)

We find that u = @ a.e., since linear combinations of ¢ are dense in L*(Q x [0, T]; V). By
[28, Theorem 4.2.5, p. 91] (see also theorem 2.3), it follows that u; is continuous in H a.s.
To show that u solves the SPDE, we are only left to show that a = A(u) and b = B(u) almost
everywhere. We introduce the space ¥ to help us in this task.

For any v € V, define p(v) = K(1 + | vll%)(l + |l vllg). Let ¥ be the collection of V-valued
Z-adapted processes 1 satisfying

T
f pw)dt <oo a.s.
0

Now take v € ¥ arbitrarily. Let w € L*([0, T] x Q; V) n¥ N L2(Q; 1°°([0, T1; H)). We use Itd’s
lemma, to obtain an expression for the following two similar quantities:

— [t s 2 -y s 2
e~ o Puds ) 2 - fypwads 2 (3.71)

We first note that [28, Theorem 4.2.5, p. 91] (see also theorem 2.3) implies an It6 type for-
mula for both ||u§"k) I3, and [lu,|3,, since both ¥ and u satisfy the hypotheses of that

theorem. The resulting It6 formulas are:

t
(ng) 12 (1) (2 (10 2

™15 = g™ 1% + fo 26ag, us™y + 16517, g, i ds

(3.72)

t
+ | @™ b pdw;

and . .
el = gl + fo 2ag, uy + byl g ppds+ fo (U b pdW,.  (3.73)
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We apply Itd’s lemma again, using the function f(x, y) = e”*y. We apply this to the pair
(X;,Yy) where X; = fot p(y)ds and M, is a real-valued semimartingale of the form

t t
Mt:M0+f F(s)ds+ | (M, G(s))dW;.
0 0

We assume that F, G are such that Esup M, is finite and G € L?([0, T] x Q; L,(U, H)). This
results in:

t ¢ s
e~ PV 02, = Mg 2, +fo TP (M, Gl s

, ) . (3.74)
- f plyge Jo P2 s+ f e~ P p5)ds
0 0

Since we have assumed that G € L?([0, T] x Q : L,(U, H)) and Esup M; are both finite, the
stochastic integrals are martingales. On taking expectations, this results in:

t
E (e Pwads a3 ) - BN My I,

t t s (3.75)
=E f e b P B()ds—E f ply e b P M3, ds
0 0
Choosing M; = || u(”’“) I2,, we obtain:
[E(e_fotp(u/s)dSH (nk)”H) [E“u(nk)”H
(3.76)
=E fo e PO (24alt, ul™) + IBHIE, gy — P 1™ 1) ds
Similarly, we can choose M, = [|u,|3, to get:
t
E (P9 a2 ) - Bllul,
3.77)

t N
=E [ e RO (a4 UBIE g~ P sl ) ds

Starting from equation (3.76), we work our way towards invoking the local monotonicity
assumption H2.

- (ng) 2 (ng)
[E(e Jo P(U/s)dsllutnk ”H) IE”M ng ”H

=L

t S
foe_f‘)p(w')dr(ﬂa? u™)+ 1613 )~ p(ws)””(nk)"H)ds]

:[E[f e fO p(Ws)dS(Z(Llnk A (ws) u(l’lk) WS>+2<A (ws) u(l’lk)> (378)
0

+ 2<a?k - As(Ws)»’Ws) + ”b?k - Bs(u/s) ”%2([] H) - ”BS(WS)H%Z(U H)
sl = I+ 2™,y ) g | )ds|

(ng)

+2(bs*, Bs(ws) Lyw.m — o Wrs) | llu
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Applying H2, this results in:

E (e_ fotp“//s)ds” ugnk) ”%—I) _ [E" u(()nk) ”%—[
t S
= [E[,/(; e ot (2<A3(w5)’ ugnk)> + 2<a?k —As(ys),ys) (3.79)
—IBs(y) ”%Z(U,H) +2(bs*, Bs(w ) yw.m — P(Ws) [Z(ugn"),ws) - ||1V||§1])d8]

In order to proceed we use lemma 2.2, which results in the following inequality by the weak
convergence of u"* — y in L2(Q; L?([0, T); H)):

T t T t
E f el Py dt < liminfE f e~ Jo pwds ) m2 g (3.80)
0 —00 0

Using this observation, we can proceed from inequality (3.79). Observe that for all k € N,
lu{"™ 12, < luoll?,. Therefore, it follows that —[uol%, < liminf(~[u™ |2,). Invoking weak

convergence and inequality (3.79),

T
E [ f (e7 o Pwdsy 2, ||uo||§,)dr]
0

T t
< liminfE f (e—fo P ds) 2 (e ||§I) dt]
0

k—o00

T pto
<E e Jo " 2(As (W), ug) +2(Ys— As(Ws), vg)
UO fo fopy )dr( w W)W

(3.81)

—UBSWIIZ, 01m + 20Z(9), B a0, — P9 | 2005, w9 ~ 1wl | Jdsd

We know a different expression for the LHS of the above inequality by using equation (3.77).
Filling this in and simplifying both LHS and RHS of inequality (3.81), we obtain:

Tt
| f f e 0PI (20a— Ay, u— o + 1Byt = el gy
o Jo (3.82)

— Y9 llug— w3, )dsde| <0
Take ¢ = u. We immediately observe that this implies that B(u) = bin L2([0, T1xQ; Ly (U, H)).

To show that A(u) = a, let n € L*([0, T] x (;R), p € V, € € (0,1) and let v = u—en¢. This
results in:

T pt s
[E[fo foe_f‘)p(”"m"p)dr(Z(“S_As(us—gﬂsd)),nsqb)

(3.83)
~ep(us —ensplnspl)dsd| <0
Using the dominated convergence theorem, sending € — 0, and H1, we obtain that
T pt s
E f f e~ JoPwdron (ac— Ag(uy), ¢ydsde| <0 (3.84)
0o Jo
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We conclude from this that
t S
fo e‘fop(”’)erns(as—As(us),(p)ds:0 dtxPa.e

Since this holds for almost all ¢ € [0, T'], 7 and ¢ were arbitrary, we obtain that A(u) = a in
La-1([0, T] x Q; V). O

Proof of Theorem 2 (Uniqueness). Consider u; and v; to be two solutions of equation (3.2).
This implies that

t t
Ur— Vt:f As(us)_As(Vs)ds+f Bg(us) — Bs(vs)dWg (3.85)
0 0

almost surely for all ¢ € [0, T]. We aim to use Itd’s lemma in a similar way as the previous
proof. We first introduce the following sequence of stopping times:

o,=Iinf{te€[0,T]: llusllg>ntAninf{t € [0, T]: lvilg>ntAT.

We use this stopping time to note that ||u; — Uf”%l is also semimartingale, by using Ito’s
lemma [28, Theorem 4.2.5, p. 91] (or see theorem 2.3), which gives the following It6 for-
mula:

tAO,
ltttnc, = Vino, I5 = fo 2(Ag(us) = As(vs), ths— U5y + || B(us) = Bo(w)lI7, . ds
(3.86)

tNO
; f (1t — vs, (B (145) — Bs(v5))) AW,
0

Since the above satisfies the assumptions for equation (3.74), we use M; = || u; — thl%,- This
results in the following formula:

tAop

IOy, s
e‘fo p(US)dS” ut/\(Tn - Ut/\Jn ”%—I = ﬁ e_fo plondr (2<As(us) - As(vs)» Us— Vs)V
+1IBs(uts) = Bs(WIIZ, iy, 11y — P(vs) s — mﬂﬂ)ds (3.87)
o s 4
+f e JoPwldry o (Bs(us) — Bs(vs))) pd W,
0
Invoke assumption H2 to obtain:

tAORn INOn s
e o PwIds )2 < f e JoPwndry —yo (B(us) — Bs(vs) ) pdWs  (3.88)
0

The stopping time turns the stochastic integral term into a martingale. Taking expectations
on both sides in the above equation, we obtain that:

tAon
E(e ™" 0% s, — ving, I,) = 0. (3.89)

We apply Fatou’s lemma to conclude that ||z, — vtllfq = 0 almost surely for every ¢ € [0, T].
Invoking continuity of u — v in H, we find that u and v are indistinguishable, i.e.

P(sup ||ut—vt||H=0):1
tel0,T]
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3.4. Extension to additive equations

We can generalize the framework that has been built to include certain additive equations.
That is, we can treat equations of the form

du; = (Ai(uy) + f)de+ (B(uy) + g)dWy, (3.90)

where certain assumptions on f and g are made. We will first state assumptions underlying
treatment of this equation and then state the results based on our theory.

Assumptions 3.2. Consider equation (3.90), a given Gelfand triple (V, H,V*) and a cylindri-
cal Wiener process W, taking values in a separable Hilbert space U. We assume the operators
A and B satisfy the assumptions HI to H5, given constantsa > 1, =0, po=f+2,0 >0,
K =0 and a nonnegative function h € L% (Q; L ([0, T1;R)). We also take

feLmEn (Q;La1([0, T VY), ge LPO(Q;LA([0, T} Lo (U, H))).

Theorem 3.3. Given assumptions 3.2, define A= A+ f and B = B+ g. Then assumptions H1
to H5 hold again for A and B with & = «, = B, po = po, but different 0 > 0 and function

a
o 2
he 4 1 ET + 182, 0.

Furthermore, under assumptions 3.2 and for any initial condition uy € LP(Q; H) with p €
[2, pol, there exists a unique solution to equation (3.90) with corresponding energy inequality
forall g € [2, p] and some constant C depending on0,a and q:

T
-2
E sup ||ut||ji,+[Ef el 7, ||ut||‘;dt+E( ||ut||V)
te[0,T] 0
4 q (3.91)
2 2

q
T 3 « T 3
< Ce‘T [E||u0||fZI+[E(fO htdt) +[E(f0 ||ft||“1dt) +[E(j; IIgIII%Z(U,H)dt)

Proof of Theorem 3.3. We only show H3, the other assumptions are straightforward. The
second result follows by invoking theorem 3.2 with operators A and B. To this end, let
veV,v#0and f € [0, T]. We use Young’s inequality, H3 and H5 for A and B to derive: We
first split the additive terms and use Cauchy-Schwarz to obtain:

I(B:(v) + g * vl
lvii3,
< 2(A;(0), Vv +2(f3, Vv + BT, .y + 2B (), 80 1w, 1)
I(B:(v)* vl2 B:(»)*v, g}
t . U+2 p0—2 ( t(v) Uzgt U)U
lvli3, lvli3,

2(A;(0) + fi, v)v + IBi) + 87,y 1y + (P0 —2)

+(po— 21817, 1)-
(3.92)

2
+ ”gt”Lz(U,H) + (pO -
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We can apply H3 for operators A and B and Cauchy-Schwarz to derive:

1B (v) + g * vl

2
vl

2(A; (W) + fi, Vv + 1By ) + &:l7, 1y + (Po —2)

(H3)
< hy + KIlF; +2(f3, v)v +2(B:(v), 8 Lyw, i + (Po— DI i)
(B:(V)*v, 8/ My
2
v,

+2(po—2) -0llvl§

(C=S
= 2% +Kllvlz + 2l fillv+Ilvly +2(po = DIB: W) yw, my 1 €l Lo, i1y + (Po = DI T,
—0lvly.
(3.93)

Next, we make use of Young’s inequality, where € > 0 will be chosen later. We also use H5 to

estimate || B;(v) IIiZ(U’ e This results in:

I(B:(v) + g * vl

2
vl

2(A:(0) + fr, Vv + 1B () + 8ol T, .1y + (P0 — 2)

2(a@—-1) —a_
< ht+K||v||§I+ch||ftn;;l + el BiWII3, i + Cell gl T, 0.

2
+|-0+e— v
( sa)llvllv

2(a-1)

(H5) _a_
< hi+Klvlf +C L& +eK(he + I3+ 101$) (3.94)

2
+Celige?,w.m + (‘9”5) vl
2(a-1) _a_
IfolE" + Callgel 7,y + KL+ O)lwIF;

a

2
+ (—0+8—+£K) vl
a

<(EK+1Dh;+C;

By choosing € > 0 small, we have shown H3 for A and B. O

3.5. Optimality of results within this framework

This section will show that the results obtained in Theorem 3.90 are optimal. By optimal,
we mean that it is not possible to obtain better results, such as higher moments, based on
assumptions 3.1. We prove this by using a rather academic example given by Brzezniak and
Veraar in [7]. The exposition of this section is based on the same arguments as given in [38].
Consider the equation

duy = Augdt +2y (=A)2 u dW, (3.95)

on the torus T, with y € R, a %j-measurable initial condition #y and W areal-valued Wiener
process. It follows from [7] that equation (3.95) is well-posed in L”°(Q;L?(T)) as long as
2)/2( po— 1) < 1. Using our framework, we will derive that equation (3.95) indeed has a so-
lution with values in LP0([0, T] x Q; L?(T)) whenever 2y?(py — 1) < 1, corresponding to the
condition derived in [7]. After this, we show that it is not possible to even obtain existence
whenever 2y%(pg—1) > 1.
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Assumptions 3.3. Let )/2 € (0, %) and uy € L*>(Q; L(T)). Consider equation (3.95), where W;
is a real-valued Wiener process. We use the following Gelfand triple in this example:

Wh2(T) < L2(T) < W 12(T).
Let & be the Fourier transform. We define the operator (—A)% :WLY2(T) = L2(T) to be:

(=A)2 u=F L ((1kI(F W (K)kez) (3.96)

Subsequently, we let the operators A: WY2(T) — WL2(T) and B : WY?(T) — L2(T) be de-
fined by A(u) = Au and B(u) = 2)/(—A)%.

Theorem 3.4. Let p € [2,00) be such that2y?(pg—1) < 1. Then, equation (3.95) has a unique
solution u € LP((0, T) x Q; L2(T)) for all p € [2, pol. Furthermore, we have an energy estimate
of the form:

E sup llugll?, . < CeCTE|uol? (3.97)

r€[0,T) fem LA(T)

Proof. To apply our theory, we first show assumptions H1 to H5 and then apply Theorem
3.2. We will only show H2 and H3. For H2, let u, v € W'?(T). Using Plancherel’s theorem,
we obtain:

2(Aw) = AW), u—v) +|B(w) = BW)1 7,

< (=2+4y%) Y. K I(Fw k) - (Fv) (k) (3.98)
k=1

<0

Now we check the coercivity condition H3. Let v € W12 (T). We have the following sequence
of inequalities by using that || T|| = || T* || for Hilbert-Schmidt operators in Hilbert-Schmidt
norm and boundedness of (—A) .

|B(v)* v|?

Il 2

<y (po-1-2) Y K*I(Fu (k)|
k=1

2(AW), V) + IBW 1z, +

(3.99)

<0

where part of the inequality follows by Plancherel’s theorem. We see that there existsa 0 > 0
such that the coercivity condition holds as long as 2y?(po — 1) < 1. Boundedness of H5 is
also straightforward from the above calculations. Application of theorem 3.2 then yields
the main result. O

We now proceed to show that we don’t get well-posedness in LP((0, T) x Q; L?(T)) as soon
as 2y?(po — 1) > 1. This shows that our results are sharp.

Theorem 3.5. Let py € [2,00) be such that2)/2(p0— 1) > 1. Then, equation (3.95) has a unique
solution u € LP((0,1) x Q; L*(T)) for all p € (2, pol, wheret = (2y*(po — 1) — 1)~L. Moreover,

lim sup ” u(t) ”Lp(Q;LZ('ﬂ')) =00 (3100)
T
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Proof. The existence and uniqueness follows from [7], since the equation doesn't fit into
our framework under the above assumption. By taking Fourier transforms of equation
(3.95), we have the following equation of SDEs:

— 2
{dvn(t)— n*vp(£)dt +2y|n|v, (AW (1) (3.101)

vp(0) = ay

where a,, = e forallnez \ {0} and ap = 0. Then, one can check by Itd’s formula that the
above has solution
Vp(t) = e~ H2° ) 2y InW D) (3.102)

for n € Z\{0}. If (3.95) has a solution, it must then be of form u(¢,x) = ¥ v, (£)e'"* . Taking
L% norms, we compute the following:

lufm = Y, lva@

nez\{0}

nezZ\{0}

_ —2t(n?+2y?n?) 4ylnlW(t) , 5.2
Y e e e-2n (3.103)

) 2
_ e 2n°(t+1+2ty )e4yln|W(t).

nez\{0}
As an intermediate step, we note the following sequence of equalities, which can be verified
easily:

wm *, 2w
(t+1+2ty?) (t+1+2ty?)
=-2f(0)(nl-g(1)*+2h(),

—2n2(t+ 142ty +4yInIW (D) = =2(t + 1+ 2ty?) | In| -

(3.104)
where we define
YW (1) Y2 W (1)?
f=t+1+2ty% HN=———"——+, h(it) = — 3.105
U v, 8l (t+1+2ty?) (0 (t+1+2ty?) ( )
Returning to equation (3.103), we see that:
2 _ 2h(®) -2f(B(nl-g()?
lu@ sy = M0y 2/ ins
neN\{0}
—22h(® Z e—2f(f)(n—g(f))2 (3.106)
n=1
> 22h(0) p=2f (1)
Taking powers and expectation, we find:
P _ob -pf ph(t)
[Ellu(t)llLZm =22¢ Le dp
= 2§+1e_pf(t)f eph(t)dl]:b (3107)
W(t)>0
p Py’ W2
— 2§+1e—Pf(t)f e 1+ T+2y2) qp
W(1)>0

The last integral becomes unbounded as ¢ — 7. O



Examples of coercive SPDEs

We will give a fair amount of examples to which our framework applies. We will show that
we recover the previously known coercivity condition for existence and uniqueness of the
stochastic heat equation with Dirichlet boundary conditions. Accordingly, we will also treat
the stochastic heat equation with Neumann boundary conditions, but we need a different
coercivity condition for existence of higher order moments. We proceed by investigating
the stochastic Burgers’ equation and Navier-Stokes equations in 2D, for which we show
that the solution is bounded almost surely in C([0, T]; L?).

4.1. The stochastic heat equation with Dirichlet boundary con-
ditions
The first equation we consider is a stochastic heat equation with stochastic forcing and

Dirichlet boundary conditions on a C' domain 2 < R?. This leads us to consider the fol-
lowing equation:

d oo [ d
du=| Y 0i(a"o;uy) +ft)dt+ Y (Z bikaiut+gf)thk. (4.1)
i,j=1 k=1\i=1

We will first make some assumptions on the coefficients of the equation and the initial
condition, and then state the results derived from our framework with proof. It will turn
out that the p dependent term in the coercivity condition vanishes. Therefore, the solution
will admit moment estimates of all orders p = 2, only limited by integrability of the additive
noise and the initial condition.

Assumptions 4.1. Consider equation (4.1) on a d-dimensional C' domain @ with Dirichlet
boundary conditions and initial condition uy € LP°(Q; H) where p € [2,00). We reformulate
this equation into an equation of the form

du; = A(uy) de+ Y BF(uy) dWF. 4.2)
k=1

To do this, we use the following Gelfand triple for this example:

H} (@) < I*(@2) < H ' (2).

49
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Here, H"Y(2) is considered to be the dual of H& (2). We set the deterministic part of the
equation to be an operator A, : Hy(2) — H™1(2) defined as:

(At(u),v):—Z[ aij(t,x)aiuajvdx+(ft, V) foru,veHg(@). (4.3)
2
The coefficients a'/ depend on x,w and t, and are bounded almost surely. We also require
that f € LP(Q; L2([0, T1; H™1(2))). We set the operators BX : H} (@) — [*(@) to be defined as:
d .
Bf(w) =Y b*ov+gk  forve H} (). (4.4)
i=1

We assume the coefficients b'* depend on x, w and t, are bounded almost surely and are
smooth for all i,k € N. An additional requirement is that g€ € LPo(Q; L2([0, T1; L*(2))). We
also assume a uniform ellipticity condition holds for the coefficients a'l and b**. Define

o'l =Y pkpik (4.5)
k

Then, we assume the following uniform ellipticity condition:
d .. ..
Y (2a-0")eig; =07 foralicer?, (4.6)
i,j=1

where0 > 0.

Proposition 4.1. Suppose the assumptions in 4.1 hold, uy € LP°(Q; L*(2)), where py is the
same as in 4.1. Then, a unique solution u of equation (4.1) exists and the following estimate
holds for all p € (2, pol:

<
2

T T
-2 2 2
E sup ul” +[Ef [R77 Lty (£ 758 dt+tE(f I, de
te[0,T] 12(2) 0 12(2) H;(2) 0 H; (2)

) (4.7)

2

5 T

’

T
< e g [ 18

where C depends on 0 and p.

Remark 4.1. Setting f = g = 0 and assuming that all b* are not space dependent, we can
actually use remark 3.3 to include the endpoint py = co. That is, we can prove that for
any py € [2,00] and uy € LP° (Q; [%(2), there exists a unique solution u and the following
estimate holds for p € [2, pyl:

el Lr ;cq00, 71500y < Clltoll L ;) » (4.8)
where C only depends on 0.

Proof. Tt suffices to show that assumptions H1 to H5 hold for equation (4.1) without f and
g. By applying Theorem 3.3, the result will immediately follow.
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For H1, hemicontinuity is immediately clear from the definition of A. For H2, we let u, v €
H(} (2) and use the uniform ellipticity type condition to derive:

2

o || d |
2(Aw) - AW), u-vy+ Y | b™*0;(u—v)
k=1||i=1 12(D)

d 2
Zf 2a" (x)(0;u—0;v)(0;u - ajv)dx+z (Zb’kai(u—v)) dx
2

1

43)

:—Zf 2a' (x)(0;u - 9; V)@ju—0; U)dx+Zf Z bk pi%a, (u— v)0;(u—v)dx 4.9)
2i,j=1 ’
WY [ (Caall 4 ooy — 10—
= a’+07)0i(u—v)0j(u—rv)dx
i,j=1Y2

(46) 92[ 10; (u— v)|dx

We now move to H3. For the first two terms of H3, we can take (4.9) with v = 0, since all
"Bt(v)*VHZ
—

W1
VE H& (2). Now, we use integration by parts and smoothness of the coefficients bi* to
obtain:

terms are linear. Therefore, we are only left to derive an expression for , where

d .
B () )i = Zf (b**0;v)vdx

=—Z 0:(b"*v?) - (8;b™)v*dx
l—l 2

_—Zf Py (blk)l}zdx (4.10)
<lfwﬁwm@f¥®
S 2{3 2
1 d
= EZ 19, b'* ||L°°(@)||V”L2(@)
i=1

Therefore, the coercivity condition is satisfied in the following way:

(B ()* )l g2 v 122

co d
2(AW), vy + Y 11 Y. b™0;017, 4 + (Po - 2)
k=1 i=1 ”v”LZ(@) (411)

< =01Vl )+ CPo = D1VI72 g

For H4, let u, v € H;(2). Then,

d

(A@), )= Y lalrlull g g) 1] g @) (4.12)
i,j=1
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2 ij - 2 2 . . . _ i
We conclude that || A(u) IIH,I@) < (Z la' L ) I uIIHé(@), so H4 is satisfied with a = 2. Simi
larly, H5 holds:
d
2 i 2
i,j=1 00
OJ

4.2. The stochastic heat equation with Neumann boundary con-
ditions
The second equation we consider is the same stochastic heat equation equation as before,

but now with Neumann boundary conditions on a C! domain 2 < R?. For completeness,
this equation is:

d B o d

du =Y 0i(ao;u)+ ft) dr+ (Z Y b*o;u+ gf) dwyf. (4.14)
i,j=1 k=1i=1

Most assumptions and computations will be similar as before. However, the coercivity con-

dition will turn out to be p-dependent.

Assumptions 4.2. Consider equation (4.14) on a d-dimensional C' domain 9@ with Neu-
mann boundary conditions and initial condition uy € LP°(Q; H) where py € [2,00). We refor-
mualte this equation into an equation of the form

du; = A(uy) de+ Y BF(up) dwF. (4.15)
k=1

The Gelfand triple used for this example is
H'2)<I*(2) < H '(Q).

This allows us to define the determinstic part of the equation as an operator A; : H (2) —
H;'(2) with:

(At(u),v):—Z[@aij(t,x)aiudjvdx+(ft, V) foru,vEHl(@). (4.16)

The coefficients a'/ depend on x,w and t, and are bounded almost surely. Another assump-
tion is that f € LP° (Q; L2([0, TT; Hy 1 9))). The diffusion part of the equation has operators
B*: HY (@) — 1>(@) as components defined as:

d
Bfw) =Y b ov+gF  forve H'(@) (4.17)
i=1

It is assumed the coefficients b'** depend on x, w and t, almost surely bounded and are
smooth for all i,k € N. The collection W is assumed to consist of real-valued, indepen-
dent Wiener processes. Furthermore, we assume g € LP°(Q; L2([0, T]; £2(N; HY(2)))). We also
assume a p-dependent uniform ellipticity condition holds for the coefficients a'/ and b** in
the following way:

d .. ..
Y (207 -(po-10'i)eit =07 veer?
i,j=1



4.2. The stochastic heat equation with Neumann boundary conditions 53

where o) = Yk pikpik, Po € [2,00) and 6 > 0.

Proposition 4.2. Suppose the assumptions in Assumptions 4.2 hold, uy € LP°(Q; L2(2)),
where py is the same as in Assumptions 4.2. Then, a unique solution u of equation (4.14)
exists and the following estimate holds for all p € [2, pol:

p ! p-2 2 ! 2 2
E sup 1l E | s s gy 0+ E( [l g,

) (4.18)
2

< Ce®T

P
T 2 T
2 2
[EnuonL”z(@)HE(fo 1l gt +[E(f0 186172 11 0y 41

Proof. We show that assumptions H1 to H5 hold, where we set f, g = 0. Application of the-
orem 3.3 gives the result. We see that H1, H4 and H5 are similar to the proof of proposition
4.1. To prove H2, we require an extra step in inequality (4.9). Note that the same sequence of
inequalities hold, since we only use the uniform ellipticity condition. This condition also
follows from the new uniform ellipticity condition in assumptions 4.2. Let u,v € H (2).
Using inequality (4.9), this results in:

o || d . 2
20A(W) - Aw), u-vy+ Y Y b™*0;(u-v)
k=1|li=1 12(D)
d , (4.19)
<-0) [ 10;(u—v)"dx
i=1
< —0llu= vl g +0llu=vit> g

We are only left to prove H3. We again take v = 0 in H2 to get part of H3. It only remains
to inspect the term ||(B;(v))* v|/|l v||? where v € H(2). It is sometimes tempting to do the
following trivial estimate

I1B:(v)* v,

2
[2(2)

2
= ”Bt(v) ||L2(L2(@)’[2)'

vl
However, this makes the coercivity condition immediately py dependent in this case, which
might not be optimal. Doing this estimate for now results in the following preliminary
estimate for H3:

o || d . 2
20AW), )+ (po-1D Y |3 b'*6;v
k=1||i=1 12(2)
= -2 Z a”aivajvdx+(p0—1)z Z / b'*b’"0;v0jvdx
i,j=1v2 k=1i,j=1Y2
d .. . (4.20)
sf Y (—Za”+(p0—1)011)6iv6jvdx
2 i,j=1
S—HZf 10;v|*dx
9
_ 2

Therefore, we have shown that H3 holds. Applying Theorem 3.3 results in the statement we
wanted to prove. 0
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4.3. Stochastic Burgers’ equation

One of the most important equations in fluid dynamics is Burgers’ equation. Introduced
by J.M. Burgers in [8] as a simplification of the Navier-Stokes equations (which will be ex-
tended next section), it was studied to understand how dissaptive and non-linear inertial
forces interact in a fluid. The equation fails to capture the intriguing phenomenon of tur-
bulence, however. Therefore, adding stochastic forcing to the equation might be an inter-
esting generalization. This was first studied by the authors of [5] and later by [11]. In this
section, we will discuss existence, uniqueness and energy estimates for such an equation in
our framework on the domain 2 = (0, 1) with Dirichlet boundary conditions. In particular,
we take the following stochastic form of Burgers’ equation:

dut = (Aut + utDut)dt+yDut th, (4.21)

where D denotes the spatial derivative and y € (—1,1). It will turn out that we are able to
obtain L*(Q; C([0, T1; L?(0,1))) estimates for this particular example. This is in correspon-
dence with what has been shown in [5], albeit obtained in a different way.

Assumptions 4.3. Consider equation (4.21) withy € (-1,1) on an interval (0, 1) with Dirich-
let boundary conditions and initial condition uy € LP°(Q; L?(0,1)) for some py € [2,00]. We
reformulate this equation into an equation of the form

du,; = A(ut) dr+ B(ut)th (4.22)

The Gelfand triple that will use for this is (Hy (0,1), L*(0,1), H™*(0,1)). We interpret the de-
terministic term as an operator A: Hy(0,1) — H™'(0,1) with

(A(w),v) =- Du Dv dx+f uDuvdx for u,veH&(O,l). (4.23)
(0,1) (0,1)

The diffusion part of the equation is defined as an operator B : H& (0,1) — L?(0,1) with
B(v)=yDv  forve Hy(0,1). (4.24)

Proposition 4.3. Let p € [2,00) and uy € LP0(Q; L2(0,1)). Then for p € (2, pol, a unique so-
lution of equation (4.21) in LP (Q; C([O0, T1; L2(0,1))) exists. Furthermore, we get the following
energy estimate:

1l L @icao, mizzo,nn + 1l o2 g0, st 0,10 = CVP Mol Lr iz 0,1 (4.25)
where C only dependsy. Moreover, if ug € L™ (Q; L*(0,1)), then for any p € [2,00]:

!
el e ;e a0, 15220, = C ol Lo @s12(0,1) (4.26)
where C' only depends on'y.

Proof. Asin previous instances, it suffices to check assumptions H1 to H5, in order to apply
Theorem 3.2. Specifically, we want to apply remark 3.3, which means we also need to show
that K = K. = 0 in H3 and H5. We skip H1 to move to H2 immediately. For u, v € H;(0,1),
we have:
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(A()—A(v),u—v) =— Dwu—-v)D(u- v)dx+f (uDu—vDv)(u—-v)dx
D .1 (4.27)
=—|u- V”?{g(o,l) —f(o,l)(uDu— vDv)(u— v)dx.
We analyze the second term on the RHS. Using integration by parts, we obtain:
1
f (uDu—-vDv)(u—v)dx :f —DW? - v¥)(u-v)dx
©o,1) 0,1 2
1
:f —(u? - v»)(D(u-v)dx (4.28)
o1 2
1
:f —(u—v)ZD(u—v)dx+f v(iu—v)D(u—v)dx.
0,1) 0,1)
The first term on the RHS is zero by using integration by parts:
1 2 1 2
f E(u—v) D(u—v)dx:—f ED((u—U) )(u—v)dx
©0,1) ©0,1) (4.29)
:f (u—v)?>D(u— v)dx.
0,1)
By substracting the LHS from the RHS, we obtain
1 2
—f (u—v)*D(u—-rv)dx =0, (4.30)
2Jon

which implies that the first term in expression (4.28) is zero. Returning to equation (4.27),
we get:

_ 2
(AW = AW, u=v) = —llu=vl o _f(o,l) viu=v)Dlu-vydx (4.31)

2
=—lfu—-v + (v u—v u—v
=l + 100z I = vlisllu=vll gy o

We use the Sobolev-Gagliardo-Nirenberg and Poincaré inequality to obtain the estimate:

3 1 1 1
< 1 r <C'Mull2 2
a1y < Cllulys o el o < Cll ol (4.32)

where C,C’ = 0. This can be used to obtain H2 in the following way:

2
(AG) =~ AW, u=v) < == vl o+ 1ol vl vl

1 3
2 2

2
< — — — —
< —llu= vl o T ClVlsepllu=vipq )l ””Hg(o,n
(4.33)
Young 2 4 2
=(€&- 1) ” u-— v”H&(O,l) + CE” UI|L4(O,1) ” u-—- v”Lz(O,l)
<(e-Dlu-vl?, . +Cellvli?,, ,IvlZ,  lu-vl?
= Hion " et Rzo,n " " T HL0,1) L2(0,1)

where we used Young'’s inequality in the third line, choosing some ¢ € (0,1). Now we com-
bine with (4.24) to get:
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2(A(u) — A(v),u—v) + | B(w) — B(v) ||

12(0,1)
<(Y*+2e-2llu-vl?,, . +Ce@+ V% IVIZ: Dlu—vl?
= H;0,1) ~ ¢ 2o,n" " "Hlo,n 12(0,1) (4.34)
< (*+2e-2)|lu-v|? +Ce[1+1v1? 1+ o) lu— vl
= Hy(0,1) = ¢ L2(0,1) Hy(0,1) L2(0,1)

where u, v e H& (0,1). We see that H2 holds with a« =2, f =2, since € € (0, 1).

IBw vl . X
w2 with v € H;(0,1) and v # 0. Now, note that
H

the following holds by using integration by parts

For H3, we first inspect the quantity

f (yDv)vdx = —f (yDv)vdx =0 (4.35)
0,1) (0,1)

In order to derive H3, take v € H& (0,1), v #0. This leads to:

) IBw)* vl

2
vl (4.36)

==2|v|?, +f v’ Dvdx +y?vl?,
Hy 0,1~ Jo 1 Hy(0,1)

The middle term on the RHS can be treated by using integration by parts:

f v’Dvdx = —f 20°Dv dx. (4.37)
0,1) (0,1)

By adding the RHS to the LHS, we see that this quantity vanishes. Therefore,
* 12
IB() vl

2(A(V), vy + |1 BW)II%, 1, + (po —2)
L%(0,1) Po I V”%I (4.38)

—(_ 2 2
= 2470l g

We see that H3 holds with @ = 2. We also require y* < 2. Let u,v € H;(0,1). For H4, we
inspect the following quantity:

[(A(u), v)| sf |Dul||Dv|dx + f u(Du)vdx|. (4.39)
©0,1) ©0,1)
By Cauchy-Schwarz, the first term on the RHS is estimated as:
(0,1 (U (U

The second term is estimated by using integration by parts, Hélder’s inequality and the
Sobolev-Gagliardo-Nirenberg inequality:

1
f uDuvdx f —u?Dvdx
©,1) 1) 2

1 2
< _

(4.41)

= C” u”L2(0,1) ” u”H& (0,1 ” U”H& (0,1)
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This results in the following estimate for H4:

[{A(u), v| < (” u”H& ont Cll u”LZ(o,l) | u”H& (0,1)) ” U”H&(O,l) (4.42)

We use that a was set o =2 in H2, to obtain:

2
2
JAGDIE 11y = C (Il 3 01y + 12l 200, 124l 13 0.1

) ) (4.43)
1!
= C"(L+luly g ) (141Ul

1 o 2 20012
Last but not least, for v € H;(0,1) it is clear that || B(v) ”L2(0,1) =y ”V”Hg(o,l)' Therefore,
H5 holds with a = 2. Since we have shown all assumptions for our theory, we can apply
Theorem 3.2 and remark 3.3. O

4.4. Stochastic Navier-Stokes equations in 2D

Having treated the stochastic Burgers’ equation, we now turn to the stochastic Navier-
Stokes equations. The deterministic version is a system of PDEs given by:

ot (4.44)

%Jrut-Vut—vAut: -Vp
V-u=0,

with initial condition
u(x,0) = up(x). (4.45)

and viscosity v > 0. We use boldface typography u to denote that the above equation is
really a system of equations. This notation will not be used in the sequel. One solves this
system of equations by finding a velocity field u and a pressure function p that satisfy the
above equation. In R3, this leads to one of the famous open Millenium problems posed by
the Clay Mathematics Institute. Given any C*°, divergence free vector field uy(x), one has
to show that there exist smooth functions p and u such that the above equation is satisfied
(see [15] for the official formulation). In R?, this equation has already been solved in the
deterministic setting (R! is not interesting because of the divergence-free condition), but
these methods do not seem to generalize to R3. We will treat the stochastic version in 2D as
introduced in [5].

It turns out that the stochastic Navier-Stokes equations with multiplicative noise arise nat-
urally from physical considerations as shown in [5]. This can be done by considering that
the supposedly solution of the Navier-Stokes equations can be decomposed as the sum of
an average field and a fluctuating field. Therefore, we are led to the following equation:

du; = VAU, — (w, VYwde+ Y (b5, Vyuldw* () - (Vp)dt (4.46)
k=1

where the components by are vectors of divergence free vector fields.

Assumptions 4.4. Consider equation (4.46) on a domain 9 < R? with C! boundary, v > 0
and vectors b* consisting of divergence free vector fields. We denote its components by b'*,
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where i € {1,2}. Since b'* produces a vector in R2, we denote the components of that vector
by b;k, wherey € {1,2}. We take the following Gelfand triple, following [4]. Define

1
V={veW,?(@;R*):V-v=0 a.e.on} ||v||V::U |Vu|2dx)2, (4.47)
D

and set H to be the closure of V with respect to the norm

3
Vollg = ( f@ |v|2dx) . (4.48)

In order to formally treat equation (4.46), we introduce the Helmholtz-Hodge projection Py
which is defined as the orthogonal projection

Py L2 (9;R%) — H. (4.49)

This is well-defined, since H is a closed subspace of the Hilbert space L*>(2;R?). Applying the
Helmholtz-Leray projection to both sides of (4.46), removes the pressure term and leads us to
consider the following equation:

du; = VPuL(Au) —Prrl(w, Vudde+ Y Py (b5, Vyuldw* (9 (4.50)
k=1

We reformulate this into an equation of the form

du; = (Au, + F(up)de+ Y BF(u)dw*(n (4.51)
k=1

where we define A to be an operator A:V — V* given by
Au=vPyr(Au), uelv.

We define F to be a nonlinear operator F : V. — V* given by

F(u)=—-Pgrl(u,Viul, ueV.
Finally, we define the components B* to be operators B*: V — H given by

B*(w) =PyLl(b*,VIul, ueV.
We assume the following coercivity condition:

o 2
(ZV - k;l iJZ:l b;kb;’“) &€ P =xIEPIn?,  forallé,neR? (4.52)

Proposition 4.4. Given assumptions 4.4, let py € [2,00). Then, for any uy € LP°(Q; H), there
exists a unique solution u to equation (4.50). Furthermore, there exists a constant C only
depending on x such that for all p € [2, pol:

Il r@scqo, 110 + el o 20,110y < CVP ol rosm - (4.53)

In particular, for any ug € L°°(Q; H), there exists a unique solution u to equation (4.50) with
energy estimate

Il o0, 7117 < C [lltdo Nl Lo | - (4.54)
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Remark 4.2. A similar result can be found in [5] using the semigroup approach.

Remark 4.3. One can also consider extra body forces in the equation by using extension
3.3.

Remark 4.4. The above coercivity condition is slightly artificial and the author was not able
to find a better condition in the literature. Intuitively, the condition makes sense, since the
noise is not allowed to dominate the smoothing of the equation.

Proof. In order to apply our framework (theorem 3.2), we need to show that assumptions
H1 to H5 hold. Specifically, we want to use Remark 3.3, which means that Kz = K, = 0in H1
to H5. We will only show H2, H3 and H5, since the other assumptions have already been
shown in [28] and [4]. Let u, v € V. We will first consider the quantity (A(u) — A(v), u — v).
Then,

(A(w) = AW), u—v) =v{Pur(A(u—")),u—"0)
=v(A(u—-v),u—"v)
= —vf V(u-v)-V(u—-rv)dx (4.55)
9
=—viu-vl,

where the second line follows by definition of A and the fact that orthogonal projections
are self-adjoint. The last line follows by definition of V. We also need to inspect (F(u) —
F(v),u - v). From [28] we see that

v 2, C 2
(F(u)—F(V),u—wsEllu—vllv+ | lu—vly (4.56)

4
=Vl gp
V3 A @R?)

where C € (0,00). We continue by inspecting the second term for H2:

IB¥(w) - B*)1%, < Y 115, vy (u—- w113,
k=1 k=1
- (4.57)
=)
k=1

2 o
Y f b’ykbikai(u—v)yaj(u—v)ydx,
i,j=1v2

where the first line follows since projections are contractive. The second line follows by
writing out the terms. Combining all terms in H2 and applying the coercivity assumption
(4.52), we obtain

2(A() + F(w) — (A(v) + F), u—v) + Y |1 B¥(w) - B*) 1%,
k=1

v 2 € 2
< —v[@V(u— v)-V(u- v)dx+5||u— V”V+$”V”L4(@;R2)””_ vy

% C
= u=vl%+—vl* —l? (4.58)
S lu=vly + 31Vl g 14— vy
v (o
2 2 2 2
= —Slu=viy+=Slvivivigle-viy

v ,  C 2 2 2
< —Ellu— U||V+$(1+ lvlly)@+lvliE)le—viy,
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where C’ € (0,00). The third line follows by Sobolev embedding (see [28], appendix H). The
above implies that H2 holds with @ = 2. To show H3, we note that from (4.55) it follows that

(A(w), uy = —v|ul?. (4.59)

We also note that (F(u), u) = 0, which follows by writing out the definition and using inte-
gration by parts. Therefore, the only term that remains to be estimated is

22(N)
2
lull?,

I B* (1) u||?

This will turn out to be 0, by using that the components of b* are divergence free vector
fields. Consider (B* (u)u). Then,

(B* (W) w)g
:f [(bk,V)u] -udx
P

:f (b}kalul)u1+(b%kdgul)uldx+f (bfkaluz)u2+(bgkaguz)uzdx.
2 2

-

We will only treat , since the other term is treated in a similar way. Using integration by
parts, we see:

:—f Gl(b%kul)ul+62(b£ku1)uldx
2

:—f al(b}k)(ul)z+bik(61u1)u1dx—f 0> (bi%y (uh)? + bik (G, uh) ul dx
2 2

(4.60)

(4.61)
:_f (al(b}k)+02(b§k))(u1)2dx—f (b0, ulyu + (b*0,utyu'dx
7% %

= —f (b0, uhyu' + bk o, utyu'dx.
2

Since the last line and are equal, this implies that (B* (u)u); = 0 for all k € N. We there-
fore conclude that the coercivity condition H3 is as follows:

2(A) + Fw),uy+ Y 1B 1132952, < —x lull5. (4.62)
k=1

We are only left to show H5, for which we can re-use H3. From H3, it follows that

o0
IBX ()12, o) oy < =Kl ull? + 2| (A1), 1)
k; L2@R?) v (4.63)

<@v-1)ul’

We see that H3 and H5 hold with Kz = K, = 0. Therefore, we can use remark 3.3 to conclude
that the theorem holds. O
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4.5. Stochastic p-Laplacian

Instead of using the Laplacian as a driver for a parabolic equation, one can also admit more
nonlinear operators. One such variant is the so-called p-Laplacian. This is an equation on
R? of the form

Gut
L=V (IVu,*%Vu
37 (IVuyl t)

where a > 2. Since we want to reserve p for the coercivity condition H3, we use « instead
of p in the p-Laplacian. We present the following stochastic version of the p-Laplacian:

dus = V- (Vul*?Vu)de+ Y B¥up)dw). (4.64)
k=1

We will specify restriction on the operators B in the assumptions section. Subsequently,
we will prove existence, uniqueness and another energy estimate. Some of the exposition
is based on work David Siska and Neelima Varshney [38].

Assumptions 4.5. Let a > 2 and consider equation (4.64) on a C'-domain 2 with Dirichlet
boundary conditions. The collection {W*} .=, consists of real-valued, independent Wiener
processes. The Gelfand triple used for this equation is

(Wy“ (@), L*(2), W ()).

Here, W~1%(9) is the dual of W, * (2). We define the operator A: W,*(2) — W~1%(9) as:
(A(w), v) = —f IVul*2Vu-Vvdx  forallu,ve Wol’“(@).
P

Furthermore, we assume that the operators Bk . Wol’“(@) — 12(9) satisfy two conditions:
B(0) =0 and the following bound for u, v € Wol’“(@):

k k 2 2 g z.2 2 2
IB™(w) = B* (V) 12(g) = VilIVUl2 = IVVIZ 72 g, + Cillu = VlI72 g,

where we assume Zﬁc <y? withy?* < % and ). Ci < oo. Last but not least, we let pg €
(2,2 +1) and ug € LP(©; 12(@)).
Proposition 4.5. Given assumptions 4.5, there exists a unique solution u to equation (4.64).

Furthermore, for any p € [2, pol, there exists a constant C depending ony, « and p such that
the following estimate holds:

) T T 5
E sup |lu +E udl™ S Nuell® dt+[Ef udl® . dt
tE[prT] [ tllW&,a(@) fo l2ell2 g l’”WOl, @ ( 5 [ l’”WOl, @

T
< Ce“"Elluol},

(4.65)

Remark 4.5. One could pick Bk(uw) = )/kIVuI% as noise operator, for instance.

It is interesting to see how there is an interplay between the constants a, y and the inte-
grability po. For example, a very large a will also allow for large y. The problem is thata y
that is too large will not allow for integrability in Q. It is of course very well possible that
the condition derived on p( based on the coercivity condition is not optimal. We also ob-
serve that we don’t recover the results from section 4.1 if we let @ — 2, though the noise is
different.
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Proof. We show that H1 to H5 hold for equation (4.64) and can therefore apply Theorem
3.2. Assumption H1 can be found in [28][p. 82]. For H2, take u,v € Wol’“(@) and consider
the following inequality which follows from [28][p. 82]:
2(A(w) — A(v), u—v) < —2f (IVul*™! = [Vo|* ™) (IVul = Vv dx (4.66)
2
We now consider the other term for H2:

IBw) - BW)I* < ) I1B*(w) - B*W)13. 4,
k=1

& 2 a a 9 k 2 2 (467)
< Z YelllVulz = V|2 ||L2(@) + Z Cillu— vlle(@)

k=1 i=1

2 g a2 2
<y lIVul2 —|Vv|2 ||L2(@) +Cllu—-vl7, g

Combining bounds (4.66) and (4.67), we obtain:
2(A(u) - A(v), u— vy + [ B(w) - B)|)?
(4.68)

< —f_@ (IVul® = VoI 1) (Vul = Vo) + Y2Vl 2 = VoI 9)?dx + Clu- vl

To finish H2, it is sufficient to prove that the first term on the RHS of the inequality is nega-
tive. To do this, it suffices to show the following real-valued inequality for all x, y > 0:

2(x =y - Yt - i) 20, (4.69)

Without loss of generality, we can take x > y. By homogeneity, it suffices to prove the fol-
lowing inequality for x > 1:

2% D (x-1) -y (x2 = 1?20 (4.70)
For proof, we refer to the appendix (A.1). Since the inequality holds, H2 has been shown.

We continue by showing H3. Let v € Wol’“ (2). For the first terms in H3, we have:

_ _ a - _ a
20400 = =2 [ Vol = =201, 10, @71
We only need to inspect the p-dependent term. Using Cauchy-Schwarz, we obtain:
1B ()" Vi, ,
Ivll7, @)

Therefore, we get the following p-dependent condition for H3:

I(B:(w))*vIiZ,

2
V172 o, (4.73)

< ((Po =Y’ =2) 101101 + CIVI T2

2(AW), V) + 1 Be (W) 7265y + (P0—2)
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The first term on the RHS is negative by assumption. Therefore, H3 holds with @' = @ and
f = 0. We are only left to show H4 and H5. For v € Wol'“(@), we use Holder’s inequality to
obtain:

[{A(w), v)| <

f IVul*?Vu-Vvdx
2

sf IVu|* Y Vo|dx
9

w1 ) (4.74)
< (f |Vu|“dx) ’ (f |Vu|“dx)“
Q 7%
a—-1
< Nl g 1Vt gy
Therefore, it follows for all v € W% (9) that
AT <lvl? (4.75)

w-le @) W, " (@)

We omit H5, since it is clear from assumption. Application of Theorem 3.2 finishes the
proof. O

4.6. An application to systems of SPDEs

Our theory can also be used to easily show certain results from other previous papers. In
particular, the authors in [13] attempted to construct a C2+0 theory for systems of SPDEs. In
order to construct a C>*? theory, they need estimates for the system of SPDEs which can be
found using our framework (Theorem 3.1 of [13]). One of the underlying assumptions is a
so-called modified stochastic parabolicity condition, which will be similar to our coercivity
condition.

Assumptions 4.6. Consider the random field
u= ..., u™) R x[0,00) x @ — RV

described by the following linear system of SPDEs:

du® = (a;]éaij uf +fa) dr+ (aékﬁdiuﬁ + g§) thk (4.76)
where the collection {W*} =, are countably independent Wiener processes on some complete
filtered probability space (Q, F,(F¢)=0,P). We also use Einstein’s summation convention
(sum whenever one sees a repeated index) with

i,j=12,..,d; a,p=12,.,N; k=12,..

We now define the deterministic part of the equation as an operator A : H™ ' (R%;RN) —
H™ YR RN) such that for any u, v € HM (R, RN):

(A(u), V) = —fRd a(’;jﬁaiuﬁaj u®dx. (4.77)
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Thediffusion part of the equation is defined as an operator B : HM™L(RERN) — 2(N; H™(RY; RV)Y)
such that for any u € H™ 1 (R%;RN):

B () = 0,50,u’. (4.78)

We assume that the coefficients ai’b and afl kﬁ depend only on (t,w) and satisfy the following

condition, called stochastic modified parabolicity:

Definition 4.1. Let p € [2,00). The coefficients a = (a;]b) ando = (02’%) are said to satisfy the

modified stochastic parabolicity (MSP) condition if there are measurable functions Afx’% :

R x [0,00) x Q — Rwith A%, = Ai% guch that

ap Ba
ij ik _Jjk ik Jjk _4Jk
‘daﬁ 2a ap = TyaTyp (p—-2) (0' /1 )(0 A ﬁ) (4.79)
satisfy the Legendre-Hadamard condition: there exists a constant x > 0 such that
A&l n’ =xEP P vEeR:neRY (4.80)

everywhere on R? x [0,00) x Q
We are now in a position to restate Theorem 3.1 from [13]

Proposition 4.6. Let p € [2,00) and m = 0. Suppose f € LP(Q; L*([0, T1; H™ ' (R, RN))) and
ge Ll 2(N; L2([0, T); H™(R; RN)))). Taking the initial condition uy = 0, equation (4.76)
has a unique solution u € LP(Q; L ([0, T1; H™(R%;RN))) n LP(Q; L2([0, T]; H™ 1 (R%;RM))).
Moreover, for any multi-index s with |s| < m, there exists a constant C dependingon d, p, x
and K such that:

2
E Sup ”65ut||L2(|Rd RN) [E(f ||asaxu[”L2(Rd RN)dt)

te[0,T] 0 (4.81)
g .

p
T z T
[E(fo ”agf’f”irl(uqad;ﬂ%l\’)dt) +[E(f0 ||05gt||i2(Rd;RN)dt))

Remark 4.6. The formulation of this proposition is different in a few ways from Theorem
3.1in [13]. First of all, we have raised all quantities to the power p, since it adapts better
to our framework. Furthermore, we work on the whole space R instead of choosing some
region 0 and extending to 0 outside.

< Ce’T

Remark 4.7. The supremum estimate in the proposition actually also holds for p = oo, but
since we want to draw a comparison between the results in [13] and this master’s thesis, we
only mention it in this remark.

Proof. Without loss of generality, we can restrict to the case m = 0. By differentiating the
equation, we can obtain the other cases. We proceed to show that assumptions H1 to H5
hold for equation (4.76). We do this by first showing H1 to H5 for the equation

du®*=a ﬁd uﬁdt+0’kﬁ0 uﬁde (4.82)
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Recall from section 3.4 that the results with added f and g follow easily once H1 to H5 have
been shown for the above equation. We only check H3, since H1, H2, H4 and H5 are very
similar to the stochastic heat equation treated in section 4.1 under a = 2, = 0. To this end,
let v e H'(R%RN) and consider the following:

2(A(v), V) = —2[ aij Oivﬁd-v“dx
(4.83)
:—2a”f 61/ ojv “dx

We emphasize again the use of the Einstein summation convention. In this equation,
we therefore sum over «, 5,7 and j. Next, we use definition (4.104) to consider the term
1B (v)11:

”Bt(v) ”[2(,\‘ LZ([Rd RN)) Z ”(B[(U)))k”LZ Rd RN)
k=1

oo N f 5 9
= l
_kzl};”O-Yﬁ o llzey (4.84)
oo N " ]k
=53 [ otkottona ol
k=1y=1/R

Last but not least, we look at the term |(B;())*v|?/||v|?. Let v € H! (R4 RN), v # 0, then
we obtain the following:

(B () vli72 0 = Z|((Bt(v)) V)l

:i(f l’“a v v”dx)2

k=1

(4.85)

Now, note that the following identity holds:
olk0,vPvY = (ol - Ay 00,07 + S A’ka (' vP) (4.86)

Integrating both sides of the above expression over R, we can use this expression in equa-
tion (4.85) to find:

o0

2
1B 01y = 3 [ (o= 2250000707

1 2
f i(rﬂ)2 2(( ik _2ik)5,pP)? )%
Rd ’}/:1 ﬁ
N 2 ik ik B2
Y Ik _ 91 .
WyZ:l(v ) dx) (fw((ayﬁ ﬂtyﬁ)a,v ) dx)

NG
18

=~
1l
—_

(4.87)

NG
18

T
\

[
18

N .
» Z (U")zdx) (f (U’k —)l’ﬁ)( Aiﬁ)aivﬁaj U“dx)
v=1

T
)
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We can therefore conclude the following:
| B (@) I,

lv))?

™ < Z (f (0% = A1) (0] ¢ — A]e)0ivP0 v dx (4.88)
[2(R4;RN)
We are now finally in the position to derive the coercivity condition H3 from the MSP con-
dition.

(B (v))* UII[Z

(N)

2<A(U), U> + ||(Bt(v))||[2(N LZ(Rd RN)) + (p )
LZ([Rd RN)

<f ( 2a”ﬁ+a’k o’k 5+ (- 2)(0”“—/1”“)( Aya))aivﬁajv“dx (4.89)

flavldx

K” v”Hl (Rd RN)

Choosing 0 = k, we have shown that H3 can be derived from the MSP condition. O

4.7. An application to higher order SPDEs

Another result that appears in a paper by Wang and Du [39] can be obtained using our
framework (Lemma 3.1 of [39]). This paper treats higher order SPDEs of the following form:

Y BEODYu,+gF|dwk. (4.90)

lal=m

de+ )

k=1

dus= | (D™ Y Agp()D**Pu,+ £
lal,|Bl=m

The authors introduce an assumption on the coefficients to obtain existence, uniqueness
and an energy estimate. We will show, using our framework, that is assumption is a very
natural one.

Assumptions 4.7. Consider equation (4.90) on R%. The collection {W*} are countably in-
dependent Wiener processes on some complete filtered probability space (Q, F,(F¢)=0,P).
Furthermore, we assume that the coefficients Aqg and Bk only depend on t and w. We also
place the following restriction on the coefficients Aqp and Bg, which is assumed in [39] as
well:

2 Y Aaplabp-A Yl = P DY

lal,|p=m lal=m

2
Y Bita

lal=m

(4.91)

k=1
where A = 0. Formally, the deterministic part of the equation is defined as a time-dependent
linear operator A; : H*™[R%) — H=™R%), where for all u, v € H*™(RY):

(Adw,v)=— Y. (Aep(HD%u,DFv)
lal,|Bl=m

-—— ¥ fdAaﬁ(t)D“uDﬁvdx.
|al,|Bl=m IR

(4.92)

Similarly, the stochastic part is defined as a time-dependent linear operator B : H*™(R%) —
H'(RY), where for all u € HIM(RD):

Bfw= Y BfwDu (4.93)

lal=m
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Proposition4.7. Letp € [2,00) and [, m = 0. Suppose f € LP(Q; L2([0, T); H' =™ (R%))) andg e
LP(Q; 02(N; L2([0, T1; HL(R)))). With ug = 0, there exists a unique solution u € LP (Q; L°([0, T1; H (R%)))
and ue LP(Q; L2([0, T1; H*™(R)) for any |B| < | such that:

T 2
E sup [lul” +[E(f T, ddt)
te[0,T] I2(R%) 0 H™(R4)

» 4
T 2 ro., 2
sC([E(fO ”ft”Hl—m(Rd)dt) +[E(f0 ”gf“ﬂ(N;Hl(Rd))dt) )

Proof. Without loss of generality we can set [ = 0. By differentiating we can still obtain the
above theorem. Furthermore, we can also set f = g = 0 by using the extension we made in
chapter 3.4. Now, consider the following Gelfand triple:

(4.94)

(H™RY), L2(RY), H ™ (RY). (4.95)

We need to check assumptions H1 to H5 to apply our framework. We only check H3. From
now on, consider an arbitrary v € H™ (R%). From (4.92), we see that

2(A;(v), V) =-2 Z anﬁ(t)(D“U)(Dﬁv)dx. (4.96)
lal,|fl=m R

For || B;(v)]? , we obtain:

22(N; L2 (R%))

2

Y BY(nDYw

”Bt(v)”£2(N .12 Rd)) Z

ai=m L2 @) (4.97)
o0
Z Y. By(nB5(n(Dv)(DPv)dx.
—1 JRA

lal,|Bl=m
Now, the last term we need to inspect is ||(B:(v))* vl? 2y Forany ke N,
(B V)= | Y BE@(DYv)vdx

lal=m (4.98)

:(_Dmfm Y BY (D v)vdx,

lal=m

where we used integration by parts in the last step. Note that for m odd, we can conclude
that ((B(v))*v) = 0 for all k € N. However, if m is even, the above doesn'’t tell us anything.
Therefore, we just use Cauchy-Schwarz to make an estimate in the case m is even:

I B )*vl%,

(N)
” U”LZ(Rd) - ”Bt(l)) ”/Z(N ;[2(R9))* (4.99)
We also note that we have the following:
p+(=1D"(p-2) [p-1, ifmeven 4.100)
2 L if m odd :
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Using the assumption made on the coefficients in 4.7, we can combine all terms to get the
following sequence of inequalities for the coercivity condition H3:

(B (W) Vg2,

2(A,(0), V) + | Be W% 12y + (P —2)

1002,
p+=D"(p-2) & k @, p
< —2A,5(8) + B (t)B%(t) | DY vDP vdx
IaI,IXm:=mfRd o 2 k; @ (4.101)

<-1) ID%v|?dx

lal=mJRY

_ 2
= =V 0

Therefore, the coercivity condition H3 holds with 8 = A. Invoking theorem 3.2 we obtain
existence, uniqueness and the energy estimate stated in the theorem. O

4.8. An application to higher order systems of SPDEs

It is natural to ask for an extension of the two previous sections. In this case, one would
consider the following higher order system of SPDEs:

S BE(nDYu + g | dwk,

lal=m

de+ ).

— 1 ny
du" = |(-n™! ¥ Aaﬁ(t)D“+ﬁuY+f7’ )y

lal,|Bl=m

(4.102)
where 1 and y denote the equation number in the system, ranging from 1 to N for some
N € N. Since this equation covers both examples from sections 4.6 and 4.7, we must at
minimum take the least restrictive condition such that we can apply our framework. Since
the modified stochastic parabolicity condition in second order systems (m = 1 in our set-
ting, see 4.6) is always p-dependent, we can't expect a condition that is p-dependent only
for odd m like in the higher order equation (see 4.7). Using a different version of the MSP
condition in 4.6, we can also obtain existence, uniqueness and an energy estimate using
our framework. However, it is well-possible that the condition stated is not optimal.

Assumptions 4.8. Consider the random field
u= (..., u™) ;R x[0,00) x @ — RV

described by the linear system of SPDEs (4.102). The collection {W*} are again countably
independent Wiener processes on some complete filtered probability space (Q, &, (F) t>0,P).
We repeat the use of Einstein's summation convention (sum whenever one sees a repeated
index) with

Y,n=12,..,N; k=1,2,..

We also note that «, § € N4 with |a| = |8l = m and D%u := D**D*2...D% u. We define the
deterministic part of the equation as time-dependent linear operator A, : H*"(R%;RN) —
H=" R RN) such that for any u, v € HA MR, RN):

(Aw),vy=- Y fRA”Y(t)D“uYDﬁu"dx. (4.103)

jal{fi=mImd P
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The diffusion part of the equation is defined as an operator Bk gHlI+mR4:.RN) — H!(RY;RN)
such that for any u € H*™ R4 RN):

Bkw= Y BY"(0)DW. (4.104)
lal=m
We assume that the coefficients A% and Bf,j”” only depend on t and w, and satisfy the fol-
lowing condition for all§ e R4, { e RV:

@A~ (p—DBg" By ME PO (N = eI (4.105)

Proposition 4.8. Let p € [2,00) and I, m = 0. Suppose f € LP(Q; L?([0, T]; H=(R%;RN)))
and g € LP(Q; 2(N; L2([0, T); H (R4, RNY)))). With uy = 0, there exists a unique solution u €
LP(Q; L>°([0, T1; H'(RERNY)) and u € LP(Q; L%([0, T1; HH™(RERNY) for any 1Bl < I such
that:

<
2

E sup ||ut|| rod.ony T E
t€[0,T) HI@aRY)

p 14
T ) 2 T ) 2
= C([E (j(; ”fl’”Hlm(Rd'[RN)dt) +IE(L ”gl’sz(N'Hl(Rd'RN)dt) )

Proof. using the extension for additive noise, we can consider f and g to be zero. As always,
the coercivity condition H3 is the main trouble. Now,
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Both previous terms are just as before, now problematic term is:

1B () vli2 g, = Zumwnwu
2 (4.109)
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We estimate this term by using Cauchy-Schwarz and then invoke the coercivity assump-
tion. This leads to:

1B ())* vlIZ,

2
H™(RY;RN)

< —x|lv|? (4.110)

2(AW), v) + IB/(W)17, + (p-2) Hm AR

vl

O

I do not suspect that there is a way to obtain a nice condition that reduces to the conditions
that worked in the previous two sections. For example, if we take m = 1 in the higher order
section, we obtain a condition that does not even coincide in the case N =1 of the second
order systems of SPDEs. With this information, we can choose to just do a Cauchy-Schwarz
estimate in (4.109), which also yields a certain condition. I am not sure how to proceed
otherwise.



Higher order regularity for stochastic heat
equations

One of the examples that was discussed in the previous chapter was the stochastic heat
equation with Dirichlet boundary conditions on a C! domain 2. For completeness, this is
an equation of the form

du; = (a;; Ux;x; + b’ Uy, +cu+ fde+ (aikuxi +Viu+ gf)thk, (5.1)

where the coefficients depend on x, tandw and satisfy a coercivity condition. For this equa-
tion, we obtained existence and uniqueness in L” (Q; L2([0, T1; H& (@) and LP(Q; C([0, T1; L2(2)))
for all p = 2. In the deterministic setting, we know that the space regularity can be im-
proved. In the stochastic setting, Krylov has shown for p = 2 that we can also obtain higher
order regularity in space [20], though weighted Sobolev spaces are needed for this. To il-
lustrate why is this is the case, we will repeat a simple example given by Krylov in [20] that
shows why unweighted Sobolev spaces do not suffice. Consider the following equation:

dut = uxxdt+ th, (5.2)

on (0, 1) with Dirichlet boundary conditions and «(0, x) = 0 for all x € (0,1), and where W;
is a real-valued Wiener process. This equation clearly has a solution, but the function u,
can never be continuous for x € [0, 1]. For if it were continuous, then the following equation
shows that we can express W; as an integral against a continuous function:

t
f Uyx(s,0)ds + Wy = u(t,0) — u(0,0) = 0. (5.3)
0

This implies that W; is of bounded variation, which is a contradiction. THerefore, 1, can
not be continuous. As Krylov shows in [20], weighted Sobolev spaces are sufficient to treat
higher order regularity for (5.1). This chapter will show that we can also obtain higher order
regularity for all p = 2. In order to prove this, we will take approximately the same steps as
Krylov, though we can improve his argument at some points. For example, we are able to re-
use the framework that we have built in this thesis. We will first prove higher regularity for
a simplified version of the above equation on Rf where the coefficients do not depend on
x. Subsequently, we improve the argument to space-dependent coefficients for the same
equation on R¥. Finally, we go to domains by straightening the boundary. In this thesis, we
only present the first step, since the other steps have not been made as of yet.
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5.1. The heat equation on RY

In the case Rf, we set b' =0, ¢ =0, v = 0, so we consider an equation of the form
_ ik k k
du; = (@ijux;x; + fde+ (0 uy, + g )dW, . (5.4)

Let a be a multi-index such that |a| = m, where m € N. We then apply D¢ and multiply by
the weight ¢, where ¥ (x) = x;. This results in the following equation:

A D%u;) = (" D (a;juix,x; + f)dE + (@™ D (0 Fuy, + gH)dWE. (5.5)

We still need to justify that we can actually do this. We reformulate the above equation so
that we can use our old framework. We need the following identities. When i, j # 1:

WD) ;= W D% Uy, (5.6)
Ifi=1,j#1,

(Umeau)xlxj — (mwm—lDau+meauxl)xj
m-1pna mpna (5.7)
=my D Uy, + Y D U, x;-

Ifi=1,j=1,

@™ D W xxy = (my™ D U+ " DUy, 5.8

=m(m— Dy 2D%u+2my™ DUy, + ™ DUy, 5, -

We also decompose the first term of the SPDE as follows:

|

4 (5.9
wma,-jD“uxixj +y™a;; D* uxl-xl) + (Z wmaljD“uxlxj +y"an D% uy,
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d d d
m a m a m a m a
= E aijy" D uxl.x].+§ v ain D uxl.x1+§ v ajD U x; + Y an D™ uy, x, .
irj:2 i=2 ]:2

We can combine this decomposition and the above identities to rewrite the first term of the
SPDE (5.5). This results in:
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d
Z aijmea Ux;x;
ij=1
d d
= Y aij@" D Wy + ) an (@ DUy — my™" T DY uy,)
i,j=2 i=2
d
+ 3 arj ("D )y, — my" " D uy ) (5.10)
j=2
+ (WD) gy, — mim— 1)y 2D —2my™ ' D% uy,
d d d
=) aij@"DY s~ ) anmy™ ' D%y, =Y ayjmy™ ' D? Iy,
i,j=1 i=2 j=2

—m(m-1y" *D%u—2my" ' D%u,,.

This quantity can be reinserted into the SPDE (5.5). We need to take similar steps for the
first term in the stochastic part of the equation. First consider the following identities. For
i1 #1:

WD), =y D% u,,. (5.11)
Fori=1:
W™ DY)y, = my™ ' D*u+y"D%u,, (5.12)
Therefore,
d . d .
Y vmD* 0% uy) =Y o "D u)y, - my™ ' D%u (5.13)

i=1 i=1
Using identities (5.10) and (5.13), we can rewrite SPDE (5.5) as:

d(w™ D%w)
d d , d ,
= ( ) aij(w" D )y x, — Y anmy™ ' D%uy, - Y a;jmy™ D%uy,
i,j=1 i=2 j=2
-2 -1 (5.14)
— m(m-Dy™ D% - 2my™ DYy, + me“ft)dt
d .
+ Z O_Zk(meau)Xi _ malkwm_lD“u +wmgl{c thk
i=1
Setting v = "' D%u, we obtain the following equation:
d d . d .
dv; = ( Y GijUxx,— Y anmy™  D%uy, - ) ayymy™ D%y,
ij=1 i=2 j=2
— m(m-Dy™ D% - 2my™ D%, +1//’"D“ft)dt (5.15)

d .
+ (Z o*vy, —mat*y™ D%y +wmgf) dwk.
i=1



5.1. The heat equation on R? 74

We apply the a priori estimates from our framework inductively. We first do this for a = 0
and m = 2. Therefore, we first have to show the basecasesm =0and m=1. Form=0,a =0
SPDE (5.15) is as follows, where v = u:

dv, = ( Z AijUx;x; +ft)dt+ (Za Vx; +g[)de (5.16)
i,j=1 i=1

This equation was also treated before, from which we obtained the existence of a unique
solution v € LP(Q;C([0, T1; L*(RY))) and v € LP(Q; L*([0, T; Hy (R}))) for all p = 2 and we
can obtain the following a priori estimate:

. ’
E sup ||ut||L2(Rd)+[E( fo el u%d)dt)

te[0, T}
g ot g
<EIPIL, o+ [E(fo il gyt + [E(fo 1801, Rd))dt)
We now move to m = 1, @ = 0, which results in the following version of SPDE (5.15), where
v=1yu

(5.17)

dv; = ( D aijVxp; = Z @i1Ux; — Z ayjUy; = 2Ux, ‘HVft)
Jj=1 =2 =2
y = (5.18)

From the case m = 1, we know that u € H} (R?), so uy, € L*(R?) for all i € {1,..., m}. There-
fore, the above equation can be put into our framework and we obtain v € LP (Q; C([0, T1; I? (Rﬁ)))
and v € LP(Q; L*([0, T); Hy (RY))) with a priori estimate

P
T 2
E sup |wul” +[E(f lwul? dt)
te[OpT] Vil g, 0 Vil we)

T Z T 2
<[E||1//</>||L2(Rd (fo ||ux||L2(Rd dt) +[E(f0 ”u“LZ(Rd)dt) (5.19)

p p
T ) 2 T ) 2
([T it gyde] ([ it

Using the case m = 0, a = 0, we can further estimate the above inequality to obtain:

p
T 2
E sup ||lwul” +rE(f | dt)
te[opﬂ VUl |2 gay LY

<Elyel?, , +Elpl”

I2(RY)

p p
2 T ) 2
+E(f0 ”wgf”ﬂN;Lz(Ri)dt)

P
2

I2R%)
(5.20)

([ 1Al g

T 2 r
2 2
+ [E(fo ”ff”H—l(Rz)dt) + [E(fo ”gt”ﬂ(N;Lz(Rz))dI)
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We now continue to the case m =2, @ = 0. Suppose (5.15) with m = k has a unique solution
veLP(Q;C([0, T}; L2RY))) and LP(Q; L2([0, T1; H (RY))) with energy estimate

p
T 2
k.2
E sup y* u”Lz(Rd) [EUO Iy “”H(}(M)dt)

t€[0,T] (5.21)
k 5 T 5 '
= ; ([Ellllf </>||L2([Rd +E fo Iy’ ft” 1(Rd)df) +[E(f0 IIngtII[Z(N;Lz(Rg))dt)
We now consider the SPDE (5.15) for m = k + 1. This results in the following SPDE:
4 k
th— ( Z aij Vx,x] Zall(k+1)w Ux; — Z alj(k+1)w thj
i,j=1 j=2
— (k+ Dky* u—2(k+ DyFuy, +u/k+1ft)dt (5.22)

d .
+ (Z o*v, - (k+ Do *y*u +wk+1gf) dwk.
i=1

By assumption, we know that wk u, wk Uy, € LZ(IRf). Therefore, we can apply the framework
to obtain existence of a unique solution v € LP(Q; C([0, T1; L*(R%))) and LP(Q; L2([0, T; H (R9)))
with energy estimate

P
2
k+1. P k+1
E sup lly""  ull +[E(f Iy ), dt)

t€[0,T] L®) 0 Hy ®)

4 14
T 2 2
S[Ellwk+1ul|Z2(Rd)+[E(/(; ||1//kux||izm)dt) +[E(f0 ||1// ”LZ([Rd)dt) (5.23)

p
d k+1 2
\/(; ”uj gt”[z(,\, -[2 [Rd))dt) .

We can use the energy estimate from the assumption to arrive at the following estimate:

p
T 2
+[E(f0 ”wkﬂff“izl(u%‘i’)dt) +[E

p
T 2
E sup Iy~ MIIL2 @) [E(fo ||wku||ilé(uqa‘bdt)

te[0,T] (5.24)
k+1 g T . ) g '
1
<3 |EWoll, g, +[E(f0 A ) ([ 17800 ]
For m =1,|a| = 1, we have the following SPDE:
d d d

dv; = ( Y. GijUxx;— ) anD%uy = ) a1jD%uy; —2D%uy, +wD“fr)dt

ij=1 i=2 j=2 (5.25)

d .
+ (Z oy, - alkD“u+1//D“gf) dwk.

Since the case m = 0, |a| = 0 shows us that u € LP(Q; L2([0, T; HO1 ([Ri))), we see that D%u,, €
LP(Q; L2([0, T); H _1(Rf))). Therefore, we can use our framework to solve the above equa-
tion. This means that wD%u € LP (Q; C(]0, T];LZ(Rf))) andwD%u e LP(Q; L2([0, TY; Hé ([Rf)))
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for all p = 2. Also,
2
E sup [lyDul?, w) +[E(f0 ||wD“u||H1(Rd dt)

tel0,T]
T 5 . 5 (5.26
(fo D uxlIIHl(Rd)dl‘) +[EU0 D uIILZ(Rd) ) :

P
2

SED" O 2

i=1

p
7 T
a a k)2
+[E(f0 lwDfill2, I(Rd)dt) +[E(f0 lyD gt||l,2(N;Lz(M))dt)

Now, we find for any multi-index a such that |a| = 1, we have

(D% uy,;, v)| = ’fd uy, D*vdx
|R‘i’

= ” uxl- ”Lz(Ri) ”Da ”LZ(Rf) (527)
= Uy; ”LZ(R‘D ”Da ”Hé (Rii)

Therefore, the above energy inequality can be simplified to:
5
E sup IIwD“uIIp 2 @) + [E(fo ||1[/D“u||H1(Rd)dt)

t€[0,T]
! : a : (5.28)
[E(fo |”xl||Lz([Rd)dt +[E(f0 D ullLZ(Rd) t) .

p
T 3

a 2
+[E(f0 lyD gt”ﬂ(l\l;Lz(Rf))dt) .

We can then re-use the energy inequality from the case m =0, a = 0 to obtain:

d
1=

<
2

a
+[E(f0 WD fl?, gy

14
2
E D%u|? +[Ef D%
tgspﬂllw ) g, (0 ly u||H1(Rddt)

<ElyD%I”, . +Elol”

I2(RY) L2 ®R%)

p
2
+[E(‘[0 ”ft”H I(Rd dt) +[E( ||gt||;2(N;L2(Rg))dt)
p
2

p
T 2
@ X o |I2
HE(fO lwD fl‘”Hl(Rd df) +[E(f0 ly D gt”zz(N;H(Ri))dI) ’

Having proven the cases m = |@| =0 and m = |a| = 1, we proceed to m = |a| = 2. Let m =
|a| = k with k = 2 and consider SPDE (5.15). We assume that there exists a unique solution

(5.29)
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ve LP(Q; C([0, T1; L2 (RY))) and v € LP(Q; L?([0, T); HE (R?))) with energy estimate

r

2

E sup ||1//kD“u||p
t€(0,T]

T
kna
[ kot g, de)

b
2
f Iy DP £l 1(Rd)dt) (5:30)
0

+[E
)

2(RY

< ) Ely"DPe?, ai T E
BI=k

p
T 2
+[E(f0 ”wlﬁlDﬁgt”;Z(N;LZ(RZ))dt)

We want to prove existence and uniqueness with the same type of energy estimate for m =
|a| = k+ 1. Now consider equation (5.15) with m = |a| = k + 1. This results in the following
SPDE:

dv; = (Zlazjvxlx] Zall(k+1)ka“uxl Zzalj(kal)U/kDaux
12%] j

— (k+ Dky* ' DY —2(k + Dy D%uy, + wk“D"‘ft)dt (5.31)

i=1

d .
+ (Z o*vy — (k+ 1o *y D +wk+1g;€) dwk.

By assumption, we find that w* DY u,, € L2(R%) and w*~! DY u where |y| =



Conclusion

This master’s thesis introduces a new p-dependent coercivity condition that allows to prove
LP(Q; L2([0, T]; X)) estimates for SPDEs fitting the variational framework. First, a priori es-
timates are obtained on the solution of the SPDE. Subsequently, these a priori estimates are
used to prove existence and uniqueness through a Galerkin approximation argument. The
framework that has been built with the new coercivity condition is applied to many equa-
tions, such as the stochastic heat equation with Dirichlet boundary conditions as well as
the same equation with Neumann boundary conditions. Other equations include Burger’s
equation and the Navier-Stokes equations in 2D. Last but not least, we re-obtain results
from the literature concerning systems of SPDEs and higher order SPDEs.
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Basic inequality

This appendix shows proofs of some of the inequalities used throughout this thesis.

Proposition A.1. Given a > 2, the following inequality holds for all x = 1 if and only if y?* <
8(a-1) .
a?

2% - D(x-1) -y (xZ - 1)? = 0. A1)

Proof. We first prove the sufficiency. Define the function f(x) =2(x* ' -1)(x-1) —y? (x% —
1)2. Since f(1) =0, it suffices to show that f’(x) > 0 for all x > 1. Now, calculating f’(x)
results in:

) =2(ax* 11— (@-1x*2-1) —y* (ax“'l - ax%_l) )

We notice that f’(1) = 0. Therefore, it suffices to prove that f”(x) > 0 for all x > 1. We
calculate f"(x):

() =2(a(@-1)x*?—(@a-1(a-2)x*3) —y? (oc(a ~1)x* % —a (a;Z x%—z)

-2

NI

X

2 (a(a ~1xf —(a-1)(a- 2)x%‘1) —y? (a(a ~1xf-a (—))]

NI

x2 %g(x),

where we define g(x) = 2 (a(a —Dxz —(a—-1)(a —2)x%_1) —v? (a(a ~DxZ—a (“7_2)) It
can be shown that g(x,) = 0 for some xg € (0, 1). Therefore, it suffices to show that g’(x) > 0
for x > 1. Now, we calculate g’(x):

(]

g0 =2(a@-n7x8" - @-D@-2)(3-1) 82 - {at@-n 7Y

=282 22 - DS x-(@-D@-2G - ) -yPat@-1> x|
2 2 2

x%_zh(x)
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where h(x) =2(a(@-1)§x— (@ - 1)(a-2)(§ - 1)) - y*a(a—1)$x. Similarly for g, h(x) =0
for some xj € (0,1) as long as )/2 < 2. Then, it suffices to show that #'(x) > 0 for all x > 1.
Therefore, we are only left to calculate i’ (x). It follows that

, a 5 a
h'(x) :Z(a(a—l)z)—y a(a—l)E (A.2)

8(a—1)

7 it follows that h'(x) > 0 for all x € R. This means we are

Using the assumption y? <
done.

In order to show the necessity of the condition, suppose y? = %. We do a Taylor expan-
sion of f(x) around x = 1. This results in:

f=f"OE-D*+0(x-1°). (A3)
If we can show that f”(1) <0, then f(x) <0 for some x > 1. Using the above, we find that

' =2(al@-1) - (@-D(@-2))-y*(ala—1) - a(%32)
<2(al@-1)-(a-1(a—-2)-4a-1) (A.4)
=0.
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