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Abstract

In this paper, we show that suitable transport noises produce anomalous dissipation of
both enstrophy of solutions to 2D Navier—Stokes equations and of energy of solutions to
diffusion equations in all dimensions. The key ingredients are Meyers’ type estimates
for SPDEs with transport noise, which are combined with recent scaling limits for
such SPDEs. The former enables us to establish, for the first time, uniform-in-time
convergence in a space of positive smoothness for such scaling limits. Compared to
previous work, one of the main novelties is that anomalous dissipation might take
place even in the presence of a transport noise of arbitrarily small intensity. Physical
interpretations of our results are also discussed.

Mathematics Subject Classification Primary 76M35; Secondary 60H15 - 35Q35

1 Introduction and statement of the main results

The primary goal of this manuscript is to investigate the effect of transport noise on
the anomalous dissipation of enstrophy for the 2D Navier—Stokes equations (NSEs in
the following) in vorticity formulation:

8"+ " V)L = ALY 2 Y 0 (o - VIE o W on T2,
keZ% (1.1)

£'0. = & on T°,
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A. Agresti

where u” = K¢V def (—8y,8x)A*1§”, K denotes the Biot-Savart operator,

T? = (R/Z)* the two-dimensional torus, v > 0 the kinematic viscosity of the
fluid, (W) kez? @ family of complex Brownian motions, o the Stratonovich prod-
uct, 0V = (6 )keZ(ZJ € 02 with Z% = 7Z2\{0}, (ak)kez(zJ a family of divergence-free
vector field described in Sect. 2.2, and © > 0 the noise’s intensity (cf. (1.5) below).

Anomalous energy dissipation in fluid flows has been proven experimentally to a
large degree [84] and stands at the basis of turbulence theory [48, 59-61]. For this
reason, it is sometimes referred to as the zeroth law of turbulence. Roughly speaking,
anomalous dissipation states that at high Reynolds numbers (i.e., v | 0) the averages
of the energy dissipation are uniformly bounded from below in v. In the context of the
Kraichnan-Batchelor theory (KB in the following) of 2D turbulence [15, 62] (see [48,
Sect. 9.7] for additional references), the relevant anomalously dissipated quantity is
the enstrophy, and the anomalous dissipation of enstrophy reads as:

liminf (v |VZY[?) > 0. 1.2
iminf (v V") > (1.2)

In the above, the (unspecified) operator (-) typically represents an ensemble average,
e.g., space-time average or an expected value of it in the case of random environments.
The physical mechanism behind the anomalous dissipation of enstrophy is the transfer,
asv | 0, of the enstrophy from large to small spatial scales by the nonlinear convective
term. This transference produces high gradients | V¢V |*> which cannot be compensated
by the small multiplicative factor v and therefore yield a non-trivial limit energy
dissipationrateas v |, 0. Let us mention that, sometimes in the literature, the lim inf,, | o
in (1.2) is replaced by a lim sup,, |y, resulting in a weaker notion that only guarantees
anomalous dissipation of solutions to the 2D NSEs (1.1) along some subsequence of
viscosities v = vk — 0.

In the deterministic setting (i.e., 8 = 0), there are serious obstructions in mak-
ing the above pictures rigorous. Indeed, as explained in [66, Sect. 1], in the case of
¢o € L?(T?), the anomalous dissipation of enstrophy (1.2) implies the existence of
enstrophy-dissipative (suitable) weak solutions to the deterministic incompressible 2D
Euler equations obtained via vanishing viscosity limits. However, the latter is known
not to be true, see e.g., [30, 76] or [29, Remark 2]. Moreover, the proposed ways to
fix such a paradox in [35] appeared not to be resolutive [66, Sect. 7].

The anomalous dissipation result for the enstrophy for the 2D NSEs (1.1) in The-
orem 1.1 below appears to be the first result in the direction of the KB theory in
the physically relevant case of L>(T?) initial enstrophy, see also the comments below
(1.6). However, here we are not aiming at capturing the sophisticated mechanics behind
anomalous dissipation as described below (1.2). Instead, we prove that transport noises,
localised at high frequencies and varying with the viscosity, lead to anomalous dis-
sipation. More precisely, anomalous dissipation is created by the ‘turbulent flows’
Dk 72 0y oy Wk rather than the convective nonlinearity as expected in the KB theory.
Moreover, this is also true for noises of ‘small intensities’ and for ‘nonlinear passive
scalar’ such as the 2D NSEs in vorticity formulation (here, we mean the turbulent flows
differ from the advected quantity). Surprisingly, stochastic perturbations of 2D NSEs
provide new dissipation mechanics compared to the deterministic case. The reader is
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On anomalous dissipation induced...

also referred to Sect.5, where we also discuss the velocity formulation of the NSEs
and the three-dimensional case. Further details about the physical interpretations of
our results are given in Sect. 1.2.

The arguments in the current manuscript also extend the case of anomalous dissi-
pation of energy for passive scalars in all dimensions d > 1:

0;0" = yAo¥ + Jeap Z Z 49,1/ (k. - VIO © Wtk"’ on T?,
kezg 1=a=d—1 1.3
0 (1.3)

07(0,) = 0o on T¢.

Here, T¢ = (R/Z)d is the d-dimensional torus, y > O the diffusivity of the scalar,
0" = (0 Veezd € 0, cq = 74, while (WE), , and (0% o)k« are families of complex
Brownian motions and divergence-free vector fields described in Sect. 2.2.

Anomalous dissipation for passive scalars advected by turbulent flows has attracted
alot of interest in recent years. For passive scalars, anomalous dissipation by turbulent
flows is at the basis of the corresponding theory of scalar turbulence [32, 82, 83]. It can
be defined by replacing in (1.2) the viscosity v and the vorticity ¢V by the diffusivity
y > 0 and the intensity of the passive scalar ¢” (solving an advection—diffusion such
as (1.3)), respectively. In the deterministic setting, many results have been established
in the context of anomalous dissipation. It is not possible to give here a complete
overview of the deterministic results, and the reader is referred to, e.g., [12, 19, 23,
27, 28, 34, 52] and the references therein.

Before discussing works on anomalous dissipation and related topics in the context
of stochastic fluid dynamics, let us first discuss the physical relevance of transport
noise in stochastic fluid dynamics. Nowadays, there are several derivations of NSEs
with transport noise available in the literature, see e.g., [31, 37, 41, 56, 70, 73], and it
is by now a well-established model in stochastic fluid dynamics [20-22, 26, 36, 38,
53, 54]. To some extent, at the basis of such derivations is the idea of the separation of
scales. A heuristic derivation using the latter principle is given in Sect. 1.2 below. This
allows us to stress the physical relevance of the v-dependence of transport noise in
(1.1) and provide an interpretation of our results for 2D NSEs. Starting from the works
[39, 49], the effect of transport noise on mixing and enhanced dissipation of NSEs or
advection—diffusion equations is by now well-understood, see e.g., [44, 46, 68] (and
also[2,25,40,42,45,47, 64, 67] for related works). The same is not true for anomalous
dissipation. To the best of our knowledge, the only results on the anomalous dissipation
for SPDEs with transport noise are given in [55, 79]. A comparison is postponed to
Sect. 1.3.4, where a more detailed discussion on our contribution is possible. Finally,
from a technical point of view, our proofs rely on a refinement of the scaling limit
arguments [39, 49] in the parabolic setting, which is interesting on its own. A detailed
discussion is given in Sect. 1.3.2 below.
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A. Agresti

1.1 Anomalous dissipation results

In this subsection, we state the main result of the manuscript. Below, for convenience,
we employ the following notation

S0, {9 = O)gezs € €1 1002 = 1 and #{k: 6 # 0} < oo} (1.4)

for the set of normalized £>-vectors with finitely non-zero components. Here, for
simplicity, we did not display the dependence on the dimension d > 1.

Theorem 1.1 (Anomalous dissipation of enstrophy by transport noise — 2D NSEs) Let
N > 1and é > 0 be fixed. Then, for all i > 0O, there exists a family (6"),c(0,1) S ng

such that, for all mean-zero &y € H®(T?) satisfying ||| a2y = N, we have

hmlnfE/ / v|VeY | dx dt > —(1 _“/(4” )) ||§0||L2(T2)»

where ¢V is the unique global smooth solution to (1.1).

Solutions to (1.1) are defined in Definition 2.2. The existence of global-in-time
and smooth-in-space solutions to (1.1) with 8V € S?z follows from the arguments
presented in [7, Theorems 2.7 and 2.12]. Under additional assumption on ¢, Theorem
1.1 also holds with inf in place of lim inf; see Proposition 4.6.

As commented in (1.12) below, as 6 € 8152’ the ‘energy’ of the transport noise
(V2 60w, <73 is related to the intensity parameter 11:

V21 sup 1O 00)eza e rziery < V20 (1.5)

ve(0,1)

Theorem 1.1 shows that, with an appropriate choice of the noise coefficient 6", anoma-
lous dissipation for the 2D NSEs (1.1) can occur even in the presence of small noise
(i.e., for any n > 0). This stands in contrast to the existing literature, which typically
requires noise of sufficiently large intensity to observe anomalous dissipation (see
Sect. 1.3.4). The main novelty of this work lies in showing that anomalous dissipation
can arise even when the transport noise has arbitrarily small intensity. Finally, we
note that Theorem 1.1 also allows one to prescribe the fraction n € (0, 1) of the ini-
tial energy [|¢o ||i2 that is anomalously dissipated by the 2D NSEs (1.1). Specifically,
by choosing & = —In(1 — n), Theorem 1.1 guarantees that the energy dissipation
liminf, o E f) fp2 v [V¢Y[?dx dr is at least 2] ¢o 12212,

To connect Theorem 1.1 with the dlscuss10n around (1.2) on the KB theory, let us
discuss its implications. Firstly, as V - o o = 0, solutions to (1.1) satisfy:

1 2 ' 2 1 2
5||¢”(r,->||L2(T2)+/0 /Tszm dxds = S0l e, as. forall 1 = 0.(1.6)
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On anomalous dissipation induced...

If 0" is chosen as in Theorem 1.1, then the 2D NSEs (1.1) exhibit anomalous dis-
sipation of enstrophy at time t = 1, i.e., liminf, 0 E [ [ v |VeY12dxdr > 0, or
equivalently,

lim sup Ellg" (1, M 2ery < 180017 2p)-
Thus, with the aid of transport noise, we obtain anomalous dissipation of enstrophy
while the energy balance (1.6) remains true at fixed v > 0 and with ¢y € L>(T?). As
mentioned above, this cannot be obtained in the absence of noise, see [66].

An inspection of the proof of Theorem 1.1 shows that the time t = 1 can be
replaced by any time ¢ > 0; however, the corresponding choice of (6"),¢(o,1) depends
on such time ¢. In addition, we can take 6" to be constants for v € [v;41, v;) wWhere
(vj)j=1 € (0, 1] is a sequence satisfying vi = 1, vj11 < v; and lim; . v; = 0.
Finally, the proof of Theorem 1.1 shows that 0"’s are localized at high frequencies:

supp 0¥ C {k € Z% :NY < |k| < 2N"} and lir\?iionf NV = o0. 1.7

For passive scalars, a version of Theorem 1.1 holds in all dimensions.

Theorem 1.2 (Anomalous dissipation of energy by transport noise — Passive scalars)

Letd € N>1, N > 1 and 6 > 0 be fixed. Then, for all n > 0, there exists a family
©")ye0,1) € 82)2 such that, for all mean-zero oo € H®(T9) satisfying lleoll s < N,
we have

1
1 2
lim inf E Vo Pdxdt > —(1 — e /@10 2 s
gat /ofwy' o Pdrdr = S(1 = 4 g0,

where oV is the unique global smooth solution to (1.3).

Global solutions to (1.3) are defined in Definition 2.1, and their existence as well
as smoothness for 07 ¢ S?z is well-known, e.g., [6, Theorem 4.2]. Under an addi-
tional assumption on gy, the liminf,, | o can replaced by infy, ¢ (o, 1) in Theorem 1.2, see
Proposition 3.6.

The comments below Theorem 1.1 extend to the above result. In particular, arguing
in the comments below (1.5), Theorem 1.2 yields anomalous dissipation for passive
scalars even in the presence of a small transport noise.

Remark 1.3 Here we collect some additional comments on the anomalous dissipation
of passive scalars as in Theorem 1.2. The same consideration extends verbatim to the
2D NSEs case analyzed in Theorem 1.1.

e (Limiting behavior of (0), (0,1)). From the proof of Theorem 1.2, it follows that
the unique global solution ¢” to (1.3) with 87 as in the latter satisfies

0" — 0% as y | 0 in probability in C([0, 1]; L*(T9)), (1.8)
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where Qget is the unique global solution to
300 = mA0%y on T, 03,(0,) =09 onTY. (1.9)

This fact is crucial in our proof of Theorem 1.2, see Sect. 1.3.1 for more details.
Furthermore, the appearance of the additional (eddy) dissipation /LAQget in (1.9)
underlies the anomalous dissipation of energy for passive scalars. It is worth notic-
ing that (1.8) implies that the extra dissipation in (1.9) is produced by the gradients
of o”. More precisely, (1.8) and the energy balances for ¢¥ and Qget yield

2 / /T v IVor P dxds = llgol 2y — lle” ll72ra)
0
Y0 ‘
% ool — oz =2 [ [ 1VefP dxas

in probability in C ([0, 1]). The reader is referred to Remark 3.4 for an analogous
result in the diffusive case y > 0.

Let us emphasize that the convergence in (1.8) is non-trivial due to the vanishing
diffusive limit | 0. While compactness and the energy balance yield oV — Qget
in C([0, 1]; H~%(T¢)) forall § > 0, establishing the stronger convergence in (1.8)
requires a more delicate argument. In particular, (1.8) relies on a careful choice
of the coefficients 87, which is made possible by a scaling limit argument and
the application of Meyers’ estimates (proved in Appendix A). Further details are
provided in Sect. 1.3.1.

e (Non necessity of L2-convergence for anomalous dissipation). Although we will
prove Theorem 1.2 using the convergence stated in (1.8), we emphasize that this
convergence is not required for anomalous dissipation to occur. In fact, it suffices
that o7 =~ Qget with high probability for all y > 0. This observation leads to a
slightly different version of the anomalous dissipation result found in Theorems
1.1 and 1.2, which we will present for passive scalars in Proposition 3.6, and for
the 2D NSEs in Proposition 4.6.

Next, we provide a heuristic motivation for the v-dependence of the transport noise
in the context of NSEs with transport noise (1.1). We also offer a possible physical
interpretation of our results. The physical motivations for the y-dependence of the
transport noise in advection—diffusion equations (1.3) are not discussed here; we refer
the reader to [33, Sect. 2] and [79, Sect. 2] for further discussion.

1.2 Heuristics for v-dependent transport noise

Here, to motivate transport noise, we follow the heuristic motivations given in [39,
Sect. 1.2] based on two scale arguments. Rigorous justifications of the transport noise
in fluid dynamics models are given in, e.g., [31, 37, 56, 72, 73].

As in [39, Sect. 1.2], let us assume that the vorticity field ¢" of a turbulent fluid
decomposes into large and small scales, i.e., ¢” = ¢’ + ¢g where g and ¢}’ are the
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On anomalous dissipation induced...

‘small’ and ‘large’ scales, respectively; and

{ 0l + (g +up]-V)g! = vAg onT?, (1.10)

3¢d + (g +ull-V)¢d = vALy on T2

Here, u{ = K ¢ andug = K ¢g are the corresponding small and large scales velocity,
respectively. Note that ¢” solves the 2D (deterministic) NSEs. For completeness,
below we also include comments on the 3D NSEs, where in (1.10) the transport term
([ug +uy 1- V)¢ isreplaced by ([ug+uj - V)¢ — (&) - V)[ug +ui | with* € {L, S},
cf. again [39, Sect. 1.2]. Heuristically, one could think that, in a turbulent regime, ug
varies in time very rapidly compared to u; . Therefore, ug can be approximated, in
time, by a white noise:

W)~y Y e R gy W, (1.11)

keZﬁ I<a<d-1

where (ax,o)aco,....d—1) R4 is an orthonormal basis of k- = {k’ € R? : k' -k = 0}
(this fact ensures V - oy = 0). Note that using (1.11) in the first of (1.10), one
obtains (1.1). The choice of the Stratonovich formulation in (1.1) is due to Wong-
Zakai-type results, which, roughly, ensure that (1.1) can be obtained as a limit of
regular approximations of Wtk’“. At this point, there are no physical motivations for
the independence of the coefficients §kv onv > 0in (1.11). In contrast, one expects
that small scales are more active at the Kolmogorov length scale ~ v~ where £, = 2
and {3 = 4, c.f., [86, pp. 350]. As ug in (1.11) is a model for small scales, then one
expects that k — 6 ‘accumulates’ at (high) frequencies ~ v —ta,

Due to the previous facts and the support condition in our results (1.7), we conjecture
that the anomalous dissipation in Theorem 1.1, which is expected in the KB theory
of 2D turbulence, holds if and only if supp8’ C {k € Z2 ¢ k| = v?} for some
§ > 5 1ndependent of v. In the case of passive scalars, in agreement with the fact
that anomalous dissipation can be obtained by a (deterministic) Holder continuous
flow [12, 27], we instead expect that supp8? C {k € Zd k| =~ y %} for 8 > 0is
sufficient for obtaining anomalous dissipation for solutlons to (1.3). The proof of the
above conjectures goes beyond the scope of this manuscript.

Next, we explore a consequence of the energy conservation for the small scales in
combination with (1.11). It is reasonable to postulate that, although the small scales
are more excited as v | 0, the corresponding ‘energy’ stays uniformly bounded in
v. On the one hand, due to the white-in-time ansatz (1. 11), the energy cannot be
defined directly. On the other hand, the kinetic energy E of the small scales ug at
an observable ¢ € LlOC([O o0)) can be defined as

el )Y

Zev 2mik-x Z /q)(s)dea

keZ‘l 1<a<d-1
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for (£, x) € Ry x T4, and satisfies,
E/Td EX (1, x) dx =q ||§”||§2||¢||§2(0J) fort > 0. (1.12)

The requirement that the energy of the small scales is bounded, as v | 0, therefore
implies ~
sup [16%]lp2 < o0.
ve(0,1)

The above condition is indeed satisfied in Theorem 1.1 with d = 2 and 5}(’ =/2u6;.

To conclude, let us stress that some criticisms can be made about the decomposition
(1.10) and the corresponding ansatz (1.11). Indeed, as commented in [39, Sect. 1.2],
the above scale separation has never been established so strictly in real fluids. However,
simplified models such as (1.10)—(1.11) can be used to understand basic features of
certain phenomena. The reader is referred to [69] for discussions.

1.3 Strategy, novelty, physical interpretation and comparison

We begin by discussing the strategy used in the proofs of our main results.

1.3.1 Strategy

Here, we describe the strategy used to prove Theorem 1.2. The proof of Theorem 1.1
is slightly more involved due to the presence of the convective nonlinearity. The main
step in the proof of Theorem 1.2 can be roughly summarized as follows (cf. Corollary
3.5):

MAIN STEP. For each fixed 4 > 0 and y > 0, there exists 07 € ng such that the
unique global solution p? to (1.3) satisfies

Elo” (D7, ~ ok (D13, (1.13)

where Qget solves

Y Y d
{ doh, = (v +mAoh, onT, (1)

04 (0,9 = 00 onT¢.

Here, ~ means that the difference between the two quantities in (1.13) can be made as
small as needed by choosing 6 appropriately. Below, we use that gp has mean zero
by assumption, see Theorem 1.2.

The advantage of (1.14) compared to (1.3) is that the operator A provides an
additional dissipation/diffusion (sometimes referred to as eddy viscosity). It is impor-
tant to note that the same is not true for the transport noise in (1.3). Indeed, due to the
incompressibility of the noise coefficients V - oy , = 0 required below, the following
energy balance holds:
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1 y 2 ! Y12 1 2
§||Q Ol + A TdylVQ | dxds=5||QQ||L2 as. forallt > 0, (1.15)

where o” solves (1.3). Therefore, the transport noise in (1.3) with intensity u > 0
does not produce any additional dissipation.

If (1.13) holds, then the proof of Theorem 1.2 readily follows from the additional
viscosity/diffusivity in (1.14):

1
(1.15)
ZE/O /w y VoY dde "= ”QOHiRW) - E||Qy(1)||iz(w)

(1.13)
~ ool 2 pay = ek (DI 2pa)
(i) _ 2

> (1= e N0l pa

where in (i) we used that from the energy inequality for (1.14) it holds that
_ 2 _ 2

l0det 172 pay = e HHVE g, 1y = = WG igo |7, 1y due to the

increased viscosity/diffusivity in (1.14). Here, we used de Qget(t, -)ydx = 0 for all

t > 0as de 0o dx = 0, and that the Poincaré constant is 1/(27) (the latter follows

from the Plancherel inequality and T = R/Z). Hence, Theorem 1.2 follows by taking

the liminf,, | ¢ in the above.

1.3.2 Novelty — Improved scaling limits via Meyers’ estimates

The key ingredient in the proof of (1.13) is an improvement of a well-established
scaling limit argument due to [39, 42]. Our improvement of such a scaling limit
argument reads roughly as follows (cf. Proposition 3.1):

For all i, y > 0 and sequences (0"),>1 € ng (see (1.4)) satisfying

lim [|6"||g = 0 (1.16)
n—0oo
it holds that
lim o" = o}, in probability in C ([0, 1]; L*(T%)), (1.17)

n—oo

where " is the unique global solution to (1.3) with 67 = 6".

A sequence in S?z satisfying (1.16) is given in [68, eq. (1.9)] (see also (3.4)).

The main novelty and improvement compared to the above-mentioned works of
(1.17) is that the limit is established in a space of zero smoothness uniformly in time.
More precisely, in previous works, limits as in (1.17) were only established with
L3(T9) replaced by H*¢ (T?) for some ¢ > 0 (cf. [42, Proposition 3.7] and [39,
Theorem 1.4]). The validity of (1.17) requires (1.3) to be parabolic, i.e., y > 0, and
discriminates between the parabolic (y > 0) and hyperbolic (y = 0) regimes; see [24,
43] for some results in the hyperbolic setting. It is worth noticing that (1.17) implies
the non-convergence of V" to V‘in/ew see Remark 3.4.
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The improvement in (1.17) is of central importance to establish (1.13), and thus for
our approach to anomalous dissipation. Indeed, (1.17) and energy estimates readily
imply (1.13) for a sufficiently large n > 1; while this is not true if one uses H ~*(T%)
instead of LZ(T‘I ) in (1.17). Interestingly, we can also prove that (1.17) holds with
L%(T9) replaced by H” (T?) for some r(y, ) > 0. The latter fact is needed to deal
with, e.g.,2D NSEs (1.1) (see the proof of Corollary 4.4) and in the velocity formulation
in Sect. 5.

The key tool behind (1.17) is the stochastic Meyers’ estimates proven in
Sect. Appendix A. In particular, they imply the existence of ry(y, ;) > 0 for which

sup E sup] ||Q"(t)||i,,0(w) < o0 (1.18)

n>1  tel0,1

where o" is as in (1.17), i.e., the unique global solution to (1.3) with 8 = 6". After
(1.18) is proved, then the claim (1.17) follows from a compactness argument.

The main difficulty behind the proof of (1.18) is the lack of uniformity of regularity
of the noise coefficients (6] o o), in (1.3) along the sequence (6"),> satisfying
(1.16). More precisely, one has, for all » > 0,

sup [ (6 ok.a)k.ell oo a2y < 00 while  sup (|0 ok o)kl prr (e, 02) = 005 (1.19)
n>1 n>1

see [3, Proposition 4.1] for details. Let us stress that the supremum over n > 1 in the
above is essential as it can hold that #{k : ;' # 0} < oo and therefore (6} 0% o)k.a €
C(T9; ¢2) for each fixed n > 1. In particular, (1.18) cannot be derived from well-
known results on LP-theory of SPDEs, as it always requires some degree of regularity
of the coefficients and provides a high improvement of the regularity of solutions
to the SPDE under consideration, see e.g., [9, 63]. In contrast, Meyers’ estimates
provide a small improvement on the regularity of solutions of (S)PDEs with bounded,
measurable, and parabolic coefficients, which is exactly the setting one encounters
when dealing with the scaling limit (1.16)—(1.17). Indeed, the boundedness is given
by (1.19), while the parabolicity is uniform due to the Stratonovich formulation of the
transport noise, see the proof of Lemma 3.2 for details. To conclude, let us stress that,
due to the lack of uniform smoothness as described in (1.19), (1.18) cannot hold with
ro large. Counterexamples in the deterministic counterpart can be found in [17, 74].

1.3.3 Physical interpretation - Connection with homogenization

Arguing as in [2, Sect. 2.2], the scaling limit result of (1.16)—(1.17) can be interpreted
as a homogenization result for the SPDE (1.3). Indeed, as discussed in Sect. 1.2, the
transport noise term in (1.3) (or, more precisely, for 2D NSEs (1.1) for which a similar
discussion applies) can be interpreted as the contribution of the ‘small scales’ of the
fluid flow. Therefore, reasoning as in [2, Sect. 2.2], the limit (1.16) can be interpreted
as ‘zooming out’ from small scales, and the PDE (1.14) can be thought of as the
‘effective equation’ for the SPDE (1.3). In our context, the ‘microscopic’ parameter
ise = ||6" g | O, cf. (1.16).
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The homogenization viewpoint is also interesting from a mathematical perspective.
Indeed, the main tool to achieve (1.17) are the (stochastic) Meyers’ estimates which
also play a fundamental role in the context of homogenization of PDEs (see e.g.,
[13, 14, 51, 81]) since, as it is well-known in homogenization, the only quantities
remaining uniform along the process of zooming out from small scales (i.e., ¢ | 0)
are measurability, boundedness, and parabolicity.

1.3.4 Further comparison with the literature

As commented in Sect. 1.3.2, the main novelty consists of an improvement of the
scaling limit (1.17). Let us note that such an improvement is also interesting on its
own. Indeed, the latter can also be used to strengthen other results on the topic. For
instance, arguing as in Sect.4, one can check that the main results of [42] can be
extended also to the case of LZ(T¢9) being critical for the corresponding SPDE (here,
we use criticality in the sense of [8, Sect. 3] and are implicitly assuming that [42, (H4)]
holds with L? replaced by H” with r > 0). For instance, this covers the case of the
Keller-Segel model system in four dimensions, cf. [42, Sect. 2.1].

We are now in a position to give a comparison between our results and those of
[55, Sect. 3] and [79]. Our results are, in spirit, similar to the ones in [79] which,
roughly speaking, ensure that anomalous dissipation can happen if the noise is chosen
according to the viscosity and/or diffusivity (cf. the comments below [79, Theorem
1.1]). On the one hand, in our results, due to the application of the scaling limit in
(1.16)—(1.17), we cannot provide an explicit dependence on supp 6 on y while those
in [79] are rather explicit. On the other hand, in our results, we have a sharp control
of how the intensity of the noise affects anomalous dissipation, and our methods
are robust enough for applications to nonlinear SPDEs, e.g., 2D NSEs in vorticity
formulation leading to anomalous dissipation of enstrophy as conjectured in the KB
theory. From a technical point of view, the approaches are completely different and
thus a comparison is not possible.

In [55], the authors showed total dissipation for passive scalars and 2D and (even)
3D weak solutions to the NSEs. Here, total dissipation means that all the initial energy
llooll .2 > O is absorbed by the energy dissipation rates, i.e., lims41 [|@¥ (t)]l;2 = 0
a.s. forall y > 0. Our results share some similarities with those of [55, Sect. 3], where
the authors considered transport noise. For instance, to the best of our knowledge,
they were the first to use the constructions in [42, 49] in the context of anomalous
dissipation. However, there are several differences between our results and those in
[55, Sect. 3], and in particular in the mechanism for creating anomalous dissipation.
Firstly, instead of assuming a viscosity/diffusivity dependent 6 in either (1.1) or (1.3),
they considered a piecewise constant in time noise coefficient 0 (t) = (6x(2)), ez such
that |0(¢)]l,2 — ooast 1 1,see[55, Sect. 2.1]. In particular, following the argument in
Sect. 1.2, extending the identity (1.12) to the case of piecewise constant in time 6, one
sees that their noise has ‘infinite energy’ as¢ 1 1. Thisis not the case in our construction
where, due to the requirement 6V € 822 for all v > 0, we obtain finite energy of the
noise as v | 0 and uniformly for ¢ € [0, 1]. However, our method cannot deal with
3D NSEs in contrast to [55] (see also comments below Theorem 1.1). Secondly, from
a technical point of view, the proofs are completely different. Indeed, in [55, Sect. 3],
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the authors rely on a careful study of the mixing properties of the transport noise
and subsequently upgrade them to an anomalous dissipation result. This approach in
particular requires sup,¢q, 1y [160(#)[l;2 = oo. In our manuscript, instead, we employ
the above-discussed refinement of the scaling limit arguments of [42, 49] via Meyers’
estimates. To conclude, it would be interesting to see if the arguments used in [55,
Sect. 4] to derive anomalous dissipation by advection via randomly forced NSEs can
benefit from the use of Meyers’ estimates. However, this goes beyond the scope of the
current manuscript.

2 Preliminaries
2.1 Notation

Here, we collect the basic notation used in the manuscript. For given parameters
Pls---, Pn, We write R(p1, ..., py) if the quantity R depends only on py, ..., p,.
For two quantities x and y, we write x < vy, if there exists a constant C such that
x < Cy. If such a C depends on above-mentioned parameters py, ..., p, we either
mention it explicitly or indicate this by writing C(py, ..., p,) and correspondingly
x Spi,...p. ¥y Whenever x < C(p1,..., pn)y. We write x ~,, . p, ¥, whenever
X Sproapn Yand y Spy o p, X

Below, (2, .7, (%;):>0, P) denotes a filtered probability space carrying a sequence
of independent standard Brownian motions which changes depending on the SPDE
under consideration. We write E for the expectation on (2, <7, P) and & for the
progressive o-field. A process ¢ : [0, 00) x Q@ — X is progressively measurable if
olo0.1xq is A([0, t]) ® %; measurable for all # > 0, where 4 is the Borel o -algebra
on [0, ¢] and X a Banach space. Moreover, a stopping time 7 is a measurable map
T : Q — [0, 00] such that {t < t} € % for all t+ > 0. For a stopping time 7, we
define the stochastic interval [0, T) x 2 as

[O,I)xQdéf{(t,w)e[O,oo)xQ: 0<t<rt(w))}

A similar definition is employed for [0, T] x €2, (0, 7] x Q etc. Finally, a stochastic
process ¢ : [0, T) x £ — X is progressively measurable if 1| ;)xq ¢ is progressively
measurable where 1o ;)x o stands for the extension by zero outside the set [0, ) x €2,
and 7 is a stopping time.

Next, we collect the notation for function spaces. We write L?(S, u; X) for the
Bochner space of strongly measurable, p-integrable X-valued functions for a measure
space (S, i) and a Banach space X as defined in [57, Sect. 1.2b]. If X = R, we write
LP(S, n), and if it is clear which measure we refer to, we also leave out w. Finally,
14 denotes the indicator function of A € S. Bessel-potential spaces are indicated as
usual by H*-4 (T?) where s € Rand g € (1, 00). We also use the standard shorth-hand
notation H*2(T¢) for H*(T¢). We sometimes also employ Besov spaces B;’ p(’]I‘d)
which can be defined as the real interpolation space (H ~%4 (T%), H*4(T)) 512k p
fors e R_N>k > |s|and | < g, p < oo. Thereader is referred to [18, 57] for details
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on interpolation and to [80, Sect. 3.5.4] for details on function spaces over T¢. Finally,

we let A(TY; R%) © (A(T9)* and A() E A(TY; ) for A € {L9, H™, B} and

k € N.

2.2 Structure of the noise

Here, we describe the quantities 6V, 67, oy 4, Wk and W* appearing in the stochastic

perturbation of (1.1) and (1.3), while ¢4 dof d/(d — 1). In this subsection, we follow
[39, 42]. In the following, we only describe the stochastic perturbation in (1.3), for the
case of NSEs (1.1), it is enough to take d = 2 in the following construction and omit
the index «. Moreover, since y > 0 is fixed here, we simply write 6 instead of 7.

To begin, set Zg def 74 \{0}. Throughout the manuscript 6 = (6¢), ez € Zz(Zg) is
normalized and radially symmetric, i.e.

”9”132(23) =1 and 6; =6 forallj, k € Zg such that |j| = |k]. 2.1

Next, we define the family of vector fields (0% o)k, Here and in the following, we
use the shorthand subscript ‘k, o’ to indicate k € Zg, aefl,...,d—1}.Let Zi and
74 be a partition of Zg such that —Zi = 74 . For any k € Z‘i, let {ak o ae(l,....d—1)

be a complete orthonormal basis of the hyperplane k- = {k’ € R? : k -k = 0}, and
set ag o def a_kq fork e 7. Finally, we let

oo ap e forall x eT?, keZl, ac{l,....d—1}.

By construction, the vector field oy  is smooth and divergence-free for all k, .

Finally, we introduce the family of complex Brownian motions (Wk’“)k,a. Let
(Bk"")k,a be a family of independent standard (real) Brownian motions on the above-
mentioned filtered probability space (2, <7, (:%;);>0, P). Then, we set

B iR kezd,

whe ko _:pk d
B™%% —iB%*, keZ".

(2.2)

In particular Wko = W=k« for all k, a.
As in [39, Sect. 2.3] or [42, Remark 1.1], by (2.1) and the definition of the vector
fields oy «, at least formally, one has

VeI Y OO - V)@ 0 Wi = A0 + eait ) bk (ora - VI W, (5 3

k.o k,a
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where we recall that ¢; = d/(d — 1). To see the above, one uses that V - o3 o = 0,
(2.1) and the elementary identity (cf. [39, eq. (2.3)] or [42, eq. (3.2)])

_ 1
Z 02 k.0 ® Ok = ngz ko @ Qg o = dlddxd on T¢. 24

C,
k.o k.o

Let us remark that the stochastic integration on the RHS(2.3) is understood in the It6—
sense. In the paper, we will always understand the Stratonovich noise on the LHS(2.3)
as the RHS(2.3), namely an It6 noise plus a diffusion term. However, note that the
diffusion term Ao does not provide any additional diffusion, as in energy estimates
it balances the Itd correction coming from the It6-noise, cf. (1.15).

2.3 Solution concept and well-posedness

Here, we define solutions to 2D NSEs (1.1) and to the scalar equation (1.3). We begin
by recalling that the sequence of complex Brownian motions (WX¢); , induces an
£2-cylindrical Brownian motion W2 via the formula

Welf) =) /R Sea@® AW for  f = (fradta € L*Ry: £7).  (2.5)
k,a +

Note that Wy (f) is real-valued if fy o = f—k.o as wke = w—ka for all k, .
Using this and the symmetry of oy ,, under the reflection k — —k, one can check that
the stochastic perturbation in (1.1) and (1.3) can be rewritten only using real-valued
coefficients and real-valued Brownian motions (Bk“")kﬂ in (2.2). For instance,

> 0] (O VIe W = > 26 Roy,q - V)o B (2.6)
ko kezd aefo,....d—1}
+ Y 26 (o V)o B

keZ® aef0,....d—1}

for any real-valued function . Hence, solutions to (1.1) and (1.3) are naturally
real-valued. However, the complex formulation of the noise is more convenient for
computations and has been widely employed in related works (e.g., [39, 42, 46, 68]).

We begin by defining solutions to the passive scalar equation (1.3). Below, we use
the reformulation of the Stratonovich noise in (1.3).

Definition 2.1 (Solutions — Passive scalars) Fix y > 0, 87 € ¢% and oo € L?(T%).
Let 77 : © — [0,00] and o” : [0,77) x @ — H'(T9) be a stopping time and a
progressive measurable process, respectively.

e Wesay that (07, t7)isalocal solution to (1.3) if there exists a sequence of stopping
times (‘L’,),/)nzl such that 7] < t7 a.s.foralln > 1, and lim,_, o 7, = tV a.s., for
which the following conditions hold for all n > 1:
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- 0" e L*0,%; H (Td» NC(0, 7y 1; L*(T9)) as.;
— as. forall7 € [0, 7] it holds that

t
o’ (1) —oo=(y + M)/O AQ” (s)ds

t
+ Jean /0 1[0,,;]((9{ Ok - V)QV(S))k AW,

e Alocal solution (0?, t¥) to (1.3) is a said to be a unique maximal (local) solution
to (1.3) if for any other local solution (x ¥, 1Y) we have AY < 77 a.s.and x?V = 0¥
a.e.on [0, A7) x Q.

e A unique maximal solution (¢”, V) to (1.3) is said to be a unique global solution
to (1.3)if ¥ = oo a.s.

Note that the deterministic and stochastic integral in Definition 2.1 are well-defined
as a H~1(T9)-valued Bocher and L2(T%)-valued Ito integrals, respectively. The solu-
tions of Definition 2.1 are weak in the PDE sense, but strong in the probabilistic sense.
In case of global solutions, we only write o” instead of (o7, t7) if no confusion seems
likely.

Existence and uniqueness of global solutions to (1.3) in the sense of Definition 2.1 is
standard, see e.g., [65, Chapter 4]. In case 9,3/ decays sufficiently fast as |k| — oo (e.g.,
#lk : 9,1/ # 0} < 00), then the unique global solution ¢” instantaneously improves
its regularity in time and space, cf. [6, Theorems 2.7 and 4.2].

In the case of NSEs (1.1), the definition is analogous. As usual, we interpret the
convective term (K ¢V - V)ZV in its conservative form V - ( ¢V ® ¢V) due to the
divergence-free condition. Note that, as in (2.6), one can rearrange the sum in its
definition so that only Moy o and Joy o appear.

Definition 2.2 (Solutions — 2D NSEs vorticity formulation) Fix v > 0, 8" € ¢? and

Co € L2(T?). Let ¥ : Q@ — [0, 00] and ¢" : [0, 7¥) x Q@ — H'(T?) be a stopping
time and a progressive measurable process, respectively.

e Wesay that (¢V, V) isalocal solution to (1.1) if there exists a sequence of stopping
times (7,)),>1 such that 1, < vV a.s. foralln > 1, and lim, .« 7, = 7" a.s., for
which the following conditions hold for all n > 1:

- ¢V e L?(0,tY; HY(T?) N C([0, 7)]; L*(T?)) as.;
- K¢Y¢” e L*(0, )5 L2(T?; R?)) as.;
— as.forall ¢ € [0, 7] it holds that

t
== [ [0+mac o=V ke o o]

+m/ 1j0,z11 9k (o - V)¢¥ (S)) dWpa.

e A local solution (¢V, tV) to (1.1) is said to be a unique maximal (local) solution
to (1.1) if for any other local solution (£, A”) we have A” < 7" a.s. and £V = ¢V
a.e.on[0,AY) x Q.
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e A unique maximal solution (¢V, tV) to (1.1) is said to be a unique global solution
to(1.1)if t¥ = oo a.s.

As above, the integrals in Definition 2.2 are well-defined and, in the case of global
solutions, we only write ¢" instead of (¢", V) if no confusion seems likely.

Existence and uniqueness of global solutions to (1.1) is standard, see e.g., [8, The-
orem 3.4], [10, Theorem 7.10] or [36]. Instantaneous regularization results in case 9,1’
decays sufficiently fast as |k| — oo can be proven as in [7, Theorems 2.7 and 2.12].

3 Anomalous dissipation of energy - Passive scalars

This section is devoted to the proof of Theorem 1.2, and will also serve as a guideline
for that of Theorem 1.1. The strategy used is outlined in Sect. 1.3.

3.1 Scaling limit at a fixed diffusivity

In this subsection, we prove the following scaling limit result for passive scalars (1.3)
with fixed diffusivity y > 0.

Proposition 3.1 (Scaling limit — Passive scalars) Fix y € (0,1) and u > 0. Let
©@)n=1 C 02 be a sequence of normalized radially symmetric coefficients (i.e., satis-
fving (2.1)) such that

lim ||9n||goo =0.

n—oQ

Let 8 > 0 and oo € H*(T?). Then, for all sequences (00.n)n>1 S H®(T?) such that
00.n — 00 in H*(T?), we have

lim ( sup |lo) (t) — Q()]/et(t)”LZ(Td) > 8) =0 foralle > 0, 3.1
=00 A ef0,1]

where o}, and Qget denotes the unique global solution to (1.3) with 0¥ = 0" and initial
data 99, and the unique global solution to

d
{ doh, = (v + Aok, onT, 42

Qget(ov ) =00 on T%:
respectively.

Solutions to (3.2) are understood as in Definition 2.1 with trivial noise.

As outlined in Subsections 1.3.1 and 1.3.2, the main novelty and key point in
the above result is the presence of the L?-norm in (3.1), and the key behind such
improvement is the use of the stochastic Meyers’ estimates of Sect. Appendix A. In
the proof of Proposition 3.1 below, we actually prove a stronger version of Proposition
3.1. More precisely, we show the existence of 69 = do(u, ¥) > 0 such that, for all
8 € (0, 80] and sequences (00.1)n>1 < H? such that 00.n — 00 In H?Y, it holds that
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tim P( sup flo} (1) — o Ol = ¢) =0 (3.3)

n—00 tef0,1]

foralle > Oand r < § < §p. We emphasize that the norm appearing in (3.1) is
well-defined, since—as shown in the proof of Proposition 3.1 below—for all » < § < g
andn > 1,

on € C([0,00); H) as. and g}, € C([0,00); H").

In contrast to the 2D NSEs analysed in Sect. 4 below, the stronger convergence in (3.3)
will not be needed.

Before going further, let us mention that a prototype example of a sequence satis-
fying the assumption of Proposition 3.1 is given by

n — ®n
10,2

n def 1
where  O" = 1p,<|k<2n) TG for some r > 0. (3.4)

For details, see eq. (1.9) in [68] and the comments below it. In particular, the above
sequence satisfies #{k : 6;' # 0} < ooforalln > 1.

Now, we turn to the proof of Proposition 3.1. The key ingredient is the following
estimates that are uniform in the class normalized radially symmetric 67 .

Lemma 3.2 (Uniform in #-estimates) Fix y € (0, 1) and u > 0. Then there exist
po(y, ) > 2 and Co(y, ) > 0 such that, for all p € [2, pol and all normalized
radially simmetric 07 € €2 (i.e., satisfying (2.1)) and 0y € le;)z/p, the unique global
solution o to (1.3) satisfies

1
E sup [lo”OI” -y, +E/ lle” @)%, dr < Collooll?,—,,-
1€[0,1] By, 0 By

Proof The claimed estimate follows from the stochastic Meyers’ inequality of The-
orem A.l and the comments below it, see in particular (A.5) and the comments on
non-trivial initial data for (A.1). For clarity, let us check the assumptions (A.2)—(A.3)
with constants that are uniform in the class of normalized radially symmetric 67 € 2.
To this end, we employ the real reformulation (2.6) of the complex transport noise in
(1.3). To this end, fora € {0, ...,d — 1} and x € T¢, we let

Rloko ()] = cOSQ2rk - X) are, k€ Z,

Sloke ()] = sin@rk - x) arq, ke Z.

def
Era(x) = 2/can 6]

From the normalized condition ||0Y || 2 = 1,itimmediately follows that || (§, o)k« |2 <
2./cq it which yields (A.2) with constant uniform in 67 . Finally, to check (A.3), note
that (2.4) and a_j o = ay.o imply, for all n € R?,

1
5 D o 1) = can Y O (@) = plnl.
k.o

k,a
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Thus, the assumptions (A.2)—(A.3) with (§,),>1 replaced by an enumeration of
(k.o )k.o are uniform w.r.t. normalized radially simmetric 67 € £2, and therefore
the claim of Lemma 3.2 follows from Theorem A.1 with x = y 4+ u and kg = .
Here we also used that the leading differential operator in the It6 formulation of (1.3)
is (y 4+ w)A, see Definition 2.1. O

To proceed further, note that, by the It6 formula (e.g., [65, Chapter 4]) and V-0% o =
0, the following energy equality holds for the global solution ¢¥ of (1.3):

1 t 1
z||QV(t)||i2 +/ /w v Vo’ P dxds = E||go||i2 as.forallt > 0. (3.5)
0 '

The above will be used frequently below.
The following is the last ingredient in the proof of Proposition 3.1.

Lemma 3.3 (Time-regularity estimate) Let y € (0,1), u > 0 and a € (1, 00) be
fixed. Fix oo € L?, and assume that 0V € €* is normalized and radially symmetric.
Let 07 be the unique global solution to (1.3), and set

t
M(1) ‘iéf./_chZQ,za/ (Oka - V)o! AWEY Vi > 0.
0
k

Then there exists sg, r1, Ko > 0 independent of (0o, ) such that

E[IMIE o.1.1-r1,] < Koll6” 17 leoll73, (3.6)
E[ll” 1% 0.1.5-r1y] < Kolleoll7%- 3.7)

The key point in the above result is the presence of ||0[|¢ on the RHS(3.6).

Lemma 3.3 is well-known to experts, and it is a consequence of the structure of the
noise described in Sect. 2.2 and of the energy estimate (3.5), see e.g., [42, Proposition
3.6] or [2, Lemma 6.3]. For brevity, we omit the proof.

Proof of Proposition 3.1 The argument used here is by now well-established; the reader
is referred to e.g., [39, Theorem 1.4], [42, Proposition 3.7] or [2, Theorem 6.1]. We
partially repeat it to highlight the fundamental role of the estimate in Lemma 3.2 with
p > 2. Moreover, we prove the stronger result in (3.3).

Step 1: For all so,r1 > 0and 0 <r < ro, set

YE o, 11 HO)neo©,1; H) and X < C(0, 11; H).

The embedding ) — X is compact. Moreover, for any K > 1, the following set is
closed

1
def
X E{rex: sw If0I2, +f IV @12 dr < K.
t€l0,1] 0
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The final assertion follows from the first one and Fatou’s lemma. It remains to prove
that )) <. X. By interpolation, for all 7 € (r, ro) there exists 5 > 0 such that

C([0. 13: H™) N C*(0, 1; H™) < C¥(0, 1; H") <> comp C([0, 11; H"),

where we used the Ascoli-Arzeld theorem in the last embedding.

Step 2: Conclusion. We begin by collecting some useful facts. Let pp > 2 be as in
Lemma 3.2. Fix g € (0,1 —2/pg), § € (0,8] and r, rg € [0, §) such that r < r.
Finally, let us select p € (2, po] such that § > 1 — 2/p > rg. In particular, we have
the following embeddings at our disposal:

H® < B, ‘pz/” < H". (3.8)

Now, since gg,, — 0o in H’ by assumption, we have sup,~.; |00, |l g5 < 0o. Hence,
by Lemma 3.2-3.3 and the embedding (3.8),

sup 107 Iz g3 + 108 W 0.1:5) < 00 (3.9)
n=

Moreover, by the energy equality (3.5), we obtained the quenched estimate:

1
sup ||Q,},/(l‘)||i2+/ f |Vo¥[*dxdr < N, as., (3.10)
t€[0,1] 0 JTd

for some deterministic constant N, > 1 independent of 7.
To prove (3.1), or even (3.3), it suffices to prove that for each sub-sequence (1 )i>1
we can find a further sub-sequence (ng; ) j>1 for which

lim P( sup flok, (1) — ol )l = e) —0 foralle >0.  (3.11)

Mk; =0 Nrel0,1]

For notational convenience, below, we do not relabel sub-sequences. To begin, let
X, be as in Step 1 with N, is as in (3.10). Moreover, denote by £, the law of o on
X N, - By combining Prokhorov’s theorem, Step 1, (3.9) and (3.10), it follows that the
sequence (Ln)n>1 © P(Xy,) is tight (here P the space of probability measures on
the polish space Xy, ). In particular, there exists i € P(X, ) such that £, converges
weakly to u. It remains to prove that

w= 5@55; (3.12)
Indeed, by the Portmanteau theorem and the fact that the limit is deterministic, the
previous implies (3.11).
To prove (3.12), arguing as either [2, Step 2, Theorem 6.1] or [42, Proposition 3.7],
it follows that

u(f € Xy, : f isasolution to (3.2) with life-time > 1) = 1.
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In the above, we mean that the couple (f, 1) is a local solution to (3.2), cf. Definition
2.1 and the comments below Proposition 3.1. Now, the uniqueness and maximality of
solutions to (3.2) in the class X N, yields (3.12). O

We conclude by discussing an interesting consequence of Proposition 3.1.

Remark 3.4 (Lack of L? gradients convergence) In the setting of Proposition 3.1, it
holds that, in probability in C ([0, 1]),

tim [ [ yivelPaas= [ [ o ve, P axas
n=oeJo Jrd 0 JT¢

The above follows by arguing as in Sect. 1.3.1 and using Proposition 3.1:

2/0 /1;‘1 Y |VQI’}1/|2dx ds = ”90||i2(1rd> — ”Qr}:(')”iz('ﬂw)
— 00 .
n—) ||Q0||%2(Td) - ”Qget(')”iZ(’]rd) = 2/ frd(y + 1) |V931/et|2 dx ds,
0

where the last equality follows from the energy balance for (3.2). In the above, we
also used that [|0” (1) || .2 (1a)> l@det (DI L2¢pay < ool 2(pa) forall y, ¢ > 0 as.

In particular, if o9 # O (and therefore o9 ¢ R as de 00(x)dx = 0), then the
process o), does not convergence to in/et in probability in L2(0, 1; H'(T9)).

3.2 Proof of Theorem 1.2

The key ingredient in the proof of Theorem 1.2 is the following consequence of
Proposition 3.1 and the choice (3.4).

Corollary 3.5 Let y,e,8 € (0,1) and N, u > O be fixed. Then there exists a nor-
malized radially symmetric 07 € €% (i.e., satisfying (2.1)) for which the following
assertion holds. For all o9 € H® satisfying || oollys < N, the unique global solution
o? to (1.3) satisfies

P( sup llo” — ol ll2 < e) >1—e¢, (3.13)
te[0,1]

where Qget is the unique global solution to (3.2).

As the proof below shows, by using (3.3) instead of (3.1) in Proposition 3.1, we
can replace the L2-norm in (3.13) by H” for some r > 0 depending only on (8, , ).

Proof Let §yp > 0 be as in Proposition 3.1. Without loss of generality, we can assume
that § < §g. Next, we set

def
Byns = {00 € H® : |loollys < N}
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On anomalous dissipation induced...

Fix ¢ > 0. Let (6,)n>1 be as in (3.4), and due to the comments below it, we have
limy,— o ||6"|]¢>c = 0. To conclude, it is enough to show that, for all & > 0,

tim sup P( sup o} (oo) — el (002 = £) = 0. (3.14)
]

"0 00eBys N tel0,1

where o}, (00) and Qget(Q()) denote the solution to (1.3) with ¥ = 6" and (3.2)
both with initial data gg, respectively. We prove (3.14) by contradiction. Indeed, if
(3.14) is not true, then that there exists &g > 0 and a (not-relabeled) sub-sequence
(00.n)n=1 € Bn s such that

tim P(sup o} (1) — 0l , (]2 = 20) > 0, (3.15)

n—00 tef0,1]

where o}, e or (00.n) and Q(}ilet”l o Qget(go,n). In the remaining part of this proof,

we show that (3.15) leads to a contradiction with Proposition 3.1. To this end, note
that, for all §o € (0, 8), there exists a (again, not-relabeled) sub-sequence (0o, ,) such
that 0p,, = 00 in H % From the latter, it readily follows that

Olen = Ol in C(10,1]: L?). (3.16)

Recall from Proposition 3.1 that

. ¥ ¥ o
lim P< sup llon () — 04Dl 2 > ?> =0. (3.17)

=00 X1e[0,1)

Hence, from the triangle inequality, (3.16) and (3.17) contradict (3.15). Thus, (3.14)
is proved, and this concludes the proof. O

Proof of Theorem 1.2 We begin by collecting some useful facts. Let N and § be as in
the statement of Theorem 1.1. In particular,

looll s < N. (3.18)

Moreover, by the mean-zero assumption on gp and the Poincaré inequality ||o|[;2 <
% Vol 2, it follows that the unique global solution Qé’et of (3.2) satisfies

ok (D125 < e /4™ 100]12, forall 1 > 0. (3.19)

We now split the proof into two steps.
Step 1: Forall n > 0 and y, ¢ € (0, 1), there exists 6] e ng such that the unique
global solution to (1.3) (see Definition 2.1) satisfies

1
ZEf / y IVo" Pdxdt = (1 — & — e ™) o2, — 2ellgoll 2. (3.20)
0 JTd
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Recall that SEZ is defined in (1.4). From Corollary 3.5 applied with ., N, § and y as

above, there exists 6] € S?z (depending also on the reamining parameters u, N and
8, which are not displayed as they are considered fixed) for which the unique global
solution o to (1.3) with 87 = 6/ satisfies

P( sup llo” — okl 2 < e) >1—e, (3.21)
tel0,1]

where Qget is the unique global solution of (3.2), with u > 0 as above.
Let t be the stopping time defined as

t Sinf {r €0, 11: [l0” (1) — 0l ()]l 12 > &} where inf @< 1. (3.22)
It follows from (3.21) that
Pz>1)>1-—e. (3.23)

Applying the Itd’s formula to compute ||Q(1)||2L2 and using V - o o = 0, we have

t
2// yIVe" Pdxdt = [looll7, — lo(®)l7, as.forallt > 0. (3.24)
0 JTd

In particular,

1
2E y [Ve”[*dx dt = [looll7> — Elle” (D7, (3.25)
0 JTd
= llooll7> — Elljz<ijlle” (D721 — Ellr=1yllo? (D721

Next, we estimate each term separately. Firstly, as |[o” (1)]l;2 < [looll2 a.s., due to
the energy balance (3.24), it holds that

Y2 p (323 2
E[1;:<yyllo” (D721 <Pz < Dlleoll;> =< ellooll;- (3.26)

Secondly, by the definition of r, and once again invoking the energy inequalities for
o” and Qget, we have, a.s. on {t > 1},

lo?” (D112, < llobe(DIZ: + [lle? (D7, — ok (D113
< ok I72 + (Il W22 + ok z2)ll0? (1) — 0l (Dl 2

_ 2
< e M4 og )17, + 2ell0oll 2

Therefore,
_ 2
E[Liz=yllo” (DI2,] < e igoll3, + 2¢llooll .2 (3.27)
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Hence, (3.20) follows by putting together the estimates (3.25), (3.26) and (3.27).
Step 2: Conclusion. Let (¢y),¢(,1) be any family of positive numbers in (0, 1)
satisfying lim,, | g &, = 0. Let

def
0V = 07, € S) (3.28)

where 6/ are as in Step 1. From the inequality (3.20) and ||ool|;2 < N by (3.18), we
have

1
2liminf E Vo2 dxdr > liminf [(1 — &, — e~#/47®) 2 —2Ne
740 /(; fEdV| e’ =500 [( 14 Mleoll; 2 y]
2
= (1= e M4 ooll7,,
where @” is the unique global solution to (1.3) with 87 as in (3.28). O

As announced in Remark 1.3, the argument used to prove Theorem 1.2 yields the
following slightly different version of the latter.

Proposition 3.6 (Anomalous dissipation of energy by transport noise — Passive scalars
) Letd € N=i, N > land§ > 0. Forall ju > O and € (0,1 — e=*/47) there
exists a family (07),e,1) € 822 such that, for all mean-zero oy € H° (T%) satisfying
N=' < looll2 and llooll ys < N, it holds that

1
. n )
inf E VoV Pdxdt > - ,
)/E(O,l) /(; Ad Y | Q I X — 2 ”QOHLZ(TJ)

where 0V is the unique global smooth solution to (1.3).
The proof requires only a minor modification of that of Theorem 1.2.

Proof From (3.20) in the above proof of Theorem 1.2, for each y, ¢ € (0, 1), we can
find 6 € S}, such that

1
2E/ / y Vo Pdxdr = (1 —¢— 6_“/(4”2))||Qo||iz —2¢lloollz2
0 J1d
@) _ /(4”2) 2
>[(1—e—e ) = 2Ne] lloll7

where in (i) we used that ||gg||;2 > N~! by assumption. Since n < 1 — e‘“/(“”z),
the claimed estimate follows by choosing &, depending only on N and  such that

[(1 — &y — e*M/(‘Wz)) — 2N817] > n, with a corresponding choice of 67 = ngn. O
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4 Anomalous dissipation of enstrophy — 2D NSEs

This section is devoted to the proof of Theorem 1.1. Its proof follows the one of
Theorem 1.2 given in Sect.3 as the convective nonlinearity creates only minor dif-
ficulties. This section is organized as follows. In Sect. 4.1, we first show the global
well-posedness of the 2D NSEs with cut-off, where the cut-off is used to tame the
nonlinearity. Secondly, in Sect. 4.2, we prove Theorem 1.1 by removing the cut-off
and arguing as in the case of passive scalars.

4.1 Scaling limit with cut-off at a fixed Reynolds number

We begin by introducing the 2D NSEs in vorticity formulation with a cut-off. For
¢ € C*([0, 00)) such that supp¢p < [0,2] and ¢ = 1 on [0, 1], and parameters
r € (0,1) and R > 0, consider

alé‘cvut + ¢Rsr(§cvut) [(]C é‘C‘ilI : V)é‘c‘ilt] = UAccUut
+v21 ) Ok (on - V)gh o WE on T2,

kez?
é‘cvut (07 ) = ;O on Tz,

.1

where 0 = (072 € £? and

def

DR (Lo = SR 7).

Other possible choices of the norm in the cut-off function are possible for the 2D NSEs
in vorticity formulation (1.1). However, the above cut-off has the highest smoothness
that is compatible with Meyers’ estimate in Theorem A.1. Moreover, the choice of H”
with r > 0 will be crucial in Sect. 5 below, where we deal with 2D NSEs in velocity
formulation, which are critical in L2.

With a slight abuse of notation, in this subsection, we do not display the dependence
of v¥ on (R, r, y) as we will argue for a fixed value of such parameters.

In contrast to the previous section, to combine Meyers’ estimates with the non-
linearity in the 2D NSEs in vorticity formulation (and looking ahead with the
above-mentioned L2-criticality of the 2D NSEs in velocity form), we need to con-
sider solutions to (4.1) that are more regular than the one in Definition 2.2 depending
on a parameter p > 2 ruling the time integrability of solutions.

Definition 4.1 (p-solutions — 2D NSEs with cut-off) Let p € [2,00). Fix v > 0,
0 € 2and i) € le;z/p(Tz).Lett" :Q — [0,00]and ¢l 1 [0, ") xQ — H'(T?)
be a stopping time and a progressive measurable process, respectively.

e We say that (¢}, t") is a local p-solution to (4.1) if there exists a sequence of
stopping times (1,)),>1 such that 7} < " a.s. foralln > 1 and lim, . 7, = T

a.s., for which the following conditions hold for all n > 1:
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— ¢4 € LP(0. 7V H'(T) N C([0, 7 1; By /7 (1)) aus;
- K¢t € LPO, T)5 L%(T?%; R?)) a.s.:

— as. forall ¢ € [0, /] it holds that

t
é‘cvut(t) _§0 = (V+M) /O (Aé‘cvut(s)_(pR,r(gcvut(s))[v : (]C g!ut(s)ggut(s))]> ds
t
V20 [ Mo (@ o D) e,

e A local p-solution (£}, ") to (4.1) is said to be a unique maximal (local) p-
solution to (4.1) if for any other local p-solution (£}, A”) we have A" < 7" as.
and &), = ¢4 a.e.on[0,A") x Q.

e A unique maximal p-solution (¢}, T¥) to (4.1) is said to be a unique global

p-solution to (4.1) if t¥ = co a.s.

In the above, W2 is as in (2.5). For the optimality of the regularity of the initial
data, the reader is referred to the comments below Theorem A.1. Similar to Definition
2.2,if p = 2, then we simply write ‘solution’ instead of ‘ p-solution’.

The aim of this subsection is to prove the following result.

Proposition 4.2 (Scaling limit — 2D NSEs with cut-off) Fix v € (0, 1) and n© > 0.
Let (0™),>1 C 02 be a sequence of normalized radially symmetric coefficients (i.e.,
satisfying (2.1)) such that

lim ||9n||goo =0.

n—oQ

Then there exists po(v, u) > 2 for which the following assertion holds. If for p €
(2, pol, r € (0,1 —2/p) and R > 0 we have

1-2
M) &€ By,

(2) there exists a unique solution ¢ a4 € C([0, 1; H")N L2(0, 1; Hl) on [0, 1] to

cut,

{ 8tgcvutyd+¢RJ(§cvut,d) [(K gcvut,d : V)gcvut,d] = (V+M)A€cvut,d on Tz’ “4.2)

Cour.d (0, 9) = Qo on T?;

then for all ro € (0, 1 —2/p) and all sequences (o) < le;z/p such that £o., — ¢o
in leﬁ;z/ P it holds that

lim P( sup ||§C”ut’n(t) - fc‘in,d(t)”H’O > 8) =0 foralle > 0, 4.3)
tel0,1]

n—o0

where £, is the unique global p-solution to (4.1) with & = 0" and initial data &o .

As for Proposition 3.1, the key point is that the Sobolev space over T? in which
the convergence in (4.3) takes place has positive smoothness. Moreover, repeating the
argument in Remark 3.4, one sees that V¢, , 7> Vi, 4 asn — oo in probability in

@ Springer



A. Agresti

L2(0, 1; L2) in case {y # 0. Moreover, in contrast to the linear case, the uniqueness of
(weak) solutions to (4.2) is not immediate, and therefore we include it as an assumption.

The existence of a unique global p-solution to (4.1) is proven in Lemma 4.3 below.
(Local) solutions to (4.2) on [0, 1] are as in Definition 4.1 with trivial noise, p = 2
and life-time > 1. Note that the condition ¢3,, € C([0, 1]; H") is not a-priori given
in the requirements for being local solutions, this is why it has been displayed in
(2). Similarly, ¢}, € L*(0, 1; H') is needed as life-time > 1 does not imply that
t— | g“&)et(t) ||i2 is integrable near t = 1. Let us emphasize that uniqueness for (4.2) is
only required among all maps on [0, 1] which belong to C([0, 1]; H")NL?(0, 1; H').

The proof of Proposition 4.2 is given at the end of this subsection. Following the
argument of Sect. 3.1, the key ingredients are the following estimates, which are
uniform in the class of normalized radially symmetric 6".

Lemma 4.3 (Uniform in #-estimate — 2D NSEs with cut-off) Let v,r € (0, 1) and
W, R > 0 be fixed. Then there exist po(v, u) > 2 and Co(v, r, i, R) > 0 for which
the following assertion holds. For all p € [2, pol, {o € le;,z/p, re0,1-2/p)and

all normalized radially symmetric 0¥ € €2 (i.e., satisfying (2.1)), there exists a unique
global p-solution ¢} to (4.1) and

1
E sup [lc DI, +E / a7 de < Col+ 1150117 2,)- (44)
[0,1] By, 0 By,

tel0,

As in the proof of Lemma 3.2, the key point is the independence of (pg, Co) on 6.
As in the latter result, the key tools are the stochastic Meyers’ estimates of Theorem
A.1. To handle the nonlinearity, we use the sub-criticality of H” for all » > 0 in the
case of 2D NSEs, both in vorticity and velocity form (see Sect. 5 below for the latter).
The sub-criticality of H" is exploited via the following inequality (cf. [2, Lemmas 4.3
and 4.5)): For all r < 1,

V-1 ot S U130 S 11302 SNENG e 4.5)
where k, = 1= > 0. For later use (see Sect. 5 below), let us note that the (4.5) also

holds if [KC £]¢ is replaced by v @ v withv € H'.

The above follows from the Sobolev embedding H 172 (TZ) s L* ('IFZ) as well as
standard interpolation inequality. The sub-criticality of H" is encoded in the power
1 — k, < 1 for the H!-norm on the RHS(4.5). This fact will allow us to absorb the
corresponding term via Young’s inequality.

Proof of Lemma 4.3 As we argue at a fixed viscosity v > 0, we remove it from the
notation and we simply write (¢, instead of 2, and similar. Let us begin by collecting
some useful facts. Arguing as in the proof of Lemma 3.2, the assumptions of the
stochastic Meyers’ inequalities of Theorem A.1 holds with constant independent of
the choice of normalized radially symmetric 6 € 22, and we let po = po(u,v) > 2
be the corresponding integrability parameter for which the estimate of Theorem A.1
holds for all p € [2, pp). Below p € (2, po] is fixed.
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The proof is now split into three steps. We first prove the existence of a unique
maximal p-solution ({cu, T) With a corresponding blow-up criterion. Secondly, we
prove that a localized (in time) version of (4.4) holds for such a maximal solution.
Finally, in the third step, we prove that T = oo a.s. (i.e., (¢cut, T) is global) and that
(4.4) holds.

Step 1: There exists a unique maximal (unique) p-solution ({cyt, T) to (4.1), and
forall T € (0, 00), the following blow-up criterion holds

13
P(r <0 sup W@l oy + [ Il ds < 00) =0, 40

1-2/p
1€[0,7) By p

To prove the existence of a unique maximal (local) p-solution to (4.1), we employ
[5, Theorem 4.8] (or [10, Theorem 4.7]). To this end, we rewrite (4.1) as a stochastic

. . def .
evolution equation on Xg = H~!:

dieut + Aleur dt = F(Seur) df + Blew dWp2,  Leut(0) = o 4.7

where W2 is as in (2.5), and for {ey € X eyt

Aleut = — (v + 1) Aleut, F(Ceut) = ¢R,r(§cut) V- (IK Seut] Cew),
Bleut = ((Ok0k,0 * V)Ecut)k,or-

Comparing Definition 4.1 with [5, Definition 4.4], one readily see that unique maximal
p-solution to (4.1) are equivalent to maximal Lg -solution to (4.7) (see also [4, Remark
5.6]). Here, we are implicitly using the reformulation (2.6) of the noise in terms of
real-valued Brownian motions. Set

Xp & (X0, X11p = H' for B e (0, 1), (4.8)

where [-, -1g denotes the complex interpolation functor, see e.g., [18, Chapter 4]. By
[5, Theorem 4.8] or [10, Theorem 4.7], to show the existence of a unique maximal
p-solution, it suffices to show the existence of 1 — 1/p < f < ¢ < 1 such that
o+pB<2—1/p,andforall¢, ¢’ € Xy,

IF (&) — F(llxe S U lxss + 18 Mxs) 18 = ¢ llxs4 (4.9)
+ (Igllx, + 1 1x )08 = ¢ llxg-

Next, we prove (4.9). Without loss of generality, we assume that |||z < ||¢ || gr.
Under the latter condition, we write F () — F(¢') = Ir ¢+ + Jr o+ Where

Ir o =¢r, (V- (K10 — V- (KL,

et , (4.10)
Jegor =V - (K1) (PR (E) — PR (D).
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The first term on the RHS(4.9) clearly follows by estimating I; ,» and using X34 =
H'2(T?) — L*(T?). Arguing as in (4.5), by interpolaton, for all r < %, we have

IV -1 o SN W2 S Tar 1 (4.11)

We emphasize that the choice of the space H'!~" for the interpolation in (4.11) is, to a
certain extent, arbitrary. For our purposes, we only need the spaces appearing on the
RHS(4.11) to be of lower order compared to X1 = H L

Now, coming back to (4.9), as are assuming || || gr > [1¢|| g7, it follows that

PR, (&) — R (&N =0 if ¢ IHr = 2R. (4.12)
In particular,

@11
e e lg—1 S 0 N 18 I gier 1¢r.- () — dr.A(E)]
.12

)
Sk N g 19R.#(§) — DR (6]
SRS Mg 18 = ¢ llar

Thus, it follows from (4.8) that, forall 8 > 1 — % and ¢ € [(1 — %) Vv B, 1),

e llg-1 S N8 M, 1 =& llxg- (4.13)

Hence, the condition S+¢ < 2— % follows by choosing 8 = 1 —L +gandg = 1—2¢
with ¢ sufficiently small depending only on r and p. Hence, (4.9) follows from (4.13)
and the comments below (4.10).

Finally, (4.6) follows from [4, Theorem 4.10(3)] applied to (4.7).

Step 2: Proof of T = co. We begin with a localization argument. Fix T < oo. For
all m > 1, let 7, be the stopping time given by

t
def .
o & 1 € 0.0 AT) 5 1612y + [ 161 5 = m)
2,p 0

whereinf @ & ¢ AT. The Meyers’ estimates of Theorem A.1 and a standard localiza-
tion argument (see e.g., [5, Proposition 3.12(b)]) ensure that existence of C1 (v, ) > 0

such that, forallm > 1, p € [2, po] and ug € BZI’;Z/p,

Tm
E sup ||§cut(t)||';172/,, +E/O Icu @17, dt < Crlioll? ),
2,p

tel0,7] BZ,I)
Tm
+ CIE/ ¢R,r(§cut) ”V . ([IC §cut] é‘cut) ”24 dr.
0
Here pg is as at the beginning of the proof.
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Now, the sub-critical estimate (4.5) yields, forall { € H 1(T?),

SR (O [VAKLION 1 < Ko ONE N 1157
Kr QR g ||

A

1
2_C1||§||H] + Kr R

where we used the Young inequality and that ¢g (-, £) = 0if ||{||gr > 2R.
Hence, combining the previous estimates, we obtain, for all m > 1,

E sup ||§cut(t)||p1 —2/p +Ef ||§cut(t)||  de <2C ||§O|| 1=2p T Kr Rov,

1€[0,7] By By

def ..
Let Cy = (2C1) V K, R,v, .- Note that Cp is independent of m > 1 as are Cy and
K, R, Thus, since lim;, 00 T = T A T a.s., the above implies

AT

E sup ||§cut(t)||;1—2/p+E/ I cut ()%, dS<C0(1+||§0||p1 yp)- (4.14)
tel0,TAT) 2,p 0 By, P

Hence, ||§‘cut(t)||pl 2/p +fMT ||§Cm(s)||p ds < oo a.s. on {t < T}, and therefore

T > T as. by (4. 6) The arbitrariness of 7' implies T = oo a.s., as desired.

Step 3: Proof of (4.4). The estimate (4.4) follows from (4.14) and the fact that
T = 00 a.s. by Step 2. O

Proof of Proposition 4.2 The proof follows almost verbatim the one of Proposition 3.1
as the content of Lemma 3.3 also holds with (o7, y) replaced by (£2, v). O

4.2 Proof of Theorem 1.1

Parallel to the proof of Theorem 1.2, the key ingredient in Theorem 1.1 is the following
consequence of the above scaling limit.

Corollary 4.4 Let §,v,e € (0,1) and N, u > 0 be fixed. Then there exists 0° € 02
such that
10"p2 =1 and #{k € Z% 2 6y # 0} < o0,

and that for all || Lol ys < N the unique global solution ¢V to (1.1) satisfies

P( sup 18" —Ghull2 =€) > 1—e
t€l0,1]

where {de: is the unique global solution to

{ 0 lger + K &gy - VI = 0+ WAL, on T2, (4.15)

C4e(0,4) = o on T,

@ Springer



A. Agresti

For the proof of the above, we need the following result.

Proposition 4.5 (H®-estimates — 2D NSEs in vorticity formulation) Letx > 0, § €
(0, 1] and let ¢ be unique global solution to the 2D NSEs in vorticity formulation on
T2 ie.,

W+ (K¢ -VI¢ =kAL, ¢0) =t € HX(T?) with [2¢0(x)dx = 0.(4.16)
Then there exists a non-decreasing mapping N : [0, co) — [1, 00) such that

sup [[£@, g + 1SN 2wy 140y = NWGollL2) 8ol s (4.17)

te[0,00)

The above is a standard consequence of L’-maximal regularity estimates on the
space H~'*9 and the subcriticality of the 2D NSEs in vorticity formulation. For
brevity, we omit the details. We are now ready to prove Corollary 4.4.

Proof of Corollary 4.4 Let py(v, u) > 2 be as in Proposition 4.2. Fix p € (2, pg) such
that1 —2/p < dandr, ro suchthatr < rop < 1—2/p. Note that the choice of p yields
Lo € le’;Z/p’ cf. (3.8). Next, by Proposition 4.5, there exists Ko = Ko(N,rp) > 0

such that the unique global solution g, to (4.15) satisfies

sup [|Zge D llaro < Ko. (4.18)

t€[0,1]

Next, to apply Proposition 4.2 with R = Ko+ 1 and (r, rg) as above, we check that
(4.2) has a unique solution on [0, 1] and it is given by ¢g.,. To begin, as ¢j,, is a unique
global solution to (4.15) satisfying the bound (4.18), then it is also a local solution
to (4.2) on [0, 1] with ¢}, € C([0, 1]; H") N L2(0, 1; H'). It remains to discuss the
uniqueness (see the comments below Proposition 4.2 for the uniqueness concept used

here). To this end, we mimic a stopping-time argument. Let §C”u’t/ 4 be another global

solution to (4.2) with ¢/ 4 € C([0,1]; H"). Let

cut,

¢ Linf(r €0, 11 : 162 4@, e = R where  infz & 1.

If ¢ =1, then ¢, = {C”L;t/’ 4 by uniqueness of solutions to (4.15). If ¢/ < 1, then

still using the uniqueness of solutions to (4.15) we get {C‘{et = C&’é{ on [0, ¢']. As
sup;cfo.e/1 gt O < supcpo.1) 165 (D lH0 < Ko and R > Ko by construction,
it follows that ||§C”lit/’ 4@, )llar < R which contradicts the definition of ¢” and ;C”u’t/‘ 4 €
C([0, 11; H"). This proves ¢/ = 1 and hence uniqueness of (4.2) follows from the one
of solutions to (4.15).

Now, by Proposition 4.2 applied with R = Ko + 1, (p, r, ro) as above and 6" as in
(3.4), there exists # € £2 with the required properties such that

P( SE‘(l)pl] ”{cvut - é‘c‘[)et”Hr S 8) > 1 — &

tel0,
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where ¢, is the unique global p-solution to (4.1) with the above choice of (R, r). Set

def . .
Q0 = { sup [lgk, — &l < €}. Now, to conclude, it remains to prove that
1€[0,1]

V(@) = ¢b (@) forall ¢ € [0, 1] a.s. on Q. (4.19)

To see (4.19), define the following stopping time

0 & inf{t €011 : sup [1£2,0)lmr > Ko+ 1}.
[0.1]

tell,

and inf & déf 1. Note that, by (4.18) and ¢ < 1, we have
0 =1 on Q. (4.20)

Moreover, ¢r (¢h) = 1 on [0, 19]. Hence, (£}, To) is a local solution to the 2D
NSEs (1.1). By uniqueness and maximality of the global solution ¢V to (1.1) (see the
comments below Definition 2.2), we obtain

¢V(@t) = ¢k, () as. forallr € [0, to]. 4.21)

Hence, the claim (4.19) follows from (4.20) and (4.21). O

Proof of Theorem 1.1 Due to Corollary 4.4, the proof of Theorem 1.1 now follows
almost verbatim from that of Theorem 1.2 given at the end of Sect. 3.2. O

Similar to Proposition 3.6, from Corollary 4.4 one can deduce the following variant
of Theorem 1.1.

Proposition 4.6 (Anomalous dissipation of enstrophy by transport noise — 2D NSEs

Il) Let N > 1and§ > 0. Forall;t > Oandn € (0, 1—6_“/(4”2)), there exists a family
O)ve.1) S ng such that, for all mean-zero ¢y € H®(T?) satisfying N~' < ||¢oll 2
and ||&ollgs < N, it holds that

1
. n 2
inf E v Ve P dxde > = ,
ve(0.1) /0 /’ﬂ‘d | ¢ | X =3 ||§O||L2(Td)

where ¢V is the unique global smooth solution to (1.1).
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5 Anomalous dissipation for 2D NSEs in velocity formulation

In this section, we study the anomalous dissipation of energy of the 2D NSEs with
transport noise and in velocity formulation:
u’ + ' - Vyu’ =—-Vp'+vAu’
+2u Y [ VB 46! (ox - VIu']o W on T2,
keZj (5.1
V-u'=0 on T2,

u’(0,-) =ug on T2.

where (WK) keZ? is are complex-valued Brownian motions as in Sect. 2.2. In Remark
5.2 below, we also discuss the three-dimensional case. Let us point out that taking the
curl operator (uy, uy) = 0xity — dyuy in (5.1) does not give the vorticity formulation
(1.1) (see [68, Remark 2.1] for details). Therefore, the results in this section are not
related to Theorem 1.1 besides the proof strategy. The stochastic NSEs (5.1) can
be derived by mimicking the two-scale decomposition as in Sect. 1.2. The reader is
referred to [31, 72, 73] for more rigorous physical derivations of (5.1).

As usual, to analyse (5.1), we employ the Helmholtz projection P and its comple-
ment projection Q. For an R?-valued distribution f = (f i)le € D'(T¢; R%) on T?,
let fi (k) = (ex, f') be k-th Fourier coefficients, where k € Z4,i € {1,...,d} and
ex(x) = 2™ X The Helmholtz projection Pf for f € D'(T¢; R¥) is given by

@Nm§ﬂ®—2$%ﬂ®,@%mgﬂ@.
l<j=d
Formally, P f can be writtenas f — VA™!(V - f). We set Q ¢! 1d — P. From standard
Fourier analysis, it follows that QQ and PP restrict to bounded linear operators on H*¢
and B;’p fors € Rand ¢, p € (1, 00). Finally, we can introduce function spaces of
divergence-free vector fields: For A € {L9, H*4, Bg’ p}, we set

1 llaeray & PCACTY RY),

endowed with the natural norm. £2-valued function spaces are defined analogously.
By using the Helmholtz projection to the first in (5.1), the 2D NSEs (5.1) are
(formally) equivalent to

qu’ + Pl - Vu"]l = vAu® +/2u Z 0y P[ (o - V)u"] o WE (5.2)
kez3

with initial data u" (0, -) = ug, both on T2, Following the arguments in Sect. 2.2, we

reformulate the Stratonovich noise in (5.2) as an Itd term plus a correction term. As
in [39, Sect. 2], by (2.4), it holds that
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V2L Y 0Pl - Vyul o W = Au+ Qo) + /211y 0 Loy - Vyu] Wf
keZ} keZ}
(5.3)

where

06w) E 211y 02 P[(0_i - V)Ql(o - V)ul]. (5.4)

keZ?

Further comments on the transformation (5.3) can be found in [7, Sect. 1]. Arguing
as in (2.6), we can reformulate the noise terms in (5.3) and (5.4) using the real-valued
coefficients foy and Joy. Finally, solutions to (5.1) in the form (5.2)—(5.4) can be
defined as in Definition 2.2 by interpreting the convective term (u” - V)u" in the
conservative form V - (u” @ u"), and replacing the usual Lebesgue and Sobolev spaces
by the Lebesgue and Sobolev spaces of divergence-free vector fields, i.e., H' (T?) and
IL2(T?), respectively. We omit the details for brevity. For completeness, we mention
that the existence of a unique global solution to (5.1) with ug € L2(T?) with finite
energy (i.e.,u € L2(0, T; H/(T?))NC([0, T]; L>(T?)) forall T < oo)is well-known
and can be, for instance, obtained via either [8, Theorem 3.4] or [10, Theorem 7.10].
The main result of this section reads as follows.

Theorem 5.1 (Anomalous dissipation of energy by transport noise — 2D NSEs) Let
N > 1 and § > 0 be fixed. Then the following assertions hold.
e Forall p > 0, there exists a family (6"),e(0,1) S?z such that, for all mean-zero
ug € He(T?) satisfying lluollgs < N, we have

1
.. 1 _ 2
timint B[ [ 019 ardr = 20— 0 oo,

o Forallpw > 0andn € (0,1 — e‘“/(m”z)), there exists a family (6")vc0,1) ng

such that, for all mean-zero ug € H® (T?) satisfying N~! < luoll 12 and ||ug || gs <
N, it holds that

1
. n 2
inf E V|Vu' > dxdr > = ||u .
1)6(0,1) \/(\) Ad | | jul 2 ” 0||L2(’]I‘d)
In the above statements, u” is the unique global smooth solution to (5.1).

The appearence of the factor /(1677%) in Theorem 5.1, rather than /(472) as in
Theorem 1.1, is due to the asymptotic behaviour of the [td-Stratonovich corrector Qg
under the scaling limit which will be carried out in Proposition 5.3 below.

Before going into the proof of Theorem 5.1, let us discuss its physical interpretation.
In the context of the KB theory of 2D turbulence [15, 48, 62], anomalous dissipation
of energy does not hold. Thus, the result of Theorem 5.1 is not physically relevant.
Let us emphasize that this does not conflict with the physical interests of Theorem 1.1
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as the latter is concerned with the stochastic vorticity formulation, which cannot be
obtained from the velocity one, see the comments below (5.1). Arguing as in Sect. 1.2,
we conjecture that this is due to the incorrect scaling for supp 6" in Theorem 5.1.
Physically speaking, following the two-scale terminology of Sect. 1.2, the former
corresponds to an overestimation of the ‘excitement’ of the small scales. Thus, we
conjecture that lim, o p1/2=¢ NV = oo for all ¢ > 0 where NV satisfies supp#® C
{k € Zg k| = NV} and (6")ve(0,1) is such that anomalous dissipation of energy for
(5.1) holds.

Remark 5.2 (Anomalous dissipation for the 3D NSEs) A version of Theorem 1.1
also holds for 3D NSEs in velocity formulation, provided, at a fixed viscosity v > 0,
well-posedness and a-priori bounds for the 3D NSEs hold in the sub-critical space
" (T3) with » > 3. We refrain from formulating the latter assumption, as it implies
the regularization by noise for 3D NSEs, which is one of the major open problems in
stochastic fluid dynamics. The reader is referred to [1] for a recent result.

As for the 2D NSE in vorticity formulation (1.1), the proof of Theorem 5.1 is
analogous to that of Theorem 1.1 and Proposition 3.6. As for the vorticity formulation
(1.1) analyzed in Sect. 4, the key ingredients are the scaling limit as in Proposition 4.2
and the H®-estimate of Proposition 4.5.

To extend the Proposition 4.2 to the stochastic 2D NSEs in velocity form (5.1), we
consider the following truncated SPDE:

g + Pr.r () [y - VIudyl = vAugy
+ /21 Z Ok (ox - V)uly o WK on T2,
kez}

Uey (0, ) = 1o on ’]I‘z,

(5.5)

def _ .
where 6 = (0)cz2 € 2, or b)) = (R Mulyllur) and ¢ € C([0, 00)) is a

cutoff function such that supp¢ < [0,2] and ¢ = 1 on [0, 1].
Next, we prove an analogue of Proposition 4.2 for the 2D NSEs with transport noise
in the velocity formulation (5.1).

Proposition 5.3 (Scaling limit—2D NSEs in velocity form with cut-off) Fixv € (0, 1)
and > 0. Let (0"),>1 € S?z be as in (3.4). Then there exists po(v, ) > 2 for which
the following assertion holds. If for p € (2, pol, v € (0,1 —2/p) and R > 0 we have

(1) up € B, /7
(2) there exists a unique solution u” € C([0, 1]; H") N L%(0, 1; HY on [0, 1] to

v v v v v It v 2
dtteur,d + PR ey, a) [VPeura T Weyr,d - Vdeual = (V T Z)Aucm,d onT?,

u(‘:’ut)d(O, D) =ug on TZ;
(5.6)
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then forallry € (0,1 —2/p) and all sequences (up.,) < ]B%éj/p such that up , — uo
in B;}z/p it holds that

lim P( SUp [l (1) — e Ol o > s) —0 foralle > 0,
]

=00 X4el0,1

where ug, , is the unique global p-solution to (5.5) with 6 = 0" (whose definition is

analogous to the one in Definition 4.1) and initial data uy .

There are two minor differences between Proposition 5.3 and Proposition 4.2. First,
the sequence chosen for the scaling limit, (6"),>1 € S?z, is more restricted. Second, the
limiting deterministic PDE (5.6) features a reduced enhanced dissipation coefficient,
namely w/4. Both differences stem from the asymptotic behavior of Qg as n — oo,
cf. (5.7) below.

Proof The proof of Proposition 5.3 closely follows that of Proposition 4.2. We there-
fore comment only on the key modifications. Firstly, the nonlinear term P[V - (u” ®@u")]
admits estimates analogous to those used in the 2D NSEs with transport noise in vor-
ticity formulation (1.1). For instance, parallel to (4.5), for all u € H! (T?), for all
r > 0, it holds that

1

2 JF r 17 r
IPLV - e ®@ i)l g1 S Noallpa S Nl g Nal i

where k, = 1= > 0. Similarly, the estimate (4.11) also holds for the nonlinearity
in the velocity form. Hence, from the previous facts, one can prove an analogue of
Lemma 4.3, where in corresponding Step 2, one employs the Meyers estimates for the
turbulent Stokes system of Theorem A.3 instead of Theorem A.1.

Second, the factor % follows by repeating Step 2 of Proposition 3.1 and using that,
for all divergence-free vector field ¢ € Co°(T9; R4 ) and (6,),>1 as in (3.4) it holds

that
: 3 : —8 ymd . Tpd
lim Qgn(¢p) = - Ap in H °(T*; R%) forall § > 0O; 5.7
n—00 4
see [68, Theorem 3.1], and also [39, Theorem 5.1] for the three-dimensional case.

The remainder of the proof follows by repeating the arguments in Proposition 4.2
with minimal modification. m|

Finally, similar to Proposition 4.5, the following result holds.

Proposition 5.4 (H®-estimates — 2D NSEs velocity formulation) Letx > 0,8 € (0, 1]
and let u be unique global solution to the 2D NSEs in velocity form on T?, i.e.,

du+ w-Vyu=—-Vp+rkAu, V-u=0, u)=ugecH (T?. (58

Then there exists a non-decreasing mapping N : [0, c0) — [1, 00) such that

: - - dx | <N .69
o B o] S Nl (59)
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The above is well-known to experts and can be obtained by using an interpolation
result, as in [50], and the fact that Hlflz = (Lﬁlz, Hr}lz)g’z where (-, -)s,2 is the real
interpolation functor (see e.g., [ 18] for details) and the subscript mz stands for mean-
zero. The case § > 1 of Proposition 5.4 also holds and it follows from the case § < 1

and the sub-criticality of H® with § > 0 for (5.8).

Proof of Theorem 5.1 By Propositions 5.3 and 5.4, the conclusion of Corollary 4.4
remains valid when ¢V, §C"ut7 g and ¢y, are replaced by u”, ugm, q and u}),, respectively;
where u}, is the unique global solution to (5.8) with k = v + /4. Consequently,
the assertions of Theorem 5.1 can be established using the same arguments as in the
proofs of Theorem 1.2 and Proposition 3.6. O

Appendix A Stochastic Meyers’ estimates

In this appendix, we prove maximal L? (L)-regularity estimates for parabolic SPDEs
under only boundedness, measurability, and parabolicity assumptions with p and ¢
close to 2. In the deterministic case, such estimates have been first proven by Meyers’
[71] via a perturbation argument. In the stochastic setting, such estimates have been
proven in [16] where, due to the abstract setting, no extrapolation in space is given,
i.e., ¢ = 2. Here, we provide direct proof of the stochastic Meyers’ estimates fol-
lowing Meyers’ original idea, which, interestingly, also provides an improvement in
the integrability in space. For simplicity, we mainly consider SPDEs on T¢. However,
extensions to domains and systems of parabolic SPDEs are possible.

Below, (W"),>1 denotes a family of independent standard Brownian motions on

a filtered probability space (2, o7, (Z;);>0, P) and E & fQ - dP. We emphasize that

these Brownian motions may differ from those introduced in Sect. 2.2.

A.1 Parabolic stochastic Meyers’ estimates

In this subsection, we consider the following parabolic SPDEs

atv:KAv+f+Z[(Sn'V)U+gn] th Oan’
nx>1 (A.1)
v(0,)=0 on T¢,

where v is the unknown process and f, &, and g, are specified below. In the follow-
ing, for a stopping time t : 2 — [0, oo], we say that a progressively measurable
process v : [0,7) x Q@ — H'(T?) is a strong solution to (A.1) (on (0, 7)) if a.s.
velL? ([0,7); HY(T9) N C([0, t); L2(T¢)), and for all 7 € [0, 1),

loc

t t
v(t) = fo (kAV(s) + f(5))ds + fo (G0 V)0(s) + gu(s)] AW,

n>1
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Here, the above equality is understood in H~!(T¢). Similar definitions are applied to
the other SPDEs considered in this section.
The following complements [9, Theorem 1.2] in case of L®-transport noise.

Theorem A.1 (Parabolic stochastic Meyers’ estimates) Let k > 0. Assume that
& = (g;l)?:l Ry x Q% ™ >Ris 2 Q@ %(Td)-measurablefor alln > 1,

and that there exist My > 0 and ko € [0, k) such that, a.e. on Ry x Q X T,

1En)n=1ll2 < Mo, (boundedness) (A.2)
1
3 Z (§n . 17)2 < Ko|r;|2 foralln € RY. (parabolicity) (A.3)
n>1

Then there exists po(d, k, ko, Mo) > 2 such that, for all stopping times t with values in
[0, TIwith T < oo, p € [2, pol, g € [2, p] and progressively measurable processes
f and g satisfying

[ eLP(0,0)xQ H (M) and g = (g)a=1 € LP((0, 7) xQ; LI(T; £2)),
there exists a unique strong solution v € L?((0, ) x §; H“4(T%)) to (A.1) and

||U”LP((O,‘[)XQ;HLLI(T‘])) Sd,K,KO,MQ,T,p ||f||Lp((o,f)><gz;Hfl.q(']rd)) (A~4)

18 Lr 0,7y xQ: L9 (T2 02))-

Some remarks are in order. Firstly, it is well-known that the condition (A.3) with
ko < k is optimal in the parabolic regime. Secondly, by [5, Proposition 3.8], [75,
Theorem 1.2] and the fact that the operator v — —Awv on H~"4(T¢) with domain
HL4 (Td) has a bounded H *°-calculus of angle 0 (due to the periodic version of [58,
Theorem 10.2.25]), it follows that in case T = T the LHS(A.4) can be replaced by

vl and (A.5)

LP(Q;C([0,T]; By /7 (Td)))’

||U||Lp(Q;H9,p(O’T;Hl—za,q(']rd))) for6 e [O, %) provided P> 2. (A6)

We emphasize that (A.5) also holds in the case p = 2 (and hence ¢ = 2). In the
latter case, (A.4)—(A.5) coincide with the usual L2-estimate for parabolic SPDEs as
L3(T9) = BSZ(T”’), see e.g., [65, Chapter 4].

The reader is referred to [58, Chapter 10] and [5, Sect. 2.2] for details on the H*°-
calculus and Banach-valued fractional Sobolev spaces, respectively. The appearance
of Besov spaces in (A.5) is optimal in light of the trace method, see e.g. [18, Sect. 3.12]
and [11, Theorem 1.2]. Finally, by [5, Proposition 3.10], the estimates (A.4)—(A.6)
also hold with non-trivial initial data v(-, 0) € Lp«% (2; B,} ;,2/ P(14y) provided on the

RHS(A.4) one also add ||v(-, 0) ||L,,(Q;B;;z/p(T,,)).
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Proof By a perturbation argument [9, Theorem 3.2], it is enough to prove the claim
with T = oo and with Av replaced by Av —v. The advantage is that the latter operator
is invertible. This allows us to work on the half-line R = (0, co) instead of intervals
of finite length. Moreover, as will be evident from the proof below, this also gives the
independence of pg > 2 on T in the maximal L{’ (L%)-regularity estimate for (A.1).
Hence, below, we consider

dv=r(Av—v)+ f+ Z ([Gn - V)v] +ga) W' onT,
nx1 (A.7)

v(0,)=0 on T¢.

The main idea is to regard (A.7) as a perturbation of the case &, = 0 and show the
smallness of the transport noise part as (g, p) approaches p = g = 2. To this end, we
first analyze the constant in the maximal L (LY)-regularity estimate when &, = 0,
i.e., for the stochastic heat equation with additive noise.

Step 1: (Analysis of constants — case &, = 0 and f = 0) For each p > 2 there
exists K, > 0 satisfying

limsup K, < 1/4/2«9 (A.8)
pi2

such that, for all g € [2, p], all stopping times T : Q — [0, 0o], and all progressively
measurable process g € LP((0, t) x 2; LY (£2)), there exists a unique strong solution
v 1o (A7) with &, = 0and f = 0 such that v e LP((0, ) x ; H"“9) and

flv ||Lp((0,f)XQ;HLq) <Ky ||g||Lp((0’f)xg2;Lq((2))~ (A.9)

We emphasize that the case T = oo a.s. is allowed. The existence of a strong
solution v to (A.7) with &, = 0 for which (A.9) holds follows [87, Theorem 7.1] and
the above mentioned boundedness of the H°°-calculus and invertibility of the operator
v > —Av + v on H~ 4 with domain H 4. For p>2andq € [2, p],let N, , be
the optimal constant constant for which (A.9) holds. By complex interpolation (see,
e.g., [57, Theorem 2.2.6]), it follows that

1- . —
Npg < Np)anI’]”p where 7 € (0, 1) satisfies % = IT" + %. (A.10)

Recall that kg < «. To prove the claim of Step 1, it remains to show that (A.8) with
Kp =supy—,, Npq4. To this end, as ko < k, it is enough to show that

im N, > =1lmN, , =1/v2«. (A.11)
pi2 pi2

We prove only that lim, > N , = 1/4/2k as the other is similar. Again, by complex
interpolation [57, Theorem 2.2.6], it follows that, for all py > p,

1—6 A70 . 1 1-6
Npp < N2,2 pr,0 where 6 € (0, 1)satisfies > =7 +

Sl
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We claim that
Noo < 1/42k (A.12)

It is clear that (A.12) yields second in (A.11) as p — 2 implies & — 0. Next, we
prove (A.12). To this end, note that from Itd’s formula to v +—> ||v||%2 (see e.g. [65,
Theorem 4.2.5]) and an integration by parts, it follows that, a.s. for all # > 0,

t t
||v<t>||iz+2K/ fw<|v|2+|w|2)dxdt=/Ad||g||§2,dxdr+Mt,
0 0

where M; is an L!(€2)-martingale starting at 0. Thus, taking expected values in the
previous identity, discarding the quantity E||v(t)||iz, and using that EM, = 0, we
obtain the (quenched) energy inequality:

t t
2KE/ / (|v|2+|Vv|2)dxdt§E// lgll?> dxdr forallz > 0.
0 JTd 0 JTd

Hence, (A.12) follows from the above by taking r — oo.

Step 2: Conclusion. To prove the claim of Theorem A.1, we employ the method of
continuity [4, Proposition 3.13]. The method of continuity is a powerful tool in the
theory of (S)PDE:s (see, e.g., [9] and [85, p. 113—115]). In this context, one considers
a family of problems that vary continuously with respect to a parameter A € [0, 1].
The method allows one to deduce the existence and uniqueness of solutions at A =
1, provided these properties are known at A = 0, and a uniform a priori estimate
for solutions holds for all A € [0, 1] (here, uniform means that the constants are
independent of A). In applications, the problem with A = 0 is typically simpler. In our
case, it corresponds to equation (A.7) with &, = 0, as analyzed in Step 1. The original
problem typically corresponds to A = 1. The key advantage of this approach is that,
for A € (0, 1], one can assume a priori the existence of a solution to the A-problem.
In the context of linear (S)PDEs, such as those considered here, the existence and
uniqueness of solutions can also be obtained a posteriori by leveraging the a priori
estimate through a contraction principle (see [4, Proposition 3.13]).

Coming back to the proof, from the above discussion, for A € [0, 1], we consider
the SPDE:

dvp = rc(Avy —v) + f 4+ Y (A [Ga- VIva] +a) W on T,
n=1 (A.13)
0;(0,) =0 on T¢.

Note that, for A = 1, the above reduces to (A.7), while for A = 0 it reduces to the one
considered in Step 1.

We claim that there exist constants py > 2 and Cy > O such that, forall p € [2, po],
q € [2, pl, A+ € [0, 1], stopping time 7 : Q — [0, oo], progressively measurable
processes f € LP((0,7) x ; H™ ) and g = (gn)n=1 € LP((0, 7) x € L9(02)),
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and any strong solutions v;, to (A.13) in L?((0, ) x Q; H'“9) and 1 € [0, 1], it holds
that

“v)»”LI)(((),-[)XQ;HlJZ) = CO(”f||Lp((o,t)xQ;H—1~q) + ||g||LP((o,r)xQ;Lq(e2)))(A-14)

The key point is the independence of Cg, pg on A € [0, 1]. As discussed above, the
existence of such v, is taken for granted, based on the method of continuity, which
will be rigorously applied at the end of this step.

Let t be a fixed stopping time. To prove (A.14), we begin with a reduction to
the case f = 0. Therefore, let us assume that (A.14) holds with f = 0. Since
the operator v — —Awv + v has a bounded H*-calculus of angle 0, it also has
deterministic maximal L7 (L%)-regularity by [78, Theorem 4.4.5]. Arguing as in [77,
Theorem 3.9] (or by approximation), we can find a progressively measurable process
w e LP(Q; Whr(0,7; H-19) N LP(0, ; H7)) which satisfies, a.s. and a.a. 1 €
©, 1),

qw(t, ) =k(Aw(t, ) —w(, )+ f(, ), w(0,-) =0, (A.15)

onT4. Since T, def v, —w solves (A.14) with f = Oand g, replaced by g, + (&,-V)w,
it is enough to prove (A.14) with f = 0.
To prove (A.14) with f = 0, note that, for all v € H'4,

/2 1/
1 V)0nzlloe = ( /T (16 9)" ax) " = Va0 190,
n>1

where the last inequality follows by applying (A.3) pointwise and with n = Vu(x).
Hence, incase f =0, forall » € [0, 1], p € [2,00] and g € [2, p],

”U)»”LP(RerQ;HI»Q) = Kp(”g”LP(]R+><Q;L‘1(£2)) + [1(n - v)vk)nzl||LP(R+><Q;L61(£2)))

< Kpllgllerr, xa:zae2y) + V260K pllvall e, xo: H1.9)-

where K, is the constant in (A.9) of Step 1. From the latter, there exists po(ko, k) > 2
such that sup, ., , K < 1/4/2kp. Thus, the previous estimate yields, for all 2 <
p < poandgq € [2, p],

—1
||UA||LP(R+><Q;H1.41) < (1 —+v2k0Kp) Kp”g”Lp(RJrXQ;Lq(eZ))

Hence, (A.14) with f = 0 holds with a constant independent of A for 2 < p < po.
Now, we are in a position to apply the method of continuity [4, Proposition 3.13].
Note that, from Step 1 and the reduction to the case f = 0 as performed below (A.14),
we have existence and uniqueness for the SPDE (A.13) with A = 0 for solutions in the
class LP((0, 7) x ; Hl’q), where 7 is any stopping time with values in [0, co]. Thus,
the conclusion of this step follows from the method of continuity in [4, Proposition
3.13] and the a priori estimate (A.14) that is uniform in A € [0, 1]. O

@ Springer



On anomalous dissipation induced...

Remark A.2 Below are some comments on the proof of Theorem A.1.

e The additional dissipative term —kv in (A.7) is not essential for the proof but
ensures that the constant K, in (A.9) remains independent of 7. Without it, K,
would depend on T, leading to a time-dependent pg in the second step and, con-
sequently, to (A.14) holding only for p € [2, pol, g € [2, pl. Introducing —kv
and working on the half-line avoids this artificial dependence, as anticipated at the
beginning of the proof of Theorem A.1.

e Theorem A.1 also implies the existence of strong solutions to (A.7), and estimate
(A.14) even holds for t = oo. This is due to the term —« v, which—as previously
noted—ensures that pg remains independent of the time interval. One can check that
the estimate (A.1) holds if the processes f and g, have mean zero, as it restores
invertibility of the Laplacian on T¢.

A.2 Stochastic Meyers’ estimates for the turbulent Stokes system

In this subsection, we prove the Meyers’ estimates for the turbulent Stokes system on
T, ie.,

8tv:KAv+ng+f+Z(P[($n~V)v]+gn) W," onT?,
n>1 (A.16)
v(0,)=0 on T¢,

here v is the unknown process, f, &, and g, are specified below. Finally, Q¢ :
HY(T?) — (H!(T9))* is given by
def _

1
(w. Qev) € —2 Z/W QU - V)v] - QU(E, - Vywldx for w e H(T?).

n>1

Here and below, we use the notation introduced at the beginning of Sect. 5. Although it
holds that (H')* = H~!, here we will not employ such identification as it is important
to keep track of constants. Note that Q¢ corresponds to the Ito6-correction for the
Stratonovich formulation of the transport noise for the turbulent Stokes system, see
Sect.5 and [7, Sect. 1].

Strong solutions to (A.16) can be defined similarly to those of (A.1). The following
complements [7, Theorem 3.2] in case of L°°-transport noise.

Theorem A.3 (Meyers’ estimates — Turbulent Stokes system) Let k > 0. Assume that
£, = (g;?)‘;:l Ry x Q% T¢ - R? isP @ B(T)-measurable for alln > 1,

and that there exist My > 0 and ko € [0, k) such that, a.e. on Ry x Q X T,

1En)n=1ll2 < Mo, (boundedness) (A.17)
1
3 Z (£, n) < Kolnl® foralln e RY. (parabolicity) (A.18)
n>1
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Then there exists po(d, k, ko, My) > 2 such that, for all stopping times t with values
[0, TIwith T < oo, p € [2, pol, g € [2, p] and progressively measurable processes

f and g satisfying
feLP(0,D)xQH () and g = (g)n=1 € L (0, 7) x 2 LI(T9; ¢2)),

there exists a unique strong solution v € L?((0, 7) x Q; H9(T%)) to (A.16) and

IVl Lr 0,1y 2 Lo (T Ry S, Mo.T.p | FllLr0,0)x s 1o (ra;Reyy  (A19)

+ 18 llLr(0,7)x@: Lo (T4; 2 (N RYY)) -

The comments below Theorem A.l extend to the above result. In particular, if
T = 00, then the LHS(A.19) can be replaced by

1ol b 0,718/ (payyy» 8nd

10l Lo (: 1169 0.7 E11-264 Ty Tor 0 € [0, 1) provided p > 2,

and the first of the above also holds with p = 2 (and thus ¢ = 2). Moreover, due to
[, Proposition 3.10], the above estimates also hold if v(-, 0) € L% (; B,/ (Td))
provided on the RHS(A.19) one also add ||v(-, 0) ”LP(SZ;]B},TPZ/”(T"))'
Proof The proof is a variant of the one used in Theorem A. 1. In particular, we consider
the following SPDE:

v =k(Av—v)+ Qv+ f + Z (P[n - VIV] + gn) W' onT?,
n>1
v(0,) =0 on T¢,
(A.20)

which is introduced for technical convenience and allows us to obtain a constant
po > 2 that is independent of the time horizon T < oo, as stated in Theorem A.3; see
also Remark A.2. Thus, in the remaining part of the proof, we prove existence and the
estimate (A.19) for strong solutions to (A.20).

Since the deterministic part of the turbulent Stokes system (A.20) (i.e., with &, = 0)
is more intricate than that of (A.1), we apply the perturbation argument—via the method
of continuity from Theorem A.1-in two stages. In the first step, we establish maximal
LP-regularity for the deterministic component, which then enables a reduction to the
case f = 0in (A.20).

Step 1: (Maximal L?-regularity — deterministic problem) There exist p1 > 2 and
constants (K ) pe[2, py] such that, for all p € [2, p1],q € [2, p], T € (0, ool, and
f € LP(0, T; H19) the following Cauchy problem

w(t, ) =k(Aw(t, ) —w(t, ) + Qsw(, )+ f(t,), w,)=0, (A2l
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on T4, has a unique strong solution w € LP (0, T; H"“9) satisfying

lwllro. 7519y < Kpllf Lo, 1:m-19)-

The proof of Step 1 follows as the proof of Theorem A.l regarding (A.21) as a
perturbation of the case &, = 0. For clarity, we divide the proof into two substeps.
Substep la: (Analysis of constants — case &, = 0) For each p > 2 there exists
Cp > 0 satisfying limfzup Cp < 1/kq such that, for all g € [2, p], T € (0, co] and
P
f € LP(0, T;H19), there exists a unique strong solution w € LP (0, T; H"9) to
(A.21) &, = 0 (and hence Q¢ = 0) and

lwlzro,7.m519y < CpllfllLr©,7:H-1.9)- (A.22)

As in Step 1 of Theorem A.1, the existence of such w follows from the boundedness
H*-calculus of the operator w +— —Aw + w on (Hl’q/)* with domain H'-9. By
repeating the argument in (A.10)—(A.12) and ko < «, it remains to show the validity
of (A.22) with p = g = 2 and C» = 1/k. To prove the latter, note that, by computing
$llwl|?, we obtain

1 t t

znw(t)uizﬂfo lw(s) 173, ds=/0 (w(s), f(s))ds
<i/t )2 d+5/t 12, d
< 3¢ ) @I ds 3 | Iw@il ds

for all # € Ry. The above immediately yields (A.22) with p = ¢ =2 and C2 = 1/«k.

Substep 1b: Proof of the claim of Step 1. We prove the claim of Step 1 by (the
deterministic version of) the method of continuity [4, Proposition 3.13] (the reader is
referred to the text at the beginning of Step 2 in Theorem A.1 for some comments).
Thus, for all A € [0, 1] consider, on ']I‘d,

ow;, = k(Awy —w;) +AQswy + f,  w;(0,-) =0. (A.23)

As in the proof of Step 2 of Theorem A.1, from the method of continuity and Step 1 of
the current proof, it remains to prove that any strong solution w), to the above that lies
in LP(0, T; H"9) for some T € (0, co] satisfies an a priori estimate with constant
independent of A € [0, 1]. Firstly, by (A.17), it follows that

||Q5w||(H],q/)* < Dyllwllgq forg €[2,00)and w € ja (A.24)
Secondly, we show that we can choose D, in (A.24) such that

lim D, = ko. (A.25)
qi2

@ Springer



A. Agresti

By interpolation (again, see (A.10)-(A.12)), it is enough to prove that (A.24) holds
with Cy = /2kp whenever ¢ = 2. Note that, for all w € H!,

1
IQswllggys = 5 sup > / QlGn - VIwl - QI - V)¢l dx
2 e gl <t pm1 /T

—
-

1
=< E sup QL - V)w])nzl ”L2(£2) I QL - V)¢])nzl ”LZ(ZZ)
peH ¢l <1
@) 1
=< 5 sup 1((En - V)w)nzlnLZ(eZ)H((én “V)P)n>1 HLZ(gZ)
peH! : (gl 1 <1
(A.18

-18)
< «ollVwlly2,

where in (i) we used the Cauchy-Scwartz inequality in L>(¢%) = L?(T¢; ¢2(N; R?)),
and in (ii) that ||Q|| & (;2) = 1 as Q is an ortogonal projection on L2

Now, similarly to Step 2 of Theorem A.1, one can prove an a-priori estimate for
lwillr(o,7: H1.a) With constant independent of 2 and 7' € (0, oo] provided2 < g < p
is sufficiently small due to (A.25), ko < « and substep la.

Step 2: Conclusion. The proof of Theorem A.3 follows by applying again the method
of continuity. Hence, for A € [0, 1] and a stopping time 7 taking values in [0, oc], we
consider

vy = k(Avy —va) + Qeva + f + Y (AP[E4 - VIva] + ga) W',
n>1 (A.26)

0.0, ) =0,

onT¢, where f € LP((0, T) x Q; (Hl'q/)*) and g € LP((0, 7) x Q; L9(£?)) are given
progressively measurable processes. By the method of continuity [4, Proposition 3.13],
it is enough to prove the existence of pg > 2 and Cp > 0 such that, forall p € [2, po],
q € [2, pl, » € [0, 1], and any stopping time 7 and any progressively measurable
processes f and g = (g,)s>1 as above,

il oo, mtay < CollF I oo,0xe@mays T 181Lr.0xa:Le@2y)
(A.27)

where vy € L?((0, 7) x Q; H"9) is a given strong solution to (A.26). We emphasize
that, as for (A.14), the key in the above estimate is the independence of C, on A € [0, 1].
Moreover, due to the method of continuity, the solution v, is already given a priori.

Next, we turn to the proof of (A.27) Without loss of generality, we may assume
po < p1 where pj is as in Step 1 of the current proof. As in Step 2 of Theorem A.1,
due to Step 1, it is enough to prove (A.27) with f = 0. We now repeat the argument of
Theorem A.1 by analyzing first the constant in the energy inequality, and afterwards,
we argue by perturbation.

@ Springer



On anomalous dissipation induced...

Substep 2a: (Analysis of constants — case A = 0 and f = 0) For each p € [2, p1]
there exists K, > 0 satisfying limsup K, = 1, such that for all stopping time t
pi2
with values in [0, 0o, any progressively measurable g = (gn)n>1 € L?P((0, 1) X
Q; L9(£?%)) there exists a unique strong solution v € LP((0, t) x ; H"9) to (A.26)
with .. = 0 and f = 0. Moreover, the latter satisfies

[ = kool + 1902y + 1B - o), 1] (A.28)

LP((0,T)x2;LY9)

<K, ||g||LP((0,r)><Q;L‘1(52))'

In the following, T is a fixed stopping time with values in [0, co]. The existence of
such v follows from Step 1 and [77, Theorem 3.9] (or by approximation, the process
g with step processes and arguing as in (A.15)). In the remaining part of this step,
we show (A.28) with the claimed limiting behaviour of K. The intuition behind the
RHS(A.28) is that such a quantity in the case p = ¢ = 2 appears naturally in the
energy balance with K, = 1. To see this, first note that, by combining the Itd formula
[65, Theorem 4.2.5] and a standard integration by parts argument, one has

kvl x:m1y — 1QLE - VIVDnz 12w, x:222)) = 181 2R, x0:1202))-
(A.29)

Since Q + P = Id,» and Q, P are orthogonal projections on L2,

I®LGEn - V)Dnz111722) = 1(En - DI0uz1172(42) = HQLEn - VD= 1117242,
(A.18) 5 5
=< KOHVUHLZ - ”(Q[(Eﬂ : V)U])nzl ||L2(K2)-

Combing the above with (A.29), one obtains (A.28) withg = p =2 and K, = 1.
We conclude by arguing by an interpolation argument similar to (A.10)—(A.12). To
this end, consider the operator

Sqop i LD, Ry x Qi LI(TY; %)) — LP(Ry x Q; L9(TY; RY x R x 0%)))
g+ (VK —kov, vk — oV, (P[(&; - VU)Duz1),

where v is the strong solution to (A.26) with A = 0 and f = 0, which exists due to the
comment below (A.28). We emphasize that the norm on product space R? x R4*? x ¢2
is the Euclidean one: ||(-, -, ')“IQR‘IXRdXdXZZ =1 ||]?§d +1- anedxd +1- ||%2- The latter
choice comes from the fact that ||S22] . < 1 as we have proved that (A.28) holds
with K, = 1. The well-definiteness of S, , follows from the above-noticed existence
and uniqueness of strong solutions v € LP(R, x ; H"9) of (A.20) with data
g € L"{;](]RJr x Q; L9(T?; ¢2)) due to Step 1. Thus, the claim of Substep 2a follows
by complex interpolation [57, Theorem 2.2.6].

Substep 2b: Proof of Theorem A.3. In this substep, we prove the a priori estimate
(A.27) for strong solutions to (A.26). Now, let v € L”((0, t) x ; H!9) be a strong
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solution to (A.26) where 7 is a given stopping time. From the estimate of Substep
2a and the elementary inequalities (¢’ + b") < (a + b)" < 2"~ '(a" + b") that is
valid for all » > 1 and a, b > 0, we obtain the existence of a constant N, such that
limy > N, = 1 such that

2 2
||U)L ”LP((O,T)XQ;HL‘!) + ”(]P)[(gn . V)U)»]) ”Lp((O,T)XQ;Lq(KZ))
) 11/2
= Ny [ = k0 ul? + 190 + 1@LE - Vova), 2] |
< Npr ”(gn + )\'P[(En . V)UA])nzl ”ip((o,‘L')XQ;Lq(ZZ))

—1 2
5 Npr(l +8 )”g“L”((O,‘E)XQ;L‘i(lz))
+ NpKp(1+OIPLE - VD=7 5 0,0y x: 10020

2

LP((0,1)x; L)

where § > 0 is a positive constant, which will be fixed later. To conclude, it remains
to show that the last term can be absorbed on the LHS of the corresponding estimate.
To this end, from (A.17), it follows that, for all p € [2, p1] and g € [2, p] (here p; is
as in Substep 2a),

NpKp(1+OIPLE - VIvDnz1l17 5 0.0)x0: 1002
= ”P[(Sn . V)v)‘])nzl“i”(((),t)XQ;L‘/(Zz))
+ (1 = NpKp(1+8)CpMollvall L0, 7)x0: 1)

where C) = sup,,-, IP|l.#(Lqy. Note that, by interpolation and the fact that
IPll 2y = 1 (as P is an orthogonal projection on L?), it follows that C, —> 1
as p | 2. Hence, the claimed a priori estimate (A.27) for v, follows by col-
lecting the previous inequalities, and choosing p € [2, p;] and § > O such that
(I — NpK,p(1 +8))Cp,My < k — ko. Note that the latter choice is possible as
lim, > N, =limsup, |, K, = 1, where the latter follows from Substep 2a. a
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