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Abstract: The optical torque wrench is a laser trapping technique that
expands the capability of standard optical tweezers totorquemanipulation
and measurement, using the laser linear polarization to orient tailored
microscopic birefringent particles. The ability to measure torque of the
order ofkBT (∼4 pN nm) is especially important in the study of biophysical
systems at the molecular and cellular level. Quantitative torque measure-
ments rely on an accurate calibration of the instrument. Here we describe
and implement a set of calibration approaches for the optical torque wrench,
including methods that have direct analogs in linear optical tweezers as
well as introducing others that are specifically developed for the angular
variables. We compare the different methods, analyze their differences, and
make recommendations regarding their implementations.
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1. Introduction

The ability of optical tweezers (OT) to manipulate microscopic particles held in the focus of
a laser has paved the way for many important lines of research in fields ranging from physics
to biology. In single-molecule biological physics in particular, OT is one of the techniques that
have ushered in a revolution in the way biological systems can be explored. In such studies, a
microscopic particle is used as a force transducer and sensor through which the optical force can
be transferred to a single biopolymer (e.g. DNA, RNA or protein). This allows one to monitor
e.g. the mechanical response of a single biopolymer to linear tension (force spectroscopy), or
the action of enzymes that employ the tethered molecule as substrate [1–3].

In addition to force, torque also is a physical parameter of biological relevance, as shown
by its role in diverse cellular processes such as DNA replication [4], transcription [5], ATP
synthesis [6, 7], and bacterial propulsion [8]. However, investigating the role of torque has
proved more challenging, in part due to a lack of straightforward single-molecule manipulation
techniques. Fortunately, recent efforts have focused on the development of techniques that allow
the control and measurement of both force and torque on microscopic actuators [9–12].

The optical torque wrench (OTW) is one such technique and distinguishes itself by its all-
optical manipulation and detection of trapped microscopic birefringent particles. The OTW

#155445 - $15.00 USD Received 30 Sep 2011; revised 15 Dec 2011; accepted 15 Dec 2011; published 1 Feb 2012
(C) 2012 OSA 13 February 2012 / Vol. 20,  No. 4 / OPTICS EXPRESS  3788



can easily control and detect linear and angular displacements of trapped particles with fast
µs temporal resolution, allowing one to implement fast feedback loops to actively clamp the
value of force or torque [10,13]. Recent studies have continued to expand our understanding of
OTW physics by focusing on the system’s angular dynamics [14, 15], but already the OTW
has found applications in the study of torque-induced structural transitions of single DNA
molecules [16–18]. Together, these advances demonstrate that the OTW has the potential to
apply and dynamically measure torque at the scale ofkBT (∼ 4 pN nm), opening up new appli-
cations in the study of biophysical systems.

A key component of any trapping technique, linear or angular, is the ability to properly
calibrate the instrument to perform absolute quantitative measurements. Diverse methods for
the calibration of linear OT can be found in the literature [19–23], while calibration of the
OTW has been less fully explored [16, 24]. Here we describe several different procedures to
calibrate the angular trap of an OTW, detail their experimental implementations, and compare
their outcomes. As we will show, several methods have their direct analogs in the calibration of
linear traps, while others are more tailored to the particularities of angular variables.

This work is organized as follows: in section 2 we provide an overview of OTW theory
(sec. 2.1) and describe our experimental system in detail (sec. 2.2); in section 3 we compare the
calibration principles of OT to those of OTW; in section 4 we detail five methods for calibrating
the OTW; and in section 5 we discuss their outcomes.

2. The optical torque wrench

In this section, we will describe the theoretical framework of the optical torque wrench and its
experimental implementation, which together provide the necessary background for the cali-
bration methods described subsequently.

2.1. Theoretical overview

In an OTW, torque is optically applied to a birefringent particle through spin momentum change
in the linearly polarized laser field [10,13]. Through its interaction with the birefringent mate-
rial, the macroscopic polarization~p induced in the medium is in general not parallel to the laser
polarization~E (Fig. 1a). Therefore the product~τ = ~p×~E is non-zero and a finite torqueτ is
applied to the particle. The net transferred torque is measured at the trap output as an imbalance
between the intensities of the left- and right-circular components of the light that propagated
inside the birefringent particle.

The torque transferred to a positive (negative) uniaxial birefringent particle is related to the
anglex = θcyl −θpol between the linear laser polarizationθpol and the extraordinary (ordinary)
axisθcyl according to

τ = τosin(2x). (1)

whereτo is the maximum optical torque, which depends on laser intensity, particle size, and
birefringence [10]. Forx≪ 1, linearization of the optical torqueτ ≃ 2τox can be used to define
the angular stiffnessκ = 2τo.

The over-damped angular equation of motion for the birefringent particle in an OTW can
therefore be written as

− γ(ẋ+ θ̇pol)− τosin(2x)+η(t) = 0 (2)

whereγ is the angular drag coefficient andη(t) is the Langevin force, a Gaussian-distributed
white noise term obeying〈η(t)η(t ′)〉 = 2kBTγδ (t − t ′).

The dynamics of the OTW are best understood by rewriting the equation of motion to make
explicit the potential landscape experienced by the particle. When the laser polarization rotates
at constant frequencyω (i.e. θpol = ωt), the equation of motion can be written in terms of a
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Fig. 1. Experimental configuration.a) Schematicdepicting of the torque generation inside
a birefringent crystal that has a larger susceptibility along its extraordinary axisχe than
along its ordinary axisχo. b) SEM image of a nano-fabricated birefringent quartz cylinder
used in the OTW.c) Diagram of the optical setup. OI: optical isolator, AOM: acousto-
optic modulator, EOM: electro-optic modulator, NPBS: 50% non-polarizing beam splitter,
λ/4: quarter wave-plate, PBS: polarizing beam splitter, PD: photo-detector, PSD: position
sensitive detector, OBJ: 1.2NA microscope objective. The optical trap is surrounded by red
dashed lines, the torque reference system is labeled and surrounded by grey dots, and the
polarization state controlled by the EOM is indicated by red arrows inside the black dashed
squares.

total potentialU(x) = V(x)−Fx, whereV(x) is a periodic potential tilted by an external force
F , as

γ ẋ = −U ′(x)+η(t) (3)

which is equivalent to Adler’s equation [25]. In the OTW, the periodic angular potential takes
the form ofV(x) =− τo

2 cos(2x), withV(x+π) =V(x), and the tilting force isF =−γω. Hence,
the result of the polarization rotation is to tilt the periodic potential.

The dynamics of the OTW can be separated into two distinct dynamic regimes, separated by
a saddle-node bifurcation occurring atω = ωc = τo/γ. The first regime, in which|ω| < ωc, is
characterized by the existence of a potential barrier separating two successive stable states. At
these low frequencies, the drag torqueγω can be balanced by the optical torqueτ(x), for a par-
ticular anglex, and the particle rotates in phase with the driving polarization. When|ω| . ωc,
the presence of thermal noise can allow the system to escape the barrier between two potential
minima, resulting in the appearance of regular spikes in the torque signal, a characteristic fea-
ture of the excitability of the system [15]. Physically, this corresponds to the extraordinary axis
of the particle transiently slipping out of the polarization direction during rotation. In the sec-
ond regime in which|ω| > ωc, the potential barrier disappears, the stable and unstable points
merge, and a limit cycle is created giving rise to a deterministic periodic torque signal with
period given by

To =
π

√

ω2−ω2
c

. (4)

In presence of noise and forω sufficiently greater thanωc, the period of the torque signal
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Fig. 2. Torque on a birefringent cylinder.a) Calibratedoptical torque as a function of the
anglex between the polarization and the extraordinary axis for two laser intensities (blue
points: 100 mW, red points: 50 mW, power measured at the objective input). The traces are
reconstructed from torque traces recorded atω > ωc. Calibration was performed following
the method described in sec. 4.2.1. The black lines are sinusoidal fits (Eq. (1)) of the ex-
perimental points.b) Mean value of the measured torque as a function of the polarization
rotation frequency. Within the region|ω|< ωc ≃ 37(×2π) Hz the torque is constant in time
(τm = βτ γω), while for |ω| > ωc the torque becomes periodic, with mean period given by
Eq. (4). Negative frequencies indicate opposite rotation direction. Note that the cylinder
used here has a larger volume and lowerωc than the one used in the subsequent figures and
table.

becomes a statistical variableTs distributed around its mean valueTo, hence〈Ts〉 ≈ To.
The physics of the OTW can be experimentally verified (Fig. 2). In Fig. 2a, we demonstrate

the excellent agreement between the theoretically predicted (Eq. (1)) torqueτ (solid lines) and
the experimentally measured values (red and blue data-points), plotted over a full period of the
angle between the extraordinary axis and the laser polarization. In Fig. 2b, we plot the exper-
imentally measured mean value of the torque transferred to the trapped birefringent cylinder
(Fig. 1b) at different polarization frequencies (for experimental methods, see sec. 2.2). The
transition found at|ω| = ωc illustrates the passage between the two dynamical regimes dis-
cussed above. For|ω| < ωc the torque is constant in time and its value increases linearly with
the frequency to balance the drag torque. Beyond the critical frequency, the drag torqueγω
overcomes the maximum optical torqueτo, and the axis of the particle escapes the direction of
the rotating polarization, reducing the average value ofτm.
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2.2. Experimental configuration

In the OTW, we employ cylindrically-shaped microscopic quartz (positive uniaxial) parti-
cles [26] fabricated by electron-beam lithography [27]. The particles have a tapered profile,
with the dimensions indicated in Fig. 1b, and their extraordinary axis is perpendicular to their
geometrical axis. Inside the optical trap, the cylinder aligns itself parallel to the direction of
laser propagation to minimize the scattering force. This, together with the three-dimensional
linear trap, constrains five of the particle’s degrees of freedom. The remaining degree of free-
dom (rotation of the cylinder around its axis) is controlled by the linear polarization of the laser,
which defines the stable orientation for the extraordinary axis atx = 0 (modπ) (Fig. 2a).

To control the orientation of the laser polarization, we use a fast electro optic modulator
(EOM) with its axis oriented at 45o with respect to the laser polarization (Fig. 1c) in combina-
tion with a quarter wave-plate (aligned at 45o with respect to the EOM axis) [24]. The resulting
polarization inside the optical trap is linear (ellipticity. 5%), and its angle is linearly pro-
portional to the voltage applied to the EOM. The torque transferred to the trapped particle is
deduced from the difference of the intensity signals of the two circular components of the laser
light at the output of the trap.

By applying a repetitive sawtooth signal to the EOM voltage (corresponding to a rotation
between 0 andπ), we can quasi-continuously rotate the polarization inside the trap. We observe
that rotating the laser polarization in an empty trap generates a torque signal that is modulated
at the frequency of the EOM voltage, instead of the expected constant (zero) value. This can
be due to imperfections of the EOM such as a small misalignment of the internal crystals.
We overcome this problem by recording a torque reference signal equivalent to the torque
transferred in an empty trap (Fig. 1c, gray dotted box labeledReference), and defining this as
the zero-torque level. This reduces the spurious torque modulation to few percent ofτo when a
particle is trapped and rotated.

The optical trap is formed at the matched focus of a pair of identical microscope objectives
(1.2 NA, water immersion). The intensity of the 1064 nm trapping laser is intentionally limited
to 100 mW at the trap input. A calibrated position sensitive detector (PSD), placed in a plane
conjugate to the back focal plane of the condenser, is used to monitor the displacement of
the trapped particle in x,y,z. We employ an acousto-optic modulator to actively control the
laser intensity, and we utilize two independent imaging systems to monitor both the laser’s
transverse profile at the back focal plane of the condenser as well as the surroundings of the
trapped particle inside the flow cell. An FPGA card runs the feedback loops that can be used
to actively control the laser intensity and the torque amplitude, while a DAQ card acquires the
PSD signals. The maximum overall temporal resolution is 5µs. The flow cell is prepared with
two glass slides (thickness 170µm each) spaced by one parafilm layer, and buffer exchange is
possible through inlet and outlet holes in the top glass slide.

3. Similarities and differences in the calibration of OT and OTW

In OT, quantitative force measurements can be accomplished by obtaining a complete set of
three calibration parameters. First, thesensitivityof the detection system (in units of V/m) must
be known in order to convert the measured voltage signal, proportional to the displacement
of the bead inside the trap, from Volts to meters. Second, once the displacement is known in
meters, the force on the trapped bead is calculated as the product between thetrap stiffness(in
units of pN/nm) and the displacement. From the analysis of the Brownian fluctuations of the
particle inside the trap, one can extract the sensitivity and trap stiffness provided that the particle
drag coefficient(in units of pN s/nm) is known. Thus in total three independent measurements
are required.

The three corresponding angular parameters that need to be quantified during the calibration
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of an OTW are thetorque sensitivityβτ (in units of V/pN nm), theangular stiffnessκ (in units
of pN nm/rad), or equivalently, themaximum torqueτo (in units of pN nm), and theangular
drag coefficientγ (in units of pN nm s).

We can nonetheless underline several differences between the calibration of OT and OTW:
(1) The quantity directly measured in an OTW is torque, from which the angle of the particle

can be determined, while in OT the displacement is measured and the force is determined from
it.

(2) The sensitivity in OT varies outside the linear response region of the detector. In the
OTW, by contrast, the measured torque signalτm (in Volts) is always linearly proportional to
the optical torqueτ applied to the birefringent particle via the sensitivityβτ , according to

τm = βτ τ. (5)

(3) In OT, a single stable point for the position of the particle is defined and it is common
(even though not necessary [28]) to employ only the region of the optical potential where the
stiffness is constant and the linear approximation between force and displacement holds. In
the OTW, the optical potential is periodic. This makes the anharmonic region of the angular
potential readily accessible, because even when the particle explores angles far from the stable
solution, it never escapes the 3D trap. In the following, to characterize the sinusoidal optical
torque (Fig. 2a) we will use the maximum available torqueτo.

(4) In both OT and OTW, when the medium viscosity is known, one has to consider how the
drag coefficients depend on the particle geometry. For OT experiments, fully spherical dielectric
beads with precisely known radii are readily available, hence for calibration purposes one can
safely assume the theoretical value for the linear drag given by the Stokes relation (corrected
for the proximity of a surface as necessary). Calibrations with other particle geometries are
also possible [29, 30]. This has the advantage of reducing the number of independent calibra-
tion measurements from three to two. By contrast, for the OTW one typically nanofabricates
the birefringent particles [26, 27]. We nano-fabricated quartz cylinders with∼ 10% volume
variation [27] that have a lightly tapered form; due to this variability in particle size and the fact
that an exact analytical expression for the drag coefficient of tapered cylinders is lacking, we
develop methods that allow us to directly measure the particle drag in question. Interestingly,
our experimental results find quite good agreement between the values of the measured and
the theoretical drag, provided that the latter is computed for a perfect cylinder with a volume
equivalent to that of the cylinders employed in the experiments.

4. Approaches for angular calibration

We now discuss different approaches to perform the three independent measurements needed
for OTW calibration. The approaches have in common that they provide independent measure-
ments of the angular thermal fluctuations, of the angular response of the system to controlled
modulations of the direction of the laser polarization, and of the characteristic time-scale of
the system. The interplay between these three measured quantities then serves to fix the three
calibration parameters. The main experimental control parameter is the frequencyω at which
the polarization is rotated, also referred to as the polarization rotation frequency (which may
be zero or even negative). For convenience, we classify the different calibration methods by the
number of polarization rotation frequencies employed.

4.1. Calibration approach involving measurement over the full range of frequencies: fitting
the standard deviation of the torque signal

In this first approach, we rotate the laser polarization over a wide range of frequencies to probe
the system’s complete dynamic response while recording the torque transferred to the trapped
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2δτm(∞) = Vo = 64.9 mV (see text). The top diagram uses blue circles to schematically
indicate the polarization frequencies generated by the EOM in this method.

cylinder. For each polarization rotation frequencyω, we determine the standard deviationδτm

(in Volts) of the measured optical torque signalτm (Fig. 3, blue squares). Similar to the data
shown in Fig. 2a, an abrupt transition in the particles response atω = ωc is evident.

We can derive an analytical expression forδτm (Appendix I), for which the correct form
depends on whetherω is above or below the critical frequencyωc

δτm = βτ
√

2τokBT
[

1− (ω/ωc)
2]

1
4 for ω < ωc (6)

= βτ τo

[

√

(ω/ωc)2−1

(ω/ωc)+
√

(ω/ωc)2−1

]
1
2

for ω > ωc (7)

Fitting the experimentally determined standard deviation of the torque to Eq. (6) and Eq. (7),
as shown by the red line in Fig. 3, we obtain the complete set of calibration parametersβτ ,
τo andγ = τo/ωc. Alternatively, the fit can be used to find the three quantitiesδτm(ω = 0),
δτm(ω = ∞) andωc, from which the calibration parameters can be subsequently deduced ac-
cording to:

τo = 4kBTδτ2
m(∞)/δτ2

m(0) (8)

γ = τo/ωc (9)

βτ =
√

2δτm(∞)/τo (10)

4.2. Calibration approaches involving separate measurements at two frequencies

In this second approach, we perform separate measurements at two different polarization rota-
tion frequencies. Within this approach, there are two variants that we describe in turn.
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the torque variance, period, and amplitude. From top to bottom: a schematic of the EOM
frequencies used (blue circles), the probability distribution of the torque readout atω = 0,
and a segment of the torque trace acquired atω/2π = 300Hz. For this data set, the measured
variables (indicated by arrows) areδτm = 5.5 mV,〈Ts〉 = 3.8 ms, andVo = 66 mV.

4.2.1. Power spectrum analysis atω = 0 followed by fast polarization rotation atω > ωc

In this method [13], one first considers the power spectral density of the measured torque signal
at ω = 0, which is a measurement that yields two independent quantities (Fig. 4a). To see this,
we note that at fixed laser polarization the power spectral density of the measured torque signal
is described by a Lorentzian (provided that linearization around the particle’s stable point is
possible, i.e.τo ≫ kBT). This Lorentzian,Po(τm, f ) = Ao/( f 2 + f 2

c ), is parameterized by an
amplitudeAo = 4β 2

τ τ2
okBT/(π2γ) and a corner frequencyfc = τo/(πγ) = ωc/π. Fitting the

experimental spectrum to this function therefore yields two independent variablesAo and fc
(Fig. 4atop).

To determine the third independent variable, a subsequent measurement is performed atω >
ωc, the regime where the torque experienced by the particle is periodic as a function of time. A
typical trace showing the amplitude of the torque signalVo (defined as half of the peak-to-peak
value in Volts) is shown in Fig. 4abottom. In practice, the value ofVo can vary along the torque
trace due to the small spurious modulation discussed in sec.2.2 (see also Discussion below).
Therefore, to systematically determine an accurate average value ofVo from the entire recorded
torque signal, we measure the standard deviationδτm and invert Eq. (7) to obtainVo = βτ τo.
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From the measurement of the three independent variablesAo, fc, andVo, the calibration
parameters are deduced according to:

γ = 4kBTV2
o /(π2Ao) (11)

τo = πγ fc (12)

βτ = Vo/τo (13)

4.2.2. Calibration by measurement of the torque variance, period and amplitude

A second method that probes the response of the birefringent particle at two polarization rota-
tion frequencies follows a similar approach. Again, we start by examining the regime in which
the polarization direction is fixed (ω = 0), but now we measure the standard deviation of the
torque signalδτm(ω = 0) = βτ

√
2kBTτo (Eq. (6)). This yields the first independent variable

(Fig. 4btop).
In a subsequent step, we consider the regime in which the polarization rotation frequency is

set toω > ωc. From the resulting periodic torque trace in the temporal domain (Fig. 4bbottom),
we can extract the torque amplitudeVo = βτ τo as before. In addition we extract the mean period
〈Ts〉 of the oscillating torque experienced by the particle. Using Eq. (4), we can extract the value
of ωc = τo/γ from 〈Ts〉.

Hence, from the measurement of the three independent variablesVo, 〈Ts〉 andδτm(0), the
calibration parameters are then given by

τo = 2kBT [Vo/δτm(0)]2 (14)

γ = τo

[

ω2− (π/〈Ts〉)2
]− 1

2
(15)

βτ = Vo/τo (16)

4.3. Calibration approaches using measurements at a single frequency

Lastly, we discuss calibration approaches that yield all three calibration parameters from a
measurement performed at a single polarization rotation frequency. As we will show, the two
variants presented rest on quite different theoretical approaches.

4.3.1. Sinusoidal modulation of the laser polarization direction

The first method in this category closely follows a strategy that has been used successfully for
the calibration of linear traps [31]: we insert a small sinusoidal modulation of amplitudeA and
frequencyfmod into the voltage driving the EOM, which produces a polarization that oscillates
aboutθpol at a fixed frequency:θpol = Asin(2π fmodt). Provided thatA is sufficiently small, the
power spectral densityP(τm, f ) of the measured torqueτm experienced by the particle can be
described as the sum of two components: a Lorentzian with cutoff frequencyfc = τo

πγ as in sec.
4.2.1 and, superimposed on this, a peak centered atf = fmod. Mathematically, this is expressed
as

P(τm, f ) = 2τ2
oβ 2

τ

[

2kBT
γπ2( f 2 + f 2

c )
+

A2

(1+ f 2
c / f 2

mod)
δ ( f − fmod)

]

(17)

Under these conditions, three independent variables can be measured from the experimental
spectrum (Fig. 5a), to directly yield the three calibration parameters. First, a fit of the back-
ground power spectral densityPo(τm, f ) = Ao/( f 2 + f 2

c ) to a Lorentzian (performed excluding
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Fig. 5. Calibration approaches using measurements at a single frequency. a) Sinusoidal
modulation of the laser polarization direction.Top: schematic of the EOM frequency used
(the blue circle indicates the frequency of the sinusoidal modulation).Bottom: power spec-
trum of the measured torque signal including the contribution from the imposed modulation
of the direction of the laser polarization (fmod = 300Hz,A = 0.018 rad,∆ f = 2 Hz); red
points result from binning the experimental points (blue) into bins of variable size and the
green line fits the red points to a Lorentzian. From the data shown, we obtainfc = 150 Hz,
Ao = 3.2E-3 V2Hz, andAm = 2.18E-6 V2/Hz. b) Analysis of the diffusion in a tilted poten-
tial landscape. From top to bottom: schematic of the EOM frequency used (blue circle), a
segment of the torque trace recorded atω > ωc, and a histogram of the measured torque pe-
riod Ts. From these data, we obtain〈Ts〉= 3.8 ms,δTS= 0.16 ms, andδτm =Vo/

√
2= 45.3

mV.

the peak atfmod) provides the plateau valueAo and the cutoff frequencyfc as in sec. 4.2.1. Sec-
ond, the peak powerAm at the modulation frequency, given byAm = P(τm, fmod)−Po(τm, fmod),
is measured.

From the measurement ofAo, fc, andAm one then obtains the calibration parameters accord-
ing to

γ =
2kBTAm

π2A2Ao
(1+ f 2

c / f 2
mod) ∆ f (18)

τo = πγ fc (19)

βτ =

√

Am∆ f
2τ2

oA2 (1+ f 2
c / f 2

mod) (20)

where∆ f = 1/tmsr andtmsr is the measurement time, chosen as a multiple of the period of the
applied modulation [31].
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4.3.2. Analysis of the diffusion in a tilted potential landscape

A second single-frequency approach for calibration relies on detailed analysis of the diffusion
of a particle in the periodic optical potential tilted by the polarization rotation (Eq. (3)).

The diffusion of a particle in a periodic potential tilted by an external force has been the
object of numerous analytical and numerical studies as a result of its interesting physics and
recurrence in scientific phenomena [32]. In such a system, which is at steady-state but not at
the thermodynamic equilibrium, the effective diffusion coefficientDe f f depends on the tilt of
the potential and differs from that provided by the Einstein relationDo = kBT/γ [33].

In the case of the optical periodic potentialU(x) of the OTW, tilted by the rotation of the po-
larization as described by Eq. (3), the theoretical results can be effectively used for calibration.
In Appendix II we show that the effective diffusion coefficient for the OTW, whenω > ωc, can
be expressed as [32]

De f f =
π2δT2

s

2〈Ts〉3 =
kBT

γ
f (r) (21)

whereδT2
s is the variance of the torque period andf (r) is a function ofr = ωc/ω (see Appendix

II).
To carry out a calibration measurement, we fixω > ωc and record the resulting periodic

torque signal (Fig. 5btop). From this single time-trace, we directly measure the average value
of the torque period〈Ts〉 and its varianceδT2

s in the temporal domain. The distribution of the
periodTs is shown (Fig. 5b(bottom)). The value ofωc can then be determined from Eq. (4)
usingωc = τo/γ =

√

ω2− (π/〈Ts〉)2 , allowing us to calculater and f (r). The drag coefficient
is then found from Eq. (21) as

γ =
2kBT 〈Ts〉3

π2 δT2
s

f (r) (22)

and the maximum optical torque is then easily calculated fromγ andωc using

τo = γωc (23)

Finally, the standard deviation of the same torque signalδτm is measured (Fig. 5), in order
to yield the angular sensitivityβτ (Eq. (7))

βτ =
δτm

τo

√

(ω/ωc)+
√

(ω/ωc)2−1
√

(ω/ωc)2−1
(24)

5. Discussion

Using the experimental configuration described in sec. 2.2, we have experimentally imple-
mented the five different calibration methods for the OTW described in the previous section on
the same trapped birefringent cylinder. The resulting values of the calibration parameters (γ,
βτ , τo) are summarized in Table 1. Overall the numbers obtained with the different approaches
agree well with one another. The errors shown in the table, indicated by the notation±a

b, reflect
the precision obtained repeating the same measurement (a) and the single measurement error
that results from error propagation of experimental uncertainties in the analytical expressions
(b).

For an absolute and independent check of the measurements, we can compare the experi-
mentally determined values for the particle drag to the theoretically determined value for an
appropriately-shaped cylinder (Fig. 1b). For a cylinder in water of length 1.8µm and diameter
0.6 µm, a theoretical value ofγ = 2.3 pN nm s is expected for the drag coefficient [34], which
is well within the range of experimentally measured values forγ, and therefore validates our
results.
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Table 1. Experimental results of the different calibration methods obtained with the same
trappedbirefringent cylinder. For every method, the notationm± a

b indicates the mean value
m, obtained inN successive measurements, the standard deviationaof theN measurements,
and the error propagated from the uncertainties of the parameters measured in the method
and calculated from the analytical expression ofm. Hereβ ′

τ = β−1
τ . References to sections,

figures and equations of this work for each method and parameter are provided.

Drag γ Sensitivityβ ′
τ Max. Torqueτo

Method (pNnms) Eq. (pNnm/mV) Eq. (pNnm) Eq.

Fit of the standard deviation
of the torque (N= 2, sec.
4.1, Fig. 3)

2.4± 0.1
0.2 (9) 15.9± 0.3

0.9 (10) 1041± 7
63 (8)

Spectrum atω = 0 and fast
rotation atω > ωc (N = 6,
sec. 4.2.1 Fig. 4a)

2.1± 0.2
0.3 (11) 15.7± 0.6

2.9 (13) 1008± 37
189 (12)

Torque variance, period and
amplitude(N = 6, sec. 4.2.2,
Fig. 4b)

2.1± 0.1
0.1 (15) 16.7± 0.6

0.1 (16) 1100± 41
25 (14)

Sinusoidal modulation of
the polarization direction
(N = 2, sec. 4.3.1, Fig. 5a)

2.2± 0.1
0.3 (18) 16.0± 0.3

2.9 (20) 1044± 22
129 (19)

Diffusion in a tilted potential
landscape(N = 6, sec. 4.3.2,
Fig. 5b)

2.4± 0.1
0.1 (22) 15.9± 0.6

1.4 (24) 1046± 40
47 (23)

When using these different methods, it is important to minimize potential sources of sys-
tematicerrors. For example, there is a first source of error that primarily affects the methods
that measure torque fluctuations during rotation of the laser polarization (sec. 4.1, 4.2, 4.3.2).
This is due to the fact that it is not straightforward to obtain a torque signal that is fully free
of spurious modulation (at the frequency of the EOM) in torque whenω > 0, despite the im-
provements offered through the use of a reference signal as discussed in sec. 2.2. We find that
the precise alignment of the axes of the two quarter-waveplates surrounding the optical trap
is the critical parameter in achieving a flat torque signal when the polarization is rotated at a
finite frequency belowωc. Once such alignment is optimized, the residual amount of spurious
torque modulation depends also on the trapped particles, probably reflecting small differences
in their geometries and scattering. The data presented in this work correspond to a particle for
which the spurious modulation could be reduced below the thermal noise. For other particles
this was not always possible, and as a consequence the precision with which the parameters
were obtained by the different methods was significantly lower (with deviations from the mean
value up to±20%).

If the torque modulation is appreciable, the first method introduced, relying on the use of
multiple frequencies (sec. 4.1) and measurement of the standard deviation of the torque, suffers
from a systematic error particularly strongly. This is due to the fact that for the part of the
measurement that is conducted at 0< ω < ωc, the spurious modulation can be relatively large
compared to the predicted value of the standard deviation (see Fig. 3), artificially increasing the
value ofδτm; this effect is less pronounced whenω > ωc.

A second source of error is the accuracy of the fit of the experimental power spectrum to
the theoretical Lorentzian curve [21], affecting the two methods described in ”Power spectrum
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analysis atω = 0 followed by fast rotation atω > ωc” (sec.4.2.1) and ”Sinusoidal modulation
of the laser polarization direction” (sec.4.3.1). This is reflected in the relatively large propagated
uncertainty of these two methods. Variations in the fitting parameters critically depend on the
weight given to different frequency regions, which can be controlled by binning the data with
a variable bin size (as done in Fig. 4a and Fig. 5a to increase the weight of the Lorentzian
plateau), and on the value of the maximum frequency present in the fitted spectrum, which
delimits the region to which anf−2-dependence is fitted.

Which type of calibration method is the be most useful to the experimentalist? Based on
the above considerations of sources of error, it seems likely that the methods that rely on the
analysis of torque fluctuations for 0< ω < ωc (sec. 4.1) and the methods that rely on spectral
analysis (sec. 4.2.1 and sec. 4.3.1) should be the most prone to inaccuracies (see Table). To
reduce systematic errors, one would preferably acquire and analyze torque traces in the time
domain using either a fixed (ω = 0) or rapidly rotating (ω ≫ ωc) polarization (methods of sec.
4.2.2 and sec. 4.3.2). On this basis, we recommend these two methods. For the practical im-
plementation in an experimental setup, the rapidity with which calibration can be performed
is also an important consideration. Amongst the methods presented here, the one based on the
use of multiple polarization rotation frequencies (sec. 4.1) is surely the most time consuming;
conversely, the single-frequency methods of sec. 4.3.1 and 4.3.2, which only require acquisi-
tion at a single polarization rotation frequency, are the most rapid. When high throughput is
required, these two methods are preferred. Taking both speed and accuracy into account, we
conclude that the single-frequency method of sec. 4.3.2 will be typically the most suitable. This
method also has the advantage of allowing one to dynamically measure possible variations
of the drag coefficient within few polarization cycles, which can be useful in micro-rheology
measurements.

In conclusion, we have described and performed various methods of OTW calibration, some
with direct OT analog and others developed specifically for the angular variables. Overall, the
different methods lead to close results, which also agree with the theoretical prediction for
the particle drag coefficient. However, the absolute values of the variables measured by the
instrument should be expected to depend on the details of calibration method chosen. We hope
this work can contribute to a wider use of the OTW, a versatile technique with many potential
applications in physical and biophysical studies.

Appendix I: Derivation of the standard deviation of the torque

We derive here the analytical expressions (Eq. (6) and Eq. (7)) for the standard deviation of
the torque (sec. 4.1). We recall thatτm = βτ τ (Eq. (5)), whereτm is the measured torque signal
in Volts, βτ is the sensitivity,τ = τosin(2x) is the optical torque (Eq. (1)), andx is the angle
between the laser polarization and the extraordinary axis of the birefringent cylinder. When the
laser polarization rotates at a constant frequencyω, the noise-free equation of motion can be
written as

ẋ = −τ0

γ
sin(2x)−ω (25)

(see Eq. (3)). We treat the two casesω < ωc andω > ωc separately.
Forω < ωc = τo/γ, the cylinder rotates in phase with the polarization. At equilibrium, when

x = xeq, the mean torque is given by

〈τ〉 = −τosin(2xeq) = γω (26)

from which we deduce the equilibrium positionxeq= 1
2 arcsin( ω

ωc
). We can express the variance

of x from the equipartition theorem asδx2 = kBT/κ , where the angular stiffnessκ can be
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written asκ = −(∂τ/∂x)eq = 2τocos(2xeq). This allows us to write the variance of the torque
(see Eq. (28)) as

δτ2 =

(

∂τ
∂x

)2

δx2 = 2kBTτocos(2xeq) (27)

= 2kBTτo

√

1− (ω/ωc)
2 (28)

Equation (6) is obtained from Eq. (28) by multiplying by the sensitivityβτ .
Forω > ωc, the cylinder does not rotate in phase with the driving polarization, and the noise-

free solution is a periodic torque trace with periodTo given by Eq. (4). In this case, the mean
value of the torque is given by

〈τ〉 =
1
To

∫ To

0
τdt =

1
To

∫ To

0
γ (ẋ+ω)dt

=
1
To

γ [x(To)−x(0)]+γω = − 1
To

γπ + γω

= γ
(

ω −
√

ω2−ω2
c

)

(29)

The expression of〈τ〉 is then used to calculate the torque varianceδτ2 according to

δτ2 = 〈τ2〉−〈τ〉2 =
1
Tτ

∫ Tτ

0
τγ (dx/dt+ω)dt−〈τ〉2 = γω 〈τ〉−〈τ〉2 (30)

= τ2
0

√

(ω/ωc)
2−1

(ω/ωc)+

√

(ω/ωc)
2−1

(31)

Equation (7) is obtained from Eq. (31) by multiplying by the sensitivityβτ .

Appendix II: Diffusion in a tilted periodic potential

We discuss here the theoretical results used in the calibration method based on analysis of the
diffusion of a particle in a tilted periodic potential (sec. 4.3.2). Specifically, we consider the
diffusion in a total potentialU(x) =V(x)−Fx formed by a periodic potentialV(x), tilted by an
external forceF . In the case of the OTW, the motion of the over-damped particle is described
by Eq. (3).

When the polarization rotation frequency is set toω > ωc, the system is far from the thermo-
dynamic equilibrium as there is a non-zero probability flux resulting from the disappearance of
the energy barrier between successive minima. In this case, the Einstein relationDo−µkBT = 0
(expressed in terms of the mobilityµ = 1/γ) is not valid. Rather, the following approximate
expression can be derived for the effective values of the diffusion coefficientDe f f and the ef-
fective mobilityµe f f, providedγω ≫ kBT [33]:

De f f −kBTµe f f ≈
kBT

γ

√

ω2−ω2
c

ω

[

2〈τ2〉
γ2ω2 +

5〈τ3〉
γ3ω3

]

(32)

The effective mobility is in general defined byµe f f = dv/dF [33], wherev is the speed of
the particle under the action of the forceF . In our case, recalling that forω > ωc the torque
is a periodic function of time with period〈Ts〉 (Eq. (4)) andF = −γω (Eq. (3)), the effective
mobility can be expressed as

µe f f = −1
γ

d
dω

〈v(ω)〉 =
1
γ

d
dω

π
〈Ts〉

≈ ω
γ
√

ω2−ω2
c

(33)
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Next, we use the expressions for〈τ2〉 (see Eq. (30)), and derive〈τ3〉 =
−(γ/2)τ2

o

√

ω2−ω2
c + γ3ω2(ω −

√

ω2−ω2
c ). Substituting these expressions together

with with Eq. (33) into Eq. (32), we find that the effective diffusion coefficient can be written
as

De f f =
kBT

γ
f (r) (34)

wherer = ωc
ω and wheref (r) is given by

f (r) ≈ 1√
1− r2

+
2
√

1− r2

1+
√

1− r2

[

r2 +
5
4

r4
(

1+
1

1+
√

1− r2

)]

. (35)
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