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Abstract

The self-attention mechanisms play a crucial role in multiple applications, for example mod-
ern large language models (LLMs), but their growing adoption has led to rapidly increasing
energy, water, economic, and hardware demands[25][20][5]. This thesis examines the ap-
plication of the Primal-Dual Kernel Multi-linear Singular Value Decomposition (KMLSVD)
framework as introduced by Wesel and Batselier[3] on the self-attention mechanism[24]. The
Primal-Dual KMLSVD attention framework makes three-dimensional self-attention possible
enabling a more information rich representation, possibly increasing accuracy, computation
time and/or a decrease in energy and hardware requirements. Furthermore, the Primal for-
mulation does not compute the attention tensor, significantly decreasing the computational
and time complexity. Therefore, Primal-Dual KMLSVD attention could play a major role in
green Al applications.

Three tests are performed on 10 different timeseries datasets in order to: i) find the most
accurate Primal KMLSVD attention variant, ii) compare Primal to Dual KMLSVD attention
and iii) compare the Primal-Dual KMLSVD attention framework to primal attention[4] and
canonical attention[24]. The results of these tests prove that Primal-Dual KMLSVD can de-
fine self-attention in 3D but, as of writing this thesis, the current used formulations are too
inefficient time wise to be a valid improvement or alternative to self-attention. Furthermore,
small scale tests suggest that Primal-Dual KMLSVD might not even be required to define self
attention in 3D. However, as no experiments were performed on higher-order (3D) datasets,
the potential of this framework for such problems remains an open question.
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Preface

This thesis "3D Primal attention, Using the Primal-Dual KMLSVD framework to describe
self-attention in 3D" was written as part of the master Systems and Control at SME TU
Delft. The writing of this thesis spanned from 18 November 2024 to 14 October 2025. This
thesis is a final product of my studies at delft. This thesis is meant for any student interested
in green Al or self-attention. The energy consumption of current commercial and popular
self-attention applications is unsustainable. The hope is that by researching this topic, we
find a possible solution to this problem.
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Chapter 1

Introduction

Self attention is a relatively new and powerful machine learning concept that is able to effi-
ciently encode and learn contextual relationships within sequences of data[24]. Self-attention
is commonly used in applications like Large Language Models (LLM)s (e.g., ChatGPT, Claude
etc.) and computer vision based tasks like medical imaging, image recognition and image
generation[17][27][28]. Self-attention, as defined by Vaswani et al.[24], is inherently two-
dimensional and computationally heavy for large datasets. The two-dimensional nature of
canonical self-attention possibly limits its expressive power. Additionally, the implementation
of self-attention on especially LLMs requires large data centers [15]. These centers use dispro-
portional amounts of energy and water for training and cooling[25][20]. The LLM’s GPT-3
for instance released over 500 metric tons of carbon during the training of the model[1]. The
aforementioned LLMs also come with a high and ever-increasing monetary cost to train and
maintain[5]. GPT-4 for instance cost a staggering $40M for a single training run[5]. Besides
the energy use, high and rising monetary cost and greenhouse gas emissions, self-attention suf-
fers from performance drops as the sequence length of the data it processes increases[8]. These
challenges highlight the need for a more efficient and expressive self-attention formulation. To
address these structure and computational limitations, this thesis introduces a novel three-
dimensional self-attention mechanism based on the primal-dual Kernel Multi-linear Singular
Value Decomposition (KMLSVD) framework. Unlike conventional self-attention definitions
which stay in 2D [24][4][12], the proposed method operates in 3D, enabling a richer and more
compact representation of contextual dependencies. This richer and more compact represen-
tation has the potential to reduce computational complexity, improve the scalability to high
dimensional data, and alleviate the environmental burden associated with large-scale training.
It could also open the door for novel transformer designs made specifically for 3D datasets,
thereby significantly increasing the model’s performance on said 3D datasets. Furthermore,
this formulation offers flexibility in computing 3D self-attention, where the primal formula-
tion can help reduce the impact of sequence length on model performance. However, before
investigating the implementation and design of these transformers and promises, it is cru-
cial to determine whether Primal-Dual KMLSVD attention actually works as a self-attention
mechanism in the first place. This last task is undertaken in this thesis.

This thesis aims to answer the central research question:
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2 Introduction

e "Can 3D Primal-Dual KMLSVD attention actually function as a self-attention mecha-
nism?".

Besides this main question, this thesis also tries to answer the sub-questions:

e "Can Primal-Dual KMLSVD attention be used as an improvement or alternative to
self-attention?"

e "Is the Primal or Dual KMLSVD attention formulation more favorable in terms of
computational efficiency and predictive performance?’

e "Can alternative primal KMLSVD attention formulations and feature maps improve
training efficiency and predictive accuracy compared to the baseline approach?'.

This thesis will proceed as follows. In chapter 2 the required background information is dis-
cussed. Chapter 3 introduces the Primal-Dual KMLSVD attention framework and presents
some possible modifications to the Primal KMLSVD attention. In chapter 4, the test results
of three tests are shown, and their findings discussed along with some smaller scale tests.
Finally, in chapter 5 a conclusion and discussion based on the test results are made along
with possible future research ideas.
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Chapter 2

Background

This chapter covers the existing background information that is required to understand
Primal-Dual Kernel Multi-linear Singular Value Decomposition (KMLSVD) self-attention.
Commonly used concepts in this thesis are explained in section 2-1. The Singular Value De-
composition (SVD) and its primal-dual (re-)formulation will be discussed in section 2-2. The
Multi-linear Singular Value Decomposition (MLSVD) and its primal-dual (re-)formulation
will be explained in section 2-3. The self-attention mechanism is introduced in section 2-4. In
section 2-5 the concept of using primal-dual Kernel Singular Value Decomposition (KSVD),
as introduced by Chen et al.[4], to represent and improve self-attention is introduced. Finally,
in section 2-6 all the theoretical components of this chapter are used to define an implemen-
tation method of primal attention.

Throughout the thesis, the following notation is used:

o Lower case variables z denote a vector.
o Upper case variables X denote a matrix.

o Calligraphic upper case variables X denote a tensor (see section 2-1 for what a tensor
is).

e X(;) denotes the mode-n-unfolding of tensor X" (see section 2-1 for what a mode-n-
unfolding is).

o A X, B denotes a mode-n-product between the A tensor and the B matrix (see section
2-1 for what a mode-n-product is).

2-1 Terms and Definitions

Throughout this thesis, various definitions and terms are used, which are defined and ex-
plained in this section. This section can be skipped if the reader has basic knowledge of
tensors, tensor networks, and tensor diagrams.

Master of Science Thesis N.T.N. Verbeek



4 Background

First off, a tensor represents any multidimensional array or data structure like a vector (1D)
or a matrix (2D). A tensor can have any number of dimensions, e.g., anything ranging from
t € RN to T € RNVixNex..xNeo g g tensor. A good example of a tensor is an RGB (red,
green, blue) color image Trgp € RYv*Ne*3 N and N, are the image pixel width and length
respectively (i.e., image resolution). Due to it being an RGB image, each pixel is encoded by
a vector trgp € R? that encodes the amount of red, blue and green in said pixel.

The order of a tensor is the same as the dimensionality of the tensor. So, a tensor 7 €
RN1XN2X.XNp hag order D.

A mode is a specific dimension of the tensor. For example, the first, second and third mode
of the tensor 7 € RN XNoXNs are of sizes Ny, Ny and N3 respectively. In the example of the
RGB image tensor Tgagp, the first, second and third mode are Ny, N, and 3 respectively.

A mode-n-matricization refers to different ways to flatten a tensor into a matrix along the
n’th mode. For example, given a tensor 7 € RN1*N2XNs taking the mode-2-matricization
results in a matrix T(9) € RN2XNiNs - GQee figure 2-1 for a visual example of the different ways
to apply a mode-n-matricization on a 3D tensor.

A mode-n-product denotes different ways to compute a tensor-matrix multiplication. In
practice, a mode-n-product involves multiplying a matrix with the transposed mode-n-matricization
of the tensor and them permuting and reshaping the product back into a tensor. For exam-
ple, given tensor 7 € RV *N2XNs and matrix A € RM1*N | the mode-2-product between 7~
and A (see equation 2-1) will follow these steps. First, take the mode-2-matricization of the
tensor: T(o) € RN2XNN2 - Then, compute AT, (—g), and finally permute and reshape the result

into RNV1*M1xNs - Note that the second mode (the mode along which the multiplication took
place) has now changed.

N.T.N. Verbeek Master of Science Thesis



2-1 Terms and Definitions 5

mode-1 mode-1-matricization T(1)E RN1XN2N3
>
T RNixNaxN; I
I
mode-2 —:1%" mode-2-matricization T(Z)E RNZXN1N3
» L = >
ALy
"
mode-3 mode-3-matricization T(3) € RNSXN1N2
—> >

A

Figure 2-1: Visual representation of a mode 1, mode 2 and mode 3 matricization of a 3D tensor.
This image is heavily inspired by C.Zetai and L.Clifford [6]

A Tensor Network Diagram (TND) is a visual representation of tensors and tensor

multiplications.

N2

Figure 2-2: Tensor network representation of a 3D tensor 7 € RNt xN2xNs

The "arms" in figure 2-2 correspond to the different dimensions. Each arm represents a sepa-
rate dimension and as such, the amount of arms connected to a tensor determine the dimen-
sionality (e.g., 3 arms means a 3D tensor, 6 arms means a 6D tensor etc.). Besides representing
dimensionality, the connection of two or more arms from different tensor represent a dimen-
sional contraction or a mode-n-multiplication. Figure 2-3 shows the mode-2-multiplication of
a 3D tensor T € RN1*NaXNs with a matrix A € RM*N2,
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6 Background

N1 N3
— T e
N2
N2
A
M

Figure 2-3: Tensor diagram of a mode-2-multiplication between 7 € RM>XN2XNs and A ¢
RMXN2

Note the interconnection of the arm corresponding to the 2nd mode of the 7 tensor with the A
matrix arm. Also note that when two arms are interconnected, these dimensions "disappear"
or are contracted. These tensor network diagrams can also be expressed mathematically. The
equations corresponding to figure 2-3 is as follows.

T X2 A, (2-1)

where xo denotes the mode-2-multiplication.

A feature map and kernel function are important tools used in machine learning appli-
cations to improve accuracy and expressive power. A feature map is an explicit mapping from
the input space to a (possibly higher-dimensional) feature space. An example of a feature-
map is shown in equation 2-2. There, X € RV*M ig the input matrix and ®(X) is the feature
map.

d(X) = l X))((T] (2-2)

A kernel function is a function that computes the inner product of two feature vectors in
feature space, without the explicit computing of the mapping ®. The kernel allows the
algorithm to implicitly work in the (possibly higher-dimensional) feature space. An example
of a kernel function is the polynomial kernel(2-3) where z € RM and 2/ € RM are two separate
entries of the X € RV*M dataset.

k(z,2') = ("2’ +1) (2-3)

2-2  Primal-dual (K)SVD

The Singular Value Decomposition (SVD) is a linear matrix decomposition method that
decomposes a given matrix X € RY*M into a positive diagonal core matrix S € Rf*% and

N.T.N. Verbeek Master of Science Thesis



2-2 Primal-dual (K)SVD 7

orthogonal factor matrices U € RVXE 1V € RMXE that admit the following relation

X=Usv" (2-4)
SVD(X) =[U,S,V]

where R denotes the rank of the given matrix X[23]. The U, S and V matrices have the
following properties with I € RI¥*E:

o S:=diag(oy,...,05) witho, >0, Vne(0,...,R)
e« UTU =1 (orthogonality),

o« VIV =1 (orthogonality).

The SVD maximizes the captured variance of the matrix that is being decomposed. This
means that the SVD allows for an approximate reconstruction of the original dataset matrix
X with reduced rank, while preserving as much of its variance or original information as
possible. By selecting the first n < R singular values and the corresponding singular column
vectors of U and row vectors of VT a low-rank approximation of matrix X (Xg in equation
(2-5)) can be made

K
Xk =Y opupv,. (2-5)

n=1
This truncated reconstruction retains the directions of maximum variance in the data, since
the singular values o, are ordered such that o1 > o9 > --- > ogr. Each term Jnunv;lr
contributes successively less to the overall variance of X. This ability to approximate a matrix
using a low-rank reconstruction can be very significant, especially in low-rank matrices. A
low-rank matrix can, with the help of SVD, be entirely described using fewer elements than
before, easing up on the memory or computational requirements[19].
SVD can be defined with Lanczos’ Decomposition Theorem|[9].

Theorem 2.1 (Lanczos decomposition for matrices). Let X € RV*M be g rank-R matriz.
Consider the solution (U,V,S) satisfying:
XV =US,
X'u=vs, (2-6)

where S € REXE s q positive diagonal matriz. Then, the matrices U € RV qnd V e RM* 1
are orthogonal, and X admits the decomposition:

X=Usv". (2-7)

In other words, the SVD matrices U, S and V can be computed by solving the constrained
equation 2-6.

As mentioned previously, SVD can be recast into a primal-dual optimization problem follow-
ing the LS-SVM framework[22][10]. The resulting primal-dual SVD formulation on a given
matrix X € RV*M has the following form. Let W, € RM*E and W, € RV*f denote learnable
weight matrices, F; € RN*® and Fy € RV*E denote equality conditions and let S € RE*E

Master of Science Thesis N.T.N. Verbeek



8 Background

and C € RM*N be given

primal: (2-8)

max j W1 WQ E1 EQ =
W1, Wa,E1,E2 ( ’ Y )

N

2
> Tr(E.S™'E) — Te(Wy CTWA)
d=1

subject to: E; = XCWa,
Ey=XTCTwy,
(2-9)

with R denoting the rank of the matrix X and "Tr" denoting the trace operation. In this
formulation, E; and Es ensure the weight matrices W7 and W5 maximize the variance on the
dataset X.

The dual expression of the primal is as follows:

dual: (2-10)
XCXUy = XUy = U4 S,
X'0"X"Uu, = XUy = U,S,

with U; € RV*E U, € RM*E bhoth orthogonal matrices. For a complete derivation of the
dual, see Suykens [23]. The dual expression(2-10) exactly corresponds to Lanczos’ decompo-
sition theorem 2.1 if the following properties hold:

1. the S matrix of equation 2-10 is a positive diagonal matrix. In other words, the S matrix
of equation 2-10 should be exactly equal to the S matrix of the SVD decomposition.

2. If XCX = X holds. This is a more trivial condition, seeing as the choice of C' is entirely
free and can specifically be computed in order for XC'X = X to hold.

If these two conditions hold, the dual exactly corresponds to Lanczos’ Decomposition Theorem
2.1 meaning that the dual formulation(2-10) is the same as the "classic" definition of SVD.
This also means that the primal formulation(2-8) is a definition of the SVD. After all, the
primal and the dual are two different ways of solving the same problem.

It is important to note that the orthogonality conditions of U; and Us do not have to be
actively enforced if the above two properties hold. The orthogonality property is merely a
result of the dual now being the same as Lanczos’ decomposition theorem.

Non-Linearization

The strength of the primal-dual formulation of SVD lies in its capacity for non-linear ex-
tension. In the primal this can be done by applying non-linear feature maps ®; € RN¥1xM
and ®y € RM2XM2 op the dataset X € RV*M_ In the dual, this translates to applying the
SVD non-linear Kernel matrix K € RN *N2 instead of X, making it a Kernel Singular Value
Decomposition (KSVD). This non-linearization effectively transforms SVD into its non-linear

N.T.N. Verbeek Master of Science Thesis



2-2 Primal-dual (K)SVD 9

counterpart "Kernel SVD (KSVD)". The resulting primal-dual KSVD formulation has the
following form

primal: (2-11)
Wi, Wy, Eq, Ey) :=
W1,WI£122?§1,E2 j( L2 = 2)
13 .
3 dz Tr(EgS™E]) — Te(Wy CTWy)
=1
subject to: FE; = &1CWo,
Ey = 0,0 W,

(2-12)

where W, € RMixR 1y, ¢ RM2xR B c RNMXE B, ¢ RN2xE G ¢ REXE gnd ¢ € RM1xMz,
Here, R denotes the rank of the kernel matrix K € RM>*N2 "Tr" denotes the trace operation
and M; and My correspond to the dimensionality of the non-linear feature maps ®; and
®, respectively. The two feature maps can have a different dimensionality than the original
dataset X.

The dual expression is as follows:

dual: (2-13)

K
—

0Py Uy = KUy = U, S,
D070 Uy = KUy = UsS,
N—_———
KT
with: K = &;CP, . (2-14)

where U; € RM*E and Uy € RM2XE hoth are orthogonal matrices. See Suykens [23] for a
detailed derivation of the primal-dual KSVD framework.

The dual corresponds to Lanczos’ decomposition theorem2.1 if the following relations hold:

1. S is a positive diagonal matrix (i.e., an S matrix corresponding to the SVD decompo-
sition2.1).

2. ©1CPy =K

With the above two conditions met, the dual corresponds to theorem 2.1 and as such is a
definition of an SVD on a Kernel matrix K instead of the original matrix X. This in turn
means that the primal is also a definition of KSVD.

The C-matrix (also known as the compatibility matrix) in the above primal-dual KSVD
definition allows for a (possible) mismatch in dimensionality of the two ®; € RN *Mi and
Py € RN2XMz feature maps for constructing the kernel matrix K € RN1*N2, The C' matrix
should be designed in such a way that equation 2-14 holds.

Recall that previously it was mentioned that the core S matrix should be the same core S
matrix of the SVD decomposition. In the dual, the core matrix S is gained by solving the set

Master of Science Thesis N.T.N. Verbeek



10 Background

of equations (i.e., by solving Lanczos’ Decomposition Theorem 2.1). However, in the primal,
the core S matrix cannot be gained by solving the optimization problem and is therefore
assumed to be previously known. This however is paradoxical: in order to solve the primal
KSVD formulation the S-matrix should be known beforehand however, the S-matrix can only
be gained by solving the KSVD. This creates a "chicken or the egg" problem, in order to solve
the primal formulation S should be known, but S can only be known if the SVD is solved.
The "chicken and egg" problem can be addressed by also considering the core S matrix as an
optimization matrix/variable[4].

The E; and F5 matrices can also be expressed in either the dual or the primal.

primal: dual:
K
—
Ey = &,CW; E; = ®,09) U, = KU; (2-15)
KT
—_——
Ey = ®,C"W, Ey=0,C"®] Uy=K"Us

It should be noted that these are two different expressions for the same matrices. Although
these primal-dual expressions may initially appear redundant, they play a crucial role in
explaining primal attention, a more computationally optimal way of describing self-attention.
See Section 2-5 for how the E7 and F, matrices are used to describe primal attention.

2-3 Primal-dual (K)MLSVD

MLSVD is the multidimensional variant of the SVD. Where SVD is applied on matrices,
MLSVD can be applied on any higher order tensor. MLSVD decomposes an N-dimensional
tensor X € RMXXNn into a core tensor S € RFE1X*EN and N semi-orthogonal factor
matrices U,, € RN»*fn which admit the following decomposition

X:Ul ><18><2... XNUN, (2—16)
MLSVD(X) = [Uy,Us, ..., Uy, S]

where R, denotes the rank of the mode-n-unfolding of the tensor X. S has the following
property
S(n)S(Tn) := positive diagonal matrix, for alln € {1,2,...,N} (2-17)

In this thesis, only the three-dimensional version of primal-dual KMLSVD is used. As such,
MLSVD will be referred to in a three-dimensional setting in this thesis even though primal-
dual KMLSVD is not limited to 3D.

The 3D MLSVD can be defined with the Generalized Lanczos’ Decomposition Theorem as
introduced by Wesel and Batselier[3]:

Theorem 2.2 (Generalized Lanczos decomposition theorem). An arbitrary rank-(R1, Ra, R3)
tensor X € RNVN2XNs o be written in MLSVD form, i.e., as in Equation(2-16) with core

tensor S € RE1<F2xBs o q semi-orthogonal factor matrices Uy € RN X1 U, € RN2XE2 - gng

N.T.N. Verbeek Master of Science Thesis



2-3 Primal-dual (K)MLSVD 11

Us € RNsxBs defined by the following set of equations:

Uls(l) X(l)(Ug ® UQ),
UQS(Q) = X(g)(Ug X Ul), (2—18)
U3S(3) X(g)(UQ ® Uy),

with the additional constraint that S(l)S(Tl), S(Q)S(E), and 5(3)5&) are positive diagonal matri-
ces.

MLSVD for the 3D case can be recast into a primal-dual formulation and non-linearized
just like primal dual KSVD. The primal dual formulation of MLSVD on a Kernel tensor
K € RNtxN2xNs (KMLSVD) is defined as follows. Let

Wy € RVixBi 1y, € RN2XF2 and Wy € RV3* 3 be learnable weights matrices.

E; € RV EL By e RN2xB2 o ¢ RN3XFs denote equality condition matrices.

Py € RVM>M @, ¢ RV2XM2 g € RV3XMs he given or pre-computed feature matrices.

tensors C € RMixMaxMs anq § ¢ RFE1xFE2XHs he given.

Primal (2-19)

max j W1 WQ W- E1 E2 FE3) =
W1,W2,W3,E1,E2,E3 ( ’ P L 3)

3
;dzl Tr (Ea(S(yS(y) " Ed )
—2vec(C) T (W3 @ Wa @ Wi)vec(S)
+ %Vec(C)T (@;@3 ® Dy Py ® <I>I<I>1) vec(C)
subject to:  E1 = ®1C)(W3 ® WQ)S(Tl),

E2 = (I)QC(Q)(WB, X WI)S(—;)a
By = ®3C(3) (W2 ® W1)Sy).

where

e My, Ms, M3 denote the dimensionality of the first, second and third feature map @1, ®o
and ®3 respectively.

e Ni, Ny, N3 denote the size of the first, second and third mode respectively of the kernel
tensor /C

e Ry, Ry, R3 denote the rank of the mode-1, mode-2 and mode-3 unfolding respectively
of the kernel tensor K

Master of Science Thesis N.T.N. Verbeek



12 Background

The E,, equality conditions of the primal KMLSVD serve the same function as that of the
primal KSVD, maximizing the captured variance.

The dual expression is as follows, where K(,) and S(,) denotes the mode-n-unfolding of the
K tensor and the § tensor respectively

Dual : (2-20)
U151y = Kq1)(Us ® Ua),
UaS(9) = K(2)(Us ® Ur),
UsS3) = K(3)(U2 ® Uh),

With U; € RV 7 e RViXEL and Uy € RM3XB3 For an exact reconstruction of the
dual(2-20) from the primal(2-19), see the appendix.

Linear KMLSVD (or MLSVD) can be attained by setting ®; = X(3), ®2 = X(9) and ®3 = X(3)
in the primal and I = X in the dual. This is, however, not useful seeing as M,, > N,, will
always hold and as such, solving the dual is always the less computationally complex solution.
The dual(2-20) exactly corresponds to theorem 2.2 if the following relations hold:

1. Equation 2-21 holds.

2. S has the same properties as a MLSVD-S tensor (see theorem 2.2).

If the above relations hold, the dual(2-20) is a definition of the MLSVD on a Kernel tensor
K € RN1xN2xNs - This in turn means that the primal is also a definition of MLSVD on a
Kernel tensor. Additionally, the above two relations holding also ensure that Uy, Uy and Us
are indeed orthogonal.

Much like with primal-dual KSVD, the C tensor ensures that the Kernel tensor X can be con-
structed from the three feature maps ®1, o, P3 even when those feature maps have different
dimensionalities. A different way of seeing the C tensor is as a "mapping" of how the three
feature-maps should be combined. The C' tensor should be designed in such a way that the
following holds:

K = (I)l X1 C X9 (1)2 X3 (133 (2—21)

or equivalently
vec(K) = (P3 ® ®o ® Pq)vec(C). (2-22)

The question of why even using the primal over the dual might naturally arise. According
to Batselier et al.[3], if N <« M holds, the dual is computationally more favorable and if
N > M holds, the primal is more computationall favorable where N := Max(Ny, Ny, N3)
and N := Max(Mj, Ms, M3). This allows for some flexibility in solving the KMLSVD. This
decrease in computational complexity of the primal if M < N is also seen back from tests,
where using the dual KMLSVD formulation lead to significantly longer computation times
(see sections 4-2-1 and 4-2-2).

The primal formulation of KMLSVD suffers from the same "chicken and egg" problem as
primal KSVD. The core S tensor of KMLSVD is assumed to be known in the primal formu-
lation. However, the core S tensor can only be known if the KMLSVD is solved in the dual
(i.e., the "canonical" way of solving the KMLSVD). This problem was addressed for primal
KSVD by Chen et al.[4] by setting the core S matrix as an optimization variable. Whether
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2-3 Primal-dual (K)MLSVD 13

setting S to a learnable parameter tensor also works for the primal KMLSVD formulation
has not been researched in literature and is tested in this thesis.
The Eq, E5 and F3 matrices can now also be expressed in primal or dual formulation.

primal: dual:

By = ®1Cqy (Ws @ Wa) S} By = Ky (Us @ Ua) Sy

By = $3C(o) (W3 @ W1) Sy Ey = K5 (Us @ Ut) Sy (2-23)
E3 = $3C(3) (Wa @ W) Sy E3 = K3 (Uy @ Ut) Sy

The corresponding tensor diagrams are given in figure 2-4
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(a) Primal tensor network representation of E,, matrices
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(b) Dual tensor network representation of E,, matrices

- /}

Figure 2-4: E, matrices represented in tensor networks for primal (a) and dual (b) formulation

The primal and dual expressions of these matrices are crucial for defining self attention in
3D. See chapter 3-1 for an in-depth overview of how these matrices are used to define 3D self
attention.

2-4 Self-attention

In the following section, quite a lot of symbols for different dimensionalities are used. A
simple table with an overview of the dimensionalities and their corresponding symbols are
given below for the sake of readability.
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Symbol Description

N Sequence length of the input

M Embedding dimension of the input

dy Embedding dimension of the queries

dy, Embedding dimension of the keys

dy Embedding dimension of the values

R Low-rank approximation of input embedding M

M, Embedding dimension of the n-th feature-map ®,,

Table 2-1: Overview of dimensionalities used in this section

Self-attention is a relatively new mechanism in machine learning, used in various applica-
tions—including large language models such as ChatGPT[26]. It is designed to capture de-
pendencies and relationships within sequences of input data. In the context of large language
models like ChatGPT, for example, self-attention captures the relationships between words
within an input segment, allowing the model to understand each word in the context of
the others. In this section, the self-attention framework, as defined by Vaswani et al.[24]
is explained. For the rest of the thesis, this self-attention framework will be referred to as
"canonical self-attention".

Consider a data sequence X € RV*M where N denotes the sequence length and M represents
the dimensionality of each input vector (i.e., the data has N number of input vectors each of
length M). With this data sequence, self attention first computes queries: Q(X) € RN*da
keys: K(X) € RVX% and values: V(X) € RV*dv

QX)=XW, K(X)=XW, V(X)=xW/ (2-24)

with Wq € R4*M yi e R&XM and W, € R%@*M | The dg, di, and d,, are the dimensionality
of the queries, keys and values respectively. These can differ from the dimensionality of the
dataset M, but within the context of this thesis the following relation will hold:

dg = dj, = dy = M. (2-25)

After computing the queries, keys and values(2-24), self attention computes the so-called
attention score matrix A € RV*N(2-26) [4]

A= W. (2-26)

where each entry of A is a dot product between a vector of the queries Q(X) and a vector of
the keys K (X). Additionally, the attention score is divided by v/M (i.e., the dimensionality of
the queries and keys) as a normalization step. This is done to prevent entries of the attention
score matrix to become overly large, which in turn stabilizes the learning process[24].

This attention score is then non-linearized with an activation function, usually with the
softmaz activation function[24].

eyi

fsoftmax(A)i - Tiey‘j (2—27)
j=1
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Applying the softmax to A has several effects. First, it makes the values in each row lie closer
in value to each other, further stabilizing the learning process. Second, applying softmax
ensures that all entries are now positive, avoiding the issue of negative values and their
detrimental effect on the learning process. Finally, the softmax causes each row of the matrix
to sum to 1. This, in turn, means that the resulting matrix can be interpreted as a probability
distribution over keys for each query. In this sense, the model assigns weight, or a degree of
attention, to every key entry based on how relevant it is to the current query entry.

The softmax is not the only activation function that can be used[16] so a generic activation
function factive Will be used for this section. The output of self-attention Yyt € RN xdy
is computed by passing the attention score A through an activation function factive and
multiplying it with the values V(X).

QX) K(X)
Vi,

The underlying logic of the self-attention output(2-28) is that it uses the non-linearized atten-
tion score(2-27) to encode context into the output Y. The non-linearized attention scores
are used to weight and aggregate the values V' (X), the values containing the actual content
or features of the input sequence. This way, the final output of self-attention reflects both
the contextual structure of the sequence and the underlying data content. The self-attention
output can basically be viewed as a context weighed and influenced version of the input X.

Yatt = factive < ) V(X) (2'28)

Transformers

In order to properly use the self-attention mechanism, a Transformer is necessary[24]. The
self-attention mechanism on its own is not complete enough to establish a full input-output
relation. A Transformer is essentially that: a deep learning model built around self-attention
mechanisms, extended with additional layers such as feed-forward networks and normalization
for example[4], to generate a full and coherent output from the input data. Transformers for
example add position encoding[24] which is vital for learning. Transformers can be seen as the
entire package, it generates predictions (or other types of outputs based on what is required)
based on the data. Self-attention can be seen as (vital) building stone of transformers, giving
them the ability to capture complex dependencies across the entire input sequence and thus
form the foundation for their effectiveness.

Multi-headed self-attention

In a lot of modern transformers and in this thesis, multi-headed self-attention is used. Multi-
headed self-attention is a key mechanism in transformer models that allow them to focus on
different aspects of a sequence simultaneously[24][13]. Instead of using a single attention-
mechanism to process the entire input sequence X € RV*M multiple attention mechanisms
with a lower dimensional output are applied on the dataset X. The output of these self-
attention mechanisms are then combined into a final output. The idea behind multi-headed
self-attention is that, by applying multiple lower-dimensional self-attention mechanisms, a
richer representation can be learned, enabling the model to capture different types of rela-
tionships and contextual cues within the data more effectively.
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2-4 Self-attention 17

See figure 2-5 for a visual representation of how the dataset is divided into multiple heads. In
this figure, each color of the original dataset corresponds to one element of the input sequence,
and the blocks with the same color represent the individual dimensions/variables of that el-
ement’s representation. Thus, the original dataset can be seen as a sequence of length 4,
with each element expressed in 12 variables. Each attention mechanism produces a standard
self-attention output (2-28), which preserves the original sequence length but represents each
element in a lower-dimensional embedding than the input dataset. Each separate attention
mechanism is also referred to as a head.

Original dataset

N IR TN

head 1 head 2 head 3 head 4

attention
mechanism

attention
mechanism

attention
mechanism

attention
mechanism

[ Concatenate over featurespace ]

v

Yinal

Figure 2-5: Visual representation of how multi-headed attention works. Note that each head
processes the entire sequence to a lower dimensional representation. These lower dimensional
outputs are then concatenated in a linear layer.

In practice, multi-headed attention works and is applied as follows. Instead of initializing
the query, key and value weights as M x M weight matrices, they are initialized as: W, €

RhXMX%,Wk € ]RhXMX%, W, € RP*M* 3 where h denotes the amount of heads. This can
; Iy : ¢ )

alternatively be viewed as creating h separate Wq(l) e RM*73 W,gl) e RM*% and sz) €

RMX ingtances with i € [1,..,h]. Usually (and in within the context of this thesis) the

amount of parameters per head is kept equal meaning that each head projects the original

dataset dimension of M to % With these h separate weight matrices, h separate queries,

keys and values are computed (Q(X)® ¢ ]RNX%,K(X)(“ € ]RNX%,V(X)(Z') € RNX%).
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Those separate queries, keys and values are then used to compute h separate self attention
outputs(2-28). These outputs are finally concatenated into one large output. Note that
multi-headed attention does not increase or decrease the amount of learnable parameters of
the self-attention mechanism itself. The addition of a linear concatenation layer however does
increase the total amount of learnable parameters.

2-5 Using primal-dual KSVD to describe self-attention

As stated in the introduction of this chapter, self-attention can be described using the primal-
dual KSVD framework. Such an alternative description simplifies the computational com-
plexity and leads to improved performance and accuracy of the model [4].

The non-linearized attention score(2-27) can alternatively be viewed as a non-linear kernel
matrix or function[4]. The output of the self attention mechanism can then be re-formulated
to

A,

Yare = Kate (X)V(X)

QX)) K(X)
NI, :

Note that when the re-written self attention output(2-29) is very similar to the dual KSVD
expression of the E; matrix(2-15). In fact, the self-attention output is exactly the same as
the dual expression for Ej if the values V' (X) are equal to the left singular vectors of the SVD
decomposition of K, (X)(2-29)[4]. So if equation 2-30 holds, Ey = Ya also holds.

with f{att = factive ( (2‘29)

V(X)=U; (2-30)

In other words: self attention can entirely be described by solving the SVD(2.1) on the self-
attention kernel matrix(2-29) and computing the £ matrix(2-15). Moreover, the computation
of the self-attention kernel(2-29) can be circumvented by solving the KSVD in the primal,
which leads to a significant decrease in computation time[4]. This can be done because the
primal and dual formulation of the F; matrix are two different ways to describe the same
thing (i.e., E1).

The authors who originally introduced the concept of primal attention (Chen et al. [4]) use
a slightly modified primal KSVD formulation (2-11) to describe self attention with primal
KSVD.

Given feature maps ®; € RV*M2 o, € RV*M2 et the following definition be a modification
of equation 2-11 and let By € RV*® and E, € RV*® additionally serve as outputs for this
specific primal KSVD formulation

primal: (2-31)
A Jksvp (W1, Wa, Ex, B2, S) =
13 "
3 dz Te(EgS™E]) — Te(W, CTWy)
=1

subject to:  Ey = &1CWy,,
Ey = ¢2CTW1|m
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2-5 Using primal-dual KSVD to describe self-attention 19

with Wy, € RM*B W, e RM*R W, ¢ RV and Wy € RV*R where R < min(N, M)
denotes the rank of the kernel matrix K and N < N. The main difference between primal
KSVD formulation used by Chen et al. [4] and the primal KSVD definition as introduced by
Suykens et al. [10] is the substitution of W7 and Wy with W1, and Wy, respectively. These
represent data-dependent versions of the primal KSVD weight matrices W; and Ws and are
computed as follows

Wi, = f(X)TW1 Wy, = f(X) W, (2-32)

where f(X) € RM*N denotes a possible sub-sampling of the original dataset X. This sub-
sampling is done in order to still process large sequence datasets. It is not exactly clear
why this is done, but the current theory is that using data dependent weights mimics or
approximates the logic of the values(2-24) which are computed by multiplying the dataset X
with a weight matrix Wo which alternatively can be viewed as generating a data dependent
weight matrix which linearly depends on the dataset X. Since the values can be seen as data
dependent weights and are directly used in the output of self attention, similar logic should
apply to the output of primal attention. Note that the data dependent weight matrices are
not used in the cost function itself. This is due to the fact that the Tr(W, CTW;) term is
used to regulate the weight matrices to prevent overly large values[4][10].

R represents the rank of the self-attention kernel matrix (see equation (2-29)). However, in
the primal formulation of KSVD, the kernel matrix is not directly computed, so the exact
rank R cannot directly be determined. Instead, R can be used as a potentially low-rank
approximation of the original embedding dimension M. This could lead to a more efficient
representation of the primal attention mechanism, decreasing the computation time and re-
quirements (energy, cooling etc.).

The choice of feature maps ®; and ®, cannot be arbitrary and should incorporate both non-
linearity and the queries and keys[4]. Chen et al. [4], for instance, propose using cosine
similarity as the basis for designing the feature maps:

o) _KWX) _
=@k TR (2-33)

Another idea is to try and mimic the softmax self attention kernel(2-29) with the feature
maps such that the following relation holds:

QX)TK(X
fsoftma:z: 7( ) ( ) ~ <D10<I>2T. (2—34)
(dk)
This can be done with the positive orthogonal random feature map[16].
exp wqu exp wlTk’
T T
_ ! lg2 | P (w2 _ ! gy |SPLw2
= exp(—14-) : T exp(—14°) : (2-35)
exp (w;l;q) exp (w;k)

with m < M, w € R™ a vector generated from the standard normal distribution and ¢ € RM
and k € RM vector entries of the queries and keys Q(X) and K(X). Another possible
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approach is to normalize the queries and keys by their Frobenius norm, as shown below in
equation 2-36.

o~ QXN 5

1QX)I|F

The motivation for this choice comes from Saratchandran et al. [12], who argue that the
strong performance of the self-attention mechanism arises from an implicit regularization of
the attention score matrix. However, since the attention scores are not directly computed in
the primal formulation, their Frobenius norm cannot be directly regulated. By using these
feature maps, the hope is that there is still some implicit regularization of the Frobenius
norm.
In section 2-2, the equality conditions F; and Es were introduced to maximize the variance.
In primal attention, they serve as an output that describes the self-attention mechanism.
If the notation of Chen et al.[4] is adapted, E; and Fs have the following primal and dual
formulations,

K(X)

“IE®)r (2-36)

primal: dual:
Katt
/—/AT R
Ey = &,CWy, E =®,00, Uy = KutUn, (2-37)
Rl
Ey = &0 Wy, Ey = ®:C" @, Us = K, U,

recall that the C-matrix was primarily meant as a way to circumvent a dimensional mismatch
when multiplying the feature maps with the weights. Since no dimensional mismatch is present
between ®; and Wy, and between ®3 and Wy, the C-matrix can be set to a square identity
matrix. This in turn means that the C-matrix is not necessary and the FE;,Fs equations
simplify to

primal: dual:
katt
/-/\? .
By = &1 Wy, E) =019, Up = Ku U, (2-38)
Ko
— &T
Ey = (I)2W1\x, By = @0 Uz = K, Us,

if the C-matrix is indeed set to be equal to the identity matrix.

Besides the ability to circumvent the kernel matrix computation, using the primal dual KSVD
framework also grants "extra" information or data on the self-attention output in the form of
the Eo matrix which is otherwise not present in standard self-attention[4]. In practice, this
extra output Eso is concatenated with E7 and then passed through a linear, fully connected
layer, generating a more information rich output. So not only does primal self attention
lead to a faster self-attention mechanism, it also grants extra information and possibly better
accuracy.

The primal formulation is computationally more favorable than the dual if the sequence length
N is larger than the dimensional embedding M. To clarify this, consider the computation
of the kernel matrix in standard self-attention. Let X € RY*M denote a dataset where N
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is the sequence length and M is the dimensionality of each input vector. In canonical self-
attention, the resulting kernel matrix has the following dimensionality Kot € RN Each of
the N? entries in the kernel matrix Katt are computed as a dot product between two vectors
of dimension M. Since the full matrix contains N2 such entries, the total computational
complexity of constructing the kernel matrix Kt can blow up. In fact, the computational
complexity of the kernel matrix Kot is O(N?M) and the computational complexity of the self
attention output is O(N2M)[18] bringing the total computational complexity to O(2N2M).
The computational complexity of the simplified primal KSVD output (F;) is O(2NMR). So
note that if M < N holds, the primal is more computationally favorable and if M > N holds,
the dual is more favorable.

Recall that in primal KSVD suffers from the "chicken and egg" problem of the S-matrix as
discussed in section 2-2. This problem is solved by Chen et al. [4] by also setting the S-matrix
as a learnable parameter. In order to enforce that the S-matrix does indeed adhere to the
positive diagonal conditions, Chen initializes it as a positive diagonal S-matrix where only
the diagonal are learnable parameters.

2-6 Implementing Primal Attention

Having discussed the various theoretical components of primal attention, this section details
how these parts are used in an implementation.
Before delving into the implementation of the learning process of a neural network should
be explained. Neural networks learn through a two-step process: i) estimations and ii) cor-
rections. First, a neural network makes an estimation based on the input data. Then, it
evaluates how far off this prediction is using a loss function, which quantifies the error. The
network uses this error to adjust its internal parameters via backpropagation [11] to improve
future predictions. The loss function plays a crucial role in the network’s ability to properly
"learn" from the data as it defines what the error means for a given task and will be referred
to as the task related loss in this paper. A good example of a commonly used task related loss
is the Mean Squared Error Loss, which measures how far predictions g; are from the actual
targets y;,

1

Lyse = N > (yi — i) (2-39)
i—1

with IV in equation 2-39 denoting the total number of samples.

When using the primal KMLSVD formulation to define self attention, the task related loss is
not sufficient for a good learning process[4]. Chen et al. propose a modified loss function to
solve this problem where L denotes the original task related loss (e.g., Mean Squared Error
Loss(2-39)) and Jksyvp denotes the primal attention KSVD cost function from equation (2-31)

min  Jyorar := L + nJEgvp- (2-40)

The underlying idea behind this new loss function is twofold. First, the JI%SVD term ensures
that the overall cost function and optimization problem remains a primal KMLSVD formu-
lation. It is squared to enforce an optimal cost of 0. In effect, the JI%SVD term acts as a
regularizer that enforces the solution to be a primal KSVD solution. The 7 is a tunable
hyperparameter that determines how strong the Jxsyp influences the overall cost function
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Jiotal- The task related loss L ensures the model also learns from the data itself. To summa-
rize, Jksyp is a regularization term to enforce KSVD structure and L enforces learning from
the data itself.

Finally, applying primal attention on a given dataset X € RY*M (N entries, each entry hav-
ing M variables) involves three steps: i) initialization, ii) forward step and iii) loss calculation
and backpropagation.

Initialization: Before the learning process starts, primal attention initializes the following
weight matrices Wy € RV*M 1, ¢ RVXM WéMXM, ,ﬁWXM and diagonal matrix S € REXE,
Here N is the sequence length ,M is the embedding size of the primal attention mechanism
and R < M should hold.

Forward step: The forward step is divided in 4 parts:

1. The queries Q(X) and keys K (X) are computed using equation 2-24.

2. Then Q(X) and K(X) are used to compute the feature matrices ®; and ®2 (e.g., by
using equation 2-33).

3. Subsequently, these feature matrices are used to compute the E; € R¥N*E and E, €
RN*E matrices using equation 2-38.

4. The E; and Es matrices are then concatenated and used as the output of the forward
step along with the weights W; and Ws, the S matrix and the feature maps ®; and ®,.

Wi, Wa, S, @1 and ®5 are explicitly required for calculating part of the loss function, specifi-
cally the Jxsvp term in equation 2-31; however, they are not part of the predictive output of
the model and are only used in computing the loss. The F; and FE» are the actual predictive
outputs of the model.

Loss calculation and backpropagation: The entire output from the previous step is used
to compute the loss (2-40) that is subsequently used in backpropagation to update the internal
variables (i.e., Wy, Wa, W, Wy, S). Note however that the cost function does not calculate
any variables apart from the loss itself.
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Chapter 3

Primal KMLSVD self-attention

In this chapter, the central contribution of this thesis is introduced: a 3D self-attention
formulation based on the primal-dual Kernel Multi-linear Singular Value Decomposition
(KMLSVD) framework. Unlike existing (re)formulations of self-attention that either ma-
nipulate 3D data to better fit the standard self-attention mechanism[21] or still inherently
work in 2D [4][12], the proposed mechanism operates directly in 3D, making the 3D structure
a fundamental part of the formulation itself. In addition to this formulation, several alter-
native variants based on the primal KMLSVD attention are proposed that aim to improve
training efficiency and model accuracy. In section 3-1 a general overview of the Primal-Dual
KMLSVD framework that describes 3D self-attention is introduced and described. Section
3-2 is a more in-depth analysis of the different modifications of primal KMLSVD attention.
In section 3-3 an overview of how to actually implement primal and dual KMLSVD is given.
Finally, section 3-4 describes how the Primal-Dual KMLSVD attention framework is used to
describe multi-headed self-attention.

Due to the different self-attention mechanisms used, a table is given below 3-1 showing the 3
main self-attention mechanisms used, and the names used to refer to them in this thesis.

Self-Attention Type Name in thesis

Self attention as defined by Canonical self-attention
Vaswani et al. [24]
Self attention described using the Primal Attention
Primal KSVD framework as defined
by Chen et al. [4]

Self-attention described using the Primal-Dual KMLSVD attention
Primal-Dual KMLSVD framework
(the topic of this thesis)

Table 3-1: Types of self-attention mechanisms and their explanations.

Additionally, a lot of matrices and tensors are defined and used throughout this chapter. For
an easier reading experience, a table of these matrices and tensors is given.
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24 Primal KMLSVD self-attention

matrix or tensor Description dimensionality
Wy Weight matrix from query projection RMxM
Wi Weight matrix from key projection RMxM
Wy Weight matrix from fiber projection RMxM
Wi, Wo, W3 Weight matrices from the primal KMLSVD RMxR
formulation
Waje)s Wje)s Wjey Data-dependent versions of the primal RMxR
KMLSVD weight matrices Wy, Wo, W3
A 3D attention score tensor used in Dual RNXNXN
KMLSVD attention
K 3D attention kernel tensor used in Dual RNXNXN
KMLSVD attention
D, Py, O3 Feature maps used in Primal KMLSVD RVXM
attention
Q(X),K(X),F(X) Queries, Keys, and Fibers used to compute the RV*M

feature maps @1, ®o, 3 respectively

Table 3-2: Overview of the various tensors, their descriptions and dimensionalities used in this
chapter. Note that the (data-dependent) KMLSVD weight matrices all share the same shape.
While this is not necessary in the primal KMLSVD formulation, it is a deliberate design choice.
Additionally, the feature maps are also the same shape due to the same deliberate design choice.

3-1 3D-KMLSVD self-attention

Up until now it has been shown that i) Kernel Singular Value Decomposition (KSVD) can
be rewritten into a primal dual 2-2 framework, ii) this primal dual KSVD formulation can be
generalized to the 3D (Kernel)Multi-linear Singular Value Decomposition (MLSVD) case 2-3,
and iii) how the primal dual KSVD formulation could be used to describe the self-attention
mechanism by applying the Singular Value Decomposition (SVD) on the (non-linearized) at-
tention score Kernel matrix and computing F1(2-28).

Describing the self-attention output with the primal-dual KSVD framework could also be
generalized to the 3D primal-dual KMLSVD framework, after all the MLSVD is just a mul-
tidimensional version of the SVD. The practical implication of this are i) establishing a
self-attention framework that works in three dimensions, and ii) this framework could signifi-
cantly reduce time and computational complexity by using the primal KMLSVD formulation.
This 3D framework could offer a more information-rich self-attention mechanism that could
improve the maximum possible accuracy attainable or improve the efficiency of the learning
process (i.e., less learning steps needed to get similar results to canonical self-attention). Ad-
ditionally, on three-dimensional datasets or datasets with inherent three-dimensional relation-
ships, KMLSVD attention could improve the accuracy compared to canonical self-attention.
However, before these claims can be investigated, Primal-Dual KMLSVD attention first needs
to be proven to work in practice. This thesis will verify the validity of using primal KMLSVD
attention for describing self-attention and if the Primal-Dual KMLSVD attention framework
can be used as an improved version of canonical self-attention. The next section explains the
concept and implementation of the actual KMLSVD attention.
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3-1-1 3D-KMLSVD self-attention in the Dual

A straightforward way of understanding 3D self-attention is by first viewing it from the
Dual KMLSVD formulation perspective. The goal is to mimic 2D self-attention as closely
as possible. To do this, a 3D attention score tensor A € RV*NXN i5 made from a dataset
X € RV*M with N entries, each of those entries having an embedding of M variables. Then,
the KMLSVD will be applied on the non-linearized 3D attention score tensor and the E7, Fo
and E3 matrices are computed in the dual(2-23) using the U, Uz and Uz matrices attained
from the MLSVD.

The 3D attention score tensor is created as follows. First, the queries Q(X) € RN *da keys
K(X) € RN*% and fibers F(X) € RN*% are computed

QX)=XW, K(X)=XW,/ FX)=XxWw/ (3-1)

where W, € R%>M 17 € R&*M and Wy e R *M are learnable weight matrices. In the
context of this paper, the following relation is set

dy = dj = ds = M. (3-2)

These queries, keys, and fibers are then used to compute the 3D attention score A4 € RN *NxN
as follows, with C € RMXMXM heing an identity tensor

A:Q(X) XlCXQK(X) XgF(X) (3—3)

with corresponding tensor diagram notation in figure 3-1. The red square in figure 3-1 is the
attention score tensor A. Note that C is not limited to an identity tensor and, in theory, can
be any real valued tensor. However, to keep things as simple and straightforward as possible,
it has been set as an identity tensor. This choice also has a conceptual motivation: when C is
an identity tensor, each entry of the 3D attention score A corresponds to a dot product of a
singular query, key, and fiber vector. This mirrors the logic of the standard (2D) self-attention
score matrix, where each entry is computed as a dot product between a query and key vector.
Recall that in the 2D case, the attention score matrix could be seen as a collection of data
point comparisons (each entry of A being a comparison of two separate data points). With
the C tensor being an identity tensor, now each entry of the attention score tensor A is a
comparison of three separate data points.

Master of Science Thesis N.T.N. Verbeek



26 Primal KMLSVD self-attention

A
N dg /[ N
aw —+ ¢ —I
dk
KEX)
N

Figure 3-1: Tensor diagram notation of 3D Attention score A € RN*NXN_|n this figure

dg,di, and dy are not set to be M for a more complete notation however, within this paper
dg = dg = dy = M is always assumed.

The main idea is to replicate the 2D attention score matrix with this 3D attention score
tensor. Each entry of the 3D attention score tensor A is a "3D dot product" of a Q(X), K(X)
and F(X) vector.

g(m)'k(m)’ f(m)* (3-4)

B

Kijk =
m=1

with ¢* € RM k7 € RM and f¥ € RM vectors from the Q(X), K(X) and F(X) (3-1) matrices,
respectively. The superscripts i, j, k denote which entry of the queries, keys, and fibers matrix
is taken and m denotes the m’th entry of the vector itself. This is comparable to standard 2D
self-attention, where each entry in the attention score matrix(2-26) represents a dot product
between a vector of Q(X) and K(X).
Just as with standard self-attention, the 3D attention score A is non-linearized. This non-
linearization can be done with any non-linear activation function (as with canonical self-
attention). The added difficulty is now defining a 3D activation function. An example of
this is a modified version of the softmax function(2-27) called the "cubemax"'. This is a
generalization of the softmax to higher dimensions, as defined below:

Given: 2 € RVXV>W et Z = 2, e RVW

eZij

U w 7.
u=1 Zw:l emu

Here feubemaz(Zi ;) is taken over the first and third modes (i.e., along the U and V axes) of
the Z tensor. In other words, cubemax performs a softmax operation across a 2D slice of the
3D tensor, similar to how softmax is computed along a single axis in the 2D case. In figure
3-2 a visual representation is given on how the cubemax is applied.

fcubemax(Zi,j) = (3—5)

The 3D self-attention Kernel K € RN*NXN ig computed with a 3D activation function
f3D active like the aforementioned cubemax function (3-5).

K= f3D,active <Q(X> XIC X2 K(X) X3 F(X)> )

i (3-6)
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Take softmax over same
colored sections

Softmax 1

| 3 .:;> —

Softmax 3

Figure 3-2: Graphical notation on how the Cubemax is applied on a simple R3*3*3 tensor. Each
block in the left image signifies an entry in the tensor. Note that the softmax is applied on each
z "slice".

In this case, M is used (as opposed to the square root of M in equation 2-26) to normalize
the entries of the attention score tensor. This is done because the attention score tensor has
an additional dimension when compared to the classical attention score matrix (2-26). This
means that each entry in the attention score tensor can become significantly larger due to it
being a result of a dot product of three vectors.

Finally, the MLSVD of K is computed in the dual(2-20) and the F;, F2 and E3 scores are
computed with their dual formulation(see figure 2-4 and equation (2-23)) and concatenated.

Yout = concat (E7, Eo, E3) (3-7)

Note that 3D self-attention using the Dual KMLSVD framework will be referred to as Dual
KMLSVD attention from this section onward. Primal-Dual KMLSVD attention is self-
attention defined using either the Primal or the Dual KMLSVD formulation. See section
3-1-2 for an explanation on what Primal KMLSVD attention is.

3-1-2 3D KMLSVD self-attention in the Primal

As one might expect, if computing the self-attention kernel is already computationally in-
tensive in the two-dimensional case, extending it to three dimensions can be even more de-
manding. Let alone computing the MLSVD of said tensor. The computational complexity of
just computing the 3D KMLSVD kernel tensor is, O(N3M?) which already has a quadratic
dependence on the feature space and a cubic dependence on the input sequence.

This is precisely where the primal KMLSVD formulation(2-19) becomes valuable. Unlike the
dual KMLSVD formulation, the primal KMLSVD formulation circumvents the computation
of the kernel tensor K altogether, offering a potentially more tractable alternative for practical
implementations.

Several different modifications of the standard primal KMLSVD attention are further dis-
cussed in section 3-2. The most straightforward version, referred to here as the "standard
Primal KMLSVD attention', is directly derived from the primal KMLSVD formulation(2-19).
In this version, the Ej, Fy and E3(2-23) matrices additionally serve as the output for the
standard Primal KMLSVD attention mechanism. Furthermore, the S tensor is treated as
a learnable parameter in order to solve the "chicken and egg" problem described in section
2-3. It is important to note that all Primal KMLSVD attention modifications discussed in
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section 3-2 apply some modification on the standard Primal KMLSVD attention framework
introduced in this section.

Note that in this formulation, there is no method to enforce the property of S, S(j;) being a
positive diagonal matrix. Strangely enough, testing has found that this formulation is suffi-
cient in describing self-attention even though the condition of S(n)S(Tn) being positive diagonal
is not explicitly enforced. However, enforcing the positive diagonal condition (see section 3-3
on two possible enforcement strategies) did increase the accuracy on some datasets during
tests.

The output of Primal KMLSVD attention is the same as that of the Dual KMLSVD atten-
tion: concatenating the F1, Es and E3 matrices(3-7). The only difference being how the E,
matrices are computed (i.e., is the primal or the dual formulation used to compute the E,,
matrices in equation 2-23).

As for the choice of the feature maps ®1, ®9 and P3, three possibilities have been considered
for this thesis. The i) cosine similarity feature map (2-33), ii) Frobenius norm feature map
(3-8) and the iii) softmax approximation feature map (2-35). The Cosine feature-map was
chosen due to it being used in primal-attention tests[4]. The Frobenius norm feature map
was chosen due to Saratchandran et al. suggesting that regulation of the Frobenius norm is
what makes self-attention perform so good[12]. The softmax approximation feature map was
chosen due to that feature-map being the closest feature map (as of writing this thesis) that
describes the cubemax(3-5) function. It should be noted that the softmax approximation
feature map, when applied to Primal KMLSVD attention, does not accurately represent the
cubemax function/kernel. Nevertheless, it was still considered for the tests.

Q(X) K(X) F(X)
NR(XIF  [[KX)lF  [[FX)]r

Note that 3D self-attention using the Primal KMLSVD framework will be referred to as
Primal KMLSVD attention from this section onward.

(3-8)

3-2 Variations of the Primal KMLSVD attention framework

In the previous sections, the basic primal KMLSVD self-attention was defined and explained.
In this section, some possible modifications and why those modifications could improve the
performance are discussed.

The two main modifications looked at in this paper are i) making the Primal KMLSVD
weights Wy, Wy and W3 data dependent just like with primal attention (see section 2-5) and
ii) making the C-tensor a learnable parameter instead of a pre-defined identity tensor.

Data dependent weight matrices: First, making the weights data dependent is not as
straightforward as one might expect. As mentioned in section 2-5 the weights W,, are multi-
plied by a linear transform f(X) of the dataset (see equation 2-32) in the 2D case. Translating
this to the 3D case would mean that the outputs and equality conditions Ej, Fo, F3(2-23) of
primal KMLSVD attention would have the following equation

FE = (I)lC(l)(W3|x ® W2|x)S(—g)’
By, = (1)20(2)(W3|z ® W1|$)S(—;)’ (3_9)
FEs = (1)30(3)(W2|:1: ® W1|95)S(—;)’
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with
Wl\z = f(fU)Twl W2\x = f(fU)TW2 Wg\x = f(iE)TWs- (3-10)

The primal KMLSVD attention formulation, as defined in section 3-1-2, stays otherwise
unchanged.

The non-data-dependent versions of the weight matrices are used in the cost function because
that term serves as a regularization, ensuring the values do not grow too large. However,
initial testing has proven that this setup causes the primal KMLSVD self-attention mechanism
to break down. It was unable to learn from datasets and never exceeded its initial accuracy
during tests. It is not exactly clear why learning breaks down with this set up, but the current
theory is that, due to the presence of a Kronecker product between two data dependent weight
matrices, there is a quadratic dependency on the dataset X. This quadratic dependency
breaks down the learning process. In order to test this, a new formulation of this data
dependent weight matrices was made which linearly incorporates the dataset X. This new
formulation comes down to replacing the C tensor with Xp € RVXNXM which is a tensorized
version of the dataset X € RV*M where X lies on the diagonal of X7 such that the following
relations hold

Xr(n,;,n) = X(n,:) for Vn € {1,--- , N}, (3-11)
Xr(l,:)=0 for VI # n. (3-12)

See figure 3-3 for the tensor diagram of the Fy, Fy and E3 matrix outputs.

AR A

\ / \ / \ /
( | I |

Figure 3-3: Tensor diagram notation of F, F» and Ej3 for the data dependent primal KMLSVD
attention setup. In comparison to figure 2-4a, the C tensor and its unfoldings have been replaced
by the mode-3-unfolding of X7, X3

Note that for each E7, E5 and E3 score, the mode-3-unfolding of A is used. This is done by
design due in order to prevent a dimensional mismatch.
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learnable C tensor: Second the C-tensor can be set as a learnable parameter instead of
initialized as an identity tensor. In this thesis, two main ways of making the C-tensor learn-
able are implemented: i) initializing the entire C-tensor as a learnable parameter or ii) only
initializing the hyper diagonal of the C-tensor as a learnable parameter. The reasoning behind
option i is that a more optimal way of combining and comparing the queries, keys and fibers
might be learned by setting the C tensor as a learnable parameter.

learnable vectorized C tensor: Due to the potential large size of the C tensor, setting
the entire tensor as a learnable parameter could significantly slow down the learning pro-
cess. In order to prevent this, only the diagonal of the C tensor could be set to be learnable
parameters. This way, there are only M additional learnable parameters as opposed to M?3.

As both methods (i.e., data dependent weight matrices and learnable C-tensor) change how
the C-tensor is defined, both methods cannot be used at the same time. That is why in the
rest of this paper, these two methods will never be used at the same time. This means that
there are, in total, 4 separate primal attention methods

Primal KMLSVD attention type Reference symbol or
name

Standard, as defined in section 3-1-2 standard

data dependent Wole

learnable C tensor Clearn

learnable and diagonalized C tensor Clearn,diag

Table 3-3: Types of Primal KMLSVD attention and their reference symbols or names.

3-3 Implementing Primal KMLSVD Attention

Having discussed the various theoretical components of using the primal dual KMLSVD
formulation to describe self-attention in 3D, this section discusses how these parts are used in
an implementation. In this section, it is assumed that the reader is familiar with the learning
process of neural networks and the applications of primal attention as described in section
2-5.

Much like with primal attention, primal KMLSVD attention will largely follow the same
logic. Primal KMLSVD attention will have a forward pass (estimation) and backward pass
(corrections) using a custom loss function with a regularization term that ensure the KMLSVD
structure is kept and a task based loss term which ensure learning from the dataset. The
custom cost function used for primal KMLSVD is as follows where L denotes the task related
loss (see section 2-6 for what a task related loss is), Jxarsvp denotes the primal KMLSVD
function (2-19) and Js denotes a regularization term that enforced that S adheres to the
property that S(n)ng) for each mode-n unfolding are all positive diagonal matrices (i.e.,
enforcing that S is indeed a MLSVD core tensor). Both Jxarsyp and Js are regularization
terms that ensure the KMLSVD structure is adhered to.

min  Jiotar = L +m * Jxkmrsvp +n2 x Js. (3-13)

N.T.N. Verbeek Master of Science Thesis



3-3 Implementing Primal KMLSVD Attention 31

Js is calculated by computing the three S(l)Sa), S(Q)S(E) and S(3)SE";)) terms, extracting each
non-diagonal element, squaring said elements and summing them together as follows

s = (505) + (55m) + (Sws5)’ (3-14)

where the horizontal upper line " " denotes the off diagonal terms only. The off-diagonal
terms are squared in order to i) keep the cost positive and ii) have the optimal cost be 0. The
underlying idea of adding Js to the cost function is that it penalizes non-zero off diagonal
terms, enforcing a MLSVD structure on the S tensor.

Note that the constraint of S, SZ";L) being a diagonal positive matrix for each mode-n unfolding
does not necessarily have to be enforced in the cost function. Another possible method is to
initialize & randomly, then compute the MLSVD on § and then use the core tensor of the
MLSVD decomposition (see equation (2-16)) on S, seeing as this will enforce the positive
diagonal matrix constraint. So, instead of S being used to define Primal KMLSVD attention,
S from equation 3-15 is used.

MLSVD(S) = [Us,Uss,Us 5,8 (3-15)

This means that the choice of enforcing the MLSVD structure on & with either the cost
function Js or applying the MLSVD decomposition creates two separate variants of primal
KMLSVD attention. One variant, the cost enforced KMLSVD attention, integrates the Jg
term in the cost function and uses gradient based updates to get the desired S structure. The
other variant, MLSVD enforced KMLSVD attention, applies the MLSVD on the S tensor itself
to enforces the desired structure. These two aforementioned enforcement strategies are com-
pletely separate from the primal KMLSVD methods named in section 3-2 meaning that the
4 methods mentioned in section 3-2 can be either applied on the "cost enforced" or "MLSVD
enforced" Primal KMLSVD attention, effectively creating 8 possible primal KMLSVD atten-
tion formulations.

The rest of the primal KMLSVD attention implementation are analogous to the primal at-
tention implementation. So, to summarize:

1. Initialize learnable parameters W,, Wy, Wi, Ws, W3, S and/or Wi x, Waix, W3x, and
C depending on which version of primal KMLSVD attention is being used.

2. Do a forward step by computing the £y, F2 and E3 matrices and concatenating them.
The variables Wy, Wa, W3, S and/or Wix, Wax, Waix, and C are also set as an output
seeing as these variables are needed in calculating the loss.

3. Pass this forward step, along with the learnable parameters initialized in the first step,
to the loss function 3-13 and computing the loss(3-13).

4. With the help of the computed loss in step 3, do a backward step and update all the
learnable parameters. Then repeat steps 2-4 iteratively updating the parameters each
time.

The 7, and 7, parameters of the cost function (3-13) are (tunable) hyperparameters.
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3-4 Multi-headed Primal-Dual KMLSVD attention

Primal and Dual KMLSVD attention can both be adjusted for multi-headed attention. In
essence, multi-headed Primal and Dual KMLSVD attention work exactly the same as standard
multi-headed attention (see section 2-4 and figure 2-5). Multiple lower dimensional Primal or
Dual KMLSVD self-attention mechanisms are applied on the input sequence and their outputs
concatenated. Note that, as opposed to canonical self-attention, primal KMLSVD attention’s
amount of learnable parameter is heavily influenced by the number of heads. In order to
understand exactly why, consider how the output of Primal KMLSVD attention is computed
(equation 3-7 or figure 2-4a). Recall that the outputs of primal KMLSVD attention are the
E; € RVXE By ¢ RV*E and E3 € RV*E matrices (see equation 2-23 or figure 2-4) with
R < M. In multi-headed Primal KMLSVD attention there are now h separate lower dimen-
sional Primal KMLSVD attention outputs Ey) € RV*En Eéi) € RV*Er and Eéi) € RN*En
with Ry, < %, h the amount of chosen heads and i € [1,..h].

Zooming in on a singular head. The feature maps ®; € RNX%, Dy € RV and o3 € RN
(2-33,3-8,2-35) are made using the queries, keys and fibers Q(X)® € RNX%,K(X)(i) €
RYN*% and F(X)® ¢ RN 4. Due to these queries, keys and fibers having a lower dimen-
sional embedding, the feature maps will also have a lower dimensional embedding. Due to

M M., M
this, the C € R% * % * & tensor also decreases is size (see figure 2-4a). This has a cascading

M M M M M, M
effect, causing the Wi € Ru *%n Wy € R *h, W3 € Rr*% and S € REnXErXEn tengor
with Ry < % to also decrease in size due to the lower dimensional embedding. This means
that per head, the amount of learnable parameters is:

(]\:)3+3 (A;>2+R;’;. (3-16)

A total amount of learnable parameters for the entire multi-headed Primal KMLSVD atten-
tion mechanism then is: 5 )

M M

7 +35-+ hR} (3-17)
Comparing this to the total learnable parameters of Primal KMLSVD attention (see section
3-1-2 for the dimensionalities of the learnable parameters):

M3 +3M? + R3. (3-18)

Note that R, < R holds and therefore, for any number of heads greater than 1, the total
amount of learnable parameters decreases.

Not only is the amount of learnable parameters affected by the number of heads, the com-
putational complexity is also affected by the number of heads. In order to illustrate this, a
simple example of computing the F; matrix, using multi-headed Standard Primal KMLSVD
attention is done. In the table below 3-4, the computational complexity of each computation
step is shown. The total computational complexity is as follows:

M M M
@, ((h)mi - N(W)3 - N(W)QR% - NR%) :
Note that if R, < R is taken into account, the computational complexity decreases as the
number of heads increases. Whether this decrease in computational complexity affects the

performance is not researched in this thesis.
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Computation step Computational complexity
X
—N— N 2
Wi @ W1 O ((]}VL[) Ri?z)
Y
— 3
®,C ) O (N (4) )
Z
~= 2
XY 0 (N €3 R%)
z},)) O (NR3)

Table 3-4: Computation steps and their corresponding computational complexities.
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Chapter 4

Methods and Results

This chapter describes the different tests and discusses their results. Three separate tests were
performed and are discussed in this thesis. The first test compared different primal Kernel
Multi-linear Singular Value Decomposition (KMLSVD) attention variants (as described in
sections 3-1-2 and 3-2), feature maps (2-33,3-8,2-35) and S enforcement strategies (see sec-
tion 3-3) against each other. The second test compares Primal KMLSVD attention against
Dual KMLSVD attention to verify if Primal KMLSVD attention really does improve the
computation time and whether there is any meaningful accuracy difference between primal
or dual KMLSVD attention. The third and final test compares the best performing Primal
or Dual KMLSVD attention variant against primal attention as defined by Chen et al.[4] and
standard self-attention as described in section 2-4.

Together, these test aim to answer the main question: "Can 3D Primal-Dual KMLSVD atten-
tion actually function as a self-attention mechanism?" and the sub-questions: "Can Primal-
Dual KMLSVD attention be used as an improvement or alternative to self-attention?", "Is the
Primal or Dual KMLSVD attention formulation more favorable in terms of computational
efficiency and predictive performance?" and "Can alternative Primal KMLSVD attention for-
mulations and feature maps improve training efficiency and predictive accuracy compared to
the baseline approach?".

In section 4-1, the three main tests are described in detail. In section 4-2 the results of these
three tests are discussed along with additional findings of smaller scale tests.

4-1 Test Setups

The aforementioned three tests are all performed on the 10 timeseries datasets shown in table
4-1. The sequence lengths, dimensionalities, and the number of classes of the datasets is
shown in the table.
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Dataset Classes | Sequence Length | Dimensionality
EthanolConcentration 4 1751 3
FaceDetection 2 62 144
HandWriting 26 152 3
Heartbeat 2 405 61
JapaneseVowels 9 29 12
PemsSF 7 144 963
SelfRegulationSCP1 2 896 6
SelfRegulationSCP2 2 1152 7
SpokenArabicDigits 10 93 13
UWaveGestureLibrary 8 315 3

Table 4-1: Overview of datasets with number of classes, sequence length, and embedding di-
mension taken from the timeseries classifications website [7].

Each dataset is split up in a train, test and validation split. The models are trained on the
train split and, after each complete pass of the train split, tested on the test split. Based on
the results of the test split, specific hyperparameters (like 7; and 7y from the primal KMLSVD
attention cost function (3-13)) are tuned. The validation split serves as a final validation of
the model performance. The sizes of the train and test split for the timeseries datasets are
dependent on the datasets used (as they come with built-in train and test splits[2]) but the
choice for the validation split has been set to be the last 20% of the test split. So, the test
split of the original dataset is further divided into 80% actual test split and 20% validation
split. See figure 4-1 for a visual representation of how this dataset split is done. Note that
different datasets use different train and test split sizes/percentages.

Original dataset

test split validation split
(20% of original
test split)

train split

original test split

Figure 4-1: Visual representation of dataset splits
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Each test is done multiple times in order to catch variability and eliminate randomness from
the test results. So each iterations involves completely resetting the model parameters and
re-starting the training from scratch. Each test uses the same evaluation criteria: (i) highest
average accuracy, (ii) highest overall maximum accuracy, and (iii) training time. An exact
description of the three metrics is shown below

1. Highest average accuracy: First, the highest accuracy per training run is measured
and recorded (one training run being multiple epochs through a dataset and one epoch
being an entire pass through the training set). Multiple training runs are performed
and then, the average of these highest accuracies is taken.

2. Highest maximum accuracy: The overall highest accuracy is taken over all iterations
and epochs. Important to note is that no average has been computed here.

3. training time: Per epoch, the training time is measured and recorded. The average
of these measurements per epoch and training run is then computed.

Highest average accuracy is the most important metric because it gives a good idea on the
overall performance. Highest maximum accuracy is in second place because, even though it is
heavily influenced by random chance, it could be an indicator on the potential of the model.
If, for instance, two models have roughly the same average accuracy, but one model has a way
higher maximum accuracy, it could mean that the model with the higher maximum accuracy is
overall better but suffers from numerical stability. Training time is set in last place because the
Primal-Dual KMLSVD attention modules are coded by an author who is not very proficient
in programming. This means that the code is not optimized for speed and some possible
redundancies are present, slowing it down further. Furthermore, due to time constraints,
different models were trained on different Graphics Processing Unit (video card) (GPU)’s.
Although the GPU models were identical, their workloads varied; some GPU’s were more
heavily utilized at the time of training, which may have led to slower training speeds for
certain models. Initially, the plan was to also record the GPU video ram usage and wattage
of each self-attention type using built in software. However, these metrics did not seem to
change at all per self-attention type. This, paired with the fact that multiple people were
using the same GPU invalidated the two metrics. There was not enough time to fix this
problem.

Finally, every test mentioned in this thesis makes use of multi-headed attention with 4 heads
regardless of the transformer design, dataset, test or self-attention variant. The choice of 4
attention blocks was made because during initial testing, it was shown that 4 attention blocks
achieved good results. While more or less blocks are certainly possible, 4 was still chosen.
All tests mentioned in this report are done on the "dcscgpuserverb" supplied by Delft Center
for Systems and Control (DCSC). This server has 3 "Nvidia RTX A5000" GPU’s.

The rough transformer design is schematically depicted in figure 4-2. A short explanation of
what each block is and does is given below:

Input projection + Positional embedding: The input projection projects the input data
to the feature-space used by the model and the "Positional Embedding" adds positional in-
formation to the input.

Stacked encoder blocks: The "Stacked Encoder blocks" consist of 4 self-attention mecha-
nisms in series and at the end a convolutional layer.

Master of Science Thesis N.T.N. Verbeek



38 Methods and Results

Layer normalization and Classification head: Finally, the "Layer normalization" stabi-
lizes and centers the output and the classification head flattens the sequence embeddings and
transforms it into logits (output that encodes the likelihood of each possible class).

Within this transformer, multi-headed self-attention is applied (just as described in section
2-4 and 3-4.

Output

L3

Classification head

(optional) Layer Normalization

Al

Stacked Encoder blocks
(4 attention blocks + Convolutional Layer)

Input projection + Positional Embedding

Figure 4-2: Transformer design used for testing timeseries datasets

The above transformer design is taken directly from Chen et al’s code[4].

4-1-1 Test 1: Finding The Optimal Primal KMLSVD Attention Formulation

In the first test, different (multi-headed) primal KMLSVD attention formulations are com-
pared to each other on 10 timeseries datasets (table 4-1) to see which formulations get the
highest accuracy and/or lowest computational time. The first test aims to answer the research
questions: "Can Primal KMLSVD self-attention actually function as a 3D self-attention mech-
anism?" and "Can alternative Primal KMLSVD attention formulations and feature maps im-
prove training efficiency and predictive accuracy compared to the baseline approach?".

In total, 8 different primal KMLSVD attention variants are tested, these 8 arise from the
4 variants discussed in sections 3-2 and 3-1-2 and the 2 different S structure enforcement
strategies mentioned in section 3-3. Seeing as the S enforcement strategies are entirely sep-
arate from the primal KMLSVD attention variants, the primal KMLSVD attention variants
can be combined with either one of the S enforcement strategies creating 8 possible primal
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KMLSVD attention formulations.

Each of the 8 attention formulations are applied on two different transformer designs based
on figure 4-2. The first transformer design has all of its 4 attention blocks set to the specific
primal KMLSVD attention formulation that is being tested and will be referred to as Full
Layer Transformer (FLT) in this thesis. The second transformer design has its first 3 attention
blocks set to canonical attention and only its last block is primal KMLSVD attention and will
be referred to as Last Layer Transformer (LLT). This was done due to Chen et al. finding
that primal attention got higher accuracies if only the last attention block of a transformer
was set to primal attention and the previous blocks set to canonical attention[4].

Each combination of transformer design, primal KMLSVD formulation and dataset is trained
and evaluated across 10 different independent runs. After each run, model parameters are
reset to ensure independence. During training, the accuracy of the test set was tracked at
every epoch (an epoch being an entire run through the training data set).

For each combination of transformer design, primal KMLSVD formulation and dataset, the
cost hyperparameters 7, and 7 (3-13) are tuned to get the highest accuracy. This tuning is
done by performing a grid search over {0.01,0.1, 1,5} for both 7; and 72 and selecting the pair
that yields the highest average accuracy. The chosen values per transformer design, primal
KMLSVD formulation and dataset combination are shown in appendix A-1-4.

Finally, to facilitate a fair comparison and to test the expressive power of each primal
KMLSVD attention formulation, each formulation is subjected to a "learnable parameter bud-
get". This budget ensures that the amount of learnable parameters in each primal KMLSVD
attention variant is roughly the same. An overview of the different self-attention mechanisms
and the dimensionalities used within these mechanisms is given below. Note that for this test,
the number of heads h has been set to 4.

Standard Primal KMLSVD Attentlon uses the following learnable parameters S €
thRllele W c th ><R1 W c th ><R1 W c th L xRy W c th LM, Wk c

RPXEE XM ang Wy e R XMl leading to a total amount of learnable parameters of

hR3 + 3M Ry + 3M? (4-1)

Primal KMLSVD Attention with data dependent weights uses the following learn-
able parameters S e RhXRQXRQXRQ Wy € RhXNXRQ Wy € RhXNXRQ W3 € RhXNXRQ W, €

RIX 72 X Mo Wi € RAX XMz anq Wy € R 72 XMz leading to a total amount of learnable
parameters of

hR3 + 3hN Ry + 3M3 (4-2)

Primal KMLSVD attention with learnable C-tensor uses the following learnable pa-
rameters S € RhXRBXR3><R3 W, € th 3 xRy Wy € th 13 xRy W3 € th '3 « Rs W, €

RhXTXM?’,Wk e R 3, Wy € RPREXMs and ¢ e RM SXN}{SX leading to a to-
tal amount of learnable parameters of
~ - M3
hR3 + 3M3Rs + 3M2 + —2 (4-3)

h2
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Primal KMLSVD attention with learnable and hyper diagonal C-tensor uses the
following learnable parameters S € RhXR4Xé4XR4, Wy € RhXL}?XE‘l, Wy € RhXL}?XE‘l, W3 €
th%xlﬂ) Wq c thﬂ—,?xle’ Wy € thM;;x%’ Wf c thM;;x% and C € th%x A;If x%
but the tensor C only has learnable parameters on its diagonal so the total amount of learnable

parameters is

hR3 + 3MyRy + 3M} + M, (4-4)
Note that the following relation between R and M, hold due to R, however, due to the fact

that the mode-n-unfolding rank R,, is unknown, it has the following relation:

~ M,
Rn S 7”- (4_5)
h

Below, in table 4-2 an overview of the chosen dimension sizes is given along with table 4-3
giving an overview of the total amount of learnable variables per self-attention design.

Dimensionalities Chosen Size
My, Mo, M3, My, R, Ry, Ry | 20

Ry, Ry, Ry, N 5

Rs 3

Table 4-2: List of variables and their chosen sizes

Recall that the number of heads h is set to 4. With this is mind, the final choice of dimensions
is shown in table 4-3.

primal KMLSVD variant Total number of learnable parameters
Standard 2000
data dependent weights 2000
learnable C tensor 1988
learnable and hyper diagonal C tensor | 2020

Table 4-3: The 4 self-attention variants used in Test 1 along with their total amount of variables

The embedding sizes (M, My, M3, M,) were all set to 20 due to preliminary experiments
showing that this value provided good accuracy scores across all datasets without compro-
mising too much on computational speed. Additionally, using equal embedding sizes ensures
a fairer comparison by controlling for potential effects of differing embedding dimensionalities.

4-1-2 Test 2: Comparing Primal to Dual KMLSVD Attention

In the second test, the best performing primal KMLSVD attention formulation, found in test
1, will be compared to dual KMLSVD attention as described in subsection 3-1-1. For a fair
comparison, the amount of learnable variables are also subjected to a learnable parameter

1See table 4-2 for an overview of the final choice of dimension sizes.
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budget. This test tries to answer the research questions: "Can Dual KMLVD attention ac-
tually function as a 3D self-attention mechanism?" and "Is the Primal or Dual KMLSVD
attention formulation more favorable in terms of computational efficiency and predictive per-
formance?".

Unfortunately, due to the extremely long training time, this test has not been completed
for all datasets. As such, Primal KMLSVD attention is considered to be better than Dual
KMLSVD attention due to the significant difference in training time. The preliminary results
of the completed datasets are still shown in table A-13.

4-1-3 Test 3: Comparing Primal KMLSVD Attention To Primal Attention And
Canonical Self-Attention

The third test aims to compare the "winning" Primal KMLSVD attention formulation, found
in test 1 4-2-1, to primal attention[4] and canonical self attention[24]. The goal is to find out
whether primal KMLSVD attention can be used as an improvement or alternative to canonical
self-attention and primal attention. Seeing as no hyperparameter tuning is necessary, the
three attention types are trained on the train and test split. The accuracy metrics are now
measured on the validation set.

In this test, three transformer models are compared to each other. These three transformer
models are identical in design to the transformer model used in test 1 (see figure 4-2) except
for the self-attention blocks used within the stacked encoder blocks. The three different
self-attention blocks are:

1. The first three blocks are canonical-self attention and the last block is learnable C tensor
Primal KMLSVD attention using the Frobenius norm feature map (see section 4-2-1 for
an overview and discussion).

2. The first three attention blocks are canonical self-attention and the last block is primal
attention using the cosine similarity feature map.

3. All 4 of the attention blocks are set to canonical attention.

Once again, a learnable parameter budget is applied.
Primal KMLSVD attention with learnable C-tensor see section equation 4-3 and tables
4-2, 4-3.
My =

Primal KSVD attention has the following learnable parameters Wi € RhXTQXRQ, Wy €

hx M2 g hx B2y B2 hx 22 5 pr hx 22 My s : .
R*"* 722 S e R 7w *w W, e R" ™ 2and W e R"™ ™ 2 with S a diagonal matrix,
leading to a total amount of learnable parameters:

2MyRy + 2M?2 + R,. (4-6)

M:
Canonical self-attention uses the following learnable parameters W, ¢ RhXTSXM?’, W, €
M. M.
R 5Ms and W, € R %Ms Jeading to a total amount of learnable parameters:

3M3 (4-7)
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The final choice for the dimensionalities is shown in table 4-4 and the corresponding total
amount of learnable per self-attention mechanism is shown in table 4-5.

Dimensionalities | Chosen Size
M 20

Mo 28

M3 28

Ry 3

Ry 7

Table 4-4: List of variables and their chosen sizes

As with test 1, the datasets might have different embedding dimensions, as such the dataset
inputs (see table 4-1) are first passed through the input projection layer.

Self-attention variant | Total number of learnable parameters
Primal KMLSVD 1988
Primal KSVD 1967
canonical C tensor 2352

Table 4-5: Total amount of learnable parameters per self-attention variant used in test 3

Initially, the plan was to also record the Video Random Access Memory (VRAM) and Watt
usage of Primal KMLSVD attention, Primal attention and Canonical self-attention on the
ten different datasets and add the result to a new table. The VRAM usage and Watt usage
would be recorded by the onboard software of the TU Delft GPU server. However, the VRAM
and watt usage were identical across attention variants and only seemed to differ per dataset.
What exactly the cause was for this behavior is unknown and due to a lack of time, no fur-
ther attempts at measuring it were made. Unfortunately, this means that the only metric of
"efficiency” is time.

During testing, it was found that the dimensionality M of the self-attention mechanism
strongly affects the accuracy. Especially noteworthy is that, for some datasets, setting this
dimensionality higher lead to better results and for other dataset, the inverse was the case.
To properly account for this strange behavior, an additional version of test 3 was performed
where, instead of a learnable parameter budget, an equal dimensionality within the trans-
former is enforced (see equation 4-8).

My = My = Ms = M, = 20 (4-8)
~ ~ M; 20
Rl—RQ—T—Z—5

With this additional test, both the expressive power of the self-attention mechanisms (as
ensured by keeping the total amount of learnable parameters equal over different self-attention
mechanisms) and the "power" of the self-attention mechanisms is verified. By setting the
dimensionality to be the same over different attention-mechanisms, the effects of operating
in a higher or lower dimensional space is eliminated. Taken together, these two variations of
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test 3 (equalizing the number of parameters and equalizing the dimensionality) enable a more
complete and fair comparison between self-attention mechanisms.

4-2 Results

The results of the tests, described in section 4-1, are discussed in this section. Subsections
4-2-1, 4-2-2 and 4-2-3 discuss the results of test 1 (4-1-1), test 2 (4-1-2) and test 3 (4-1-3)
respectively. In subsection 4-2-4 additional results of other small scale tests are discussed.

4-2-1 Test 1 Results

The results of test 1 are shown in table 4-6. In this table, the Frobenius norm feature map(3-8)
and Multi-linear Singular Value Decomposition (MLSVD) enforced S structure is used, as this
combination lead to the highest average and maximum score. For the results of other feature
maps and S enforcement strategies, see appendix A-1

MLSVD enforced S structure using Frobenius norm feature map

Last layer
Normal Waix Clearn Clearn,diag
Dataset Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s)
Ethanol Concentration 38.3 41.2 245 36.6 39.8 99 39.4 42.2 502 38.5 40.7 190
Face Detection 67.5 69.2 800 60.2 61.9 899 67.5 69.6 1.33-10% 67.6 68.7 667
Handwriting™® 28.4 31.5 79.7 9.09 10.6 48.9 28.0 31.2 115 27.6 31.5 63.2
Heartbeat 74.6 76.2 434 75.2 78.1 81.9 4.7 76.8 108 74.8 774 26.2
Japanese Vowels 96.6 98.7 28.6 96.3 98.7 45.7 98.0 99.0 112 96.6 98.0 26.1
PEMS-SF- 80.6 84.9 24.7 76.6 82.7 27.8 91.0 93.5 196 81.2 85.6 32.4
Self Regulation SCP1 91.3 92.5 67.2 88.3 92.2 48.8 91.5 92.8 174 91.4 93.2 89.6
Self Regulation SCP2 54.8 57.6 88.4 55.6 62.5 50.1 55.0 60.4 222 55.3 58.3 79.6
Spoken Arabic Digits 98.1 98.7 452 94.6 95.1 740 98.4 98.8 1.05-10% 98.3 98.6 445
U Wave Gesture Library 86.3 87.5 14.2 7.3 81.6 22.0 86.2 89.1 66.2 86.5 89.1 13.5
Average 714 73.6 183 70.0 70.3 206 73.0 75.3 388 71.8 4.1 163
Full layer
Ethanol Concentration 34.9 36.5 135 36.2 38.9 174 35.1 37.0 228 34.4 37.0 77.0
Face Detection® 68.4 69.5 1.95-10° 60.0 61.2 2.02:103 68.3 70.5 3.30-10° 68.2 69.8 1.43-10%
Handwriting 29.5 31.0 240 8.37 9.85 236 28.7 30.9 329 28.9 30.9 177
Heartbeat 75.1 76.8 102 75.0 76.8 142 75.2 774 226 75.2 78.1 53.9
Japanese Vowels 96.5 99.0 784 95.9 98.7 120 97.8 98.7 280 96.7 98.0 67.9
PEMS-SF 80.9 87.1 52.1 75.0 79.9 52.3 90.0 95.0 477 79.6 84.2 56.7
Self Regulation SCP1 89.1 90.1 63.3 89.4 92.8 88.6 89.8 91.1 163 88.8 90.1 81.1
Self Regulation SCP2 54.2 57.6 76.7 54.9 63.2 81.4 54.8 57.6 274 54.0 56.3 62.7
Spoken Arabic Digits 98.0 98.4 1.05-10% 95.1 95.7 1.85-10% 98.1 98.8 2.82-10% 98.0 98.3 1.16-10°
U Wave Gesture Library 85.8 87.5 35.0 74.8 78.9 57.1 86.0 87.9 168 86.0 87.5 31.2
Average 71.0 73.2 374 66.5 70.0 482 72.4 74.5 827 71.0 73.0 320

Table 4-6: Comparison of mean accuracies, max accuracies, and average learning times (in
seconds) across datasets for two transformer variants using the Frobenius norm feature map:
(i) replacing only the last self-attention layer with primal KMLSVD, and (ii) using only primal
KMLSVD throughout.

As shown in Table 4-6, the i)LLT with the ii)Cjearn configuration, employing the iii)MLSVD
S enforcement strategy and the iv) Frobenius norm feature map (3-8), achieves the highest
mean accuracy across all 10 timeseries datasets. This performance, however, comes at the
cost of significantly longer training times compared to other primal KMLSVD formulations.
These longer training times are inherent to the Ciearn Primal KMLSVD attention formulation,
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as the same behavior is observed consistently across all transformer types, feature maps and
S enforcement strategies. Consequently, this formulation is considered the "winner" and used
in tests 2 and 3.

It should be noted, however, that the Primal KMLSVD attention tests using the cost S
enforcement strategy could not be fully completed in time. The partial results that were
obtained are depicted in Appendix A-1 (specifically, tables A-1, A-3 and A-5). These partial
results suggest that the i)LLT with the ii) standard Primal KMLSVD attention configuration
or Clearn,diag configuration, employing the iii)cost S enforcement strategy and the iv) Frobe-
nius norm feature map performs the best accuracy wise with the added benefit of significantly
reduced training time compared to its MLSVD S enforced counterpart. However, because not
all the experiments for the cost enforced S structure were completed in time, these results are
considered inconclusive Therefore, the i) LLT with the ii) Ciearn configuration, employing the
iii) MLSVD S enforcement strategy and the iv) Frobenius norm feature map (3-8) remains
the "winner" of Test 1. This conclusion should be taken with a grain of salt until full cost
enforced tests can be conducted. Nevertheless, just to be sure, the cost enforced S setup has
still been included in Test 3 4-2-3.

While a reasonable argument could be made in favor of the Cicarn,diag formulation (particu-
larly when used with the cosine similarity or Frobenius norm feature maps and the MLSVD
S enforcement strategy) this variant ultimately was not selected as the "winning" configura-
tion. This setup was considered because its accuracy scores are only marginally lower than
those of the Ciearn formulation, while offering substantially shorter training times. Neverthe-
less, as discussed in subsection 4-1-1, accuracy is assigned the highest importance among the
evaluation metrics, whereas training time is the least important. Furthermore, the increased
learning times of Cjearn configurations, although notable, is not large enough to consider it too
limiting. It should also be noted that, due to the author’s lack of programming knowledge,
this large training time could be significantly decreased when coded by a more competent
programmer.

Additional Test 1 Findings

Besides the Cjearn configuration, employing the MLSVD S enforcement strategy and the Frobe-
nius norm feature map (3-8) being the "winner", some additional observations and conclusions
can be drawn from this test.

First, the data dependent setup W), x (as defined in section 3-2) consistently has the lowest
accuracy scores across any feature map, transformer design or S enforcement strategy. In fact,
its performance is consistently lower than that of the standard, unmodified Primal KMLSVD
attention formulation. This indicates that the data-dependent modification, at least in its
current implementation, does not provide any benefit and can be considered ineffective.
Second, the LLT consistently has higher accuracy scores and lower training times. Whether
this is due to normal self-attention being faster and more accurate than Primal KMLSVD
attention is looked at in Test 3 4-2-3.

Third, the effect of the feature maps on the accuracy scores is shown in table 4-7. Note that,
when looking at the average accuracies over the feature maps, the feature maps do not have
a noticeable effect on the accuracy scores nor training times with the exception of the SM-+
feature map. The SM+ feature map, by far, has the highest training times. Due to this, the
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Frobenius norm feature map and Cosine feature map are considered "valid" feature maps and
the SM+ feature map is considered to be invalid due to it requiring significantly more time
to attain equal results.

Finally, looking at the 71,72 hyperparameter values that resulted in the highest accuracy
scores, some strange behavior is seen. Note that often the values 71 = 0 and/or 72 = 0
result in the highest accuracy scores (see appendix A-1-4). To verify whether this observation
was a result of the random nature of deep learning or some structural effects of the 71,19
parameters, a bar plot for each dataset was made. These plots show the mean accuracy, the
range where 68% of accuracy values lie in and the maximum accuracy as a result of each
combination of n; and 7y value (see figure 4-3 for an example). The plots showed that for
the datasets EthanolConcentration, FaceDetection, PemsSF and JapaneseVowels the n; = 0
hyperparameter value gave significantly better results when applied on the FLT. However,
when using the LLT, the hyperparameter values didn’t seem to affect the accuracy scores
that much. The variation that was detected in the LLT model is likely a result of the random
nature of deep learning, as opposed to the effects of the hyperparameter values. The finding
that n1,ne had little to no effect on the LLT performance and 7; = 0 had significant effect
on the FLT performance is quite surprising. This would mean that the primal KMLSVD
structure and/or the S structures are not necessary or even important in order to get good
accuracy scores. This, in turn, could mean that a KMLSVD framework (whether primal or
dual) is not necessary in order to define 3D self-attention. An attempt at setting up a 3D self
attention framework not using the KMLSVD formulation is described in section 4-2-4.

Frobenius Feature Map Cosine Feature Map SM+ Feature Map

Variant Last Layer Full Layer Last Layer Full Layer Last Layer Full Layer

Mean Max Time Mean Max Time Mean Max Time Mean Max Time Mean Max Time Mean Max Time

Normal 714 73.6 183 71.0 73.2 374 727 746 246 723 749 510 727 749 329 722 740 752
Whx 70.0 70.3 206 66.5 70.0 482 67.6 70.7 177 66.8 69.8 315 67.8 69.8 320 66.7 69.8 914
Clearn 73.0 753 388 724 745 87 729 751 366 716 740 781 728 749 400 723 74.0 859
Clearn,diag (1.8 741 163 71.0 73.0 320 726 748 215 724 743 433 727 75.0 327 724 742 625

Average 71.6 733 235 70.2 727 501 715 73.8 251 70.8 732 510 715 73.7 344 709 73.0 788

Table 4-7: Average mean accuracy, max accuracy, and training time across three feature maps
for each Primal KMLSVD attention formulation, comparing Last Layer and Full Layer settings.
The final row reports overall averages across all formulations.
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Figure 4-3: Mean accuracy (blue dot), variance (blue bar) and maximum accuracy (star) attained
when using different 1; and 72 values on the Ethanol Concentration dataset. On the y-axis is the
accuracy, and on the x-axis are the different 7; and 72 combinations used during testing.

4-2-2 Test 2 Results

Test 2 aims to find the best dual KMLSVD setup (last transformer layer vs all transformer
layers set to dual KMLSVD attention). As such, no use of the validation split has been made.
All accuracies mentioned in the results are based on the test split only.

As mentioned in section 4-1-2, the training time for Dual KMLSVD attention was too large
to generate results for each of the 10 datasets in time, making the Dual KMLSVD attention
formulation infeasible for self-attention. Nevertheless, the results are shown in appendix A-2.
The training times were so long, in fact, that the datasets had to be sub-sampled to reduce
the training time. This, in turn, affected the accuracy scores.

4-2-3 Test 3 Results

The results for test 3 are shown in table 4-8. Primal KMLSVD attention has the lowest
accuracy scores and highest training times across the two tests. Due to these results, primal
KMLSVD attention cannot be used as an improved version of self-attention.
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Comparison of Attention Mechanisms using Frobenius Norm Feature Map

LPB
Clearn Primal KMLSVD attention Primal Attention Canonical self-attention
Dataset Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s)
Ethanol Concentration 32.3 40.4 1.06 - 103 33.5 40.4 868 35.4 42.3 843
Face Detection 74.5 76.6 7.09 - 103 72.6 74.3  4.70-10° 74.1 76.0  3.65-10°
Handwriting 54.3 57.7 1.02-103 54.9 57.7 614 54.7 59.4 424
Heartbeat 72.7 82.9 1.57-10° 72.2 80.5  1.26-10° 73.7 80.5  1.07-10°
Japanese Vowels 95.7 97.3 910 95.0 97.3 532 95.5 97.3 388
PEMS-SF 91.5 94.2 1.08 - 103 91.5 94.1 845 92.1 94.1 555
Self Regulation SCP1 92.2 96.6 1.26 - 103 92.1 94.8 960 93.0 98.3 850
Self Regulation SCP2 48.3 55.6 462 49.7 52.8 366 50.8 52.8 345
Spoken Arabic Digits 99.2 99.5 3.94-10% 99.2 99.8  1.91-10% 99.3 99.5  1.29-10%
U Wave Gesture Library 94.4 98.4 582 96.1 98.4 313 94.8 98.4 237
Average 75.5 79.9 1.90 - 103 75.7 79.0  1.24-10° 76.3 79.9 965
ED
Clearn Primal KMLSVD attention Primal Attention Canonical self-attention
Dataset Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s)
Ethanol Concentration 28.7 36.5 816 29.8 34.6 658 31.0 34.6 654
Face Detection 66.6 70.2 3.64-103 66.4 70.0  2.67-10° 67.2 68.9  2.16-10°
Handwriting 26.9 28.8 451 25.2 28.8 236 25.6 28.2 185
Heartbeat 82.2 85.4 552 82.4 87.8 434 81.0 85.4 377
Japanese Vowels 95.1 97.3 291 95.3 97.3 161 95.7 97.3 119
PEMS-SF 86.5 91.2 599 85.3 91.2 457 83.2 88.2 423
Self Regulation SCP1 91.6 93.1 725 91.2 94.8 576 91.6 93.1 524
Self Regulation SCP2 45.6 52.8 579 43.3 52.8 443 49.4 58.3 414
Spoken Arabic Digits 98.1 98.9 2.71-103 97.9 98.4 1.28-10% 98.3 98.6 891
U Wave Gesture Library 85.3 87.5 228 86.1 87.5 120 86.6 89.1 93
Average 70.7 74.2 1.06-103 70.3 74.3 704 71.0 74.2 584

Table 4-8: Comparison of mean validation accuracy, max validation accuracy, and training time
across datasets for three attention mechanisms (canonical self-attention, primal attention, and
primal KMLSVD attention) under two settings: learnable parameter budget and equal dimension-
ality, using the Frobenius norm feature map.

First, even though Primal KMLSVD attention has lower accuracy scores and higher training
times than the other two self-attention types, it still attains comparable accuracy scores to
primal attention and canonical self-attention and thus could serve as an alternative to self-
attention. It just does not make sense to do so due to its lower accuracy and longer training
times.

Second, since it has been demonstrated that Primal KMLSVD attention can function as a
self-attention mechanisms, it could find more suitable application in applications where its
3D structure is more advantageous. For example, applying Primal KMLSVD attention on
a 3D dataset (e.g., color images) or datasets where different types of data are used (e.g.,
camera, radar, and lidar measurements in autonomous driving). However, to make such ap-
plications possible, it could be necessary to design a new transformer architecture tailored to
3D or multimodal inputs and to re-define or restructure how Primal KMLSVD self-attention
is integrated within the model. This could in turn involve adapting the Primal KMLSVD
attention definition, mentioned in sections 3-1-2 and 3-2, to more accurately fit these types
of data.

Third, when examining the results in Table 4-8, the difference in accuracy scores between
the Learnable Parameter Budget (LPB) and Equal Dimensionality (ED) versions of Test 3
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stands out as unexpected. The lower accuracy scores of Primal attention and Canonical self-
attention for the ED case is to be expected, since both operate in a lower dimensional space
and significantly fewer learnable parameters compared to their LPB counterparts. However,
the Primal KMLSVD attention formulation shows strange behavior. Recall that the only
difference between the Primal KMLSVD attention formulation used in LPB and ED is the
size of the R dimension (see table 4-4 and equation 4-8). This behavior is counterintuitive:
one would typically expect that reducing the number of learnable parameters, while keeping
the embedding dimension of data fixed at M = 20, would lead to lower training times and
lower accuracy scores. However, the very opposite is the case, reducing R leads to an increase
in both training time and accuracy. The particularly strong effect on accuracy is surprising
and suggests that the behavior may not be due to random fluctuations, especially considering
that the accuracy scores of LPB are consistently higher than that of ED. Multiple iterations
of this test were performed with the same effect. Whether this phenomenon arises from hard-
ware or software artifacts (e.g., GPU availability or coding errors) or whether it reflects an
inherent property of the Primal KMLSVD formulation itself remains unclear and warrants
further research.

Fourth, Primal KMLSVD attention learns "slower" than primal attention and canonical self-
attention. Two examples of this slower learning behavior are depicted in figure 4-4. In this
figure, the accuracy curve on the training data of the Spoken Arabic Digits and Self Regu-
lation SCP2 datasets over 60 epochs is shown. In both these graphs, the accuracy curve of
Primal KMLSVD attention (blue), Canonical self-attention (green) and Primal attention (yel-
low) is shown. Note that for both datasets, the Primal KMLSVD attention curve converges
and rises slower than the curves belonging to Primal attention and Canonical self-attention.
This slower learning behavior could explain the fact that Primal KMLSVD attention attains
lower accuracy scores than its Primal attention and Canonical self-attention counterparts.

Additional cost enforced test

To ensure that the best-performing Primal KMLSVD attention formulation was used for
evaluation, test 3 (both LPB and ED) was repeated using the i)Ciearn diag Primal KMLSVD
attention with ii)cost enforced S strategy and iii)LLT design using the iv)Frobenius norm
feature map(3-8). This was done because, due to time constraints during test 1, the compar-
ison between cost enforced and MLSVD enforced S Primal KMLSVD attention (see Section
3-2) could not be fully completed for all datasets.

The corresponding results are presented in Appendix A-3 and table A-14. The cost enforced
S variant attains higher accuracy scores and lower training times than its MLSVD enforced
counterpart. In several datasets, the cost—enforced Primal KMLSVD attention even matches
or surpasses canonical self-attention and primal attention. These results further reinforce the
initial observation of cost enforced & Primal KMLSVD attention being the better option.
The problem of the longer training times, however, is still present for the cost enforced S
formulation. That is why, even though cost enforced Primal KMLSVD attenion outperforms
canonical self-attention in the LPB setting and performs roughly the same in the ED setting,
it still cannot be considered an improvement or viable alternative to canonical self-attention
due to its substantially higher training time.

It should also be noted that, although identical training settings were used, slight accuracy
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differences appear between the Primal attention and canonical self-attention results reported
in table A-14 and those in table 4-8. However, the accuracy differences are small enough that
it can reasonably be attributed to the inherent randomness of deep learning. Finally, the
same strange behavior of Primal KMLSVD attention performing worse with more learnable
parameters under the same dimensionality is seen in both MLSVD enforced primal KMLSVD
attention (table 4-8) and cost enforced Primal KMLSVD attention (table A-14), further sug-
gesting that this phenomenon is an inherent property of the Primal KMLSVD formulation.

0.98

0.96

—— Primal KMLSVD
0.86 1 Primal KSVD
—— Canonical

6 1‘0 ZID 3‘0 4ID 5‘0 6‘0
Epoch
(a) Training accuracy curve for the Spoken Arabic Digits timeseries dataset over
epochs for three self-attention formulations: i) Primal KMLSVD attention, ii)
Primal attention and iii) Canonical self-attention

1.0 4 — Primal KMLSVD
Primal KSVD
—— Canonical

0.9 4

0.7 4

0.6

T T T T T T T
0 10 20 30 40 50 60
Epoch

(b) Training accuracy curve for the Self Regulation SCP2 dataset over epochs
for three self-attention formulations: i) Primal KMLSVD attention, ii) Primal
attention and iii) Canonical self-attention

Figure 4-4: Example of two training accuracy curves over epochs for the three self-attention
mechanisms used in Test 3.
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4-2-4 Additional Tests

Some additional smaller scale tests are described in this section. These smaller scale tests
were all applied on the Pems-SF and/or Japanese Vowels datasets (see table 4-1) due to these
datasets being relatively fast to train on.

Rank and Energy of the 3D Attention Score tensor

Chen et al. found that the rank of the attention matrix decreases with depth in the attention
blocks and that the first few singular values contribute more to the mean cumulative explained
variance in later layers [4]. To examine whether similar behavior appears in the 3D KMLSVD
attention setting, a small-scale test was conducted using Dual KMLSVD attention on the
PEMS-SF dataset. The Dual KMLSVD framework was chosen because it computes the
attention tensor explicitly, unlike the Primal variant.

Seeing as the attention kernel is now 3-dimensional, two aspects were analyzed:

1. The rank of the mode-1, mode-2 and mode-3 unfoldings of the attention tensor

2. The mean cumulative explained variance derived from the MLSVD

Across multiple runs, the ranks of the three unfoldings remained largely unchanged across
different attention blocks. However, each unfolding did exhibit a low-rank structure that was
generally lower than the dataset’s embedding dimension, R,, < M where Rn is the rank of
the mode-n unfolding and M is the embedding dimension of the data.

To study the mean cumulative explained variance, the MLSVD of the attention kernels was
computed. Specifically, the core tensor S (2-18) is used to derive the mode specific singular
values. For each mode (i.e., n=1,2,3) the matrix S(n)S(Tn) is computed and the diagonal
entries of these matrices are treated as the singular values corresponding to each mode.
These singular values are in turn used to compute the mean cumulative variance to see how
the information is distributed. Seeing as multiple attention kernels are computed, the mean
cumulative variance curve is computed for each attention kernel and then averaged to showcase
the general trend. Figure 4-5 illustrates the cumulative mean cumulative explained variance
for each mode unfolding of the attention tensor (left: mode-1, middle: mode-2, right: mode-
3). The x-axis represents the singular value index, while the y-axis indicates the cumulative
proportion of the total variance (or energy) captured up to that singular value.

Overall, the results suggest that a general trend of shaper mean cumulative explained variance
in deeper attention blocks, as indicated by the steeper rise of the curves, holds particularly
in the last layer. However, that each deeper attention block has a steeper mean cumulative
explained variance is not the case as in some cases, earlier layers have a steeper rise than later
ones. In the left most graph, for instance, layer 2 seems to have a less steep curve than layer
0 and layer 1.
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Mean Cumulative Explained Variance — All Layers Combined
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Figure 4-5: Mean cumulative explained variance averaged over the different attention kernel
tensors

Non-KMLSVD Framework for 3D attention

To verify if a 3D self-attention mechanism is possible without using the KMLSVD framework
(whether primal or dual), an alternate formulation was explored that is heavily based on
the dual KMLSVD attention framework 3-1-1. This formulation replaces MLSVD related
components (i.e. Uy, Uz, Us,S) with learnable parameters matrices and tensors.
The starting point is the computation of the 3D non-linear attention kernel(3-3) K €
non-linearized with the Cubemax function(3-5). In standard dual KMLSVD attention, the
outputs are the Ei, Fs and F3 matrices which are generated with the help of the factor
matrices Uy, Us, Us and core tensor S. These factor matrices and tensors are in turn generated
by applying the MLSVD on K. In the proposed modification, these factor matrices and
the core tensor are replaced with learnable parameters that are initialized with a normal
distribution. For simplicity in this experiment, no multi-headed self-attention was used and
the ranks of all mode-n-unfoldings were set to be equal to the embedding dimension:

RNXNXN

Ry=Ry=Ry=M =20 (4-9)

Three possible configurations were considered:

1. Replace U; € RVXM 7, ¢ RVXM 75 ¢ RNXM and S € RMXMXM with learnable
parameter Wi € RVXM J1g ¢ RV*M 1y7g ¢ RVXM and 7@ ¢ RMXMXM where N is
the sequence length of the input data and M the embedding dimension of the input
data.

2. Replace (Us ® Us) € RN>M* (U3 @ Uy) € RN M (Uy@Uy) € RV *M® and S €
RMXMXM with learnable parameters Wlb € RNQXMQ,WQI’ S RN2XM2,W§’ e RV xM?
and Tt € RMxMxM

3. Replace (Us ® Us) Sy € RN *M (U3 @ Uy) S(g) € RV*M and (U ® Uy) S5 € RN *M
with learnable parameters W¢ € RN *M e ¢ RV**M and Wwg e RV XM

With all of the above three options, the E matrices are still computed with equation 2-23
using one of the above three substitutions. With this in mind, the "new" F matrix formulas
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are defined as follows(4-10)

option 1 option 2 option 3

By = Ky (W§ @ Wg) T, By = KqyWTh, Ey = K)WT,
By = Kg) (W§ @ W§) Ty, By = KoyW3Thy, Ey = K9yWs,
By = Kz) (W§ @ Wg) T, By = KgWiTly, E3 = K3 W5,

(4-10)
In the non-KMLSVD 3D attention framework, the attention score tensor(3-3) and attention
kernel tensor(3-6) are computed explicitly. These methods still follow the same initial steps:
both compute the queries, keys and fibers(3-1), as well as the attention kernel. However,
instead of then performing an MLSVD on the attention kernel tensor, the matrices F1, Fo
and FEj3 are obtained directly using equation 4-10. This approach therefore bypasses the need
for any MLSVD related matrices or tensors.
These three non-KMLSVD 3D attention formulations(4-10) were all tested on the PemsSF
and Japanese Vowels datasets and compared to standard self-attention using the same two
transformer designs used in test 14-1-1.
The results of this test are shown in table 4-9. The non-KMLSVD attention framework has
higher accuracy scores than some Primal KMLSVD attention formulations on the Japanese
Vowels dataset. However, on the PemsSF dataset it performs worse than all Primal KMLSVD
attention formulations accuracy wise (see table 4-8 and Appendix A-1). These results suggest
that a non-KMLSVD 3D attention mechanism may indeed be feasible. Nevertheless, this
conclusion cannot yet be drawn with confidence, as additional testing on the full set of ten
datasets is required to ensure robustness, generality and a more fair comparison with the 3D
Primal-Dual KMLSVD attention framework.

Full layer
option 1 option 2 option 3
Dataset Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s)
Japanese Vowels 97.0 98.0 55.2 96.8 99.3 55.5 96.9 98.7 54.2
PEMS-SF 83.0 88.5 1.06 - 103 83.0 90.0 1.08:103 84.5 91.4 1.06-103
Last layer
Japanese Vowels 96.5 98.3 43.6 96.9 98.3 43.9 96.5 97.6 45.2
PEMS-SF 83.7 89.2 286 83.0 89.2 292 83.8 89.9 283

Table 4-9: Comparison of mean and maximum validation accuracies and training time (in sec-
onds) across datasets for different non-KMLSVD 3D self-attention definitions using two trans-
former variants: (i) replacing only the last self-attention layer with primal KMLSVD, and (ii)
using primal KMLSVD for all layers.

Small Scale Test on a Textual Database

To complement the time series experiments, the IMDB dataset was included as an additional
benchmark. Since natural language understanding relies heavily on capturing contextual
dependencies, this dataset provides an additional (possibly stronger) test of whether Primal-
Dual KMLSVD attention can truly operate as an alternative to standard self-attention mech-
anisms.

Note that a textual dataset like IMDB consists entirely of text and as such does not have a set
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sequence length or a dimensional embedding. In this thesis, the embedding of text to numeric
data is done in two steps. The first step is tokenization of the dataset, where a piece of text is
"translated" to a numerical vector. This was done by using a pre-existing tokenization called
BERT|14]. Then this vector is embedded into a higher dimension using a simple linear layer.
Due to the sheer size of this dataset, a simplified transformer design, based on figure 4-2
was made in order to speed up the learning process. In this experiment, the Frobenius norm
feature map, LLT design and MLSVD enforced S structure were used for Primal KMLSVD
attention.

Model Accuracy (%)
Canonical self-attention 71.4
Primal KMLSVD attention 69.8

Table 4-10: Attained accuracy of a single training iteration on the IMDB dataset for Canonical
self-attention and Primal KMLSVD attention.

Due to time constraints, only a singular training run with fixed hyperparameter values was
conducted. The recording of the training times for some reason failed and, due to the time
constraint, could not be attempted again. Due to this, only the accuracy scores are shown
in table 4-10. These accuracy scores are likely heavily influenced by random variation and
should not be viewed as conclusive performance indicators. Nevertheless, the fact that Primal
KMLSVD attention achieves reasonable accuracy on this textual dataset is strong evidence
that primal KMLSVD attention can be used as a valid self-attention mechanism.
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Chapter 5

Conclusion, further research and
discussion

In this thesis, the primal-dual Kernel Multi-linear Singular Value Decomposition (KMLSVD)
framework, as defined by Wesel and Batselier [3], is slightly modified and used to define 3D
self-attention. This connection between the Primal-Dual (Kernel) Multi-linear Singular Value
Decomposition (MLSVD) formulation allows for a novel definition of three-dimensional self-
attention. Casting self-attention into a three-dimensional space could possibly allow for a
more accurate or faster self-attention mechanism. Multiple Primal KMLSVD attention for-
mulations were tested and compared to Primal attention[4] and canonical self-attention[24],
with the best performing formulation being the Ciearn vec formulation, with the Frobenius norm
feature map(3-8), using the cost-enforced S strategy and the Last Layer Transformer (LLT)
design. However, as not all cost-enforced S tests could be completed within the available
time, the conclusion that cost-enforced is better than MLSVD enforced is somewhat limited
in scope.

The main research question of this thesis is "Can 3D Primal-Dual KMLSVD attention actually
function as a self-attention mechanism?". The results of all three tests combined (see section
4-2) demonstrate that both the Primal and Dual formulation can function as a self-attention
mechanism. Although Dual KMLSVD attention is theoretically possible and attains reason-
ably accuracy scores, it is not practically feasible due to the excessive training time. The fact
that Primal KMLSVD attention attains comparable and sometimes better accuracy results to
canonical self-attention further reinforces the conclusion that 3D Primal KMLSVD attention
works as a self-attention mechanism.

The first research sub-question is "Can Primal-Dual KMLSVD attention be used as an im-
provement or alternative to self-attention?". The results of test 3 (see section 4-2-3) suggest
that it cannot be used as an improvement or alternative. This is due to the fact that the
best performing Primal KMLSVD attention formulation attains comparable or slightly bet-
ter accuracy results compared to canonical self-attention at the cost of significantly increased
training times. Due to these longer training times with little accuracy increase, the 3D Primal-
Dual KMLSVD attention framework was not considered to be an improvement over canonical
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self-attention.

The second research sub-question is "Is the Primal or Dual KMLSVD attention formulation
more favorable in terms of computational efficiency and predictive performance?’. The results
of test 1 and mainly test 2 (sections 4-2-1 and 4-2-2) clearly show that the Dual KMLSVD
attention formulation is significantly slower than the Primal KMLSVD formulation. The Dual
KMLSVD formulation is so slow that it is even considered as infeasible making the Primal
formulation more favorable.

The third and final research sub-question is "Can alternative primal KMLSVD attention for-
mulations and feature maps improve training efficiency and predictive accuracy compared to
the baseline approach?’. The results of test 1 suggest a positive answer. Mainly, the formula-
tion of making the C tensor learnable (either as a full tensor or a hyper-diagonal tensor) lead
to increases in accuracy scores and sometimes even decreases in training time. The feature
maps considered in this thesis did not seem to affect the attained accuracy scores overly much,
but this could be a result of the limited scope of feature maps considered.

To completely write off the idea of using Primal-Dual KMLSVD attention may be too hasty.
As of writing this thesis, only tests on inherently two-dimensional datasets have been at-
tempted. This might explain why the results of Primal KMLSVD attention are not better than
canonical self-attention because in hindsight, the Primal Dual KMLSVD framework is three-
dimensional and capable of handling three-dimensional data. Applying a three-dimensional
framework on inherently two-dimensional datasets may be redundant, as the additional di-
mension does not introduce new or functional information. Further research into applying
Primal-Dual KMLSVD attention on three-dimensional, or higher order datasets, could lead to
a more positive result. As of writing this thesis, the current Primal-Dual KMLSVD attention
framework is geared towards two-dimensional datasets. A re-formulation or re-structuring of
the feature maps specifically to accommodate multidimensional datasets could lead to sig-
nificant improvements. Furthermore, the definition of a 3D self-attention mechanism that
does not use the KMLSVD framework is also quite significant and warrants further research.
A more in-depth investigation into different variations of Primal KMLSVD attention, the
choice of feature maps within the mechanism, and the effect of the number of heads could
provide valuable insights. Such research may lead to an improved Primal KMLSVD attention
formulation, or at the very least, a clearer understanding of what does and does not work.
Finally, the fact that primal-dual KMLSVD is not limited to 3D and can be expanded to
higher dimensions could also be a source of new Primal-Dual KMLSVD attention definitions
in higher dimensions (e.g., 4D, 5D etc.).
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Appendix

In section A-1 the additional results of test 1 are shown. In section A-2, the results for test
2 are shown. Finally, in section A-3 the results of the additional test with cost enforced S
Primal KMLSVD attention using the Frobenius nor feature map are shown.

A-1 Additional Test 1 results

In test 1 multiple feature maps, Primal KMLSVD attention variations, transformer designs
and S enforcement strategies are tested. Due to the sheer number of results, only the "winning
combination" was shown in section 4-2-1. In this section, all the other combinations that did
not make the cut are shown along with the hyper parameter values n; and 7o that lead to
the results shown in section 4-2-1 and in this section. Note that, due to time constraints, the
cost enforced § Primal KMLSVD attention tables are not completely filled in.
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A-1-1 Frobenius norm feature map results

Cost enforced S structure using Frobenius norm feature map

Last layer
Normal Whaix Ciearn Clearn,diag
Dataset Mean (%) Max (%) Time (s) Mean (%) Max (%) Time Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s)
Ethanol Concentration 38.5 43.6 514 37.1 41.7 95.0 38.2 42.7 539 38.9 42.7 585
Face Detection - - - - - - - - - - - -
Handwriting 28.5 32.7 443 9.82 11.2 195 277 32.2 164 28.4 32.2 134
Heartbeat 74.8 774 666 5.7 78.1 359 74.9 774 315 74.8 et 328
Japanese Vowels 98.3 99.3 219 97.5 99.0 235 98.2 99.3 179 98.4 99.3 237
PEMS-SF 91.0 94.2 417 84.0 92.1 495 91.4 96.4 627 91.1 95.7 391
Self Regulation SCP1 91.8 93.5 851 90.5 93.2 661 91.7 93.9 410 91.7 93.9 223
Self Regulation SCP2 55.3 61.1 575 56.7 64.6 599 55.1 60.4 488 55.8 60.4 427
Spoken Arabic Digits - - - - - - - - - - - -
U Wave Gesture Library 86.9 88.7 127 79.7 84.4 122 86.4 89.1 94 86.8 89.1 122
Average 70.6 73.8 A77 66.4 70.5 345 70.5 73.9 419 70.7 73.8 306
Full layer

Ethanol Concentration 36.0 38.9 330 374 40.8 176 36.0 384 441 36.2 38.9 591
Face Detection - - - - - - - - - - - -
Handwriting 29.7 32.1 1.13-103 10.3 11.9 476 29.4 31.2 372 30.1 31.8 298
Heartbeat 75.2 774 1.05-10° 75.0 et 560 75.1 76.8 472 75.2 et 506
Japanese Vowels 98.3 99.7 561 96.7 98.3 591 97.8 98.7 415 98.2 99.0 549
PEMS-SF 91.2 95.7 694 81.8 86.3 786 90.9 95.0 967 91.3 95.0 589
Self Regulation SCP1 89.5 91.5 1.26:10% 90.5 92.8 998 90.2 91.5 535 89.3 91.1 284
Self Regulation SCP2 55.2 58.3 756 56.1 64.6 927 55.4 59.7 699 54.3 59.0 539
Spoken Arabic Digits - - - - - - - - - - - -
U Wave Gesture Library 86.4 88.3 327 80.9 84.4 311 86.5 88.7 213 86.5 88.3 273
Average 70.2 2.7 764 66.1 69.6 603 70.2 72.5 514 70.1 72.6 454

Table A-1: Comparison of mean accuracies, maximum accuracies, and average learning times
(in seconds) across datasets for two transformer variants: (i) Last Layer Transformer (LLT), and
(i) Full Layer Transformer (FLT)

MLSVD enforced S structure using Frobenius norm feature map

Last layer
Normal Waix Ciearn Clearn,diag
Dataset Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s)
Ethanol Concentration 38.3 41.2 245 36.6 39.8 99 39.4 42.2 502 38.5 40.7 190
Face Detection 67.5 69.2 800 60.2 61.9 899 67.5 69.6 1.33-10% 67.6 68.7 667
Handwriting* 28.4 31.5 79.7 9.09 10.6 48.9 28.0 31.2 115 27.6 31.5 63.2
Heartbeat 74.6 76.2 434 75.2 78.1 81.9 4.7 76.8 108 74.8 774 26.2
Japanese Vowels 96.6 98.7 28.6 96.3 98.7 45.7 98.0 99.0 112 96.6 98.0 26.1
PEMS-SF- 80.6 84.9 24.7 76.6 82.7 27.8 91.0 93.5 196 81.2 85.6 324
Self Regulation SCP1 91.3 92.5 67.2 88.3 92.2 48.8 91.5 92.8 174 91.4 93.2 89.6
Self Regulation SCP2 54.8 57.6 88.4 55.6 62.5 50.1 55.0 60.4 222 55.3 58.3 79.6
Spoken Arabic Digits 98.1 98.7 452 94.6 95.1 740 98.4 98.8 1.05-10% 98.3 98.6 445
U Wave Gesture Library 86.3 87.5 14.2 7.3 81.6 22.0 86.2 89.1 66.2 86.5 89.1 13.5
Average 714 73.6 183 70.0 70.3 206 73.0 75.3 388 71.8 74.1 163
Full layer
Ethanol Concentration 34.9 36.5 135 36.2 38.9 174 35.1 37.0 228 34.4 37.0 77.0
Face Detection® 68.4 69.5 1.95-10% 60.0 61.2 2.02:103 68.3 70.5 3.30-10° 68.2 69.8 1.43-10%
Handwriting 29.5 31.0 240 8.37 9.85 236 28.7 30.9 329 28.9 30.9 177
Heartbeat 75.1 76.8 102 75.0 76.8 142 75.2 7.4 226 75.2 78.1 53.9
Japanese Vowels 96.5 99.0 78.4 95.9 98.7 120 97.8 98.7 280 96.7 98.0 67.9
PEMS-SF 80.9 87.1 52.1 75.0 79.9 52.3 90.0 95.0 477 79.6 84.2 56.7
Self Regulation SCP1 89.1 90.1 63.3 89.4 92.8 88.6 89.8 91.1 163 88.8 90.1 81.1
Self Regulation SCP2 54.2 57.6 76.7 54.9 63.2 81.4 54.8 57.6 274 54.0 56.3 62.7
Spoken Arabic Digits 98.0 98.4 1.05-10% 95.1 95.7 1.85-10% 98.1 98.8 2.82:10% 98.0 98.3 1.16-10°
U Wave Gesture Library 85.8 87.5 35.0 74.8 78.9 57.1 86.0 87.9 168 86.0 87.5 31.2
Average 71.0 73.2 374 66.5 70.0 482 72.4 74.5 827 71.0 73.0 320

Table A-2: Comparison of mean accuracies, max accuracies, and average learning times (in

seconds) across datasets for two transformer variants using the Frobenius norm feature map: (i)
LLT, and (i) FLT
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A-1-2 Cosine similarity feature map results

The following two tables ADD REF show test 1 results using the Cosine similarity feature

map.
Cost enforced S structure using cosine similarity feature map
Last layer
Normal Wox Clearn Clearn,diag
Dataset Mean (%) Max (%) Time (s) Mean (%) Max (%) Time Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s)
Ethanol Concentration 38.9 44.6 514 38.2 41.7 96.6 38.7 42.7 541 38.5 40.8 191
Face Detection - - - - - - - - - - - -
Handwriting 27.9 30.3 450 9.76 10.9 215 28.3 3L.5 187 28.2 31.6 150
Heartbeat 74.9 76.8 657 75.0 78.1 356 75.2 7.4 268 74.9 76.8 322
Japanese Vowels 98.3 99.0 221 97.5 99.0 244 98.0 99.0 245 98.2 99.3 237
PEMS-SF 90.7 95.0 428 85.1 92.1 493 91.7 94.2 410 91.0 95.0 336
Self Regulation SCP1 91.8 93.5 853 90.3 92.2 696 91.9 93.5 413 91.7 93.9 209
Self Regulation SCP2 54.8 61.8 570 56.4 66.7 601 55.4 61.1 488 55.6 59.7 443
Spoken Arabic Digits - - - - - - - - - - - -
U Wave Gesture Library 86.3 88.3 127 80.3 82.8 305 86.3 88.3 101 86.7 88.3 125
Average 70.5 73.7 478 66.6 70.4 376 70.7 73.5 332 70.6 73.2 252
Full layer
Ethanol Concentration 36.1 39.8 332 39.3 42.7 179 36.6 40.3 448 34.4 37.0 779
Face Detection - - - - - - - - - - - -
Handwriting 29.9 319 1.16-10% 9.72 11.6 517 29.5 3L.5 446 29.9 3L.5 337
Heartbeat 75.0 77.4 1.06-10% 75.3 76.8 560 75.0 7.4 404 75.1 76.8 502
Japanese Vowels 98.1 99.3 567 96.2 98.0 615 97.8 99.0 580 98.3 99.7 551
PEMS-SF 90.3 93.5 719 83.6 90.0 806 91.0 96.4 640 90.4 93.5 526
Self Regulation SCP1 90.6 9L.5 1.27-10° 89.6 91.5 1.05-10% 90.2 91.5 537 90.1 9L.5 269
Self Regulation SCP2 54.8 59.0 873 56.5 63.2 926 54.5 60.4 685 54.4 60.4 546
Spoken Arabic Digits - - - - - - - - - - - -
U Wave Gesture Library 86.4 87.9 329 78.9 82.8 305 86.3 88.7 228 86.3 87.9 279
Average 70.2 72.5 789 66.1 69.6 620 70.1 73.2 496 69.9 72.3 386
Table A-3: Comparison of mean accuracies, maximum accuracies, and average learning times

(in seconds)

(i) LLT, and (i) FLT
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MLSVD enforced S structure using cosine similarity feature map

Last layer
Normal Whix Clearn Ciearn,diag
Dataset Mean (%) Max (%) Time (s) Mean (%) Max (%) Time Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s)
Ethanol Concentration 39.0 41.2 266 37.9 40.8 734 38.9 42.2 507 38.5 40.8 258
Face Detection 67.6 69.5 949 60.2 61.4 673 67.6 70.1 1.15-10% 67.7 69.5 716
Handwriting 27.6 31.2 36.8 8.71 10.6 35.1 28.2 31.5 101 27.3 315 42.8
Heartbeat 74.6 76.8 T 74.8 78.1 57.6 74.9 76.8 97.5 74.9 76.8 43.8
Japanese Vowels 98.0 99.0 48.6 96.4 98.0 44.5 97.3 98.3 89.2 97.7 98.7 42.2
PEMS-SF 88.6 92.1 90.8 83.0 87.8 84.2 90.7 92.8 194 88.8 92.1 66.6
Self Regulation SCP1 91.4 92.8 114 88.4 91.1 41.1 91.1 94.2 180 91.5 92.8 114
Self Regulation SCP2 55.8 59.0 140 56.5 61.1 53.6 55.1 57.6 219 55.4 59.7 118
Spoken Arabic Digits 98.2 98.6 713 94.6 95.6 687 98.2 98.7 1.05-10% 98.2 98.8 725
U Wave Gesture Library 85.7 85.7 24.3 75.9 82.4 20.1 86.6 88.7 70.0 86.0 87.5 21.3
Average 2.7 74.6 246 67.6 70.7 177 72.9 75.1 366 72.6 74.8 215
Full layer
Ethanol Concentration 35.4 41.2 266 38.0 39.8 131 35.4 37.4 243 35.5 37.0 122
Face Detection 68.7 701 2.24-10° 59.9 619  1.60-10°  67.9 69.3  2.8810% 68.5 700  1.73-10%
Handwriting 28.6 30.3 974 8.53 9.35 89.7 284 30.6 286 28.9 304 115
Heartbeat 74.9 774 135 74.2 76.2 108 74.8 774 202 74.8 76.2 88.6
Japanese Vowels 98.1 99.0 132 94.9 97.0 117 97.7 98.7 253 97.8 99.0 111
PEMS-SF 89.4 95.7 193 79.6 84.2 168 89.6 92.1 485 89.7 92.1 136
Self Regulation SCP1 89.9 90.8 107 88.3 91.8 83.9 89.7 90.8 166 89.9 90.8 97.9
Self Regulation SCP2 54.7 59.0 125 55.4 61.1 112 53.8 58.3 271 55.4 59.7 118
Spoken Arabic Digits 98.0 98.5 1.74-10% 94.6 95.6 687 98.0 98.3 2.85-103 98.0 98.6 1.76-10%
U Wave Gesture Library 85.7 87.1 61.8 75.0 81.3 52.5 85.5 86.7 178 85.8 89.1 52.8
Average 72.3 74.9 510 66.8 69.8 315 71.6 74.0 781 724 74.3 433

Table A-4: Comparison of mean accuracies, maximum accuracies, and average learning times
(in seconds) across datasets for two transformer variants using the cosine similarity feature map:
(i) LLT, and (ii) FLT

A-1-3 SM+ feature map results

Cost enforced S structure using SM+ feature map

Last layer
Normal Whix Ciearn Clearn,diag
Dataset, Mean (%) Max (%) Time (s) Mean (%) Max (%) Time Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s)
Ethanol Concentration 39.1 42.2 526 38.2 42.2 104 38.6 43.1 574 38.4 42.2 602
Face Detection - - - - - - - - - - - -
Handwriting 28.3 324 467 9.87 11.5 221 27.7 30.6 176 28.8 31.6 204
Heartbeat 75.0 8.7 675 75.6 8.7 363 74.9 76.8 334 75.1 76.8 198
Japanese Vowels 98.3 99.3 232 97.4 98.7 260 97.9 99.0 265 98.3 99.7 239
PEMS-SF 91.2 95.7 432 84.2 90.7 504 90.9 93.5 416 91.5 97.8 340
Self Regulation SCP1 91.9 93.9 880 90.3 93.2 695 92.1 93.9 401 91.8 93.2 202
Self Regulation SCP2 55.4 59.7 557 56.5 66.0 454 55.0 60.4 444 55.6 60.4 265
Spoken Arabic Digits - - - - - - - - - - - -
U Wave Gesture Library 86.5 88.3 138 79.2 83.6 126 86.8 88.3 110 86.9 88.7 146
Average 70.7 73.8 488 66.4 70.6 341 70.5 73.2 340 70.8 73.8 275
Full layer

Ethanol Concentration 35.6 374 331 35.1 37.9 206 36.0 37.9 503 35.6 38.4 678
Face Detection - - - - - - - - - - - -
Handwriting 29.7 31.8 1.24-10% 10.3 12.1 560 29.0 30.9 412 30.3 32.2 503
Heartbeat 75.2 78.1 1.14-10% 75.5 774 580 75.1 78.7 535 74.8 76.8 323
Japanese Vowels 98.2 99.3 610 96.9 99.0 672 97.7 99.7 646 98.3 99.3 577
PEMS-SF 914 95.0 745 82.9 88.5 836 90.9 95.7 665 91.5 96.4 543
Self Regulation SCP1 90.6 92.2 1.36-10% 87.5 92.2 1.09-10% 90.6 91.8 541 90.3 91.5 277
Self Regulation SCP2 54.5 59.0 738 56.4 63.9 708 55.4 57.6 567 54.7 58.3 277
Spoken Arabic Digits - - - - - - - - - - - -
U Wave Gesture Library 86.3 87.9 366 79.6 82.0 331 86.2 87.9 257 86.3 88.3 344
Average 70.2 72.6 663 65.5 69.1 623 70.1 72.5 516 70.2 2.7 440

Table A-5: Comparison of mean accuracies, maximum accuracies, and average learning times
across datasets for two transformer variants using the SM+ feature map: (i) LLT, and (ii) FLT
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MLSVD enforced S structure using SM+ feature map
Last layer
Normal Whix Cioarn Clearn,diag
Dataset Mean (%) Max (%) Time (s) Mean (%) Max (%) Time Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s)
Ethanol Concentration 38.1 41.2 365 36.7 40.3 63.7 38.6 41.2 561 38.8 42.7 373
Face Detection 67.8 68.8 1.24-10% 59.8 61.4 1.36:10% 68.1 69.1 1.32.10% 67.5 68.5 1.16-10%
Handwriting 26.9 30.0 103 8.79 1.15 72.5 274 30.4 116 274 30.4 92.5
Heartbeat* 4.7 76.8 83.8 74.8 774 66.3 74.5 76.2 97.6 4.7 76.2 73.8
Japanese Vowels 98.2 99.0 101 96.9 98.3 98.6 97.9 99.3 97.0 98.1 99.3 72.1
PEMS-SF 89.6 92.8 53.8 84.0 87.8 51.4 90.0 92.8 216 89.1 92.8 58.1
Self Regulation SCP1 91.6 92.8 147 88.5 91.8 50.6 91.8 93.5 208 91.3 92.8 111
Self Regulation SCP2 55.8 61.4 167 56.9 64.6 53.8 55.1 59.7 222 55.4 59.7 164
Spoken Arabic Digits 98.3 98.8 990 94.5 95.1 1.44-10% 98.1 98.5 1.0810% 98.3 98.8 1.12:10%
U Wave Gesture Library 86.2 87.5 43.6 76.8 80.5 47.3 86.3 87.9 79.8 86.3 89.1 43.6
Average 72.7 74.9 329 67.8 69.8 320 72.8 74.9 400 72.7 75.0 327
Full layer

Ethanol Concentration 35.1 36.5 177 33.9 38.4 161 35.1 36.0 247 34.9 37.0 162
Face Detection 68.1 69.5  3.35:10% 60.5 622 3.66:10°  68.8 69.6  3.38:10% 68.1 69.5  3.00-10%
Handwriting 29.3 30.4 322 8.87 10.4 210 29.1 31.8 335 28.9 31.2 263
Heartbeat 4.7 76.8 205 74.6 76.2 190 74.8 774 206 74.8 76.2 159
Japanese Vowels 97.8 98.7 305 95.5 97.6 298 97.9 98.7 277 98.1 99.0 202
PEMS-SF 88.4 92.8 118 80.2 85.6 108 89.7 93.5 547 90.0 94.2 129
Self Regulation SCP1 89.7 90.4 155 86.8 90.8 140 90.7 91.5 372 89.6 90.8 95.0
Self Regulation SCP2 55.1 59.0 156 56.5 61.8 141 54.7 56.9 283 55.2 57.6 119
Spoken Arabic Digits 98.0 98.4 2.61-103 95.4 96.0 4.10-10% 97.8 98.2 2.92:103 98.1 98.5 2.01-10%
U Wave Gesture Library 86.2 87.5 117 74.6 78.9 134 85.5 87.5 199 85.9 87.5 106
Average 722 74.0 752 66.7 69.8 914 72.3 74.0 859 724 74.2 625

Table A-6: Comparison of mean accuracies, maximum accuracies, and average learning times
(in seconds) across datasets for two transformer variants using the SM+ feature map: (i) LLT,

and (ii) FLT
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A-1-4 Best 1, and 7, KMLSVD Cost Hyper Parameters Per Dataset

Frobenius Norm Feature Map Hyper Parameters

S structure using Frobenius norm feature map

Last Layer
Standard Wn\ b'e clearn Clearn,diag

Dataset Best Mean Best Max Best Mean Best Max Best Mean Best Max Best Mean Best Max

m 2 m N2 T 2 m 2 m 2 m 2 m 2 m 2
Ethanol Concentration 0 5] 5 [0 01] [0.01 0.1 [5 1] [1 001 [0.1 01] [1 5]
Face Detection S I S R SR ) A ) IR S N SR
Handwriting [0 1] [0.01 0.01] [0 1] [0 1] [0 1] [0.1 0.01] [0.1 o0.1] [1 5]
Heartbeat [1 0.01] [0 0.01] [0 0] [0.01 5] - -] - -] [0 0.01] [0.1 5]
Japanese Vowels 1 5] [0 01 [0 1] 0 0.1] [0.01 1] [T 0.01] [0.00 1] [0.01 1]
PEMS-SF [0 0.1 [0.00 5 [0 0.1 [0.01 1] [0.01 0.1 [5 0] [> 0.01] [0 0.01]
Self Regulation SCP1 1 01 01 1] [0 0] 0.1 0.1] [0 1] [0.01 0.1] [0.01 Q0] 1 0.01]
Self Regulation SCP2 0 01 0.1 1] 1 0.1] 1 01 [0.1 01] [5 001 [0 0] [0 0]

Spoken Arabic Digits ) R S N ) S O I R IR S B CHR
U Wave Gesture Library [0 0] [0.1 5 [0 01] [0 5 [0.1 0.01] [0.01 0.01] [0 5 [0.1 0.]

Full Layer

Ethanol Concentration [0.01 1] [0.01 5] [0 0.01] [0 5 [0.1 0.01] [0.01 0] 1 1] 0 5]
Face Detection ) S S A S [ - S S s T S
Handwriting 001 5 [01 01 [0 1 [0 1] [o.0ol 1 [0.01 1 [0 01 [0.1 5
Heartbeat 0 5] [5 0.01] [0 0.01] [0 0 - -] - ] B 1] B 1]
Japanese Vowels 0 001 [01 0 [0 01 [0 01 [0 001 [0 001 [0 5 [0 1]
PEMS-SF m 5 [5 01 0o o0 [0 5 [0l o [0l 1 [ 01 [ 1]
Self Regulation SCP1 [ 5 [5 1 [0 001 o 0o [5 01 [ 01 [ 1 [ 1]
Self Regulation SCP2  [1 1] [0.01 0] [0 001 [1 001 [0.01 1] [0.01 1 [0.01 0.1 [0.01 0]
Spoken Arabic Digits ) R Y R ) ) IR O S N A
U Wave Gesture Library [0.1 5] [0.01 5] [0 0.01] 0 5 [0 0.01] [5 1] 1 5] 0 0

Table A-7: 7, and 7, values leading to the highest (i) mean accuracy and (ii) max accuracy,
reported for two transformer designs: (i) LLT, and (ii) FLT. Using cost-enforced S structure and
Frobenius norm feature map.
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Last Layer
Standard Wn|X Clearn,diag

Dataset Best Mean Best Max Best Mean Best Max Best Mean Best Max Best Mean Best Max
Ethanol Concentration 0.01 1 0.01 0.1 0.1 0.1 1 0.01
Face Detection 0.01 1 0.1 0.01 0 0.01 5 5
Handwriting 0.01 0 0.01 0.01 0 5 5
Heartbeat 1 0.1 0.01 1 0.1 0.01 1 5
Japanese Vowels 5 0.1 0 0.01 0.01 0.01 0.01 1
PEMS-SF 5 5 0 0.01 1 0 0.01 0.01
Self Regulation SCP1 0.01 0.01 1 0.1 0 1 1 1
Self Regulation SCP2 1 0.01 1 5 0.01 5 1 1
Spoken Arabic Digits 0.1 5 1 0 1 0 1 1

U Wave Gesture Library 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0..01

Full Layer

Dataset Best Mean Best Max Best Mean Best Max Best Mean Best Max Best Mean Best Max
Ethanol Concentration 0.1 0.1 0 0 0 0.01 1 0.1
Face Detection 0.1 1 0.1 0 0.1 5 5 5
Handwriting 0.01 0.1 0 0 0.01 0 5 1
Heartbeat 1 1 0 0 0 1 1 1
Japanese Vowels 1 0.1 0 0 0 0 1 0.01
PEMS-SF 1 1 0.01 0.01 1 0 5 5
Self Regulation SCP1 0.1 0.1 0 0 5 1 1 5
Self Regulation SCP2 0.1 0.01 5 1 0.1 5 5 0.1
Spoken Arabic Digits 5 1 0 0.01 1 5 0.1 5

U Wave Gesture Library 0.01 5 0 0 0.01 0.01 5 1

Table A-8: Best mean and max results for 7; configurations across datasets for two transformer
variants: (i) LLT, and (ii) FLT. Using MLSVD-enforced S structure and Frobenius norm feature

map.
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Cosine Feature Map Hyper Parameters
S structure using Cosine Similarity feature map
Standard Clearn Crearn, diag

Dataset

Best Mean Best Max Best Mean Best Max Best Mean Best Max Best Mean Best Max

2

2

Ethanol Concentration

Face Detection
Handwriting
Heartbeat
Japanese Vowels

PEMS-SF

Self Regulation SCP1
Self Regulation SCP2
Spoken Arabic Digits
U Wave Gesture Library

rooomo =

o

0]
-]
1]
0]
0]

0.01]

1]

0.1]

-]
5]

Ethanol Concentration

Face Detection
Handwriting
Heartbeat
Japanese Vowels
PEMS-SF

Self Regulation SCP1
Self Regulation SCP2
Spoken Arabic Digits
U Wave Gesture Library

m 2 mn
[0.01 1] [0.01
1k
[0.01 0.01] [0
[0.01 0] [0
o 1 o
[0 0.01] [0.01
[0.1 0] [0.01
[0.01 1] [0.01
S I
[0 0.01] [0.01
[0 5] [0
[ B
[0 1] [0
1 01 [0
[0 0] [0
(0] 5] ]
1 0.01] [0.01
01 01 [1
[
0] 1] [0

5]
-

0.01]

0]
5]

0.01]

5]
5]
1
1

1]
-]
1]
0]
5]

0.01]

0]
1
]

0.1]

m 2 m 2 m 2
1 0] [5 5] 1 0]
) AR R B LR
[0 1] [0.01 0] [0 0.01]
[01 0 (01 0] 0 0.01]
[0 0] [0.01 0.01] [0 5]
[0 0.01] [0.01 0.01] [0.1 5]
[0 0] [> 0.01] [0 5]
Lt o [ 5 [ 3§
]
[0 1] [0 0.01] [0 0.01]
[0 5] [0 5] [0 5]
Fo - L]
[0 0.01] [0 0] [0.01 0]
01 1] [0.1 0.1] [0 ]
[0 0.01] [0 0.01] [0 0.01]
[0 0.01] [0 5] [0 0.01]
[0.01 0] 1 01] [0.1 0.01]
[0.01 5] 0 01 [ 0.1]
[ AN R A SN
[0 0.01] [0 0.1] [0 0.1

Table A-9: 7; and 7, values leading to the highest (i) mean accuracy and (ii) max accuracy,
reported for two transformer designs: (i) LLT, and (ii) FLT. Using cost-enforced S structure and
Cosine norm feature map.
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Last Layer
Standard Wn|X Clearn Clearn,diag
Dataset Best Mean Best Max Best Mean Best Max Best Mean Best Max Best Mean Best Max
Ethanol Concentration 1 0 0 0 1 0 0.01 1
Face Detection 5 0.1 5 1 0.1 0 0.1 0.1
Handwriting 0.01 0.01 0 0 0 0 1 1
Heartbeat 0.1 0 0 0 5 0 0.1 0.01
Japanese Vowels 0.01 0.01 0 0 0 0 0.1 0
PEMS-SF 0 0 0 0 0 0 0 0.1
Self Regulation SCP1 0 5 0 0.01 0.01 5 5 5
Self Regulation SCP2 1 0 0 5 1 0.1 5 0
Spoken Arabic Digits 0 0 0.1 0.01 0 0.01 0.1 0.1
U Wave Gesture Library 0 0.01 0 0 0 0.01 0.01 0.01
Full Layer

Dataset Best Mean Best Max Best Mean Best Max Best Mean Best Max Best Mean Best Max
Ethanol Concentration 0 0 0 0 0 0.1 0 0.01
Face Detection 0.1 0.1 0.01 0.01 0 0 1 1
Handwriting 0 0 0 0 0 0 0 0.1
Heartbeat 0 0.1 0 0 5 0 5 1
Japanese Vowels 0 0 0 0 0 0 0.01 0
PEMS-SF 0 0 0 0 0 0 0 0
Self Regulation SCP1 1 0.1 0 0 5 0.01 5 1
Self Regulation SCP2 0 0 0 0.1 0.1 0.1 1 0
Spoken Arabic Digits 0.01 5 0 0 0 0.1 0.01 0.01
U Wave Gesture Library 5 1 0 0.1 0 0 0 0

Table A-10: Best mean and max results for 7 configurations across datasets for two transformer
variants: (i) LLT, and (ii) FLT. UUsing MLSVD-enforced S structure and Cosine norm feature
map.
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SM+ Feature Map Hyper Parameters

S structure using Frobenius norm feature map

Last Layer

Standard Wn\X clearn Clearn,diag

Dataset Best Mean Best Max Best Mean Best Max Best Mean Best Max Best Mean Best Max
m 2 moon2 2 m 2 m 2 m 2 m 2 m 2

Ethanol Concentration  [0.1 1] [0.1 0.1] [0 5 [0.1 0.1] [0.01 0] [0 1] [> 0 [0.01 5]
Face Detection e S [ N (S AN ) N O E ol
Handwriting 01 o [0 0 [0 001 [0 001 [0 o o 5 [ 01 [0.01 1]
Heartbeat 0 01 [0 01] [0 01] [0 o0.1] [0.01 1] 0 1 [0.1 0.01] [0 0]
Japanese Vowels 0 01 [0 01] [0 0] 0 0 [0 0] [0.01 001 [5 35 [0 0.1]
PEMS-SF 01 01 0.1 01 0 5 [0 001 [0 5 [0 1 [ 0o [ 01]
Self Regulation SCP1  [5 1] [0.01 01] [0 1] [0 0 [0 1 [0.01 0.01] [0.1 0.0l [0 0.01]
Self Regulation SCP2 ~ [0.01 0] [0.1 5 [0.01 0 [01 5 [t 1 [ 0 [0.01 5 [0.01 0]
Spoken Arabic Digis 4 L 4 F 4 F 4 F 4 F 4 F 4 F
U Wave Gesture Library [0.01 5] [0.01 0.1] [0 1] [0.01 0.1] [0 o0.1] [0 0.1] [0 5 [0.01 0
Full Layer
Ethanol Concentration O o1 [©0 01 [0 o01] [0 01 [0 0] o0 1] 0 g o 0
Face Detection Fod k4 F 4 F 4 F 4 F 4 F 1 F A
Handwriting 0 0 o 1 [0 5§ [0 0.01] [0 5] 1 0.01 [0 5 [0 5]
Heartbeat 001 0o o o [o 1 o 11 5 1 o 1 [001 0 [5 001
Japanese Vowels o 0 o 1 [0 1 o 0o 0 o1 [0 o01] [0 5] o 0
PEMS-SF 001001 [0 o [o 5 [0 5 [0 o [ 5 [01 1 01 1
Self Regulation SCP1  [0.1 0.1] [0.1 1] [0.01 0.1] [0.1 001 [0.1 1 [5 o0 [ 1 [0.01 0]
Self Regulation SCP2  [5 001] [0 5 [0 001] [1 5 [0 001 [0.1 01] [0.1 5 [0.01 1]

Spoken Arabic Digits A A T
U Wave Gesture Library [0 5] [0 01] [0 001 [0 0 [0 01 [0 1 [0.01 0.01] [0.1 0.]

Table A-11: 7; and 7y values leading to the highest (i) mean accuracy and (ii) max accuracy,
reported for two transformer designs: (i) LLT, and (ii) FLT. Using cost-enforced S structure and
SM+ norm feature map.
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Last Layer
Standard Wn|X Clearn Clearn,diag
Dataset Best Mean Best Max Best Mean Best Max Best Mean Best Max Best Mean Best Max
Ethanol Concentration 0.01 1 0.01 0 0 5 5 5
Face Detection 1 5 1 1 0.1 0.01 1 0
Handwriting 0 0 0.01 0.01 0 0 5 1
Heartbeat 1 0.01 0.01 0 1 0.01 5 0.01
Japanese Vowels 0.01 0 0 0 0 0 0.1 0
PEMS-SF 0 0 0.01 0.01 0 0 0.01 0.01
Self Regulation SCP1 0.1 0.1 0 0 0.01 0 0.1 1
Self Regulation SCP2 0.01 0.01 0.01 5 0 0 1 0.01
Spoken Arabic Digits 0 5 5 0.01 0 0 1 1
U Wave Gesture Library 0 0.1 0 0 0 0 0.01 0.01
Full Layer

Dataset Best Mean Best Max Best Mean Best Max Best Mean Best Max Best Mean Best Max
Ethanol Concentration 0 0 0 0.1 0 0 0.1 0.01
Face Detection 0.01 5 0.01 0 0.1 0.1 0 5
Handwriting 0.1 0.01 0 0 0 0 1 1
Heartbeat 0 0 0 0 1 1 0.01 0
Japanese Vowels 0 0 0 0 0 0 0.01 0
PEMS-SF 0 0.1 0 0 0 0 0.1 0.01
Self Regulation SCP1 0.1 0.1 1 0.1 0.1 0.01 5 5
Self Regulation SCP2 0.1 5 0 0 0.01 0.01 1 1
Spoken Arabic Digits 0 0.01 0 0 0 0 1 1
U Wave Gesture Library 0 0 0 0 0 0 0 5

Table A-12: Best mean and max results for 7 configurations across datasets for two transformer
variants: (i) LLT, and (ii) FLT. Using MLSVD-enforced S structure and SM+ norm feature map.

A-2 Additional Test 2 Results

Below is the table corresponding to the results of test 2, Dual KMLSVD attention applied
on ten timeseries datasets. Due to time constraints and the significantly long training times
associated with Dual KMLSVD attention, not all ten datasets could be fully finished in time.

MLSVD enforced S structure using Frobenius norm feature map (Single

Variant)
Attention Variant
Last layer Full layer
Dataset Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s)
Ethanol Concentration 34.9 41.7 1.35-104 30.9 38.9 4.26-10*
Handwriting 24.8 26.9 1.78-104 27.9 30.0 6.89-10*
Heartbeat 73.4 76.2  9.06-10° 73.9 75.6  3.71.10*
Japanese Vowels 97.6 98.6 5.18-10° 97.6 98.6 2.10-10*
PEMS-SF 85.9 92.8 1.21-104 86.4 90.6 4.83-10*
Self Regulation SCP1 90.3 93.6 1.39-10% 86.6 88.9 4.57-10*
Self Regulation SCP2 50.8 60.4 8.66-10° 52.8 61.1 2.88-10*
U Wave Gesture Library 85.9 87.5 1.07-104 85.7 87.1 3.60-10*
Average 68.0 72.2  1.1410*  67.7 714 411104

Table A-13: Comparison of mean accuracies, max accuracies, and average learning times (in
seconds) across finished datasets using Dual KMLSVD attention, for both LLT and FLT.
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A-3 Additional Test 3 Results

The table below shows the additional Test 3 done using the i) Cicarn,diag Primal KMLSVD
attention with ii) cost enforced S strategy using the iii) Frobenius norm feature map 3-8.

Comparison of Attention Mechanisms using Frobenius Norm Feature Map

Learnable Parameter Budget

Primal KMLSVD attention Primal Attention Canonical self attention
Dataset Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s)
Ethanol Concentration 31.2 44.2 1.02-103 33.5 42.3 871 34.8 44.2 859
Face Detection 74.0 75.9 4.70-10% 72.8 74.9 3.40-10° 74.9 76.9 2.70-10°
Handwriting 54.4 58.2 889 55.7 59.4 539 56.2 60.6 391
Heartbeat 76.3 82.9 1.04-10% 74.2 90.2 827 70.5 80.5 742
Japanese Vowels 95.5 97.3 629 95.7 98.7 370 95.1 96.0 269
PEMS-SF 90.9 94.1 741 92.1 94.1 594 90.0 94.1 522
Self Regulation SCP1 92.9 96.6 819 91.6 94.8 667 91.4 93.1 583
Self Regulation SCP2 51.9 58.3 116 51.7 61.1 109 51.9 55.6 113
Spoken Arabic Digits 99.1 99.6 2.31-10% 99.2 99.5 1.27-10% 99.2 99.3 842
U Wave Gesture Library 94.8 98.4 334 95.3 98.4 195 95.2 100 133
Average 76.1 80.1 1.26-10% 76.2 81.3 884 75.9 80.0 715
Equal Dimensionality
Primal KMLSVD attention Primal Attention Canonical self attention
Dataset Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s) Mean (%) Max (%) Time (s)
Ethanol Concentration 27.7 38.5 750 29.4 34.6 647 30.0 34.6 633
Face Detection 66.7 69.0 3.78-103 66.3 68.3 3.05-10% 66.3 68.6 2.46-10°
Handwriting 24.7 29.4 209 25.0 28.2 147 26.5 28.8 115
Heartbeat 81.7 85.4 445 81.5 85.4 367 82.0 87.8 335
Japanese Vowels 94.5 97.3 336 94.7 97.3 210 95.0 98.7 156
PEMS-SF 85.0 94.1 537 86.2 91.2 438 84.4 88.2 389
Self Regulation SCP1 91.7 94.8 636 89.8 91.4 525 90.2 93.1 487
Self Regulation SCP2 48.3 58.3 483 46.9 58.3 404 47.8 55.6 380
Spoken Arabic Digits 98.1 98.6 2.40-103 98.1 98.9 1.43-103 98.3 98.9 884
U Wave Gesture Library 85.3 89.1 187 85.2 87.5 113 85.8 89.1 87.4
Average 70.4 75.5 976 70.3 74.1 733 70.6 74.3 593

Table A-14: Comparison of mean validation accuracy, max validation accuracy, and training
time across datasets for three attention mechanisms (canonical self-attention, primal attention,
and primal KMLSVD attention) under two settings: learnable parameter budget and equal di-
mensionality, using the Frobenius norm feature map.
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DCSC
ED

FLT
GPU
KMLSVD
KSVD
MLSVD
LLM
LLT
LPB
SVD
VRAM

Delft Center for Systems and Control
Equal Dimensionality

Full Layer Transformer

Graphics Processing Unit (video card)
Kernel Multi-linear Singular Value Decomposition
Kernel Singular Value Decomposition
Multi-linear Singular Value Decomposition
Large Language Models

Last Layer Transformer

Learnable Parameter Budget

Singular Value Decomposition

Video Random Access Memory
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