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Summary

As the share of wind energy in the global electricity mix increases, it becomes more important to accurately predict wind
turbine wakes, in order to optimise wind farm layouts and to reduce fatigue loads on downstream turbines. Wake models
based on the Reynolds Averaged Navier—Stokes equations offer a good balance between accuracy and computational
cost. But their performance depends strongly on the turbulence closure used. The standard k— model is widely used
in wind energy, but it is known to overpredict the eddy viscosity in the near wake. This leads to an overestimation
of turbulent mixing and wake recovery. To address this, researchers have proposed extended closures, which have
only been validated in fully elliptic three-dimensional RANS solvers. The Forced Ainslie Wake Model has improved
the physical consistency of parabolic wake modelling by reintroducing part of the actuator disk force. lIts turbulence
closure is currently limited to a constant eddy viscosity. A transport-based turbulence model that is compatible with the
parabolic marching scheme of the FAWM is therefore needed.

This thesis develops and validates a parabolized, axisymmetric k—¢ turbulence model that can be coupled to the Forced
Ainslie Wake Model. Three turbulence closures are implemented. The standard k—= model and two of its extensions.
The k—e—fp model limits the eddy viscosity in regions of high shear through a variable C;; derived from the nonlinear
eddy viscosity model framework. And the extended k—= model with a sink term S, accounts for the extraction of
turbulent kinetic energy by the actuator disk. The transport equations for k£ and ¢ are discretised on a staggered finite
volume grid using a second-order upwind scheme for the convective terms and central differencing for the diffusive
term. The turbulence model is coupled with the FAWM through a Picard iteration scheme that exchanges velocity and
eddy viscosity at each axial station until convergence. The implementation is verified through the decay of isotropic
turbulence, the Method of Manufactured Solutions, and a self-similar coflowing jet simulation. In all three tests, the
solver achieves the formal order of convergence. This confirms the correct implementation of the discretisation and the
coupling between the transport equations.

During the validation against LES data for a DTU 10MW reference wind turbine across four operating conditions, nu-
merical stability problems were encountered. In the original model formulation, only 5 out of 12 simulations converged.
Some of the converged cases produced nonphysical values of the turbulent kinetic energy. The source of the insta-
bilities was traced to the axial gradient of the radial velocity, 9V /0x, which contributes to the strain-rate invariant and
therefore the production term. Because the radial velocity is derived from the axial velocity through the continuity equa-
tion, 0V /0x depends on the second axial derivative of U. Any irregularity in the actuator disk forcing is transferred to
the axial velocity through the momentum equation. In a parabolic solver the axial diffusion and pressure terms that
would normally dampen these gradients are absent, leading to an overestimation of 9V /dx. Neglecting 0V /0x in the
computation of the production term restored convergence in 11 out of 12 cases. This also keeps all the predicted values
within physical bounds.

With the modified formulation, the three turbulence closures were compared against the LES reference data. For the
axial velocity, the k—e—fp model performs best in the near wake, with MAPE values between 1 and 4%, while the k—
e—Si, model produces the lowest errors in the far wake. The standard k— model has the largest velocity errors across
all configurations. The velocity errors increase with increasing thrust coefficient and decreasing wind speed. For the
turbulent kinetic energy, all three models overpredict the LES values by a large margin, with full-wake MAPE values
ranging from 50 to 126%. The k—=—S; model produces the lowest TKE errors in every configuration, while the standard
model and k—=—fp model have comparable errors.

In summary, this thesis demonstrates that parabolised turbulence models can be coupled with the parabolic FAWM
solver. Next to this it shows that the extended closures improve predictions compared to the standard k—= model. How-
ever, the original model formulation with 9V /9« included in the production term is not reliably stable, and the presented
results were obtained with a modified formulation. No single closure is best for all flow variables simultaneously. Further
work is needed to resolve the stability issue of the original formulation.



Nomenclature

Abbreviations

Abbreviation Definition

ABL Atmospheric Boundary Layer

AD Actuator Disk

ALM Actuator Line Method

ASM Algebraic Stress Model

AWM Ainslie Wake Model

DNS Direct Numerical Simulation

DTU Danmarks Tekniske Universitet

FAWM Forced Ainslie Wake Model

FEM Finite Element Method

FVM Finite Volume Method

IEC International Electrotechnical Commission

LES Large Eddy Simulation

LRR-IP Launder—Reece—Rodi Isotropisation of Pro-

duction

MAPE Mean Absolute Percentage Error

MMS Method of Manufactured Solutions

NLEVM Nonlinear Eddy Viscosity Model

PNS Parabolized Navier—Stokes

RANS Reynolds Averaged Navier—Stokes

RRMSE Relative Root Mean Square Error

RSM Reynolds Stress Model

SGS Subgrid-Scale

TKE Turbulent Kinetic Energy

Symbols
Symbol Definition Unit
a Induction factor -
a Reynolds stress anisotropy tensor -]
Acell Frontal area of computational cell [m?]
b Initial wake width [m]
Cu Eddy viscosity model constant [-]
Cp Variable eddy viscosity coefficient [-]
Cr Rotta constant [-]
Co Isotropisation-of-production constant [-]
Cr Thrust coefficient [-]
C’ Disk-based thrust coefficient [-]
Ce e-equation production constant [-]
Ceo g-equation destruction constant -]
Cey El Kasmi—-Masson model constant -]
D Rotor diameter [m]
Dy Initial centreline velocity deficit [-]
fAD.« Axial actuator disk forcing [N/m3]
i Body force per unit volume [N/m3]

fr van der Laan’s correction term -]
fo fp scaling constant [-]
P, Fy Filter functions in AWM eddy viscosity [-]
GO NLEVM scalar coefficient [-]
h Grid spacing [m]
1 Ambient turbulence intensity [-]
IRer IEC reference turbulence intensity [-]
k Turbulent kinetic energy [m2/s?]
kq Disk-averaged turbulent kinetic energy [m2/s?]



Symbol Definition Unit

l Length scale [m]

lw Wake length scale [m]

L Domain length [m]

M Number of radial cells [-]

n Decay exponent or number of data points [-]

n; Unit normal vector [-]

N Number of axial cells [-]

Np, Number of grid points per direction (DNS) [-]

P Order of accuracy [-]

Dy Force-induced pressure [Pa]
Pu Velocity-induced pressure [Pa]

P Mean pressure [Pa]

P Production of turbulent kinetic energy [m2/s?]
Pi; Reynolds stress production tensor [m2/s?]
P, Production of k [m2/s?]
r Radial coordinate [m]

R Rotor radius [m]
Rw Wake radius [m]
Rij Pressure-rate-of-strain tensor [m2/s?]
Re Reynolds number [-]

S Strain-rate magnitude [1/s]
Sij Mean rate of strain tensor [1/s]
Sk Sink term in the k-equation [m2/s?]
S Source term in the s-equation [m2/s?]
s Normalised strain-rate tensor [-]

t Time [s]

Trij Reynolds stress transport tensor [m?2/s?]
TV NLEVM tensor group =

U Mean axial velocity [m/s]
U; Mean velocity component [m/s]
Uy Freestream velocity [m/s]
) Fluctuating velocity component [m/s]
Uy Kolmogorov velocity scale [m/s]
v Mean radial velocity [m/s]
Veell Cell volume [m?]
Vw Wake velocity scale [m/s]
wy Axial Gaussian regularisation weight [-]

x Axial coordinate [m]

T Non-dimensional downstream coordinate [-]

@ NLEVM calibration constant or upwind selector [-]

B8 Inward-flow selector function [-]

Vil Area overlap fraction [-]

o Regularised overlap fraction [-]

dij Kronecker delta [-]

A Jet half-width [m]

Ar Radial cell size [m]
Az Axial cell size [m]

€ Dissipation rate of TKE [m2/s?]
o Ambient eddy viscosity [m2/s]
Eij Dissipation tensor [m2/s?]
n Kolmogorov length scale [m]

0 Momentum radius [m]

A Velocity excess ratio [-]

A Jet velocity ratio [-]

1 Dynamic viscosity [Pas]
v Kinematic viscosity [m?2/s]
vr Kinematic eddy viscosity [m?2/s]



Symbol Definition Unit

w Normalised vorticity tensor [-]

w Under-relaxation factor [-]

Q Control volume [m?]

i) Contracted strain-rate scalar (25;;.5;;) [1/5?]
p Fluid density [kg/m?]
o Local normalised shear parameter [-]

o Equilibrium shear parameter [-]

o1 Standard deviation of velocity fluctuations [m/s]
o Turbulent Prandtl number for & [-]

o Turbulent Prandtl number for ¢ [-]

oy Radial regularisation width [m]

Oz Axial regularisation width [m]

T Convergence tolerance [-]

T Kolmogorov time scale [s]
7368 Subgrid-scale stress tensor [m2/s?]
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1 Introduction

Human activities are the driving factors behind global warming that has been observed since last century [3]. Green-
house gasses and deforestation will lead to an increase in global temperature at the end of this century of approximately
2.5°C to 4.5 °C compared to pre-industrial levels if no drastic measures are taken [4], [5]. Consequently, global warm-
ing will result in the rise of sea-levels, collapse of ecosystems, and more extreme and frequent weather. To limit the rise
in temperature to 1.5 °C, nations have endorsed the Paris Agreement in 2015, in which they agree to achieve net-zero
carbon dioxide emissions by 2050 [6]. In order to achieve this, it is expected that wind energy will account for one-third
of the global electricity demand by 2050 [7].

To produce renewable electricity, wind turbines extract momentum from the wind, and by doing so produce wakes.
Wakes are the regions of turbulent flows behind wind turbines that are characterized by a reduced wind velocity and
increased turbulence intensity. The reduced wind velocity, also called the wake deficit, recovers as wind travels away
from the turbine, until it regains its original velocity and uniformity. The recovery is caused by the turbulence in the
wake, which induces mixing of the wake with surrounding air and redistributes momentum through the wake [8].

If any wind turbine is located inside another wind turbine’s wake, the former wind turbine is affected in two ways [8].
Firstly, the affected wind turbine produces less power, since the wind has a decreased velocity and thus contains less
momentum. The reduced power output can lead to a 10-20% reduction in annual energy production by wind farms [9].
Secondly, due to the elevated turbulence level in the wake, the wind turbine experiences increased fatigue loads, which
decreases their lifespan. These energy losses and fatigue loads are influenced by the layout of a wind farm, terrain
features, and atmospheric conditions. Therefore, to maximize the energy output of a wind farm, it is crucial to develop
models that can accurately simulate the interactions between wind turbines, their wakes, the terrain and atmospheric
conditions [10].

Many models exist that are capable of simulating wind turbine wakes. For the purpose of wind farm design, Reynolds
Averaged Navier—Stokes (RANS) based models are the most suitable. Wind turbine wake models are used to predict
the wake deficit, wake recovery, and turbulence level of wind turbine wakes. One can distinct four kinds of wake simula-
tions, which all differ in computational cost and accuracy. Firstly, Direct Numerical Simulation (DNS) is the most precise
model, since it simulates all scales of motion. To do so, it requires a very fine spatial and temporal resolution, making
DNS computationally expensive and unsuitable for engineering purposes. Secondly, Large Eddy Simulations (LES) are
less computationally expensive than DNS, while still yielding good results that agree well with experimental and field
data. However, they are still too costly to be practical for engineering purposes [11]. Instead, they are used to validate
results from lower fidelity models. Thirdly, simple analytical empirical wake models exist that are very efficient, and
have been widely used to compute single wind turbine wakes. However, the simulations of wind farms require higher
fidelity models that are proficient in capturing the physics involved in wind turbine wakes [12]. Lastly, RANS models are
a lower fidelity type of modeling than LES, while producing superior results over analytical models. Therefore, they are
the standard in the wind industry [7].

RANS models require a turbulence model to compute the influence of turbulent momentum transfer to the mean flow,
for which the standard k- model is most widely used for wind turbine applications. However, it is known that the stan-
dard k— model greatly overpredicts the eddy viscosity in the near wake of a turbine, which leads to an overestimation
of mixing and wake recovery [13]. Therefore, researchers have proposed modifications to the standard k— model to
improve its agreement with experimental, field, and LES data.

Two modifications are used in this thesis. The first is the k—=—fp model, proposed by Laan et al. [14]. This exten-
sion replaces the constant C, in the eddy viscosity definition with a variable coefficient C}; = C), fp. The correction
factor fp is derived from the nonlinear eddy viscosity model framework and reduces the eddy viscosity in regions of
high shear, such as the wake edges, where the standard model is known to overpredict turbulent mixing. Laan et al.
[14] validated this model against LES and field data for single and double wake configurations and showed that it signif-
icantly improves velocity deficit predictions. The second modification is the extended k—= model with a sink term Sy, in
the turbulent kinetic energy equation, derived by Zehtabiyan-Rezaie and Abkar [7]. This term accounts for the extraction
of turbulent kinetic energy by the actuator disk forces. The S term is derived analytically from the actuator disk force
and requires no empirical calibration constants. Both modifications have been developed and validated only within fully
elliptic three-dimensional RANS solvers, and their behaviour in a parabolic marching framework has not been studied.

One of the most widely used parabolic RANS models for wind turbine wake prediction is the Ainslie Wake Model (AWM)
[15]. This model simplifies the RANS equations by assuming axisymmetry, neglecting axial diffusion and the pressure
term. The solution is then marched downstream column by column. This makes it computationally very efficient, but



the omission of the pressure term introduces a limitation in its accuracy. The Forced Ainslie Wake Model (FAWM),
proposed by Paddeu [16] and further developed by Warncke et al. [2], resolves this. It does so by reintroducing part
of the actuator disk force in the momentum equation, while preserving the parabolic marching scheme. However, the
current FAWM implementation uses a constant eddy viscosity for the turbulence closure. Since the original Ainslie
eddy viscosity model causes numerical instabilities when coupled with the FAWM [2]. A constant eddy viscosity is not
able to capture the spatial variation of turbulent mixing in the wake. This limits the model’s agreement with high-fidelity
reference data, especially in the far wake where turbulent diffusion governs the recovery process.

This leads to a clear research gap. Extended turbulence models that address the shortcomings of the standard i—
¢ model exist and have been validated in elliptic RANS solvers, but none of them have been coupled with a parabolic
wake model such as the FAWM. Three turbulence closures are therefore selected for implementation: the standard k—
model, which serves as a baseline, the k—=—fp model, and the extended k— model with the S, sink term. The research
questions of this thesis are:

1. Can the standard k—¢, k——fp, and extended k—¢ (with Sy sink term) closures be successfully integrated into the
FAWM parabolic solver, and do the extended models improve velocity deficit and turbulence predictions compared
to the standard k—<?

2. How do the FAWM predictions with these turbulence closures compare against high-fidelity large eddy simulation
reference data?

To answer these questions, the three turbulence closures are implemented in a finite volume discretisation of the parab-
olized axisymmetric k—¢ transport equations. They are then coupled with the existing FAWM solver through a Picard
iteration scheme. The implementation is verified in three steps. First a canonical turbulent decay test case is used to
verify the coupling between the k- and s-equations. Secondly, the Method of Manufactured Solutions is used to verify
the order of accuracy of the coupled model. Lastly, a self-similar coflowing jet simulation is used as an additional check
to verify that the solver reproduces the expected physical behaviour. The validated solver is then used to simulate the
wake of a DTU 10MW reference wind turbine [17] using four differen operating conditions. The results are compared
against high-fidelity LES data generated with the YALES2 solver [18].

The thesis is structured as follows. Chapter 2 provides the theoretical background. Chapter 3 describes the devel-
opment of the parabolized k—= model. Chapter 4 presents the verification of the numerical implementation. Chapter 5
shows the validation results against LES data for the four operating conditions, discusses numerical stability issues that
were encountered, and compares the performance of the three turbulence closures. Finally, Chapter 6 presents the
conclusions and recommendations for future work.



2 Theoretical Background

This chapter presents the theoretical background for coupling two-equation turbulence models with the Forced Ainslie
Wake Model.

Section 2.1 introduces the three main types of turbulence simulation approaches and explains why the parabolized
RANS equations are the appropriate for computationally efficient wake modeling. Section 2.2 reviews the Ainslie Wake
Model and its extension, the Forced Ainslie Wake Model, which reintroduces the actuator disk pressure gradient while
preserving the parabolic marching scheme. With the pressure treatment resolved, the turbulence closure becomes the
main remaining modelling challenge.

Several options for the turbulence closure are addressed in Section 2.3. Starting from the Reynolds stress transport
equations, the derivation chain through the algebraic stress model and nonlinear eddy viscosity models down to the
k-e-fp model with variable C:; is shown in detail. The extended k-¢ model with the Sj, sink term is presented as an
alternative approach. Finally, Section 2.4 summarizes the shortcomings of existing approaches and formulates the
research questions that this thesis aims to answer.

2.1 Turbulence Modeling
The flow inside a wind turbine’s wake is always highly turbulent, which means it consists of irregular and fluctuating
velocity fields in both space and time [19]. A flow can be either turbulent or laminar, and this depends on the balance
between the inertial and viscous forces. This balance is quantified by the Reynolds number:

Re = g, (2.1)
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where U is the velocity scale, [ is the length scale and v is the kinematic viscosity. For large wind turbines, Re is on
the order of millions, indicating high turbulence intensity. This section introduces common approaches for modeling
such flows: direct numerical simulation (DNS, Section 2.1.1), large eddy simulation (LES, Section 2.1.2), the Reynolds
Averaged Navier-Stokes equations (RANS, Section 2.1.3) and the parabolized Navier-Stokes equations (PNS, Sec-
tion 2.1.4).

2.1.1 Direct Numerical Simulation

DNS aims to resolve all the spatial and temporal scales of a turbulent flow, and does so by directly solving the Navier-
Stokes equations [19]. This method yields the most accurate results when simulating turbulent flows, but also the most
computationally expensive.

The smallest characteristic scales of turbulent flows are called the Kolmogorov microscales [20], and they are defined

as:
V3 e v 1/4
n= (€> y Ty = \/;7 Uy = (1/6) ) (22)

where 7 is the Kolmogorov length scale, 7, is the Kolmogorov time scale, w,, is the Kolmogorov velocity scale and ¢ is
the average rate of dissipation of turbulent kinetic energy (%). They are based on the Kolmogorov hypothesis. This
hypothesis states that at high Reynolds numbers, the smallest turbulent motions are statistically isotropic and depend
only on v and e.

DNS computes the instantaneous velocity field by solving the Navier-Stokes equations:

dp  0pU;

8(,0Ui) + 8(pUin) - _8P + 82UZ ( ' )
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where p is the fluid density, U; are the instantaneous velocity components and P is the instantaneous pressure.

In order to resolve the smallest turbulent scales, the computational grid must be as fine as the Kolmogorov length scale.
The number of grid points in one direction is then approximately /7, and in three dimensions:

3
N} = (l> ~ Re/*. (2.4)
n
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This scaling shows that the computational cost grows rapidly with Reynolds number. For flows around wind turbines,
where Re is on the order of millions, DNS would require an impractically large number of grid cells and time steps.
Consequently, DNS is not feasible for wind turbine wake modeling.

2.1.2 Large Eddy Simulation

LES is a turbulence modeling approach that resolves the large, energy-containing eddies in a flow while modeling the
smaller scales [19]. Unlike DNS, which computes all scales of turbulence, LES applies a spatial filtering operation to the
Navier-Stokes equations. This process separates the flow into resolved large-scale motions and subgrid-scale (SGS)
motions. The large scales are computed directly, while the SGS effects are represented using a turbulence model.

The filtered Navier-Stokes equations for LES are:

0 (pUi) N 0 (pUin) _ _@ N ua2Ui E)TiS]{Gs

ot dz; oz, " 027 TP 0w, (2:5)

where U; are the filtered velocity components, P is the filtered pressure and TS-GS = U;U; — U,U; is the subgrid-scale
stress tensor, representing the effect of unresolved scales.

To close the equations, a subgrid-scale model is required. The most common approach is the Smagorinsky model,
which relates SGS stresses to the strain-rate of the resolved scales.

LES has a lower accuracy than DNS, but a much better computational cost. By resolving the large scales, which contain
most of the turbulent kinetic energy and are highly anisotropic, LES captures the essential physics of turbulence more
accurately than RANS models. However, LES still requires fine grids and small time steps, especially near walls, making
it computationally expensive for highly turbulent flows such as wind turbine wakes. In wind turbine engineering, LES is
often used as a high-fidelity reference to validate lower-fidelity models such as RANS [21].

2.1.3 Reynolds Averaged Navier-Stokes Equations

The RANS approach is based on decomposing the instantaneous flow variables into a mean component and a fluctu-
ating component using Reynolds decomposition [19]. By applying Reynolds averaging to the Navier-Stokes equations,
the Reynolds averaged continuity and momentum equations are obtained:

9(pUs) _
81‘1‘ ’
— 2.6
Uy _ 9P Ui 9 (Puéué) (26)
or; Oz H 8:1:? oxj

where U; and P denote the mean velocity components and mean pressure, respectively. The term u;u is the Reynolds
stress tensor, which represents the momentum transport caused by turbulent fluctuations.

Due to the unknown Reynolds stresses, there are now more unknowns than equations, which makes the system un-
closed. This is known as the turbulence closure problem. To close the system, a turbulence model is required that
expresses the Reynolds stresses in terms of known quantities. The most widely used class of turbulence models are
the linear eddy viscosity models, which employ the Boussinesq hypothesis [22] to relate the Reynolds stresses to the
mean rate of strain tensor: 5

7U;u./j = 2I/TS7;J‘ - gk&], (27)
where vy is the kinematic eddy viscosity and S;; = % (?)mUJ + ) is the mean rate of strain tensor. This hypothesis

draws an analogy between turbulent momentum transport and molecular diffusion, assuming that the Reynolds stresses
are proportional to the local mean velocity gradients, with the eddy viscosity acting as the proportionality factor. The
assumptions and implications of the Boussinesq hypothesis are discussed in detail in Section 2.3.1.

an
69:,-

Two important flow parameters appear in the RANS-equations (Equation 2.7): the turbulent kinetic energy k£ and the
eddy viscosity v7. The turbulent kinetic energy is defined as half the trace of the Reynolds stress tensor:

(2.8)
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k represents the kinetic energy per unit mass of all the turbulent velocity fluctuations in the flow. The rate at which this
energy is dissipated by molecular viscosity is given by the dissipation rate:

ou); ou
€=V s B (2.9)

This destruction occurs at the smallest scales of the turbulent motions due to viscosity. Together, k£ and ¢ are used to
set the characteristic velocity scale (k'/2), length scale (k3/2 /<) and time scale (k/<) of the turbulent flow.

Through dimensional analysis, the eddy viscosity can be expressed as a function of k£ and ¢ [23], [24]:

k2
vr =Cu—, (2.10)

where C,, is a model constant. Substituting this relation together with Equation 2.7 into the RANS momentum equation
(Equation 2.6) closes the system of equations of the RANS framework.

The distributions of k and ¢ are calculated through transport equations. An exact transport equation for k£ can be derived
by contracting the Reynolds stress transport equations. After modeling the unknown correlations using the gradient-
diffusion assumption and the Boussinesq hypothesis, the modeled k-equation becomes:

ok ok 0 vr\ Ok

production  dissipation

diffusion

where P = —ujuj ggj is the production of turbulent kinetic energy, caused by the transfer of energy from the mean flow
to the turbulent motions, and oy, is a closure coefficient. The derivation involves modeling both the turbulent transport
and pressure diffusion terms through a gradient-diffusion approximation, which assumes that these terms have the

same effect as molecular diffusion, thus transporting & down its gradient.

An exact equation for ¢ also exists, but it is far more complex, because it contains double and triple correlation terms
that cannot be measured or modeled individually. The standard approach, introduced by Jones and Launder [25] and
further refined by Launder and Sharma [26], is to construct a modeled equation for ¢ that has a similar structure as the

k-equation:
Oe Oe 0 vr\ Oe € g2
% Lyl 2 G R G oA 2.12

ot " Yiox,  oa, KH%)(%JJFO%P Cer (2.12)

where o., C.1 and C., are closure coefficients. It is based on the assumption that ¢ is produced in proportion to P
(scaled by ¢/k on dimensional grounds) and destructed through a term analogous to the dissipation of k €2 /k. The ratio
¢/k can be interpreted as the inverse of the turbulent time scale, which ensures that the production and destruction of
¢ evolve on the same time scale as the turbulence itself.

Together, Equation 2.7, Equation 2.10, Equation 2.11 and Equation 2.12 form the standard k-¢ model, which is widely
used in engineering and in wind energy applications. They are widely used in engineering because they offer a good
trade-off between accuracy and computational cost. While they do not give the instantaneous flow fields, they give
reasonable results of the mean flow with much less computational costs than LES or DNS.

2.1.4 Parabolized Navier-Stokes Equations

The RANS equations described in Section 2.1.3 are obtained by time-averaging the Navier-Stokes equations. This
process removes the temporal gradient in the equations. However, the equations remain parabolic, since information
propagates in all possible directions. This means that any location in the flow field can influence the rest of the flow
field [27]. This makes it elliptic problems very computationally expensive to solve.

Classifying PDE’s as elliptic, parabolized and hypoerbolic is based on the eigenvalues of the coefficient matrix associ-
ated with diffusion terms. For a system in two spatial dimensions, the equation is elliptic when the determinant of this
matrix is strictly positive, hyperbolic when it is negative, and parabolic when it equals zero. In the RANS equations, the
diffusion terms in all spatial directions make the determinant strictly positive, resulting in an elliptic system.

The parabolized Navier-Stokes (PNS) equations are obtained by modifying the diffusion terms such that the determinant
of the coefficient matrix becomes zero. This makes the governing equations parabolic [28]. This can be achieved by
neglecting the diffusion terms in the main direction of transport, which is justified when convective transport dominates
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over diffusive transport in that direction. In other words, when the gradients perpendicular to the main flow direction are
much larger than those along it, the gradients in the direction of the main flow can be neglected.

Parabolizing a PDE has as advantage that information is only transported in one direction. Therefore, it becomes
possible to march through the solution step by step, instead of solving for the entire domain at once. This results in a
large reduction in computational cost and memory requirements. However, this simplification also means that errors at
one location move downstream and accumulate, which makes parabolized models more prone to numerical instabilities
[29].

The parabolic assumption is well suited for wind turbine wake flows. In the turbine’s wake, the flow is in the streamwise
direction and the velocity deficit evolves gradually in downstream direction. Radial gradients are much larger than the
axial gradients in the far-wake, which makes it justified to neglect streamwise diffusion. Mittal [30], [31] developed a
parabolized approach for wind turbine flows. They showed that the parabolic approach can calculate the most important
wake characteristics in a much shorter time span than elliptic RANS. Another simplification can be made by omitting
the pressure term, which removes the elliptic pressure Poisson equation. While this invalidates the model in the region
close around wind turbine where pressure gradients are large, it makes it a fully parabolic model. Cabezén et al. [32]
proposed a semi-parabolic approach that retains the pressure gradient in the cross-stream plane while marching in the
streamwise direction, offering a middle ground between the full elliptic RANS and the fully parabolic Ainslie model.

By further assuming axisymmetry and transforming to cylindrical coordinates, one arrives at the Ainslie wake model
[15], which is one of the most widely used engineering models for wind turbine wake prediction. The derivation and
formulation of this model are discussed in detail in Section 2.2.1.

2.2 Wind Turbine Wake Modeling
2.2.1 Ainslie Wake Model

The Ainslie Wake Model (AWM), developed by Ainslie in 1988 [15], provides a method of calculating the velocity deficit
in a wind turbine wake by using a simplified form of the RANS equations. The derivation begins with the steady incom-
pressible RANS equations in cylindrical coordinates and assumes axisymmetric flow. This assumption removes the
azimuthal velocity component and its derivatives from the formulation. By doing so it reduces the number of transport
equations from three to two, since the transport equation for the azimuthal momentum is no longer required. Further-
more, axisymmetry makes it possible for the axial and radial velocity components to be related through the Stokes
stream function, which further reduces the problem to a single transport equation: the axial momentum equation.

Next to this, the axial pressure gradient is neglected. This makes the model invalid in the near-wake region, where
pressure gradients are large. Farther downstream, radial gradients become much larger than the axial gradients and
the latter are thus ignored. This turns the axial momentum equation from elliptic to parabolic. Lastly, since a wind
turbine wake is highly turbulent, molecular viscosity is also neglected. This yields Ainslie’s model:

U U 19(ruv)
Vor " Var = v ar

(2.13)

where U and V are the mean axial and radial velocity components and u/v’ is the Reynolds shear stress.

Ainslie gives initial conditions for the model at about two rotor diameters downstream, where the initial centerline velocity
deficit D, and the initial wake width b are given as functions of the thrust coefficient Cr and the ambient turbulence

intensity I:
1/2

I 3.56C
Dir = Cr = 0.05 — (16Cr = 0.5) 1505, b= Sl 0.T5DM)

A Gaussian velocity deficit profile is assumed at this initial station, and the solution is then marched downstream.

(2.14)

2.2.2 Ainslie Eddy Viscosity Model

The Reynolds shear stress in the right hand side of Ainslie’s equation (Equation 2.13) is modeled using the Boussinesq
hypothesis (Section 2.3.1), in which the Reynolds shear stress is related to the mean shear through the eddy viscosity
[15]. In the AWM, this eddy viscosity is calculated through the characteristic velocity and length scales of the wake,
together with a contribution from the atmospheric turbulence. Using Boussinesq hypothesis yields the final result of
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AWM:
—u/v = VTa—U with  vp(z) = 1 (2)vw(2) + €4,
or 2.15)
g U 10 (U @
oz or  Tror\or )

In these equations, vr is the eddy viscosity which is a function of a length scale (I,,), a velocity scale (v,,) and the
ambient eddy viscosity (¢,,).

Because the near wake has a strong imbalance between the mean-flow gradients and the developing turbulence field,
the equilibrium assumption made by the eddy viscosity is not valid there. Consequently, a modified formulation is used in
the near-wake region. The IEC 61400-1 standard [33] defines the eddy viscosity as a function of the non-dimensional
downstream coordinate & = z/D, the wake radius Ry and two filter functions F; and F,. The filter functions are
obtained by fitting the model to field measurements. For example, Larsen et al. [34] calibrated these functions using
data from the Egmond aan Zee wind farm.

2.2.3 Forced Ainslie Wake Model

As discussed in Section 2.2.1, the Ainslie Wake Model has very low computational costs, because it omits the pressure
term and axial diffusion from the RANS equations. However, this comes at a cost: prescribing inflow conditions for
an already expanded wake requires wake expansion models that do not preserve the intrinsic conservation of mass
and momentum for the full computational domain. This leads to systematic overprediction of momentum deficits and
necessitates empirical corrections.

The Forced Ainslie Wake Model (FAWM), proposed by Paddeu [16] and further developed by Warncke et al. [2], rein-
troduces into the axial momentum equation a part of the pressure that is caused by the actuator disk forcing. This is
done by decomposing the pressure field into two contributions through the pressure Poisson equation:

Vip=—pV- V- (a@u)]+V-f, (2.16)
V2p, V2py

where V?2p, is the pressure Poisson equation for the velocity-induced contribution and V2p; is the contribution from
the applied forcing f. The forcing contribution p; depends only on the prescribed actuator disk force and can therefore
be solved independently of the velocity field. This means that the Poisson equation for p; can be solved analytically,
without effecting the parabolized nature of the axial momentum equation.

Once computed, the axial component of the pressure gradient associated with p; is substituted into the right-hand side
of the momentum equation as a source term. This yields the FAWM transport equation [2]:

ou ou 1 10 ([ 0U
U+ Vo= —fabpatvr— (157 |
p ror \_ Or

oz ' or 2.17)

where fap . is the axial forcing term, derived from the actuator disk. Since this term is a precomputed source that
does not introduce any new spatial derivatives, the transport equation remains parabolic, and the marching solution
procedure is preserved.

It should be noted that only the forcing contribution p; is accounted for in FAWM, since the velocity-induced pressure
Py, is still neglected. In reality, there is a feedback loop between the pressure and velocity fields, but this feedback loop
is now omitted. The forcing term is computed once from the actuator disk model and is not iteratively updated as the
wake velocity evolves downstream. This decoupling is what allows the problem to remain parabolic and compatible
with the marching scheme, but it also means that pressure effects arising from the wake itself (such as the streamwise
pressure recovery in the near-wake) are not captured by the model.

Despite this downside of the model, FAWM significantly improves the physical consistency of the wake model compared
to the original AWM. The model is able to conserve the applied thrust force in the integral momentum deficit to very
small relative errors [2]. This represents an improvement of several orders of magnitude compared to other inflow
models used in the standard AWM. Comparisons between FAWM and LES data show good qualitative agreement in
near-wake velocity deficits and wake expansion, though in the far-wake the use of a simplified eddy viscosity model
causes larger discrepancies. Therefore, it is crucial to develop a more appropriate turbulence model that is compatable
with the FAWM.
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2.2.4 Siemens Energy Reference Implementation

The implementation of the FAWM developed at Siemens Energy [2] is used in this thesis to couple with the turbulence
model that will be developed. This implementation solves the axial momentum equation on a staggered finite volume
mesh in the r—z plane. Furthermore, the radial velocity V is eliminated in the momentum equation by substituting a
radial integral of the continuity equation. The nonlinear system of equations is solved via a Newton—Raphson iteration.
A symmetry boundary condition is imposed at » = 0 and a Robin boundary condition is applied at » = Rnax for the axial
velocity U. The Robin condition combines a Dirichlet contribution based on the freestream velocity with a Neumann
contribution. A first-order upwind scheme is used to discretize the axial convection term, which results in a stable solver.
The radial convection term and the radial diffusion term are both discretised with central differences. This combination
gives a scheme that is second-order accurate in the radial direction and first-order accurate in the axial direction on
uniform grids. The eddy viscosity is prescribed as a single constant value over the entire domain, since the IEC 61400—1
prescribed eddy viscosity model caused stability issues when coupled with the FAWM. The need for a turbulence model
that is compatible with the forcing term is the main motivation for the parabolised turbulence model developed in this
thesis.

2.3 Turbulence Closure Models

In this section a short overview is given of a different variety of turbulence closure models relevant to this thesis. First,
the Boussinesq hypothesis is explained. Then the derivation that underpins the k-e-fp model is reviewed. Finally, the
standard k- model and some of its proposed extensions for wind turbine wake flows are discussed.

2.3.1 Boussinesq Hypothesis

Linear eddy viscosity models use the Boussinesq hypothesis [22] to relate the Reynolds stresses to the mean velocity
gradients, by making an analogy between molecular diffusion and turbulent momentum transport. The hypothesis
assumes that the Reynolds stresses are proportional to the local mean strain-rate [35]:

ujus = —2vrSij, (2.18)

where v is the eddy viscosity and S;; = % (ggj + gﬂ{]) is the mean rate of strain tensor. Since the trace of the Reynolds

stress tensor equals twice the turbulent kinetic energy, u;u, = 2k, while the trace of the right-hand side vanishes due
to continuity, Equation 2.18 is modified to:

u/ ; = _ZVTSl] + kéz] (219)

Note that in Section 2.1.3, the same relation was written as —uiuj = 2upS;j — %kéij (Equation 2.7).

Réthoré [36] has presented an analysis that highlights the assumptions underlying the Boussinesq hypothesis. The
analysis studies a particle n that passes through a fixed point = at time ¢ = ¢". The particle’s instantaneous velocity is
decomposed into its ensemble average value and a fluctuating component:

Ui(@,t") = Ui(@) + uj(z, t"). (2.20)

To study turbulent momentum transport, the flow differences between the particle at point z and an upstream point z;
are analyzed, defined by the time ¢ = ¢ <™

Ui(xy,ty) = ﬁl(x;f) + ué(x;f, t), (2.21)

where E(xg) is the ensemble average velocity at position z; and therefore depends on the particle considered, as
illustrated in Figure 2.1. The superscript ™ is omitted hereafter for conciseness. Three assumptions are made from
Equation 2.21:

1. There exists a time 7 = ¢ — t,, small enough so that a particle’s momentum is conserved: U(x,,t,) = U(z,1).

2. Thetime 7 is large enough so that the fluctuating components at the two points are uncorrelated: w;(z,, t,)u(z,t) =
0.
3. The mean velocity components between z and z,, change linearly:

oU;
P]a

/ s)ds = Tj— Tpj.

Ui(zp) = Ui(z) — (z), with

(2.22)
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Xp2

Xp3

Figure 2.1: lllustration of different paths followed by particles passing through the position x [36].

Subtracting Equation 2.21 from Equation 2.20, applying assumptions 1-3, multiplying with u;(:v, t) and Reynolds aver-
aging, and assuming that local fluctuation components are mainly correlated with their respective distances (u L, ; # 0

only if j = k), gives:
oU;

/
i = TVtij )
J J 8a:j

;U

/
i

: (2.23)
Vi = / b (o, )l ((s), )ds = W@, D L.
t

p

Enforcing tensor symmetry, the definition of £, and assuming the eddy viscosity is isotropic, the Boussinesq hypothesis
(Equation 2.19) is recovered. This derivation makes explicit that the hypothesis requires: (1) a separation of time scales
between momentum conservation and decorrelation of fluctuations, (2) a locally linear mean velocity field, and (3) an
isotropic eddy viscosity. In wind turbine wakes, where the mean velocity field exhibits strong spatial gradients and the
turbulence is highly anisotropic, these assumptions are violated.

The Boussinesq hypothesis reduces the turbulence closure problem from six unknown parameters to only one param-
eter: the eddy viscosity vr. To determine this parameter, a lot of different models exist. The simplest are algebraic
(zero-equation) models, such as Prandtl’'s mixing-length model [37], which calculated v7 directly through local flow
quantities without solving additional transport equations. One-equation models solve one transport equation for £ and
using an algebraic length scale to compute v = k'/2] [24], [38]. Other variants instead transport v, such as the
Spalart-Allmaras model [39]. These models are not able to determine the turbulence length scale from the flow it-
self. Therefore, two-equation models have been developed that solve an additional transport equations for a second
turbulence variable, thereby fully determining vr without prescribing a length scale.

Two-equation models combine the Boussinesq hypothesis with transport equations for £ and a second variable that
sets the turbulence length scale. The most common models use either the dissipation rate ¢ (giving vr ~ k?/¢) or the
specific dissipation rate w (giving vy ~ k/w) [24]. The k-w model, first proposed by Kolmogorov [23] and later refined
by Wilcox [40], performs better than the k-c model for wall-bounded flows with adverse pressure gradients but is less
commonly used in wind energy applications. This thesis uses the k- model, which is discussed below.

2.3.2 Standard k- Model

The standard k-¢ model, presented by Launder and Sharma [26], is one of the most widely used turbulence closures in
wind energy applications. It uses the Boussinesq hypothesis (Equation 2.19) together with modeled transport equations
for k and . The exact e-equation contains several double and triple correlation terms that cannot be accurately mea-
sured. The standard approach is therefore to construct a modeled equation that mirrors the structure of the k-equation:
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where 0., C.1, and C., are closure coefficients. The model constant values generally used for wind energy applications
are o, = 1,0, = 1.3, Cop = 144, C.2 = 1.92 and C, = 0.03 [41]. In the k-c model, the eddy viscosity is given by
vp = C,k? e

The theoretical basis of the standard k- model relies on the assumption of a linear relationship between the Reynolds
stresses and strain-rate tensors. However, this assumption becomes problematic in wind turbine wake regions where
the eddy viscosity concept is invalidated [36]. Cabezén et al. [42] compared the standard k-¢, realizable k-¢ and
Reynolds Stress Model for single wind turbine wakes and found that all models overpredict wake recovery, although
the realizable variant with its variable C,, performs somewhat better. The standard model was not specifically designed
for wake flows. This causes its application to turbine wakes to reveal significant limitations. For instance, it is not able
to capture the non-local mixing phenomena characteristic of atmospheric wake dispersion [43]. Therefore, researchers
have developed extensions to the standard model.

2.3.3 Realizability

In flow regions with high shear, the Reynolds stresses predicted by the linear eddy viscosity relation can violate physical
bounds. Schumann [44] showed that the Reynolds stresses computed by eddy viscosity models can violate the so-

called realizability conditions. These are non-negative normal stresses (u,u; > 0), the Schwarz inequality (u;ugz <

uju; uiu’), and a non-negative determinant of the Reynolds stress tensor. Figure 2.2 shows that these conditions are

violated in a large part of a wind turbine’s wake when using the standard k- model.

LES: Time—averaged Reynolds—stresses: Unrealizability

y-direction y/D [-]

x~direction x/D [-]

LES: Eddy-viscosity Reynolds-stresses: Unrealizability

y—direction y/D [-]

x~direction x/D [-]

k-e: Unrealizability

(= i
2 0 2 4 6 8 10 12 14

-4

2

0
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y-direction y/D [-]

x—direction x/D [-]

Figure 2.2: Realizability criterion at hub height for LES and k-c. The axial velocity is represented with the colours. The white colour illustrates the
regions where the Schwarz inequalities are significantly invalidated. The top plot is based on the time-averaged resolved LES Reynolds stresses
u;u; The middle and bottom plots are based on the eddy viscosity concept [36].
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2.3.4 From Reynolds Stress Models to Variable C,,

The realizability violations motivate looking for a model that goes beyond the constant C,, assumption. This subsec-
tion follows the derivation from the full Reynolds Stress Model (RSM) through the Algebraic Stress Model (ASM) and
Nonlinear Eddy Viscosity Models (NLEVM) to the variable C,, concept.

Reynolds Stress Model

The most general RANS closure solves transport equations for the individual Reynolds stresses u;u’; directly. The
Reynolds stress transport e