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Imaging of multiple reflections

A. J. Berkhout' and D. J. Verschuur®

ABSTRACT

Current multiple-removal algorithms in seismic process-
ing use either differential moveout or predictability. If the dif-
ferential moveout between primaries and multiples is small,
prediction is the only option available. In the last decade,
multidimensional prediction-error filtering by weighted con-
volution, such as surface-related multiple elimination
(SRME), have proved to be very successful in practice. So
far, multiples have been considered as noise and have been
discarded after the removal process. In this paper, we argue
that multiple reflections contain a wealth of information that
can be used in seismic processing to improve the resolution
of reservoir images beyond current capability. In the near fu-
ture, one may expect that the so-called weighted-crosscorre-
lation (WCC) concept may offer an attractive alternative in
approaching the multiple problem. WCC creates an option to
avoid the adaptive subtraction process as applied in predic-
tion-error algorithms. Moreover, it allows the transformation
of multiples into primaries. The latter means that seismic im-
aging with primaries and multiples (nonlinear process) can
be implemented by a sequence of linear processes, including
the transformation of multiples into primaries and the imag-
ing of primaries.

INTRODUCTION

In the history of multiple removal, algorithms have been based on
two differentiating properties: moveout and predictability. If prima-
ries and multiples show different moveout behavior, algorithms are
available that allow separation of primaries and multiples in a trans-
form domain. Successful moveout-based methods use the Radon
transform (Hampson, 1986; Herrmann et al., 2000; Trad et al.,
2003). A weak point of moveout algorithms is that they are less ef-
fective in the situation of complex wavefields (e.g., nonhyperbolic

wavefronts). Moreover, these algorithms start to fail when the move-
outs of primaries and multiples approach each other (e.g., with re-
flections from deep targets).

Predictability always has been an important property in multiples
removal. In the early days of seismic processing (the 1960s), single-
trace statistical prediction was successful (Robinson, 1957; Robin-
son and Treitel, 1980). In the early 1980s multichannel prediction-
error filtering was given a wave-theoretical base, providing a unified
theory for surface-related and internal multiples (Berkhout, 1982).
The resultant feedback model gives physical insight into the multi-
ple-scattering problem. Its main characteristic is that the seismic
data themselves act as the multichannel prediction-error filter, a
clear advantage in the situation of complex subsurface scattering
mechanisms. At the surface, the measured seismic responses can be
used as a secondary source to predict the surface multiples (Ver-
schuur, 1991, 1992). Kelamis and Verschuur (2000) and Kelamis et
al. (2002) also showed successful applications on land data. Now,
multiple-removal algorithms to a large extent are presented as multi-
channel prediction-error filters that are explicitly or implicitly based
on feedback (Wegein et al., 1997; Jakubowicz, 1998; Ikelle and
Amundsen, 2002).

Recently, an alternative direction in the theory of multiple remov-
al was proposed that is inspired by the double-focusing process as it
occurs in bifocal seismic migration (Berkhout, 1997). The new theo-
ry is based on the focal transform (Berkhout, 2003; Berkhout et al.,
2004). Application of the forward focal transform represents weight-
ed crosscorrelation (WCC) and transforms primary energy into its
focal point around zero time. After an imaging step, the result is in-
put to the inverse focal transform, leading to the desired multiple-
free output. Initial results indicate that combined weighted convolu-
tion and weighted crosscorrelation may lead to new opportunities in
multiples removal.

The forward focal transform involves a correlation process of
wavefields. In that respect, it is related to research carried out by Sun
(2001), Schuster et al. (2004), and Wapenaar et al. (2004) in the area
of so-called daylight imaging, described initially by Claerbout
(1968) and more recently by Rickett and Claerbout (1999); however,
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a principal difference between the work of those authors and our ap-
proach is that we replace multichannel autocorrelation with multi-
channel crosscorrelation to avoid undesirable cross terms in the out-
put. In addition, we refer to methods for imaging multiples that are
based on an accurate earth model and the two-way wave equation
(see, e.g., Reiter et al., 1991, and Youn and Zhou, 2001). A funda-
mental problem with these methods is the high accuracy of the re-
quired velocity field, including position and strength of the involved
reflection boundaries (“the answer”). Moreover, Berkhout and Ver-
schuur (1995), Guitton (2002), and Muijs et al. (2005) have pro-
posed using the one-way wave equation to migrate multiple reflec-
tions. Here, a fundamental problem is that the source wavefield is
very complex, which means that the traditional imaging condition
cannot be used.

In this paper, we extend the theory of surface-related multiples —
forward prediction by weighted convolution (SRME1) — and for-
mulate it as a backward prediction process by weighted correlation.
We demonstrate that this results in an attractive alternative for multi-
ples removal (SRME2) as well as provides a mechanism to trans-
form multiples into primaries (WCC). Combining all three algo-
rithms allows implementation of nonlinear inversion by a series of
linear steps. After describing the theory, we show the application of
SRME?2 for a synthetic data set from a seven-reflector model, where
an improved multiple subtraction is obtained. Finally, we demon-
strate the transformation of multiples into primaries for a synthetic
data set from a 2D model with a salt layer, which leads to an increase
in resolution of the subsurface image.

REMOVAL OF SURFACE-RELATED MULTIPLES:
THE WEIGHTED-CONVOLUTION APPROACH

This section reviews the theory of data-driven surface-related
multiples prediction. The so-called “feedback model” shows that
prediction of multiples requires a weighted-convolution process
with the primary response, the weighting function being determined
by surface-related quantities (Berkhout, 1982, p. 211-218). If a
rough estimate of the primary response is available, the convolution
process becomes iterative. The convergence turns out to be fast,
even if one starts with the total data set as the primary estimate.

Let us start with the feedback model (Figure 1), using the detail-
hiding operator notation (see Appendix A):

P = AP + M = AP + APAP (1a)

or
AP = P — APAP. (1b)

In equations 1a and 1b, P represents the data volume with surface-
related multiples, AP represents the data volume without surface-
related multiples, and M represents the surface-related multiples.
The expression M = APAP shows that multiples are predicted by
multiplying data matrix P by operator matrix APA. If we bear in
mind that one column of data matrix P contains one frequency com-
ponent of a shot record and that one row of data matrix AP contains a
receiver gather (Appendix A), then APAP represents weighted con-
volution, the weighting factors being given by surface-related ma-
trix A. The operator A includes the free-surface reflectivity operator
R" and compensates for source and detector properties as well, i.e.,
A = S'TR™D-!. Note that the jth column of source matrix S repre-
sents the source array at spatial position j, and the ith row of detector

matrix D represents the detector array at spatial position i (see Ap-
pendix A).
Using the series expansion

AP =P — (PA)P + (PA)’P — (PA’P + ..., (2a)
aniterative version can be derived (Berkhout and Verschuur, 1997),
AP™ = P — AP VAP, (2b)

where APO =P (n=1,2, ...).
Equation 1b can be rewritten in terms of prediction-error filtering:

AP =P -F,P, with F, = APA, (3a)

or, using the iterative version 2b,

AP®W =P - FP,  with F\) = AP"" VA, (3b)

The feedback model reveals that the prediction filter is a weighted
version of the primary response, i.e., APA. This shows that multi-
channel prediction filters can be complicated. Considering that each
column of AP represents one shot record, the feedback model also
shows that each output trace needs its own multichannel prediction
filter that is derived from a range of shot records. This explains the
failure of multichannel statistical filters that are based on one shot
record.

In our algorithm for prediction-error filtering (SRME1), we use
equation 3b and carry out in each iteration subtraction in the least-
squares sense:

M® = AP™VDAP,  with M@ =0 (4a)
AP =P - F"M™, with AP? =P.  (4b)

a)
P(z020) R (z020) —(D——S(z)
IAX(ZO,ZO)I
b)
D(z,) R"(z,,2,) S(z,)

Figure 1. (a) Feedback model for primary reflections (AP) and data-
including surface-related multiples (P), the multiple-generating
boundary being given by z, = z(x,y) and the downward-reflection
operators of this boundary being represented by the columns of the
matrix R"(zo,z9). Here, P = AP + AXR"P and AP = DAXS,
where D and S represent the detector and source properties, respec-
tively. (b) One basic element of the weighted convolution process
for surface-related multiples (M), visualized in terms of simple ray-
paths, withM = AXR"P.
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Experience with synthetic and field data (Verschuur and Berkhout,
1997; Miley et al., 2001) shows that, in practice, no more than three
iterations are needed (n < 3).

Equations 4a and 4b demonstrate the advantage of introducing the
wave-theoretical model (feedback model, Figure 1). Instead of esti-
mating the complex prediction filter F,,, only the relatively simple
adaption filter F;; needs to be computed (Verschuur, 1991). Using
downward extrapolation, equations 1—4 can be extended to the re-
moval of internal multiples (Berkhout 1982, p. 211-218; Berkhout
and Verschuur, 2005).

REMOVAL OF SURFACE-RELATED MULTIPLES:
THE WEIGHTED CROSSCORRELATION
APPROACH

In this section, we demonstrate that the relations between prima-
ries and multiples also can be rewritten as a weighted crosscorrela-
tion. Therefore, once more we consider the feedback model (Figure
la), as given by equation la:

P = AP + APAP (5a)
or
P = [I - APA]'AP. (5b)
Using the series expansion, this becomes

P = AP + (APA)AP + (APA)’AP + (APA)’AP + ...,
(6a)

where AP represents primaries, (APA)AP represents first-order
multiples, and (APA)?AP represents second-order multiples, etc. It
can be observed from equation 6a that multiplying P by the weighted
primary operator (APA) transforms primaries into first-order multi-
ples and first-order multiples into second-order multiples, etc.:

M = APAP = (APA)AP + (APA)’AP + (APA)’AP
+ ... (6b)

In mathematical terms, multiplication with (APA) means weighted
convolution, the weighting factors being given by matrix A. Note
that in this weighted-convolution process, all shot records are in-
volved in computing one output trace. In physical terms, multiplica-
tion with (APA) means adding one round trip through the subsur-
face. This convolutional property has been used in our multiple-re-
moval algorithm so far (SRME1), using the iterative version as giv-
en by equations 4a and 4b.

Now we will use operator AP not in a convolution mode, but in a
correlation mode, defining a so-called focal transform (see Berkhout
and Verschuur, 2003; Berkhout et al., 2004):

Q =FP (forward focal transform) (7a)

and
P= GQ (inverse focal transform), (7b)

with
G = AP (8a)

and

F = AP™' = AP"B, (8b)
where

B = (APAP” + €1)7!

In equation 8b, superscript H denotes the Hermitian operator, and in
equation 8c, the extra term € is a small positive constant that we use
for stabilization. Note that for a white reflection series, B is deter-
mined by the directivity properties of source and detector arrays as
used in the field. Thus, forward focal transformation means taking
the seismic data with multiples to the focal domain using a multidi-
mensional deconvolution (or WCC) with an estimate of the primary
reflections. Inverse focal transform means going from the focal do-
main back to the original data domain. Application of the operator F
will transform the primary reflections into a band-limited focal
point, first-order reflections into primaries, and second-order reflec-
tions into first-order reflections, etc.:

(least-squares version). (8c)

Q = AP™'P = APYBP
=1+ AAP + A(APA)AP

+ A(APA)2AP + ... (9a)
or
Q=1+AP, (9b)
with
1= AP 'AP (focal area) (9¢)
and
A=1A (weighted focal area). (9d)

In equations 9a-9d, matrices with a hat represent approximations. In
mathematical terms, multiplication with (AP?B) indicates weighted
crosscorrelation, the weighting factors being given by matrix B.
Note that in this WCC process, all shot records are involved in com-
puting one output trace. In physical terms, multiplication with
(AP"B) means removing one round trip through the subsurface. Ma-
trix P’ represents the total response that has been recovered from the
multiples:

P’ = [APA]T'M. (10)

Equations 9a-9d are the theoretical base for a new concept in han-
dling multiple scattering that involves separating primaries from
multiples and transforming multiple reflections into primaries.

Separating primaries from multiples

Separating the band-limited energy around the focal point (at r =
0) from the other reflection energy and then applying inverse focal
transformation obtains the primary response:

¢ Forward transformation:

Q=FP=1+AP’, withF ~ AP”B. (l11a)

e Imaging step:
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AQ = I (focal area), (11b)

preferably in the 7—p domain to position all angle-dependent pri-
mary information at 7 = 0 (de Bruinetal., 1990).

¢ Inverse transformation:

AP = GAQ, with G = AP. (11¢)

In the case of shallow water, the focal area and the deconvolved mul-
tiples are not well separated and imaging in the focal domain (equa-
tion 11b) needs to be carried out by least-squares subtraction in the
focal domain:

AQ=Q - F,P. (11d)

Note that F, yields an estimate of A.
Appendix B discusses strategies for combining surface-related
multiple removal in the convolution and correlation modes.

Transforming multiple reflections into primaries

Transforming multiple reflections into primaries is an interesting
application, as it opens a way to “transform noise into signal.” In ad-
dition, this new signal has the potential to fill in data that are missing
because of acquisition gaps. Keep in mind that many recorded multi-
ples are reflected by the surface at locations where detectors are not
positioned. This effect becomes more favorable for higher-order
multiples and may result in finely sampled primaries without inter-
polation:

Q=FP=1+AP, (12a)

X' ~Q-1=AP, (12b)

which can be used as a new data set for surface-related multiple re-
moval:

X' — AX’ (SRMEI + SRME2). (12¢)
Here, X' represents the multidimensional unit impulse response of
the subsurface that has been recovered from all multiples in P, and
AX' represents the multidimensional unit primary impulse response
of the subsurface that has been recovered from the first-order multi-
ples in P (see also Appendix A). This multiple-based primary re-
sponse now can be used for further processing. Thus, instead of re-
formulating a migration algorithm to handle multiple reflections di-
rectly, as proposed by Berkhout and Verschuur (1995), one trans-
forms them into primaries first, then subjects them to the standard
linear-migration process. Note that equation 12b is exact if X and S
are Toeplitz matrices, which is the case for a 1D earth and a station-
ary source geometry.

The combination of all three modes of multiples removal is shown
in Figure 2. The output of multiples mapped into primaries can be
used to improve the input data by extending the aperture resulting
from missing offsets. After that, the complete sequence can be ap-
plied again. In the next iteration, AX' is used to compute AX"”, where
AX" is the multidimensional unit primary impulse response that has
been recovered from the second-order multiples, etc. The combina-
tion of primary responses AX’, AX”, ... may be used to improve the
migrated image, which currently is under investigation.

EXAMPLE OF MULTIPLE REMOVAL BY
COMBINING WEIGHTED CONVOLUTION AND
WEIGHTED CROSSCORRELATION

In the correlation mode, prediction and least-squares subtraction
are replaced by focal transformation and imaging. This concept is
demonstrated for reflection data that have been numerically simulat-
ed in a horizontally layered model with seven reflectors (see Figure
3). For this 1D subsurface model, the data matrix P has a Toeplitz
structure (elements along a diagonal are equal) (see also Figure
A-2a). In Figure 4a and b, the modeled shot record is displayed with
and without surface multiples. Note that in Figure 4b, internal multi-
ples still are present. Figure 4¢ displays the modeled surface-related
multiples. It is well known that least-squares subtraction in the data
domain is not guaranteed to realize the best multiple suppression but
rather results in the section with the least energy. The leakage in
adaptive subtraction has been reported by several authors (e.g.,
Nekut and Verschuur, 1998; Spitz, 2000; Guitton and Verschuur,
2004). This undesired property is demonstrated in Figure 5. We start
with perfect multiples prediction, using the true primaries as the con-
volution operator, as described by equation 1b. The predicted multi-
ples are adaptively subtracted from the true multiples, yielding a
close-to-perfect output, as expected (Figure 5¢). Next, these predict-
ed multiples also are adaptively subtracted from the input data,
yielding a result that is illustrative for the subtraction problems that
are encountered in practice (Figure 5e). The difference between this
subtraction result in Figure 5e and the modeled multiple-free data in
Figure 4b shows a nonzero result (Figure 5f), indicating that even
with perfectly predicted surface-related multiples, minimum-energy
adaptive subtraction does not provide the best multiple-removal re-
sult. In Figures Sc and 5f, adaptive subtraction was carried out with a
least-squares filter with a length of 40 ms, locally applied within
overlapping windows of 800-ms length and with a 20-trace width.

For the imaging approach (SRME2), the focal transform is calcu-
lated from the input data (repeated in Figure 6a), using the primary
estimate from SRME] as the focal operator. Because we deal here
with a 1D subsurface, P and AP are Toeplitz matrices and the least-
squares calculation of AP~! becomes a scalar division in the spatial

o

SRME1+SRME2

Next iteration

WCC [ .

0
&

SRME1+SRME2

Figure 2. The output of SRME1 and SRME?2 yields the estimated
primaries AP, serving as operator for the WCC process. The output
of WCC represents the total impulse response X' that is recovered
from all multiples in P. Next, X’ is used as input for a new SRME1
+ SRME?2 process. The output represents the primary impulse re-
sponse AX' that is recovered from the first-order multiples in P. The
combination of AX’ and X’ then can be used to recover the primary
impulse response from the second-order multiples AX”, etc.
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Fourier domain. Bear in mind that application of the focal transform
involves multichannel WCC. The resultant focal domain is dis-
played in Figure 6b. The primary energy is concentrated in the area
around the origin (¢ = 0), and the surface-related multiples consti-
tute a replica of the total data (¢ > 0). Next, the total data are adap-
tively subtracted in the focal domain (see equation 11d) to separate
the primary energy that is around the origin from the other events.
The result of this operation is displayed in Figure 6c. Figure 6e dis-
plays the linear Radon transform of the focal-domain data of Figure
6b. Note that the energy from the focal area now is visible as a hori-
zontal event at 7 = 0. Hyperbolic events are visible as ellipses. After
subtraction of the input data (Figure 6d), the result is displayed in
Figure 6f. Finally, inverse focal transformation yields the new pri-
mary estimate (see Figure 7). Figure 7b shows the result of three iter-
ations. The significant improvement with respect to SRMEI alone is
clear (compare Figures 5f and 7¢). Note that the focal transform reor-
ganizes the locations of primary and multiple energy to minimize
their overlap, which improves primary/multiple separation.

a) Velocity (m/s) b) Density (kg/ms)
1500 2500 3500 4500 1000 2000 3000 4000
500+ 500+
1060 1000+
£ £
:-E/ 1500 :_E’ 1500
=4 o
.3 3
=] fu]
2000+ 2000+
2500+ 25004
3000+ ,—— 3000+

Velocity profile Density profile

Figure 3. Vertical cross sections through a horizontally layered mod-
el with seven reflectors. (a) Velocity profile. (b) Density profile.

a Offset (m) b Offset (m) Cc Offset (m)
61500—1000—500 0 500 1000 1500 61500_1000_500 0 500 1000 1500 61500—1000—500 0 500 1000 1500

Input data, P P-AM

Surface multiples, AM

Figure 4. Data generated in the horizontally layered model with sev-
en reflectors that are shown in Figure 3. (a) Shot record with all mul-
tiples. (b) Shot record with primaries plus internal multiples. (c) Shot
record with surface multiples only.

EXAMPLE OF CONSTRUCTING
PRIMARIES FROM MULTIPLES

The second application of focal transformation is the mapping of
multiples into primaries such that the newly obtained primaries also
can be used in imaging algorithms. Once multiples are transformed
into primaries, all other processing steps that follow are the same as
in traditional primary processing. This avoids the need to reformu-
late imaging algorithms for multiple scattering. Such was described
by Berkhout and Verschuur (1995) and further illustrated by Guitton
(2002). It is interesting that a similar reasoning can be found in seis-
mic-data interpolation: When the offset distribution of irregularly
sampled seismic data is regularized, all other processing steps can
take advantage of algorithms for regular geometries.

To demonstrate the transformation of multiples into primaries, we
consider a relatively complex subsurface model. Figure 8 shows the
subsurface model that contains vertical and lateral velocity and den-
sity variations. The model is used to simulate seismic data with an
acoustic finite-difference scheme. An anticlinal salt structure over-
lies the target — a fault structure — and strong surface-related multi-
ples are expected that are related to the water bottom and the salt top.

a) Offset (m) b) Offset (m) c) Offset (m)
61500—1000-500 0 500 1000 1500 61500—1000—500 0 500 1000 1500 61500_1000_500 0 500 1000 1500

Subtraction of 5a from 5b

Modeled multiples

Multiples via SRME 1

d) Offset (m) e) Offset (m) f) Offset (m)
57690-1000-500 0 500 1000 1600 -1600-1000-500 0 500 1000 1600 0 1000

Modeled “primaries” “Primaries” via SRME 1 Subtraction of 5d from 5e

Figure 5. Leakage problem with least-squares subtraction, illustrat-
ed for the data in Figure 4. (a) Modeled surface multiples. (b) Pre-
dicted multiples via SRMEI. (c) Least-squares subtraction from
modeled multiples. (d) Modeled primaries with internal multiples
(“primaries™). (e) Primaries obtained by least-squares subtraction of
the predicted multiples via SRMEI from the input data. (f) Least-
squares subtraction leakage. The difference between (c) and (f)
shows that the imperfection of SRMEI is not in the prediction, but in
the subtraction.
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Data are modeled in a fixed-spread configuration, with sources and
receivers positioned between x = 0 and x = 5400 m, with a step size
of 15 m. This results in a prestack data set of 361 X 361 traces. For
this example, the data matrix P is far from Toeplitz (see Figure
A-2b); hence, the least-squares inverse of AP was computed with the
aid of equations 8b and 8c. Note that each column of matrix AP rep-

a) Offset (m) C)

-1500-1000-500 0 500 1000 1500 -1500-1000
-0.5° -0.5°

Offset (m)
500 0 500

Offset (m)
0 0 500 100

Time (s)

25 25k 1 25

Input data (x — ) Focal transform (x — t) Subtraction of 6a from 6b

d) Ray parameter (s/m) x10** e) Ray parameter (s/m) x10** f) Ray parameter (s/m) x10**
[

-6 -4 -2 2 4 6 -6 -4 -2 0 2 4 6 G 4 2 0 2 4 ¢

-0.5 -0.5

Input data (7- p) Focal transform (7-p) Subtraction of 6d from 6e

Figure 6. Multiple removal for the data in Figure 4a. (a) Input data
with multiples. (b) Focal transform of input data, using the primary
estimate of SRMEI. (c) SRME2 output in the focal domain by adap-
tive subtraction in x—. (d) Input data in 7—p. (e) Focal transform of
input data in the 7— p domain. (¢) SRME2 output in the focal domain
by adaptive subtraction in 7—p.

a) Offset (m) b) Offset (m) c)
0

1300 1000 -500 5001000 1500 1500 -1000 -500 0 5001000 1500

Offset (m)
0

-1000 1000

SRME1+SRME2 Subtraction of 7a from 7b

Modeled primaries

Figure 7. Multiple removal for the data in Figure 4a. (a) Modeled pri-
maries. (b) Primaries obtained using three iterations of SRMEI
+ SRME2. (c) Difference between (a) and (b). Note the very small
subtraction leakage compared to Figure 5f.

resents one frequency component of a shot record with 361 traces.
To make the example more realistic, the band-limited version of a
measured air-gun signature with a visible bubble was used for the
source wavelet (see Figure 9). This information is contained in the
source matrix S. Figure 10 displays three shot records. The source
locations are at x = 750 m, x = 1500 m, and x = 2250 m, respec-
tively, the 2250-m value being located close to the top of the salt

Lateral distance (m)
500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Depth (m)

Target

Figure 8. Subsurface model that contains a high-velocity salt layer
that overlies the target area with a fault structure.

a)

0.2-

0 4

Bubble
-0.2
-0.1 0 0.1 0.2 0.3 0.4 05 0.6
Time (s)

b)

1.0

0.5-

0 20 40 60 80
Frequency (Hz)

Figure 9. Band-limited version of a measured air-gun signature that
was used in the data simulation. (a) Time-domain representation. (b)
Amplitude spectrum.

Shot humber
51 101 151

Time (s)

Figure 10. Three shot records — including all types of multiples —
that were modeled in the subsurface model of Figure 8 and using the
air-gun wavelet of Figure 9. Note the artificial reflection that comes
from the bubble (see the arrows).
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structure. Note the strong surface-related multiples that mask the tar-
getreflections from the fault structure below the salt layer.

First, the iterative surface-related multiple-removal scheme in the
convolution mode (SRME1) is applied to these data. Three iterations
appear sufficient for a good multiple attenuation. Note that in Figure
11, the primary reflections from the top of salt and the surrounding
sediments, as well as the reflections from the target area below the
salt, now are well visible. Note also the internal multiple between the
water bottom and the top of salt, which is especially visible in shot
record 151 atapex time 0.55 s.

Next, multidimensional focal transformation is applied to the in-
putdata with multiples, using the output of SRMEI as the focal oper-
ator. Bear in mind that application of the focal transform involves
multichannel WCC with the SRME1 output, as described by equa-
tions 8b and 8c. Figure 12 shows the result for the three shot loca-
tions under consideration. The focal domain shows the expected
characteristics: a large amount of energy in the focal point and a rep-
lica of the input data — being constructed from surface multiples —
at the positive traveltimes. After muting the energy at and around the
focal point, the new data with multiples, X’ = AP’, are displayed in
Figure 13. It can be seen that all details with respect to diffractions at
the water bottom and the involved complex multiple-reflection be-
havior have been captured well by the WCC process. The input data
and the WCC result are compared for a common-offset section, the
offset being 75 m. Figure 14a displays the common-offset traces
from the original input data with multiples, and Figure 14b shows the
same common-offset section selected from the WCC result. Note the
significantly better resolution of the output of WCC; the lengthy air-
gun wavelet (minimum phase) has been replaced by a short zero-
phase wavelet. Because the output of WCC represents a new version
of the total data set X', it can serve as input for an SRMEI
+ SRME2 process to remove the multiples (see also Figure 2). Fig-
ure 14d displays the resulting common-offset section after this pro-
cedure. Although the output suffers from some residual multiple en-
ergy compared to the output of SRMEI1 only (Figure 14c), the in-
crease in temporal resolution still is present. It is important to realize
that the resultant deconvolved primaries AX' are recovered from
first-order surface multiples. In a final comparison, the output of
SRMEI and of WCC + SRMEI were prestack depth migrated. Fig-
ure 15 displays both results. Note again that the result of WCC
+ SRMEI yields much better vertical and lateral resolution. This

Shot number
51 101 151

Figure 11. The three shot records of Figure 10 after three iterations of
surface-related multiple removal using the convolution approach
(SRMEI). Note the enormous reduction in multiple energy and the
revealing of the target reflections below the salt at approximately
1.0 seconds (see the arrows).

can be observed from the intersection of the two sediment layers and
the flanks of the salt at approximately 500 m depth. Especially at the
right-hand side (below lateral location 3300 m), the result of WCC
+ SRMET is significantly sharper. Note also that the thin layer at
1200 m depthis much clearer in the result of WCC + SRME1; in the
conventional depth migration, it appears as one reflector.

Shot number
a) 101

Shot number
b) 51 101 151

Time (s)

Figure 12. Focal transform of the data with multiples, using the
SRMEI1 output as the multidimensional focal operator. The shot
records are displayed for the same source locations as are used in
Figures 10 and 11. (a) Presentation in the x— domain. (b) Presenta-
tion in the 7—p domain. Note that all primaries are mapped into the
focal point atand around t = 0 and 7 = 0, respectively.

Shot number
51 101 151

Figure 13. Three shot records obtained by removing the energy at the
focal point in Figure 12a by removing the energy around 7= 0 in
Figure 12b thus creating a new data set of primaries and multiples
from the recorded surface-related multiples (X’ = AP’). Note im-
proved resolution with respect to the original input data in Figure 10.
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DISCUSSION

Multiples removal by the combination of weighted convolution
(SRMEI) and weighted crosscorrelation (SRME2) now is being
evaluated on different field data sets as part of DELPHI consortium
research. The transformation of multiples into primaries (WCC) is
being used to construct primaries at missing offsets from multiple
scattering at available offsets. We expect that diffracted multiple re-

Lateral position (m) c)
5001000 1500 2000 2500 3000 3500 4000 4500 5000 ¢

a)

Near offset section selected from input data withall multiples

Lateral position (m) d)
500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Near offset section selected from data after the WCC process

Lateral position (m)
500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Near offset section selected from data after SRME1

Lateral position (m)
500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Near offset section selected from data after WCC+SRME1

Berkhout and Verschuur

flections contain a wealth of information to fill in primary informa-
tion that has not been recorded.

By transforming shot records into common-focus-point (CFP)
gathers, sources at the surface are repositioned in the subsurface
(Berkhout, 1997). This means that if we replace shot records with
CFP gathers, the theory presented also is applicable to seismic re-
sponses at the surface that come from sources in the subsurface. Note
that such reformulation in terms of CFP gathers still requires a focal-
transform operator with both sources and detec-
tors at the surface:

1) Prediction of multiples from recorded re-
flection data:

M(Zo’zs) = AP(ZO’ZO)A(ZO’ZO)P(ZO’ZS)-
(13a)

2)  Transformation of multiples into new reflec-
tion data:

X, (ZO’ Zs)
= AP"(z0,20)B(20,20)M(20,2,) .
(13b)

In prediction equation 13a, a matrix P(z,z,)
represents reflection data — primaries and multi-
ples — that are recorded at the surface z, from
(virtual) sources at depth z,. In transformation
equation 13b, matrix X'(zo,z,) represents new re-
flection data that are created from the multiples.
From equations 13a and 13b, note the weighted-

Figure 14. Transformation of multiples M into deconvolved primaries AX'. (a) Near-off-
set section selected from the input data with all multiples P. (b) Near-offset section select-
ed from the output of the WCC process (X’ = AP’). (c) The near-offset section selected
from the data after surface-multiple removal (SRME1). (d) The near-offset section from
the WCC output after an additional SRME1 process. The WCC output contains all the de-
tails of the original data, such as the water-bottom diffractions. Furthermore, the data ex-
tracted from the multiples have a zero-phase characteristic, which leads to an increased

convolution operator AP(zy,z0)A(z9,20) and the
WCC operator AP#(z,z0)B(z¢,z0) are indepen-
dent of source location. These operators only de-
pend on where the recording takes place. In other
words, active seismic measurements (i.e., record-
ings from man-made sources at the surface) are

vertical resolution.

Lateral position (m)
a ) 2500 3000 3500

_. Depth (m)

Prestack depth—-migration result of the SRME1 output

Lateral position (m)
1000 1500 2000 2500 3000 3500

Depth (m)
3

o
S
S

Prestack depth-migration result of the WCC+SRME1 output

Figure 15. Migration of AP and AX'. (a) Prestack depth migration
result of the SRMEI output. (b) Prestack depth migration result of
the WCC + SRMEI output, meaning that (b) represents the subsur-
face image of all first-order, surface-related multiples. Note again
the improved vertical and horizontal resolution in (b) with respect to
(a). Note that increase in resolution appears at the cost of an increase
in background noise. The arrows point at internal multiple energy,
which is not addressed by this procedure.

required to transform multiples into primaries

from passive seismic measurements (i.e., record-

ings from natural sources in the subsurface) when
these sources are not fully uncorrelated (see, e.g., Wapenaar et al.,
2004). This important observation is the basis of our current re-
search.

CONCLUSIONS

Focal transformation —i.e., WCC of seismic-reflection data with
an estimate of the primary response — opens new opportunities in
seismic processing. This paper has shown two applications: (1) re-
moving multiples by combining weighted convolution (SRME1)
with weighted crosscorrelation (SRME2) and (2) transforming mul-
tiples scattering into primary reflections (WCC). It is expected that
SRME?2 will create an option to avoid the adaptive-subtraction pro-
cess in prediction-error algorithms. It is also expected that the com-
bination of SRME1+SRME2 with WCC may lead to new insight in
the processing of multiples scattering, particularly because reflected
and diffracted multiple energy is contributing constructively to the
final image.
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APPENDIX A

OPERATOR FORMULATION OF SEISMIC DATA

The data of a seismic survey always are a discrete spatial sampling
of the wavefield. Therefore, seismic data traces can be arranged con-
veniently in a so-called data matrix. After waves that have traveled
along the surface have been removed, the data matrix contains sig-
nals that can be expressed in terms of wavefield operators that de-
scribe propagation and reflection in the subsurface.

The data matrix

It has been shown (Berkhout, 1982, 1993) that the data of a seis-
mic survey (2D or 3D) can be arranged conveniently using the data
matrix P(z,,z,) — a matrix of frequency-domain signals — where
the (i,) element represents one frequency component of the signal
recorded by areceiver at lateral location i from a source at lateral lo-
cation j, where the receiver and source depths are z, and z,,, respec-
tively (Figure A-1). This matrix can be used directly for the formula-
tion of wave-theory-based numerical algorithms in seismic-signal
processing such as multiples removal and prestack migration. Note
that in most theoretical considerations, the data matrix is assumed to
be filled completely with regularly sampled measurements. Figure
A-1 illustrates that this is not the case in practice. During a seismic
survey, not every surface location is occupied by both a source and a
receiver, so that some elements of the matrix will be empty. For ex-
ample, if only zero-offset data were collected, then the data matrix
would be diagonal. Note also that in the frequency domain, each ele-
ment of the data matrix represents the frequency component of a sin-
gletrace, i.e., one complex number. Figure A-2 shows the data matri-

a) b)

y/\ x
2=, \ z=2,

Seismic
shot record

XSOUYCS
receiver|

source

X, = Yeeceiver ==

Seismic
line

Ysource
Zear

N

receiver|

Figure A-1. The data matrix for 3D seismic measurements. In multi-
streamer marine data (a), one column represents one shot record. (In
this example, five streamers are shown.) In multicross-spread land
data (b), one submatrix represents the data of a single cross-spread.
(In this example, 36 cross-spreads are shown.)

ces (f = 30 Hz) for the data of the seven-reflector model (see Figure
3) and the salt model (see Figure 8). Note the Toeplitz structure in
Figure A-2a.

Source, transfer, and receiver matrices

The wave equation is linear and time invariant, so that the signal
recorded by areceiver at the ith location from a source at the jth loca-
tion may be written as the convolution of the source wavelet with a
medium transfer function and a receiver impulse response. In the
frequency domain, the data matrix may be written as the product

P(z0,20) = D(20)X(20,20)S(20). (A-1)

In equation A-1, the jth column of the source matrix S(z,) defines the
downgoing source wavefield at surface z, when the source array is at
position j. The (i,j) element of the transfer matrix X(z,z,) defines
the upgoing wavefield at location i that is produced by a unit source
at location j (source and receiver both at the surface z;), and the ith
row of the receiver matrix D(z,) gives the sensitivity of the ith seis-
mic trace to the upgoing wavefield at surface z, when the receiver ar-
ray is at location i. Thus, the (i, ) element of the data matrix P(zo,zo)
is the seismic trace when the receiver array is at location i and the
source array is at location j. In the special situation of single-point
sources and single-point receivers (no arrays), S and D are diagonal
matrices.

WRW model

While the full data matrix contains the raw measurements with
surface-related and interbed multiples, the first goal of seismic pro-
cessing commonly is to construct a new data matrix that contains
only signals that go down to the target, reflect once, and return direct-
ly to the sensor, i.e., that is a single-scattering approximation to the
full data matrix. This data matrix for single scattering AP(z,z) can
be expressed in terms of propagation and reflection operators ac-
cording to

AP(z9,20) = D(20) AX(20,20)S(20) (A-2a)

with

AX(20,20) = 2 W20, 2) R(Zy 20) W (Z,520) (A-2b)

for each Fourier (or Laplace) component (Figure A-3). The source
matrix S(z,) and receiver matrix D(z,) in equation A-2a are the same
as those encountered in equation A-1. In equation A-2b, the columns

Source location (m)
1000 2000 s000 4000 5000

Source location (m)
a) b) .

[ 1000 2000 3000 4000 5000

Figure A-2. Data-matrix representation for prestack data with all
multiples that are related to one frequency of 30 Hz. (a) Data based
on the seven-reflector model of Figure 3. (b) Data based on the salt
model of Figure 8.
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of W(z,zy) are the (pseudo) primary propagation operators of the
downgoing wavefield from each point at surface z, to every point at
depth level z. Similarly, the columns of W(zy,z) are the propagation
operators of the upgoing wavefield from each point at depth z to ev-
ery point at the surface z,. Because of the reciprocity principle,
Wi(z,z0) = W(z0,2)7, where superscript 7 means transpose. Each
column of W defines a unit point-source response, so that the ele-
ments of a single-arrival version may be written as

ij(zm’ZO) = a}je_j“"fjH(w),

Wik(ZO,Zm) = a&e_jwf’ka(w)a

(A-3a)
(A-3b)

where H(w) defines the spectrum of a band-limited temporal differ-
entiator (optionally including fine-layering effects), 7; is the travel-
time from the source point (x;,zp) to the reflection point (x¢,z,,), and
7, 18 the traveltime from the reflection point (x;,z,,) to the detector
point (x;,zo). Here, af; and aj are related amplitude-attenuation fac-
tors that include geometrical spreading and transmission losses.
Note that in the multiarrival version, a and 7 are frequency depen-
dent.

In equation A-2b, the reflection operator for the downgoing wave-
field at depth z,, is R(z,,,z,,) (Figure A-3). If we take a diagonal ma-
trix for R, then the reflection process is angle-independent. Angle-
dependent reflectivity can be represented by a nondiagonal matrix
R. For example, the plane-wave-reflection coefficient from a hori-
zontal interface would be applied to an incoming wavefield as a sca-
lar multiplication in the frequency-wavenumber domain. Our opera-
tor formalism represents signals in the frequency-space domain,
where the multiplication in wavenumber may be expressed as a con-
volution in space by picking the appropriate form for R (Berkhout,
1982; de Bruin et al., 1990; de Bruin, 1991).

Equation A-1b is a discrete implementation of continuous Kirch-
hoff-type integrals, describing propagation down, reflection, and
propagation up (WRW). Note that for continuous 3D primary reflec-

4
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AP(zy,zy) = D(z)AX(z,2,)S(z,)
—XT —x —%

R(z,2) W(z,z)

1 L 31 | —
-x,-\.. ...................... o xr\_ ) xU J X\ 7
AX(z9,2) = [W(zo DRGWz.2) dz

,

) — X M —X
(oo °) ( ) (oo o)
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Figure A-3. Pictorial illustration of the 3D primary reflection model
for the measurements (a) and the transfer function (b and c), the latter
being based on the continuous (b) and the discrete (c) formulation of
wave propagation.

tions, the evaluation of each element of AX(z,,z,) involves two sets
of double integrals per depth level. The first set of double integrals
gives the reflected wavefield at depth z,

OX(X,2;X,,20; @)

=ffR(Xyz;X”Z;w)W(X,9Z;XsaZO;w)dZX,’

(A-4a)

for each source point (x,,7,) that is related to the elements of S(z,).
The second set of double integrals propagates the reflected wavefield
at depth z back to the receiver at the surface,

SX(X,,205 X520} @)

=szf fW(x,,zo;x,z;w)5X(x,z;xs,zo;w)d2x,

(A-4b)

for each receiver point (x,,zo) thatis related to the elements of D(z).
The full signal then is composed by integrating over every depth
slice of the reflectors. In equations A-4a and A-4b, any lateral posi-
tion (x,y) has been indicated by the vector x. Hence, the location of a
gridpoint at lateral position k of depth level z,, is defined by (X, 7,,)-
Note that in two dimensions, the vector X needs to be replaced by the
scalar x.

In the situation of multiples, the WRW model is extended with a
feedback loop that represents up-down reflection (see Figure 1a). To
distinguish between down-up and up-down reflection, we use the ex-
tended notation RY and R", respectively.

Seismic data processing

The operator formulation yields a system view of seismic-wave
theory. If the wavefield operators in the signal model are represented
by matrices that have the predefined structure (Figures A-1 and A-3),
then they also can be used to implement seismic-data-processing al-
gorithms. For instance, multiplication of a primary seismic data set
with the matrix operator W defines a forward wavefield-extrapola-
tion process in a heterogeneous subsurface, the extrapolation opera-
tor for lateral position x; being represented by the kth row of W. Sim-
ilarly, multiplication of a seismic data set with matrix operator R de-
fines an angle-dependent and frequency-dependent reflection pro-
cess at any type of geological boundary, the reflection operator for
lateral position x; being represented by the kth row of R. According
to equations A-1la and A-1b, unbiased estimation of R requires un-
committed, i.e., data-driven, knowledge of W (velocity problem).
The first examples of complicated processing algorithms that are de-
rived using the same uncommitted inversion formalism include sur-
face-related multiples removal (Berkhout, 1982; Verschuur, 1991;
Verschuur et al., 1992; Berkhout and Verschuur, 1997), elastic-
reflectivity estimation (Berkhout, 1982; de Bruin et al., 1990), con-
trolled illumination (Berkhout, 1982; Rietveld and Berkhout, 1994;
Rietveld, 1995), and CFP technology (Berkhout and Verschuur,
1997, Thorbecke, 1997).
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APPENDIX B

SURFACE-RELATED MULTIPLES REMOVAL
BY CONVOLUTION AND CORRELATION

Figure B-1 shows the flow diagrams for surface-related multiples
removal. Figure B-1arepresents the surface-related multiples-elimi-
nation process in the convolution mode (SRMEI), in which multi-
ples are predicted by adding one round trip. The predicted multiples
subsequently are subtracted from the input data. In the next iteration,
the output of the SRMEI process is used as an improved multiples-
prediction operator. Figure B-1b represents the multiples-removal
procedure in the correlation mode. Using an estimate of the data
without surface-related multiples — e.g., the output of the SRME1
process — a focal transformation is carried out, meaning that one
round trip is removed. This focuses all the primaries into the area
around the origin, as well as transforms first-order multiples into pri-
maries and higher-order multiples into lower-order multiples. In the
focal domain, a separation process (indicated as “bifocal imaging”
in Figure B-1b) is carried out, preferably in the 7—p domain, yielding
the focused primaries. The unfocused primaries are obtained by in-
verse focal transformation. In an iteration procedure, the newly ob-
tained primaries can be used as an improved focal operator. Thus, the
output of the convolution mode (SRME1) will serve as the estimated
primary response, which serves again as operator for the focal trans-
form in the correlation mode (SRME2), resulting in an improved pri-
mary estimate (Figure B-1c). Note that if an adaptive subtraction in
the focal domain (equation 11d) is applied, a least-squares estimate
of surface operator A becomes available as well, which can be used
in a new SRMEI process for the next iteration of SRMEI +
SRME?2 (Figure B-1d).

a)

Weighted
convolution

Least-squares
subtraction

Next
iteration

Next
iteration

SRME1 SRME2

SRME1+SRME2 Iterative SRME1+SRME2

Figure B-1. Flow for surface-related multiple elimination in the con-
volution mode (a) and in the correlation mode (b). It is proposed that
the two methods be used in combination. The output of the convolu-
tion mode will serve as the operator for the focal transform in the cor-
relation mode (c). This combination also can be applied iteratively

(d).
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