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A B S T R A C T  

Hi gh-dime n sional d ata s e ts a re ofte n av ail ab le in ge nome-e n able d pre dictions . Such data sets include nonlinear r ela tionships with complex de- 
pe nde nce s tructures. For such situations, vine copula - based ( qua n tile ) r egr ession is an importa n t tool. How ev e r, the curre n t vine copula - based 

r egr ession appr oaches do not scale up to high and ultra-high dimen sion s. To perform high-dimen sional spars e vine copul a - based r egr ession, we 
propose 2 methods . First, w e show their super ior ity r egar ding computa tional complexity over the existing methods . Se c ond, w e define releva n t, 
irreleva n t, a nd redunda n t expla natory va riables for qua n tile r egr es sion . Then, we show our method’s power in selecting releva n t va riables a nd 

pre diction ac curacy in hi gh-dime nsional spa rs e d ata s e ts vi a simul ation studies . Next, w e app ly the propos ed me thods to the hi gh-dime nsional 
r eal da ta, aiming a t the genomic prediction of maiz e tr aits. Some da ta pr ocessing and fea tur e extraction steps for the real data are further dis- 
cus s e d. Fin ally, w e show the adva n tage of our methods over linear models and quantile r egr ession for es ts in sim ulation s tudies a nd r eal da ta 
app lication s. 

KEY W OR DS : genomic prediction; high-dimensional data; qua n tile regression; variable selection; vine copula. 
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1 I N T R O D U C T I O N 

enomic prediction ( GP ) aims at predicting a bre e ding value
sing g enotypic me as urements . Then, an uno bs erv e d trait is
re dicte d using its genotype information like single-nucleotide
o lymorp hism ( SNP ) . W ith ra pid developme n ts in ge nomic

echno lo gie s, re sea rche rs h av e hi gh-dime nsion al S NP d ata s e ts.
ow ev er, it poses some challenges in prediction modeling, such

s a small n umbe r of o bs erv ation s and a large number of exp l ana-
ory v ari ab le s, ske wne s s in v ari ab le s, irre leva n t a nd redunda n t
 ari ab les, interaction s among v ari ab les, and noncon stant error
 ari ance. To s o lve the drawbacks r egar ding the data dimension-
lity in the GP, s tatis tical or machine learning -base d approaches
 av e be e n a pp lied ( Li e t al., 2018 ) . Re c e n tly, qua n tile r egr ession
pproache s, which mode l the c ondition al distribution of the re-
pon s e, h av e be en utilize d to deal with the ske wne ss a nd outlie rs
n the data ( Pérez-Rodríguez et al ., 2020 ) . St i l l , the quest ion has
een h ow to m o del con dition a l q u anti le s fle x ib l y wh ile ha ndl i ng d ata
im en sion a lity in GP . 
It is importa n t to identi fy the SNPs releva nt for pre dicting

re e ding values to design future genotype studies. For instance,
inc e the hum an population has been growing, the stability of
ood su ppl ies has gained much more importance. Thus, p l ant
re e ding efforts aim at the crops’ genetic improve me n t. Hölke r
t al. ( 2019 ) provided agronomic measure me n ts a nd > 500 000
NPs to make European flint maize landraces av ail ab le for such

n aim. k  

e c eiv e d: August 25, 2022; Revised: October 5, 2023; Accepted: Dece mbe r 29, 2023 
The Author ( s ) 2024. P ublished b y Oxford Unive rsity Pre ss on be half of The In te

ourn als .permis sion s@oup.com 
Vine copula - based ( qua n tile ) r egr e ssion allows mode ling a
onlinear r ela tionship betw e e n expla natory va riables a nd re-
pon s es . It c onside rs hi ghe r-orde r exp l anatory v ari ab les and
eals with unknown functional error forms . How ev er, the cur-
e n t vine copula - base d re gres sion me thods’ c omputation al c om-
lexity makes them infeasible to be applied in hi gh-dime nsional
 ata s e ts ( Kraus and Czado, 2017 ; Tepegj ozov a e t al., 2022 ) .
e refer to high- and ultra-high-dimensional data sets when the
 umbe r of exp l anatory v ari ab les is be tw e en 10 and 1000 and
 1000, respe ctiv ely. 
We propose 2 vine copula - base d re gres sion me thods that per-

orm well in analyzing hi gh-dime nsional spa rs e d ata s e ts, where
pa rsity mea ns th at m any exp l anatory v ari ab les do not pre-
ict the respon s e. Their c omputation al c omplexity is signifi-
a n tly less than the existing methods. We define releva n t, redun-
a n t, a nd irreleva n t expla natory va riables for qua n tile r egr ession
nd as s es s the me thods’ pre diction pow e r in hi gh-dime nsional
pa rse sim ula ted da ta sets. Our analyses r egar ding the inclusion
f releva n t va riables a nd exclusion of irreleva n t va riables show
ur methods’ capability to provide sparse models. We apply the
ethods for genomic prediction of maize traits, proposing data

r epr ocessing, and fea tur e extraction steps on the data give n b y
ölker e t al. ( 2019 ) . Such steps can be further applied and im-

rov e d in future studies . Ov erall, w e can res o lve d ata dimen sion-
lity issues in vine copula - base d re gres sion . To the best of our
no wledg e, there has not yet been any study performing the ge-
 rn ation al Biome tric Socie ty. All ri gh ts rese rv e d. For permis sion s, p leas e e-mail: 

https://doi.org/10.1093/biomtc/ujad042
http://orcid.org/0000-0001-8973-8690
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nomic prediction using vine copula models and assessing vine
c opula re gres sion me thods’ pe rforma nce in the presence of re-
dunda n t a nd irreleva n t va riables. 

A lter n ativ e nonlinear quantile r egr e ssion mode ls a re ge ne ral -
ize d additiv e models ( GAM) ( Wood, 2017 ) , qua n tile r egr ession
forests ( Q RF ) ( Mein shaus en, 2006 ) , and quantile r egr ession
neural networks ( Q RNN) ( Cannon, 2011 ) . Q RNN may suffer
from qua n tile crossing ( Ca nnon, 2018 ) , which does not exist in
vine copula - b ased appro aches by con struction . Kraus and Czado
( 2017 ) show a better perform anc e of their vine copula - based ap-
proach tha n GAM. He nce, a mong nonlinea r models, we com-
pare our models with quantile r egr ession for es ts a nd show our
adva n t age s, e specially in the presence of dependent v ari ab les.
More ov er, despite the quantile crossing pro b le m, we a nalyze
the pe rforma nce of linea r models with va riable selection, ie, lin-
ea r qua n tile r egr ession w ith a LA S SO-type pe nalty ( LQ RLasso)
( Belloni and Cherno zhuko v, 2011 ) , in nonlinear cases. 

The pa pe r is orga nize d as follows: Se ction 2 introduc es vine
copulas and new methods; Section 3 pr ovides simula tion s tud -
ie s. We pre se n t the real data application in Section 4 , d isc uss
our findings, and conclude in Section 5 . The pa pe r has online
Supplemen ta ry Mate rial . 

2 H I G H  - D I M E N S  I O N A L S  PA R S  E  V I N E  

CO P U L A  R E G R E S S I O N  

2.1 D-vine copulas and p redictio n 

Copulas a re dis tribut ion funct ion s, allowing us to s eparate
the univ ari ate margin s and dependence structure. Let X =
(X 1 , . . . , X p ) � ∈ R 

p be a p-dimensional random v e ctor with
the join t cum ulative dis tribution function ( cdf ) F and the
univ ari ate m argin al distributions F 1 , . . . F p . By Skla r’s theore m
( Sklar, 1959 ) , the copula C, corresponding to F , is a m ulti -
v ari ate cdf with uniform margins such that F (x 1 , . . . , x p ) =
 

[
F 1 (x 1 ) , . . . F p (x p ) 

]
. Whe n the univa riate ma rg inal di s tri -

butions a re con tin uous, C is unique, which w e ass ume in
the re mainde r. In add ition, the p-d imen sional j oin t de n-
sity f can be written as f ( x ) = c 

[
F 1 (x 1 ) , . . . , F p (x p ) 

] ×
f 1 (x 1 ) · · · f p (x p ) , x ∈ R 

p , where c is the copul a den sity of the
random v e ctor 

[
F 1 (X 1 ) , . . . F p (X p ) 

]� ∈ [0 , 1] p . 
Sta nda rd m ultiva riate c opulas, s uch as the m ultiva riate ex-

chang e able Archimede an or Gaus si an, often do not accurately
model the depe nde nce a mong the va riables. Aas et al. ( 2009 )
dev elope d a pair-copula construction or vine copula approach
using a cascade of biv ari ate copul as t o ext end their flexibilities.
Such a construction can be r epr ese n ted b y a n undire cte d gra phi -
cal structure involving a s e t of linke d tre es, ie, a re gular ( R- ) vine
( Bedford and Cooke , 2002 ) . A R- vine for p v ari ab les con sists
of p − 1 tr ees, wher e the ed ges in the firs t tree a re the nodes
of the se c ond tre e, the e dges of the se c ond tre e are the nodes
of the thir d tr ee, and s o on . If a n ed ge c onne cts 2 nodes in the
(t + 1) th tree, their as s oci ate d e dges in the tth tree m us t h av e a
sh are d node in the tth tree for t = 1 , . . . , p − 2 . The nodes and
edges in the first tree re pre se n t p va riables a nd unc ondition al de-
pe nde nce for p − 1 pairs of v ari ab le s, re spective ly. In the hi ghe r
tre es, the c ondition al depe nde nce of a pair of v ari ab les condi-
tioning on other v ari ab les is modeled. To get a vine copula or
pair-c opula c ons truction, the re is a bivariate ( pair ) copula asso- 
ciated with each edge in the vine. 

One special class of R-vines are D-vines, whos e grap h structure 
is a path, ie, all nodes’ de gre e in the graph is sm aller th an thre e. A 

node in a path re pre se n ts a va riable, a nd a n ed ge betw e en a pair
of node s corre sponds to de pe nde nce a mong the va riables of the 
respe ctiv e nodes expres s ed by a pair copula. The node having a 
de gre e of one is called a leaf node. Once the order of the nodes in 

the first tree is de termined, the as s oci ate d D-vine c opula de c om- 
position is unique. More ov er, if the pair copulas in the higher tree 
lev els th a n t a re indepe nde nc e c opulas, whe re t < p a nd t ≥ 1 ,
r epr ese n t ing condit ional indepe nde nce, a t-truncated vine cop- 
ula is obtained ( Section 1 of the Supplemen ta ry Mate rial ) . 

D-vine copulas allow us to express the c ondition al den- 
sity of a leaf node in the first tree in a clos ed form . Here, 
we choose the leaf node in the first tree of a D-vine cop- 
ula as a response variable. In the re mainde r, ass ume th at 
(y i , x i, 1 , . . . , x i,p ) , i = 1 , . . . , n , ar e r ealiza tions of the ran-
dom v e ctor (Y , X 1 , . . . , X p ) , a nd Y de note s a re spon s e v a ri -
able with its m argin al distributions F Y and the others corre- 
spond to exp l anatory v ari ab les with their m argin al distribu- 
tions F 1 , . . . , F p . For the D-vine copula with the node or- 
der 0 − 1 − . . . − p corresponding to the v ari ab les Y − X 1 −
. . . − X p , p ≥ 2 , as stated in Kraus and Czado ( 2017 ) , the 
c ondition al qua n tile function F −1 

0 | 1 , ... ,p at qua n tile α ca n be ex- 
pres s ed in term s of the invers e m argin al distribut ion funct ion 

F −1 
Y of the respon s e and the c ondition al D-vine c opula quan- 

t ile funct ion C 

−1 
0 | 1 , ... ,p at qua n tile α as F −1 

0 | 1 , ... ,p (α| x 1 , . . . , x p ) = 

F −1 
Y 

[
C 

−1 
0 | 1 , ... ,p ( α| F 1 ( x 1 ) , . . . , F p ( x p ) 

]
. 

Sinc e p-dimension al D-vine c opula’s input is the m argin ally 
uni for m data on [0 , 1] p , the est imat ion of the D-vine copula 
follows a two-step approach called the inference for mar- 
gins ( Joe a nd Xu, 1996 ) . Firs t, each ma rg inal di stribution i s 
estim ate d. Then, the data is c onv erte d into the copul a d ata 
b y a pp lying pro bability integr al tr ansform ation, e g, using a 
univ ari ate non-parame tric kernel den sity estimator, ie, ˆ F Y 
and 

ˆ F X d , d = 1 , . . . , p. Next, w e h av e the pseudo c opula 
data: (v i , u i, 1 , . . . , u i,p ) = [ ̂  F Y (y i ) , ˆ F X 1 (x i, 1 ) , . . . , ˆ F X p (x i,p )] ,
i = 1 , . . . , n , being r ealiza tions of the random v e ctor 
(V , U 1 , . . . , U p ) . More details about the c ondition al log - 
l ikel ihood and est imat ion of D-vine copulas are in Section 1 of 
the Supplemen ta ry Mate rial . 

2.2 Proposed m eth ods: vineregRes and vineregPar Cor 
We propose 2 methods to perform a D-vine copula r egr ession on 

hi gh-dime nsional spa rs e d ata s e ts: vin ere gRes and vin ere gPar Cor .
Sections 2 and 3 of the Supplementary Material give an i l lustra- 
tive example and details of the methods. 

The me thod vin ere gRes perform s the v ari ab le s election at a 
give n ite ra tion based on the r esiduals of the pr evious itera- 
tion, ie, the pse udo- re sponse. It finds the va riable a mong the 
candida tes tha t pr ovide s the be s t biva riate copula c ondition al 
log-l ikel ihood cond itioned on the v ari ab le and conditioning 
the pse udo- re sponse of the previous iteration . As sume ˜ y (s ) 

i and 

˜ v (s ) 
i i = 1 , . . . , n , denote the pse udo- re sponse and its pseudo- 

copul a d a ta in the s th itera tion, r espe ctiv ely, which are realiza- 
tions of the ra ndom va riable Y 

(s ) a nd V 

(s ) , respe ctiv ely. V 

(0) and 

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujad042#supplementary-data
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(s ) h av e the indic es 0 and 0 

(s ) , respe ctiv ely, a nd a re always a leaf
ode in the first tree. 
vin ere gRes 
S tep 1 ( initi alization ) : For given d ata (y i , x i, 1 , . . . , x i,p ) and

(v i , u i, 1 , . . . , u i,p ) , define the initial pse udo- re sponse ˜ y (1) 
i = y i 

ith its copula scale ˜ v (1) 
i , i = 1 , . . . , n , the initial D-vine or-

er D 

(1) = (0) , the initial chose n va riable index set I 

(1) 
var = ∅ ,

nd the initial set of ca ndidate expla natory va riables p 

(1) 
cand =

 1 , . . . , p} . 
For s = 1 , 2 , . . . , 

Step 2 ( variable selection ) : Fit a pa ra metric biva riate cop-
la to data { ( ̃  v (s ) 

i , u i,d ) , i = 1 , . . . , n } for d ∈ p 

(s ) 
cand and de-

ote the c opula, c opula de nsity, a nd its es tim ate d pa ra mete rs
 y ̂  CR 

d (s ) , ̂  cr d (s ) a nd 

ˆ θd (s ) , respe ctiv ely. Then, find the v ari ab le for
hich the c ondition al log -l ikel ihood of the copula ̂  CR 

d ∗(s ) is max-
mized, ie, 

d 

∗
(s +1) = arg max d (s ) ∈ p (s ) 

cand 

∑ n 
i =1 ln ̂  cr d (s ) 

0 (s ) | d (s ) 
[ ̃  v (s ) 

i | u i,d (s ) ; ˆ θd (s ) ] . 
Step 3 ( D-vine ex tension ) : Ex tend the D-vine order by a ddin g

he v ari ab le with index d 

∗
(s +1) to get a D-vine order D 

(s +1) =
 D 

(s ) , d 

∗
(s +1) ] . Select the pa ra me tric pair copul a fa milies a nd es-

imate the pa ra mete rs in the extended D-vine structur e, wher e
he as s oci ate d D-vine c opula a nd its es tim ate d pa ra mete rs a re
e noted b y ˆ C 

(s +1) a nd 

ˆ θ(s +1) , respe ctiv ely. 
Step 4 ( chosen variable indices and hyperparameter updates ) :
xte nd the chose n va riable set, a ddin g the new variable,
 

(s +1) 
var = I 

(s ) 
var ∪ d 

∗
(s +1) and update p 

(s +1) 
cand = p 

(s ) 
cand \ d 

∗
(s +1) . 

S tep 5 ( ps e udo- re spon s e upd at e or st op ) : If a st opping con-
it ion ( Sect ion 2.3 ) does not hold , est im ate the me dian of the
espon s e v ari ab le bas e d on the D-vine c opul a ˆ C 

(s +1) and upd ate
he pse udo- re sponse , ie , 

˜ y (s +1) 
i = y i − ˆ F −1 

Y [ ̂  C 

−1(s +1) 
0 | I (s +1) 

var 
(0 . 50 | u i,p 1 , . . . , u i,p d (s +1) 

; ˆ θ(s +1) )]

˜ 
 

(s +1) 
i = 

ˆ F Y (s +1) [ ̃  y (s +1) 
i ] , 

where i = 1 , . . . , n and { p 1 , . . . , p d (s +1) } ⊆ I 

(s +1) 
var . 

Another method to perform a D-vine copula r egr ession for
i gh-dime n sional d ata is to us e the parti al correl ation be tw e en

he respon s e a nd a ca ndid ate exp l anatory v ari ab le given the cho-
 en v ari ab les at each iteration based on their empirical normal
cores ( Joe, 2014 ) . 

vin ere gPar Cor 
S tep 1 ( initi alization ) : As given in vin ere gRes and the data’s

orm al sc ores . 
For s = 1 , 2 , . . . , 

S tep 2 ( v ari ab le s election ) : d 

∗
(s +1) =

rg max d (s ) ∈ p (s ) 
cand 

| ̂  ρ0 , d (s ) ;I (s ) 
var 

| , where ˆ ρ j,k;S is the estim ate d partial
orr ela tion of variables j, k given those indexed in S based
orm al sc ores . 
Step 3 ( D-vine extension ) : As given in vineregRes . 
Step 4 ( chosen variable indices and hyperparameter updates ) :
s given in vin ere gRes . 

2.3 B ivari ate copul a s e lectio n a nd st opping crit eria 
tep 3 of vin ere gRes and vin ere gPar Cor selects pa ra metric pair
opulas and e stimate s their parameters as s oci ated with the ex-
ension of the D-vine structure. Step 2 of vin ere gRes fits a para-
e tric biv ari ate copul a to the ps e udo- re spon s e a nd a ca ndidate

xp l anatory v ari ab le. First, w e estim at e the paramet ers th at m ax-
mize the log-l ikel ihood of a candidate bivariate copula family
 Section 4 of the Supplemen ta ry Mate rial ) . Late r, we ca n select
he one with the lowest A kaike ( A IC ) or the Bayesian infor ma-
ion cr iter ion. While exte nding the D-vine s tructure a nd a ddin g
e w tree s at Ste p 3 of the methods, the fit of pa ra metric pair cop-
las can be performed seque n tially from the lowest to the highest

re es ( B re chm ann, 2010 ) . 
To dec ide i f a chose n ca ndidate expla natory va riable in a

ive n ite ration should be in a model, we wi l l consider the
 ondition al A IC ( cA IC ) , which pen alizes the c ondition al
og-l ikel ihood of the model based on the D-vine copula by
he effe ctiv e de gre es of fre e dom in the model ( Se ction 4 of
he Supplemen ta ry Mate rial ) . We s top a ddin g v ari ab les when
he curre n t ite ration’s ( cAIC ) is not smaller than the previous
teration’s ( c AIC ) . If the c AIC always improves in each iteration,

e stop after all exp l anatory v ari ab les are included in the model.

2.4 Complexity 
ss uming th a t the da ta con sists of p exp l anatory v ari ab les, the

omplexity of the existing method vin ere g is O(p 

3 ) in terms
f the total n umbe r of biv ari ate copul as to be s ele cte d during

he algorithm ( Tepegjo zo va, 2019 ) . T hus, we e valuate the com-
lexity of vineregRes and vineregPar Cor using the same cr iter ion.
e wi l l c onsider the w orst-cas e s c en ario th at the algorithms

un until all exp l anatory v ari ab les are included in the model.
urthe r, the total n umbe r of es tim ate d pa ra mete r s is l inear in

erms of the number of biv ari ate copul as. The de tailed calcul a-
 ions in Sect ion 4 of the Supplemen ta ry Mate rial show that the
omplexity of vineregPar Cor and vineregRes in terms of the to-
al n umbe r of sele cte d biv ari ate copul as is O(p 

2 ) . Hence, our
ethods si gnifica n tly re duc e the c omputation al c omplexity of

in ere g. 

2.5 Re leva nt, redu n da nt, a nd irre leva nt va riables 
ow we define releva n t, redunda n t, a nd irreleva n t va riables

or predicting the conditional qua n tile of a respon s e v ari ab le
 given the index s e t of exp l anatory v ari ab les X . We wi l l de-
ote the cdf of the v ari ab les with the index s e t X by F X 

in the
ollowing. 

efinition 1 ( Relev ant v ar iable s ) The inde x set of var iable s M ⊆
 is called relevant for Y if and only if it holds F Y |M 

(y | x M 

) 	 =
 Y (y ) , where x M 

incl u des the va ri ab les in M . 

 efinition 2 ( Red u nda nt va ri ab les ) T he index set of va ri ab les
 is called redu nda n t gi ven the set of va ri ab les M for Y if

 nd onl y if it holds F Y |M , R 

(y | x M 

, x R 

) = F Y |M 

(y | x M 

) and
 M , R 

( x M 

, x R 

) 	 = F M 

( x M 

) × F R 

( x R 

) , wh ere th e vectors x M
nd x R 

incl u de the va ri ab les in the sets M and R , res p e ct ively,
 ⊆ X , M ⊆ X , R ∩ M = ∅ . 

 d isc ussion on redunda n t va riables in a D-vine copula is in Sec-
ion 5 of the Supplemen ta ry Mate rial . 
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Examp le 1 Con sider th e m odel (Y , X 1 , X 2 ) � ∼ N 3 ( 0 , �)
with ( 0.5, 0.4, 0.8 ) ve ct o r i zing t he u pp er tri a ngula r pa rt of the
symmetr ic covar iance matr i x �, where it holds ρY,X 2 ;X 1 = 0 , ie,
 is co ndit io nall y indep endent of X 2 giv en X 1 . Hence, w e hav e

f Y | X 1 ,X 2 (y | x 1 , x 2 ) = 

f Y,X 2 | X 1 (y,x 2 | x 1 ) 
f X 2 | X 1 (x 2 | x 1 ) = 

f Y | X 1 (y | x 1 ) × f X 2 | X 1 (x 2 | x 1 ) 
f X 2 | X 1 (x 2 | x 1 ) = 

f Y | X 1 ( y | x 1 ) . Since f X 1 ,X 2 ( x 1 , x 2 ) 	 = f X 1 (x 1 ) × f X 2 (x 2 ) , X 2 is
re dund an t gi v en X 1 f or Y . 

Definition 3 ( Irrelev ant v ar iable s ) The set of var iable s I is
calle d i rrelevan t gi ven the set of va ri ab les M for Y if and only
if it holds F Y |M , I (y | x M 

, x I ) = F Y |M 

(y | x M 

) , F M , I ( x M 

, x I ) =
F M 

( x M 

) × F I ( x I ) , and F Y, I (y, x I ) = F Y (y ) × F I ( x I ) , where
the ve ct o r s x M 

a nd x I incl u de the va ri ab les in the sets M and I ,
res p e ct ively, I ⊆ X , M ⊆ X , I ∩ M = ∅ . 

Examp le 2 Con sider th e m odel (Y , X 1 , X 2 ) � ∼ N 3 ( 0 , �)
with ( 0.5, 0, 0 ) ve ct o r i zing the upper triangu lar p art of the
symmetr ic covar iance matr i x �, where it holds ρY,X 2 ;X 1 = 0 ;
h en ce, f Y | X 1 ,X 2 (y | x 1 , x 2 ) = f Y | X 1 (y | x 1 ) . In addit io n, it holds
f X 1 ,X 2 (x 1 , x 2 ) = f X 1 (x 1 ) × f X 2 (x 2 ) and f Y,X 2 (y, x 2 ) =
f Y (y ) × f X 2 (x 2 ) ; t h us, X 2 is irrelevan t gi v en X 1 f or Y . 

3 S I M U L AT I O N  ST U DY  

We show the flexibility and effe ctiv eness of the proposed meth-
ods on simul ated d atas e ts being nonlinear and having differ-
e n t spa rsity. We exp lore the fo llowing question s: Q1 How do
vin ere gRes and vin ere gPar Cor work in situations with nonlin-
ear exp l anatory v ari ab le effects on the respon s e’s qua n tiles in
the presence of redunda n t a nd irreleva n t va riables for predic-
tion a ccura cy and c omputation al c omplexity? Q2 How w ell
do vin ere gRes and vin ere gPar Cor ide n tify releva n t a nd irrele-
va n t va riables for predicting the respon s e’s qua n tiles? Q3 How
do vin ere gRes and vin ere gPar Cor pe rform compa red to the al-
tern ativ e me thods LQ RL asso and Q RF ( Section 6 of the
Supplemen ta ry Mate rial ) ? 

3.1 Data g e ne rating p rocess ( DGP ) 
DGP1: irr elev ant v ariables 

Y 

d 
i = X i, 1 × X 

2 
i, 2 ×

√ | X i, 3 | + 0 . 1 + e 0 . 4 ×X i, 4 ×X i, 5 

+( X i, 6 , . . . , X i,p d )( 0 , . . . , 0) � 

+ εi × σi , i = 1 , . . . , n, d = 1 , 2 , 3 , ( 1 )

whe re we sa mple the releva n t va riables (X i, 1 , . . . , X i, 5 ) � ∼
N 5 ( 0 , �) , i = 1 , . . . , n with the (a, b) th ele me n t of the
cov ari anc e m a trix �a,b = 0 . 75 

| a −b| , irr elev ant v ari ab les
( X i, 6 , . . . , X i,p d ) � ∼ N p d −5 ( 0 , I p d −5 ) , the ra ndom e rror te rms
εi ∼ N (0 , 1) tha t ar e indepe nde n t a nd ide n tically dis tributed
( iid ) , indepe nde n tly, a nd s e t σi ∈ { 0 . 5 , 1 } , i = 1 , . . . , n . We
simul ate d ata s e ts with diffe re n t n umbe r of irreleva n t va riables
and s e t it to (p d − 5) in each case d = 1 , 2 , 3 as fo llows: Cas e
1 with p 1 = 10 ( 50% of v ari ab les are irreleva n t ) , Case 2 with p 2
= 20 ( 75% of v ari ab les ar e irr elev ant ) , and Cas e 3 with p 3 = 50
( 90% of v ari ab les are irreleva n t ) . 
DGP2: redu n da nt va riables 

 

d 
i = 

√ | 5 × X i, 1 − 2 × X i, 9 + 0 . 5 | + X i, 8 × (−4 × X i, 3 + 1)

+ e X i, 6 + (2 × X 

3 
i, 10 + X 

3 
i, 4 ) 

+(X i, 7 + 1) × ( ln (| X i, 2 + X i, 5 | + 0 . 01)) 

+( X i, 11 , . . . , X i,p d )( 0 , . . . , 0) � 

+ εi × σi , i = 1 , . . . , n, d = 1 , 2 , 3 , 4 , ( 2 )

where the s amp les of exp l anatory v ari ab les are indepen- 
de n tly ge ne ra ted fr om a m ultiva riate normal dis tribution 

with a Toeplitz corr ela tion structur e , ie , (X i, 1 , . . . , X i,p d ) � ∼
N p d ( 0 , �) , i = 1 , . . . , n , j = 1 , 2 , 3 , with the (a, b) th ele-
me n t of the cov ari anc e m a trix �a,b = ρ| a −b| . To r epr ese n t a
challen gin g but realistic sc en ario, w e s e t ρ = 0 . 75 . We s am-
ple εi ∼ N (0 , 1) , i = 1 , . . . , n ( iid ) indepe nde n tly from 

the exp l anatory v ari ab les and s e t σi ∈ { 0 . 5 , 1 } , i = 1 , . . . , n .
All v ari ab les pr edict the r espon s e’s qua n tiles; how ev er, the
othe rs a r e r edunda n t, give n the first 10 v ari ab les . We ch ange
the n umbe r of redunda n t va riables a nd set it to (p d − 10) 
for d = 1 , 2 , 3 , 4 : Case 1 with p 1 = 20 ( 50% of v ari ab les are
redunda n t give n the 10 releva n t ones ) , Case 2 with p 2 = 40 

( 75% of v ari ab les ar e r edunda n t give n the 10 releva n t ones ) ,
Case 3 with p 3 = 100 ( 90% of variables are redunda n t give n the 
10 releva n t ones ) , Cas e 4 with p 4 = 1000 ( 99% of v ari ab les are
redunda n t give n the 10 releva n t ones ) . 

Bas ed on Equation s 1 and 2 , we simul ate s amp les with size 
of 450 ( n = 450 ) with a random split of 300/150 observations 
for a training/a test s e t. We rep licate our proc e dure 100 times 
a nd ave rage pe rforma nce measures pe r sa mple ( Section 6 of 
Supplemen ta ry Mate rial ) . 

3.2 Pe rfo rma n ce m easu res 
We consider the computation time, the n umbe r of chosen va ri - 
a bles, true posit ive ra t e ( TPR ) , and f alse disco very ra t e ( FDR ) as
methods’ pe rforma nce measures on the training s e t. To ev aluate 
the pe rforma nce of a method on the test s e t, we app ly th e pin-
b a ll lo ss ( P L α) at α = 0 . 05 , 0 . 50 , 0 . 95 . TPR is the ratio of the
chos en relev ant v ari ab les by a method M to the total n umbe r of 
releva n t va riables. FDR is the ratio of the n umbe r of chose n ir- 
releva n t va riables to the total n umbe r of chosen variables by a 
method M. Hi ghe r TPR a nd smalle r FDR a r e bet ter. P L α mea-
sures the a ccura cy of the qua n t ile predict ions ̂  y α,M 

i at the level α
by a method M c ompare d to the given respon s e y i , i = 1 , . . . , n .
The smaller pinball loss values are bett er ( St einwa rt a nd Chris t- 
m ann, 2011 ) ( Se ction 6 of the Supplemen ta ry Mate rial ) . 

3.3 Results 
All computa tions ar e run on a single-node CPU with Intel Xeon 

Pla tinum 8380H Pr oces s or with ∼25 GB RAM, running R ver- 
sion 4.2.2. How ev er, Ste p 2 of vi n ere gRes can be bro ken down 

in to pa rallel fits across ca ndid ate v ari ab les for a fas te r comput a -
tion. 

Va ri ab le sele ct io n and co mpu ta t io nal co mple x ity re s ults o n the
tra in ing set : In Table 1 , we analyze the TPR and FDR only for the 
DGP1 s e tting since all v ari ab les ar e r eleva n t in the DGP2 s e tting.
The computations for vin ere g were not comp le te within 3 days 
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TABLE 1 Comparison of the methods’ pe rforma nce on the training s e t over 100 r eplica tions under the cases 1–3 and 1–4 spec i fied in Equations 
1 and 2 , respe ctiv ely. 

DGP Measure Case v inereg vineregRes vineregPar Cor Q RF LQ RLasso ( 0.05, 0.50, 0.95 ) 

1 TPR 1 0.81 ( 0.01 ) 0.80 ( 0.02 ) 0.67 ( 0.02 ) 1.00 ( 0.00 ) 0.73 ( 0.02 ) , 0.69 ( 0.02 ) , 0.63 ( 0.02 ) 
2 0.85 ( 0.01 ) 0.79 ( 0.03 ) 0.59 ( 0.02 ) 1.00 ( 0.00 ) 0.68 ( 0.02 ) , 0.68 ( 0.02 ) , 0.55 ( 0.02 ) 
3 0.89 ( 0.01 ) 0.78 ( 0.02 ) 0.56 ( 0.02 ) 1.00 ( 0.00 ) 0.61 ( 0.02 ) , 0.61 ( 0.02 ) , 0.48 ( 0.01 ) 

FDR 1 0.28 ( 0.01 ) 0.08 ( 0.01 ) 0.24 ( 0.02 ) 0.50 ( 0.00 ) 0.28 ( 0.02 ) , 0.32 ( 0.02 ) , 0.24 ( 0.02 ) 
2 0.55 ( 0.01 ) 0.13 ( 0.02 ) 0.45 ( 0.02 ) 0.75 ( 0.00 ) 0.38 ( 0.02 ) , 0.49 ( 0.03 ) , 0.34 ( 0.03 ) 
3 0.80 ( 0.00 ) 0.15 ( 0.02 ) 0.65 ( 0.02 ) 0.90 ( 0.00 ) 0.35 ( 0.03 ) , 0.58 ( 0.02 ) , 0.40 ( 0.03 ) 

Chose n Va rs. 1 5.83 ( 0.13 ) 4.56 ( 0.19 ) 4.68 ( 0.16 ) 10.00 ( 0.00 ) 5.24 ( 0.22 ) , 5.48 ( 0.21 ) , 4.99 ( 0.26 ) 
2 9.76 ( 0.19 ) 5.04 ( 0.26 ) 6.03 ( 0.23 ) 20.00 ( 0.00 ) 6.60 ( 0.41 ) , 8.48 ( 0.43 ) , 5.30 ( 0.36 ) 
3 23.24 ( 0.42 ) 5.29 ( 0.33 ) 8.74 ( 0.30 ) 50.00 ( 0.00 ) 5.93 ( 0.38 ) , 10.20 ( 0.68 ) , 5.97 ( 0.47 ) 

Time 1 0.18 ( 0.00 ) 0.17 ( 0.01 ) 0.06 ( 0.00 ) 0.01 ( 0.00 ) 0.02 ( 0.00 ) , 0.02 ( 0.00 ) , 0.02 ( 0.00 ) 
2 0.97 ( 0.02 ) 0.30 ( 0.02 ) 0.10 ( 0.01 ) 0.01 ( 0.00 ) 0.02 ( 0.00 ) , 0.43 ( 0.03 ) , 0.02 ( 0.00 ) 
3 12.06 ( 0.31 ) 0.77 ( 0.05 ) 0.34 ( 0.03 ) 0.03 ( 0.00 ) 0.12 ( 0.00 ) , 0.14 ( 0.00 ) , 0.12 ( 0.00 ) 

2 Chose n Va rs. 1 10.94 ( 0.23 ) 5.41 ( 0.19 ) 6.68 ( 0.20 ) 20.00 ( 0.00 ) 7.05 ( 0.32 ) , 10.12 ( 0.36 ) , 8.95 ( 0.40 ) 
2 19.63 ( 0.54 ) 5.17 ( 0.17 ) 8.25 ( 0.28 ) 40.00 ( 0.00 ) 7.88 ( 0.43 ) , 12.36 ( 0.51 ) , 9.88 ( 0.48 ) 
3 62.92 ( 2.78 ) 5.83 ( 0.22 ) 11.66 ( 0.42 ) 100.00 ( 0.00 ) 7.35 ( 0.36 ) , 15.45 ( 0.78 ) , 9.44 ( 0.55 ) 
4 – 7.08 ( 0.54 ) 31.72 ( 1.23 ) 1000.00 ( 0.00 ) –

Time 1 1.15 ( 0.03 ) 0.20 ( 0.01 ) 0.16 ( 0.01 ) 0.01 ( 0.00 ) 0.09 ( 0.00 ) , 0.10 ( 0.00 ) , 0.08 ( 0.00 ) 
2 7.30 ( 0.26 ) 0.32 ( 0.01 ) 0.29 ( 0.03 ) 0.02 ( 0.00 ) 0.11 ( 0.00 ) , 0.13 ( 0.00 ) , 0.11 ( 0.00 ) 
3 159.22 ( 8.66 ) 0.84 ( 0.03 ) 0.72 ( 0.06 ) 0.05 ( 0.00 ) 0.35 ( 0.00 ) , 0.35 ( 0.00 ) , 0.34 ( 0.00 ) 
4 – 9.44 ( 0.69 ) 12.18 ( 1.26 ) 0.44 ( 0.00 ) –

The n umbe rs in pa re n the se s unde r a method’s na me column a r e the corr esponding e mpirical s ta nda rd e rrors . ( –) shows c omputation al infe asibility. L Q RL asso co lumn corresponds 
to the qua n tile levels ( 0.05, 0.50, and 0.95 ) . Chosen Vars. corresponds to the total n umbe r of chosen variables. Time is in minutes and per r eplica tion. 
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er r eplica tion for the fourth case of the DGP2 s e ttin g, makin g
t c omputation ally infeasib le. Als o, we did not run LQ RL asso for
h at case sinc e it ran ∼7 h per r eplica tion and had worse perfor-
 anc es in the other simulation cases. 
In all cases, Q RF chooses all variables in the associated DGP

o make predictions. Thus, its TPR is 1, the n umbe r of sele cte d
 ari ab les equals the total n umbe r of v ari ab les in a s amp le, and
ts FDR is the proportion of the irreleva n t va riables in the asso-
i ated DGP s e tting. More analys es about Q RF are provided in
ection 7 of the Supplemen ta ry Mate rial . 
Excluding Q RF , in all cases of the DGP1 sett ing, v inereg has

 bette r TPR pe rforma nce tha n the othe rs. Howeve r, its FDR
s hi ghe r tha n othe r s, add ing ma ny irreleva n t va riables to the

odel . v in ere gRes c orre ctly ide n tifie s > 75% of the re leva n t va ri -
bles in all cases of the DGP1 s e t ting. Its FDR is < 15% ther e,
aking it the best method for FDR. Further, vin ere gPar Cor ’s
PR is hi ghe r tha n 50% in all DGP1 cases . How ev e r, like othe rs,

ts FDR increases as the n umbe r of irreleva n t va riable s increase s
n the model, rea chin g > 50% in the third DGP1 cas e. LQ RL asso
de n tifies at leas t 48% of the releva n t va riables, but its TPR de-
reases when the number of irrelevant v ari ab les increas es. 
While vin ere gRes s ele cts the low es t n umbe r of va riables be-

w e e n 4 a nd 6, vin ere g includes almost half of the total n umbe r
f v ari ab les in the d ata in each cas e. This hi ghli gh ts the powe r
f vin ere gRes r egar ding the exclusion of irr eleva n t va riables in
pars e d ata s e ts. vin ere gPar Cor ’s n umbe r of chose n va riables is
etw e e n vinereg a nd vineregRes in all evaluated cases. The same
pplies to LQ RLasso, but it selects more variables for estimat-
ng median predictions than other quantiles. In an ultra-high-
imen sional cas e with 1000 exp l anatory v ari ab les, the number
f v ari ab les chos e n b y vin ere gPar Cor is, on average, 31.72 with

he empirical standard error of 1.23, while it is 7.08 with that of
.54 for vin ere gRes . 
As the n umbe r of v ari ab les increas es, the average running
ime for all methods increases. Among vine-based methods,
in ere gPar Cor provides the fas tes t computation as expe cte d from
he results in Section 2.4 . However, Q RF provides the fastest
omputation among all methods considered . v in ere gRes and
in ere gPar Cor r un < 15 min in the ultra-hi gh-dime n sional cas e.
Q RLasso’s running time for qua n tile leve ls doe s not differ
uch. 
P redic t io n a cc ura cy res ults o n the t es t set : Ta ble 2 shows that

in ere gRes provides the best fit in 8 ev aluation s out of 9 ( 3
inball los s es ev aluate d for 3 lev els ) in the DGP1 s e tting
mong vine copula - base d methods . vinereg and vineregPar Cor
 av e the same a ccura cy as vineregRes for the first case in the
GP1 s e tting. How ev e r, as the n umbe r of irreleva n t va riables

ncr eases, a r esidual-bas ed v ari ab le s ele ction m ay be better
ha n othe r vine copula - base d methods . More ov er, LQ RLasso
as the hi ghes t pinball loss in all cases of the DGP1 s e t-
ing because of the high nonlinearity in s amp les . Ev en though
in ere gPar Cor ’s pe rforma nce is bette r tha n LQ RLasso, it pro-
ides worse fits than the others at the leve l 95%. A like ly ex-
 l a nation ca n be tha t including irr eleva n t va riables in addition

o the mos t releva n t ones in a vine c opula m ay ne gativ ely im-
act the prediction ac curacy. How ev e r, a simila r re sult doe s
ot apply t o Q RF . Despit e including all irreleva n t va riables in

he model, Q RF sti l l perform s be tter than all in 7 ev aluation s
ut of 9. 
Table 2 shows that vi neregRes provide s the lowest pinball loss

t 3 qua n tile levels in all DGP2 case s, exce pt at the level of 95% in
he first case. Since vi neregRes give s the mos t spa rse models in the

GP2 s e tting in Tab le 1 , we infer that including ma ny releva n t
ut pote n ti ally redund a n t va riable s in vi nereg, vi neregPar Cor , and
 RF is worsening the pred iction acc uracy in the DGP2 s e tting.
Q RLasso suffers from nonlinearity. 
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TABLE 2 Comparison of the ave rage pe rforma nce of the methods on the test set for the pinball loss ( PL α) at diffe re n t 
qua n tile levels α over 100 r eplica tions under the cases 1–3 and 1–4 spec i fied in Equations 1 and 2 , respe ctiv ely. 

DGP Measure Case v inereg vineregRes vineregPar Cor Q RF LQ RLasso

1 PL 0 . 05 1 0.21 ( 0.01 ) 0.21 ( 0.01 ) 0.21 ( 0.01 ) 0.22 ( 0.01 ) 0.34 ( 0.01 ) 
2 0.23 ( 0.01 ) 0.22 ( 0.01 ) 0.22 ( 0.01 ) 0.22 ( 0.01 ) 0.34 ( 0.02 ) 
3 0.24 ( 0.01 ) 0.21 ( 0.01 ) 0.22 ( 0.01 ) 0.22 ( 0.01 ) 0.32 ( 0.01 ) 

PL 0 . 50 1 0.79 ( 0.04 ) 0.79 ( 0.03 ) 0.81 ( 0.04 ) 0.76 ( 0.04 ) 0.94 ( 0.02 ) 
2 0.84 ( 0.04 ) 0.79 ( 0.03 ) 0.82 ( 0.04 ) 0.69 ( 0.02 ) 0.97 ( 0.04 ) 
3 0.84 ( 0.02 ) 0.76 ( 0.02 ) 0.79 ( 0.02 ) 0.72 ( 0.02 ) 0.90 ( 0.02 ) 

PL 0 . 95 1 0.43 ( 0.07 ) 0.43 ( 0.06 ) 0.46 ( 0.07 ) 0.41 ( 0.07 ) 0.59 ( 0.04 ) 
2 0.37 ( 0.04 ) 0.39 ( 0.04 ) 0.44 ( 0.04 ) 0.32 ( 0.03 ) 0.64 ( 0.07 ) 
3 0.38 ( 0.03 ) 0.38 ( 0.03 ) 0.41 ( 0.03 ) 0.35 ( 0.03 ) 0.53 ( 0.03 ) 

2 PL 0 . 05 1 0.53 ( 0.01 ) 0.53 ( 0.01 ) 0.54 ( 0.01 ) 0.70 ( 0.02 ) 0.84 ( 0.02 ) 
2 0.57 ( 0.01 ) 0.54 ( 0.01 ) 0.56 ( 0.01 ) 0.70 ( 0.02 ) 0.85 ( 0.02 ) 
3 0.81 ( 0.04 ) 0.54 ( 0.01 ) 0.58 ( 0.01 ) 0.72 ( 0.01 ) 0.92 ( 0.03 ) 
4 – 0.55 ( 0.01 ) 0.89 ( 0.02 ) 0.78 ( 0.02 ) –

PL 0 . 50 1 1.87 ( 0.02 ) 1.83 ( 0.02 ) 1.84 ( 0.02 ) 1.91 ( 0.02 ) 2.20 ( 0.02 ) 
2 1.99 ( 0.02 ) 1.84 ( 0.02 ) 1.86 ( 0.02 ) 1.93 ( 0.03 ) 2.26 ( 0.03 ) 
3 2.59 ( 0.09 ) 1.84 ( 0.02 ) 1.94 ( 0.02 ) 2.00 ( 0.03 ) 2.29 ( 0.02 ) 
4 – 1.89 ( 0.03 ) 2.42 ( 0.03 ) 2.17 ( 0.03 ) –

PL 0 . 95 1 0.53 ( 0.01 ) 0.55 ( 0.01 ) 0.55 ( 0.01 ) 0.65 ( 0.01 ) 0.78 ( 0.02 ) 
2 0.57 ( 0.01 ) 0.56 ( 0.01 ) 0.56 ( 0.01 ) 0.67 ( 0.01 ) 0.82 ( 0.02 ) 
3 0.81 ( 0.05 ) 0.57 ( 0.01 ) 0.61 ( 0.02 ) 0.68 ( 0.01 ) 0.83 ( 0.02 ) 
4 – 0.57 ( 0.02 ) 0.88 ( 0.03 ) 0.75 ( 0.02 ) –

The best perform anc e for each quantile level and DGP case is highlighted. The numbers in parenthe se s under a method’s n ame c olumn are the 
corresponding empirical standard errors. ( −) shows computational infeasibility. 
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Since the releva n t, irreleva n t, a nd redunda n t va riables a re
known in simulation studies, when only the relevant 10 v ari ab les
are used for prediction in the DGP2 s e tting, Q RF has the pinball
loss of 0.64, 1.81, and 0.62 at levels 0 . 05 , 0 . 50 , and 0.95, re spec -
t ively. Thus, v in ere gRes w ould h av e better ac curacy th an Q RF in
most cases of the DGP2 setting, even if the la t t er select ed the
mos t releva n t va ria bles. T hus, vin ere gRes is more adva n tageous
than Q RF in the presence of many dependent v ari ab les in our
simul ation s. 

4 A P P L I C AT I O N : T H E  G E N O M I C  

P R E D I C T I O N  O F  M A I Z E  T R A I TS  

We describe a r eal-da ta applica tion on the double d-h aploid
( DH ) lines fr om Eur opea n flin t maize landrac es th a t motiva tes
our me thods’ us age. Hölker e t al. ( 2019 ) ev aluated 899 DH lines
whos e d at a cont ains g enotypic me asurements with the SNP
array techno lo gy and p henotypic measurements of agronomic
traits across e nvironme n ts. 

We are int erest ed in the r ela tionship betw e en a DH line’s geno-
type enc ode d by its S NPs a nd its phe notypic outc ome describe d
by its traits, ie, the genomic prediction of maize traits . Spe c i fi-
cally, w e w ould like to find releva n t SNPs for a trait in a m ulti -
v ari a te pr ed iction model using our high-d imensional vine cop-
ula r egr ession methods, performing variable selection. 

4.1 Data des criptio n a nd p rep rocessing 

The re a re 3 la ndrace s in the dat a, a nd we focus on the Ke mate r
Landmais Gelb ( KE ) landrac e, which h as the la rges t n umbe r of
o bs erv ation s ( 471 out of 899 ) . There are 501 124 exp l anatory
v ari ab les, SNPs, which have only 0 and 2 as values; eg, 0 cor- 
responds to the genotype TT, and 2 denotes the genotype CC. 
We predict 4 respon s es of agronomic tr aits separ ately: early p l ant 
hei gh t meas ure d by c e n timete rs at the fourth a nd sixth s t age s
( PH_V4/V6 ) , fem ale flow ering time ( FF ) , and male flowering 
time ( MF ) meas ure d by days ( Figure 1 ) . Plant bre e ders ne e d to 

increase the early p l ant development and avoid decreasing or in- 
creasing female and male flowering times during the maize geno- 
type adoption. Thus, the traits’ prediction from the genotypic 
measure me n ts is crucial. 

To compare the perform anc e of re gres sion me thods, we pa rti - 
tion our data ra ndomly in to training ( 67% ) and test ( 33% ) s e ts. 
The n the forme r a nd la t te r con tain 314 a nd 157 o bs erv ation s,
respe ctiv ely. Further, w e remov e the du pl ica te explana tory va ri - 
ab les, re taining one and the common exp l anatory v ari ab les with 

the threshold of 5%. For ins ta nc e, ass ume a n expla natory va ri - 
able in our training set contains 300 zero values and 14 two val- 
ues . Then, s uch a v ari ab le does not differ among the o bs erv a-
tions a nd mi gh t not be expe cte d to h av e pre dictiv e pow er on a re-
spon s e. Th us, the n umbe r of exp l anatory v ari ab les in the training 
a nd tes t s e ts decreas es from 501 124 to 44 789, ie, we retain ∼9%
of the initi al exp l anatory v ari ab les . Henc e, the number of o bs er-
v ation s ( DH lines ) in the training s e ts is 314, whereas 147 for 
their test s e ts. The number of exp l anatory v ari ab les ( SNPs ) is 44 

789 ( p = 1 , . . . , 44789 ) , a nd the re a re 4 univa ria te r e sponse s
( traits ) ( k = 1 , . . . , 4 ) . 

4.2 Fe a tu re extract ion 

Since our exp l anatory v ari ab les a re bina ry, a nd the re ca n be as s o-
ci ated l ate n t va riables with a prediction power on the respon s e, 
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FIGURE 1 Sca t te r plots of a n extracte d c on tin uous fea tur e, c ombining 100 S NPs in a fea tur e, and the traits. Fea tur e_2 corr esponds to the 
c ombin ation of the SNPs whose P -value from the OLS of the associated trait is hi ghe r tha n 100 SNPs but lower than others. Similar 
c orrespondenc e applies to other fea tur es. Orange curves demonstrate a local po lynomi al regres sion fit. 
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e focus on est imat ing thes e l ate n t va riables a nd using the m as
xtracted fea tur es in a r egr es sion me thod. Our approach is to
roup the exp l anatory v ari ab le s and e stim ate their w eights in
heir groups so that such wei gh ts a re used to estimate the late n t
 ari ab le s re pre se n tin g ea ch group. Let y k a nd SNP p de note the
espon s e v e ctor for trait k and exp l anatory v ari ab le v e ctor p, re-
pe ctiv ely. 

1. Fit a linear r egr es sion be tw e en a respon s e a nd a n exp l ana-
tory v ari ab le, SNP: 
y k = 

ˆ β0 
p,k + 

ˆ β1 
p,k × SNP p , f or k = 

1 , . . . , 4 , p = 1 , . . . , 44789 . 
2. Perform a tw o-taile d Wald test for H 0 : β p,k 

1 = 0 v ers us
H 1 : β p,k 

1 	 = 0 a nd dete rmine the as s oci ated P -v alues P p,k 

for k = 1 , . . . , 4 , p = 1 , . . . , 44789 . 
3. Screen the exp l anatory v ari ab les whos e P -v alue from the

2nd s tep a re smalle r tha n 0.10 a nd h av e the scre ene d s e t:
S k = { SNP p : P p,k < 0 . 10 | p = 1 , . . . , 44789 } for k = 

1 , . . . , 4 . 
4. Order the s e t of the exp l anatory v ari ab les S k bas ed on their

P -value non-decreasingly: 
O k = { SNP w 1 , . . . , SNP w | S k | } with P w 1 ,k ≤ ... ≤ P w | S k | ,k 

for O k = S k , k = 1 , . . . , 4 . 
5. Estima te the la te n t va riables, ie, cr ea te the con tin uous fea-

tures f eature G 

k,d k by using a grouping size G of exp l ana-
tory v ari ab les in O k and using their coefficie n ts from Equa-
tion 1: 
f eature G 

k,d k = 

ˆ β1 
w d k ,k × SNP w d k + . . . + 

ˆ β1 
w d k + G −1 ,k × SNP w d k + G −1 for G ∈ { 100 , 200 } , 
n k G = 

⌈ 

| O k | 
G 

⌉ 

, d k = 1 , . . . , n k G , k = 1 , . . . , 4 . 

Then we have 174 ( 87 ) con tin uous fea tur es for FF, 92 ( 46 )
on tin uous fea tur es for MF, 198 ( 99 ) con tin uous fea tur es for
H_V4, and 183 ( 93 ) continuous fea tur es for PH_V6 by group-

ng G = 100 ( G = 200 ) . Figur e 1 shows a sca t ter plot of a con-
inuous fea tur e and a trait. 

4.3 Prediction 

e h av e our data D 

G 

k = ( y k , f ea ture G 

k, 1 , . . . , f ea ture G 

k,n k G 
) for

ach respon s e k = 1 , . . . , 4 and G ∈ { 100 , 200 } . To ide n ti fy i f
 fea tur e is r eleva n t, redunda n t, or irreleva n t, we firs t conduct a
iv ari ate analysis by fitting a vine copula r egr ession on each fea-

ure and trait, ie , D- v ines w ith 2 node s: re spon s e and 1 fea tur e. If
 fea tur e is r eleva n t or redunda n t give n the othe rs, our methods
dd it to the model; otherwise, it is not sele cte d as explained in
 ection 2.5 . T he biv ari ate copul a family s election be tween the
espon s e and the first fea tur e is c onducte d as exp l aine d in Se c-
ion 2.3 . For ins ta nc e, w e c onduct 174 ( 87 ) biv ari ate analys es for
F usin g a groupin g size of G = 100 (200) . Then all fea tur es of 4

espon s es are cl as sified as releva n t or redunda n t using a grouping
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TABLE 3 Comparison of the methods’ pe rforma nce on the test s e t for the pinball loss ( PL α) and on the training s e t for the n umbe r of sele cte d 

con tin uous fea tur es ( No. Ftr. ) , wher e ( a, b, and c ) under the LQ RL asso co lumn corresponds to the qua n tile levels ( 0.05, 0.50, a nd 0.95 ) . 

vregRes vregPar Cor LQ RLasso Q RF vregRes vregPar Cor LQ RLasso Q RF 
Trait Measure G = 100 G = 200 

FF PL 0 . 05 0.35 0.49 0.40 0.38 0.39 0.39 0.39 0.37 
PL 0 . 50 1.43 1.51 1.50 1.48 1.48 1.56 1.47 1.45 
PL 0 . 95 0.47 0.47 0.41 0.38 0.41 0.43 0.39 0.39 

No. Ftr. 11 22 ( 8, 41, 4 ) 174 4 14 ( 8, 29, 5 ) 87 
MF PL 0 . 05 0.35 0.36 0.34 0.33 0.35 0.36 0.32 0.34 

PL 0 . 50 1.41 1.42 1.39 1.36 1.39 1.40 1.36 1.37 
PL 0 . 95 0.45 0.47 0.41 0.39 0.44 0.45 0.40 0.39 

No. Ftr. 12 16 ( 7, 45, 8 ) 92 8 13 ( 5, 15, 12 ) 46 
PH_V4 PL 0 . 05 0.51 0.51 0.55 0.55 0.51 0.55 0.56 0.55 

PL 0 . 50 1.93 1.87 1.92 1.94 1.96 1.99 1.92 1.94 
PL 0 . 95 0.56 0.58 0.55 0.60 0.57 0.57 0.55 0.62 

No. Ftr. 6 11 ( 9, 15, 8 ) 198 3 11 ( 7, 17, 4 ) 99 
PH_V6 PL 0 . 05 1.01 1.01 0.98 1.00 0.96 0.98 1.05 1.00 

PL 0 . 50 3.09 3.10 3.04 3.27 3.06 3.47 3.14 3.31 
PL 0 . 95 0.91 0.89 0.92 0.97 0.90 1.05 0.94 1.04 

No. Ftr. 4 12 ( 8, 49, 5 ) 183 2 12 ( 6, 29, 6 ) 93 
The best perform anc e on the test s e t for each quantile level α, trait, and G is highlighted. 
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size of G = 100 and G = 200 . Next, we apply our methods to 8
diffe re n t data s e ts’ training s e ts to find the most relev a n t fea tur es,
the reb y redunda n t ones give n the m . Als o, we compa re the m with
LQ RLasso and Q RF on test s e ts using the pinball loss defined in
Section 3.2 at the levels 0 . 05 , 0 . 50 , 0.95. 

Table 3 shows that vine copula - based methods perform worse
tha n LQ RLasso a nd Q RF for MF. Depe nde ncies a mong MF
and its sele cte d fea tur e s by vi n ere gRes ar e mor e linea r tha n those
a mong othe r traits since it fits mos tly the Gaus si an copul a in the
first tree for MF ( Section 8 of the Supplemen ta ry Mate rial ) . We
re ma rk that LQ RLasso may perform well if it can avoid crossing
qua n tile curves, but there is no guarantee that the 95% qua n tile
curv e exc e e ds the 90% qua n tile curv e ev ery w here ( Section 9
of the Supplemen ta ry Mate rial ) . Whe neve r LQ RLasso is more
ac curate th an vin ere gRes for PH_V4, it includes mor e fea tur es,
giving a trade-off betw e en model sparsity and a ccura cy. Even
thou gh Q RF provide s the lowe st pinbal l loss at al l qua n tiles for
FF for G = 200 , vin ere gRes has be tte r pe rforma nce tha n it for
G = 100 , except at the leve l 95%. vi n ere gRes is the most sparse
and accurate model at all qua n tile levels considered for PH_V6
using G = 200 . It chooses 2 fea tur es for G = 200 , ide n tifying
> 95% of the fea tur es as r edunda n t. It has the bes t a ccura cy for
PH_V6 for 4 cases out of 6, with 3 qua n tile le vels e valuated for
2 G values. 

G iven the s elected fea tur es, the othe rs a r e r edunda n t for a trait
and a grouping of G using vin ere gRes . For in s ta nc e, giv en the 1st
and 88th fea tur es for PH_V6 using a group ing si ze of G = 200 ,
the remaining 91 features are redunda n t using vineregRes . Since
the fea tur es of PH_V6 ar e hi ghly depe nde n t but a re not ne e de d
in a model, in parallel to the simulation study results in Sec-
tion 3.3 , the reason for our methods’ better a ccura cy than Q RF 
m ay be m a ny depe nde n t but redunda n t fea tur es for PH_V6
( Section 10 of the Supplemen ta ry Mate rial ) . 

Our S NP scre e ning a nd fea tur e extraction s teps a re simila r
to Qian et al. ( 2020 ) . Even though they fit a simple linear re-
gression on the first fea tur e, which is based on the linearly and
m argin ally most important S NPs, w e c onclude in Se ction 10 

in the Supplemen ta ry Mate rial that the linea rly a nd ma rginally 
mos t importa n t SNP group mi gh t not be conside red the most 
releva n t for prediction when allo wing nonline a r depe nde ncies 
as in our methods. 

5 D I S  C U S S  I O N A N D  CO N C LU S I O N 

Hi gh-dime nsional spa rs e vine copul a r egr ession is a signifi- 
ca n t tool for efficie n tly allo wing nonline ar r ela tionships be- 
tw e en exp l anatory v ari ab le s and re spon s es and selecting releva n t 
v ari ab les . In genomic pre diction, g enotypic me asurements like 
SNPs are often very high-dimensional, which might be re duc e d 

b y conside ring some SNP groups and their interaction s. Als o, 
many groups may be irreleva n t for prediction. Our methods can 

h andle s uch situations and predict respon s es at diffe re n t qua n- 
tile lev els . Their perform anc e might be improv e d with biv ari ate 
copula families having more asymmetries, eg, > 2 pa ra mete rs. 

For our app lication, con sider the fo llowing que stion : which 

SNPs impact the low a nd hi gh qua n tiles of the trait PH_V6? 
vin ere gRes ide n tifies 2 SNP groups ( features ) th at c onsist of 400 

SNPs in total. In the first fea tur e, the corr esponding SNPs’ P - 
values out of the linear r egr ession with the trait PH_V6 are in the 
ra nge [ 10 

−12 , 10 

−7 ], whe reas its range is [0 . 087 , 0 . 090] in the
88th fea tur e. Th us, the ma rginal impacts of the sele cte d S NPs 
diffe r. Give n these SNPs, othe rs a r e r edunda n t to predict the 
trait PH_V6. Thus, p l ant bre e ders can as s es s the sele cte d S NP
groups’ impact on the trait’s various quantile levels and identify 
the as s oci ate d S NPs using our methods . Chosen S NP groups can 

be c ompare d to othe r ge nome-wide as s oci ation studie s, he lping 
bre e ders to de cide on future ge notype adoption. He nc e, c om- 
pa ring the ide n tifie d S NPs with thos e in Mayer e t al. ( 2020 ) is
high on the agenda. 

Fea tur e extraction is a vital step th at m ay impact our meth- 
ods’ genomic prediction powe r. For ins ta nce, the choice of SNPs’ 
wei gh ts for est imat ing their late n t va riable is open to future 

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujad042#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujad042#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujad042#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujad042#supplementary-data
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 esear ch. Also, even though it offers a trade-off betw e en a c om-
uta tional bur de n a nd pre diction pow e r, one ca n a pp ly cros s-
 alid ation for the choice of the SNP’s group size G . In addi-
ion, some SNPs mi gh t affe ct the trait, not m argin ally only in
he presence of certain other S NPs . A lter n ativ ely, one m ay re-

ove the P -value screening of the SNPs at the 10% level de-
cribed in Section 4.1 a nd conside r all possible extracted fea-
ure s. Like wis e, s ome SNPs mi gh t influe nce the trait marginally,
ut not when certain other SNPs are in the model. For such
as es, s ome post-proces sing steps for fea tur e extraction mi gh t be
pplied. 
Finally, our v ari ab le s e lection ste ps can be adapted for more

exible vine tree structures. 
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