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Abstract

We introduce a successive approximations method to study one fractional periodic boundary
value problem of the Hilfer-Prabhakar type. The problem is associated to the corresponding
Cauchy problem, whose solution depends on an unknown initial value. To find this value we
numerically solve the so-called ’determining system’ of algebraic or transcendental equations.
As aresult, we determine an approximate solution of the studied problem, written in a closed
form. Finally, we evaluate efficiency of our method on a nonlinear numerical example.

Keywords Hilfer—Prabhakar fractional derivative - Periodic boundary conditions -
Successive approximations - Determining system - Cauchy problem

1 Introduction

Differential equations of fractional order have recently proved to be valuable tools in modeling
of complex phenomena in various fields of science and engineering. Indeed, we can find
numerous applications in viscoelasticity, electrochemistry, porous media, electromagnetic
and stochastic processes, finance, inverse problems etc. Diethelm and Freed (1999); Gaul
et al. (1991); Glockle and Nonnenmacher (1995); Hilfer (2000); Mainardi (1997); Metzler
et al. (1995); Garra et al. (2014); Al-Abedeen (1976); Javed and Malik (2023). But these
applications would not have been possible without breakthrough contributions to fundamental
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study of fractional differential equations (fDEs), published in monographs of Miller and
Ross (1993); Oldham and Spanier (1974); Podlubny (1999); Kilbas et al. (2006); Samko
et al. (1993); Sandev and Tomovski (2019); Mainardi (2022); Zhou (2014); Gorenflo et al.
(2014) and the references therein. In these works authors obtained new results in analysis of
existence of solutions to nonlinear fDEs using techniques of nonlinear analysis, such as the
fixed-point theorems, Leray-Schauder theory, the upper and lower solution method, Adomian
decomposition method, etc. (see also discussions in Delbosco and Rodino (1996); Li et al.
(2010, 7)). However, these results are still not complete, and there is a great deal of work
which needs to be done.

A particular interest of experts in fractional dynamical systems is paid to study of the frac-
tional order initial value problems (IVPs), which in contrary to more traditional integer order
systems depend on the type of a fractional operator we choose. Most of the known results
in this direction involve solvability analysis of fDEs with the Riemann—Liouvile operator
(Df; 1 ¥)(x) on some finite interval [a, b], written as

(D y)(x) = flx, y(x)] (D
and subject to initial conditions of the form:
(D4 y)a+) =bp. b €C. k=1,2.3,...n, @)

where n = R(u) + 1, © ¢ Nand u = n, if u € N. Note, that when 0 < RN(u) < 1
conditions (2) reduce to

Iy a+) = b.

Such Cauchy type problems (1), (2) were studied by Pitcher and Sewell (1938), (Al-Bassam
(1965), Theorems 2, 4, 5, 6), Al-Abedeen (1976); Al-Abedeen and Arora (1978); Arora and
Alshamani (1980); Tazali (1982); Tazali and Karim (1994); El-Sayed (1988, 1992, 1993,
1996); El-Sayed and Ibrahim (1995); Hadid (1995); Lakshmikantham and Vatsala (2008a,
2007, 2008b) etc.. To our best knowledge most results, that were obtained up to now, concern
analysis not of the IVPs directly, but of the corresponding Volterra integral equations. In
some papers authors considered only particular cases of IVPs that underwent their robust
qualitative analysis. Moreover, lately also more generalized types of fractional derivatives
were introduced, among which we would like to name the Hilfer and Prabhakar operators
and their regularized sub-types (see discussions in Prabhakar (1971); Hilfer (2000, 2008)).
One of the known results for such kinds of dynamical systems was obtained by Tomovski in
Tomovski (2012). He considered an IVP for nonlinear fDEs with Hilfer differential operator
and proved existence and uniqueness of solution to this problem in the space L[a, b] of
Lebesgue integrable functions. In a different paper, by Furati et al. (2012), authors showed
existence and uniqueness of global solutions of an IVP for a class of nonlinear fDEs involving
Hilfer fractional derivative in the space of weighted continuous functions.

Another contribution to the theory of fDEs is analysis of and approximation theory for non-
linear fractional boundary value problems (fBVPs). Here we would like to mention papers
by Feckan, Marynets, Pantova and Wang (see Feckan and Marynets (2023, 2018); Feckan
et al. (2019); Marynets and Pantova (2023, 2022)). Authors associate the studied problems
with the corresponding Cauchy problems and introduce successive iterations techniques
for approximation of their solutions. Moreover, they demonstrate efficiency of the devel-
oped methods on numerical examples that generalize mathematical models of the Antarctic
Circumpolar Current, preditor-prey models with prey refuge and development of GDPs of
multiple economies.
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Motivated by the research above, we present our novel existence and uniqueness results in
analysis of an even more complex fundamental problem — periodic BVP with regularized
Hilfer-Prabhakar (HP) differential operator. We give two significant results: one of them is
based on the Picard theorem (Theorem 2), and another one contains remarks about nonlinear
higher order fractional IVP of the HP type with n-initial conditions (Proposition 7). Finally,
we present a numerical example illustrating efficiency of the suggested iteration technique
by applying it to a nonlinear periodic BVP. Note, that recent results of Javed and Malik in
Javed and Malik (2023) show applicability of these types of operators in analysis of inverse
problems, arising in image processing.

2 Preliminaries

In this section we give definitions of the main fractional differential and integral operators
that are used throughout the paper.

Definition 1 Prabhakar (1971) Let p, u, y € C, Re(p), Re(u) > 0. The three-parameter
Mittag-Leffer (ML) function is a function, defined by a power series of the form

o0

Ty +k  xk
EY =Y —— 20 T 3)
£ T ()T (pk + o) k!
where I'(-) is the Gamma function.

Definition 2 Prabhakar (1971) Let f € L'0,7T],0 <t < T < co. The Prabhakar integral
is an operator, defined by a relation

t
E) o wosf () = /0 (t =P EY ot — )P 1f )ds = (@, 0% @O, (4

where p, 0, w,y € C, Re(p), Re(in) > 0 and
el o®) =1"""EY (1)

Definition 3 Garra et al. (2014) Let f € L'[0,7],0 <¢ < T < oo and f % e;f,’i,wt) €
W™ 1[0, T]. The Prabhakar derivative is an integral operator, defined as

DV (0 = dtm (B, y0e f) O ®)

For n € N, we denote by AC"[a, b] a space of all real-valued functions with (n — 1)
continuous derivatives on [a, b], such that f("’l)(t) € AC|a, b], where AC|a, b] is a space
of real-valued functions f(x) which are absolutely continuous on [a, b].

Definition 4 Garraetal. (2014); Tomovskietal. (2020)Let0 <v < I, n—1 <u < n,n €
N,w, y €C, p>0andlet f € L0, ], f % ep_,J,/L,w(-) € AC|O, b]. The generalized HP
derivative is defined by

"
v yv y(1-v)
@ w0r N0 = (Ep Vn—10),0,0% ggn (Ep,(l—u><n—m,w,o+f)) ®, ©)

where (Eg.ow 0+f)(t) = f.Inparticular, forO0 <v <1, O<pu <1,
DVt @ = (E)7 4 (g t 7
( p,w,0+‘f)( ) - pv(l—pn),w,0F dl p,(l—v)(l—u),w,O‘*’f ( ) ( )

@ Springer f DMAC
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A special case for n = 1 of this definition, was introduced and considered by Garra et al.
(2014). Note, that (6) reduces to the generalized Hilfer derivative for y = 0, defined by Hilfer
in Hilfer (2008).

Definition 5 Garra et al. (2014) ForO <v < 1,n— 1 < u<n andn € N, the regularized
HP derivative of a function f € AC"[0, b] is given by a relation:

“DJE g ) = <]E_’”” i & f) 0

pv(n—p),0,0t " p,v(n—p),w,0" Jpn

-y d" ®)
- (Ep,wn—u),w,m ﬁf) ().

In particular,

C ik — (w7 —y(d-v) d (w7 d
C D, e O = (EP,v(Fﬂ),w,O*EP»(I711)(17;0,60,0*Ef) ) = <Ep,lfu,w,0+af) @,

)
that for & € (0, 1) can be written as follows:
DYl G SO =DV (f(0) — fOD). (10)

In addition, by Definition 7 in Polito and Tomovski (2016) we get a relation between the
HP derivative and its regularized version that reads:

n—1

(DY oo DO =DV OO+ ETFET L () P 0.

k=0
Consider a Cauchy problem
DI ex(®) =g@®), 1€[0,T], pe 1), (11)
x(0) = xop, (12)
where CDZ:Z,0+ is the regularized HP derivative (8), x e;’)zl(l_:;()l_m’w() e AC'[0, T and

g(t) is a continuous on [0, T'] function.
Then the following proposition holds.

Proposition 1 The exact solution to the Cauchy problem (11), (12) is given by
x(0) = (Tx)(0) = x0 + B, 0.0)0), (13)
where T is an inverse operator to the regularized HP fractional differential operator (8).

Proof By a semigroup property for the Prabhakar integral (4) and using equality (9), we get:
_ d
DI @) = (E,,,Vl,,l,w,m E") (1) = g(0).
Applying this relation to the left and right hand-sides of equation (11) we derive that

_ d
Y Y _ 14
(Ep,,u—l,w,O‘*' (Ep,l—//.,w,0+ Ex>) (n = (Epyu_lyw,0+g)(t)s
dx

t
= 00 = /O (¢ =) 2E] Lo — 5)P1g(s)ds,

@ Springer f bMA
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t T
x(t) = x(0) +/ / (r — S)M_ZE; ;hl[w(r —5)Plg(s)dsdr.
0 Jo ’

By writing the repeated integral in the last equality as a single integral we obtain that

t
x(1) = x(0) + / (t =" EY Lot — 5)")g(s)ds. (14)
0
This finishes the proof. O

Definition 6 For any non-negative vector 8 € R” of the form

P = g Ep i [0T7IM, (15)

under a componentwise 8—neighbourhood of a point zg € R” we understand a collection of
points defined as

B(z B) =20 € R" : [z — 2| < B}, (16)

where M € R” is a given constant vector with non-negative entries.

Definition 7 For a given bounded connected set Dy C R”, we introduce its componentwise
B—neighborhood by

D := B(Dy, B). 17)

Definition 8 For a set D C R”", closed interval [a,b] C R, Caratheodory function
f :la,b] x D — R" and an n—dimensional square matrix K with non-negative entries, we
write

felLip(K,D) (18)
if the inequality

|f@,u) = ft,v)] < K |u—v 19)
holds, for all {u, v} C D and a.e.t € [a, b].

3 Problem setting

In this paper we study a periodic BVP for a system of fDEs
Cprh x() = f(t,x@), t€0,Tx, feR", we 1) (20)
x(0) = x(T), €2y

where € DZ:Z.O , is the regularised HP differential operator, defined by (9), (10),

X % e;f;,w(-) € AC'[0, T]and x : [0, T] — D, with D Cc R” being a closed and bounded
domain.
Let us perturb differential equation (20) by a constant vector A:

DIl et = f1x(0) + A, (22)

W,

and consider it together with initial condition (12).

@ Springer f DMAC



130  Page 6 0f 20 K. Marynets, Z. Tomovski

From Proposition 1 we know that the Cauchy problem (22), (12) can be written in an
equivalent integral form as follows:

t
x(t) = xo + /(; (t — s)“_lEg’M[w(t —$)P1f (s, x(s))ds + At”E;ﬁMH[a)t"]. (23)

In order to find the perturbation term A we enforce x(¢) in (23) to also satisfy periodic
constraints (21). Simple calculations show that

x(0) = xo,
X(T) =x0+ fo (T = )" EY ylo(T — $)P1f (s, x(s))ds + ATHE? | [wT"],

and thus,
T
/0 (T =)' E} (T = 5)°1f (s, x(s))ds + ATHE} |, [T"] =0.

Using the last equality as an equation with respect to the unknown A, we can find its
explicit form that reads

_fOT(T —HTLED [o(T = $)P1£ (s, x(s))ds

v
THE) |\ [0T7]

A =

1

_ -y
== % (f*e,,)(T)-
T#Ep,uﬂ[“’Tp] P

Thus, an exact solution of the perturbed differential equation (22) under initial and periodic
boundary conditions (12), (21) is given by

1
x(1) =x0+/ (t—s)“_lE})”M[a)(t—s)"]f(s,x(s))ds

0
T
—0@) | (T — s)“_lEZ!M[w(T —$)P1f (s, x(s))ds, (24)
0

where

0(t) = <1. (25

<
EV i oT?]

Jot =" VE] Jlo(e —5)Plds (;)f‘ E) ilot’]
T

ST =1 E) (T — )°1ds
Remark 1 There are two questions that arise:

(i) How to find the exact solution (24), if function f also depends on x?
(i) What is the relation between the original BVP (20), (21) and the perturbed Cauchy
problem (22), (12).

In the following sections we will address both of these questions simultaneously.

4 Numerical-analytic approximations

Let us connect with the periodic BVP (20), (21) a parametrized sequence of functions
{xm (¢, x0)} defined by a recursive relation:

t
xm (2, X0) = X0 +/ (t = )" 'E} [t — )11 (s, Xm—1(1, X0))ds
0

@ Springer f bMA
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T
—0(1) / (T — s)“_lEgM[a)(T —$)P1f (s, xm—1(t, x0))ds, m €N, (26)
0

where ¢ € [0, T], 6(¢) is given by (25) and
xo(t, x0) = X0 (27)

is taken as a zeroth approximation, with xp being an unknown parameter.
Note, that sequence (26), (27) is constructed in such a way that it satisfies periodic boundary
conditions (21) beforehand, and it is of the form (24).

4.1 Convergence result

For the sequence of functions (26), (27) the following convergence result holds.

Theorem 2 Assume that

(i) there exists a non-negative vector 3, satisfying inequality (16);
(ii) function f : Gy — R" satisfies Caratheodory and Lipschitz conditions f € Lip(K, D)
in the domain D of the form (17) with matrix K ;
(iii) for a spectral radius of matrix

THE? | [wTP]
p.iutl
0= 7 p— K (28)
an estimate
r(Q) <1 (29)

holds.
Then, for all fixed xy € Dy:

1. Functions of the sequence (26) are absolutely continuous fort € [0, T], have values in
the domain D and satisfy periodic boundary conditions

Xm (0, x0) = xm (T, X0).

2. Sequence of functions (26) converges uniformly fort € [0, T] as m — oo to the limit
function

Xoo (1, X0) = lim x,, (2, X0). (30)
m—0o0
3. The limit function satisfies initial condition
Xoo (0, x0) = x0 (3D
and periodic boundary conditions
Yoo (0, x0) = Xoo(T', X0).
4. Function x (-, x0) is a unique absolutely continuous solution of the integral equation
t
x(t) = xo + / (t— s)“_lEgM[a)(t —$)P1f (s, x(s))ds
0
T
—6(1) / (T = )P EY [o(T = $)°1f (s, x(s))ds, (32)
0

@ Springer f DMAC
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where 0(t) is given by (25). In other words, X (-, Xo) satisfies the Cauchy problem for
a modified system of fDEs:

DI ex(0) = ft,x(0) +1"E]) (01" 1A (x0), (33)
x (0) = xo, (34)

where A : Do x A — R" is a mapping given by formula

Alxg) = ;/T(T_ WEY [o(T —$)P1f (s, x(s)d
X0) 1= IH_I[(UTP] o s ol s s, x(s))ds

- TREY
P ] (35)
= _W (f xey?, ) (D).
5. The following error estimate holds:
TH
oo (1, %0) = m (1, X0)| < 37 B} [@T?10™ (I — O 7'M, (36)

where Q and EZ,/H-I [-] are given by (28) and (3) respectively, and M is such that | f (¢t, x)| <

M, forall (t,x) € Gy.
In order to prove Theorem 2 we first need to show some auxiliary results.

Lemma3 Let f * e;f;,w() e AC'[0, T. Then for all t € [0, T] the following estimate is
true:

t T
/ (t =) EY ot — $)P1f(s)ds — 9(;)/ (T =) 'EY  [o(T — 5)P1f(s)ds
0 ’ 0 '
<ai(t) max, [f (DI,

(37

where 0(t) is defined by (25) and
ay(t) =20(t)(T — t)“E;7M+l[w(T - ”]. (38)

Proof It is obvious that

t T
f =" EY [0 —$)P1f (s)ds —ea)/ (T = )" 'EY [o(T —5)°1f (s)ds
0 ’ 0 ’

/ (t =) EY ot —9)P1f (s)ds —6(0) / (T =" E} \[o(T = $)P1f (s)ds
0 0
T
—0(1) / (T = )" 'E} [o(T —5)"1f (s)ds
t

t
< /
0

T
+0(1) / (T =" EY [o(T — $)P1|f(s)|ds
t

< 20T — 0" E] (T =071 max |70 =en (@) max £ (0)].

Lf(s)lds

(t = )"V EY [w(t —$)°1 = 06)(T — )" EY,[o(T — 5)’]

This finishes the proof. O
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Lemma4 Let {o, (t)}men be a sequence of continuous functions at the interval [0, T, given
by

t
U1 (1) = /0 {(t =) EY Lot — $)P1 = 06T — )" EY [o(T — $)°1} a (s)ds
; (39)
+9(r)f (T = )" 'EY ,[o(T — 5)"lom(s)ds, m € N,
t

where ag(t) = 1 and a1 (t) is defined by formula (38). Then the following estimate holds:

T(m+1)u.

i1 = s

s leT " (40)

form € Ng and p > 0.

Proof By setting in (39) m = 0 and using the fact that
a1 (t) =2000)(T — z)“EV wlo (T —1"]

t\* EV . lot?]
= 21" (1——) Y lo(T = 0P,
T) E/ . [oT"]

we get the following estimate:

— o (1 — L) Epun®) py e
) = (l T) E) lo)P] E l“rl[w(T 2
— t t MEJ_][(U([)] 1%
=27 (7)" (1 - 7) WWEP,MH[w(T—t)”]

< g E) o[0T 7], (41)

where we used an elementary inequality:
(a +b)?
YR

Next for m = 1 from the sequence (39) and taking into account inequality (41) we obtain:

ab <

t
a(t) =/O [t =) EY Lot —$)P1— 0T — )" EY [o(T — )"} a1 (s)ds

T
+9(z)/ (T =) EY [o(T — 5)"ay (s)ds
t

ngv P ™ v
<26 =1V E} ([T =0 )i E) [T )
i y 2
= 2201 (E, iiloT?])". (42)

Now we assume that for m = (n — 1) inequality (40) holds and takes the form:

np

(E”

Y aloT D" (43)

al‘l (Z) = 2’1(2#_1)

And finally we prove (40) for m = n:

t
a1 (1) = fo {t =P EY [0t = )71 =0T =) EY (T —$)"1} an(s)ds

@ Springer f DMAC
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T
+9(1)[ (T —s)“_lEg,M[a)(T — )P, (s)ds
1

IA

t
(/0 {(t =" EY ot — )] = 0T — )" 'EY [o(T — )"} ds

T nu
—1 Y
400 [ =B o Ws) sy 07D
nu y T(nJrl)//, y +1
— 2 PV
= )5y Ep T D" = oy (B g 0T D7 (44)
The last inequality coincides with (40) and thus, the proof is completed. O

Proof of Theorem 2. Statement 1 of the theorem follows by direct substitution of the sequence
(26) into the periodic boundary conditions (21).

Next we show that, independently from the number of iterations, all functions x,, of the
sequence (26) will remain in the domain D of their definition. To prove this we use the
mathematical induction method.

Indeed, for m = 1 we get an inequality:

|x1 (2, x0) — x0(t, x0)|

t T
f (t =" EY ot — )P1f (s, xo)ds — a(z)/ (T =" 'EY [o(T — 5)1f(s. xo)ds
0 0

1z

T Y
= a (O f (. x0)| < a1 (OM = E

21 Eb e [0TIM = . (45)

where M := max |f(t,x)]|.

(t,x)eG
Next, for m = 2 the following estimate holds:

[x2(2, x0) — x0(t, x0)|

1
/ (t =)V EY ot — $)P1f (s, x1(s, x0))ds
; :

T
—00) f (T — )" EY [o(T — )°1f (s, x1 (s, x0))ds
0

w
S (OM = S5 Ep o[0T 1M = .

Finally, assume that for (m — 1):

[xm—1(t, x0) — x0(t, X0)| < a1 ()M <

v P
= S Ep’,hL][a)T 1M,

and let us prove it for a general m:

[ (2, x0) — x0(t, x0)|

t
/ (t =" EY ot = $)P1f (s, X1 (s, X0))ds
A :

T
- 90)/ (T = )" E} [o(T = $)P1f (s, Xm—1(s, x0))ds
0

TH
= 22p—1

@ Springer f bMA
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Indeed every function x,, (¢, xo) of the sequence (26) remains in the domain D for all
m € N.

Let us now estimate differences of the form |x,,,+1 (-, x0) — X (-, x0)|. For m = 0 we have
already obtained the inequality

lx1(, x0) — xo(t, x0)| < a1 ()M < E)  loT?IM.

22u 1

Then for m = 1 it is easy to derive that
t
[x2(t, x0) — x1(2, x0)| = '/0 (t =" EY o —$)P1f (s, x1(s, X0)) — f(s. x0)} ds

T
10 /0 (T = " VEY [T = ) 1{f (s, x1(5. x0)) — (5. %0)}ds

2

= S2ann (E F i [T?D?KM.

< Kar(O)M <

Under assumption that for (m — 1) an estimate

Tme )
% (£, x0) — Xm—1(t, X0)| < W(E;M_,_l[pr])me "M

holds, we prove it for m. So we obtain the following result:
[Xm+1(2, X0) — Xm (1, x0)]

1
= /0 (t =" EY ot — $)P1{f (s, xm(s. X0)) — f(5. Xm—1(s, X0))}ds

T
—60) fo (T = )" EY ,[o(T = $)"1(f (s, xm (5. %0)) — f (5. X—1(s, x0))}ds

(m+1)p
= 2m+1)2u—1)

(EY o [0T?)DQ" M

< K"@pi1(OM < (EZ’MH[pr])’”HK’”M
TH

= 22p—1

where matrix Q is given by (28).
Summarizing, in view of (26), we get the following inequality

J
et (2, %0) = X (£, X0)| < Y X4k (t, X0) = Xmk—1 (2, X0))|
k=1

: k-1 Lt +k grmtk—1
m - m m
=< ZK Uk (DM < Z W( 0, u+1[wT’0]) K M (46)

j—1

s k
= i Bt l0T?10" ) 0 M

k=0

Since the maximum eigenvalue of matrix Q of the form (28) is less than 1, we get the following
relations:

j—1
Y 0 < —7", lim 0" =
=0 m— 00
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where O, is the n—dimensional matrix of zeros. Letting j — oo in (46), we derive estimate
(36). According to the Cauchy criteria, sequence of functions {x,, }, defined by (40), uniformly
converges in the domain [0, 7] x Dy to the limit function x, (-, x0)-

Since all functions of the sequence (26) satisfy periodic conditions (21), limit function
(30) satisfies them as well. Passing in (26) to the limit as m — oo, we get that function
Xoo(+, X0) satisfies integral equation (32).

In order to show that (32) has a unique continuous solution, suppose that x1 () and x,(¢)
be two distinct solutions of (32). Then by evaluating their difference we get:

1x1 (1) — x2(1)]

t
< K[/ ((z — ) EY [0 — )1 =0T — ) 'EY [o(T — s)p])ds
0

T
+ G(I)/ (T — s)”“_lEg plo(T — s)”]ds:I max |x1(t) — x2(2)|
. ’ te[0,T]

= Koy () max |xi(t) — x2(2)|
t€(0,T]

< WEZ#H[CUT'O]KE&)}] 1) — x2(0] = Q@ max s (@) —x()l,
forall r € [0, T']. Hence
max, lx1 () —x2(0)] < Qé{l&)}] lx1(7) — x2(0)],
which by (29) gives tg[loa}] |x1(t) — x2(¢)| = 0, so x1(t) = xp(¢) for all t € [0, T']. Further-
more, the IVP (33), (34) is equivalent to the integral equation

t
x(t) = xo + /0 (t— s)’“lEZ’M[a)(t —$)P1(f (s, x(s))ds + A(xo)t“EZ’M_H[wtp]
t
=x0+ f (t— s)“_lEg plo —$)P1f (s, x(1))ds 47
) ,

T
10 / (T — )" VEY ,[o(T — $)°1f (s, x(1))ds.
A ,

where the perturbation term A (xo) is given by (35) and 6(¢) is defined by formula (25).

By comparing (47) with (32), and recalling that x, (¢, x¢) is the unique continuous solution
of (47), we see that x () = xx(f, X0) in (47), i.e., Xoo(Z, Xo) is the unique solution of (33),
(34). This completes the proof. O

4.2 Relation of the limit function x., (t, Xg) to solution of the fBVP (20), (21)

Let us consider a Cauchy problem for a differential equation with a constant perturbation:

DV pix () = ft.x@) +1"E) ot

(48)
x (0) = xo,

where ¢ € [0, T] and u € R" being a parameter.
The following result holds.

Theorem 5 Let xog € Do, u € R" be some given vectors, and suppose that all conditions of
Theorem 2 hold for the system of fDEs (20).
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Then a solution x = x (-, xg, ) of the IVP (48) satisfies also boundary conditions (21) iff
= A(xp), (49)

where A(xo) is given by (35). In that case
x(t, x0, L) = Xoo (t, X0) - (50)

We will skip the proof of this theorem since it is very similar to the analogous results in
Feckan and Marynets (2023); Marynets and Pantova (2022).

Theorem 6 Let conditions of Theorem 2 hold. Then xoo(-, x3) is a solution of the fBVP
(20),(21) iff parameter x§ is a solution of the determining system:

A(xp) =0, (51)
where A(xo) is defined by formula (35).

Proof The result follows directly from Theorem 5 by observing that the perturbed fDS (33)
coincides with (20) if and only if the vector-parameter x;j satisfies system of determining
equations (51). ]

Remark 2 Some practical issues that might hinder us from calculating the exact solution x (¢)
to the original periodic fBVP (20), (21) are hidden behind finding the limit function (31) and
the exact roots xg of the determining system (51). Due to the error estimate (36) that allows
us to approximate the exact solution with high precision, one can re-consider the determining
system in its approximate form, i.e.,

A (x0) =0, (52)
where A, : Dp — R" is the m—th determining function defined by formula

1

Ap =
(XO) T”’EZ’Mle[(a)T)p]

T
| @ = B o (T = 97175 5.0,
0 ,

and x,, (-, xo) is the sequence given by (26). On each iteration step m we treat solutions
xo,m of the approximate system (52) as the m-th approximation to their exact counterpart x;.
Substituting values x ,, into (26) we get the m-th approximation to the exact solution of the
fBVP (20), (21) in the form X,,, (t) = xp (¢, X0,m).

5 Numerical example

Example 1 Consider a periodic BVP for a nonlinear fractional differential equation of the
HP type of the order u = 1/2:

y(?)
227

2
) —sin(t) + 1 cos> (1) (= f(t,y)), (53)

y(0) = y(@2n), (54)

where ¢ € (0,2m), y, f € R, for numerical values of parameters y, p and w to be

ﬁﬁjmﬂw=—(

y=1, p=1, o=0.
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We aim to construct an approximate solution of (53), (54) in a symmetric domain D,
which is given by a closed interval [—17, 17], i.e.

D={yeR:|yl <17}

Itis easy to see that function f (¢, y) in the right hand-side of equation (53) is continuous in
the domain G = [0, 2] x [—17, 17]. Moreover, direct computations show that f is bounded
for all (¢, y) € G and Lipschitz continuous in y, i.e. the following inequalities hold:

[ f(t, »)] <27, (t,y) € G;

f,y)eLip(K,D) with K = —.
42

Additionally, based on the Mittag-Leffler function E;’ u +1[a)(27'r)"] which was con-
structed using formula (3) up to the order 10, we find that constant Q in (28) is given
by

0 =0.0716449 < 1,

and that the neighborhood B (yg, B) in (16) of the initial value y(0) = yg of solution of the
BVP (53), (54) is non-empty for

B = 17.77154.

This means that we can apply the numerical-analytic scheme (26), (27), described in
Section 4 of the paper, to approximate solutions of the periodic BVP (53), (54). In this
particular case it will be of the form:

t
It 30) = yo + /0 (t = YV EY [w(t — )1 (5, ym1 (&, yo))ds

2
—0(t) Q2 — s)“_lElZ,#[w(Zn —$)P1f (s, ym—1(t, x0))ds, m € N,
0
(55)

where ¢ € [0, 27],0(r) = /5= and

Yo(t, Y0) = yo. (56)

Moreover, Theorem 2 guarantees the uniform convergence of the sequence (55) to the
exact solution of the studied problem, where the initial value yg will be chosen to satisfy the
approximate determining equation:

1 2
—— _ k- lgy _\P
Am(yo) = (ZH)MEZYMH[Q)(%),]]/O Qr =)' E) w1 —5)”]
F(s, ym(s, yo))ds = 0. (57)

On the zeroth iteration step
yo(t, yo) = Yo
we obtain a quadratic determining equation

—2.833745 4 0.01266515)}3 =0
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that has two real roots:
Yo.0 = —14.95806, yafo = 14.95806.

Note, that both values are in the domain D and thus, depending on the choice we make, we
obtain the zeroth approximation to a positive or to a negative solution of the studied problem
(53), (54).

Continuing our computations up to the order m = 5 we obtain the following pairs of
initial values y, and ygj -

Yoo = —11.43829, yg, = 16.36336;

Voo = —11.15320,
Vo3 = —11.15880,
Vo4 = —11.18028,

+ .
Yoo = 16.09520;
+ .
Y3 = 16.07233;
You = 16.09158;

Vo5 = —11.18925, yi's = 16.08594.

Substitution of each of those values into the approximate solution (55) on every iteration
stepm = 0, 5 leads to six approximations to the positive and negative solution of the periodic
BVP (53), (54). We depict these approximations on Fig. 1.

Note, that both solutions co-exist in the domain D, never intersect the ¢ axis and thus,
do not have any intersection points. Hence Statement 4 of Theorem 2 about uniqueness of
solution of the associated IVPs is not violated, which means that the periodic BVP (53), (54)
has two solutions: one negative and one positive.

Fafa
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w
A
<
A

M
S
2|

bl
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: )
s
4

w
A

i xS
4 4

o

o n—]

[—%—n—n» Y o n—|

Fig.1 Six approximations to the negative (on the left) and to the positive (on the right) solution of the periodic
BVP (53), (54)
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6 Cauchy type problem with n-initial conditions

The successive approximations approach of the previous sections can be also generalized to
higher order fDEs of the HP type. We have already shown how one can relate a BVP to the
corresponding IVP. In this section we would like to highlight some details about simplification
and approximation of solutions of the Cauchy problems with » initial conditions.

In the space AC"[0, T'] we consider a nonlinear Cauchy fractional model:

(DV“(“)+y)(z)_f(r y(1), €[0T, feR, O<v<l,n—1<p<n,

(58)
YOO+ =b, k=0,1,2,..,n—1, (59)

where f € Lip(K, D), with D being an open domain which contains a point (0, yp).
Since

_ d" _

% Valtv yv y(1=v)

E) w0+ D) o VO =E] | or <]Ep,v(n_u>,w,o+ﬁ (E (A=) (=), 0+y)> @
_ d" -

_(gr-r v(1-=v)

- <Epyu+v(n—u),w,0+ dt" (Ep 1=v)(n—p),w,0" y)) )

_ (y—yv Pprr
= (E st (=) —p1).0.0+ C Lo (1—vy(n— u)wo+y)) ()

(]EV yv DV

pA-(1=v) (1= 1), 0,0+ u+(1 V) (n— M)w0+y) Q)

y—yv k—p—(1-v)( ) p—v+yv k) 0+
+2Ep,u+v(n7u),w,0+ [t T v M)+1(wtp)]y 0™ (60)

_ d"y
y—vv v+yv
<EP ut(1—v)(n—p),0 0+Ep l=p—1=-v)(n—p), 0,07 gen ) ®)

y=yv —y+yv k) (0 +
+2Ep,u+v<n—m,w,0+ [ep,k—u—vm—ml,w(’)]y 0

_d" Lk
by,
TE +Zk' k

in view of homogeneous initial conditions (59), relation (60) simplifies to

an n—1 k
= (], 0 D y(z))—%k,bk, telo, 7], (©1)

where y(k) O+4+) =by,k=0,1,2,..,n — 1. Then the following proposition holds.

Proposition 7 The nonlinear Cauchy fractional model (58) with initial conditions (59)
reduces to the ordinary integro-differential equation (61) under the same initial conditions.

Example 2 We consider a function f (¢, y(t)) = Ay(t), where A # 0. Then under initial
conditions (59), we study a Cauchy type problem

(D72t v) 0 = Ay =0,

@ Springer f bMA



Fractional periodic boundary value and cauchy... Page 170f20 130

d"y y Sk
T~ ME o)D) + ]g ab=0.

Applying operator [y, to the left hand side of the last equation, we get

n—l gtk

— 4 _ _
YO =AE) o DO ];) T 1)!bk

n—1 .
Let yo(r) = — Y, (n—t}—ki-:lil)'bk and consider a sequence {y,, (t)},-_, defined by
k=0 )

ym(t) = )\(EZ’M+n’w’0+ym71)(l‘) + yo(), m=1,2, ...
Then,
yi(t) = ?»(Ey w0+ Y0) (1) +y0(1),
»n() = /\(Ey im0+ YD @+ y0(0)

= 1 E 00t Bl 000 + (B

= 02y im0 YOO AED L 30) (1) + Vo).

By mathematical induction,

o im0+ Y0) (1) + o (1)

ym(®) = yo(t) + ZM B iy 0.00 70 (),
Jj=1

where (see Theorem 4 in Kilbas et al. (2002))

n—1

JY _ Jj(ptn)+n+k pJjv P
(]Ep,j(,u+n),a),0+y0)(t) = Zbkt B ity tn—kt1,0, or (@), j=1,2,..m
k=0

Hence,

n—1 m

n+k J+(utn)j P
Ym (1) = yo(t) + Zbkt Zk ! EP j(utn)+n—k+1,0,0t (w1”).
k=0 j=1

Passing in the last relation to the limit as m — oo, we obtain the following representation
for solution y(t) :

n—1
— n-+k J+(utn)j P
y@) = yO(t)+Zbk[ ZA d jEP J(ptn)+n—k+1, w0+(wt ).
k=0 j=1

The proof of convergence of the last series is presented in Sandev et al. (2011).

7 Final remarks

We want to stress, that the HP differential operator, used in this paper, generalizes the
Riemann-Liouville and Hilfer operators for particular parameter values, and its regularized
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version contains the Caputo derivative, that is the most frequently used in modeling (see
discussions in Diethelm and Freed (1999); Gaul et al. (1991); Glockle and Nonnenmacher
(1995); Hilfer (2000); Mainardi (1997); Metzler et al. (1995); Garra et al. (2014)). An exten-
sive literature overview does not show any evidence that the Caputo derivative is the only
possible tool for description of complex phenomena in applied sciences. Thus, we believe
that our results will not only contribute to the fundamental theory of fractional boundary
value and Cauchy problems (which was our main aim in this work), but can also be used for
validation and possible improvement of the existing mathematical models. One could think of
comparison of a model with different types of fractional derivatives using data measurements,
and defining which of them would most realistically reflect observations.

Acknowledgements Zivorad Tomovski was supported by the long-term travel grant NDNS/2023.003 from
the NDNS+ cluster (Utrecht, The Netherlands) at DIAM, TU Delft and from the Department of Mathematics,
Faculty of Sciences, University of Ostrava, Czech Republic. Authors are thankful to reviewers for their valuable
comments that helped to improve the paper.

Author Contributions Both authors have contributed equally to this work.

Funding This research was supported by the long-term travel grant NDNS/2023.003 from the NDNS+ cluster
(Utrecht, The Netherlands).

Availability of data and materials Not applicable.

Code availability Not applicable.

Declarations

Conflict of interest Authors do not have any conflicts of interest.
Ethics approval Not applicable.

Consent to participate Not applicable.

Consent for publication Both authors agree to publish this work.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Al-Abedeen AZ (1976) Existence theorem on differential equation of generalized order. Al-Rafidain J Sci
Mosul Univ Iraq 1:95-104

Al-Abedeen AZ, Arora HL (1978) A global existence and uniqueness theorem for ordinary differential equation
of generalized order. Can Math Bull 21(3):271-276

Al-Bassam MA (1965) Some existence theorems on differential equations of generalized order. J Reine Angew
Math 218(1):70-78

Arora HL, Alshamani JG (1980) Stability of differential equation of non-integer order through fixed point in
the large. Indian J Pure Appl Math 11(3):307-313

@ Springer f bMA


http://creativecommons.org/licenses/by/4.0/

Fractional periodic boundary value and cauchy... Page 190f20 130

Delbosco D, Rodino L (1996) Existence and uniqueness for a nonlinear fractional differential equation. ] Math
Anal Appl 204:609-625. https://doi.org/10.1006/jmaa.1996.0456

Diethelm K, Freed AD (1999) On the solution of nonlinear fractional order differential equations used in the
modeling of viscoplasticity. In: Scientific Computing in Chemical Engineering II: Computational Fluid
Dynamics, Reaction Engineering and Molecular properties. Springer, Berlin, pp 217-224, https://doi.
org/10.1007/978-3-642-60185-9_24

El-Sayed AMA (1988) Fractional differential equations. Kyungpook Math J 28(2):119-122

El-Sayed AMA (1992) On the fractional differential equations. Appl Math Comput 49(2-3):205-213. https://
doi.org/10.1016/0096-3003(92)90024-U

El-Sayed AMA (1993) Linear differential equations of fractional orders. Appl Math Comput 55(1):1-12.
https://doi.org/10.1016/0096-3003(93)90002- V

El-Sayed AMA (1996) Finite Weyl fractional calculus and abstract fractional differential equations. J Fract
Calc 9:59-68

El-Sayed AMA, Ibrahim AG (1995) Multivalued fractional differential equations. Appl Math Comput
68(1):15-25. https://doi.org/10.1016/0096-3003(94)00080-N

Feckan M, Marynets K (2018) Approximation approach to periodic BVP for mixed fractional differential
systems. J Comp Appl Math 339:208-217. https://doi.org/10.1016/j.cam.2017.10.028

Feckan M, Marynets K (2023) Non-local fractional boundary value problems with applications to preditor-prey
models. El J Diff Eq 58:1-17. https://doi.org/10.58997/ejde.2023.58

Feckan M, Marynets K, Wang JR (2019) Periodic boundary value problems for higher order fractional differ-
ential systems. Math Methods Appl Sci 42:3616-3632. https://doi.org/10.1002/mma.5601

Fernandez A, Rani N, Tomovski Z (2023) An operational calculus approach to Hilfer-Prabhakar fractional
derivatives. Banach J Math Anal 17(33). https://doi.org/10.1007/s43037-023-00258- 1

Furati KM, Kassim MD, Tatar NE (2012) Existence and Uniqueness for a problem involving Hilfer fractional
derivative. Comp Math Appl 64:1616-1626. https://doi.org/10.1016/j.camwa.2012.01.009

Garra R, Gorenflo R, Polito F, Tomovski Z (2014) Hilfer-Prabhakar derivatives and some applications. Appl
Math Comp 242:576-589. https://doi.org/10.1016/j.amc.2014.05.129

Gaul L, Klein P, Kempfle S (1991) Damping description involving fractional operators. Mech Sys Sign Proc
5:81-88. https://doi.org/10.1016/0888-3270(91)90016-X

Giusti A, Colombaro I, Garra R, Garrappa R, Polito F, Popolizio M, Mainardi F (2020) A practical Guide to
Prabhakar fractional calculus. FCAA 23(1):9-54. https://doi.org/10.1515/fca-2020-0002

Glockle WG, Nonnenmacher TF (1995) A fractional calculus approach of self-similar protein dynamics.
Biophys J 68:46-53. https://doi.org/10.1016/S0006-3495(95)80157-8

Gorenflo R, Kilbas AA, Mainardi F, Rogosin SV (2014) Mittag-Leffler functions. Related topics and applica-
tions. Springer, New York

Hadid SB (1995) Local and global existence theorems on differential equations of non-integer order. J Fract
Calc 7:101-105

Hilfer R (2008) Threefold introduction to fractional derivatives. Anomalous Transport, Foundations and Appli-
cations, pp 17-73

Hilfer R (2000) Applications of Fractional Calculus in Physics. World Scientific, Singapore (10.1142/3779)

Javed S, Malik SA (2023) Operational calculus for Hilfer-Prabhakar operator Applications to inverse problems.
Phys Scr 98:10522. https://doi.org/10.1088/1402-4896/acf170

Kilbas AA, Saigo M, Saxena RK (2002) Solution of Volterra integro-differential equations with general-
ized Mittag-Leffler function in the kernels. J Int Eq Appl 14(4):377-396. https://doi.org/10.1216/jiea/
1181074929

Kilbas AA, Srivastava HM, Trujillo JJ (2006) Theory and applications of fractional differential equations.
Elsevier, Amsterdam

Lakshmikantham V, Vatsala AS (2007) Theory of fractional differential inequalities and applications. Commun
Appl Anal 11(3-4):395-402

Lakshmikantham V, Vatsala AS (2008) Basic theory of fractional differential equations. Nonl Anal 69(8):2677—
2682. https://doi.org/10.1016/j.na.2007.08.042

Lakshmikantham V, Vatsala AS (2008) General uniqueness and monotone iterative technique for fractional
differential equations. Appl Math Lett 21(8):828-834. https://doi.org/10.1016/j.am1.2007.09.006

Li Q, Sun S, Zhang M, Zhao Y (2010) On the existence and uniqueness of solutions for initial value problem
of fractional differential equations. J Univ Jinan 24:312-315

Li Q, Sun S, Han Z, Zhao Y (2010) On the existence and uniqueness of solutions for initial value prob-
lem of nonlinear fractional differential equations. In: Sixth IEEE/ASME international conference on
mechatronic and embedded systems and applications, Qingdao 452-457. 10.1109/MESA.2010.5551998

Mainardi F (1997) Fractional calculus: some basic problems in continuum and statistical mechanics, Fractals
and Fractional Calculus in Continuum Mechanics, Springer-Verlag, Wien, pp 291-348

@ Springer f DMAC


https://doi.org/10.1006/jmaa.1996.0456
https://doi.org/10.1007/978-3-642-60185-9_24
https://doi.org/10.1007/978-3-642-60185-9_24
https://doi.org/10.1016/0096-3003(92)90024-U
https://doi.org/10.1016/0096-3003(92)90024-U
https://doi.org/10.1016/0096-3003(93)90002-V
https://doi.org/10.1016/0096-3003(94)00080-N
https://doi.org/10.1016/j.cam.2017.10.028
https://doi.org/10.58997/ejde.2023.58
https://doi.org/10.1002/mma.5601
https://doi.org/10.1007/s43037-023-00258-1
https://doi.org/10.1016/j.camwa.2012.01.009
https://doi.org/10.1016/j.amc.2014.05.129
https://doi.org/10.1016/0888-3270(91)90016-X
https://doi.org/10.1515/fca-2020-0002
https://doi.org/10.1016/S0006-3495(95)80157-8
https://doi.org/10.1088/1402-4896/acf170
https://doi.org/10.1216/jiea/1181074929
https://doi.org/10.1216/jiea/1181074929
https://doi.org/10.1016/j.na.2007.08.042
https://doi.org/10.1016/j.aml.2007.09.006

130 Page 20 0f 20 K. Marynets, Z. Tomovski

Mainardi F (2022) Fractional calculus and waves in linear viscoelasticity, an introduction to mathematical
models, 2nd edn. World Scientific. https://doi.org/10.1142/p614

Marynets K. (2020) Solvability analysis of a special type fractional differential system. Comp Appl Math
39(3). https://doi.org/10.1007/s40314-019-0981-7

Marynets K, Pantova D (2022) Approximation approach to the fractional BVP with the Dirichlet type boundary
conditions. DEDS. https://doi.org/10.1007/512591-022-00613-y

Marynets K, Pantova D (2023) Successive approximations and interval halving for fractional BVPs with
integral boundary conditions. J Comp Appl Math. https://doi.org/10.1016/j.cam.2023.115361

Metzler F, Schick W, Kilian HG, Nonnenmacher TF (1995) Relaxation in filled polymers: a fractional calculus
approach. J Chem Phys 103:7180-7186

Miller KS, Ross B (1993) An introduction to the fractional calculus and differential equations. John Wiley,
New York

Oldham KB, Spanier J (1974) The fractional calculus. Academic Press, New York, London

Pitcher E, Sewell WE (1938) Existence theorems for solutions of differential equations of non-integer order.
Bull Am Math Soc 44(2):100-107

Podlubny I (1999) Fractional differential equations. Academic Press, Cambridge

Polito F, Tomovski Z (2016) Some properties of Prabhakar-type fractional calculus operators. Fract Differ
Calc 6(1):73-94. https://doi.org/10.7153/fdc-06-05

Prabhakar TR (1971) A singular integral equation with a generalized Mittag-Leffler function in the kernel.
Yokohama Math J 19:7-15

Ronto M, Samoilenko AM (2000) Numerical-analytic methods in the theory of boundary-value problems.
World Scientific Publishing Co., Inc., River 165 Edge. https://doi.org/10.1142/3962

Samko SG, Kilbas AA, Marichev OI (1993) Theory and applications. Fractional integrals and derivatives.
Gordon and Breach, Yverdon

Sandev T, Tomovski Z, Dubbeldam JLA (2011) Generalized Langevin equation with a three parameter Mittag-
Leffler noise. Phys A 390:3627-3636. https://doi.org/10.1016/j.physa.2011.05.039

Sandev T, Tomovski Z (2019) Fractional equations and models. Springer Nature. https://doi.org/10.1007/978-
3-030-29614-8

Tazali AZ (1982) Local existence theorems for ordinary differential equations of fractional order ordinary and
partial differential equations. Lecture Notes in Math. 964. Springer-Verlag, Berlin, pp 652-667. https://
doi.org/10.1007/BFb0065037

Tazali AZ, Karim IF (1994) Continuous dependence on a parameter and continuation of solutions in the
extended sense in ordinary differential equations of fractional order. Pure Appl Sci B 21(1):270-280

Tomovski Z (2012) Generalized Cauchy type problems for nonlinear fractional differential equations with
composite fractional derivative operator. Nonlinear Anal Theory Methods Appl 75(7):3364—3384. https://
doi.org/10.1016/j.na.2011.12.034

Tomovski Z, Dubbeldam JLA, Korbel J (2020) Applications of Hilfer-Prabhakar operator to option pricing
financial model. FCAA 23(4):996-1012. https://doi.org/10.1515/fca-2020-0052

Wang J, Fe¢kan M, Zhou Y (2016) A survey on impulsive fractional differential equations. FCAA 19:806-831.
https://doi.org/10.1515/fca-2016-0044

Zhou Y (2014) Basic theory of fractional differential equations. World Scientifc, Singapore (10.1142/10238)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer f bMA


https://doi.org/10.1142/p614
https://doi.org/10.1007/s40314-019-0981-7
https://doi.org/10.1007/s12591-022-00613-y
https://doi.org/10.1016/j.cam.2023.115361
https://doi.org/10.7153/fdc-06-05
https://doi.org/10.1142/3962
https://doi.org/10.1016/j.physa.2011.05.039
https://doi.org/10.1007/978-3-030-29614-8
https://doi.org/10.1007/978-3-030-29614-8
https://doi.org/10.1007/BFb0065037
https://doi.org/10.1007/BFb0065037
https://doi.org/10.1016/j.na.2011.12.034
https://doi.org/10.1016/j.na.2011.12.034
https://doi.org/10.1515/fca-2020-0052
https://doi.org/10.1515/fca-2016-0044

	Fractional periodic boundary value and Cauchy problems with Hilfer–Prabhakar operator
	Abstract
	1 Introduction
	2 Preliminaries
	3 Problem setting
	4 Numerical-analytic approximations
	4.1 Convergence result
	4.2 Relation of the limit function xinfty(t, x0) to solution of the fBVP (20), (21)

	5 Numerical example
	6 Cauchy type problem with n-initial conditions
	7 Final remarks
	Acknowledgements
	References


