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 A B S T R A C T

Reset control enhances the performance of high-precision mechatronics systems. This paper 
introduces a generalized reset feedback control structure that integrates a single reset-state 
reset controller, a shaping filter for tuning reset actions, and linear compensators arranged 
in series and parallel configurations with the reset controller. This structure offers greater 
tuning flexibility to optimize reset control performance. However, frequency-domain analysis 
for such systems remains underdeveloped. To address this gap, this study makes three key 
contributions: (1) developing Higher-Order Sinusoidal Input Describing Functions (HOSIDFs) 
for open-loop reset control systems; (2) deriving HOSIDFs for closed-loop reset control systems 
and establishing a connection with open-loop analysis; and (3) creating a MATLAB-based App 
to implement these methods, providing mechatronics engineers with a practical tool for reset 
control system design and analysis. The accuracy of the proposed methods is validated through 
simulations and experiments. Finally, the utility of the proposed methods is demonstrated 
through case studies that analyze and compare the performance of three controllers: a PID 
controller, a reset controller, and a shaped reset controller on a precision motion stage. 
Both analytical and experimental results demonstrate that the shaped reset controller provides 
higher tracking precision while reducing actuation forces, outperforming both the reset and 
PID controllers. These findings highlight the effectiveness of the proposed frequency-domain 
methods in analyzing and optimizing the performance of reset-controlled mechatronics systems.

. Introduction

High-precision mechatronics industries require controllers capable of delivering high precision, speed, and robustness. Linear 
eedback controllers, particularly Proportional–Integral–Derivative (PID) controllers, are widely used in these applications due to 
heir simplicity and effectiveness [1]. In the PID controller, the integrator accumulates system error over time and adds it into the 
ontrol signal to drive the error to zero in the long term. However, this cumulative action creates a memory effect, where even if 
he current error is zero or small, the integrator may still have a non-zero output due to past accumulated errors, potentially causing 
vershoot and stability issues. To address these challenges, the Clegg Integrator (CI) was introduced [2], resetting the integrator state 
o zero whenever the error signal crosses zero. Sinusoidal-Input Describing Function (SIDF) analysis [3] shows that the CI achieves a 
1.9-degree phase lead compared to a linear integrator while maintaining the same gain characteristics. By addressing the phase-gain 
rade-off inherent to linear integrators, the CI enhances system performance [4]. Since then, various reset control elements have 
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been developed, including the First-Order Reset Element (FORE), Second-Order Reset Element (SORE), Proportional–Integral (PI) 
+ CI configurations, Hybrid Integrator-Gain systems (HIGs), and the Constant-in-Gain-Lead-in-Phase (CgLp) controller [5–9]. These 
reset controllers have been applied to improve steady-state and transient performance across diverse industries, including chemical 
process control, teleoperation, and mechatronics systems [3,4,8,10–17]. This study focuses on the application of reset feedback 
control in high-precision mechatronics systems.

To facilitate the practical implementation of reset control systems in the mechatronics industry, effective analysis tools are 
essential. Frequency response analysis is among the most commonly used techniques for this purpose in industrial applications [18]. 
It evaluates a system’s steady-state response to sinusoidal inputs across varying frequencies, offering insights into phase and 
magnitude characteristics of linear time-invariant (LTI) systems. Frequency response analysis covers both open-loop and closed-
loop analysis. By leveraging the connection between the open-loop and closed-loop analysis through loop-shaping techniques [19], 
control engineers can design controllers in the open loop, ensuring that the system meets specified closed-loop performance 
requirements, such as reducing steady-state errors and improving transient response [20]. Additionally, frequency response analysis 
allows engineers to predict closed-loop behavior without requiring precise parametric models of the plant. This characteristic is 
particularly beneficial when obtaining an accurate plant model is impractical.

For frequency response analysis of open-loop reset feedback control systems, Higher-Order Sinusoidal Input Describing Function 
(HOSIDF) methods, as detailed in [21–24], are employed. These HOSIDF analysis methods align with the SIDF analysis method 
when the high-order (beyond the first-order) harmonics are negligible [3]. However, the accuracy of existing HOSIDF methods for 
open-loop reset control systems is limited to specific control system structures. In this study, we introduce a more generalized reset 
control system framework and develop an accurate open-loop HOSIDF analysis method applicable to this structure.

For closed-loop reset feedback control systems, frequency response analysis is particularly challenging because high-order 
harmonics can generate additional harmonics through the feedback loop, complicating the system dynamics and violating the 
superposition. Research in [22] introduced the HOSIDF method for such systems, establishing a connection between open-loop 
and closed-loop analyses, but it neglected the effects of reset actions on high-order harmonics within the feedback loop, resulting 
in inaccuracies. To address this, our recent work [25] proposed an improved HOSIDF method that corrects these inaccuracies. 
However, the approach remains limited to specific reset control structures. Additionally, the analysis method proposed in [26] 
relied on point-to-point time-domain calculations, making it computationally time-consuming.

Motivated by the limitations in open-loop and closed-loop frequency response analysis for reset feedback control systems, this 
study makes the following contributions:

• First, this study introduces a generalized reset control structure that incorporates a single reset-state reset controller, along 
with a shaping filter to tune reset actions, and linear compensators positioned in series before and after, as well as in parallel 
with, the reset controller. This structure broadens the tuning capabilities of reset control. Then, building on prior work 
in limited reset configurations [25], two frequency response analysis tools are developed for this structure: (1) open-loop 
Higher-Order Sinusoidal Input Describing Functions (HOSIDFs) and (2) closed-loop HOSIDFs for systems under the two-
reset conditions [27]. Furthermore, a frequency-domain link is established between open-loop and closed-loop analyses using 
HOSIDFs. The effectiveness of these methods is validated through simulations and experiments on a precision motion stage.

• Then, the open-loop and closed-loop HOSIDFs for reset control systems are integrated into a MATLAB App, offering control 
engineers a practical, user-friendly tool for reset control systems analysis and design.

• Finally, case studies are presented to demonstrate the performance capabilities of the generalized reset control structure and 
the effectiveness of the proposed frequency response analysis methods. Using the HOSIDFs methods, the performance of three 
controllers—PID, CgLp [8], and shaped CgLp—is analyzed. Frequency-domain analysis results reveal that both the CgLp and 
shaped CgLp controllers provide phase lead compared to the PID controller. Furthermore, the shaped CgLp controller effectively 
reduces high-order harmonics while retaining the benefits of the first-order harmonic compared to the CgLp controller. These 
frequency-domain enhancements enable the shaped CgLp controller to achieve the lowest steady-state error and actuation 
force among the three controllers, validated through precision motion stage experiments.

The remainder of the paper is organized as follows. Section 2 introduces the generalized reset feedback control structure and the 
experimental setup used in this study. Section 3 presents the HOSIDFs for open-loop reset control systems, followed by Section 4, 
which details the HOSIDFs for closed-loop reset control systems. Section 5 consolidates the methods from Sections 3 and 4 into a 
MATLAB App. Section 6 demonstrates the application of the proposed methods in analyzing the performance of reset controllers on 
a precision motion stage. Finally, Section 7 presents concluding remarks and outlines future research directions.

2. Preliminaries

This section begins by defining the generalized reset control system. Following this, the stability and convergence conditions for 
the reset control system are outlined. Finally, the experimental precision motion stage used in this work is introduced.
2 
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Fig. 1. Block diagram of a generalized reset control system, with the resetting action denoted by blue lines.

2.1. A generalized reset feedback control system

This study focuses on the frequency-domain analysis of a generalized reset feedback control system, whose block diagram is 
defined in Fig.  1.

In this configuration, 𝑟, 𝑑, 𝑛, 𝑒, 𝑢, and 𝑦 represent the reference input, disturbance, noise, error, control input, and system output 
signals, respectively. The block 𝑟 represents the reset controller, while the LTI shaping filter 𝑠 generates the reset-triggered signal 𝑧𝑠
to trigger the reset actions. Systems 1, 2, and 3 are LTI controllers integrated into the feed-through loop, while the LTI controller 
4 is placed within the feedback loop. The plant is denoted by  .

The reset controller 𝑟 is a hybrid system that combines a linear controller with a reset mechanism [4,28]. The state-space 
representation of 𝑟, with state 𝑥𝑟(𝑡) ∈ R𝑛𝑐×1, input 𝑧(𝑡), and output 𝑚(𝑡), is given by: 

𝑟 =
⎧

⎪

⎨

⎪

⎩

𝑥̇𝑟(𝑡) = 𝐴𝑅𝑥𝑟(𝑡) + 𝐵𝑅𝑧(𝑡), 𝑡 ∉ 𝐽 ,
𝑥𝑟(𝑡+) = 𝐴𝜌𝑥𝑟(𝑡), 𝑡 ∈ 𝐽 ,
𝑚(𝑡) = 𝐶𝑅𝑥𝑟(𝑡) +𝐷𝑅𝑧(𝑡),

(1)

where matrices 𝐴𝑅 ∈ R𝑛𝑐×𝑛𝑐 , 𝐵𝑅 ∈ R𝑛𝑐×1, 𝐶𝑅 ∈ R1×𝑛𝑐 , and 𝐷𝑅 ∈ R1×1 define the flow dynamics of the reset controller 𝑟, referred 
to as the Base-Linear Controller (BLC) 𝑙, and are represented by: 

𝐶𝑙(𝜔) = 𝐶𝑅(𝑗𝜔𝐼 − 𝐴𝑅)−1𝐵𝑅 +𝐷𝑅, (2)

where 𝜔 ∈ R+ represents the angular frequency in the frequency domain. Replacing 𝑟 with 𝑙 (2), the system in Fig.  1 is termed 
the Base-Linear System (BLS).

The reset controller 𝑟 in (1) employs the ‘‘zero-crossing law’’ as its reset mechanism [4], where the state 𝑥𝑟(𝑡) is reset to 𝑥𝑟(𝑡+)
whenever the reset trigger signal 𝑧𝑠(𝑡) crosses zero. The signal 𝑧𝑠(𝑡) is obtained by filtering the reset control input signal 𝑧(𝑡) through 
the LTI system 𝑠(𝑠). Therefore, the set of reset instants is defined as 𝐽 = {𝑡𝑖 ∣ 𝑧𝑠(𝑡𝑖) = 0, 𝑖 ∈ N}. At each reset instant 𝑡𝑖 ∈ 𝐽 , the jump 
dynamics of 𝑟 are determined by the reset matrix 𝐴𝜌, given by 

𝐴𝜌 =
[

𝛾
𝐼𝑛𝑐−1

]

, 𝛾 ∈ (−1, 1]. (3)

Eq. (3) defines reset controllers with a single reset state. Common examples of such reset elements include the CI, the FORE, and 
the Second-Order Single State Reset Element (SOSRE) [29]. When 𝛾 = 1 and thus 𝐴𝜌 = 𝐼𝑛𝑐  in (3), the reset controller 𝑟 is identical 
to 𝑙 in (2).

2.2. Stability and convergence conditions for reset control systems

This paper works on the development of frequency response analysis methods for reset feedback control systems. Although 
stability and convergence conditions are not the primary focus of this paper, they are needed for frequency response analysis [30,31].

Following established literature, we introduce Assumptions  1 and 2 to ensure the stability and convergence conditions for 
open-loop and closed-loop reset control systems, respectively.

The literature [3] demonstrates that the reset controller defined in (1), when subjected to an input 𝑧(𝑡) = |𝑍| sin(𝜔𝑡+∠𝑍), where 
|𝑍| and ∠𝑍 denote the magnitude and phase of the signal 𝑧(𝑡) respectively, exhibits a globally asymptotically stable 2𝜋∕𝜔-periodic 
solution and converges globally if and only if: 

|𝜆(𝐴𝜌𝑒
𝐴𝑅𝛿)| < 1, ∀𝛿 ∈ R+, (4)

where 𝜆(⋅) represents the eigenvalues of the matrix.
To ensure the HOSIDF analysis for open-loop reset control systems, the following assumption is introduced: 
3 
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Fig. 2. The planar precision positioning stage.

Assumption 1.  The reset controller 𝑟 (1), with an input 𝑧(𝑡) = |𝑍| sin(𝜔𝑡 + ∠𝑍), is assumed to satisfy the condition in (4). 
Additionally, LTI systems 1, 2, 3, 4, and 𝑠 are Hurwitz.

To perform the HOSIDF analysis of the closed-loop reset control system, stability and convergence are required. The following 
assumption is introduced to guarantee the uniform exponential convergence of the closed-loop reset control system, as established 
in [26]: 

Assumption 2.  The initial condition of the reset controller 𝑟 (1) is zero, there are infinitely many reset instants 𝑡𝑖 with 
lim𝑖→∞ 𝑡𝑖 = ∞, the input signals are Bohl functions [32], and the 𝐻𝛽 condition detailed in [33,34] is satisfied.

Assumption  2 can be achieved through appropriate system design [4,22]. When this assumption is satisfied, the closed-loop reset 
control system in Fig.  1, driven by a sinusoidal input with a frequency of 𝜔, attains a periodic steady-state response. This steady-state 
behavior can be described by the expression 𝑥(𝑡) = (sin(𝜔𝑡), cos(𝜔𝑡), 𝜔), where  ∶ R3 → R𝑛𝑐𝑙 , represents a function of the input 
signal and its frequency [26], with 𝑛𝑐𝑙 denoting the number of states in closed-loop reset control systems.

2.3. Precision positioning setup

This study introduces frequency response analysis methods for generalized reset control systems in Fig.  1. Accurate frequency 
response analysis is essential for the effective design and analysis of reset control systems in precision motion control. For 
example, prior work in [17] developed a continuous CgLp element to suppress oscillations in precision motion systems, but this 
relied on parameter-specific and computationally intensive numerical methods due to the lack of closed-loop frequency response 
analysis techniques. The proposed HOSIDFs for open-loop and closed-loop reset control systems, along with their connection, 
provide magnitude and phase information across the entire frequency range, facilitating systematic optimization of reset-controlled 
mechatronics systems.

The experimental setup is a three-Degree-of-Freedom (3-DoF) precision positioning stage, depicted in Fig.  2. The stage consists 
of three masses, 𝑀1, 𝑀2, and 𝑀3, which are connected to a central base mass 𝑀𝑐 via dual leaf flexures. Each mass is actuated by 
its respective voice coil actuator, labeled 𝐴1, 𝐴2, and 𝐴3. Position feedback for the masses is obtained using Mercury M2000 linear 
encoders (denoted as ‘‘Enc’’), which offer a resolution of 100 nm and are sampled at a frequency of 10 kHz. Control systems are 
implemented on an NI CompactRIO platform, equipped with a linear current source power amplifier.

In this study, only actuator 𝐴1 is employed to control the position of mass 𝑀1. Fig.  3 illustrates the measured Frequency Response 
Function (FRF) of the system, which closely resembles that of a linear LTI collocated double mass–spring–damper system, albeit with 
additional high-frequency parasitic dynamics. Utilizing the system identification toolbox in MATLAB, the system’s main dynamics 
are modeled by the following transfer function (𝑠), described as: 

(𝑠) = 6.615 × 105

83.57𝑠2 + 279.4𝑠 + 5.837 × 105
. (5)

This simplified model effectively captures the essential mass–spring–damper dynamics of the system.
4 
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Fig. 3. The FRF data from actuator 𝐴1 to attached mass 𝑀1.

Fig. 4. Block diagram of the open-loop reset control system.

3. Main result 1: Frequency response analysis method and validation for open-loop reset control systems

Fig.  4 depicts the block diagram of the open-loop reset control system.
This section extends our previous work [25] on frequency response analysis for open-loop reset control systems where 1 = 𝑠 =

3 = 4 = 1 and 2 = 0 to generalized reset control systems in Fig.  4.

3.1. HOSIDFs for the open-loop reset control systems

The HOSIDFs analysis is a technique used for analyzing the frequency response of nonlinear systems [21]. Theorem  1 provides 
the HOSIDFs for the open-loop reset control system in Fig.  4. 

Theorem 1.  Consider an open-loop reset control system as shown in Fig.  4, with an input signal 𝑒𝑜(𝑡) = |𝐸| sin(𝜔𝑡 + ∠𝐸), resulting in the 
output signal 𝑦𝑜(𝑡) under Assumption  1. Using the ‘‘Virtual Harmonic Generator’’ [21], the input signal 𝑒𝑜(𝑡) generates harmonics expressed 
as 𝑒𝑛𝑜(𝑡) = |𝐸| sin(𝑛𝜔𝑡 + 𝑛∠𝐸), with the corresponding Fourier transform denoted as 𝐸𝑛

𝑜 (𝜔). The signals 𝑧𝑜(𝑡), 𝑚𝑜(𝑡), and 𝑦𝑜(𝑡) consist of 
𝑛 harmonics, represented as 𝑧𝑛𝑜(𝑡), 𝑚𝑛

𝑜(𝑡), and 𝑦𝑛𝑜(𝑡), with Fourier transforms 𝑍𝑛
𝑜 (𝜔), 𝑀𝑛

𝑜 (𝜔), and 𝑌 𝑛
𝑜 (𝜔), respectively. The Higher-Order 

Sinusoidal Input Describing Functions (HOSIDFs) of the reset controller 𝑟 are given by 

𝑛
𝑟 (𝜔) =

𝑀𝑛
𝑜 (𝜔)

𝑍𝑛
𝑜 (𝜔)

=

⎧

⎪

⎨

⎪

⎩

𝑙(𝜔) + 1
𝜌 (𝜔), for 𝑛 = 1,

𝑛
𝜌 (𝜔), for odd 𝑛 > 1,

0, for even 𝑛 ⩾ 2,

(6)

and the HOSIDFs of the open-loop reset control system are given by 

𝑛(𝜔) =
𝑌 𝑛
𝑜 (𝜔)

𝐸𝑛
𝑜 (𝜔)

=

⎧

⎪

⎨

⎪

1(𝜔)[𝑙(𝜔) + 1
𝜌 (𝜔) + 2(𝜔)]3(𝜔)(𝜔), for 𝑛 = 1,

1(𝜔)𝑒𝑗(𝑛−1)∠1(𝜔)𝑛
𝜌 (𝜔)3(𝑛𝜔)(𝑛𝜔), for odd 𝑛 > 1, (7)
⎩
0, for even 𝑛 ⩾ 2,

5 
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Fig. 5. Block diagram of the open-loop reset control system for HOSIDF analysis.

where 
𝛥𝑙(𝜔) = (𝑗𝜔𝐼 − 𝐴𝑅)−1𝐵𝑅,

𝛥𝑥(𝑛𝜔) = 𝐶𝑅(𝑗𝑛𝜔𝐼 − 𝐴𝑅)−1𝑗𝑛𝜔𝐼,

𝛥𝑐 (𝜔) = |𝛥𝑙(𝜔)| sin(∠𝛥𝑙(𝜔) − ∠𝑠(𝜔)),

𝑛
𝜌 (𝜔) = 2𝛥𝑥(𝑛𝜔)𝛥𝑞(𝜔)𝑒𝑗𝑛∠𝑠(𝜔)∕(𝑛𝜋),

𝛥𝑞(𝜔) = (𝐼 + 𝑒𝐴𝑅𝜋∕𝜔)(𝐴𝜌𝑒
𝐴𝑅𝜋∕𝜔 + 𝐼)−1(𝐴𝜌 − 𝐼)𝛥𝑐 (𝜔).

(8)

Proof.  The proof is provided in Appendix A. □

Based on Theorem  1 and its proof in Appendix A, Fig.  5 illustrates the block diagram of the open-loop reset control system 
for HOSIDF analysis. Following this, Remark  1 provides the calculation for the output 𝑦𝑜(𝑡) of the sinusoidal-input open-loop reset 
control system.

Remark 1.  Consider an open-loop reset control system with the input signal 𝑒𝑜(𝑡) = |𝐸| sin(𝜔𝑡 + ∠𝐸), under Assumption  1. The 
steady-state output signal 𝑦𝑜(𝑡) is given by 

𝑦𝑜(𝑡) =
∞
∑

𝑛=1
𝑦𝑛𝑜(𝑡) =

∞
∑

𝑛=1
|𝐸𝑛(𝜔)| sin(𝑛𝜔𝑡 + 𝑛∠𝐸 + ∠𝑛(𝜔)), 𝑛 = 2𝑘 + 1(𝑘 ∈ N). (9)

3.2. Validation of the open-loop HOSIDFs

This section uses an illustrative system to verify the accuracy of the open-loop HOSIDF, 𝑛(𝜔), derived in (7). The illustrative 
system is based on the structure shown in Fig.  4, with the following design parameters: the reset controller 𝑟 is based on a BLC 
𝑙 = 30𝜋∕𝑠 with a reset value 𝛾 = 0, 1 = (𝑠∕(150𝜋))∕(𝑠∕(3000𝜋) + 1), 2 = 4 = 1, 𝑠 = 1∕(𝑠∕5 + 1), and 3 = 1∕(𝑠∕(150𝜋) + 1). The 
plant  is given in (5).

The input to the system is a sinusoidal signal 𝑒𝑜(𝑡) = sin(8𝜋𝑡). Fig.  6(a) illustrates the output signal 𝑦𝑜(𝑡) =
∑399

𝑛=1 𝑦
𝑛
𝑜(𝑡) along with its 

first five harmonic components 𝑦𝑛𝑜(𝑡) (𝑛 = 1, 3, 5, 7, 9), computed using Theorem  1 and Remark  1. Moreover, Fig.  6(b) compares the 
output signal 𝑦𝑜(𝑡) obtained from simulation with the prediction generated by the HOSIDFs analysis method. The close agreement 
between the simulated and predicted results demonstrates the accuracy of the proposed HOSIDF analysis method for predicting the 
behavior of open-loop reset control systems.

The accuracy of the HOSIDFs analysis method in Theorem  1 depends on the number of harmonics denoted as 𝑁ℎ included in 
the analysis. Define the prediction error as the difference between the prediction provided by Theorem  1 and the simulation results. 
Fig.  7 illustrates the relationship between the prediction error and the number of harmonics 𝑁ℎ. The results demonstrate that 
incorporating a higher number of harmonics in the calculations enhances prediction accuracy. Given that the true nonlinear output 
signal 𝑦𝑜(𝑡) of the reset control system contains an infinite number of harmonics, ideally, as the number of harmonics approaches 
infinity, the prediction error converges to zero.

After validating the accuracy of the open-loop analysis method, Theorem  1 is used to perform a frequency-domain analysis of the 
open-loop reset control systems depicted in Fig.  4. Fig.  8 shows the Bode plot of the open-loop HOSIDFs 𝑛(𝜔) for the illustrative 
open-loop reset control system. These HOSIDFs provide critical magnitude and phase information for each harmonic, which is 
essential for the effective design and optimization of the system.

To summarize this section, Theorem  1 present accurate HOSIDF analysis for reset controllers and open-loop reset control systems. 
More importantly, these methods analytically decompose the HOSIDFs of the reset controller   into its base-linear transfer function 
𝑟

6 
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Fig. 6. (a) The output signal 𝑦𝑜(𝑡) = ∑399
𝑛=1 𝑦

𝑛
𝑜 (𝑡) and its first five harmonics 𝑦𝑛𝑜 (𝑡) (for 𝑛 = 1, 3, 5, 7, 9) for the illustrative open-loop reset control system under a 

sinusoidal input 𝑒𝑜(𝑡) = sin(8𝜋𝑡), obtained based on Theorem  1. (b) Simulated, previous prediction [23], and Theorem  1-predicted output signal 𝑦𝑜(𝑡).

Fig. 7. The relationship between the prediction error and the number of harmonics 𝑁ℎ considered in the calculation, with values 𝑁ℎ = 1, 2, 10, and 200.

𝑙(𝜔) and nonlinear components 𝑛
𝜌 (𝜔) in (6). This decomposition serves as the foundation for the development of the closed-loop 

HOSIDFs, which will be elaborated in Section 4.

4. Main result 2: Frequency response analysis method and validation for closed-loop reset control systems

4.1. HOSIDFs for the closed-loop reset control systems

This section extends the closed-loop HOSIDF method, where 1 = 𝑠 = 3 = 4 = 1 and 2 = 0 as presented in [25], to the 
generalized reset control systems with two reset actions per steady-state cycle.
7 
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Fig. 8. The HOSIDF 𝑛(𝜔) of the open-loop reset control system with the first (𝑛 = 1), third (𝑛 = 3), and fifth (𝑛 = 5) order harmonics.

In a closed-loop reset control system, as depicted in Fig.  1, and under the conditions outlined in Assumption  2, when the system 
is subjected to a single sinusoidal input signal of frequency 𝜔, the resulting signals 𝑒(𝑡) (error), 𝑧(𝑡) (input to the reset controller), 
𝑧𝑠(𝑡) (reset-triggered signal), 𝑢(𝑡) (control input), and 𝑦(𝑡) (output) become periodic and share the same fundamental frequency as 
the input signal [26,35], expressed as: 

𝑒(𝑡) =
∞
∑

𝑛=1
𝑒𝑛(𝑡) =

∞
∑

𝑛=1
|𝐸𝑛

| sin(𝑛𝜔𝑡 + ∠𝐸𝑛),

𝑧(𝑡) =
∞
∑

𝑛=1
𝑧𝑛(𝑡) =

∞
∑

𝑛=1
|𝑍𝑛

| sin(𝑛𝜔𝑡 + ∠𝑍𝑛),

𝑧𝑠(𝑡) =
∞
∑

𝑛=1
𝑧𝑛𝑠 (𝑡) =

∞
∑

𝑛=1
|𝑍𝑛

𝑠 | sin(𝑛𝜔𝑡 + ∠𝑍𝑛
𝑠 ),

=
∞
∑

𝑛=1
|𝑍𝑛𝑠(𝑛𝜔)| sin(𝑛𝜔𝑡 + ∠𝑍𝑛 + ∠𝑠(𝑛𝜔)),

𝑢(𝑡) =
∞
∑

𝑛=1
𝑢𝑛(𝑡) =

∞
∑

𝑛=1
|𝑈𝑛

| sin(𝑛𝜔𝑡 + ∠𝑈𝑛),

𝑦(𝑡) =
∞
∑

𝑛=1
𝑦𝑛(𝑡) =

∞
∑

𝑛=1
|𝑌 𝑛

| sin(𝑛𝜔𝑡 + ∠𝑌 𝑛),

(10)

where the phase for each signal, such as the ∠𝐸𝑛, is defined within the range of (−𝜋, 𝜋]. The Fourier transforms of the signals and 
their 𝑛th harmonic are denoted as 𝐸(𝜔) (𝐸𝑛(𝜔)), 𝑍(𝜔) (𝑍𝑛(𝜔)), 𝑍𝑠(𝜔) (𝑍𝑛

𝑠 (𝜔)), 𝑈 (𝜔) (𝑈𝑛(𝜔)), and 𝑌 (𝜔) (𝑌 𝑛(𝜔)).
In the sinusoidal-input frequency response analysis of closed-loop systems, two scenarios are identified: two-reset control systems, 

which undergo two resets per steady-state cycle, and multiple-reset control systems, which experience more than two resets per cycle. 
Multiple-reset actions are often indicative of high-magnitude higher-order harmonics that can impair performance and are therefore 
undesirable [25]. Moreover, existing closed-loop SIDF analysis methods for reset control systems generally assume the operation of 
two-reset systems [22,24].

To this end, in the design of reset control systems, we apply the approach detailed in [27] to ensure that the system achieves 
two reset instants per steady-state cycle. This configuration ensures that the first-order harmonic 𝑧1𝑠 (𝑡) dominates the reset-triggered 
signal 𝑧𝑠(𝑡) as expressed in (10), while the contributions from higher-order harmonics 𝑧𝑛𝑠 (𝑡) for 𝑛 > 1 are negligible. Based on this, 
we propose the following assumption:

Assumption 3.  In the closed-loop reset control system with a sinusoidal input signal sin(𝜔𝑡), the reset-triggered signal is given by 
𝑧𝑠(𝑡) = 𝑧1𝑠 (𝑡).

While this assumption may introduce some deviation in the closed-loop analysis, such deviations are expected to be minor, as 
will be demonstrated in the forthcoming examples.
8 
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Under Assumption  3, the set of reset instants of the closed-loop reset control system is given by 𝐽 ∶= {𝑡𝜂 = (𝜂𝜋−∠𝑍1
𝑠 )∕𝜔|𝜂 ∈ Z+}. 

Then, Theorem  2 introduces the HOSIDFs for the closed-loop two-reset control systems.

Theorem 2.  Consider a closed-loop two-reset control system in Fig.  1, with the input signal defined as 𝑟(𝑡) = |𝑅| sin(𝜔𝑡), under Assumptions 
2 and 3. Utilizing the ‘‘Virtual Harmonic Generator’’ approach [21], the input signal 𝑟(𝑡) generates harmonics 𝑟𝑛(𝑡) = |𝑅| sin(𝑛𝜔𝑡) with Fourier 
transforms of 𝑅𝑛(𝜔) = |𝑅|F [sin(𝑛𝜔𝑡)]. The 𝑛th Higher-Order Sinusoidal Input Sensitivity Function (HOSISF) 𝑛(𝜔), Higher-Order Sinusoidal 
Input Complementary Sensitivity Function 𝑛(𝜔), and the Higher-Order Sinusoidal Input Control Sensitivity Function 𝑛(𝜔) are given as 
follows: 

𝑛(𝜔) =
𝐸𝑛(𝜔)
𝑅𝑛(𝜔)

=

⎧

⎪

⎨

⎪

⎩

1∕(1 + 𝑜(𝜔)), for 𝑛 = 1,
−𝑙(𝑛𝜔) ⋅ |1(𝜔)|𝑒𝑗𝑛∠1(𝜔) ⋅ 𝛤 (𝜔)𝑛(𝜔)4(𝑛𝜔), for odd 𝑛 > 1,
0, for even 𝑛 ⩾ 2,

(11)

𝑛(𝜔) =
𝑌 𝑛(𝜔)
𝑅𝑛(𝜔)

=

⎧

⎪

⎨

⎪

⎩

𝑜(𝜔)∕[4(𝜔) ⋅ (1 + 𝑜(𝜔))], for 𝑛 = 1,
𝑙(𝑛𝜔) ⋅ |1(𝜔)|𝑒𝑗𝑛∠1(𝜔) ⋅ 𝛤 (𝜔)𝑛(𝜔), for odd 𝑛 > 1,
0, for even 𝑛 ⩾ 2,

(12)

𝑛(𝜔) =
𝑈𝑛(𝜔)
𝑅𝑛(𝜔)

=

⎧

⎪

⎨

⎪

⎩

𝑜(𝜔)∕[4(𝜔) ⋅ (𝜔) ⋅ (1 + 𝑜(𝜔))], for 𝑛 = 1,
𝑙(𝑛𝜔) ⋅ |1(𝜔)|𝑒𝑗𝑛∠1(𝜔) ⋅ 𝛤 (𝜔)𝑛(𝜔)∕(𝑛𝜔), for odd 𝑛 > 1,
0, for even 𝑛 ⩾ 2,

(13)

Where 
𝑙(𝑛𝜔) = 1∕(1 + 𝑙(𝑛𝜔)),

𝛹𝑛(𝜔) = |𝜌(𝑛𝜔)|∕|1 + 𝑙(𝑛𝜔)|,

𝑜(𝑛𝜔) = 𝑛(𝜔) + (𝛤 (𝜔) − 1)𝜌(𝑛𝜔),

𝛥1
𝑐 (𝜔) = |𝛥𝑙(𝜔)| sin(∠𝛥𝑙(𝜔) − ∠𝑠(𝜔)),

𝜌(𝑛𝜔) = 𝑛
𝜌 (𝜔)3(𝑛𝜔)(𝑛𝜔)4(𝑛𝜔)1(𝑛𝜔),

𝑙(𝑛𝜔) = [𝑙(𝑛𝜔) + 2(𝑛𝜔)]3(𝑛𝜔)(𝑛𝜔)4(𝑛𝜔)1(𝑛𝜔),

𝛤 (𝜔) = 1∕(1 −
∞
∑

𝑛=3
𝛹𝑛(𝜔)𝛥𝑛

𝑐 (𝜔)∕𝛥
1
𝑐 (𝜔)), 𝑛 = 2𝑘 + 1, 𝑘 ∈ N,

𝛥𝑛
𝑐 (𝜔) = −|𝛥𝑙(𝑛𝜔)| sin(∠𝛥𝑙(𝑛𝜔) + ∠𝜌(𝑛𝜔) − ∠(1 + 𝑙(𝑛𝜔)) − 𝑛∠𝑠(𝜔)),  for 𝑛 > 1.

(14)

The function 𝑛(𝜔) is provided in (7), while the functions 𝑛
𝜌 (𝜔) and 𝛥𝑙(𝑛𝜔) are defined in (8).

Proof.  The proof is provided in Appendix B. □

Following the derivation process outlined in Theorem  2 and its proof in Appendix B, Corollary  1 presents the Higher-Order 
Sinusoidal Input Process Sensitivity Function 𝑛(𝜔) for closed-loop reset control systems. 

Corollary 1.  Consider a closed-loop two-reset control system in Fig.  1, with the disturbance input signal 𝑑(𝑡) = |𝐷| sin(𝜔𝑡), under 
Assumptions  2 and 3. Utilizing the ‘‘Virtual Harmonic Generator’’ [21], the input signal 𝑑(𝑡) generates harmonics 𝑑𝑛(𝑡) = |𝐷| sin(𝑛𝜔𝑡)
with Fourier transforms of 𝐷𝑛(𝜔) = |𝐷|F [sin(𝑛𝜔𝑡)]. The 𝑛th Higher-Order Sinusoidal Input Process Sensitivity Function 𝑛(𝜔) is given as 
follows: 

𝑛(𝜔) =
𝐸𝑛(𝜔)
𝐷𝑛(𝜔)

=

⎧

⎪

⎨

⎪

⎩

−(𝜔)4(𝜔)∕(1 + 𝑜(𝜔)), for 𝑛 = 1,
−𝑙(𝑛𝜔) ⋅ |1(𝜔)|𝑒𝑗𝑛∠1(𝜔) ⋅ 𝛤 (𝜔)𝑛(𝜔)4(𝑛𝜔), for odd 𝑛 > 1,
0, for even 𝑛 ⩾ 2.

(15)

Based on Theorem  2, Remark  2 provides a method for calculating the steady-state trajectories of sinusoidal reference input in 
closed-loop reset control systems. 

Remark 2.  Under Assumptions  2 and 3, in a closed-loop reset control system in Fig.  1 with a sinusoidal reference signal 
𝑟(𝑡) = |𝑅| sin(𝜔𝑡), the steady-state error signal 𝑒𝑟(𝑡), output signal 𝑦𝑟(𝑡), and control input signal 𝑢𝑟(𝑡) are given by 

𝑒𝑟(𝑡) =
∞
∑

𝑛=1
|𝑅| ⋅ |𝑛(𝜔)| sin(𝑛𝜔𝑡 + ∠𝑛(𝜔)),

𝑦𝑟(𝑡) =
∞
∑

𝑛=1
|𝑅| ⋅ |𝑛(𝜔)| sin(𝑛𝜔𝑡 + ∠𝑛(𝜔)),

𝑢𝑟(𝑡) =
∞
∑

|𝑅| ⋅ |𝑛(𝜔)| sin(𝑛𝜔𝑡 + ∠𝑛(𝜔)).

(16)
𝑛=1

9 



X. Zhang and S.H. HosseinNia Mechanical Systems and Signal Processing 236 (2025) 112881 
Fig. 9. Theorem  2-predicted and simulated values for (a) ‖𝑒𝑟‖∞∕‖𝑟‖∞ and (b) ‖𝑢𝑟‖∞∕‖𝑟‖∞ of the reset control system across the frequency range [1, 1000] Hz. (c) 
Steady-state error signal 𝑒𝑟(𝑡) and (d) control input signal 𝑢𝑟(𝑡) for the system under the reference input 𝑟(𝑡) = 6 × 10−7 sin(400𝜋𝑡) [m], as determined by Theorem 
2 prediction, simulation, and experimental results.

Based on Corollary  1, Remark  3 provides a method for calculating the steady-state error in a closed-loop reset control system 
when subjected to a sinusoidal disturbance input. 

Remark 3.  Under Assumptions  2 and 3, the steady-state error signal 𝑒𝑑 (𝑡) of a closed-loop reset control system in Fig.  1, with a 
sinusoidal disturbance input 𝑑(𝑡) = |𝐷| sin(𝜔𝑡), is given by: 

𝑒𝑑 (𝑡) =
∞
∑

𝑛=1
|𝐷| ⋅ |𝑛(𝜔)| sin(𝑛𝜔𝑡 + ∠𝑛(𝜔)). (17)

4.2. Validation of the closed-loop HOSIDFs

This subsection uses illustrative examples and conducts simulations and experiments to validate the accuracy of Theorem  2 and 
Corollary  1.

The illustrative system is designed within the generalized structure shown in Fig.  1, with its parameters specified as follows: 
1(𝑠) = (𝑠∕(150𝜋) + 1)∕(𝑠∕(3000𝜋) + 1), 𝑠(𝑠) = 1∕(𝑠∕100 + 1), the reset controller is built with a BLS system 𝑙 = 1∕(𝑠∕(300𝜋) + 1)
with a reset value 𝛾 = 0, 2(𝑠) = 4(𝑠) = 1, 3(𝑠) = 45 ⋅ (𝑠∕(300𝜋) + 1)∕(𝑠∕(30000𝜋) + 1) ⋅ (𝑠 + 30𝜋)∕𝑠 ⋅ (𝑠∕(130𝜋) + 1)∕(𝑠∕(699𝜋) + 1) ⋅
1∕(𝑠∕(3000𝜋) + 1), and the plant (𝑠) is the precision motion stage given in (5). The system has been verified to be both stable and 
convergent. Additionally, the two-reset condition outlined in [27] is applied to ensure that this reset control system, when subjected 
to sinusoidal inputs, exhibits two reset instants per steady-state cycle across the entire operating frequency range.

To validate the accuracy of Theorem  2, let ‖𝑒𝑟‖∞∕‖𝑟‖∞ and ‖𝑢𝑟‖∞∕‖𝑟‖∞ denote the ratios of the L∞ norms of the steady-state 
error 𝑒𝑟 and control input 𝑢𝑟 to the sinusoidal reference input 𝑟 = sin(𝜔𝑡), respectively. Fig.  9(a) and (b) compare the values derived 
from simulations with those predicted by Theorem  2. The results confirm that Theorem  2 accurately predicts system dynamics across 
the frequency range [1, 1000] Hz. Similar to the open-loop HOSIDF analysis in Fig.  7, prediction accuracy improves with the number 
of harmonics 𝑁ℎ considered in the computation. In this study, 𝑁ℎ = 100 is used to ensure reliable predictions.

Next, experimental validation of Theorem  2 is conducted. Fig.  9(c) and (d) compare the steady-state error 𝑒𝑟(𝑡) and control input 
𝑢𝑟(𝑡) of the system under a reference input 𝑟(𝑡) = 6 × 10−7 sin(400𝜋𝑡) [m], obtained from simulations, experimental measurements, 
and predictions based on Theorem  2. The results demonstrate good agreement between the predictions and simulation data. Minor 
discrepancies between the experimental and simulation results can be attributed to approximations in system identification and 
noise in the measurements.

Similarly, the accuracy of Corollary  1 is validated. Fig.  10(a) compares the ‖𝑒𝑑‖∞∕‖𝑑‖∞ values derived from predictions and 
simulations. Fig.  10(b) compares the steady-state error 𝑒𝑑 (𝑡) of the system under a disturbance input 𝑑(𝑡) = 1 × 10−4 sin(40𝜋𝑡) [m], 
obtained from predictions, simulations, and experiments. The results confirm that Corollary  1 accurately predicts the system’s 
response to sinusoidal disturbances.

Note that the accuracy of the closed-loop HOSIDFs is constrained by Assumption  3, and deviations arise when this assumption 
does not hold. This occurs, for instance, when multiple reset instants occur per steady-state cycle in a sinusoidal-input closed-
loop reset control system, referred to as a multiple-reset system, as demonstrated in [25]. To address this, before applying the 
closed-loop HOSIDFs proposed in this study, it is essential to use the method from [27] to verify whether the system operates as a 
two-reset system (i.e., exhibiting two reset instants per cycle under a sinusoidal input). In such cases, the reset-triggered signal is 
primarily governed by its first-order harmonic component, 𝑧1𝑠 (𝑡), ensuring that Assumption  3 is satisfied or approximately satisfied. 
For example, the cases presented in Fig.  9, validated as two-reset systems using the approach in [27], demonstrate high accuracy 
in closed-loop HOSIDF analysis.

After validating the accuracy, Theorem  2 and Corollary  1 can be reliably employed to predict the behavior of closed-loop two-
reset control systems. For illustration, Fig.  11 presents the Bode plots of the sensitivity function and the process sensitivity function 
for the closed-loop reset control system. The magnitude and phase information for each harmonic of the closed-loop reset control 
systems form the basis for analyzing system dynamics, such as reference tracking, and disturbance and noise rejection capabilities.
10 
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Fig. 10. (a) Corollary  1-predicted and simulated ‖𝑒𝑑‖∞∕‖𝑑‖∞ values of the reset control system across the frequency range [1, 1000] Hz. (b) Comparison of 
Theorem  2-predicted, simulated, and experimentally measured closed-loop steady-state error signal 𝑒𝑑 (𝑡) under the reference input signal 𝑑(𝑡) = 1 × 10−4 sin(40𝜋𝑡)
[m].

Fig. 11. (a) The sensitivity function 𝑛(𝜔) and (b) the process sensitivity function 𝑛(𝜔) of a closed-loop reset control system with 𝑛 = 1, 3, 5.

5. Main result 3: MATLAB app ‘‘reset far’’ for frequency response analysis of generalized reset control systems

The HOSIDFs for open-loop and closed-loop generalized reset feedback control systems, depicted in Fig.  1 and formulated in 
Theorems  1 and 2, have been integrated into a MATLAB application. The graphical user interface (GUI) of the App is shown in Fig. 
12. It features five panels, each dedicated to specific functions as detailed below:

• Panel 1⃝: Displays the block diagram of the reset feedback control system in Fig.  1.
• Panel 2⃝: Allows users to specify system parameters, including the numerators and denominators for systems 1, 2, 3, 4, 𝑠, 
𝑟 (entered as the parameters of its base-linear counterpart 𝑙), along with the reset value 𝛾, and the plant  . Additionally, the 
panel includes input fields for defining the frequency range for analysis (logarithmically spaced) and the number of harmonics 
to be considered.

• Panel 3⃝: Select either ‘‘Cr’’ or ‘‘Ln’’ until the indicator turns green, then click the ‘‘Plot’’ button. The HOSIDFs for the reset 
controller 𝑟 and the open-loop system 𝑛(𝜔), as derived from Theorem  1, will be displayed in this panel. Use the ‘‘Clear’’ 
button to remove the plots, and the ‘‘Export’’ button to save the HOSIDF data as a ‘‘.mat’’ file to the workspace.

• Panel 4⃝: Identifies the frequency range where the sinusoidal-input closed-loop reset control system exhibits multiple (more 
than two) reset instants per steady-state cycle based on the method in [27]. To use it, click the ‘‘Test’’ button, which turns green 
when active, and select the sweeping step size, defaulting to 1 Hz. The output will either indicate ‘‘There is No Multiple-Reset 
Region’’, meaning the system operates with only two reset instants per cycle across the tested frequency range, or it will specify 
‘‘Multiple-Reset Regions: 𝑓𝛼 to 𝑓𝛽 [Hz]’’, showing the frequency range(s) where multiple resets occur, with 𝑓𝛼 , 𝑓𝛽 ∈ R+ as 
the boundaries. If multiple-reset regions are detected, subsequent closed-loop HOSIDF analysis may yield inaccuracies, and 
adjusting system design parameters is recommended until ‘‘There is No Multiple-Reset Region’’ is achieved.
11 
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Fig. 12. GUI of the frequency response analysis App for the generalized reset control system, named ‘‘Reset Far’’.

• Panel 5⃝: Generates HOSIDFs for the closed-loop reset control system, including 𝑛(𝜔), 𝑛(𝜔), 𝑛(𝜔), and 𝑛(𝜔) based on 
Theorem  2 and Corollary  1. First, select ‘‘Sn’’, ‘‘Tn’’, ‘‘CSn’’, or ‘‘PSn’’ until the indicator turns green, then click ‘‘Plot’’ to 
display. The ‘‘Clear’’ button erases the plots, while ‘‘Export’’ saves the HOSIDF data as a ‘‘.mat’’ file to the workspace.

The App, along with detailed instructions to guide users through its usage, can be accessed via this link. Note that the App 
is specifically designed for closed-loop reset control systems with a single reset state, as defined by (1) and (3). Expanding its 
functionality to accommodate systems with multiple reset states presents a promising direction for future research.

Additionally, a key advantage of this App is its computational efficiency. Previous methods for obtaining the frequency response 
of reset control systems in Fig.  1, such as point-to-point time-domain simulations or the approach in [26], which relies on time-
domain calculations and Fourier transforms, are highly time-consuming. In contrast, the proposed frequency-domain analysis 
methods enhance computational efficiency by eliminating the need for point-to-point calculations. For example, in the case studies 
presented in Section 4, time-domain methods can take tens of minutes or even hours, whereas the proposed HOSIDF analysis method 
reduces computation time to just a few seconds.

6. Case study: Utilizing the MATLAB app ‘‘reset far’’ for frequency-domain analysis of reset control systems

This section presents case studies to demonstrate the effectiveness of the proposed frequency response methods from Theorems 
1 and 2 in the frequency-domain analysis of reset control systems, applied to the precision motion stage (𝑠) in (5).

6.1. Frequency-domain analysis of reset control systems

We design three control systems—PID, Constant-in-gain-Lead-in-phase (CgLp)-PID, and shaped CgLp-PID—as case studies. Note 
that these systems are primarily used to demonstrate the application of the proposed methods in system analysis, rather than 
representing optimized designs. The stability and convergence of the illustrative reset control system have been verified.
12 
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Fig. 13. Block diagrams of the open-loop (a) CgLp-PID and (b) shaped CgLp-PID control systems.

Fig. 14. Bode plots for the PID control system alongside the first (𝑛 = 1) and third (𝑛 = 3) order HOSIDF 𝑛 for the CgLp-PID control systems.

The CgLp reset element, as proposed in [8], is composed of a First-Order Reset Element (FORE) and a lead element, as illustrated 
in Fig.  13(a). The transfer function of the PID controller is defined as 

PID = 𝑘𝑝

(

1 +
𝜔𝑖
𝑠

)(

𝑠∕𝜔𝑑 + 1
𝑠∕𝜔𝑡 + 1

)(

1
𝑠∕𝜔𝑓 + 1

)

. (18)

By leveraging the phase lead advantage of reset control, the CgLp-PID element in this study is designed to provide phase lead 
while maintaining similar gain properties to a linear PID controller [8]. The cross-over frequency of 1(𝜔) from (7), where |1(𝜔)| = 0
dB, is defined as the bandwidth of the open-loop system. The design parameters for the CgLp-PID control system are as follows: 
𝑘𝑝 = 35.7, 𝜔𝑐 = 240𝜋 [rad/s], 𝜔𝑟 = 244.8𝜋 [rad/s], 𝛾 = 0, 𝜔𝑑 = 120𝜋 [rad/s], 𝜔𝑡 = 480𝜋 [rad/s], 𝜔𝑟𝑐 = 216𝜋 [rad/s], 𝜔𝑖 = 24𝜋 [rad/s], 
and 𝜔𝑓 = 2400𝜋 [rad/s]. As shown in the Bode plots in Fig.  14, both the CgLp-PID and PID systems achieve a bandwidth of 120 Hz 
and maintain identical low-frequency gains. However, the CgLp-PID system achieves a phase margin of 40.7 degrees, providing a 
15-degree improvement over the PID system’s phase margin of 25.7 degrees.

A shaping filter 𝑠(𝑠) is designed and integrated into the CgLp-PID control system to form the shaped CgLp-PID control system, 
as shown in Fig.  13(b). Note that in this case study, the shaping filter 𝑠(𝑠) is specifically designed to reduce high-order harmonics 
of the CgLp-PID control system at the target frequency 100 Hz. By adjusting the parameters of 𝑠(𝑠), high-order harmonics at 
other targeted frequencies can be reduced as well. However, since this case study primarily aims to illustrate the application of 
the proposed frequency response analysis methods, the detailed analysis and design of the shaping filter are addressed in [36]. The 
transfer function of 𝑠(𝑠) is given by 

𝑠(𝑠) =
𝑠∕(660𝜋) + 1
𝑠∕(237.6𝜋) + 1

. (19)
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Fig. 15. Bode plots of the PID system and open-loop HOSIDF 𝑛 for the CgLp-PID and shaped CgLp-PID control systems, with harmonics 𝑛 = 1 and 𝑛 = 3. The 
zoomed-in figure on the right highlights the first-order harmonic within the frequency range [100, 300] Hz.

Then, Theorems  1 and 2 are employed to analyze and compare the frequency-domain characteristics of the PID, CgLp-PID, and 
shaped CgLp-PID control systems.

First, using Theorem  1 (Panel 3⃝in Fig.  12), the parameters of the shaped CgLp-PID system are tuned to 𝜔𝑟 = 466.8𝜋 [rad/s] and 
𝛾 = 0.4, ensuring the same phase margin as the CgLp-PID system. Fig.  15 shows the Bode plots of the PID control system along with 
the open-loop HOSIDF 𝑛(𝜔) for both the CgLp-PID and shaped CgLp-PID control systems, with 𝑛 = 1 and 𝑛 = 3. For simplicity, 
high-order harmonics (𝑛 > 3) are omitted in the figure, as they have lower magnitudes than the third-order harmonics but can be 
derived using Theorem  1.

As shown in Fig.  15, the shaped CgLp-PID system maintains the same phase margin as the CgLp-PID system while offering 
a larger bandwidth. Additionally, it effectively reduces high-order harmonics. Specifically, at an input frequency of 100 Hz, the 
magnitude of the third-order harmonic is decreased from 0.0592 in the CgLp-PID system to 9.14 × 10−5 in the shaped CgLp-PID 
system, representing a reduction of 99.85%.

Second, the multiple-reset control system identification tool [27] (Panel 4⃝in Fig.  12) is applied to verify that both the sinusoidal-
input CgLp-PID and shaped CgLp-PID control systems operate as two-reset control systems within the working frequency range of 
[1, 1000] Hz. This verification ensures that the two-reset condition is met for accurate closed-loop HOSIDF analysis.

Third, Theorem  2 (Panel 5⃝in Fig.  12) is applied to perform the closed-loop frequency response analysis for these three systems. 
Fig.  16(a) and (b) show the sensitivity function 𝑛 and the control sensitivity function 𝑛 for the PID control system with 𝑛 = 1, 
as well as for CgLp-PID and shaped CgLp-PID control systems, with 𝑛 = 1 and 𝑛 = 3.

From the analysis of the sensitivity function in Fig.  16(a), the CgLp-PID and shaped CgLp-PID control systems exhibit similar 
first-order harmonics. However, in the shaped CgLp-PID system, a reduction in the magnitude of high-order harmonics (𝑛 = 3) is 
observed. Specifically, at an input frequency of 100 Hz, the value of |3(𝜔)| decreases from 0.096 to 1.36× 10−4, which corresponds 
to a 99.86% reduction. This decrease in the sensitivity function will result in a corresponding reduction in steady-state errors, as 
demonstrated by the subsequent experimental results.

Fig.  16(c) and (d) present the experimentally measured steady-state error and control input signals for the three control systems 
when subjected to a sinusoidal input signal 𝑟(𝑡) = 1.2×10−7 sin(200𝜋𝑡) [m]. The input magnitude of 1.2×10−7 is selected to ensure the 
steady-state error signal remains distinguishable from sensor noise during measurement while also preventing the control force from 
exceeding the saturation limit of ±10V. Note that the experimental results have been tested for repeatability. For clarity, we present 
a single representative result here. For a quantitative analysis, Table  1 summarizes the 𝐿∞ and 𝐿2 norms of the steady-state errors 
and control inputs over one steady-state cycle, denoted as ‖𝑒‖∞ [m], ‖𝑒‖2 [m], ‖𝑢‖∞ [V], and ‖𝑢‖2 [V], for the three control systems. 
Additionally, the settling time for each system, defined as the time required for the trajectory to reach steady-state performance, is 
also provided in Table  1. Notably, the shaped CgLp-PID control system achieves a 21.43% reduction in maximum error compared to 
the CgLp-PID control system at 100 Hz. This improvement in precision is primarily attributed to the reduction in |𝑛(𝜔)| at 100 Hz, 
as shown in Fig.  16(a).

Additionally, the advantages of reducing high-order harmonics in the shaped CgLp-PID system are more pronounced in the 
control input signal. The control sensitivity function analysis in Fig.  16(b) shows that the CgLp-PID system exhibits substantial 
high-magnitude high-order harmonics at 100 Hz, which are nearly equal to the first-order harmonic. This results in noticeable spikes 
in the control input signal, as observed in Fig.  16(d). In contrast, the shaped CgLp-PID system effectively reduces these high-order 
harmonics, leading to a smoother, more linear control input signal. As highlighted in Table  1, the maximum control input required 
by the shaped CgLp-PID system is reduced by 85.64% compared to the CgLp-PID system.

Results in Fig.  16 show that the shaped CgLp-PID system not only improves steady-state accuracy but also reduces the actuation 
force, enhancing overall control efficiency.
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Fig. 16. (a) The Higher-Order Sinusoidal Input Sensitivity Function (HOSISF) 𝑛 and (b) Control Sensitivity Function 𝑛(𝜔) for the closed-loop PID, CgLp-PID, 
and shaped CgLp-PID systems, where 𝑛 = 1, 3. (c) The experimentally measured steady-state errors and (d) control input signals for these three systems at the 
input frequency of 100 Hz.

Table 1
The 𝐿∞ and 𝐿2 norms of the steady-state errors and control inputs over one steady-state cycle, denoted as ||𝑒||∞ [m], ||𝑒||2 [m], 
||𝑢||∞ [V], ||𝑢||2 [V], along with the settling time for the PID, CgLp-PID, and shaped CgLp-PID control systems.
 Systems ||𝑒||∞ [m] ||𝑒||2 [m] ||𝑢||∞ [v] ||𝑢||2 [v] Settling time [s] 
 PID 1.80 × 10−7 5.51 × 10−7 0.35 1.09 6.90 × 10−3  
 CgLp-PID 1.50 × 10−7 4.46 × 10−7 1.88 1.73 7.50 × 10−3  
 Shaped CgLp-PID 1.20 × 10−7 3.34 × 10−7 0.27 0.76 7.00 × 10−3  

6.2. Discussions

The frequency response analysis methods in Theorems  1 to 2, developed for the generalized reset feedback control structure 
shown in Fig.  1, enable the tuning of linear elements in parallel, in series before and after the reset controller, and within the 
shaping filter to refine reset actions. This tuning flexibility broadens the potential for reset feedback control systems with enhanced 
performance. For example, ensuring that |𝑛(𝜔)|∕|1(𝜔)| → 0 can preserve the advantages of first-order harmonics while suppressing 
higher-order harmonics to negligible levels. Striking this balance enables the application of the superposition principle in closed-loop, 
multiple-input reset control systems.

Furthermore, in Section 6.2, we proposed a shaped reset control structure that enhances tracking accuracy while reducing 
actuation demands at the targeted frequency. Industrial mechatronics applications often face tracking challenges due to dominant 
frequencies or specific disturbances with notable spectral characteristics, such as friction, vibrations, actuator dynamics, and sensor 
noise [37–39]. The proposed shaped reset control structure is well-suited to address these challenges. However, this study primarily 
focuses on frequency response analysis; future research will explore detailed parameter optimization and tuning for targeted 
frequencies across different applications.

7. Conclusion

In conclusion, this study develops frequency response analysis tools for generalized single reset-state reset control systems, 
which are integrated into a MATLAB App, making them more accessible and intuitive for industrial applications. The first tool 
introduces Higher-Order Sinusoidal Input Describing Functions (HOSIDFs) for open-loop reset control systems, while the second 
provides HOSIDFs for the frequency response analysis of closed-loop reset control systems with two reset instants per steady-state 
cycle. Simulations and experiments validate the accuracy of the proposed methods.

Case studies conducted on a precision motion stage demonstrate the effectiveness of the proposed method in analyzing reset 
control systems. The frequency-domain analysis results show that the shaped CgLp-PID system reduces high-order harmonics in 
both open-loop and closed-loop configurations while maintaining similar first-order harmonics compared to the CgLp-PID control 
system. These frequency-domain advantages allow the shaped CgLp-PID system to achieve lower steady-state errors and reduced 
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actuation force compared to previous PID and CgLp-PID control systems. Future research will focus on further exploring the design 
and tuning of this shaped control structure to optimize system performance.

The proposed tool is developed based on the method applied to a limited reset control structure from [25], but this study goes 
beyond a simple extension. The developed analysis methods establish a connection between open-loop and closed-loop analysis, 
enabling the fine-tuning of critical parameters such as the shaping filter 𝑠, linear controllers 1, 2, and 3, which are arranged in 
series before, after, and parallel to the reset controller 𝑟, along with the feedback element 4. This tuning capability facilitates the 
optimization of performance in reset feedback control systems.

Moreover, future research could leverage the frequency-domain techniques presented in Theorems  1 and 2 to develop guidelines 
for designing reset control systems. These guidelines could focus on optimizing both transient and steady-state responses in 
reset-controlled mechatronics systems.
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