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Introduction

This thesis is concerned with Volterra integrodifferential equations of convolution
type with completely monotonic kernels. The main objective is to provide an an-
alytic semigroup setting for these equations, based on the complete monotonicity
of the kernel. Bernstein’s theorem allows for rewriting the Volterra equation
into an abstract Cauchy problem in an appropriate infinite dimensional Hilbert
space, in such a way that the operator governing this problem generates an an-
alytic semigroup. Then the solution to the abstract Cauchy problem, together
with interpolation methods, is used to obtain existence and regularity of solutions
to the Volterra equation, as well as a representation formula.
The type of Volterra equations studied in this thesis is the semilinear X-valued
Volterra integrodifferential equation

d rt

— a(t — s)u(s)ds = f(t,u(t)), t>0,

at J_.. (1)

u(t) = up(t), t <0,

where X is a real separable Hilbert space, where the function ug : (—o0,0] — X is
locally integrable, where the function f : [0,00) x X — X is Holder continuous in
the first variable and globally Lipschitz continuous in the second, and where the
kernel a : (0,00) — R is completely monotonic, locally integrable, and singular
at zero.

A motivation for studying this type of Volterra equations emanates from models
involving memory, for example in the theory of viscoelasticity where the nonlinear
stress-strain relations are of memory type, see [RHN87] and [Eng96]. As another
example we consider heat flow in a material with memory as described in [Nun71]
and [CDP97]. We also refer to [CN81], [Noh81], [LN84], [CP90], [Lun90], [Prii93],
[GL95], and to [Jak01] and [Zac03].

Example. We consider heat flow in a bar of length [. At time ¢ € R and position
x € [0,1] the temperature of the bar is denoted by u(t, ), the density of internal
energy by e(t,z), the heat flux by ¢(¢,x), and the heat supply by f(¢,z). The

1



2 Introduction

functions e, ¢, and f are related to each other by the energy balance (the law of
conservation of energy)

Se(t,x) = —LZq(t,x) + f(t,2), teR, zel0,l] (2)

Moreover, e and ¢ are related to the temperature u and its gradient e%u by the
constitutive laws

e(t,x) = bou(t, x) —{—/_ Bt —s)u(s,x)ds, te€R, xe€[0,l], (3)

t

q(t,x) = —co2u(t, ) +/ Y(t—s)Zu(s,x)ds, teR, z €[00, (4)

where the constants by > 0 and ¢y > 0 denote the heat capacity respectively the
thermal conductivity of the bar, and where the functions # and ~ denote the
internal energy relaxation function respectively the heat flux relaxation function
of the bar. By combining (2), (3), and (4) we obtain the linear heat equation
with memory

% (bou(t, T) + /OO Bt — s)u(s,x) ds) (5)
= co%u(t,x) - ffoo v(t — s)aa—;u(s,x) ds+ f(t,x), teR, z€[0,l].

The functions § and v usually are of the form

n

che_a’“t, t >0,

k=1

where n € N and ¢, ap > 0 for k = 1,--- ,n, or more generally, § and ~ are
completely monotonic functions. For the sake of simplicity we assume that v is
identically zero.

In order to characterize u completely we need initial and boundary value condi-
tions. We choose Dirichlet boundary conditions

u(t,0) =u(t,l) =0, t>0. (6)

In addition, we assume that at every position z € [0, (] the history of the tem-
perature u(t, z) is known at every time ¢ < 0, that is,

u(t,x) = uo(t,z), t<0,z€]l0,l], (7)

for some given function .



We reformulate the linear heat equation (5) as a Volterra integrodifferential equa-
tion in a Hilbert space X by means of an unbounded linear operator L : D(L) C
X — X. Let X := L?(0,1) and let L be defined by

D(L) := W?2(0,1) n W,2(0,1),
(Lu)(z) == Lu(z), ueD(L), € (0,).

Now (5) together with (6) and (7) becomes

(%u /‘ﬁt—s 5)d )zqﬂﬂﬂ+f@,t>ﬁ

u(t) = uo, t <O0.

(8)

Note that when [ is identically zero, the Volterra integrodifferential equation (8)
reduces to an ordinary differential equation in X. We are interested in the case
bo = 0. In this case we can replace the unbounded linear operator L in (8) by its
Yosida approximation, which is a bounded linear operator, so that problem (8)
is of the form (1), and then pass to the limit. However, this is beyond the scope
of the thesis. O

The semigroup approach based on the complete monotonicity of the kernel has
been initiated in [DM88], has been used in the context of viscoelasticity in
[DG89], and has been generalized to a larger class of kernels in [Sta94]. In
contrast to other semigroup approaches to Volterra equations, as for example
in [Mil74] and [GLS90], this one leads to an analytic semigroup. The price for
embedding integral or delay equations in a semigroup setting often is some loss
of regularity. However, this approach yields regularity results which are close to
optimal.

We are able to treat existence and regularity of solutions to problem (1) within
the setting of analytic semigroups and interpolation spaces, see [BL76], [Tri78],
[Paz83], [CHAT87], [Ama95], [Lun95], and [MCSAO01]. This sheds a new light on
results obtained by more direct methods, for which we refer to [DPI85], [GLS90],
[GV91], [Pri93], and [Bajol]. Moreover, it opens access to a powerful analytic
machinery, in particular tools for a stochastic perturbation of problem (1) by
white noise. Finally, this setting paves the way for a formulation of the Kol-
mogorov equations corresponding to a stochastic perturbation of (1). For the
well-established theory of stochastic perturbation in combination with analytic
semigroups and Kolmogorov equations we refer to [DPZ92]. Furthermore, we
refer to [DPZ96], [CDPP97|, [BvN00], [KZ00a], [KZ00b], [Bon01], [BT01], and
[DPZ02].



4 Introduction

For the moment we restrict ourselves to the scalar linear Volterra integrodifferen-
tial equation

d t

— a(t —s)u(s)ds = f(t), t>0,

7 elt=susds = 1) o

u(t) =up(t), t<0,

where the functions ug : (—00,0] — R and f : [0,00) — R are locally integrable,
and where the kernel a : (0,00) — R is completely monotonic, locally integrable,
and singular at zero. In case wuy is identically zero it is known that problem (9)
admits a unique solution u, and that u has the representation

(10)

u(t) = {f(f b(t —s)f(s)ds, t>0,
0 t<o0,

where b : (0,00) — R is the resolvent of the first kind of the kernel a, that is, b
has the same properties as a and satisfies

t
/ a(t —s)b(s)ds =1, t >0,
0
see [GLS90]. As our model problem we choose the kernel a to be given by

@
)= =————, t>0
where o € (0,1). Then the Volterra equation (9) amounts to the fractional

derivative of the function u of order a:

-,
Q
£
)
N
I

ft), t>0,

11
0, t<0. (1)

<
—~
~
SN—
I

Even more, the resolvent b of the first kind of a is given by

tl—a

b(t) := T

t>0
Oé)’ )

and the solution u given by (10) is the fractional integral of the function f of
order a.

In this thesis we extend the result above to the case when wug is not identically
zero, for which to our knowledge there is no general theory. We always assume
that a belongs to the class K of completely monotonic kernels, defined by

K :={a:(0,00) = R; a completely monotonic, a € L'(0,1), a(0+) = +oo}.



With every kernel a € K we associate a number a(a) € [0, 1] that plays the role
of v in the case of our model problem (11).

Heuristically, the semigroup approach can be explained as follows. By Bernstein’s
theorem, see [Wid41], there exists a unique Borel measure v on [0, c0) such that

a(t) :/[0 )e’“ty(d/ﬁ), t>0. (12)

The idea is to substitute this expression into (9). For this purpose we define the
function 1 : [0,00) x [0,00) — R by

t
»(t, k) ::/ e "=9y(s)ds, t>0, k>0,

—00

where the function u : R — R is such that (9) holds. Note that ¢ is the solution
to the initial value problem

2(t k) = u(t) — w(t,R), t>0, k>0, (13)
Y(0, k) = o(k), 520,

where the initial value v : [0,00) — R is defined by

Yo(k) = /000 e "ug(—s)ds, k>0.

By substituting (12) into (9) we obtain

d [* d [* (t—5)
— a(t — s)u(s)ds = — (/ e Ve V(d/-z)) u(s)ds
dt ) .. dt 000)

:% - ( / ; e“(ts)u(s)dj> v(drk) = % é 7m)¢(t, k) v(drk)
_ /[0 ) i) = /[0 (0~ ) @), >0

Therefore, 1 is subject to the constraint
/ (u(t) — k(L K)) v(dr) = f(t), t>0. (14)
[0,00)

We remark that at this stage we have a differential equation without memory,
namely (13). In order to solve the initial value problem (13) we use a semi-
group approach to rewrite (13) together with the constraint (14) into an abstract
differential equation in a suitable Hilbert space. We proceed in two steps.



6 Introduction

The first step is to assume that f is identically zero. In this case it appears that
we can rewrite the initial value problem (13) and the constraint (14) into the
homogeneous abstract Cauchy problem

Lo(t) = Ap(t), t>0,

2(0) = o, (15)

where A is the infinitesimal generator of a quasi-contractive analytic semigroup
{S(t)}+>0 on a Hilbert space H. In this way we obtain a solution ¢ to the
homogeneous abstract Cauchy problem (15). It remains to find a way going from
¢ to a solution u to problem (9) with f identically zero. It turns out that this is
possible by means of an unbounded linear functional J on H, so that u has the
representation

u(t) = {J(so(t», t>0,

We fix an arbitrary § > 0 and define the Hilbert space H of equivalence classes
by
H :={p:[0,00) — R; ¢ Borel measurable and

[ e+ 5)vtan) < o0
We want A to act on 1 like
(AY(t, ) (k) = ult) — k(L k), t>0, k>0, (16)
with the additional condition that
/[0 () =t ) vlds) =010
Therefore we define the linear functional J : D(J) C H — R by
D(J) := {¢ € H; there exists (a unique) u € R such that x — u — kp(k) € H},

J(p) :==u, € D(J).

Now we define A as follows:

D) = {ip € D) [ ) = ol tan) = of,

(Ap)(k) := J(p) — rp(k), » €D(A), x>0



In the second step we continue with f not identically zero. Without loss of
generality we assume that wug is identically zero. Let the linear functional I :
D(J) — R be defined by

I(p) = /[ ()~ el vidn). ¢ € D)

Since the constraint (14) suggests that I(¢(t,-)) = f(t) for every ¢ > 0, the
mapping k — ¥ (t, k) does not belong to D(A) for every ¢ > 0. In particular,
(16) will not hold. Therefore the homogeneous abstract Cauchy problem (15) is
of no use. The idea is to modify (15). For this purpose we think of a function
m € D(J) with I(m) = 1, that is, m has the property that for every ¢ € D(J)
the function ¢ — I(y)m belongs to D(A). It appears that the following choice is

satisfactory:

1 1
W(Ii) = ﬁd—@m’ KR Z 0.

Furthermore, we define the linear operator A : D(.J) — H by

(Ap)(k) = J(p) — Kp(K), ¢ €D(J), & > 0.

It turns out that A(r) = r. Now we observe that if J(¢(t,-)) = u(t) for every
t > 0, then we have

S0(t) = Ap(t,) = A(D(t) — (0 )7) + 1((, ) Ar
=A(W(@,-) — fO)r) + Bft)w, t>0.

This suggests to consider the following inhomogeneous abstract Cauchy problem
in an extrapolation space H_; of H:

Ge(t) = Ap(t) + f(t)(BIa — A, t >0,
©(0) = 0.
However, if ¢ is a solution to problem (17), then we cannot expect ¢ to belong to

D(J), since (81 — A_1)m belongs to H_;. Therefore we would like 7 to belong
to an interpolation space (H,D(A))p2 and J to have a continuous extension to

(17)

an interpolation space (H,D(A)), 2, for some 6,1 € (0,1) with n <. Such n and
6 exist indeed. In this way we obtain a solution ¢ to the inhomogeneous abstract
Cauchy problem (17) with values in (H, D(A)), 2. Moreover, problem (9) with u,
identically zero admits a solution u, and u has the representation

ult) = {Jw», t>0,

0, t<0.
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One aspect of our semigroup approach is not immediately clear. A solution ¢
to the homogeneous abstract Cauchy problem (15) is an equivalence class in the
Hilbert space, but we shall need a version of the equivalence class ¢ to show
that the constructed function u is a solution to problem (9). This problem is
considered in Chapter 2. The main result is that if the semigroup is analytic,
then the solution ¢ to the homogeneous abstract Cauchy problem has an analytic
version.

Chapter 3 is concerned with the scalar linear Volterra integrodifferential equation
(9). This chapter is the core of the thesis, where the semigroup approach as
explained above is done in detail. In Chapter 4 we study three different types
of Volterra integrodifferential equations in a separable Hilbert space X. We use
the X-valued equivalents of the Hilbert space H, the linear functional J, the
linear operator A, and the analytic semigroup {S(¢)}:>o. These are denoted
by respectively H, J, A, and {S(t)}+>0. Section 4.1 treats the Hilbert-valued
equivalent of the scalar linear Volterra integrodifferential equation (9), which is a
straightforward generalization of the scalar case. We state the two main results
in the Hilbert-valued case.

Hypothesis 4.1.3. The function ug : (—00,0] — X is strongly Borel measur-
able and has the following properties:

(i) There exist M; > 0 and w > 0 such that |[ug(t)]] < Mye“* for every t < 0;

(ii) There exist My > 0 and ¢ > 0 such that |lug(0) — ug(t)|| < Malt| for every
t e [-4,0].
Theorem 4.1.20.  Let ug satisfy Hypothesis 4.1.3. If a belongs to K with

a(a) € (0,1), then the X-valued equivalent of problem (9) with f identically zero

admits a unique solution u. Moreover, u is real analytic in (0, 00), belongs to
C%([0,T]; X) for all T > 0 and ¢ € [0,a(a)), and has the representation

S(t , t>0,
u(t) = T (S(t)vo)
uo(t), t<0.
Theorem 4.1.26. Let f : [0,00) — X belong to L?(0,7"; X ) for some p € [1,00)
and every T' > 0. If a belongs to K with a(a) € (0,1), then the X-valued

equivalent of problem (9) with ug identically zero admits a unique solution u,
and u has the representation

) fot J((BIy — A)S(t — s)m) f(s)ds, t>0,
u =

0, t<0.
Moreover, for all 7' > 0 and ¢ € (0, «(a)) the following holds:



|H

(i) If p =1, then u belongs to L%(0,T; X) for every ¢q € [1

);

(i) If p € (1, %), then u belongs to L(0,7T; X) where ¢ := 1—L2p5

’ 1—

ey

(iii) If p = %, then u belongs to L4(0,T; X) for every ¢ € [1, 00);

_1
(iv) If p € (%,oo), then u belongs to C(()LC ?([0,T]; X).

In particular, if f belongs to CJ7([0,T]; X) for some v € (0,1) and every T > 0,
then u belongs to
CWrCMJrC—['erC]([07 T); X)

for all 7> 0 and ¢ € (0, a(a)) such that ¢ # 1 —~.

Note that Theorem 4.1.26 is an extension of the Hardy-Littlewood inequalities
concerning fractional integrals, see [HL28] and [GV91].

As a consequence of our semigroup approach we obtain a representation of the
resolvent of the first kind of the kernel a € .

Theorem 3.7.7. If a belongs to K with a(a) € (0,1), then the resolvent b of
the first kind of a has the representation

b(t) = J((BIy — A)S(t)r), ¢t>0.
If, in addition, a(a) > %, then b belongs to L?(0,T) for every T > 0.

In Section 4.2 we discuss the semilinear Hilbert-valued Volterra integrodifferential
equation (1). The X-valued equivalent of the abstract Cauchy problem (17) is
the semilinear initial value problem
dre(t) = Ap(t) + (BIg — A)m @ f(t, T (1)), t >0,
©(0) = o,

where a function ¢ ® x in ‘H for all ¢ € H and x € X is defined by

(18)

(¢ ®@x)(r) == ¢(r)x, K =>0.
The main result of this section is the following:
Hypothesis 4.2.2. The function f :[0,00) x X — X is such that

(i) For every T > 0 there exists L > 0 such that
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(ii) There exists ¥ € (0,1) such that for all 7" > 0 and xy € X there exist r > 0
and K > 0 such that

||f(t,x) — f(s,x)” < Kt — s|’9, s,t € [0,T], x € Bx(xg;7).

Theorem 4.2.9. Let ug and f satisfy Hypothesis 4.1.3 respectively Hypothesis
4.2.2. If a belongs to K with a(a) € (0,1), then problem (1) admits a unique
solution u, and u has the representation

u(t) = {J«o(t)), t>0,

Uo(t), t S O,

where ¢ is the strict solution to problem (18) according to [Lun95]. Moreover, u
belongs to C%¢([0,T]; X) for all T > 0 and ¢ € (0,a(a)), and u satisfies

u(t) = T (S(t)h) + /Ot J((BIy — A)S(t — s)m) f(s,u(s))ds, ¢>0.

Motivated by the application of a stochastic perturbation of problem (9), Section
4.3 is concerned with the first kind linear Hilbert-valued Volterra equation

/ta(t — s)u(s)ds = h(t), t>0, (19)

where the function h : [0,00) — X belongs to Cy([0,T7]; X) for every T > 0, see
also [Gri80], [Gri85], [GLS90], and [GV91]. We obtain the next theorem:

Theorem 4.3.3. Let h belong to Cy”([0, T]; X) for some v € (1 —a(a),1) and
every T' > 0. If a belongs to K with a(a) € (0,1), then problem (19) admits a
unique solution u. Moreover, u belongs to C%7~1(]0, T); X) for all T > 0 and
¢ € (1 —~v,a(a)), and u has the representation

u(t) = % /0 J((BIi — A)S(t — s)yn)h(s)ds, t> 0.

Finally, Chapter 5 deals with the stochastic linear Volterra integrodifferential
equation

d [t .
— a(t —s)U(s)ds = f(t) +oB(t), t>0, (20)

U(t) = uo(t), t<0,
where o € R, and where {B(t) };+>0 is standard Brownian motion. To give (20) a

meaning we interpret it as the stochastic first kind linear L?(2)-valued Volterra
equation

/ta(t —s)U(s)ds = h(t)1lg+oB(t), t >0, (21)
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where h : [0,00) — R is given by

h(t) := /0 a(—s)ug(s)ds — /0 a(t — s)ug(s)ds + /Ot f(s)ds, t>0.

—0o0 —0o0

In Section 5.2 we apply the results of Section 4.3 to problem (21). This leads to
the following theorem:

Theorem 5.2.4. If a belongs to K with a(a) € (3, 1), then problem (20), with
f and wug identically zero and o = 1, admits a unique solution U. Moreover, U
belongs to C%¢([0, T]; L*(2)) for all T > 0 and ¢ € (0,a(a) — 3), and U has the

representation

U(t) = {(% [ J((Bly — A)S(t — s)m) B(s) ds, Z i 8,

In Section 5.3 we obtain that the solution U in Theorem 5.2.4 is a centered
Gaussian system with covariance

min{s,t} 5
E(U(H)U(s)) = /0 (J((BIn — A)S(r)m))* dr, t,s> 0.

In particular, we prove that U is represented by the stochastic convolution

Utt) = {({0 J((BIn = A)S(t = $)7) dB(s). =

We conclude the introduction with the remark that the contents of Chapters 2
and 3, with the exception of Theorem 3.7.7, have appeared in [DH02| respectively
[CDHO02], and will appear in [DH] respectively [CDH].
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Introduction




Chapter 1

Preliminaries

1.1 Completely monotonic functions, Bernstein’s
theorem, and the Laplace transform

Definition 1.1.1 A function f : (0,00) — R is called completely monotonic if f
belongs to C*°(0, c0) and

(_)dx"f() 2>0,n=12--.

Lemma 1.1.2 A completely monotonic function f : (0,00) — R has the follow-
g properties:
(i) If f(zo) = 0 for some xg > 0, then f is identically zero;

The function f has an analytic extension to {z € C; Rez > 0};

(i)
(iii) If f(0+) = 400, then (—=1)"-L_f(0+) = 400 forn=1,2,---;
)

dzn

(iv) (=1)"L= f(+o00) =0 forn =1,2,--

PROOF: For (i) and (ii) we refer to [GLS90, page 147, Theorem 2.8] respectively
[Wid41, page 146, Theorem 3a]. For (iii) and (iv) we use that for all 0 < x < T,

f(@) = (T) + / 4 f(y)dy < F(T) — (T — 2)L (),
F(T) = f(x) + / L f(y)dy < f(x) + (T — )L F(T).

For the following theorem we refer to [Wid41, pages 161, 12, Theorems 12b, 7a/,
[Tay65, page 219, Theorem 4-101], and [WZ77, page 201, Theorem 11.11].

13
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Theorem 1.1.3 (S. Bernstein) A function f : (0,00) — R is completely
monotonic if and only if there exists a Borel measure v on [0,00) such that

f(z) :/[0 )e”"x v(dk), = >0.

In this situation, the measure v is uniquely determined by f.

Lemma 1.1.4 Let f: (0,00) — R be completely monotomc Let v be the unique
Borel measure on [0, 00) such that f(x f[o v(dk) for every x > 0. Then
the following holds:

(i) v(]0,T)) < oo for every T > 0;

(ii) It holds that
(—1)”% (m):/ e "k"v(dk), ©>0,n=01,--;
[0,00)

(iii) f(0+) < oo if and only if v([0,00)) < oo, and then f(0+) = v(]0,00));
(iv) If f(0+) = +o0, then f[Opo) k"v(dk) = +00 forn=0,1,---;

(v) f(400) =v({0}).
PROOF: For (i) we refer to [Tay65, page 219, Theorem 4-10I]. O
Lemma 1.1.5 Let f : (0,00) — R be cAompletely monotonic and belonging to
L'(0,1). Then the Laplace transform f : (0,00) — R is completely mono-

tonic. Moreover, if v is the unique Borel measure on [0,00) such that f(x) =
f[()po) e " v(dr) for every x > 0, then f has the following properties:

i) fN) f[Ooo —o v(dk) for every A > 0;

(ii) —%f( f[OOO /-e+/\ —3 v(dk) for every A > 0;
(iii) f(\) +ASF(N) = Jio.0o) Gz V(dK) for every A > 0;
(iv) The mapping X — )\f()\) is nondecreasing on (0,00);

(v) Fo) = FN) < 2522 F(N) for all 0.< Ao < X;

fx

2 o A2 o K2
( 0= Ao ) N+ 325 i/ N+ age S (o) = S winz e v(dR) for
all 0 < Ag < .
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PROOF: The Laplace transform of f is well-defined since f is locally integrable
and nonincreasing. O

Lemma 1.1.6 Let f : (0,00) — R be completely monotonic and belonging
to L'(0,1). Let v be the unique Borel measure on [0,00) such that f(x) =
f[o 00) e " y(dk) for every x > 0. Then the following holds:

(i) f[T 00) L v(dk) < 0o for every T > 0;

(i) limgjo(—1)"2" ™A= f(2) =0 forn=0,1,---
PROOF: Property (i) follows from Lemma 1.1.5(i). Property (ii) is a result of
Lemma 1.1.4(ii) and Lebesgue’s dominated convergence theorem, since we have
forn=0,1,--- and every z € (0, 1], using Lemmas 1.1.4(i) and 1.1.6(i),

(_1)nxn+1% (33) — /[ )e—mcl%nxn-i-l V(dK,)
0,00

1
< / v(drk) + max{e “t"*; t > 0} —v(dr) < 0.
(0,1]

[Loo) F

Lemma 1.1.7 Let f : (0,00) — R be completely monotonic and belonging
to L'(0,1). Let v be the unique Borel measure on [0,00) such that f(x) =
f[o,oo) e " v(dr) for every x > 0. Then the Laplace transform f: (0,00) — R has
a continuous extension to {z € C\{0}; Rez > 0} and for all A > 0 and w € R
such that A +iw # 0,

A 1 K+ —iw
)\ 1w: _— d/ﬂ): —Vd/‘ﬂ?.
FO+ i) /[ (dw) /{Om)( (dr)

v
o) B A+ W K+ A)? + w?

PROOF: By Lemma 1.1.2(ii) it is sufficient to prove that limy f(A + iw) =
f[o 00) ﬁ v(dk) for every w # 0. Now this follows from Lebesgue’s dominated
convergence theorem, since we have using Lemmas 1.1.4(i) and 1.1.6(i),

1 1 1
/ —v(dk) < — v(dk) +/ —v(dk) < 00, w #0.
[0,00) [F+ 1] w[ Jio [1,00) K
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1.2 Titchmarsh’s theorem

Theorem 1.2.1 (E.C. Titchmarsh) If f,g € C[0,00) are such that

/ft—s ds=0, t>0, (1.1)
then either f or g is identically zero.

For a proof of Titchmarsh’s theorem we refer to [Yos95, page 166, Theorem].

Corollary 1.2.2 Let f,g: (0,00) — R be such that f and g belong to L'(0,T)
for every T' > 0. If (1.1) holds, then either f(t) = 0 for almost every t > 0 or
g(t) =0 for almost every t > 0.

PROOF: Using the commutative and associative laws for convolutions it follows
from (1.1) that the convolution of the mappings t — fo s)ds and t — fo

is identically zero. Now Theorem 1.2.1 implies that either fo s)ds =0 for every
t>0or fo s)ds = 0 for every t > 0. Hence, either f(t) =0 for almost every
t>0org(t) = 0 for almost every ¢ > 0, see [Tay65, page 415, Lemma 9-8V]. [

1.3 Resolvents of the first kind

Definition 1.3.1 Let a : (0,00) — R be such that a belongs to L'(0,7T) for
every T' > 0. A resolvent of the first kind of a is a function b : (0,00) — R such
that b belongs to L'(0,T) for every T > 0 and

/ta(t— s)b(s)ds =1, t>0.

Theorem 1.3.2 Let a: (0,00) — R be such that a belongs to L'(0,T) for every
T > 0. Then a has at most one resolvent of the first kind. If, in addition, a is
completely monotonic and a(0+) = +oo, then there ezists a resolvent b of the
first kind of a, and b is completely monotonic and b(0+) = +oo.

For the theorem above we refer to [GLS90, pages 158-159, Theorems 5.2, 5.4].

Example 1.3.3 The function g, : (0,00) — R with a > 0 is defined by

t>0, (1.2)
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where we recall that the Gamma function I' : {z € C; Rez > 0} — R is the
analytic function defined by

I'(z) = / e ¥ 1dt, Rez >0,
0

with the property that I'(z + 1) = 2I'(z) whenever Rez > 0, see [WW52, pages
235-241]. The function g, has the following properties:

(1) ga(X) = A" for every A > 0;

(ii) For every v > 0 it holds that
¢
/ Galt — 5)g,(5) ds = gays(t), t>0;
0

(iii) If o < 1, then g, satisfies Bernstein’s theorem with v(dk) = ¢1_,(k) dk,

that is,
1

t)= —— T dR, t>0.
ga() P(OZ)F(]_—O[)/O € K H? >O

Note that property (ii) shows that the resolvent of the first kind of g, is g1_q.

For functions f, g : (0,00) — R such that f and g belong to L'(0,T) for every
T > 0 we denote the function f * g : (0,00) — R by

Frg))= [ Fa=ss)ds, 10

Proposition 1.3.4 Let o € (0,1) and let f belong to LP(0,T) for some p €
[1,00) and some T > 0. Then the following holds:

(i) If p = 1, then go * f belongs to L(0,T) for every q € [1, =) and there
exists ¢ > 0 depending on o and q such that

lga * fllzar) < el fllzrom); (1.3)

(i) If p € (1,%), then g, * f belongs to L4(0,T) where q := 1%@, and there

exists ¢ > 0 depending on o and p such that (1.3) holds;

(iii) Ifp =1L, then gox f belongs to L9(0,T) for every q € [1,00) and there exists
¢ > 0 depending on o and q such that (1.3) holds;
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(iv) If p € (£,00), then g, * f belongs to Cg’aiE[O,T] and there exists ¢ > 0
depending on o and p such that

a1 a1
Hga * fHLoo(o,T) +T" [ga * f]a,; <cI™» HfHLP(O,T)a
r

where

}(goc * f)(t) - (ga * f)(S)‘
(t—s)*"»

[ga*f}a_ﬂzsup{ ;0§s<t§T}.

PROOF: For properties (i), (ii), and (iii) we refer to [GV91, page 65, Theorems
4.1.1, 4.1.3] and [HL28]. For property (iv) let p’ € (1, 00) be such that %—l—ﬁ =1
Since (a — 1)p’ > —1 it follows that g, belongs to L (0,T) and hence, g, * f
belongs to L'(0,T), is continuous on [0,7], and (g, * f)(0) = 0, see [GLS90,
page 40, Corollary 2.3(iii)]. For the rest of the result we refer to [GV91, page 67,
Theorem 4.1.4]. O

1.4 Analytic semigroups and interpolation spaces

Let (X, || - ||x) be a Banach space.

Definition 1.4.1 A strongly continuous semigroup of bounded linear operators
on X is a family {S(¢) }+>0 in £(X) with the following properties:

(i) S(0) = Lx;
(i) S(t+s)=S(t)S(s) for all £, s > 0;
(ili) limgg S(t)z = x for every x € X.

A strongly continuous semigroup {S(t)}:>¢ is called uniformly bounded if there
exists M > 1 such that ||S(t)||zx) < M for every ¢t > 0. In particular, if M = 1,
then {S(t)}1>0 is called a strongly continuous semigroup of contractions on X.

Definition 1.4.2 The infinitesimal generator of a strongly continuous semigroup
{S(t)}+>0 on X is the linear operator A : D(A) C X — X defined by

D(A) := {x € X; limM exists} :
t10 t

Az ;= lim M

i , = € D(A).
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Definition 1.4.3 Let A: D(A) C X — X be a linear operator.

(i) A is called dissipative in (X, || - ||x) if ||[(Mx — A)z||x > A||z|x for all
r € D(A) and X > 0;

(ii) A is called m-dissipative in (X, | - ||x) if A is dissipative in (X, || - ||x) and
Ran(Ix — A) = X.

A characterization of dissipative operators in Hilbert spaces is given in the next
lemma. The proof is elementary, compare [Paz83, page 14, Theorem 4.2].

Lemma 1.4.4 Let (H,{-,-)g) be a real Hilbert space and A:D(A) C H — H a
linear operator. Then A is dissipative in (H,(-,-)y) if and only if (Azx,z)y <0
for every x € D(A).

Theorem 1.4.5 (Hille-Yosida) A densely defined linear operator A : D(A) C
X — X s the infinitestimal generator of a strongly continuous semigroup of
contractions on X if and only if A is m-dissipative in (X, || - || x).

For a proof of the Hille-Yosida theorem we refer to [Paz83, page 8, Theorem 3.1].
The following proposition gives an identification of the infinitesimal generator of
a uniformly bounded semigroup. A proof can be found in [CHAT87, page 47,
Theorem 3.1(ii)].

Proposition 1.4.6 Let {S(t)}i>0 be a uniformly bounded semigroup on X with
infinitesimal generator A. Then

Mx — Ao = / e MS(t)xds, A\>0,z€ X,
0
where the integral vs Bochner in X.

Proposition 1.4.7 Let A : D(A) C X — X be an m-dissipative operator in
(X, || |lx)- If X is reflexive, then A is densely defined in X.

The proposition above is proved in [Paz83, page 16, Theorem 4.6]. The next
result is proved in [Paz83, page 9, Lemma 3.2].

Lemma 1.4.8 Let A : D(A) C X — X be the infinitesimal generator of a
strongly continuous semigroup on X. Then

lim A\ y —A) 'z =2, z€X.

A—00

The following perturbation result is proved in [Paz83, page 76, Theorem 1.1].
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Proposition 1.4.9 Let {S(t)}+>0 be a strongly continuous semigroup on X with
infinitesimal generator A and, for some M > 1 and w > 0, ||S(t)|zx) < Me**
for every t > 0. If B belongs to L(X), then A+ B is the infinitesimal generator
of a strongly continuous semigroup {T'(t)}i>0 on X, satisfying

1T ()| 2y < Me@HMIBleco)t = ¢ >,
In particular, if B = M x for some A\ € R, then T(t) = e’\tS(t) for every t > 0.

Let X5 C C with 0 € (0, 7] denote the sector 35 := {z € C\{0}; | Arg(z)| < 0},
where Arg(z) is taken in (7, 7.

Definition 1.4.10 An analytic semigroup in s is a family {S(2)}.ex,0f0) in
L(X) with the following properties:

(i) S(0) = Ix;
(i) S(z1 + 22) = S(21)S(29) for all 21, 25 € Xy;

(iii) lim, o S(2)z = z for every z € X
zZEXs

(iv) The mapping z +— S(z)z is analytic in X5 for every z € X.

A strongly continuous semigroup {S(t)}s>0 on X is called analytic if it can be
extended to an analytic semigroup {S(2)}.cx,uq0} in some sector 35 with § €
(0, 7].

Theorem 1.4.11 Let {S(t)}i>0 be a uniformly bounded, strongly continuous
semigroup on X with infinitesimal generator A. If 0 € p(A), then the follow-
ing statements are equivalent:

(i) The semigroup can be extended to an analytic semigroup {S(z)}.exsu0 in
a sector 5 for some § € (0,7], and sup{||S(z)||zx); 2 € Se} < oo for
every ' € (0,0);

(ii) There exist 6 € (0,5) and C > 0 such that ¥z 15 C p(A) and

C
H()\]X - A)_ll‘ﬁ(x) S ﬂ7 )\ - Z%_HS.

The theorem above is proved in [Paz83, page 61, Theorem 5.2(a),(c)]. The next
result gives an efficient way of checking the conditions in Theorem 1.4.11. We
remark that part of the proof can be found in [CHAT87, page 123, Lemma 5.1].
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Proposition 1.4.12 Let {S(t)}i>0 be a uniformly bounded, strongly continuous
semigroup on X with infinitesimal generator A. If p(A) contains the imaginary
axis including 0 and if there exists C' > 0 such that

: - C
[Gewlx = A) 45 < o YE R\{0}, (1.4)

then there exists &y € (0,5) such that ¥=s, C p(A). Moreover, for every ¢ €

(0,5 +6o) there exists Cs > 0 such that
Cs

(A x = A) 7| ) < ok A e s

In particular, A is the infinitesimal generator of an analytic semigroup.

PROOF: Firstly, we note that p(A) contains {z € C; Rez > 0} and that there
exists M > 1 such that

M
-1
H(ZIX — A) HL(X) < Ros’ Rez > 0, (1.5)
see [Paz83, page 20, Remark 5.4]. Secondly, we show that there exists dy € (0, §)
such that

{ze {0} 5 —d < |Arg(:)] < Z + 0o} S n(A). (1.6)

Let w € R\{0}. If A € C is such that [A| < L|wl, then [[A(iwlx — A)7!|| < 1 by
(1.4) and hence, Ix + Aiwlx — A)~': X — X is invertible with

(Lx + Aiwly =A™ 7 =3 (=0 ((wlx — 4)7)", (1.7)

where the series is convergent in £(X), see [Kre78, page 375, Theorem 7.3-1]. In
this case A 4 iw € p(A), since

A +iw)lx — A= (Ix + Miwlx — A)7") (wlx — A). (1.8)

Moreover, A + iw € B(iw; &|w|). It follows that (1.6) holds with & := arctan .
At this point we have proved that Xz 5, C p(A).

Thirdly, using (1.5) we observe that for every § € (0, 7) there exists Ms > 0,
namely Ms := %, such that for every z € ¥5\{0},

_ M M M M
H(Z[X —4) 1||[:(X) < Rez :

~ |2| cos(Arg(2)) = lz[cosd  |z| (1.9)
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Finally, we show that for every ¢ € (0,dy) there exists Ky > 0 such that for
every z € C\{0} with | Arg(z)| € [§ — 0", 5 + '],

Ky
|2

[(=1x _A>71H[,(X) S (1.10)

Let 0’ € (0,00) and z € C\{0} with | Arg(z)| € [§ — ', 5 +¢']. Let X := Rez and
w := Imz. Then we have

1
|w| <tand’ < tandy = Ik (1.11)

Therefore we can use (1.8), (1.7), (1.4), and (1.11) to obtain

~1
[(zLx = A) 7 oy < Gwlx = A) 7| ) - (1 — ATl - A)_1H£(X)>
g 1 C 1

< < . .
T |w] 1-=Ctand’ ~ |z|cosd 1 —Ctand’

This shows that (1.10) holds with Ky := WCM)' Now the proof is finished
by combining (1.9) and (1.10), and noting that we are in the situation of Theorem

1.4.11(ii). 0
For the following perturbation result see [Paz83, page 81, Corollary 2.2].

Proposition 1.4.13 Let A : D(A) C X — X be the infinitesimal generator of
an analytic semigroup on X. If B belongs to L(X), then A+ B is the infinitesimal
generator of an analytic semigroup on X.

Definition 1.4.14 Let A: D(A) C X — X be the infinitesimal generator of an
analytic semigroup on X. The space (X,D(A))a, with a € (0,1) and p € [1,00)
denotes the real interpolation space between X and D(A), and is defined by

(X, D(A))ap = {x € X; /OO At — A) || dt < oo} ,

1
oo »
el = lells + ([~ oAt - ) ol
where ¢ > 1 is sufficiently large.

The norm || - [|(x,p(4)).., is equivalent to another norm on (X, D(A)),,, that does

Jeup
not depend on ¢, see [Lun95, page 49, Proposition 2.2.6]. We remark that
(X,D(A))a, is a Banach space, see [Lun95, pages 18, 46, Propositions 1.2.4,

2.2.2]. For the following three lemmas we refer to [Lun95, page 47, Corollary

2.2.3(1),(ii), (iv)].
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Lemma 1.4.15 Let A: D(A) C X — X and B : D(B) C X — X be infinites-
imal generators of analytic semigroups on X with D(A) = D(B) and such that
the graph norms of A and B are equivalent. Then

(XﬂD(A»a,P = (XvD(B))a,p’ a € (0, 1)7 pE [17 OO),
and the corresponding norms are equivalent.

Lemma 1.4.16 Let A : D(A) C X — X be the infinitesimal generator of an
analytic semigroup on X. For all a,y € (0,1) and p1,ps € [1,00) such that
a <y and p; < po, it holds that

D(A) € (X,D(4))

C (X;D(A))ypr € (X, D(A)) o € X,

v,P1 ,P2
where the inclusions are continuous embeddings and where D(A) is endowed with

the graph norm of A.

Lemma 1.4.17 Let A : D(A) C X — X be the infinitesimal generator of an
analytic semigroup on X. Then D(A) is dense in (X,D(A))qa, for all a € (0,1)
and p € [1,00).

The next proposition states an important interpolation property, see [Lun95, page
19, Proposition 1.2.6].

Proposition 1.4.18 Let X; be a Banach space and A; : D(A;) € X; — X; the
infinitesimal generator of an analytic semigroup on X; fori=1,2. If T : X1 —
Xy is a bounded linear operator such that T : (D(A1), || - [|a,) = (D(A2), || - ||4,)
is also bounded, then T : (X1,D(A1))ap — (X2,D(A2))a, is bounded for all
a € (0,1) and p € [1,00) and

«

-«
I 61010 (o D12 < (1T Nlecxrx) " (1Tl an i)™
For the following result we refer to [Ama95, page 289, Theorem 2.1.3].

Lemma 1.4.19 Let {S(t)}+>0 be a strongly continuous semigroup on X with
infinitesimal generator A. Let o € (0,1) and p € [1,00). Let Anp @ D(Any) C
(X,D(A))ap — (X,D(A))a, be defined by

D(Aayp) = {z € D(A); Az € (X,D(A))ap},

A, pr = Az, x € D(A.,).

Then {S(t)|(x.0(A))a., ft=0 15 a strongly continuous semigroup on (X, D(A))qp with
infinitesimal generator A, ,. Moreover, p(A) C p(Aa,p) and

(Mexpana, — Aap) = Mx — A7 (xD()e,s A E p(A).
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We remark that A, , is called the part of A in (X, D(A))ap-

Proposition 1.4.20 Let A : D(A) C X — X be the infinitesimal generator of
an analytic semigroup on X. Then

C%7([0,7];D(A)) n ¢ ([0,T]; X)
15 a subset of
ghtzelyrtze=brt=el([o, T); (X, D(A))asz),
for allT >0, p € [1,00), and o,y € (0,1) such that o # .

The proposition above is proved in [Lun95, page 14, Proposition 1.1.5]. For the
next result we refer to [Lun95, page 28, Remark 1.2.16].

Theorem 1.4.21 (Reiteration Theorem) Let A : D(A) € X — X be the
infinitesimal generator of an analytic semigroup on X. Then for all a,v1,7v2 €
(0,1) and p € [1,00), it holds that

((X7D(A)>“/17P’(XvD(A))’Y%p)% :(X,D( ))(1—04)71-&-&72,177

((X’ D(A))%,pv D(A))ayp = (X, D(A))(l—a)%-&-a,lﬂv
(X7 (XvD(A))“/Z,P) = (XvD(A))Oé’YQ,P‘

a?p

N

p

We state the following proposition for its useful corollary, which is an immediate
application of the reiteration theorem. We refer to [Lun91, pages 97, 114, 120,
Theorems 4.2.6, 4.3.5, Corollary 4.3.12], [MCSAO01, pages 123, 192, 250, Theorem
5.4.3, Proposition 8.1.1, Theorem 10.1.6], and [Ama95, page 266, Lemma 1.3.7].

Proposition 1.4.22 Let H be a Hilbert space and let A : D(A) C H — H be
m-dissipative with 0 € p(A). Then
H = (H—17D(A))é,27

and the corresponding norms are equivalent.

Corollary 1.4.23 Let H be a Hilbert space and let A : D(A) C H — H be
m-dissipative with 0 € p(A). Let o € (0,1). Then

(H—l,H)az = (Hfl,D(A))
(H,D(A))az = (H-1,D(A))

a,2)

[NIES

(a+1),2>

N|=

and in both equalities the corresponding norms are equivalent.
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Definition 1.4.24 Let A : D(A) € X — X be the infinitesimal generator of
an analytic semigroup on X that is uniformly bounded in a closed sector ¥z for
some 0" € (0,7), and let 0 € p(A). The fractional power (—A)~* : X — X with
a € (0,1) is defined by
o sin(ma) [* L
(—A) % = ——= 17 (tlx — A)"xdt, z € X.
n 0

We remark that (—A)~® is a bounded linear operator on X, see [Paz83, page
69]. Furthermore, (—A)~“ is one-to-one. For a proof we refer to [Paz83, page 72,
Lemma 6.6].

Definition 1.4.25 Let A : D(A) € X — X be the infinitesimal generator of
an analytic semigroup on X that is uniformly bounded in a closed sector ¥z for
some ¢’ € (0,7), and let 0 € p(A). The fractional power (—A)* : D((—A4)%) — X
with o € (0, 1) is defined by

D((=A)%) :=Ran((-4)"),
(—A)z = (—A) "z, 2 € D((—A)°).

For the sake of completeness we state (—A)! := —A, (—A)" := Iy, and
(—A)ti=—-A"1,

Proposition 1.4.26 Let A : D(A) C X — X be the infinitesimal generator of
an analytic semigroup on X that is uniformly bounded in a closed sector Ng for
some ¢’ € (0,m), and let 0 € p(A). Then the following holds:

(i) (=A)~*(=A)* = Ip(—a) for every a € (0,1);
(i) (=AY =A)z = (=A)% for all a € (0,1) and x € D(A).

A proof of the proposition above can be found in [Paz83, page 72, Theorem
6.8(d)]. For a proof of the next theorem we refer to [Lun91, pages 114, 97, 120,
Theorems 4.3.5, 4.2.6, Corollary 4.3.12].

Theorem 1.4.27 Let (H,(-,-)u,| - |z) be a Hilbert space and A : D(A) C H —
H the infinitesimal generator of an analytic semigroup on H that is uniformly
bounded in a closed sector Y for some &' € (0,7), and let 0 € p(A). Then

(H7 D(A))a,2 = D((_A)a)v o€ (07 1)

Moreover, the norm of (H,D(A))a,z2 is equivalent to the norm x — ||[(—A)%x| u

on D((—A)%).
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Lemma 1.4.28 Let (H,(-,")u, || - ||z) be a Hilbert space and A : D(A) C H —
H the infinitesimal generator of an analytic semigroup on H that is uniformly
bounded in a closed sector Y for some &' € (0,7), and let 0 € p(A). Then

((_A>a)* = (_A*>a7 € (_1’ 1)'

For the lemma above we refer to [Lun91, page 100]. The next proposition is proved
in [Paz83, page 74, Theorem 6.13(a)-(c)]. A proof of the succeeding corollary can
be found in [Lun95, page 51, Proposition 2.2.9].

Proposition 1.4.29 Let A : D(A) C X — X be the infinitesimal generator of
an analytic semigroup on X that is uniformly bounded in a closed sector g for
some 0" € (0,7), and let 0 € p(A). Then the following holds:

(i) S(t)x € D(A) for allt >0 and z € X;
(i) (=A)*S(t)x = S(t)(—A)*x for allt >0, a € [0,1], and x € D((—A)*);

(iii) There exists & > 0 with the property that for every o € [0,1] there exists
M, > 0 such that ||(—=A)*S(t)|| ccx) < Mot~ for every t > 0.

Corollary 1.4.30 Let A: D(A) C X — X be the infinitesimal generator of an
analytic semigroup on X that is uniformly bounded in a closed sector Xg for some
0 € (0,7), and let 0 € p(A). Then there exists § > 0 with the property that for
all a,y € (0,1) with o <y and p € [1,00) there exist My, >0 and M/, , >0
such that the following holds:

(i) It holds that

|5t < Moqpt® e, > 0;

) H5((X,D(A))a,p,(X,D(A))w,p) P

(ii) It holds that

n / —n4y—a —6bt
HA S(t>"C((X,D(A)).Y’p,(X,D(A))aJ,) < May%Pt e !

t>0,n=12
Proposition 1.4.31 Let {S(t)}1>0 be an analytic semigroup on X that is uni-
formly bounded in a closed sector Ly for some &' € (0,7). Let the infinitesimal
generator A be such that 0 € p(A). Let o € (0,1) and p,r € [1,00). Let
f:[0,00) = X belong to L?(0,T; (X,D(A))a,) for every T > 0. Let T > 0.
Then the following holds:

(i) If = belongs to (X,D(A))ar, then the mapping t — S(t)x belongs to
e ([0,T]; X);
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(ii) If = belongs to D(A), then the mapping t +— S(t)x belongs to
Co’l_a([oa T]? <X> D(A))a,r);

(i) Let v € (0,a]. If = belongs to (X,D(A))ar, then the mapping t — S(t)x
belongs to C**=7([0,T]; (X, D(A)),,);

(iv) Let vy € (0,a). If p =1, then the mapping t — fg AS(t — s)f(s)ds belongs
to L7(0,T; (X,D(A)),,) for every q € [1, m),

(v) Let v € (0,). If p € (1, ﬁ), then the mapping t — f(f AS(t —s)f(s)ds
belongs to L(0,T;(X,D(A)),,) where ¢ := —L—:

1—(a=)p’

(vi) Let v € (0,a). If p = %, then the mapping t — fg AS(t — s)f(s)ds

belongs to L7(0,T; (X, D( 7))7,7~) for every q € [1,00);
(vil) Let v € (0,c). If p € (a%y, 00), then the mapping t — fot AS(t—s)f(s)ds
belongs to CS’“”‘E ([0, TT; (X, D(A)).r)-

PROOF: For property (i) we refer to [Lun95, pages 47, 48, Corollary 2.2.3, Re-
mark 2.2.5]. Property (ii) follows from [Lun95, pages 13, 19, Proposition 1.1.4(i),
Corollary 1.2.7], since the mapping t — S(t)x belongs, for every = € D(A), to

([0, 71; X) v C([0,T; (D(A), [ - [].0))-

For property (iii) we observe that if z belongs to (X, D(A)),,, then using property
(i) we have that the mapping ¢ — S(t) belongs to

o< ([0,7); X) 11 ([0, T); (X, D(A))a.r).

Now [Lun95, pages 13, Proposition 1.1.4(ii)] implies that the mapping ¢t — S(t)
belongs to

C0a(-2) ({0, T); (X, (X, D(A))a,r)g,r)

By Theorem 1.4.21 we have

(Xv (X7 D<A)>a,r)%7 = <X7 D(A))%'I‘v

and property (iii) follows in case v < a. The case a = is obvious.
For the proof of properties (iv)-(vii) let v € (0,«). To prove property (iv) let

q € [1,%). We use Corollary 1.4.30(ii) and Proposition 1.3.4(i) with «
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replaced by a — v and f replaced by the mapping ¢ — || f(¢)||(x,p(4)
that there exists M > 0 such that
dt

T t
/ /AS(t—s)f( )ds
0 (X.D(4))1r
q
/ (/ 1AS (= ) (¢ DAy D01 I DA, ds) &

q
< [ ([ w= 9Ol as) at
0 0

T t q
=) [ ([ gast= MO isoi. as)

< MT(a - 'Y)CqHf”%p([QT];(X,D(A))Q,T) < 0.

to obtain

Ja,r

q

Properties (v) and (vi) are proved analogously using Proposition 1.3.4(ii) respec-
tively (iii).

For property (vii) we first observe that fot AS(t — s)f(s)ds exists as a Bochner
integral in (X,D(A)),, for every ¢ > 0. Indeed, if p’ > 1 is such that % +
=4 =1, then using Corollary 1.4.30(ii), the Holder inequality, and the fact that
— 1)p’ > —1, we have that there exists M > 0 such that

A*@

t
/0 1AS(t = )£ a5
t
< [ M@= 9 ) ey, ds
’ t Pt
(a—y—1)p' !
< M| fl e 0,75:x,D(A))ar) s ds| <oo, t>0.
0
Furthermore, we observe that
/ (r* 7t =1+ T)O‘_V_l)p/ dr < 0. (1.12)
0
Indeed, since (v —y — 1)p’ > —1, we have

1 , 1 ,
0< / (7‘“‘7_1 -1+ 7_)@—7—1>p dr < / == r" 47 < o0,
0 0

and, using the mean value theorem and the fact that (o — vy —2)p’ < —1,

/ (7’0‘_7_1 -1+ T)O‘_V_l)p/ dr < (1 — (a— 7)) / =720 47 < .
1 1
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Using Corollary 1.4.30(ii), the Holder inequality, the substitution 7 := =%,

and (1.12), it follows that there exist M > 0 and ¢j,¢co > 0 such that for all
0<s<t<T,

/t AS(t — o) f(0) dor — / AS(s — o) (o) do

0 0

(X;D(A)),r

/OSA(S(t—U) — S(s—0))f(o) da—i—/ AS(t—o)f(o)do

S

s t—o t
/ ( / A28(7) (o) dT) do + / AS(t - 0)f(0) do
0 s—o s Da(v,r)
s t—o
< /0 </_ HA2 Hﬁ(XD(A)),”(XD( A))yr) ) Hf( )H(XvD(A))a,r do +

t
/ [AS(t = o)l c(x, DA 0 (XD L f

<) (/ M d) 1£(@llcxnan...do+

[ =0y @ exoia, do

DA('YW)

(@) lxD(A)), do

m/o ((S_U)aﬂ_ —(t-o) _7_)||f( o)|lx.pcay)a., do +
M/ (t — o) f (@)l xpay.. do

< ([ o ety an)

1

t . o
(/ (t — a)(a—v—l)p da) > ||f||LP([O,T];(X,D(A))Q,T)

7

M a—y-1 s a—y=1 _ a1 P - !
T e ) (t—s) (/0 ( (1+7) ) d) +

1
cr(t—s)*77 ”)||fHLP([o,T};(X,D(A»a,T)
*‘Cl> .

1

IA

Y e

IA

o ((/OO (7 = Y )

a1
||f||Lp([o,T];(x,D(A))a,T)(t —s)* 7w

M
= ———— (&2 + )| fllzro.1:(x.D(A))0r) (T = 5)
1—(04—’}/) ([0, T];(X,D(A))a,r)

1
a=y—5
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This shows that the mapping ¢ — fg AS(s —1t)f(s)ds belongs to
CO (0,77 (X, D(A)),,):

Moreover, using Corollary 1.4.30(ii) we have that there exists M > 0 such that

/O CAS(t - 5)(5) ds

(X,D(A)),r

t
= /0 [AS(t = )£ ()] x pay,, 3
t
< M/ (t = )" f ()l xpeaya., ds
0

t
— MT(a— ) / Gor(t = )£ ()l xppan., ds. ¢ € (0,7
0

af'yf%[

As the mapping t — fg Ga—y(t = 38)|| f(5)|l(x,D(4))a., ds belongs to C’g’ 0,7]

as a result of Proposition 1.3.4(iv), it makes sense to define

= 0.
t=0

/OtAS(t— s)f(s)ds

From this definition combined with the above it follows that there exists ¢ > 0
such that

<ct* 5, te (0,7).
(X.D(A))1r

/0 CAS(t - 5)(5) ds

Hence, the mapping ¢ — [ AS(t — s) f(s) ds belongs to

0,a—y—1

CO p([ouT]; (X’D(A))%r)'

1.5 Trace class operators

Definition 1.5.1 A trace class operator on a separable Hilbert space
(H,(-,-), || - |l) is an operator T € L(H) with the property that there exist
two sequences {p,}52, and {1, }°2, in H such that > 7 [lnll [|¥n]] < 0o and

o0

Tx = Z(x,@bn)gpn, x € H.

n=1
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Proposition 1.5.2 If T is a trace class operator on a separable Hilbert space
(H,(-,-)) and if {e,}5°, is a complete orthonormal system in H, then the series
S>> (Tey, e,) is absolutely convergent and independent of {e,}5 .

Definition 1.5.3 If T is a trace class operator on a separable Hilbert space
(H, (-,-)) and if {e,}22, is a complete orthonormal system in H, then the trace

of T' is defined by

T = i(T@n, €n)-

n=1

Proposition 1.5.4 Let (H,{-,-)) be a separable Hilbert space. A monnegative'
operator T € L(H) is trace class if and only if >~ (Te,, e,) < oo for some
complete orthonormal system {e,}5°, in H.

We refer to [DPZ92, pages 415-417, Appendix C, Propositions C.1, C.3].

'Nonnegative in the sense that (T'z,z) > 0 for every z € H.
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Chapter 2

Pointwise versions of solutions to
Cauchy problems in LP-spaces

This chapter contains some technical results on existence and regularity of point-
wise versions of solutions to Cauchy problems in LP-spaces. These results are
needed in later chapters to return from the abstract semigroup setting to the
Volterra equation.

2.1 Introduction

Let (X, || ||) be a complex Banach space, (£, F, u) a o-finite measure space, and
p € [1,00). In this chapter we distinguish between a function ¢ : Q@ — X
and its equivalence class. The equivalence class of ¢ is denoted by [p] and
consists of functions ¢ : Q@ — X such that ¢(w) = p(w) for almost every
w € . Functions ¢ and ¢ are called versions of the equivalence class [p].
We also distinguish between LP-spaces of functions and LP-spaces of equivalence
classes by the following notation:

LP(Q; X)) = {gp : Q — X; ¢ strongly measurable,/ |o(w)]|P p(dw) < oo} ,
0

2(@:X) = {leh € 2@} @l o, = ( / IIw(w)HpM(dw))p-

In £P(); X) we consider the Cauchy problem

0
o’
©(0,w) = po(w), w €,
where A : D(A) C £P(; X) — L£P(2; X) is a linear operator and ¢, belongs to
LP(€); X). Frequently, A is a partial differential operator with respect to w and €2

(t,w) _ (.Ag&(t, ))(w), t>0,we (2.1)

33
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a domain in R? for some d € N, but it need not be so. We assume that problem
(2.1) can be rewritten in LP(£2; X) as the abstract Cauchy problem

(2.2)
[£(0)] = [,

where A : D(A) C LP(Q; X) — LP(Q; X) is the infinitesimal generator of a
strongly continuous semigroup {S(¢) }+>o on LP(€2; X'). Then problem (2.2) admits
the mild solution t — [p(t)] given by [p(t)] = S(t)[¢o] for every ¢ > 0 and problem
(2.1) seems to be solved. However, this is not the case, yet.

For every t > 0 problem (2.1) requires a version ¢(t,-) of [p(t)]. If A is a par-
tial differential operator and {S(t)}:>o exhibits some smoothing, then we simply
choose ¢(t, -) to be the unique version of [p(¢)] such that the mapping w — (¢, w)
is smooth for every ¢ > 0. If A is not a partial differential operator, then the
choice of a version (¢, -) is less evident. To see that this is a nontrivial problem
we consider an example in Section 2.2. More can be said if {S(¢)}:>o is an ana-
lytic semigroup. In Section 2.3 we work out the consequences of a result of E.M.
Stein concerning versions of [p(t)] under analyticity assumptions. In Section 2.4
we return to the Cauchy problem (2.1).

2.2 An example

This section shows that the mild solution to problem (2.2) may not have a smooth
version. We consider problem (2.2) in the space consisting of 1-periodic integrable
functions, for which we introduce the following notation:

1
Li(R) := {(p : R — R; ¢ Borel measurable,/ lp(w)] dw < 0o, and

olw+1) = ) for every w € R},
H® =gl e A®}L el / ()]
Example 2.2.1 Let S(¢) : LI(R) — Li(R) and S(t) : Li(R) — Li(R) for every

t > 0 be given by respectively

(St)p)(w) =p(t+w), weR, peLi(R),
S®)e] = [SB)el, p € L(R).
Then there exists a function ¢q in £1(R) with the property that if ¢ : [0, 00) xR —

R is a Borel measurable function such that o(t, -) is a version of S(t)[po] for every
t > 0, then for almost every w € R, lim;| ¢(¢,w) does not exist.
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PROOF: To construct ¢g let {117, be the sequence of functions in £}(R) given
by

) 1, (w mod1)eUZgl[j 27k j 27 +27%],

w) =

o 0, w elsewhere in R.

Note that fol op(w)dw = 28272k = 27% for k = 1,2,--.. Therefore Lebesgue’s

monotone convergence theorem implies that fol > re pr(w) dw < oo and hence,
Y e ¢r(w) is a convergent series for almost every w € R. Now we define
wo: R — R by

Y ore i wr(w), w € R such that the series converges,
wo(w) =

0, w elsewhere in R.

It follows from the above that ¢, belongs to L£i(R). Moreover, the series
> v lex] converges in Li(R), so that [po] = > p[pk] by Lebesgue’s dominated
convergence theorem.
Note also that for all m,n € N with 1 < m < n and for every w € [j - 27,
j-27™ 4 272" we have Y7~ op(w) = n —m. This implies that for any M > 0
and any interval I C R with nonempty interior there exists an open interval
J C I such that

wolw) > M, wel (2.3)

To show that ¢y has the requested property let ¢ : [0,00) x R — R be a Borel
measurable function such that [p(t, )] = S(¢)[¢o] for every ¢ > 0. Then there
exist a countable dense subset K C (0, 00) and a Borel nullset N C R such that

o(t,w) =@t +w), te K, weR\N. (2.4)

Seeking a contradiction we assume that there exists w € R\N such that L :=
limy o ¢(t,w) exists. Without loss of generality we assume that w € [0,1). If we
can construct a nonincreasing sequence {t,}>°, in K such that lim, . t, = 0
and ¢o(t,+w) > L+1forn =1,2,---, then we obtain the following contradiction
using (2.4):

L= nhj& o(tp,w) = nhj& oty +w) > L+ 1.

This would finish the proof. To construct {¢,}>°, we use (2.3) with M := L+ 1.
If I} := [w, 1), then there exist J; C (w,1) and, by density of K, t; € K such
that t; + w € J;. Now (2.3) implies that po(t; +w) > L+ 1. If I := [w, t; + w),
then there exist Jo C (w,t; + w) and t; € K such that ¢, + w € J; and hence,
wo(te +w) > L + 1. Proceeding like this gives the sequence {t,}>° ;.

U
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Remark 2.2.2 Example 2.2.1 shows more: If ¢y and ¢ are as stated in Example
2.2.1, then for every to > 0 the mapping ¢ — ¢(t,w) is discontinuous at t, for
almost every w € R.

2.3 Versions of analytic functions in L7(Q); X)

The main result of this section is that every analytic function with values in
LP(€2; X) has an analytic version with values in X. We start with a lemma that
is essentially a result of E.M. Stein, rewritten for our convenience, see [Ste70,
Lemma, page 72].

We use the notation
B(zo;r):=={2€C; |z —z|<r}, 2€C,r>0.

Lemma 2.3.1 Let (X,| - ||) be a complex Banach space and (2, F,u) a finite
measure space. Let zo € C, r >0, and X := B(zp;7). Let ® : ¥ — L'(Q; X) be a
function with an analytic extension to a neighborhood of X. Then there exists a
function @ : X x Q — X with the following properties:

(i) ¢ is strongly measurable;
(ii) The mapping z — p(z,w) is analytic in X for every w € §;

(iii) For j =0,1,--- it holds that
o’ d’

PROOF: Without loss of generality we assume that zy = 0. Firstly, we construct
© Y xQ — X. Since ® is analytic in a neighborhood of ¥, there exists a
sequence {Cy}52, in L'(€; X) such that

o) Zk B
=> 70 €% (2.5)
k=0

Moreover, the power series in (2.5) has radius of convergence larger than r so
that

ok
r
Z FHCk“Ll(Q;X) < Q. (2.6)
k=0
For £k =0,1,--- we choose a representative ¢ : {2 — X of the equivalence class

Cy. Using Fubini’s theorem we obtain

k
/ Z o)l () = > / Jex(w)] a(des) = Z AT
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Combined with (2.6) this implies that there exists a nullset N C 2 such that

©  k

3 %Hck(w)ﬂ <00, weQ\N. (2.7)

k=0

Now we define ¢ : ¥ x 2 — X by

k
oo S , Z€X, weN\N,
o(2,w) = > im0 Kl a(w), 2 w \
0, z€E€X,weEN.

Note that ¢ is well-defined by (2.7) and that the mapping z — ¢(z,w) is analytic
in ¥ for every w € Q. Thus, ¢ has property (ii).
Secondly, we show that ¢ has property (i). For k =0, 1,--- the mapping z

Zk
T
is Borel measurable on ¥. Furthermore, the mapping w — c¢x(w) is strongly

measurable on €, since Cy belongs to L'(2; X'). Therefore the mapping (z,w) —
%’;ck(w) is strongly measurable on ¥ x Q for £ = 0,1,---. Hence, the mapping
(z,w) — > ey %ck (w) is strongly measurable on ¥ x Q\N as pointwise limit of
finite sums. It follows that ¢ is strongly measurable on ¥ x 2.

Thirdly, to show that ¢ has property (iii) we fix an arbitrary j € NU {0} and
observe that

o’ = 2
(2, w Z—kﬂw, zeX we Q\N.
027 prd k!
Let p;, : ¥ x Q2 — X for n =1, - be defined by

k
n_ pad : ’ c Z, O N’
Yin(z,w) == Y ko Cri(w), 2 w \
> z€X, weN.

Now we also fix an arbitrary z € ¥. On the one hand we have using (2.5),

lim [Spjn )] = lim Z X Ok+] Z Il Ck-i—j = d 7 ( )7 (28)

n—oo n—oo

where the convergence is in L'(2; X). Note that the power series in (2.8) has
radius of convergence larger than r. On the other hand we have

oI
Jim pjn(z,w) = 5

where the convergence is in X. Since we also have that forn =1,2,---,

(z,w), we€Q,

z s rk
ezl < S E el < 30 Sl @, we o

k=0 k=0
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and, by Fubini’s theorem and (2.5),

o0 k [eS) k
/ Z %HCHJ‘(W)H p(dw) = Z %HCkJerLl(Q;X) < 00,
QN o —

we can apply Lebesgue’s dominated convergence theorem to obtain

. &
Tim i Pin(zw) = 550z, w)|| u(dw) = 0.
It follows that 5
i i) = | 55000 29

where the convergence is in L'(Q; X). Now (2.8) and (2.9) show that ¢ has
property (iii). O

We use Lemma 2.3.1 to prove that the same result holds for any open set ¥ C C.

Lemma 2.3.2 Let X be a complex Banach space, (0, F,u) a finite measure
space, and 33 C C an open subset. Let ® : ¥ — LY(Q2; X) be an analytic function.
Then there exists a function ¢ : 3 x Q — X with the properties (i), (ii), and (iii)
stated in Lemma 2.3.1.

PROOF: As X is open in C it can be covered by countably many open balls.
Let {zr}52, and {rg}32; be a sequence in ¥ respectively in (0, 00) such that
B(zk;rg) C X for k= 1,2,--- and U2, B(z; 1) = X. It is a result of Lemma
2.3.1 applied to ®|p(s, ) for & = 1,2,--- that there exists a strongly measurable
function @y : B(zk; 1) X @ — X such that the mapping z — ¢ (z,w) is analytic
in B(zy; ry) for every w €  and, for j =0,1,---,

()] = 1500 5 € Blain) (210)

To construct ¢ : X x Q — X we define

I, = {kGN;ZEB(Zk;Tk)}, A
Ny = {w € Q; pr(z,w) # gpl(z,w)}, k,lel, ze€X.
For every z € ¥ and all £, € I, we have that Ny, . is a nullset in €2, since

lok(z,-)] = ®(2) = [@i(z, -)] by (2.10). Now we fix an arbitrary countable dense
subset ¥y C ¥ and define the nullsets

Nz = Uk,lGIsz,l,za S 27
N = UZEE()NZ'
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Note that if w € Q\N, then
op(z,w) = @i(z,w), kL€, z €. (2.11)

Even more, (2.11) holds for every z € ¥ whenever w € Q\ N, since ¥ is dense in
Y. and the mapping z — @g(z,w) is continuous in B(z;ry) for k = 1,2,--- and
every w € €). Finally we define ¢ : ¥ x 2 — X by

or(z,w), ze€X,weQ\N, kel,
o(z,w) =
0, z€E€X,weEN.

By construction, ¢ is independent of the choice of k. Moreover, it follows from
(2.10) that for j =0,1,---,

ol &’

Thus, ¢ has property (iii). Now we show that the mapping z — ¢(z,w) is analytic
in ¥ for every w € Q. As this is obvious whenever w € N we fix arbitrary w € Q\ N
and zp € ¥. For k € I,, we observe that zy belongs to B(zx; ) and that the
mapping z — ¢r(z,w) = p(z,w) is analytic in B(zx; ). This implies that the
mapping z — ¢(z,w) is analytic in zy and hence, ¢ has property (ii).

Finally, we show that ¢ is strongly measurable. Let {Bj}, be the disjoint
partition of ¥ given by

B(z1;7r1), k=1,
Bk = h1
B(zr;ri) \UZ, Blzizm), k=2,3,--

Note that U2, By = 2. Let ¢ : ¥ x Q0 — X for £ =1,2,--- be defined by

¢r(2,w), z € Bg, w € Q\N,
@k(zaw) =10, 2 € By, w € N,
07 PSS E\Bk, w e Q.

Then ¢y is strongly measurable on X x €2, since ¢y is strongly measurable on
B(zg;rp) x Q for k=1,2,---. Moreover,

o(z,w) = Z@k(z,w), z€X, wef
k=1

It follows that ¢ is strongly measurable on ¥ x (2 as pointwise limit of finite sums,
that is, ¢ has property (i). O
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The next lemma extends the result of Lemma 2.3.2 to o-finite measure spaces.
The assumptions in the lemma look rather technical, but they essentially concern
locally integrable functions. We use the notation

M X) = {[¢]; ¢: Q@ — X strongly measurable}.

Lemma 2.3.3 Let X be a complex Banach space, (2, F, 1) a o-finite measure
space, and {}72, a sequence in F with U2 Q= Q. Let ¥ C C be an open
subset. Let ® : X — M(Q; X) be such that for k = 1,2,--- the function ®y :
Y — M(Q; X), given by Pp(z) := ®(2)|q,, has Ran(®x) C L'Y(Q%; X), and
Oy, : X — LY (Q; X) is analytic.

Then there exists a function ¢ : X x Q — X with the following properties:

(i) ¢ is strongly measurable;
(ii) [p(z, )] = @(2) for every z € ¥;
(iii) The mapping z — p(z,w) is analytic in ¥ for every w € §);

(iv) For j=0,1,--- and k =1,2,--- it holds that
oI
[% (Z, )|Qk:| = @@]AZ), z € X

PROOF: Without loss of generality we assume that {€2;}72, is pairwise disjoint
with u(Qf) < oo for k =1,2,---. It is a result of Lemma 2.3.2 applied to & for
k=1,2,--- that there exists a strongly measurable function ¢, : ¥ x Q, — X
such that the mapping z — ¢x(z,w) is analytic in ¥ for every w € €y, and, for
j=0,1,--,
o d’
[ﬁgok(z, )} = @@k(z), z €. (2.12)

We define ¢ : ¥ x Q — X by
o(z,w) == ngk(z,w)lgk(w), zeX we .
k=1

Then ¢ is well-defined since {€2;}72, is pairwise disjoint. Note that ¢(z,-)|q, =
ok(z,-) for k =1,2,--- and every z € ¥. This implies that ¢ has properties (i)
and (iii). Moreover, it is a result of (2.12) that ¢ has property (iv). In particular,
for k=1,2,--- we have

[0(2, o] = ®rlz, ) = ®(2)]o,, 2 €.
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As U Q. = Q it follows that ¢ has property (ii). O

We remark that if the range of & : ¥ — M(; X) is contained in LP(Q2; X)
for some p € [1,00), and if & : ¥ — LP(Q; X) is analytic, then ® satisfies the
assumptions in Lemma 2.3.3. This gives the main result of this section.

Theorem 2.3.4 Let X be a complex Banach space, (2, F, 1) a o-finite measure
space, and 3 C C an open subset. Let ® : ¥ — LP(Q; X) be an analytic function
for some p € [1,00). Then there exists a function ¢ : ¥ x Q — X with the
following properties:

(i) ¢ s strongly measurable;
(ii) The mapping z — p(z,w) is analytic in X for every w € §;

(iii) For j =0,1,--- it holds that
ol d’

2.4 Versions of solutions to Cauchy problems in
LP-spaces

In this section we use the main result of Section 2.3 to solve the Cauchy problem
(2.1). Let (X,]| -]|) be a complex Banach space, (2, F,u) a o-finite measure
space, and p € [1,00). We assume that A satisfies the following hypothesis:

Hypothesis 2.4.1 The linear operator A : D(A) C £P(2; X) — £P(; X) has
the following properties:

(i) If ¢1 belongs to D(A) and if ¢y is in L£P(Q; X) with [p2] = [p1], then o
belongs to D(A) and [Ags] = [Ap1];

(i) If {pn}22, is a sequence in D(A), and if there exist ¢, ¢ in £P(2; X) and a
nullset Ny C 2 such that

lim @, (w) = p(w), we 2N,

lim (Ap,)(w) = ¥(w), we NN,
Jim [ion] =[],

lim [Ap,] = [¢],

n—oo
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where the convergence in the first two lines is in X and in the last two
lines in LP(£2; X), then ¢ belongs to D(A) and (Ay)(w) = ¥(w) for every

We remark that if A satisfies Hypothesis 2.4.1, then we can define a linear oper-
ator A: D(A) C LP(Q; X) — LP(Q2; X) by
D(A) := {® € LP(; X); there exists ¢ in D(A) such that [p] = ®},
= [Ag]|, ® € D(A). (2.13)

This operator is well-defined by Hypothesis 2.4.1(i). Even more, A is a closed
operator.

Theorem 2.4.2 Let A satisfy Hypothesis 2.4.1. Let A, defined by (2.13), be the
infinitesimal generator of a strongly continuous semigroup {S(t)}i+>0 on LP(§2; X)
that is analytic in ¥ := {z € C\{0}; | Arg(2)| < ¥} for some ¥ € (0,7]. Let o
belong to LP(Q2; X) and let & : XU {0} — LP(Q; X) be defined by

O(z) := S(2)[po], z€X.

Then there exist a function ¢ : 3 x — X and a nullset N C  with the following
properties:

(i) ¢ 1s strongly measurable;

(ii) [p(z,-)] = ®(2) for every z € ¥;

i)
(iii) The mapping z — p(z,w) is analytic in ¥ for every w € §);
)

(iv) @(z,-) belongs to D(A) for every z € X, and

0
D oew) = (Ap(z ) (@), = €T, w e QN:
(v) If po belongs to D(A), then limy o p(t,w) exists for every w € Q\N, where

the convergence is in X, and

1 = .
[%Hf p(t, )} (0]
PROOF: Note that ® is analytic in 2. By Theorem 2.3.4 there exists a strongly
measurable function ¢ : 3 x  — X such that the mapping z — @(z,w) is
analytic in X for every w € €2, and, for y =0,1,---,

[83_; (27.)] _ Yo, e (2.14)
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Thus, ¢ has properties (i), (ii), and (iii). Now we prove that ¢ has property (iv).
The first step is to show that ¢(z,-) belongs to D(A) for every z € ¥ and that

{%gp(z,.)} = [Ap(z,")], z€X. (2.15)

We fix an arbitrary z € 3. Since ® is defined by an analytic semigroup generated
by A, we observe that ®(z) belongs to D(A) and L ®(z) = A®(z). By definition
of D(A) there exists ¢(z,-) in D(A) such that [p(z,-)] = ®(2) and [Ap(z, )] =
Ad(z). As [p(z,-)] = ®(2) by property (ii) we have [p(z,-)] = [p(z,-)]. Now
it follows from Hypothesis 2.4.1(i) that ¢(z,-) belongs to D(A) and [Ag(z, )] =
[Ap(z,-)]. Therefore we have, using (2.14),

0 d
oz, )] = —B(2) = AD(2) = [AP(2. )] = 3.
[ ole)| = 4500 = 42() = 456 = [Ae(e. )
The second step is to show that there exists a nullset Ny C €2 such that

%QO(Z,W) — (Agp(% ))(w), z€X, we Q\N. (2.16)

Let X9 C ¥ be a countable dense subset. We define the sets

0z
NO = UZoEEoNZo'

Nai=fw e o) # (Aot D)} €T

Then (2.15) implies that N,, is a nullset in §2 for every z, € 3,. Hence, Ny is a
nullset as well and we have

%w(%,w) = (Ap(z0,")) (W), 20 € Xo, w € Q\Np. (2.17)

Let z € ¥ be arbitrary. As 3, is dense in X there exists a sequence {z,}2°, in
Yo such that lim,, ., z, = z. Even more, by property (iii) we have

lim (2, w) = p(zw), weQ,

n—oo

and, using (2.17),
lim (Ag(zn,-))(w) = lim 2gp(z w) = 2gp(z w), we NN
oo n oo (92 n 82 ) ) )

where the convergence in both lines is in X. Moreover, using (2.14), (2.15),
(2.17), and the analyticity of ®, we have

lim [p(2n, -)] = lim @(z,) = ®(2) = [¢(z, )],

n—oo n—oo
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and 5
o d ! |0
= Jim S0() = 30G) = | et

where the convergence in both lines is in LP(§2; X'). Now it is a result of Hypothesis
2.4.1(ii), with ¢,, ¢, and 9 replaced by respectively ¢(z,, ), ¢(z, ), and %go(z, ),
that (2.16) holds. This shows that ¢ has property (iv) with N replaced by Nj.
Finally, we prove that ¢ has property (v). Let {Q}%2, be a pairwise disjoint
sequence in Q with U2, Q) = Q and p() < oo for k = 1,2,---. We fix an
arbitrary k € N and define the analytic function @y : ¥ — LP(Q4; X) by

CDk(z) = (I)(Z)|Qk, z € 2.

The first step is to show that there exists a nullset N, C € such that lim; g (¢, w)
exists for every w € Q\N,, where the convergence is in X. We have, us-
ing Fubini’s theorem, (2.14), and the continuous embedding of LP({2; X) into

L X),
dt) p(dw) = /OT

1.0

We observe that the integral on the right-hand side is finite. Indeed, the map-

0

d
E(p(tv LU)

— (1)

dt, T >0.
dt ’

L1(Qp;X)

ping t — D (t) = (S(t)[¢o])|q, is continuously differentiable on [0, c0), since the
semigroup is strongly continuous and ¢q belongs to D(A), see [Paz83, page 102,
Theorem 1.3]. Therefore there exists a nullset N;, C €, such that for every 7" > 0

T
/ —(t,w)|| dt < oo, w € Q\Ny.
o |0t
This implies that
.|| o
lgfg)l &go(t,w) <00, wE Q\N.

Hence, limy | p(t, w) exists in X for every w € ;\Ng. Since k is arbitrary and
Q = U2, Q, the first step is completed by defining Ny, := U2, Ni.
The second step is to show that

(e, =Ll (218)

By definition of ® and the strong continuity of the semigroup we have

lin () = Lim (1) o] = [io], (2.19)
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where the convergence is in LP(§2; X). Let {t,}>°, be a sequence in (0, c0) such
that lim, . t, = 0 and let k € N be arbitrary. Then (2.19) implies that

lim @ (t,) = [woloy],

n—od

where the convergence is in L!'(Q; X). By (2.14) we also have

O (tn) = [o(tn, M), n=1,2,--

Therefore we have

n—oo

lim [ e(t.,w) = go(w)]| u(dw) =0,
Qp
and hence, there exists a subsequence {t,, 521 such that for almost every w € (2,

hm go(tnj,w) = QOO(W% (220>
j—00
where the convergence is in X. Since £ is arbitrary and 2 = UZ2,€), we have
that (2.20) even holds for almost every w € €. Thus, (2.18) holds. This shows
that ¢ has property (v) with N replaced by N, and the theorem is proved with
N := Ny U N. O
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Chapter 3

Scalar linear Volterra equations

In this chapter we provide an analytic semigroup setting for a scalar linear
Volterra integrodifferential equation of convolution type with a completely mono-
tonic kernel. This semigroup approach consists of rewriting the Volterra equation
into an abstract Cauchy problem in an appropriate infinite dimensional Hilbert
space, such that the operator governing this problem generates an analytic semi-
group. We then use the solution to the abstract Cauchy problem, together
with interpolation methods, to obtain existence and regularity of solutions to
the Volterra equation, as well as a representation formula.

3.1 Introduction

We study the scalar linear Volterra integrodifferential equation

d t
@ | ot =sjuls)ds=f0), >0, (3.1)

u(t) =up(t), t<0,

where the kernel a : (0,00) — R belongs to a class K, introduced in Section 3.2,
of completely monotonic, locally integrable functions which are singular at zero,
and where the functions ug : (—00,0] — R and f : [0, 00) — R are at least locally
integrable. We consider the following notion of solution:

Definition 3.1.1 A solution to problem (3.1) is a Borel measurable function
u: R — R such that

(i) fioo a(t — s)|u(s)|ds < oo for every t > 0;

(ii) The mapping t — ffoo a(t — s)u(s) ds is absolutely continuous on [0, T for
every T' > 0;

47
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(iii) u satisfies (3.1) for almost every t € R.

From this definition we immediately obtain that a solution u to problem (3.1)
always belongs to L'(0,T') for every T > 0. Indeed, since a is nonincreasing and
a(t) > 0 for every ¢t > 0, we have

t t
a(t)/ lu(s)] ds < / a(t — s)|u(s)|ds < oo, t>0.
0 0
Concerning uniqueness of solutions we have the following result:
Proposition 3.1.2 Problem (3.1) admits at most one solution.
PROOF: Let u be a solution to problem (3.1) with both ug and f identically zero.
Then Definition 3.1.1(ii) and (iii) imply that fga(t — s)u(s)ds = 0 for every
t > 0. It follows from Corollary 1.2.2 that u(¢) = 0 for almost every ¢t > 0. [
To study existence and regularity of solutions to problem (3.1) we use an analytic
semigroup approach. Heuristically, this approach is explained as follows. Since

a is completely monotonic, Bernstein’s theorem states that there exists a unique
Borel measure v on [0, 00) such that

at) = /[O van), >0 (3.2)

With a view to substitute this expression into (3.1) we define the function
¥ :[0,00) x [0,00) = R by

¢
W(t, k) ::/ e "t=y(s)ds, t>0, k>0,

where the function u : R — R is such that (3.1) holds. Note that v satisfies the
initial value problem

Fu(t, k) = ult) — wp(t, k), t>0, k>0,
¢(07 K:) = w0</€)7 K 2> O?
where the initial value ¢y : [0, 00) — R is defined by
(k) ::/ e "ug(—s)ds, k>0,
0

By substituting (3.2) into (3.1) we obtain

(3.3)

d [* d [?
= +_ ds = —
i a(t — s)u(s)ds al (
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Therefore, v is subject to the constraint
/ (u(t) — s(t, k) v(dr) = f(t), t>0. (3.4)
[0,00)

We rewrite the initial value problem (3.3) together with the constraint (3.4) into
an abstract Cauchy problem in a suitable Hilbert space. To this end we define
a Hilbert space H in Section 3.3, along with a linear operator A : D(A) C H —
H that generates an analytic semigroup. These are constructed in such a way
that when f is identically zero, the initial value problem (3.3) together with the
constraint (3.4) rewrites into the homogeneous abstract Cauchy problem

(3.5)
©(0) = to.

In Section 3.4 we discuss problem (3.1) with f identically zero and wg such that
¥ belongs to D(A). We solve the homogeneous abstract Cauchy problem (3.5)
and obtain a solution to problem (3.1) by means of a linear functional acting
on ¢(t). Using interpolation theory we develop some tools in Section 3.5 which
will be used to weaken the assumptions on uy. Section 3.6 then treats problem
(3.1) with f identically zero under these weaker assumptions. In Section 3.7 we
consider problem (3.1) with f not identically zero. In this case it turns out that
we cannot use the homogeneous abstract Cauchy problem (3.5) as a semigroup
setting for problem (3.1). Instead, we think of an inhomogeneous abstract Cauchy
problem in a larger space than H. With the aid of the tools of Section 3.5 we
solve this problem in an appropriate interpolation space and use its solution to
obtain a solution to problem (3.1).

3.2 The kernel

In this section we introduce the class K mentioned in Section 3.1 of kernels a of
the linear Volterra equation (3.1). We show that with every kernel a € K we can
associate a number «a(a) € [0,1]. The notation «(a) is motivated by our model
problem where a = ¢;_, for some a € (0,1); see (1.2) in Example 1.3.3 for the
definition of g;_,. In this case the Volterra equation (3.1) with ug identically zero
equals the fractional derivative of order a, and it turns out that a(g;_.) = .
Moreover, we show that if a € K behaves like ¢t~ when ¢ | 0, then a(a) = a.

Definition 3.2.1 The class K is defined by

K :={a:(0,00) = R; a completely monotonic, a € L'(0,1), a(0+) = +oo}.
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Definition 3.2.2 If a € K, then a(a) € R is defined by

a(a) := sup {p € R; /100 AP_QW(&(/\) +ALa(N) dr < oo} .

Note that «(a) is well-defined, since the integrand is positive by Lemma 1.1.5(iii)
and since a(a) is finite by the next lemma.

Lemma 3.2.3 Ifa € K, then a(a) € [0,1].

PROOF: We remark that if the integral in Definition 3.2.2 converges for some
p € R, then for every p’ < p this integral with p replaced by p’ also converges.
Therefore it is sufficient to prove that

(i) If p <0, then [ X z(a(A) + Afka(N)) dX < oo;

"o
(ii) If p > 1, then [™ N2y (a(X) + Ag5a(N)) dd = +oo.

For (i) we have by Lemma 1.1.5(ii) and (iv) that a(\) + A&a(A) < a(A) and
Aa(A) > a(1) for every A > 1. This implies that

> p—2 1 a dg
0 )+ Adka)

< A1 - dl < - / M LA < 00, < 0.
/1 ) T a() P

For (ii) we observe that it is sufficient to prove that there exist M > 0 and C' > 0

such that 1

(a(A))?

or equivalently, using (3.2) and Lemma 1.1.5(i) and (ii),
Jio.00) Ttxe V(dK)
(f[Ooo FEDY (d“)>

Let I;(A) > 0 and I5(A) > 0 for every A > 0 be defined by
A A
I(\) ::/ v(de), I(X\) ::/ v(dk).
[0 [

’1):‘€+>\ 1,00)’%—’_)\

(@) +ALa(\) >0, A> M,

ZC, A> M. (3.6)

By Lemma 1.1.4(i) and (iii) we have limy .. [1(A) = [,y ¥(dr) < oo and
limy_oo I2(A) = 4o00. Thus for an arbitrary ¢ > 0 there exists M > 0 such
that

Ii(\)
<e, A>M.
I(\)
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1
c:= / —v(dk),
[L00) F¥

where well-definedness follows from Lemma 1.1.6(i). Using the Cauchy-Schwarz

Let ¢ > 0 be given by

inequality we obtain that for every A > M,

f[O o0) ( H+>\)2 V(d,{) > 1 f[l o0) ( H-‘,-)\)Z V(d'%) S 1 l
> 5 5=
Ii(\ 14+¢e)c
<f[0700) KA V(dﬁ")) <1 + I;(A;) <f[1,oo) K+ V(d'l{)> ( )
Therefore (3.6) holds with C' := FiEmE +E) O

Remark 3.2.4 There exists a kernel a € I with a(a) = 1. Indeed, this holds
for a : (0,00) — R given by

a(t) = / e " In(k+2)"%dr, t>0.
0

Lemma 3.2.5 If a € K is such that a(t) ~ ¢t~ when t | 0, where ¢ > 0 and
€ (0,1), then a(a) = a.

PROOF: We shall show that for j = 0,1,

(N

LGN~ +1— )X, N — oo (3.7)
This would prove the lemma, since it implies that for every p € R,

1
(a(A))?

and [ X717 d\ converges if and only if p < o. To show that (3.7) holds, let
€ > 0. By assumption there exists 6 > 0 such that

W) ~ cF(la— a)

Ap—l—a

A2

—~
Q>
=
_|_
>
|
Q>

7A—>OO’

0<t<d.

J— < _
ct—« ‘ 2 (1 — )’
Furthermore, let ¢; := a(d) + cd~* and let M > 0 be such that

AT < i, A> M.
201
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Then we have

‘(-1)&]'“*“—]'@@) — (41— 04)‘

dxnJ

Aj“—a/ e M(Pa(t) —ct™) dt’
0

5
S)\]+1a/ oM
0

€ . o0 ) ) o0 )
< _Ntlre / e MY At 4 e M T / e NI dt
2I'(1 — ) 0 0

alt)
ct—«

ot/ dt + N / e Mt a(t) — ct~*|dt
é

el'(j+1—a) , _ e € .
=V T r DA< -+-= A>M,5=0,1
T —a) +al'(j+1) <gtz;=e ,j=0,1,
and this implies that (3.7) holds. O

3.3 The analytic semigroup and its generator

This section specifies the analytic semigroup setting. We define the Hilbert space
H and the linear operator A, and show firstly, that A is the infinitesimal generator
of a strongly continuous semigroup and secondly, that this semigroup is analytic.

Let a belong to K and let v denote the unique Borel measure on [0, 00) such that

a(t) = / e ™ v(dk), t>0.
[0,00)

To define the Hilbert space H we fix an arbitrary 5 > 0.

Definition 3.3.1 The real Hilbert space (H, (-, ), || - ||z) of equivalence classes
is defined by

H = {p:[0,00) — R; ¢ Borel measurable and
[ e+ 8y v < o1
0,00

endowed with the inner product

(o, V) = /[0 )@(ﬁ)iﬂ(ﬁ)(/{ + B v(dk), @, € H.

Note that H is independent of § and that for different choices of (3 the corre-
sponding norms on H are equivalent.

To define the linear operator A we need a functional J.
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Definition 3.3.2 The linear functional J : D(J) € H — R is defined by

D(J) := {¢ € H; there exists (a unique) u € R such that x — u — kp(k) € H},
J(g) =u, oeD()

Well-definedness of J follows from the next lemma.

Lemma 3.3.3 For every ¢ € H there exists at most one u € R such that the
mapping k — u — Kkp(k) belongs to H.

PROOF: Let ¢ belong to H. If uj,us € R are such that the mappings x —
uy — kp(k) and kK — uy — kp(k) both belong to H, then the mapping k +— u; —us
also belongs to H. This implies that u; = us, since the case u; # us would lead
to the following contradiction by Lemma 1.1.4(iv):

H00 = |u; — ug|? rv(dr) < / luy — ug|*(k + B) v(dr) < oo.
[0,00) [0,00)

Definition 3.3.4 The linear operator A : D(A) C H — H is defined by
D)= { €D [ (9) = ret) viam) =0}
0,00

(Ap)(r) == J(¢) = rp(k), ¢ €D(A), x>0,
The following lemma shows that A is well-defined.

Lemma 3.3.5 The Hilbert space H is continuously embedded in the real Banach
space L'(]0,00),v) with

el (o.0000) < ValB)llella, ¢ € H.

PROOF: The lemma follows from the Cauchy-Schwarz inequality and Lemma
1.1.5(1). 0

We shall apply the Hille-Yosida theorem to prove that A generates a strongly
continuous semigroup. For this we need two propositions concerning dissipativity.

Proposition 3.3.6 The linear operator A — %IH :D(A) C H — H is dissipative
in (H,{-,Yg).
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PROOF: Using the definition of D(A) and Lemmas 3.3.5 and 1.1.5(i), we have

(Aohn = [ (I(0) = rolo)) )+ B () -

[0,00)

J(o) /[ ()~ el vl

K+

= /[o,oo) (J(cp) A /ﬂg@(/ﬂ)) (p(#) (K + B) = J(p)) v(dr) +

K+

2 B
[ e van

= [ )~ e B)et) v +

5J(p) /[ ) i) — (3T

< BVaB) ()] lellm — Ba(B)(J(¢))?
= —3(v/a(B) |1(@)] = Lella)® + 2l < Zlely, ¢ € D(A).

This implies that ((A — g]H)Lp, ©)p < 0 for every p € D(A). O

/[0 ) O o) (s + ) w(dr) —

Proposition 3.3.7 The linear operator A — Iy : D(A) € H — H is
m-dissipative in (H,(-,-)g). Moreover, if X > 0 and ¢ belongs to H, then
My — A:D(A) — H is bijective and

(W = 4)¢) () = 2252 w0,
where u € R is defined by
1 ko (k)
= drk). .
RERD VTSN /[O,OO) g ) (3:8)

In particular,

w=J((Ay —A) ).

PROOF: To show that Al — A is one-to-one we assume that ¢ € D(A) satisfies
(Mpy — A)Yp = 0. Then the definition of A implies that (k) = % for every
k > 0, so that by Lemma 1.1.5(i)

A (1)) X
0= J — kY(K)) v(dk) = v(de) = da(\)J (V).
[ v =m)van = [ (dr) = AT (1)
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It follows that J(0) = 0 and hence, 1 = 0.

For well-definedness of u we observe that the mapping x —
LY([0,00), v), since ¢ belongs to L'([0,00),v) by Lemma 3.3.5.
Now we show that Ay — A is onto. Let ¢ : [0,00) — R be defined by

rp(k)
K+

belongs to

p(k) +u

> 0.
K+ A b=

(k) = :
Then ¢ belongs to H as the mappings x +— % and K +— ﬁ both belong to
H; the former since ¢ belongs to H and the latter by Lemma 1.1.5(ii) and (iii).
Therefore it follows from the definition of ¢ that the mapping k — u — ki)(k) =
Mp(k) — (k) belongs to H, that is, 1 belongs to D(J) with J(¢) = u. Even

more, ¢ belongs to D(A) since we have, using Lemma 1.1.5(i) and (3.8),

B A — Kkp(R) e
/[o,oo) (u - /{w(/i)) v(dk) = /[o,oo) ST (dk)

. rp(k)

a(N)u /[()700)%+)\V( K)
Finally, the definitions of A and v imply that (A — A)Y = . This shows that
My — A is onto and the proof is finished. 0

Theorem 3.3.8 The linear operator A : D(A) C H — H is the infinitesimal
generator of a strongly continuous semigroup {S(t)}i>0 of bounded linear opera-

tors on H with
1S ey < et > 0.

PROOF: Since A — gIH is m-dissipative in (H, (-,-)y), Proposition 1.4.7 states
that A is densely defined in H. Therefore the theorem is a result of Theorem
1.4.5 and Proposition 1.4.9. U

To prove analyticity of {S(f)}:>0 we need the complexifications of H, J, A, and
{S(t)}+>0. We remark that the complexification of {S(t)}:>¢ is a strongly con-
tinuous semigroup on the complexification of H, with infinitesimal generator the
complexification of A. Also we remark that in this case Proposition 3.3.7 holds
for every A € C\{0} with ReA > 0. We start with two lemmas.

Lemma 3.3.9 Let A € C with Re\ > g and let ¢ belong to H. If u is given by
(3.8), then u satisfies

2

[l <ty VRO + 1) el
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PROOF: Using the Cauchy-Schwarz inequality and Lemma 1.1.7, we have

K+
d
a0 Jo o s A A
1

K+ [ :
RV (/[o,oo) IS ”““”) el

1 4(k + %)
= D] </[ o) (i 27+ (ImA)? ”<d“>> Il
’)\QQ()\ \/Re £ i) lella-

Juf <

IN

N

O

Lemma 3.3.10 The resolvent set p(A) contains ¥ := {\ € C; ReX > g} In
particular,

4 B 41
TIPS (FELEEIE) BN

()] Al

PROOF: Let A € C with Re\ > %. Since Mg — A is bijective by Proposition
3.3.7, it suffices to prove the estimate. Let ¢ belong to H and let u be given by
(3.8). Note that the mapping x — ﬁ belongs to H by Lemma 1.1.5(ii) and
(iii). Using Proposition 3.3.7 and Lemma 3.3.9, we obtain

p(k) +u

My —A) el = H P |A

1 k+ 0 %
- AT
5 el +1ul (/[Om) i)

] 4(k + %)
< m e+ Jul </[ 0.00) (1 4 §)2 + (ImA)? V@@))

Rea(Z +iTm)) [l

el + \H

(SIS

T —
H
| (V]

] )\

Theorem 3.3.11 The semigroup {S(t)}+>0 is analytic.

PROOF: It follows from Lemma 3.3.10 that p(A — g[ 1) contains the imaginary
axis and that for every w € R\{0},

ARea(Z + iw) 1 5
S 1 —"_ N ﬁ . ﬁ . S .
£(H) a(§ +iw)| ) |5 +iw| T |w]

-1

(iwly — (A - 21y))
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Therefore it is a result of Proposition 1.4.12 that A — %] g is the infinitesimal
generator of an analytic semigroup. Now Proposition 1.4.13 implies that A is the
infinitesimal generator of an analytic semigroup. U

For later use we show that J|p(4) is continuous with respect to the graph norm
of A, which is denoted by || - || 4.

Lemma 3.3.12 The restriction J|pay : (D(A), | - [Ja) — R is continuous.

PROOF: Let 1 belong to D(A) and let ¢ € H be given by ¢ := (GIy — A)y. By
Proposition 3.3.7 and Lemma 3.3.5 we have

1 K
I g [ gleelvan
1

<

1
) ol 2 ([0,00)0) < WH(WH — Al

Since the norm ¢ — ||(81g — A)¥||g on D(A) is equivalent to the graph norm of

)

A, the lemma is proved. U

In Section 3.5 we need the adjoint operator A* of A. The following results give a
characterization of A* and its resolvent.

Lemma 3.3.13 The adjoint operator A* : D(A*) C H — H s given by

D) = {7 €DW) [ (J10) = e Ao) vide) =01,

K
K+ 0

(A*0) (k) = J(0) — ko(k), o€ D(A"), k> 0.

PROOF: Let ¢ belong to H. By definition of the adjoint operator A*, o belongs
to D(A*) = D(BIy — A*) if there exists 7 € H such that

((BIg — A, o), = (b, T)u, ¥ € D(A),
or equivalently by Proposition 3.3.7, such that
<90aU>H = <(ﬁ[H - A)_15077_>H7 NS H. (39>

We fix an arbitrary ¢ € H and let © € R be given by

e
"= Galp) /[o,oo> myp VR
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Using Proposition 3.3.7 we have that (3.9) holds if and only if

/ (K)o (k) (5 + ) v(dr) = / (o) + u)r () v(dr),
[0,00) [0,00)

if and only if

/[O,oo) <"(“> - ,Zf)ﬁ) o(r)(k + B) v(dk)

_ 5&1@ ( /[ L y@@)) /[ N o g ) (5t B) (),

if and only if

<¢(ﬁ)’ -y ; )ﬁ - 5&1(5) </[o,oo> ) ”(d’i)) B >H -

Since ¢ € H is arbitrary, this holds if and only if

K
k)= (K + k)— K——, k>0, .

7(k) = (K + B)o(k) py (3.10)

where, using (3.10) and Lemma 1.1.5(i), K € R is such that

1
K = 5a(9) /[0700)7'(/1) v(dk)
= 1 K O\R) — ﬁ 1% K
‘mm/[o,oo) (( +Blols) K+Kﬁ+ﬁ) (dr)
1
- /[O (54900~ Ky v(an) + K,

or equivalently, where K € R satisfies
/ (K — (x + B)o(r)) v(dx) = 0. (3.11)
[0,00)

Since ¢ and the mapping k — ﬁ both belong to H, it follows from (3.10) that
T belongs to H if and only if the mapping x — ko(k) — K belongs to H. We
conclude that o belongs to D(A*) if and only if there exists K € R such that the
mapping k — K — ko(k) belongs to H and (3.11) holds, that is, o belongs to
D(J) and satisfies

/[0 ) (J(o) = (k+ B)o(k)) v(dk) = 0.

Finally, the definition of A* and (3.10) imply that

(A%0) (k) = Po(r) = 7(r) = J (o) i 3

— ko(k), k>0.
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Proposition 3.3.14 If X\ > 0 and 7 belongs to H, then Ay — A* is bijective and

1
(M = 4)77) ) = 5 (7 49— w20
where p € R is defined by
1 k43
pi= YIeN] A)W) . /\T(KJ) v(dk). (3.12)

In particular,
p= J(()\IH — A*)*lr).

PROOF: We remark that Al — A* is one-to-one, since Al — A is onto by Propo-

sition 3.3.7. Well-definedness of p follows from the observation that the integral

in (3.12) is the inner product in H of 7 and the mapping K — KI/\ Note that

this mapping belongs to H by Lemma 1.1.5(ii) and (iii).
To show that My — A* is onto let o : [0,00) — R be defined by

1 K
= —_— > 0.
o) i= s (T ot ) e
Then o belongs to H as the mappings k — % and Kk — m both belong to

H; the former since 7 belongs to H and the latter by Lemma 1.1.5(i). Therefore
it follows from the definition of ¢ and Lemma 1.1.5(i) that the mapping x +—
p—ko(k) = Ao(k) — 7(K) —i—p% belongs to H, that is, o belongs to D(J) with
J(o) = p. Even more, o belongs to D(A*) since we have, using Lemma 1.1.5(i)
and (3.12),

— KR O\R))VAK) = )\p_(/i—i_ﬁ)T(H)V K
[t pot) vian) = [ T v

— Na(\)p — /[0 | (:i—f)m@) V(dk) = 0.

Now the definitions of A* and ¢ imply that (A — A*)o = 7. This shows that
M — A* is onto and the proof is finished. O

3.4 The homogeneous problem 1

We consider the homogeneous Volterra equation

d t
— a(t — s)u(s)ds =0, t >0,
at ) . (3.13)

u(t) =up(t), t<0,
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where the kernel a : (0,00) — R belongs to the class K and where the function
ug : (—00,0] — R satisfies the next hypothesis:

Hypothesis 3.4.1 The function ug : (—o00,0] — R is Borel measurable and has
the following properties:

(i) There exist M; > 0 and w > 0 such that |ug(t)| < Me* for every t < 0;

(ii) There exist My > 0 and 6 > 0 such that |ug(0) — uo(t)| < Ms|t| for every
te [_57 0]7

cee d_

(ii1) 7],

ft a(t — s)up(s)ds = 0.

—00

Note that Hypothesis 3.4.1 does not assume any smoothness of uy except at zero.
Note also that if ug satisfies Hypothesis 3.4.1(i), then u belongs to L'(—o0,0) N
L>*(—00,0). The following lemma gives a different formulation of Hypothesis
3.4.1(iii). We shall give the proof in Section 3.4.3 as it is elementary, but lengthy.

Lemma 3.4.2 If uy satisfies Hypothesis 3.4.1(i) and (i), then

d-

i /t a(t — s)up(s) ds

t=0 v/ —o0

= up(0) a(+o00) + /OOO (= La(s)) (uo(0) — up(—s)) ds.

Following our semigroup approach we consider problem (3.13) in an abstract
setting. We study the corresponding homogeneous abstract Cauchy problem in
Section 3.4.1, and return to problem (3.13) in Section 3.4.2.

3.4.1 The homogeneous abstract Cauchy problem

In this section we study the homogeneous abstract Cauchy problem

%w((;; Z ;1;#(15)7 t>0, (3.14)

where 1 : [0,00) — R is defined by
o (K) ::/ e "ug(—s)ds, k>0, (3.15)
0
We assume that ug in the definition of v satisfies Hypothesis 3.4.1 and prove

that ¢y belongs to D(A). Then we state existence and uniqueness of a strict
solution to problem (3.14) in the following sense:
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Definition 3.4.3 A strict solution to problem (3.14) is a function ¢ : [0, 00) —
H such that ¢ belongs to C([0,00); D(A)) N C*([0, 00); H), where D(A) is en-
dowed with the graph norm of A, and such that v satisfies (3.14) for every ¢ > 0.

Lemma 3.4.4 If ug satisfies Hypothesis 3.4.1(i) and (ii), then 1o belongs to
D(J) and J(vy) = uo(0). In particular, 1o belongs to D(A) if and only if ug also
satisfies Hypothesis 3.4.1(iii).

PROOF: First we observe that 1 belongs to H. Indeed, by Hypothesis 3.4.1(i)
we have [g(k)| < Hw
to H by Lemma 1.1.5(ii) and (iii). To Show that 1y belongs to D(J) we define
u,ug : (—00,0] — R and 1,1 : [0,00) — R by respectively wuq(t) := ug(0)e**
and uy(t) := ug(t) — up(0)e** for every ¢ < 0, and

(k) ::/ e u;(—s)ds, k>0,j=1,2.
0

Note that ug = uy + us and ¥y = ¥1 + 19, and that u; and usy satisfy Hypothesis
3.4.1(i) and (ii). Therefore ¢ and 1y belong to H. Even more, 1; belongs to
D(J) with J(¢1) = ue(0) since 91 (k) = ZOT(OW) for every k > 0 and, using Lemma
1.1.5(ii) and (i),

[T
[0,00)

o —(K e v(dk) < 0o

Now we show that 15 belongs to D(J) with J(¢2) = 0. Using Fubini’s theorem
and Lemma 1.1.4(ii) we observe that

| 0= P+ By vidi) = [ a0+ ) vl
[0,00) N 0[2700)
</[OOO) (/ &% (— )|ds) (/0 e_"“|u2(—t)]dt) (5 + BK2) v(dr)
/ / us(=3)l s~ (—ras +1) + Brals +1)) dsdr
We split the last integral into four parts:
oo 00 ) ) 0o oo 1) 0o 00 )
A N A T W A

It is sufficient to show that each integral on the right-hand side is finite. We shall
use Hypothesis 3.4.1(i) and (ii) with M| and M) for us, Fubini’s theorem, the
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assumptions on a, and Lemmas 1.1.5(ii), 1.1.6(ii), and 1.1.2(iv). We start with
the first integral:

/ / |ug(—s)|[ua(—t)] (—f—;a(sﬂ) +ﬁ%a(s+t)> dsdt

< (M) /Sos (/t:t (~a(s +1) + Bals +1) dt> ds

5
_ (M;)Q/O s(5(— Laa(s +6) + pdals +8))+
La(s+0) — Ba(s + ) — La(s) + ﬁa(s)) ds
5
< OGF [ 5(= fals) + Ba(e) ds

< (M})? (—5a(5) —|—/06a(s) ds—l—ﬁ5/06a(s) ds) < o0.

The second integral is finite, since

/ / |ug(—s)[[uz(—t)| (—f—;a(sﬂ) +ﬂ$a(s+t)) dsdt

< (M) /5:5 (/t:( Las+1)+ Bials +1)) dt) ds

= (M) (—Pa(+00) — Fa(20) + fa(20)) < oo

Finiteness of the third integral, and analogously of the fourth, follows from

d 0o
/ / s (—s)||uz(—1)] (—j—;a(s+t) +ﬁ$a<s+t)) ds dt
s=0 Jt=§
J o 3 2
< M{Mé/ s (/ (—%a(s +t) + B5a(s +t)> dt) ds
s=0 t=4
J 2
_ M{Mg/ s (Lea(s +5) — pa(s +9)) ds
0

= MM, <(5(%a(25) — Ba(26)) — a(26) + a(6) + ﬂ/o a(s+9) ds) < 00.

At this point we have shown that 1, and v, belong to D(J) with J (1) = u(0)
and J(19) = 0. Since 1y = 11 + 19 it follows that 1y belongs to D(J) and

J(%) = UO(O)'
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Finally, using v({0}) = a(4+00) by Lemma 1.1.4(v), Fubini’s theorem justified by
the first part of this proof, and Lemma 1.1.4(ii), we observe that

/[0 (00) = () vl

_ /[0 N (1-u0(0) —x /0 " errug(—s) ds> v(dr)

= u(0) a(+o0) + / - (/OOO ke ™" (ug(0) — ug(—s)) ds) v(dk)

©
= 10(0) a(400) + /0 (= “La(s)) (uo(0) — up(—s)) ds.

By Lemma 3.4.2 this shows that 1)y belongs to D(A) if and only if g also satisfies
Hypothesis 3.4.1(iii). O

Proposition 3.4.5 If ug satisfies Hypothesis 3.4.1, then problem (3.14) admits
a unique strict solution . Moreover, 1 has the representation 1(t) = S(t)iq for
every t > 0 and 1 is real analytic in (0, 00) with respect to the graph norm of A.

PROOF: We refer to [Lun95, page 126, Lemma 4.1.6] and use the analyticity of
the semigroup combined with Proposition 1.4.29(ii). O

We remark that the strict solution ¢ has values in H and hence, ¥(t) is an
equivalence class. In the next section we shall need a differentiable version of
¥ (t). To prove existence of such a version we apply Theorem 2.4.2 of Chapter 2.
We recall that Chapter 2 distinguishes between a function ¢ and its equivalence
class [¢]. To be consistent in notation we therefore write [1)(¢)] instead of 1) (t),
and denote a version of [1(t)] by ¥(t,-).

We apply Theorem 2.4.2 with X := R, Q := [0,00), F := B[0,00), p(dk) :=
(k + B)v(dk), and p := 2. Note that (Q,F,p) is a o-finite measure space by
Lemma 1.1.4(i). Note also that if N C [0,00) is a p-null set, then N is a v-null
set as well. To verify the conditions of Theorem 2.4.2 we define the space H by

H:={p:[0,00) = R; [¢] € H},
and the linear operator A : D(A) CH — H by
D(A) := {p € H; [¢] € D(A)},

(Ap) (k) = J([¢]) — rp(k), ¢ € D(A), k> 0.
From the definition of A and A it follows that

D(A) = {[¢] € H; there exists ¢ € D(A) such that [¢] = [¢]}, (3.16)
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Alp] = [Ag], [¢] € D(A). (3.17)

Note that this implies that A could have been defined by (2.13).
Lemma 3.4.6 Operator A satisfies Hypothesis 2.4.1.

PROOF: First we show that A satisfies Hypothesis 2.4.1(i). Let ¢; € D(A)
and o € H be such that (k) = p2(k) for p-almost every x > 0. Then [p]
belongs to D(A) by definition of A, and [¢1] = [¢2]. This implies that s belongs
to D(A) and ¢1(k) = @a(k) for v-almost every x > 0. In particular, we have
[Aps] = [Ap1] since for p-almost every k > 0,

(Ap2) (k) = J([p2]) — rp2(k) = J([p1]) — wp1(k) = (Ap1) (k).

Now we show that A satisfies Hypothesis 2.4.1(ii). Let {¢,}52, be a sequence in
D(A), let ¢ and ¥ belong to H, and let Ny C [0,00) be a p-null set such that

Tim ¢, (k) = ¢(x), € [0,00)\No, (3.18)
lim (Ag,,) (k) = ¥(k), & € [0,00)\No, (3.19)
Tim [o,] =[], (3.20)
Tim [Apn] = [¢], (3.21)

where the convergence in the last two lines is in H. From (3.17) and (3.21) it
follows that

lim Afp,] = TLIEEO[ASOTL] = [¢]. (3.22)

n—oo

Since A is a closed operator, (3.20) and (3.22) imply that [p] belongs to D(A)
and A[p] = [¢]. This has two consequences. Firstly, by (3.16) there exists
¢ € D(A) such that [¢] = [¢] and hence, ¢ belongs to D(A) by Hypothesis
2.4.1(i). Secondly, using (3.22) we have lim, ., A[p,] = Alp]. Combined with
(3.20) we therefore have lim,,_,..[¢n] = [¢] where the convergence is in D(A) with
respect to the graph norm ||-|[4 of A. As J|pa) : (D(A),]|-]|a) — R is continuous
by Lemma 3.3.12, it follows that lim, .., J([¢n]) = J([¢]). Together with (3.18)
this implies that for every & € [0, 00)\ No,
lim (Ag,) (k) = lim (J([pa]) — ren(r)) = J([]) = wp(k) = (Ap)(K).

n—oo n—oo

In combination with (3.19) this shows that

¢<K) = ("490)(/{)’ S [O’ OO)\NO

Thus A satisfies Hypothesis 2.4.1(ii) and the lemma is proved. O
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Theorem 3.4.7 Let [¢(t)] be the unique strict solution to problem (3.14). Then
there exist a Borel measurable function ¢ : [0,00) x [0,00) — R and a v-null set
N C [0,00) with the following properties:

(i) [0t )] = [¥(®)] for every t > 0;

(ii) The mappingt — 1(t, k) is continuous in [0, 00) and real analytic in (0, 00),
both for every k € [0,00)\N;

(iii) It holds that
Dt k) = J([W(1)]) — Kkp(t,k), t>0, k€ [0,00)\N;

(iv) ¥(0,K) = (k) for every k € [0,00)\N.

PROOF: We are in position to apply Theorem 2.4.2, thus there exist a Borel
measurable function @ : (0,00) x [0,00) — R and a g-null set N C [0, c0) such
that the mapping t — @(t, k) is real analytic in (0,00) for every x > 0, and
limy o 3(t, k) exists with [limyo $(¢,-)] = [too] for every & € [0,00)\N. Moreover,
P(t, ) belongs to D(A) for every ¢t > 0 and we have

[2(t,)] = [w(®), t>0, (3.23)

Bo(t, k) = (A@(t,-))(k), t>0, k€ [0,00)\N. (3.24)
Now we define 1 : [0,00) x [0,00) — R by

o(t, k), t>0,k€0,00),
Y(t, k) = { limg o P(s, k), t=0, k€ [0,00)\N,
0, t=0,keN.

Then ¢ is well-defined and Borel measurable. Furthermore, ¢ has properties (i)

and (ii) with N replaced by N. Using (3.23) and (3.24) we have for all t > 0 and
K € [0,00)\N,

gt k) = 5ot k) = (AG(t, ")) (K)
J([p(t,)]) — K(t, 5) = J([W(1)]) — K (t, K).

Hence, 1) has property (iii) with N replaced by N. To show that 1 has property
(iv) we observe that

000, = [ 5. = [l

s]0
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Thus there exists a p-null set Ny C [0, 00) such that

P(0,k) = o(k), K € [0,00)\No.

Finally, we define the p-null set, and thus v-null set, N := N U N, and the
theorem is proved. O

3.4.2 The scalar linear Volterra equation

In this section we return to the homogeneous Volterra equation (3.13), which we
are able to solve with our semigroup approach and the results of Section 3.4.1.

Theorem 3.4.8 Let uy satisfy Hypothesis 3.4.1. Then problem (3.13) admits a
unique solution w. Moreover, u is continuous in [0,00), real analytic in (0, 00),
and has the representation

ult) = {J(S(t)l/zo), t >0,

wo(t), <0, (3.25)

where Yy s given by
Yo (k) ;:/ e "ug(—s)ds, k>0.
0

PROOF: Since the mapping ¢ — S(t)1 is continuous in [0, 00) and real analytic
in (0,00), both with respect to the graph norm || - ||4 of A by Proposition 3.4.5,
and since J : (D(A), || -]|a) — R is continuous by Lemma 3.3.12, it follows that u
given by (3.25) is continuous in [0, c0) and real analytic in (0, 00). In particular,
u is Borel measurable. Using Hypothesis 3.4.1(i), the continuity of u, and Lemma
1.1.5, we observe that

[ at—spuias= [ ot = a9 ds + [t =)o) s

—00 —00

< Ml/ e“*a(t — s)ds + max {|u(s)|; s € [O,t]}/o a(s)ds

—00

t
< Mye**a(w) + max {|u(s)]; s € [O,t]}/ a(s)ds < oo, t>0.
0

This implies that u satisfies Definition 3.1.1(i). To show that u satisfies Definition
3.1.1(ii) and (iii) we use the complete monotonicity of a and observe that for every

t>0,
/_; a(t — s)u(s)ds = /_too (/[0700) o H(t=s) V(dl{)) u(s) ds. (3.26)
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Definition 3.1.1(i) implies that we can apply Fubini’s theorem to the right-hand
side of (3.26) to obtain for every t > 0,

/; (/[0700) o h(t—s) y(d/{)) u(s)ds = 4),00) (/; e =)y (s) ds) V(dr).

(3.27)
We define ¢ : [0,00) — R by ¢(t) := S(t)ypy for every t > 0. Then 1 is the
unique strict solution to problem (3.14) by Proposition 3.4.5. By Theorem 3.4.7
there exist a Borel measurable function ¢ : [0,00) x [0,00) — R and a v-null
set N C [0,00) such that the mapping ¢ + (¢, ) is continuous in [0, c0) and
real analytic in (0, 00), both for x € [0,00)\NN. Moreover, ¥(t, k) = (¢(t))(k) for

every t > 0 and v-almost every x > 0, and
%_(t, k)= J(W(t)) — w(t, k), t>0,r¢€[0,00)\N,
Y(0, k) = o(k), k € [0,00)\N.

Hence, using the representations of u and ¢ and the definition of vy, we have for
all t > 0 and k € [0,00)\ N,

B(t, ) = e o () + / e =) T (3 (s)) ds = / e M9y (5) ds,

— 00

(3.28)

as well as
P(t, k) = Po(k) +/0 (J(¥(s)) — Kip(s, K)) ds.

Therefore we have for every ¢t > 0,

Aoo) </_too e =5y (s) ds) v(dr) = o U(t, k) v(dk) (3.29)
= Joo) Yo(8) v(dr) + [ ) (fot (J((s)) — kb(s, k) ds) v(dr).

To be able to apply Fubini’s theorem in (3.29) it is sufficient to show that the
mapping s — f[o,oo) (J(1(s))—r1p(s, k) v(dk) is bounded on [0, ] for every ¢ > 0.
Using Lemma 3.3.5 and the fact that ¢ is continuous on [0, 00) with respect to
the graph norm || - |4 of A, this follows from

/ |T(6(s)) — wtb(s, )| w(dw) = / |(A(s)) ()] v(dr)
[0,00) [

0,00)
< Va(B)llv(s)lla < Va(B) max {[lv(s)ll.a; s € [0,1]}.

Thus we have for every t > 0,
o o(k) v(dr) + /[0700) (/0 (J(w(s)) — K (s, H)) ds) v(dk) (3.30)
= Sy Y0() w(d8) + 5 (fig sy (J(0(5)) = £(2(5)) () w(dr)) ds.
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Combining (3.26), (3.27), (3.29), and (3.30), and recalling that 1(s) belongs to
D(A) for every s > 0, we obtain

/_ a(t — s)u(s)ds = ' )QZJ()(KJ) v(dk), t>0.

Since the right-hand side above is independent of ¢ it follows that w satisfies
Definition 3.1.1(ii) and (iii). O

3.4.3 Proof of Lemma 3.4.2

In this section we prove Lemma 3.4.2 by applying the following proposition, see
[Roy88, page 92, Theorem 17].

Proposition 3.4.9 Let {g,}32, be a sequence of nonnegative integrable functions
that converges almost everywhere to an integrable function g. Let {f,}°2, be a
sequence of measurable functions such that |f,| < g, forn =1,2,---, and such
that the sequence converges almost everywhere to a function f. If lim, o [ gn =

[ g, then lim,_. fr, = [ f.

PROOF OF LEMMA 3.4.2: We start with observing that the integral on the right-
hand side exists. Indeed, using Hypothesis 3.4.1(i) and (ii), Lemma 1.1.6(ii), and
the assumptions on a, we have

/000 !( — %a(s)) (uo(O) — uo(—s))’ ds
- /06 (= La(s))]uo0) — uo(~s)] ds + /;O (= La(s))]uo(0) — uo(—s)| ds
< M, /5 s(—La(s)) ds +2M; /:O —da(s)ds
0
< —Mséa(d) + Mo /0(S a(s) ds — 2M;a(+00) + 2Mja(d) < oo.
To prove the equality in the proposition let uy,us : (—00,0] — R be defined
by wuq(t) := ug(0)e*" respectively ug(t) := ug(t) — ui(t). Then u; and uy satisfy

Hypothesis 3.4.1(i) and (ii). Note that ug = uy+uz, u1(0) = uy(0), and u2(0) = 0.
First we show that

d— t
T . /oo a(t — s)uy(s)ds

= up(0) a(+00) + /000 (= La(s)) (uo(0) — us(—s)) ds.

(3.31)
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For the left-hand side of (3.31) we have, using Lemma 1.1.5,

a(s)e*=*) ds
7,

= UO(O)%‘tZOGWtd(W) = up(0)wa(w).

(;11_; i /_OO a(t — s)up(s)ds = ug(0) d-

For the right-hand side of (3.31) we use Lemma 1.1.6(ii) to obtain
| (= ) (f0) = (=) s
) [ (= a1 - ) ds
— u(0) (—a(+oo) +wlim (sa(s) - ews) oy /0 " as)es ds)

510 ws
= —uy(0) a(400) + up(0)wa(w).

This implies that (3.31) holds. Now we show that

a1~

dt $=0 /_oo alt — s)uz(s) ds = /0°° (La(s))us(—s)ds. (3.32)

By definition of the left derivative we have

d— t
T . /OO a(t — s)ug(s)ds

~lim ) (/_OOO a(—5)us(s) ds — /_: a(—h — s)us(s) ds) |

For an arbitrary h € (0, %), where 4 is given by Hypothesis 3.4.1(ii), we write

: (/_; a(—s)us(s) ds — /_O: a(—h — s)us(s) ds>
-1 (/Ooo a(s)us(—s) ds — /hoo a(s — hus(—s) ds)
1

=2 /:ha(s)ug(—s) ds — %/:ha(s — h)ug(—s)ds+

% a(s) —a(s — h) “a(s) —a(s—h)
/2h h ug(—s)ds + /5 . ug(—s) ds.

Thus (3.32) holds if we can show the following:

1 2
liﬂ)lh/ s)ds = 0 = léﬁ)l n ), a(s — h)us(—s)ds. (3.33)
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. [Tals) —als = h) Y

1}%1 i h ug(—s)ds = /6 (La(s))us(—s)ds. (3.34)
% a(s) —als — o

lliﬂ]l . (5) h( h) us(—s)ds = /0 (La(s))us(—s) ds. (3.35)

To show the first equality in (3.33) we observe that by Hypothesis 3.4.1(i) and
(ii) there exist K; > 0 and K5 > 0 such that |ug(—t)| < Kje " for every ¢ > 0,
and |uz(—t)| < Kyt for every t € [0,0]. Therefore we have

1 2 1 2 2h
‘—/ a(s)us(—s)ds| < —/ a(s)Kysds < QKQ/ a(s)ds.
h Jo h Jo 0

This implies the first equality in (3.33). The second equality in (3.33) follows

analogously.
For (3.34) and (3.35) we observe that the mean value theorem and the fact that
the mapping ¢ — —%a(t) is nonincreasing imply that

la(s) —a(s — h)| < h( = La(s —h)), s> h. (3.36)
Thus we have for every s > ¢,
a(s) —a(s —h)
h

so that (3.34) follows from Lebesgue’s dominated convergence theorem.

us(—=s)| < (= La(s — h))Kie™* < Ki(— La(s — 1)),

It remains to show (3.35) for which we shall apply Proposition 3.4.9. Let the
functions fp,, f : (0,9) — R be defined by

Fals) = als) - 2(5 —h) us(—$)1pns(s), s € (0,6),
f(s) = (di (s ))uz(—s), s € (0,0).
Then we have limy, o f1(s) = f(s) for every s € (0,0). Moreover, using (3.36) and

the fact that |us(—s)| < Kas < 2K5(s — h) for every s € [2h, ], we have

s)
()] < (= La(s — h))2Ks(s — h)1png(s), s €(0,6).
Now we define gy, g : (0,0) — R by

gn(s) := 2K5(s — )( - di (s — h))l[ghﬂ(s), s € (0,0),
g(s) = 2K,s( — La(s)), s € (0,9).

Thus we have \fh( )| < gn(s) and hmhlg gn(s) = g(s) for every s € (0,5). More-
over, using Lemma 1.1.6(ii) we observe that

/05 an(s) ds = 2K, /2:(3 CR)(— Sals — b)) ds

= —2K5(0 — h)a(d — h) + 2Ksha(h) + 2K2/ a(s —h)ds < oo,

2h
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and

5 5 5
/0 g(s)ds = 2K2/0 s(—La(s)) ds = —2K,6a(d) + 2K2/0 a(s)ds < oo.

The last fact that should be verified before we can apply Proposition 3.4.9 is
whether

lgﬁ)l/ ‘gh —g(s |ds-hm/ ds+hm/ ‘gh —g(s ‘dS—O

Using Lemma 1.1.6(ii) we have
1 2h 2h

2—}(21}1%1 i g(s)ds:l}iilg i s(—La(s))ds

= lim (—2ha(2h) + /O%a(s) ds) = 0.

Furthermore, the mean value theorem combined with the triangle inequality im-
plies that for every s € [2h, ],

(s = h)&a(s — h) — sda(s)| < h( - (s—h)—l—s%a(s—h)).

Hence, using Lemma 1.1.6(ii) we have

2—}(2%%/ lgn(s) ’dSZI}ﬂ}/|s— a(s — h) — sa(s)| ds
ghmh/ (—La(s—h)+sSa(s —h))ds

hi0- Jap °
— T d 2d
= 1}318 (= 2ha(6 — h) + 2ha(h) + hég‘széa(s —h) =2h7 5| _,,a(s — h))
= 0.

Now we are in a position to apply Proposition 3.4.9. We obtain that

6 1
1}5{]1/0 fh(s)ds:/o f(s)ds

that is, (3.35) holds and the lemma is proved. O

3.5 Interpolation spaces

In Section 3.4 we have solved problem (3.1) with @ € K and f identically zero
under some assumptions on uy. To be able to solve this problem under weaker
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assumptions in Section 3.6, or even with f not identically zero in Section 3.7,
we need some tools. In this section we develop these tools using interpolation
spaces.

We recall that with every kernel a € I we associate a number a(a) € [0, 1] that
was introduced in Definition 3.2.2.

3.5.1 Continuous extension of J|D(A)

The goal of this section is to prove that the restriction J| p(4) has a continuous
extension to an interpolation space (H,D(A)), 2 for some n € (0,1). For this
purpose we need a function ¢ : [0,00) — R that belongs to an interpolation space
(H, D(A"))1-.2-

Definition 3.5.1 The function £ : [0,00) — R is defined by

K
K):i=———=, k=>0.
SRR

Note that ¢ belongs to H by Lemma 1.1.5(i).

Proposition 3.5.2 The function £ belongs to (H,D(A*))i_,2 for everyn € (0,1)

1—a(a)
such that n > —5=.

PROOF: Let n € (0,1). We show that & belongs to (H,D(A*));_,2 if and only if
o 1
/1 L (ag) + eda(n) di < oo (3.37)

This would prove the proposition. Indeed, if n > %@, then 1 — 2n < a(a), so
that (3.37) holds by definition of a(a) and hence, § belongs to (H,D(A*))1_y,2.
As D(A*) = D(A* — (Iy) with equivalent norms we have by definition of inter-
polation spaces that & belongs to (H, D(A*));_,2 if

= 21— -1 * * =142
/C 2O (AT = Bly) (Hy — (A" — Bly)) €|, dt < oo
for some ¢ > 1 sufficiently large. This holds if and only if
=1 * \—1¢||2
/ | (A* = BIy) (ty — AY) 7|, dt < oo, (3.38)

for some ¢’ > 1 sufficiently large. By Proposition 3.3.14 we have for all ¢ > 0 and
k>0,

(14 = BTa)(t1 — 4 '€) 09 = ~€00) + (¢ = B) - e+ )
= (p(t-08)—1)

(k+t)(k+3)
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where, using Lemma 1.1.5(i), p € R satisfies

1 k+ 0 1 K
P= %) /[O,Oo) o vlde) = ta(t) /[O,oo) (k +8)(k + B) v(dr)

1 1 t 3
_%/[O,Oo)t—ﬁ <n+t_n+ﬁ) v(dr)

b (L Bald)
= 1= jaq ot ~ dald) t—ﬁ(l A )'

Thus we have

] o — ) K
((A* = BIy)(ty — A") ) (k) = — ORCETICEY0 t>0,r>0.
Using Lemma 1.1.5(vi) we obtain that for every ¢t > [,
[(A* = BlLa)(tln — A7) ][, (3.39)

CBa®) (BN, £ 4. I
- ww»2<(1 R {0+ )+ i)

_mdmy<(ﬂ+%ﬂ@ () — 1) >.

. + ;
(ta(t)) tt—p)(a)” (¢t - Ba()

Now we observe that

1 1 d 1
- < < -, t>d>p 3.40
Moreover, Lemma 1.1.5(iv) implies that ta(t) > da(c’) for every t > ¢ and
d ~
—da(t
‘jta( ) < 1, t>0. (3.41)
a(t) t

Using the above and Lemma 1.1.5(v) we obtain that for every t > ¢ > 3,

d
= 1-2n _dta(t) d 1 - —1-2n d
/cf t t(t — ) (a(t))” ‘= (c’—ﬁ)&(c’)/c/ t e

oy a(B) = at) 1 o
[ : u@—mamQ&Sﬂw—6MWLL

Combined with (3.39) this implies that (3.38) holds if and only if

/oo t*1*2’iw+—%§w dt < oo (3.42)
. (a(t))

and
172 4t < .
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for some ¢’ > 1 sufficiently large. Note that (3.42) holds with ¢ > 1 if and only
if (3.37) holds. This shows that £ belongs to (H,D(A*))1_,2 if and only if (3.37)
holds and the proposition is proved. 0

Proposition 3.5.3 The restriction J|pay is uniquely extensible to a bounded
linear functional on (H,D(A)), 2 for every n € (0,1) such that n > 1_%@

PROOF: Let n € (0,1) be such that n > =2 As D(A) is dense in (H,D(A)), 2
by Lemma 1.4.17 we have to show that there exists M > 0 such that

[ 7(p) < Mllllarpeay,., ¢ € D(A).

We observe that (H,D(A)),2 = (H,D(A — 31)),2 by Lemma 1.4.15 and, since
0 € p(A— Blg) by Lemma 3.3.10, (H,D(A — fIy))y2 = D((BIy — A)") by
Theorem 1.4.27. Moreover, the norms of (H,D(A)),2, (H,D(A — B1x)),2, and
the norm ¢ — ||(B1g — A)"p||g on D((B1g — A)") are equivalent. Therefore it is
sufficient to show that there exists M > 0 such that

[ T(p)] < M|(81n — A)"¢||,;, ¢ € D(A). (3.43)

We shall make use of the function ¢ given by Definition 3.5.1. By Proposi-
tion 3.5.2 we have that £ belongs to (H,D(A*));_,2. Since (H,D(A*))1_y2 =
D((BIy — A*)'™") with the norm of (H,D(A*));_,2 equivalent to the norm
o= |[(BIg — A*) ||y on D((BIy — A*)}™"), there exists C' > 0 such that

(815 — A*)' 77|, < CllEN DAy (3.44)
Using Propositions 3.3.7 and 1.4.26 and Lemma 1.4.28, we have

J(p) = (Jo(Bly —A) "o (BIy— A))(p)

" B ﬁ)/[ooo /f—{—ﬁ((ﬁH_ A)p) (r) v(dr)

~ Ba(p) 4) | (BT — A)p) (k) £(K) (K + B) v(dk)
Far Bl = ). &)
5y (1 = Ao, (31 — A7 (BLy — )1 7E),

1
(

1
Ba(B)

1
a(3)
1

(
1( ((BIg — A)'p, (BIg — A*)' 7€), @ € D(A).

e
ﬁa
~ Ba(p)
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Hence, using (3.44) we obtain that

1
< —_ AN _ A*\Lm
7N < 5l O = AVl 37 = A6
C
S 5&(5) ||(51H - A)nsan ||€H(H7D(A*))lfn,27 90 E D(A)
This shows that (3.43) holds with M := ﬁ@L(ﬁ)HgH(H,D(A*))I—n,Q‘ O

3.5.2 The function 7

In this section we introduce a function 7 : [0,00) — R. One of the tasks of 7 is
to solve the inhomogeneous Volterra equation in Section 3.7. We prove that 7
has two properties. The first is that 7 satisfies f[O,oo)(J(TF) — kr(k))v(dr) = 1.
The second is that 7 belongs to an interpolation space (H,D(A))p2 for some
6 € (0,1).

Definition 3.5.4 The function 7 : [0, 00) — R is defined by

L
pa(B)k+p" T

To prove that 7 has the first property we define a linear functional I : D(J) — R
by

(k) =

)= [ (J0) = rel) ldn), o€ D)
0,00
Note that I is well-defined by Lemma 3.3.5.

Lemma 3.5.5 The function m belongs to D(J), and J(w) = ﬁa#(ﬁ) and I(m) = 1.

Furthermore, ¢ — I(p)m belongs to D(A) for every ¢ € D(J).

PROOF: Since 7 belongs to H by Lemma 1.1.5(i), and

1
~ — km(k) = Pr(k), k>0,
gagg) T =T
this shows that 7 belongs to D(J) with J(7) = ﬁ(@’ and, using Lemma 1.1.5(i),
I(m) = fr(k)v(dk) = 1.

[0,00)

Now the last part of the lemma follows from the observation that if ¢ belongs to
D(J), then ¢ belongs to D(A) if and only if () = 0. O

To prove that 7 has the second property we use the following lemma.



76 Chapter 3. Scalar linear Volterra equations

Lemma 3.5.6 It holds that

L1 1 1
=477 = 525 (e~ zapw ) 2>

PROOF: Using Proposition 3.3.7 we have for every A > 0,

Proposition 3.5.7 The function 7 belongs to (H,D(A))ga for every 6 € (0,1)
such that 0 < 1++m)

PROOF: Let 6 € (0,1). We show that 7 belongs to (H,D(A))g» if and only if
> 1
03— (a(t) + tda(t)) dt < oo. 3.45
P g 000+ ) ar < o 34

This would prove the proposition. Indeed, if 8 < H%““), then 20 — 1 < a(a), so
that (3.45) holds by definition of a(a) and hence, 7 belongs to (H,D(A))g,2.

By definition of interpolation spaces we have that m belongs to (H,D(A))g» if
/ P Aty — A) || di < oo (3.46)

for some ¢ > 1 sufficiently large. By Proposition 3.3.7 and Lemma 3.5.6 we have
forallt > 0 and kK > 0,

m(k) + J((tIg — A)~'n)

(A(tIy — A)7'm) (k) = —m(k) + ¢

K+t
== A ) e~ R e O T D)
111 1 1

T aB)t-Br+B (t—Palt)r+t
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Using Lemma 1.1.5(i), (ii), and (iii) we obtain that for every ¢ > 0,

|A(tTy — A)x|%, (3.47)
_ 1 B 2 N a(t) +tda(t) — pLa(t)
a(B)(t—p)* a(B)(t—p)? ((t - B)a(t))*
_ 1 a(t) +tgat) 5 La(t)
BIE=B2 " (t-paw)* = ((t—Ra(t)’

By (3.40), (3.41), and the fact that ta(t) > ca(c) for every ¢ > ¢ by Lemma
1.1.5(iv), we observe that

00 2 poo
/ t”‘lﬁ dt < ( Cﬁ) / 203 dt < oo,
c - C— c

0o B _i&(t) c o0 B
/ t29 1%dt§_—y/ t29 3dt<OO
c ((t — B)a(t)) (c = B)%a(c) J.
Combined with (3.47) this implies that (3.46) holds if and only if

/OO 426-1 aft) +tgalt)
2

¢ ((t = B)a(1))
Note that (3.48) holds with ¢ > 1 if and only if (3.45) holds. This shows that 7
belongs to (H,D(A))» if and only if (3.45) holds and the proposition is proved.
U

and

dt < 0. (3.48)

The next corollary is an immediate result of Lemma 3.5.5 and Proposition 3.5.7.

Corollary 3.5.8 [t holds that D(J) = D(A) @ span{n}. Even more, D(J) C
(H,D(A))gs for every 6 € (0,1) such that § < 22,

3.6 The homogeneous problem II

In Section 3.4 we have considered the homogeneous Volterra equation

t
— a(t — s)u(s)ds =0, t >0,
dt _OO( Juls) (3.49)

u(t) = ue(t), t<0,

where the kernel a : (0,00) — R belongs to the class K and where the function
ug : (—o0,0] — R satisfies Hypothesis 3.4.1. With the results of Section 3.5 we
can add a regularity result to Theorem 3.4.8.
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Proposition 3.6.1 If ug satisfies Hypothesis 3.4.1, then the unique solution to
problem (5.49) belongs to C¥1=10,T| for all T > 0 and n € (0,1) such that
n> e

PROOF: Let u be the solution to problem (3.49) and let " > 0 and ) € (0, 1) such
that n > %@”) By Theorem 3.4.8 we have u(t) = J(S(t)iy) for every t > 0,
where 1)y belongs to D(A) by Lemma 3.4.4. Since A — (I is the infinitesimal
generator of an analytic semigroup on H with 0 € p(A — 5Iy) by Proposition
1.4.13 and Lemma 3.3.10, and since (H,D(A)),» = (H,D(A—B1y)),2 by Lemma
1.4.15, it follows from Proposition 1.4.31(ii) that the mapping ¢ — S(t)g be-
longs to C%'="([0,T]; (H,D(A)),2). Now the continuity of J on (H,D(A)),2 by
Proposition 3.5.3 implies that u belongs to C%'~7(0, T. OJ

In this section we solve problem (3.49) under weaker assumptions on g, assuming
that ug only satisfies Hypothesis 3.4.1(i) and (ii), that is, u satisfies the next
hypothesis:

Hypothesis 3.6.2 The function ug : (—oo, 0] — R is Borel measurable and has
the following properties:

(i) There exist M; > 0 and w > 0 such that |ug(t)| < Mie* for every t < 0;

(ii) There exist My > 0 and 6 > 0 such that |ug(0) — uo(t)| < Ms|t| for every
t e [-4,0].

We start with a special choice of uy for which we recall that the resolvent of the
first kind of a is a function b € K such that

/t a(t —s)b(s)ds =1, t>0. (3.50)

Proposition 3.6.3 Let up : R — R be given by ug(t) := e for every t € R
where a > 0. Then problem (3.49) admits a unique solution u, and u has the
representation

. t
ult) = up(t) — aa(a) [ b(t — s)ug(s)ds, t>0, (3.51)
u()(t)a t S 07
where b is the resolvent of the first kind of a.

PROOF: Note that u given by (3.51) is continuous. Using Lemma 1.1.5 we have
for every t > 0,

/t a(t—s)|u(s)|ds:/0 a(t—s)eo‘sds+/0ta(t—s)|u(s)|ds

—00 — 00

< a(a)e® + max {|u(s)|; s € [O,t]}/o a(s)ds < 0.
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Thus u satisfies Definition 3.1.1(i). Now we use the associative property of con-
volutions and (3.50) to obtain

[ ati=sputs)as
/ ot — )uol )ds—ad(a)/ota(t—s)(/Osb(s—a)uo(a)da) ds

i(a)e®™ — ai(a) /O t ( /0 " it — s — 0)b(o) da) uo(s) ds

(a)ug(t) — ad(a)/o up(s)ds, t>0.

Q>

This implies that u satisfies Definition 3.1.1(ii). Even more, u satisfies Definition
3.1.1(iii), since

t

T a(t — s)u(s)ds = a(a)Sug(t) — ada(a)ue(t) =0, t> 0.

Theorem 3.6.4 Let ug satisfy Hypothesis 3.6.2. If a belongs to K with a(a) €
(0,1), then problem (3.49) admits a unique solution u. Moreover, u is real ana-
lytic in (0,00), belongs to C*¢[0,T) for all T > 0 and ¢ € [0,a(a)), and has the
representation
J(S(t , t>0,
u(t) = { ( ( )¢0)
u

O(t)7 t S Oa

where 1y s given by
(k) ::/ e "up(—s)ds, k>0.
0

PROOF: Let 7' > 0 and ¢ € [0,a(a)), and let n := 3¢ and 6 := ££. Then
we have § —n = ( and 0 < %«') <n<l< H%“'L) < 1. Let the functions
uy, us : (—00,0] — R and 91,15 : [0,00) — R be defined by respectively wu; () :=

ug(t) — vt and uy(t) := e for every t < 0, and

Y;(k) ::/ e uj(—s)ds, £>0,75=1,2,
0
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Note that uy = u; + us and ¥y = Y1 + 9, and that u; and wuy satisfy Hypothesis
3.6.2. Even more, u; also satisfies Hypothesis 3.4.1(iii). Indeed, this follows from
Lemma 3.4.2 since we have, using the definition of v and Lemma 1.1.6(ii),

u1(0) a(+o0) + /000 (—<La(s)) (u1(0) — us(—s)) ds

= uy(0) a(+00) + /000 (= <a(s)) (uo(0) — up(—s)) ds —
7y (a(~|—oo) + /OOO (—La(s))(1—e ) ds)

1—e P

Bs
Therefore Theorem 3.4.8 implies that the function @; : R — R defined by

(1) = {J(S(t)zpl), t>0,

= Ba(B)y = (ff lim sa(s) + 6@(&)) — 0.

uy(t), t <0,

is the unique solution to problem (3.49) with wug replaced by u, and @; is real an-
alytic in (0, 00). Furthermore, it is a result of Proposition 3.6.1 that @; belongs to
Co1=n00, 7.

Now we extend uy to a function defined on R by uy(t) := e for every t € R.
Then it is a result of Proposition 3.6.3 that the function 4y : R — R defined by

() - | 121~ Ba(P) Jab(t — s)us(s)ds, >0,
2 . u2<t), t S 0,

where b denotes the resolvent of the first kind of a, is the unique solution to
problem (3.49) with ug replaced by us. By means of the Laplace transform we
shall prove that

a(t) = {J(S(t)%), t>0, (3.5

Ug(t), t S 0.

We observe that ts(A) = 525 for every A > § and a(\)b(\) = 1 for every A > 0,
the latter by (3.50) and the fact that the Laplace transform of a convolution is
the product of the individual Laplace transforms. Moreover, recalling that 7 is

given by
1 1

BB i "2

(k) =

we have
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We remark that 7, and thus v, belongs to (H, D(A))y2 by Proposition 3.5.7, and
that (H,D(A))s2 C (H,D(A)),2 by Lemma 1.4.16. Therefore [~ e S(t)r dt
exists as a Bochner integral in (H,D(A)),2 whenever A > (3. Indeed, since
A — Iy is the infinitesimal generator of the analytic semigroup {e ?*S(¢)};>0 on
H with 0 € p(A — 1y) by Propositions 1.4.9 and 1.4.13 and Lemma 3.3.10, and
since (H,D(A))y2 = (H,D(A — Ig))y2 by Lemma 1.4.15, we have by Corollary
1.4.30(i) that there exists M > 0 such that

[e.e]

/0 eSO || 11,504, 4 < I llazoea,. /O e NSO | capay, o) At

—— <00, A>[.

Now we use the above and Lemma 3.5.6, Proposition 1.4.6, and the continuity of
J on (H,D(A)),2 by Proposition 3.5.3, to obtain

/0 T e Ma(t) dt — /0 et (UZ(t) — Ba(p) /0 t bt — s)ua(s) ds) it

~ () = Ba(BH )00 =180) 5 (305~ 527

=~Ba(B)J((My — A)~'r) =~pBa(B)J] ( / h e’“S(t)wdt)

0

= vBa(B) /0 h e MJ(S(t)m) dt = /0 h e MI(S(t)n) dt, A > B

This shows that the Laplace transforms of @y and the mapping t — J(S(t))2)
are equal on ((3,00). Hence, (3.52) holds as a consequence of the inversion the-
orem for Laplace transforms. We observe that @y is real analytic in (0, 00)
by the analyticity of {S(¢)};>0, Proposition 1.4.29(i), and the continuity of J
on (H,D(A)),2. Moreover, Proposition 1.4.31(iii) implies that 1, belongs to
C%=1([0,T]; (H,D(A)),2) and hence, it follows from the continuity of J on
(H,D(A)),2 that @y belongs to C%=[0,T]. Finally, the theorem is proved by
defining u := @y + Uo. [

Corollary 3.6.5 Let u be the unique solution to problem (3.49) under the con-
ditions stated in Theorem 3.6.4. Then the following holds:

(S(t)tho) () = /000 e "u(t—s)ds, t>0,k>0.

PROOF: We shall use the Laplace transform. Let 6,7 € (0,1) be such that
0 < %M) <n<0< H+(a) < 1. First we observe that vy belongs to D(J)
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by Lemma 3.4.4 and hence, to (H,D(A))p2 by Corollary 3.5.8. By the same
arguments as in the proof of Theorem 3.6.4 we have that fooo e MS(t)ihg dt exists
as a Bochner integral in (H,D(A)), o for every A > . Using the representation
of u, the continuity of J on (H,D(A)),2 by Proposition 3.5.3, and Proposition
1.4.6, it follows that for every A\ > 3,

a(N) = /0 h e MI(S(t)) dt = J ( /0 h e MS ()b dt) = J((Mpg — A) "1).

Now we use Propositions 1.4.6 and 3.3.7, the fact that the Laplace transform
of a convolution is the product of the individual Laplace transforms, and the
definition of vy to obtain

/0 T e (S(0)wo) (k) dt = (Mt — A) ") (x)
vo(k) + J(My — A) o) (k) N (M)

K4+ A EK+XA K+ A

= [T (et + / Pu(s)ds) at
- /0 T <e“t /0 s s)ds + /0 —rltms)y 3) dt
:/Oooe“ </Oooe“u(t—s)ds) dt, A>f,k>0.

Therefore the corollary is a consequence of the inversion theorem for Laplace
transforms. O

3.7 The inhomogeneous problem

We consider the inhomogeneous Volterra equation

d t
@) t=ouds =1, t>0 (3.53)

u(t) = uo(t), t<0,

where the kernel a : (0,00) — R belongs to the class K and where the function
f :]0,00) — R belongs to L'(0,T) for every T > 0. Without loss of generality
we assume that ug is identically zero.

To be able to study existence and regularity of solutions to problem (3.53) we
call to mind our analytic semigroup approach as explained in Section 3.1. We
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recall that the function ¢ : [0,00) x [0,00) — R is defined by

t
Y(t, k) == / e =9y(s)ds, t>0, k>0,

where the function v : R — R is such that (3.53) holds. Also we recall that

satisfies the initial value problem

St k) =u(t) — kp(t, k), t>0, k>0,

(3.54)
77Z)(07 l{) = ¢0(’€)7 K 2 07
where the initial value v : [0,00) — R is defined by
o (k) ::/ e "ug(—s)ds, k>0,
0
and remember that v is subject to the constraint
/ (u(t) — s(t, k) v(dr) = f(t), t>0. (3.55)
[0,00)

We have constructed a Hilbert space H, a linear functional .J, and a linear oper-
ator A such that, heuristically, 1 (¢, -) belongs to D(J) with J(¢(t,)) = u(t) and,
in case f is identically zero, ¥(t,-) belongs to D(A) for every ¢ > 0. In this case
the initial value problem (3.54) together with the constraint (3.55) rewrites into
the homogeneous abstract Cauchy problem

(3.56)

However, in case f is not identically zero, (3.55) implies that (¢, ) does not
belong to D(A) for every ¢ > 0. Therefore the homogeneous abstract Cauchy
problem (3.56) is of no use as a semigroup setting for the inhomogeneous Volterra
equation (3.53).

The key to find a useful abstract Cauchy problem is the function 7 that was
defined in Section 3.5.2 by

1 1
AT P A

To see why 7 is the key we define the linear operator A : D(.J) — H by

(Ap) (k) == J(p) — kp(K), p€D(J), k>0,



84 Chapter 3. Scalar linear Volterra equations

and recall that the linear functional I : D(J) — R is given by
19)= [ (60) = el lan), o D)
0,00

Note that Lemma 3.5.5 implies that Am = @7 and that ¢ — I(¢)7 belongs to
D(A) for every ¢ € D(J). Therefore the semigroup approach suggests that,
heuristically, I(¢(t,-)) = f(t) for every ¢t > 0 and
GUt,) = Ap(t,) = A(v(t, ) — f(t)r) + Bf(H)m, t >0,
w(()? ) = ?/Jo-

Now we can rewrite the initial value problem (3.57) into an inhomogeneous ab-

(3.57)

stract Cauchy problem
§e(t) = Anp(t) + f()(BIn — A_y)m, ¢ >0,
©(0) = v,
in an extrapolation space H_; of H. We choose the Hilbert space H_; as the

(3.58)

completion of H with respect to the norm || - ||z_, given by

lolla, == ||(BIn — A)'e|,, »€H,

and let A, : H C H_; — H_; be the linear extension of A such that A_; is
the infinitesimal generator of the analytic semigroup {S_1(t)}+>0 on H_y, which
denotes the continuous extension of {S(t)}:>o.

In Section 3.7.1 we study the inhomogeneous abstract Cauchy problem (3.58), to
return to problem (3.53) in Section 3.7.2. We remark that we take g, and thus
1, identically zero.

3.7.1 The inhomogeneous abstract Cauchy problem

In this section we consider the inhomogeneous abstract Cauchy problem
GV = Aw(t) + f(6)(Blx — A)m, >0,
¥(0) =0,

where f : [0,00) — R belongs to L'(0,T) for every T > 0. We use the following
notion of solution:

(3.59)

Definition 3.7.1 The mild solution to problem (3.59) is the continuous function
¥ :[0,00) — H_; defined by

W(t) = /Otf(s)(ﬁIH —A)S(t—s)mds, t>0,

where the integral is Bochner in H_;.
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With a view to apply the linear functional J to the mild solution ¢ we investigate
when 1 has values in an interpolation space (H, D(A)), 2 for some n € (0, 1), along
with some regularity properties. Then we state a result concerning the Laplace
transform of ¢ that will be useful in the next section.

Proposition 3.7.2 The mild solution v has values in (H,D(A))go for every
0 € (0,1) such that 0 < %@

PROOF: Let 6,7 € (0,1) be such that n < 0 < H+(a) Then 7 belongs to
(H,D(A))g2 by Proposition 3.5.7. We show that fo s)(BIy — A)S(t — s)mds
exists as a Bochner integral in (H,D(A)), o for every ¢t > 0. Since A — 1y is
the infinitesimal generator of the analytic semigroup {e ?'S(t)};>0 on H with
0 € p(A — BIy) by Propositions 1.4.9 and 1.4.13 and Lemma 3.3.10, and since
(H,D(A)),2 = (H,D(A — fIy))y2 by Lemma 1.4.15, we have by Corollary
1.4.30(ii) that there exists M > 0 such that

< Mt s 0.

(A = BI)e™ SE)| 4100470 DAY ) <

Therefore we have, using the function gy_, given by (1.2) in Example 1.3.3,

t
/0 Hf(s)(ﬁIH —A)S(t — S)WH(H,D(A)),LQ ds
t
< Ml [ =9 () ds
0
t
< MT(0 — 77)||7TH(H,D(A))9’2eBt/ Go—n(t — )| f(s)]ds < o0, t>0.
0

O

Proposition 3.7.3 Let f : [0,00) — R belong to LP(0,T) for some p € [1,00)
and every T' > 0. Let 1 be the mild solutz’on to problem (3.59). Then for all
T >0 and 0,n € (0,1) such thatn < 0 < Ha @ the following holds:

(i) If p = 1, then ¢ belongs to Lq(O,T; (H,D(A))W’Q) for every q €

L =)

(i) If p € (1,&), then v belongs to L1(0,T;(H,D(A)),2) where q :=
—p .
1—=(6—n)p’

(ili) If p = 5=, then ¢ belongs to L1(0,T; (H,D(A)),2) for every q € [1,00);

(iv) Ifp € (35,00, then 1 belongs to Cy" "7 ([0,T]; (H,D(A))5).
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In particular, if f belongs to 08’7[0, T] for some v € (0,1) and every T > 0, then

1 belongs to
Chrto=matb=n=brt6=nl (0 T]; (H,D(A)),2)

for allT >0 and 0,1 € (0,1) such thatn<9<l++w) and 0 —n#1—~

PROOF: The first part of the proposition follows from Proposition 1.4.31(iv)-
(vii), since 7 belongs to (H,D(A))g2 for every 6 € (0,1) such that § < H%“”)
by Proposition 3.5.7, since A — 31y is the infinitesimal generator of the analytic
semigroup {e S(t)};>0 on H with 0 € p(A — BIg) by Propositions 1.4.9 and
1.4.13 and Lemma 3.3.10, and since (H,D(A)), 2 = (H,D(A — B1g)), 2 for every
n € (0,1) by Lemma 1.4.15.

For the second part we fix T'> 0 and 6,1 € (0,1) such that n < 6 < 1+O‘(a) and
0 —n # 1 —~. Then we have that the mapping ¢t — f(¢)(Glg — A_1)7 belongs to
Cy ([0, T7; (H_l, H)gs), as Bl — A_y belongs to L£((H,D(A))gz2, (H-1,H)g2) by
Proposition 1.4.18. We refer to [Lun95, page 134, Theorem 4.3.1(iii)] to obtain
that 1 belongs to

CY([0,T]; (H,D(A))g2) N C*([0,T]; (H-1,H)gz).

It is a result of Proposition 1.4.20 with o := 1 — (6 —n) that this space is a subset
of
O +0=nly+0—n—[r+6—1] ([0, T); ((H,l, H)po, (H, D(A))g}g)li(ein)g) )

Now Corollary 1.4.23 and Theorem 1.4.21 imply that
((Hflv H>9,27 (Ha D(A))Q, ) —(6-1),2

= ((H—lv D(A))%G,Qv (H—lv (A))% 0+1), 2) (60—
= (H—lvD(A))%(Hn))Q = (H,D(A))y2

n),2

Therefore 1) belongs to CH0=nly+0-n=ly+0-n] ([0, Tl (H, D(A>>n,2)- O

Lemma 3.7.4 Let f : [0,00) — R belong to L*(0,T) for some p € [1,00) and
every T > 0. Let ¢ be the mild solution to problem (3.59). If there exists \g > [
such that [ e ™| f(t)|dt < oo, then the Laplace transform ) (Ag,00) —
(H,D(A))g2 is well-defined for every 0 € (0,1) such that 6 < 1+a(“), and

b)) = FO) M, = A) ™ (Ble = A)m, A > .
Moreover, if a belongs to K with a(a) € (0,1), then

TEW) = 57 f A A>
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PROOF: Let 6,17 € (0,1) be such that n < 6 < 1++(a) First we show that the
integral [ e ) (t) dt is Bochner in (H,D(A)),» for every A > Xo. Note that 7
belongs to (H,D(A))g2 by Proposition 3.5.7, and that by the same arguments as
in the proof of Proposition 3.7.2 there exists M > 0 such that

—1+6— "
Ol 20000400 S M £>0.

(A = BIy)eS(t)

Since the Laplace transform of a convolution is the product of the individual
Laplace transforms, and since the mapping t — e%¢~'+9=" has Laplace transform

A (f("ﬂyn on (f3,00), we have

/0 ”eiAtwt) H(H D(A))y.2 dt

/ (/ ()BT — A)S(t = )|y ). ds) dt
< M||7f|(rpa 92/0 e M (/0 flt=s) (¢ — )_1+9_"|f(s)|ds) i@t

0O —n) —

= M||7||(z,pa)) 92( IfI(A) < o0, A > Ao

A—B)rn

Now we use Fubini’s theorem and Proposition 1.4.6 to obtain

p(A) = /0 e ( /0 tf(s)(ﬁJH — A)S(t — s)wds) dt

/ ) e M f(s) ( / h e M=) (81, —A)S(t—s)wdt) ds
( e M f(s) ) ( /0 h e MS_ () (Bl — Ay dt)
ey

)\IHl—A ) l(ﬁ[H—A_l)ﬂ', /\>)\0.

—a(a)

Finally, we observe that if a(a) > 0, then we could have chosen 1 > —, SO
that J has an extension to (H,D(A)),2 by Proposition 3.5.3. Therefore the last
part of the lemma is proved by the following lemma. O

Lemma 3.7.5 If a belongs to K with a(a) € (0,1), then

J((/\]H71 —A_l)_l(ﬁIH—A_l)’ﬂ') = >\>5

L
()

PROOF: Let A > 3 and let n € (0,1) be such that = O‘(a) <n< H%@ Let the
A lr forn =1,2,---

sequence {m,}>%; in D(A) be defined by 7, := n(n]H -
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Note that the sequence is well-defined by Proposition 3.3.7. Note also that w
belongs to (H, D(A)), 2 by Proposition 3.5.7. Then it is a consequence of Lemmas
1.4.19 and 1.4.8 that

Tim |7, = 7[| (1,04, = O-

Since B1y_, —A_; belongs to L((H,D(A))y2, (H-1, H),2) and (Ay_,—A_1)"! to
L((H_1,H)y2,(H,D(A)),2) for every A > % by Proposition 1.4.18 and Lemma
3.3.10, this implies that

Tim [[(81 = A)m, = (8L = A1)l = 0,
and hence,

lim H()\IH — A)_l(ﬁIH - A)?Tn - ()\IH71 - A_l)_l(ﬁIH —A = 0.

n—oo

As J is continuous on (H,D(A)), 2 by Proposition 3.5.3 it follows that

—1)T H (H,D(A)) 2

lim J((AMpg — A) (Bl — A7) = J((Mp_, — A1) (BIg — A_y)7). (3.60)

n—oo

To calculate the left-hand side of (3.60) we use Proposition 3.3.7, the definition
of 7, and Lemmas 3.5.6 and 1.1.5(i) to observe that

J((My — AN (BIy — A)mn)
:Al % " (L — A)my) (%) v(dr)

(N Sy 7+ A
_on K m(k) + J((ndy — A)~'x)
‘Aau)ém)wk(”(”(ﬁ_ ) —_ )mdﬁ)
_on K (k+ B)m(k) + (B —n)J ((nly — A)~ )
__mQ%4MH+A< P )u@@

n 1
= - =12
Nn—Na(\)  (m—Nam) 0"
By Lemmas 1.1.5(i), 1.1.4(i) and (iv), and 1.1.6(i), we have for n = 1,2, - -,

1 1
a(n) = / v(dk) < / v(dk) +/ —v(dk) < o0,
(0,00) 10 0.1 [1,00) K

na(n) = v(dr) < /[0 )V(dlﬁ) = +00.

[0,00) kK+n
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Therefore Lebesgue’s dominated convergence theorem and the monotone conver-
gence theorem imply that lim, .. a(n) = 0 and lim,_,. na(n) = +oo, so that
lim,, o (n — A)a(n) = +oo. Hence,
lim J((AMpg — A~ (81 — A)m,)
n 1 1

= lim — =

oo A — Na(\)  (n—Na(n)  Aa(\)

Combined with (3.60) this proves the lemma. O

3.7.2 The scalar linear Volterra equation

In this section we return to the inhomogeneous Volterra equation (3.53), which
we are able to solve with the semigroup approach and the results of Section 3.7.1.

We conclude with a representation of the resolvent of the first kind of the kernel
a€ K.

Theorem 3.7.6 Let f :[0,00) — R belong to LP(0,T) for some p € [1,00) and
every T' > 0. If a belongs to K with a(a) € (0,1), then problem (3.53) admits a
unique solution u, and u has the representation

Mﬂ:{ﬁﬂ@NWM—Aw@—$ﬂ@,t>Q

3.61
0, t<0. (3.61)

Moreover, for all T > 0 and ¢ € (0,a(a)) the following holds:
(i) If p=1, then u belongs to L%(0,T) for every q € [1, ﬁ),

(i) Ifpe (1, %), then u belongs to L9(0,T) where q := 1%2:0;

(iii) Ifp = %, then u belongs to L1(0,T) for every q € [1,00);

(iv) Ifp e (%, 00), then u belongs to 087675[0771]'

In particular, if f belongs to Cy7[0,T] for some v € (0,1) and every T > 0, then

u belongs to
O+ 0,7

for all T > 0 and ¢ € (0,a(a)) such that { #1 — .

PROOF: Let 7' > 0 and ¢ € (0,a(a)), and let n := ¢ and 6 := £, Then we
1—af(a)

have@—n=§and0<_T<n§€<l+%@<l. Let ¢ be the mild solution

to problem (3.59). Since 9 (t) has values in (H,D(A)),2 by Proposition 3.7.3,
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and J is continuous on (H,D(A)),» by Proposition 3.5.3, it follows that u given
by (3.61) is such that u(t) = J(¢(t)) for every ¢ > 0. Even more, the regularity
properties of ¢ in Proposition 3.7.3 imply those of .

Now we show that u is the unique solution to problem (3.53). We observe that u
satisfies Definition 3.1.1(i), since u(t) = 0 for every ¢t < 0 and both a and u belong
to L'(0,T). To show that u satisfies Definition 3.1.1(ii) and (iii) it is sufficient to
prove that

/Ota(t — S)u(s) ds = /Otf(s) ds, t€0,T]. (3.62)

To be able to apply the Laplace transform we define the function fr : [0,00) — R
by

fr(t) =

f(@), tel[0,T],
0, t e (T, o0),

and let ¢r denote the mild solution to problem (3.59) with f replaced by fr.
Furthermore, we define ur : [0,7] — R by up(t) := J(¢r(t)) for every t € [0, 7.
Note that ¢r(t) = ¢(t) and up(t) = u(t) for every t € [0,T]. Using Lemma 3.7.4
with \g := (8 we have

1

ar ) = [N (er(0) dt = I (@) = 55550 A

that is,
A () = 1), 2> 5

As the Laplace transform of a convolution is the product of the individual Laplace
transforms and the mapping ¢ — fot f(s)ds has Laplace transform A\ +— %f()\),
the inversion theorem for Laplace transforms implies that

/Ota(t — s)ur(s)ds = /Ot fr(s)ds, t>0.

This show that (3.62) holds and the theorem is proved. 0

Theorem 3.7.7 If a belongs to IC with a(a) € (0, 1), then the resolvent b of the
first kind of a has the representation

b(t) = J((BIn — A)S(t)m), t>0. (3.63)

If, in addition, a(a) > %, then b belongs to L*(0,T) for every T > 0.



3.7 The inhomogeneous problem 91

PROOF: By Theorem 1.3.2 it suffices for the first part of the theorem to show
that b given by (3.63) belongs to L'(0,T) for every T > 0 and that

/ Caft— )b(s)ds =1, £ 0. (3.64)

Let 6,71 € (0,1) be such that 1_+(a) <n<0< H%“") Then 7 belongs to
(H,D(A))g2 by Proposition 3.5.7, and J is continuous on (H,D(A)), 2 by Propo-
sition 3.5.3. Since A— (1 is the infinitesimal generator of the analytic semigroup
{e7PtS(t) }+>0 on H with 0 € p(A — BIg) by Propositions 1.4.9 and 1.4.13 and
Lemma 3.3.10, and since (H,D(A)),2 = (H,D(A — $Ig))2 by Lemma 1.4.15,
we have by Corollary 1.4.30(ii) that there exists M > 0 such that

(A = BIy)e™S(t < Mt > 0.

) "E((H,D(A))e,z,(H,D(A))nQ)

Therefore we have

T T
/ \b(t)|dt=/ | J((B1g — A)S(t)r)|dt
0 0
T
< MePM|| || eeciay, o » |7l o)), / A < 00, T >0
0

Furthermore, the Laplace transform b : (8,00) — R is well-defined. Indeed, since
I'(6—n)

the mapping ¢t — e’t~1t%=" has Laplace transform \ OB

on (f,00) we
have

/OOO e M[b(t)| dt = /OO e MJ((BIy — A)S(t)m)| dt

0

< M| lleqanay 27l o /0 o~ Mefty—1+0-1 gy
L' —mn)
- MHJHE((HvD(A))n,%R)||7T||(H,D(A))9’2m < 00, A > ﬁ
Using Proposition 1.4.6 and Lemma 3.7.5 it follows that
b(A) = / e MI((BIy — A)S(t)m) dt
0

=J (/OOO e MS_ () (BIy — Al)wdt>

= J((\g — A) " (BIg — Ay)m) =

that is,
1
a(A)u(X) = % A> .



92 Chapter 3. Scalar linear Volterra equations

Now the inversion theorem for Laplace transforms implies that (3.64) holds, as
the Laplace transform of a convolution is the product of the individual Laplace
transforms.

For the second part of the theorem we remark that if a(a) > 3, then we could
have chosen ¢ and 7 such that § —n > %, so that

/Oyb(t)|2dt—/0 T (815 — A)St)r)|* dt

T
< MQQ%}THJH%((H,D(A))W,Q,]R)HWH?HD(A))QJ/(; 720 4t < 00, T > 0.



Chapter 4

Volterra equations in a separable
Hilbert space

In this chapter we study three different types of Hilbert-valued Volterra integro-
differential equations. The first type is the Hilbert-valued equivalent of the scalar
linear Volterra equation that was discussed in Chapter 3. The second and third
type concern respectively a semilinear Volterra equation and a linear Volterra
equation of the first kind.

Throughout the chapter we assume that (X, (-,-), || -||) is a real separable Hilbert
space.

4.1 Linear Volterra equations

We consider the linear X-valued Volterra integrodifferential equation

d t
@ | ot =suls)ds=f@), >0, (4.1)

u(t) = u0<t)7 t <0,

where the kernel a : (0,00) — R belongs to the class K and where the functions
ug : (—00,0] — X and f : [0,00) — X are at least locally integrable. We consider
the following notion of solution:

Definition 4.1.1 A solution to problem (4.1) is a strongly Borel measurable
function v : R — X such that

(i) ffoo a(t — s)||u(s)||ds < oo for every t > 0;

(ii) The mapping t +— ffoo a(t — s)u(s)ds belongs to WH(]0,T]; X) for every
T > 0;

93
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(iii) w satisfies (4.1) for almost every t € R.

We remark that a function u : R — X is strongly Borel measurable if and only
if the mapping ¢ — (u(t),z) is Borel measurable on R for every z € X, due
to the separability of X, see [DU77, page 42, Theorem 2|. Moreover, analogous
to Section 3.1 we have that a solution u to problem (4.1) always belongs to
L'Y(0,T; X) for every T > 0. We also have uniqueness of solutions as shown in
the next proposition:

Proposition 4.1.2 Problem (4.1) admits at most one solution.

PROOF: Let u be a solution to problem (4.1) with both uy and f identically zero.
Then Definition 4.1.1(ii) and (iii) imply that fot a(t—s)u(s)ds = 0 for every t > 0
and hence,

t
/ a(t —s)(u(s),z)ds =0, t>0,z e X.
0
It follows from Corollary 1.2.2 that (u(t),z) = 0 for every x € X and almost
every t > 0. Therefore, u(t) = 0 for almost every ¢ > 0. O

Similar to the scalar equation in Chapter 3 we split (4.1) into a homogeneous
equation and an inhomogeneous equation with ug identically zero.

4.1.1 The homogeneous problem

We consider the homogeneous Volterra equation

t
— a(t — s)u(s)ds =0, t >0,
dt _Oo( Juls) (4.2)

u(t) = uo(t), t<0,

where the kernel a : (0,00) — R belongs to the class K and where the function
ug : (—00,0] — X satisfies the next hypothesis:

Hypothesis 4.1.3 The function ug : (—00,0] — X is strongly Borel measurable
and has the following properties:

(i) There exist M; > 0 and w > 0 such that |Jug(t)|] < Mye*" for every t < 0;

(ii) There exist My > 0 and § > 0 such that ||ug(0) — ug(t)|| < Mslt| for every
te[-4,0].
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Let v denote the unique Borel measure on [0, 00) such that

a(t) = / e " u(dk), t>0.
[0700)

Following our semigroup approach we consider problem (4.2) in an abstract set-
ting, that is, the homogeneous abstract Cauchy problem

L(t) = Au(t), t>0,

0(0) = o, 4
where 1 : [0,00) — X is defined by
Vo(k) == /OO e "ug(—s)ds, k>0, (4.4)
0

Before we specify this abstract setting we recall some definitions from Chapter
3. The real Hilbert space (H, (-, -}, || - ||z) of equivalence classes is given by

H :={¢:[0,00) — R; ¢ Borel measurable and
[ e+ 8y v < o1
0,00)
and endowed with the inner product

(0, B = [ PRI+ 5)dR), € B,

where § € R is fixed but arbitrary. The linear functional J : D(J) C H — R is
given by

D(J) := {¢ € H; there exists (a unique) u € R such that x — u — kp(k) € H},

J(p) ==u, ¢eD(J),
and the linear operator A : D(A) C H — H by

D(4) = {90 e D) / ) = ) ) = o} ,

(Ap)(r) = J(¢p) — rp(k), ¢ € D(A), k= 0.

According to Theorems 3.3.8 and 3.3.11 we have that A is the infinitesimal gen-
erator of an analytic semigroup {S(¢)}:>0 on H. Moreover, the linear operator
A— gIH is m-dissipative in (H, (-, ) ) by Proposition 3.3.7.
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We shall consider the homogeneous abstract Cauchy problem (4.3) in the real
Hilbert space (H, (-, -)#) of equivalence classes defined by

H = { g :[0,00) — X; g strongly Borel measurable and
[ TRt + 8y vtan) < oo}
0,00

endowed with the inner product

(o= [ {gle) b+ B i), g he
0,00
For ¢ € H and x € X we define the function p ® z € H by

(p@z)(k) = p(r)r, K =0

The real vector space of all linear combinations of ¢ ® x is denoted by H ® X,
that is,

H®X: {Z(Spr@l’z),nEN, P11, 7§0n€H7 L1, ,QJHGX}

i=1

Note that H® X is a dense subset of H since H® X contains the simple functions
of ‘H, and that

lp @ 2llw = llellullzll, »<cH, veX

Theorem 4.1.4 There exists a unique analytic semigroup {S(t)}i>0 on H such
that for every t > 0,

SH)p@x)=Stedz, peH, relX,
and
IS®lleto = 15 lecn.
Furthermore, the infinitesimal generator A : D(A) C H — H of {S(t)}i>0 is
such that A — g[H is m-dissipative in (H, (-, -)») and for every \ > %,
My —A) (p@z)= My —A) oo, peH reX,
and

| (A Ly — «4>*1Ham = ||(Mu ~ A>71H£(H)‘

The extension in Theorem 4.1.4 is based on the following Marcinkiewicz-
Zygmund principle, see for example [EGT77, page 203, Theorem| and [Egh92,
page 32].
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Theorem 4.1.5 Let (2, F, 1) be a o-finite measure space and E a real Hilbert
space. Let T : LP(Q)) — LP(§2) be a bounded linear operator for some p € [1,00).

Then T is uniquely extensible to a bounded linear operator T : LP(; E) —
LP(Q; E) such that

Tepzr)=Teezx, pelP(Q),zeckE.

Moreover,

1T | czrsmy) = 1Tl c(rr@))-

In order to find explicit formulations for the domain and action of A we define
the linear functional J : D(J) C 'H — X by

D(J) := {g € H; there exists (a unique) y € X such that x — y — rkg(r) € H},

J(g) =y, ge€DT).

Well-definedness of J follows from the next lemma, the proof of which is analo-
gous to the one of Lemma 3.3.3. Note that D(J) ® X C D(J) and J(¢p ® x) =
J(p)x for all p € D(J) and x € X.

Lemma 4.1.6 For every g € H there exists at most one y € X such that the
mapping k — y — kg(k) belongs to H.

Let the linear operator A : D(A) C H — H be defined by
D) = {9 €D [ (710) = rate)) i) =0}
0,00

(Ag)(k) = T (g) — kg(r), g€ D(A), k> 0.

Well-definedness of A follows from the lemma below that is proved analogously
to Lemma 3.3.5. Note that D(A) ® X € D(A) and A(p ® z) = Ap ® z for all
p€D(A) and x € X.

Lemma 4.1.7 The Hilbert space 'H is continuously embedded in the real Banach
space L'([0,00),v; X) with

HgHLl([O,oo),V;X) é V d(ﬁ)Hg”Ha g & H.

We shall prove that A = A. For this purpose we state the following two propo-
sitions; the proof of the latter is analogous to the one of Proposition 3.3.7.

Proposition 4.1.8 The linear operator A— %IH . D(/{) C'H — 'H is dissipative
n (Hv <'7 >H)
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PROOF: Using the definition of D(A) and Lemmas 4.1.7 and 1.1.5(i), we have

(Ag, g)n =

J(9), k)v(dk) ) — Ba J 2
ﬁ< (9) /[Om)gu ( >> 5(8) 17 (9)]
< BvaB) 17 ) gl — Ba(B) 1T ()]

— _B(JaB) 1T gl + 29l < ZlglZ, g€ DCA).

This implies that <(/I - %IH)g,g>H < 0 for every g € D(A). O

Proposition 4.1.9 The linear operator A — 8y - DA € H — H is
m-dissipative in (H, (-, -)x). Moreover, if A > g and g belongs to H, then

1

«Mﬂ—AY@M@=H+A@M%ﬂm k>0,

where y € X is defined by

1 K
Y= NV /[O,oo) P )\g(ﬁ) v(drk).

In particular,
y=JT(Mn—A)g),
and

My —A) N eez)=NMy—A) vz, peH reX

Proposition 4.1.10 A = A.
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PROOF: Let A > g. Theorem 4.1.4 and Proposition 4.1.9 imply that the bounded
linear operators (A —A)~! and (A — .A)~! coincide on H ® X. Since H ® X
is dense in H it follows that (A — A)~! = (M — A)~! and hence, A = A. O

At this point we have specified the abstract setting for the Volterra equation (4.2),
that is, the homogeneous abstract Cauchy problem (4.3) in H. The next lemma
states that 1y belongs to H, and more. The proof of this lemma is analogous to
the proof of Lemma 3.4.4 combined with Lemma 3.4.2.

Lemma 4.1.11 If uy satisfies Hypothesis 4.1.3, then 1 belongs to D(J) and
J (Vo) = up(0). In particular, 1 belongs to D(A) if and only if uy also satisfies

/ a(t — s)up(s)ds =0, (4.5)

or equivalently,
a(400)up(0) + /000 (= La(s)) (uo(0) — up(—s)) ds = 0.

Now we are in a position to solve problem (4.3) in the following sense:

Definition 4.1.12 A strict solution to problem (4.3) is a function v : [0, 00) —
H such that ¢ belongs to C([0,00); D(A)) N C*([0, 00); H), where D(A) is en-
dowed with the graph norm of A, and such that v satisfies (4.3) for every ¢ > 0.

Proposition 4.1.13 If ug satisfies Hypothesis 4.1.8 and (4.5), then problem
(4.3) admits a unique strict solution 1. Moreover, 1 has the representation
Y(t) = S(t)Yg for every t > 0 and 1 is real analytic in (0,00) with respect
to the graph norm of A. In particular, v belongs to Co’l‘”([O,T]; (H,D(A))n,g)
for allT >0 and n € (0,1).

PROOF: We refer to [Lun95, page 126, Lemma 4.1.6] and use the analyticity of
the semigroup combined with Propositions 1.4.29(ii)and 1.4.31(ii). O

With Proposition 4.1.13 we are able to solve problem (4.2). The theorem below
is proved analogously to Theorem 3.4.8. However, we need the following lemma,
proved in the same way as Lemma 3.3.12. We denote the graph norm of A by

- ILa-

Lemma 4.1.14 The restriction J |pa) : (D(A), || - ||.4) — X is continuous.
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Theorem 4.1.15 Let ug satisfy Hypothesis 4.1.3 and (4.5). Then problem (4.2)
admits a unique solution w. Moreover, u is continuous in [0,00), real analytic in
(0,00), and has the representation

ult) = {j(S(t)¢o), t>0, @6
UO(t)a t S 07
where 1y is given by (4.4).

Proposition 4.1.13 implies that if J|p(4) is extensible to a bounded linear operator
from (H,D(A)),2 into X for some n € (0,1), then the solution u in Theorem
4.1.15 has more regularity, namely u belongs to C%'=7([0, T]; X) for every T' > 0.
To obtain this extension of J |D( Ay we need explicit formulations for the domain
and action of the adjoint operator A* of A and a characterization of its resolvent
operator. This is stated in the lemma and proposition below. The latter is proved
analogously to Propositions 4.1.9 and 3.3.14 using Lemma 1.1.5(vi).

Lemma 4.1.16 The adjoint operator A* : D(A*) CH — H is given by

D(A") = {g e D(J): /[ (T = 5+ 0)a() ) = o} ,

K

(o)) =

PROOF: Let g belong to H. Then g belongs to D(A*) = D(8Iy — A*) if there
exists h € H such that

(k,g)yn = (Bl — A) 'k, hy,,, keH. (4.7)
We fix an arbitrary £ € 'H and let y € X be given by

1 K
= — k(k)v(dk).
) Jo
Using Proposition 4.1.9 we have that (4.7) holds if and only if

/) %“%“@x“+mvwﬁ=i/ k() +y, h(r)) v(dr),
[0,00) 0.00)
if and only if
1
4)00) </{7(/€>7g< ) - Tﬂh( )> (/Q + ﬁ) V(d,%)

(35 v, [ ne (i) 45

_ <k ﬁfﬁ)/‘ mmym@>m+ﬁﬁ«my

J(g) — kg(k), g€ D(A*), k>0.
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Recognizing the inner product of H in the first and last line in (4.8), it follows
from the fact that k& € H is arbitrary that (4.7) holds if and only if

1 1 K

— h(k) = — / h(rk)v(dk), &> 0. 4.9
0" T B G AP S " (49
Similar to the proof of Lemma 3.3.13 we have that (4.9) holds if and only if there
exists K € X satisfying

g(k) —

[ =G i) vias) =0 (110
such that p
hk) = (k+ B)g(k) — HJFﬁK, k> 0. (4.11)

Since g and the mapping kK — ﬁ belong to H, it follows from (4.11) that h
belongs to H if and only if the mapping k — kg(k) — K belongs to H. We
conclude that g belongs to D(A*) if and only if ¢ belongs to D(J) and if ¢
satisfies (4.10) with K replaced by J(g). Now the rest of the lemma follows from
straightforward calculation. 0

Proposition 4.1.17 The linear operator A* — %IH : D(A) € H — H is
m-dissipative in (H, (-, -)x). Moreover, if A > g and h belongs to H, then

(M — A ) (1) = — <h(m)+

K
K+ 0

— K >0
K+ A )’ =

where K € X 1s defined by

1 k+ 0
K = ¥IEY /[0700) /{+)\h(/<) v(dk).

In particular,
K =J (M — A")"'h),
and
My — A Yooz)= Ny —-A) " poz, peH zeX.

Note that D(A*) ® X C D(A*) and A* (¢ ® ) = A*p ® x for all ¢ € D(A*) and
x € X. We recall that the function £ € H in Chapter 3 is given by

K
§(r) = rxpe =0
Since £ belongs to (H,D(A* — QIH))l_77 , for every n € (0, 1) such that n > —173(‘1)

by Proposition 3.5.2, it follows that £ ® x belongs to (H, D(A* — BIH))l_nz for

every x € X, and

”5 ®37||(H,D(.A*7BIH))1,"72 = Hé!“(HyD(A**ﬁIH))lfnﬂH‘CE”7 r e X. (4'12)
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Proposition 4.1.18 The restriction J |p(a) 5 uniquely extensible to a bounded
linear operator from (H,D(A)),2 into X for everyn € (0,1) such thatn > = o‘(a)

PROOF: Let n € (0,1) be such that n > —5*. We observe that D(.A) is dense
in (H,D(A)),2 by Lemma 1.4.17 and that

(H.D(A))p2 = (H,D(A = BIw)), , = D (B — A)")

by Lemma 1.4.15 and Theorem 1.4.27. Moreover, the norms of (H,D(.A)), 2,
(H, D(A - 51_71))1727 and the norm g — ||(81x — A)"g|l3 on D((GIy — A)") are
equivalent. Therefore it is sufficient to show that there exists M > 0 such that

1T ()l < M ||(BIy — A)"g||,,. g € D(A). (4.13)
We shall use that
1T ()|l = Sup (T (9),2)|, g€ D(A).
TE
llz]l=1

Let x € X. Since (H,D(A* ﬁ[H)) o = ((5[H — AN 77) with the norm
of (H,D(A* — 5]71))1—772 equivalent to the norm g — H Bl — A*)1~ ”gHH
D ((8I3 — A*)*™"), there exists C' > 0 such that, using (4.12),

|(BIn — A (€ @ ) ||, < Cléll st 17 (4.14)
Using Propositions 4.1.9 and 1.4.26 and Lemma 1.4.28, we have
(T (9),2) = ((T o (B — A) " o (Bl — A))(9), x)

- <ﬁd1(ﬁ) /OOO) 5 (5 = A)g) () v(dr), x>

~ pa 15) /[0 (((BIn = A)g) k), E(R)z) (5 + B) v(dr)

(

1
5a<5)<(ﬁfﬁ A)g, £ @),

1
ﬁa(ﬁ) <(61H A)g, (BIn — A*)nfl(ﬁjﬁ — A*)kn(g ® l,)>H
" Ba 1<5><“ 1= A)g, (Bl — AT @ ), g€ DA,

Hence, using (4.14) we obtain

(7.2 < 7ot (3he = AVl 31— 40
C
< %) (813 — A)"g ||, €]l DA 1)1 2 2], g € DA).
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This shows that (4.13) holds with M := BdL(ﬁ)||€||(H’D(A**,BIH))1—V],2' O
Finally we are in a position to state the corollary to Theorem 4.1.15 concerning
more regularity of the solution u to problem (4.2). Even more, we do not need
the extra condition (4.5) on uy for existence of a solution to problem (4.2) as long
as a(a) € (0,1). This is stated in the next theorem. The succeeding corollary is
proved in the same way as Corollary 3.6.5.

We recall that the function 7 € H in Chapter 3 is given by

1 1

(k) = ——<——, k>0, 4.15
" Ga@ (415
and that 7 belongs to (H,D(A))go for every § € (0,1) such that 6 < H+W by
Proposition 3.5.7. Note that (H,D(A))s2® X C (H,D(A))g, for every 6 € (0,1)
and that

e @ 2|l pay,. = lellapay.llzl, ¢ € (H,D(A))z2, x € X.

Corollary 4.1.19 If uy satisfies Hypothesis 4.1.3 and (4.5), then the unique
solution u to problem (4.2) belongs to C™1=1([0,T); X) for all T > 0 andn € (0,1)
1—af

such that n > 7Ta)

Theorem 4.1.20 Let ug satisfy Hypothesis 4.1.3. If a belongs to K with a(a) €
(0,1), then problem (4.2) admits a unique solution uw. Moreover, u is real ana-
lytic in (0,00), has the representation (4.6), and belongs to C%¢([0,T); X) for all
T >0 and ¢ € [0,a(a)).

PROOF: Let 7' > 0 and ¢ € [0,a(a)), and let n := 3¢ and 6 := £°. Then
we have § —n = ( and 0 < 1—+@¢) <n<l< H%“‘”) < 1. Let the functions
uy, us : (—00,0] — X and 11,15 : [0,00) — X be defined by respectively wu; () :=
ug(t) — etx and uy(t) := e’lx for every t < 0, and

Y;(k) ::/ e "uj(—s)ds, £>0,75=1,2,
0

where

1 d

Ba(5) dt |,_, / _aft = s)uo(s) ds.

Note that u; and uy satisfy Hypothesis 4.1.3. Even more, u; also satisfies (4.5),
which is proved just as in the proof of Theorem 3.6.4 using Lemma 3.4.2. At the

one hand, we obtain from Theorem 4.1.15 that the function @; : R — X given by

imw:{jw®wﬁt>q
u (1), t <0,
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is the unique solution to problem (4.2) with ug replaced by wuy, and 4, is real
analytic in (0,00). Moreover, it follows from Corollary 4.1.19 that @; belongs to
C%1=(]0,T); X). At the other hand, using the definition of 7 it is a result of
Theorem 3.6.4 that the scalar version of problem (4.2) with ug replaced by the
mapping ¢ — e’ admits the unique solution

L {ﬁfz(ﬁ)J(S(t)w), t>0,

et t <0.

This solution is real analytic in (0, 00) and belongs to C%¢[0, T]. As the definition
of 1 implies that ¢y = Ba(f)m ® x, we have J(S(t)yy) = pa(B)J(S(t)m)x for
every t > 0. Therefore the function @, : R — X given by

fig(1) = {7(3(@%)7 t>0,
us(t), t<o0,

is the unique solution to problem (4.2) with ug replaced by wus, and 1y is real
analytic in (0, 00) and belongs to C%¢([0,T]; X). Since ug = uj +uz, g = 1 +1s,
and ¢ < 1 —n, the conclusion of the theorem follows. O

Corollary 4.1.21 Let u be the unique solution to problem (4.2) under the con-
ditions stated in Theorem 4.1.20. Then the following holds:

(S(t)vo) (k) = /000 e "u(t—s)ds, t>0,k>0,

where 1y is given by (4.4).

4.1.2 The inhomogeneous problem

We consider the inhomogeneous Volterra equation

t

) a(t — s)u(s)ds = f(t), t>0, (4.16)

u(t) =0, t<0,

where the kernel a : (0,00) — R belongs to the class K and where the function
f :[0,00) — X belongs to L'(0,T;X) for every T > 0. Similar to the scalar
inhomogeneous Volterra equation in Chapter 3 we shall consider problem (4.16)
in an abstract setting. To this end let the Hilbert space H_; be the completion
of H with respect to the norm || - ||3_, given by

lglln_, == ||(B8Ix — A)'g||,,, 9€H,
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and let Ay : H € H_; — H_; be the linear extension of A such that A_; is
the infinitesimal generator of the analytic semigroup {S_1(¢)}+>0 on H_y, which

denotes the continuous extension of {S(t)}+>o-
We define the linear operators A : D(J) — H and Z : D(J) — X by respectively

(Ag)(k) == T(g9) — kg(k), geD(T), k>0,

I(g) = /[ (It0) =~ rglw) vidw). 9 € D)

Note that Z is well-defined by Lemma 4.1.7, and that if g belongs to D(J), then
g belongs to D(A) if and only if Z(g) = 0. Moreover, the definition of the linear
operator A : D(J) — H and the linear functional I : D(J) — R in Section 3.7
imply that A(p ® 2) = Ap @ 2 and Z(p ® x) = I(¢)x for all ¢ € D(J) and
x € X. By Lemma 3.5.5 we have that the function 7 given by (4.15) belongs to
D(J) and that I(7) = 1 and Ar = Bn. These facts imply the following lemma.

Lemma 4.1.22 The function g — 7 Q@ Z(g) belongs to D(A) for every g € D(J).

Heuristically, our semigroup approach suggests that the function ¢ : [0,00) X
[0,00) — X defined by

Lemmlt=s)y(s)ds, t>0,r>0
e u(s) ds, >0,k >0,

o(tm) = | o
O, t:07’€207

is such that (¢, ) belongs to D(J) with J(¢(¢,-)) = u(t) and Z(¢(t,-)) = f(t)
for every t > 0, and
St ) =AYt ) = AUt ) — 7 @ f(1) + Alr @ f(t))
=AY, ) — Aa(r @ f(8) + Br @ f(1)
= A (t,)+ (Bly — AT ® f(t), t>0.

Therefore the abstract setting for problem (4.16) is the inhomogeneous abstract
Cauchy problem

Lu(t) = ?w(t) + (Bl = Ar e fh), >0, (4.17)

Definition 4.1.23 The mild solution to problem (4.17) is the continuous func-
tion v : [0, 00) — H_; defined by

Y(t) = /0 (BIy — A)S(t —s)m® f(s))ds, ¢>0.
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The integral above is Bochner in (H,D(A))g2 and hence, the mild solution ¢
has values in (H,D(A))p2 for all ¢t > 0 and 6 € (0,1) such that § < H+@
Indeed, we observe that 7 belongs to (H,D(A))p2 and (51 — A)S(t) belongs to
L((H,D(A))gz2) by Proposition 3.5.7 respectively Corollary 1.4.30(i). Compare
also Proposition 3.7.2.

Proposition 4.1.24 Let f : [0,00) — X belong to LP(0,T;X) for some p €
[1,00) and every T' > 0. Let v be the mild solutz’an to problem (4.17). Then for
all T >0 and 0,1 € (0,1) such thatn < 0 < HD‘ @ the following holds:

(i) If p = 1, then ¢ belongs to L(0,T;(H,D(A)),2) for every q €
[1 1 )
»1—(60-n)/’

(i) Ifp e ( ) then 1 belongs to L7(0,T; (H,D(A)),2) where q :=

p .
1-(0—n)p’

(iii) If p = 5=, then ¢ belongs to L1(0,T; (H,D(A)),2) for every q € [1,00);

(iv) Ifp € (ﬁ, 00), then ¢ belongs to 08’9_"7 ([0, T7; (H,D(A))n2)-

In particular, if f belongs to Cy7"([0,T); X) for some v € (0,1) and every T > 0,
then v belongs to

O+l +0—n—[y+0—n] ([07 T); (H,D(A)), 2)
for allT >0 and 0,n € (0,1) such that n < 0 < Liofa) and 0 —n#1—~
2

PROOF: The first part of the proposition is an application of Proposition
1.4.31(iv)-(vii). For the second part let # € (0, 1) be such that § < == 1+a @ Then 7
belongs to (H, D(A))g» and 313 —A_1 belongs to L((H,D(A)).2, (Hfl, H)eg) by
Proposition 3.5.7 respectively 1.4.18, so that the mapping t — (Blg—A_1)7® f(t)
belongs to CJ ([0, T7; (H_1,H),2) for every T' > 0. Now the proposition is proved
analogously to Proposition 3.7.3. U

Before we return to problem (4.16) we need a lemma concerning the Laplace
transform of the mild solution ¢ to problem (4.17).

Lemma 4.1.25 Let f : [0,00) — X belong to LP(0,T; X) for some p € [1,00)
and every T > 0. Let ¢ be the mild solution to problem (4.17). If there exists
Ao > [ such that f e M| f(t)]|dt < oo, then the Laplace transform Vo
(Ao, 00) — (H,D(A))g2 is well-defined for every 6 € (0,1) such that 6 < 1+°‘(a)
and

PA) = My, — A )Y BIg — A )T @ f(N), A> .
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Moreover, if a belongs to K with a(a) € (0,1), then

1

T (W) =

PROOF: Let A > Xy and 6 € (0,1) such that 6 < H%“") Then existence of
J~ e (t) dt as a Bochner integral in (H,D(A))g2 is proved in the same way
as Lemma 3.7.4. Now we use Fubini’s theorem and Proposition 1.4.6 to obtain

D) = /OOO = </Ot (8L — A)S(t — s)r @ (5)) ds) dt

— /0 h <e—As ( / h e M= (BT — A)S(t — s) dt) ® f(s)) ds
= (/Ooo e MS 1 (t)(BIy — A_)r dt) ® (/Ooo e M f(5s) ds)

= (Mpu_, — A1) (BIy — A_)m @ f(N).
The rest of the lemma is proved in the same way as Lemma 3.7.5. U

Now we are in a position to solve problem (4.16).

Theorem 4.1.26 Let [ : [0,00) — X belong to LP(0,T; X) for some p € [1,00)
and every T' > 0. If a belongs to IC with a(a) € (0,1), then problem (4.16) admits
a unique solution u, and u has the representation

ult) = {fg J((BIy — A)S(t — s)m) f(s)ds, ¢>0, (4.18)

0, t <0.
Moreover, for allT >0 and ¢ € (0,a(a)) the following holds:

(i) If p =1, then u belongs to L1(0,T; X) for every q € [1, ﬁ),
(i) Ifp e (1, %), then u belongs to L1(0,T; X) where q := 1%});
(iii) Ifp = %, then u belongs to L1(0,T; X) for every q € [1,00);
(iv) Ifp € (%,oo), then u belongs to Cg’g_%([O,T];X).

In particular, if f belongs to Cy([0,T); X) for some ~y € (0,1) and every T > 0,
then u belongs to

Ch+<Lv+G[v+C]([0’ T]; X)
for all T >0 and ¢ € (0,a(a)) such that ( #1 —~.
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PROOF: Let T > 0 and ¢ € (0,(a)), and let n := ¢ and 0 := % Then we

2
haveG—n:CandO<1_+m)<n§9<l++(a)<1. Let ¢ be the mild solution

to problem (4.17). Since 1 (¢) has values in (H,D(A)), » and J is continuous on
(H,D(A)), 2 by Proposition 4.1.18, it follows that u given by (4.18) is such that
u(t) = J(¢(t)) for every t > 0. Even more, the regularity properties of 1 in
Proposition 4.1.24 imply those of u. U

4.2 Semilinear Volterra equations

We consider the semilinear X-valued Volterra integrodifferential equation

d t
G a(t — s)u(s)ds = f(t,u(t)), t>0, (4.19)
u(t) = uo(t), t<0,

where the kernel a : (0,00) — R belongs to the class K and where the func-
tions g : (—o00,0] — X respectively f : [0,00) x X — X satisfy the following
hypotheses:

Hypothesis 4.2.1 The function ug : (—o0, 0] — X is strongly Borel measurable
and has the following properties:

i) There exist M; > 0 and w > 0 such that ||Jug(t)|| < Me“t for every t < 0;
y

(ii)) There exist My > 0 and § > 0 such that ||ug(0) — ug(t)|| < Ms|t| for every
t e [-4,0].

Hypothesis 4.2.2 The function f :[0,00) x X — X is such that
(i) For every T > 0 there exists L > 0 such that

||f<t7$> _f(tvy)H < Ll|$_y||7 te [OvT]a T,y € X;

(ii) There exists ¥ € (0,1) such that for all 7" > 0 and xy, € X there exist r > 0
and K > 0 such that

||f(t,x) — f(s,x)” < Kt — s|19, s,t € [0,T], x € Bx(xg;7).

We consider the following notion of solution:

Definition 4.2.3 A solution to problem (4.19) is a strongly Borel measurable
function u : R — X with the following properties:
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(i) ffoo a(t — s)||lu(s)]| ds < oo for every ¢t > 0;

(ii) The mapping ¢ — [*_ a(t — s)u(s)ds belongs to W([0,T]; X) for every
T >0;

(iii) w satisfies (4.19) for almost every t € R.

Analogous to Section 3.1 we have that a solution u to problem (4.19) always
belongs to L'(0,T; X) for every T > 0. We also have uniqueness of solutions as
shown in the next theorem:

Theorem 4.2.4 Problem (4.19) admits at most one solution.

PROOF: We assume that uy, us : R — X both are solutions to problem (4.19)
and define u : R — X by

u(t) == uy(t) —ug(t), teR.
By Definition 4.2.3(iii) we have u(t) = 0 for almost every ¢t < 0, so we can define
Ty := sup {T > 0; u(t) = 0 for almost every t < T}.

To prove the theorem it is sufficient to show that Ty = +o00. Seeking a contra-
diction, we suppose that T < co. Definition 4.2.3(ii) and (iii) imply that

t t
/ a(t — s)u(s) ds = / (F(s.wa(s)) — f(s,us(s)) ds, ¢>0.  (4.20)
0 0
Let b € K denote the resolvent of the first kind of a, thus b satisfies
t
/ b(t — s)a(s)ds =1, t >0, (4.21)
0

Using (4.21) and Fubini’s theorem we have

/Otu(s) ds = /Ot (/Ot_s bt — 5 — o)a(o) dg) u(s) ds
= [bte-o) ([ ot - o)) am e

Combined with (4.20) it follows that for every ¢ > 0,

/Otu<5) ds = /Otb(t —0) (/00 (f(s,ur(s)) — f(s,u2(s))) ds) do.  (4.22)
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It is a result of Hypothesis 4.2.2(i) that for every T" > 0 there exists L > 0 such
that

/Ot blt = o) ( / s () ~ S5, uals)| ds> do

<L (/Ot Hu(s)||ds) : (/Otb(a) da) <oo, te€(0,T)

Hence, we can apply Fubini’s theorem in (4.22) to obtain

/Otu(s)ds - /Ot (/08b<3_0)(f(0aul(0)) — [0, uz(0))) da) ds, t>0.

It follows that for almost every t > 0,

u(t) = /0 b(t — s)(f(s,ui(s)) — f(s,us(s))) ds, (4.23)

see [Tay65, page 415, Lemma 9-8V]. Now we fix an arbitrary 77 > Ty. By
Hypothesis 4.2.2(i) there exists L; > 0 such that

[f(t,x) = f(t,y)]| < Lalle —yll, t€[0,Th], 2,y € X. (4.24)

Since limy o f; b(s) ds = 0 there exists M € (0, Ty —Tp) such that [ b(s) ds < £
Let T := Ty + M. Using (4.23), (4.24), the definition of T and T', and Fubini’s
theorem, we have

/TT Ju(®)||dt < /TT (/Otb(t— ) f (s, ur(s)) — f(S,uQ(s))Hds) it
[ ote=sytutsias ) a

< I, /TT (/Otb(t— 5)Hu(s)|]ds> dt = L, /TT < X
- [ Ju(s)] ( / ) dt) ds < \(Ll / o dt)/- / Jus)]l ds.

-~

<1

This implies that fTT; |lu(s)||ds = 0. It follows that u(t) = 0 for almost every
t € [Ty, T) and hence, for almost every ¢ < T'. This contradicts the definition of
Ty and thus we have Ty = +o00. O

Following our semigroup approach as in Section 4.1 we consider problem (4.19)
in an abstract setting, that is, the semilinear initial value problem

dp(t) = Ap(t) + (Bly — A7 @ f(t, T(W(t))), t>0,

$(0) = o, (4.25)



4.2 Semilinear Volterra equations 111

where 1 : [0,00) — X is defined by

Yo(K) == /000 e ug(—t)dt, x>0. (4.26)

We solve this initial value problem in Section 4.2.1, to return to the Volterra
equation in Section 4.2.2.

4.2.1 The semilinear initial value problem

We start with some general theory concerning semilinear initial value problems.

This will ease the proof when solving our specific semilinear initial value problem
(4.25).

Let (E,||-||g) be a Banach space and {T(t) };>0 an analytic semigroup on F with
infinitesimal generator B : D(B) C £ — E. For every a € (0,1) we denote

(Bas I+ lla) = ((E,D(B))ag, | * ll£05)..)-
For all & € (0,1), zg € E,, and r > 0 we denote
Bo(zo;7) :={z € Eq; ||z — molla < 1}
We consider the semilinear initial value problem

%v(t) = Bou(t) + F(t,v(t)), t>0,

o) — o, (4.27)

where vy belongs to £ and where the function F': [0, 00) X E, — E is continuous
for some a € (0, 1).

Definition 4.2.5 A strict solution to problem (4.27) is a function v : [0, 00) — FE
such that v belongs to C'([0,00); D(B)) N C* ([0, 00); E), where D(B) is endowed
with the graph norm of B, and such that v satisfies (4.27) for every ¢ > 0.

Hypothesis 4.2.6 The function F : [0,00) X E, — E is such that
(i) For all T'> 0 and R > 0 there exists L > 0 such that

[F(t,2) = F(t.y)|| ; < Lllw = ylla, t €[0,T], 2,y € Ba(0; R);

(ii) There exists ¥ € (0,1) such that for all 7' > 0 and vy € E,, there exist r > 0
and K > 0 such that

F(t,x) — F(s,2)||, < K|t —s|”, s,t€[0,T], x € Ba(vo;7).
E
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Theorem 4.2.7 Let F satisfy Hypothesis 4.2.6 for some a € (0,1). If vy belongs

to D(B) and Bvy+ F(0,v9) belongs to D(B), then problem (4.27) admits a unique
strict solution v, and v satisfies

v(t) =T(t)vg + /OtT(t —38)F(s,v(s))ds, t>0.

For a proof of Theorem 4.2.7 see [Lun95, page 268, Proposition 7.1.10(iii)].
Now we solve our semilinear initial value problem (4.25).

Theorem 4.2.8 Let ug and f satisfy Hypothesis 4.2.1 respectively 4.2.2. If a be-
longs to K with a(a) € (0,1), then problem (4.25) admits a unique strict solution
¥ :[0,00) — (H,D(A))g2 for every 6 € (0,1) such that 6 < %@ . Moreover,
¥ belongs to C¥*=1([0,T); (H,D(A)),2) for all T >0 and 0,7 € (0,1) such that
1_+(a) <n <6, and Y satisfies

60 = S0+ [ (010 = A8 =97 J(5.T00s1)) dss 120,

where the integral is Bochner in (H,D(A));.

PROOF: Let 0,n € (0,1) be such that 1_+(“) <n<f< H%“") Note that
(B1g — A_1)m belongs to (H_1, H)gp2 by Propositions 3.5.7 and 1.4.18. Moreover,
1 belongs to (H,D(A))p2 as a result of the proof of Theorem 4.1.20. We shall
apply Theorem 4.2.7 with

E = (H—l,H)e,Q,

and B : D(B) C E — FE the part of A_; in E. Note that by Lemma 1.4.19 and
Proposition 1.4.18 we have that B is the infinitesimal generator of the analytic
semigroup {S_1(t)|g}i>0 on E, and that

D(B) = (H,D(A))o,2-

Furthermore, we take o :== 1+ n — 6. Then it follows from Corollary 1.4.23 and
Theorem 1.4.21 that

E, = (B,D(B))az = (H-1,H)o2, (H,D(A)s2)

= ((Hflv D(A))%G,Qv (Hflv D(A>)%(0+1),2)a,2
= (H-1,D(A)) 1 (94a)2 = (H; D(A))o+a—12 = (K, D(A))p2.

Now we define F': [0,00) X E, — E by

F(t,z) = (Bly — A7 @ f(t,T(x)), t>0,z¢€ E,,
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which is well-defined since J belongs to L£(E,; X) by Proposition 4.1.18. We
show that I satisfies Hypothesis 4.2.6, omitting the subscripts of || 7 || z(£.;x) and
|(BIg — A-1)7 ||z, 1), For Hypothesis 4.2.6(i) let T, R > 0, t € [0,T], and
x,y € B,(0; R). By Hypothesis 4.2.2(i) there exists L > 0 independent of ¢, x,
and y, such that

|F(t,x) = F(t.y)||, = [(81n — A=) || £ (1. T (2)) = f(t. T ()|
<L[[(B8=A-D)r[ 1712 = ylla.

For Hypothesis 4.2.6(ii) let T > 0, s,t € [0,7], and vy € E,. By Hypothesis
4.2.2(ii) with x¢ chosen as J(vp) there exists ¥ € (0,1) independent of s, ¢, and
vg, and there exist r, K > 0, both independent of s and ¢, such that for every
z € By (vo; M) we have that J(x) belongs to Bx(zo;r) and

#(2) — (s, 2, = 130 = Al 17,7 @) — £ (s, T@)|
S KH(ﬁ]H — A_l)ﬂ'H |t — S|19.

Hence, F satisfies Hypothesis 4.2.6 and we are in a position to apply Theorem
4.2.7 with vy replaced by 19. We obtain that problem (4.25) admits a unique
strict solution ¢ belonging to C'([0, 00); D(B)) N C*([0,00); E). In particular, ¢
belongs to C*'~*([0,T]; E,) for every T > 0 by Proposition 1.4.20. Moreover, 1
satisfies

MUZ&MW%+/84@—$H&MQMS

0

= st + [ (01— Al = 9m @ (5, T06)) ) ds 120

where the integrals are Bochner in E,. 0

4.2.2 The semilinear Volterra equation

In this section we solve the semilinear Volterra equation (4.19).

Theorem 4.2.9 Let uy and [ satisfy Hypothesis 4.2.1 respectively 4.2.2. If a
belongs to KK with a(a) € (0,1), then problem (4.19) admits a unique solution u,
and u has the representation

ult) = {j(w))’ t>0, (4.28)
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where ¥ is the strict solution to problem (4.25). Furthermore, u belongs to
CY([0,T]; X) for all T > 0 and ¢ € (0,a(a)), and u satisfies

u(t) = T (S(t)o) + /Ot J((BIg — A)S(t — s)7) f(s,u(s))ds, t>0, (4.29)

where 1y is given by (4.26).

PROOF: Let 7" > 0 and ¢ € (0,a(a)), and let n = 5% and 0 := ¢ Then

we have § —n = ¢ and = a(“) <n<Bh< 1+a @ Theorem 4.2.8 1mphes that
belongs to C*([0,T7; (H, D(A))mz) and satlsﬁes

() = Sty + /0 (611 — DS(t = 97 @ £ (5, T(@() ) ds, 120,
Let 1,45 : [0,00) — (H,D(A)),2 be defined by respectively

wl(t) = S(t)wo, t Z O,

Uo(t) = /0 ((mH —A)S(t— )T f(s,j(w(s)))> ds, t>0.
Note that ¢ = by + 9. Let f : [0,00) — X be defined by
ft) = f(t,T@(1), t=0.

Note that f is continuous, since f is continuous by Hypothesis 4.2.2, 7 is contin-
uous on (H,D(A)),2 by Proposition 4.1.18, and ¢ is continuous with values in
(H,D(A)),2. It is a result of Theorem 4.1.20 that problem (4.19) with f identi-
cally zero admits a unique solution uy, and u; belongs to C%¢([0,T]; X) and has

wr(t) = {J(S(t)wo), t>0,
uo(t), t <0.

the representation

Moreover, Theorem 4.1.26 implies that problem (4.19) with wug identically zero
and f(t,u(t)) replaced by f(t) admits a unique solution us and wus belongs to
Co*([0,T]; X) and has the representation

U2(f)={f°tj(<ﬁIH_ A)S(t = s)m) f(s)ds, t>0,

0, t <0.

It follows that the function u := uy + uy is the unique solution to problem (4.19)
and u belongs to C%¢([0,T]; X). Since u;(t) = J(¥1(t)) and uz(t) = T (o(t))
for every ¢ > 0, u has the representation (4.28) and hence, u satisfies (4.29). O
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4.3 First kind linear Volterra equations

We consider the first kind linear X-valued Volterra equation

/ta(t — s)u(s)ds = h(t), t>0, (4.30)

where the kernel a : (0,00) — R belongs to the class K and where the function
h : [0,00) — X belongs to C(]0,00); X). We consider the following notion of
solution:

Definition 4.3.1 A solution to problem (4.30) is a strongly Borel measurable
function u : [0, 00) — X such that

i) [3a(t —s)|lu(s)| ds < oo for every t > 0;
(ii) u satisfies (4.30) for every ¢ > 0.

We remark that a function w : [0,00) — X is strongly Borel measurable if and
only if the mapping ¢ — (u(t), z) is Borel measurable on [0, 00) for every = € X.
Moreover, analogous to Section 3.1 we have that a solution u to problem (4.30)
always belongs to L'(0, T'; X) for every T' > 0. Concerning uniqueness of solutions
we have the following result:

Theorem 4.3.2 Problem (4.30) admits at most one solution.

PROOF: Let u be a solution to problem (4.30) with h identically zero. Then
Definition 4.3.1(ii) implies that

/ta(t—s)<u(s),x) ds=0, t>0,2z € X.

It follows from Corollary 1.2.2 that (u(t),xz) = 0 for every x € X and almost
every t > 0. Therefore, u(t) = 0 for almost every ¢ > 0. O

Theorem 4.3.3 Let h belong to C37([0,T]; X) for some v € (1 —ala),1) and
every T'> 0. If a belongs to K with a(a) € (0, 1), then problem (4.30) admits a
unique solution u. Moreover, u belongs to CO7T¢=1([0,T]; X) for all T > 0 and
(e (1 — fy,a(a)), and u has the representation

d

u(t) = E/o J((BIy — A)S(t — s)m)h(s)ds, t>0. (4.31)
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PROOF: Let ¢ € (1 —v,a(a)). It is a result of Theorem 4.1.26 that the linear
X-valued Volterra integrodifferential equation

d t

@, a(t — s)u(s)ds

I
>
=
~~
V
o

admits a unique solution @ : R — X according to Definition 4.1.1. Moreover,
belongs to C17¢=1([0,T]; X) for every T' > 0 and has the representation

a(t) = [y J((BIg — A)S(t — s)m)h(s)ds, t >0,
0, t<0.

It follows that u given by (4.31) is well-defined and belongs to C®*¢~1([0, T7]; X)
for every T' > 0. Therefore u is strongly Borel measurable and satisfies Definition
4.3.1(i). Finally, u satisfies Definition 4.3.1(ii), since

/Ota(t — s)u(s)ds = /Ot a(t — 5)(Li(s)) ds

— aya) + & /O alt — s)i(s)ds = h(t), ¢ > 0.

Theorem 4.3.3 assumes that h(0) = 0. However, this is not necessary as the next
corollary shows:

Corollary 4.3.4 Let h belong to C®7([0,T]; X) for some v € (1 —a(a),1) and
every T'> 0. If a belongs to KC with a(a) € (0, 1), then problem (4.30) admits a
unique solution u, and u has the representation

ult) = b(t)h(0) + % /0 J((BIy — A)S(t — s)7) (h(s) — h(0)) ds, t >0,

where b denotes the resolvent of the first kind of a.



Chapter 5

Stochastic linear Volterra equations

In this chapter we consider a stochastic perturbation of the scalar linear Volterra
integrodifferential equation. We start with some preliminaries in Section 5.1. In
Section 5.2 we interpret the stochastic linear Volterra equation as a first kind
Hilbert-valued Volterra equation. Then Section 5.3 is concerned with the repre-
sentation of a solution to the stochastic Volterra equation by stochastic convolu-
tion.

5.1 Preliminaries

5.1.1 Gaussian measures

Definition 5.1.1 A Gaussian measure on R is a Borel probability measure p on
R such that either for some m € R, p is the Dirac measure 9,,, or for some m € R
and C' > 0,

1 (ac—m)2
B) = 2 dzr, BeB(R).

The numbers m and C, with C' := 0 in case of a Dirac measure, are called the
mean respectively variance of u. If m = 0, then p is called a centered Gaussian
measure.

Proposition 5.1.2 If i is a Gaussian measure on R with mean m and variance

C, then the following holds:

=i tan = E 0 (S vz

/(x—m)Q”,u(dx):C”-l-S-E) ----- (2n—1), n=1,2,--,
R
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/(x—m)Q”_lu(dx):O, n=12---.
R

In particular,

m:/Rx,u(da:), C:/R(aj—m)Qu(dx).

Proposition 5.1.3 A Borel probability measure p on R is Gaussian with mean
m and variance C if and only if

/eiuw ,u(dx) — eium—%Cu?7 u € R.
R

Definition 5.1.4 Let d € N. A Gaussian measure on R? is a Borel probability
measure ;4 on R? such that for some m € R? and some symmetric, positive
semidefinite matrix C' € R%*4,

/ ei(u,a}) ,LL(diL‘) _ ei(u,m)—%(@u,u)7 = Rd.
R4

The vector m and the matrix C' are called the mean respectively covariance of .
If m = 0, then p is called a centered Gaussian measure.

Proposition 5.1.5 Let d € N. If pu is a Gaussian measure on R? with mean m
and covariance C, then for all j,k=1,--- ,d,

my= [ antae), = [ (o —m,) o~ ) ().

If, in addition, C' is nonsingular, then

u(B) emmam) u(da), B € BRY).

S / 1
V(2m)ddet C JB

Proposition 5.1.6 Let d € N. A Borel probability measure u on R is Gaussian
if and only if for every & € R? the image measure (€, ) on R given by

(& ) (B) = p{z eR% (¢,2) € B}, B e B(R),
1s a Gaussian measure on R.

Definition 5.1.7 Let E be a separable real Banach space. A (centered) Gaus-
sian measure on E is a Borel probability measure p on E such that for every
€ E’ the image measure (p, 1) on R given by

(p,1)(B) := u{z € E; p(z) € B}, Be BR),

is a (centered) Gaussian measure on R.
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Proposition 5.1.8 A Borel probability measure p on a separable real Hilbert
space (H,{(-,),|| - ||) is a Gaussian measure on H if and only if there exist a
vector m € H and a nonnegative, symmetric, trace class operator C € L(H)
such that

/ ei(u,:c) ,u(dx) _ ei(u,m)—%(Cu,u)) uwe H.
H

In that case

/H<u,m> p(dz) = (u,m), ue H,
/H<u1795><u2’95> p(dz) — (ur, m)(ug, m) = (Cur, ug), ui,us € H,

TrC = / lz — m|[? pu(dz).
H

Definition 5.1.9 Let i be a Gaussian measure on a separable real Hilbert space
H. The vector m € H and the operator C' € L(H) with the properties stated in
Proposition 5.1.8 are called the mean respectively covariance of p.

Definition 5.1.10 Let (€2, F,P) be a probability space.

(i) A (centered) Gaussian variable is a random variable X : @ — R such that
its distribution is a (centered) Gaussian measure on R;

(ii) A (centered) Gaussian vector on a separable real Banach space E is a ran-
dom vector X : 2 — E such that its distribution is a (centered) Gaussian
measure on F/;

(i) A (centered) Gaussian system is a collection {X,}acz, indexed by a non-
empty index set Z, of random variables on €2 such that for all n € N and
ap, s, €I, (Xay, 0, Xy, ) is a (centered) Gaussian vector on R™. It
is said to have mean {ma}aer and covariance {Cy p}aper where for all
a,BeT,

mo :=EX,, Cup:= E((Xa —mg) (X — mg)).

Remark 5.1.11 Proposition 5.1.2 implies that if X is a Gaussian variable on a
probability space (€2, F,P), then X belongs to LP(£2) for every p € [1,00).

'Nonnegative in the sense that for every u € H, (Cu,u) > 0.
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Proposition 5.1.12 Let d € N.

(i) A random wvector (Xi,---,Xy) on R? is Gaussian if and only if for all
Ay, oo, g €ER, Z;l:l A\ X is a Gaussian variable;

(i) If (Xy,---,Xy) is a Gaussian vector on R?, then X1,--- , X4 are indepen-
dent if and only if for all j,k =1,--- ,d such that j # k,

E((X; — EX;)(X; — EX})) = 0;

(i) If X1, -, Xy are independent Gaussian variables, then (Xi,---,Xy) is a
Gaussian vector on RY.

For the sentences 5.1.1-5.1.6 we refer to [Bog98, pages 1-4, Sections 1.1-1.2]. In
particular, for Proposition 5.1.2 see [Str94, page 91, Example 5.13.1]. For the
sentences 5.1.7-5.1.9 we refer to [Bog98, pages 42, 48, Sections 2.2-2.3, Theorem
2.3.1] and [DPZ92, pages 53-58, Section 2.3.2, Propositions 2.15, 2.18]. For Defi-
nition 5.1.10 and Proposition 5.1.12 see [Shi84, pages 299, 303, Sections 11.13.4,
11.13.6, Theorem 1].

5.1.2 Standard Brownian motion and the Wiener measure

Definition 5.1.13 A centered Gaussian system {W (t)};>o of random variables
on a probability space (€2, F,P) is called standard Brownian motion if it has the
following properties:

(i) For almost every w € 0, W(0)(w) = 0;

(ii) fneNand 0 =ty < t; < -+ < t,, then for j = 1,---  n the random
variables W (t;) — W (t;_1) are independent;

(iii) For all0 < s <t, W(t)—W(s) is a centered Gaussian random variable with
variance t — s;

(iv) For almost every w € €2 the sample path ¢ — W (t)(w) belongs to C[0, 00).

For a proof of the following theorem we refer to [KS91, page 70, Theorem 4.20].

Theorem 5.1.14 Let Q := Cy[0, 00) be endowed with the metric d given by

o0

1
d(wr, wa) = Z 5, max min{l, jwi(t) — W2<t)|}a wy,wy € Copl0, 00),

— 2™ tefo,n]
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and let F be the Borel o-algebra on (2, d). Let the collection { B(t)}+>o of random
variables on (2, F) be given by

Bt)(w) :=w(t), t>0,weQ.

Then there exists a unique probability measure P on (2, F) such that {B(t)}+>0
is standard Brownian motion satisfying

/QB(t)(w) B(s)(w) P(dw) = min{s,t}, s,t>0.

Definition 5.1.15 The probability measure P in Theorem 5.1.14 is called the
Wiener measure.

We can see standard Brownian motion {W(¢) };>¢ on a probability space (€2, F,P)
as a function W : [0,00) — L*(Q2). Even more, Definition 5.1.13(iii) implies the
next corollary:

Corollary 5.1.16 If {W(t)}+>0 is standard Brownian motion on a probability
1
space (Q, F,P), then W belongs to C’g’i([O, T]; L*(Q)) for every T > 0.

Theorem 5.1.17 Let {W(t)}1>0 be standard Brownian motion on a probability
space (2, F,P). Then for all T > 0 and v € (0, %) and for almost every w € €2
the sample path t — W (t)(w) belongs to C3[0, T).

Theorem 5.1.18 Let {W(t)}1>0 be standard Brownian motion on a probability
space (2, F,P). Then for almost every w € Q the sample path t — W (t)(w) is
nowhere differentiable.

For Theorems 5.1.17 and 5.1.18 see [KS91, pages 56, 110, Remark 2.12, Theorem
9.18].

5.1.3 The Wiener integral

Let © := ([0, 00) be endowed with the metric d defined in Theorem 5.1.14 and
let F be the Borel o-algebra on (€2,d). Let {B(t)}:>o be standard Brownian
motion on (2, F,P) where P is the Wiener measure. Let 7" > 0.

If f:]0,7] — R is a step function, that is, for some n € N, ¢, -+ ,¢, € R,
and 0=t <t <---<t,=T, f= Z?Zl ¢jli,_,+,), then the random variable
I(f): Q — R is defined by

n

I(f) =Y _¢;(B(t;) — B(tj—)),

j=1
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and has the property that I(f) belongs to L*() with [[7(f)|lz2¢) = Ifllr2(0.1)-
Since the step functions are dense in L?(0,T'), we have the following proposition,
see [GNO1, page 20, Theorem 2.5] for a proof.

Proposition 5.1.19 The mapping f — I(f) extends uniquely to an isometric
isomorphism I : L*(0,T) — L*(Q).

Definition 5.1.20 If f belongs to L?(0,T), then I(f) is called the Wiener inte-
gral of f with respect to {B(t)}+>¢ and it is denoted by

T
| 10ano =10,
Lemma 5.1.21 If f belongs to L*(0,T), then for every t € [0,T] fo s)dB(s)
= [y 1pg(s)f(s)dB(s).
Proposition 5.1.22 Let f belong to L*(0,T).

(i) For every t E 0,77, fo s)dB(s) is a centered Gaussian variable with
variance [, (f(s))? ds

(ii) For every g € L*(0,T),

e( [ a6 [ o6 ) - [ F()gls)ds, e 0.7];

(iii) The collection {fo s)dB(s )} is a centered Gaussian system and for all
>0
s,t €[0,T]

E ( / (o) dB(o) | 1) dB<a>) -/ " o) do

For a proof of Proposition 5.1.22(i) see [GNO1, page 20, Theorem 2.6].

5.1.4 The stochastic Fubini theorem

For a proof of the following results we refer to [GNO1, pages 22-24, Lemma’s
2.7-2.8, Theorem 2.9].

Lemma 5.1.23 If f belongs to L*([0,T]x [0,T)), then there exists a Borel nullset
N C [0,T] such that for every t € [0,T)\N the mapping s — f(s,t) belongs to
L2(0,T). If, in addition, fg: [0,T] — L*() is given by

(T Hs0dB(s), te [0, TN,
f(t) = {0, teN,
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then fg belongs to L*(0,T; L*(Q)) with

||fB||L2(0,T;L2(Q)) = HfHLQ([O,T}X[O,TD'

Even more, fg belongs to L'(0,T; L*(2)) with
T

/ Fa(t)dt
0

Lemma 5.1.24 If f belongs to L*([0,T] x [0,T]) and if F : [0,T] — R is given
by

< \/THfHLQ([O,T}X[O,T})-
L (Q)

T
F(s) ::/ f(s,t)dt, se€[0,T7,
0
then F belongs to L*(0,T) with
| Fll20,1) < \/T”fHLQ([O,T]X[O,T])-

Theorem 5.1.25 If f belongs to L*([0,T] x [0,T]), then

/OT (/OTf<s,t) dB(S)) dt = /OT </0Tf(s,t) dt> dB(s).

5.1.5 Weak solutions

Let © := ([0, 00) be endowed with the metric d defined in Theorem 5.1.14 and
let F be the Borel o-algebra on (2,d). Let {B(t)}:>o be standard Brownian
motion on (€2, F,P) where P is the Wiener measure, that is, for all £ > 0 and
w € Q, B(t)(w) := w(t), see Theorem 5.1.14.

Definition 5.1.26 The o-algebra Py, on [0,00) X €2 is the o-algebra generated
by subsets of the form {0} x 0, {0} x Q, and (s,¢] X F, where 0 < s < t < 00
and F' € 0(B(s)), the o-algebra of subsets of {2 generated by B(s).

Definition 5.1.27 A predictable process with values in a separable Hilbert space
H is an H-valued stochastic process {X () };>0 such that the mapping (t,w) —
X(t)(w) is strongly measurable from ([0, 00) x Q,P,) into (H, B(H)).

Let (H,(-,-),|| - ||) be a separable Hilbert space. Let {T'(t)}+>¢ be an analytic
semigroup with infinitesimal generator A: D(A) C H — H and let x € H.
We consider the following stochastic problem:

4X(t)=AX(t) +xB(t), t>0,

X(0) =0. 5-1)
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To give problem (5.1) a meaning we interpret it as
t
X(t) = A/ X(s)ds + 2B(t), t>0.
0

Definition 5.1.28 A weak solution to problem (5.1) is an H-valued predictable
process { X (t)}+>o with the following properties:

(i) For every T' > 0 we have that for almost every w € ) the mapping t +—
X (t)(w) belongs to L'(0,T; H);

(ii) For all y € D(A*) and ¢ > 0 we have for almost every w € ,

(X(B)(w),y) = / (X (3)(@), Ay) ds + w(t) i, ).

5.2 Weak and pathwise formulation of the prob-

lem

Let © := ([0, 00) be endowed with the metric d defined in Theorem 5.1.14 and
let F be the Borel o-algebra on (2,d). Let {B(t)}:>0 be standard Brownian
motion on (€2, F,P) where P is the Wiener measure, that is, for all £ > 0 and
w e Q, B(t)(w) := w(t), see Theorem 5.1.14.

We consider the stochastic linear Volterra integrodifferential equation

d [ '
a | at= 9 ds = f(H) +oB(®), t>0, (5.2)

U(t) = uo(t), t<0,

where 0 € R, where the kernel a : (0,00) — R belongs to the class K, where
the function ug : (—oo, 0] — R satisfies Hypothesis 3.6.2, and where the function
f :[0,00) — R belongs to L'(0,T) for every T > 0. To give problem (5.2) a
meaning we interpret it as the stochastic first kind linear L?({2)-valued Volterra
equation

t
/ a(t — $)U(s)ds = h(#)1o + o B(t), ¢ >0, (5.3)
0
where the function h : [0,00) — R is defined by

h(t) := /0 a(—s)ug(s)ds — /0 a(t — s)up(s)ds + /Otf(s) ds, t>0.

—0o0 —00

Note that h is well-defined by the assumptions on uy and f and that h belongs
to Cy|0, 00).
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Definition 5.2.1 A solution to problem (5.2) is a strongly Borel measurable
function U : R — L?*(Q) with the following properties:

fo (t = $)||U(8)||2(e) ds < oo for every ¢ > 0;
(ii) U satisfies (5.3) for every ¢t > 0;
(i) U(t) = up(t)1q for almost every ¢ < 0.

Analogous to Section 3.1 we have that a solution U to problem (5.2) belongs to
L'(0,T; L*(Q)) for every T' > 0. Moreover, we observe that if U is a solution to
problem (5.2), then Ul ) is a solution to problem (5.3) in the sense of Definition
4.3.1. Therefore Theorem 4.3.2 states the following:

Theorem 5.2.2 Problem (5.2) admits at most one solution.

Note that when o = 0 the following proposition holds and hence, the results of
Chapter 3 apply.

Proposition 5.2.3 If the scalar linear Volterra integrodifferential equation

t

il a(t = syu(s)ds = f(t), >0, (5.4)

u(t) = uo(t), t<0,
admits a solution u : R — R in the sense of Definition 3.1.1, then problem (5.2)
with 0 = 0 admits a unique solution Uger, and Uge has the representation
Udet(t) = u(t)1g, t €R. (5.5)
Now we consider problem (5.2) with 0 = 1 and f and wug identically zero, that is,
d rt

T a(t —s)U(s)ds

Il
Sy
=
~
V
=

(5.6)

which is interpreted as

/ta(t — $)U(s)ds = B(t), t>0.

Theorem 5.2.4 If a belongs to K with a(a) € (3, 1), then problem (5.6) admits

a unique solution Ug. Moreover, Ug belongs to C*¢([0,T]; L*(2)) for all T > 0

and ¢ € (0,(a) — 1), and Ug has the representation

{% fOtJ((ﬁIH — A)S(t — s)m)B(s)ds, t>0,

Up(t) =
(1) 0, t<0.

(5.7)
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PROOF: We use Corollary 5.1.16 and apply Theorem 4.3.3 with X := L?(Q),
h::B,and'y::%. U

Corollary 5.2.5 If a belongs to K with a(a) € (3,1) and if problem (5.4) admits

a solution u : R — R in the sense of Definition 3.1.1, then problem (5.2) admits
a unique solution U, and U has the representation

U(t) = Uaes(t) + oUg(L), t€R,

where Uger and Ug are given by (5.5) respectively (5.7).

5.3 Stochastic convolution

Let © := ([0, 00) be endowed with the metric d defined in Theorem 5.1.14 and
let F be the Borel o-algebra on (2,d). Let {B(t)}:>o be standard Brownian
motion on (2, F,P) where P is the Wiener measure, that is, for all ¢ > 0 and
w € Q, B(t)(w) := w(t), see Theorem 5.1.14.

5.3.1 The direct approach

Let a : (0,00) — R belong to the class K and let b : (0,00) — R denote the
resolvent of the first kind of a. If a(a) € (3, 1), then b belongs to L*(0, T) for every
T > 0 by Theorem 3.7.7. In that case we define the function Z : [0, 00) — L*(Q)
by
t
b(t —s)dB(s), t>0,
Z(t) = Jo bt = 5) dB(s) (5.8)
0, t=0.
Note that Z is well-defined as a Wiener integral. Moreover, Proposition 5.1.22(iii)
implies that {Z(t)}+>0 is a centered Gaussian system with covariance

min{s,t}
E(Z(t)Z(s)) :/ (b(e))* do, s,t > 0.
0
Lemma 5.3.1 If a belongs to K with (a) € (3,1), then Z, given by (5.8), is
continuous.

PROOF: The continuity of Z at t = 0 follows from

t

: 2 : 2
ltllI(I)l ||Z(t)HL2(Q) = ltllr(l)l i (b(s))"ds = 0.
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Now let ¢ > 0 and T" > t. Let {t,}32, be a sequence in [0,7] such that
lim,, .o t, =t. Then we have forn =1,2,---,

1Z(t.)
= /0 (1[0,tn)(5)b(tn —s) — 1[0,t)(3)b<t _ S))Q ds

n t min{ty,t}
:/0 (b(a))2d0+/0 (b(0))? da—?/g b(o) b(o + [t — tn]) do

min{ty,t} max{ty,t}
= 2/0 b(o) (b(o) —b(o + |t —t,])) do + / (b(a))2 do.

min{ty,t}

1220

/o (L) ()b(ta = 5) = Loy ()bt = 5)) dB(s)

2

L2(Q)

Therefore the continuity of Z at t is a result of Lebesgue’s dominated convergence
theorem. 0

Proposition 5.3.2 If a belongs to K with a(a) € (3,1) and Z is given by (5.8),
then

¢
/ a(t —s)Z(s)ds = B(t), t>0.
0
PROOF: Forn =1,2,--- let a, : [0,00) — R be defined by
ap(t) ==alt+1), t>0.
Then lim,_.o [|a, — a|| 1107y = 0 and a,, belongs to L*(0,T) for n =1,2,--- and
every "> 0. Let t > 0. For n =1,2,--- we define f, : [0,¢] x [0,t] — R by

Ful(s,0) = {gn(t —s)b(s—0), 0<o<s<t,

0<s<og<t.

Note that f,, is Borel measurable and belongs to L*([0,t] x [0,¢]) forn =1,2,---.
Thus we can apply Theorem 5.1.25 to obtain

/ot“"(t_s)z@dsi/: an(t = s) (/ 0 (S—a)dB(a)> s
:/;O</Jt:0fn(s,a)d3 )ds_ (/ f(s.0)d > -
—/;O </s;an(t—s)b(s—a) ) B(o)

_/;0 </;00“n<t—0—s>b(s) ds) dB(0), n=1,2--.
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To finish the proof it is sufficient to show that we have the following limits in
L3(9):

t

lim [ a,(t—s)Z(s)ds = /0 a(t — s)Z(s)ds, (5.9)

n—oo 0

t
lim (
n—oo
o=0

Since Z belongs to C'([0,¢]; L*(€2)) by Lemma 5.3.1 and lim,, .o ||an—al 1104 = 0,
the theory of convolutions implies that (5.9) holds. Moreover, as b belongs to
L?(0,t) we have the next limit in L?(0,t):

/ T an(t— o — $)b(s) ds) dB(o) = B(t). (5.10)

=0

t—o

lim (an(t—0o—s)—alt —o —s))b(s)ds =1, o €[0,t). (5.11)

n—oo 0

Since B(t) = f(f dB(o) and fotfg a(t — o — s)b(s)ds = 1 for every o € [0,t), we

have
t t—o
/ (/ a,(t — o — s)b(s) ds> dB(o) — B(t)
o=0 s=0 LQ(Q)
t t—o
= / (/ (an(t —o —s) —a(t — o — s))b(s) ds) dB(o)
o=0 s=0 L2(Q)
t—o
- ‘/ (an(t — o —s) —a(t — o — 5))b(s) ds .
5=0 12(0,t)
Now (5.10) follows from (5.11). This finishes the proof. O

Lemma 5.3.3 If a belongs to K with a(a) € (3,1), if Ug is the solution to
problem (5.6), and if Z is given by (5.8), then

PROOF: First we observe that Ug and Z are continuous on [0, c0) by Theorem
5.2.4 respectively Lemma 5.3.1. Moreover, by Definition 5.2.1 and Proposition
5.3.2 we have

/0 a(t —s)Up(s)ds = B(t) = /0 a(t —s)Z(s)ds, t>0.

This implies that

/0 a(t — s)(Ug(s) — Z(s),x>L2(Q) ds=0, t>0,2¢c L*0).
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Now it follows from Corollory 1.2.2 that (Ug(s) — Z(s),x>L2(Q) = 0 for every

r € L?(Q) and almost every ¢ > 0. Hence, using the continuity of Uz and Z on
[0, 00) we have Ug(t) = Z(t) for every ¢t > 0. O

We remark that due to Theorem 3.7.7 and the representation (5.7) of the solution
Upg to problem (5.6), Lemma 5.3.3 states that if a belongs to K with a(a) € (%, 1),
then

d t

dt Jy
Theorem 5.3.4 Let a belong to K with a(a) € (3,1) and let Ug be the solution
to problem (5.6). Let ug satisfy Hypothesis 3.6.2, let f : [0,00) — R be such
that problem (5.2) with o = 0 admits a solution Uge, and let o € R. Then

U:R — L*9), given by

b(t—s)B(s)ds_/Otb(t—s)dB(s), £>0.

U(t) == Uges(t) + oUp(t), t€R,

is the unique solution to problem (5.2). Moreover, {U(t)}i>o is a Gaussian system
with mean

and covariance

min{s,t}
]E((U(t) —EU®)(U(s) - IEU(s))> - /0 (b(e))* do, t,5 > 0.

PROOF: The theorem follows from Proposition 5.2.3, Theorem 5.2.4, and Lemma
5.3.3. 0

5.3.2 The semigroup approach

In this section we follow our semigroup approach to study problem (5.6). Anal-
ogous to Section 3.7 we first consider the abstract stochastic problem

Ly(t) = A U(t) + (BIy — AT B(t), t>0,

(5.12)
v(0) =0.
We recall that the function 7 € H is defined by
1 1
() :

B TOrE

Moreover, Proposition 3.5.7 implies that 7 belongs to (H,D(A))g2 for every 6 €
(0,1) such that 6 < H%m) and hence, (8Iy — A_1)m belongs to (H_1, H)go
by Proposition 1.4.18. Therefore we can consider problem (5.12) in the space
(H_1,H)go.
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Proposition 5.3.5 Problem (5.12) admits a unique (H_y, H )y 2-valued weak so-
lution {¥(t)}i>0 for every 6 € (0,1) such that 6 < H%“") Moreover, the weak
solution is a centered Gaussian process with the representation

W(t) = /OtWH — A)S(t— s)wdB(s), t>0.

PROOF: We refer to [DPZ92, pages 121, 119, Theorems 5.4, 5.2], noting that for
all 7> 0 and 6 € (0,1) such that 6 < H+(a),

/OT Tr (S_l(t)(ﬁfH — A {(S*(t) -, (BIy — A_l)w>(H—1’H)9’2> «

T
= [ IS8 = Al

2
< TH(B]H — A_1)7TH(H_17H)9’2 max{||S_1(t)||%((H717H)972); te [O,T]} < 00.
[l

For a proof of the following proposition see [DPZ92, pages 133, 134, Propositions
5.15, 5.16].

Proposition 5.3.6 If a belongs to K with a(a) € (0, 1), then for all 6,1 € (0, 1)
such that n < 6 < H%“") and 0 —n > 3 the weak solution {¥(t)};>o to problem
(5.12) is an (H,D(A)),2-valued centered Gaussian process. Moreover, for all
T>0and (€ (0, 0—n— %) we have that for almost every w € Q) the mapping

t— W(t)(w) belongs to C*([0,T]; (H,D(A)),.2)-
Now we return to problem (5.6).

Theorem 5.3.7 If a belongs to K with a(a) € (3,1), then problem (5.6) admits
a unique solution U and for all T > 0 and ¢ € (0,a(a) — 1) we have that for
almost every w € Q the mapping t — U(t)(w) belongs to C*¢[0,T]. Moreover,
if 0,m € (0,1) are such that %@ <n<#6< H%““) and § —n > 1, and if

{W(t)}i0 is the (H,D(A)),2-valued weak solution to problem (5.12), then U has
the representation

U(t) =

J(U(t), t=>0,
0, t<0.

The proof of this theorem is an application of the Hilbert-valued theory given in
Section 4.1 to the special case X := L*(Q).

With this result we establish a state-space setting for stochastic convolution equa-
tions, so that the solutions can be considered within the framework of Markov
processes. This opens the door for investigations in stationary asymptotic distri-
butions, transition probabilities, and the Kolmogorov equation.
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Summary

of the thesis:
An analytic semigroup approach to

convolution Volterra equations

This thesis is concerned with Volterra integrodifferential equations of convolution
type with completely monotonic kernels. A motivation for studying this type of
equations emanates from models involving memory, for example when considering
heat flow in a material with memory. The main objective is to provide an analytic
semigroup setting for these equations, based on the complete monotonicity of the
kernel. Bernstein’s theorem allows for rewriting the Volterra equation into an
abstract Cauchy problem in an appropriate Hilbert space, in such a way that
the operator governing this problem generates an analytic semigroup. Then the
solution to the abstract Cauchy problem, together with interpolation methods,
is used to obtain existence and regularity of solutions to the Volterra equation,
as well as a representation formula.

The core of the thesis is Chapter 3, where we consider the scalar linear Volterra
integrodifferential equation

d t

N a(t — s)u(s)ds = f(t), t>0,

u(t) = up(t), t<0.

When f is identically zero, this equation can be rewritten into the homogeneous
abstract Cauchy problem

(10(0) = ¢0>

where A is the infinitesimal generator of an analytic semigroup in a Hilbert space
H. By means of a linear functional acting on the solution ¢ to the homogeneous
abstract Cauchy problem we obtain a solution u to the Volterra equation.
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When f is not identically zero, it turns out that we cannot use the homogeneous
abstract Cauchy problem as a semigroup setting. Instead, we think of an inho-
mogeneous abstract Cauchy problem in a larger space than H. We then solve
this problem in an appropriate interpolation space (H,D(A)),2 with n € (0, 1),
and use its solution to obtain a solution to the Volterra equation.

One aspect of our semigroup approach is not immediately clear. A solution ¢ to
the homogeneous abstract Cauchy problem is an equivalence class in the Hilbert
space, but we shall need a version of the equivalence class to show that the
constructed function u is a solution to the Volterra equation. This problem is
considered in Chapter 2.

In Chapter 4 we study three different types of Volterra integrodifferential equa-
tions in a separable Hilbert space X. Section 4.1 treats the X-valued equivalent
of the scalar linear Volterra equation. In Section 4.2 we discuss the semilinear
X-valued Volterra equation

t

G/ a(t — s)u(s)ds = f(t,u(t)), t>0,

u(t) = up(t), t<0.

Section 4.3 is concerned with the first kind linear X-valued Volterra equation

/ta(t —s)u(s)ds = h(t), t>0.

We are motivated to study this equation by the application of a stochastic pertur-
bation of the linear Volterra equation in Chapter 5. In this chapter we consider
the stochastic linear Volterra integrodifferential equation

d t

il a(t —s)U(s)ds = f(t) + oB(t), t>0,

U(t) = uo(t), t<0,

where {B(t)}:>0 is standard Brownian motion.

K.W. Homan,
Delft, February 2003



Samenvatting

van het proefschrift:
Een analytische halfgroep benadering voor

convolutie Volterra vergelijkingen

Dit proefschrift gaat over Volterra integrodifferentiaalvergelijkingen van convolu-
tie type met volledig monotone kernen. Een beweegreden om dit type vergelijkin-
gen te bestuderen komt voort uit modellen die het verleden bevatten, bijvoorbeeld
een model dat de warmtestroming beschrijft in een materiaal met geheugen. Het
streven is om een analytische halfgroep benadering voor deze vergelijkingen op te
zetten, uitgaande van de volledig monotoniciteit van de kern. Middels de stelling
van Bernstein kan de Volterra vergelijking herschreven worden tot een abstract
Cauchy probleem in een geschikte Hilbert ruimte, zodanig dat de operator die
bepalend is voor het probleem een analytische halfgroep genereert. Vervolgens
wordt de oplossing voor het abstracte Cauchy probleem, in combinatie met in-
terpolatiemethoden, gebruikt om zowel existentie en regulariteit van oplossingen
voor de Volterra vergelijking te verkrijgen, alsmede een representatie.

De kern van het proefschrift is Hoofdstuk 3, waarin we de volgende scalaire li-
neaire Volterra integrodifferentiaalvergelijking beschouwen:

t

N a(t — s)u(s)ds = f(t), t>0,

u(t) = uo(t), t<O0.

In geval f identiek nul is, kan deze vergelijking herschreven worden tot het ho-
mogenene abstracte Cauchy probleem

©(0) = o,

waar A de infinitesimale generator van een analytische halfgroep in een Hilbert
ruimte H is. Door middel van een lineaire functionaal, losgelaten op de oplossing
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@ voor het homogenene abstracte Cauchy probleem, komen we tot een oplossing
u voor de Volterra vergelijking.

In geval f niet identiek nul is, blijkt het homogene abstracte Cauchy probleem
niet bruikbaar te zijn als halfgroep benadering. In plaats daarvan denken we
aan een inhomogeneen abstract Cauchy probleem in een grotere ruimte dan H.
Voor dit probleem bepalen we een oplossing in een geschikte interpolatieruimte
(H,D(A)),2 met n € (0,1), die we benutten om een oplossing voor de Volterra
vergelijking te construeren.

Eén aspect in onze halfgroep benadering is niet onmiddelijk duidelijk. Een oplos-
sing ¢ voor het homogene abstracte Cauchy probleem is een equivalentieklasse
in de Hilbert ruimte, maar we zullen een versie van de equivalentieklasse nodig
hebben om te bewijzen dat de geconstrueerde functie u de oplossing is voor de
Volterra vergelijking. Dit probleem wordt behandeld in Hoofdstuk 2.

In Hoofdstuk 4 beschouwen we drie verschillende typen Volterra integrodifferen-
tiaalvergelijkingen in een separabele Hilbert ruimte X. Paragraaf 4.1 beschrijft
de X-waardige variant van de scalaire lineaire Volterra vergelijking. In Paragraaf
4.2 behandelen we de semilineaire X-waardige Volterra vergelijking

d t
P i a(t — s)u(s)ds = f(t,u(t)), t >0,
u(t) = uo(t), t<0.

Paragraaf 4.3 gaat over de volgende lineaire X-waardige Volterra vergelijking van
de eerste soort:

/ta(t — s)u(s)ds = h(t), t>0.

Het idee om dit probleem te bestuderen komt voort uit de toepassing van een
stochastische verstoring van de lineaire Volterra vergelijking in Hoofdstuk 5. In
dit hoofdstuk beschouwen we de stochastische lineaire Volterra integrodifferenti-
aalvergelijking

waar {B(t)}:>o standaard Brownse beweging is.

K. W. Homan,
Delft, februart 2003
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