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Introduction

This thesis is concerned with Volterra integrodifferential equations of convolution

type with completely monotonic kernels. The main objective is to provide an an-

alytic semigroup setting for these equations, based on the complete monotonicity

of the kernel. Bernstein’s theorem allows for rewriting the Volterra equation

into an abstract Cauchy problem in an appropriate infinite dimensional Hilbert

space, in such a way that the operator governing this problem generates an an-

alytic semigroup. Then the solution to the abstract Cauchy problem, together

with interpolation methods, is used to obtain existence and regularity of solutions

to the Volterra equation, as well as a representation formula.

The type of Volterra equations studied in this thesis is the semilinear X-valued

Volterra integrodifferential equation

d

dt

∫ t

−∞
a(t− s)u(s) ds = f(t, u(t)), t > 0,

u(t) = u0(t), t ≤ 0,

(1)

where X is a real separable Hilbert space, where the function u0 : (−∞, 0] → X is

locally integrable, where the function f : [0,∞)×X → X is Hölder continuous in

the first variable and globally Lipschitz continuous in the second, and where the

kernel a : (0,∞) → R is completely monotonic, locally integrable, and singular

at zero.

A motivation for studying this type of Volterra equations emanates from models

involving memory, for example in the theory of viscoelasticity where the nonlinear

stress-strain relations are of memory type, see [RHN87] and [Eng96]. As another

example we consider heat flow in a material with memory as described in [Nun71]

and [CDP97]. We also refer to [CN81], [Noh81], [LN84], [CP90], [Lun90], [Prü93],

[GL95], and to [Jak01] and [Zac03].

Example. We consider heat flow in a bar of length l. At time t ∈ R and position

x ∈ [0, l] the temperature of the bar is denoted by u(t, x), the density of internal

energy by e(t, x), the heat flux by q(t, x), and the heat supply by f(t, x). The

1
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functions e, q, and f are related to each other by the energy balance (the law of

conservation of energy)

∂
∂t
e(t, x) = − ∂

∂x
q(t, x) + f(t, x), t ∈ R, x ∈ [0, l]. (2)

Moreover, e and q are related to the temperature u and its gradient ∂
∂x
u by the

constitutive laws

e(t, x) = b0u(t, x) +

∫ t

−∞
β(t− s)u(s, x) ds, t ∈ R, x ∈ [0, l], (3)

q(t, x) = −c0 ∂
∂x
u(t, x) +

∫ t

−∞
γ(t− s) ∂

∂x
u(s, x) ds, t ∈ R, x ∈ [0, l], (4)

where the constants b0 ≥ 0 and c0 ≥ 0 denote the heat capacity respectively the

thermal conductivity of the bar, and where the functions β and γ denote the

internal energy relaxation function respectively the heat flux relaxation function

of the bar. By combining (2), (3), and (4) we obtain the linear heat equation

with memory

∂

∂t

(
b0u(t, x) +

∫ t

−∞
β(t− s)u(s, x) ds

)
(5)

= c0
∂2

∂x2u(t, x)−
∫ t
−∞ γ(t− s) ∂2

∂x2u(s, x) ds+ f(t, x), t ∈ R, x ∈ [0, l].

The functions β and γ usually are of the form

n∑
k=1

cke
−αkt, t > 0,

where n ∈ N and ck, αk > 0 for k = 1, · · · , n, or more generally, β and γ are

completely monotonic functions. For the sake of simplicity we assume that γ is

identically zero.

In order to characterize u completely we need initial and boundary value condi-

tions. We choose Dirichlet boundary conditions

u(t, 0) = u(t, l) = 0, t ≥ 0. (6)

In addition, we assume that at every position x ∈ [0, l] the history of the tem-

perature u(t, x) is known at every time t ≤ 0, that is,

u(t, x) = u0(t, x), t ≤ 0, x ∈ [0, l], (7)

for some given function u0.
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We reformulate the linear heat equation (5) as a Volterra integrodifferential equa-

tion in a Hilbert space X by means of an unbounded linear operator L : D(L) ⊆
X → X. Let X := L2(0, l) and let L be defined by

D(L) := W 2,2(0, l) ∩W 1,2
0 (0, l),

(Lu)(x) := d2

dx2u(x), u ∈ D(L), x ∈ (0, l).

Now (5) together with (6) and (7) becomes

d

dt

(
b0u(t) +

∫ t

−∞
β(t− s)u(s) ds

)
= c0Lu(t) + f(t), t > 0,

u(t) = u0, t ≤ 0.

(8)

Note that when β is identically zero, the Volterra integrodifferential equation (8)

reduces to an ordinary differential equation in X. We are interested in the case

b0 = 0. In this case we can replace the unbounded linear operator L in (8) by its

Yosida approximation, which is a bounded linear operator, so that problem (8)

is of the form (1), and then pass to the limit. However, this is beyond the scope

of the thesis. �

The semigroup approach based on the complete monotonicity of the kernel has

been initiated in [DM88], has been used in the context of viscoelasticity in

[DG89], and has been generalized to a larger class of kernels in [Sta94]. In

contrast to other semigroup approaches to Volterra equations, as for example

in [Mil74] and [GLS90], this one leads to an analytic semigroup. The price for

embedding integral or delay equations in a semigroup setting often is some loss

of regularity. However, this approach yields regularity results which are close to

optimal.

We are able to treat existence and regularity of solutions to problem (1) within

the setting of analytic semigroups and interpolation spaces, see [BL76], [Tri78],

[Paz83], [CHA+87], [Ama95], [Lun95], and [MCSA01]. This sheds a new light on

results obtained by more direct methods, for which we refer to [DPI85], [GLS90],

[GV91], [Prü93], and [Baj01]. Moreover, it opens access to a powerful analytic

machinery, in particular tools for a stochastic perturbation of problem (1) by

white noise. Finally, this setting paves the way for a formulation of the Kol-

mogorov equations corresponding to a stochastic perturbation of (1). For the

well-established theory of stochastic perturbation in combination with analytic

semigroups and Kolmogorov equations we refer to [DPZ92]. Furthermore, we

refer to [DPZ96], [CDPP97], [BvN00], [KZ00a], [KZ00b], [Bon01], [BT01], and

[DPZ02].



4 Introduction

For the moment we restrict ourselves to the scalar linear Volterra integrodifferen-

tial equation
d

dt

∫ t

−∞
a(t− s)u(s) ds = f(t), t > 0,

u(t) = u0(t), t ≤ 0,

(9)

where the functions u0 : (−∞, 0] → R and f : [0,∞) → R are locally integrable,

and where the kernel a : (0,∞) → R is completely monotonic, locally integrable,

and singular at zero. In case u0 is identically zero it is known that problem (9)

admits a unique solution u, and that u has the representation

u(t) =

{∫ t
0
b(t− s)f(s) ds, t > 0,

0, t ≤ 0,
(10)

where b : (0,∞) → R is the resolvent of the first kind of the kernel a, that is, b

has the same properties as a and satisfies∫ t

0

a(t− s)b(s) ds = 1, t > 0,

see [GLS90]. As our model problem we choose the kernel a to be given by

a(t) :=
t−α

Γ(1− α)
, t > 0,

where α ∈ (0, 1). Then the Volterra equation (9) amounts to the fractional

derivative of the function u of order α:

Dα u(t) = f(t), t > 0,

u(t) = 0, t ≤ 0.
(11)

Even more, the resolvent b of the first kind of a is given by

b(t) :=
t1−α

Γ(α)
, t > 0,

and the solution u given by (10) is the fractional integral of the function f of

order α.

In this thesis we extend the result above to the case when u0 is not identically

zero, for which to our knowledge there is no general theory. We always assume

that a belongs to the class K of completely monotonic kernels, defined by

K :=
{
a : (0,∞) → R; a completely monotonic, a ∈ L1(0, 1), a(0+) = +∞

}
.
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With every kernel a ∈ K we associate a number α(a) ∈ [0, 1] that plays the role

of α in the case of our model problem (11).

Heuristically, the semigroup approach can be explained as follows. By Bernstein’s

theorem, see [Wid41], there exists a unique Borel measure ν on [0,∞) such that

a(t) =

∫
[0,∞)

e−κt ν(dκ), t > 0. (12)

The idea is to substitute this expression into (9). For this purpose we define the

function ψ : [0,∞)× [0,∞) → R by

ψ(t, κ) :=

∫ t

−∞
e−κ(t−s)u(s) ds, t ≥ 0, κ ≥ 0,

where the function u : R → R is such that (9) holds. Note that ψ is the solution

to the initial value problem

∂
∂t
ψ(t, κ) = u(t)− κψ(t, κ), t > 0, κ ≥ 0,

ψ(0, κ) = ψ0(κ), κ ≥ 0,
(13)

where the initial value ψ0 : [0,∞) → R is defined by

ψ0(κ) :=

∫ ∞

0

e−κsu0(−s) ds, κ ≥ 0.

By substituting (12) into (9) we obtain

d

dt

∫ t

−∞
a(t− s)u(s) ds =

d

dt

∫ t

−∞

(∫
[0,∞)

e−κ(t−s) ν(dκ)

)
u(s) ds

=
d

dt

∫
[0,∞)

(∫ t

−∞
e−κ(t−s)u(s) ds

)
ν(dκ) =

d

dt

∫
[0,∞)

ψ(t, κ) ν(dκ)

=

∫
[0,∞)

∂
∂t
ψ(t, κ) ν(dκ) =

∫
[0,∞)

(
u(t)− κψ(t, κ)

)
ν(dκ), t > 0.

Therefore, ψ is subject to the constraint∫
[0,∞)

(
u(t)− κψ(t, κ)

)
ν(dκ) = f(t), t > 0. (14)

We remark that at this stage we have a differential equation without memory,

namely (13). In order to solve the initial value problem (13) we use a semi-

group approach to rewrite (13) together with the constraint (14) into an abstract

differential equation in a suitable Hilbert space. We proceed in two steps.
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The first step is to assume that f is identically zero. In this case it appears that

we can rewrite the initial value problem (13) and the constraint (14) into the

homogeneous abstract Cauchy problem

d
dt
ϕ(t) = Aϕ(t), t > 0,

ϕ(0) = ψ0,
(15)

where A is the infinitesimal generator of a quasi-contractive analytic semigroup

{S(t)}t≥0 on a Hilbert space H. In this way we obtain a solution ϕ to the

homogeneous abstract Cauchy problem (15). It remains to find a way going from

ϕ to a solution u to problem (9) with f identically zero. It turns out that this is

possible by means of an unbounded linear functional J on H, so that u has the

representation

u(t) =

{
J(ϕ(t)), t > 0,

u0(t), t ≤ 0.

We fix an arbitrary β > 0 and define the Hilbert space H of equivalence classes

by

H :=
{
ϕ : [0,∞) → R;ϕ Borel measurable and∫

[0,∞)

|ϕ(κ)|2(κ+ β) ν(dκ) <∞
}
.

We want A to act on ψ like(
Aψ(t, ·)

)
(κ) = u(t)− κψ(t, κ), t > 0, κ ≥ 0, (16)

with the additional condition that∫
[0,∞)

(
u(t)− κψ(t, κ)

)
ν(dκ) = 0, t > 0.

Therefore we define the linear functional J : D(J) ⊆ H → R by

D(J) :=
{
ϕ ∈ H; there exists (a unique) u ∈ R such that κ 7→ u− κϕ(κ) ∈ H

}
,

J(ϕ) := u, ϕ ∈ D(J).

Now we define A as follows:

D(A) :=

{
ϕ ∈ D(J);

∫
[0,∞)

(
J(ϕ)− κϕ(κ)

)
ν(dκ) = 0

}
,

(Aϕ)(κ) := J(ϕ)− κϕ(κ), ϕ ∈ D(A), κ ≥ 0.
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In the second step we continue with f not identically zero. Without loss of

generality we assume that u0 is identically zero. Let the linear functional I :

D(J) → R be defined by

I(ϕ) :=

∫
[0,∞)

(
J(ϕ)− κϕ(κ)

)
ν(dκ), ϕ ∈ D(J).

Since the constraint (14) suggests that I
(
ψ(t, ·)

)
= f(t) for every t > 0, the

mapping κ 7→ ψ(t, κ) does not belong to D(A) for every t > 0. In particular,

(16) will not hold. Therefore the homogeneous abstract Cauchy problem (15) is

of no use. The idea is to modify (15). For this purpose we think of a function

π ∈ D(J) with I(π) = 1, that is, π has the property that for every ϕ ∈ D(J)

the function ϕ − I(ϕ)π belongs to D(A). It appears that the following choice is

satisfactory:

π(κ) :=
1

βâ(β)

1

κ+ β
, κ ≥ 0.

Furthermore, we define the linear operator Ã : D(J) → H by

(Ãϕ)(κ) := J(ϕ)− κϕ(κ), ϕ ∈ D(J), κ ≥ 0.

It turns out that Ã(π) = βπ. Now we observe that if J
(
ψ(t, ·)

)
= u(t) for every

t > 0, then we have

d
dt
ψ(t, ·) = Ãψ(t, ·) = A

(
ψ(t, ·)− I

(
ψ(t, ·)

)
π
)

+ I
(
ψ(t, ·)

)
Ãπ

= A
(
ψ(t, ·)− f(t)π

)
+ βf(t)π, t > 0.

This suggests to consider the following inhomogeneous abstract Cauchy problem

in an extrapolation space H−1 of H:

d
dt
ϕ(t) = A−1ϕ(t) + f(t)(βIH − A−1)π, t > 0,

ϕ(0) = 0.
(17)

However, if ϕ is a solution to problem (17), then we cannot expect ϕ to belong to

D(J), since (βIH − A−1)π belongs to H−1. Therefore we would like π to belong

to an interpolation space (H,D(A))θ,2 and J to have a continuous extension to

an interpolation space (H,D(A))η,2, for some θ, η ∈ (0, 1) with η ≤ θ. Such η and

θ exist indeed. In this way we obtain a solution ϕ to the inhomogeneous abstract

Cauchy problem (17) with values in (H,D(A))η,2. Moreover, problem (9) with u0

identically zero admits a solution u, and u has the representation

u(t) =

{
J(ϕ(t)), t > 0,

0, t ≤ 0.
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One aspect of our semigroup approach is not immediately clear. A solution ϕ

to the homogeneous abstract Cauchy problem (15) is an equivalence class in the

Hilbert space, but we shall need a version of the equivalence class ϕ to show

that the constructed function u is a solution to problem (9). This problem is

considered in Chapter 2. The main result is that if the semigroup is analytic,

then the solution ϕ to the homogeneous abstract Cauchy problem has an analytic

version.

Chapter 3 is concerned with the scalar linear Volterra integrodifferential equation

(9). This chapter is the core of the thesis, where the semigroup approach as

explained above is done in detail. In Chapter 4 we study three different types

of Volterra integrodifferential equations in a separable Hilbert space X. We use

the X-valued equivalents of the Hilbert space H, the linear functional J , the

linear operator A, and the analytic semigroup {S(t)}t≥0. These are denoted

by respectively H, J , A, and {S(t)}t≥0. Section 4.1 treats the Hilbert-valued

equivalent of the scalar linear Volterra integrodifferential equation (9), which is a

straightforward generalization of the scalar case. We state the two main results

in the Hilbert-valued case.

Hypothesis 4.1.3. The function u0 : (−∞, 0] → X is strongly Borel measur-

able and has the following properties:

(i) There exist M1 > 0 and ω > 0 such that ‖u0(t)‖ ≤M1e
ωt for every t ≤ 0;

(ii) There exist M2 > 0 and δ > 0 such that ‖u0(0) − u0(t)‖ ≤ M2|t| for every

t ∈ [−δ, 0].

Theorem 4.1.20. Let u0 satisfy Hypothesis 4.1.3. If a belongs to K with

α(a) ∈ (0, 1), then the X-valued equivalent of problem (9) with f identically zero

admits a unique solution u. Moreover, u is real analytic in (0,∞), belongs to

C0,ζ([0, T ];X) for all T > 0 and ζ ∈ [0, α(a)), and has the representation

u(t) =

{
J
(
S(t)ψ0

)
, t > 0,

u0(t), t ≤ 0.

Theorem 4.1.26. Let f : [0,∞) → X belong to Lp(0, T ;X) for some p ∈ [1,∞)

and every T > 0. If a belongs to K with α(a) ∈ (0, 1), then the X-valued

equivalent of problem (9) with u0 identically zero admits a unique solution u,

and u has the representation

u(t) =

{∫ t
0
J
(
(βIH − A)S(t− s)π

)
f(s) ds, t > 0,

0, t ≤ 0.

Moreover, for all T > 0 and ζ ∈ (0, α(a)) the following holds:
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(i) If p = 1, then u belongs to Lq(0, T ;X) for every q ∈
[
1, 1

1−ζ

)
;

(ii) If p ∈
(
1, 1

ζ

)
, then u belongs to Lq(0, T ;X) where q := p

1−ζp ;

(iii) If p = 1
ζ
, then u belongs to Lq(0, T ;X) for every q ∈ [1,∞);

(iv) If p ∈
(

1
ζ
,∞
)
, then u belongs to C

0,ζ− 1
p

0 ([0, T ];X).

In particular, if f belongs to C0,γ
0 ([0, T ];X) for some γ ∈ (0, 1) and every T > 0,

then u belongs to

C [γ+ζ],γ+ζ−[γ+ζ]([0, T ];X)

for all T > 0 and ζ ∈ (0, α(a)) such that ζ 6= 1− γ.

Note that Theorem 4.1.26 is an extension of the Hardy-Littlewood inequalities

concerning fractional integrals, see [HL28] and [GV91].

As a consequence of our semigroup approach we obtain a representation of the

resolvent of the first kind of the kernel a ∈ K.

Theorem 3.7.7. If a belongs to K with α(a) ∈ (0, 1), then the resolvent b of

the first kind of a has the representation

b(t) = J
(
(βIH − A)S(t)π

)
, t > 0.

If, in addition, α(a) > 1
2
, then b belongs to L2(0, T ) for every T > 0.

In Section 4.2 we discuss the semilinear Hilbert-valued Volterra integrodifferential

equation (1). The X-valued equivalent of the abstract Cauchy problem (17) is

the semilinear initial value problem

d
dt
ϕ(t) = A−1ϕ(t) + (βIH − A−1)π ⊗ f

(
t,J (ϕ(t))

)
, t > 0,

ϕ(0) = ψ0,
(18)

where a function ϕ⊗ x in H for all ϕ ∈ H and x ∈ X is defined by

(ϕ⊗ x)(κ) := ϕ(κ)x, κ ≥ 0.

The main result of this section is the following:

Hypothesis 4.2.2. The function f : [0,∞)×X → X is such that

(i) For every T > 0 there exists L > 0 such that∥∥f(t, x)− f(t, y)
∥∥ ≤ L‖x− y‖, t ∈ [0, T ], x, y ∈ X;
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(ii) There exists ϑ ∈ (0, 1) such that for all T > 0 and x0 ∈ X there exist r > 0

and K > 0 such that∥∥f(t, x)− f(s, x)
∥∥ ≤ K|t− s|ϑ, s, t ∈ [0, T ], x ∈ BX(x0; r).

Theorem 4.2.9. Let u0 and f satisfy Hypothesis 4.1.3 respectively Hypothesis

4.2.2. If a belongs to K with α(a) ∈ (0, 1), then problem (1) admits a unique

solution u, and u has the representation

u(t) =

{
J (ϕ(t)), t > 0,

u0(t), t ≤ 0,

where ϕ is the strict solution to problem (18) according to [Lun95]. Moreover, u

belongs to C0,ζ([0, T ]; X) for all T > 0 and ζ ∈ (0, α(a)), and u satisfies

u(t) = J
(
S(t)ψ0

)
+

∫ t

0

J
(
(βIH − A)S(t− s)π

)
f(s, u(s)) ds, t ≥ 0.

Motivated by the application of a stochastic perturbation of problem (9), Section

4.3 is concerned with the first kind linear Hilbert-valued Volterra equation∫ t

0

a(t− s)u(s) ds = h(t), t ≥ 0, (19)

where the function h : [0,∞) → X belongs to C0([0, T ];X) for every T > 0, see

also [Gri80], [Gri85], [GLS90], and [GV91]. We obtain the next theorem:

Theorem 4.3.3. Let h belong to C0,γ
0 ([0, T ];X) for some γ ∈ (1−α(a), 1) and

every T > 0. If a belongs to K with α(a) ∈ (0, 1), then problem (19) admits a

unique solution u. Moreover, u belongs to C0,γ+ζ−1([0, T ];X) for all T > 0 and

ζ ∈ (1− γ, α(a)), and u has the representation

u(t) =
d

dt

∫ t

0

J
(
(βIH − A)S(t− s)π

)
h(s) ds, t ≥ 0.

Finally, Chapter 5 deals with the stochastic linear Volterra integrodifferential

equation
d

dt

∫ t

−∞
a(t− s)U(s) ds = f(t) + σḂ(t), t > 0,

U(t) = u0(t), t ≤ 0,

(20)

where σ ∈ R, and where {B(t)}t≥0 is standard Brownian motion. To give (20) a

meaning we interpret it as the stochastic first kind linear L2(Ω)-valued Volterra

equation ∫ t

0

a(t− s)U(s) ds = h(t)1Ω + σB(t), t ≥ 0, (21)
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where h : [0,∞) → R is given by

h(t) :=

∫ 0

−∞
a(−s)u0(s) ds−

∫ 0

−∞
a(t− s)u0(s) ds+

∫ t

0

f(s) ds, t ≥ 0.

In Section 5.2 we apply the results of Section 4.3 to problem (21). This leads to

the following theorem:

Theorem 5.2.4. If a belongs to K with α(a) ∈ (1
2
, 1), then problem (20), with

f and u0 identically zero and σ = 1, admits a unique solution U . Moreover, U

belongs to C0,ζ([0, T ];L2(Ω)) for all T > 0 and ζ ∈ (0, α(a)− 1
2
), and U has the

representation

U(t) =

{
d
dt

∫ t
0
J
(
(βIH − A)S(t− s)π

)
B(s) ds, t ≥ 0,

0, t < 0.

In Section 5.3 we obtain that the solution U in Theorem 5.2.4 is a centered

Gaussian system with covariance

E
(
U(t)U(s)

)
=

∫ min{s,t}

0

(
J
(
(βIH − A)S(τ)π

))2
dτ, t, s ≥ 0.

In particular, we prove that U is represented by the stochastic convolution

U(t) :=

{∫ t
0
J
(
(βIH − A)S(t− s)π

)
dB(s), t ≥ 0,

0, t < 0.

We conclude the introduction with the remark that the contents of Chapters 2

and 3, with the exception of Theorem 3.7.7, have appeared in [DH02] respectively

[CDH02], and will appear in [DH] respectively [CDH].
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Chapter 1

Preliminaries

1.1 Completely monotonic functions, Bernstein’s

theorem, and the Laplace transform

Definition 1.1.1 A function f : (0,∞) → R is called completely monotonic if f

belongs to C∞(0,∞) and

(−1)n
dn

dxn
f(x) ≥ 0, x > 0, n = 1, 2, · · · .

Lemma 1.1.2 A completely monotonic function f : (0,∞) → R has the follow-

ing properties:

(i) If f(x0) = 0 for some x0 > 0, then f is identically zero;

(ii) The function f has an analytic extension to {z ∈ C; Rez > 0};

(iii) If f(0+) = +∞, then (−1)n dn

dxnf(0+) = +∞ for n = 1, 2, · · · ;

(iv) (−1)n dn

dxnf(+∞) = 0 for n = 1, 2, · · · .

PROOF: For (i) and (ii) we refer to [GLS90, page 147, Theorem 2.8] respectively

[Wid41, page 146, Theorem 3a]. For (iii) and (iv) we use that for all 0 < x < T ,

f(x) = f(T ) +

∫ T

x

− d
dy
f(y) dy ≤ f(T )− (T − x) d

dx
f(x),

f(T ) = f(x) +

∫ T

x

d
dy
f(y) dy ≤ f(x) + (T − x) d

dx
f(T ).

�

For the following theorem we refer to [Wid41, pages 161, 12, Theorems 12b, 7a],

[Tay65, page 219, Theorem 4-10I], and [WZ77, page 201, Theorem 11.11].

13



14 Chapter 1. Preliminaries

Theorem 1.1.3 (S. Bernstein) A function f : (0,∞) → R is completely

monotonic if and only if there exists a Borel measure ν on [0,∞) such that

f(x) =

∫
[0,∞)

e−κx ν(dκ), x > 0.

In this situation, the measure ν is uniquely determined by f .

Lemma 1.1.4 Let f : (0,∞) → R be completely monotonic. Let ν be the unique

Borel measure on [0,∞) such that f(x) =
∫

[0,∞)
e−κx ν(dκ) for every x > 0. Then

the following holds:

(i) ν([0, T ]) <∞ for every T > 0;

(ii) It holds that

(−1)n dn

dxnf(x) =

∫
[0,∞)

e−κxκn ν(dκ), x > 0, n = 0, 1, · · · ;

(iii) f(0+) <∞ if and only if ν([0,∞)) <∞, and then f(0+) = ν([0,∞));

(iv) If f(0+) = +∞, then
∫

[0,∞)
κn ν(dκ) = +∞ for n = 0, 1, · · · ;

(v) f(+∞) = ν({0}).

PROOF: For (i) we refer to [Tay65, page 219, Theorem 4-10I]. �

Lemma 1.1.5 Let f : (0,∞) → R be completely monotonic and belonging to

L1(0, 1). Then the Laplace transform f̂ : (0,∞) → R is completely mono-

tonic. Moreover, if ν is the unique Borel measure on [0,∞) such that f(x) =∫
[0,∞)

e−κx ν(dκ) for every x > 0, then f̂ has the following properties:

(i) f̂(λ) =
∫

[0,∞)
1

κ+λ
ν(dκ) for every λ > 0;

(ii) − d
dλ
f̂(λ) =

∫
[0,∞)

1
(κ+λ)2

ν(dκ) for every λ > 0;

(iii) f̂(λ) + λ d
dλ
f̂(λ) =

∫
[0,∞)

κ
(κ+λ)2

ν(dκ) for every λ > 0;

(iv) The mapping λ 7→ λf̂(λ) is nondecreasing on (0,∞);

(v) f̂(λ0)− f̂(λ) ≤ λ−λ0

λ0
f̂(λ) for all 0 < λ0 < λ;

(vi)
(
1− λ2

0

(λ−λ0)2

)
f̂(λ)+ λ2

λ−λ0

d
dλ
f̂(λ)+

λ2
0

(λ−λ0)2
f̂(λ0) =

∫
[0,∞)

κ2

(κ+λ)2
1

κ+λ0
ν(dκ) for

all 0 < λ0 < λ.
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PROOF: The Laplace transform of f is well-defined since f is locally integrable

and nonincreasing. �

Lemma 1.1.6 Let f : (0,∞) → R be completely monotonic and belonging

to L1(0, 1). Let ν be the unique Borel measure on [0,∞) such that f(x) =∫
[0,∞)

e−κx ν(dκ) for every x > 0. Then the following holds:

(i)
∫

[T,∞)
1
κ
ν(dκ) <∞ for every T > 0;

(ii) limx↓0(−1)nxn+1 dn

dxnf(x) = 0 for n = 0, 1, · · · .

PROOF: Property (i) follows from Lemma 1.1.5(i). Property (ii) is a result of

Lemma 1.1.4(ii) and Lebesgue’s dominated convergence theorem, since we have

for n = 0, 1, · · · and every x ∈ (0, 1], using Lemmas 1.1.4(i) and 1.1.6(i),

(−1)nxn+1 dn

dxnf(x) =

∫
[0,∞)

e−κxκnxn+1 ν(dκ)

≤
∫

[0,1]

ν(dκ) + max{e−ttn+1; t ≥ 0}
∫

[1,∞)

1

κ
ν(dκ) <∞.

�

Lemma 1.1.7 Let f : (0,∞) → R be completely monotonic and belonging

to L1(0, 1). Let ν be the unique Borel measure on [0,∞) such that f(x) =∫
[0,∞)

e−κx ν(dκ) for every x > 0. Then the Laplace transform f̂ : (0,∞) → R has

a continuous extension to {z ∈ C\{0}; Rez ≥ 0} and for all λ ≥ 0 and ω ∈ R
such that λ+ iω 6= 0,

f̂(λ+ iω) =

∫
[0,∞)

1

κ+ λ+ iω
ν(dκ) =

∫
[0,∞)

κ+ λ− iω

(κ+ λ)2 + ω2
ν(dκ).

PROOF: By Lemma 1.1.2(ii) it is sufficient to prove that limλ↓0 f̂(λ + iω) =∫
[0,∞)

1
κ+iω

ν(dκ) for every ω 6= 0. Now this follows from Lebesgue’s dominated

convergence theorem, since we have using Lemmas 1.1.4(i) and 1.1.6(i),∫
[0,∞)

1

|κ+ iω|
ν(dκ) ≤ 1

|ω|

∫
[0,1]

ν(dκ) +

∫
[1,∞)

1

κ
ν(dκ) <∞, ω 6= 0.

�
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1.2 Titchmarsh’s theorem

Theorem 1.2.1 (E.C. Titchmarsh) If f, g ∈ C[0,∞) are such that∫ t

0

f(t− s)g(s) ds = 0, t > 0, (1.1)

then either f or g is identically zero.

For a proof of Titchmarsh’s theorem we refer to [Yos95, page 166, Theorem].

Corollary 1.2.2 Let f, g : (0,∞) → R be such that f and g belong to L1(0, T )

for every T > 0. If (1.1) holds, then either f(t) = 0 for almost every t > 0 or

g(t) = 0 for almost every t > 0.

PROOF: Using the commutative and associative laws for convolutions it follows

from (1.1) that the convolution of the mappings t 7→
∫ t

0
f(s) ds and t 7→

∫ t
0
g(s) ds

is identically zero. Now Theorem 1.2.1 implies that either
∫ t

0
f(s) ds = 0 for every

t ≥ 0 or
∫ t

0
g(s) ds = 0 for every t ≥ 0. Hence, either f(t) = 0 for almost every

t > 0 or g(t) = 0 for almost every t > 0, see [Tay65, page 415, Lemma 9-8V]. �

1.3 Resolvents of the first kind

Definition 1.3.1 Let a : (0,∞) → R be such that a belongs to L1(0, T ) for

every T > 0. A resolvent of the first kind of a is a function b : (0,∞) → R such

that b belongs to L1(0, T ) for every T > 0 and∫ t

0

a(t− s)b(s) ds = 1, t > 0.

Theorem 1.3.2 Let a : (0,∞) → R be such that a belongs to L1(0, T ) for every

T > 0. Then a has at most one resolvent of the first kind. If, in addition, a is

completely monotonic and a(0+) = +∞, then there exists a resolvent b of the

first kind of a, and b is completely monotonic and b(0+) = +∞.

For the theorem above we refer to [GLS90, pages 158-159, Theorems 5.2, 5.4].

Example 1.3.3 The function gα : (0,∞) → R with α > 0 is defined by

gα(t) :=
tα−1

Γ(α)
, t > 0, (1.2)
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where we recall that the Gamma function Γ : {z ∈ C; Rez > 0} → R is the

analytic function defined by

Γ(z) =

∫ ∞

0

e−ttz−1 dt, Rez > 0,

with the property that Γ(z + 1) = zΓ(z) whenever Rez > 0, see [WW52, pages

235-241]. The function gα has the following properties:

(i) ĝα(λ) = λ−α for every λ > 0;

(ii) For every γ > 0 it holds that∫ t

0

gα(t− s)gγ(s) ds = gα+γ(t), t > 0;

(iii) If α < 1, then gα satisfies Bernstein’s theorem with ν(dκ) = g1−α(κ) dκ,

that is,

gα(t) =
1

Γ(α)Γ(1− α)

∫ ∞

0

e−κtκ−α dκ, t > 0.

Note that property (ii) shows that the resolvent of the first kind of gα is g1−α.

For functions f, g : (0,∞) → R such that f and g belong to L1(0, T ) for every

T > 0 we denote the function f ∗ g : (0,∞) → R by

(f ∗ g)(t) :=

∫ t

0

f(t− s)g(s) ds, t > 0.

Proposition 1.3.4 Let α ∈ (0, 1) and let f belong to Lp(0, T ) for some p ∈
[1,∞) and some T > 0. Then the following holds:

(i) If p = 1, then gα ∗ f belongs to Lq(0, T ) for every q ∈
[
1, 1

1−α

)
and there

exists c > 0 depending on α and q such that

‖gα ∗ f‖Lq(0,T ) ≤ c‖f‖Lp(0,T ); (1.3)

(ii) If p ∈
(
1, 1

α

)
, then gα ∗ f belongs to Lq(0, T ) where q := p

1−αp , and there

exists c > 0 depending on α and p such that (1.3) holds;

(iii) If p = 1
α
, then gα∗f belongs to Lq(0, T ) for every q ∈ [1,∞) and there exists

c > 0 depending on α and q such that (1.3) holds;
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(iv) If p ∈
(

1
α
,∞
)
, then gα ∗ f belongs to C

0,α− 1
p

0 [0, T ] and there exists c > 0

depending on α and p such that

‖gα ∗ f‖L∞(0,T ) + Tα−
1
p
[
gα ∗ f

]
α− 1

p

≤ cTα−
1
p‖f‖Lp(0,T ),

where

[
gα ∗ f

]
α− 1

p

:= sup

{∣∣(gα ∗ f)(t)− (gα ∗ f)(s)
∣∣

(t− s)α−
1
p

; 0 ≤ s < t ≤ T

}
.

PROOF: For properties (i), (ii), and (iii) we refer to [GV91, page 65, Theorems

4.1.1, 4.1.3] and [HL28]. For property (iv) let p′ ∈ (1,∞) be such that 1
p
+ 1

p′
= 1.

Since (α − 1)p′ > −1 it follows that gα belongs to Lp
′
(0, T ) and hence, gα ∗ f

belongs to L1(0, T ), is continuous on [0, T ], and (gα ∗ f)(0) = 0, see [GLS90,

page 40, Corollary 2.3(iii)]. For the rest of the result we refer to [GV91, page 67,

Theorem 4.1.4]. �

1.4 Analytic semigroups and interpolation spaces

Let (X, ‖ · ‖X) be a Banach space.

Definition 1.4.1 A strongly continuous semigroup of bounded linear operators

on X is a family {S(t)}t≥0 in L(X) with the following properties:

(i) S(0) = IX ;

(ii) S(t+ s) = S(t)S(s) for all t, s ≥ 0;

(iii) limt↓0 S(t)x = x for every x ∈ X.

A strongly continuous semigroup {S(t)}t≥0 is called uniformly bounded if there

exists M ≥ 1 such that ‖S(t)‖L(X) ≤M for every t ≥ 0. In particular, if M = 1,

then {S(t)}t≥0 is called a strongly continuous semigroup of contractions on X.

Definition 1.4.2 The infinitesimal generator of a strongly continuous semigroup

{S(t)}t≥0 on X is the linear operator A : D(A) ⊆ X → X defined by

D(A) :=

{
x ∈ X; lim

t↓0

S(t)x− x

t
exists

}
,

Ax := lim
t↓0

S(t)x− x

t
, x ∈ D(A).
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Definition 1.4.3 Let A : D(A) ⊆ X → X be a linear operator.

(i) A is called dissipative in (X, ‖ · ‖X) if ‖(λIX − A)x‖X ≥ λ‖x‖X for all

x ∈ D(A) and λ > 0;

(ii) A is called m-dissipative in (X, ‖ · ‖X) if A is dissipative in (X, ‖ · ‖X) and

Ran(IX − A) = X.

A characterization of dissipative operators in Hilbert spaces is given in the next

lemma. The proof is elementary, compare [Paz83, page 14, Theorem 4.2].

Lemma 1.4.4 Let (H, 〈·, ·〉H) be a real Hilbert space and A : D(A) ⊆ H → H a

linear operator. Then A is dissipative in (H, 〈·, ·〉H) if and only if 〈Ax, x〉H ≤ 0

for every x ∈ D(A).

Theorem 1.4.5 (Hille-Yosida) A densely defined linear operator A : D(A) ⊆
X → X is the infinitesimal generator of a strongly continuous semigroup of

contractions on X if and only if A is m-dissipative in (X, ‖ · ‖X).

For a proof of the Hille-Yosida theorem we refer to [Paz83, page 8, Theorem 3.1].

The following proposition gives an identification of the infinitesimal generator of

a uniformly bounded semigroup. A proof can be found in [CHA+87, page 47,

Theorem 3.1(ii)].

Proposition 1.4.6 Let {S(t)}t≥0 be a uniformly bounded semigroup on X with

infinitesimal generator A. Then

(λIX − A)−1x =

∫ ∞

0

e−λtS(t)x ds, λ > 0, x ∈ X,

where the integral is Bochner in X.

Proposition 1.4.7 Let A : D(A) ⊆ X → X be an m-dissipative operator in

(X, ‖ · ‖X). If X is reflexive, then A is densely defined in X.

The proposition above is proved in [Paz83, page 16, Theorem 4.6]. The next

result is proved in [Paz83, page 9, Lemma 3.2].

Lemma 1.4.8 Let A : D(A) ⊆ X → X be the infinitesimal generator of a

strongly continuous semigroup on X. Then

lim
λ→∞

λ(λIX − A)−1x = x, x ∈ X.

The following perturbation result is proved in [Paz83, page 76, Theorem 1.1].
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Proposition 1.4.9 Let {S(t)}t≥0 be a strongly continuous semigroup on X with

infinitesimal generator A and, for some M ≥ 1 and ω ≥ 0, ‖S(t)‖L(X) ≤ Meωt

for every t ≥ 0. If B belongs to L(X), then A+B is the infinitesimal generator

of a strongly continuous semigroup {T (t)}t≥0 on X, satisfying

‖T (t)‖L(X) ≤Me(ω+M‖B‖L(X))t, t ≥ 0.

In particular, if B = λIX for some λ ∈ R, then T (t) = eλtS(t) for every t ≥ 0.

Let Σδ ⊆ C with δ ∈ (0, π] denote the sector Σδ := {z ∈ C\{0}; |Arg(z)| < δ},
where Arg(z) is taken in (π, π].

Definition 1.4.10 An analytic semigroup in Σδ is a family {S(z)}z∈Σδ∪{0} in

L(X) with the following properties:

(i) S(0) = IX ;

(ii) S(z1 + z2) = S(z1)S(z2) for all z1, z2 ∈ Σδ;

(iii) lim z→0
z∈Σδ

S(z)x = x for every x ∈ X;

(iv) The mapping z 7→ S(z)x is analytic in Σδ for every x ∈ X.

A strongly continuous semigroup {S(t)}t≥0 on X is called analytic if it can be

extended to an analytic semigroup {S(z)}z∈Σδ∪{0} in some sector Σδ with δ ∈
(0, π].

Theorem 1.4.11 Let {S(t)}t≥0 be a uniformly bounded, strongly continuous

semigroup on X with infinitesimal generator A. If 0 ∈ ρ(A), then the follow-

ing statements are equivalent:

(i) The semigroup can be extended to an analytic semigroup {S(z)}z∈Σδ∪{0} in

a sector Σδ for some δ ∈ (0, π], and sup{‖S(z)‖L(X); z ∈ Σδ′} < ∞ for

every δ′ ∈ (0, δ);

(ii) There exist δ ∈ (0, π
2
) and C > 0 such that Σπ

2
+δ ⊆ ρ(A) and

∥∥(λIX − A)−1
∥∥
L(X)

≤ C

|λ|
, λ ∈ Σπ

2
+δ.

The theorem above is proved in [Paz83, page 61, Theorem 5.2(a),(c)]. The next

result gives an efficient way of checking the conditions in Theorem 1.4.11. We

remark that part of the proof can be found in [CHA+87, page 123, Lemma 5.1].
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Proposition 1.4.12 Let {S(t)}t≥0 be a uniformly bounded, strongly continuous

semigroup on X with infinitesimal generator A. If ρ(A) contains the imaginary

axis including 0 and if there exists C > 0 such that

∥∥(iωIX − A)−1
∥∥
L(X)

≤ C

|ω|
, ω ∈ R\{0}, (1.4)

then there exists δ0 ∈ (0, π
2
) such that Σπ

2
+δ0 ⊆ ρ(A). Moreover, for every δ ∈

(0, π
2

+ δ0) there exists Cδ > 0 such that

∥∥(λIX − A)−1
∥∥
L(X)

≤ Cδ
|λ|
, λ ∈ Σδ.

In particular, A is the infinitesimal generator of an analytic semigroup.

PROOF: Firstly, we note that ρ(A) contains {z ∈ C; Rez > 0} and that there

exists M ≥ 1 such that∥∥(zIX − A)−1
∥∥
L(X)

≤ M

Rez
, Rez > 0, (1.5)

see [Paz83, page 20, Remark 5.4]. Secondly, we show that there exists δ0 ∈ (0, π
2
)

such that {
z ∈ C\{0}; π

2
− δ0 < |Arg(z)| < π

2
+ δ0

}
⊆ ρ(A). (1.6)

Let ω ∈ R\{0}. If λ ∈ C is such that |λ| < 1
C
|ω|, then ‖λ(iωIX − A)−1‖ < 1 by

(1.4) and hence, IX + λ(iωIX − A)−1 : X → X is invertible with

(
IX + λ(iωIX − A)−1

)−1
=

∞∑
k=0

(−λ)k
(
(iωIX − A)−1

)k
, (1.7)

where the series is convergent in L(X), see [Kre78, page 375, Theorem 7.3-1]. In

this case λ+ iω ∈ ρ(A), since

(λ+ iω)IX − A =
(
IX + λ(iωIX − A)−1

)
(iωIX − A). (1.8)

Moreover, λ + iω ∈ B(iω; 1
C
|ω|). It follows that (1.6) holds with δ0 := arctan 1

C
.

At this point we have proved that Σπ
2
+δ0 ⊆ ρ(A).

Thirdly, using (1.5) we observe that for every δ ∈ (0, π
2
) there exists Mδ > 0,

namely Mδ := M
cos δ

, such that for every z ∈ Σδ\{0},

∥∥(zIX − A)−1
∥∥
L(X)

≤ M

Rez
=

M

|z| cos(Arg(z))
≤ M

|z| cos δ
=
Mδ

|z|
. (1.9)
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Finally, we show that for every δ′ ∈ (0, δ0) there exists Kδ′ > 0 such that for

every z ∈ C\{0} with |Arg(z)| ∈ [π
2
− δ′, π

2
+ δ′],∥∥(zIX − A)−1

∥∥
L(X)

≤ Kδ′

|z|
. (1.10)

Let δ′ ∈ (0, δ0) and z ∈ C\{0} with |Arg(z)| ∈ [π
2
− δ′, π

2
+ δ′]. Let λ := Rez and

ω := Imz. Then we have

|λ|
|ω|

≤ tan δ′ < tan δ0 =
1

C
. (1.11)

Therefore we can use (1.8), (1.7), (1.4), and (1.11) to obtain∥∥(zIX − A)−1
∥∥
L(X)

≤
∥∥(iωIX − A)−1

∥∥
L(X)

·
(
1− |λ|

∥∥(iωIX − A)−1
∥∥
L(X)

)−1

≤ C

|ω|
· 1

1− C tan δ′
≤ C

|z| cos δ′
· 1

1− C tan δ′
.

This shows that (1.10) holds with Kδ′ := C
cos δ′(1−C tan δ′)

. Now the proof is finished

by combining (1.9) and (1.10), and noting that we are in the situation of Theorem

1.4.11(ii). �

For the following perturbation result see [Paz83, page 81, Corollary 2.2].

Proposition 1.4.13 Let A : D(A) ⊆ X → X be the infinitesimal generator of

an analytic semigroup on X. If B belongs to L(X), then A+B is the infinitesimal

generator of an analytic semigroup on X.

Definition 1.4.14 Let A : D(A) ⊆ X → X be the infinitesimal generator of an

analytic semigroup on X. The space (X,D(A))α,p with α ∈ (0, 1) and p ∈ [1,∞)

denotes the real interpolation space between X and D(A), and is defined by

(X,D(A))α,p :=

{
x ∈ X;

∫ ∞

c

tpα−1
∥∥A(tIX − A)−1x

∥∥p
X

dt <∞
}
,

‖x‖(X,D(A))α,p := ‖x‖X +

(∫ ∞

c

tpα−1
∥∥A(tIX − A)−1x‖pX dt

) 1
p

,

where c > 1 is sufficiently large.

The norm ‖ · ‖(X,D(A))α,p is equivalent to another norm on (X,D(A))α,p that does

not depend on c, see [Lun95, page 49, Proposition 2.2.6]. We remark that

(X,D(A))α,p is a Banach space, see [Lun95, pages 18, 46, Propositions 1.2.4,

2.2.2]. For the following three lemmas we refer to [Lun95, page 47, Corollary

2.2.3(i),(ii),(iv)].
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Lemma 1.4.15 Let A : D(A) ⊆ X → X and B : D(B) ⊆ X → X be infinites-

imal generators of analytic semigroups on X with D(A) = D(B) and such that

the graph norms of A and B are equivalent. Then

(X,D(A))α,p = (X,D(B))α,p, α ∈ (0, 1), p ∈ [1,∞),

and the corresponding norms are equivalent.

Lemma 1.4.16 Let A : D(A) ⊆ X → X be the infinitesimal generator of an

analytic semigroup on X. For all α, γ ∈ (0, 1) and p1, p2 ∈ [1,∞) such that

α < γ and p1 < p2, it holds that

D(A) ⊆ (X,D(A))γ,p1 ⊆ (X,D(A))γ,p2 ⊆ (X,D(A))α,p1 ⊆ X,

where the inclusions are continuous embeddings and where D(A) is endowed with

the graph norm of A.

Lemma 1.4.17 Let A : D(A) ⊆ X → X be the infinitesimal generator of an

analytic semigroup on X. Then D(A) is dense in (X,D(A))α,p for all α ∈ (0, 1)

and p ∈ [1,∞).

The next proposition states an important interpolation property, see [Lun95, page

19, Proposition 1.2.6].

Proposition 1.4.18 Let Xi be a Banach space and Ai : D(Ai) ⊆ Xi → Xi the

infinitesimal generator of an analytic semigroup on Xi for i = 1, 2. If T : X1 →
X2 is a bounded linear operator such that T : (D(A1), ‖ · ‖A1) → (D(A2), ‖ · ‖A2)

is also bounded, then T : (X1,D(A1))α,p → (X2,D(A2))α,p is bounded for all

α ∈ (0, 1) and p ∈ [1,∞) and

‖T‖L((X1,D(A1))α,p,(X2,D(A2))α,p) ≤
(
‖T‖L(X1,X2)

)1−α(‖T‖L(D(A1),D(A2))

)α
.

For the following result we refer to [Ama95, page 289, Theorem 2.1.3].

Lemma 1.4.19 Let {S(t)}t≥0 be a strongly continuous semigroup on X with

infinitesimal generator A. Let α ∈ (0, 1) and p ∈ [1,∞). Let Aα,p : D(Aα,p) ⊆
(X,D(A))α,p → (X,D(A))α,p be defined by

D(Aα,p) :=
{
x ∈ D(A); Ax ∈ (X,D(A))α,p

}
,

Aα,px := Ax, x ∈ D(Aα,p).

Then {S(t)|(X,D(A))α,p}t≥0 is a strongly continuous semigroup on (X,D(A))α,p with

infinitesimal generator Aα,p. Moreover, ρ(A) ⊆ ρ(Aα,p) and(
λI(X,D(A))α,p − Aα,p

)−1
= (λIX − A)−1|(X,D(A))α,p , λ ∈ ρ(A).



24 Chapter 1. Preliminaries

We remark that Aα,p is called the part of A in (X,D(A))α,p.

Proposition 1.4.20 Let A : D(A) ⊆ X → X be the infinitesimal generator of

an analytic semigroup on X. Then

C0,γ
(
[0, T ]; D(A)

)
∩ C1,γ

(
[0, T ];X

)
is a subset of

C [γ+1−α],γ+1−α−[γ+1−α]
(
[0, T ]; (X,D(A))α,2

)
,

for all T > 0, p ∈ [1,∞), and α, γ ∈ (0, 1) such that α 6= γ.

The proposition above is proved in [Lun95, page 14, Proposition 1.1.5]. For the

next result we refer to [Lun95, page 28, Remark 1.2.16].

Theorem 1.4.21 (Reiteration Theorem) Let A : D(A) ⊆ X → X be the

infinitesimal generator of an analytic semigroup on X. Then for all α, γ1, γ2 ∈
(0, 1) and p ∈ [1,∞), it holds that(

(X,D(A))γ1,p, (X,D(A))γ2,p
)
α,p

= (X,D(A))(1−α)γ1+αγ2,p,(
(X,D(A))γ1,p,D(A)

)
α,p

= (X,D(A))(1−α)γ1+α,p,(
X, (X,D(A))γ2,p

)
α,p

= (X,D(A))αγ2,p.

We state the following proposition for its useful corollary, which is an immediate

application of the reiteration theorem. We refer to [Lun91, pages 97, 114, 120,

Theorems 4.2.6, 4.3.5, Corollary 4.3.12], [MCSA01, pages 123, 192, 250, Theorem

5.4.3, Proposition 8.1.1, Theorem 10.1.6], and [Ama95, page 266, Lemma 1.3.7].

Proposition 1.4.22 Let H be a Hilbert space and let A : D(A) ⊆ H → H be

m-dissipative with 0 ∈ ρ(A). Then

H = (H−1,D(A)) 1
2
,2,

and the corresponding norms are equivalent.

Corollary 1.4.23 Let H be a Hilbert space and let A : D(A) ⊆ H → H be

m-dissipative with 0 ∈ ρ(A). Let α ∈ (0, 1). Then

(H−1, H)α,2 = (H−1,D(A)) 1
2
α,2,

(H,D(A))α,2 = (H−1,D(A)) 1
2
(α+1),2,

and in both equalities the corresponding norms are equivalent.
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Definition 1.4.24 Let A : D(A) ⊆ X → X be the infinitesimal generator of

an analytic semigroup on X that is uniformly bounded in a closed sector Σδ′ for

some δ′ ∈ (0, π), and let 0 ∈ ρ(A). The fractional power (−A)−α : X → X with

α ∈ (0, 1) is defined by

(−A)−αx :=
sin(πα)

π

∫ ∞

0

t−α(tIX − A)−1x dt, x ∈ X.

We remark that (−A)−α is a bounded linear operator on X, see [Paz83, page

69]. Furthermore, (−A)−α is one-to-one. For a proof we refer to [Paz83, page 72,

Lemma 6.6].

Definition 1.4.25 Let A : D(A) ⊆ X → X be the infinitesimal generator of

an analytic semigroup on X that is uniformly bounded in a closed sector Σδ′ for

some δ′ ∈ (0, π), and let 0 ∈ ρ(A). The fractional power (−A)α : D((−A)α) → X

with α ∈ (0, 1) is defined by

D((−A)α) := Ran((−A)−α),

(−A)αx := (−A)−αx, x ∈ D((−A)α).

For the sake of completeness we state (−A)1 := −A, (−A)0 := IX , and

(−A)−1 := −A−1.

Proposition 1.4.26 Let A : D(A) ⊆ X → X be the infinitesimal generator of

an analytic semigroup on X that is uniformly bounded in a closed sector Σδ′ for

some δ′ ∈ (0, π), and let 0 ∈ ρ(A). Then the following holds:

(i) (−A)−α(−A)α = ID((−A)α) for every α ∈ (0, 1);

(ii) (−A)α−1(−A)x = (−A)αx for all α ∈ (0, 1) and x ∈ D(A).

A proof of the proposition above can be found in [Paz83, page 72, Theorem

6.8(d)]. For a proof of the next theorem we refer to [Lun91, pages 114, 97, 120,

Theorems 4.3.5, 4.2.6, Corollary 4.3.12].

Theorem 1.4.27 Let (H, 〈·, ·〉H , ‖ · ‖H) be a Hilbert space and A : D(A) ⊆ H →
H the infinitesimal generator of an analytic semigroup on H that is uniformly

bounded in a closed sector Σδ′ for some δ′ ∈ (0, π), and let 0 ∈ ρ(A). Then

(H,D(A))α,2 = D((−A)α), α ∈ (0, 1).

Moreover, the norm of (H,D(A))α,2 is equivalent to the norm x 7→ ‖(−A)αx‖H
on D((−A)α).
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Lemma 1.4.28 Let (H, 〈·, ·〉H , ‖ · ‖H) be a Hilbert space and A : D(A) ⊆ H →
H the infinitesimal generator of an analytic semigroup on H that is uniformly

bounded in a closed sector Σδ′ for some δ′ ∈ (0, π), and let 0 ∈ ρ(A). Then

((−A)α)∗ = (−A∗)α, α ∈ (−1, 1).

For the lemma above we refer to [Lun91, page 100]. The next proposition is proved

in [Paz83, page 74, Theorem 6.13(a)-(c)]. A proof of the succeeding corollary can

be found in [Lun95, page 51, Proposition 2.2.9].

Proposition 1.4.29 Let A : D(A) ⊆ X → X be the infinitesimal generator of

an analytic semigroup on X that is uniformly bounded in a closed sector Σδ′ for

some δ′ ∈ (0, π), and let 0 ∈ ρ(A). Then the following holds:

(i) S(t)x ∈ D(A) for all t > 0 and x ∈ X;

(ii) (−A)αS(t)x = S(t)(−A)αx for all t ≥ 0, α ∈ [0, 1], and x ∈ D((−A)α);

(iii) There exists δ > 0 with the property that for every α ∈ [0, 1] there exists

Mα > 0 such that ‖(−A)αS(t)‖L(X) ≤Mαt
−αe−δt for every t > 0.

Corollary 1.4.30 Let A : D(A) ⊆ X → X be the infinitesimal generator of an

analytic semigroup on X that is uniformly bounded in a closed sector Σδ′ for some

δ′ ∈ (0, π), and let 0 ∈ ρ(A). Then there exists δ > 0 with the property that for

all α, γ ∈ (0, 1) with α ≤ γ and p ∈ [1,∞) there exist Mα,γ,p > 0 and M ′
α,γ,p > 0

such that the following holds:

(i) It holds that∥∥S(t)
∥∥
L((X,D(A))α,p,(X,D(A))γ,p)

≤Mα,γ,pt
α−γe−δt, t > 0;

(ii) It holds that∥∥AnS(t)
∥∥
L((X,D(A))γ,p,(X,D(A))α,p)

≤M ′
α,γ,pt

−n+γ−αe−δt, t > 0, n = 1, 2.

Proposition 1.4.31 Let {S(t)}t≥0 be an analytic semigroup on X that is uni-

formly bounded in a closed sector Σδ′ for some δ′ ∈ (0, π). Let the infinitesimal

generator A be such that 0 ∈ ρ(A). Let α ∈ (0, 1) and p, r ∈ [1,∞). Let

f : [0,∞) → X belong to Lp
(
0, T ; (X,D(A))α,r

)
for every T > 0. Let T > 0.

Then the following holds:

(i) If x belongs to (X,D(A))α,r, then the mapping t 7→ S(t)x belongs to

C0,α([0, T ];X);
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(ii) If x belongs to D(A), then the mapping t 7→ S(t)x belongs to

C0,1−α([0, T ]; (X,D(A))α,r);

(iii) Let γ ∈ (0, α]. If x belongs to (X,D(A))α,r, then the mapping t 7→ S(t)x

belongs to C0,α−γ([0, T ]; (X,D(A))γ,r
)
;

(iv) Let γ ∈ (0, α). If p = 1, then the mapping t 7→
∫ t

0
AS(t− s)f(s) ds belongs

to Lq
(
0, T ; (X,D(A))γ,r

)
for every q ∈

[
1, 1

1−(α−γ)

)
;

(v) Let γ ∈ (0, α). If p ∈
(
1, 1

α−γ

)
, then the mapping t 7→

∫ t
0
AS(t − s)f(s) ds

belongs to Lq
(
0, T ; (X,D(A))γ,r

)
where q := p

1−(α−γ)p ;

(vi) Let γ ∈ (0, α). If p = 1
α−γ , then the mapping t 7→

∫ t
0
AS(t − s)f(s) ds

belongs to Lq
(
0, T ; (X,D(A))γ,r

)
for every q ∈ [1,∞);

(vii) Let γ ∈ (0, α). If p ∈
(

1
α−γ ,∞

)
, then the mapping t 7→

∫ t
0
AS(t− s)f(s) ds

belongs to C
0,α−γ− 1

p

0

(
[0, T ]; (X,D(A))γ,r

)
.

PROOF: For property (i) we refer to [Lun95, pages 47, 48, Corollary 2.2.3, Re-

mark 2.2.5]. Property (ii) follows from [Lun95, pages 13, 19, Proposition 1.1.4(i),

Corollary 1.2.7], since the mapping t 7→ S(t)x belongs, for every x ∈ D(A), to

C1
(
[0, T ];X

)
∩ C

(
[0, T ]; (D(A), ‖ · ‖A)

)
.

For property (iii) we observe that if x belongs to (X,D(A))α,r, then using property

(i) we have that the mapping t 7→ S(t) belongs to

C0,α
(
[0, T ];X

)
∩ C

(
[0, T ]; (X,D(A))α,r

)
.

Now [Lun95, pages 13, Proposition 1.1.4(ii)] implies that the mapping t 7→ S(t)

belongs to

C0,α(1− γ
α

)
(
[0, T ];

(
X, (X,D(A))α,r

)
γ
α
,r

)
.

By Theorem 1.4.21 we have(
X, (X,D(A))α,r

)
γ
α
,r

= (X,D(A))γ,r,

and property (iii) follows in case γ < α. The case α = γ is obvious.

For the proof of properties (iv)-(vii) let γ ∈ (0, α). To prove property (iv) let

q ∈
[
1, 1

1−(α−γ)

)
. We use Corollary 1.4.30(ii) and Proposition 1.3.4(i) with α
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replaced by α− γ and f replaced by the mapping t 7→ ‖f(t)‖(X,D(A))α,r to obtain

that there exists M > 0 such that∫ T

0

∥∥∥∥∫ t

0

AS(t− s)f(s) ds

∥∥∥∥q
(X,D(A))γ,r

dt

≤
∫ T

0

(∫ t

0

∥∥AS(t− s)
∥∥
L((X,D(A))α,r,(X,D(A))γ,r)

‖f(s)‖(X,D(A))α,r ds

)q
dt

≤
∫ T

0

(∫ t

0

M(t− s)−1+α−γ‖f(s)‖(X,D(A))α,r ds

)q
dt

= M qΓ(α− γ)

∫ T

0

(∫ t

0

gα−γ(t− s)‖f(s)‖(X,D(A))α,r ds

)q
dt

≤M qΓ(α− γ)cq‖f‖qLp([0,T ];(X,D(A))α,r) <∞.

Properties (v) and (vi) are proved analogously using Proposition 1.3.4(ii) respec-

tively (iii).

For property (vii) we first observe that
∫ t

0
AS(t − s)f(s) ds exists as a Bochner

integral in (X,D(A))γ,r for every t > 0. Indeed, if p′ > 1 is such that 1
p

+
1
p′

= 1, then using Corollary 1.4.30(ii), the Hölder inequality, and the fact that

(α− γ − 1)p′ > −1, we have that there exists M > 0 such that∫ t

0

∥∥AS(t− s)f(s)
∥∥

(X,D(A))γ,r
ds

≤
∫ t

0

M(t− s)−1+α−γ‖f(s)‖(X,D(A))α,r ds

≤M‖f‖Lp([0,T ];(X,D(A))α,r)

(∫ t

0

s(α−γ−1)p′ ds

) 1
p′

<∞, t > 0.

Furthermore, we observe that∫ ∞

0

(
τα−γ−1 − (1 + τ)α−γ−1

)p′
dτ <∞. (1.12)

Indeed, since (α− γ − 1)p′ > −1, we have

0 ≤
∫ 1

0

(
τα−γ−1 − (1 + τ)α−γ−1

)p′
dτ ≤

∫ 1

0

τ (α−γ−1)p′ dτ <∞,

and, using the mean value theorem and the fact that (α− γ − 2)p′ < −1,∫ ∞

1

(
τα−γ−1 − (1 + τ)α−γ−1

)p′
dτ ≤

(
1− (α− γ)

) ∫ ∞

1

τ (α−γ−2)p′ dτ <∞.
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Using Corollary 1.4.30(ii), the Hölder inequality, the substitution τ := s−σ
t−s ,

and (1.12), it follows that there exist M > 0 and c1, c2 > 0 such that for all

0 < s < t ≤ T ,

∥∥∥∥∫ t

0

AS(t− σ)f(σ) dσ −
∫ s

0

AS(s− σ)f(σ) dσ

∥∥∥∥
(X,D(A))γ,r

=

∥∥∥∥∫ s

0

A
(
S(t− σ)− S(s− σ)

)
f(σ) dσ +

∫ t

s

AS(t− σ)f(σ) dσ

∥∥∥∥
DA(γ,r)

=

∥∥∥∥∫ s

0

(∫ t−σ

s−σ
A2S(τ)f(σ) dτ

)
dσ +

∫ t

s

AS(t− σ)f(σ) dσ

∥∥∥∥
DA(γ,r)

≤
∫ s

0

(∫ t−σ

s−σ

∥∥A2S(τ)
∥∥
L((X,D(A))α,r,(X,D(A))γ,r)

dτ

)
‖f(σ)‖(X,D(A))α,r dσ+∫ t

s

‖AS(t− σ)‖L((X,D(A))α,r,(X,D(A))γ,r)‖f(σ)‖(X,D(A))α,r dσ

≤
∫ s

0

(∫ t−σ

s−σ
Mτ−2+α−γ dτ

)
‖f(σ)‖(X,D(A))α,rdσ+∫ t

s

M(t− σ)−1+α−γ‖f(σ)‖(X,D(A))α,r dσ

=
M

1− (α− γ)

∫ s

0

(
(s− σ)α−γ−1 − (t− σ)α−γ−1

)
‖f(σ)‖(X,D(A))α,r dσ+

M

∫ t

s

(t− σ)α−γ−1‖f(σ)‖(X,D(A))α,r dσ

≤ M

1− (α− γ)

((∫ s

0

(
(s− σ)α−γ−1 − (t− σ)α−γ−1

)p′
dσ

) 1
p′

+

(∫ t

s

(t− σ)(α−γ−1)p′ dσ

) 1
p′
)
‖f‖Lp([0,T ];(X,D(A))α,r)

≤ M

1− (α− γ)

(t− s)α−γ−
1
p

(∫ s
t−s

0

(
τα−γ−1 − (1 + τ)α−γ−1

)p′
dτ

) 1
p′

+

c1(t− s)α−γ−
1
p

)
‖f‖Lp([0,T ];(X,D(A))α,r)

≤ M

1− (α− γ)

((∫ ∞

0

(
τα−γ−1 − (1 + τ)α−γ−1

)p′
dτ

) 1
p′

+ c1

)
·

‖f‖Lp([0,T ];(X,D(A))α,r)(t− s)α−γ−
1
p

=
M

1− (α− γ)
(c2 + c1)‖f‖Lp([0,T ];(X,D(A))α,r)(t− s)α−γ−

1
p .
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This shows that the mapping t 7→
∫ t

0
AS(s− t)f(s) ds belongs to

C0,α−γ− 1
p
(
(0, T ]; (X,D(A))γ,r).

Moreover, using Corollary 1.4.30(ii) we have that there exists M > 0 such that∥∥∥∥∫ t

0

AS(t− s)f(s) ds

∥∥∥∥
(X,D(A))γ,r

≤
∫ t

0

∥∥AS(t− s)f(s)
∥∥

(X,D(A))γ,r
ds

≤M

∫ t

0

(t− s)−1+α−γ‖f(s)‖(X,D(A))α,r ds

= MΓ(α− γ)

∫ t

0

gα−γ(t− s)‖f(s)‖(X,D(A))α,r ds, t ∈ (0, T ].

As the mapping t 7→
∫ t

0
gα−γ(t − s)‖f(s)‖(X,D(A))α,r ds belongs to C

0,α−γ− 1
p

0 [0, T ]

as a result of Proposition 1.3.4(iv), it makes sense to define∫ t

0

AS(t− s)f(s) ds

∣∣∣∣
t=0

:= 0.

From this definition combined with the above it follows that there exists c > 0

such that ∥∥∥∥∫ t

0

AS(t− s)f(s) ds

∥∥∥∥
(X,D(A))γ,r

≤ ctα−γ−
1
p , t ∈ (0, T ].

Hence, the mapping t 7→
∫ t

0
AS(t− s)f(s) ds belongs to

C
0,α−γ− 1

p

0

(
[0, T ]; (X,D(A))γ,r

)
.

�

1.5 Trace class operators

Definition 1.5.1 A trace class operator on a separable Hilbert space

(H, 〈·, ·〉, ‖ · ‖) is an operator T ∈ L(H) with the property that there exist

two sequences {ϕn}∞n=1 and {ψn}∞n=1 in H such that
∑∞

n=1 ‖ϕn‖ ‖ψn‖ <∞ and

Tx =
∞∑
n=1

〈x, ψn〉ϕn, x ∈ H.
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Proposition 1.5.2 If T is a trace class operator on a separable Hilbert space

(H, 〈·, ·〉) and if {en}∞n=1 is a complete orthonormal system in H, then the series∑∞
n=1〈Ten, en〉 is absolutely convergent and independent of {en}∞n=1.

Definition 1.5.3 If T is a trace class operator on a separable Hilbert space

(H, 〈·, ·〉) and if {en}∞n=1 is a complete orthonormal system in H, then the trace

of T is defined by

TrT :=
∞∑
n=1

〈Ten, en〉.

Proposition 1.5.4 Let (H, 〈·, ·〉) be a separable Hilbert space. A nonnegative1

operator T ∈ L(H) is trace class if and only if
∑∞

n=1〈Ten, en〉 < ∞ for some

complete orthonormal system {en}∞n=1 in H.

We refer to [DPZ92, pages 415-417, Appendix C, Propositions C.1, C.3].

1Nonnegative in the sense that 〈Tx, x〉 ≥ 0 for every x ∈ H.
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Chapter 2

Pointwise versions of solutions to

Cauchy problems in Lp-spaces

This chapter contains some technical results on existence and regularity of point-

wise versions of solutions to Cauchy problems in Lp-spaces. These results are

needed in later chapters to return from the abstract semigroup setting to the

Volterra equation.

2.1 Introduction

Let (X, ‖ · ‖) be a complex Banach space, (Ω,F , µ) a σ-finite measure space, and

p ∈ [1,∞). In this chapter we distinguish between a function ϕ : Ω → X

and its equivalence class. The equivalence class of ϕ is denoted by [ϕ] and

consists of functions ψ : Ω → X such that ψ(ω) = ϕ(ω) for almost every

ω ∈ Ω. Functions ϕ and ψ are called versions of the equivalence class [ϕ].

We also distinguish between Lp-spaces of functions and Lp-spaces of equivalence

classes by the following notation:

Lp(Ω;X) :=

{
ϕ : Ω → X; ϕ strongly measurable,

∫
Ω

‖ϕ(ω)‖p µ(dω) <∞
}
,

Lp(Ω;X) :=
{
[ϕ]; ϕ ∈ Lp(Ω;X)

}
,
∥∥[ϕ]

∥∥
Lp(Ω;X)

:=

(∫
Ω

‖ϕ(ω)‖p µ(dω)

) 1
p

.

In Lp(Ω;X) we consider the Cauchy problem

∂

∂t
ϕ(t, ω) =

(
Aϕ(t, ·)

)
(ω), t > 0, ω ∈ Ω,

ϕ(0, ω) = ϕ0(ω), ω ∈ Ω,
(2.1)

where A : D(A) ⊆ Lp(Ω;X) → Lp(Ω;X) is a linear operator and ϕ0 belongs to

Lp(Ω;X). Frequently, A is a partial differential operator with respect to ω and Ω

33
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a domain in Rd for some d ∈ N, but it need not be so. We assume that problem

(2.1) can be rewritten in Lp(Ω;X) as the abstract Cauchy problem

d

dt
[ϕ(t)] = A[ϕ(t)], t > 0,

[ϕ(0)] = [ϕ0],
(2.2)

where A : D(A) ⊆ Lp(Ω;X) → Lp(Ω;X) is the infinitesimal generator of a

strongly continuous semigroup {S(t)}t≥0 on Lp(Ω;X). Then problem (2.2) admits

the mild solution t 7→ [ϕ(t)] given by [ϕ(t)] = S(t)[ϕ0] for every t ≥ 0 and problem

(2.1) seems to be solved. However, this is not the case, yet.

For every t > 0 problem (2.1) requires a version ϕ(t, ·) of [ϕ(t)]. If A is a par-

tial differential operator and {S(t)}t≥0 exhibits some smoothing, then we simply

choose ϕ(t, ·) to be the unique version of [ϕ(t)] such that the mapping ω 7→ ϕ(t, ω)

is smooth for every t > 0. If A is not a partial differential operator, then the

choice of a version ϕ(t, ·) is less evident. To see that this is a nontrivial problem

we consider an example in Section 2.2. More can be said if {S(t)}t≥0 is an ana-

lytic semigroup. In Section 2.3 we work out the consequences of a result of E.M.

Stein concerning versions of [ϕ(t)] under analyticity assumptions. In Section 2.4

we return to the Cauchy problem (2.1).

2.2 An example

This section shows that the mild solution to problem (2.2) may not have a smooth

version. We consider problem (2.2) in the space consisting of 1-periodic integrable

functions, for which we introduce the following notation:

L1
1(R) :=

{
ϕ : R → R; ϕ Borel measurable,

∫ 1

0

|ϕ(ω)| dω <∞, and

ϕ(ω + 1) = ϕ(ω) for every ω ∈ R
}
,

L1
1(R) :=

{
[ϕ]; ϕ ∈ L1

1(R)
}
,

∥∥[ϕ]
∥∥
L1

1(R)
:=

∫ 1

0

|ϕ(ω)| dω.

Example 2.2.1 Let S(t) : L1
1(R) → L1

1(R) and S(t) : L1
1(R) → L1

1(R) for every

t ≥ 0 be given by respectively(
S(t)ϕ

)
(ω) := ϕ(t+ ω), ω ∈ R, ϕ ∈ L1

1(R),

S(t)[ϕ] := [S(t)ϕ], ϕ ∈ L1
1(R).

Then there exists a function ϕ0 in L1
1(R) with the property that if ϕ : [0,∞)×R →

R is a Borel measurable function such that ϕ(t, ·) is a version of S(t)[ϕ0] for every

t > 0, then for almost every ω ∈ R, limt↓0 ϕ(t, ω) does not exist.
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PROOF: To construct ϕ0 let {ϕk}∞k=1 be the sequence of functions in L1
1(R) given

by

ϕk(ω) :=

{
1, (ω mod 1) ∈ ∪2k−1

j=0

[
j · 2−k, j · 2−k + 2−2k

]
,

0, ω elsewhere in R.

Note that
∫ 1

0
ϕk(ω) dω = 2k · 2−2k = 2−k for k = 1, 2, · · · . Therefore Lebesgue’s

monotone convergence theorem implies that
∫ 1

0

∑∞
k=1 ϕk(ω) dω < ∞ and hence,∑∞

k=1 ϕk(ω) is a convergent series for almost every ω ∈ R. Now we define

ϕ0 : R → R by

ϕ0(ω) :=

{∑∞
k=1 ϕk(ω), ω ∈ R such that the series converges,

0, ω elsewhere in R.

It follows from the above that ϕ0 belongs to L1
1(R). Moreover, the series∑∞

k=1[ϕk] converges in L1
1(R), so that [ϕ0] =

∑∞
k=1[ϕk] by Lebesgue’s dominated

convergence theorem.

Note also that for all m,n ∈ N with 1 ≤ m < n and for every ω ∈ [j · 2−m,
j · 2−m + 2−2n] we have

∑n−1
k=m ϕk(ω) = n−m. This implies that for any M > 0

and any interval I ⊆ R with nonempty interior there exists an open interval

J ⊆ I such that

ϕ0(ω) > M, ω ∈ J. (2.3)

To show that ϕ0 has the requested property let ϕ : [0,∞) × R → R be a Borel

measurable function such that [ϕ(t, ·)] = S(t)[ϕ0] for every t > 0. Then there

exist a countable dense subset K ⊆ (0,∞) and a Borel nullset N ⊆ R such that

ϕ(t, ω) = ϕ0(t+ ω), t ∈ K, ω ∈ R\N. (2.4)

Seeking a contradiction we assume that there exists ω ∈ R\N such that L :=

limt↓0 ϕ(t, ω) exists. Without loss of generality we assume that ω ∈ [0, 1). If we

can construct a nonincreasing sequence {tn}∞n=1 in K such that limn→∞ tn = 0

and ϕ0(tn+ω) > L+1 for n = 1, 2, · · · , then we obtain the following contradiction

using (2.4):

L = lim
n→∞

ϕ(tn, ω) = lim
n→∞

ϕ0(tn + ω) ≥ L+ 1.

This would finish the proof. To construct {tn}∞n=1 we use (2.3) with M := L+ 1.

If I1 := [ω, 1), then there exist J1 ⊆ (ω, 1) and, by density of K, t1 ∈ K such

that t1 + ω ∈ J1. Now (2.3) implies that ϕ0(t1 + ω) > L+ 1. If I2 := [ω, t1 + ω),

then there exist J2 ⊆ (ω, t1 + ω) and t2 ∈ K such that t2 + ω ∈ J2 and hence,

ϕ0(t2 + ω) > L+ 1. Proceeding like this gives the sequence {tn}∞n=1.

�
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Remark 2.2.2 Example 2.2.1 shows more: If ϕ0 and ϕ are as stated in Example

2.2.1, then for every t0 > 0 the mapping t 7→ ϕ(t, ω) is discontinuous at t0 for

almost every ω ∈ R.

2.3 Versions of analytic functions in Lp(Ω;X)

The main result of this section is that every analytic function with values in

Lp(Ω;X) has an analytic version with values in X. We start with a lemma that

is essentially a result of E.M. Stein, rewritten for our convenience, see [Ste70,

Lemma, page 72].

We use the notation

B(z0; r) :=
{
z ∈ C; |z − z0| < r

}
, z0 ∈ C, r > 0.

Lemma 2.3.1 Let (X, ‖ · ‖) be a complex Banach space and (Ω,F , µ) a finite

measure space. Let z0 ∈ C, r > 0, and Σ := B(z0; r). Let Φ : Σ → L1(Ω;X) be a

function with an analytic extension to a neighborhood of Σ. Then there exists a

function ϕ : Σ× Ω → X with the following properties:

(i) ϕ is strongly measurable;

(ii) The mapping z 7→ ϕ(z, ω) is analytic in Σ for every ω ∈ Ω;

(iii) For j = 0, 1, · · · it holds that[
∂j

∂zj
ϕ(z, ·)

]
=

dj

dzj
Φ(z), z ∈ Σ.

PROOF: Without loss of generality we assume that z0 = 0. Firstly, we construct

ϕ : Σ × Ω → X. Since Φ is analytic in a neighborhood of Σ, there exists a

sequence {Ck}∞k=0 in L1(Ω;X) such that

Φ(z) =
∞∑
k=0

zk

k!
Ck, z ∈ Σ. (2.5)

Moreover, the power series in (2.5) has radius of convergence larger than r so

that
∞∑
k=0

rk

k!
‖Ck‖L1(Ω;X) <∞. (2.6)

For k = 0, 1, · · · we choose a representative ck : Ω → X of the equivalence class

Ck. Using Fubini’s theorem we obtain∫
Ω

∞∑
k=0

rk

k!
‖ck(ω)‖µ(dω) =

∞∑
k=0

rk

k!

∫
Ω

‖ck(ω)‖µ(dω) =
∞∑
k=0

rk

k!
‖Ck‖L1(Ω;X).
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Combined with (2.6) this implies that there exists a nullset N ⊆ Ω such that

∞∑
k=0

rk

k!
‖ck(ω)‖ <∞, ω ∈ Ω\N. (2.7)

Now we define ϕ : Σ× Ω → X by

ϕ(z, ω) :=

{∑∞
k=0

zk

k!
ck(ω), z ∈ Σ, ω ∈ Ω\N,

0, z ∈ Σ, ω ∈ N.

Note that ϕ is well-defined by (2.7) and that the mapping z 7→ ϕ(z, ω) is analytic

in Σ for every ω ∈ Ω. Thus, ϕ has property (ii).

Secondly, we show that ϕ has property (i). For k = 0, 1, · · · the mapping z 7→ zk

k!

is Borel measurable on Σ. Furthermore, the mapping ω 7→ ck(ω) is strongly

measurable on Ω, since Ck belongs to L1(Ω;X). Therefore the mapping (z, ω) 7→
zk

k!
ck(ω) is strongly measurable on Σ × Ω for k = 0, 1, · · · . Hence, the mapping

(z, ω) 7→
∑∞

k=0
zk

k!
ck(ω) is strongly measurable on Σ× Ω\N as pointwise limit of

finite sums. It follows that ϕ is strongly measurable on Σ× Ω.

Thirdly, to show that ϕ has property (iii) we fix an arbitrary j ∈ N ∪ {0} and

observe that

∂j

∂zj
ϕ(z, ω) =

∞∑
k=0

zk

k!
ck+j(ω), z ∈ Σ, ω ∈ Ω\N.

Let ϕj,n : Σ× Ω → X for n = 1, 2, · · · be defined by

ϕj,n(z, ω) :=

{∑n
k=0

zk

k!
ck+j(ω), z ∈ Σ, ω ∈ Ω\N,

0, z ∈ Σ, ω ∈ N.

Now we also fix an arbitrary z ∈ Σ. On the one hand we have using (2.5),

lim
n→∞

[
ϕj,n(z, ·)

]
= lim

n→∞

n∑
k=0

zk

k!
Ck+j =

∞∑
k=0

zk

k!
Ck+j =

dj

dzj
Φ(z), (2.8)

where the convergence is in L1(Ω;X). Note that the power series in (2.8) has

radius of convergence larger than r. On the other hand we have

lim
n→∞

ϕj,n(z, ω) =
∂j

∂zj
ϕ(z, ω), ω ∈ Ω,

where the convergence is in X. Since we also have that for n = 1, 2, · · · ,

∥∥ϕj,n(z, ω)
∥∥ ≤ n∑

k=0

|z|k

k!

∥∥ck+j(ω)
∥∥ ≤ ∞∑

k=0

rk

k!

∥∥ck+j(ω)
∥∥, ω ∈ Ω\N,
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and, by Fubini’s theorem and (2.5),∫
Ω\N

∞∑
k=0

rk

k!

∥∥ck+j(ω)
∥∥µ(dω) =

∞∑
k=0

rk

k!
‖Ck+j‖L1(Ω;X) <∞,

we can apply Lebesgue’s dominated convergence theorem to obtain

lim
n→∞

∫
Ω

∥∥∥∥ϕj,n(z, ω)− ∂j

∂zj
ϕ(z, ω)

∥∥∥∥ µ(dω) = 0.

It follows that

lim
n→∞

[
ϕj,n(z, ·)

]
=

[
∂j

∂zj
ϕ(z, ·)

]
, (2.9)

where the convergence is in L1(Ω;X). Now (2.8) and (2.9) show that ϕ has

property (iii). �

We use Lemma 2.3.1 to prove that the same result holds for any open set Σ ⊆ C.

Lemma 2.3.2 Let X be a complex Banach space, (Ω,F , µ) a finite measure

space, and Σ ⊆ C an open subset. Let Φ : Σ → L1(Ω;X) be an analytic function.

Then there exists a function ϕ : Σ×Ω → X with the properties (i), (ii), and (iii)

stated in Lemma 2.3.1.

PROOF: As Σ is open in C it can be covered by countably many open balls.

Let {zk}∞k=1 and {rk}∞k=1 be a sequence in Σ respectively in (0,∞) such that

B(zk; rk) ⊆ Σ for k = 1, 2, · · · and ∪∞k=1B(zk; rk) = Σ. It is a result of Lemma

2.3.1 applied to Φ|B(zk;rk) for k = 1, 2, · · · that there exists a strongly measurable

function ϕk : B(zk; rk)×Ω → X such that the mapping z 7→ ϕk(z, ω) is analytic

in B(zk; rk) for every ω ∈ Ω and, for j = 0, 1, · · · ,[
∂j

∂zj
ϕk(z, ·)

]
=

dj

dzj
Φ(z), z ∈ B(zk; rk). (2.10)

To construct ϕ : Σ× Ω → X we define

Iz :=
{
k ∈ N; z ∈ B(zk; rk)

}
, z ∈ Σ,

Nk,l,z :=
{
ω ∈ Ω; ϕk(z, ω) 6= ϕl(z, ω)

}
, k, l ∈ Iz, z ∈ Σ.

For every z ∈ Σ and all k, l ∈ Iz we have that Nk,l,z is a nullset in Ω, since

[ϕk(z, ·)] = Φ(z) = [ϕl(z, ·)] by (2.10). Now we fix an arbitrary countable dense

subset Σ0 ⊆ Σ and define the nullsets

Nz := ∪k,l∈IzNk,l,z, z ∈ Σ,

N := ∪z∈Σ0Nz.
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Note that if ω ∈ Ω\N , then

ϕk(z, ω) = ϕl(z, ω), k, l ∈ Iz, z ∈ Σ0. (2.11)

Even more, (2.11) holds for every z ∈ Σ whenever ω ∈ Ω\N , since Σ0 is dense in

Σ and the mapping z 7→ ϕk(z, ω) is continuous in B(zk; rk) for k = 1, 2, · · · and

every ω ∈ Ω. Finally we define ϕ : Σ× Ω → X by

ϕ(z, ω) :=

{
ϕk(z, ω), z ∈ Σ, ω ∈ Ω\N, k ∈ Iz,
0, z ∈ Σ, ω ∈ N.

By construction, ϕ is independent of the choice of k. Moreover, it follows from

(2.10) that for j = 0, 1, · · · ,[
∂j

∂zj
ϕ(z, ·)

]
=

dj

dzj
Φ(z), z ∈ Σ.

Thus, ϕ has property (iii). Now we show that the mapping z 7→ ϕ(z, ω) is analytic

in Σ for every ω ∈ Ω. As this is obvious whenever ω ∈ N we fix arbitrary ω ∈ Ω\N
and z0 ∈ Σ. For k ∈ Iz0 we observe that z0 belongs to B(zk; rk) and that the

mapping z 7→ ϕk(z, ω) = ϕ(z, ω) is analytic in B(zk; rk). This implies that the

mapping z 7→ ϕ(z, ω) is analytic in z0 and hence, ϕ has property (ii).

Finally, we show that ϕ is strongly measurable. Let {Bk}∞k=1 be the disjoint

partition of Σ given by

Bk :=

{
B(z1; r1), k = 1,

B(zk; rk) \ ∪k−1
l=1 B(zl; rl), k = 2, 3, · · · .

Note that ∪∞k=1Bk = Σ. Let ϕ̃k : Σ× Ω → X for k = 1, 2, · · · be defined by

ϕ̃k(z, ω) :=


ϕk(z, ω), z ∈ Bk, ω ∈ Ω\N,
0, z ∈ Bk, ω ∈ N,
0, z ∈ Σ\Bk, ω ∈ Ω.

Then ϕ̃k is strongly measurable on Σ × Ω, since ϕk is strongly measurable on

B(zk; rk)× Ω for k = 1, 2, · · · . Moreover,

ϕ(z, ω) =
∞∑
k=1

ϕ̃k(z, ω), z ∈ Σ, ω ∈ Ω.

It follows that ϕ is strongly measurable on Σ×Ω as pointwise limit of finite sums,

that is, ϕ has property (i). �
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The next lemma extends the result of Lemma 2.3.2 to σ-finite measure spaces.

The assumptions in the lemma look rather technical, but they essentially concern

locally integrable functions. We use the notation

M(Ω;X) :=
{
[ϕ]; ϕ : Ω → X strongly measurable

}
.

Lemma 2.3.3 Let X be a complex Banach space, (Ω,F , µ) a σ-finite measure

space, and {Ωk}∞k=1 a sequence in F with ∪∞k=1Ωk = Ω. Let Σ ⊆ C be an open

subset. Let Φ : Σ → M(Ω;X) be such that for k = 1, 2, · · · the function Φk :

Σ → M(Ωk;X), given by Φk(z) := Φ(z)|Ωk
, has Ran(Φk) ⊆ L1(Ωk;X), and

Φk : Σ → L1(Ωk;X) is analytic.

Then there exists a function ϕ : Σ× Ω → X with the following properties:

(i) ϕ is strongly measurable;

(ii) [ϕ(z, ·)] = Φ(z) for every z ∈ Σ;

(iii) The mapping z 7→ ϕ(z, ω) is analytic in Σ for every ω ∈ Ω;

(iv) For j = 0, 1, · · · and k = 1, 2, · · · it holds that[
∂j

∂zj
ϕ(z, ·)|Ωk

]
=

dj

dzj
Φk(z), z ∈ Σ.

PROOF: Without loss of generality we assume that {Ωk}∞k=1 is pairwise disjoint

with µ(Ωk) <∞ for k = 1, 2, · · · . It is a result of Lemma 2.3.2 applied to Φk for

k = 1, 2, · · · that there exists a strongly measurable function ϕk : Σ × Ωk → X

such that the mapping z 7→ ϕk(z, ω) is analytic in Σ for every ω ∈ Ωk, and, for

j = 0, 1, · · · , [
∂j

∂zj
ϕk(z, ·)

]
=

dj

dzj
Φk(z), z ∈ Σ. (2.12)

We define ϕ : Σ× Ω → X by

ϕ(z, ω) :=
∞∑
k=1

ϕk(z, ω)1Ωk
(ω), z ∈ Σ, ω ∈ Ω.

Then ϕ is well-defined since {Ωk}∞k=1 is pairwise disjoint. Note that ϕ(z, ·)|Ωk
=

ϕk(z, ·) for k = 1, 2, · · · and every z ∈ Σ. This implies that ϕ has properties (i)

and (iii). Moreover, it is a result of (2.12) that ϕ has property (iv). In particular,

for k = 1, 2, · · · we have[
ϕ(z, ·)|Ωk

]
= Φk(z, ·) = Φ(z)|Ωk

, z ∈ Σ.
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As ∪∞k=1Ωk = Ω it follows that ϕ has property (ii). �

We remark that if the range of Φ : Σ → M(Ω;X) is contained in Lp(Ω;X)

for some p ∈ [1,∞), and if Φ : Σ → Lp(Ω;X) is analytic, then Φ satisfies the

assumptions in Lemma 2.3.3. This gives the main result of this section.

Theorem 2.3.4 Let X be a complex Banach space, (Ω,F , µ) a σ-finite measure

space, and Σ ⊆ C an open subset. Let Φ : Σ → Lp(Ω;X) be an analytic function

for some p ∈ [1,∞). Then there exists a function ϕ : Σ × Ω → X with the

following properties:

(i) ϕ is strongly measurable;

(ii) The mapping z 7→ ϕ(z, ω) is analytic in Σ for every ω ∈ Ω;

(iii) For j = 0, 1, · · · it holds that

[
∂j

∂zj
ϕ(z, ·)

]
=

dj

dzj
Φ(z), z ∈ Σ.

2.4 Versions of solutions to Cauchy problems in

Lp-spaces

In this section we use the main result of Section 2.3 to solve the Cauchy problem

(2.1). Let (X, ‖ · ‖) be a complex Banach space, (Ω,F , µ) a σ-finite measure

space, and p ∈ [1,∞). We assume that A satisfies the following hypothesis:

Hypothesis 2.4.1 The linear operator A : D(A) ⊆ Lp(Ω;X) → Lp(Ω;X) has

the following properties:

(i) If ϕ1 belongs to D(A) and if ϕ2 is in Lp(Ω;X) with [ϕ2] = [ϕ1], then ϕ2

belongs to D(A) and [Aϕ2] = [Aϕ1];

(ii) If {ϕn}∞n=1 is a sequence in D(A), and if there exist ϕ, ψ in Lp(Ω;X) and a

nullset N0 ⊆ Ω such that

lim
n→∞

ϕn(ω) = ϕ(ω), ω ∈ Ω\N0,

lim
n→∞

(Aϕn)(ω) = ψ(ω), ω ∈ Ω\N0,

lim
n→∞

[ϕn] = [ϕ],

lim
n→∞

[Aϕn] = [ψ],
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where the convergence in the first two lines is in X and in the last two

lines in Lp(Ω;X), then ϕ belongs to D(A) and (Aϕ)(ω) = ψ(ω) for every

ω ∈ Ω\N0.

We remark that if A satisfies Hypothesis 2.4.1, then we can define a linear oper-

ator A : D(A) ⊆ Lp(Ω;X) → Lp(Ω;X) by

D(A) :=
{
Φ ∈ Lp(Ω;X); there exists ϕ in D(A) such that [ϕ] = Φ

}
,

AΦ := [Aϕ], Φ ∈ D(A). (2.13)

This operator is well-defined by Hypothesis 2.4.1(i). Even more, A is a closed

operator.

Theorem 2.4.2 Let A satisfy Hypothesis 2.4.1. Let A, defined by (2.13), be the

infinitesimal generator of a strongly continuous semigroup {S(t)}t≥0 on Lp(Ω;X)

that is analytic in Σ :=
{
z ∈ C\{0}; |Arg(z)| < ϑ

}
for some ϑ ∈ (0, π]. Let ϕ0

belong to Lp(Ω;X) and let Φ : Σ ∪ {0} → Lp(Ω;X) be defined by

Φ(z) := S(z)[ϕ0], z ∈ Σ.

Then there exist a function ϕ : Σ×Ω → X and a nullset N ⊆ Ω with the following

properties:

(i) ϕ is strongly measurable;

(ii) [ϕ(z, ·)] = Φ(z) for every z ∈ Σ;

(iii) The mapping z 7→ ϕ(z, ω) is analytic in Σ for every ω ∈ Ω;

(iv) ϕ(z, ·) belongs to D(A) for every z ∈ Σ, and

∂

∂z
ϕ(z, ω) =

(
Aϕ(z, ·)

)
(ω), z ∈ Σ, ω ∈ Ω\N ;

(v) If ϕ0 belongs to D(A), then limt↓0 ϕ(t, ω) exists for every ω ∈ Ω\N , where

the convergence is in X, and[
lim
t↓0

ϕ(t, ·)
]

= [ϕ0].

PROOF: Note that Φ is analytic in Σ. By Theorem 2.3.4 there exists a strongly

measurable function ϕ : Σ × Ω → X such that the mapping z 7→ ϕ(z, ω) is

analytic in Σ for every ω ∈ Ω, and, for j = 0, 1, · · · ,[
∂j

∂zj
ϕ(z, ·)

]
=

dj

dzj
Φ(z), z ∈ Σ. (2.14)
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Thus, ϕ has properties (i), (ii), and (iii). Now we prove that ϕ has property (iv).

The first step is to show that ϕ(z, ·) belongs to D(A) for every z ∈ Σ and that[
∂

∂z
ϕ(z, ·)

]
=
[
Aϕ(z, ·)

]
, z ∈ Σ. (2.15)

We fix an arbitrary z ∈ Σ. Since Φ is defined by an analytic semigroup generated

by A, we observe that Φ(z) belongs to D(A) and d
dz

Φ(z) = AΦ(z). By definition

of D(A) there exists ϕ̃(z, ·) in D(A) such that [ϕ̃(z, ·)] = Φ(z) and [Aϕ̃(z, ·)] =

AΦ(z). As [ϕ(z, ·)] = Φ(z) by property (ii) we have [ϕ(z, ·)] = [ϕ̃(z, ·)]. Now

it follows from Hypothesis 2.4.1(i) that ϕ(z, ·) belongs to D(A) and [Aϕ(z, ·)] =

[Aϕ̃(z, ·)]. Therefore we have, using (2.14),[
∂

∂z
ϕ(z, ·)

]
=

d

dz
Φ(z) = AΦ(z) = [Aϕ̃(z, ·)] = [Aϕ(z, ·)] .

The second step is to show that there exists a nullset N0 ⊆ Ω such that

∂

∂z
ϕ(z, ω) =

(
Aϕ(z, ·)

)
(ω), z ∈ Σ, ω ∈ Ω\N0. (2.16)

Let Σ0 ⊆ Σ be a countable dense subset. We define the sets

Nz0 :=

{
ω ∈ Ω;

∂

∂z
ϕ(z0, ω) 6=

(
Aϕ(z0, ·)

)
(ω)

}
, z0 ∈ Σ0,

N0 := ∪z0∈Σ0Nz0 .

Then (2.15) implies that Nz0 is a nullset in Ω for every z0 ∈ Σ0. Hence, N0 is a

nullset as well and we have

∂

∂z
ϕ(z0, ω) =

(
Aϕ(z0, ·)

)
(ω), z0 ∈ Σ0, ω ∈ Ω\N0. (2.17)

Let z ∈ Σ be arbitrary. As Σz0 is dense in Σ there exists a sequence {zn}∞n=1 in

Σ0 such that limn→∞ zn = z. Even more, by property (iii) we have

lim
n→∞

ϕ(zn, ω) = ϕ(z, ω), ω ∈ Ω,

and, using (2.17),

lim
n→∞

(
Aϕ(zn, ·)

)
(ω) = lim

n→∞

∂

∂z
ϕ(zn, ω) =

∂

∂z
ϕ(z, ω), ω ∈ Ω\N0,

where the convergence in both lines is in X. Moreover, using (2.14), (2.15),

(2.17), and the analyticity of Φ, we have

lim
n→∞

[ϕ(zn, ·)] = lim
n→∞

Φ(zn) = Φ(z) = [ϕ(z, ·)],
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and

lim
n→∞

[Aϕ(zn, ·)] = lim
n→∞

[
∂

∂z
ϕ(zn, ·)

]
= lim

n→∞

d

dz
Φ(zn) =

d

dz
Φ(z) =

[
∂

∂z
ϕ(z, ·)

]
,

where the convergence in both lines is in Lp(Ω;X). Now it is a result of Hypothesis

2.4.1(ii), with ϕn, ϕ, and ψ replaced by respectively ϕ(zn, ·), ϕ(z, ·), and ∂
∂z
ϕ(z, ·),

that (2.16) holds. This shows that ϕ has property (iv) with N replaced by N0.

Finally, we prove that ϕ has property (v). Let {Ωk}∞k=1 be a pairwise disjoint

sequence in Ω with ∪∞k=1Ωk = Ω and µ(Ωk) < ∞ for k = 1, 2, · · · . We fix an

arbitrary k ∈ N and define the analytic function Φk : Σ → Lp(Ωk;X) by

Φk(z) := Φ(z)|Ωk
, z ∈ Σ.

The first step is to show that there exists a nullset N∞ ⊆ Ω such that limt↓0 ϕ(t, ω)

exists for every ω ∈ Ω\N∞, where the convergence is in X. We have, us-

ing Fubini’s theorem, (2.14), and the continuous embedding of Lp(Ωk;X) into

L1(Ωk;X),∫
Ωk

(∫ T

0

∥∥∥∥ ∂∂tϕ(t, ω)

∥∥∥∥ dt

)
µ(dω) =

∫ T

0

∥∥∥∥ d

dt
Φk(t)

∥∥∥∥
L1(Ωk;X)

dt, T > 0.

We observe that the integral on the right-hand side is finite. Indeed, the map-

ping t 7→ Φk(t) = (S(t)[ϕ0])|Ωk
is continuously differentiable on [0,∞), since the

semigroup is strongly continuous and ϕ0 belongs to D(A), see [Paz83, page 102,

Theorem 1.3]. Therefore there exists a nullset Nk ⊆ Ωk such that for every T > 0∫ T

0

∥∥∥∥ ∂∂tϕ(t, ω)

∥∥∥∥ dt <∞, ω ∈ Ωk\Nk.

This implies that

lim
t↓0

∥∥∥∥ ∂∂tϕ(t, ω)

∥∥∥∥ <∞, ω ∈ Ωk\Nk.

Hence, limt↓0 ϕ(t, ω) exists in X for every ω ∈ Ωk\Nk. Since k is arbitrary and

Ω = ∪∞k=1Ωk, the first step is completed by defining N∞ := ∪∞k=1Nk.

The second step is to show that[
lim
t↓0

ϕ(t, ·)
]

= [ϕ0]. (2.18)

By definition of Φ and the strong continuity of the semigroup we have

lim
t↓0

Φ(t) = lim
t↓0

S(t)[ϕ0] = [ϕ0], (2.19)
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where the convergence is in Lp(Ω;X). Let {tn}∞n=1 be a sequence in (0,∞) such

that limn→∞ tn = 0 and let k ∈ N be arbitrary. Then (2.19) implies that

lim
n→∞

Φk(tn) =
[
ϕ0|Ωk

]
,

where the convergence is in L1(Ωk;X). By (2.14) we also have

Φk(tn) =
[
ϕ(tn, ·)|Ωk

]
, n = 1, 2, · · · .

Therefore we have

lim
n→∞

∫
Ωk

∥∥ϕ(tn, ω)− ϕ0(ω)
∥∥µ(dω) = 0,

and hence, there exists a subsequence {tnj
}∞j=1 such that for almost every ω ∈ Ωk,

lim
j→∞

ϕ(tnj
, ω) = ϕ0(ω), (2.20)

where the convergence is in X. Since k is arbitrary and Ω = ∪∞k=1Ωk, we have

that (2.20) even holds for almost every ω ∈ Ω. Thus, (2.18) holds. This shows

that ϕ has property (v) with N replaced by N∞ and the theorem is proved with

N := N0 ∪N∞. �
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Chapter 3

Scalar linear Volterra equations

In this chapter we provide an analytic semigroup setting for a scalar linear

Volterra integrodifferential equation of convolution type with a completely mono-

tonic kernel. This semigroup approach consists of rewriting the Volterra equation

into an abstract Cauchy problem in an appropriate infinite dimensional Hilbert

space, such that the operator governing this problem generates an analytic semi-

group. We then use the solution to the abstract Cauchy problem, together

with interpolation methods, to obtain existence and regularity of solutions to

the Volterra equation, as well as a representation formula.

3.1 Introduction

We study the scalar linear Volterra integrodifferential equation

d

dt

∫ t

−∞
a(t− s)u(s) ds = f(t), t > 0,

u(t) = u0(t), t ≤ 0,

(3.1)

where the kernel a : (0,∞) → R belongs to a class K, introduced in Section 3.2,

of completely monotonic, locally integrable functions which are singular at zero,

and where the functions u0 : (−∞, 0] → R and f : [0,∞) → R are at least locally

integrable. We consider the following notion of solution:

Definition 3.1.1 A solution to problem (3.1) is a Borel measurable function

u : R → R such that

(i)
∫ t
−∞ a(t− s)|u(s)| ds <∞ for every t ≥ 0;

(ii) The mapping t 7→
∫ t
−∞ a(t− s)u(s) ds is absolutely continuous on [0, T ] for

every T > 0;

47
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(iii) u satisfies (3.1) for almost every t ∈ R.

From this definition we immediately obtain that a solution u to problem (3.1)

always belongs to L1(0, T ) for every T > 0. Indeed, since a is nonincreasing and

a(t) > 0 for every t > 0, we have

a(t)

∫ t

0

|u(s)| ds ≤
∫ t

0

a(t− s)|u(s)| ds <∞, t > 0.

Concerning uniqueness of solutions we have the following result:

Proposition 3.1.2 Problem (3.1) admits at most one solution.

PROOF: Let u be a solution to problem (3.1) with both u0 and f identically zero.

Then Definition 3.1.1(ii) and (iii) imply that
∫ t

0
a(t − s)u(s) ds = 0 for every

t > 0. It follows from Corollary 1.2.2 that u(t) = 0 for almost every t > 0. �

To study existence and regularity of solutions to problem (3.1) we use an analytic

semigroup approach. Heuristically, this approach is explained as follows. Since

a is completely monotonic, Bernstein’s theorem states that there exists a unique

Borel measure ν on [0,∞) such that

a(t) =

∫
[0,∞)

e−κt ν(dκ), t > 0. (3.2)

With a view to substitute this expression into (3.1) we define the function

ψ : [0,∞)× [0,∞) → R by

ψ(t, κ) :=

∫ t

−∞
e−κ(t−s)u(s) ds, t ≥ 0, κ ≥ 0,

where the function u : R → R is such that (3.1) holds. Note that ψ satisfies the

initial value problem

∂
∂t
ψ(t, κ) = u(t)− κψ(t, κ), t > 0, κ ≥ 0,

ψ(0, κ) = ψ0(κ), κ ≥ 0,
(3.3)

where the initial value ψ0 : [0,∞) → R is defined by

ψ0(κ) :=

∫ ∞

0

e−κsu0(−s) ds, κ ≥ 0.

By substituting (3.2) into (3.1) we obtain

d

dt

∫ t

−∞
a(t− s)u(s) ds =

d

dt

∫ t

−∞

(∫
[0,∞)

e−κ(t−s) ν(dκ)

)
u(s) ds

=
d

dt

∫
[0,∞)

(∫ t

−∞
e−κ(t−s)u(s) ds

)
ν(dκ) =

d

dt

∫
[0,∞)

ψ(t, κ) ν(dκ)

=

∫
[0,∞)

∂
∂t
ψ(t, κ) ν(dκ) =

∫
[0,∞)

(
u(t)− κψ(t, κ)

)
ν(dκ), t > 0.
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Therefore, ψ is subject to the constraint∫
[0,∞)

(
u(t)− κψ(t, κ)

)
ν(dκ) = f(t), t > 0. (3.4)

We rewrite the initial value problem (3.3) together with the constraint (3.4) into

an abstract Cauchy problem in a suitable Hilbert space. To this end we define

a Hilbert space H in Section 3.3, along with a linear operator A : D(A) ⊆ H →
H that generates an analytic semigroup. These are constructed in such a way

that when f is identically zero, the initial value problem (3.3) together with the

constraint (3.4) rewrites into the homogeneous abstract Cauchy problem

d
dt
ϕ(t) = Aϕ(t), t > 0,

ϕ(0) = ψ0.
(3.5)

In Section 3.4 we discuss problem (3.1) with f identically zero and u0 such that

ψ0 belongs to D(A). We solve the homogeneous abstract Cauchy problem (3.5)

and obtain a solution to problem (3.1) by means of a linear functional acting

on ϕ(t). Using interpolation theory we develop some tools in Section 3.5 which

will be used to weaken the assumptions on u0. Section 3.6 then treats problem

(3.1) with f identically zero under these weaker assumptions. In Section 3.7 we

consider problem (3.1) with f not identically zero. In this case it turns out that

we cannot use the homogeneous abstract Cauchy problem (3.5) as a semigroup

setting for problem (3.1). Instead, we think of an inhomogeneous abstract Cauchy

problem in a larger space than H. With the aid of the tools of Section 3.5 we

solve this problem in an appropriate interpolation space and use its solution to

obtain a solution to problem (3.1).

3.2 The kernel

In this section we introduce the class K mentioned in Section 3.1 of kernels a of

the linear Volterra equation (3.1). We show that with every kernel a ∈ K we can

associate a number α(a) ∈ [0, 1]. The notation α(a) is motivated by our model

problem where a = g1−α for some α ∈ (0, 1); see (1.2) in Example 1.3.3 for the

definition of g1−α. In this case the Volterra equation (3.1) with u0 identically zero

equals the fractional derivative of order α, and it turns out that α(g1−α) = α.

Moreover, we show that if a ∈ K behaves like t−α when t ↓ 0, then α(a) = α.

Definition 3.2.1 The class K is defined by

K :=
{
a : (0,∞) → R; a completely monotonic, a ∈ L1(0, 1), a(0+) = +∞

}
.
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Definition 3.2.2 If a ∈ K, then α(a) ∈ R is defined by

α(a) := sup

{
ρ ∈ R;

∫ ∞

1

λρ−2 1

(â(λ))2

(
â(λ) + λ d

dλ
â(λ)

)
dλ <∞

}
.

Note that α(a) is well-defined, since the integrand is positive by Lemma 1.1.5(iii)

and since α(a) is finite by the next lemma.

Lemma 3.2.3 If a ∈ K, then α(a) ∈ [0, 1].

PROOF: We remark that if the integral in Definition 3.2.2 converges for some

ρ ∈ R, then for every ρ′ < ρ this integral with ρ replaced by ρ′ also converges.

Therefore it is sufficient to prove that

(i) If ρ < 0, then
∫∞

1
λρ−2 1

(â(λ))2

(
â(λ) + λ d

dλ
â(λ)

)
dλ <∞;

(ii) If ρ > 1, then
∫∞

1
λρ−2 1

(â(λ))2

(
â(λ) + λ d

dλ
â(λ)

)
dλ = +∞.

For (i) we have by Lemma 1.1.5(ii) and (iv) that â(λ) + λ d
dλ
â(λ) ≤ â(λ) and

λâ(λ) ≥ â(1) for every λ > 1. This implies that∫ ∞

1

λρ−2 1

(â(λ))2

(
â(λ) + λ d

dλ
â(λ)

)
dλ

≤
∫ ∞

1

λρ−1 1

λâ(λ)
dλ ≤ 1

â(1)

∫ ∞

1

λρ−1 dλ <∞, ρ < 0.

For (ii) we observe that it is sufficient to prove that there exist M > 0 and C > 0

such that
1

(â(λ))2

(
â(λ) + λ d

dλ
â(λ)

)
≥ C, λ > M,

or equivalently, using (3.2) and Lemma 1.1.5(i) and (ii),∫
[0,∞)

κ
(κ+λ)2

ν(dκ)(∫
[0,∞)

1
κ+λ

ν(dκ)
)2 ≥ C, λ > M. (3.6)

Let I1(λ) ≥ 0 and I2(λ) > 0 for every λ > 0 be defined by

I1(λ) :=

∫
[0,1)

λ

κ+ λ
ν(dκ), I2(λ) :=

∫
[1,∞)

λ

κ+ λ
ν(dκ).

By Lemma 1.1.4(i) and (iii) we have limλ→∞ I1(λ) =
∫

[0,1)
ν(dκ) < ∞ and

limλ→∞ I2(λ) = +∞. Thus for an arbitrary ε > 0 there exists M > 0 such

that
I1(λ)

I2(λ)
< ε, λ > M.
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Let c > 0 be given by

c :=

∫
[1,∞)

1

κ
ν(dκ),

where well-definedness follows from Lemma 1.1.6(i). Using the Cauchy-Schwarz

inequality we obtain that for every λ > M ,∫
[0,∞)

κ
(κ+λ)2

ν(dκ)(∫
[0,∞)

1
κ+λ

ν(dκ)
)2 ≥

1(
1 + I1(λ)

I2(λ)

)2

∫
[1,∞)

κ
(κ+λ)2

ν(dκ)(∫
[1,∞)

1
κ+λ

ν(dκ)
)2 >

1

(1 + ε)2

1

c
.

Therefore (3.6) holds with C := 1
c(1+ε)2

. �

Remark 3.2.4 There exists a kernel a ∈ K with α(a) = 1. Indeed, this holds

for a : (0,∞) → R given by

a(t) :=

∫ ∞

0

e−κt ln(κ+ 2)−2 dκ, t > 0.

Lemma 3.2.5 If a ∈ K is such that a(t) ∼ ct−α when t ↓ 0, where c > 0 and

α ∈ (0, 1), then α(a) = α.

PROOF: We shall show that for j = 0, 1,

(−1)jλj dj

dλj â(λ) ∼ cΓ(j + 1− α)λα−1, λ→∞. (3.7)

This would prove the lemma, since it implies that for every ρ ∈ R,

λρ−2 1

(â(λ))2

(
â(λ) + λ d

dλ
â(λ)

)
∼ α

cΓ(1− α)
λρ−1−α, λ→∞,

and
∫∞

1
λρ−1−α dλ converges if and only if ρ < α. To show that (3.7) holds, let

ε > 0. By assumption there exists δ > 0 such that∣∣∣∣ a(t)ct−α
− 1

∣∣∣∣ < ε

2cΓ(1− α)
, 0 < t < δ.

Furthermore, let c1 := a(δ) + cδ−α and let M > 0 be such that

λ−α <
ε

2c1
, λ > M.
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Then we have∣∣∣(−1)jλj+1−α dj

dλj â(λ)− cΓ(j + 1− α)
∣∣∣

=

∣∣∣∣λj+1−α
∫ ∞

0

e−λt
(
tja(t)− ctj−α

)
dt

∣∣∣∣
≤ λj+1−α

∫ δ

0

e−λt
∣∣∣∣ a(t)ct−α

− 1

∣∣∣∣ ctj−α dt+ λj+1−α
∫ ∞

δ

e−λttj|a(t)− ct−α| dt

<
ε

2Γ(1− α)
λj+1−α

∫ ∞

0

e−λttj−α dt+ c1λ
j+1−α

∫ ∞

0

e−λttj dt

=
εΓ(j + 1− α)

2Γ(1− α)
+ c1Γ(j + 1)λ−α <

ε

2
+
ε

2
= ε, λ > M, j = 0, 1,

and this implies that (3.7) holds. �

3.3 The analytic semigroup and its generator

This section specifies the analytic semigroup setting. We define the Hilbert space

H and the linear operator A, and show firstly, that A is the infinitesimal generator

of a strongly continuous semigroup and secondly, that this semigroup is analytic.

Let a belong to K and let ν denote the unique Borel measure on [0,∞) such that

a(t) =

∫
[0,∞)

e−κt ν(dκ), t > 0.

To define the Hilbert space H we fix an arbitrary β > 0.

Definition 3.3.1 The real Hilbert space (H, 〈·, ·〉H , ‖ · ‖H) of equivalence classes

is defined by

H :=
{
ϕ : [0,∞) → R;ϕ Borel measurable and∫

[0,∞)

|ϕ(κ)|2(κ+ β) ν(dκ) <∞
}
,

endowed with the inner product

〈ϕ, ψ〉H :=

∫
[0,∞)

ϕ(κ)ψ(κ)(κ+ β) ν(dκ), ϕ, ψ ∈ H.

Note that H is independent of β and that for different choices of β the corre-

sponding norms on H are equivalent.

To define the linear operator A we need a functional J .
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Definition 3.3.2 The linear functional J : D(J) ⊆ H → R is defined by

D(J) :=
{
ϕ ∈ H; there exists (a unique) u ∈ R such that κ 7→ u− κϕ(κ) ∈ H

}
,

J(ϕ) := u, ϕ ∈ D(J).

Well-definedness of J follows from the next lemma.

Lemma 3.3.3 For every ϕ ∈ H there exists at most one u ∈ R such that the

mapping κ 7→ u− κϕ(κ) belongs to H.

PROOF: Let ϕ belong to H. If u1, u2 ∈ R are such that the mappings κ 7→
u1−κϕ(κ) and κ 7→ u2−κϕ(κ) both belong to H, then the mapping κ 7→ u1−u2

also belongs to H. This implies that u1 = u2, since the case u1 6= u2 would lead

to the following contradiction by Lemma 1.1.4(iv):

+∞ = |u1 − u2|2
∫

[0,∞)

κ ν(dκ) ≤
∫

[0,∞)

|u1 − u2|2(κ+ β) ν(dκ) <∞.

�

Definition 3.3.4 The linear operator A : D(A) ⊆ H → H is defined by

D(A) :=

{
ϕ ∈ D(J);

∫
[0,∞)

(
J(ϕ)− κϕ(κ)

)
ν(dκ) = 0

}
,

(Aϕ)(κ) := J(ϕ)− κϕ(κ), ϕ ∈ D(A), κ ≥ 0.

The following lemma shows that A is well-defined.

Lemma 3.3.5 The Hilbert space H is continuously embedded in the real Banach

space L1([0,∞), ν) with

‖ϕ‖L1([0,∞),ν) ≤
√
â(β)‖ϕ‖H , ϕ ∈ H.

PROOF: The lemma follows from the Cauchy-Schwarz inequality and Lemma

1.1.5(i). �

We shall apply the Hille-Yosida theorem to prove that A generates a strongly

continuous semigroup. For this we need two propositions concerning dissipativity.

Proposition 3.3.6 The linear operator A− β
4
IH : D(A) ⊆ H → H is dissipative

in (H, 〈·, ·〉H).
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PROOF: Using the definition of D(A) and Lemmas 3.3.5 and 1.1.5(i), we have

〈Aϕ,ϕ〉H =

∫
[0,∞)

(
J(ϕ)− κϕ(κ)

)
ϕ(κ)(κ+ β) ν(dκ)−

J(ϕ)

∫
[0,∞)

(
J(ϕ)− κϕ(κ)

)
ν(dκ)

=

∫
[0,∞)

(
J(ϕ)

κ

κ+ β
− κϕ(κ)

)(
ϕ(κ)(κ+ β)− J(ϕ)

)
ν(dκ) +∫

[0,∞)

J(ϕ)
β

κ+ β
ϕ(κ)(κ+ β) ν(dκ)−∫

[0,∞)

(J(ϕ))2 β

κ+ β
ν(dκ)

= −
∫

[0,∞)

κ

κ+ β

(
J(ϕ)− (κ+ β)ϕ(κ)

)2
ν(dκ) +

βJ(ϕ)

∫
[0,∞)

ϕ(κ) ν(dκ) − βâ(β)(J(ϕ))2

≤ β
√
â(β)|J(ϕ)| ‖ϕ‖H − βâ(β)(J(ϕ))2

= −β
(√

â(β) |J(ϕ)| − 1
2
‖ϕ‖H

)2
+ β

4
‖ϕ‖2

H ≤ β
4
‖ϕ‖2

H , ϕ ∈ D(A).

This implies that 〈(A− β
4
IH)ϕ, ϕ〉H ≤ 0 for every ϕ ∈ D(A). �

Proposition 3.3.7 The linear operator A − β
4
IH : D(A) ⊆ H → H is

m-dissipative in (H, 〈·, ·〉H). Moreover, if λ > 0 and ϕ belongs to H, then

λIH − A : D(A) → H is bijective and(
(λIH − A)−1ϕ

)
(κ) =

ϕ(κ) + u

κ+ λ
, κ ≥ 0,

where u ∈ R is defined by

u :=
1

λâ(λ)

∫
[0,∞)

κϕ(κ)

κ+ λ
ν(dκ). (3.8)

In particular,

u = J
(
(λIH − A)−1ϕ

)
.

PROOF: To show that λIH − A is one-to-one we assume that ψ ∈ D(A) satisfies

(λIH − A)ψ = 0. Then the definition of A implies that ψ(κ) = J(ψ)
κ+λ

for every

κ ≥ 0, so that by Lemma 1.1.5(i)

0 =

∫
[0,∞)

(
J(ψ)− κψ(κ)

)
ν(dκ) =

∫
[0,∞)

λJ(ψ)

κ+ λ
ν(dκ) = λâ(λ)J(ψ).
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It follows that J(ψ) = 0 and hence, ψ = 0.

For well-definedness of u we observe that the mapping κ 7→ κϕ(κ)
κ+λ

belongs to

L1([0,∞), ν), since ϕ belongs to L1([0,∞), ν) by Lemma 3.3.5.

Now we show that λIH − A is onto. Let ψ : [0,∞) → R be defined by

ψ(κ) :=
ϕ(κ) + u

κ+ λ
, κ ≥ 0.

Then ψ belongs to H as the mappings κ 7→ ϕ(κ)
κ+λ

and κ 7→ 1
κ+λ

both belong to

H; the former since ϕ belongs to H and the latter by Lemma 1.1.5(ii) and (iii).

Therefore it follows from the definition of ψ that the mapping κ 7→ u− κψ(κ) =

λψ(κ) − ϕ(κ) belongs to H, that is, ψ belongs to D(J) with J(ψ) = u. Even

more, ψ belongs to D(A) since we have, using Lemma 1.1.5(i) and (3.8),∫
[0,∞)

(
u− κψ(κ)

)
ν(dκ) =

∫
[0,∞)

λu− κϕ(κ)

κ+ λ
ν(dκ)

= λâ(λ)u−
∫

[0,∞)

κϕ(κ)

κ+ λ
ν(dκ) = 0.

Finally, the definitions of A and ψ imply that (λIH −A)ψ = ϕ. This shows that

λIH − A is onto and the proof is finished. �

Theorem 3.3.8 The linear operator A : D(A) ⊆ H → H is the infinitesimal

generator of a strongly continuous semigroup {S(t)}t≥0 of bounded linear opera-

tors on H with

‖S(t)‖L(H) ≤ e
β
4
t, t ≥ 0.

PROOF: Since A − β
4
IH is m-dissipative in (H, 〈·, ·〉H), Proposition 1.4.7 states

that A is densely defined in H. Therefore the theorem is a result of Theorem

1.4.5 and Proposition 1.4.9. �

To prove analyticity of {S(t)}t≥0 we need the complexifications of H, J , A, and

{S(t)}t≥0. We remark that the complexification of {S(t)}t≥0 is a strongly con-

tinuous semigroup on the complexification of H, with infinitesimal generator the

complexification of A. Also we remark that in this case Proposition 3.3.7 holds

for every λ ∈ C\{0} with Reλ ≥ 0. We start with two lemmas.

Lemma 3.3.9 Let λ ∈ C with Reλ ≥ β
4

and let ϕ belong to H. If u is given by

(3.8), then u satisfies

|u| ≤ 2

|λâ(λ)|

√
Re
(
â(β

4
+ iImλ)

)
‖ϕ‖H .
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PROOF: Using the Cauchy-Schwarz inequality and Lemma 1.1.7, we have

|u| ≤ 1

|λâ(λ)|

∫
[0,∞)

κ+ β

|κ+ λ|
|ϕ(κ)| ν(dκ)

≤ 1

|λâ(λ)|

(∫
[0,∞)

κ+ β

|κ+ λ|2
ν(dκ)

) 1
2

‖ϕ‖H

≤ 1

|λâ(λ)|

(∫
[0,∞)

4(κ+ β
4
)

(κ+ β
4
)2 + (Imλ)2

ν(dκ)

) 1
2

‖ϕ‖H

=
2

|λâ(λ)|

√
Re
(
â(β

4
+ iImλ)

)
‖ϕ‖H .

�

Lemma 3.3.10 The resolvent set ρ(A) contains Σ :=
{
λ ∈ C; Reλ ≥ β

4

}
. In

particular,∥∥(λIH − A)−1
∥∥
L(H)

≤

(
1 +

4Re â(β
4

+ iImλ)

|â(λ)|

)
1

|λ|
, λ ∈ Σ.

PROOF: Let λ ∈ C with Reλ ≥ β
4
. Since λIH − A is bijective by Proposition

3.3.7, it suffices to prove the estimate. Let ϕ belong to H and let u be given by

(3.8). Note that the mapping κ 7→ 1
κ+λ

belongs to H by Lemma 1.1.5(ii) and

(iii). Using Proposition 3.3.7 and Lemma 3.3.9, we obtain∥∥(λIH − A)−1ϕ
∥∥
H

=

∥∥∥∥ϕ(κ) + u

κ+ λ

∥∥∥∥
H

≤ 1

|λ|
‖ϕ‖H + |u|

∥∥∥∥ 1

κ+ λ

∥∥∥∥
H

=
1

|λ|
‖ϕ‖H + |u|

(∫
[0,∞)

κ+ β

|κ+ λ|2
ν(dκ)

) 1
2

≤ 1

|λ|
‖ϕ‖H + |u|

(∫
[0,∞)

4(κ+ β
4
)

(κ+ β
4
)2 + (Imλ)2

ν(dκ)

) 1
2

≤ 1

|λ|
‖ϕ‖H +

4

|λâ(λ)|
Re â(β

4
+ iImλ) ‖ϕ‖H .

�

Theorem 3.3.11 The semigroup {S(t)}t≥0 is analytic.

PROOF: It follows from Lemma 3.3.10 that ρ(A − β
4
IH) contains the imaginary

axis and that for every ω ∈ R\{0},∥∥∥(iωIH − (A− β
4
IH)
)−1
∥∥∥
L(H)

≤

(
1 +

4Re â(β
4

+ iω)∣∣â(β
4

+ iω)
∣∣
)

1

|β
4

+ iω|
≤ 5

|ω|
.
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Therefore it is a result of Proposition 1.4.12 that A − β
4
IH is the infinitesimal

generator of an analytic semigroup. Now Proposition 1.4.13 implies that A is the

infinitesimal generator of an analytic semigroup. �

For later use we show that J |D(A) is continuous with respect to the graph norm

of A, which is denoted by ‖ · ‖A.

Lemma 3.3.12 The restriction J |D(A) : (D(A), ‖ · ‖A) → R is continuous.

PROOF: Let ψ belong to D(A) and let ϕ ∈ H be given by ϕ := (βIH −A)ψ. By

Proposition 3.3.7 and Lemma 3.3.5 we have

|J(ψ)| ≤ 1

βâ(β)

∫
[0,∞)

κ

κ+ β
|ϕ(κ)| ν(dκ)

≤ 1

βâ(β)
‖ϕ‖L1([0,∞),ν) ≤

1

β
√
â(β)

∥∥(βIH − A)ψ
∥∥
H
.

Since the norm ψ 7→ ‖(βIH −A)ψ‖H on D(A) is equivalent to the graph norm of

A, the lemma is proved. �

In Section 3.5 we need the adjoint operator A∗ of A. The following results give a

characterization of A∗ and its resolvent.

Lemma 3.3.13 The adjoint operator A∗ : D(A∗) ⊆ H → H is given by

D(A∗) =

{
σ ∈ D(J);

∫
[0,∞)

(
J(σ)− (κ+ β)σ(κ)

)
ν(dκ) = 0

}
,

(A∗σ)(κ) = J(σ)
κ

κ+ β
− κσ(κ), σ ∈ D(A∗), κ ≥ 0.

PROOF: Let σ belong to H. By definition of the adjoint operator A∗, σ belongs

to D(A∗) = D(βIH − A∗) if there exists τ ∈ H such that〈
(βIH − A)ψ, σ

〉
H

= 〈ψ, τ〉H , ψ ∈ D(A),

or equivalently by Proposition 3.3.7, such that

〈ϕ, σ〉H =
〈
(βIH − A)−1ϕ, τ

〉
H
, ϕ ∈ H. (3.9)

We fix an arbitrary ϕ ∈ H and let u ∈ R be given by

u :=
1

βâ(β)

∫
[0,∞)

κϕ(κ)

κ+ β
ν(dκ).



58 Chapter 3. Scalar linear Volterra equations

Using Proposition 3.3.7 we have that (3.9) holds if and only if∫
[0,∞)

ϕ(κ)σ(κ)(κ+ β) ν(dκ) =

∫
[0,∞)

(ϕ(κ) + u)τ(κ) ν(dκ),

if and only if∫
[0,∞)

(
σ(κ)− τ(κ)

κ+ β

)
ϕ(κ)(κ+ β) ν(dκ)

=
1

βâ(β)

(∫
[0,∞)

τ(κ) ν(dκ)

)∫
[0,∞)

κ

(κ+ β)2
ϕ(κ)(κ+ β) ν(dκ),

if and only if〈
ϕ(κ), σ(κ)− τ(κ)

κ+ β
− 1

βâ(β)

(∫
[0,∞)

τ(κ) ν(dκ)

)
κ

(κ+ β)2

〉
H

= 0.

Since ϕ ∈ H is arbitrary, this holds if and only if

τ(κ) = (κ+ β)σ(κ)−K
κ

κ+ β
, κ ≥ 0, (3.10)

where, using (3.10) and Lemma 1.1.5(i), K ∈ R is such that

K =
1

βâ(β)

∫
[0,∞)

τ(κ) ν(dκ)

=
1

βâ(β)

∫
[0,∞)

(
(κ+ β)σ(κ)−K +K

β

κ+ β

)
ν(dκ)

=
1

βâ(β)

∫
[0,∞)

(
(κ+ β)σ(κ)−K

)
ν(dκ) +K,

or equivalently, where K ∈ R satisfies∫
[0,∞)

(
K − (κ+ β)σ(κ)

)
ν(dκ) = 0. (3.11)

Since σ and the mapping κ 7→ 1
κ+β

both belong to H, it follows from (3.10) that

τ belongs to H if and only if the mapping κ 7→ κσ(κ) − K belongs to H. We

conclude that σ belongs to D(A∗) if and only if there exists K ∈ R such that the

mapping κ 7→ K − κσ(κ) belongs to H and (3.11) holds, that is, σ belongs to

D(J) and satisfies ∫
[0,∞)

(
J(σ)− (κ+ β)σ(κ)

)
ν(dκ) = 0.

Finally, the definition of A∗ and (3.10) imply that

(A∗σ)(κ) = βσ(κ)− τ(κ) = J(σ)
κ

κ+ β
− κσ(κ), κ ≥ 0.

�
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Proposition 3.3.14 If λ > 0 and τ belongs to H, then λIH−A∗ is bijective and(
(λIH − A∗)−1τ

)
(κ) =

1

κ+ λ

(
τ(κ) + p

κ

κ+ β

)
, κ ≥ 0,

where p ∈ R is defined by

p :=
1

λâ(λ)

∫
[0,∞)

κ+ β

κ+ λ
τ(κ) ν(dκ). (3.12)

In particular,

p = J
(
(λIH − A∗)−1τ

)
.

PROOF: We remark that λIH−A∗ is one-to-one, since λIH−A is onto by Propo-

sition 3.3.7. Well-definedness of p follows from the observation that the integral

in (3.12) is the inner product in H of τ and the mapping κ 7→ 1
κ+λ

. Note that

this mapping belongs to H by Lemma 1.1.5(ii) and (iii).

To show that λIH − A∗ is onto let σ : [0,∞) → R be defined by

σ(κ) :=
1

κ+ λ

(
τ(κ) + p

κ

κ+ β

)
, κ ≥ 0.

Then σ belongs toH as the mappings κ 7→ τ(κ)
κ+λ

and κ 7→ κ
(κ+λ)(κ+β)

both belong to

H; the former since τ belongs to H and the latter by Lemma 1.1.5(i). Therefore

it follows from the definition of σ and Lemma 1.1.5(i) that the mapping κ 7→
p− κσ(κ) = λσ(κ)− τ(κ) + p β

κ+β
belongs to H, that is, σ belongs to D(J) with

J(σ) = p. Even more, σ belongs to D(A∗) since we have, using Lemma 1.1.5(i)

and (3.12),∫
[0,∞)

(
p− (κ+ β)σ(κ)

)
ν(dκ) =

∫
[0,∞)

λp− (κ+ β)τ(κ)

κ+ λ
ν(dκ)

= λâ(λ)p−
∫

[0,∞)

(κ+ β)

κ+ λ
τ(κ) ν(dκ) = 0.

Now the definitions of A∗ and σ imply that (λIH − A∗)σ = τ . This shows that

λIH − A∗ is onto and the proof is finished. �

3.4 The homogeneous problem I

We consider the homogeneous Volterra equation

d

dt

∫ t

−∞
a(t− s)u(s) ds = 0, t > 0,

u(t) = u0(t), t ≤ 0,

(3.13)
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where the kernel a : (0,∞) → R belongs to the class K and where the function

u0 : (−∞, 0] → R satisfies the next hypothesis:

Hypothesis 3.4.1 The function u0 : (−∞, 0] → R is Borel measurable and has

the following properties:

(i) There exist M1 > 0 and ω > 0 such that |u0(t)| ≤M1e
ωt for every t ≤ 0;

(ii) There exist M2 > 0 and δ > 0 such that |u0(0) − u0(t)| ≤ M2|t| for every

t ∈ [−δ, 0];

(iii) d−

dt

∣∣
t=0

∫ t
−∞ a(t− s)u0(s) ds = 0.

Note that Hypothesis 3.4.1 does not assume any smoothness of u0 except at zero.

Note also that if u0 satisfies Hypothesis 3.4.1(i), then u0 belongs to L1(−∞, 0)∩
L∞(−∞, 0). The following lemma gives a different formulation of Hypothesis

3.4.1(iii). We shall give the proof in Section 3.4.3 as it is elementary, but lengthy.

Lemma 3.4.2 If u0 satisfies Hypothesis 3.4.1(i) and (ii), then

d−

dt

∣∣∣∣
t=0

∫ t

−∞
a(t− s)u0(s) ds

= u0(0) a(+∞) +

∫ ∞

0

(
− d

ds
a(s)

)(
u0(0)− u0(−s)

)
ds.

Following our semigroup approach we consider problem (3.13) in an abstract

setting. We study the corresponding homogeneous abstract Cauchy problem in

Section 3.4.1, and return to problem (3.13) in Section 3.4.2.

3.4.1 The homogeneous abstract Cauchy problem

In this section we study the homogeneous abstract Cauchy problem

d
dt
ψ(t) = Aψ(t), t > 0,

ψ(0) = ψ0,
(3.14)

where ψ0 : [0,∞) → R is defined by

ψ0(κ) :=

∫ ∞

0

e−κsu0(−s) ds, κ ≥ 0. (3.15)

We assume that u0 in the definition of ψ0 satisfies Hypothesis 3.4.1 and prove

that ψ0 belongs to D(A). Then we state existence and uniqueness of a strict

solution to problem (3.14) in the following sense:
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Definition 3.4.3 A strict solution to problem (3.14) is a function ψ : [0,∞) →
H such that ψ belongs to C

(
[0,∞); D(A)

)
∩ C1

(
[0,∞);H

)
, where D(A) is en-

dowed with the graph norm of A, and such that ψ satisfies (3.14) for every t ≥ 0.

Lemma 3.4.4 If u0 satisfies Hypothesis 3.4.1(i) and (ii), then ψ0 belongs to

D(J) and J(ψ0) = u0(0). In particular, ψ0 belongs to D(A) if and only if u0 also

satisfies Hypothesis 3.4.1(iii).

PROOF: First we observe that ψ0 belongs to H. Indeed, by Hypothesis 3.4.1(i)

we have |ψ0(κ)| ≤ M1

κ+ω
for every κ ≥ 0, and the mapping κ 7→ 1

κ+ω
belongs

to H by Lemma 1.1.5(ii) and (iii). To show that ψ0 belongs to D(J) we define

u1, u2 : (−∞, 0] → R and ψ1, ψ2 : [0,∞) → R by respectively u1(t) := u0(0)eωt

and u2(t) := u0(t)− u0(0)eωt for every t ≤ 0, and

ψj(κ) :=

∫ ∞

0

e−κsuj(−s) ds, κ ≥ 0, j = 1, 2.

Note that u0 = u1 + u2 and ψ0 = ψ1 + ψ2, and that u1 and u2 satisfy Hypothesis

3.4.1(i) and (ii). Therefore ψ1 and ψ2 belong to H. Even more, ψ1 belongs to

D(J) with J(ψ1) = u0(0) since ψ1(κ) = u0(0)
κ+ω

for every κ ≥ 0 and, using Lemma

1.1.5(ii) and (iii),∫
[0,∞)

(
u0(0)− κψ1(κ)

)2
(κ+ β) ν(dκ) =

(
ωu0(0)

)2 ∫
[0,∞)

κ+ β

(κ+ ω)2
ν(dκ) <∞.

Now we show that ψ2 belongs to D(J) with J(ψ2) = 0. Using Fubini’s theorem

and Lemma 1.1.4(ii) we observe that∫
[0,∞)

∣∣0− κψ2(κ)
∣∣2(κ+ β) ν(dκ) =

∫
[0,∞)

|ψ2(κ)|2(κ3 + βκ2) ν(dκ)

≤
∫

[0,∞)

(∫ ∞

0

e−κs|u2(−s)| ds
)(∫ ∞

0

e−κt|u2(−t)| dt
)

(κ3 + βκ2) ν(dκ)

=

∫ ∞

0

∫ ∞

0

|u2(−s)||u2(−t)|
(
− d3

dt3
a(s+ t) + β d2

dt2
a(s+ t)

)
ds dt.

We split the last integral into four parts:∫ ∞

0

∫ ∞

0

=

∫ δ

0

∫ δ

0

+

∫ ∞

δ

∫ ∞

δ

+

∫ δ

0

∫ ∞

δ

+

∫ ∞

δ

∫ δ

0

.

It is sufficient to show that each integral on the right-hand side is finite. We shall

use Hypothesis 3.4.1(i) and (ii) with M ′
1 and M ′

2 for u2, Fubini’s theorem, the
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assumptions on a, and Lemmas 1.1.5(ii), 1.1.6(ii), and 1.1.2(iv). We start with

the first integral:

∫ δ

0

∫ δ

0

|u2(−s)||u2(−t)|
(
− d3

dt3
a(s+ t) + β d2

dt2
a(s+ t)

)
ds dt

≤ (M ′
2)

2

∫ δ

s=0

s

(∫ δ

t=0

t
(
− d3

dt3
a(s+ t) + β d2

dt2
a(s+ t)

)
dt

)
ds

= (M ′
2)

2

∫ δ

0

s
(
δ
(
− d2

dt2
a(s+ δ) + β d

dt
a(s+ δ)

)
+

d
dt
a(s+ δ)− βa(s+ δ)− d

dt
a(s) + βa(s)

)
ds

≤ (M ′
2)

2

∫ δ

0

s
(
− d

dt
a(s) + βa(s)

)
ds

≤ (M ′
2)

2

(
−δa(δ) +

∫ δ

0

a(s) ds+ βδ

∫ δ

0

a(s) ds

)
<∞.

The second integral is finite, since

∫ ∞

δ

∫ ∞

δ

|u2(−s)||u2(−t)|
(
− d3

dt3
a(s+ t) + β d2

dt2
a(s+ t)

)
ds dt

≤ (M ′
1)

2

∫ ∞

s=δ

(∫ ∞

t=δ

(
− d3

dt3
a(s+ t) + β d2

dt2
a(s+ t)

)
dt

)
ds

= (M ′
1)

2
(
−βa(+∞)− d

dt
a(2δ) + βa(2δ)

)
<∞.

Finiteness of the third integral, and analogously of the fourth, follows from

∫ δ

s=0

∫ ∞

t=δ

|u2(−s)||u2(−t)|
(
− d3

dt3
a(s+ t) + β d2

dt2
a(s+ t)

)
ds dt

≤M ′
1M

′
2

∫ δ

s=0

s

(∫ ∞

t=δ

(
− d3

dt3
a(s+ t) + β d2

dt2
a(s+ t)

)
dt

)
ds

= M ′
1M

′
2

∫ δ

0

s
(

d2

dt2
a(s+ δ)− β d

dt
a(s+ δ)

)
ds

= M ′
1M

′
2

(
δ
(

d
dt
a(2δ)− βa(2δ)

)
− a(2δ) + a(δ) + β

∫ δ

0

a(s+ δ) ds

)
<∞.

At this point we have shown that ψ1 and ψ2 belong to D(J) with J(ψ1) = u0(0)

and J(ψ2) = 0. Since ψ0 = ψ1 + ψ2 it follows that ψ0 belongs to D(J) and

J(ψ0) = u0(0).



3.4 The homogeneous problem I 63

Finally, using ν({0}) = a(+∞) by Lemma 1.1.4(v), Fubini’s theorem justified by

the first part of this proof, and Lemma 1.1.4(ii), we observe that∫
[0,∞)

(
J(ψ0)− κψ0(κ)

)
ν(dκ)

=

∫
[0,∞)

(
1 · u0(0)− κ

∫ ∞

0

e−κsu0(−s) ds

)
ν(dκ)

= u0(0) a(+∞) +

∫
(0,∞)

(∫ ∞

0

κe−κs
(
u0(0)− u0(−s)

)
ds

)
ν(dκ)

= u0(0) a(+∞) +

∫ ∞

0

(
− d

ds
a(s)

)(
u0(0)− u0(−s)

)
ds.

By Lemma 3.4.2 this shows that ψ0 belongs to D(A) if and only if u0 also satisfies

Hypothesis 3.4.1(iii). �

Proposition 3.4.5 If u0 satisfies Hypothesis 3.4.1, then problem (3.14) admits

a unique strict solution ψ. Moreover, ψ has the representation ψ(t) = S(t)ψ0 for

every t ≥ 0 and ψ is real analytic in (0,∞) with respect to the graph norm of A.

PROOF: We refer to [Lun95, page 126, Lemma 4.1.6] and use the analyticity of

the semigroup combined with Proposition 1.4.29(ii). �

We remark that the strict solution ψ has values in H and hence, ψ(t) is an

equivalence class. In the next section we shall need a differentiable version of

ψ(t). To prove existence of such a version we apply Theorem 2.4.2 of Chapter 2.

We recall that Chapter 2 distinguishes between a function ϕ and its equivalence

class [ϕ]. To be consistent in notation we therefore write [ψ(t)] instead of ψ(t),

and denote a version of [ψ(t)] by ψ(t, ·).
We apply Theorem 2.4.2 with X := R, Ω := [0,∞), F := B[0,∞), µ(dκ) :=

(κ + β)ν(dκ), and p := 2. Note that (Ω,F , µ) is a σ-finite measure space by

Lemma 1.1.4(i). Note also that if N ⊆ [0,∞) is a µ-null set, then N is a ν-null

set as well. To verify the conditions of Theorem 2.4.2 we define the space H by

H :=
{
ϕ : [0,∞) → R; [ϕ] ∈ H

}
,

and the linear operator A : D(A) ⊆ H → H by

D(A) :=
{
ϕ ∈ H; [ϕ] ∈ D(A)

}
,

(Aϕ)(κ) := J([ϕ])− κϕ(κ), ϕ ∈ D(A), κ ≥ 0.

From the definition of A and A it follows that

D(A) =
{
[ϕ] ∈ H; there exists ϕ ∈ D(A) such that [ϕ] = [ϕ]

}
, (3.16)
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A[ϕ] = [Aϕ], [ϕ] ∈ D(A). (3.17)

Note that this implies that A could have been defined by (2.13).

Lemma 3.4.6 Operator A satisfies Hypothesis 2.4.1.

PROOF: First we show that A satisfies Hypothesis 2.4.1(i). Let ϕ1 ∈ D(A)

and ϕ2 ∈ H be such that ϕ1(κ) = ϕ2(κ) for µ-almost every κ ≥ 0. Then [ϕ1]

belongs to D(A) by definition of A, and [ϕ1] = [ϕ2]. This implies that ϕ2 belongs

to D(A) and ϕ1(κ) = ϕ2(κ) for ν-almost every κ ≥ 0. In particular, we have

[Aϕ2] = [Aϕ1] since for µ-almost every κ ≥ 0,

(Aϕ2)(κ) = J([ϕ2])− κϕ2(κ) = J([ϕ1])− κϕ1(κ) = (Aϕ1)(κ).

Now we show that A satisfies Hypothesis 2.4.1(ii). Let {ϕn}∞n=1 be a sequence in

D(A), let ϕ and ψ belong to H, and let N0 ⊆ [0,∞) be a µ-null set such that

lim
n→∞

ϕn(κ) = ϕ(κ), κ ∈ [0,∞)\N0, (3.18)

lim
n→∞

(Aϕn)(κ) = ψ(κ), κ ∈ [0,∞)\N0, (3.19)

lim
n→∞

[ϕn] = [ϕ], (3.20)

lim
n→∞

[Aϕn] = [ψ], (3.21)

where the convergence in the last two lines is in H. From (3.17) and (3.21) it

follows that

lim
n→∞

A[ϕn] = lim
n→∞

[Aϕn] = [ψ]. (3.22)

Since A is a closed operator, (3.20) and (3.22) imply that [ϕ] belongs to D(A)

and A[ϕ] = [ψ]. This has two consequences. Firstly, by (3.16) there exists

ϕ ∈ D(A) such that [ϕ] = [ϕ] and hence, ϕ belongs to D(A) by Hypothesis

2.4.1(i). Secondly, using (3.22) we have limn→∞A[ϕn] = A[ϕ]. Combined with

(3.20) we therefore have limn→∞[ϕn] = [ϕ] where the convergence is in D(A) with

respect to the graph norm ‖·‖A of A. As J |D(A) : (D(A), ‖·‖A) → R is continuous

by Lemma 3.3.12, it follows that limn→∞ J([ϕn]) = J([ϕ]). Together with (3.18)

this implies that for every κ ∈ [0,∞)\N0,

lim
n→∞

(Aϕn)(κ) = lim
n→∞

(
J([ϕn])− κϕn(κ)

)
= J([ϕ])− κϕ(κ) = (Aϕ)(κ).

In combination with (3.19) this shows that

ψ(κ) = (Aϕ)(κ), κ ∈ [0,∞)\N0.

Thus A satisfies Hypothesis 2.4.1(ii) and the lemma is proved. �
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Theorem 3.4.7 Let [ψ(t)] be the unique strict solution to problem (3.14). Then

there exist a Borel measurable function ψ : [0,∞)× [0,∞) → R and a ν-null set

N ⊆ [0,∞) with the following properties:

(i) [ψ(t, ·)] = [ψ(t)] for every t ≥ 0;

(ii) The mapping t 7→ ψ(t, κ) is continuous in [0,∞) and real analytic in (0,∞),

both for every κ ∈ [0,∞)\N ;

(iii) It holds that

∂
∂t
ψ(t, κ) = J

(
[ψ(t)]

)
− κψ(t, κ), t > 0, κ ∈ [0,∞)\N ;

(iv) ψ(0, κ) = ψ0(κ) for every κ ∈ [0,∞)\N .

PROOF: We are in position to apply Theorem 2.4.2, thus there exist a Borel

measurable function ϕ̃ : (0,∞) × [0,∞) → R and a µ-null set Ñ ⊆ [0,∞) such

that the mapping t 7→ ϕ̃(t, κ) is real analytic in (0,∞) for every κ ≥ 0, and

limt↓0 ϕ̃(t, κ) exists with [limt↓0 ϕ̃(t, ·)] = [ψ0] for every κ ∈ [0,∞)\Ñ . Moreover,

ϕ̃(t, ·) belongs to D(A) for every t > 0 and we have[
ϕ̃(t, ·)

]
= [ψ(t)], t > 0, (3.23)

∂
∂t
ϕ̃(t, κ) =

(
Aϕ̃(t, ·)

)
(κ), t > 0, κ ∈ [0,∞)\Ñ . (3.24)

Now we define ψ : [0,∞)× [0,∞) → R by

ψ(t, κ) :=


ϕ̃(t, κ), t > 0, κ ∈ [0,∞),

lims↓0 ϕ̃(s, κ), t = 0, κ ∈ [0,∞)\Ñ ,
0, t = 0, κ ∈ Ñ .

Then ψ is well-defined and Borel measurable. Furthermore, ψ has properties (i)

and (ii) with N replaced by Ñ . Using (3.23) and (3.24) we have for all t > 0 and

κ ∈ [0,∞)\Ñ ,

∂
∂t
ψ(t, κ) = ∂

∂t
ϕ̃(t, κ) =

(
Aϕ̃(t, ·)

)
(κ)

= J
(
[ϕ̃(t, ·)]

)
− κϕ̃(t, κ) = J([ψ(t)])− κψ(t, κ).

Hence, ψ has property (iii) with N replaced by Ñ . To show that ψ has property

(iv) we observe that

[ψ(0, ·)] =

[
lim
s↓0

ϕ̃(s, ·)
]

= [ψ0].
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Thus there exists a µ-null set N0 ⊆ [0,∞) such that

ψ(0, κ) = ψ0(κ), κ ∈ [0,∞)\N0.

Finally, we define the µ-null set, and thus ν-null set, N := Ñ ∪ N0 and the

theorem is proved. �

3.4.2 The scalar linear Volterra equation

In this section we return to the homogeneous Volterra equation (3.13), which we

are able to solve with our semigroup approach and the results of Section 3.4.1.

Theorem 3.4.8 Let u0 satisfy Hypothesis 3.4.1. Then problem (3.13) admits a

unique solution u. Moreover, u is continuous in [0,∞), real analytic in (0,∞),

and has the representation

u(t) =

{
J
(
S(t)ψ0

)
, t > 0,

u0(t), t ≤ 0,
(3.25)

where ψ0 is given by

ψ0(κ) :=

∫ ∞

0

e−κsu0(−s) ds, κ ≥ 0.

PROOF: Since the mapping t 7→ S(t)ψ0 is continuous in [0,∞) and real analytic

in (0,∞), both with respect to the graph norm ‖ · ‖A of A by Proposition 3.4.5,

and since J : (D(A), ‖ · ‖A) → R is continuous by Lemma 3.3.12, it follows that u

given by (3.25) is continuous in [0,∞) and real analytic in (0,∞). In particular,

u is Borel measurable. Using Hypothesis 3.4.1(i), the continuity of u, and Lemma

1.1.5, we observe that∫ t

−∞
a(t− s)|u(s)| ds =

∫ 0

−∞
a(t− s)|u0(s)| ds+

∫ t

0

a(t− s)|u(s)| ds

≤M1

∫ 0

−∞
eωsa(t− s) ds+ max

{
|u(s)|; s ∈ [0, t]

}∫ t

0

a(s) ds

≤M1e
ωtâ(ω) + max

{
|u(s)|; s ∈ [0, t]

}∫ t

0

a(s) ds <∞, t ≥ 0.

This implies that u satisfies Definition 3.1.1(i). To show that u satisfies Definition

3.1.1(ii) and (iii) we use the complete monotonicity of a and observe that for every

t ≥ 0, ∫ t

−∞
a(t− s)u(s) ds =

∫ t

−∞

(∫
[0,∞)

e−κ(t−s) ν(dκ)

)
u(s) ds. (3.26)
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Definition 3.1.1(i) implies that we can apply Fubini’s theorem to the right-hand

side of (3.26) to obtain for every t ≥ 0,∫ t

−∞

(∫
[0,∞)

e−κ(t−s) ν(dκ)

)
u(s) ds =

∫
[0,∞)

(∫ t

−∞
e−κ(t−s)u(s) ds

)
ν(dκ).

(3.27)

We define ψ : [0,∞) → R by ψ(t) := S(t)ψ0 for every t ≥ 0. Then ψ is the

unique strict solution to problem (3.14) by Proposition 3.4.5. By Theorem 3.4.7

there exist a Borel measurable function ψ : [0,∞) × [0,∞) → R and a ν-null

set N ⊆ [0,∞) such that the mapping t 7→ ψ(t, κ) is continuous in [0,∞) and

real analytic in (0,∞), both for κ ∈ [0,∞)\N . Moreover, ψ(t, κ) = (ψ(t))(κ) for

every t ≥ 0 and ν-almost every κ ≥ 0, and

∂
∂t
ψ(t, κ) = J(ψ(t))− κψ(t, κ), t > 0, κ ∈ [0,∞)\N,
ψ(0, κ) = ψ0(κ), κ ∈ [0,∞)\N.

(3.28)

Hence, using the representations of u and ψ and the definition of ψ0, we have for

all t ≥ 0 and κ ∈ [0,∞)\N ,

ψ(t, κ) = e−κtψ0(κ) +

∫ t

0

e−κ(t−s)J(ψ(s)) ds =

∫ t

−∞
e−κ(t−s)u(s) ds,

as well as

ψ(t, κ) = ψ0(κ) +

∫ t

0

(
J(ψ(s))− κψ(s, κ)

)
ds.

Therefore we have for every t ≥ 0,∫
[0,∞)

(∫ t

−∞
e−κ(t−s)u(s) ds

)
ν(dκ) =

∫
[0,∞)

ψ(t, κ) ν(dκ) (3.29)

=
∫

[0,∞)
ψ0(κ) ν(dκ) +

∫
[0,∞)

(∫ t
0

(
J(ψ(s))− κψ(s, κ)

)
ds
)
ν(dκ).

To be able to apply Fubini’s theorem in (3.29) it is sufficient to show that the

mapping s 7→
∫

[0,∞)

(
J(ψ(s))−κψ(s, κ)

)
ν(dκ) is bounded on [0, t] for every t ≥ 0.

Using Lemma 3.3.5 and the fact that ψ is continuous on [0,∞) with respect to

the graph norm ‖ · ‖A of A, this follows from∫
[0,∞)

∣∣J(ψ(s))− κψ(s, κ)
∣∣ ν(dκ) =

∫
[0,∞)

∣∣(Aψ(s))(κ)
∣∣ ν(dκ)

≤
√
â(β)‖ψ(s)‖A ≤

√
â(β) max

{
‖ψ(s)‖A; s ∈ [0, t]

}
.

Thus we have for every t ≥ 0,∫
[0,∞)

ψ0(κ) ν(dκ) +

∫
[0,∞)

(∫ t

0

(
J(ψ(s))− κψ(s, κ)

)
ds

)
ν(dκ) (3.30)

=
∫

[0,∞)
ψ0(κ) ν(dκ) +

∫ t
0

(∫
[0,∞)

(
J(ψ(s))− κ(ψ(s))(κ)

)
ν(dκ)

)
ds.
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Combining (3.26), (3.27), (3.29), and (3.30), and recalling that ψ(s) belongs to

D(A) for every s ≥ 0, we obtain∫ t

−∞
a(t− s)u(s) ds =

∫
[0,∞)

ψ0(κ) ν(dκ), t ≥ 0.

Since the right-hand side above is independent of t it follows that u satisfies

Definition 3.1.1(ii) and (iii). �

3.4.3 Proof of Lemma 3.4.2

In this section we prove Lemma 3.4.2 by applying the following proposition, see

[Roy88, page 92, Theorem 17].

Proposition 3.4.9 Let {gn}∞n=1 be a sequence of nonnegative integrable functions

that converges almost everywhere to an integrable function g. Let {fn}∞n=1 be a

sequence of measurable functions such that |fn| ≤ gn for n = 1, 2, · · · , and such

that the sequence converges almost everywhere to a function f . If limn→∞
∫
gn =∫

g, then limn→∞ fn =
∫
f .

PROOF OF LEMMA 3.4.2: We start with observing that the integral on the right-

hand side exists. Indeed, using Hypothesis 3.4.1(i) and (ii), Lemma 1.1.6(ii), and

the assumptions on a, we have∫ ∞

0

∣∣(− d
ds
a(s)

)(
u0(0)− u0(−s)

)∣∣ ds

=

∫ δ

0

(
− d

ds
a(s)

)∣∣u0(0)− u0(−s)
∣∣ ds+

∫ ∞

δ

(
− d

ds
a(s)

)∣∣u0(0)− u0(−s)
∣∣ ds

≤M2

∫ δ

0

s
(
− d

ds
a(s)

)
ds+ 2M1

∫ ∞

δ

− d
ds
a(s) ds

≤ −M2δa(δ) +M2

∫ δ

0

a(s) ds− 2M1a(+∞) + 2M1a(δ) <∞.

To prove the equality in the proposition let u1, u2 : (−∞, 0] → R be defined

by u1(t) := u0(0)e
ωt respectively u2(t) := u0(t) − u1(t). Then u1 and u2 satisfy

Hypothesis 3.4.1(i) and (ii). Note that u0 = u1+u2, u1(0) = u0(0), and u2(0) = 0.

First we show that

d−

dt

∣∣∣∣
t=0

∫ t

−∞
a(t− s)u1(s) ds

= u0(0) a(+∞) +

∫ ∞

0

(
− d

ds
a(s)

)(
u0(0)− u1(−s)

)
ds.

(3.31)
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For the left-hand side of (3.31) we have, using Lemma 1.1.5,

d−

dt

∣∣∣∣
t=0

∫ t

−∞
a(t− s)u1(s) ds = u0(0)

d−

dt

∣∣∣∣
t=0

∫ ∞

0

a(s)eω(t−s) ds

= u0(0)d−

dt

∣∣
t=0

eωtâ(ω) = u0(0)ωâ(ω).

For the right-hand side of (3.31) we use Lemma 1.1.6(ii) to obtain∫ ∞

0

(
− d

ds
a(s)

)(
u0(0)− u1(−s)

)
ds

= u0(0)

∫ ∞

0

(
− d

ds
a(s)

)
(1− e−ωs) ds

= u0(0)

(
−a(+∞) + ω lim

s↓0

(
sa(s)

1− e−ωs

ωs

)
+ ω

∫ ∞

0

a(s)e−ωs ds

)
= −u0(0) a(+∞) + u0(0)ωâ(ω).

This implies that (3.31) holds. Now we show that

d−

dt

∣∣∣∣
t=0

∫ t

−∞
a(t− s)u2(s) ds =

∫ ∞

0

(
d
ds
a(s)

)
u2(−s) ds. (3.32)

By definition of the left derivative we have

d−

dt

∣∣∣∣
t=0

∫ t

−∞
a(t− s)u2(s) ds

= lim
h↓0

1
h

(∫ 0

−∞
a(−s)u2(s) ds−

∫ −h

−∞
a(−h− s)u2(s) ds

)
.

For an arbitrary h ∈ (0, δ
2
), where δ is given by Hypothesis 3.4.1(ii), we write

1

h

(∫ 0

−∞
a(−s)u2(s) ds−

∫ −h

−∞
a(−h− s)u2(s) ds

)
=

1

h

(∫ ∞

0

a(s)u2(−s) ds−
∫ ∞

h

a(s− h)u2(−s) ds

)
=

1

h

∫ 2h

0

a(s)u2(−s) ds − 1

h

∫ 2h

h

a(s− h)u2(−s) ds+∫ δ

2h

a(s)− a(s− h)

h
u2(−s) ds +

∫ ∞

δ

a(s)− a(s− h)

h
u2(−s) ds.

Thus (3.32) holds if we can show the following:

lim
h↓0

1

h

∫ 2h

0

a(s)u2(−s) ds = 0 = lim
h↓0

1

h

∫ 2h

h

a(s− h)u2(−s) ds. (3.33)
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lim
h↓0

∫ ∞

δ

a(s)− a(s− h)

h
u2(−s) ds =

∫ ∞

δ

(
d
ds
a(s)

)
u2(−s) ds. (3.34)

lim
h↓0

∫ δ

2h

a(s)− a(s− h)

h
u2(−s) ds =

∫ δ

0

(
d
ds
a(s)

)
u2(−s) ds. (3.35)

To show the first equality in (3.33) we observe that by Hypothesis 3.4.1(i) and

(ii) there exist K1 > 0 and K2 > 0 such that |u2(−t)| ≤ K1e
−ωt for every t ≥ 0,

and |u2(−t)| ≤ K2t for every t ∈ [0, δ]. Therefore we have∣∣∣∣1h
∫ 2h

0

a(s)u2(−s) ds

∣∣∣∣ ≤ 1

h

∫ 2h

0

a(s)K2s ds ≤ 2K2

∫ 2h

0

a(s) ds.

This implies the first equality in (3.33). The second equality in (3.33) follows

analogously.

For (3.34) and (3.35) we observe that the mean value theorem and the fact that

the mapping t 7→ − d
dt
a(t) is nonincreasing imply that∣∣a(s)− a(s− h)

∣∣ ≤ h
(
− d

ds
a(s− h)

)
, s > h. (3.36)

Thus we have for every s > δ,∣∣∣∣a(s)− a(s− h)

h
u2(−s)

∣∣∣∣ ≤ (− d
ds
a(s− h)

)
K1e

−ωs ≤ K1

(
− d

ds
a(s− δ

2
)
)
,

so that (3.34) follows from Lebesgue’s dominated convergence theorem.

It remains to show (3.35) for which we shall apply Proposition 3.4.9. Let the

functions fh, f : (0, δ) → R be defined by

fh(s) :=
a(s)− a(s− h)

h
u2(−s)1[2h,δ](s), s ∈ (0, δ),

f(s) :=
(

d
ds
a(s)

)
u2(−s), s ∈ (0, δ).

Then we have limh↓0 fh(s) = f(s) for every s ∈ (0, δ). Moreover, using (3.36) and

the fact that |u2(−s)| ≤ K2s ≤ 2K2(s− h) for every s ∈ [2h, δ], we have

|fh(s)| ≤
(
− d

ds
a(s− h)

)
2K2(s− h)1[2h,δ](s), s ∈ (0, δ).

Now we define gh, g : (0, δ) → R by

gh(s) := 2K2(s− h)
(
− d

ds
a(s− h)

)
1[2h,δ](s), s ∈ (0, δ),

g(s) := 2K2s
(
− d

ds
a(s)

)
, s ∈ (0, δ).

Thus we have |fh(s)| ≤ gh(s) and limh↓0 gh(s) = g(s) for every s ∈ (0, δ). More-

over, using Lemma 1.1.6(ii) we observe that∫ δ

0

gh(s) ds = 2K2

∫ δ

2h

(s− h)
(
− d

ds
a(s− h)

)
ds

= −2K2(δ − h)a(δ − h) + 2K2ha(h) + 2K2

∫ δ

2h

a(s− h) ds <∞,
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and∫ δ

0

g(s) ds = 2K2

∫ δ

0

s
(
− d

ds
a(s)

)
ds = −2K2δa(δ) + 2K2

∫ δ

0

a(s) ds <∞.

The last fact that should be verified before we can apply Proposition 3.4.9 is

whether

lim
h↓0

∫ δ

0

∣∣gh(s)− g(s)
∣∣ ds = lim

h↓0

∫ 2h

0

g(s) ds+ lim
h↓0

∫ δ

2h

∣∣gh(s)− g(s)
∣∣ ds = 0.

Using Lemma 1.1.6(ii) we have

1

2K2

lim
h↓0

∫ 2h

0

g(s) ds = lim
h↓0

∫ 2h

0

s
(
− d

ds
a(s)

)
ds

= lim
h↓0

(
−2ha(2h) +

∫ 2h

0

a(s) ds

)
= 0.

Furthermore, the mean value theorem combined with the triangle inequality im-

plies that for every s ∈ [2h, δ],∣∣(s− h) d
ds
a(s− h)− s d

ds
a(s)

∣∣ ≤ h
(
− d

ds
a(s− h) + s d2

ds2
a(s− h)

)
.

Hence, using Lemma 1.1.6(ii) we have

1

2K2

lim
h↓0

∫ δ

2h

∣∣gh(s)− g(s)
∣∣ ds = lim

h↓0

∫ δ

2h

∣∣(s− h) d
ds
a(s− h)− s d

ds
a(s)

∣∣ ds
≤ lim

h↓0
h

∫ δ

2h

(
− d

ds
a(s− h) + s d2

ds2
a(s− h)

)
ds

= lim
h↓0

(
− 2ha(δ − h) + 2ha(h) + hδ d

ds

∣∣
s=δ
a(s− h)− 2h2 d

ds

∣∣
s=2h

a(s− h)
)

= 0.

Now we are in a position to apply Proposition 3.4.9. We obtain that

lim
h↓0

∫ δ

0

fh(s) ds =

∫ δ

0

f(s) ds,

that is, (3.35) holds and the lemma is proved. �

3.5 Interpolation spaces

In Section 3.4 we have solved problem (3.1) with a ∈ K and f identically zero

under some assumptions on u0. To be able to solve this problem under weaker
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assumptions in Section 3.6, or even with f not identically zero in Section 3.7,

we need some tools. In this section we develop these tools using interpolation

spaces.

We recall that with every kernel a ∈ K we associate a number α(a) ∈ [0, 1] that

was introduced in Definition 3.2.2.

3.5.1 Continuous extension of J |D(A)

The goal of this section is to prove that the restriction J |D(A) has a continuous

extension to an interpolation space (H,D(A))η,2 for some η ∈ (0, 1). For this

purpose we need a function ξ : [0,∞) → R that belongs to an interpolation space

(H,D(A∗))1−η,2.

Definition 3.5.1 The function ξ : [0,∞) → R is defined by

ξ(κ) :=
κ

(κ+ β)2
, κ ≥ 0.

Note that ξ belongs to H by Lemma 1.1.5(i).

Proposition 3.5.2 The function ξ belongs to (H,D(A∗))1−η,2 for every η ∈ (0, 1)

such that η > 1−α(a)
2

.

PROOF: Let η ∈ (0, 1). We show that ξ belongs to (H,D(A∗))1−η,2 if and only if∫ ∞

1

t−1−2η 1

(â(t))2

(
â(t) + t d

dt
â(t)

)
dt <∞. (3.37)

This would prove the proposition. Indeed, if η > 1−α(a)
2

, then 1 − 2η < α(a), so

that (3.37) holds by definition of α(a) and hence, ξ belongs to (H,D(A∗))1−η,2.

As D(A∗) = D(A∗ − βIH) with equivalent norms we have by definition of inter-

polation spaces that ξ belongs to (H,D(A∗))1−η,2 if∫ ∞

c

t2(1−η)−1
∥∥(A∗ − βIH)

(
tIH − (A∗ − βIH)

)−1
ξ
∥∥2

H
dt <∞

for some c > 1 sufficiently large. This holds if and only if∫ ∞

c′
t1−2η

∥∥(A∗ − βIH)(tIH − A∗)−1ξ
∥∥2

H
dt <∞, (3.38)

for some c′ > 1 sufficiently large. By Proposition 3.3.14 we have for all t > 0 and

κ ≥ 0,(
(A∗ − βIH)(tIH − A∗)−1ξ

)
(κ) = −ξ(κ) + (t− β)

1

κ+ t

(
ξ(κ) + p

κ

κ+ β

)
=
(
p(t− β)− 1

) κ

(κ+ t)(κ+ β)
,
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where, using Lemma 1.1.5(i), p ∈ R satisfies

p =
1

tâ(t)

∫
[0,∞)

κ+ β

κ+ t
ξ(κ) ν(dκ) =

1

tâ(t)

∫
[0,∞)

κ

(κ+ t)(κ+ β)
ν(dκ)

=
1

tâ(t)

∫
[0,∞)

1

t− β

(
t

κ+ t
− β

κ+ β

)
ν(dκ)

=
1

t(t− β)â(t)

(
tâ(t)− βâ(β)

)
=

1

t− β

(
1− βâ(β)

tâ(t)

)
.

Thus we have(
(A∗ − βIH)(tIH − A∗)−1ξ

)
(κ) = −βâ(β)

tâ(t)

κ

(κ+ t)(κ+ β)
, t > 0, κ ≥ 0.

Using Lemma 1.1.5(vi) we obtain that for every t > β,∥∥(A∗ − βIH)(tIH − A∗)−1ξ
∥∥2

H
(3.39)

=

(
βâ(β)

)2(
tâ(t)

)2 ((1− β2

(t− β)2

)
â(t) +

t2

t− β
d
dt
â(t) +

β2

(t− β)2
â(β)

)

=
(
βâ(β)

)2( â(t) + t d
dt
â(t)(

tâ(t)
)2 + β

d
dt
â(t)

t(t− β)
(
â(t)

)2 + β2 â(β)− â(t)(
t(t− β)â(t)

)2
)
.

Now we observe that

1

t
<

1

t− β
<

c′

c′ − β

1

t
, t > c′ > β. (3.40)

Moreover, Lemma 1.1.5(iv) implies that tâ(t) ≥ c′â(c′) for every t > c′ and

− d
dt
â(t)

â(t)
≤ 1

t
, t > 0. (3.41)

Using the above and Lemma 1.1.5(v) we obtain that for every t > c′ > β,∫ ∞

c′
t1−2η − d

dt
â(t)

t(t− β)
(
â(t)

)2 dt ≤ 1

(c′ − β)â(c′)

∫ ∞

c′
t−1−2η dt <∞,

and ∫ ∞

c′
t1−2η â(β)− â(t)(

t(t− β)â(t)
)2 dt ≤ 1

β(c′ − β)â(c′)

∫ ∞

c′
t−1−2η dt <∞.

Combined with (3.39) this implies that (3.38) holds if and only if∫ ∞

c′
t−1−2η â(t) + t d

dt
â(t)(

â(t)
)2 dt <∞ (3.42)
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for some c′ > 1 sufficiently large. Note that (3.42) holds with c′ > 1 if and only

if (3.37) holds. This shows that ξ belongs to (H,D(A∗))1−η,2 if and only if (3.37)

holds and the proposition is proved. �

Proposition 3.5.3 The restriction J |D(A) is uniquely extensible to a bounded

linear functional on (H,D(A))η,2 for every η ∈ (0, 1) such that η > 1−α(a)
2

.

PROOF: Let η ∈ (0, 1) be such that η > 1−α(a)
2

. As D(A) is dense in (H,D(A))η,2
by Lemma 1.4.17 we have to show that there exists M > 0 such that

|J(ϕ)| ≤M‖ϕ‖(H,D(A))η,2 , ϕ ∈ D(A).

We observe that (H,D(A))η,2 = (H,D(A− βIH))η,2 by Lemma 1.4.15 and, since

0 ∈ ρ(A − βIH) by Lemma 3.3.10, (H,D(A − βIH))η,2 = D((βIH − A)η) by

Theorem 1.4.27. Moreover, the norms of (H,D(A))η,2, (H,D(A − βIH))η,2, and

the norm ϕ 7→ ‖(βIH −A)ηϕ‖H on D((βIH −A)η) are equivalent. Therefore it is

sufficient to show that there exists M > 0 such that

|J(ϕ)| ≤M
∥∥(βIH − A)ηϕ

∥∥
H
, ϕ ∈ D(A). (3.43)

We shall make use of the function ξ given by Definition 3.5.1. By Proposi-

tion 3.5.2 we have that ξ belongs to (H,D(A∗))1−η,2. Since (H,D(A∗))1−η,2 =

D((βIH − A∗)1−η) with the norm of (H,D(A∗))1−η,2 equivalent to the norm

ϕ 7→ ‖(βIH − A∗)1−ηϕ‖H on D((βIH − A∗)1−η), there exists C > 0 such that∥∥(βIH − A∗)1−ηξ
∥∥
H
≤ C ‖ξ‖(H,D(A∗))1−η,2 . (3.44)

Using Propositions 3.3.7 and 1.4.26 and Lemma 1.4.28, we have

J(ϕ) =
(
J ◦ (βIH − A)−1 ◦ (βIH − A)

)
(ϕ)

=
1

βâ(β)

∫
[0,∞)

κ

κ+ β

(
(βIH − A)ϕ

)
(κ) ν(dκ)

=
1

βâ(β)

∫
[0,∞)

(
(βIH − A)ϕ

)
(κ) ξ(κ)(κ+ β) ν(dκ)

=
1

βâ(β)

〈
(βIH − A)ϕ, ξ

〉
H

=
1

βâ(β)

〈
(βIH − A)ϕ, (βIH − A∗)η−1(βIH − A∗)1−ηξ

〉
H

=
1

βâ(β)

〈
(βIH − A)ηϕ, (βIH − A∗)1−ηξ

〉
H
, ϕ ∈ D(A).
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Hence, using (3.44) we obtain that

|J(ϕ)| ≤ 1

βâ(β)

∥∥(βIH − A)ηϕ
∥∥
H

∥∥(βIH − A∗)1−ηξ
∥∥
H

≤ C

βâ(β)

∥∥(βIH − A)ηϕ‖H ‖ξ‖(H,D(A∗))1−η,2 , ϕ ∈ D(A).

This shows that (3.43) holds with M := C
βâ(β)

‖ξ‖(H,D(A∗))1−η,2 . �

3.5.2 The function π

In this section we introduce a function π : [0,∞) → R. One of the tasks of π is

to solve the inhomogeneous Volterra equation in Section 3.7. We prove that π

has two properties. The first is that π satisfies
∫

[0,∞)
(J(π) − κπ(κ)) ν(dκ) = 1.

The second is that π belongs to an interpolation space (H,D(A))θ,2 for some

θ ∈ (0, 1).

Definition 3.5.4 The function π : [0,∞) → R is defined by

π(κ) :=
1

βâ(β)

1

κ+ β
, κ ≥ 0.

To prove that π has the first property we define a linear functional I : D(J) → R
by

I(ϕ) :=

∫
[0,∞)

(
J(ϕ)− κϕ(κ)

)
ν(dκ), ϕ ∈ D(J).

Note that I is well-defined by Lemma 3.3.5.

Lemma 3.5.5 The function π belongs to D(J), and J(π) = 1
βâ(β)

and I(π) = 1.

Furthermore, ϕ− I(ϕ)π belongs to D(A) for every ϕ ∈ D(J).

PROOF: Since π belongs to H by Lemma 1.1.5(i), and

1

βâ(β)
− κπ(κ) = βπ(κ), κ ≥ 0,

this shows that π belongs to D(J) with J(π) = 1
βâ(β)

, and, using Lemma 1.1.5(i),

I(π) =

∫
[0,∞)

βπ(κ) ν(dκ) = 1.

Now the last part of the lemma follows from the observation that if ϕ belongs to

D(J), then ϕ belongs to D(A) if and only if I(ϕ) = 0. �

To prove that π has the second property we use the following lemma.
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Lemma 3.5.6 It holds that

J
(
(λIH − A)−1π

)
=

1

λ− β

(
1

βâ(β)
− 1

λâ(λ)

)
, λ > 0.

PROOF: Using Proposition 3.3.7 we have for every λ > 0,

J
(
(λIH − A)−1π

)
=

1

λâ(λ)

∫
[0,∞)

κπ(κ)

κ+ λ
ν(dκ)

=
1

βâ(β)λâ(λ)

∫
[0,∞)

κ

(κ+ λ)(κ+ β)
ν(dκ)

=
1

βâ(β)λâ(λ)

∫
[0,∞)

1

λ− β

(
λ

κ+ λ
− β

κ+ β

)
ν(dκ)

=
1

βâ(β)λ(λ− β)â(λ)

(
λâ(λ)− βâ(β)

)
=

1

λ− β

(
1

βâ(β)
− 1

λâ(λ)

)
.

�

Proposition 3.5.7 The function π belongs to (H,D(A))θ,2 for every θ ∈ (0, 1)

such that θ < 1+α(a)
2

.

PROOF: Let θ ∈ (0, 1). We show that π belongs to (H,D(A))θ,2 if and only if∫ ∞

1

t2θ−3 1

(â(t))2

(
â(t) + t d

dt
â(t)

)
dt <∞. (3.45)

This would prove the proposition. Indeed, if θ < 1+α(a)
2

, then 2θ − 1 < α(a), so

that (3.45) holds by definition of α(a) and hence, π belongs to (H,D(A))θ,2.

By definition of interpolation spaces we have that π belongs to (H,D(A))θ,2 if∫ ∞

c

t2θ−1
∥∥A(tIH − A)−1π

∥∥2

H
dt <∞ (3.46)

for some c > 1 sufficiently large. By Proposition 3.3.7 and Lemma 3.5.6 we have

for all t > 0 and κ ≥ 0,

(
A(tIH − A)−1π

)
(κ) = −π(κ) + t

π(κ) + J
(
(tIH − A)−1π

)
κ+ t

= J
(
(tIH − A)−1π

) t

κ+ t
− 1

βâ(β)

κ

(κ+ t)(κ+ β)

=
1

â(β)

1

t− β

1

κ+ β
− 1

(t− β)â(t)

1

κ+ t
.



3.6 The homogeneous problem II 77

Using Lemma 1.1.5(i), (ii), and (iii) we obtain that for every t > 0,∥∥A(tIH − A)−1π
∥∥2

H
(3.47)

=
1

â(β)(t− β)2
− 2

â(β)(t− β)2
+
â(t) + t d

dt
â(t)− β d

dt
â(t)(

(t− β)â(t)
)2

= − 1

â(β)(t− β)2
+
â(t) + t d

dt
â(t)(

(t− β)â(t)
)2 − β

d
dt
â(t)(

(t− β)â(t)
)2 .

By (3.40), (3.41), and the fact that tâ(t) ≥ câ(c) for every t > c by Lemma

1.1.5(iv), we observe that∫ ∞

c

t2θ−1 1

(t− β)2
dt ≤

(
c

c− β

)2 ∫ ∞

c

t2θ−3 dt <∞,

and ∫ ∞

c

t2θ−1 − d
dt
â(t)(

(t− β)â(t)
)2 dt ≤ c

(c− β)2â(c)

∫ ∞

c

t2θ−3 dt <∞.

Combined with (3.47) this implies that (3.46) holds if and only if∫ ∞

c

t2θ−1 â(t) + t d
dt
â(t)(

(t− β)â(t)
)2 dt <∞. (3.48)

Note that (3.48) holds with c > 1 if and only if (3.45) holds. This shows that π

belongs to (H,D(A))θ,2 if and only if (3.45) holds and the proposition is proved.

�

The next corollary is an immediate result of Lemma 3.5.5 and Proposition 3.5.7.

Corollary 3.5.8 It holds that D(J) = D(A) ⊕ span{π}. Even more, D(J) ⊆
(H,D(A))θ,2 for every θ ∈ (0, 1) such that θ < 1+α(a)

2
.

3.6 The homogeneous problem II

In Section 3.4 we have considered the homogeneous Volterra equation

d

dt

∫ t

−∞
a(t− s)u(s) ds = 0, t > 0,

u(t) = u0(t), t ≤ 0,

(3.49)

where the kernel a : (0,∞) → R belongs to the class K and where the function

u0 : (−∞, 0] → R satisfies Hypothesis 3.4.1. With the results of Section 3.5 we

can add a regularity result to Theorem 3.4.8.
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Proposition 3.6.1 If u0 satisfies Hypothesis 3.4.1, then the unique solution to

problem (3.49) belongs to C0,1−η[0, T ] for all T > 0 and η ∈ (0, 1) such that

η > 1−α(a)
2

.

PROOF: Let u be the solution to problem (3.49) and let T > 0 and η ∈ (0, 1) such

that η > 1−α(a)
2

. By Theorem 3.4.8 we have u(t) = J(S(t)ψ0) for every t ≥ 0,

where ψ0 belongs to D(A) by Lemma 3.4.4. Since A − βIH is the infinitesimal

generator of an analytic semigroup on H with 0 ∈ ρ(A − βIH) by Proposition

1.4.13 and Lemma 3.3.10, and since (H,D(A))η,2 = (H,D(A−βIH))η,2 by Lemma

1.4.15, it follows from Proposition 1.4.31(ii) that the mapping t 7→ S(t)ψ0 be-

longs to C0,1−η([0, T ]; (H,D(A))η,2). Now the continuity of J on (H,D(A))η,2 by

Proposition 3.5.3 implies that u belongs to C0,1−η[0, T ]. �

In this section we solve problem (3.49) under weaker assumptions on u0, assuming

that u0 only satisfies Hypothesis 3.4.1(i) and (ii), that is, u0 satisfies the next

hypothesis:

Hypothesis 3.6.2 The function u0 : (−∞, 0] → R is Borel measurable and has

the following properties:

(i) There exist M1 > 0 and ω > 0 such that |u0(t)| ≤M1e
ωt for every t ≤ 0;

(ii) There exist M2 > 0 and δ > 0 such that |u0(0) − u0(t)| ≤ M2|t| for every

t ∈ [−δ, 0].

We start with a special choice of u0 for which we recall that the resolvent of the

first kind of a is a function b ∈ K such that∫ t

0

a(t− s)b(s) ds = 1, t > 0. (3.50)

Proposition 3.6.3 Let u0 : R → R be given by u0(t) := eαt for every t ∈ R
where α > 0. Then problem (3.49) admits a unique solution u, and u has the

representation

u(t) =

{
u0(t)− αâ(α)

∫ t
0
b(t− s)u0(s) ds, t > 0,

u0(t), t ≤ 0,
(3.51)

where b is the resolvent of the first kind of a.

PROOF: Note that u given by (3.51) is continuous. Using Lemma 1.1.5 we have

for every t ≥ 0,∫ t

−∞
a(t− s)|u(s)| ds =

∫ 0

−∞
a(t− s)eαs ds+

∫ t

0

a(t− s)|u(s)| ds

≤ â(α)eαt + max
{
|u(s)|; s ∈ [0, t]

}∫ t

0

a(s) ds <∞.
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Thus u satisfies Definition 3.1.1(i). Now we use the associative property of con-

volutions and (3.50) to obtain∫ t

−∞
a(t− s)u(s) ds

=

∫ t

−∞
a(t− s)u0(s) ds− αâ(α)

∫ t

0

a(t− s)

(∫ s

0

b(s− σ)u0(σ) dσ

)
ds

= â(α)eαt − αâ(α)

∫ t

0

(∫ t−s

0

a(t− s− σ)b(σ) dσ

)
u0(s) ds

= â(α)u0(t)− αâ(α)

∫ t

0

u0(s) ds, t ≥ 0.

This implies that u satisfies Definition 3.1.1(ii). Even more, u satisfies Definition

3.1.1(iii), since

d

dt

∫ t

−∞
a(t− s)u(s) ds = â(α) d

dt
u0(t)− αâ(α)u0(t) = 0, t > 0.

�

Theorem 3.6.4 Let u0 satisfy Hypothesis 3.6.2. If a belongs to K with α(a) ∈
(0, 1), then problem (3.49) admits a unique solution u. Moreover, u is real ana-

lytic in (0,∞), belongs to C0,ζ [0, T ] for all T > 0 and ζ ∈ [0, α(a)), and has the

representation

u(t) =

{
J
(
S(t)ψ0

)
, t > 0,

u0(t), t ≤ 0,

where ψ0 is given by

ψ0(κ) :=

∫ ∞

0

e−κsu0(−s) ds, κ ≥ 0.

PROOF: Let T > 0 and ζ ∈ [0, α(a)), and let η := 1−ζ
2

and θ := 1+ζ
2

. Then

we have θ − η = ζ and 0 < 1−α(a)
2

< η ≤ θ < 1+α(a)
2

< 1. Let the functions

u1, u2 : (−∞, 0] → R and ψ1, ψ2 : [0,∞) → R be defined by respectively u1(t) :=

u0(t)− γeβt and u2(t) := γeβt for every t ≤ 0, and

ψj(κ) :=

∫ ∞

0

e−κsuj(−s) ds, κ ≥ 0, j = 1, 2,

where

γ :=
1

βâ(β)

(
u0(0) a(+∞) +

∫ ∞

0

(
− d

ds
a(s)

)(
u0(0)− u0(−s)

)
ds

)
.
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Note that u0 = u1 + u2 and ψ0 = ψ1 + ψ2, and that u1 and u2 satisfy Hypothesis

3.6.2. Even more, u1 also satisfies Hypothesis 3.4.1(iii). Indeed, this follows from

Lemma 3.4.2 since we have, using the definition of γ and Lemma 1.1.6(ii),

u1(0) a(+∞) +

∫ ∞

0

(
− d

ds
a(s)

)(
u1(0)− u1(−s)

)
ds

= u0(0) a(+∞) +

∫ ∞

0

(
− d

ds
a(s)

)(
u0(0)− u0(−s)

)
ds−

γ

(
a(+∞) +

∫ ∞

0

(
− d

ds
a(s)

)(
1− e−βs

)
ds

)
= βâ(β)γ − γ

(
β lim

s↓0
sa(s)

1− e−βs

βs
+ βâ(β)

)
= 0.

Therefore Theorem 3.4.8 implies that the function ũ1 : R → R defined by

ũ1(t) =

{
J
(
S(t)ψ1

)
, t > 0,

u1(t), t ≤ 0,

is the unique solution to problem (3.49) with u0 replaced by u1, and ũ1 is real an-

alytic in (0,∞). Furthermore, it is a result of Proposition 3.6.1 that ũ1 belongs to

C0,1−η[0, T ].

Now we extend u2 to a function defined on R by u2(t) := γeβt for every t ∈ R.

Then it is a result of Proposition 3.6.3 that the function ũ2 : R → R defined by

ũ2(t) :=

{
u2(t)− βâ(β)

∫ t
0
b(t− s)u2(s) ds, t > 0,

u2(t), t ≤ 0,

where b denotes the resolvent of the first kind of a, is the unique solution to

problem (3.49) with u0 replaced by u2. By means of the Laplace transform we

shall prove that

ũ2(t) =

{
J
(
S(t)ψ2

)
, t > 0,

u2(t), t ≤ 0.
(3.52)

We observe that û2(λ) = γ
λ−β for every λ > β and â(λ)b̂(λ) = 1

λ
for every λ > 0,

the latter by (3.50) and the fact that the Laplace transform of a convolution is

the product of the individual Laplace transforms. Moreover, recalling that π is

given by

π(κ) :=
1

βâ(β)

1

κ+ β
, κ ≥ 0,

we have

ψ2(κ) =

∫ ∞

0

e−κsu2(−s) ds =
γ

κ+ β
= γβâ(β)π(κ), κ ≥ 0.
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We remark that π, and thus ψ2, belongs to (H,D(A))θ,2 by Proposition 3.5.7, and

that (H,D(A))θ,2 ⊆ (H,D(A))η,2 by Lemma 1.4.16. Therefore
∫∞

0
e−λtS(t)π dt

exists as a Bochner integral in (H,D(A))η,2 whenever λ > β. Indeed, since

A−βIH is the infinitesimal generator of the analytic semigroup {e−βtS(t)}t≥0 on

H with 0 ∈ ρ(A− βIH) by Propositions 1.4.9 and 1.4.13 and Lemma 3.3.10, and

since (H,D(A))η,2 = (H,D(A− βIH))η,2 by Lemma 1.4.15, we have by Corollary

1.4.30(i) that there exists M > 0 such that∫ ∞

0

∥∥e−λtS(t)π
∥∥

(H,D(A))η,2
dt ≤ ‖π‖(H,D(A))η,2

∫ ∞

0

e−λt‖S(t)‖L((H,D(A))η,2) dt

≤M‖π‖(H,D(A))η,2

1

λ− β
<∞, λ > β.

Now we use the above and Lemma 3.5.6, Proposition 1.4.6, and the continuity of

J on (H,D(A))η,2 by Proposition 3.5.3, to obtain∫ ∞

0

e−λtũ2(t) dt =

∫ ∞

0

e−λt
(
u2(t)− βâ(β)

∫ t

0

b(t− s)u2(s) ds

)
dt

= û2(λ)− βâ(β)b̂(λ)û2(λ) = γβâ(β)
1

λ− β

(
1

βâ(β)
− 1

λâ(λ)

)
= γβâ(β)J

(
(λIH − A)−1π

)
= γβâ(β)J

(∫ ∞

0

e−λtS(t)π dt

)
= γβâ(β)

∫ ∞

0

e−λtJ
(
S(t)π

)
dt =

∫ ∞

0

e−λtJ
(
S(t)ψ2

)
dt, λ > β.

This shows that the Laplace transforms of ũ2 and the mapping t 7→ J(S(t)ψ2)

are equal on (β,∞). Hence, (3.52) holds as a consequence of the inversion the-

orem for Laplace transforms. We observe that ũ2 is real analytic in (0,∞)

by the analyticity of {S(t)}t≥0, Proposition 1.4.29(i), and the continuity of J

on (H,D(A))η,2. Moreover, Proposition 1.4.31(iii) implies that ψ2 belongs to

C0,θ−η([0, T ]; (H,D(A))η,2
)

and hence, it follows from the continuity of J on

(H,D(A))η,2 that ũ2 belongs to C0,θ−η[0, T ]. Finally, the theorem is proved by

defining u := ũ1 + ũ2. �

Corollary 3.6.5 Let u be the unique solution to problem (3.49) under the con-

ditions stated in Theorem 3.6.4. Then the following holds:(
S(t)ψ0

)
(κ) =

∫ ∞

0

e−κsu(t− s) ds, t ≥ 0, κ ≥ 0.

PROOF: We shall use the Laplace transform. Let θ, η ∈ (0, 1) be such that

0 < 1−α(a)
2

< η ≤ θ < 1+α(a)
2

< 1. First we observe that ψ0 belongs to D(J)
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by Lemma 3.4.4 and hence, to (H,D(A))θ,2 by Corollary 3.5.8. By the same

arguments as in the proof of Theorem 3.6.4 we have that
∫∞

0
e−λtS(t)ψ0 dt exists

as a Bochner integral in (H,D(A))η,2 for every λ > β. Using the representation

of u, the continuity of J on (H,D(A))η,2 by Proposition 3.5.3, and Proposition

1.4.6, it follows that for every λ > β,

û(λ) =

∫ ∞

0

e−λtJ
(
S(t)ψ0

)
dt = J

(∫ ∞

0

e−λtS(t)ψ0 dt

)
= J

(
(λIH − A)−1ψ0

)
.

Now we use Propositions 1.4.6 and 3.3.7, the fact that the Laplace transform

of a convolution is the product of the individual Laplace transforms, and the

definition of ψ0 to obtain∫ ∞

0

e−λt
(
S(t)ψ0

)
(κ) dt =

(
(λIH − A)−1ψ0

)
(κ)

=
ψ0(κ) + J

(
(λIH − A)−1ψ0

)
κ+ λ

=
ψ0(κ)

κ+ λ
+

û(λ)

κ+ λ

=

∫ ∞

0

e−λt
(

e−κtψ0(κ) +

∫ t

0

e−κ(t−s)u(s) ds

)
dt

=

∫ ∞

0

e−λt
(

e−κt
∫ ∞

0

e−κsu0(−s) ds+

∫ t

0

e−κ(t−s)u(s) ds

)
dt

=

∫ ∞

0

e−λt
(∫ ∞

0

e−κsu(t− s) ds

)
dt, λ > β, κ ≥ 0.

Therefore the corollary is a consequence of the inversion theorem for Laplace

transforms. �

3.7 The inhomogeneous problem

We consider the inhomogeneous Volterra equation

d

dt

∫ t

−∞
a(t− s)u(s) ds = f(t), t > 0,

u(t) = u0(t), t ≤ 0,

(3.53)

where the kernel a : (0,∞) → R belongs to the class K and where the function

f : [0,∞) → R belongs to L1(0, T ) for every T > 0. Without loss of generality

we assume that u0 is identically zero.

To be able to study existence and regularity of solutions to problem (3.53) we

call to mind our analytic semigroup approach as explained in Section 3.1. We
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recall that the function ψ : [0,∞)× [0,∞) → R is defined by

ψ(t, κ) :=

∫ t

−∞
e−κ(t−s)u(s) ds, t ≥ 0, κ ≥ 0,

where the function u : R → R is such that (3.53) holds. Also we recall that ψ

satisfies the initial value problem

∂
∂t
ψ(t, κ) = u(t)− κψ(t, κ), t > 0, κ ≥ 0,

ψ(0, κ) = ψ0(κ), κ ≥ 0,
(3.54)

where the initial value ψ0 : [0,∞) → R is defined by

ψ0(κ) :=

∫ ∞

0

e−κsu0(−s) ds, κ ≥ 0,

and remember that ψ is subject to the constraint∫
[0,∞)

(
u(t)− κψ(t, κ)

)
ν(dκ) = f(t), t > 0. (3.55)

We have constructed a Hilbert space H, a linear functional J , and a linear oper-

ator A such that, heuristically, ψ(t, ·) belongs to D(J) with J(ψ(t, ·)) = u(t) and,

in case f is identically zero, ψ(t, ·) belongs to D(A) for every t > 0. In this case

the initial value problem (3.54) together with the constraint (3.55) rewrites into

the homogeneous abstract Cauchy problem

d
dt
ϕ(t) = Aϕ(t), t > 0,

ϕ(0) = ψ0.
(3.56)

However, in case f is not identically zero, (3.55) implies that ψ(t, ·) does not

belong to D(A) for every t > 0. Therefore the homogeneous abstract Cauchy

problem (3.56) is of no use as a semigroup setting for the inhomogeneous Volterra

equation (3.53).

The key to find a useful abstract Cauchy problem is the function π that was

defined in Section 3.5.2 by

π(κ) :=
1

βâ(β)

1

κ+ β
, κ ≥ 0.

To see why π is the key we define the linear operator Ā : D(J) → H by

(Āϕ)(κ) := J(ϕ)− κϕ(κ), ϕ ∈ D(J), κ ≥ 0,
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and recall that the linear functional I : D(J) → R is given by

I(ϕ) :=

∫
[0,∞)

(
J(ϕ)− κϕ(κ)

)
ν(dκ), ϕ ∈ D(J).

Note that Lemma 3.5.5 implies that Āπ = βπ and that ϕ − I(ϕ)π belongs to

D(A) for every ϕ ∈ D(J). Therefore the semigroup approach suggests that,

heuristically, I(ψ(t, ·)) = f(t) for every t > 0 and

d
dt
ψ(t, ·) = Āψ(t, ·) = A

(
ψ(t, ·)− f(t)π

)
+ βf(t)π, t > 0,

ψ(0, ·) = ψ0.
(3.57)

Now we can rewrite the initial value problem (3.57) into an inhomogeneous ab-

stract Cauchy problem

d
dt
ϕ(t) = A−1ϕ(t) + f(t)(βIH − A−1)π, t > 0,

ϕ(0) = ψ0,
(3.58)

in an extrapolation space H−1 of H. We choose the Hilbert space H−1 as the

completion of H with respect to the norm ‖ · ‖H−1 given by

‖ϕ‖H−1 :=
∥∥(βIH − A)−1ϕ

∥∥
H
, ϕ ∈ H,

and let A−1 : H ⊆ H−1 → H−1 be the linear extension of A such that A−1 is

the infinitesimal generator of the analytic semigroup {S−1(t)}t≥0 on H−1, which

denotes the continuous extension of {S(t)}t≥0.

In Section 3.7.1 we study the inhomogeneous abstract Cauchy problem (3.58), to

return to problem (3.53) in Section 3.7.2. We remark that we take u0, and thus

ψ0, identically zero.

3.7.1 The inhomogeneous abstract Cauchy problem

In this section we consider the inhomogeneous abstract Cauchy problem

d
dt
ψ(t) = A−1ψ(t) + f(t)(βIH − A−1)π, t > 0,

ψ(0) = 0,
(3.59)

where f : [0,∞) → R belongs to L1(0, T ) for every T > 0. We use the following

notion of solution:

Definition 3.7.1 The mild solution to problem (3.59) is the continuous function

ψ : [0,∞) → H−1 defined by

ψ(t) :=

∫ t

0

f(s)(βIH − A)S(t− s)π ds, t ≥ 0,

where the integral is Bochner in H−1.
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With a view to apply the linear functional J to the mild solution ψ we investigate

when ψ has values in an interpolation space (H,D(A))η,2 for some η ∈ (0, 1), along

with some regularity properties. Then we state a result concerning the Laplace

transform of ψ that will be useful in the next section.

Proposition 3.7.2 The mild solution ψ has values in (H,D(A))θ,2 for every

θ ∈ (0, 1) such that θ < 1+α(a)
2

.

PROOF: Let θ, η ∈ (0, 1) be such that η < θ < 1+α(a)
2

. Then π belongs to

(H,D(A))θ,2 by Proposition 3.5.7. We show that
∫ t

0
f(s)(βIH − A)S(t − s)π ds

exists as a Bochner integral in (H,D(A))η,2 for every t > 0. Since A − βIH is

the infinitesimal generator of the analytic semigroup {e−βtS(t)}t≥0 on H with

0 ∈ ρ(A − βIH) by Propositions 1.4.9 and 1.4.13 and Lemma 3.3.10, and since

(H,D(A))η,2 = (H,D(A − βIH))η,2 by Lemma 1.4.15, we have by Corollary

1.4.30(ii) that there exists M > 0 such that∥∥(A− βIH)e−βtS(t)
∥∥
L((H,D(A))θ,2,(H,D(A))η,2)

≤Mt−1+θ−η, t > 0.

Therefore we have, using the function gθ−η given by (1.2) in Example 1.3.3,∫ t

0

∥∥f(s)(βIH − A)S(t− s)π
∥∥

(H,D(A))η,2
ds

≤M‖π‖(H,D(A))θ,2

∫ t

0

eβ(t−s)(t− s)−1+θ−η|f(s)| ds

≤MΓ(θ − η)‖π‖(H,D(A))θ,2
eβt
∫ t

0

gθ−η(t− s)|f(s)| ds <∞, t > 0.

�

Proposition 3.7.3 Let f : [0,∞) → R belong to Lp(0, T ) for some p ∈ [1,∞)

and every T > 0. Let ψ be the mild solution to problem (3.59). Then for all

T > 0 and θ, η ∈ (0, 1) such that η < θ < 1+α(a)
2

the following holds:

(i) If p = 1, then ψ belongs to Lq
(
0, T ; (H,D(A))η,2

)
for every q ∈[

1, 1
1−(θ−η)

)
;

(ii) If p ∈
(
1, 1

θ−η

)
, then ψ belongs to Lq

(
0, T ; (H,D(A))η,2

)
where q :=

p
1−(θ−η)p ;

(iii) If p = 1
θ−η , then ψ belongs to Lq

(
0, T ; (H,D(A))η,2

)
for every q ∈ [1,∞);

(iv) If p ∈
(

1
θ−η ,∞

)
, then ψ belongs to C

0,θ−η− 1
p

0

(
[0, T ]; (H,D(A))η,2

)
.
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In particular, if f belongs to C0,γ
0 [0, T ] for some γ ∈ (0, 1) and every T > 0, then

ψ belongs to

C [γ+θ−η],γ+θ−η−[γ+θ−η]([0, T ]; (H,D(A))η,2
)

for all T > 0 and θ, η ∈ (0, 1) such that η < θ < 1+α(a)
2

and θ − η 6= 1− γ.

PROOF: The first part of the proposition follows from Proposition 1.4.31(iv)-

(vii), since π belongs to (H,D(A))θ,2 for every θ ∈ (0, 1) such that θ < 1+α(a)
2

by Proposition 3.5.7, since A− βIH is the infinitesimal generator of the analytic

semigroup {e−βtS(t)}t≥0 on H with 0 ∈ ρ(A − βIH) by Propositions 1.4.9 and

1.4.13 and Lemma 3.3.10, and since (H,D(A))η,2 = (H,D(A− βIH))η,2 for every

η ∈ (0, 1) by Lemma 1.4.15.

For the second part we fix T > 0 and θ, η ∈ (0, 1) such that η < θ < 1+α(a)
2

and

θ− η 6= 1− γ. Then we have that the mapping t 7→ f(t)(βIH −A−1)π belongs to

C0,γ
0

(
[0, T ]; (H−1, H)θ,2

)
, as βIH−A−1 belongs to L

(
(H,D(A))θ,2, (H−1, H)θ,2

)
by

Proposition 1.4.18. We refer to [Lun95, page 134, Theorem 4.3.1(iii)] to obtain

that ψ belongs to

C0,γ
(
[0, T ]; (H,D(A))θ,2

)
∩ C1,γ

(
[0, T ]; (H−1, H)θ,2

)
.

It is a result of Proposition 1.4.20 with α := 1− (θ−η) that this space is a subset

of

C [γ+θ−η],γ+θ−η−[γ+θ−η]
(
[0, T ];

(
(H−1, H)θ,2, (H,D(A))θ,2

)
1−(θ−η),2

)
.

Now Corollary 1.4.23 and Theorem 1.4.21 imply that(
(H−1, H)θ,2, (H,D(A))θ,2

)
1−(θ−η),2

=
(
(H−1,D(A)) 1

2
θ,2, (H−1,D(A)) 1

2
(θ+1),2

)
1−(θ−η),2

= (H−1,D(A)) 1
2
(1+η)),2 = (H,D(A))η,2.

Therefore ψ belongs to C [γ+θ−η],γ+θ−η−[γ+θ−η]([0, T ]; (H,D(A))η,2
)
. �

Lemma 3.7.4 Let f : [0,∞) → R belong to Lp(0, T ) for some p ∈ [1,∞) and

every T > 0. Let ψ be the mild solution to problem (3.59). If there exists λ0 ≥ β

such that
∫∞

0
e−λ0t|f(t)| dt < ∞, then the Laplace transform ψ̂ : (λ0,∞) →

(H,D(A))θ,2 is well-defined for every θ ∈ (0, 1) such that θ < 1+α(a)
2

, and

ψ̂(λ) = f̂(λ)(λIH−1 − A−1)
−1(βIH − A−1)π, λ > λ0.

Moreover, if a belongs to K with α(a) ∈ (0, 1), then

J
(
ψ̂(λ)

)
=

1

λâ(λ)
f̂(λ), λ > λ0.
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PROOF: Let θ, η ∈ (0, 1) be such that η < θ < 1+α(a)
2

. First we show that the

integral
∫∞

0
e−λtψ(t) dt is Bochner in (H,D(A))η,2 for every λ > λ0. Note that π

belongs to (H,D(A))θ,2 by Proposition 3.5.7, and that by the same arguments as

in the proof of Proposition 3.7.2 there exists M > 0 such that∥∥(A− βIH)e−βtS(t)
∥∥
L((H,D(A))θ,2,(H,D(A))η,2)

≤Mt−1+θ−η, t > 0.

Since the Laplace transform of a convolution is the product of the individual

Laplace transforms, and since the mapping t 7→ eβtt−1+θ−η has Laplace transform

λ 7→ Γ(θ−η)
(λ−β)θ−η on (β,∞), we have∫ ∞

0

∥∥e−λtψ(t)
∥∥

(H,D(A))η,2
dt

≤
∫ ∞

0

e−λt
(∫ t

0

∥∥f(s)(βIH − A)S(t− s)π
∥∥

(H,D(A))η,2
ds

)
dt

≤M‖π‖(H,D(A))θ,2

∫ ∞

0

e−λt
(∫ t

0

eβ(t−s)(t− s)−1+θ−η|f(s)| ds
)

dt

= M‖π‖(H,D(A))θ,2

Γ(θ − η)

(λ− β)θ−η
|̂f |(λ) <∞, λ > λ0.

Now we use Fubini’s theorem and Proposition 1.4.6 to obtain

ψ̂(λ) =

∫ ∞

0

e−λt
(∫ t

0

f(s)(βIH − A)S(t− s)π ds

)
dt

=

∫ ∞

0

e−λsf(s)

(∫ ∞

s

e−λ(t−s)(βIH − A)S(t− s)π dt

)
ds

=

(∫ ∞

0

e−λsf(s) ds

)(∫ ∞

0

e−λtS−1(t)(βIH − A−1)π dt

)
= f̂(λ)(λIH−1 − A−1)

−1(βIH − A−1)π, λ > λ0.

Finally, we observe that if α(a) > 0, then we could have chosen η > 1−α(a)
2

, so

that J has an extension to (H,D(A))η,2 by Proposition 3.5.3. Therefore the last

part of the lemma is proved by the following lemma. �

Lemma 3.7.5 If a belongs to K with α(a) ∈ (0, 1), then

J
(
(λIH−1 − A−1)

−1(βIH − A−1)π
)

=
1

λâ(λ)
, λ > β.

PROOF: Let λ > β and let η ∈ (0, 1) be such that 1−α(a)
2

< η < 1+α(a)
2

. Let the

sequence {πn}∞n=1 in D(A) be defined by πn := n(nIH − A)−1π for n = 1, 2, · · · .
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Note that the sequence is well-defined by Proposition 3.3.7. Note also that π

belongs to (H,D(A))η,2 by Proposition 3.5.7. Then it is a consequence of Lemmas

1.4.19 and 1.4.8 that

lim
n→∞

‖πn − π‖(H,D(A))η,2 = 0.

Since βIH−1−A−1 belongs to L
(
(H,D(A))η,2, (H−1, H)η,2

)
and (λIH−1−A−1)

−1 to

L
(
(H−1, H)η,2, (H,D(A))η,2

)
for every λ ≥ β

4
by Proposition 1.4.18 and Lemma

3.3.10, this implies that

lim
n→∞

‖(βIH − A)πn − (βIH − A−1)π‖(H−1,H)η,2 = 0,

and hence,

lim
n→∞

∥∥(λIH − A)−1(βIH − A)πn − (λIH−1 − A−1)
−1(βIH − A−1)π

∥∥
(H,D(A))η,2

= 0.

As J is continuous on (H,D(A))η,2 by Proposition 3.5.3 it follows that

lim
n→∞

J
(
(λIH − A)−1(βIH − A)πn

)
= J

(
(λIH−1 − A−1)

−1(βIH − A−1)π
)
. (3.60)

To calculate the left-hand side of (3.60) we use Proposition 3.3.7, the definition

of π, and Lemmas 3.5.6 and 1.1.5(i) to observe that

J
(
(λIH − A)−1(βIH − A)πn

)
=

1

λâ(λ)

∫
[0,∞)

κ

κ+ λ

(
(βIH − A)πn

)
(κ) ν(dκ)

=
n

λâ(λ)

∫
[0,∞)

κ

κ+ λ

(
π(κ) + (β − n)

π(κ) + J
(
(nIH − A)−1π

)
κ+ n

)
ν(dκ)

=
n

λâ(λ)

∫
[0,∞)

κ

κ+ λ

(
(κ+ β)π(κ) + (β − n)J

(
(nIH − A)−1π

)
κ+ n

)
ν(dκ)

=
1

λâ(λ)â(n)

∫
[0,∞)

κ

(κ+ λ)(κ+ n)
ν(dκ)

=
1

λ(n− λ)â(λ)â(n)

∫
[0,∞)

(
n

κ+ n
− λ

κ+ λ

)
ν(dκ)

=
n

λ(n− λ)â(λ)
− 1

(n− λ)â(n)
, n = 1, 2, · · · .

By Lemmas 1.1.5(i), 1.1.4(i) and (iv), and 1.1.6(i), we have for n = 1, 2, · · · ,

â(n) =

∫
[0,∞)

1

κ+ n
ν(dκ) ≤

∫
[0,1]

ν(dκ) +

∫
[1,∞)

1

κ
ν(dκ) <∞,

nâ(n) =

∫
[0,∞)

n

κ+ n
ν(dκ) ≤

∫
[0,∞)

ν(dκ) = +∞.
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Therefore Lebesgue’s dominated convergence theorem and the monotone conver-

gence theorem imply that limn→∞ â(n) = 0 and limn→∞ nâ(n) = +∞, so that

limn→∞(n− λ)â(n) = +∞. Hence,

lim
n→∞

J
(
(λIH − A)−1(βIH − A)πn

)
= lim

n→∞

n

λ(n− λ)â(λ)
− 1

(n− λ)â(n)
=

1

λâ(λ)
.

Combined with (3.60) this proves the lemma. �

3.7.2 The scalar linear Volterra equation

In this section we return to the inhomogeneous Volterra equation (3.53), which

we are able to solve with the semigroup approach and the results of Section 3.7.1.

We conclude with a representation of the resolvent of the first kind of the kernel

a ∈ K.

Theorem 3.7.6 Let f : [0,∞) → R belong to Lp(0, T ) for some p ∈ [1,∞) and

every T > 0. If a belongs to K with α(a) ∈ (0, 1), then problem (3.53) admits a

unique solution u, and u has the representation

u(t) =

{∫ t
0
f(s)J

(
(βIH − A)S(t− s)π

)
ds, t > 0,

0, t ≤ 0.
(3.61)

Moreover, for all T > 0 and ζ ∈ (0, α(a)) the following holds:

(i) If p = 1, then u belongs to Lq(0, T ) for every q ∈
[
1, 1

1−ζ

)
;

(ii) If p ∈
(
1, 1

ζ

)
, then u belongs to Lq(0, T ) where q := p

1−ζp ;

(iii) If p = 1
ζ
, then u belongs to Lq(0, T ) for every q ∈ [1,∞);

(iv) If p ∈
(

1
ζ
,∞
)
, then u belongs to C

0,ζ− 1
p

0 [0, T ].

In particular, if f belongs to C0,γ
0 [0, T ] for some γ ∈ (0, 1) and every T > 0, then

u belongs to

C [γ+ζ],γ+ζ−[γ+ζ][0, T ]

for all T > 0 and ζ ∈ (0, α(a)) such that ζ 6= 1− γ.

PROOF: Let T > 0 and ζ ∈ (0, α(a)), and let η := 1−ζ
2

and θ := 1+ζ
2

. Then we

have θ − η = ζ and 0 < 1−α(a)
2

< η ≤ θ < 1+α(a)
2

< 1. Let ψ be the mild solution

to problem (3.59). Since ψ(t) has values in (H,D(A))η,2 by Proposition 3.7.3,
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and J is continuous on (H,D(A))η,2 by Proposition 3.5.3, it follows that u given

by (3.61) is such that u(t) = J(ψ(t)) for every t > 0. Even more, the regularity

properties of ψ in Proposition 3.7.3 imply those of u.

Now we show that u is the unique solution to problem (3.53). We observe that u

satisfies Definition 3.1.1(i), since u(t) = 0 for every t ≤ 0 and both a and u belong

to L1(0, T ). To show that u satisfies Definition 3.1.1(ii) and (iii) it is sufficient to

prove that ∫ t

0

a(t− s)u(s) ds =

∫ t

0

f(s) ds, t ∈ [0, T ]. (3.62)

To be able to apply the Laplace transform we define the function fT : [0,∞) → R
by

fT (t) :=

{
f(t), t ∈ [0, T ],

0, t ∈ (T,∞),

and let ψT denote the mild solution to problem (3.59) with f replaced by fT .

Furthermore, we define uT : [0, T ] → R by uT (t) := J(ψT (t)) for every t ∈ [0, T ].

Note that ψT (t) = ψ(t) and uT (t) = u(t) for every t ∈ [0, T ]. Using Lemma 3.7.4

with λ0 := β we have

ûT (λ) =

∫ ∞

0

e−λtJ
(
ψT (t)

)
dt = J

(
ψ̂T (λ)

)
=

1

λâ(λ)
f̂T (λ), λ > β,

that is,

â(λ)ûT (λ) =
1

λ
f̂T (λ), λ > β.

As the Laplace transform of a convolution is the product of the individual Laplace

transforms and the mapping t 7→
∫ t

0
f(s) ds has Laplace transform λ 7→ 1

λ
f̂(λ),

the inversion theorem for Laplace transforms implies that∫ t

0

a(t− s)uT (s) ds =

∫ t

0

fT (s) ds, t > 0.

This show that (3.62) holds and the theorem is proved. �

Theorem 3.7.7 If a belongs to K with α(a) ∈ (0, 1), then the resolvent b of the

first kind of a has the representation

b(t) = J
(
(βIH − A)S(t)π

)
, t > 0. (3.63)

If, in addition, α(a) > 1
2
, then b belongs to L2(0, T ) for every T > 0.
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PROOF: By Theorem 1.3.2 it suffices for the first part of the theorem to show

that b given by (3.63) belongs to L1(0, T ) for every T > 0 and that∫ t

0

a(t− s)b(s) ds = 1, t > 0. (3.64)

Let θ, η ∈ (0, 1) be such that 1−α(a)
2

< η < θ < 1+α(a)
2

. Then π belongs to

(H,D(A))θ,2 by Proposition 3.5.7, and J is continuous on (H,D(A))η,2 by Propo-

sition 3.5.3. Since A−βIH is the infinitesimal generator of the analytic semigroup

{e−βtS(t)}t≥0 on H with 0 ∈ ρ(A − βIH) by Propositions 1.4.9 and 1.4.13 and

Lemma 3.3.10, and since (H,D(A))η,2 = (H,D(A − βIH))η,2 by Lemma 1.4.15,

we have by Corollary 1.4.30(ii) that there exists M > 0 such that∥∥(A− βIH)eβtS(t)
∥∥
L((H,D(A))θ,2,(H,D(A))η,2)

≤Mt−1+θ−η, t > 0.

Therefore we have∫ T

0

|b(t)| dt =

∫ T

0

∣∣J((βIH − A)S(t)π
)∣∣ dt

≤MeβT‖J‖L((H,D(A))η,2,R)‖π‖(H,D(A))θ,2

∫ T

0

t−1+θ−η dt <∞, T > 0.

Furthermore, the Laplace transform b̂ : (β,∞) → R is well-defined. Indeed, since

the mapping t 7→ eβtt−1+θ−η has Laplace transform λ 7→ Γ(θ−η)
(λ−β)θ−η on (β,∞) we

have ∫ ∞

0

e−λt|b(t)| dt =

∫ ∞

0

e−λt
∣∣J((βIH − A)S(t)π

)∣∣ dt
≤M‖J‖L((H,D(A))η,2,R)‖π‖(H,D(A))θ,2

∫ ∞

0

e−λteβtt−1+θ−η dt

= M‖J‖L((H,D(A))η,2,R)‖π‖(H,D(A))θ,2

Γ(θ − η)

(λ− β)θ−η
<∞, λ > β.

Using Proposition 1.4.6 and Lemma 3.7.5 it follows that

b̂(λ) =

∫ ∞

0

e−λtJ
(
(βIH − A)S(t)π

)
dt

= J

(∫ ∞

0

e−λtS−1(t)(βIH − A−1)π dt

)
= J

(
(λIH − A−1)

−1(βIH − A−1)π
)

=
1

λâ(λ)
, λ > β,

that is,

â(λ)û(λ) =
1

λ
, λ > β.
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Now the inversion theorem for Laplace transforms implies that (3.64) holds, as

the Laplace transform of a convolution is the product of the individual Laplace

transforms.

For the second part of the theorem we remark that if α(a) > 1
2
, then we could

have chosen θ and η such that θ − η > 1
2
, so that∫ T

0

|b(t)|2 dt =

∫ T

0

∣∣J((βIH − A)S(t)π
)∣∣2 dt

≤M2e2βT‖J‖2
L((H,D(A))η,2,R)‖π‖2

(H,D(A))θ,2

∫ T

0

t−2+2(θ−η) dt <∞, T > 0.

�



Chapter 4

Volterra equations in a separable

Hilbert space

In this chapter we study three different types of Hilbert-valued Volterra integro-

differential equations. The first type is the Hilbert-valued equivalent of the scalar

linear Volterra equation that was discussed in Chapter 3. The second and third

type concern respectively a semilinear Volterra equation and a linear Volterra

equation of the first kind.

Throughout the chapter we assume that (X, 〈·, ·〉, ‖ · ‖) is a real separable Hilbert

space.

4.1 Linear Volterra equations

We consider the linear X-valued Volterra integrodifferential equation

d

dt

∫ t

−∞
a(t− s)u(s) ds = f(t), t > 0,

u(t) = u0(t), t ≤ 0,

(4.1)

where the kernel a : (0,∞) → R belongs to the class K and where the functions

u0 : (−∞, 0] → X and f : [0,∞) → X are at least locally integrable. We consider

the following notion of solution:

Definition 4.1.1 A solution to problem (4.1) is a strongly Borel measurable

function u : R → X such that

(i)
∫ t
−∞ a(t− s)‖u(s)‖ ds <∞ for every t ≥ 0;

(ii) The mapping t 7→
∫ t
−∞ a(t − s)u(s) ds belongs to W 1,1([0, T ];X) for every

T > 0;

93
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(iii) u satisfies (4.1) for almost every t ∈ R.

We remark that a function u : R → X is strongly Borel measurable if and only

if the mapping t 7→ 〈u(t), x〉 is Borel measurable on R for every x ∈ X, due

to the separability of X, see [DU77, page 42, Theorem 2]. Moreover, analogous

to Section 3.1 we have that a solution u to problem (4.1) always belongs to

L1(0, T ;X) for every T > 0. We also have uniqueness of solutions as shown in

the next proposition:

Proposition 4.1.2 Problem (4.1) admits at most one solution.

PROOF: Let u be a solution to problem (4.1) with both u0 and f identically zero.

Then Definition 4.1.1(ii) and (iii) imply that
∫ t

0
a(t−s)u(s) ds = 0 for every t > 0

and hence, ∫ t

0

a(t− s)〈u(s), x〉 ds = 0, t ≥ 0, x ∈ X.

It follows from Corollary 1.2.2 that 〈u(t), x〉 = 0 for every x ∈ X and almost

every t > 0. Therefore, u(t) = 0 for almost every t > 0. �

Similar to the scalar equation in Chapter 3 we split (4.1) into a homogeneous

equation and an inhomogeneous equation with u0 identically zero.

4.1.1 The homogeneous problem

We consider the homogeneous Volterra equation

d

dt

∫ t

−∞
a(t− s)u(s) ds = 0, t > 0,

u(t) = u0(t), t ≤ 0,

(4.2)

where the kernel a : (0,∞) → R belongs to the class K and where the function

u0 : (−∞, 0] → X satisfies the next hypothesis:

Hypothesis 4.1.3 The function u0 : (−∞, 0] → X is strongly Borel measurable

and has the following properties:

(i) There exist M1 > 0 and ω > 0 such that ‖u0(t)‖ ≤M1e
ωt for every t ≤ 0;

(ii) There exist M2 > 0 and δ > 0 such that ‖u0(0) − u0(t)‖ ≤ M2|t| for every

t ∈ [−δ, 0].
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Let ν denote the unique Borel measure on [0,∞) such that

a(t) =

∫
[0,∞)

e−κt ν(dκ), t > 0.

Following our semigroup approach we consider problem (4.2) in an abstract set-

ting, that is, the homogeneous abstract Cauchy problem

d
dt
ψ(t) = Aψ(t), t > 0,

ψ(0) = ψ0,
(4.3)

where ψ0 : [0,∞) → X is defined by

ψ0(κ) :=

∫ ∞

0

e−κsu0(−s) ds, κ ≥ 0. (4.4)

Before we specify this abstract setting we recall some definitions from Chapter

3. The real Hilbert space (H, 〈·, ·〉H , ‖ · ‖H) of equivalence classes is given by

H :=
{
ϕ : [0,∞) → R;ϕ Borel measurable and∫

[0,∞)

|ϕ(κ)|2(κ+ β) ν(dκ) <∞
}
,

and endowed with the inner product

〈ϕ, ψ〉H :=

∫
[0,∞)

ϕ(κ)ψ(κ)(κ+ β) ν(dκ), ϕ, ψ ∈ H,

where β ∈ R is fixed but arbitrary. The linear functional J : D(J) ⊆ H → R is

given by

D(J) :=
{
ϕ ∈ H; there exists (a unique) u ∈ R such that κ 7→ u− κϕ(κ) ∈ H

}
,

J(ϕ) := u, ϕ ∈ D(J),

and the linear operator A : D(A) ⊆ H → H by

D(A) :=

{
ϕ ∈ D(J);

∫
[0,∞)

(
J(ϕ)− κϕ(κ)

)
ν(dκ) = 0

}
,

(Aϕ)(κ) := J(ϕ)− κϕ(κ), ϕ ∈ D(A), κ ≥ 0.

According to Theorems 3.3.8 and 3.3.11 we have that A is the infinitesimal gen-

erator of an analytic semigroup {S(t)}t≥0 on H. Moreover, the linear operator

A− β
4
IH is m-dissipative in (H, 〈·, ·〉H) by Proposition 3.3.7.
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We shall consider the homogeneous abstract Cauchy problem (4.3) in the real

Hilbert space (H, 〈·, ·〉H) of equivalence classes defined by

H :=
{
g : [0,∞) → X; g strongly Borel measurable and∫

[0,∞)

‖g(κ)‖2(κ+ β) ν(dκ) <∞
}
,

endowed with the inner product

〈g, h〉H :=

∫
[0,∞)

〈
g(κ), h(κ)

〉
(κ+ β) ν(dκ), g, h ∈ H.

For ϕ ∈ H and x ∈ X we define the function ϕ⊗ x ∈ H by

(ϕ⊗ x)(κ) := ϕ(κ)x, κ ≥ 0.

The real vector space of all linear combinations of ϕ ⊗ x is denoted by H ⊗ X,

that is,

H ⊗X :=

{
n∑
i=1

(ϕi ⊗ xi); n ∈ N, ϕ1, · · · , ϕn ∈ H, x1, · · · , xn ∈ X

}
.

Note that H⊗X is a dense subset of H since H⊗X contains the simple functions

of H, and that

‖ϕ⊗ x‖H = ‖ϕ‖H‖x‖, ϕ ∈ H, x ∈ X.

Theorem 4.1.4 There exists a unique analytic semigroup {S(t)}t≥0 on H such

that for every t ≥ 0,

S(t)(ϕ⊗ x) = S(t)ϕ⊗ x, ϕ ∈ H, x ∈ X,

and

‖S(t)‖L(H) = ‖S(t)‖L(H).

Furthermore, the infinitesimal generator A : D(A) ⊆ H → H of {S(t)}t≥0 is

such that A− β
4
IH is m-dissipative in (H, 〈·, ·〉H) and for every λ > β

4
,(

λIH −A
)−1

(ϕ⊗ x) = (λIH − A)−1ϕ⊗ x, ϕ ∈ H, x ∈ X,

and ∥∥(λIH −A)−1
∥∥
L(H)

=
∥∥(λIH − A)−1

∥∥
L(H)

.

The extension in Theorem 4.1.4 is based on the following Marcinkiewicz-

Zygmund principle, see for example [EG77, page 203, Theorem] and [Egb92,

page 32].
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Theorem 4.1.5 Let (Ω,F , µ) be a σ-finite measure space and E a real Hilbert

space. Let T : Lp(Ω) → Lp(Ω) be a bounded linear operator for some p ∈ [1,∞).

Then T is uniquely extensible to a bounded linear operator T : Lp(Ω;E) →
Lp(Ω;E) such that

T (ϕ⊗ x) = Tϕ⊗ x, ϕ ∈ Lp(Ω), x ∈ E.

Moreover,

‖T ‖L(Lp(Ω;E)) = ‖T‖L(Lp(Ω)).

In order to find explicit formulations for the domain and action of A we define

the linear functional J : D(J ) ⊆ H → X by

D(J ) :=
{
g ∈ H; there exists (a unique) y ∈ X such that κ 7→ y − κg(κ) ∈ H

}
,

J (g) := y, g ∈ D(J ).

Well-definedness of J follows from the next lemma, the proof of which is analo-

gous to the one of Lemma 3.3.3. Note that D(J)⊗X ⊆ D(J ) and J (ϕ⊗ x) =

J(ϕ)x for all ϕ ∈ D(J) and x ∈ X.

Lemma 4.1.6 For every g ∈ H there exists at most one y ∈ X such that the

mapping κ 7→ y − κg(κ) belongs to H.

Let the linear operator Ã : D(Ã) ⊆ H → H be defined by

D(Ã) :=

{
g ∈ D(J );

∫
[0,∞)

(
J (g)− κg(κ)

)
ν(dκ) = 0

}
,

(Ãg)(κ) := J (g)− κg(κ), g ∈ D(Ã), κ ≥ 0.

Well-definedness of Ã follows from the lemma below that is proved analogously

to Lemma 3.3.5. Note that D(A) ⊗ X ⊆ D(Ã) and Ã(ϕ ⊗ x) = Aϕ ⊗ x for all

ϕ ∈ D(A) and x ∈ X.

Lemma 4.1.7 The Hilbert space H is continuously embedded in the real Banach

space L1([0,∞), ν;X) with

‖g‖L1([0,∞),ν;X) ≤
√
â(β)‖g‖H, g ∈ H.

We shall prove that Ã = A. For this purpose we state the following two propo-

sitions; the proof of the latter is analogous to the one of Proposition 3.3.7.

Proposition 4.1.8 The linear operator Ã− β
4
IH : D(Ã) ⊆ H → H is dissipative

in (H, 〈·, ·〉H).
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PROOF: Using the definition of D(Ã) and Lemmas 4.1.7 and 1.1.5(i), we have

〈Ãg, g〉H =

∫
[0,∞)

〈
J (g)− κg(κ), g(κ)

〉
(κ+ β) ν(dκ)−∫

[0,∞)

〈
J (g)− κg(κ),J (g)

〉
ν(dκ)

=

∫
[0,∞)

〈
κ

κ+ β
J (g)− κg(κ), (κ+ β)g(κ)− J (g)

〉
ν(dκ) +∫

[0,∞)

〈
β

κ+ β
J (g), (κ+ β)g(κ)

〉
ν(dκ)−∫

[0,∞)

〈
β

κ+ β
J (g),J (g)

〉
ν(dκ)

= −
∫

[0,∞)

κ

κ+ β

∥∥J (g)− (κ+ β)g(κ)
∥∥2
ν(dκ) +

β

〈
J (g),

∫
[0,∞)

g(κ) ν(dκ)

〉
− βâ(β)‖J (g)‖2

≤ β
√
â(β) ‖J (g)‖ ‖g‖H − βâ(β)‖J (g)‖2

= −β
(√

â(β) ‖J (g)‖ − 1
2
‖g‖H

)2
+ β

4
‖g‖2

H ≤ β
4
‖g‖2

H, g ∈ D(Ã).

This implies that
〈
(Ã − β

4
IH)g, g

〉
H ≤ 0 for every g ∈ D(Ã). �

Proposition 4.1.9 The linear operator Ã − β
4
IH : D(Ã) ⊆ H → H is

m-dissipative in (H, 〈·, ·〉H). Moreover, if λ > β
4

and g belongs to H, then

(
(λIH − Ã)−1g

)
(κ) =

1

κ+ λ
(g(κ) + y), κ ≥ 0,

where y ∈ X is defined by

y :=
1

λâ(λ)

∫
[0,∞)

κ

κ+ λ
g(κ) ν(dκ).

In particular,

y = J
(
(λIH − Ã)−1g

)
,

and

(λIH − Ã)−1(ϕ⊗ x) = (λIH − A)−1ϕ⊗ x, ϕ ∈ H, x ∈ X.

Proposition 4.1.10 A = Ã.
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PROOF: Let λ > β
4
. Theorem 4.1.4 and Proposition 4.1.9 imply that the bounded

linear operators (λIH−A)−1 and (λIH− Ã)−1 coincide on H ⊗X. Since H ⊗X

is dense in H it follows that (λIH −A)−1 = (λIH − Ã)−1 and hence, A = Ã. �

At this point we have specified the abstract setting for the Volterra equation (4.2),

that is, the homogeneous abstract Cauchy problem (4.3) in H. The next lemma

states that ψ0 belongs to H, and more. The proof of this lemma is analogous to

the proof of Lemma 3.4.4 combined with Lemma 3.4.2.

Lemma 4.1.11 If u0 satisfies Hypothesis 4.1.3, then ψ0 belongs to D(J ) and

J (ψ0) = u0(0). In particular, ψ0 belongs to D(A) if and only if u0 also satisfies

d−

dt

∣∣∣∣
t=0

∫ t

−∞
a(t− s)u0(s) ds = 0, (4.5)

or equivalently,

a(+∞)u0(0) +

∫ ∞

0

(
− d

ds
a(s)

)(
u0(0)− u0(−s)

)
ds = 0.

Now we are in a position to solve problem (4.3) in the following sense:

Definition 4.1.12 A strict solution to problem (4.3) is a function ψ : [0,∞) →
H such that ψ belongs to C

(
[0,∞); D(A)

)
∩ C1

(
[0,∞);H

)
, where D(A) is en-

dowed with the graph norm of A, and such that ψ satisfies (4.3) for every t ≥ 0.

Proposition 4.1.13 If u0 satisfies Hypothesis 4.1.3 and (4.5), then problem

(4.3) admits a unique strict solution ψ. Moreover, ψ has the representation

ψ(t) = S(t)ψ0 for every t ≥ 0 and ψ is real analytic in (0,∞) with respect

to the graph norm of A. In particular, ψ belongs to C0,1−η([0, T ]; (H,D(A))η,2
)

for all T > 0 and η ∈ (0, 1).

PROOF: We refer to [Lun95, page 126, Lemma 4.1.6] and use the analyticity of

the semigroup combined with Propositions 1.4.29(ii)and 1.4.31(ii). �

With Proposition 4.1.13 we are able to solve problem (4.2). The theorem below

is proved analogously to Theorem 3.4.8. However, we need the following lemma,

proved in the same way as Lemma 3.3.12. We denote the graph norm of A by

‖ · ‖A.

Lemma 4.1.14 The restriction J |D(A) : (D(A), ‖ · ‖A) → X is continuous.
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Theorem 4.1.15 Let u0 satisfy Hypothesis 4.1.3 and (4.5). Then problem (4.2)

admits a unique solution u. Moreover, u is continuous in [0,∞), real analytic in

(0,∞), and has the representation

u(t) =

{
J
(
S(t)ψ0

)
, t > 0,

u0(t), t ≤ 0,
(4.6)

where ψ0 is given by (4.4).

Proposition 4.1.13 implies that if J |D(A) is extensible to a bounded linear operator

from (H,D(A))η,2 into X for some η ∈ (0, 1), then the solution u in Theorem

4.1.15 has more regularity, namely u belongs to C0,1−η([0, T ];X) for every T > 0.

To obtain this extension of J |D(A) we need explicit formulations for the domain

and action of the adjoint operator A∗ of A and a characterization of its resolvent

operator. This is stated in the lemma and proposition below. The latter is proved

analogously to Propositions 4.1.9 and 3.3.14 using Lemma 1.1.5(vi).

Lemma 4.1.16 The adjoint operator A∗ : D(A∗) ⊆ H → H is given by

D(A∗) =

{
g ∈ D(J );

∫
[0,∞)

(
J (g)− (κ+ β)g(κ)

)
ν(dκ) = 0

}
,

(A∗g)(κ) =
κ

κ+ β
J (g)− κg(κ), g ∈ D(A∗), κ ≥ 0.

PROOF: Let g belong to H. Then g belongs to D(A∗) = D(βIH − A∗) if there

exists h ∈ H such that

〈k, g〉H =
〈
(βIH −A)−1k, h

〉
H, k ∈ H. (4.7)

We fix an arbitrary k ∈ H and let y ∈ X be given by

y :=
1

βâ(β)

∫
[0,∞)

κ

κ+ β
k(κ) ν(dκ).

Using Proposition 4.1.9 we have that (4.7) holds if and only if∫
[0,∞)

〈
k(κ), g(κ)

〉
(κ+ β) ν(dκ) =

∫
[0,∞)

〈
k(κ) + y, h(κ)

〉
ν(dκ),

if and only if∫
[0,∞)

〈
k(κ), g(κ)− 1

κ+ β
h(κ)

〉
(κ+ β) ν(dκ)

=

〈
1

βâ(β)

∫
[0,∞)

κ

κ+ β
k(κ) ν(dκ),

∫
[0,∞)

h(κ) ν(dκ)

〉
=

∫
[0,∞)

〈
k(κ),

1

βâ(β)

κ

(κ+ β)2

∫
[0,∞)

h(κ̃) ν(dκ̃)

〉
(κ+ β) ν(dκ).

(4.8)
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Recognizing the inner product of H in the first and last line in (4.8), it follows

from the fact that k ∈ H is arbitrary that (4.7) holds if and only if

g(κ)− 1

κ+ β
h(κ) =

1

βâ(β)

κ

(κ+ β)2

∫
[0,∞)

h(κ̃) ν(dκ̃), κ ≥ 0. (4.9)

Similar to the proof of Lemma 3.3.13 we have that (4.9) holds if and only if there

exists K ∈ X satisfying∫
[0,∞)

(
K − (κ+ β)g(κ)

)
ν(dκ) = 0 (4.10)

such that
h(κ) = (κ+ β)g(κ)− κ

κ+ β
K, κ ≥ 0. (4.11)

Since g and the mapping κ 7→ 1
κ+β

belong to H, it follows from (4.11) that h

belongs to H if and only if the mapping κ 7→ κg(κ) − K belongs to H. We

conclude that g belongs to D(A∗) if and only if g belongs to D(J ) and if g

satisfies (4.10) with K replaced by J (g). Now the rest of the lemma follows from

straightforward calculation. �

Proposition 4.1.17 The linear operator A∗ − β
4
IH : D(A∗) ⊆ H → H is

m-dissipative in (H, 〈·, ·〉H). Moreover, if λ > β
4

and h belongs to H, then(
(λIH −A∗)−1h

)
(κ) =

1

κ+ λ

(
h(κ) +

κ

κ+ β
K

)
, κ ≥ 0,

where K ∈ X is defined by

K :=
1

λâ(λ)

∫
[0,∞)

κ+ β

κ+ λ
h(κ) ν(dκ).

In particular,

K = J
(
(λIH −A∗)−1h

)
,

and

(λIH −A∗)−1(ϕ⊗ x) = (λIH − A∗)−1ϕ⊗ x, ϕ ∈ H, x ∈ X.

Note that D(A∗)⊗X ⊆ D(A∗) and A∗(ϕ⊗ x) = A∗ϕ⊗ x for all ϕ ∈ D(A∗) and

x ∈ X. We recall that the function ξ ∈ H in Chapter 3 is given by

ξ(κ) :=
κ

(κ+ β)2
, κ ≥ 0.

Since ξ belongs to
(
H,D(A∗−βIH)

)
1−η,2 for every η ∈ (0, 1) such that η > 1−α(a)

2

by Proposition 3.5.2, it follows that ξ ⊗ x belongs to
(
H,D(A∗ − βIH)

)
1−η,2 for

every x ∈ X, and

‖ξ ⊗ x‖(H,D(A∗−βIH))1−η,2 = ‖ξ‖(H,D(A∗−βIH))1−η,2‖x‖, x ∈ X. (4.12)
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Proposition 4.1.18 The restriction J |D(A) is uniquely extensible to a bounded

linear operator from (H,D(A))η,2 into X for every η ∈ (0, 1) such that η > 1−α(a)
2

.

PROOF: Let η ∈ (0, 1) be such that η > 1−α(a)
2

. We observe that D(A) is dense

in (H,D(A))η,2 by Lemma 1.4.17 and that

(H,D(A))η,2 =
(
H,D(A− βIH)

)
η,2

= D
(
(βIH −A)η

)
by Lemma 1.4.15 and Theorem 1.4.27. Moreover, the norms of (H,D(A))η,2,(
H,D(A − βIH)

)
η,2

, and the norm g 7→ ‖(βIH − A)ηg‖H on D((βIH − A)η) are

equivalent. Therefore it is sufficient to show that there exists M > 0 such that

‖J (g)‖ ≤M
∥∥(βIH −A)ηg

∥∥
H, g ∈ D(A). (4.13)

We shall use that

‖J (g)‖ = sup
x∈X
‖x‖=1

∣∣〈J (g), x〉
∣∣, g ∈ D(A).

Let x ∈ X. Since
(
H,D(A∗ − βIH)

)
1−η,2 = D

(
(βIH − A∗)1−η) with the norm

of
(
H,D(A∗ − βIH)

)
1−η,2 equivalent to the norm g 7→

∥∥(βIH − A∗)1−ηg
∥∥
H on

D
(
(βIH −A∗)1−η), there exists C > 0 such that, using (4.12),∥∥(βIH −A∗)1−η(ξ ⊗ x)

∥∥
H ≤ C ‖ξ‖(H,D(A∗−βIH))1−η,2 ‖x‖. (4.14)

Using Propositions 4.1.9 and 1.4.26 and Lemma 1.4.28, we have

〈J (g), x〉 =
〈(
J ◦ (βIH −A)−1 ◦ (βIH −A)

)
(g), x

〉
=

〈
1

βâ(β)

∫
[0,∞)

κ

κ+ β

(
(βIH −A)g

)
(κ) ν(dκ), x

〉
=

1

βâ(β)

∫
[0,∞)

〈(
(βIH −A)g

)
(κ), ξ(κ)x

〉
(κ+ β) ν(dκ)

=
1

βâ(β)

〈
(βIH −A)g, ξ ⊗ x

〉
H

=
1

βâ(β)

〈
(βIH −A)g, (βIH −A∗)η−1(βIH −A∗)1−η(ξ ⊗ x)

〉
H

=
1

βâ(β)

〈
(βIH −A)ηg, (βIH −A∗)1−η(ξ ⊗ x)

〉
H, g ∈ D(A).

Hence, using (4.14) we obtain∣∣〈J (g), x〉
∣∣ ≤ 1

βâ(β)

∥∥(βIH −A)ηg
∥∥
H

∥∥(βIH −A∗)1−η(ξ ⊗ x)
∥∥
H

≤ C

βâ(β)

∥∥(βIH −A)ηg
∥∥
H ‖ξ‖(H,D(A∗−βIH))1−η,2 ‖x‖, g ∈ D(A).
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This shows that (4.13) holds with M := C
βâ(β)

‖ξ‖(H,D(A∗−βIH))1−η,2 . �

Finally we are in a position to state the corollary to Theorem 4.1.15 concerning

more regularity of the solution u to problem (4.2). Even more, we do not need

the extra condition (4.5) on u0 for existence of a solution to problem (4.2) as long

as α(a) ∈ (0, 1). This is stated in the next theorem. The succeeding corollary is

proved in the same way as Corollary 3.6.5.

We recall that the function π ∈ H in Chapter 3 is given by

π(κ) :=
1

βâ(β)

1

κ+ β
, κ ≥ 0, (4.15)

and that π belongs to (H,D(A))θ,2 for every θ ∈ (0, 1) such that θ < 1+α(a)
2

by

Proposition 3.5.7. Note that (H,D(A))θ,2⊗X ⊆ (H,D(A))θ,2 for every θ ∈ (0, 1)

and that

‖ϕ⊗ x‖(H,D(A))θ,2
= ‖ϕ‖(H,D(A))θ,2

‖x‖, ϕ ∈ (H,D(A))θ,2, x ∈ X.

Corollary 4.1.19 If u0 satisfies Hypothesis 4.1.3 and (4.5), then the unique

solution u to problem (4.2) belongs to C0,1−η([0, T ];X) for all T > 0 and η ∈ (0, 1)

such that η > 1−α(a)
2

.

Theorem 4.1.20 Let u0 satisfy Hypothesis 4.1.3. If a belongs to K with α(a) ∈
(0, 1), then problem (4.2) admits a unique solution u. Moreover, u is real ana-

lytic in (0,∞), has the representation (4.6), and belongs to C0,ζ([0, T ];X) for all

T > 0 and ζ ∈ [0, α(a)).

PROOF: Let T > 0 and ζ ∈ [0, α(a)), and let η := 1−ζ
2

and θ := 1+ζ
2

. Then

we have θ − η = ζ and 0 < 1−α(a)
2

< η ≤ θ < 1+α(a)
2

< 1. Let the functions

u1, u2 : (−∞, 0] → X and ψ1, ψ2 : [0,∞) → X be defined by respectively u1(t) :=

u0(t)− eβtx and u2(t) := eβtx for every t ≤ 0, and

ψj(κ) :=

∫ ∞

0

e−κsuj(−s) ds, κ ≥ 0, j = 1, 2,

where

x :=
1

βâ(β)

d−

dt

∣∣∣∣
t=0

∫ t

−∞
a(t− s)u0(s) ds.

Note that u1 and u2 satisfy Hypothesis 4.1.3. Even more, u1 also satisfies (4.5),

which is proved just as in the proof of Theorem 3.6.4 using Lemma 3.4.2. At the

one hand, we obtain from Theorem 4.1.15 that the function ũ1 : R → X given by

ũ1(t) :=

{
J (S(t)ψ1), t > 0,

u1(t), t ≤ 0,
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is the unique solution to problem (4.2) with u0 replaced by u1, and ũ1 is real

analytic in (0,∞). Moreover, it follows from Corollary 4.1.19 that ũ1 belongs to

C0,1−η([0, T ];X). At the other hand, using the definition of π it is a result of

Theorem 3.6.4 that the scalar version of problem (4.2) with u0 replaced by the

mapping t 7→ eβt admits the unique solution

t 7→

{
βâ(β)J(S(t)π), t > 0,

eβt, t ≤ 0.

This solution is real analytic in (0,∞) and belongs to C0,ζ [0, T ]. As the definition

of ψ2 implies that ψ2 = βâ(β)π ⊗ x, we have J (S(t)ψ2) = βâ(β)J(S(t)π)x for

every t ≥ 0. Therefore the function ũ2 : R → X given by

ũ2(t) :=

{
J (S(t)ψ2), t ≥ 0,

u2(t), t ≤ 0,

is the unique solution to problem (4.2) with u0 replaced by u2, and ũ2 is real

analytic in (0,∞) and belongs to C0,ζ([0, T ];X). Since u0 = u1+u2, ψ0 = ψ1+ψ2,

and ζ < 1− η, the conclusion of the theorem follows. �

Corollary 4.1.21 Let u be the unique solution to problem (4.2) under the con-

ditions stated in Theorem 4.1.20. Then the following holds:(
S(t)ψ0

)
(κ) =

∫ ∞

0

e−κsu(t− s) ds, t ≥ 0, κ ≥ 0,

where ψ0 is given by (4.4).

4.1.2 The inhomogeneous problem

We consider the inhomogeneous Volterra equation

d

dt

∫ t

0

a(t− s)u(s) ds = f(t), t > 0,

u(t) = 0, t ≤ 0,

(4.16)

where the kernel a : (0,∞) → R belongs to the class K and where the function

f : [0,∞) → X belongs to L1(0, T ;X) for every T > 0. Similar to the scalar

inhomogeneous Volterra equation in Chapter 3 we shall consider problem (4.16)

in an abstract setting. To this end let the Hilbert space H−1 be the completion

of H with respect to the norm ‖ · ‖H−1 given by

‖g‖H−1 :=
∥∥(βIH −A)−1g

∥∥
H, g ∈ H,
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and let A−1 : H ⊆ H−1 → H−1 be the linear extension of A such that A−1 is

the infinitesimal generator of the analytic semigroup {S−1(t)}t≥0 on H−1, which

denotes the continuous extension of {S(t)}t≥0.

We define the linear operators Ā : D(J ) → H and I : D(J ) → X by respectively

(Āg)(κ) := J (g)− κg(κ), g ∈ D(J ), κ ≥ 0,

I(g) :=

∫
[0,∞)

(
J (g)− κg(κ)

)
ν(dκ), g ∈ D(J ).

Note that I is well-defined by Lemma 4.1.7, and that if g belongs to D(J ), then

g belongs to D(A) if and only if I(g) = 0. Moreover, the definition of the linear

operator Ā : D(J) → H and the linear functional I : D(J) → R in Section 3.7

imply that Ā(ϕ ⊗ x) = Āϕ ⊗ x and I(ϕ ⊗ x) = I(ϕ)x for all ϕ ∈ D(J) and

x ∈ X. By Lemma 3.5.5 we have that the function π given by (4.15) belongs to

D(J) and that I(π) = 1 and Āπ = βπ. These facts imply the following lemma.

Lemma 4.1.22 The function g− π⊗I(g) belongs to D(A) for every g ∈ D(J ).

Heuristically, our semigroup approach suggests that the function ψ : [0,∞) ×
[0,∞) → X defined by

ψ(t, κ) :=

{∫ t
0
e−κ(t−s)u(s) ds, t > 0, κ ≥ 0,

0, t = 0, κ ≥ 0,

is such that ψ(t, ·) belongs to D(J ) with J (ψ(t, ·)) = u(t) and I(ψ(t, ·)) = f(t)

for every t > 0, and

d
dt
ψ(t, ·) = Āψ(t, ·) = A

(
ψ(t, ·)− π ⊗ f(t)

)
+ Ā(π ⊗ f(t))

= A−1ψ(t, ·)−A−1(π ⊗ f(t)) + βπ ⊗ f(t)

= A−1ψ(t, ·) + (βIH − A−1)π ⊗ f(t), t > 0.

Therefore the abstract setting for problem (4.16) is the inhomogeneous abstract

Cauchy problem

d
dt
ψ(t) = A−1ψ(t) + (βIH − A−1)π ⊗ f(t), t > 0,

ψ(0) = 0.
(4.17)

Definition 4.1.23 The mild solution to problem (4.17) is the continuous func-

tion ψ : [0,∞) → H−1 defined by

ψ(t) :=

∫ t

0

(
(βIH − A)S(t− s)π ⊗ f(s)

)
ds, t ≥ 0.
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The integral above is Bochner in (H,D(A))θ,2 and hence, the mild solution ψ

has values in (H,D(A))θ,2 for all t ≥ 0 and θ ∈ (0, 1) such that θ < 1+α(a)
2

.

Indeed, we observe that π belongs to (H,D(A))θ,2 and (βIH −A)S(t) belongs to

L
(
(H,D(A))θ,2

)
by Proposition 3.5.7 respectively Corollary 1.4.30(i). Compare

also Proposition 3.7.2.

Proposition 4.1.24 Let f : [0,∞) → X belong to Lp(0, T ;X) for some p ∈
[1,∞) and every T > 0. Let ψ be the mild solution to problem (4.17). Then for

all T > 0 and θ, η ∈ (0, 1) such that η < θ < 1+α(a)
2

the following holds:

(i) If p = 1, then ψ belongs to Lq
(
0, T ; (H,D(A))η,2

)
for every q ∈[

1, 1
1−(θ−η)

)
;

(ii) If p ∈
(
1, 1

θ−η

)
, then ψ belongs to Lq

(
0, T ; (H,D(A))η,2

)
where q := p

1−(θ−η)p ;

(iii) If p = 1
θ−η , then ψ belongs to Lq

(
0, T ; (H,D(A))η,2

)
for every q ∈ [1,∞);

(iv) If p ∈
(

1
θ−η ,∞

)
, then ψ belongs to C

0,θ−η− 1
p

0

(
[0, T ]; (H,D(A))η,2

)
.

In particular, if f belongs to C0,γ
0 ([0, T ];X) for some γ ∈ (0, 1) and every T > 0,

then ψ belongs to

C [γ+θ−η],γ+θ−η−[γ+θ−η]([0, T ]; (H,D(A))η,2
)

for all T > 0 and θ, η ∈ (0, 1) such that η < θ < 1+α(a)
2

and θ − η 6= 1− γ.

PROOF: The first part of the proposition is an application of Proposition

1.4.31(iv)-(vii). For the second part let θ ∈ (0, 1) be such that θ < 1+α(a)
2

. Then π

belongs to (H,D(A))θ,2 and βIH−A−1 belongs to L
(
(H,D(A))θ,2, (H−1,H)θ,2

)
by

Proposition 3.5.7 respectively 1.4.18, so that the mapping t 7→ (βIH−A−1)π⊗f(t)

belongs to C0,γ
0

(
[0, T ]; (H−1,H)θ,2

)
for every T > 0. Now the proposition is proved

analogously to Proposition 3.7.3. �

Before we return to problem (4.16) we need a lemma concerning the Laplace

transform of the mild solution ψ to problem (4.17).

Lemma 4.1.25 Let f : [0,∞) → X belong to Lp(0, T ;X) for some p ∈ [1,∞)

and every T > 0. Let ψ be the mild solution to problem (4.17). If there exists

λ0 ≥ β such that
∫∞

0
e−λ0t‖f(t)‖ dt < ∞, then the Laplace transform ψ̂ :

(λ0,∞) → (H,D(A))θ,2 is well-defined for every θ ∈ (0, 1) such that θ < 1+α(a)
2

,

and

ψ̂(λ) = (λIH−1 − A−1)
−1(βIH − A−1)π ⊗ f̂(λ), λ > λ0.
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Moreover, if a belongs to K with α(a) ∈ (0, 1), then

J
(
ψ̂(λ)

)
=

1

λâ(λ)
f̂(λ), λ > λ0.

PROOF: Let λ > λ0 and θ ∈ (0, 1) such that θ < 1+α(a)
2

. Then existence of∫∞
0
e−λtψ(t) dt as a Bochner integral in (H,D(A))θ,2 is proved in the same way

as Lemma 3.7.4. Now we use Fubini’s theorem and Proposition 1.4.6 to obtain

ψ̂(λ) =

∫ ∞

0

e−λt
(∫ t

0

(
(βIH − A)S(t− s)π ⊗ f(s)

)
ds

)
dt

=

∫ ∞

0

(
e−λs

(∫ ∞

s

e−λ(t−s)(βIH − A)S(t− s)π dt

)
⊗ f(s)

)
ds

=

(∫ ∞

0

e−λtS−1(t)(βIH − A−1)π dt

)
⊗
(∫ ∞

0

e−λsf(s) ds

)
= (λIH−1 − A−1)

−1(βIH − A−1)π ⊗ f̂(λ).

The rest of the lemma is proved in the same way as Lemma 3.7.5. �

Now we are in a position to solve problem (4.16).

Theorem 4.1.26 Let f : [0,∞) → X belong to Lp(0, T ;X) for some p ∈ [1,∞)

and every T > 0. If a belongs to K with α(a) ∈ (0, 1), then problem (4.16) admits

a unique solution u, and u has the representation

u(t) =

{∫ t
0
J
(
(βIH − A)S(t− s)π

)
f(s) ds, t > 0,

0, t ≤ 0.
(4.18)

Moreover, for all T > 0 and ζ ∈ (0, α(a)) the following holds:

(i) If p = 1, then u belongs to Lq(0, T ;X) for every q ∈
[
1, 1

1−ζ

)
;

(ii) If p ∈
(
1, 1

ζ

)
, then u belongs to Lq(0, T ;X) where q := p

1−ζp ;

(iii) If p = 1
ζ
, then u belongs to Lq(0, T ;X) for every q ∈ [1,∞);

(iv) If p ∈
(

1
ζ
,∞
)
, then u belongs to C

0,ζ− 1
p

0 ([0, T ];X).

In particular, if f belongs to C0,γ
0 ([0, T ];X) for some γ ∈ (0, 1) and every T > 0,

then u belongs to

C [γ+ζ],γ+ζ−[γ+ζ]([0, T ];X)

for all T > 0 and ζ ∈ (0, α(a)) such that ζ 6= 1− γ.
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PROOF: Let T > 0 and ζ ∈ (0, α(a)), and let η := 1−ζ
2

and θ := 1+ζ
2

. Then we

have θ − η = ζ and 0 < 1−α(a)
2

< η ≤ θ < 1+α(a)
2

< 1. Let ψ be the mild solution

to problem (4.17). Since ψ(t) has values in (H,D(A))η,2 and J is continuous on

(H,D(A))η,2 by Proposition 4.1.18, it follows that u given by (4.18) is such that

u(t) = J (ψ(t)) for every t > 0. Even more, the regularity properties of ψ in

Proposition 4.1.24 imply those of u. �

4.2 Semilinear Volterra equations

We consider the semilinear X-valued Volterra integrodifferential equation

d

dt

∫ t

−∞
a(t− s)u(s) ds = f(t, u(t)), t > 0,

u(t) = u0(t), t ≤ 0,

(4.19)

where the kernel a : (0,∞) → R belongs to the class K and where the func-

tions u0 : (−∞, 0] → X respectively f : [0,∞) × X → X satisfy the following

hypotheses:

Hypothesis 4.2.1 The function u0 : (−∞, 0] → X is strongly Borel measurable

and has the following properties:

(i) There exist M1 > 0 and ω > 0 such that ‖u0(t)‖ ≤M1e
ωt for every t ≤ 0;

(ii) There exist M2 > 0 and δ > 0 such that ‖u0(0) − u0(t)‖ ≤ M2|t| for every

t ∈ [−δ, 0].

Hypothesis 4.2.2 The function f : [0,∞)×X → X is such that

(i) For every T > 0 there exists L > 0 such that∥∥f(t, x)− f(t, y)
∥∥ ≤ L‖x− y‖, t ∈ [0, T ], x, y ∈ X;

(ii) There exists ϑ ∈ (0, 1) such that for all T > 0 and x0 ∈ X there exist r > 0

and K > 0 such that∥∥f(t, x)− f(s, x)
∥∥ ≤ K|t− s|ϑ, s, t ∈ [0, T ], x ∈ BX(x0; r).

We consider the following notion of solution:

Definition 4.2.3 A solution to problem (4.19) is a strongly Borel measurable

function u : R → X with the following properties:
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(i)
∫ t
−∞ a(t− s)‖u(s)‖ ds <∞ for every t ≥ 0;

(ii) The mapping t 7→
∫ t
−∞ a(t − s)u(s) ds belongs to W 1,1([0, T ];X) for every

T > 0;

(iii) u satisfies (4.19) for almost every t ∈ R.

Analogous to Section 3.1 we have that a solution u to problem (4.19) always

belongs to L1(0, T ;X) for every T > 0. We also have uniqueness of solutions as

shown in the next theorem:

Theorem 4.2.4 Problem (4.19) admits at most one solution.

PROOF: We assume that u1, u2 : R → X both are solutions to problem (4.19)

and define u : R → X by

u(t) := u1(t)− u2(t), t ∈ R.

By Definition 4.2.3(iii) we have u(t) = 0 for almost every t ≤ 0, so we can define

T0 := sup
{
T ≥ 0; u(t) = 0 for almost every t ≤ T

}
.

To prove the theorem it is sufficient to show that T0 = +∞. Seeking a contra-

diction, we suppose that T0 <∞. Definition 4.2.3(ii) and (iii) imply that∫ t

0

a(t− s)u(s) ds =

∫ t

0

(
f(s, u1(s))− f(s, u2(s))

)
ds, t ≥ 0. (4.20)

Let b ∈ K denote the resolvent of the first kind of a, thus b satisfies∫ t

0

b(t− s)a(s) ds = 1, t > 0, (4.21)

Using (4.21) and Fubini’s theorem we have∫ t

0

u(s) ds =

∫ t

0

(∫ t−s

0

b(t− s− σ)a(σ) dσ

)
u(s) ds

=

∫ t

0

b(t− σ)

(∫ σ

0

a(σ − s)u(s) ds

)
dσ, t > 0.

Combined with (4.20) it follows that for every t > 0,∫ t

0

u(s) ds =

∫ t

0

b(t− σ)

(∫ σ

0

(
f(s, u1(s))− f(s, u2(s))

)
ds

)
dσ. (4.22)
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It is a result of Hypothesis 4.2.2(i) that for every T > 0 there exists L > 0 such

that ∫ t

0

b(t− σ)

(∫ σ

0

∥∥f(s, u1(s))− f(s, u2(s))
∥∥ ds

)
dσ

≤ L

(∫ t

0

‖u(s)‖ ds

)
·
(∫ t

0

b(σ) dσ

)
<∞, t ∈ (0, T ].

Hence, we can apply Fubini’s theorem in (4.22) to obtain∫ t

0

u(s) ds =

∫ t

0

(∫ s

0

b(s− σ)
(
f(σ, u1(σ))− f(σ, u2(σ))

)
dσ

)
ds, t > 0.

It follows that for almost every t > 0,

u(t) =

∫ t

0

b(t− s)
(
f(s, u1(s))− f(s, u2(s))

)
ds, (4.23)

see [Tay65, page 415, Lemma 9-8V]. Now we fix an arbitrary T1 > T0. By

Hypothesis 4.2.2(i) there exists L1 > 0 such that∥∥f(t, x)− f(t, y)
∥∥ ≤ L1‖x− y‖, t ∈ [0, T1], x, y ∈ X. (4.24)

Since limt↓0
∫ t

0
b(s) ds = 0 there exists M ∈ (0, T1−T0) such that

∫M
0
b(s) ds < 1

L1
.

Let T := T0 +M . Using (4.23), (4.24), the definition of T0 and T , and Fubini’s

theorem, we have∫ T

T0

‖u(t)‖ dt ≤
∫ T

T0

(∫ t

0

b(t− s)‖f(s, u1(s))− f(s, u2(s))‖ ds

)
dt

≤ L1

∫ T

T0

(∫ t

0

b(t− s)‖u(s)‖ ds

)
dt = L1

∫ T

T0

(∫ t

T0

b(t− s)‖u(s)‖ ds

)
dt

= L1

∫ T

T0

‖u(s)‖
(∫ T−s

0

b(t) dt

)
ds ≤

(
L1

∫ M

0

b(t) dt

)
︸ ︷︷ ︸

<1

·
∫ T

T0

‖u(s)‖ ds.

This implies that
∫ T
T0
‖u(s)‖ ds = 0. It follows that u(t) = 0 for almost every

t ∈ [T0, T ] and hence, for almost every t ≤ T . This contradicts the definition of

T0 and thus we have T0 = +∞. �

Following our semigroup approach as in Section 4.1 we consider problem (4.19)

in an abstract setting, that is, the semilinear initial value problem

d
dt
ψ(t) = A−1ψ(t) + (βIH − A−1)π ⊗ f

(
t,J (ψ(t))

)
, t > 0,

ψ(0) = ψ0,
(4.25)
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where ψ0 : [0,∞) → X is defined by

ψ0(κ) :=

∫ ∞

0

e−κtu0(−t) dt, κ ≥ 0. (4.26)

We solve this initial value problem in Section 4.2.1, to return to the Volterra

equation in Section 4.2.2.

4.2.1 The semilinear initial value problem

We start with some general theory concerning semilinear initial value problems.

This will ease the proof when solving our specific semilinear initial value problem

(4.25).

Let (E, ‖ · ‖E) be a Banach space and {T (t)}t≥0 an analytic semigroup on E with

infinitesimal generator B : D(B) ⊆ E → E. For every α ∈ (0, 1) we denote

(Eα, ‖ · ‖α) :=
(
(E,D(B))α,2, ‖ · ‖(E,D(B))α,2

)
.

For all α ∈ (0, 1), x0 ∈ Eα, and r > 0 we denote

Bα(x0; r) :=
{
x ∈ Eα; ‖x− x0‖α ≤ r

}
.

We consider the semilinear initial value problem

d
dt
v(t) = Bv(t) + F (t, v(t)), t > 0,

v(0) = v0,
(4.27)

where v0 belongs to E and where the function F : [0,∞)×Eα → E is continuous

for some α ∈ (0, 1).

Definition 4.2.5 A strict solution to problem (4.27) is a function v : [0,∞) → E

such that v belongs to C
(
[0,∞); D(B)

)
∩C1

(
[0,∞);E

)
, where D(B) is endowed

with the graph norm of B, and such that v satisfies (4.27) for every t ≥ 0.

Hypothesis 4.2.6 The function F : [0,∞)× Eα → E is such that

(i) For all T > 0 and R > 0 there exists L > 0 such that∥∥F (t, x)− F (t, y)
∥∥
E
≤ L‖x− y‖α, t ∈ [0, T ], x, y ∈ Bα(0;R);

(ii) There exists ϑ ∈ (0, 1) such that for all T > 0 and v0 ∈ Eα there exist r > 0

and K > 0 such that∥∥F (t, x)− F (s, x)
∥∥
E
≤ K|t− s|ϑ, s, t ∈ [0, T ], x ∈ Bα(v0; r).
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Theorem 4.2.7 Let F satisfy Hypothesis 4.2.6 for some α ∈ (0, 1). If v0 belongs

to D(B) and Bv0+F (0, v0) belongs to D(B), then problem (4.27) admits a unique

strict solution v, and v satisfies

v(t) = T (t)v0 +

∫ t

0

T (t− s)F (s, v(s)) ds, t ≥ 0.

For a proof of Theorem 4.2.7 see [Lun95, page 268, Proposition 7.1.10(iii)].

Now we solve our semilinear initial value problem (4.25).

Theorem 4.2.8 Let u0 and f satisfy Hypothesis 4.2.1 respectively 4.2.2. If a be-

longs to K with α(a) ∈ (0, 1), then problem (4.25) admits a unique strict solution

ψ : [0,∞) → (H,D(A))θ,2 for every θ ∈ (0, 1) such that θ < 1+α(a)
2

. Moreover,

ψ belongs to C0,θ−η([0, T ]; (H,D(A))η,2
)

for all T > 0 and θ, η ∈ (0, 1) such that
1−α(a)

2
< η < θ, and ψ satisfies

ψ(t) = S(t)ψ0 +

∫ t

0

(
(βIH − A)S(t− s)π ⊗ f

(
s,J (ψ(s))

))
ds, t ≥ 0,

where the integral is Bochner in (H,D(A))η,2.

PROOF: Let θ, η ∈ (0, 1) be such that 1−α(a)
2

< η < θ < 1+α(a)
2

. Note that

(βIH−A−1)π belongs to (H−1, H)θ,2 by Propositions 3.5.7 and 1.4.18. Moreover,

ψ0 belongs to (H,D(A))θ,2 as a result of the proof of Theorem 4.1.20. We shall

apply Theorem 4.2.7 with

E := (H−1,H)θ,2,

and B : D(B) ⊆ E → E the part of A−1 in E. Note that by Lemma 1.4.19 and

Proposition 1.4.18 we have that B is the infinitesimal generator of the analytic

semigroup {S−1(t)|E}t≥0 on E, and that

D(B) = (H,D(A))θ,2.

Furthermore, we take α := 1 + η − θ. Then it follows from Corollary 1.4.23 and

Theorem 1.4.21 that

Eα = (E,D(B))α,2 =
(
(H−1,H)θ,2, (H,D(A))θ,2

)
α,2

=
(
(H−1,D(A)) 1

2
θ,2, (H−1,D(A)) 1

2
(θ+1),2

)
α,2

= (H−1,D(A)) 1
2
(θ+α),2 = (H,D(A))θ+α−1,2 = (H,D(A))η,2.

Now we define F : [0,∞)× Eα → E by

F (t, x) := (βIH − A−1)π ⊗ f
(
t,J (x)

)
, t ≥ 0, x ∈ Eα,
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which is well-defined since J belongs to L(Eα;X) by Proposition 4.1.18. We

show that F satisfies Hypothesis 4.2.6, omitting the subscripts of ‖J ‖L(Eα;X) and

‖(βIH − A−1)π‖(H−1,H)θ,2
. For Hypothesis 4.2.6(i) let T,R > 0, t ∈ [0, T ], and

x, y ∈ Bα(0;R). By Hypothesis 4.2.2(i) there exists L > 0 independent of t, x,

and y, such that∥∥F (t, x)− F (t, y)
∥∥
E

=
∥∥(βIH − A−1)π

∥∥∥∥f(t,J (x)
)
− f

(
t,J (y)

)∥∥
≤ L

∥∥(β − A−1)π
∥∥ ‖J ‖ ‖x− y‖α.

For Hypothesis 4.2.6(ii) let T > 0, s, t ∈ [0, T ], and v0 ∈ Eα. By Hypothesis

4.2.2(ii) with x0 chosen as J (v0) there exists ϑ ∈ (0, 1) independent of s, t, and

v0, and there exist r,K > 0, both independent of s and t, such that for every

x ∈ Bα

(
v0;

r
‖J ‖

)
we have that J (x) belongs to BX(x0; r) and∥∥F (t, x)− F (s, x)

∥∥
Eα

=
∥∥(βIH − A−1)π

∥∥∥∥f(t,J (x)
)
− f

(
s,J (x)

)∥∥
≤ K

∥∥(βIH − A−1)π
∥∥ |t− s|ϑ.

Hence, F satisfies Hypothesis 4.2.6 and we are in a position to apply Theorem

4.2.7 with v0 replaced by ψ0. We obtain that problem (4.25) admits a unique

strict solution ψ belonging to C
(
[0,∞); D(B)

)
∩ C1

(
[0,∞);E

)
. In particular, ψ

belongs to C0,1−α([0, T ];Eα
)

for every T > 0 by Proposition 1.4.20. Moreover, ψ

satisfies

ψ(t) = S−1(t)ψ0 +

∫ t

0

S−1(t− s)F (s, ψ(s)) ds

= S(t)ψ0 +

∫ t

0

(
(βIH − A)S(t− s)π ⊗ f

(
s,J (ψ(s))

))
ds, t ≥ 0,

where the integrals are Bochner in Eα. �

4.2.2 The semilinear Volterra equation

In this section we solve the semilinear Volterra equation (4.19).

Theorem 4.2.9 Let u0 and f satisfy Hypothesis 4.2.1 respectively 4.2.2. If a

belongs to K with α(a) ∈ (0, 1), then problem (4.19) admits a unique solution u,

and u has the representation

u(t) =

{
J
(
ψ(t)

)
, t > 0,

u0(t), t ≤ 0,
(4.28)
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where ψ is the strict solution to problem (4.25). Furthermore, u belongs to

C0,ζ([0, T ];X) for all T > 0 and ζ ∈ (0, α(a)), and u satisfies

u(t) = J
(
S(t)ψ0

)
+

∫ t

0

J
(
(βIH − A)S(t− s)π

)
f(s, u(s)) ds, t ≥ 0, (4.29)

where ψ0 is given by (4.26).

PROOF: Let T > 0 and ζ ∈ (0, α(a)), and let η := 1−ζ
2

and θ := 1+ζ
2

. Then

we have θ − η = ζ and 1−α(a)
2

< η < θ < 1+α(a)
2

. Theorem 4.2.8 implies that ψ

belongs to Cζ
(
[0, T ]; (H,D(A))η,2

)
and satisfies

ψ(t) = S(t)ψ0 +

∫ t

0

(
(βIH − A)S(t− s)π ⊗ f

(
s,J (ψ(s))

))
ds, t ≥ 0.

Let ψ1, ψ2 : [0,∞) → (H,D(A))η,2 be defined by respectively

ψ1(t) := S(t)ψ0, t ≥ 0,

ψ2(t) :=

∫ t

0

(
(βIH − A)S(t− s)π ⊗ f

(
s,J (ψ(s))

))
ds, t ≥ 0.

Note that ψ = ψ1 + ψ2. Let f̃ : [0,∞) → X be defined by

f̃(t) := f
(
t,J (ψ(t))

)
, t ≥ 0.

Note that f̃ is continuous, since f is continuous by Hypothesis 4.2.2, J is contin-

uous on (H,D(A))η,2 by Proposition 4.1.18, and ψ is continuous with values in

(H,D(A))η,2. It is a result of Theorem 4.1.20 that problem (4.19) with f identi-

cally zero admits a unique solution u1, and u1 belongs to C0,ζ([0, T ];X) and has

the representation

u1(t) =

{
J
(
S(t)ψ0

)
, t > 0,

u0(t), t ≤ 0.

Moreover, Theorem 4.1.26 implies that problem (4.19) with u0 identically zero

and f(t, u(t)) replaced by f̃(t) admits a unique solution u2 and u2 belongs to

C0,ζ
0 ([0, T ];X) and has the representation

u2(t) =

{∫ t
0
J
(
(βIH − A)S(t− s)π

)
f̃(s) ds, t > 0,

0, t ≤ 0.

It follows that the function u := u1 + u2 is the unique solution to problem (4.19)

and u belongs to C0,ζ([0, T ];X). Since u1(t) = J (ψ1(t)) and u2(t) = J (ψ2(t))

for every t > 0, u has the representation (4.28) and hence, u satisfies (4.29). �
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4.3 First kind linear Volterra equations

We consider the first kind linear X-valued Volterra equation∫ t

0

a(t− s)u(s) ds = h(t), t ≥ 0, (4.30)

where the kernel a : (0,∞) → R belongs to the class K and where the function

h : [0,∞) → X belongs to C([0,∞);X). We consider the following notion of

solution:

Definition 4.3.1 A solution to problem (4.30) is a strongly Borel measurable

function u : [0,∞) → X such that

(i)
∫ t

0
a(t− s)‖u(s)‖ ds <∞ for every t > 0;

(ii) u satisfies (4.30) for every t ≥ 0.

We remark that a function u : [0,∞) → X is strongly Borel measurable if and

only if the mapping t 7→ 〈u(t), x〉 is Borel measurable on [0,∞) for every x ∈ X.

Moreover, analogous to Section 3.1 we have that a solution u to problem (4.30)

always belongs to L1(0, T ;X) for every T > 0. Concerning uniqueness of solutions

we have the following result:

Theorem 4.3.2 Problem (4.30) admits at most one solution.

PROOF: Let u be a solution to problem (4.30) with h identically zero. Then

Definition 4.3.1(ii) implies that∫ t

0

a(t− s)〈u(s), x〉 ds = 0, t ≥ 0, x ∈ X.

It follows from Corollary 1.2.2 that 〈u(t), x〉 = 0 for every x ∈ X and almost

every t > 0. Therefore, u(t) = 0 for almost every t > 0. �

Theorem 4.3.3 Let h belong to C0,γ
0 ([0, T ];X) for some γ ∈

(
1 − α(a), 1

)
and

every T > 0. If a belongs to K with α(a) ∈ (0, 1), then problem (4.30) admits a

unique solution u. Moreover, u belongs to C0,γ+ζ−1([0, T ];X) for all T > 0 and

ζ ∈
(
1− γ, α(a)

)
, and u has the representation

u(t) =
d

dt

∫ t

0

J
(
(βIH − A)S(t− s)π

)
h(s) ds, t ≥ 0. (4.31)
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PROOF: Let ζ ∈
(
1 − γ, α(a)

)
. It is a result of Theorem 4.1.26 that the linear

X-valued Volterra integrodifferential equation

d

dt

∫ t

0

a(t− s)ũ(s) ds = h(t), t > 0,

ũ(t) = 0, t ≤ 0,

admits a unique solution ũ : R → X according to Definition 4.1.1. Moreover, ũ

belongs to C1,γ+ζ−1([0, T ];X) for every T > 0 and has the representation

ũ(t) =

{∫ t
0
J
(
(βIH − A)S(t− s)π

)
h(s) ds, t > 0,

0, t ≤ 0.

It follows that u given by (4.31) is well-defined and belongs to C0,γ+ζ−1([0, T ];X)

for every T > 0. Therefore u is strongly Borel measurable and satisfies Definition

4.3.1(i). Finally, u satisfies Definition 4.3.1(ii), since∫ t

0

a(t− s)u(s) ds =

∫ t

0

a(t− s)
(

d
ds
ũ(s)

)
ds

= −a(t)ũ(0) +
d

dt

∫ t

0

a(t− s)ũ(s) ds = h(t), t > 0.

�

Theorem 4.3.3 assumes that h(0) = 0. However, this is not necessary as the next

corollary shows:

Corollary 4.3.4 Let h belong to C0,γ([0, T ];X) for some γ ∈
(
1− α(a), 1

)
and

every T > 0. If a belongs to K with α(a) ∈ (0, 1), then problem (4.30) admits a

unique solution u, and u has the representation

u(t) = b(t)h(0) +
d

dt

∫ t

0

J
(
(βIH − A)S(t− s)π

)(
h(s)− h(0)

)
ds, t ≥ 0,

where b denotes the resolvent of the first kind of a.



Chapter 5

Stochastic linear Volterra equations

In this chapter we consider a stochastic perturbation of the scalar linear Volterra

integrodifferential equation. We start with some preliminaries in Section 5.1. In

Section 5.2 we interpret the stochastic linear Volterra equation as a first kind

Hilbert-valued Volterra equation. Then Section 5.3 is concerned with the repre-

sentation of a solution to the stochastic Volterra equation by stochastic convolu-

tion.

5.1 Preliminaries

5.1.1 Gaussian measures

Definition 5.1.1 A Gaussian measure on R is a Borel probability measure µ on

R such that either for some m ∈ R, µ is the Dirac measure δm, or for some m ∈ R
and C > 0,

µ(B) =
1√
2πC

∫
B

e−
(x−m)2

2C dx, B ∈ B(R).

The numbers m and C, with C := 0 in case of a Dirac measure, are called the

mean respectively variance of µ. If m = 0, then µ is called a centered Gaussian

measure.

Proposition 5.1.2 If µ is a Gaussian measure on R with mean m and variance

C, then the following holds:∫
R
|x−m|r µ(dx) =

(2C)
r
2

√
π

Γ

(
r + 1

2

)
, r ≥ 0,

∫
R
(x−m)2n µ(dx) = Cn · 1 · 3 · 5 · · · · · (2n− 1), n = 1, 2, · · · ,

117
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∫
R
(x−m)2n−1 µ(dx) = 0, n = 1, 2, · · · .

In particular,

m =

∫
R
xµ(dx), C =

∫
R
(x−m)2 µ(dx).

Proposition 5.1.3 A Borel probability measure µ on R is Gaussian with mean

m and variance C if and only if∫
R

eiux µ(dx) = eium− 1
2
Cu2

, u ∈ R.

Definition 5.1.4 Let d ∈ N. A Gaussian measure on Rd is a Borel probability

measure µ on Rd such that for some m ∈ Rd and some symmetric, positive

semidefinite matrix C ∈ Rd×d,∫
Rd

ei〈u,x〉 µ(dx) = ei〈u,m〉− 1
2
〈Cu,u〉, u ∈ Rd.

The vector m and the matrix C are called the mean respectively covariance of µ.

If m = 0, then µ is called a centered Gaussian measure.

Proposition 5.1.5 Let d ∈ N. If µ is a Gaussian measure on Rd with mean m

and covariance C, then for all j, k = 1, · · · , d,

mj =

∫
Rd

xj µ(dx), Cj,k =

∫
Rd

(xj −mj)(xk −mk)µ(dx).

If, in addition, C is nonsingular, then

µ(B) =
1√

(2π)d detC

∫
B

e−
1
2

〈
C−1(x−m),x−m

〉
µ(dx), B ∈ B(Rd).

Proposition 5.1.6 Let d ∈ N. A Borel probability measure µ on Rd is Gaussian

if and only if for every ξ ∈ Rd the image measure 〈ξ, µ〉 on R given by

〈ξ, µ〉(B) := µ
{
x ∈ Rd; 〈ξ, x〉 ∈ B

}
, B ∈ B(R),

is a Gaussian measure on R.

Definition 5.1.7 Let E be a separable real Banach space. A (centered) Gaus-

sian measure on E is a Borel probability measure µ on E such that for every

ϕ ∈ E ′ the image measure 〈ϕ, µ〉 on R given by

〈ϕ, µ〉(B) := µ
{
x ∈ E; ϕ(x) ∈ B

}
, B ∈ B(R),

is a (centered) Gaussian measure on R.
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Proposition 5.1.8 A Borel probability measure µ on a separable real Hilbert

space (H, 〈·, ·〉, ‖ · ‖) is a Gaussian measure on H if and only if there exist a

vector m ∈ H and a nonnegative1, symmetric, trace class operator C ∈ L(H)

such that ∫
H

ei〈u,x〉 µ(dx) = ei〈u,m〉− 1
2
〈Cu,u〉, u ∈ H.

In that case ∫
H

〈u, x〉µ(dx) = 〈u,m〉, u ∈ H,∫
H

〈u1, x〉〈u2, x〉µ(dx)− 〈u1,m〉〈u2,m〉 = 〈Cu1, u2〉, u1, u2 ∈ H,

TrC =

∫
H

‖x−m‖2 µ(dx).

Definition 5.1.9 Let µ be a Gaussian measure on a separable real Hilbert space

H. The vector m ∈ H and the operator C ∈ L(H) with the properties stated in

Proposition 5.1.8 are called the mean respectively covariance of µ.

Definition 5.1.10 Let (Ω,F ,P) be a probability space.

(i) A (centered) Gaussian variable is a random variable X : Ω → R such that

its distribution is a (centered) Gaussian measure on R;

(ii) A (centered) Gaussian vector on a separable real Banach space E is a ran-

dom vector X : Ω → E such that its distribution is a (centered) Gaussian

measure on E;

(iii) A (centered) Gaussian system is a collection {Xα}α∈I , indexed by a non-

empty index set I, of random variables on Ω such that for all n ∈ N and

α1, · · · , αn ∈ I, (Xα1 , · · · , Xαn) is a (centered) Gaussian vector on Rn. It

is said to have mean {mα}α∈I and covariance {Cα,β}α,β∈I where for all

α, β ∈ I,

mα := EXα, Cα,β := E
(
(Xα −mα)(Xβ −mβ)

)
.

Remark 5.1.11 Proposition 5.1.2 implies that if X is a Gaussian variable on a

probability space (Ω,F ,P), then X belongs to Lp(Ω) for every p ∈ [1,∞).

1Nonnegative in the sense that for every u ∈ H, 〈Cu, u〉 ≥ 0.
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Proposition 5.1.12 Let d ∈ N.

(i) A random vector (X1, · · · , Xd) on Rd is Gaussian if and only if for all

λ1, · · · , λd ∈ R,
∑d

j=1 λjXj is a Gaussian variable;

(ii) If (X1, · · · , Xd) is a Gaussian vector on Rd, then X1, · · · , Xd are indepen-

dent if and only if for all j, k = 1, · · · , d such that j 6= k,

E
(
(Xj − EXj)(Xk − EXk)

)
= 0;

(iii) If X1, · · · , Xd are independent Gaussian variables, then (X1, · · · , Xd) is a

Gaussian vector on Rd.

For the sentences 5.1.1-5.1.6 we refer to [Bog98, pages 1-4, Sections 1.1-1.2]. In

particular, for Proposition 5.1.2 see [Str94, page 91, Example 5.13.1]. For the

sentences 5.1.7-5.1.9 we refer to [Bog98, pages 42, 48, Sections 2.2-2.3, Theorem

2.3.1] and [DPZ92, pages 53-58, Section 2.3.2, Propositions 2.15, 2.18]. For Defi-

nition 5.1.10 and Proposition 5.1.12 see [Shi84, pages 299, 303, Sections II.13.4,

II.13.6, Theorem 1].

5.1.2 Standard Brownian motion and the Wiener measure

Definition 5.1.13 A centered Gaussian system {W (t)}t≥0 of random variables

on a probability space (Ω,F ,P) is called standard Brownian motion if it has the

following properties:

(i) For almost every ω ∈ Ω, W (0)(ω) = 0;

(ii) If n ∈ N and 0 = t0 < t1 < · · · < tn, then for j = 1, · · · , n the random

variables W (tj)−W (tj−1) are independent;

(iii) For all 0 ≤ s < t, W (t)−W (s) is a centered Gaussian random variable with

variance t− s;

(iv) For almost every ω ∈ Ω the sample path t 7→ W (t)(ω) belongs to C[0,∞).

For a proof of the following theorem we refer to [KS91, page 70, Theorem 4.20].

Theorem 5.1.14 Let Ω := C0[0,∞) be endowed with the metric d given by

d(ω1, ω2) :=
∞∑
n=1

1

2n
max
t∈[0,n]

min
{
1, |ω1(t)− ω2(t)|

}
, ω1, ω2 ∈ C0[0,∞),
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and let F be the Borel σ-algebra on (Ω, d). Let the collection {B(t)}t≥0 of random

variables on (Ω,F) be given by

B(t)(ω) := ω(t), t ≥ 0, ω ∈ Ω.

Then there exists a unique probability measure P on (Ω,F) such that {B(t)}t≥0

is standard Brownian motion satisfying∫
Ω

B(t)(ω)B(s)(ω) P(dω) = min{s, t}, s, t ≥ 0.

Definition 5.1.15 The probability measure P in Theorem 5.1.14 is called the

Wiener measure.

We can see standard Brownian motion {W (t)}t≥0 on a probability space (Ω,F ,P)

as a function W : [0,∞) → L2(Ω). Even more, Definition 5.1.13(iii) implies the

next corollary:

Corollary 5.1.16 If {W (t)}t≥0 is standard Brownian motion on a probability

space (Ω,F ,P), then W belongs to C
0, 1

2
0 ([0, T ];L2(Ω)) for every T > 0.

Theorem 5.1.17 Let {W (t)}t≥0 be standard Brownian motion on a probability

space (Ω,F ,P). Then for all T > 0 and γ ∈ (0, 1
2
) and for almost every ω ∈ Ω

the sample path t 7→ W (t)(ω) belongs to C0,γ
0 [0, T ].

Theorem 5.1.18 Let {W (t)}t≥0 be standard Brownian motion on a probability

space (Ω,F ,P). Then for almost every ω ∈ Ω the sample path t 7→ W (t)(ω) is

nowhere differentiable.

For Theorems 5.1.17 and 5.1.18 see [KS91, pages 56, 110, Remark 2.12, Theorem

9.18].

5.1.3 The Wiener integral

Let Ω := C0[0,∞) be endowed with the metric d defined in Theorem 5.1.14 and

let F be the Borel σ-algebra on (Ω, d). Let {B(t)}t≥0 be standard Brownian

motion on (Ω,F ,P) where P is the Wiener measure. Let T > 0.

If f : [0, T ] → R is a step function, that is, for some n ∈ N, c1, · · · , cn ∈ R,

and 0 = t0 ≤ t1 ≤ · · · ≤ tn = T , f =
∑n

j=1 cj1[tj−1,tj), then the random variable

I(f) : Ω → R is defined by

I(f) :=
n∑
j=1

cj
(
B(tj)−B(tj−1)

)
,
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and has the property that I(f) belongs to L2(Ω) with ‖I(f)‖L2(Ω) = ‖f‖L2(0,T ).

Since the step functions are dense in L2(0, T ), we have the following proposition,

see [GN01, page 20, Theorem 2.5] for a proof.

Proposition 5.1.19 The mapping f 7→ I(f) extends uniquely to an isometric

isomorphism I : L2(0, T ) → L2(Ω).

Definition 5.1.20 If f belongs to L2(0, T ), then I(f) is called the Wiener inte-

gral of f with respect to {B(t)}t≥0 and it is denoted by∫ T

0

f(t) dB(t) := I(f).

Lemma 5.1.21 If f belongs to L2(0, T ), then for every t ∈ [0, T ],
∫ t

0
f(s) dB(s)

=
∫ T

0
1[0,t](s)f(s) dB(s).

Proposition 5.1.22 Let f belong to L2(0, T ).

(i) For every t ∈ [0, T ],
∫ t

0
f(s) dB(s) is a centered Gaussian variable with

variance
∫ t

0
(f(s))2 ds;

(ii) For every g ∈ L2(0, T ),

E
(∫ t

0

f(s) dB(s)

∫ t

0

g(s) dB(s)

)
=

∫ t

0

f(s)g(s) ds, t ∈ [0, T ];

(iii) The collection
{∫ t

0
f(s) dB(s)

}
t≥0

is a centered Gaussian system and for all

s, t ∈ [0, T ]

E
(∫ t

0

f(σ) dB(σ)

∫ s

0

f(σ) dB(σ)

)
=

∫ min{s,t}

0

(f(σ))2 dσ.

For a proof of Proposition 5.1.22(i) see [GN01, page 20, Theorem 2.6].

5.1.4 The stochastic Fubini theorem

For a proof of the following results we refer to [GN01, pages 22-24, Lemma’s

2.7-2.8, Theorem 2.9].

Lemma 5.1.23 If f belongs to L2([0, T ]×[0, T ]), then there exists a Borel nullset

N ⊆ [0, T ] such that for every t ∈ [0, T ]\N the mapping s 7→ f(s, t) belongs to

L2(0, T ). If, in addition, fB : [0, T ] → L2(Ω) is given by

fB(t) :=

{∫ T
0
f(s, t) dB(s), t ∈ [0, T ]\N,

0, t ∈ N,



5.1 Preliminaries 123

then fB belongs to L2(0, T ;L2(Ω)) with

‖fB‖L2(0,T ;L2(Ω)) = ‖f‖L2([0,T ]×[0,T ]).

Even more, fB belongs to L1(0, T ;L2(Ω)) with∥∥∥∥∫ T

0

fB(t) dt

∥∥∥∥
L2(Ω)

≤
√
T‖f‖L2([0,T ]×[0,T ]).

Lemma 5.1.24 If f belongs to L2([0, T ]× [0, T ]) and if F : [0, T ] → R is given

by

F (s) :=

∫ T

0

f(s, t) dt, s ∈ [0, T ],

then F belongs to L2(0, T ) with

‖F‖L2(0,T ) ≤
√
T‖f‖L2([0,T ]×[0,T ]).

Theorem 5.1.25 If f belongs to L2([0, T ]× [0, T ]), then∫ T

0

(∫ T

0

f(s, t) dB(s)

)
dt =

∫ T

0

(∫ T

0

f(s, t) dt

)
dB(s).

5.1.5 Weak solutions

Let Ω := C0[0,∞) be endowed with the metric d defined in Theorem 5.1.14 and

let F be the Borel σ-algebra on (Ω, d). Let {B(t)}t≥0 be standard Brownian

motion on (Ω,F ,P) where P is the Wiener measure, that is, for all t ≥ 0 and

ω ∈ Ω, B(t)(ω) := ω(t), see Theorem 5.1.14.

Definition 5.1.26 The σ-algebra P∞ on [0,∞) × Ω is the σ-algebra generated

by subsets of the form {0} × ∅, {0} × Ω, and (s, t] × F , where 0 ≤ s < t < ∞
and F ∈ σ(B(s)), the σ-algebra of subsets of Ω generated by B(s).

Definition 5.1.27 A predictable process with values in a separable Hilbert space

H is an H-valued stochastic process {X(t)}t≥0 such that the mapping (t, ω) 7→
X(t)(ω) is strongly measurable from ([0,∞)× Ω,P∞) into (H,B(H)).

Let (H, 〈·, ·〉, ‖ · ‖) be a separable Hilbert space. Let {T (t)}t≥0 be an analytic

semigroup with infinitesimal generator A : D(A) ⊆ H → H and let x ∈ H.

We consider the following stochastic problem:

d
dt
X(t) = AX(t) + x Ḃ(t), t > 0,

X(0) = 0.
(5.1)
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To give problem (5.1) a meaning we interpret it as

X(t) = A

∫ t

0

X(s) ds+ xB(t), t ≥ 0.

Definition 5.1.28 A weak solution to problem (5.1) is an H-valued predictable

process {X(t)}t≥0 with the following properties:

(i) For every T > 0 we have that for almost every ω ∈ Ω the mapping t 7→
X(t)(ω) belongs to L1(0, T ;H);

(ii) For all y ∈ D(A∗) and t ≥ 0 we have for almost every ω ∈ Ω,〈
X(t)(ω), y

〉
=

∫ t

0

〈
X(s)(ω), A∗y

〉
ds+ ω(t)〈x, y〉.

5.2 Weak and pathwise formulation of the prob-

lem

Let Ω := C0[0,∞) be endowed with the metric d defined in Theorem 5.1.14 and

let F be the Borel σ-algebra on (Ω, d). Let {B(t)}t≥0 be standard Brownian

motion on (Ω,F ,P) where P is the Wiener measure, that is, for all t ≥ 0 and

ω ∈ Ω, B(t)(ω) := ω(t), see Theorem 5.1.14.

We consider the stochastic linear Volterra integrodifferential equation

d

dt

∫ t

−∞
a(t− s)U(s) ds = f(t) + σḂ(t), t > 0,

U(t) = u0(t), t ≤ 0,

(5.2)

where σ ∈ R, where the kernel a : (0,∞) → R belongs to the class K, where

the function u0 : (−∞, 0] → R satisfies Hypothesis 3.6.2, and where the function

f : [0,∞) → R belongs to L1(0, T ) for every T > 0. To give problem (5.2) a

meaning we interpret it as the stochastic first kind linear L2(Ω)-valued Volterra

equation ∫ t

0

a(t− s)U(s) ds = h(t)1Ω + σB(t), t ≥ 0, (5.3)

where the function h : [0,∞) → R is defined by

h(t) :=

∫ 0

−∞
a(−s)u0(s) ds−

∫ 0

−∞
a(t− s)u0(s) ds+

∫ t

0

f(s) ds, t ≥ 0.

Note that h is well-defined by the assumptions on u0 and f and that h belongs

to C0[0,∞).
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Definition 5.2.1 A solution to problem (5.2) is a strongly Borel measurable

function U : R → L2(Ω) with the following properties:

(i)
∫ t

0
a(t− s)‖U(s)‖L2(Ω) ds <∞ for every t ≥ 0;

(ii) U satisfies (5.3) for every t ≥ 0;

(iii) U(t) = u0(t)1Ω for almost every t ≤ 0.

Analogous to Section 3.1 we have that a solution U to problem (5.2) belongs to

L1
(
0, T ;L2(Ω)

)
for every T > 0. Moreover, we observe that if U is a solution to

problem (5.2), then U |[0,∞) is a solution to problem (5.3) in the sense of Definition

4.3.1. Therefore Theorem 4.3.2 states the following:

Theorem 5.2.2 Problem (5.2) admits at most one solution.

Note that when σ = 0 the following proposition holds and hence, the results of

Chapter 3 apply.

Proposition 5.2.3 If the scalar linear Volterra integrodifferential equation

d

dt

∫ t

−∞
a(t− s)u(s) ds = f(t), t > 0,

u(t) = u0(t), t ≤ 0,

(5.4)

admits a solution u : R → R in the sense of Definition 3.1.1, then problem (5.2)

with σ = 0 admits a unique solution Udet, and Udet has the representation

Udet(t) = u(t)1Ω, t ∈ R. (5.5)

Now we consider problem (5.2) with σ = 1 and f and u0 identically zero, that is,

d

dt

∫ t

0

a(t− s)U(s) ds = Ḃ(t), t > 0,

U(t) = 0, t ≤ 0,

(5.6)

which is interpreted as ∫ t

0

a(t− s)U(s) ds = B(t), t ≥ 0.

Theorem 5.2.4 If a belongs to K with α(a) ∈ (1
2
, 1), then problem (5.6) admits

a unique solution UB. Moreover, UB belongs to C0,ζ
(
[0, T ];L2(Ω)

)
for all T > 0

and ζ ∈
(
0, α(a)− 1

2

)
, and UB has the representation

UB(t) =

{
d
dt

∫ t
0
J
(
(βIH − A)S(t− s)π

)
B(s) ds, t ≥ 0,

0, t < 0.
(5.7)
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PROOF: We use Corollary 5.1.16 and apply Theorem 4.3.3 with X := L2(Ω),

h := B, and γ := 1
2
. �

Corollary 5.2.5 If a belongs to K with α(a) ∈ (1
2
, 1) and if problem (5.4) admits

a solution u : R → R in the sense of Definition 3.1.1, then problem (5.2) admits

a unique solution U , and U has the representation

U(t) = Udet(t) + σUB(t), t ∈ R,

where Udet and UB are given by (5.5) respectively (5.7).

5.3 Stochastic convolution

Let Ω := C0[0,∞) be endowed with the metric d defined in Theorem 5.1.14 and

let F be the Borel σ-algebra on (Ω, d). Let {B(t)}t≥0 be standard Brownian

motion on (Ω,F ,P) where P is the Wiener measure, that is, for all t ≥ 0 and

ω ∈ Ω, B(t)(ω) := ω(t), see Theorem 5.1.14.

5.3.1 The direct approach

Let a : (0,∞) → R belong to the class K and let b : (0,∞) → R denote the

resolvent of the first kind of a. If α(a) ∈ (1
2
, 1), then b belongs to L2(0, T ) for every

T > 0 by Theorem 3.7.7. In that case we define the function Z : [0,∞) → L2(Ω)

by

Z(t) :=

{∫ t
0
b(t− s) dB(s), t > 0,

0, t = 0.
(5.8)

Note that Z is well-defined as a Wiener integral. Moreover, Proposition 5.1.22(iii)

implies that {Z(t)}t≥0 is a centered Gaussian system with covariance

E
(
Z(t)Z(s)

)
=

∫ min{s,t}

0

(
b(σ)

)2
dσ, s, t ≥ 0.

Lemma 5.3.1 If a belongs to K with α(a) ∈ (1
2
, 1), then Z, given by (5.8), is

continuous.

PROOF: The continuity of Z at t = 0 follows from

lim
t↓0

∥∥Z(t)
∥∥2

L2(Ω)
= lim

t↓0

∫ t

0

(
b(s)

)2
ds = 0.
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Now let t > 0 and T > t. Let {tn}∞n=1 be a sequence in [0, T ] such that

limn→∞ tn = t. Then we have for n = 1, 2, · · · ,∥∥Z(tn)− Z(t)
∥∥2

L2(Ω)

=

∥∥∥∥∫ T

0

(
1[0,tn)(s)b(tn − s)− 1[0,t)(s)b(t− s)

)
dB(s)

∥∥∥∥2

L2(Ω)

=

∫ T

0

(
1[0,tn)(s)b(tn − s)− 1[0,t)(s)b(t− s)

)2
ds

=

∫ tn

0

(
b(σ)

)2
dσ +

∫ t

0

(
b(σ)

)2
dσ − 2

∫ min{tn,t}

0

b(σ) b
(
σ + |t− tn|

)
dσ

= 2

∫ min{tn,t}

0

b(σ)
(
b(σ)− b

(
σ + |t− tn|

))
dσ +

∫ max{tn,t}

min{tn,t}

(
b(σ)

)2
dσ.

Therefore the continuity of Z at t is a result of Lebesgue’s dominated convergence

theorem. �

Proposition 5.3.2 If a belongs to K with α(a) ∈ (1
2
, 1) and Z is given by (5.8),

then ∫ t

0

a(t− s)Z(s) ds = B(t), t ≥ 0.

PROOF: For n = 1, 2, · · · let an : [0,∞) → R be defined by

an(t) := a(t+ 1
n
), t ≥ 0.

Then limn→∞ ‖an − a‖L1(0,T ) = 0 and an belongs to L2(0, T ) for n = 1, 2, · · · and

every T > 0. Let t > 0. For n = 1, 2, · · · we define fn : [0, t]× [0, t] → R by

fn(s, σ) :=

{
an(t− s)b(s− σ), 0 ≤ σ < s < t,

0, 0 ≤ s ≤ σ ≤ t.

Note that fn is Borel measurable and belongs to L2([0, t]× [0, t]) for n = 1, 2, · · · .
Thus we can apply Theorem 5.1.25 to obtain∫ t

0

an(t− s)Z(s) ds =

∫ t

s=0

an(t− s)

(∫ s

σ=0

b(s− σ) dB(σ)

)
ds

=

∫ t

s=0

(∫ t

σ=0

fn(s, σ) dB(σ)

)
ds =

∫ t

σ=0

(∫ t

s=0

fn(s, σ) ds

)
dB(σ)

=

∫ t

σ=0

(∫ t

s=σ

an(t− s)b(s− σ) ds

)
dB(σ)

=

∫ t

σ=0

(∫ t−σ

s=0

an(t− σ − s)b(s) ds

)
dB(σ), n = 1, 2, · · · .
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To finish the proof it is sufficient to show that we have the following limits in

L2(Ω):

lim
n→∞

∫ t

0

an(t− s)Z(s) ds =

∫ t

0

a(t− s)Z(s) ds, (5.9)

lim
n→∞

∫ t

σ=0

(∫ t−σ

s=0

an(t− σ − s)b(s) ds

)
dB(σ) = B(t). (5.10)

Since Z belongs to C
(
[0, t];L2(Ω)

)
by Lemma 5.3.1 and limn→∞ ‖an−a‖L1(0,t) = 0,

the theory of convolutions implies that (5.9) holds. Moreover, as b belongs to

L2(0, t) we have the next limit in L2(0, t):

lim
n→∞

∫ t−σ

0

(
an(t− σ − s)− a(t− σ − s)

)
b(s) ds = 1, σ ∈ [0, t). (5.11)

Since B(t) =
∫ t

0
dB(σ) and

∫ t−σ
0

a(t − σ − s)b(s) ds = 1 for every σ ∈ [0, t), we

have ∥∥∥∥∫ t

σ=0

(∫ t−σ

s=0

an(t− σ − s)b(s) ds

)
dB(σ)−B(t)

∥∥∥∥
L2(Ω)

=

∥∥∥∥∫ t

σ=0

(∫ t−σ

s=0

(
an(t− σ − s)− a(t− σ − s)

)
b(s) ds

)
dB(σ)

∥∥∥∥
L2(Ω)

=

∥∥∥∥∫ t−σ

s=0

(
an(t− σ − s)− a(t− σ − s)

)
b(s) ds

∥∥∥∥
L2(0,t)

.

Now (5.10) follows from (5.11). This finishes the proof. �

Lemma 5.3.3 If a belongs to K with α(a) ∈ (1
2
, 1), if UB is the solution to

problem (5.6), and if Z is given by (5.8), then

UB(t) = Z(t), t ≥ 0.

PROOF: First we observe that UB and Z are continuous on [0,∞) by Theorem

5.2.4 respectively Lemma 5.3.1. Moreover, by Definition 5.2.1 and Proposition

5.3.2 we have∫ t

0

a(t− s)UB(s) ds = B(t) =

∫ t

0

a(t− s)Z(s) ds, t ≥ 0.

This implies that∫ t

0

a(t− s)
〈
UB(s)− Z(s), x

〉
L2(Ω)

ds = 0, t ≥ 0, x ∈ L2(Ω).
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Now it follows from Corollory 1.2.2 that
〈
UB(s) − Z(s), x

〉
L2(Ω)

= 0 for every

x ∈ L2(Ω) and almost every t > 0. Hence, using the continuity of UB and Z on

[0,∞) we have UB(t) = Z(t) for every t > 0. �

We remark that due to Theorem 3.7.7 and the representation (5.7) of the solution

UB to problem (5.6), Lemma 5.3.3 states that if a belongs to K with α(a) ∈ (1
2
, 1),

then
d

dt

∫ t

0

b(t− s)B(s) ds =

∫ t

0

b(t− s) dB(s), t ≥ 0.

Theorem 5.3.4 Let a belong to K with α(a) ∈ (1
2
, 1) and let UB be the solution

to problem (5.6). Let u0 satisfy Hypothesis 3.6.2, let f : [0,∞) → R be such

that problem (5.2) with σ = 0 admits a solution Udet, and let σ ∈ R. Then

U : R → L2(Ω), given by

U(t) := Udet(t) + σUB(t), t ∈ R,

is the unique solution to problem (5.2). Moreover, {U(t)}t≥0 is a Gaussian system

with mean

EU(t) =

∫ t

0

(
b(s)

)2
ds, t ≥ 0,

and covariance

E
((
U(t)− EU(t)

)(
U(s)− EU(s)

))
=

∫ min{s,t}

0

(
b(σ)

)2
dσ, t, s ≥ 0.

PROOF: The theorem follows from Proposition 5.2.3, Theorem 5.2.4, and Lemma

5.3.3. �

5.3.2 The semigroup approach

In this section we follow our semigroup approach to study problem (5.6). Anal-

ogous to Section 3.7 we first consider the abstract stochastic problem

d
dt

Ψ(t) = A−1Ψ(t) + (βIH − A−1)π Ḃ(t), t > 0,

Ψ(0) = 0.
(5.12)

We recall that the function π ∈ H is defined by

π(κ) :=
1

βâ(β)

1

κ+ β
, κ ≥ 0.

Moreover, Proposition 3.5.7 implies that π belongs to (H,D(A))θ,2 for every θ ∈
(0, 1) such that θ < 1+α(a)

2
and hence, (βIH − A−1)π belongs to (H−1, H)θ,2

by Proposition 1.4.18. Therefore we can consider problem (5.12) in the space

(H−1, H)θ,2.
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Proposition 5.3.5 Problem (5.12) admits a unique (H−1, H)θ,2-valued weak so-

lution {Ψ(t)}t≥0 for every θ ∈ (0, 1) such that θ < 1+α(a)
2

. Moreover, the weak

solution is a centered Gaussian process with the representation

Ψ(t) =

∫ t

0

(βIH − A)S(t− s)π dB(s), t ≥ 0.

PROOF: We refer to [DPZ92, pages 121, 119, Theorems 5.4, 5.2], noting that for

all T > 0 and θ ∈ (0, 1) such that θ < 1+α(a)
2

,∫ T

0

Tr
(
S−1(t)(βIH − A−1)π

〈
S∗−1(t) ·, (βIH − A−1)π

〉
(H−1,H)θ,2

)
dt

=

∫ T

0

∥∥S−1(t)(βIH − A−1)π
∥∥2

(H−1,H)θ,2
dt

≤ T
∥∥(βIH − A−1)π

∥∥2

(H−1,H)θ,2
max

{
‖S−1(t)‖2

L((H−1,H)θ,2); t ∈ [0, T ]
}
<∞.

�

For a proof of the following proposition see [DPZ92, pages 133, 134, Propositions

5.15, 5.16].

Proposition 5.3.6 If a belongs to K with α(a) ∈ (0, 1), then for all θ, η ∈ (0, 1)

such that η < θ < 1+α(a)
2

and θ − η > 1
2

the weak solution {Ψ(t)}t≥0 to problem

(5.12) is an (H,D(A))η,2-valued centered Gaussian process. Moreover, for all

T > 0 and ζ ∈
(
0, θ − η − 1

2

)
we have that for almost every ω ∈ Ω the mapping

t 7→ Ψ(t)(ω) belongs to Cζ
(
[0, T ]; (H,D(A))η,2

)
.

Now we return to problem (5.6).

Theorem 5.3.7 If a belongs to K with α(a) ∈ (1
2
, 1), then problem (5.6) admits

a unique solution U and for all T > 0 and ζ ∈
(
0, α(a) − 1

2

)
we have that for

almost every ω ∈ Ω the mapping t 7→ U(t)(ω) belongs to C0,ζ [0, T ]. Moreover,

if θ, η ∈ (0, 1) are such that 1−α(a)
2

< η < θ < 1+α(a)
2

and θ − η > 1
2
, and if

{Ψ(t)}t≥0 is the (H,D(A))η,2-valued weak solution to problem (5.12), then U has

the representation

U(t) =

{
J(Ψ(t)), t ≥ 0,

0, t < 0.

The proof of this theorem is an application of the Hilbert-valued theory given in

Section 4.1 to the special case X := L2(Ω).

With this result we establish a state-space setting for stochastic convolution equa-

tions, so that the solutions can be considered within the framework of Markov

processes. This opens the door for investigations in stationary asymptotic distri-

butions, transition probabilities, and the Kolmogorov equation.
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Summary

of the thesis:

An analytic semigroup approach to

convolution Volterra equations

This thesis is concerned with Volterra integrodifferential equations of convolution

type with completely monotonic kernels. A motivation for studying this type of

equations emanates from models involving memory, for example when considering

heat flow in a material with memory. The main objective is to provide an analytic

semigroup setting for these equations, based on the complete monotonicity of the

kernel. Bernstein’s theorem allows for rewriting the Volterra equation into an

abstract Cauchy problem in an appropriate Hilbert space, in such a way that

the operator governing this problem generates an analytic semigroup. Then the

solution to the abstract Cauchy problem, together with interpolation methods,

is used to obtain existence and regularity of solutions to the Volterra equation,

as well as a representation formula.

The core of the thesis is Chapter 3, where we consider the scalar linear Volterra

integrodifferential equation

d

dt

∫ t

−∞
a(t− s)u(s) ds = f(t), t > 0,

u(t) = u0(t), t ≤ 0.

When f is identically zero, this equation can be rewritten into the homogeneous

abstract Cauchy problem

d
dt
ϕ(t) = Aϕ(t), t > 0,

ϕ(0) = ψ0,

where A is the infinitesimal generator of an analytic semigroup in a Hilbert space

H. By means of a linear functional acting on the solution ϕ to the homogeneous

abstract Cauchy problem we obtain a solution u to the Volterra equation.
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When f is not identically zero, it turns out that we cannot use the homogeneous

abstract Cauchy problem as a semigroup setting. Instead, we think of an inho-

mogeneous abstract Cauchy problem in a larger space than H. We then solve

this problem in an appropriate interpolation space (H,D(A))η,2 with η ∈ (0, 1),

and use its solution to obtain a solution to the Volterra equation.

One aspect of our semigroup approach is not immediately clear. A solution ϕ to

the homogeneous abstract Cauchy problem is an equivalence class in the Hilbert

space, but we shall need a version of the equivalence class to show that the

constructed function u is a solution to the Volterra equation. This problem is

considered in Chapter 2.

In Chapter 4 we study three different types of Volterra integrodifferential equa-

tions in a separable Hilbert space X. Section 4.1 treats the X-valued equivalent

of the scalar linear Volterra equation. In Section 4.2 we discuss the semilinear

X-valued Volterra equation

d

dt

∫ t

−∞
a(t− s)u(s) ds = f(t, u(t)), t > 0,

u(t) = u0(t), t ≤ 0.

Section 4.3 is concerned with the first kind linear X-valued Volterra equation∫ t

0

a(t− s)u(s) ds = h(t), t ≥ 0.

We are motivated to study this equation by the application of a stochastic pertur-

bation of the linear Volterra equation in Chapter 5. In this chapter we consider

the stochastic linear Volterra integrodifferential equation

d

dt

∫ t

−∞
a(t− s)U(s) ds = f(t) + σḂ(t), t > 0,

U(t) = u0(t), t ≤ 0,

where {B(t)}t≥0 is standard Brownian motion.

K.W. Homan,

Delft, February 2003



Samenvatting

van het proefschrift:

Een analytische halfgroep benadering voor

convolutie Volterra vergelijkingen

Dit proefschrift gaat over Volterra integrodifferentiaalvergelijkingen van convolu-

tie type met volledig monotone kernen. Een beweegreden om dit type vergelijkin-

gen te bestuderen komt voort uit modellen die het verleden bevatten, bijvoorbeeld

een model dat de warmtestroming beschrijft in een materiaal met geheugen. Het

streven is om een analytische halfgroep benadering voor deze vergelijkingen op te

zetten, uitgaande van de volledig monotoniciteit van de kern. Middels de stelling

van Bernstein kan de Volterra vergelijking herschreven worden tot een abstract

Cauchy probleem in een geschikte Hilbert ruimte, zodanig dat de operator die

bepalend is voor het probleem een analytische halfgroep genereert. Vervolgens

wordt de oplossing voor het abstracte Cauchy probleem, in combinatie met in-

terpolatiemethoden, gebruikt om zowel existentie en regulariteit van oplossingen

voor de Volterra vergelijking te verkrijgen, alsmede een representatie.

De kern van het proefschrift is Hoofdstuk 3, waarin we de volgende scalaire li-

neaire Volterra integrodifferentiaalvergelijking beschouwen:

d

dt

∫ t

−∞
a(t− s)u(s) ds = f(t), t > 0,

u(t) = u0(t), t ≤ 0.

In geval f identiek nul is, kan deze vergelijking herschreven worden tot het ho-

mogenene abstracte Cauchy probleem

d
dt
ϕ(t) = Aϕ(t), t > 0,

ϕ(0) = ψ0,

waar A de infinitesimale generator van een analytische halfgroep in een Hilbert

ruimte H is. Door middel van een lineaire functionaal, losgelaten op de oplossing
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ϕ voor het homogenene abstracte Cauchy probleem, komen we tot een oplossing

u voor de Volterra vergelijking.

In geval f niet identiek nul is, blijkt het homogene abstracte Cauchy probleem

niet bruikbaar te zijn als halfgroep benadering. In plaats daarvan denken we

aan een inhomogeneen abstract Cauchy probleem in een grotere ruimte dan H.

Voor dit probleem bepalen we een oplossing in een geschikte interpolatieruimte

(H,D(A))η,2 met η ∈ (0, 1), die we benutten om een oplossing voor de Volterra

vergelijking te construeren.

Eén aspect in onze halfgroep benadering is niet onmiddelijk duidelijk. Een oplos-

sing ϕ voor het homogene abstracte Cauchy probleem is een equivalentieklasse

in de Hilbert ruimte, maar we zullen een versie van de equivalentieklasse nodig

hebben om te bewijzen dat de geconstrueerde functie u de oplossing is voor de

Volterra vergelijking. Dit probleem wordt behandeld in Hoofdstuk 2.

In Hoofdstuk 4 beschouwen we drie verschillende typen Volterra integrodifferen-

tiaalvergelijkingen in een separabele Hilbert ruimte X. Paragraaf 4.1 beschrijft

de X-waardige variant van de scalaire lineaire Volterra vergelijking. In Paragraaf

4.2 behandelen we de semilineaire X-waardige Volterra vergelijking

d

dt

∫ t

−∞
a(t− s)u(s) ds = f(t, u(t)), t > 0,

u(t) = u0(t), t ≤ 0.

Paragraaf 4.3 gaat over de volgende lineaire X-waardige Volterra vergelijking van

de eerste soort: ∫ t

0

a(t− s)u(s) ds = h(t), t ≥ 0.

Het idee om dit probleem te bestuderen komt voort uit de toepassing van een

stochastische verstoring van de lineaire Volterra vergelijking in Hoofdstuk 5. In

dit hoofdstuk beschouwen we de stochastische lineaire Volterra integrodifferenti-

aalvergelijking

d

dt

∫ t

−∞
a(t− s)U(s) ds = f(t) + σḂ(t), t > 0,

U(t) = u0(t), t ≤ 0,

waar {B(t)}t≥0 standaard Brownse beweging is.

K.W. Homan,

Delft, februari 2003
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