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once the integer ambiguities are correctly resolved with 
high probability, also known as Success Rate (SR).

In this contribution we present the LAMBDA 4.0 tool-
box, a new implementation dedicated to integer estimation, 
integer validation and SR computations. This new toolbox 
integrates all functionalities from LAMBDA 3.0 (Verhagen 
et al. 2012), and Ps-LAMBDA 1.0 (Verhagen et al. 2013), 
while incorporating newly redesigned algorithms that 
enhance the computational performance for high-dimen-
sional problems. The novelties are not limited to compu-
tational aspects, since additional (classes of) estimators are 
implemented, including the Vectorial Integer Bootstrapping 
(Teunissen et al. 2021), Integer Aperture Bootstrapping 
(Teunissen 2005) and Best Integer Equivariant (Teunissen 
2003a) solutions. In this way, we provide users with a larger 
collection of tools in support to several applications.

In Sect. 2, we discuss mixed-integer models, including 
three different classes of estimators. In Sect. 3, LAMBDA 
4.0 is presented, where LAMBDA and Ps-LAMBDA capa-
bilities are discussed, along with the software package pro-
vided to the user. In Sect. 4, we focus on ‘estimation’ and 
‘evaluation’ capabilities for the new toolbox, providing 
some illustrative numerical examples. In Sect. 5, the main 
conclusions are summarized. A more detailed mathematical 

Introduction

The Least-squares AMBiguity Decorrelation Adjustment 
(LAMBDA) method was introduced in Teunissen (1993) 
as a numerically efficient and statistically optimal solution 
approach to Integer Ambiguity Resolution (IAR) prob-
lems. Such problems arise in many GNSS and non-GNSS 
mixed-integer model applications (see Table 1). For GNSS 
mixed-integer models, the millimeter-level precision of the 
ambiguous carrier-phase measurements can be exploited 

The GPS Toolbox is a topical collection dedicated to highlighting 
algorithms and source code utilized by GNSS engineers and 
scientists. If you have a program or software package you would like 
to share with our readers, please submit a paper to the GPS Toolbox.
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Abstract
In this work we introduce the LAMBDA 4.0 toolbox, which provides an enhanced implementation for integer estimation, 
validation, and success rate evaluation. This free and open-source toolbox is a major update to LAMBDA 3.0 (2012), 
while it also integrates the functionalities from Ps-LAMBDA 1.0 (2013), thus respectively merging both estimation and 
evaluation capabilities. The new implementation provides redefined algorithms, such as an improved integer search strat-
egy with a one-order reduction in the computational time, along with additional estimators: Vectorial Integer Bootstrapping 
(VIB), Integer Aperture Bootstrapping (IAB) and Best Integer Equivariant (BIE). This toolbox aims to become a valu-
able resource for researchers and/or practitioners dealing with mixed-integer models in high dimensions, e.g., terrestrial-
based carrier-phase systems, multi-constellation Global Navigation Satellite Systems (GNSS), or other interferometric 
applications.
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documentation, hereinafter referred to as ‘LAMBDA Docu-
mentation’, is given as supplementary information to this 
publication.

Mixed-integer models

We start with a linear(ized) mixed-integer model, given y ∈  
Rm as the vector of observables, and Qyy ∈  Rm×m its vari-
ance-covariance (vc-)matrix, such that

E {y} = Aa+ Bb, D {y} = Qyy  (1)

where E {·} and D {·} are the expectation and dispersion 
operators, respectively. The vectors a ∈ Zn and b ∈ Rp 
refer respectively to the integer ambiguities and real-valued 
parameters, while the full-rank design matrix is given by 
[A,B] ∈  Rm×(n + p).

Usually, a three-step procedure is employed to solve such 
mixed-integer models, based on a weighted least-squares 
criterion, so considering the quadratic objective function

‖y − Aa− Bb‖2Qyy
= ‖ê‖2Qyy

+ ‖â− a‖2Qââ
+ ‖b̂ (a)− b‖2Q

b̂(a)b̂(a)
 (2)

where ‖x‖2Q = xTQ−1x , while ê = y − Aâ− Bb̂  refers to 
the least-squares residuals’ vector.

Following this orthogonal decomposition (Teunissen 
1993), we compute

1. Float solution, where the integer constraints on the 
ambiguities are neglected, and a least-squares solution 

is found assuming a ∈ Rn and b ∈ Rp, thus providing the 
float estimators â ∈ Rn and b̂ ∈ Rp.

2. Ambiguity resolution, where starting with the 
ambiguity float estimator â ∈ Rn and its vc-matrix 
Qââ ∈ Rn×n, we obtain the fixed ambiguity estima-
tor ǎ = Ja (â)  given a certain mapping function Ja  
defined for the selected estimator.

3. Fixed solution, where the real-valued (float) parameter 
b̂ ∈ Rp are now conditionally updated onto the (fixed) 
ambiguities, so leading to the fixed solution ǎ = b̂(ǎ) , 
while we assume no additional constraints exist onto the 
b̂ -parameters.

The LAMBDA method (Teunissen 1995) exploits the ambi-
guity re-parametrization by an admissible transformation 
matrix Z ∈ Zn×n, where ẑ = ZT â  with ẑ ∈ Rn, which serves 
to decorrelate the ambiguity components. This Z-transfor-
mation process increases SR for some estimators, while the 
SR is invariant for the Integer Least-Squares (ILS) estimator, 
whereas its computational performance can substantially be 
enhanced.

Different classes of estimators

In Teunissen (2003c), three classes of estimators are 
introduced:

I. Integer estimators, i.e. I-class;
II. Integer Aperture estimators, i.e. IA-class;
III. Integer Equivariant estimators, i.e. IE-class;

with a set relationship I ⊂ IA ⊂ IE, as shown in Fig. 1 
with one example per class.

Each class is characterized by different properties 
based on the family of maps Ja  being defined. The I-class 
(Teunissen 1999) is the most restrictive class, with many-to-
one mapping functions defining pull-in regions that leave no 
gaps, have no overlaps and are invariant to integer transla-
tions. The IA-class (Teunissen 2003b) is defined by drop-
ping the ‘no gaps’ condition, and so-called aperture regions 
can be defined. The IE-class (Teunissen 2002) is the largest 
class, where the ‘no overlaps’ condition is relaxed, while the 
‘integer remove-restore’ property is still satisfied. We refer 
to Verhagen (2005) and the ‘LAMBDA Documentation’ for 
more mathematical details.

LAMBDA 4.0 description

The new toolbox merges functionalities from LAMBDA 
3.0 (Verhagen et al. 2012) and Ps-LAMBDA 1.0 (Verha-
gen et al. 2013), while providing advanced algorithms and 

Table 1 Examples of applications dealing with IAR problems
Application Reference

GNSS precise point positioning (Teunissen 2020)
integer cycle-slip resolution (Teunissen and 

de Bakker 2015)
time and frequency transfer (Mi et al. 2023)
atmosphere remote sensing (Lu et al. 2018)
carrier-phase attitude 
determination

(Giorgi 2011)

relative navigation for S/C 
formation flying

(Buist 2013)

Non-GNSS detection in MIMO communi-
cation systems

(Damen et al. 
2003)

InSAR permanent scatterer 
technique

(Kampes and 
Hanssen 2004)

phase data for InSAR defor-
mation monitoring

(Teunissen 2006)

use of acoustic waves for 
underwater navigation

(Viegas and 
Cunha 2007)

fringe phase observations 
from VLBI

(Hobiger et al. 
2009)
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additional estimators. A flowchart is shown in Fig. 2, with 
both LAMBDA and Ps-LAMBDA routines, respectively 
adopted for ‘estimation’ and ‘evaluation’.

LAMBDA capabilities

The main LAMBDA script takes as inputs the â -vector and 
Qââ -matrix, along with relevant configuration parameters. 
The decorrelation starts with an LTDL -decomposition, fol-
lowed by a Z -transformation given an admissible matrix 
Z ∈ Zn×n (unimodular), so Qẑẑ = ZTQââZ . This matrix Z  
also sorts ambiguities based on their conditional variances, 
so enabling the selection of a suitable subset of most pre-
cise components needed for Partial Ambiguity Resolution 
(PAR). An overview of LAMBDA-related methods is given 
in Fig. 3.

A new integer search strategy is adopted (Sect. 4.2.1), 
where a one-order reduction in computational time is possi-
ble, with large computational benefits for high-dimensional 

problems. Moreover, new coefficients (Hou et al. 2016) are 
adopted for the critical value of the Fixed Failure-rate Ratio 
Test (FFRT) solution, based on fitting functions. Lastly, new 
estimators are introduced:

 ● I-class: VIB (Teunissen et al. 2021), based on IR or ILS 
estimators, while supporting any arbitrary block parti-
tioning of the whole ambiguity set;

 ● IA-class: IAB (Teunissen 2005), for a user-defined ap-
erture parameter βIAB ∈ (0,1] or a maximum bootstrap-
ping failure rate selected by the user;

 ● IE-class: BIE (Teunissen 2003a), approximated here by 
a finite summation within a search ellipsoid for a user-
defined significance level αBIE � 1.

Fig. 2 Flowchart of the 
LAMBDA 4.0 toolbox
 

Fig. 1 Overview of the three main 
classes and their set relationship, 
including an example of estima-
tor per each class: Integer Least-
Squares (ILS), Integer Aperture 
Bootstrapping (IAB) and Best 
Integer Equivariant (BIE)
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for Integer Bootstrapping (IB), while numerical simulations 
are available as approximation for all I- or IA-estimators 
of this toolbox, and Ps-LAMBDA performance can benefit 
from the enhanced algorithms implemented here.

Software package

The LAMBDA 4.0 software package contains different files/
folders (see Table 2). Both ‘LAMBDA’ and ‘Ps_LAMBDA’ 
main scripts make use of the functionalities included in a 
dedicated “LAMBDA_toolbox” folder. However, more 
advanced users might benefit from directly using these 
functions in their software without the need to follow the 
logic defined by these main scripts. These can still easily 
be included into existing software applications, e.g., as for 
LAMBDA legacy versions already integrated in the “raPP-
Pid” software package (Glaner and Weber 2023).

Ps-LAMBDA capabilities

The main Ps-LAMBDA script takes as input only the Qââ

matrix, along with a flag to enable the decorrelation of ambigu-
ities, so users can still check the impact of different decorrela-
tion strategies on each SR bound/approximation. The overview 
of Ps-LAMBDA-related methods is given in Fig. 4, while we 
refer to Verhagen et al. (2013) for more details.

The different methods serve as lower/upper bounds (LB/
UB), or even approximation for the SR, while we recall the 
performance ordering (Teunissen et al. 2021):

IR ≤ VIBIR ≤ IB ≤ VIBILS ≤ ILS (3)

with Integer Rounding (IR) and Integer Least-Squares (ILS), 
which might also be applied vectorially as VIBIR and VIBILS 
estimators, respectively. An exact SR can be computed only 

Fig. 4 The Ps-LAMBDA func-
tions implemented in LAMBDA 
4.0 toolbox are listed here, 
including a short description and 
their relation to popular Integer 
estimators

 

Fig. 3 The LAMBDA functions 
implemented in LAMBDA 4.0 
toolbox are listed, including 
their class, a short description 
and some relevant configuration 
options
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where users have access to three classes of estimators (see 
Fig. 5).

In some applications, it is important that users have con-
trol over the failure rate, and two different solutions could 
achieve this: a model-driven I-estimator and a data-driven 
IA-estimator. The former one uses PAR, where only part of 
the ambiguity vector is estimated, whereas the latter consid-
ers part of the pull-in region for the integer mapping. Fig-
ure 6 shows a graphical example of IA-estimator based on 
ratio test, where a stronger and a weaker model are consid-
ered respectively in the left and right plots. The selection 
of the aperture parameter µ  is fundamental for correctly 
‘controlling’ the failure rate, where different aperture values 
are adopted for the two models, while still having a similar 
failure rate.

Another example concerns vectorial IB solutions, more 
suitable for high-dimensional problems. A VIB-based 
method is currently implemented in GROOPS software 
(Mayer-Gürr et al. 2021), where it is possible to resolve 
thousands of ambiguity components within a few tenths of 
a second in the context of small global networks for Orbit 
Determination and Time Synchronization (ODTS), see 
Massarweh et al. (2021).

Within the IE-class, the BIE solution is optimal in the 
minimum Mean Squared Error (MSE) sense. This prop-
erty is beneficial for precise positioning applications, as 
shown by Odolinski and Teunissen (2020) in the context of 
multi-GNSS Real-Time Kinematics (RTK) using low-cost 
receivers, as well as by Yang et al. (2024) for PPP-AR appli-
cations. These BIE solutions will always outperform – in the 
MSE sense – both float and fixed solutions.

A numerical simulation is shown in Fig. 7, based on GPS 
(L1-only) single-baseline relative (kinematic) positioning 
with 6 satellites tracked (at 30s). In this illustrative example, 
we neglect the atmospheric delays (e.g., short baseline) and 
we adopt an elevation weighting ∝ 1/sin(el), while having 
30 cm and 3 mm standard deviation for the undifferenced 
code and phase observations (at zenith). Using 100,000 
simulations, we compute the MSE ratio of different ‘fixed’ 

A detailed description of these new functionalities can 
be found in the supplementary material (see ‘LAMBDA 
Documentation’). The current MATLAB implementation 
is based on v2024a, and it does not require any additional 
toolboxes. Moreover, this has been tested for backward 
compatibility starting with version 2018b, while a Python 
3 version, including its dedicated user manual, is currently 
under development.

LAMBDA 4.0: estimation and evaluation

Estimation in the I-class, IA-class and IE-class

This LAMBDA 4.0 implementation offers a versatile tool-
box with several estimators suitable for different problems, 

Table 2 List of the principal files and/or folders in this software pack-
age
File/Folder Description
README.txt Text file with content overview
LAMBDA Main script with LAMBDA 

functionalities
Ps_LAMBDA Main script with Ps-LAMBDA 

functionalities
\ LAMBDA_toolbox Folder with all toolbox functionalities
\ LAMBDA_examples Folder with some illustrative examples
\ LAMBDA_papers Folder with some relevant publications
LAMBDA – Docu-
mentation.pdf

PDF with main mathematical descriptions

LAMBDA – User 
Manual.pdf

PDF with the toolbox guide (per 
environment)

Fig. 6 A comparison between a 
stronger and a weaker model is 
given using two different ratio 
tests, respectively for µ = 0.7 
and µ = 0.2. Three regions can 
be observed, related to values 
of Success Rate (green), Failure 
Rate (red) and Undecided Rate 
(grey)

 

Fig. 5 LAMBDA main script supporting different classes of estimators
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the first epochs. At low SR values, the ILS estimator – opti-
mal in terms of SR – might also lead to worse-than-float 
performance, whereas the BIE estimator is capable of out-
performing all these solutions and it provides a minimum 
MSE value for the positioning coordinates computed here. 
We refer to Brack et al. (2023) for additional BIE-related 
results.

Numerical and statistical evaluations

For experimental and designing purposes, it is important to 
compute the relevant statistical measure of the different esti-
mators, e.g. SR for the I-class, or also FR for the IA-class, as 
enabled in an efficient way by the new toolbox (see Fig. 8).

Numerical evaluations

In terms of numerical performance, the integer search strat-
egy introduced by Ghasemmehdi and Agrell (2011) has 
been adopted, which is beneficial for both estimation and 
evaluation functionalities. The main advantage of this new 
search strategy is the removal of non-necessary condition-
ing operations when spanning (down) the search tree, see 
(ibid.). An example is provided in Fig. 9, considering the 
old (in blue) and new (in red) search algorithms; see also 
Jazaeri et al. (2014).

The numerical test in Fig. 9 is based on a single-base-
line geometry-free ionosphere-fixed model using L1 + L2 
signals, with a standard deviation of 20 cm/2 mm respec-
tively for the undifferenced code/phase observations. The 
number of satellites varies between 2 and 100 to increase 
the problem dimensionality, with larger improvements 
expected at higher dimensionalities. The computational 
time is shown averaged over 1000 runs (top-left plot), along 
with the ratio between LAMBDA 3.0 and 4.0 (bottom-left 

solutions with respect to the ‘float’ solution. A PAR solution 
is also shown in Fig. 7, based on an SR > 99.0% criterion, 
where only a subset of the ambiguities can be fixed, and 
improvements compared to the ‘float’ are negligible during 

Fig. 9 A numerical comparison 
is shown between LAMBDA 
3.0 (OLD) and LAMBDA 4.0 
(NEW) algorithm in terms of 
search computations for the 
optimal ILS solution

 

Fig. 8 Ps-LAMBDA main script supporting different classes of 
estimators

 

Fig. 7 The ratio [%] of MSE of the baseline positioning coordinates 
with respect to the float solution is shown for different estimators 
based on GPS single-baseline single-frequency kinematic position-
ing, while using 30 cm/3 mm standard deviation for the undifferenced 
code/phase observations
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a close upper bound to ILS estimator (red line) for high SR 
values, while the variance method (in blue) is a close lower 
bound to IR estimator (orange square symbol). See Wang et 
al. (2016) for additional examples.

Moreover, two important cases could be considered 
(Teunissen 2000):

1) SR sensitivity for changes in the stochastic model of 
observations.

2) SR sensitivity when using an incorrect stochastic model 
of observations.

In the first case, this analysis allows users to calculate how a 
precision improvement of their data would affect the SR. In the 
second case, it provides users with a way to understand how 
accurate they would need to know their observables’ variance-
covariance matrix to maintain quasi-optimal performance in 
the ambiguity fixing. Hence, this provides a diagnostics to 
assess the impact on SR due to stochastic misspecifications.

We start with the first case, where we consider in Fig. 11 
the model adopted in Fig. 7, and we vary the standard devia-
tion for the undifferenced phase (left plot) or code (right plot) 
observations. Then, we compute the SR of ILS based on 106 
samples, and we focus on the range 80-to-100%. A similar 
sensitivity analysis can be performed with other I- and IA-
estimators, as well as considering bounds and/or approxima-
tions. See Nardo et al. (2016) for additional examples.

For the second case, we present an example on the adop-
tion of an incorrect stochastic model, which can negatively 
affect IAR performance. We consider a (short) single-base-
line GPS (L1 + L2) model, with 7 satellites tracked on a 
single epoch, having 30 cm/3 mm for the standard deviation 

plot). Moreover, the number of conditioning operations is 
illustrated (right plot), showing the results for each single 
run (dots), based on different float samples, along with their 
averages (circles). This new strategy does not only enhance 
I-estimators, such as ILS1, PAR and VIB-ILS, but it has a 
positive impact also on Ps-LAMBDA functionalities, e.g., 
for SR/FR simulations.

Statistical evaluations

In Fig. 10, we compare a few different SR bounds and 
approximations with respect to the ILS one, which has been 
numerically computed for the problem adopted in Fig. 7. In 
this example, the pull-in region method (in green) provides 

1  This 2011-algorithm has also been adopted in the MLAMBDA 
implementation starting from its 2016 version https://www.cs.mcgill.
ca/~chang/software/, but limited only to the ILS estimator.

Fig. 11 The SR of ILS is com-
puted using 106 samples, based 
on the example of Fig. 7, where 
standard deviation for the undif-
ferenced phase σφ  (left plot) and 
code σp  (right plot) observations 
has been varied. An elevation 
weighting scheme is adopted in 
all simulations

 

Fig. 10 A few different bounds or approximations are compared with 
respect to the SR of ILS taken here as reference (in the range 95–100%), 
based on the example from Fig. 7, while IR and ILS numerical simula-
tions are computed using 106 samples
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al. (2013). Several modular functionalities are provided 
and they can be used standalone to be easily integrated into 
existing GNSS or non-GNSS processing software.

The LAMBDA 4.0 toolbox enhances the computational 
performances based on new routines to tackle any mixed-
integer problem. For instance, an improved search strat-
egy for optimal Integer Least-Squares (ILS) solutions has 
been implemented and becomes beneficial in many other 
Ps-LAMBDA functionalities. Moreover, new (classes of) 
estimators have been introduced, e.g., a flexible Vecto-
rial Integer Bootstrapping (VIB) formulation for the high-
dimensional problems, an Integer Aperture Bootstrapping 
(IAB) solution for the controlled failure rate applications, 
an optimal BIE solution that always outperforms – in the 
minimum Mean Squared Error sense – both float and fixed 
solutions.

The newly developed toolbox comes in response to the 
current need for advanced solutions to tackle high-dimen-
sional problems in both an efficient and reliable way. Hence, 
this LAMBDA 4.0 toolbox can support many applications, 
e.g. for multi-GNSS and multi-frequency mixed-integer 
models arising in PPP-RTK network estimation (Teunissen 
and Khodabandeh 2015), frequency-varying carrier phase 
signals (Khodabandeh and Teunissen 2023) and in view 
to the future deployment of large satellite constellations in 
low-Earth orbit (LEO) tracked on ground. This landscape 
of possibilities is not limited to GNSS applications but it is 
expected to benefit all researchers dealing with mixed-inte-
ger models, thus providing a simple, versatile and effective 
tool to the research community.

Supplementary Information The online version contains supplemen-
tary material available at https://doi.org/10.1007/s10291-024-01738-z.
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∝ 1/sin (el), while for the float solution computation we 
consider an incorrect stochastic model without any eleva-
tion weighting. The Ps-LAMBDA functionalities enable 
users to compare the correct and incorrect stochastic mod-
els, so numerically computing the failure rate for an IA-
estimator, e.g., with Ratio Test, while varying its aperture 
parameter µ ≤ 1.

The results are shown in Fig. 12, where SR of ILS is 
92.9% or 77.3% when a correct or an incorrect model is 
used, respectively. Given different µ -values between 0.5 
and 1.0, we can compute the FR, with a user-defined thresh-
old (magenta dashed line) set here to 1%. Given µ = 0.7, 
e.g., the FR is 0.9% or 3.0%, and the maximum FR thresh-
old condition will be fulfilled only with the correct stochas-
tic model.

Conclusions

In this contribution we introduce the LAMBDA 4.0 toolbox, 
a new implementation for the integer estimation, integer 
validation and success rate computation. This new toolbox 
builds its foundations over two legacy software implemen-
tations: LAMBDA 3.0 and Ps-LAMBDA 1.0, respectively 
introduced by Verhagen et al. (2012) and by Verhagen et 

Fig. 12 The failure rate is numerically computed for a (short) single-
baseline GPS (L1 + L2) model based on an Integer Aperture estimator 
with Ratio Test, where different values of the aperture parameter µ  
are used. An arbitrary user-defined threshold (FR < 1%) is shown 
in magenta
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