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Multipath Channels with Two- and Three-Paths
Models Using OFDM

Lucas Alvarez Navarro
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Abstract—Navigation with radio-signals using GNSS or a
terrestrial positioning system in urban environments is sus-
ceptible to multipath propagation, which can severely degrade
positioning accuracy. In a Line-of-Sight (LOS) multipath channel,
the received signal is composed of a direct path component and
a sum of time-shifted and attenuated replicas of the transmitted
signal. When these multipath components are not accounted for
in the time-delay estimation (TDE) model, they may introduce
substantial estimation bias. For positioning, only the first arriving
path is of interest. Therefore, it is crucial to focus on estimating
the reflections that most significantly affect the TDE of this
primary path, while ignoring others with negligible impact. To
reduce the impact of close-in multipath in TDE, we propose
Maximum Likelihood estimators that account for the strongest
reflections, with models considering either one or two multi-
path components. The Maximum Likelihood Estimation (MLE)
problem is optimized using the Space Alternating Generalized
Expectation-Maximization (SAGE) method. To reduce computa-
tional load, the delay search space for each path is constrained
based on the maximum bias observed in the multipath error
envelope (MPEE). To assess the ranging accuracy for the various
MLE estimators that account for multiple paths, we utilize a
synthetically generated channel based on the Saleh-Valenzuela
model. Additionally, we benchmark the positioning performance
of these estimators using channel impulse responses recorded
with a terrestrial positioning prototype system tested at The
Green Village on the TU Delft campus.

Index Terms—Time-delay estimation, multipath, OFDM, MLE,
SAGE

I. INTRODUCTION

As an alternative to GNSS, particularly in dense built-up
and urban environments with signal blockage and multipath
effects, terrestrial radio positioning systems can provide im-
proved positioning performance. However, the accuracy of
these systems is also limited by the bandwidth [1], [2]. The
frequency spectrum is already occupied by numerous services,
making it difficult to allocate large bandwidths exclusively for
positioning. As a result of using reduced bandwidths, similar
to GNSS [3], multipath propagation remains a major source
of error.
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In a multipath channel, the received signal is composed of
a sum of time-shifted and attenuated signal replicas of the
transmitted signal. For ranging and positioning, the aim is
to estimate the propagation delay of the Line-of-Sight (LOS)
signal, which is taken as the first arriving path. When the dif-
ference in propagation time between the first arriving path and
reflected paths is sufficiently large, i.e., beyond 1/B (where B
represents the signal bandwidth), correlation-based techniques
[1], such as the matched filter, achieve the expected accuracy
based on the bandwidth. However, for close-in multipath with
a relative delay from the LOS path smaller than 1/B, the
matched filter estimate can become biased [4].

The maximum likelihood principle has been one of the
most popular methods for developing time-delay estimators
due to its asymptotic optimality. For a large sample size,
estimators based on the maximum likelihood principle are
unbiased, achieve the Cramér-Rao Lower Bound (CRLB), and
have a Gaussian PDF [5]. The main disadvantage is that its
practical implementation can often be challenging, due to
the high multi-modality of the nonlinear cost function [6].
Moreover, in practice, the number of paths to consider in
the Maximum Likelihood Estimation (MLE) model is not
known, and if the model order does not match the correct
number of paths, the performance is suboptimal. Despite its
computational complexity, the performance of the MLE is
superior to that of subspace-based methods, such as MUSIC
[7] and ESPRIT [8], [9].

Several methods have been developed to reduce the com-
putational complexity of the MLE implementation, includ-
ing gradient descent-based techniques [10], the Expectation-
Maximization (EM) algorithm [11], the Alternating Projection
(AP) algorithm [12], and the Space Alternating Generalized
Expectation-Maximization (SAGE) [13], [14]. In this paper,
we optimize the MLE cost function using the SAGE method
and constrain the delay search to further reduce the computa-
tional complexity.

This paper focuses on reducing the time-delay estimation
bias caused by close-in multipath by extending the MLE
to consider two and three propagation paths, specifically in



the context of Orthogonal Frequency Division Multiplexing
(OFDM) modulation under LOS conditions. As a compromise
between time-delay estimation accuracy and computational
complexity, we restrict the model to three paths, capturing
the most significant reflections while maintaining manageable
computational complexity. Unlike methods that rely on fixed
single-tap or periodic-tap models, as explained in [15], our
approach uses flexible two-tap and three-tap models with arbi-
trary delays, achieving superior performance in environments
characterized by strong and close-in multipath.

II. SIGNAL MODEL

For OFDM modulation, the transmitted complex-valued
baseband symbol in the discrete-time domain is given by:

No/2-1

1 2mnk
sp[n] = N, Z Cr €Xp (] N, ) )
b Ng -1 (CP)
~]0,...,N,—1 (data),

where k is the sub-carrier index, n is the sample index, and ¢y,
is the complex data symbol modulated on the k-th sub-carrier.
For time delay estimation, ¢ is assumed to be known to the
receiver and is commonly referred to as the training symbol.
An OFDM symbol is composed of N, + N, samples. The first
Ny samples are the guard samples, also referred to as cyclic
prefix (CP), which are a copy of the last symbol samples, and
are used to avoid intersymbol interference (ISI). Following the
CP, N, data samples are transmitted, which can be used for
time-delay estimation.

To transmit an OFDM symbol over the wireless channel, the
discrete time domain symbol s,[n] is converted to an analog
waveform by a digital-to-analog converter (DAC), resulting
in sp(t), the continuous time domain symbol. After that, the
passband symbol is obtained by modulating s, (¢) onto a carrier
frequency f.:

sp(t) = R{sp(t) exp(j2mfet)}, 2)

where R{-} denotes the real part of a complex number.

Assuming perfect carrier frequency synchronization and that
the receiver has removed the CP, the baseband received symbol
is expressed in the time domain as

ry(t) = su(t) * ho(t) + w(t), w~EAN(0,00), (3)

where * denotes the convolution operation, hy(t) is the base-
band channel impulse response (CIR), and w(t) is the noise
assumed to be white and Gaussian distributed with noise power
o2,

In a multipath channel with a LOS signal and L — 1
reflections, the receiver gets a summation of L paths. Each
path is characterized by a complex propagation gain x; and a

time-delay 7;. Hence, the CIR in baseband is expressed by

L
hy(t) = Zxﬁ(t —7), x=aqrexp(—j2nfer), (4)
=1
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where 7; is the [-th path residual propagation time delay after
symbol synchronization, «; is the magnitude of z;, and the
argument of the exponential corresponds to the carrier phase
offset due to the time-delay 7.

After sampling, the received baseband signal (3) with sam-
pling interval 75 = 1/B, where B is the signal bandwidth,
the resulting sampled signal is expressed as:

wln] ~ €N (0,07), (5)

where n denotes the sampling index ranging from 0 to N, —1,
since the first N, samples of the CP are discarded.

In the frequency domain, the channel frequency response at
the k-th sub-carrier H[k] is obtained by applying the Fourier
transform to the received baseband signal (5):

Ry[k] = So[k|H[K] + W[k], WIk] ~%.A(0,

ry[n] = sp[n] * hy[n] + wlnl,

), (6)

n

Nyo?
——

o2

where H[k] = F {hy[n]} is the channel frequency response,
Ry [k] = F{ry[n]}, and W[k] = F{w[n]}, with F{-} the
discrete Fourier transform operator. Ny is the number of used
OFDM sub-carriers, and the number of samples of the Fourier
transform.

By dividing the received baseband signal in the frequency
domain Ry [k] by the known transmitted symbol ¢y, (i.e., per-
forming deconvolution), an estimate of the channel frequency
response is obtained:

= B _ S W
Wk @
— H + 25w gn(0,02),
ck

In (7), care needs to be taken of noise enhancement due to
frequency components where ¢ tends to zero.

Then, the measurement model in the frequency domain
follows as:

H~¢/V(E{H},Qp),

E(H) =F (uln]} = Az, Qu=oTn.
where

A(T) = [a(r1) a(r) a(r)] € CN-*E,

a(n) =exp(—j2nfn) € CNsx1, )

x=[z1 w2 xL}TG(CLXla

and H € CN+*1 is a vector containing the channel frequency
response ‘measurements’ taken at Ny sub-carrier frequencies
in vector f, and x is the vector containing the complex gains
of the L signal paths. From now on, for simplicity and compact
notation, the signal template is written as a; instead of a(7;).

For ranging and positioning, the time-of-arrival (TOA) of
the [-th arriving signal can be computed as

TOAZ = Tsynch + 7, (10)

where Tgynen is the TOA derived from the OFDM symbol
synchronization and 7; is the residual propagation time after
symbol synchronization for the [-th path, defined in (4) and
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estimated based on model (8). Note that the receiver computes
Tsynch for each transmitter. The pseudorange is computed for
the [-th arriving signal from the m-th transmitter as:

p{™ = ¢(TOA™ —{™), (11)

tx
) is the transmission time of the m-th transmitter.

where ™

III. MAXIMUM LIKELIHOOD ESTIMATION

The likelihood function of the complex sampled channel
frequency response H (8) is the probability density function
(PDF) fu(H|7,x), parameterized by T and x, and is given

by

where Ny is the total number of sub-carriers used, A(T)x is
the mean of the PDF and o2 is the noise variance, assumed
identical across all sub-carriers, and corresponding to each
diagonal element of the variance matrix Qg (8).

The maximum likelihood estimates for the propagation time
delays 7 and complex gains « can be obtained by maximizing
the log-likelihood function:

:

_IH = A(r)z|?

o2

fu(H|T,z) = ﬁexp (

] = argmaxIn(fg(H|T,x))
g (13)

= argmin ||H — A(T):THQQ—M
T, H

which is equivalent to the weighted nonlinear least squares
(NLS) problem with weighting matrix Qﬁl.

If £ and 7 are the global minimizers of (13), the minimiza-
tion can be decoupled into two minimizations as [16]

7,%& = arg min {arg min || H — A(T)wHZQfl} )
T xr H

Then, the Maximum Likelihood complex channel gains are
obtained as
&=A"(T)H
= (AM"QFAM) " A QF H.

where AT (7) denotes the Moore-Penrose pseudo-inverse of
A(T). Expression (15) is then introduced in (13), and the
resulting minimization problem can be written as

15)

# = argmin ||[H — A(T)&|)%,
T H
_ . 1 2
= afgﬂ}’_lnHPA(T)HH o
(16)
= arg max HHPA(T)H ,
T ———
A(T)

where A(7) is the cost function, and the projection and
orthogonal projection matrices are defined by

Pa) = A7) (A)"Q A) " A"Q (o
Pitsy = IN, — Pacr).-

In the following subsections we derive the cost function A(T)
for the 1-path and 2-paths cases.
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A. Single-path Maximum Likelihood Estimation

In a simple GNSS receiver, time-delay estimation is per-
formed by using an approximation of the MLE considering a
single path [17].

In the presence of additive white Gaussian noise, and
assuming equal noise power across all sub-carriers, i.e., Qg =
0?1 N,, the MLE is equivalent to the matched filter. This
method is attractive for its simplicity and low computational
effort, though the resulting estimate can be biased if multipath
is present.

Let us write the MLE problem (16) for the single-path time-
delay estimator. In this case, A(7) is a column vector denoted
by ai:

A(r) = a; =exp(—j2nfrn) € CNsx1, (18)

Then the 1-dimensional cost function is obtained by inserting
(18) into (16), assuming Qzr = 0?1 y.:

lai’ H? _ [sq,,1(1)]?
Alpalh(Tl): a{Ial = lNg ) (19)

where sq, m(71) is the correlation of the received sampled
channel frequency response H with the signal template a;,
and N, is the total number of used sub-carriers. The 1-path
MLE time-delay estimate 7; is the delay which maximizes:

71 = arg mTzlix Aipan(T1). (20)
The estimate 74 corresponds to the delay of the strongest arriv-
ing path. If the measured channel impulse response contains
close-in multipath, this estimate may become biased.

In the worst-case scenario, constructive interference from
multipath components at a large relative distance from the LOS
path can cause the received power at that delay to exceed that
of the LOS path, resulting in a significant bias in the TOA
estimate. Furthermore, in NLOS scenarios, the first arriving
signal may be weaker than the multipath components, further
complicating accurate estimation. To reduce these problems,
the TOA is often determined as the earliest peak of the 1-path
MLE cost function that is above a certain threshold (. The
TOA can then be estimated by [18]

2 C} )

{ Atpan (1)

71 = argmin { —————
1 max { A jpan }
. d
subject to dT_lAmam(Tl) =0,

T1

with ¢ < 1, (21)

and the threshold can be determined using various criteria
[19]. The condition in (21) ensures that 77 is a local or global
minimizer. It is important to note that applying the 1-path MLE
with the threshold criteria does not mitigate the bias caused
by close-in multipath, which is the focus of this paper.

B. Two-paths Maximum Likelihood Estimation

To reduce a potential bias in the estimated LOS time-delay
of the 1-path MLE due to a strong reflection, the LOS and the
strongest reflection can be jointly estimated.
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In this case A(7) is a matrix with two columns:
A(T) = [a1 ag] e CN-x2
a; = exp(—j2rfn) € CN=x1,

Similarly as for the 1-path MLE, after inserting (22) into
(16) and assuming QH_1 = o?I N, the 2-path MLE cost
function can be obtained:

Aopains (11, T2) = 5[]\752 (Atpan(T1) + Atpan(72))

(22)

(23)
~ H"(R\R; + R;R))H|,
where 1
5 = W, 24
s(t2,1) = aflay is the auto-correlation function of the

ranging signal, and R; = ajafl and Ry = azall are the
auto-correlation matrices of a; and ag, respectively. Terms
Apain(71) and A jpan(72) in (23) are the cost function for the
single-path model evaluated at 7; and 79, respectively. Note
that the 2-paths MLE cost function (23) can be decomposed by
the 1-path MLE cost function (19) evaluated at 74, the 1-path
MLE cost function evaluated at 75, and a cross term defined
as HY(RiRy + RyR))H
Figure 1 illustrates the terms in the 2-paths MLE cost
function (23) for a 2-paths channel, with path-delays of -1
meter and 3 meters (in distance units) and corresponding
gains of a3 = 1 and ay = 0.8. Note that the cost function
Aopains (71, T2) is symmetric with respect to the axis 73 = 7o,
and that the maximum of Ajpans(71, T2) Occurs at ¢ = —
meter, ¢, = 3 meters, and ¢r; = 3 meters, ¢, = —1
meter (see red dots in the bottom-right plot of Fig. 1). Addi-
tionally, the cost function Ajpyns(71,72) cannot be evaluated
for 7 = 7o because the term S in (23) and (24) becomes
undefined (the denominator equals zero). This is illustrated
in the bottom-right plot of Fig. 1, in which points along the
line 7y = 7o are shown in white color to indicate they are
undefined.
The 2-path MLE time-delay estimates of the two strongest
arriving paths are the maximizers of the cost function:
71
|:A :| = argmax A2paths (7—17 7—2)7 (25)
T2 T1,T2
For ranging and positioning, we are only interested in the
delay of the first arriving path, ideally the LOS path. Therefore,
the estimated delay shall be chosen as the minimum of 7; and
T2

7A'Los = min{f'l, %2} (26)

C. Three-paths Maximum Likelihood Estimation

In a real multipath scenario, the signal traveling from
transmitter to receiver can be reflected by different objects
and reach the receiver through many different paths. Under
these conditions the 2-paths MLE is no longer unbiased, and
the unconsidered reflections may impact the range estimation
accuracy. Adding a large number of paths in the MLE model is
possible but in practice solving the optimization problem in a

-

Avpan(11)

Al])ll]) T2)

Alpxlh(Tl + Atpamn (T2)

("r-_) (111('l‘('1')
ety (meter)

o o o o
o N o ©

¢ty (meter)

-4

2 0 2 4 4 -2

cry (meter) cTy (m(l(l

N2 (Arpan (71) + Arpann (72)
Cross Terms

A

ey ( m(tu

°
.
Magnitude

1
IS

Cross Terms Aspans(T1, T2)

0.2
”h-
4
4 4 2 0 2 4

cr (meter)

4

2

(meter)

0

¢ty (meter)
cry (meter)

-2

4
4 -2 0 2 4 4 -2 0 2
c7y (meter) c7p (meter)

Fig. 1. Graphical representation of the terms in the 2-paths MLE cost function
(23), expressed in normalized absolute value. The figure is based on a synthet-
ically generated 2-paths channel frequency response of 160 MHz bandwidth.
The path delays, expressed in distance units, are -1 meter and 3 meters, with
corresponding gains of ; = 1 and a2 = 0.8. The horizontal and vertical
axes represent the distances c71, and c7o, r Hpectlvely, where ¢ denotes the
speed of light. The Cross Terms refers to H" (R1 Rz + RaR1)H in (23).
The red dots in the bottom-right plot indicate the maximum of the 2-paths
MLE cost function. All the Figures are normalized per figure.

large dimensional space becomes computationally demanding.
Additionally, as shown in [20], incorporating more signal paths
into the estimation model can increase the variance of the LOS
time delay estimator, thereby limiting the accuracy. The accu-
racy of the time delay estimator is especially degraded when
including reflected paths characterized by a high measure of
dependence on the LOS path, as defined in [20]. Here, we will
consider a maximum of three paths in the MLE model.
For L = 3, the MLE optimization problem is given by

71

To | = arg max Aspams(T1, T2, T3), 27
7A_ T1,7T2,T3

3

where Aszpans(71, 72, 73) is the 3-dimensional cost function,
and 71, 7o, and 73 are the estimated delays of the three
strongest received paths. The cost function can be obtained
similarly as in the 2-path MLE case by adding a column to
matrix A(7):

(CN5><3

A(t)=la1 az as]€ (28)

We will not present the 3-paths MLE cost function because its
interpretation is not as straightforward as in the 2-paths case
due to the large number of cross-terms.

As with the 2-paths MLE, the time delay of the LOS path
is taken as the smallest:

’7A'Los :min{ﬁ,f'gﬁg}. (29)

D. Implementation based on SAGE
The L-dimensional MLE cost function (16) can be opti-
mized using various methods. One approach, known as grid

search or ’brute force’, involves defining a grid of points,
evaluating the cost function at each point, and selecting the one
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that maximizes the cost as the optimal solution. Despite being
easy to implement, this method becomes computationally
expensive for large values of L. The NLS problem can be
solved more efficiently using gradient descent-based tech-
niques [10], the Expectation-Maximization (EM) algorithm
[11], the Alternating Projection (AP) algorithm [12], and
the Space Alternating Generalized Expectation-Maximization
(SAGE) [13], [14], among others. In this paper, we focus on
the SAGE algorithm.

SAGE is a low-computational algorithm that iteratively
approximates the MLE. It has been employed for estimating
synchronization parameters in GNSS receivers [21]. SAGE
simplifies the optimization of the L-dimensional MLE cost
function (16) by decomposing it into a sequence of L maxi-
mizations over 1-dimensional spaces [22].

At each iteration, SAGE estimates the time-delays and com-
plex propagation gains of L paths in two steps: the expectation
and the maximization. These steps are applied iteratively until
convergence is achieved. As shown in [13], under suitable
regularity conditions the SAGE algorithm converges in norm.

In the expectation step, at iteration (¢ + 1), the contribution
of the [-th signal path is isolated from the channel frequency
response H as

L
Al(z—&-l — Z d i) 4 gfl , (30)
where 4 4
&n? = exp (—jQWf%,(,;)), 31

T (l) and xgn) being the estimated time-delay and complex prop-

agation gain of the m-th signal path at iteration ¢, respectively.

After the expectation step, at iteration (¢4 1), L maximiza-
tions (for [ = 1,--- , L) are performed to estimate the delays
of each signal path:

H 5 (i+1) |2
; alf'e
%l(l'H) = arg max{| Lt | } :

Ti a;”ap

(32)

Expression (32) corresponds to the single-path MLE. The key
difference is that the cost function in (19) utilizes the full
channel frequency response H, whereas in this case, it uses
the residuals el( H), which exclude the contributions of the
other signal paths.

In each iteration, a set of delays is evaluated using (32). The
delay which maximizes the cost function is selected as the es-
timate for that iteration. To reduce computational complexity,
the search space is narrowed based on the maximum multipath
error envelope (MPEE). Further details on this search-space
reduction are provided in Appendix A.

After estimating the delays, the vector containing the
complex propagation gains for each path ALY

[igi-i-l)

j%*l)} is computed using (15) with
A(r) = A (704 = [afD

. T
F0t 1)} ,

ai ™|,
_ . (33)
Ft1) Hzﬂ)

where 7Y contains the estimated time-delays of L paths at

iteration 7+1. Note that contrary to the maximization step (32),
which utilizes the residuals &!'"™), the gains computed using
expression (15) rely on the full channel frequency response

H.

E. Initialization

As shown in expression (30), SAGE requires an initial
estimate for the time-delay og the L signal paths, denoted
© = %1(0) %éo) . We propose the following
approach. Firstly, the delays of the L — 1 strongest signal
paths are estimated using SAGE, which is described in sub-
section III-D. After that, %20) is obtained by optimizing the
L-dimensional cost function (16) fixing the delays of the
previously estimated signal paths. Hence, to obtain the initial
estimate %éo), expression (16) is rewritten by

as T

7‘1(;)) = arg max {HHPA(m H} , (34)
TL T

where P ; A0 is the projector matrix which projects onto the

subspace spanned by the columns of the following matrix:

A4(0 ~ (0 ~ (0
A(T’:[aﬁ) (0)

ar_,
Note that the first L — 1 columns of the projector matrix in
(35) are obtained using the SAGE algorithm with L — 1 paths.
The last column is estimated using (34).

The diagram in Fig. 2 illustrates the initialization process for
SAGE. When the 3-paths SAGE is applied, the delays of the
two strongest paths are initialized using the estimates from the
2-paths SAGE, i.e., #{*) = #11gs and 73 = #yp1gs. Then,
the delay of the third path %éo) is initialized using (34). For
the 2-paths SAGE, initialization follows a similar approach,
starting with the delay estimated from the 1-path MLE. The
1-path MLE, in turn, is initialized using the delay obtained
from the symbol synchronization procedure.

aL} . (35)

Symbol synchronization

I-path MLE

| Initialization I

N ~(0)
TMLE1 Ty

[ 2-pahs sAGE |

i Initializationl

757

TIMLE2|
T2MLE2

3-paths SAGE

TIMLE3 T2MLE3 T3MLE3

Fig. 2. Diagram of SAGE initialization following a cascading structure.

Authorized licensed use limited to: TU Delft Library. Downloaded on July 08,2025 at 09:34:38 UTC from IEEE Xplore. Restrictions apply.



IV. PATH SELECTION CRITERION

Expressions (26) and (29) determine the LOS path delay as
the smallest among the estimated delays. These expressions,
however, are only applicable when the actual number of
propagation paths in the CIR is equal to or exceeds the number
of paths considered by the estimator. For instance, if the CIR
contains only a LOS path but two signal paths are estimated,
one of the estimated delays corresponds to the true propagation
path, while the other represents a false path due to noise. In
such cases, overestimating the number of signals can introduce
delay outliers, where false paths may precede the true LOS
path.

False paths are avoided by applying a path selection crite-
rion based on the signal-to-noise ratio (SNR) [23]. The SNR
of the [-th path is computed as

NS|:zl|2>
dB],
ww [dB]

where the noise vector w is computed by w = H — A(7)&,
+ = [h #]" and & = [d #]". The signal
power in expression (36) is computed by the modulus squared
of the estimated gains Z;, and the noise power is computed
by the empirical noise variance normalized by the number of
sub-carriers N, i.e., '&JH'&;/NS.

The first path is chosen as the earliest path which SNR
is above a predefined threshold 7, which can be derived
empirically.

SNR; = 101log;, ( (36)

V. NUMERICAL RESULTS

A. Saleh-Valenzuela model

The Saleh-Valenzuela (SV) multipath channel model is
widely utilized for characterizing wideband and ultrawideband
(UWB) propagation channels [24]. By applying a bandpass
filter, this model is also applicable to narrowband systems
[25]. Originally developed for indoor environments, the SV
model has also been adapted to represent built-up outdoor
scenarios. The SV model has been previously used to evaluate
the performance of time delay estimation algorithms [26], [27].
We consider the SV channel to demonstrate the performance
of the two-paths and three-paths SAGE algorithms under
severe multipath. In our analysis, we generate a rich multipath
channel based on the SV parameters in [28], modifying the
cluster arrival rate to 0.0048 ns~!, which is more suitable
for simulating outdoor scenarios [25]. The remaining SV
parameters are: a multipath arrival rate of 0.2 ns™!, a cluster
decay time of 60 ns, and a ray decay time of 20 ns within a
cluster.

In these simulations, the delay of the first arriving path is
always set to 79 = 0 seconds with absolute propagation gain
|ap| = 1. An example of a generated channel impulse response
is shown in Fig. 3 with time converted into distance along the
horizontal axis.
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We generate N 1000 realizations/epochs of channel
frequency responses for various SNR levels. The SNR is

defined as:
) sl

where Pijgna = |ag|? is the power of the first arriving path,
and Pse is the noise power. We use an OFDM signal with an
80 MHz bandwidth, which consists of 512 sub-carriers, each
separated by 156.25 kHz.

The TDE RMSE is defined as

P, signal

SNR = 101log,, < (37)

noise

N
1 R
RMSE = N 321(7'0," —70)2, (38)

where N is the total number of epochs, 7y ,, is the estimated
time-delay of the first arriving path at epoch n, and 7y is the
true delay of the first arriving path, which in this case is set
to zero.

The two- and three-paths estimators are implemented based
on SAGE (see subsection III-D). The delay search space of
the 1-path MLE ranges from £15 meters with a step size of 2
centimeters. For the strongest path in the 2-paths SAGE and
the first and second strongest paths in the 3-paths SAGE, the
search space is reduced based on the maximum MPEE (see
Appendix A).

In Fig. 4, the TDE performance is shown in terms of RMSE
for different SNRs after applying the 1-path MLE, 2-path
SAGE and 3-path SAGE. It is clearly observed that increasing
the number of paths considered in the estimator significantly
reduces the RMSE.

d Channel |

p
—© 1% cluster

—© 2™ cluster

3" cluster

2 (8 aSiralietéuimynemen
60 80

100
Distance (m)

Fig. 3. Example of a generated channel impulse response before bandwidth
limitation. Each color represents the propagation paths associated with a
different cluster.

B. Terrestrial positioning prototype system dataset

In the terrestrial positioning prototype system, known as the
’SuperGPS’ prototype, six synchronized transmitters emitted
an OFDM ranging signal using 16 contiguous frequency
bands, each with a bandwidth of 10 MHz, and composed of 64
OFDM sub-carriers. The location of each transmitter and the
receiver’s trajectory are illustrated in Fig. 5. The transmitters
shared the spectrum resources using Time-Division Multiplex-
ing (TDM). During each 1 ms period, a single transmitter was
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Fig. 4. RMSE of the LOS time-delay as a function of SNR for 1000
synthetically generated Saleh-Valenzuela channels.

assigned a 0.0216 ms time-slot, during which it transmitted
three consecutive OFDM symbols. A receiver mounted on a
moving trolley estimated the TOA of the signal that traveled
from the activated transmitter to the receiver using the second
symbol. Here, we analyze the run for a synchronized receiver.
The cm-level ground-truth receiver trajectory was obtained
by means of two land-surveying total stations. Additional
information on the ’SuperGPS’ prototype setup can be found
in [29], [30].

15 : : : : , r , .
position solutions
10l OTX-1 OTX'4 — === (interpolated) ground-truth
50
E of
% OTX-5
]
z 5 OTX-2
10 Tx-3
A5+
Tx-6
20 . . . . . . , .
<15  -10 -5 0 5 10 15 20 25 30
East (m)

Fig. 5. Scenario with six static transmitters (Tx-1 to Tx-6). The receiver’s
trajectory is shown in blue, and the positions’ solutions obtained using the
1-path MLE in red. The signal bandwidth is 50 MHz.

The receiver’s central frequency was set to 3.96 GHz, and
the sampling interval to 75 = 5 ns. In post-processing, the
position of the receiver was computed every 10 ms for a run
of 162.6 seconds. The reason to compute the position at 10
ms intervals, instead of at 1 ms, is to reduce the amount of
epochs/points to process.

We compute and analyze the receiver’s position solutions
obtained with a TOA-based positioning model. We also es-
timate the east and north receiver’s coordinates, and the
receiver’s clock offset. The pseudoranges are calculated based
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on the estimated TOA values using (11). These TOA values
are obtained using the TDE of the 1-path MLE and the 2-
paths SAGE algorithm. The 2-paths SAGE is implemented
both without and with the path selection criterion based on
SNR. The delay search space of the 1-path MLE ranges from
410 meters with a step size of 2 centimeters. And the search
space used in the 2-paths SAGE is reduced based on the MPEE
(see Appendix A). The assumption that the estimated delay
will not surpass 10 meters can be made as we are estimating
the residual propagation time after time synchronization, and it
is reasonable to assume that the receiver is accurately enough
time-synchronized with the starting time of the OFDM symbol.

The estimated time-delay for the two-paths SAGE without
SNR threshold is chosen as the minimum of the estimated
delays, as described in (26). To apply the 2-path SAGE algo-
rithm with the path selection criteria (36), the SNR threshold
is set to v = 0 dB, which was chosen as an indicative value
(see Appendix B). Given that in this scenario there is always
a direct LOS path from each transmitter to the receiver, and
the LOS path consistently exceeds the noise level, setting
the SNR threshold to 0 dB is a reasonable choice. If the
estimated SNR for both paths is below 0 dB, we select the path
with the highest SNR. Appendix B presents the processing
results of real data from the *SuperGPS’ dataset to support our
choice of SNR threshold. Alternatively, the threshold could be
determined adaptively, as proposed in [31] and [32].

The 2-dimensional horizontal position error at the n-th
epoch is defined as:

— 2
€2D,n = \/eeast,n +e

where ecqst,n and €n0p4h,n are the east and north positioning
errors at epoch n, respectively, and the positioning RMSE over
all epochs is obtained as:

2
north,n’

(39)

(40)

where [V is the total number of epochs, which in this case is
16261.

Figure 6 shows the positioning RMSE. It is clearly seen
that the RMSE improves as the bandwidth increases. This
trend is similar to the CRLB. Larger bandwidths result in an
auto-correlation function with a narrower, more peaked main
lobe. This enhances TDE precision and improves multipath
resolution, which contribute to better positioning performance.
Additionally, it is observed that for large bandwidths (larger
than 100 MHz) the three TDE implementations achieve nearly
the same accuracy. This occurs because the narrower the auto-
correlation function, the easier it is to distinguish multipath
components from the LOS path. Consequently, for bandwidths
exceeding 100 MHz, the impact of close-in multipath is
effectively mitigated. In this case, the 1-path MLE provides
good accuracy, and adding extra paths in the estimation model
hardly brings further improvement.

For lower bandwidths (40 and 50 MHz), the 2-paths SAGE
without SNR threshold performs worse than the 1-path MLE.
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In Fig. 7, the estimated pseudoranges are shown for the three
TDE methods when a bandwidth of 50 MHz is used. It is
clearly seen by the many ’drops’ in the middle graph that the
2-paths SAGE is underestimating the pseudorange in many
occasions, meaning that it wrongly identifies a false earlier
peak as if it was the LOS path. This is effectively corrected
by applying the path selection criterion based on the SNR
threshold. Also seen in Fig. 8, the 2-dimensional positioning
error is more dispersed when the 2-paths SAGE is applied
without the SNR threshold criteria (middle graph) compared
to when the SNR threshold criteria is used (right graph).

We observe in Fig. 7 (left graph) a significant spike in the
pseudoranges obtained using the 1-path MLE for transmitters 1
and 3. For transmitter 1, the spike spans from 89.251 to 89.511
seconds, while for transmitter 3, it extends from 79.000 to
79.961 seconds. This occurs due to multipath which construc-
tively combines at a distance several meters away from the
LOS path, leading to an overestimation of the pseudoranges
(positive bias). The 2-paths SAGE method mitigates this issue,
as seen in the improved results. Correspondingly, the scatter
plots in Fig. 8 show that the positioning errors obtained with
the 1-path MLE (approximately 3 meters in the east coordinate
and 8 meters in the north coordinate) due to this multipath,
are absent when using the 2-paths SAGE.

Additionally, Fig. 9 shows the CIR obtained for transmitter
3 at 79 seconds for both 50 MHz and 160 MHz bandwidths.
With 160 MHz bandwidth, we can clearly identify the LOS
path as the first arriving path with the highest power, followed
by two multipath components. However, with 50 MHz of
bandwidth, the autocorrelation function becomes wider mak-
ing it difficult to distinguish the three arriving paths. In this
case, the two reflections constructively combine, resulting in a
signal even stronger than the LOS. As shown in Fig. 9, using
the 1-path MLE with 50 MHz bandwidth results in an error
of 8.86 meters when estimating the delay of the LOS path. As
expected, this error matches the amplitude of the pseudorange
spike observed for transmitter 3 in Fig. 7 (left graph).

2D Positioning RMSE

—— MLE 1-path
=& SAGE 2-paths
SAGE 2-paths (threshold)

RMSE (cm)

40 60 80 100

Bandwidth (MHz)

120 140 160

Fig. 6. RMSE of horizontal positioning obtained as a function of the
bandwidth for the *SuperGPS’ dataset.
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Fig. 7. Estimated pseudoranges using the single-path MLE estimator (left),
SAGE considering 2-paths without (middle) and with SNR threshold (right).
Each curve represents a different transmitter. The signal bandwidth is 50 MHz.
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Fig. 8. 2-dimensional positioning error scatter plots. The color scale represents
the point density. The total number of points is N = 16261. The signal
bandwidth is 50 MHz.

Outside the time interval between 79 and 90 seconds,
spikes in the pseudoranges measurements obtained with the
1-path MLE do not occur, meaning that multipath does not
substantially affect TDE of the LOS path. Fig. 10 shows the
normalized power delay profile (PDP) for each transmitter in
the time interval of 54 to 59 seconds, in which the receiver was
static. In this Figure, multipath is noticeable for transmitters
1, 3 and 4.

The SuperGPS dataset was not processed using the 3-paths
SAGE, as most channel realizations contain no more than two

CIR. Bw = 50 MHz CIR. Bw = 160 MHz

N
N

—CIR
— - True delay
% Estimated delay

e 2o
> ® -

I
Normalized amplitude

Normalized amplitude

oS
)

IS

20

10
Distance (meter)

0 10

Distance (meter)

20 30 30

Fig. 9. Normalized absolute value of the CIR obtained for transmitter 3 at
79 seconds. The red vertical lines indicate the true signal time-delay, and the
red asterisk is located at the time-delay estimated by the 1-path MLE. The
same realization is shown for a bandwidth of 50 MHz on the left, and for 160
MHz on the right. The TDE error in estimating the LOS path when using the
50 MHz bandwidth (left graph) is approximately the difference between the
LOS TDE when using 50 MHz bandwidth (6.08 meters) and 160 MHz (-2.78
meters), resulting in a error of 6.08-(-2.78) = 8.86 meters.
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paths. As shown in the PDP in Fig. 10, no more than two
paths can be distinguished.

Appendix C provides an analysis of the run time per-
formance for both the 1-path MLE and the 2-path SAGE
algorithms.
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Fig. 10. Normalized power delay profile for each transmitter computed in
the time interval of 54 to 59 seconds, during which the receiver, and thus the
channel, was static.

VI. CONCLUSION

This paper demonstrates that incorporating the strongest
reflections into the time-delay estimation model effectively
mitigates the bias caused by close-in multipath. This approach
is similar to that of the Rake receiver [33] and significantly
improves estimation accuracy. We emphasize the improve-
ment in accuracy under challenging multipath conditions by
processing synthetically generated Saleh-Valenzuela channels,
characterized by strong and abundant multipath components.

The 2-paths and 3-paths MLE time-delay estimators were
successfully implemented using the SAGE algorithm. More-
over, an efficient implementation was proposed by reducing
the search space of each signal path under consideration. The
achievable reduction depends on the maximum multipath error
envelope, which is directly driven by the signal bandwidth.

Finally, the positioning RMSE obtained from an actual
outdoor measurement dataset highlights the benefit of esti-
mating two arriving paths in scenarios with a LOS path and
two or three reflected paths. Furthermore, the path selection
criterion based on the SNR successfully avoids false first-peak
detections in those realizations with negligible or non-existent
multipath.

In this paper, the number of signal paths considered in the
TDE model was limited to three. To prevent false early path
detections due to model order overestimation, i.e., considering
more paths than actually present, a SNR criterion was applied.
In practice, the number of signal paths to be accounted for in
the TDE model can be estimated using information criteria
methods, such as the minimum description length (MDL).
However, these methods may overestimate the number of
paths, causing delay outliers due to early false paths.
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Future work will focus on quantifying the impact of consid-
ering an incorrect number of paths and on defining a criterion
for selecting only the essential paths for accurate TDE.

APPENDIX A
SEARCH SPACE REDUCTION BASED ON MAXIMUM MPEE

The multipath error envelope (MPEE) provides the maxi-
mum bias of the 1-path time-delay estimator in a two-path
channel. The MPEE represents the maximum error due to a
multipath reflection that is received along with the LOS signal.
Thus, the maximum error results when the multipath reflection
is added in phase or counter-phase to the LOS signal. In the
absence of noise, the normalized CFR in a two-path channel
can be defined as

H = exp(—j2n fm) + ag,1 exp(—j2m f2) 41)

where 71, 7o are the delays of the LOS and multipath signals,
respectively; f is the vector of the used sub-carrier frequen-
cies, and «p i is the relative complex gain between the two
paths, defined as (a1 = 3—?), where o and oo are the
complex gains of the first and second paths, respectively.

Let us analyze the MPEE when a strong reflection is re-
ceived along with the LOS signal. Here we consider an OFDM
signal with equally spaced and powered sub-carriers, with a
sub-carrier separation of 156.25 kHz. Figure 11 illustrates the
MPEE for cases where as; = 0.95 and ap; = —0.95, for
4 different bandwidths, as a function of the relative distance
between the LOS and the reflected path, i.e., ¢(72 —71) where
c is the speed of light. The results highlight that increasing the
signal bandwidth reduces the MPEE. Specifically, in this case,
doubling the signal bandwidth results in halving the maximum
MPEE. For example, the maximum MPEE is approximately 8
m for a 20 MHz bandwidth, whereas it decreases to 4 m for
a 40 MHz bandwidth. Figure 12, shows the maximum MPEE
as a function of signal bandwidth.

E
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\
\
| -
an Pt 20 MHz
\ e 40 MHz
s Prias ——— 80 MHz
- 160 MHz
8 - | |
0 5 10 15 20

Relative distance (m)

Fig. 11. Multipath error envelope in a 2-path channel. The solid and dashed
lines represent constructive (c2;1 = 0.95) and destructive (2,1 = —0.95)
interference, respectively.

In this paper, the maximum MPEE obtained for a relative
gain of ap 1 = £0.95 is utilized to restrict the search space
in the SAGE algorithm. Let us explain the search space
reduction through an example. First, a CIR with three paths
is synthetically generated for an OFDM signal with 80 MHz
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Fig. 12. Maximum multipath error envelope for a constructive interference
(a2,1 = 0.95), and destructive interference (2,1 = —0.95) as a function of
bandwidth.

bandwidth. For a bandwidth B 80 MHz, the width of
the autocorrelation main peak is %c ~ 3.74 meters. Figure
13 illustrates the oversampled CIR together with the three
signal propagation paths. Then, the 1-path MLE is applied
to estimate the delay of the strongest arriving signal (upper
plot of Fig. 14). In this case, the search space, depicted by the
red rectangle, is set to £15 meters.

To apply SAGE and estimate the two strongest paths, the
search space for the second strongest path remains 15 meters
(middle plot of Fig. 14). However, for the strongest path,
the search space is centered at Typg1, the delay previously
estimated by the 1-path MLE, and its width is defined as
twice the maximum MPEE calculated in Fig. 12. For an 80
MHz bandwidth, this width corresponds to 3.9 meters. This
reduction in search space improves computational efficiency
by decreasing the number of points that need to be evaluated
in the cost function.

Note that the search space is updated at each iteration of
the SAGE algorithm. For instance, at the fourth iteration, the
search space for the strongest path is centered at the delay
estimated in the third iteration, i.e., the search space is 71(3) +
3.9/2 meters.

The search space for two paths is similarly constrained
when extending the SAGE algorithm to estimate three paths, as
shown in the bottom plot of Fig. 14. In most cases, increasing
the number of signal propagation paths in the estimator results
in a more accurate LOS time-delay estimate.

APPENDIX B
SNR THRESHOLD SELECTION

The 2-paths SAGE algorithm is prone to introducing delay
outliers by estimating false earlier paths that precede the true
LOS path (Fig. 7).

Our results from processing real data highlight that for small
bandwidths, delay outliers preceding the true LOS path are
more likely to occur. We attribute this to the wider main lobe
of the autocorrelation function at lower bandwidths. When the
main lobe of the autocorrelation function is wide, the multipath
components are more likely to fall within 1/B from the LOS
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Fig. 13. Synthetically generated CIR for 80 MHz bandwidth and three signal
propagation paths. The LOS signal is located at distance 0 m, and the first
and second multipath components (MPC) are at 4.5 m and 12 m. The gain
of the LOS is 1, and for MPC1 and MPC2 is 0.8 and 0.5, respectively.
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Fig. 14. Synthetically generated CIR, as in Fig. 13. The upper, middle, and
lower plots depict the estimated delays and gains obtained with the 1-path
MLE, 2-paths SAGE, and 3-paths SAGE, respectively. The magnitude of each
vertical line indicates the estimated gain amplitude, and the colored rectangles
represent the search space for each path. For instance, monE3 refers to
the second path estimated by the 3-paths SAGE. The width of each narrow
rectangle corresponds to twice the maximum MPEE, which is 3.90 meters for
an 80 MHz bandwidth (see Fig. 12). Each narrow rectangle is centered at the
previous time-delay estimate.

path, where B is the signal bandwidth. As a result, multipath
components may distort the shape of the main peak of the
channel impulse response as well as the preceding side peaks.
This distortion of the preceding side peaks can lead to false
first-peak detections.

To avoid false early path detections, we select the delay of
the LOS signal as the first path whose SNR exceeds a prede-
fined threshold. The SNR for each path is computed using (36),
and the threshold is set to 0 dB. We have selected a threshold
of 0 dB based on the observed SNR difference between the
LOS path and noise plus multipath in the *SuperGPS’ dataset,
similar to [23]. The observed signal-to-noise was computed
with 160 MHz bandwidth so that we can clearly distinguish
the LOS and the multipath components, and thus estimate its
SNR.

Fig. 15 shows the pseudorange error and SNR of the first
and second arriving paths for transmitter 1 (Fig. 5) using a
160 MHz bandwidth. We can see that for most realizations,
the SNR of the first path remains above 0 dB, while the SNR of
the second path falls below 0 dB. Note that in this scenario, we
may encounter realizations with either a single path or multiple
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paths. Therefore, the second path could either be noise or a
multipath component.

For lower bandwidths, we have observed that the estimated
SNR of the true LOS can be lower than 0 dB. For example,
with 40 and 50 MHz bandwidths the SNR of the LOS varied
between -10 dB and 10 dB. This implies that the SNR
threshold could be reduced for lower bandwidths.

T T
2 First path
©  Second path | |

Pseudorange error (meter)

Fig. 15. Pseudorange error and SNR of the first arriving path (blue) and the
second arriving path (orange), estimated by the 2-paths SAGE.

APPENDIX C
RUN TIME COMPARISON

Figure 16 shows the run time for the 1-path MLE and the
2-paths SAGE computed for 1800 realizations. These results
were obtained using the *SuperGPS’ dataset with 50 MHz
bandwidth. The run time of the 1-path MLE remains relatively
constant, averaging 0.056 seconds. In contrast, the run time
of the 2-path SAGE is more variable, ranging from 0.115 to
1.450 seconds, with an average of 0.697 seconds. A similar
difference in run times between the 1-path MLE and the 2-
paths SAGE was observed for other values of bandwidth.

As observed in Figure 16, for each realization, the run time
of SAGE depends on the number of iterations, represented by
the orange line in the figure. Note that the maximum number
of iterations was set to 15.
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Fig. 16. Run time comparison between the 1-path MLE and the 2-paths
SAGE using the SuperGPS’ dataset with 50 MHz bandwidth.
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