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Abstract

This thesis project aims to increase the safety of multirotor Unmanned Aerial Vehicle
(UAV) systems by researching Fault Detection and Diagnosis (FDD) modules to fit into an
Active Fault-Tolerant Control (AFTC) system designed to recover a damaged multicopter,
hence avoiding crashes. In order to meet the ever-increasing safety standards set by
authorities for these vehicles, the research immerses itself in the analysis of various FDD
methods implemented on multicopters, focusing on Loss of Effectiveness (LoE) estimation.

The end-product of the research project is anticipated to be a fast and reliable FDD
framework which ensures rapid response by the AFTC system saving the multirotor UAV
from crashing after a fault is detected. The proposed framework is aimed to be flexible,
meaning that its implementation on various multicopter platforms is straightforward and
requires little effort, thus making it available for widespread use.

Ensuring that multirotor UAVs are able to detect their faults and update their control
system accordingly will propel the development of AFTC system for drones, leading to
faster certification of such systems by authorities, enabling large scale and more flexible
utilization of autonomous flying.

Keywords: FDD, AFTC, LoE, adaptive observer
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Chapter 1

Introduction

1.1 Research background and motivation

As Unmanned Aerial Vehicles (UAVs) are ubiquitously used in an increasing number of
fields, such as monitoring, delivery, maintenance, and recreational purposes, the safety
issues they impose are getting in the focus of research. Since these unmanned systems are
reliant on delicate control algorithms to perform their tasks, a damaged, faulty actuator
(e.g. ailerons, propellers), responsible to steer the vehicle safely to its destination, may
lead to losing the vehicle in a crash. Needless to say, UAVs falling from the sky endanger
property and most importantly, lives. Thus, authorities around the world are issuing
rigorous regulations concerning the flight of these vehicles, bolstering the research on
safer and more robust control algorithms for these systems.

To increase the safety of UAV applications, Active Fault-Tolerant Control (AFTC)
solutions are being developed aiming to keep UAVs safely airborne, even with a consider-
able loss in actuator effectiveness [1, 2]. Generally, an AFTC system may be divided into
two main branches, Fault Detection and Diagnosis (FDD) and control reconfiguration, as
shown in Figure 1.1. Fault detection algorithms monitor the condition of the UAV based
on online measurements [3]. When a fault occurs, causing anomalies in the monitored
signals, the algorithm detects these indicators, identifies the problem, evaluates its size
and severity, and isolates the location of the fault. Thereafter, the control reconfigura-
tion algorithm, based on the information sent by the fault detection module, updates
the flight control system accordingly, in order to avoid entering an uncontrollable flight
scenario. In contrast to rigid-wing UAVs, multirotor systems mostly rely solely on pro-
pellers to generate lift and translate through air. Therefore, losing effectiveness of even
one actuator—for example due to a damaged propeller—greatly affects the stability and
agility of the vehicle. Hence, it is crucial to detect the faults associated with the actuators
and update the control reconfiguration module in a fast and reliable way, such that the
flight-safety of multirotor UAVs is greatly increased.

Figure 1.1 serves to give an overview of the main concepts of this research project.
Since the ultimate goal is to enhance the safety of multicopters, AFTC systems are being
developed which has two main submodules, namely the control system and the FDD
module. The scope of the research project lies somewhere between the two submodules,
as the FDD module is designed for Loss of Effectiveness (LoE) estimation of the multirotor
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2 Introduction

actuators. Thus, it is less important to identify the fault such that it is known what exactly
happened (identification) within a faulty actuator. It is more crucial to see which actuator
is malfunctioning (isolation) and how its fault affects the whole system (evaluation).

Then, the control system has to be reconfigured, based on the FDD module output.
The reconfiguration may be passively embedded in the system by designing an inherently
robust control system which does not change its structure [4], or an active controller can
be applied which adapts itself according to a specifically designed update law [5, 6]. Since
the research project presented in this document focuses on the development of a FDD
module aimed to be implemented within an AFTC system on multicopters, flexibility
of the system is a key design requirement as it has to be fitted into existing modules.
Furthermore, the system has to be fast and preferably have profound stability analysis.

In order to outline the future steps to be taken throughout the research in light of the
reviewed literature, the ultimate, highest level objective of the research project is stated
here. The main goal of this research is

to increase the reliability and safety of multirotor UAVs by enhancing their
integrity using a FDD framework for LoE estimation

According to [3], the integrity of a system means its ability to detect its own faults and
inform the operator about the system’s operational availability. In terms of this research
project this means that the multirotor UAV is able to detect its propulsion system losing
effectiveness due to various faults and update the control system (its operator) using an
estimation of the size and severity of the fault. Thus the research focuses on an important
building block of a AFTC system: the FDD module. To formulate a well-defined research
framework, some research questions are defined addressing the knowledge required to
achieve the research objective.

The core research question focuses on the performance evaluation of the proposed
FDD framework:

• To what extent can a FDD framework enhance the integrity of multirotor UAVs?

– What methods are suitable to detect the faults specific to a multirotor UAV
propulsion system?

– Is fault isolation ensured by decentralized signal analysis on the actuator level?

– To what extent do decentralized signals facilitate fault diagnosis and actuator
effectiveness estimation?

– What methods are suitable to interpret fault diagnosis results for control re-
configuration?

As seen from the subquestions, all aspects of FDD indicated in Figure 1.1 is covered, along
with the interpretation of its results. The answers to these questions are indicators of how
powerful the end-product of the research project proves to be, in light of the performance
requirements for the FDD module. The speed and reliability of the FDD system is
evaluated to check whether the ability of the multicopter to detect faults and reconfigure
the control system is enhanced. However, in order to get to this result, suitable methods
for FDD have to be reviewed first. Then, the role of actuator-level (decentralized) signal
measurements has to be discussed, i.e., can these signals be utilized in order to make the
FDD more accurate and ensure fault isolation. Finally, a method has to be developed to
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relay the FDD output to the control system such that the multicopter is able to safely
avoid crashes.

1.2 Outline of the document

The structure of this document is as follows. Firstly, Part I presents a comprehensive
literature survey on FDD methods. This part starts with Chapter 2 providing a brief
overview on models used for FDD, i.e., the nonlinear equations describing the dynamics
of a multicopter, along with an actuator model. Thereafter, in Chapter 3, behaviour-
based FDD applications focusing on low-level signals—such as current and vibrations [7],
or even temperature [8]—of the actuators are discussed. These methods utilize signal
monitoring and signal analysis in order to detect anomalies. Following, Chapter 4 covers
some model based adaptive estimation methodologies, aiming to estimate faults based
on model matching, and online process identification. Last but not least, in Chapter 5,
several observer-based FDD frameworks are introduced, most of them relying on Thau
observers or Kalman filters [9, 10, 11].

Subsequent to the literature survey, Part II introduces the end-product of the thesis
project in the form of a scientific paper. The findings of the paper are based on the
literature survey in Part I and discuss the performance of the proposed nonlinear observer
for LoE estimation. The results of simulation and Hardware-in-the-loop (HIL) tests are
evaluated in light of the research objective.

The document ends with a conclusion in Chapter 6 discussing the findings regard-
ing FDD literature and the performance of the project’s end-product, and projecting a
possible future path for the research. Additionally, appendices are included on the con-
cept of the Schur complement and multibody dynamics in Appendix A and Appendix B
respectively.
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Chapter 2

Model formulation

In this chapter, a few modeling considerations are reviewed regarding a multicopter and
its actuators. The actuators are assumed to be driven by electric Brushless DC (BLDC)
motors. Thus, the chapter starts with the description of an underactuated multirotor
Unmanned Aerial Vehicle (UAV) rigid-body kinematics and dynamics. Underactuated
means that attitude and position control is closely coupled, as the drone is only able
exert thrust along a single axis. For translation through air, first the attitude has to be
changed to introduce thrust force components in the direction of the desired translation.
In the general case, loss of actuators lead to unstable attitude and therefore unstable
translation dynamics, eventually resulting crash.

Some of the most relevant fault cases of a multicopter propulsion unit is shown in
Table 2.1. It is seen that most component failures result in certain amount of Loss of
Effectiveness (LoE), i.e., the actuators cannot exert their nominal output to steer the
multicopter. Therefore, the model fidelity should be detailed only to the level suitable for
LoE estimation.

Table 2.1: Faults of the propulsion unit
Unit Fault type Indicators Effect

Propeller

asymmetric blade damage resonance due to eccentricity LoE, vibration
symmetric blade damage peak in rotor speed LoE
lost/free-running blade sudden peak in rotor speed complete LoE
stuck blade motor current saturates overheating, complete LoE

ESC
timing errors oscillations in rotor speed vibration
short ciruit motor stuck at constant speed constant thrust

Motor

bearing damage increase in current vibration, overheating
cracked stator anomaly in current LoE
short circuit anomaly in current LoE
overheating motor temperature rises loss of motor

Battery battery damage loss of electric power complete LoE

After the introduction of the multicopter dynamics, the propeller aerodynamics and
BLDC motor dynamics will be briefly introduced. The aim of this chapter is to see which

7



8 Model formulation

signals are relevant in the components of the rigid-body and the actuators when Fault
Detection and Diagnosis (FDD) is considered.

2.1 Multicopter dynamics

1

4

2

5

3

6

ϑ

xb

yb

l

zb

yb
CG

h
C
G

Figure 2.1: Geometry of a hexacopter

In order to design a FDD module for a generic multicopter, the mathematical description
of the vehicle is needed to be constructed. As an example, Figure 2.1 shows an actual
multicopter with six rotors. Two frames are used throughout the report to provide ref-
erence to the configuration (position and rotation) of the hexacopter. The first frame is
the inertial frame A which is a global reference frame with its origin pinned in inertial
space. Its axes are either in East-North-Up (ENU) or North-East-Down (NED) direction
depending on the chosen convention. The second frame is the body-frame B whose origin
is located in the Center-of-Gravity (CG) of the multicopter with axes fixed to its body,
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see Figure 2.1.
Since a complete fault in an actuator may result in the hexacopter’s attitude angles

exceeding 90 degrees, an important criterion for the model is to avoid singularities im-
posed by the use of Euler-angles to describe the rotation of the hexacopter in the inertial
frame. Instead, rotation matrices and quaternions are used for attitude representation
[12]. Throughout this report, the rotation matrix and the respective quaternion will al-
ways denote a rotation from body to inertial frame, i.e., the columns of the rotation
matrix are the unit body axes expressed with inertial coordinates.

Equations of motion of a general multicopter are derived as shown in (2.1).

v̇ = ge3 +
1

m

(
Re3T + ∆f

)

ṙ = v

Ω̇ = J−1
(
− Ω̂JΩ + τ + ∆m

)

Ṙ = RΩ̂

(2.1)

The first two equations in (2.1) describe the translational dynamics of the vehicle as
v ∈ R3 denotes the inertial velocity vector and r ∈ R3 is the position coordinate vector.
Vehicle mass is denoted bym and g is the value of the gravitational acceleration coefficient.
e3 = [0, 0, 1]T is the unit axis in inertial Up/Down direction, depending on the choice of
coordinate frame (ENU or NED) T ∈ R is the total thrust generated in the body frame,
always pointing in e3 direction. This means that the system is underactuated, as the
input force may only act along a single body axis. ∆f ∈ R3 denotes external, unmodeled
disturbance forces such as drag while ∆m ∈ R3 stands for disturbance moments.

As for the term Re3, it stands for the last column of the rotation matrix R ∈ SO(3)
which is the body zb axis expressed in inertial frame. SO(3) denotes the special orthogonal
group, hence if I is the 3-by-3 identity matrix, one has the following properties for a
rotation matrix of the special orthogonal group

SO(3) = {R ∈ R3×3 | RRT = I, det(R) = +1} (2.2)

as described in [13]. Group theory is introduced here as it provides insight into geomet-
ric control and filter design—fundamental to the Active Fault-Tolerant Control (AFTC)
control system which is augmented by a FDD module.

In (2.1) Ω is the angular velocity vector expressed in the body frame, J is the inertia
tensor of the vehicle, and τ ∈ R3 is the input torque acting on the hexacopter. The hat
(•̂ : Rn → so(3)) operator in (2.1) maps an n dimensional vector to the n-by-n dimensional
space of skew-symmetric matrices (so(3)). (2.3) lists a few important properties of three-
dimensional skew-symmetric matrices used in the report.

x× y = x̂y x, y ∈ R3 and x̂ ∈ so(3)

x̂T = −x̂ ∀x̂ ∈ so(3)
(2.3)

2.1.1 Control effectiveness matrix

In order to implement the controller, the control effectiveness matrix needs to be con-
structed as a mapping from the rotor speeds to the wrench exerted on the rigid body. A
wrench in three-dimensional space is a vector containing the inertial forces and torques
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acting on the rigid body. However, since the thrust force is generated by non-tilted rotors
in the body frame—ignoring the aerodynamic effects—thrust will always point in body
UP direction. Hence, the hexacopter is an underactuated system. The generated thrust
will then be computed as (2.4)

T = −(κT · ωp2
1 + . . .+ κT · ωp2

6) (2.4)

where κT is the rotor thrust coefficient. Note the negative sign in the front due to the
thrust pointing in the negative body zb (UP) direction.

As for the generated torques, the following expression is derived based on the geometry
seen in Figure 2.1.

τ =



−κTl sin(ϑ1) · · · · · · −κTl sin(ϑ6)
κTl cos(ϑ1) · · · · · · κTl cos(ϑ6)
−κτ κτ −κτ · · ·






ωp

2
1

...
ωp

2
6


 (2.5)

with l denoting the rotor displacement from the CG in the body xb − yb plane (in this
case same for all rotors), κτ the rotor torque coefficient and ϑ the angle of the rotor’s arm
from body xb axis.

Combining (2.4) and (2.5) the underactuated system’s control effectiveness (for a
hexacopter) is found to be

G =




−κTl sin(ϑ1) · · · · · · −κTl sin(ϑ6)
κTl cos(ϑ1) · · · · · · κTl cos(ϑ6)
−κτ κτ −κτ · · ·
−κT · · · · · · −κT


 (2.6)

which depends only on geometrical parameters that are assumed to be constant during
flight, and the thrust and torque coefficients which are depending on aerodynamic effects.

2.2 Rotor aerodynamics

Lateral

β1s β1s

Tlat −Tlat

Longitudinal

β1c

β1c

Tlon
Tlon

Airspeed⊗

Figure 2.2: Blade flapping in translational flight

Aerodynamics of the propeller blades are hard to model accurately, but the movement
of air around the propellers generate additional thrust and drag which can be neglected
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in hover conditions, but not in translational flight. Various drag terms are discussed in
detail in [14] stating that blade flapping induces an important damping in translational
flight. The phenomenon of blade flapping is derived in [15] for helicopters and its effect
is visualized in Figure 2.2.

A detailed aerodynamic model is derived in [16], which found that the thrust coefficient
κT is varying with the rotor inflow ratio λi and the advance ratio µ. The rotor inflow
ratio relates the inflow velocity to the rotor blade tip velocity as

λi =
νi − vBz
ωpr

where vBz is the airspeed in the body zb direction, ωp is the rotational speed of the propeller,
and r is the rotor blade length. The inflow velocity νi is computed via

νi =

√√√√√−
(
vBxy
)2

2
+

√√√√
((

vBxy
)2

2

)2

+

(
mg

8ρA

)2

with vBxy being the planar airspeed (xb − yb) of the multicopter in the body frame. ρ is
the density of the air and A is the disk area of the rotor.

The advance ratio is the ratio between the planar airspeed and the blade tip velocity:

µ =
vBxy
ωpr

It is shown in the paper that the actual thrust coefficient, affected by aerodynamic effects,
can be modeled as seen in (2.7).

κT(λi, µ) = c0 + c1λi + c2µ
2 (2.7)

The coefficients (c1, c2, c3) of the model shown in (2.7) are very specific to a certain
multicopter, furthermore, the reliability of the identification of these parameters can be
questionable, as unmodeled gusts can cause high inaccuracy.

A more recent paper describes a meticulous gray-box model for a quadcopter, iden-
tified using data gathered from high speed wind tunnel tests [17]. The paper sets up
multiple candidate model structures to find the best model describing the quadcopter in
high speed flight, and great emphasis was given to model the aerodynamic effects accu-
rately. According to the paper, when the flight speed of the quadcopter is high, the wake
generated by the front rotors significantly degrade the aerodynamic effectiveness of the
rear ones, meaning that in order to maintain the orientation of the quadcopter, the rear
rotors need to rotate faster. Furthermore, the rotors generate additional yawing moment
when flying at a nonzero sideslip angle.

To account for these effects, a detailed thrust model is used to obtain the individ-
ual propulsion force generated by each propeller. Similarly to the previous paper, the
propeller-induced velocity is a crucial part of the model which depends on the advance
ratio. System identification, i.e., the estimation model parameters was performed via a
simple but powerful Ordinary Least Squares (OLS) procedure, thus the main challenge
was to choose the best model structure to describe the nonlinear dynamics and aerody-
namic effects of a quadcopter.
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The novelty of the paper lies in these proposed candidate models capturing forces
and moments containing various drag terms and aerodynamic interactions between the
propellers in the form of polynomial functions. Thus, OLS can be applied to estimate the
coefficients of these polynomials. The results of the paper are very promising, and since
most observers designed for FDD purposes are model based—as will be shown later—the
state-of-the-art methodology used in the paper can be utilized to obtain crucial model
parameters in wind tunnel tests; this way, the FDD module will be more accurate and
reliable.

2.3 Motor dynamics

After the high-level drone model has been introduced, the dynamical description of the
propulsion unit is discussed here. First, the motor dynamics is modeled by merging the
electrical and mechanical properties of the actuator. Thereafter, some insights are given
on the aerodynamic effects of the propeller blades.

The input voltage (um) to the motor depends on the battery (source) voltage ub and
the Pulse Width Modulation (PWM) from the Electronic Speed Control (ESC) unit.
According to [18], this relationship is described as

PWM =

(
um
ub

)2

(2.8)

where ub and the PWM can be measured. However, the expression in (2.8) applies only
when the source current is alternating and the effective current is used to determine the
DC equivalent current at the motor. Since the source current from the battery is DC, the
average voltage at the motor is computed via a linear expression as shown in (2.9).

um = ub · PWM (2.9)

Knowing the input voltage to the BLDC motor, the electrical description of the system
is written as

um = Ri+ L
di

dt
+ κeωm (2.10)

where R denotes resistance, i is the motor current (also measured), L is the motor induc-
tance, κe is the counter-electromotive force of the motor, and ωm denotes the rotational
speed of the motor. Assuming that the motor inductance is negligible, and the torque
generated by the electromagnetic forces is written as the function of the armature current

τe = κqi (2.11)

equations (2.10) and (2.11) can be merged by expressing the armature current as

τe =
κq
R

(um − κeωm) (2.12)

The torque in (2.12) equals the load torque on the motor which emanates from the
mechanical properties of the motor and the propeller. The motor friction and the drag
generated by the propeller blades provide damping to the system [14]. Thus, the torque
equation describing the drive train is written as

τe = Jmω̇m + dmωm + Jpω̇p + dpω
2
p (2.13)
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where Jm and Jp are the moments of inertia of the motor and propeller respectively, with
respect to their revolution axis. dm emanates from the friction (κf ) and back-emf (κe)
of the BLDC motor while dp depends on aerodynamic effects, such as aerodynamic drag
(κτω

2
p), acting on the propeller.

Assuming that the propeller is rigidly mounted on the motor, i.e. ωm = ωp, (2.13)
can be written as

R

κq
(Jm + Jp) ω̇m +

(
R

κq
κf + κe

)
ωm +

R

κq
dpω

2
m = um (2.14)

Rewriting (2.14) in a nonlinear state-space form results in

ω̇m = aωm + bum + hω2
m = f(ωm, um) (2.15)

where the coefficients a, b, h can be identified from test measurements. Furthermore,
according to [19], the system can be linearized around hover conditions, i.e., at the motor
speed (ωm0) and the respective motor voltage (um0) required for hovering. Thus, one
obtains the following linearized state-space model

ω̇m =
∂f(ωm, um)

∂ωm

∣∣∣∣ ωm=ωm0

um=um0

(ωm − ωm0) +
∂f(ωm, um)

∂um

∣∣∣∣ ωm=ωm0

um=um0

(um − um0) (2.16)

where the partial derivatives, evaluated at hover conditions, are constants.
The overall resistance R and back-emf coefficient κe can be obtained from (2.11) and

(2.12) via linear regression methods. By measuring um, i, and ωm without attaching the
propeller to the motor, (2.17) can be used to find the resistance and back-emf coefficient
[19].

um
i

= R+ κe
ωm
i

(2.17)

2.4 Thrust model

Assuming that the propeller-generated thrust (T) and load torque on the motor (τl) can
be modeled (in hover) as

T = κTω
2
p

τl = κqi

it is found that the relationship between the generated thrust and torque is

τl
T

=
κqi

κTω2
p

(2.18)

From the power balance perspective, the electrical power has to be equal to the me-
chanical power and the dissipated power due to resistance, such that

ubi−Ri2 = τlωm

assuming that ωm = ωp and noting that um ≤ u. Using the relationship in (2.18), thrust
can be related to power consumption and the motor speed as

T =
κT

κq
(u−Ri)ωm (2.19)
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Figure 2.3: Components of the drive train

The interaction between drive train components is shown in Figure 2.3. The battery
provides the source power to the system which is then channeled to the BLDC motor
by the ESC via a PWM signal. The motor speed controller (SC) usually contains a
Proportional-Integral-Differential (PID) controller which adjusts the PWM based on the
error between the commanded motor speed ωc and the measured motor speed ωm. The
motor then converts electrical power to mechanical power, such that the torque on the
propeller τp will be given by the difference between the electrical torque (2.11) and the
motor torque τm due to friction and other damping effects. Then, the propeller exerts
the thrust force on the rigid body.

2.5 Chapter summary

In this chapter, the model of a generic multicopter was derived with the introduction
of the control effectiveness matrix and its components. It was shown that propeller
aerodynamics impose high level of uncertainty to the model. Moreover, due to propeller
geometry being fundamental in thrust generation, modeling the aerodynamic effects is
rather inaccurate and very specific to a certain system.

Apart from the multicopter, the dynamics of a generic BLDC motor were introduced
as well. Since the motor is a less complicated system, its parameters can be identified more
accurately especially if there is no propeller attached to it. However, these parameters
are also specific to a certain type of motor.

All in all, this chapter provided a brief overview of models describing the rigid-body
and actuator dynamics. It will be crucial in the subsequent chapters that the system
model is observable, otherwise designing FDD observers will not be feasible.



Chapter 3

Condition monitoring

One of the fundamental ideas behind Fault Detection and Diagnosis (FDD) is to con-
stantly monitor signals of a process (plant), and decide whether the plant works properly
based on the behaviour of the monitored signals. This way, a fault can be detected if,
for example, a signal surpasses a given threshold. Taking one step further, the statistical
properties (mean, variance, etc.) of the monitored signals can be used as indicators of a
fault as well, especially if the signal is periodic. Furthermore, if an estimate of a signal
is available online, for example, via an observer, then the difference (residual) between
the estimate and the actual measurement can be monitored [3] and compared to fault de-
tection thresholds. These methods are based on feature generation, i.e., certain periodic,
statistical, spectral features of the monitored signals are extracted for further evaluation.
Changes in these features are good indicators of faults and anomalies within the system.

Since the propulsion unit of a multicopter generally consists of a propeller and a
Brushless DC (BLDC) motor, signal analysis on the actuator level (low-level signals)
is a popular choice for FDD purposes. Based on the behaviour of signal features, it
is straightforward to detect drive-train faults, furthermore, the Power Spectral Density
(PSD) or current signature can be used to classify faults, thus estimating their severity.
As for fault isolation, since this research focuses on Loss of Effectiveness (LoE) estimation,
it is not necessarily important to have a good idea of what exactly went wrong inside the
actuator. Thus fault isolation is only required on a higher–less detailed–level, in other
words, it is enough to see which actuator is faulty on a multicopter, but knowing the
actual reason behind the fault is secondary.

This chapter discusses some low-level approaches for FDD on multicopters, such as
vibration and current signature analysis. Vibration (acceleration) signals can be ob-
tained via the central Inertial Measurement Unit (IMU) installed on the multicopter,
or accelerometers can be installed individually below each propulsion unit to better see
what is happening locally at an actuator. Temperature monitoring is also an interesting
method for FDD, as overheating, due to bearing damage or short circuit, is a critical issue
of BLDC motors. As it is shown, Neural Networks (NNs) can be trained to detect criti-
cal overheating, based on the statistical parameters of the measured temperature signal.
Finally, adaptive thresholds are briefly introduced which help to add active robustness to
fault detection. Adaptive thresholds of monitored signals are discussed in greater detail
in Chapter 5.

15
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3.1 Signal analysis

As suggested by [3], one of the most effective way to monitor the processes of rotating ma-
chinery, such as the propulsion system of a multirotor Unmanned Aerial Vehicle (UAV),
is signal analysis—excelling at vibration-based fault detection. Harmonic oscillations ap-
pearing in the measured signals are good indicators of a damaged blade or motor bearings
which may occur due to motor imbalance, eccentricity, and broken parts. Additionally
broken propellers also cause vibrations if the blades are damaged in an asymmetric way.

3.1.1 Vibration analysis

When a rotor blade gets damaged, it is safe to assume that the cause was some kind of
collision which entails a sudden peak in accelerations measured by the IMU. Thus, due to
the resulting eccentricity of the damaged blade, harmonic vibrations can be detected by
the on-board accelerometer. Processing these measurements, combined with measuring
voltage, current, and rotational speed of the motor, greatly contributes to the development
of FDD framework.

A review paper [20] on gearbox anomaly detection provides good insight what methods
are available to detect faults in a rotating machinery. After obtaining a discrete measure-
ment signal in the time domain, various statistical features can be used as indicators of a
fault. For example, the peak value of a discrete signal y[n] is written as

p =
max (y[n])−min (y[n])

2

which shows immediately if vibration levels are above a certain threshold. The statistics
of the measurement signal provide information on less apparent faults, such as bearing
faults. The mean value of y[n] from samples k to N is given as

µy =

∑N
j=k y[j]

N − k + 1

whereas the variance of the same series of samples is defined as

σy =

∑N
j=k(µy − y[j])2

N − k + 1

Due to the rotational motion of the propulsion units, spectral (frequency-domain)
analysis is also widely used for FDD. The most popular approaches are Fast Fourier
Transform (FFT) and Wavelet Packet Decomposition (WPD) of the measured signal.
Since these transformations are computationally expensive, a moving-window is applied
on the measurement signal to transform only the samples within the window length [21].
Thus, after obtaining N sample long discrete series, the FFT is computed from the Dis-
crete Fourier Transform (DFT) which is defined via the fundamental frequency

ω0 =
2π

N

as a sequence of complex numbers

Y [k] =

N=1∑

n=0

y[n]e−iknω0 for k = 0, 1, . . . , N − 1
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which contains the same information for positive and negative frequencies, due to the
periodicity of the exponential term representing a unit phasor [3]. Therefore, according
to the Cooley-Tukey FFT algorithm, the computation time can be reduced by computing
only one side of the DFT on two N/2 long series.

Since it was assumed that the fundamental frequency ω0 is constant while performing
the FFT, other methods have to be used when the propulsion unit is operating under
nonstationary conditions. In order to account for the appearing transients in the signals of
a nonstationary BLDC, Short-Time Fourier Transform (STFT) and WPD can be applied
on the signal. STFT is, in essence, a windowed DFT written as

Y (m,ω) =
∞∑

n=−∞
y[n]w[n−m]e−iωn

which is continuous due to ω, however, it can be discretized by evaluating the function at
discrete multiples of 2π

N . w is a window function whose length determines the frequency
resolution of the frequency spectrum. For example, if a long window is applied, the
obtained spectrum will have small frequency resolution and vice versa [3].

WPD is a transformation that decomposes the measured signal into two sets, namely
a high and a low frequency set. Then, each set can be further split into another two
set, based on the same principle. The more decomposition levels are in the WPD tree,
the better the frequency resolution will be at the cost of more computations. According
to [22], continuous signal y(t) can be written as a sum of WPD functions ψ and their
respective coefficients c as shown in (3.1).

y(t) =
2j∑

i=1

yij(t) =
2j∑

i=1

∞∑

k=−∞
cij,k(t)ψ

i
j,k(t) (3.1)

The WPD coefficients in (3.1) are obtained as

cij,k =

∫ ∞

−∞
y(t)ψij,k(t)dt

provided that the WPD functions are orthogonal, that is, ψpj,kψ
q
j,k = 0 ∀ p 6= q.

Another approach utilizes FFT and WPD to obtain IMU acceleration signal features
and train a neural network offline to classify faults related to rotor blade damage on a
multicopter [21]. Although efficient for fault detection and classification, isolation of the
faults is not ensured, due to using only the central IMU signals, which does not necessarily
yield information on the location of the fault, i.e., which rotor’s blade is damaged.

Similar applications had been developed in [22] and [7]. The authors of both papers
used vibration data to train a NN for fault detection, based on the signal features such
as wavelet coefficients. Although NNs are not in the scope of this research, it is valuable
to study the methods used for feature generation to train the NN. Assumptions are made
in both papers that different blade damage types result in different, well-distinguishable
vibration features. The former paper applied WPD to interpret acceleration data of the
IMU into feature vectors used for training the NN. The latter paper placed multiple
accelerometers below each motor, arguing that these decentralized accelerometers can
help isolate actuator faults. However, having multiple accelerometers installed on a single
body means that each accelerometer will detect vibration signals of every actuator (to a
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certain degree), which may trigger false alarms. Thus, feature generation and detection
thresholds have to be chosen carefully.

Since many similarities between the drive train of a multicopter propulsion unit and
a wind turbine can be found, investigating FDD methods applied in wind turbine prac-
tice broadens the apprehension of FDD working principles. However, it should be noted
that detection time of a fault in a wind turbine is much less crucial than in case of a
multicopter, furthermore, having a computer on a wind turbine with large computational
power enables using algorithms more complex than those suitable for a multicopter. [23]
describes a PSD-analysis-based wind turbine condition monitoring system using multiple
accelerometers to measure vibrations of the turbine due to eccentricity of the blades. Ap-
plying Fourier-transformations real time, however, might be too slow and computationally
expensive for the performance requirements of a multicopter FDD module.

3.1.2 Current signature analysis

If the propulsion unit of a multicopter is electrical, then motor current can provide valu-
able information on the actuator health. Using motor current to detect anomalies within
the drive-train appears as Current Signature Analysis (CSA) in literature. Previously
introduced transformations, such as WPD, can be used to detect mechanical faults re-
lated to an induction motor, as shown in [24]. Indicators of such faults are the accented
harmonics appearing in the current’s PSD functions and WPD coefficients.

CSA operates with feature extraction, meaning that the faults are diagnosed based on
their respective features occurring in the PSD functions. It is also stated, that the STFT,
which is applicable in real-time, cannot be effectively used for feature extraction, as the
length of the sliding window imposes a trade-off between time and frequency resolution.
Furthermore, [24] considers only induction motors which have different working principle
than BLDC motors used on multicopters.

To overcome this issue, Quadratic Time-Frequency Representation (TFR) is applied
on BLDC motors for anomaly detection in [25]. Quadratic TFR does not depend on
the window size chosen, contrary to the STFT. Furthermore, it is suitable to apply in
nonstationary operations of BLDC motors. More advanced methods utilized for fault
detection in a BLDC motor are found in [26].

3.1.3 Temperature monitoring

Since overheating of the BLDC motor poses a frequent and serious issue in propulsion unit
failures, a FDD system, based on motor temperature monitoring, was developed in [8].
A temperature sensor was placed below each motor to measure their temperature, then,
based on previous temperature measurements, a threshold temperature was constantly
updated during flight. Furthermore, variance of the temperature signal was also computed
at every step.

An abnormal rise in the motor temperature is said to be detected when it surpasses a
threshold temperature and its variance is increasing. In that case, the overheating motor
is commanded to decelerate until the it is cooled off. If the temperature is not falling,
the drone is instructed to land. Even though the threshold temperature is updated by
an algorithm based on reinforcement learning, the method can surely be adapted in a
suitable form to introduce additional safety to the drone.
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3.1.4 Battery state monitoring

A few papers, [27] and [28], state that the battery State of Charge (SoC) should be
accounted for when a propulsion system power output is estimated. Since the voltage of
the battery cells deplete approximately linearly with respect to the SoC (between 20%
and 80% of charge) this effect should not be complicated to correct. The Electronic
Speed Control (ESC) can be commanded to allocate a surplus of power to the motor as a
function of the SoC. Although, requiring the battery to maintain the output power as it
is depleting, would result in a faster discharge rate and ultimately a shorter mission time.

For example, [29] found that the propulsion unit can be described accurately by a
transfer function (between motor speed and motor voltage) of the form

H =
k(s+ zb)

(s+ pm)(s+ pb)

where k is a constant gain, zb and pb are the zero and pole of the battery model respec-
tively, and pm is the pole of the motor driving the propeller. It is found, that the pole
associated with the battery is much slower than the motor dynamics represented by a
faster pole pm. This means that over a relatively long period of time, due to the battery
discharge, the rotor speed would slowly decrease.

However, if the rotor speed is in a feedback loop, then the integrator term in the ESC
unit will account for maintaining the rotor speed of the propeller which will thus generate
the same thrust (T), assuming that

T = κTω
2
p

where κT is the thrust coefficient and ωp is the rotational speed of the propeller.

Nevertheless, if the battery is damaged then all electric power is lost, meaning that
if all individual propulsion units are connected to a single battery, the system cannot
be recovered. However, by increasing the redundancy of batteries, i.e., connecting the
propulsion units to smaller but separate batteries, can significantly increase the safety of
the multirotor UAV.

3.2 Adaptive robust thresholds

According to [30], the FDD module has to be more reliable than the system, therefore,
active and/or passive robustness has to be incorporated into the FDD framework. Active
robustness indicates that residuals serving FDD purposes are generated in a robust way,
meaning that the residual generator (e.g., an observer) is synthesized via robust design
methodologies. Passive robustness, on the other hand means that only the decision mak-
ing is designed to be robust, i.e., the threshold to which the residuals are compared is
continuously changed in an adaptive manner—thus avoiding false alarms and missed fault
detection.

The use of robust, adaptive thresholds is known to be used in NN applications as well.
For example, Lu [8] trained a NN to adaptively modify the fault detection threshold of
the temperature measured at the motors of a quadcopter. The update is based on the
mean and variance of measured temperature series, meaning that as the temperature of
the motors increase naturally during the mission, the threshold adaptively increases with
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it. This way, false alarms are avoided, and only abrupt changes in the temperature are
detected as faults.

Although adaptive thresholds are effective to filter false alarms, they can also mask
minor faults, especially when the UAV is exposed to strong disturbance. Therefore, their
application should be weighed carefully. Nevertheless, when passive robustness is not an
option to include in the design, robust thresholds are powerful tools to apply on a small
number of monitored signals.

3.3 Chapter summary

Signal analysis in itself is a complete field within science and this chapter just scratched
its surface in order to provide an overview of its application in FDD for multicopters. It
was shown that condition monitoring and signal analysis is widely used for the detection
of anomalies within the propulsion unit, due to the fact that the actuator is a rotating
machine with periodic signals thereof.

Signal analysis and feature generation methods are popular among NN-related re-
search, as most papers introduced were training NNs to obtain an effective online tool
which is able to provide diagnosis on the multicopter’s condition, based on vibration
signal and current signature features. These features can be generated via STFT and
WPD. Both methods can be used in nonstationary conditions, contrary to other Fourier-
transformation methods.

It was shown that adaptive thresholds can be used to provide active robustness to the
signal monitoring module, which can be crucial when monitoring temperature. Consider-
ing a BLDC motor on a multicopter, as its temperature is increasing to the operational
level, overheat thresholds have to be adjusted adaptively in order to avoid detecting the
inherent buildup of motor temperature.

Since this research project aims to isolate faults on the actuator level, and not within
the individual actuators, the following chapters shift the focus onto more high-level FDD
approaches, with the emphasis on LoE estimation.



Chapter 4

Adaptive control methods

The main goal of Fault Detection and Diagnosis (FDD)—with respect to this research
project—is to estimate the Loss of Effectiveness (LoE) parameters of the actuators, in
order to update and reconfigure the high-level Active Fault-Tolerant Control (AFTC)
system. Therefore, parameter-identification-based FDD methods are discussed in this
chapter, aiming mostly to continuously adapt the control system with respect to LoE
parameters. These approaches operate with detailed models of the system, which are
either identified offline, or continuously online.

There is abundant literature concerning AFTC of fixed-wing aircraft which researchers
are gradually shaping to be applicable to multicopters. First, Direct Adaptive Control
(DAC) and Indirect Adaptive Control (IAC) will be introduced serving as a basis for
the adaptive control methodologies. Online parameter estimation and model-matching
algorithms will provide the core of the chapter which are more frequently being used for
multicopter FDD lately.

In general, adaptive control methods aim to update the control system online (real
time), by estimating unknown model/control parameters. To achieve this, there are sev-
eral approaches available in the literature, such as DAC and IAC methods [31]. The
main distinction between the two approaches lies in the relationship between the con-
trol adaptation algorithm and the parameter estimator module. In a DAC system the
parameter estimation is incorporated into the adaptation algorithm, i.e., these processes
are closely coupled determining overall stability. These systems are usually designed via
Lyapunov-based control laws.

IAC approaches separate control system adaptation and parameter estimation, al-
lowing for the individual design of these modules. This means that when designing the
control system, it can be assumed that parameter estimation is accurately provided at
all times, and vice versa; when designing the estimator, it is assumed that the system is
stabilized by the controller.

Although the focus of this research project is FDD for multicopters, in order to see
how a FDD system can be incorporated into a complete flight control system, it is useful
to have a short overview of adaptive control methods fundamental for AFTC. Therefore,
this chapter will begin with a brief comparison of direct and indirect adaptive control
methods followed by a few examples of IAC methods for FDD on multicopters, such
as the two-step method and Least Mean Squares (LMS) estimation of LoE parameters.

21
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Finally, Multiple Model Adaptive Estimation (MMAE) approaches are discussed briefly,
with respect to FDD for aerial vehicles.

4.1 Direct Adaptive Control

4.1.1 Model Reference Adaptive Control

As mentioned before, DAC methods incorporate parameter estimation in the control
algorithm. For example, Model Reference Adaptive Control (MRAC) (one of the most
popular approaches) uses a reference model to generate an error between observed states.
Then, the gains and parameters of the control law are constantly updated via update laws
based on the this model output error with the intent of steering the model error and the
tracking error asymptotically to zero, simultaneously.

An application of MRAC is introduced in [32] for a quadcopter. The reference model
is assumed to be linearized, having the form of

ẋr = Arxr +Br

where the subscript (•)r pertains to the reference model, and r denotes the reference
signal. Then it is proposed that the control law

u = k̂T1 x+ k̂T2 r + θ̂Tφ(x)

adapted by gain (ki) and parameter (θ) update laws

˙̂
k1 = −Γ1xe

TPB

˙̂
k2 = −Γ2re

TPB

˙̂
θ = −Γ3φ(x)eTPB

(4.1)

is proposed to yield a stable system even in the presence of unknown parameters. In
(4.1) Γi denotes a respective adaptation weight matrix (symmetric, positive definite),
e = x − xr is the error between the actual and the reference model states, and P is a
symmetric, positive definite Lyapunov gain matrix synthesized via

ATr P + PAr = −Q

with Q being symmetric, positive definite as well. f(x) represents nonlinearities in the
system.

The proof of this adaptive control law rendering the uncertain, nonlinear system
asymptotically stable is omitted, this example just serves to show how entangled the
controller adaptation and parameter estimation designs are. It is seen that if a fault
term can be expressed as an unknown parameter of the model, its value can be adap-
tively estimated online, indicating that a MRAC architecture is suitable for AFTC design.
However, when a complete LoE occurs in one of the actuators, controllability of the sys-
tem is reduced which requires the restructuring of the control system. Therefore, MRAC
is only applicable for less severe uncertainties/faults [31], and other methods, capable of
dealing with such large scale faults, should be considered for FDD and AFTC.
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4.1.2 Adaptive backstepping

Adaptive Backstepping control is another DAC method utilized for FDD purposes in the
literature. A method for LoE estimation is introduced in [6] for a quadcopter. It is
assumed that the LoE (li) of the ith is modeled as additive fault such that

ω = ηωc

where ωc is the commanded rotor speed and the LoE factor is denoted by η. It is assumed
throughout the paper that η is always greater than zero, since η = 0 would mean a full
fault which the designed control system is not able to handle. Then, introducing

ϑ = 1− η2

and assuming the fault occurring as a step function δ(t− tf ) at an unknown time tf , the
following thrust model is established

T = (1− δ(t− tf )ϑ)κTω
2

= κTω
2 − δ(t− tf )(κTω

2 − η2κTω
2)

which, if the fault has occurred, i.e. t > tf → δ(t− tf ) ≡ 1, equals

T = κTη
2ω2

Having the LoE fault parameters included in the thrust model—according to adaptive
backstepping—the nonlinear system states are divided into two set of states; x1 denote
the autonomous states where the input does not appear in the derivatives, while x2 are
states whose dynamics are explicitly steered by the system input. Therefore, the system
dynamics is written as

ẋ1 = f1(x)

ẋ2 = f2(x) + g(x, ϑ)u

Then, after introducing the error between the actual state and the reference as e =
x1 − x1r the following coordinate transformation can be applied

z1 = kpe+ ki

∫ t

0
edτ

z2 = x2 − ν
where the integral term is required for eliminating steady state tracking errors [33]. Then
an adaptive control law can be designed based on the Lyapunov function

V =
1

2
zT1 z1 +

1

2
zT2 z2 +

4∑

i=1

1

2σ
e2
ϑi

where σ > 0 is the adaptive learning rate of the LoE parameter estimation and eϑi = ϑ̂i−ϑi
is the LoE estimation error. The derivation of the adaptive control law is found in [6],
however, it is seen that adaptive backstepping laws are as complex to design as MRAC,
due to being a DAC method.

Therefore, seeing these two examples, one can conclude that DAC approaches, al-
though yielding a proven asymptotic convergence of the tracking and parameter estima-
tion error to zero, the design is specific to a certain system and cannot handle complete
faults in the actuators [31, 6].
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4.2 Indirect Adaptive Control

IAC, compared to DAC, is more flexible to design, as the unknown parameters in the
system are estimated separately, i.e., the control law does not contain the unknown pa-
rameters directly. Therefore, IAC separates the design of the estimator and the controller
which gives greater freedom in the synthesis of these subsystem. One of the fundamen-
tal works in IAC [34] introduces the structure of an IAC system for an aircraft, similar
to what is shown in Figure 4.1. It is seen that flight control system, consisting of the
on-board model and the controller is updated by a separate state and parameter estima-
tion module utilizing the two-step method. The two-step method, shown in Figure 4.2,
reconstructs the system states (or flight path) via a state estimator, like a Kalman filter,
which provides the states for the process (parameter) identification block estimating un-
known model parameters such as LoE in case of a multicopter, as shown in Section 4.2.1.
These parameters are then used to update/reconfigure the flight control system, mak-
ing it capable of dealing with unknown model parameters and even faults. Thus, IAC
implementations are popular in the FDD literature for both aircraft and multicopters.

This modular structure of IAC systems, therefore, enable the designer to separate
control and estimator design. The interaction between blocks, as shown in [34], can also
be manipulated meticulously. Furthermore, as will be shown later in this chapter, the
estimator module can utilize various approaches to obtain the parameter estimates, for
example, LMS estimators, multiple observers, and even neural nets.

Flight control system

Controller
Onboard aero-
dynamic model

Aircraft

Two-step method

State es-
timation

Aerodynamic
model iden-
tification

M
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m
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Figure 4.1: Indirect Adaptive Control

4.2.1 Online Loss of Effectiveness estimation

Some researchers [16, 35, 36, 37] are proposing an online, model-identification-based
method to estimate the LoE factors (η1, . . . , η4) of the actuators on a quadcopter.

ua = (1− η)u (4.2)

Assuming additive fault structure (5.36), these LoE factors are zero, in case the ac-
tuators are healthy (actual input ua equals the desired input u), however, if their value
exceeds a certain threshold, full actuator failure is assumed. Denoting the fault-free con-



4.2 Indirect Adaptive Control 25

trol effectiveness matrix by G, see (2.6), the model of the quadcopter can be written
as

[
T
τ

]
= G · diag(ω2

1, . . . , ω
2
4)




1− η1

1− η2

1− η3

1− η4


 (4.3)

The wrench (forces T and moments τ) acting on the rigid body is estimated online,
based on the model of the multicopter and measurements of the Inertial Measurement
Unit (IMU), such as angular velocities and accelerations (4.4).

[
T̂
τ̂

]
=

[
eT3 R

Tm(v̇ + ge3)

JΩ̇ + Ω× JΩ

]
(4.4)

Then, based on the wrench estimate in (4.4) and the measured rotor speeds (ω) of the
propulsion units from (4.3), an estimate for LoE is computed via (4.5).



η̂1
...
η̂4


 =




1
...
1


− diag(ω2

1, . . . , ω
2
4)−1G−1

[
T̂
τ̂

]
(4.5)

This approach is called the two-step method for online parameter estimation, as shown
in Figure 4.2. First, the system states (x), such as translational velocity (v) and angular
velocity (Ω) are reconstructed via a Kalman filter. In this figure, the Kalman filter is
sensor-based, as it is driven solely by the sensor measurements, which has the advantage
of minimal dependency on the multicopter model. The reconstructed states are used to
estimate the forces and moments (wrench) acting on the quadcopter. Secondly, a param-
eter estimate (θ̂) is obtained utilizing, for example, a LMS algorithm. These estimates
are then used to convey information about the effectiveness of the actuators.

Thus, the dynamics shown in (4.3) are inverted as if the wrench was driving the system
(4.5). Measuring the rotor speed and using the control effectiveness matrix (G ∈ R4×4),
the LoE factors are obtained.

Sensors

Kalman
filter

Aircraft Aero.
Forces &
Moments

LS
Parameter
Estimator

u
ẋ

x

w ε

x+ ε ẋ+ ε

ẋ+ ε

x̂

y

θ̂

Figure 4.2: The two-step method
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The papers present a very detailed description of the actuator aerodynamics which
makes it suitable for non-hover applications, however, it also makes this application very
specific to a certain quadcopter, as actuator parameters are needed to be identified offline
(see Chapter 2).

The drawback of this method is that the estimate of the wrench (forces and moments)
acting on the rigid body is rather inaccurate, as derivatives of the angular velocities are
required for their computation, thus the system is sensitive to disturbances. Furthermore,
the algorithm has only been implemented in simulation with the assumption of all external
disturbances being zero.

In addition, the method cannot be generalized for multirotor Unmanned Aerial Vehi-
cles (UAVs) with more than four propulsion units, as the system is underactuated, and
fault isolation is not ensured due to having only estimates for thrust and three torque
magnitudes. For example, the control effectiveness matrix G of a hexacopter would be a
4-by-6 matrix and by inverting it using the pseudoinverse, information is lost and fault
isolation is not trivial. In other words, the row-space of the control effectiveness matrix
(im(GT )) spans R4 at maximum, as the rank of G and GT is maximum 4. However,
if a multicopter is equipped with six propulsion units, the input to the system will be
[ω2

1, . . . , ω
2
6]T ∈ R6 which is not in the span of the columns of GT , making the rotor speed

unreachable from the four dimensional (underactuated) wrench estimate.

4.2.2 Online control effectiveness matrix estimation

A more recent paper [5] utilizes LMS adaptive filters to estimate the complete control
effectiveness matrix including the changes in thrust and torque coefficients. The discrete
update law is shown in (4.6).

G(k) = G(k − 1)− µ2

(
G(k − 1)

[
∆ω
∆ω̇

]
−∆Ω̇

)[
∆ω
∆ω̇

]T
µ1 (4.6)

In (4.6), the finite difference (denoted by ∆) of filtered rotor speeds (ω) and their
derivatives (ω̇) are used along with the change in the angular velocity (∆Ω̇) of the quad-
copter. µ1 and µ2 are adaptation constants of the LMS filter, determining stability and
convergence. If a fault is detected, then the control reconfiguration module switches to a
reduced controller which gives up yaw control [2].

Although the results presented in the paper are very promising, the introduced ap-
proach requires double derivatives of the gyroscope readings (angular velocity) which
can be too noisy to be reliable. Even though gyroscopes have relatively low noise—at
least compared to accelerometers—and the measurements are filtered by a low-pass filter,
external disturbances and internal model uncertainties can destabilize the LMS conver-
gence. Furthermore, according to [38], LMS filters lack proven convergence, therefore,
their reliability is questionable compared to Lyapunov-based observers.

4.3 Multiple Model Adaptive Estimation

In order to mitigate abrupt changes in the adaptation transients, due to faults like, for
example, a considerable LoE in an actuator of a multicopter, several models (obtained
offline) can be adapted real time to reconfigure the online model used by the control system
[31]. Using a bank of observers for FDD means that there are several pre-identified models
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available for the multicopter (or any kind of dynamical system), each model describing the
system’s dynamics related to a different fault, as shown in Figure 4.3. Then, observers,
such as Kalman filters, are simultaneously applied on each model. The output of these
parallel observers are then evaluated, leading to the model best fitting the actual (faulty)
dynamics of the multicopter. Choosing the right model adaptively requires additional
tools, such as a Posterior Probability Evaluator (PPE). Hence the name MMAE for this
approach in the literature.

Bank of observers FDD

Plant

Fault
case 1

...

Fault
case n

Healthy
case

Detection

Isolation

u y

Reconf.

rd

r1

rn

Figure 4.3: Bank of observers

[39] proposes an FDD method based on a bank of global observers and residual analy-
sis. There is a separate observer allocated for the detection of the fault, i.e., a pre-identified
model of the healthy system. This observer provides the detection residual rd which first
indicates if an anomaly has occurred, should rd surpass a pre-defined or adaptive residual
threshold r. According to the definition given in the paper, if the fault occurrence time
is denoted by tf , the detection residual is given as seen in (4.7).

t < tf : lim
t→∞
‖rd‖ = 0

t ≥ tf : ‖rd‖ 6= 0
(4.7)

Thus, if there is a delayed detection time td, then the fault is said to be detected if

t = td > tf : ‖rd‖ > r

Then, there are multiple models available on-line which had been separately identified
(offline) for damaged actuators. These models help to isolate the fault, i.e., they provide
isolation residuals ri which vanish if the model matches the real (faulty) condition of the
damaged drone. By definition, the isolation residuals are given as seen in (4.8)

t ≥ tf : lim
t→∞
‖ri‖ = 0 (4.8)

Since the paper used a linearized model of a quadrotor drone, n + 1 Luenberger
observers (4.9) can be applied on all the healthy and faulty models to generate residuals,
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which is the respective state reconstruction errors (e = x− x̂) of the observers. As shown
in Figure 4.3, each observer has the input u and output y of the plant and the error
dynamics is asymptotically stable if A−KC is Hurwitz.

˙̂x = Ax̂+Bu+K(y − ŷ)

ŷ = Cx̂+Du

ė = (A−KC)e

(4.9)

If the models are reliable and only partial faults are modeled, this method helps to
isolate faults accurately, as the residuals indicate immediately which fault case occurred.
However, this also means that there need to be various models identified for the multi-
copter to match exactly the true model of the damaged model, which requires lot of time
and effort to establish. Furthermore, full faults are hard to implement in a structure like
this, as yaw control is given up in these models and it is not enough to just alter a few
entries in the system matrices B and D, but their structure changes as well.

Another paper applies a similar method for fixed-wing UAV actuator fault detection
[40]. The structure of the proposed FDD unit is similar to Figure 4.3. Multiple observers
are applied on the pre-identified models of a faulty UAV and their output (state estimates
and covariances) is processed by a PPE module. This module is responsible to match
the pre-identified models to the actual (faulty) model of the UAV. Stability analysis of a
MMAE module is provided in [41], proving that the PPE will converge to the right model.
It means that the probability (updated recursively) of an identified model matching the
real, faulty model of the UAV will converge to 1 if that model is indeed the best fitting
among all models. At the same time, all other model probabilities will converge to 0.
Thus this method also implements control reconfiguration by finding the right model for
the drone.

In [42], the same structure is implemented for FDD purposes on a multirotor UAV.
However, the observers are interacting with each other via a module placed before the
filters. This module mixes and weighs all filter state estimates and covariances based
on their PPE probabilities. These estimates and covariances serve as an input to the
respective filters whose output is mixed again to provide a final state estimate for the
control system. Furthermore, fault isolation is performed similarly as before, i.e., the
model probabilities should converge to 1 and 0.

4.3.1 Double Model Adaptive Estimation

As mentioned previously, there are some major disadvantages of FDD using MMAE.
First of all, each fault case requires a new model to be identified, which also means
that yet another observer has to run online parallel to other processes, increasing online
computational demand. Therefore, [43] proposes a Double Model Adaptive Estimation
(DMAE) structure having a single observer for the healthy and the faulty model each.
According to the paper, the double-model approach reduces computational complexity
and false alarm rate, and increases the accuracy of FDD. False alarm rate is reduced
due to the fact that having lots of models to cover the most possible fault cases leads to
overlaps between model residuals which degrades performance and accuracy. Thus, the
double model approach has a single state-space representation which includes all fault
states, contrary to MMAE, where each fault is represented by a respective model.
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The DMAE approach is based on the work [44], which introduces Selective Reini-
tialization of the bank of observers, based on the model probabilities. The essence of
the algorithm is to find the maximal and minimal model probabilities and if the fault-
free model probability is below a certain threshold then the fault-free state estimate and
covariance matrix is replaced by the respective values of the most matching observer.
Furthermore, in order to improve performance a Unscented Kalman Filter (UKF) is used
for state estimation of the nonlinear aircraft model.

4.4 Chapter summary

As shown in this chapter, several adaptive control approaches can be tailored into a
AFTC system for aerial vehicles. Seeing the working principles of a whole AFTC system
is important to apprehend how FDD methodologies, aiming for LoE estimation, can be
incorporated into these systems.

First of all, DAC methods were discussed showing their potential for adaptive LoE
parameter estimation along with the entangled, complex design of the adaptive control
law which ensures asymptotic reference tracking. However, as stated in [31, 6], DAC is
not suitable to stabilize system with abrupt and severe uncertainties, meaning that a
complete loss of an actuator leads to a scenario unrecoverable by the control system.

Thereafter, IAC was introduced via a few examples applied on multirotor UAV. It
was shown that, contrary to DAC, IAC is more flexible to design, as the parameter
estimator module is separated from the control system completely. Thus, according to this
separation principle, the parameter estimation module can be designed as an individual
subsystem whose output is then used to update the adaptive control (or even AFTC)
system parameters. The introduced methods were estimating the LoE factors via online
parameter estimation and LMS adaptive filtering. Due to the separated design of the
control system and the LoE estimation module, the flexibility of the design was shown,
and even though both methods are sensitive to disturbances, the method utilizing LMS
filtering had been successfully applied in real flight conditions.

Finally, a third method of adaptive control was discussed, called MMAE. MMAE
uses several (offline-obtained) models of the system, each representing a different fault
case. Then, a switching FDD module is designed which chooses the model matching
the faulty plant dynamics the most. The switching is based on outputs of the observers
running simultaneously on a model, providing state estimates which are compared to the
measured states of the actual plant. The issue with the MMAE approach is that obtaining
models takes considerable investment of time and effort. Furthermore, the more complex
a system is, the more faults can occur, meaning that more models must be obtained
and more observers should run simultaneously while the UAV is actually flying. In order
to mitigate these issues, DMAE approach was introduced which reduces the number of
required models (and online observers) to two: a healthy and a faulty model. DMAE
is said to increase the performance of the FDD framework, as having a lot models for
different fault cases may mask the actual fault or trigger a false alarm, while these kinds
of conflicts are resolved with a single faulty model.

All in all, the introduced adaptive control methodologies are serving as a frame to
indicate the significance and integration of a FDD module within a flight control system.
The next chapter will investigate certain kinds of observers which could be utilized as
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part of a IAC framework for AFTC.



Chapter 5

Observer design methods

As shown in the previous chapter, there are various adaptive methods available for online
Loss of Effectiveness (LoE) estimation. Most of these approaches depend on detailed
models (either faulty or healthy) to be identified off/online, requiring significant effort
to obtain. In order to overcome this issue, observers can be applied on the nonlinear
dynamics of multicopters, depending on less model parameters mostly emanating from
the multicopter geometry.

In this chapter, various model-based observers will be introduced, all suitable for Fault
Detection and Diagnosis (FDD). Convergence speed, accuracy and flexibility will be the
most important aspects serving for their comparison, as in the end, the chosen observer
needs to be, above all, fast in LoE estimation.

Most papers discussed here utilize nonlinear observers to estimate LoE as external
faults. The chapter starts with the most popular observer, named after Thau, used for
multicopter FDD. Then, these observers are extended to account for unmodeled aerody-
namic effects and other uncertainties. These robust observers are designed via sliding
mode methodologies (Utkin and Walcott-Żak observers) aiming to inject a feedforward
discontinuous signal for disturbance rejection. Some Linear Parameter-Varying (LPV)
observers are also briefly reviewed. Additionally, nonlinear adaptive observers, a more
flexible extension of the previous observers will be discussed. Finally, some Kalman-
filter-based approaches are investigated, modeling the LoE as a step-like bias function.

5.1 Nonlinear Thau observer

A Thau observer is a model based, nonlinear observer, first developed by Thau [45] for a
kind of nonlinear system of the form

ẋ = Ax+Bu+ f(x, u)

y = Cx
(5.1)

with x denoting the states, u the input and y the output of the system.
In order to design an asymptotically stable, nonlinear Thau observer for the system,

according to [46], the following two criteria must hold.

• The pair (C,A) has to be observable

31
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• The nonlinear term f(x, u) has to be Lipschitz continuous, i.e. ‖f(x1, u1)−f(x2, u2)‖ ≤
δ‖(x1, u1)− (x2, u2)‖

A function is said to be Lipschitz continuous if it is differentiable and its rate of
change is bounded by a Lipschitz constant δ <∞. This bound can be altered by design
parameters to increase convergence speed [47].

Considering a system of the form (5.1) with the two assumptions regarding the exis-
tence of a Thau observer assumed to hold, an observer can be designed for the system
as

˙̂x = Ax̂+Bu+ f(x̂, u)−Kt(ŷ − y)

ŷ = Cx̂
(5.2)

where hat (•̂) symbol denotes estimated signals and Kt is the observer gain computed via

Kt = P−1
t CT (5.3)

with Pt = P Tt being a positive definite solution of the Lyapunov equation

ATPt + PtA− CTC + θPt = 0 (5.4)

Equations (5.3) and (5.4) ensure that the observer (5.2) is exponentially stable, as
proven in [47]. In this paper it is also stated that tuning parameter θ is chosen such
that Pt is a positive definite solution and it determines the convergence dynamics of the
observer.

Writing the observer’s estimation error as e = x̂−x and the nonlinear term as f(x̂, u) =
f̂ , the error dynamics can be written in the form

ė = (A−KtC)e+ f̂ − f (5.5)

Having Q = CTC + θPt � 0 and expanding the observer gain as (5.3), the Lyapunov
function (5.4) can be rewritten for the observer dynamics as

(A−KtC)TPt + Pt(A−KtC) +Q = 0

(A− P−1
t CTC)TPt + Pt(A− P−1

t CTC) +Q = 0

ATPt − CTC + PtA− CTC + CTC + θPt = 0

(5.6)

which is clearly equivalent with (5.4). Then, using (5.6), [47] shows that the stability of
the error dynamics is ensured if the Lipschitz bound of the nonlinear function is

δ <
λmin(Q)

2λmax(P )
(5.7)

which is a key constraint for the synthesis of P and Q. In (5.7), λmax(•) and λmin(•)
denotes the maximum and minimum eigenvalue of the argument respectively.

The Thau observer is ubiquitously applied in multicopter literature, as will be shown
in the following implementation examples. It’s popularity stems from the fact that multi-
copters have nonlinear dynamics that can be straightforwardly written in the form (5.1)
with the nonlinear term being Lipschitz with respect to the states and inputs.
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5.1.1 Thau observer for fault detection

One early paper on Thau observers for multicopters introduces a Thau observer applied
to detect sensor faults in the system [48]. It shows that Thau observers are suitable
to serve as a residual generator to perform FDD on multicopters. As a follow-up, [49]
extends the findings of the previous paper for a generic unmanned vehicle. The method
is validated on a quadcopter with sensor faults of the gyroscopes. The paper claims
that too fast convergence of the observer, tuned via θ in (5.4), is undesirable, as it may
hide information from the fault diagnosis unit. However, it is only the case if adaptive
thresholds are applied to achieve robust fault detection.

Indeed, in [49, 50], the detection threshold is adapted based on statistical properties
(mean, variance) of the residuals which are sensitive to the size of the window used for
obtaining these properties. Furthermore, the observer’s rate of convergence, if too high,
can hide important changes, whereas a too slow convergence can lead to the multicopter
becoming unrecoverable.

Residual threshold adaptation adds a certain robustness to the FDD system, as false
alarms due to external disturbances are avoided, as shown in Chapter 3. Residual gen-
eration methods are derived in great detail in [51] and [50] utilizes these methodologies
successfully for sensor fault detection. However, for a highly nonlinear system such as a
multicopter, the residuals are obtained via rather complex expressions. Therefore, [49]
takes the Thau observer error, i.e., position and attitude estimation errors. If the ith resid-
ual is denoted by ri then the upper (ρ) and lower (ρ) detection thresholds are adapted
via the mean, variance and some constants as

ρ =
k1

T

∫ t+T

t
ri(τ)dτ +

k2

T

∫ t+T

t
ri(τ)− 1

T

∫ τ+T

τ
ri(ν)dνdτ + k3

ρ =
k1

T

∫ t+T

t
ri(τ)dτ +

k2

T

∫ t+T

t
ri(τ)− 1

T

∫ τ+T

τ
ri(ν)dνdτ + k3

(5.8)

where the window size T and adaptive gains kj and kj (j = 1, 2, 3) are used for fine-tuning
the behaviour of adaptive thresholds. Choosing T to be smaller, the thresholds will be
more sensitive to small changes in the residuals and thus false alarms, therefore a trade-off
between sensitivity and resolution has to be made when choosing the right window size.

5.1.2 Thau observer for fault detection and diagnosis

Papers introduced so far implemented Thau observers for only the detection of faults.
However, [52] went a step further and implemented a complete FDD system with two
Thau observers. The first observer generates residuals for fault detection and the second
observer adaptively estimates the fault for diagnosis. Thus, based on the complete FDD
module, an Active Fault-Tolerant Control (AFTC) system could be implemented on a
multicopter.

(A−KC)TP + P (A−KC) + γ2PP + I = −Q
ETP = GC

(5.9)

The existence of P,Q � 0 being solutions of (5.9) leads to an adaptive algorithm for fault
detection shown in (5.11).
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In the following, the observer in [53] is examined. A nonlinear Thau observer is
applied on the dynamics of a quadcopter, described in (5.1). Since the nonlinear term
in the quadcopter dynamics (2.1) contains the gyroscopic moments, the nonlinearity is a
cross product (a bilinear map), which is only locally Lipschitz continuous. This means,
according to the paper, that in order to design a globally stable observer, the angular
velocity Ω has to be measured when evaluating the nonlinear term. This is not an issue
if a sensor-based observer, which converges faster than the Thau observer, yields an
accurate, bias-free measurement of Ω.

The Thau observer (5.10) in [53] serves for detection and adaptive fault estimation as
well. Furthermore, it provides auxiliary states for a second cascaded linearized (exoge-
neous) Kalman filter, which removes noise and estimates the fault size more accurately.
The Thau observer implemented is augmented with a fault term Eη̂ such that

˙̂x = Ax̂+Bu+ f(x̂, u) + Eη̂ +K(y − ŷ)

ŷ = Cx̂
(5.10)

with an adaptive update law for the fault estimate η̂

˙̂η = WGT (y − ŷ)− σWη̂ (5.11)

In (5.11), W is a symmetric, positive definite weight matrix, σ is a positive constant such
that σ − λmax(W−1). λmax(•) denotes the greatest eigenvalue of its argument matrix.
Additionally, G = CPE from (5.9), and thus the error dynamics are proven to be globally,
asymptotically stable [53]. From (5.11) it is seen that the fault estimation error dynamics
is given by

η̇ − ˙̂η = ėη = η̇ −WGT (y − ŷ) + σWη̂ = η̇ + σWη − σWeη −WGT (y − ŷ) (5.12)

Thus, it can be conveyed from (5.12) that the fault estimation error depends on the fault
severity and some tuning parameters W and σ.

Finally, the actual (more accurate) fault estimation is performed by a linearized (ex-
ogeneous) Kalman filter using the state estimates from the Thau observers. It removes
additional noise from the signals and provides the final state estimates.

It should be noted, however, that this model enables the estimation of the fault as an
additive signal, i.e., an unknown thrust/torque input. Therefore, the estimated control
effectiveness is not obtained this way, unless matrix E can be written such that the
estimated fault η̂ is actually the loss of effectiveness. Nevertheless, it is also possible to
estimate fault torques by η̂ and then compute the effectiveness based on the output that
the model suggests and the estimated faulty output.

In order to mitigate the effects of disturbances and unmodeled dynamics robust ob-
server synthesis is introduced in the next section. However, as an interesting solution, [54]
implements a Thau observer for robust actuator fault estimation of a quadcopter with
a three-step optimization method. First, a parameter estimation algorithm is used for
online estimation of unmodeled terms, based on observer estimation error. Furthermore,
since faults on the yaw channel have considerable less effect on the residuals, the yaw
torque input is amplified in order to obtain the estimation error for yaw in the same mag-
nitude as pitch and roll. Therefore, the observer estimates can be made more accurate.
Finally, both sensor and actuator data are filtered by a Infinite Impulse Response (IIR)
filter.
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Remark
It should be pointed out, that [54] refers to [48] on how the Thau observer gain in (5.4)
is chosen. The latter defines Pt as the solution of

ATPt + PtA− CTC + θCTPt = 0 (5.13)

however, this definition does not match the original equation in [47, 30] and has dimension
mismatch thereof. Since both [54, 48] define the observer gain as (5.3) one may conduct
the following analysis for matrices Pt ∈ Rn×n and C ∈ Rm×n

K = P−1
t CT ∈ Rn×m → KC ∈ Rn×n

but CTPt → Rn×mRn×n

has dimension mismatch.

Therefore, (5.13) is feasible only if C is square, i.e. m = n, which holds in both papers
with C = In×n, but not stated explicitly.

5.2 Robust observers

Observers for uncertain nonlinear systems were discussed in the 80’s by Walcott and Żak
in [55] with detailed sliding mode extensions introduced in [56]. This type of sliding mode
(Utkin) observer got its name after one of the authors and it introduces a discontinuous
feedforward term to the system dynamics attenuate external disturbances. Therefore, the
robustness of the nonlinear observer is greatly enhanced.

5.2.1 Discontinuous observers

Before investigating actual implementations of nonlinear sliding mode observers for mul-
ticopter FDD, some general sliding mode observer structures will be introduced. Consid-
ering a system of the form (5.1) with (A,C) observable and f being an unknown function
describing bounded system uncertainty, an Utkin observer can be designed for the system
[57]. It is assumed that the number of states are at least equal to the number of observed
outputs, i.e. A ∈ Rn×n and C ∈ Rp×n with p ≤ n. Since the aim is to drive both the state
estimation error and the output estimation error asymptotically to zero, Utkin proposed
to include the output in the state vector via

[
x1

y

]
= Tx (5.14)

It is assumed that C can be partitioned such that C = [C1 C2], then the transformation
matrix is given as

T =

[
In−p 0
C1 C2

]
(5.15)

Performing the state-transformation on the system matrices using T from (5.15), the
Utkin observer is written as shown in (5.16).

˙̂x1 = A11x̂1 +A12ŷ +B1u+ Γν

˙̂y = A21x̂1 +A22ŷ +B2u− ν
(5.16)
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In (5.16), the following transformations were performed

TAT−1 =

[
A11 A12

A21 A22

]

TB =

[
B1

B2

]

The Utkin observer (5.16) introduces a discontinuous feedback signal ν depending on
the output estimation error and defined as

ν = Hsgn(ŷ − y) (5.17)

where H � 0 is a diagonal matrix having the same positive constants in its main diagonal.
Since (A,C) is observable, the pair (A11, A21) in (5.16) is observable as well; the

proof—based on the Hautus-test—is found in [58]. Therefore, feedback gain matrix Γ ∈
R(n−p)×p can be designed such that all poles of (A11 +ΓA21) lie in the open left half-plane.

In the same paper, Walcott-Żak observer design is introduced as well [57]. The sys-
tem under consideration has the same form as (5.1), with matched uncertainty, i.e., the
uncertainty enters through the input channel such that f(x, u) = Bξ where ξ is a norm
bounded uncertainty function. Then, if ∃K such that A −KC is Hurwitz, a Lyapunov
pair (P,Q) has to be synthesized based on (5.6) such that, a structural constraint of the
form

CTF T = PB

is satisfied. Finding a suitable matrix F is important to ensure sliding motion as the
discontinuous feedforward signal is defined as

ν =

{
−ρP−1CTFTFCe

‖FCe‖ if FCe 6= 0

0 otherwise
(5.18)

Sufficient and necessary conditions for the existence of such matrices are given in [59].

5.2.2 Sliding mode Thau observers

A nonlinear sliding mode Thau observer is introduced in [60] to account for external
disturbances acting on the system dynamics. The system is described as

ẋ = Ax+Bu+ f(x, u) +Hdd

y = Cx
(5.19)

with an additional (unknown) disturbance term Hdd. It is assumed that d is bounded by
an unknown constant such that ‖d‖ ≤ ∆d. Thus, a nonlinear (sliding mode) observer of
the form (5.22) is designed.

˙̂x = Ax̂+Bu+ f(x̂, u) + Γdν +K(y − ŷ)

ŷ = Cx̂
(5.20)

Due to the nonzero uncertainty term in (5.19), the proposed observer (5.20) cannot guar-
antee asymptotic stability of the estimation error, however, it is able to keep the estimate
within a close neighbourhood of the actual states.
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Note the virtual feedforward term Γdν in the observer dynamics (5.20). If CΓd is
nonsingular and the disturbance matching condition (5.21) holds

∃ D : Hd = ΓdD (5.21)

then the stability (at least in the sense of Lyapunov) of the error dynamics is guaranteed
[60]. This relaxed stability might not be sufficient for accurate fault estimation but it
could still yield useful indication of fault occurrence.

Although only tested for a 30% actuator fault, [11] applies a robust sliding mode Thau
observer for a quadcopter. It has a very similar approach as the previous paper, but it
augments the observer by a fault estimation term term (Eη̂) such that the observer has
the form of

˙̂x = Ax̂+Bu+ f(x̂, u) + Eη̂ +Hdd+K(y − ŷ)

ŷ = Cx̂
(5.22)

This observer is robust towards external noise due to the introduction of a sliding
mode feedforward noise-canceling term. Furthermore, it is relatively fast and is able to
accurately estimate fault severity. Synthesis of observer gains matrices is performed via
construction of Linear Matrix Inequalities (LMIs) which lead to a convex optimization
problem that can be solved offline via a dedicated solver, such as YALMIP [61].

5.2.3 LPV observer design

In order to overcome and attenuate the effects of external disturbances and model uncer-
tainties decreasing the performance of observers, LPV-based synthesis methods can be
utilized. LPV observers are especially useful for fixed-wing aircraft as a linear model is
straightforward to obtain in trimmed flight conditions. However, since mass, turbulence,
and aerodynamics parameters are constantly changing, LPV-based controller/observer
synthesis can be used to expand the applicability of the linear models on a broad flight
envelope. LPV-based sliding mode observer synthesis is frequently used in the litera-
ture for FDD purposes, mostly for aircraft. Even though LPV-based observers for FDD
purposes might be cumbersome to implement on multicopters, there are interesting and
relevant pieces of research on the topic which are worth investigation.

In [62], robust LPV-based sliding mode observer design is introduced for both actuator
and sensor faults on rigid-wing aircraft. The general LPV system for the linearized model
is given in (5.23)

ẋ = A(ρ)x+B(ρ)u+ E(ρ)η +Hξ

y = Cx+ d
(5.23)

It is seen in (5.23) that the system matrices A, B, and E are all functions of the schedul-
ing parameter ρ which represents the varying parameters in the uncertain model. ξ
denotes the input disturbances while d denotes the output disturbance, assumed to be
low-frequency signal. The sliding mode observer is then proposed in the form of (5.24).

˙̂x = A(ρ)x̂+B(ρ)u−K(ρ)(ŷ − y) + Γν

ŷ = Cx̂
(5.24)

The feedforward injection signal ν has the same purpose as seen before, that is, to induce
the sliding motion and estimate occurred faults. This estimate is called equivalent output
injection which is the average value of ν while it is preserving sliding.
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The essence of the design algorithm is to first define the structure of the discontinuous
injection signal ν with tunable parameters providing design freedom. Then, synthesis of K
and Γ are translated to an Linear Matrix Inequality (LMI) optimization problem aiming
to minimize the effect of uncertainty on the fault estimate η̂ = Wν with a weight matrix
W . The resulting observer, however, is rather complicated to tune and the method is
synthesized using linearized models.

Authors of [4] also implement a robust, LPV-based observer to detect faults to the
aileron of a rigid-wing aircraft. Its advantage is that it is able to handle model distur-
bances of the actuator and external effects as well, which can also be a disadvantage, as
the accuracy of detection might be sacrificed for stability. The paper introduces multiple
methods for FDD. The first method is a parity space method, where estimates of the air-
craft state based on the actuator state and system dynamics are compared to measured
signals, e.g., angular velocities. This way, a residual is generated between the online model
and the actual faulty model which is suitable for fault detection, but not necessarily for
diagnosis. The second method has an LPV-based robust observer for actuator (elevon)
state estimation based on measured signals (from the Inertial Measurement Unit (IMU)).
This estimate is then compared to the actuator states obtained from an online actua-
tor model, i.e., a transfer function from a commanded actuator deflection to the actual
actuator state.

Finally, an LPV observer had also been implemented on a quadcopter in [63] for FDD.
The scheduling parameters (ρ) were the angular velocities and the cosine of the roll and
pitch angle. These parameters are assumed to be perturbed at near hover conditions,
furthermore, the pitch rate parameter was assumed to be prone to 50% uncertainty of
its actual value due to IMU errors. Regardless of the erroneous scheduling parameters,
the observer was able to detect actuator faults of the nonlinear system, even though the
observer is based on the linearized model of the system. However, only 20 Revolutions Per
Minute (RPM) additional rotor speed was introduced as actuator fault, which is relatively
low, compared to the several thousand RPM rotor speeds in hover and certainly far from
a full actuator fault.

5.2.4 Robust observer synthesis

LMI formulation for observers dedicated for aircraft actuator fault estimation has been
introduced in [64]. The derived LMI formula serves as a basis for fast actuator fault
estimation, as the proportional term (fault estimate) for the fault update law (5.11)
has been developed in this paper. Previously, only an integrator term containing the
estimation error (y − ŷ) was used in the update law but in this paper it was proven that
the error dynamics performance is increased by the addition of a proportional term.

Since [64] used a linear system representation, and thus a linear observer, [65] derives
robust synthesis methods leading to LMI-based optimization for nonlinear systems with
dynamics in the form of (5.1). In this paper it is proven that the H∞ norm of the transfer
function from external disturbances to the residuals serving for FDD can be minimized
via solving LMIs. Denoting the external disturbance vector by d, the residual vector by
r and the Lyapunov function of the observer estimation error as V it is shown that the
following inequality holds for the system

V̇ + rT r − γ2dTd = V̇ + ‖r‖22 − γ2‖d‖22 < 0 (5.25)
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where γ denotes the H∞ norm of the transfer function (T rd ) from d and r. This result
proves that the system describing the error dynamics is dissipative. Indeed, [66] defines
dissipativity for a system in terms of a storage and a supply function. The storage
function, in this case is the energy like Lyapunov function defined in terms of the observer
estimation error e as

V = eTPe

The system is said to be dissipative if the following “differential dissipation inequality”
holds [66]:

d

dt
V ≤ s(d, r) (5.26)

Thus, having the supply function defined as s(d, r) = γ2‖d‖2 − ‖r‖2, one obtains (5.25)
from (5.26). Then, according to the bounded real lemma, the 2-norm of the performance
variable (residuals) is bounded by γ2 times the 2-norm of the disturbance variable, there-
fore

‖r‖2
‖d‖2

≤ γ2 ⇒ ‖T rd ‖∞ ≤ γ ∀ ‖d‖2 <∞

meaning that the energy of the residual signals—due to disturbance inputs—is minimized
if γ is minimized using LMI-synthesized observer gains.

Furthermore, [65] shows that another important relationship can be effectively in-
cluded in LMI optimization, namely that the faults should appear in the residuals for
FDD. Thus, the sensitivity of the transfer function (T rη ) from faults (η) to residuals (r)
must meet the following criterion

inf σ
(
T rη
)

=
‖r‖
‖η‖ > β2 (5.27)

Thus, (5.27) ensures that minimal singular value (σ) is greater than a certain positive
bound and the faults are detectable in the residuals.

5.3 Nonlinear adaptive observers

One of the early papers [67] on adaptive observers extends the Thau observer for a class
of nonlinear systems of the form

ẋ = Ax+ f(x, u) + bg(x, u)θ

y = Cx
(5.28)

where θ ∈ Rp denotes a parameter of the system, x ∈ Rn, y ∈ Rm, b ∈ Rn×k, f : Rn →
Rn, g : Rn → Rk×p. Then it is shown that the following assumptions must hold in order
to design an asymptotically stable adaptive observer:

1. f and g must be Lipschitz continuous with respect to the states x with Lipschitz
constants δ1 and δ2 respectively.

2. The unknown parameter vector is bounded such that ‖θ‖ ≤ δ3

3. An observer gain matrix K can be chosen such that δ1 + δ2δ3‖b‖ < λmin(Q)
2λmax(P ) where

Q is the positive definite solution of (5.6).
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4. The pair (A,C) is observable (Implied by the previous point)

5. ∃P � 0 such that bTP = C1 with each row of C1 being an element in im(CT )

The first four requirements are emanating from the Thau observer structure, however,
the last point is an interesting addition which is required to construct a suitable adaptive
law of the form

˙̂
θ =

1

ψ
fT (x̂, u)(y − Cx̂) (5.29)

with a positive constant ψ. (5.29) is the result of the parameter error dynamics that makes
the system stable in the sense of Lyapunov.Denoting the parameter estimation error by
eθ = θ − θ̂ one obtains that Lyapunov stability is ensured by, among other conditions,
(5.30) describing the parameter estimation error dynamics.

ėθ = −f
T (x̂, u)

ψ
bTPe = −f

T (x̂, u)

ψ
C1e (5.30)

It is now seen in (5.30) why each row of C1 has to be in the row space of C: the
parameters have to be observable from the measured states and if there are additional
entries in C1 pertaining to unmeasured states, then some unknown signals would enter
the observer estimate for the parameters that cannot be accounted for. Since it is not
straightforward to synthesize P and C1 simultaneously, [68] goes through the synthesis
process meticulously using LMIs and the Schur complement (see Appendix A).

Two types of observers, suitable for fault estimation, are listed in one of the most
recent papers on quadcopter actuator FDD [10]. First a linear Proportional-Integral
Observer is utilized, which has a straightforward synthesis process, namely solving an
LMI problem. The paper only injected partial faults to the actuators, i.e., there was no
actuator with 100% LoE. This means, that the system, linearized in hover, could still
deal with fault estimation and recovery. However, when a full fault occurs, the multirotor
might reach a configuration where the linearized dynamics do not hold, and the observer
becomes unstable.

To deal with these extreme situations, a nonlinear adaptive observer is introduced in
[10] as well. Assuming that the nonlinear dynamics is written as

ẋ = f(x, u) + g(x, u)η

y = h(x, u)
(5.31)

then, according to [69], the system can be rewritten in a ’so called’ nonlinear adaptive
observer form,

ẏ = α(y, z, u, t) + β(y, z, u, t)η

ż = δ(y, z, u, t)

with z denoting the unmeasurable states. Using this form, a nonlinear adaptive observer
of the following structure is designed for the system (5.32).

˙̂y = α(y, ẑ, u, t) + β(y, ẑ, u, t)η̂ − ky(ŷ − y)

˙̂z = δ(y, ẑ, u, t)

˙̂η = −kηβT (y, ẑ, u, t)(ŷ − y)

(5.32)
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Functions α and β are Lipschitz continuous with respect to the unmeasurable states z
with Lipschitz constants γα and γβ respectively. ky and kη are positive design parameters.
This observer is proven to drive the unknown fault parameter estimate, e.g., the LoE of
the actuators, to the actual parameter, if β is persistently exciting. The definition of
persistent excitation is given in [70] as

Definition 5.3.1 (Persistent excitation)
A time-varying signal u : R+ → Rn persistently excites if ∃T, k, k > 0 that ∀t ≥ 0:

kIn ≥
∫ t+T

t
u(τ)uT (τ)dτ ≥ kIn (5.33)

In other words, the energy introduced to a system through all channels of signal u in
(5.33) is always positive and bounded for periods of T , therefore, no system behaviour
the observer wants to capture remains masked.

Then, the observer is designed based on the Lyapunov function candidate

V =
ε

2
eTy ey + V (t, ez) +

ε

2kη
eTη eη

where ε > 0, ey = ŷ− y, eη = η̂− η, and ez = ẑ = z denote estimation errors. Thereafter,
it is found that

V̇ ≤ −εky‖ey‖2 + ε‖ey‖(γα + γβη)
√
κ(ez)− κ(ez) (5.34)

where κ(ez) ≥ 0, for example, κ(ez) = κ‖ez‖2 with κ > 0. By introducing a new variable

e =

[ ‖ey‖√
κ(ez)

]

(5.34) can be rewritten as

V̇ ≤ −eT
[

εky − ε
2(γα + γβη)

− ε
2(γα + γβη) 1

]

︸ ︷︷ ︸
M

e (5.35)

with M = MT � 0 for a sufficiently small ε and a bounded unknown parameter η. Due to
the non-strict inequality in (5.35), Barbalat’s lemma is used to prove the asymptotic con-
vergence of the estimation errors. The detailed proof for asymptotic state and parameter
estimation is found in [69]. It is assumed that the unknown parameter is slowly varying,
i.e. η̇ ≈ 0 which does not hold for LoE modeled as a piecewise constant step function
whose derivative is zero except at the time of fault occurrence. However, this does not
cause an implementation issue as shown in [10].

For further reference, some recent extensions of nonlinear adaptive filters can be found
in [71, 72, 73], introducing observers for more general systems, for example, ones that have
the estimated fault parameter embedded in the nonlinear dynamics, as opposed to (5.10).
Furthermore, since this approach had been shown to outperform LPV and linear observers
(in terms of convergence speed) on a nonlinear quadcopter model in simulation [10], the
method is definitely worth to be implemented, at least for preliminary testing.
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5.4 Kalman filters

In the final section of this chapter, some Kalman-filter-based methods for FDD will be
introduced. A Kalman filter is an optimal observer widely used for state estimation
in a stochastic environment. As shown in Figure 5.1, an aerial vehicle is a stochastic
system, as system noise w is present in the dynamics of the vehicle due to unmodeled
disturbances, furthermore, the sensor bias λ and sensor noise ε is added to the actual
system output y. In order to reconstruct the system’s true states x, the state vector is
augmented by sensor biases, and some a-priori known noise characteristics are introduced
to the system by setting up covariance matrices Q and R of the process and sensor noise
signals respectively. Then, the Kalman filter is applied to estimate the system states (and
sensor biases) along with their covariance. Thus, an optimal observer provides unbiased
and filtered signals as feedback for the control system. Through the following pieces of
literature, it will be shown how LoE signals can be regarded as an abrupt bias appearing
in the system after a fault.

UAV model

System

ẋ = f(x,u, t) +Gw
y = h(x,u, t)

Sensor

z = y + λε

Measured
system
input

Measured
system
output

Process noise Sensor noise

deterministic stochastic

u y z

w ε

Figure 5.1: Stochastic process

First of all, [74] introduces a Two-Stage Kalman Filter (TSKF) for actuator FDD on
quadcopters. The aim of the observer is to explicitly estimate the LoE of the actuators
as unknown bias terms. Even though the model of the quadcopter is linearised in hover,
restricting the applicability of the method to near-hover configurations, it is worth inves-
tigating the structure of the proposed TSKF, since it may be straightforward to extend
it to a nonlinear model of the quadcopter.

Actuator LoE is modeled similarly to [16, 10] such that the actual input (ua) exerted
by a single actuator depends on the commanded input (u) and the fault term (η) according
to (5.36).

ua = (1− η)u (5.36)

Thus, η = 0 means a completely healthy, η = 1 a completely lost actuator. (5.36) is
included in the discretized linear system dynamics as

xk+1 = Axk +Bxk −B · diag(uk)ηk + wxk

ηk+1 = ηk + wηk
yk+1 = Cxk+1 + vk+1

(5.37)
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In (5.37), wxk denotes the system noise, whereas vk+1 stands for the measurement noise.
Since the LoE is not a constant bias, but a unit step-like function, a large additive noise
term wηk is introduced to mask low frequency changes in the LoE estimate [75]. This noise
term, introduces a trade-off between the estimation convergence rate and the accuracy of
the steady-state estimate of the LoE. Introducing individual forgetting factors for each
actuator LoE estimate, however, increases the performance of the TSKF [75].

The first stage of the TSKF is to perform state estimation without the bias term on
the system dynamics in (5.37). The first stage, therefore, provides the predicted state
x̃k+1|k and the optimal state estimate x̃k+1|k+1 without accounting for the LoE. LoE
estimation is the task of the second Kalman filter which estimates the fault terms based
on the residuals between the bias-free Kalman filter’s state prediction x̃k+1|k and the
sensor measurements yk+1.

Coupling
Error

compensation

Bias
Estimation

Residuals

Bias-free
Estimation

uk

yk+1

x̃
k
+

1
|k

x̃k+1|k+1

r̃k+1

η̂ k
+

1
|k

η̂k+1|k+1

Vk+1|k+1 x̂k+1|k+1

Figure 5.2: Two-stage Kalman Filter structure[74]

The structure of the TSKF is shown in Figure 5.2[74], with a linear, bias-free Kalman
filter performing the initial state estimation followed by an optimal fault estimator. Since
there are some statistical coupling between the states and the LoE parameters, the out-
put of the two Kalman filters is needed to be merged via coupling equations. Finally
an error compensation unit is applied on the state and LoE estimates with their statis-
tical correcting terms. Thus, a corrected state estimate (x̂k+1|k+1) of the multicopter is
acquired.

The TSKF method seems flexible enough to replace the bias-free state estimator by ei-
ther an Extended Kalman Filter (EKF) or Unscented Kalman Filter (UKF) to account for
the nonlinear dynamics of a multicopter, thus expanding the usefulness of this approach.
Although the coupling equations need to be revised as well, the method is definitely use-
ful for FDD purposes, especially since there is already a working state estimator on most
multirotor Unmanned Aerial Vehicles (UAVs).

5.5 Chapter summary

This chapter discussed various observers used for FDD in the literature. Most applications
dealt with nonlinear observers to enhance their usability even in non-hover situations. A
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great advantage of these observers is the proven parameter estimation convergence which
is crucial for the reliable reconfiguration of the control system.

Firstly, nonlinear Thau observers were introduced which are able to detect additive
faults such as external wrench components (thrust and torque) acting on the rigid body
due to LoE of the actuators. Examples were shown for actuator fault detection and fault
diagnosis performed via a Thau observer on multicopters.

In order to make the detection more reliable and robust, adaptive thresholds can be
implemented to provide active robustness to the FDD module. Another method is to syn-
thesize robust observers which introduce passive robustness to the system. Several robust
observers were reviewed, from discontinuous sliding mode observers to LPV observers
along with robust observer gain synthesis methodologies.

Thereafter, it was shown how adaptive, nonlinear observers provide a powerful tool
to estimate LoE parameters online. Their advantage is that the unknown parameters can
be sewn into the nonlinear dynamics of the multicopter and still be estimated. However,
certain excitation conditions must hold to achieve asymptotic convergence and observ-
ability.

Finally, a TSKF approach was investigated which has shown promising results for LoE
estimation on a quadcopter. Even though the method was only used in hover conditions
and the Kalman filter was linear, it provides an interesting lead to consider the extension
of either a UKF or EKF used for state estimation and being already present on the
platform.
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In order to meet the ever-increasing safety standards set by authorities for

multicopter Unmanned Aerial Vehicles (UAVs), researchers immerse themselves

in the analysis of fast Fault Detection and Diagnosis (FDD) methods augmenting

Active Fault-Tolerant Control (AFTC) systems. This paper proposes a fast and

reliable FDD system which is anticipated to be incorporated into an AFTC

system saving the multirotor UAV from crashing after a fault is detected. The

proposed framework is aimed to be flexible, meaning that its implementation

on various multicopter platforms is straightforward and requires little effort,

thus making it available for widespread use. Ensuring that multirotor UAVs are

able to detect failures and update their control system accordingly will propel

the development of AFTC systems for drones, leading to faster certification of

such systems by authorities, enabling large scale and more flexible utilization of

autonomous flying.
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I. Introduction

According to recent economic research reports, the drone market is predicted to grow significantly by

2020 [1, 2]. This projects an increasing number of UAVs present in the airspace which, apart from

remote, hardly accessible locations, includes inhabited areas as well. Addressing the safety issues raised by

the operation of multicopter drones, research is being conducted around the world to equip these aerial robots

with AFTC systems able to steer even a damaged multicopter to safety.

One of the most researched failure types on multicopters are actuator failures, resulting in Loss of

Effectiveness (LoE) in the damaged propulsion unit. Recent results show that apart from partial LoE of a

multicopter’s actuator [3] there exist control laws which ensure stable flight of multicopters with one [4], or

even multiple propellers completely removed [5], meaning a complete LoE at those actuators. However, these

control systems are switched, i.e., when a complete actuator failure occurs, the control system has to be

restructured to accommodate the reduced model. Therefore, AFTC systems usually rely on FDD [6] or state

reconstruction modules [7] which provide information on the effectiveness of the actuators.

There are also examples for designing AFTC systems with embedded FDD via adaptive backstepping,

promising faster detection at the cost of a more complex system design [8]. Thus, a trade-off has to be made

whether the AFTC system is designed as one complex system with unified stability analysis, or having a

more flexible, modular design where the AFTC and the FDD modules are separately designed but their

interactions are not straightforward. In this paper the latter design methodology is in focus, since the FDD

module introduced in the paper is meant to augment an existing AFTC system.

An FDD module usually contains logic to detect the fault (compare a signal to a detection threshold),

isolate a fault (identify the location of the fault in the system), identify the fault (unravel the nature/type of

the fault), and evaluate the fault (estimate the fault size and severity) [9].

Multicopter FDD modules can be divided into two categories, according to the literature. The first

category deals with low-level actuator signals such as rotor speeds and power [10], current signature [11],

accelerometer vibrations [12–14] or even temperature [15]. Since most of these signals are related to the

electrical dynamics of the motors, detecting faults using these signals could be much faster than using

high-level signals from the multicopter dynamics. However, this also means that these signals are prone

to more noise which may require computationally expensive Power Spectral Density (PSD) analysis to be

performed online to detect faults [11, 13]. Furthermore, most of these approaches lack proof for convergence

or stability analysis of the system in general.

The second category of FDD modules encountered on multicopters are focused on the high-level dynamics

of the UAV and conveys information on the effectiveness of its actuators based on signals such as angular and

translational velocities. Generally, these high-level FDD observers work with residuals, i.e., error between an

3



online observer model and the measured states of the actual system. In [16], a Multiple Model Adaptive

Estimation (MMAE)-based approach is introduced where models of a multicopter are identified for various

fault cases such as motor failures. The core idea of this approach is to run observers on each faulty model

separately and, based on the residuals obtained for each model, a high-level logic decides which model matches

the real system the most. Thus it is immediately seen which fault has occurred in the system if the fault

models are well defined. However, an shortcoming of this approach is that it is hard to obtain these well

defined models, especially for highly nonlinear systems where fault effects can overlap and mask each other

[17]. Therefore, this approach seems to be more popular in fixed-wing UAV applications where linear models

are more straightforward to obtain for cruising [18].

A more frequent observer type for multicopter FDD are nonlinear (adaptive) observers. Recently, [19]

and [6] showed that a nonlinear Thau observer is suitable to detect and accommodate faults via estimating

actuator effectiveness. These observers are proven to be asymptotically stable via Lyapunov analysis, contrary

to other approaches. Hence, the effectiveness estimation is assumed to be suitable to detect partial and

complete LoE as well, as the estimation will simply converge to a LoE estimate—usually between 0 and

1. However, since these observers are model-based, an observer model has to be constructed which makes

the observer’s performance highly dependent on model accuracy. There are however examples aiming to

mitigate the effect of model uncertainty on Thau observers; such an observer is designed with sliding mode

considerations in [20], aiming to counteract uncertainties entering the system. Sliding mode observers have

the advantage over sliding mode control systems that even if the undesired effect of chattering occurs, it

does so in the virtual observer model not the actuators [21], therefore they are quite popular for FDD design

[22, 23]. The main drawback of using model-based observers for FDD is that the observer model has to be

reidentified for different multicopter platforms, making it less flexible.

This paper focuses on actuator effectiveness estimation using a nonlinear Thau observer. Instead of

utilizing the complete high-level dynamics of the multicopter, the observer is driven by fast, low-level current

measurements from the motors. Thus, the detection time is aimed to be kept under 0.2 seconds.

Since the proposed observer is model based, the paper starts with constructing the observer model in

Section II. It is shown how the individual thrust model of an actuator is included in the high-level attitude

dynamics. Then, the proposed adaptive Thau observer synthesis is presented in Section III. Stability analysis

of the observer has been included in Appendix A. The observer’s FDD performance is demonstrated in

Section IV and Section V based on simulation and Hardware-in-the-loop (HIL) estimation results. Finally,

the paper ends with a conclusion in Section VI. As mentioned, some key notions, such as the observer’s

stability analysis and model parameter identification procedures, are included Appendix A.
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II. System model description

A. Multicopter model

In this section, a model of a generic multicopter and its actuators is derived. Then, using these models, the

online observer model is constructed. The observer,based on measurements from the actual system, estimates

certain states of the actuators and the multicopter, thus the observer model has to be able to capture the

dynamics of the system. At the end of the section, some important remarks are made on the nonlinear model

used for FDD observer design.
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Fig. 1 Hexacopter model for simulation purposes. The specific layout of the actuator rotation
directions ensures that controllability of the multicopter is preserved even when actuator 1 is
completely damaged.

In order to design a model-based FDD module for a generic multicopter, the mathematical description

of the mechanical system has to be constructed. As an example, Figure 1 shows a multicopter with six

rotors. Two frames are used throughout the report to provide reference to the configuration (position and

rotation) of the hexacopter. The first frame is the inertial frame A which is a global reference frame with

its origin pinned in inertial space. Its axes are either in East-North-Up (ENU) or North-East-Down (NED)

direction depending on the chosen convention. The second frame is body frame B whose origin is located in

the Center-of-Gravity (CG) of the multicopter with axes fixed to its body, see Figure 1.
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Equations of motion of a generic multicopter are shown in (1).

mv̇ = mge3 +Re3T

ṙ = v

JbΩ̇ + Ω× JΩ + dΩΩ = τ

Ṙ = RΩ̂

(1)

The first two equations in (1) describe the translational dynamics of the vehicle as v ∈ R3 denotes the inertial

velocity vector and r ∈ R3 is the position coordinate vector. Vehicle mass is denoted by m and g is the value

of the gravitational acceleration coefficient. e3 = [0, 0, 1]T is the unit axis in inertial Up/Down direction,

depending on the choice of coordinate frame (ENU or NED). T ∈ R is the total thrust generated in the body

frame, always pointing in e3 direction due to the system being underactuated. Rotational rate dynamics

include the inertia of the rigid body Jb and its angular velocity Ω. The term dΩ is a diagonal damping term

which models counter torques due to drag effects [5]. τ ∈ R3 denotes external torques acting on the system.

In the last equation—which describes the multicopter attitude dynamics—R denotes a rotation matrix from

body to inertial frame of reference. Furthermore, the •̂ : Rn → so(n) operator transforms a vector of size n

to a skew-symmetric matrix of size n×n [24]. From (1), only the angular velocity dynamics is relevant for the

FDD observer, however, the rest is also introduced as they are used in the simulations shown in Section IV.

B. Actuator model

Following the multicopter dynamics, an electric propulsion system model is modeled, ubiquitously found

on multicopters. As shown in Figure 2 the actuator consists of an electric (Brushless DC (BLDC)) motor

which rotates the propeller, based on electrical inputs from the Electronic Speed Control (ESC).

Battery ESC

PI

BLDC Propeller
ub

ωref

P
W

M

um

τe − τm = τ

τ = κτω
2

T = κTκτω
2

ω̃

Fig. 2 Actuator model.

The input voltage (um) to the motor depends on the battery (source) voltage ub and the Pulse Width

Modulation (PWM) of the ESC unit. If the source voltage is AC, then the effective voltage is needed to be

determined as shown in [25]. However, the battery voltage is DC, therefore the relationship between PWM
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and average voltage at the motor is described as

um = ub · PWM (2)

where ub and PWM are measured.

Knowing the input voltage to the BLDC motor, the electrical description of the system is written as

um = Ri+ L
di

dt
+ κeω (3)

where R denotes electrical resistance, i is the motor current, L is the motor inductance, κe is the counter-

electromotive force of the motor, and ω denotes the speed of the motor. It is assumed that inductance is

negligible, and the torque generated by the electromagnetic forces is written as the function of the armature

current

τe = κqi (4)

where motor coefficient κq is assumed to be constant in the operational range of the motor and its value is

provided by the manufacturer.

As for the mechanical description of the actuator model, assuming that the motor speed equals the

propeller’s speed, i.e., there is no gearing between these components, the actuator speed dynamics can be

written as

Jpω̇ + κτω
2 + κfω = κqi (5)

It is seen in (5) that the electrical torque generated τe by the motor is used to change its rotational speed,

counteract blade drag and other internal damping factors (τm = κfω) in the motor, shown in Figure 2 as

well. It should be noted that Jp denotes the inertia of the propeller blade and the rotating part of the motor.

C. Control effectiveness matrix

After the angular velocity and actuator dynamics are constructed, the two can be merged via a control

effectiveness matrix describing the thrust and torque generated by the actuators which drive the multicopter.

First, the individual thrust model of an actuator is described. According to literature, for example [25], thrust

and torque generated by an actuator in hover can be simply expressed as shown in (6)

τp = κτω
2

T = κTω
2

(6)
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where the propeller-generated torque τp emanates from the aerodynamic drag on the blades and it acts in the

body zB direction. In (6), κτ and κT denote the actuator torque and thrust coefficients respectively.

In this paper, however, (6) is extended in a similar way as in [7] by adding an effectiveness parameter η to

the actuation model such that
τp = κτηω

2

T = κTηω
2

This effectiveness parameter is assumed to yield information on a fault occurrence, or even aerodynamic

effects. For example, in the ideal case during hover, η should be 1. However, when the propeller blade is

damaged its effectiveness parameter should decrease, with η = 0 indicating that the propeller is completely

gone. It should be noted, that η may have a value greater than 1, implying that there are aerodynamic effects

that increase the effectiveness of the propeller [26], or if the initial estimate of κτ is less than its actual value.

Thereafter the following definition is used to further specify the model at hand:

Definition II.1 (Wrench [27])

A wrench W ∈ R6 is defined via appending torque and force vectors, expressed in the inertial frame A, into a

six-dimensional vector:

W = [mA, fA]T

Since—in this case—the actuators are assumed to exert thrust only in the body zB direction, a more

convenient, body-frame-fixed underactuation wrench Wu is defined as shown in (7), where the geometry of

the multicopter was based on Figure 1.

Wu =



τ

T


 =




−κTl sin(ϑ1) · · · −κTl sin(ϑ6)

κTl cos(ϑ1) · · · κTl cos(ϑ6)

κτ κτ −κτ −κτ · · ·

κT κT κT κT · · ·




︸ ︷︷ ︸
G

diag(ω2
1 . . . ω

2
6)




η1

...

η6




(7)

In (7) l denotes the rotor displacement from the Center of Gravity (CG) in the body xB − yB plane (in this

case same for all rotors) and ϑ the angle of the rotor’s arm from body xB axis. Matrix G in (7) is the control

effectiveness matrix of the multicopter with an important role in control allocation as shown in Section IV.

The specific layout of rotation directions of the propellers is important because throughout testing, when

a full fault occurs in actuator 1, the remaining system ensures that controllability of the system is maintained,
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meaning that there is no need to give up yaw control (contrary to other actuator alignments or quadcopters).

Thus, a single Incremental Nonlinear Dynamic Inversion (INDI) or Nonlinear Dynamic Inversion (NDI)-based

controller is still able to steer the multicopter without the need to design a switched control law, such as

primary-axis control [4], as the rank of the reduced control effectiveness matrix does not decrease. Therefore,

the focus could be fixed solely on testing the capabilities of the FDD observer.

D. Observer model construction

Based on the models described above, the high level attitude dynamics of the multicopter can be merged

with n number of actuator models to obtain a suitable online model for the model based FDD model.

JbΩ̇ +
n∑

k

Jpω̇k + dΩΩ + Ω× (JbΩ +
n∑

k

Jpωk) = Gτdiag
(
ω2
)
η

Jpω̇ + κτηω
2 + κfω = κqi

(8)

Note, that in (8) some additional terms have been included due to the gyroscopic effects of the rotating

blades. Even though the effect of
∑n
k Jpω̇k is negligible [5], the term

∑n
k Jpωk can have significant impact on

the system [28], especially when propellers are damaged or even lost. Gτ denotes the sub-matrix of G in (7)

created from the first three rows.

Finally, the nonlinear description of the whole system can be shown to be written in the form (9)

ẋ = Ax+ Φ(x, u) +Dφ(x, u)η +Bu

y = Cx

(9)

where x denotes the state vector, y is the output vector, u is the input vector, and η is the parameter vector to

be estimated. All these vectors are functions of time t, however, in order to simplify notation, this dependency

is not written explicitly. The form of (9) provides the basis of an adaptive observer designed for estimating

the parameter η [29]. Thus, the FDD observer will adaptively estimate LoE values of the actuators in order

to detect faults and update the control system.

Supposing that the multicopter has n actuators, neglecting the effect of
∑n
k Jpω̇k in (8) and defining the

state as x = [ω,Ω]T ∈ Rn+3, input as motor currents (u = i), and inertia matrix J as a block diagonal matrix

J = diag(diag(Jp1 . . . Jpn), Jb) ∈ R(n+3)×(n+3)
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it is obtained that system matrices of (9) can be written as

A = J−1



diag(−κf ) 0n×3

03×n −dΩ


 ∈ R(n+3)×(n+3)

B = J−1



diag(κq)

03×n


 ∈ R(n+3)×n

C = I ∈ R(n+3)×(n+3)

D = J−1



diag(−κτ )

Gτ


 ∈ R(n+3)×n

φ(x) = diag(ω2) ∈ Rn×n

Φ(x) =




0n×1

J−1 (Ω× (JbΩ +
∑n
k Jpωk))


 ∈ Rn+3

(10)

E. Observability and Lipschitz continuity of the model

After the model has been constructed, some remarks are made on its observability and Lipschitz continuity

which are requirements for observer synthesis—as discussed in Section III.

Remark (Model observability)

Since observability of the model is an important criterion when designing an observer, from (10) it can

be conveyed that the pair (A,C) is observable (according to the Kalman observability test, the respective

observability matrix has full rank). Note that even if the state vector is reduced to x = ω, meaning that

decentralized observers might be designed for each individual actuator.

As a result, a trade-off in the model choice emerges. If the high-level attitude dynamics are included in

the model, i.e. Ω is part of the state, the slower dynamics of the multicopter angular velocity may dampen

the faster dynamics of the propellers. This way it would make the observer more robust towards low level

uncertainties and false alarms. On the other hand, including Ω in the state might increase fault detection

time and requires accurate measurements of Ω which assumes accurate state estimation based on the Inertial

Measurement Unit (IMU) signals.

Remark (Lipschitz continuity)

It should be noted that inherently none of the nonlinearities φ(x), Φ(x) are globally Lipschitz continuous over
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the set of real numbers R, since Φ(x) contains cross products and φ(x) is a quadratic polynomial function. The

nonlinearities can be shown, however, to be locally Lipschitz continuous functions. In other words, there exists

a bounded neighborhood Hx0
around all x0 ∈ R such that φ(x) and Φ(x) are globally Lipschitz continuous for

all x ∈ Hx0 [30].

It is shown in [31] that the angular velocity dynamics in (10) is Lipschitz continuous in a ball around the

origin. Due to damping terms present in the system dynamics in (8), angular velocities and rotor speeds of

the physical system can be shown to be constrained to a bounded state-space, yielding Lipschitz continuity

for Φ(x) with Lipschitz bound γΦ <∞.

As for φ(x) = x2, using the property |ab| =
√

(ab)2 =
√
a2b2 =

√
a2
√
b2 = |a||b|, it can be shown—for the

one-dimensional case—that

|φ(x2)− φ(x1)| = |x2
2 − x2

1| = |(x2 − x1)(x2 + x1)| = |x2 − x1||x2 + x1|

≤ γφ|x2 − x1| ∀ x1, x2 ∈ X ⊂ R
(11)

meaning that φ(x) is Lipschitz continuous in X ⊂ R with Lipschitz bound γφ <∞. In the two-dimensional

case, i.e., when x1, x2 ∈ X ⊂ R2, it can be written that

x1 = [a1, a2]T → φ(x1) = φ(a1, a2) = [a2
1, a

2
2]T = x2

1

x2 = [b1, b2]T → φ(x2) = φ(b1, b2) = [b21, b
2
2]T = x2

2

Thus, based on (11) and the triangle inequality property, it is seen that

‖φ(x2)− φ(x1)‖ = ‖φ(b1, b2)− φ(a1, a2)‖ = ‖φ(b1, b2)− φ(a1, a2) + φ(a1, b2)− φ(a1, b2)‖

= ‖φ(b1, b2)− φ(a1, b2) + φ(a1, b2)− φ(a1, a2)‖

≤ ‖φ(b1, b2)− φ(a1, b2)‖+ ‖φ(a1, b2)− φ(a1, a2)‖

≤ γφ‖(b1, b2)− (a1, b2)‖+ γφ‖(a1, b2)− (a1, a2)‖

= γφ‖(b1, b2)− (a1, b2) + (a1, b2)− (a1, a2)‖ = γφ‖(b1, b2)− (a1, a2)‖ = γφ‖x2 − x1‖

(12)

In (12), the Lipschitz bounds for b1 − a1 and b2 − a2 are equal due to the fact that all coordinates of x1 and

x2 denote the speed of an actuator with the same dynamics.

Finally, based on equations (11) and (12), it can be shown by induction that the nonlinear term φ(x) is

Lipschitz continuous in X ⊂ Rn, where n denotes the number of actuators of the multicopter. Thus, assuming

that the rotor speed of each actuator is confined to the bounded state-space—due to the actuator damping

term present in (8)—it is asserted that φ(x) is Lipschitz continuous.
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III. Adaptive observer for LoE estimation

In this section, the synthesis of a model-based adaptive observer is introduced. Considering some initial

assumptions in Assumption III.1 the observer is designed for a certain class of nonlinear systems described in

(9). Proof for the observer’s parameter estimation convergence (an important incentive for observers used for

FDD) is given, along with the discussion of the assumptions made, see Appendix A. The observer synthesis is

performed via solving a Linear Matrix Inequality (LMI)—a convex optimization problem—as shown at the

end of this section. In the following, n will denote the number of states, m the number of measured states,

� 0 and ≺ 0 will stand for positive and negative definite matrices respectively, whereas � and � indicate

semidefinite matrices.

A. Adaptive observer description

Assumption III.1 (Existence of an adaptive observer)

In order to design a feasible adaptive observer estimating parameter η, the following assumptions must hold

for the system at hand [29]:

1) The nonlinearities of the system dynamics are Lipschitz continuous with respective bounds γΦ and γφ:

‖Φ(x1, u1)− Φ(x2, u2)‖ ≤ γΦ‖(x1, u1)− (x2, u2)‖

‖φ(x1, u1)− φ(x2, u2)‖ ≤ γφ‖(x1, u1)− (x2, u2)‖
(13)

2) The norm of the estimated parameter η is bounded, i.e., ‖η‖2 ≤ γη and it is slowly varying, i.e. η̇ ≈ 0

(such as sensor bias)

3) The linear part of the system—the pair (A,C)—in (9) is observable

4) There exists P = PT � 0 ∈ Rn×n such that all rows of DTP are in the row-space of C (Im{CT })

5) There exists an observer gain matrix K ∈ Rn×m such that

γΦ + γηγφ‖D‖︸ ︷︷ ︸
α

<
λmin(Q)

2λmax(P )
(14)

where

−Q = (A−KC)TP + P (A−KC) ≺ 0 with Q = QT ∈ Rn×n

and λ() denotes the eigenvalues of its argument matrix. Furthermore ‖D‖ =
√

(λ(DTD)) denotes the

matrix norm of the real valued matrix D. This prerequisite is referred to as the Thau-condition [32].

If all elements of Assumption III.1 hold, the adaptive observer is feasible to design for the system (9) in
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the form
˙̂x = Ax̂+ Φ(x̂, u) +Dφ(x̂, u)η̂ +Bu+K(y − ŷ)

ŷ = Cx̂

˙̂η =
1

Γ
φT (x, u)DTPC+(y − ŷ)

(15)

where x̂ is the estimated observer state, ŷ is the output estimate, η̂ denotes the estimated effectiveness of

the actuators, and C+ is the pseudoinverse of C. In (15) the parameter estimation update law is designed

to ensure that the dynamics of the state estimation error ex = x − x̂ and the parameter estimation error

eη = η − η̂ are asymptotically stable [33].

It was shown in Section II that the nonlinearities in the model dynamics are Lipschitz continuous on a

bounded state space and that the pair (A,C) in (9) is observable. Furthermore, when a propeller is detached

or damaged, its effectiveness changes as a step function, therefore, it is safe to assume η̇ = 0 because the

change is instantaneous and the estimation problem remains the same—only with a different initial condition.

The remaining assumptions are discussed in Appendix A.A, along with the stability analysis of the proposed

observer.

B. Adaptive observer synthesis

Stability analysis of the observer shows that matrix

M = (A−KC)TP + P (A−KC) + (γΦ + γφγη‖D‖)(PP + I) = −Q+ α(PP + I)

renders the system Lyapunov stable if it is negative definite. The interested reader is referred to Appendix A.A

for the detailed discussion of the observer stability analysis. It should be noted, that Lipschitz bounds might

change whenever a new multicopter/actuator model is considered, but the observer synthesis methodology

remains the same.

In order to synthesize observer gain matrices K and P to generate a negative definite M matrix, a system

of Linear Matrix Inequalities (LMIs) has to be constructed in the following way

P � 0



(A−KC)TP + P (A−KC) + αI √
αP

√
αP −I


 ≺ 0

(16)

In (16) the second inequality is constructed based on the Schur complement of M which can be shown to be

negative definite if M is negative definite, and vice versa [33, 34]. Solving (16), however, is not yet feasible,
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as the expression is in fact nonlinear in K and P ; therefore, by introducing L = PK, it is obtained that

P � 0


ATP − CTLT + PA− LC + αI √

αP

√
αP −I


 ≺ 0

(17)

is indeed an LMI in the unknown L and P . Thus a convex optimization procedure yields L and P which allows

to compute the observer gain matrix K = P−1L provided that P is invertible. Finally, if Assumption III.1

holds with the obtained gain matrices the observer is successfully synthesized.

Tuning of the observer is done via adding tolerance matrices εI � 0 to the left hand side of the inequalities

in (17) [33]. This way, the state estimation error dynamics become faster and more aggressive, eventually

rendering the system unstable. Furthermore, gain Γ in (15) affects primarily the parameter estimation

dynamics; response of the system is demonstrated with different values of Γ in Appendix A.D.

IV. Simulation results

In this section, simulation results are introduced, discussing the performance of the FDD observers and

the shortcomings of effectiveness estimation.

FDD

observer

Multicopter

Control

system

Control

allocation

Actuators
Kalman

filter

Ω̂

x̂

xref

Wuref

x̃, ˜̇x

dm

ω

da

ω
r
e
f

ω̃, ĩ

η̂

Fig. 3 Layout of the multicopter’s subsystems.

The system architecture is shown in Figure 3, with all subsystems and their interactions. The real world

multicopter receives the motor speed of individual actuators as input, and outputs its own states (with noise

dm) which are measured by an IMU (x̃, ˜̇x). In order to reconstruct the bias and noise free states, the noisy

measurements enter a Kalman filter. The reconstructed states x̂ are then used to provide feedback for the
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high-level multicopter controller (in this case an INDI controller with nonlinear PD control [24]) and the

FDD observer. The high-level controller provides a reference underactuation wrench Wuref for the control

allocator which, based on the actuator effectiveness estimate η̂, yields the reference motor speeds ωref for

the individual motor speed controllers, using the pseudoinverse of G in (7). Finally, to close the loop, the

reference rotor speeds enter a P(I) motor speed controller, which provides reference PWM for the ESC and

the motors, based on motor speed feedback ω̃. Speed ω̃ and current ĩ of each actuator is measured (with

noise da) which are then sent to the FDD observer. In simulation, it is assumed that da = dm = 0 and the

Kalman filter is omitted, thus the actual states of the multicopter and the actuators are used.

The multicopter is initialized with its rotors stopped and its attitude (roll, pitch, yaw angle) arbitrary

between ±1 [rad], as seen in Figure 5. The multicopter is then instructed to recover from this initial pose

and maintain hover. Then, after 4 seconds, full fault is introduced to one actuator (denoted by number 1 in

Figure 1), and partial fault to the actuator next to it (number 2). Since the layout of the multicopter is as

shown in Figure 1, the system maintains controllability. Thereafter, the multicopter is instructed to fly to a

target 5 meters from its original position, which is successfully performed despite the damaged actuators, as

seen in Figure 4. Figure 6 is intended to show that control allocation (simply the pseudoinverse updated with

the effectiveness estimates), even with a lost propeller, is performing adequately with this specific hexacopter

layout, as all actuation signals converge to the commanded ones.
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Fig. 4 Inertial position (pe, pn, pu) and velocity (ve, vn, vu) of the multicopter after starting
from an arbitrary pose within ±1 [rad]. After the control system successfully recovers the
multicopter to hover faults are introduced in two actuators (at 4 seconds). Thereafter, the
control system maintains hover even with the damaged actuators. Finally, the multicopter is
instructed to fly to a target 5 meters away in the EAST direction which it performs successfully,
despite the damaged actuators.
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Fig. 5 Pitch (θ), roll (φ), yaw (ψ) and respective angular velocities (q, p, r) of the multicopter.
At 4 seconds, when fault is introduced, there is a barely distinguishable error in attitude due to
the fast control system. In real flight conditions this error is anticipated to be more significant.
It is also seen that due to the damage to the actuators, there is a large error in pitch and
yaw when the multicopter flies to a new target, even though the it would only require rolling
motion in the ideal case. As for the angular velocities, it is shown that the FDD observer
tracks the true rates accurately.
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Fig. 6 Reference, estimated and true underactuation wrench of the multicopter. This figure
is intended to show that control allocation is properly maintained even after a full and a
partial fault occurred in two actuators. It is seen that the error between the exerted (true)
and commanded thrust (T) and torques (τθ, τφ, τψ) converge to zero.
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wref =
√

diag(η̂)−1G+Wuref (18)

Control allocation is performed via (18), where η̂ = 0 imposes singularity when a full fault occurs. In

order to account for this, a threshold is set in the control allocation module which deletes the respective

column in G if a propeller gets completely damaged. Then, pseudoinverse G+ is recomputed from the reduced

control effectiveness matrix. Although INDI is inherently able to deal with uncertainties in the model [28],

the model changes completely, hence the need for recomputing the pseudoinverse.
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Fig. 7 Rotor speeds and effectiveness estimate on the hexacopter. Initially, the rotor speeds
are allocated to bring the multicopter to hover. Thereafter, at 4 seconds, large estimation
error (ω− ω̂) occurs between the true and the observer rotor speed of the completely damaged
actuator. The effectiveness estimate of the respective actuator goes to 0 almost immediately,
triggering a switch-off signal which leads to 0 rotor speed. The partially damaged propeller
does not exhibit such abrupt change in effectiveness estimation as the rotor speed error is less.
However the effectiveness estimate still converges to a decreased value. Furthermore, note the
increase in the rotor speed of the actuator, required to output the same thrust.

Finally, the most important signals for FDD are shown in Figure 7. It is seen that the completely damaged

actuator spools up for a split second as it loses a significant amount of inertia due to the detached blade.

This, along with the increasing reference speed, induces a large error in the observer’s estimated rotor speed

and the true rotor speed, which steers the effectiveness estimate towards zero in less than 0.2 seconds. As

soon as the effectiveness estimate reaches a threshold specified at 0, the respective motor is instructed to

switch off and its speed gradually reaches 0. At the same time, the observer detects the effectiveness decrease

of the other damaged blade as well, converging to a value around 0.7, proving that the observer is indeed
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Lyapunov stable and is able to handle partial and complete faults as well. Note the increased rotor speed of

the partially damaged blade required to generate the same thrust as a healthy propeller.

However, there is an important shortcoming of the observer, which is not seen in the above figures.

Namely, when a blade gets damaged, its inertia decreases as well, but the observer in itself does not account

for these inherently. When the inertia of the real system decreases, its dynamics become faster while the

observer model remains slow. Therefore, if the observer model matrices in (10) are not updated, there are

large oscillations in the effectiveness estimate due to the motor speed estimation error, see Figure 8. These

oscillations however only occur when the system leaves hover, i.e., when the drone is instructed to fly to a

new target at 8 seconds, and the rotor speeds change. In Figure 7, the oscillations are not present because

the inertia in the observer model is updated as soon as the effectiveness of the broken propeller converges.

Nevertheless, it should be noted that regardless of this update, the effectiveness still converged to 0.7 even

after the oscillations occur, see Figure 8.
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Fig. 8 Comparison of effectiveness estimation convergence in case of a partially damaged
propeller. Since the true inertia of the broken blade decreases, the observer model exhibits
slower dynamics if its inertia is not updated accordingly. This leads to transient errors when the
multicopter leaves hover. Nevertheless, the effectiveness estimation still converges, however,
not accounting for this phenomenon might lead to false alarms in real flight conditions.

V. Hardware-in-the-loop simulation

In this next section, the performance of the FDD observer is demonstrated via HIL simulation results. As

mentioned in Section II, the system model is observable even if the high-level attitude dynamics is omitted

from the model. Thus, a testbench setup was built consisting of a single actuator, as shown in Figure 10.

The underlying architecture of the HIL simulation is shown in Figure 9. A computer is connected to the

test setup via a serial port. The computer runs a script that sends a reference rotor speed ωref to a virtual

PI speed controller. This speed controller sends the appropriate PWM to the ESC on the testbench setup.
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The ESC, based on this PWM signal, channels power (us) from the power source to the motor whose speed

(ω̃) is measured via an optical sensor. The motor current (̃i) is also measured and this signal drives the

FDD observer. Finally, the observer yields an estimated effectiveness η̂, based on motor speed and current

measurements.

Test setupComputer

Speed

sensor

Current

sensor

ESC

FDD

observer

Speed

controller

Power

supply

ωref

η̂

usPWM

ĩ

ω̃

Fig. 9 Layout of the HIL simulation setup. The observer and motor speed controller run
virtually on the computer which sends PWM inputs to the ESC. The FDD observer yields an
effectiveness estimate (η̂) based on speed (ω̃) and current (̃i) measurements.

Fig. 10 Testbench setup. Note the detached propeller tangled in the safety net.

Since the actuator model is linear only locally (5), the motor speed controller has a feedforward mapping of

wref to PWM. This mapping was identified as shown in Figure 11; a “staircase” PWM input was commanded
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and the rotor speeds at each steady state were registered. Then, a quadratic curve was fitted on the obtained

data using the Ordinary Least Squares (OLS) method. A proportional gain was chosen to increase the

bandwidth of the motor speed controller, and an integrator term was added to account for minor uncertainties.

Furthermore, it was found that the relationship described in (6) does not hold for the actual system, as the

value of κτ seemed to change considerably with speed. Therefore, κτ is scheduled with respect to the rotor

speeds using a function identified offline. The detailed identification process is described in Appendix A.C.
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Fig. 11 Feedforward mapping identification procedure. Since it is assumed that the measured
motor speed (ω̃) matches the true motor speed (ω), a feedforward map is established between
ω̃ and input PWM. Thus, in order to make ω track ωref , the reference speed should be input
into the identified expression to get the corresponding PWM input.

After the necessary model parameters were obtained as explained above, the HIL simulation was performed

such that the rotor speed was gradually increased to almost full speed (≈ 800
[
rad
s

]
). Then, the motor

was slowed to around hover speed (≈ 500
[
rad
s

]
) and approximately after 49 seconds a sudden deceleration

command was introduced to the system. This command was required for detaching the propeller from the

motor. It is seen in Figure 12 that as soon as the propeller is detached, the observer’s estimate for effectiveness

decreases drastically. Furthermore the effectiveness estimate converges to ∼ 0, and the detection time, i.e.,

when the estimate crosses a threshold value (for example 0.1) is below 0.2 seconds, as shown in Figure 13.

Thus, the high level AFTC control system has time to switch to a reduced control law which is able to

maintain stable flight of the multicopter before the multicopter reaches an unrecoverable pose.
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Fig. 12 Fault detection in HIL simulation. At ≈51 seconds, the propeller is detached from
the actuator due to a sudden deceleration command. The adaptive FDD observer captures
the loss of the propeller as a complete loss of effectiveness.
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Fig. 13 Effectiveness estimation when the propeller gets detached from the actuator. Setting
a detection threshold to 0.1, the detached blade is detected within 0.2 seconds. The error
between measured (ω̃) and estimated (ω̂) rotor speeds define the dynamics of the effectiveness
estimation.

In this section it was shown that the fault detection time of the observer is sufficiently fast, although

with a higher sampling rate, it is assumed that detection time could be decreased. On the HIL setup, the

sampling rate was 50 Hz, however, in the upcoming tests, a 500 Hz current sensor will be utilized on an
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actual multicopter, where AFTC control system will be present as well. Further fine-tuning of the observer

may also decrease detection time. The effect of certain parameters on the effectiveness estimation dynamics

are discussed in Appendix A.D.

VI. Conclusions

This paper introduced the design of a model-based FDD observer for a generic multicopter UAV equipped

with electric propulsion units. The observer is applied on a nonlinear model consisting of high-level angular

velocity dynamics of the multicopter and low-level dynamics of individual actuators. This modular approach

enables the application of the observer on individual actuators. The observer adaptively estimates LoE

parameters of the actuators which are good indicators of faults. The proposed system, apart from other

similar applications in literature, is able to estimate not just partial, but complete LoE of the actuators

as well. Estimated LoE of each actuator is used to update a high-level AFTC system which implements a

switched, reduced control law to steer the damaged drone to safety. The observer is synthesized via LMIs

and has profound stability analysis proving asymptotic stability of the state and parameter estimation.

The observer’s performance was shown via simulations and HIL tests. Both reassured convergence of

the observer along with its ability to detect LoE changes of partially or even completely damaged blades.

The detection time on the testbench setup was found to be slightly below 0.2 seconds which was an initial

design goal for the observer. Thus, the AFTC system can be updated before the multicopter reaches an

unrecoverable pose.

A shortcoming of the presented observer is that it requires accurate model parameters to be identified

making it less flexible as these parameters have to be re-estimated for every multicopter/actuator configuration.

Nevertheless, the parameter estimation process, as shown in Appendix A is straightforward and not time

consuming to perform. Another drawback of the proposed system is that a current sensor is required to drive

the observer which might be infeasible, or at least cumbersome, to implement on an existing commercial

drone.

Future work includes testing the observer on a real system. Provided that an AFTC system is available

on the multicopter, the aim is to detect propeller failures quickly even in non-hover conditions and update

the control system.

All in all, the main contribution of the paper is that by merging high-level and low-level dynamics of

a multicopter system, there is a quick and relatively easy way to include an adaptive LoE estimator on

electrically propelled UAVs for FDD purposes.
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A. Appendix

In this section, derivation of the parameter update law in (15) is presented. This update law was chosen

to render the observer estimation error dynamics Lyapunov stable.

A. Derivation of the observer Lyapunov equation

The state estimation error of the observer is defined as ex = x− x̂, and the parameter estimation error is

given as eη = η − η̂. It is seen that the output error in (15) can be rewritten as

y − ŷ = C(x− x̂)

If the system was linear, the observer design would simply mean the task of choosing a suitable gain matrix

K making A−KC Hurwitz, i.e., having roots with strictly negative real parts, ensuring the convergence of

the state estimation error dynamics

ėx = (A−KC)ex

and thus reconstructing the states of the system via the observer as

lim
t→∞

ex = 0 → lim
t→∞

x̂ = x

The necessary condition for the existence of such matrix is the observability of the pair (A,C) which can be

asserted using Kalman’s observability test stating that if the observability matrix W of the system is of full

rank (Ker{W} = 0), the system is observable.

If observability is ensured, the error dynamics of the state and parameter estimation can be expressed

based on (9) and (15):

ėx = ẋ− ˙̂x =

= Ax+ Φ(x, u) +Dφ(x, u)η +Bu− (Ax̂+ Φ(x̂, u) +Dφ(x̂, u)η̂ +Bu+K(y − ŷ))

= A(x− x̂)−KC(x− x̂) + Φ(x, u)− Φ(x̂, u) +D (φ(x, u)η − φ(x̂, u)η̂)

= (A−KC)ex + Φ(x)− Φ(x̂) +D (φ(x)η − φ(x̂)η̂)

= f(ex, eη)

(19)

where, to keep the notations simple, input u is omitted from the argument list of the nonlinear terms Φ and

φ.
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Finding a parameter update law of the form

˙̂η = −Kηeη Kη � 0

would ensure the convergence of the parameter estimation, however, there are no means available to access η

directly. Therefore, an update law, function of solely the system states, has to be found.

First, a candidate (real valued, continuously differentiable) Lyapunov function is chosen in the form

V (ex, eη) = eTxPex + ΓeTη eη (20)

with P ∈ Rn×n � 0 and Γ ∈ R > 0. It is seen that

V (ex, eη) > 0 ∀ ex, eη 6= 0

V (ex, eη) = 0⇔ ex, eη = 0

meaning that V (ex, eη) is positive definite in the neighborhood of the origin. According to Lyapunov’s

theorem for stability of dynamical systems, if the time derivative of the Lyapunov candidate is negative

definite ∀ ex, eη 6= 0, then the nonlinear error dynamics ėx = f(ex, eη) in (19) is asymptotically stable [35].

Using (19), the time derivative of the Lyapunov function candidate can be written as

V̇ (ex, eη) = ėTxPex + eTxP ėx + 2ΓeTη ėη

=
(
eTx (A−KC)T + (Φ(x)− Φ(x̂))

T
+ (φ(x)η − φ(x̂)η̂)

T
DT
)
Pex

+ exP ((A−KC)ex + (Φ(x)− Φ(x̂)) +D (φ(x)η − φ(x̂)η̂))

+ 2ΓeTη ėη

= eTx
(
(A−KC)TP + P (A−KC)

)
ex

+ (Φ(x)− Φ(x̂))
T
Pex + eTxP (Φ(x)− Φ(x̂))

+ (φ(x)η − φ(x̂)η̂)
T
DTPex + eTxPD (φ(x)η − φ(x̂)η̂)

+ 2ΓeTη ėη

In order to further simplify the above equation, φ(x̂)η is simultaneously added to and subtracted from the
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term φ(x)η − φ(x̂)η̂, resulting in

φ(x)η − φ(x̂)η̂ + φ(x̂)η − φ(x̂)η =

=φ(x)η − φ(x̂)η + φ(x̂)η − φ(x̂)η̂

= (φ(x)− φ(x̂)) η + φ(x̂)(η − η̂︸ ︷︷ ︸
eη

)

Utilizing the above simplification and Assumption III.1 on the boundedness of the estimated parameter, the

following is obtained for the time derivative of the Lyapunov candidate

V̇ (ex, eη) ≤ eTx
(
(A−KC)TP + P (A−KC)

)
ex

+ (Φ(x)− Φ(x̂))
T
Pex + eTxP (Φ(x)− Φ(x̂))

+ γη (φ(x)− φ(x̂))
T
DTPex + eTxPD (φ(x)− φ(x̂)) γη

+ eTη φ(x̂)TDTPex + eTxPDφ(x̂)eη

+ 2ΓeTη ėη

Furthermore, due to the nonlinear terms Φ(x, u) and φ(x, u) being Lipschitz continuous, an upper bound of

V̇ (ex, eη) is found in the form of

V̇ (ex, eη) ≤ eTx
(
(A−KC)TP + P (A−KC)

)
︸ ︷︷ ︸

−Q

ex

+ 2γΦe
T
xPex + 2γφγη‖D‖eTxPex︸ ︷︷ ︸
(γΦ+γφγη‖D‖)2eTx Pex

+ 2eTη φ(x̂)TDTPex

+ 2ΓeTη ėη

(21)

where the matrix norm of D denotes its maximum singular value.

Lemma A.1 (Quadratic inequality)

Suppose that v ∈ Rk. Then, by definition of the Euclidean norm, ‖v‖2 =
√
vT v is always positive for a

non-zero v vector, and zero if v = 0, meaning that vT v ≥ 0 ∀ v. Therefore

aTa+ bT b ≥ 2aT b ∀ a, b ∈ Rk
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Proof. Consider an arbitrary set of vectors a, b, v ∈ Rk such that v = a− b. Note that

(a− b)T (a− b) ≥ 0 ∀ a, b

which means that
aTa− aT b− bTa+ bT b ≥ 0

aTa+ bT b ≥ 2aT b

�

Based on Lemma A.1, the following can be stated of expression 2eTxPex:

2eTxPex ≤ 2‖ex‖‖Pex‖ ≤ ‖ex‖2 + ‖Pex‖2

= eTx ex + eTxPPex

= eTx (I + PP ) ex

Additionally, choosing an update law for the parameter estimation error dynamics in the form

ėη = − 1

Γ
φ(x̂)TDTPex (22)

will ensure that the time derivative of the Lyapunov function candidate satisfies the inequality presented in

(23).

V̇ (ex, eη) ≤ −eTxQex

+ (γΦ + γφγη‖D‖)eTx (PP + I)ex

+ 2eTη φ(x̂)TDTPex

+ 2ΓeTη ėη

= eTx (−Q+ (γΦ + γφγη‖D‖)(PP + I))︸ ︷︷ ︸
M

ex

(23)

B. Stability analysis of the observer dynamics

Due to the assumption that the estimated parameter is slowly varying—as listed in Assumption III.1—the

update law in (22) yields the parameter estimation update law of the observer as shown in (15) by writing

ėη = η̇ − ˙̂η = − ˙̂η = − 1

Γ
φ(x̂)TDTPex
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Furthermore if (DTP )i ∈ Im{CT } = Ker{C}⊥ ∀ i with (PTD)i denoting the ith row of PTD (as assumed

in Assumption III.1) then (DTP )i (CTC)−1CT︸ ︷︷ ︸
C+

C(x− x̂) is nonzero for any nonzero state estimation error.

This assumption is important to hold because only the signal y − ŷ = C(x − x̂) is available for feedback,

therefore (22) in itself cannot be used due to the unknown x. Thus, the final parameter estimation update

law is given in the form

˙̂η =
1

Γ
φ(x̂)TDTPC+(y − ŷ)

As for the time derivative of the candidate Lyapunov function in (23), matrix M is negative definite if the

Thau-condition [36] listed in Assumption III.1 holds. The Thau-condition can be derived from (21) where

both Q and P are real valued matrices and the update law in (22) has been applied, thus

V̇ (ex) ≤ −eTxQex

+ (γΦ + γφγη‖D‖)2eTxPex

≤ −‖eTx ‖‖Qex‖+ 2α‖eTx ‖‖Pex‖

≤ −λmin(Q)‖ex‖2 + 2αλmax(P )‖ex‖2

which only holds if

α <
λmin(Q)

2λmax(P )

Therefore, to prove the convergence of the proposed observer, the following list can be established, based

on the above assumptions and derivations:

1) V (ex(t)) is lower bounded, since V (ex(t)) ≥ 0 ∀ex(t) by definition.

2) V̇ (ex(t)) is negative semidefinite, as ∃µ > 0 ∈ R : V̇ (ex(t)) ≤ −eTx (t)Mex(t) = −µeTx (t)ex(t).

3) V̈ (ex(t)) ∈ L∞, i.e. V̇ (ex(t)) is uniformly continuous.

Then, by Barbalat’s lemma, limt→∞ V̇ (ex(t)) = 0 [37], meaning that limt→∞−µeTx (t)ex(t) = 0 which implies

that limt→∞ ex(t) = 0, and the state estimation error will converge to zero [33].

Finally, the parameter estimation error converges to zero asymptotically if the following persistence of

excitation condition holds [33, 38]:

∃ T, k, k > 0 : kI ≥
∫ t0+T

t0

Dφ (x(t), u(t))φT (x(t), u(t))DTdt ≥ kI (24)

Since φ(x) > 0 ∀ x 6= 0 and ‖φ(x)‖2 < ∞ ∀ x ∈ X , where X is a bounded state space, the system is

persistently excited unless x ≡ 0.
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C. Parameter identification for observer model construction

In this section, the parameter identification process of a single actuator is introduced. The methodology

for establishing the thrust model and obtaining the actuator inertia is presented.

The testbench setup, seen in Figure 10 has current sensors to read the current flowing through the motor

and optical sensors that read the motor speed. Furthermore, there are two load cells aligned in such way,

that one of them provides thrust force measurements, the other torque measurements around the propeller z

axis. Unfortunately, the torque sensor precision was insufficient to a degree that it was unusable, however,

the thrust sensor performed impeccably, as seen in Figure 14. Thus, the thrust coefficient was obtained based

on (6) for each steady state data section plotted in Figure 15. Thereafter the final value for κT was yielded

by a weighted average of the identified thrust coefficients, with greater weights assigned to near-hover rotor

speeds. However, the torque coefficient had to be determined using a different method.

0

5

10

th
ru
st

[N
]

measured
κTω̃

2

−0.5

0

0.5

1

to
rq
ue

[N
m
]

measured
κτ ω̃

2

κτ (ω̃)ω̃2

0

10

20

cu
rr
en
t
[A

]

0

5

10

15

vo
lt
ag

e
[V

]

ub
ub · PWM

0 5 10 15 20 25

0

200

400

600

800

time [s]

sp
ee
d
[r
ad

/s
]

0 5 10 15 20 25

1,000

1,500

2,000

time [s]

P
W

M
[µ
s]

Fig. 14 All data gathered from the testbench setup.

First of all, a staircase-like PWM input was given to the system as shown in Figure 14, with the propeller

detached. Then, the speed and current measurements—similarly as shown in Figure 15—was plotted for all
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PWM levels. From (5), the steady state equation without a propeller is found to be

κfωss = κqi

which, since κq can be computed from the motor velocity constant given by the manufacturer, yields the value

of κf via an OLS parameter estimation. Then, the same input was given to the system with the propeller

attached with Figure 15 showing the corresponding speed and current measurements. Since κf was already

identified, another OLS estimation procedure was performed on the measurement data based on

κτω
2
ss = κqi− κfωss

for each “step” shown in Figure 15. As a result, it was found, that the value of κτ varies significantly with the

rotor speed as seen in Figure 16 and Table 1; therefore, the value of κτ is actively scheduled in the observer

model based on the linear approximation of the fitted function (κτ (ω)) describing the relationship between

κτ and ω, see Figure 16.
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Fig. 15 System response at various PWM levels. The data slices were taken from system
responses to a “staircase-like” pwm input sequence.

Finally, the inertia of the blade and the motor’s rotating part was obtained via computing ω̇ via numerically

differentiating the rotor speed samples in the transient phases of each step response in Figure 15. Then,

since the values of κτ and κf were already determined, the inertia of the actuator was also found via an OLS
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procedure applied on the complete actuator dynamics in (5).
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Fig. 16 κτ changes considerably with the rotor speed. Therefore a linear fit was applied to
obtain a scheduling function.

Table 1 Parameters identified on the HIL setup for each steady state (κT, κτ , κf) and transient
data slice (J)

Parameters Data sections

PWM [µs] 1300 1400 1500 1600 1700 1800 1900 2000

ωss
[
rad
s

]
221.32 310.28 397.02 477.59 511.35 629.26 697.43 764.84

κT (·10−5)
[
N ·s2
rad2

]
1.7878 1.7348 1.7815 1.8193 1.8390 1.8615 1.8783 1.8853

κτ (·10−7)
[
Nm·s2
rad2

]
0.5850 0.9467 1.1980 1.5083 1.7781 2.1473 2.5663 2.8437

κf (·10−6)
[
Nm·s
rad

]
9.5810 8.5110 11.039 9.3082 8.9735 9.8699 8.9732 8.1637

J (·10−5)
[
kg ·m2

]
1.5770 2.7314 2.0508 2.0887 5.2432 3.5305 3.0275 5.9222

Table 1 shows the respective parameters identified for each steady state and transient section of the

measured variables shown in Figure 15. Motor friction coefficient κf is plotted for the detached-propeller case.

It is seen that the thrust coefficient is accurately modeled by (6), however, the torque coefficient significantly

varies with rotor speed. Therefore, the observer model used the weighted average of κT, κf , and J as a

constant, whereas κτ was actively scheduled as a function of ω.

As shown in Table 2, the thrust coefficient (κT) and the motor friction coefficient (κf ) are estimated

with a relatively low variance. However, the variance of the estimated inertia for each transient in Figure 15

indicates that the dynamics of the actuator can become considerably different than the online model. For this

reason, in Appendix A.D, it is shown that the detection speed barely changes even with 50% error between

the true and model inertia.
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Table 2 Statistical parameters of the identified constants. In the first row, u denotes the
unit of the respective statistical parameter, meaning that variance has unit u2. Low variance
of the thrust coefficient (κT) indicates an accurate estimate. Greater variances of the torque
coefficient (κτ) and motor friction coefficient (κf) indicate that the mean represents the sys-
tem’s behaviour less accurately compared to the thrust coefficient. Finally, it is seen that
estimated inertia parameters are widely spread around the mean which indicates that there
would be significant errors between the true and estimated inertia at various motor speeds.
The weighted average of the coefficients is supposed to alleviate modeling errors around hover
conditions, i.e., greater weights are assigned to constants identified near hover speeds.

Parameters Mean (u) Variance (u2) Weighted Average (u)

κT (·10−5)
[
N ·s2
rad2

]
1.8234 0.0024 1.8465

κτ (·10−7)
[
Nm·s2
rad2

]
1.6967 0.5455 1.9960

κf (·10−6)
[
Nm·s
rad

]
9.3024 0.6944 9.4782

J (·10−5)
[
kg ·m2

]
3.2714 2.1366 3.9876

D. Sensitivity analysis of the observer dynamics

In this final part of the appendix, the effect of identified parameters is discussed. The essence of the

proposed adaptive filter is to estimate the value of κτ based on measurements such as ω and i. Should the

initial (or scheduled) parameter of κτ be off by a certain amount, the observer is supposed to estimate this

parameter error in the actuator effectiveness.
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Fig. 17 The effect of the online value of κτ on effectiveness estimation. Note, that if a ±10%
error is present, the effectiveness estimate converges to ∼ 0.9 or ∼ 1.1 respectively. Thus, if
κτ is lower than the true value, this error appears as an increased effectiveness of the blades
and vice versa. However, when the full fault occurs, the effectiveness estimate goes to zero
regardless of the error in κτ
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Fig. 18 Fault detection speed affected by various parameters. It is seen that if the online
inertia estimate is off from the true value the effectiveness estimation speed is affected. If the
estimated inertia is much less than the actual value, the detection speed may increase slightly,
however, every transient in rotor speed will introduce a large error in estimated and true rotor
speeds, due to the different step responses. The more significant value affecting convergence
speed is the tuning gain seen in (15). A larger Γ results in less overshoot with a trade-off in
detection speed. It is shown that smaller Γ values decrease the detection time at the cost of
poorly damped oscillations.

Based on Figure 17, it is assumed that, in real flight conditions, aerodynamic effects causing an effectiveness

change in propellers are captured if their frequency is within the bandwidth of the observer. Higher frequency

effects are assumed to not change propeller effectiveness considerably. Furthermore, minor errors in κτ are

also assumed to be mitigated by an inherently robust INDI flight controller. Additionally, errors in parameter

κf appear as additive torques which are also captured by the effectiveness estimate in a similar way as errors

in κτ , see Figure 17.

As shown in Figure 18, the detection speed is affected by the online estimate of actuator inertia J . If

the online model has a lower inertia value then the true system, the dynamics of the actuator model, see

(5), of the observer has faster response time resulting in error between the estimated and measured motor

speed at every transient. Thus, every time there is a step in the reference rotor speeds, the effectiveness

estimation will be off by a large margin. This effect is shown in Figure 8 where the inertia of the real system

is actually less than the online parameter after it became damaged. This may lead to false alarms, therefore,

it is important to have an accurate estimate of the inertia. However, results in Figure 18 show that there is

35



considerable room for the inertia parameter estimation error.

As for the tuning parameter of the adaptive update law of the effectiveness in (15), the rise time of the

effectiveness estimate is greatly affected by its value. Figure 18 shows that a greater Γ value results in slower

response with less overshoot, whereas a small Γ reduces rise time at the cost of poorly damped oscillations.

Therefore, a value had to be found that kept the rise (detection) time around 0.2 seconds with acceptable

damping. This value might vary considerably with the actuator model at hand.

36



Part III

Discussion and Appendices
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Chapter 6

Conclusions

In this final chapter, the contributions of this project are discussed with respect to the
research questions posed in Chapter 1. First of all, various methods for multicopter Fault
Detection and Diagnosis (FDD) were researched in a literature survey. The findings of
this survey listed methods suitable for multicopter FDD in a way that it facilitated laying
out the path of the project. As shown through examples from FDD literature, signal
analysis is a popular approach for detecting anomalies in the monitored system. Current
research also applies Neural Networks (NNs) trained via the extraction of vibration or
current signal features. Several adaptive control methodologies were introduced as well
with the emphasis on Direct Adaptive Control (DAC), Indirect Adaptive Control (IAC),
and Multiple Model Adaptive Estimation (MMAE). It was shown that IAC is generally
more flexible to design and implement than DAC when FDD modules are included in
the models as well. MMAE provides a powerful switching adaptive law which is suitable
for Loss of Effectiveness (LoE) estimation, however, several models have to be identified
offline for each fault to be accounted. This also means that that more observers/filters
have to be simultaneously running online on each model which can be computationally
expensive. Finally, several observer design methods were discussed which were mostly
nonlinear and model based. From the nonlinear Thau observer, through discontinuous
sliding mode observers, to adaptive observers, a great variety of modules are used for FDD
purposes in the literature. These observers are powerful tools for LoE estimation, with
Lyapunov-based estimation convergence. Furthermore they are generally straightforward
to implement within a IAC framework, making them even more desirable to use within a
Active Fault-Tolerant Control (AFTC) system.

Based on the preliminary literature survey, and the following requirements towards
the FDD framework

1. fault detection time should be below 0.2 seconds

2. fault isolation must be ensured among actuators

3. stability and reliability of the FDD system has to be asserted

a nonlinear adaptive Thau observer was proposed for LoE estimation of the actuators.
Since fault isolation is an important requirement, i.e., it has to be straightforward to show
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which actuator is faulty, low-level (decentralized) signals were investigated to be utilized
for FDD purposes. It was found that current and motor speed measurements play a
valuable role in resolving observability issues reported in multiple pieces of literature. It
was argued that using high-level translational and angular dynamics of the multicopter
does not necessarily ensure the observability of effectiveness parameters of the actuators,
especially if the multicopter has 6 or more actuators. The proposed observer model,
augmenting the angular velocity dynamics with decentralized actuator models, was shown
to be observable for any number of actuators. It was also shown that the observer model
can be scaled down to a single actuator model, meaning that isolation of faulty actuators
are ensured by decentralized signals.

Furthermore, simulation and Hardware-in-the-loop (HIL) results indicate that decen-
tralized signals (due to the fast dynamics of the actuators) enable fault detection within
0.2 seconds. This is an important achievement, since the control system of the multicopter
can be updated to act before the multicopter reaches an unrecoverable pose due to the
imbalance in propulsion. Additionally, a key property of the proposed observer is that
it is able to estimate partial and complete LoE as well with proven asymptotic stability.
Profound stability analysis was given in the document to prove the convergence of the
FDD observer.

The last research question addressed suitable methods used to interpret the observer
LoE estimates for the AFTC system governing the multicopter. Since the design of the
observer was modular, the control law itself is not affected directly by the observer. In-
stead, the observer augments a switched control system which is designed to steer the
multicopter to safety even if one or multiple actuators suffer LoE. If the control system
is based on Incremental Nonlinear Dynamic Inversion (INDI) or Nonlinear Dynamic In-
version (NDI), the control allocator is updated with the estimated effectiveness of each
actuator. Thus, the allocator will assign greater reference speed for an actuator if a partial
LoE is detected. However, in case of complete LoE the observer instructs the allocator to
update the allocation law and the controller to switch to a reduced controller.

It was shown that adaptive Thau observers estimating actuator effectiveness param-
eters are a powerful foundation for a FDD framework on multirotor Unmanned Aerial
Vehicles (UAVs). Such an observer enables the multicopter to monitor the state of its
actuators and update its control system or operator to intervene and address LoE issues
in its propulsion system. Hence, integrity and safety of multirotor UAVs can be greatly
enhanced.

Last but not least, some shortcomings of the observer are pointed out. It was shown
that even though the observer needs several model parameters to be accurately identi-
fied beforehand, these parameters are straightforward to obtain. However, the observer
assumes that current and rotor speed sensors are available on-board which might limit
its applicability on commercially available multicopters. Nevertheless, as an immediate
continuation of this project, actual flights are planned to be performed with multicopters
equipped with AFTC systems. Based on the introduced results, the FDD observer is
anticipated to successfully augment the AFTC system and provide fast and accurate
information on actuator availability.



Appendix A

Schur complement

In this appendix, some useful insights are discussed which can give a better understand-
ing of some phases in this thesis project. Here, the Schur complement of a symmetric
matrix will be examined, as it has fundamental ramifications in the field of Linear Matrix
Inequality (LMI) optimization for robust observer synthesis.

Suppose ∃ M = MT ∈ Rm×m partitioned as follows

M =

[
P S
ST Q

]
(A.1)

Assumption A.1
Matrix Q is assumed to be invertible.

Due to Assumption A.1, Q has to be square, i.e. Q ∈ Rq×q with q ≤ m. Then S must
be S ∈ Rp×q with p = m− q, therefore, P ∈ Rp×p.

Assume that the inverse of M is sought, such that the solution of (A.2) is found [76].

[
P S
ST Q

] [
x
y

]
=

[
a
b

]
(A.2)

Since Assumption A.1 holds, (A.3) can be written to find y in (A.2).

y = Q−1(b− STx) (A.3)

Substituting (A.3) into
Px+ Sy = a

it is obtained that
Px+ SQ−1(b− STx) = a

(P − SQ−1ST )x = a− SQ−1b
(A.4)

Definition A.1 (Schur complement [77])
Matrix P − SQ−1ST is defined as the Schur complement of block Q in matrix M .

Assumption A.2
It is assumed that the Schur complement of Q, i.e. P − SQ−1ST , is invertible.
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If Assumption A.2 holds, then based on (A.4) it is found that

x = (P − SQ−1ST )−1(a− SQ−1b)

which, along with (A.3) can be rewritten into matrix form as
[
x
y

]
=

[
(P − SQ−1ST )−1 −(P − SQ−1ST )−1SQ−1

−Q−1ST (P − SQ−1ST )−1 Q−1 +Q−1ST (P − SQ−1ST )−1SQ−1

]

︸ ︷︷ ︸
M−1

[
a
b

]
(A.5)

Then, with I denoting an identity matrix of arbitrary size, it is found that the inverse
of M in (A.5) can be factorized as

M−1 =

[ I 0

−Q1
ST I

]

︸ ︷︷ ︸
(NT )−1

[
(P − SQ−1ST )−1 0

0 Q−1

]

︸ ︷︷ ︸
Λ−1

[
I −SQ−1

0 I

]

︸ ︷︷ ︸
N−1

(A.6)

Definition A.2 (Matrix inverse)
Suppose A ∈ Rn×n is an invertible matrix of the form

A =




a11 a21 · · · a1n

a21
. . .

... . . .
an1 ann




The inverse matrix of A is defined as

A−1 =
adj(A)

det(A)

where det(A) denotes the determinant of matrix A. adj(A) denotes the adjungate matrix
of A which is computed as

adj(A) =




α11 α21 · · · α1n

α21
. . .

... . . .
αn1 αnn




T

where αij denotes the cofactor of matrix A at element ij.

Lemma A.1
Based on (A.6), M can be factorized as

M = NΛNT

where

N =

[
I SQ−1

0 I

]

and

Λ =

[
P − SQ−1ST 0

0 Q

]
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Proof. Due to the associative property of the matrix product, it can be written that

MM−1 = (NΛNT )M−1 = I
= NΛ

(
NT (NT )−1

)
︸ ︷︷ ︸

I

Λ−1N−1 =

= N (ΛΛ−1)︸ ︷︷ ︸
I

N−1 =

= NN−1 = I

Now it has to be checked whether the inverse of N and Λ is indeed defined correctly in
(A.5). First consider the problem of finding the inverse of N . Since NN−1 = I must
hold, using N−1 from (A.6), it can be asserted that

[
I SQ−1

0 I

] [
I −SQ−1

0 I

]
=

[
I SQ−1 − SQ−1

0 I

]
= I

Then, since Λ is a block diagonal matrix with blocks A and B, using Definition A.2, it
can be written that the inverse of Λ is given as

Λ−1 =

[
A−1 0

0 B−1

]

which indeed yields

ΛΛ−1 =

[
A 0
0 B

] [
A−1 0

0 B−1

]
=

[
AA−1 0

0 BB−1

]
=

[
I 0
0 I

]

�

Corollary A.0.1
It was found that the symmetric matrix M can be factorized via the Schur complement of
block Q, such that

M = NΛNT

meaning that the M is invertible if and only if Q and the Schur complement of Q is
invertible.

Definition A.3 (Matrix definiteness)
Consider a symmetric matrix R ∈ Rr×r. Then, ∀ x ∈ Rr, x 6= 0, R is said to be

• Positive definite (R � 0) if xTRx > 0

• Positive semidefinite (R � 0) if xTRx ≥ 0

• Negative definite (R ≺ 0) if xTRx < 0

• Negative semidefinite (R � 0) if xTRx ≤ 0

Lemma A.2
If matrix P is positive definite then all its eigenvalues must be positive.
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Proof. Consider Definition A.3 and take v as a non-trivial eigenvector of P � 0. Then,
having λ ∈ R defined as the corresponding eigenvalue of P , it is seen that

λv = Pv

Suppose, that λ = 0 implying v ∈ Ker{P}. Therefore, it is seen that vTPv = 0, making
P at most positive semidefinite. Now take λ < 0. Then, using the definition of the 2-norm
of a nonzero vector, it can be asserted that vT v = ‖v‖ > 0, thus

vTPv = vT (λv) = λvT v < 0

which means, according to Definition A.3, that P is negative definite. �

After these preliminary findings, an important lemma, based on the Schur comple-
ment, can be stated which can be utilized when setting up and solving LMIs.

Lemma A.3
Consider M = MT of the form (A.1). Then the following statements hold

1. M � 0 ⇔ Q � 0 and P − SQ−1ST � 0

2. if Q � 0 then M � 0 ⇔ P − SQ−1ST � 0

Proof. • Prove 1): M � 0 ⇒ Q � 0 and P − SQ−1ST � 0
Since M is symmetric, ∃ Λ diagonal and ∃ N invertible such that the decomposition

of M is written as
M = NΛNT

Since N is invertible it is full rank, therefore, Im{N} ∈ Rm, meaning that ∀ y ∈ Rm, y 6=
0 ∃x ∈ Rm, x 6= 0 : NTx = y. Hence, using Definition A.3 and the fact M � 0, it can
be shown that ∀ x, y ∈ Rm, x, y 6= 0

xTMx > 0

xTNΛNTx > 0

yTΛy > 0

Λ � 0

Taking N and Λ as shown in Lemma A.1 it is found that

Λ =

[
P − SQ−1ST 0

0 Q

]
=

[
A 0
0 B

]
� 0

therefore, ∀x ∈ Rm, x = [xT1 , x
T
2 ]T 6= 0 with x1, x2 having appropriate sizes

xT1 Ax1 + xT2 Bx2 > 0

thus, if x2 = 0 then x1 cannot be zero, hence xT1 Ax1 > 0 must hold for all nonzero vector
x1, implying that A � 0. The same must hold for all x with x1 = 0 and x2 6= 0 which
leads to B � 0.

• Prove 1) M � 0 ⇐ Q � 0 and P − SQ−1ST � 0
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Since Q � 0 and P − SQ−1ST � 0, the diagonal matrix

D =

[
P − SQ−1ST 0

0 Q

]

must be positive definite, as it has the eigenvalues of Q and P − SQ−1ST which are
all positive. Furthermore according to [78], ∀ R of full rank, it holds that if D � 0 then
RDRT � 0. Thus, if R = N as defined in Lemma A.1, then it is seen that M = NDNT �
0.

• Prove 2) if Q � 0 then M � 0 ⇒ P − SQ−1ST � 0

SinceM is symmetric and positive semidefinite, it is diagonalizable as shown in Lemma A.1.
Due to N being invertible, Σ must be at positive semidefinite and since all eigenvalues of
Q are strictly positive, P −SQ−1ST must be positive definite in order for M � 0 to hold.

• Prove 2) if Q � 0 then M � 0 ⇐ P − SQ−1ST � 0

Since Q � 0 and P − SQ−1ST � 0 then the eigenvalues of

D =

[
P − SQ−1ST 0

0 Q

]

are nonnegative, meaning that D � 0 has only nonnegative eigenvalues. Note, that D is
symmetric, due to P − SQ−1ST and Q being both symmetric matrices. Therefore, the
square root of matrix D can be taken, and for any matrix R, the following holds

RDRT = RD
1
1D

1
2RT = RD

1
2

(
RD

1
2

)T
= UUT � 0

because for any nonzero z, zTUUT z 6= 0. Since R can be any matrix, having R = N
shows that M � 0. �
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Appendix B

Multibody dynamics of a multicopter

This appendix discusses the multibody dynamics of a multicopter with some attached
propellers. Since torques emanating from the rotating propeller disc may have non-
negligible effects on the complete dynamics of the system the interactions between the
rotating bodies are examined. As it will be shown, most of these effects cancel each other
out if the propellers are aligned symmetrically, however, if a propeller is lost, then the
equilibrium of these effects gets disrupted. It is hypothesized that the disrupted balance
in propeller effects may carry beneficial information for Fault Detection and Diagnosis
(FDD) observers.

This chapter starts with the discussion of relative angular momenta of the rigid body
(Appendix B.1) and a single propeller attached to it (Appendix B.2). Following, forces
and moments acting on the rigid body (Appendix B.3) and on a propeller (Appendix B.4)
are examined.Finally, the found effects are lumped into a single dynamic model in Ap-
pendix B.5.

In this chapter the subscripts and superscripts will have the following meaning:

•zxy

• in frame y with respect to frame x expressed in frame z.

B.1 Relative angular momentum of the rigid body

Firstly, the relative angular momentum hABB of the multicopter body - excluding the
propellers - will be derived in the Center of Gravity (CG) of the body, i.e., the origin of
the body-fixed reference frame B. The mass of the body is denoted by mb and its volume
is Vb. The rotation matrix from B to A is denoted by RAB.

hAAB =

∫

Vb

ρAB × ρ̇ABdm
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94 Multibody dynamics of a multicopter

{A} yA

zA

xA

{B} yB

zB

xB

{C} yC

zC

xC

dm

dm

rAAB

rBBC

ρBB

ρCC

pBBρC

Figure B.1: Multibody diagram of a multicopter body and an attached propeller

According to Figure B.1, one has the following relationships

ρAB = RABρ
B
B

ρ̇Ab = RAB [Ω] ρBB +RABρ̇
B
B

where Ω is the angular velocity of B with respect to A.

Definition B.1
The operator [•] : Rn → so(n) maps an n-dimensional vector to its respective skew-
symmetric matrix in so(n).

Assumption B.1
Since the multicopter body is assumed to be rigid, the position of an elementary mass
of the body with respect to the body frame is constant, meaning that ρ̇BB = 0. Thus, the
following is obtained



B.2 Relative angular momentum of the propeller 95

With Assumption B.1 in mind, the following can be written

hAAB =

∫

Vb

RABρ
B
B ×RAB [Ω] ρBBdm

Since the volume integral does not depend on the relative attitude of the rigid body in
the inertial frame, the rotation matrix can be pulled out of the integral and the following
expression can be derived

hAAB = RAB

∫

Vb

ρBB × [Ω] ρBBdm

Due to the linearity of the integral, the above equation can be expanded as

hAAB

= RAB

∫

Vb

ρBB × Ω× ρBBdm =

= RAB −
∫

Vb

[
ρBB
]2

dmΩ =

= RAB




∫
Vb
ρ2

2 + ρ2
3dm −

∫
Vb
ρ1ρ2dm −

∫
Vb
ρ1ρ3dm

−
∫
Vb
ρ2ρ1dm

∫
Vb
ρ2

1 + ρ2
3dm −

∫
Vb
ρ2ρ3dm

−
∫
Vb
ρ3ρ1dm −

∫
Vb
ρ3ρ2dm

∫
Vb
ρ2

1 + ρ2
2dm




︸ ︷︷ ︸
JBb




Ω1

Ω2

Ω3


 =

= RABJ
B
b Ω

(B.1)

with ρBB = [ρ1, ρ2, ρ3]T , Ω = [Ω1,Ω2,Ω3]T and JBb is the inertia tensor of the rigid body
with respect to the body-fixed frame of reference. Differentiating the multicopter’s relative
angular momentum with respect to time it is found that the sum of inertial torques

∑
i τ
A
i

equals ḣAAB, that is

ḣAAB = RAB [Ω] JBb +RABJ
B
b Ω̇ =

∑

i

τAi

where the rotation matrix dynamics Ṙ = R [Ω] was used [79].

Multiplying by RTAB yields the following, well known equation for a single body’s
attitude kinematics

JBb Ω̇ + [Ω] JBb Ω =
∑

i

τBi (B.2)

since the rotation matrix is orthogonal, i.e. RTR = I.

B.2 Relative angular momentum of the propeller

As for a single propeller positioned rBBC from the rigid body CG, its relative angular
momentum in the inertial frame, with respect to the origin of the body-fixed frame of
reference, can be written as

hAAC =

∫

Vp

rAbm × ṙAbmdm (B.3)
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where Vp denotes the volume of the propeller and, according to Figure B.1, rAbm is defined
as

rAbm = RABr
B
bm = RAB

(
rBBC +RBCρ

C
C
)

ṙAbm = RAB [Ω] rBbm +RABṙ
B
bm

= RAB [Ω]
(
rBBC +RBCρ

C
C
)

+RAB
(
ṙBBC +RBC [ω] ρCC +RBC ρ̇

C
p

)

RBC is the rotation matrix from the propeller frame C which is attached to the propeller’s
mount point on the rigid body. ω is the angular speed of C with respect to B, i.e., the
rotational speed of the propeller.

Assumption B.1
ṙBBC = 0, as the propeller is assumed to be at a constant location in the body frame, due to
the multicopter’s body being rigid. Furthermore, ρ̇Cp = 0 as well, since the all elementary
masses within the propeller, modeled as a disk, are at a constant position with respect to
the CG of the propeller, as it is also a rigid body.

Remark
Due to the propeller being modeled as a disk, the inertia tensor of an infinitely thin disk is
used to describe the dynamics of the propeller. According to [79], the said inertia tensor
has the form

JCp =




1
4mpr

2
p 0 0

0 1
4mpr

2
p 0

0 0 1
2mpr

2
p




Assumption B.2
It is assumed that the propeller cannot tilt with respect to the body frame.

Corollary B.0.1
Due to Assumption B.2 the rotational speed of the propeller frame, with respect to the
body frame, will have the form

ω = [0, 0, ωz]
T

and the rotation matrix RBC will describe a single rotation around zC by an arbitrary angle
ϑ whose cosine will be denoted by cϑ and its sine by sϑ. Therefore, RBC will always have
the form

RBC =



cϑ sϑ 0
−sϑ cϑ 0

0 0 1


 ∈ SO(3)

Hence, the following holds
RBC [ω] = [ω]RBC

Proof. It is proven in [79] that the following relationship holds for any pair of R ∈ SO(3)
and x ∈ R3:

RT [x]R = [Rx] (B.4)

Due to the special structure of RBC ∈ SO(3) and ω ∈ R3 shown in Corollary B.0.1 it
holds that RBCω = ω, therefore, (B.4) can be written as

RTBC [ω]RBC = [RBCω] = [ω]
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where the orthogonal property of R was utilized. Multiplying both sides by RBC , due to
the identity property of SO(3) matrices, the proof is completed. �

Since the attitude of the propeller with respect to the inertial frame does not affect
its volume integral and according to Assumption B.1, (B.3) can be written as

hAAC = RAB

∫

Vp

(
rBBC +RBCρ

B
C
)
×
(
[Ω]rBC B + [Ω]RBCρ

C
C +RBC [ω] ρCC

)
dm =

= RAB

(∫

Vp

rBBC × [Ω]rBC Bdm+

∫

Vp

rBBC × [Ω]RBCρ
C
Cdm+

∫

Vp

rBBC × [Ω]RBC [ω] ρCCdm+

+

∫

Vp

RBCρ
C
C × [Ω] rBBCdm+

∫

Vp

RBCρ
C
C × [Ω]RBCρ

C
Cdm+

∫

Vp

RBCρ
C
C ×RBC [ω] ρCCdm

)

(B.5)
Integrals containing both rBBC and ρCC can be manipulated until the integral is reduced to

∫

Vp

ρCCdm

which is zero by definition of the CG.

Remark
Let ρBC = RBCρ

C
C which, using the structure of RBC from Corollary B.0.1 and defining

ρCC = [ρ1, ρ2, ρ3]T , can be expressed as

ρBC =



cϑρ1 + sϑρ2

−sϑρ1 + cϑρ2

ρ3




Using the structure of the inertia tensor shown in (B.1) and the inertia of a disk shown
in Appendix B.2, it can be shown that RBC, due to its special structure, does not change
the inertia of the propeller disk, regardless of the reference point being in the origin of B
or C.

Firstly, note the fact that ∫

Vp

ρ2
1dm =

∫

Vp

ρ2
2dm

holds. Then, note that ∫

Vp

ρ1ρ2dm = 0

also holds. Thus it can be shown that∫

Vp

ρ2
1dm =

∫

Vp

(cϑρ1 + sϑρ2)2 dm

=

∫

Vp

c2
ϑρ

2
1 + 2cϑsϑρ1ρ2 + s2

ϑρ
2
2dm

= c2
ϑ

∫

Vp

ρ2
1dm+ 2cϑsϑ

∫

Vp

ρ1ρ2dm

︸ ︷︷ ︸
0

+s2
ϑ

∫

Vp

ρ2
1dm

=
(
c2
ϑ + s2

ϑ

)
︸ ︷︷ ︸

1

∫

Vp

ρ2
1dm
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Thus, using Corollary B.0.1 and Appendix B.2, (B.5) can be rewritten as

hAAC = RAB

(
rBBC × [Ω]rBC B

∫

Vp

dm+

∫

Vp

ρCC × [Ω] ρCCdm+

∫

Vp

ρCC × [ω] ρCCdm

)

= RAB
(
JSp Ω + JCp Ω + JCp ω

)

where

JSp = mp

((
rBBC
)T
rBBCI −rBC B

(
rBBC
)T)

with I ∈ R3 being an identity matrix. This equation describes Steiner’s theorem which
introduces an apparent inertia JSp of a point mass with respect to a rotation axis not
coincident with the point mass [79]. In this case, the propeller can be described as a mass
with mp rotating with the body frame, rBBC away from its origin. JCp is the propeller disk
inertia tensor with respect to the propeller frame.

Differentiating the relative angular momentum of the propeller, one obtains

ḣAAC = RAB [Ω]
(
JSp Ω + JCp Ω + JCp ω

)
+RAB

(
JSp Ω̇ + JCp Ω̇ + JCp ω̇

)

where there are three terms, namely

• JSp Ω̇ + [Ω] JSp Ω is the torque required to rotate the body frame (rotating by Ω)

containing a rigid body with mass mp at distance rBBC from its origin.

• JCp Ω̇ + [Ω] JCp Ω is the torque required to rotate the body frame (rotating by Ω) as if
the CG of the propeller was in its origin.

• JCp Ω̇ + [Ω] JCp ω is the torque required to rotate the propeller frame (rotating by Ω
due to being attached to the body frame) around its z axis.

These results mean that the torque applied at the actuation points, i.e., the origin of
the propeller-fixed frame, is distributed to rotate the propeller around zA axis and the
body around zB, however, with an increased inertia due to the mass and inertia of the
propeller. Thus, the first two terms in the above list can be lumped together with the
derived expression in (B.2) to obtain the inertia of the whole body with the propellers
attached. Therefore it is found that

ḣBAB + ḣBAC =
∑

i

τBi

(
JBb + JSp + JCp

)
Ω̇ + [Ω]

(
JBb + JSp + JCp

)
Ω+

+ JCp ω̇ + [Ω] JCp ω =
∑

i

τBi

stating that all torques applied with respect to the body frame need to rotate two rigid
bodies accordingly. It is straightforward to extend the given relationship to multiple
propellers, as each propeller adds inertia to the multicopter body similarly.
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B.3 Forces on the rigid body

In order to derive the sum of forces acting on the multicopter, consider body frame B
as a frame not attached, but aligned with another ’body frame’ B′ which is attached to
the rigid body. Thus, at every instant, the rigid body—with B′ attached—wants to move
away from B. Hence, the position of an elementary mass within the rigid body in the
body frame can be written as

rBρ = rBbb′ +RBB′ρ
B′
B (B.6)

where rBbb′ is the relative position of the origin of B′ from B, which is 0 at every instant,
since it is assumed that they are aligned and coincident. Therefore, the rotation matrix
from B′ to B (RBB′) is the identity matrix. ρB

′
B is the vector pointing from the origin of

B′ to the elementary mass.

Although rBbb′ is always 0, and RBB′ is always the identity matrix, the linear and
angular velocity of B′ with respect to B is not necessarily zero. Differentiating (B.6) with
respect to time it is obtained that

ṙBρ = ṙBBB′ +RBB′ [Ω] ρB
′
B +RB

′
BB′ ρ̇

B′
B =

= vBb + [Ω] rBρ
(B.7)

since the velocity of B′ with respect to B is the body-fixed velocity (vBb ) of the multicopter,
RBB′ = I, and ρ̇B

′
B = 0 as the body is assumed to be rigid.

Differentiating (B.7) with respect to time, the acceleration of B′ in frame B is obtained
as

r̈Bρ = v̇Bb + [Ω] rBρ =

= v̇Bb +
[
Ω̇
]
rBbb′︸︷︷︸

0

+
[
Ω̇
]
RBB′ρ

B′
B + [Ω] dotrBBB′ + [Ω]RBB′ [Ω] ρB

′
B =

= v̇Bb + [Ω] vBb +
([

Ω̇
]

+ [Ω]2
)
ρB
′
B

(B.8)

Multiplying (B.8) by an elementary mass dm and integrating it over the volume of
the rigid body, it is found that terms with ρB

′
B dm vanish due to B′ being fixed in the CG

of the multicopter body. Thus, it is found that all external forces fBext acting on the body
in body frame B will accelerate the body as

fBb = mb

(
v̇Bb + [Ω] vBb

)

where vBb is the velocity of the multicopter expressed in the body frame, whereas Ω is the
angular velocity of the body frame. Therefore, the body-twist can be defined as

T B =

[
Ω
vBb

]

B.4 Forces on a propeller

Using the same principles as in Appendix B.3, take an elementary mass particle of a
propeller in propeller frame C. The origin of C is located at rB

′
B′C = rBBC from the origin
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of B′ and B respectively. The position of this mass particle within the propeller frame is
denoted by ρCC . Then, the elementary mass in the propeller is located at

rBρ = rBbb′ +RBB′r
B′
B′C +RBB′RB′Cρ

C
C (B.9)

in the body frame B. Differentiating (B.9) with respect to time it is found that

ṙBρ = ṙBBB′︸︷︷︸
vBb

+RBB′ [Ω] rB
′
B′C +RBB′ ṙ

B′
B′C︸︷︷︸
0

+ (RBB′ [Ω]RB′C +RBB′RB′C [ω])︸ ︷︷ ︸
(...)

ρCC +RBB′RB′C ρ̇CC︸︷︷︸
0

(B.10)
Differentiating (B.10) the acceleration of an elementary mass of a propeller, with

respect to the body frame, is found to be

r̈Bρ = v̇Bb +
[
Ω̇
]
rBBC + [Ω] ṙBB′C + (· · · )ρCC + (· · · ) ρ̇CC︸︷︷︸

0

(B.11)

Since the velocity of the origin of C with respect to the body frame is seen as the sum of
the linear and angular speeds around the origin of B, the following can be written

ṙBB′C = vBb + [Ω] rBB′C

Thereafter, multiplying (B.11) by the elementary mass and integrating over the volume
of the propeller, one obtains that due to the origin of C is fixed in the CG of the propeller
the terms with ρCCdm vanish and the final equation describing the linear acceleration of a
propeller in the body frame is given as

fBb = mp


v̇
B
b + [Ω] vBb +

[
Ω̇
]
rBBC

︸ ︷︷ ︸
angular acc.

+ [Ω]2 rBBC︸ ︷︷ ︸
centripetal acc.


 (B.12)

B.5 External wrench

In [1], it is stated, that as the rigid body is rotating around its zB axis, a torque is
generated in the form τBr = dr[0, 0,Ωz]

T where dr is a drag coefficient and Ωz is the yaw
rate of the body. Thus the external wrench acting on the rigid body is consists of this
counter torque on the yaw channel and the drag force modeled as

fBd = Cd
(
vBb
)2

where Cd ∈ R3×3 is the drag coefficient matrix. Thus, the body wrench is

WBb =

[
τBr
fBd

]

The external wrench applied on the propeller in the propeller frame consists of the
torque generated due to drag (τa = daω

2) and blade flapping (τfl = df
(
vBb , ω

)
) and the

thrust (ft = κtτm), such that

WCp =

[
τCa + τCf
fCt

]
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B.6 Twist-wrench formulation

The aim is to obtain a model of the form

M Ṫ + C(T ) +G(q) = Q(q, T ,W(u))

where M is the mass matrix containing masses and inertia tensors, T is called a twist
which is a vector containing linear velocities and rotational velocities, q is the configuration
(attitude and position) of the rigid body, C(T ) is the Coriolis matrix, G(q) is a matrix
containing potential terms, and Q(q, T , u) is the matrix with input u and wrenchW. The
input to the system is the torque (τm = κqi) generated by the Brushless DC (BLDC)
motors connecting the multicopter body and the propeller.

[(
JBb +

∑
i

(
JSp + JCp

))
Ω̇ + [Ω]

(
JBb +

∑
i

(
JSp + JCp

))
Ω +

∑
i J
C
p ω̇ +

∑
i [Ω] JCp ω

(
∑

imp +mb)
(
v̇Bb + [Ω] vBb

)
+
∑

imp

([
Ω̇
]
rBBC + [Ω]2 rBBC

)
]

=

(G(q))B +WBb + AdTTCBW
C
p +WB∆

(B.13)
where AdTTCB is the transpose of the adjoint transformation that maps a wrench acting

in the propeller frame C to the body frame B.

Definition B.1 (Adjoint transformation [79])
Suppose there is a frame y with its origin being rxy from another frame x. The attitude
of y with respect to x is described by a rotation matrix Rxy. A wrench Wy acting in the
y frame is transformed to x via the adjoint map

AdTTyx =

[
Ryx 0

[ryx]Ryx Ryx

]T
∈ SE(3)

such that
Wx = AdTTyxWy

In (B.13) the term W∆ denotes uncertain external effects and G(q) denotes the effect
of gravity on the multicopter.
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Diagnosis and fault-tolerant control, volume 2. Springer, 2006.

[52] Zhaohui Cen, Hassan Noura, and Younes Al Younes. Systematic fault tolerant control
based on adaptive thau observer estimation for quadrotor uavs. International Journal
of Applied Mathematics and Computer Science, 25(1):159–174, 2015.

[53] Agus Hasan and Tor Arne Johansen. Model-based actuator fault diagnosis in mul-
tirotor UAVs. In 2018 International Conference on Unmanned Aircraft Systems
(ICUAS), pages 1017–1024. IEEE, 2018.

[54] Zhaohui Cen, Hassan Noura, Tri Bagus Susilo, and Younes Al Younes. Robust Fault
Diagnosis for Quadrotor UAVs Using Adaptive Thau Observer. Journal of Intelligent
& Robotic Systems, 73(1-4):573–588, January 2014.
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Glossary

Acronyms

AFTC Active Fault-Tolerant Control

BLDC Brushless DC

CG Center of Gravity

CSA Current Signature Analysis

DAC Direct Adaptive Control

DFT Discrete Fourier Transform

DMAE Double Model Adaptive Estimation

EKF Extended Kalman Filter

ESC Electronic Speed Control

FDD Fault Detection and Diagnosis

FDI Fault Detection and Identification

FFT Fast Fourier Transform

GPS Global Positioning System

HIL Hardware-in-the-loop

IAC Indirect Adaptive Control

IIR Infinite Impulse Response

IMU Inertial Measurement Unit

INDI Incremental Nonlinear Dynamic Inversion

LMI Linear Matrix Inequality
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112 Nomenclature

LMIs Linear Matrix Inequalities

LMS Least Mean Squares

LoE Loss of Effectiveness

LPV Linear Parameter-Varying

MMAE Multiple Model Adaptive Estimation

MRAC Model Reference Adaptive Control

NDI Nonlinear Dynamic Inversion

NN Neural Network

OLS Ordinary Least Squares

PID Proportional-Integral-Differential

PPE Posterior Probability Evaluator

PSD Power Spectral Density

PWM Pulse Width Modulation

RPM Revolutions Per Minute

SoC State of Charge

STFT Short-Time Fourier Transform

TFR Time-Frequency Representation

TSKF Two-Stage Kalman Filter

UAV Unmanned Aerial Vehicle

UKF Unscented Kalman Filter

WPD Wavelet Packet Decomposition

Nomenclature

e1 Unit vector of X direction
e2 Unit vector of Y direction
e3 Unit vector of Z direction
f Force vector [N ]
g Gravitational acceleration constant

[
m
s2

]

η Actuator effectiveness parameter
l Actuator distance from body frame origin
m Moment vector [Nm]
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q Configuration vector
r Position vector [m]
R Rotation matrix
T Homogeneous transformation matrix
T Generated thrust [N ]
v Velocity vector

[
m
s

]

A Inertial frame of reference
B Body-fixed frame of reference
C Rotor-fixed frame of reference
I Identity matrix
T Twist
W Wrench
q Attitude quaternion
κe Back-EMF coefficient

[
V s
m

]

κT Thrust coefficient
[
Ns2

rad2

]

κτ Torque coefficient
[
Nms2

rad2

]

κf Motor friction coefficient
[
Nm·s
rad

]

κq Motor torque coefficient
[
Nm
A

]

τ Torque vector [Nm]
ω Rotor speed

[
rad
s

]

Ω Angular velocity vector
[
rad
s

]

C Set of complex numbers
H Set of quaternions
N Set of natural numbers
Q Set of rational numbers
R Set of real numbers
Z Set of integer numbers
SE(n) n dimensional special euclidean group
so(n) n dimensional set of skew-symmetric matrices
SO(n) n dimensional special orthogonal group
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