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Laymen’s Abstract

This report is about spherical harmonics, a mathematical tool used to understand patterns and
shapes on the surface of a sphere, such as the Earth, or other shapes. You can think of them as the
“building blocks” for describing how things vary across a spherical surface.

Just as musical notes can be combined to form complex sounds, spherical harmonics are used to
combine simple mathematical patterns into more complicated ones. Scientists and engineers use
them in many areas. For example, to represent 3D shapes, to model complex lighting in different
environments, or to describe certain measurements on the atomics level.

In this report, we explore what spherical harmonics are, how they are built from simpler mathemati-
cal objects called polynomials, and why they are useful. Although the topic involves some advanced
mathematics, the goal of this report is to offer a clear and structured introduction that helps readers
gradually build their understanding.



Abstract

This report introduces spherical harmonics, functions defined on the surface of a sphere that play a
central role in mathematical analysis, especially in problems with spherical symmetry. They appear
in many fields, such as 3D representation within computer graphics, simulation light behaviour and
angular momentum within quantum mechanics.

We begin by developing the theory from first principles. We look at what homogeneous harmon-
ics polynomials are and explain how spherical harmonics arise by restricting these polynomials to
the unit sphere. Using this we discuss properties such as orthogonality and dimension. We also
discuss zonal harmonics, which are symmetric around a chosen axis.

In three dimensions, we solve Laplace’s equation in spherical coordinates to derive explicit formu-
las for spherical harmonics. Associated Legendre polynomials will play a key role here. This directly
connects with angular momentum, which will also be looked at in this report. This report aims to
give students an introduction on spherical harmonics and how they can be used.
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Introduction

Spherical harmonics arise naturally in problems with spherical symmetry in both theoretical and
applied mathematics. They are special functions defined on the surface of a sphere. However, we
will see that they can be extended to R?. This makes them especially useful for representing and
analysing data defined on spherical domains. This report is intended as an accessible introduction
to spherical harmonics, focusing on their mathematical foundation, while also looking at an appli-
cation in quantum mechanics.

Spherical harmonics are used in modern applications that involve data or functions defined on
the surface of a sphere. In 3D computer graphics and geometry, they help represent and process
shapes and objects more efficiently, especially when working with curved surfaces. A recent study
improved a method using spherical harmonics for 3D representation, leading to more accurate and
stable results when analysing or reconstructing 3D shapes.[11]

They are also useful in simulating how light behaves in environments, particularly when dealing
with complex lighting effects like reflections and polarization. Specialized versions of spherical har-
monics make it possible to simulate these effects in a way that is both realistic and efficient, enabling
techniques such as real-time rendering in visual applications.[3]

In quantum mechanics, spherical harmonics help describe the behaviour of certain particles, such
as photons, especially when analysing their angular momentum. Spherical harmonics and angular
momentum have a deep connection, as spherical harmonics help in removing uncertainty for par-
ticle measurements.[6] This application will be treated in this report.

In this report, we begin by introducing the abstract theory of spherical harmonics in chapter 2, start-
ing with the definition of the unit sphere and homogeneous harmonic polynomials. We then explain
how spherical harmonics are constructed from these polynomials and examine some of their key
properties, such as orthogonality and dimension. Next, we look at a special type of spherical har-
monics: zonal spherical harmonic. In chapter 3, we focus on the three-dimensional case, solving
Laplace’s equation in spherical coordinates to derive explicit formulas for spherical harmonics. In
chapter 4 we discuss the application of spherical harmonics in angular momentum. Finally, we
briefly reflect on possible extensions and applications of the theory in chapter 5. In the appendix,
some useful results and definitions can be found that are used throughout the report.



Spherical Harmonics

This chapter introduces the space of spherical harmonics. We start by defining the domain of these
functions, which is the unit sphere. Secondly, we introduce harmonic homogeneous polynomials.
And lastly, we give the definition of spherical harmonics and give some examples of what these
functions look like. This chapter is based on lecture notes written by Koornwinder[9] with some
examples taken form an introductory book on spherical harmonics[1].

2.1. The unit sphere

Spherical harmonics are defined on the unit sphere in R?. We write this as follows,
§471 = e R | |Ix|| = 13,

where x is a vector and ||x|| = 4 /xf +.oo 4 xfl the euclidean norm. Here we thus write S?~! for the

unit sphere in R?. To rotate and reflect these vectors we introduce the set of all d x d orthogonal
matrices,
Od):={TeM;®R) | TTT=TT" = 13,

where M;(R) is the set of all real d x d matrices. We use orthogonal matrices since these preserve
the length of the vectors: ||Tx|| = |x|| for T € O(d). To perform rotations or reflections we can de-
fine an action of O(d) on S~1. However, for this we must first show that O(d) is a group (recall
the definitions of a group and an action in A.6 and A.7). For the group action we use the usual ma-
trix multiplication. Then we have I € O(d) as the identity element. Furthermore, since Tl=1T
for all orthogonal matrices, we also have an inverse element. Lastly, for A,B,C € O(d) we have
A(BC) = (AB)C, as this holds for all matrices. So indeed O(d) forms a group.

Now we can define the action of O(d) on Sd’l, which is a map O(d) x §4-1_, gd-1 given by (T,x) —
Tx. The proof that this is indeed an action follows easily from matrix properties. Here, we have in-
troduced vector rotation very rigorously, but note that it is indeed just matrix-vector multiplication.

2.2. Harmonic functions

We continue by defining the type of functions we will use to define the spherical harmonics. First,
we restrict ourselves to the set of real-valued homogeneous polynomials. We define homogeneous
polynomials in the following definition.

Definition 2.1. A polynomial f : R% — R is said to be homogeneous of degree n if it is a linear combi-
nation of the monomials'

na

d suchthatny+ny+---+ng = n. 2.1

xl x2 ---x

1A monomial is a polynomial with a single term.
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The set of all homogeneous polynomials of degree n in R? is denoted as P,‘f .
Some concrete examples of homogeneous polynomials are shown in de following example.
Example 2.2.

1. 732 {alx1 + a2x2 +azx1x2 | a; ER},

2. 773 {alx1 + a2x2 + a3x3 + a4X1 X2+ A5X1X3 + AgXaXx3 | a; € R},

3. P2 ={a1 X} + apx3 + asx?xp + asx1 %5 | a; € R}.
An important property of homogenous polynomials is that we have

fex)=r"fx) VxeU, reR.

We can see this by noting that every term of f is of the form (2.1), for which we see
e (g x0 ) =t (x xg e  x0).

€ $4-1 is the unit

(rx)™(rxg)"---(rxg)" =r

Now for a vector y € R4 (y # 0) we can write y = rx, where r = |ly|| and x = ||y||

vector in the direction of y. For any f € P¢ applying homogeneity gives the following,

fly)=fux=r"fx. 2.2)

Thus, once we know the values of a homogenous polynomial on the unit sphere, its values can be
immediately determined on R?. To determine the dimension of ¢, we need to count the number
of monomials of degree n, as they form a basis for P¢. This is equal to the number of ways to write
n=m+---+nygwith ny, ..., ng € Z>o. For this we can choose d—1 of the n;, the last one is determined
because the total must be n. We have a total power of n to divide over the variables so we get:

dim (P¢) = (";‘:1). 2.3)

This is not so straightforward to see, but to get a better understanding refer to the stars and bars
problem. This is a well-known combinatorics problem, which is analogous to this problem. Another
useful result for f € P¢ that will be used later, is the following lemma,

Lemma 2.3. For f € P¢ we have

d
Z = nfx). 2.4)

Xj
Proof. Note that

d ., . d d  Hf(x)
”f(")‘dt(t)tzlf(")‘dtf(”‘) . Z X; e

where we used homogeneity in the second step and the chain rule (stated in A.1) in the last step. [

We now introduce a natural action of O(d) on 77,‘11 , which describes how polynomials transform
under rotations and reflections. It is defined by

(T-f)®:=f(T'x) (fePd, Teow). (2.5)

It is easily shown that this is indeed an action. Clearly we have (I- f)(x) = f(I"'x) = f(x). Further-
more, for A, B € O(d), we see

(AB)- I®) = f(AB) 0 = fB'(A™%)=B-NA N =(A-B- NX.

Next, we give the definition of harmonic functions and show that for a harmonic function f, T f is
again harmonic.
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Definition 2.4. A function f : U — R, where U < R? is open, is harmonic if it is twice continuously
differentiable and
’f 0° 0°
f f -+ —f =0. (2.6)
0x? ax

2
1 2 0xy

This is usually written as: V> f = 0 or Af = 0, where A is called the Laplace operator. Furthermore,
equation (2.6) is called the Laplace equation. The set of all twice continuously differentiable functions
on U is denoted as C2(U).

Proposition 2.5. If T € O(d) and f € C*>(R?) is harmonic, then T - f is again harmonic.

Proof. We show that A(T- f) = Af =0. For thislet y= T~'x (T € O(d)), then we need to show
d g\ 4§ )2
Eﬁﬂ:;bﬂ

Indeed,

where in the first equality we applied the chain rule. We obtain the second equality by observing that
Zk ) kxk, ) gy, = (T™1)},i. The last equality uses orthogonality: T~' =TT, so (T 1);; = T;,;.
Now this 1rnplles that

i=1\0x; i=1\j=1 yjay]'
P ID I PR,
= i) j k
i=1j=1k=1 "oy oy
££ (frn,) 2 0
— T’ ',k -
j=lk=1\i=1 n 0y;j 0yk

Now note that Zflzl T; Ti,k is the dot product of column j and k and since T has orthonormal
columns, we have that Z 1 Ti,jTi r is equal to 1if i = j and equal to 0 if i # j. The triple sum thus
reduces to Y ¢ 0 0 from which we obtain

Jj=10y; dy;’
5 (i)z 3 (i)z -
iz1\0x; j=1\0y;)
Having defined homogeneous polynomials and harmonic functions, we can define the space of real
harmonic homogeneous polynomials on R? of degree n:
— d —
={feP,|Af=0}L

We follow with a lemma which shows that all functions in %% containing a factor |x||? are equal
to zero. Next, the lemma will be used in a proposition relating P¢ and ’H‘,;l.

Lemma 2.6. Letn=2, f€ P,’f_z and F(X) := ||x||2f(x). Then F € P,’f and if additionally F € ’H‘,f we
have F =0
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Proof. Since for f € P,‘f_z every element is of degree n—2, so clearly multiplying by xf oot xfi yields
a function in P,‘f . Now suppose F € ”HZ. To show F = 0, assume F # 0. Then there exists a maximal
k 1=sks %n) such that F(x) = ||x||**g(x) for some g € P:zi—zk' In other words, we factor out ||x||? as
many times as possible. We will compute A(|[x||**g(x)) to reach a contradiction. For this, first note
that for general functions p(x) and g (x), by applying the product rule twice, we have

2 2
aazf f_ afgi"‘g%-
Now summing over all i we get the Laplacian for a product of two functions,
A(fg)—Z(f222+2g£gf azf) fAg +22 - +gAf.

Write r := ||x||, then we can apply the above to the product r?g(x) and see

0=4(r?*) g +2i i(rz’“) O e+ r¥Agm). @7

=1 0x; 0x;

Next we use that A acting on a function only depending on r acts as ;:2 + dei We can show this

by directly computing. For a general function p(r), we have

0 p(r) = dp(r) or _dp(r)2x; _dp(r) x;
ax, dr 0x; dr 2r dr r’
This yields
2 =L (200 2 Cp(r) (&y?, 4o, d_ ()
ax?p dx;\ dr r dr? r dr dx; ’
where . 9
d (ﬁ)_r—xl‘f_r —xl.
dx; a r2 B r3

Now we sum over all i and see,

2

d 92 dzp(r) d x? dp(r) & r*—x:
A — —+ .
pin = Ziaz pin = i_zirz dr l; r3
Finally, we compute the two sums:
d x?
Sty o
=17
x2 d-1

d d d
Z(r —x Zrz—lez dr’—r*=d-1r? :'Z =

iz i-1 i=1 r

We apply this to A (er) in (2.7). Furthermore, we can compute aix,- (r2k) (also in (2.7)) to obtain

(dz d-1d
dr? rodr

a 9
+ —) (er)g(x)+4kr2k_2inag(x)+ erAg(x).
i=1 i

We now compute the first term. For the second term we use lemma 2.3. We get

2k@k+d—-2)r**2gx) +4k(n—2k)r** 2 gx) + r*fAg(x)
=2k@2n-2k+d-2) r2k—2g(x) + erAg(x)
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Write C = -2k(2n -2k + d — 2), then in total we have
1
0=-Crf2gx) + r**Ag(x) = g(x) = ErzAg(x)
Substituting this in F(x) = r2k g(x) yields F(x) = %r2k+2Ag(x). This contradicts the maximality of k
and thus we must have F = 0. O

Proposition 2.7. We have
Pl=nle|xI?P!, (n=2) and PI=HI n=0,1). (2.8)

For the case of n = 2, this means that we can uniquely write every element of P,‘f as the sum of an
element of’HZ and an element of | |x| IZPS_Z.

Proof. For all polynomials of degree smaller or equal to one we have that the Laplacian is zero and
thus P¢ = H% if n = 0,1. Let n = 2, then we have H¢, ||x||273,‘f_2 c P4, Now lemma 2.6 implies that
HA N |[xI[*P4_, = {0}, so we have dim(P?) = dim(H%) + dim(|[x|[*P%_,). To show equality it remains
to prove dim(P,’f) < dim(’H‘,f) + dim(llxllng_z).

Indeed we have

dim(P?%) = dim(H%) + dim(A(P?)) < dim(H%) + dim(PY_,) = dim(H%) + dim(||x/[*P2_,).

The first equality comes from the fact that for alinear map ¢ : V.— W, we have dim(V) = dim(ker ¢) +
dim(im ¢). Recall that ker ¢ are all elements of V' that are mapped to zero and that im ¢ are all el-
ement of W that are of the form ¢(v) for some v € V. Now notice that A : P4 — P4, is a linear
map with kerA = ’H‘,i andim A = A(P,‘f). The second inequality follows because A(P,‘,f) c Pﬁ_z. We
have the last equality because there is a bijection P,‘,f_z — ||x] |273,‘;l_2 given by f — ||x||? f, thus their
dimensions are equal. We conclude

dim(P%) = dim(H%) + dim(|x|[>P9_,),
which implies the desired result. O
A corollary about the dimension of H¢ that follows directly from proposition 2.7 is:

Corollary 2.8. For the dimension of H% we have
dimH4% =dimP? -dimP? , (n22) and dimH=dimP? (n=0,1) (2.9)

We can now use this corollary to explicitly compute the dimension of %%. Using equation (2.3)
we see thatford=2and n=1,

dim#2% = dimP? —dimP?_, =

n+d—1)_(n+d—3)_(rz+d—l)! (n+d-3)!

d-1 d-1 ) @d-D'n! (@d-D(n-2)
_(n+d—1)!(n—2)!—(n+d—3)!n!
B nl(n—2)(d —1)!
_(n+d-Dn+d-2)(n+d-3)(n-2)!—(n+d-3)! n(n-1)(n-2)!
- nl(n—2)!(d —1)!
_(d*+2nd-2n-3d+2)(n+d-3)! (d-1)2n+d-2)(n+d-3)!
B n\(d —1)(d - 2)! B nl(d —1)(d - 2)!

_@2n+d-2)(n+d-3)!
B n!(d-2)! ’
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Now still for d = 2, note that for n = 0, we must have f(rx) = r’f(x) = f(x), which only holds for
constant functions. Thus dim ’Hg =1.

For d = 1, the Laplacian reduces to the second derivative. And a homogeneous polynomial of degree
n has the form f(x) = x". We see that Af = 0 only holds for n = 0,1, so dim’H,l1 =1ifn=0,1and
dimH}, =0ifn=2.

Next, we give some examples of harmonic homogeneous polynomials in 4.

Example 2.9.

1. For d = n =2 we can easily solve A f = 0. In this case f has the form a; xf + agxg + azx; xp and
calculating the Laplacian and setting equal to zero yield 2a; + 2a, = 0 which is equivalent to
a, = —ay . Substituting this back into the polynomial gives a, x% —a x% +asx1x; = ay (x% - x%) +
asx) x. Thus all polynomials are of the form H3 = { a(x? — x3) + bxix2 | a, b€ C}.

2. For d = 2 we have that any polynomial of the form (x; + ix»)" belongs to H2. Note that
66—;2(()61 +ix2)") = nn-1)(x; +ixx)" 2 and 66—;(()61 +ix2)") = —n(n—1)(x; + ixp)" 2, because
1 2
we multiply by i twice when using the chain rule.

3. For d =3 and a fixed 6 € R, polynomials of the form (i x; cos + i x,sin + x3)" belong to 3. To
see this, observe that
2f _

5 = —n(n—1)cos?0(ix;cosO + i x2sinf + x3)" 2,

0° . . . . _
a—x]; = —n(n—1)sin®6(ix;cosO + i xsinf + x3)" 2,
2

2
9rf _ n(n—-2)(ix;cosl + ixpsinf + x3

-2
)n
0x2 ’

where we have written f(x;, x2, x3) = (i x1c0s0 + i x2sinf + x3)". So we get

Af(x1,Xx2,Xx3) = (—(cos® 0 +sin®0) + ) n(n — 1) (i x1cos + i xpsinb + X3)n_2.

Noting that —(cos?0 +sin20)+1=0 yields the result.

Note that for these functions, as seen in the examples, we can have complex coefficients. However,
we do still require real-valued variables.

2.3. Spherical harmonics
We are now ready to introduce the space of spherical harmonics. By applying f(rx) = " f(x) to the
functions in H; we obtain the bijection f — f|gs-1. We call f|gs-1 a spherical harmonic of degree n
on §%~1. We denote the space of all spherical harmonics of degree n on S?~! by V¢, Because of the
bijection, we have

dim(Y%) = dim(H%),

so the dimensions are the same as in equation (2.9). Thus, to obtain spherical harmonics we have
to restrict homogeneous harmonic polynomials to the unit sphere.

Example 2.10. Take the polynomial of the form (x; + ix2)", we saw in example 2.9 that this is a
homogeneous harmonic. Now in polar coordinates, for x € S! (the unit circle in this case), we have
(x1,x2)T = (cosb, sind) T and the restriction of (x; + ix2)" to the unit circle is

in6

(cosO + i sin@)" = ' = cos(nf) + i sin(n0),
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which is a spherical harmonic of degree n. In addition, the real and imaginary parts are also a
spherical harmonic, since for f(x) = g(x) + i h(x),

0=Afx) =Agx)+iAh(x) = Agx)=Ahx)=0.
Thus, cos(n8) and sin(n0) are also elements of 3/,21.

To deeper analyse spherical harmonics, we note that all spherical harmonics are elements of
L%(8%°1), the space of square integrable functions defined on $%~!. To see this, note that clearly all
polynomials are square integrable. Furthermore, we can use the Lebesgue measure on R to define
a surface measure on S~!, which we denote by o. For example, this is determined by the property

fmd fy dy:f of g f(rx)rd_lda(x)dr, (2.10)
r=0JxeS§i-1

for all integrable functions f. Intuitively this property comes from the fact that when the radius of a
sphere increases, the surface scales with 7971,
Now we can also define an inner product on L2841 by

1
(f, 8=

Mfsdl f®gX dox), 2.11)

where o (Sd‘l) is the total surface area of the unit sphere in R?. We can make this explicit using the
the gamma function (A.5):

anIZ
dr =L d even
o[ _2r%T ) o
- T a) nd/z,z%m% dodd
(5) Jad-an’ 49

where we used the two properties from result A.5. Note that n!! = n(n—-2)---1. We normalize by
o (Sd_l), since this simplifies many formulas involving the inner product. Using this inner product,
we can show orthogonality of spherical harmonics.

Theorem 2.11. Ifh, € ’H‘,f, hy, € ’Hfln and n # m, then (hy, h;;) =0

Proof. Without loss of generality we may assume hy,, h;;, to be real-valued, since we can this apply
this result to complex-valued functions by taking real and imaginary parts. Now by Green’s first
identity (A.2) we have

f Vh,-Vhy, dx+f h,Ahy, dxzf h,Vh,,-nXx) do, (2.12)
[Ixl|=1 [Ixll=1 §d-1

f Vhy,,-Vh, dx+f hyAhy, dxzf hyVh, -nXx) do. (2.13)
[Ix|[=1 [Ix/[=1 §d-1
Subtracting (2.12) and (2.13) and noting that Ah,, = Ah;, = 0yields

0 :f (hpAhy —hiy Ahy) dx = fd 1 (hnVhy, -nX) - hypVh, -nx)do. (2.14)
[lxll=1 N

Now note that every point x € S9! is perpendicular to the surface of $?~!, so we have n(x) = x for

all x. By lemma 2.3 we obtain

d 6f(x

Vhp -nx) =Vhp -x=)_ /&)
j=1 OXi

xj=mf(x),

and in the same way
Vh, nXx =nfx).

Substituting this into (2.14) yields

O=f (hnmhm—hmnhn)d0=(m—n)f hphpdo. O
§d-1 §d-1
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The theorem above proves that spherical harmonics are orthogonal in L?(S?~!) and is used to
show that spherical harmonics form an orthonormal basis for L2(S%~1). We won'’t discuss the norm
here, but we will return to this in chapter 3 for the case d = 3.

2.4. Zonal spherical harmonics

Zonal functions are functions that are invariant under rotation about a certain axis, meaning that
rotating the argument of the function around this axis will not change the value of the function.
To define zonal functions, we first look at the stabiliser (see A.8) of e; = (1,0,...,0) in O(d), i.e. all
T € O(d) such that Te; = e;. This is easily seen to be the following set:

S(d—l)z{((l) ]91)‘ T1€O(d—l)}. (2.15)

We note here that we do not necessarily have to choose e, we can fix any axis. In this section we fix
e;1. We follow with the definition of a zonal function.

Definition 2.12. A function f on S?~! is called zonal if
T-f=f YTeSd-1.

Since we have a bijection between 1% and )¢, we can search for zonal functions in %% and restrict
them to the unit sphere. For this we first have the following lemma for zonal functions in P¢.

Lemma 2.13. Let f € P%. Then f is zonal if and only if, for certain coefficients c;,
[5] ) ;
f@) =) x5+ +x3), (2.16)
i=0
where | 5] is % rounded down to an integer.

Proof. Firstsuppose f is of the form (2.16), then we see that f has maximum degree n. Furthermore,
for T € S(d—1) we have that T~'x = TTx does not change the first element of x. The rest of the vector
is determined by T, L(xy, ...,xd)T = TIT(xg, ey xd)T. Since T; € O(d —1) this will not change the length
of (X,...,x4)T. So noting that f is dependent on powers of x; and ||(x2,.., X)||*}, we can conclude
that T- f(x) = f(TTx) = f(x) for all x.

Conversely, suppose f € P¢ is zonal. Then for certain homogeneous polynomials f; of degree k in
X2, ..., X4, We can write

n
f=Y 2 Ffilx, ... xa),
k=0
by factoring out x”* for every k € NU {0}. Now note that S(d — 1) contains the reflection
R : (xly X2y eee xd) — (xl) —X2y ey _xd)

Since f is zonal, we have R- f = f, so
S ek S ek -k, 1yk
Yx T fexy e xa) = Y X fe(=x2, e —xa) = Y, XN (=D" fr(x2, ... Xa),
k=0 k=0 k=0

where we used homogeneity in the last equality. For odd k we thus see

-k -k
x{l fk(xZ)"nxd) = _x{l fk(x2)~~)xd))
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since we do not necessarily have x; = 0, we must have f; = 0 for odd k. We can write

flo= Z X2 fi (X2, e, X4).-

Now for every (x1, X2, ..., X4) we can construct a rotation Ry € S(d — 1) given by

Rx:(xl,xz,...,xd)H(xl, X5+ +x2,0,.. ,0).

For this take
1 0

R":(o TI)’

with a T € O(d - 1) such that T (x, ..., x5) T = ( xg +--+x20,..

is zonal, we have

). With this map, again since f

[n/2)

Z X2 i (xa, .

|n/2)

fx)= o Xg) = Z X

2 2
(V23 +:++x2,0,...,0).

Since now every f>; only depends on the first variable and since they are homogeneous of degree
2i, we must have

|n/2]

3 et (G 0.

for certain coefficients c;.

\n/2]

) chnZl

2yi
+etxy)

O

The next proposition implies that all zonal harmonic homogeneous polynomials of the same
degree are multiples of each other.

Proposition 2.14. The space of zonal functions in Hﬁ has dimension 1.

Proof. By lemma 2.13 we know that a function f € P,‘f is zonal in Hﬁ if and only if f has the form
(2.16) and satisfies A f = 0, thus we check when A f = 0 holds. For this write p := 4 /x% +- 4 x2 then

as in the proof lemma 2.6, we use that A acts on a function only depending on p as ddpz + %d%
(where we now have d — 2, because we start at x»). Applying A to f we see
’*f [0 f\ 0*f d’f d-2d
ap Bl (B0, EI\_EL i dzdf
axl 6x2 0x5 ox?  dp? p dp’
Computing this yields
% n-2i-2 2i | n-2i dz(zt) d—2d(2i)
Af = ((n 2i)(n—2i - D)x272p% 4 x (_ P2+ 224, ))
i=0 b ldp? p dp
L%J . .
- ((n 2i)(n—2i—1)x 22 p2i +2i(2i+d—3)x{’_2’p2’_2) —0.
i=0
Note that 2i(2i + d —3)x}"?/p?"~% = 0 for i = 0 and that (n—2i)(n—2i — 1)x!""?"2p*' = 0 for i = | %]

(n—2i=

2]

2 . .

Y (n-2i+2)(n-2i+1)ci-1 +2i(2i +d —3)c;) x] 2 p* 2 =0,
i=1

Oforevenn, n—2i— 1 =0 for odd n). With this we can rewrite the above expression into
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where we shifted the index. From this we deduce that

Ci—-1 (izl,...,l_g“.

We can conclude that all coefficients are dependent on the choice of ¢y, i.e. all zonal functions in
#H are determined by multiples of c;. O

_(n—2i+2)(n—2i+1)
2i(2i+d-3)

Ci =

To find the explicit form of these functions, we follow with three results. For this we first give
a parametrisation of the unit sphere in R¢, which is used in these results. We want to parametrise
X=(X1,..., Xg) T'e 891 in terms of x1. This can be done by first noting that for x € sd-1

X= xl(l,O,...,O)T + (O,xg,...,xd)T =x1e; + (0, xo, ...,xd)T.

Now we want to rewrite (0, X2, ..., X;) | in terms of a vector with length one. So we write (0, x5,..., x7) | =
ax', where X' is a vector with length one and x; = 0. To determine a we solve:

2 nm2 _ .2, 2
I=[xl" =Ilxe1 + ax'||” = x7 + a”,
soa=4/1- xf. Now write ¢ := x; and Sg‘l := {x€ §%1 | x; = 0}, then we obtain the parametrisation

x=tey+V1-2x  te[-1,1, X eS¢

Proposition 2.15. Let d = 3. Define Sg_l as above and let o' be the surface measure on Sg_l. Then,
forall f e C(S%71),

1 1 3
fd fda:f ) [ f(rer+V1-2x)a -2 ardo' ). (2.17)
sd-1 xesi-1Je

=1

Proof. Avectory = (y1,...yq)", can be decomposed into y;e; = (¥1,0,...,0)" andy' = (0, y2,..., ya) .
Now for functions g with g # 0 outside a compact set we can write

f 8y) dy=f f gyier+0,y2,..,y2) dyid(y2, ..., Va)
R4 Rd-1 y1=—0c0

Now we can apply (2.10) to the outer integral to obtain

(e.9) (e.9) , d_2 , ,
gyer+px)p* “dyrdpdo’ (x).
xesd 1 Jp=0Jy=-c0

We use a change of variable, let y; = rt and p = rv'1 — 2. Then the Jacobian is

ay]. ay]. r t 9

ot or _ _ D) rt _ 2,1
= =rvl1l—-t+ =r(1-1t9)"2.

dp 0p LA Vi-12

at or V1-1¢?

For the new bounds note that y7 = r?#* and p? = r*(1 - %). Thus

V+pt=rf (P +1-1)=r" = r=4/y?+p?

and
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Since r is the root of a positive number, we have r € [0,00). For t we see

. . i1 . 1

lim ¢t= lim — —= lim ——— =
—* —=+ —=+
TR e T Il 10?1y

so t€(—1,1). We obtain

1 [e) d— 1
f f f g rtel+r\/1—t2x’)(r\/1—t2) 2(r(l—z‘z)‘i)drdtda’(x’)
xesdt Jr=—1Jr=0

f f / te1+ V1-2x ))(1—tz)%d’%rd’ldrdtda’(x’).
xesitJi=-1Jr= 0

We are interested in the integral over the unit sphere, so we assume that g has the form g(y) =
h(r) f x), for some function h. Now comparing what we found above to the rewriting in (2.10) yields

fof « R r doxdr
r=0Jxes§a-1
1 [es) . .
=f g f f f(te1+ v l_fle) A-2292 pryrétdrdrdo’ ).
X,68071 =—1Jr=0

Since g has a compact support, the integral over r is bounded and so we can divide it out to obtain
the desired result. O
As a corollary, we obtain

Corollary 2.16. Letd =2 and let f € C(S*™') be zonal. Then

I ld ! 1 3
- —(21) 1 f f(fel+Vl—tzez)(l—tz)id‘édt, (2.18)
d-3)T(3) /1

1
0 (8971 Jga

fdo

whereT is the gamma function. (One can write these gamma functions explicitly using the properties
inresult A.5.)
Proof. We apply proposition 2.15 to get
! fdo f f f(rer+V1-2x)a -2 ardo' ).
o (8471 Jsa (Sd 1) Jxest-1 Je=-1

Since f is zonal, f (tel +V1-r2x ) is independent of X', in particular we can set x’ = e,. We obtain

—1 —1 ! \/ 2v1d-32 1ot
osa ) Jsi T 10 G fx/esglf:_lf(te” 1= e) (1= )2 drdo’' )
/Sd—l 1
ST [ e VimRe)a-diitan
o (841 Ji=21

Now note that we have this equality for all f € C(S?~!), so we can set f = 1. Then we see

1 o' (Sy )fl 2. 14_3
_— ldo=1=——— 1-(1—1t)2%"2dt,
o(84-1 j;dfl (841 Ji= ( :

U(Sd 1) f 1- t)2 Z
o (Sd 1)

so that
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1 3
To compute this integral, we first note that (1 — t2)2%"2 is an even function, so we have

1 1 3 1
f (1- 3242 dt=2f (1-1%)z4
-1 0

Now let £ = /x, then df = %x_% dx and we obtain

1
f(l 242 dr =2 f(l x)%d_%éx_%dx=f 1-xCd 21 271 gy
0

We recognize this form as a beta function (A.6) for which we have

1
B(xl»x2)=f xxl_l(l—x)xz_ldx:w.
0 T'(x1 + x2)
Thus N | -
: I'Gd-3)T(z
a(s4h f A- )b gr= B( a-1 1)_M' .
U(Sd L 25 rda)

The following theorem will show that the explicit form of zonal spherical harmonics are Jacobi
polynomials. There are multiple ways to define Jacobi polynomials, here we define them using Ro-
drigues’ formula:

(—1)

PYP) () = S =" @14 x)" ﬁ dr

((1 01 +0P1 - x)) 2.19)

A property of Jacobi polynomials that will be used in proving theorem is that for n # £ we have
1
f PEP (PP (01— 0 1+ x)P dx =0, (2.20)
-1

whenever «, > —1.

Theorem 2.17. Let f € Hg. Then f is zonal if and only if, for the restriction of f to S%1,

17 314 3
f(x)=f(te1+\/1—t2x’)=CPffd 22D rel-L1,Xesdhcec. (221)

1g-31g_3
HereP,g2 224-3)

Nlw

(?) is a Jacobi polynomials witha = f = %

Proof. For each n choose a nonzero real-valued zonal function ¢, € H%. By lemma 2.13 and the fact
that x% +ee xlzi =1- xf =1- t%, we have constants c¢; such that

cpn(tel+\/1—t2x')§: 20— g2yl

Here we see that ¢, only depends on ¢ and is a polynomial with maximum degree n, we denote this
polynomial in ¢ by p,. Now by theorem 2.11 and corollary 2.16, for n # m, we obtain

I'(3d)

- do = f (DPm(D1- 222 .
\/;d71¢n¢m F(%d—— % Pnll)Pm
Dividing by the constant gives

1 1 3 1 3
f prOpm(1 -2 20+ 129 2 de =0.
-1
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Hence p,, is a polynomial that is orthogonal with respect to the weight (1 - ¢) 2451+ 02972, It can
be shown that this is exactly a Jacobi polynomial with ¢ = § = %d - % as defined above. For this,
take a sequence ( pn)flozo of polynomials, with the degree of p, equal to n. We assume them to be
orthogonal, but by dividing through the norm we can assume (p,, pm) = 0 nm. In the same way let
(qn);ozo be a different sequence of polynomials with the same properties. Now suppose we have a
polynomial g = }}" | cx gy with m < n. Then

m m
(Gn, q) = <qn, > cqu> = clqn, qi) =0, (2.22)
k=0 k=0
where we used orthonormality. Now we can write ¢, = ZZ:O Cr Pk so that

n n
(Gn, Pm) = <Z ckpk,pm> =) Pk Pm) = Cm.
k=0 k=0

But now by (2.22) we see that ¢,;; = (g, pm) = 0 if m < n. We conclude that g, = ¢, pn. O



The Laplace Equation in R’

In many applications such as 3D representation and angular momentum, we turn to spherical har-
monics in three dimensions. In this chapter we deduce an explicit formula for spherical harmonics
in three dimensions by solving Laplace’s equation directly using spherical coordinates. Further-
more, we compute the norm of the spherical harmonics to normalize these functions. This chapter
is based on notes by Haber[7] and a book by Boas|[2].

3.1. The Laplace operator

As defined in (2.6), the Laplacian operator in Cartesian coordinates in three dimensions is given by

*f 0°f 0°f
Af(x,y,2)=—S+—5+—5.
Ty =55 dy? 0z?

However, in three dimensions it might not be too surprising that we turn to spherical coordi-
nates. Recall that spherical coordinates are given by

(3.1

x=rsinfcos¢p, y=rsinfsing, z=rcosH, (3.2)

where r € [0,00), 6 € [0,7], ¢ € [0,27). To express the Laplacian in spherical coordinates, we need to
compute A f(r,0, ¢). For this we have to first express r,0, ¢ in terms of x, y, z, which can be done as
follows

r=v/x2+y2+2z2, 6O=cos! L ) =sign(y)-cos™! _* , 3.3)
Ve ) o (2

where sign(y) is the sign of y. We can now use to chain rule to find the first derivative of f(r,0,®)
with respect to x:

6f_0f6r+6f06+6f6¢

dx Orodx 000x 0¢ox’

In the same way we can compute the first derivatives with respect to y and z. However, these deriva-
tives get complicated fast, so we will not further compute these here. For the full derivation, see for
example [12]. The Laplacian in spherical coordinates is given by

0f)+ 1 a(. g) 1 0°f

Af(r,0 )_ii(ﬂ_ 5p (511 124in2 0 0¢p?
0,9) = r2or\ or) r?sin6 a0 060) r2sin®@ 0¢?

(3.4)

18
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3.2. Solving the Laplace equation
Now that we have introduced the Laplacian in spherical coordinates, we can solve the Laplace equa-
tion:

Af(r,08,¢)=0. (3.5)

To solve this equation, we will start by assuming that the solution has the form
f(1,0,¢) = R(nNOBO)D(P). (3.6)

Not all solution are of this form, however, any solution can by approximated as a linear combination
of (3.6). We will touch more one this later. Substituting (3.6) into (3.4) yields

10(,0 1 0 ] 1 a2

r2or (rza_{) * r2sinf 00 (Smg_f) * r2sin%0 #20

1 d ( ,dR(NOO)®() 1 d (.  dRrOO) 1 d’R(rOO)D ()

~2ar (r dr ) T Zsin0 4o (sm@ do ) " r2sin6 dgp?

_ 00)D(p) i (r2 dR(r)) R(r)®(¢) i (SinedG)(H)) R(r)®(0) d2®((/)) s
r2  dr dr r2sin do do r2sin®@  d¢?

sin0 d ( zdR(r))+sin6i( d@(@))+ 1 d*®(¢p)

= —|r — =0,
R(r) dr dr ) ©@)do a0 | @) d¢?

Af(r,0,¢) =

sin@

2 qin2
where in the last step we multiplied by ﬁe)(g@)‘ We can rewrite this into

2 in? i
1 d?®(¢p) sin Hi(rzdR(r))+81n9 d (sin@dg(g)) 3.7)

S @) d¢®  R() dr dr ) ©(0) do ae |
Now note that the left-hand side of the equation only depends on ¢, while the right-hand side only
depends on r and 6. Thus the equation can only be satisfied if both sides equal a constant. For the

left hand side, for a constant C € R, we obtain
1 o) _ . d0@) _ o) — d*®(¢)
D(p) dp? dp? d¢p?

This is a second-order homogeneous linear ODE and recall that this has solutions of the form e’?,
where r is given by solving

+CD(¢) = 0. (3.8)

+iVC, ifC=0

2

This gives solutions of the form e*’ VC¢_ However, note that ¢ is a periodic variable with period 27,
so we need O (¢p +2¢) = D(¢p). For ¢*VC9 we need

ei\/apei\fc-z;z _ i\ngb'

e

This equality holds whenever el vezr _ 1, which in turn holds when 27C = 27m? for some m € Z.
Thus we need C = m? and we can write all solutions as

O(p)=ae'™ aeC, meZ.
Now with equation (3.8) and C = m?, we can write

1 d2<D(</>): )

D) d¢?

(3.9)
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Substituting this back into equation (3.7), we obtain

- sinzei(rzdR(r))+s1n9 d ( d@(@))
"~ R(r) dr dr e®O) do dao )’

which can be rewritten into

Li(rzdl?(r))_ 1 d( d@(e)) m?

_ ng="
R ar\” “ar 0(0)sind do a0 )"

. 3.10
sinZ6 ( )

Now we have the left hand side only depending on r, while the right hand side only depends on 8.
So as before, for a constant D € C, we can set

1 d(,dR()\ _ i 5, dR(r)
R(r)dr(r dar )_D(:)dr(r dar

)—DR(r) =

In this case we choose D = ¢(¢ + 1), £ e Nu {0}, for reasons that will become clear later. Working out
the derivative using the product rule yields

zdzR(r) dR(r)

72 +2r ar —¢(¢+1)R(r)=0. (3.11)

We recognize this as Euler’s equation, which has solutions of the form R(r) = r® for some s € R. To
determine s, we substitute this solution into equation (3.11). We obtain

0=r’s(s—)r' 2 +2rsr¥ 1 =00+ 1)r?
=s(s=Dr¥+2sr° =00+ 1)r°
=7r5(s(s=1)+2s—¢(£ +1)).

Since r® > 0, we get
S(s—1)+2s—4(l+1)=0 < s(s+1)=¥0(l+1) < s=¢ v s=—¥¢—1.

Thus the general solution is
R =prl+qr ", pgqeC. (3.12)

Finally, with equation (3.10) and D = ¢(¢ + 1) we obtain

’(0+1)=-

1 d ( Hde(e))+ m?
——— —[sinf——— ,
®(0)sin0 do dao sin26
which is equivalent to

2

)+(€(£+1)— -
S’

1 d (sin@d@)(e) )@(0) =0 (3.13)
sinf d6 de 0 T ‘
To solve for ©(6), we make a change of variables. For this let x = cos8 and y(x) = ©(8). Then using

the chain rule, we see 160 g d p
eO) ayax _ . y
d0  dxdé d 2y (sind) = sinf7%
and thus d doo d dy dy d’y d
€]
%(sin0ﬁ)=%(—sin29d—) —Zstcosea—s& 26(1 Jz/d;

We can substitute this into the first term of equation (3.13) to obtain

d d?
—2cost9dy+sm HdJZ/ 0.
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Finally, with cos@ = x and sin?6 = 1 — cos?6 = 1 - x?, we see

d’y dy m?
-— 2 — — — —
1-x )dxz Zxdx-i- ((0+1) -

y=0. (3.14)

We chose D = ¢(¢+1) since the equation we have now obtained is a special type of equation, namely
the associated Legendre equation. A note here is that this choice of D is more a physical reason
than a mathematical one, since other choices of D can still yield mathematically feasible solutions.
However, since we will look at a physical application in chapter 4, we choose D = ¢(¢ + 1) here. Now
we can show that the function

—1)m l+m
CO" g gym2 47 2 e i<, (3.15)

m —
Pt = 200! dxt+m

solves this equation. The derivation of this will not be shown here, for reference see chapter 12 of
(2].

Putting everything we found together, we have that the general solution of the Laplacian in spherical
coordinates is:

R(NBO)IO(@) = (pri +qr "1 (P} (cosB)) ae'™?, (3.16)

where a,p,qe Cand ¢ e NU {0}, m € Z with [m| < ¢.

3.3. Orthonormality

On the the unit sphere, we have r = 1, and so (3.16) above reduces to
RMOOO@) = (p+q) (P} (cos))ae'™?
By absorbing all constants into a single constant, we can write the general solution as
Y"(0,4) = CPJ'(cosf)e'™,  CeC, (3.17)

which is the collection of not yet normalised spherical harmonics in three dimensions. Note that for
m = 0, the exponential is equal to one, meaning the functions become invariant to rotation about
the z-axis. In other words, for m = 0 we have the collection of zonal spherical harmonics in three
dimensions. This can also be seen by setting d = 3 in theorem 2.17, then we see Péo’o) = Pg.

In theorem 2.11, we showed that spherical harmonics are orthogonal to each other (see proposi-
tion B.1 for an elementary proof of this for d = 3). So what remains is finding the constant C such
that ¥;(0, ) is normalised. For this, we compute (¥,",¥,"). Now note that the inner product in
(2.11) is defined for Cartesian coordinates. However, since Y[m is defined in spherical coordinates,
we transform the integral. The Jacobian of this transformation is 72 sinf, so with r = 1 we see

- 1 = 1 [ 7 . o
(v, ng>=m . ng,Y[mdUZEfO fo PZ"(cosﬁ)e’m‘/’P?“(cosﬂ)e M sin® dOd¢

1 2n pm ) 21 7 )
= | fo P} (cos6)"sinf dBd(p:EfO P} (cosB)"sinf db.
Now we make a change of variables back to Cartesian coordinates with x = cosf and so dx =
sinf d6, which yields
> f_ 1P;”(x) dx.

For this integral we have the following theorem.
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Theorem 3.1. For¢,neN and m € Z with|m| < ¢, we have

! 2 (C+m)
PMx)P™M(x) dx =8 pp—o— 2
f_l ¢ O AX =00
where
)L ife=n
o, ife#n

Proof. Without loss of generality, for now we assume ¢ = n. Write

1 1 4antm ) d[+m ) ¢
m __ m m n
I, —f_lpg (x)P,'(x) dx = vy 'Z'f ((1 x%)m e (x*=1) )(—dx”m (x*=1) ) dx.

We now integrate by parts £ + m times

1 1
f ux) v (x)dx = [u(x)v(x)]l_l—f u' (x)v(x)dx,
-1

n+m

with u(x) = (1-x%)" Y EREaD (x*-1)"and v'(x) = P ,+m( x%—1)¢. Then note that for the first m integra-
tions by parts, u(x) in [u(x)v(x)] _, contains the term (1 - x?), since this term is 0 at the endpoints,
[u(x) 1/(x)]1_1 vanishes. For the remaining ¢ integrations, v(x) contains the term (x2—1). Thus we

obtain " e .
( 1) m m 2 m dn m
Iﬂil’l on+l |[|f (x 1) dxt+m ((l_x )" dx n+m(x -D"

Applying Leibniz’s rule (A.3) to the second term in the integral yields

l+m 4antm l+m {+m dk d€+n+2m—k
2\m 2 n|_ _ 2\ym 2_1\n
dxl+m (1—=x%) dxn+m (x* -1 )_ kZ::O( k W(l x%) dx€+n+2m—k(x D"

For the first derivative in the sum we see that this is non-zero for r < 2m, since (1 — x?)"" is a poly-
nomial of degree 2m. Recall that m < ¢, so we do reach 2m in the sum. The second derivative is
non-zero when ¢+ n+2m-— k < 2n or equivalently r > £ — n+2m. We thus have that [, # 0 when

l—n+2m=<r<2m = ¥¢—-n+2m=<2m < ¢ <n,

but by assumption we have ¢ = n and so we must have ¢ = n. Substituting this in the bound for r we
also have r = 2m. Putting this all into I}, gives

m _ [( 1)€+m f+m d2
Lig=0en(=1) En f( -1’ ( X" prerith ) dx,

where we also factored out (—1)¢. To evaluate the two derivatives within the integral, we apply the
binomial theorem (A.4) to expand (1 — x?)":
r r r
(1_x2)r:Z ] .lr.((_xz)r—z) Z ( 1)r i 2(r 1)
i=o\? i=0
After differentiating this 2r-times we see that only the first term of the sum is non-zero, so

d—zr(l—xz)’zd—zr "Iy 2| = cnren.
dx?r dx?r |0
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Thus we see

l+m
I:lng:@n(—l)g( D (€+m)f @ -1l =D"em-1feodx

22[([!)2
_ Vi 1 (€+ m)! 1 2 Y
=0on(=1) 220 )2 (2m)!(£—m)!f_1(x -1D°2m)!20)dx

~ ¢ ROV (L+m) fl 2_ 1yt
_6[71( ) 22[([')2 (( m)' 1(x 1) dx.

1
f 2-1dx
-1

We evaluate

by setting x = cos@, then

1 1 0 b4
f(xz—l)fdxz(—l)ff (l—xz)édx:(—l)“lf sin2/*1(9) d@:(—l)"f sin2/*1(9) ae.
-1 -1 b 4 0

To compute this integral note that

%(sinn_lﬂcose) (n—1)sin” 20 cos®0 —sin” ' Osind

= (n-1)sin"20(1 -sin’0)0 —sin* "1 Hsind
=(n-1)sin"260 - (n-1)sin" 0 —sin" 0

=(n-1)sin"20 - nsin"0.

Integrating both sides and rearranging yields

T n 1 s on—1 T -1/7 . n-2
f sin"@db = — [—sin" " O cosb], + f sin" 7 0d6 =
0 n 0

_ 1 T
" f sin”~26 do,
n 0

where we used that sinf = 0 for 8 = 0, 7. Applying this we get
20 7 20 [T
(—1)”[ sin?’*1(@) = (-1) —f sin® 10 do = (—1)f—f sin®*19sin™26 do.
20 20+1 Jy

By changing back to x we obtain

_ ___“t -1
j:l(x Dldx YN 1[( -1 dx.

Applying this recursively we get

! — — 1
f(xz—l)fdxz(—n”( 2¢ 261 21 2)..2)[ dx,
-1 8

20+1 2¢6-1 2¢-3 3 1

and for the right expression we see

20 2(0-1) 2(0-2) 2 200 2t 222
2041 20-1 20-3 3 (20+1)(2¢0-1)(2¢-3)---3 +1)! @2¢+1))
200!
so that 1 20+1 2
220+ (g1
2_Dldx=(-1f"—=—".
f_l(x Vdx= 0o
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We can thus conclude that

1 1
m m _ ¢ (2[)! (£+ m)! 2 Vi
f_lP[ ()P, (x) dx=08¢,(-1) —224(6!)2 —(f—m)!f—1(x -1)"dx

L @OU @emy 22002
=0 e = Y @z
2 (@+m)

O 1 e—my

With this we obtain the normalisation factor of Y[m 8,¢), since

- - 1 1 1 2 (Z+m) 1 (+m)
vy :_f P} (x)* dx=—= == :
YD =5 | P dx=— o G = 201 =)

({—m)!
(+m)!

Thus, setting setting C =/ -2/ +1 in (3.17), we have

— | .

Y[m(ﬂ,(p) = \/—(2€+ 1
which satisfies
(YY" =1.

A final important property of the spherical harmonics in R?, which we state without proof here,
is that the spherical harmonics form a complete basis for L?(S?). This implies that any function
£(0,¢) € L?(S?) can be written as

) /4
FOH=>Y amY,"©,¢). (3.18)
/4

(=0m=—

This property will be useful in the application we will discuss in the following chapter.



Angular Momentum

In this section, we will turn to an application of spherical harmonics: angular momentum. We start
by introducing the notion of operators in quantum mechanics. After introducing the angular mo-
mentum operators, we will show that spherical harmonics are the eigenfunctions of these operators
and why discuss this is useful. The mathematics in this chapter are clearly explained in a book by
Hall[8]. For the physical side, refer to this introductory book on quantum mechanics|6].

4.1. Preliminaries

4.1.1. Operators in R

In quantum mechanics, the position of a particle is determined using a wave function. A wave
function, denoted by v, assigns a probability to the location of a particle. Let us first assume that we
have a particle moving along the real number line. Then for such a particle, we have a wave function
¥ :R — C. ¢ depends on the position x and time ¢, but for now we assume time independence, so
we write y(x). Now the probability density of the location of a particle is given by |y (x)|?, where
Il//(x)l2 = W(X)W is the modulus squared. Thus we have that the probability that a particle is
within some Borel set A< R is

f [y (x)*dx.
A

Since |(x)|? is a density, we also have

f lw(x)|?dx =1.
R

Furthermore, we can define the expectation of the position:

(x) :=foIw(x)|2dx, (4.1)

assuming that this integral is convergent. Now you might wonder how we can interpret this expec-
tation. As you might know, when measuring a quantum particle, the wave function describing it
collapses as it will be located at one point. This means that the expectation of the position is not the
average of different measurement of the same quantum particles. Rather, we can see it as averaging
the measurements of different quantum particles all in the state .

In quantum mechanics expectations of various quantities are expressed in terms of operators
and the inner product on the relevant space, in this case L2(R). On L2(R)! we can define the position
operator X by

Xy)(x) :=xyp(x).

INot for all YE 2 (R), we will touch on this later.
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We can now write (4.1) as
(x) =Xy, )R,

where the inner product is defined as

(f,Or:= fR fx)gx)dx.

Besides the position, another property of particles is momentum. In classical mechanics, momen-
tum relates velocity and mass by multiplying the two. So to introduce momentum in quantum me-
chanics, we need some information on the velocity. For this, we introduce time-dependence and
write ¥ (x, t). Now the velocity is the derivative of the position, so we want to find an expression for

i<x>(z‘)—3fx| (x,0)*> dx
dt T ot Jr v '

Note that this is the derivative of the expectation of the position, so it will not give deterministic
information on the velocity, but it will help us derive the momentum operator. In this derivation
we do leave out some mathematical details. To find this quantity, we will first find an expression for
% ly (x, £)|2. For this we introduce the Schrédinger equation:

F) hZ 2
i 06 1) =~ 5,0+ Vi, 0y, 0, (4.2)

2m 0x?
where m is the mass of a particle, /i = %, with & being Plank’s constant and V : RxR>q — R is the po-
tential that represents the environment in which the particle exists. Now rewriting the Schrodinger
equation gives

0 in 0°

—1//( 1) = . — Yy, - V(x, Dy(x,t). (4.3)
Taking the complex conjugate of this equation yields

9 (x t)_—ﬂa—z (x t)+£V(x NDy(x, 1) (4.4)

oV D= Ty eV D Ve DY B ‘

Now using the product rule we find

3
|w(x,t)|2 (w(x D) = v 0 w(x 0+ylnD o w(x,t)

By substituting in (4.3) and (4.4) we obtain

i 0? — 0°
Iw(x HiF= : ( v(x, t)((3 21//(x 0+— V(x, Ny (x, t))+1//(x, t)(a SY(x, 0+ — V(x Nwy(x, t)))

h 2 02
( y(x, t) 21//(x t)+1//(x t) 21//(35 3]
“om
_in o ( x, t) vED+uED t)— (x, t))
= | YYD+ v
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where in the last step we again used the product rule. Finally, we find

d 0 2, [0 5
dt<x>(t)—atju;€xlw(x, 1)l dx—foath(x, ni“dx

—ﬂ xi(— (x t)i (x, ) +y(x t)i (x t))dx
_meaxw’axw’ w'@xw’

2m

X (—w(x, t)%m+m%w(x, t)) o
- ﬁf —y(x, t)im+miw(x, Hdx
2m Jp 0x 0x
= —ﬂf ~y(x, t)im+miw(x, Hdx
2m Jr 0x 0x
= ﬂf y(x, t)ide— i / Wiu/(x, Hdx
2m Jr 0x 2m Jr 0x
_in ([q/(x, t)m]m - f v v t)dx) - ﬂfmiw(x, fdx
2m x=-00 Jr 0x 2m Jr 0x
__n f Miw(x, fdx,
m Jr 0x
where we used integration by parts twice and the fact that ¥ goes to zero at +oo (This does not hold

for all w € L?(R), but we will choose an appropriate set of function later). Now as in the classical
case, we multiply this by m and obtain a momentum operator. We see

5 0
—ih ) — ,Hdx={(—ih—w, .
i Lw(x )axu/(x Jdx =(-i Frid VIR
Thus, we define the momentum operator by

dy (x)

(Py)(x):=—ih P

where we dropped the time-dependence again.

Note that for a function v (x) € L?>(R), both (X)(x) and (Py)(x) could fail to be in L?(R) again. How
to deal with this properly is beyond the scope of this report. Therefore, we will work with Schwartz
functions. These functions are infinity differentiable, bounded, and rapidly decreasing.
Animportant property of these two operators is that they do not commute, i.e. X(Py(x)) # P(Xw(x)).
We see this as follows

o Ay dy(x)

X(Pw(x))—X( lh—dx )— ihx PP (4.5)
_ _ . a . dy (x)

P(Xy(x)) =P (xy(x) = lhdx(xu/(x))— lh(u/(x)+x P ) (4.6)

However, X and P do satisfy the canonical commutation relation which is defined as follows.
Definition 4.1. For two operators A and B, the canonical commutation relation is
[A,B] = AB—-BA.
Now we have the following relation between X and P.
Proposition 4.2. The position and momentum operators X and P satisfy the relation

[X,P]=ihl.
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Proof. Using (4.5) and (4.6) we get

P(Xy(x) = —ih(w(x) +x%)
dy(x)
dx
=ihy(x) + X(P(y(x)),

=—ihy(x)—ihx

from which the result follows. O

4.1.2. Operators in R3

We can now generalise what we found in section 4.1.1 to R3. Note that we can also generalise to RY,
but we only need three dimensions for angular momentum.

For the position and momentum operators, instead of one operator, we have 3 operators given by

Xjp(x) = x;yx),
_ L0
Pjy(x)=—in ox; ,

for j =1,2,3. As a generalisation of proposition 4.2, we have the following result.

Proposition 4.3. The position and momentum operators inR® satisfy

[Xj, Xkl =0, (4.7
[Pj, Pkl =0, (4.8)
(X}, Pyl = ilib j I (4.9)

foralll<j, k<3.
Proof. For the first two results, we easily see
(X, Xily (%) = xjxp (X) — X xj9 (%) =0,

[P, Pyl (x)——ihii (x)+z'hii x) =0
» g B ijaka Oxkaxjw -

For the last result we have

1 1
X}, Py = — (X (Pey @) - Pr(X;y )

1 oy (x) 0
=—|-ihx; +ih—(x; .
= |~ i oxs i xr (xjw(x))
Computing this for j = k and j # k yields the result. O

4.2. Angular momentum operators

Now that we have introduced the notion of operators, we can introduce the angular momentum
operator. In classical mechanics the angular momentum is calculated as r x p, the cross product of
a particles position vector r and momentum vector p = mv. In quantum mechanics angular mo-
mentum is similarly defined as the cross product between the position and momentum operators.
We define the operators on the unit sphere. Writing x, y, z for x1, x2, x3, we have that the angular
momentum is defined by

0 0

X\ (Py\ (YP.-ZP, Yoz = %3y

Ji=|Y|x [Py |=|ZPc-XP, |=-in|zL -xZ |,
z) \p, XPy—YP, xw—y%
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where in calculating the cross product we used the commutation relation (4.9) from proposition 4.3.
Thus, for each direction we have the following operators:

] _h(a 6) ] ,h(a 6) ] ,h(a 6)
=—i ——z—, =—ih|lz——-x—|, =—il|lx—-y—|.
* yaz oy Y 0x 0z ‘ oy yax

To find the relation between these operators and the spherical harmonics found in chapter 3,
we make a transformation to spherical coordinates and call the new operators Ly, Ly, L.. This trans-
formation is an elementary (but long) calculation, so we will not show it here. We see that

. 0 cos¢ 0 . 0 sing 0) .0
Ly = il|sing— 2\, L,=ih|-cosp— 2\ L=—inZ,
= (Sm(’b69+tan9 ng) y=t ( 0sP55 tan0 o) - 5

are the angular momentum operator in spherical coordinates. Note that these do not depend on r
as we assumed that we are working on the unit sphere. Besides the directional operators for angular
momentum, we can also look at the total angular momentum, which is written as

2_712 72 52
L =L +L,+L,
which is equal to

0 1 0?
L2=—h2( i 0—) ) 4.10
sin 3 + ( )

sinf 00 ( sinZ6 W
For these operators, we have the following commutation relations:
(Ly, Ly] =iNL,, [Ly; Ll =ihLy, [LgLyl= ihLy’ (4.11)
and
(L% L] =0, [L%Ly1=0, [L*L,]=0. (4.12)

By symmetry, it suffices to show [Ly,Ly] = inL, and [L? L] = 0. We show these relations using
Jx» ]y, J. We first compute
[]xr]y] = [XPZ_ZPJ/; ZPX_XPZ].

By expanding this and using [A+ B, C] = [A, C] + [B, C] we get
[YP,, ZPy]1 - [YP;,XP,] - [ZPy, ZPx]+ [ZPy, XP,].
For the products, we use
[AB,CD] = A[B,C]D+ AC[B,D] +[A,C1DB + C[A, D]B,
and apply this to every term. This yields

[YP,, ZPy] = Y[P,, Z|Px + Y Z[P,, Pyl + [V, Z1P, Py + Z|Y, P4] P,
= Y(—ih)Px+0+0+ Z(0)P, = —ih Y Py,

[YP,, XP,]=Y[P,, X|P,+ YX|[P,,P,]+Y,X|P,P, + XY, P,]P,
= Y(0)P,+0+0+ X(ih)P, = ih XP;,

[ZPy, ZP,] = Z|Py, Z|Py + ZZ[Py, Py + [ Z, ZIPy Py + Z| Z, P41 P,
= Z(0)P+0+0+ Z(0)Py =0,

[ZPy, XP,] = Z[P,, X|P, + ZX[Py, P, + | Z,X|PyP, + X|Z, P,|P,
= Z(~il)P;+0+0+ X(iW)Py = —ih ZP, + il XPy.

By combining the terms we obtain
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U Jy) = (~iR Y Py) — (il XP,) — 0+ (=i ZP, + il XP,)
= ih(XP,— YP,)
= ih]z.

For [J?, J] we see
U, Tl = U+ 15+ T2, Tul = U, Tl + Uy, Tl + U3, T

First, [ ])26, J.] = 0 because J, commutes with itself. For the second and third term, we use [A%, B] =
A[A, B] + [A, B]A and we obtain

U5, Jx] = JyUy, Tl + Uy, Jxl Ty
Using [Jy, Jx] = —il ], we get
U3 T = Ty(—iR ) + (—iRJ) ]y = =il Uy Tz + T2 J3).
Finally, we have
U2 Jxl = Uz Jxl + Uz, JxlJz = Jz(in]y) + (iRJy) . =ih Uy +JyJ2),
now using [J;, Jx] = i1 ], We conclude
U T =0+ (=ihUyJz + J2J)) + (ih UzJy + Ty J2) = 0.

With this we can also conclude that [Ly, L,] = iZL, and [L?, L,] = 0. Furthermore, we have that they
are linear operators. Indeed for f, g € L>(R®) and a, b € C, we see

(. 0 cos¢p 0

Lylaf +bg)=ih smc/)ae(af+ bg)+ a0 6¢(af+ bg))
- in[sing (o2 + 528 - 22 (31,26
=1ih Sm(p(a60+b69)+tan6 a6¢+b6(p
=alLy(f)+bLx(g),

Ly(af+bg)=in —cos¢%(af+bg)+::rll(g%(af+bg))
_inl- or 0_8) Siﬂ( or 6_g))
=ih COS¢(u69+b69 +tan0 aa(p+ba¢)

=aLy(f)+bLy(g),
L.(af +bg) = —ih%(af+ bg)

[ Of Og

=—ih a%+bﬁ)

= aL,(f) +bL,(g),

L*(af + bg) = —h? Li(sinei(afmg))+L—2(af+bg))
sinf 90 00 sinZ 0 02

1 o (.  of 0g) 1 (62f azg))
— 122 [sino@L + 28|+ L _(aZL 1 p28
sind 90 (Sm 50 "0 snza (“ag2 T Vog2
= aLl*(f) + bL*(g).
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4.3. Eigenfunctions

So far, we have seen position, momentum, and angular momentum in quantum mechanics. In this
section we will show that performing calculation for particles described by a wave function of the
form Y;"(H ,¢) found in chapter 3 simplify a lot. For this we first define eigenfunctions.

Definition 4.4. Let D be a linear operator and f # 0 a function. Then f is an eigenfunction of D with
eigenvalue A e C if
Dfx) =1fx).

If we now take D = L, for example, finding an eigenfunction f for this operator means that if we
have a particle in the state f, we know that L, f = A f. This means that calculating the z-component
of the angular momentum is very straightforward. So in the optimal case we want to find a function
that is the eigenfunction of multiple operators. However, for a function to be the eigenfunction of
multiple operators, the operators must commute on the span of a function f. To see this, suppose
we have a function f suchthat Lyf =Af and L, f = uf, then

(L, Lyl f =LxLyf—LyLxf =pLxf —ALyf = pAf —pAf =0.

Thus we need the operators to commute on the span of f. However, in (4.11) we saw that Ly and L,
do not commute, so we must chose operators that do commute. In (4.12) we saw that L? commutes
with Ly, Ly, and L. So we can try to find an eigenfunction for L2 and one of the directional opera-
tors.

We will show that the eigenfunctions of L, and L? are Yé’” 0,¢) =CP/(cos0) e as given in (3.17).
For L, we easily see that

- 0 . . .
L (Y(6,p) = —ih% (CP;”(COSO)e’m‘/’) = —i(im)hCP}(cosB)e'™? = imCP] (cosH)e'™?,
so Y (0, ¢) is an eigenfunction of L, with eigenvalue fim.

Now for L? notice that (4.10) is exactly the angular part of the Laplacian in spherical coordinates
(3.4) multiplied by —#2. Recall that in (3.9) we found

1 deg)
o) depz
and in (3.13) )
1 d (. do@) m _
EE(SIHB 40 )+(£(€+1)—Sin28)®(0)—0,

where ©(0) and ®(¢) are from the separation of variables in (3.6). So substituting (3.9) in (3.13)
yields

1 d (. do® 1 d*®(¢) B
ﬁd—e(Slngd—g)‘i‘([((‘}'l)‘}'(D((p)sinze d(P2 )@(0) —0,
which is equivalent to
1 d . d@(@)q)(gb)) 1 d’0O)o() _
00 30 (sm@ 20 + 20 g2 =0 +1)00)D(P).

Now we know that this equation is satisfied by Y[’" 0,¢) =CP,"(cos 6)e'™?. So now we observe that
_ 1 0 0 - |G L
L2(Y)™0, :—hz(——( in0— Y,"(0, —— V"0,
¥, sinf 66 st 0 ¢ ©.¢) +sin206</>2 ¢ ©.9)
=—h* (-0 +1)Y]"0,¢))
=00+ 1) Y0, ¢).
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Thus Y, (0, ¢) is an eigenfunction of L* with eigenvalue £(¢ +1).

Now these results do not only imply that calculating the properties of particles in the state Y," (0, $)
can be simplified. Namely, if we use (3.18), we can decompose any function in L?(S?) into a linear
combination of spherical harmonics. In such, we can apply the results above to each individual
component of the linear combination and so the spherical harmonics form a nice basis when work-
ing with angular momentum.



Discussion and Future Work

This report was written to provide a structured and accessible introduction to spherical harmonics.
We started with rigorously introducing spherical harmonics by restricting harmonic homogeneous
polynomials to the unit sphere. Using this theory we looked at zonal spherical harmonics and its
properties.

The rest of the report focussed on three dimensions, where we found an explicit formula for the
space of spherical harmonics and normalised these functions. With this, we turned to an appli-
cation: angular momentum. Here we used spherical harmonics as a nice basis within quantum
measurement.

Now obviously, there remains a lot open for further study. For example,

spherical harmonics have a deep connection with group theory, more so than discussed in this re-
port. The lecture notes of Koornwinder[9] treat this in a lot of detail. This group theoretical aspect,
which was not discussed in detail in this report, is also present in the angular momentum applica-
tion from chapter 4.

Besides the abstract theory, one can also look at the numerical aspect of spherical harmonics. Effi-
cient computation of spherical harmonic coefficients is essential in fields such as computer graph-
ics and climate modelling. The work of Driscoll and Healy(5] on fast algorithms and recent improve-
ments using Fibonacci grids[11] are valuable extensions.

Finally, there are many other applications like modelling Earth’s gravitational potentiation[10]. Spher-
ical harmonics are also essential in the study of the cosmic microwave background. The angular
power spectrum of the cosmic microwave background is analysed using spherical harmonic de-
compositions, as documented in works like Dodelson’s Modern Cosmology[4]. Besides these appli-
cations, one can also look at the applications mentioned in the introduction.

In short, there are endless possibilities for the use of spherical harmonics!
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Some Useful Results and Definitions

Theorem A.1 (Chain rule). Let D € R?, and let f : D — R be differentiable. Furthermore, let E < R"
and foreachi€l,...,d, let u; : E — R be differentiable. Then, with u;(t) = u(fy, ..., t;), we have

0 of o0 of o0 of o
—f(ul,,__,ud):—fﬂ+_f£+...+_fﬂ,
atj 0x; 6tj 0xo atj 0x, (3[]'

(A1)
foranyj=1,..,n.

Theorem A.2 (Green’s first identity). Let U < R%. Suppose f : U — R is once continuously differen-
tiable and g : U — R twice continuously differentiable. Then

fo-ngV+fngdV:f fVg-nxds, (A.2)
U U ou

where 0U is the boundary of U and n is the outward pointing normal vector at the pointXx.

Theorem A.3 (Leibniz’s rule). Let f, g be n-times differentiable. Then fg is n-times differentiable
and

n n _
—o\k
Theorem A.4 (Binomial theorem). Letx,y € C andneN, then
n_ L[ n n-k_ k
x+"=)Y | |« (A.4)
k=0 k

Result A.5 (Gamma and beta function). For x > 0, the gamma function is defined by
o0
I(x):= f t*le7tdr. (A.5)
0

Two properties of this integral are
e I(m=(n-1)!, neN,
« T(2)=272"3/7(n-2), neN, nodd.

Here n!! = n(n—-2)---1. A function closely related to the gamma function is the beta function, for

which we have . . r
B(x1,x2) :=[ Mla-pelde = Ton)T0x) (A.6)
0 I'(x1 + x2)
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Definition A.6 (Group). A group is a set G with an operation G x G — G, which we shall denote here
as (a,b) — ao b, such that the following three requirements are met.

(G1) (Associativity) For all a,b, c € G we have that ao (boc) = (aob)oc.
(G2) (Identity element) Thereis an e € G such thateca=aoce=a, forallacG.
(G3) (Inverse element) For every a € G there exists an element a* € G such thataoa*=a*oa=e.

Definition A.7 (Action). Let G be a group, and let X be a set. We say that G acts on X if foreveryg e G
and every x € X, an element go x € X is given such that:

(W0) eox=x VxeX,
(WI1) (gh)ox=go(hox) Vg, heGandxe X.

Definition A.8 (Stabiliser). Let the group G acton the set X and let x € X. If go x = x, then we say that
x is a fixed point of g. The stabiliser of x in G, notation Gy, is the subset

Gy={geG:gox=x}.



Elementary calculations

Proposition B.1. Fix me Z. Then for ¢ # n, we have

Proof. Since we are showing equality to zero we can choose C =1 in (3.17). Now note that the
inner product in (2.11) is defined for Cartesian coordinates. However, since 17;", Y™ are defined in
spherical coordinates, we transform the integral. The Jacobian of this transformation is r2sin@, so
with r = 1 we see

_ 5 1 R — 1 2n rm . . )
YY" = m[gz Y, Ytdo = Efo fo P} (cos0)e™® P (cosB)e™ ™ sinf dOd¢p
1 2n rm 21 (7
=27 o fo P (cosO) Py (cosB) sin® dOd¢p = Efo P} (cosO) P, (cosH)sinb db.
Now we make a change of variables back to Cartesian coordinates with x = cosf and so dx =
sinf d6, which yields
1 r!
—flP;”(x)P,’f(x) dx

2

To show that this integral equals 0, we resort back to the associated Legendre equation (3.14), which
we can rewrite using the chain rule:

(- zﬂ)
dx((l x)dx *

2
l0+1)—-

1_xz)y:O.

Now we know that 17;", Y™ satisfy this equation, so we can substitute them in and get

fo-sr a2
ax ((1 b )de[ )|+ +1) =22 P, (x)=0, (B.1)
d 2

£ ((1 - xz)iPm(x)) + (n(n+ P
dx dx " 1-x2

Multiply (B.1) with Py’ (x) and (B.2) with P;" (x), then subtracting yields

) P (x) =0. (B.2)

d d d d
P,T(x)a ((1 - xz)ann(x)) - P;"(x)a ((1 - xz)%P,'l"(x)) +({ll+1)-nn+1) P,’;”(x)P;”(x) =0.
Using the chain rule for the first term we can write

i((1— %) (P’"( )iP'"( ) — PI( )iPm( ))
dx . "xdx[x [xdx”x

+(l+1)—-nn+ 1))P,rl"(x)P;"(x) =0.

37



38

Now integrating gives

[_la((l—xz) (Pn (x)aP[ (x)-P, (x)aPn (x)))dx+(€(€+1)—n(n+1))f_1Pn ()P, (x) dx
1

d d
= [(1 ) (P,’l"(x)aPZ’(x) - P;"(x)aP,T(x))

1
+(l(l+1)-nn+ 1))f P,’l”(x)P;"(x) dx=0.

-1 -1

Finally, note that 1 — x? = 0 for x = —1,1, so we get

1
ll+1)-nn+ 1))f P (x)P,"(x) dx =0.
-1

Thus we can conclude that, for £ # n, (Y, ?nm) =0. O
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