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SUMMARY

Wall-bounded turbulence involving mixing of scalars, such as temperature or
concentration fields, play an important role in many engineering applications.
In applications with large temperature or concentration differences, the varia-
tion of scalar dependent thermophysical properties can be strong. In such cases
the strong coupling between energy and momentum alters the conventional be-
havior of turbulence. This alteration results in peculiar momentum and heat
transfer characteristics, for which conventional scaling laws for constant prop-
erty flows fail and cannot be applied. The aim of this work is to characterize wall-
bounded turbulence for fluids that have large near-wall gradients in thermo-
physical properties. The focus is on the variable inertia effects at the low-Mach
number limit without the influence of buoyancy. First, a theoretical framework is
developed by applying a scaling transformation to the Navier–Stokes equations,
that is based on local mean values of density ρ, viscosity µ and semi-local fric-
tion velocity u⋆

τ =
√

τw /ρ (τw is the wall shear stress). The framework suggests
that the leading order effect of varying properties on turbulence can effectively
be characterized by the semi-local Reynolds number Re⋆

τ ≡
√

(ρ/ρw )/(µ/µw )Reτ
(Reτ is the friction Reynolds number based on wall values). Second, Direct Nu-
merical Simulations (DNS) of a fully developed internally heated channel flow
are performed with different relations for density ρ, viscosity µ and thermal con-
ductivity λ as a function of temperature, to test the proposed framework and to
further analyse the scaling of turbulence statistics. Using the above two method-
ologies following insights are gained:

• The semi-local Reynolds number Re⋆

τ accounts for changes in viscous length
scales due to property variations.

• Turbulence statistics and the characteristics of turbulent structures are strongly
governed by Re⋆

τ profiles, and their dependence on individual density and vis-
cosity profiles is minor.

• The viscous shear stress shows a universal collapse in the inner layer for all
cases when plotted as a function of the semi-local wall coordinate y⋆. This
universal collapse provides a basis to derive an extension of the van Driest

transformation u⋆ =
∫uvD

0

(
1+

(
y/Re⋆

τ

)
dRe⋆

τ /d y
)

duvD (uvD is the van Driest
transformed velocity), that accounts for gradients in Re⋆

τ and is able to col-
lapse velocity profiles for all the investigated cases.

vii



viii SUMMARY

• Other turbulence statistics like mixing length, turbulence anisotropy and tur-
bulent vorticity fluctuations do not show a universal scaling very close to the
wall. This is attributed to strong non-local effects and structural changes in
turbulence that affect lifting and tilting of quasi-streamwise vortices. These
structural changes are related to changes in wall-normal gradient of uvD and
are analogous to the effects associated with changes in mean velocity gradient
of a constant density flow.

• The scaling characteristics of scalar field can also be parametrized using the
distribution of the local Prandtl number Pr⋆ ≡Prw (µ/µw )/(λ/λw ) (Prw is the
Prandtl number based on wall values) and Re⋆

τ .
• Similar to the extended van Driest transformed velocity, an analogous ex-

tended van Driest transformed mean temperature profile has been derived

θ
⋆

=
∫θ

vD

0

(
1+

(
y/Re⋆

τ

)
dRe⋆

τ /d y
)

dθ
vD

, which results in a good collapse of the
temperature profiles for cases with similar Pr⋆ distributions, irrespective of
the Re⋆

τ distribution.
• Finally, it is shown that if a turbulence model is solved in a form consistent with

semi-local framework, the obtained results from the model agree well with re-
sults from DNS, while the conventional modeling approach fails.



SAMENVATTING

Het turbulente transport van scalaire grootheden zoals de temperatuur of de
concentratie nabij een wand speelt een belangrijke rol in veel industriële toe-
passingen. In toepassingen met grote temperatuur- of concentratieverschillen
kan de variatie van de thermofysische eigenschappen zeer groot zijn. In der-
gelijke gevallen kan de sterke koppeling tussen energie en impuls het conven-
tionele gedrag van turbulentie doen veranderen. Deze verandering zorgt voor
vreemde impuls- en warmteoverdrachtskarateristieken die er toe leiden dat con-
ventionele schalingswetten voor stromingen met constante eigenschappen niet
langer toepasbaar zijn. Het doel van dit werk is turbulentie nabij de wand te
karakteriseren voor vloeistoffen met grote thermofysische eigenschapsgradien-
ten. De nadruk ligt op variabele traagheidseffecten in de lage Mach-benadering
waarbij de opwaartsekracht als verwaarloosbaar beschouwd wordt. Allereerst
wordt een theoretisch kader ontwikkeld door een scalingstransformatie toe te
passen op de Navier–Stokes vergelijking die gebaseerd is op de lokale gemid-
delde waardes van de dichtheid ρ, viscositeit µ en de semi-lokale frictiesnel-
heid u⋆

τ =
√

τw /ρ (waarbij τw de schuifspanning is op de wand). Het kader
suggereert dat het primaire effect van de variabele stofeigenschappen op tur-
bulentie goed gekarakteriseert kan worden door het semi-lokale Reynolds-getal
Re⋆

τ ≡
√

(ρ/ρw )/(µ/µw )Reτ (waarbij Reτ het frictie-Reynolds-getal is, hetgeen
gebaseerd is op waardes op wand). Ten tweede zijn Direkte Numerieke Simula-
ties (DNS) van volledig ontwikkelde en intern verhitte kanaalstromingen uitge-
voerd, waarbij verschillende relaties voor de dichtheid ρ, viscositeit µ en warmte-
geleidingscoefficient λ als functie van de temperatuur zijn toegepast, om zo het
voorgestelde kader te testen en de schaling van de turbulente statistieken verder
te kunnen analyseren. Gebruikmakend van de hiervoor beschreven methodiek
zijn de volgende inzichten vergaard:

• Het semi-lokale Reynolds getal Re⋆
τ verklaart veranderingen in de viskeuze

lengteschaal ten gevolge van eigenschapsvariaties.
• Turbulente statistieken en de karakteristiek van de turbulente structuren wor-

den in sterke mate bepaald door de Re⋆

τ profielen en hun afhankelijkheid van
individuele dichtheids- en viscositeitsprofielen is minder van belang.

• De viskeuze schuifspannig valt voor alle gevallen samen als deze uitgezet
wordt tegen de semi-lokale wandcoördinaat y⋆. Dit op universele wijze sa-
menvallen biedt een basis om een extensie van de van-Driest-transformatie af

ix



x SAMENVATTING

te leiden, u⋆ =
∫uvD

0

(
1+

(
y/Re⋆

τ

)
dRe⋆

τ /d y
)

duvD (waarbij uvD de van-Driest-
getransformeerde snelheid is), die de gradienten in Re⋆

τ in acht neemt en die
het mogelijk maakt om the snelheidsprofielen van alle onderzochte gevallen
samen te laten vallen.

• Andere turbulente statistieken, zoals de mixlengte, turbulente anisotropie en
de turbulente vorticiteitsfluctuaties laten niet een universele schaling zien
dicht in de buurt van de wand. Dit valt de wijten aan sterke niet-lokale effec-
ten en structurele veranderingen in turbulente die het optillen en het kantelen
van quasi-stroomsgewijze kolken beïnvloeden. Deze structurele veranderin-
gen zijn geralateerd aan veranderingen in de wand-normale gradient van uvD

en ze zijn analoog aan de effecten die geassocieerd worden met veranderin-
gen in de gemiddelde snelheidsgradient van een stroming met een konstante
dichtheid.

• De schalingskarateristieken van een scalair veld kunnen ook geparametriseerd
worden door de verdeling van het lokale Prandtl-getal Pr⋆ ≡ Prw (µ/µw )/(λ/λw )
(waarbij Prw het Prandtl-getal gebaseerd is op waardes op de wand) en Re⋆

τ te
gebruiken.

• Een uitbreiding van het van-Driest-getransformeerde temperatuurprofiel, wat
analoog is aan de uitbreiding van de van-Driest-getransformeerde snelheid, is

afgeleid als θ
⋆

=
∫θ

vD

0

(
1+

(
y/Re⋆

τ

)
dRe⋆

τ /d y
)

dθ
vD

, welke resulteert in het be-
vredigend samenvallen van de temperatuurprofielen voor gevallen waarbij de
Pr⋆ verdeling vergelijkbaar is, onafhankelijk van de Re⋆

τ verdeling.
• Ten slotte wordt aangetoont dat als een turbulentie model opgesteld wordt in

een vorm die overeenkomt met het semi-lokale kader, komen de verkregen re-
sultaten van het model goed overeen met de resultaten van de direkte nume-
rieke simulatie, terwijl conventionele modelering faalt.
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2 1. INTRODUCTION

1.1. MOTIVATION

TURBULENT FLOWS

Turbulence is omnipresent. When you blow off a lit candle, what you see in the
smoke that follows is turbulence. The leaves falling from the tree are swayed
from its path due to turbulence. When you add milk to your coffee, they mix due
to turbulence. When you look at stormy patterns of The Starry Night by Vincent
van Gogh, you see an uncanny physical resemblance to turbulence1. In short,
turbulence is everywhere; sometimes you can see it happening right in front of
you and sometimes it is the hidden protagonist behind a phenomenon. This pro-
tagonist can be the hero of a tale or a villain in another, nonetheless an impor-
tant one. For example, it is turbulence within the earth’s core that sustains the
earth’s magnetic field and protects us from the charged particles emitted from
the sun. Alternatively, it is the same turbulence that creates aerodynamic drag
for airplanes, ships or cars reducing their efficiency.

While a formal definition of turbulence is yet to be formulated, it is loosely
defined as a state of fluid motion which is characterized by random and chaotic
three-dimensional motions of varying time and length scales. Turbulent fluid
motion arises when inertial forces dominate viscous forces, such that the equi-
librium of the flow is disturbed as viscous forces couldn’t act rapidly to damp out
the induced perturbation. The ratio of inertial to viscous force gives a dimen-
sionless parameter known as the Reynolds number Re , named after Osborne
Reynolds who performed classic pipe flow experiments (Reynolds, 1883). He in-
jected a dye stream into the centre of the pipe with flowing water and observed
that for low flow velocity the dye stream remained straight and undisturbed, on
increasing the flow velocity the dye stream mixed with the surrounding water,
filling the pipe with colored water. For a given flow configuration, there exists a
critical Reynolds number above which the flow becomes turbulent. The quali-
tative features of turbulence were later described by Richardson (1922) and Kol-
mogorov (1941). The large inertial forces create motions with large length and
time scales (also known as large eddies), which themselves are unstable to iner-
tial forces and break into smaller eddies. The process continues until the eddy
size becomes small enough to be influenced by viscous force directly, dissipating
motion into heat. This energy cascade process therefore results in the presence
of a large range of length and time scales in the flow. While this qualitative de-
scription forms a strong basis for our current understanding of turbulence, its

1Van Gogh painted perfect turbulence http:/www.nature.com/news/2006/060703/full/

news060703-17.html
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complete physical description still remains one of the major unresolved prob-
lems in physics (Ginzburg, 2013). The physics of turbulence is governed by the
Navier–Stokes equations, the mathematical properties of which comprises one
of the seven Millennium prize problem in mathematics (Carlson et al., 2006).
When turbulence is present, it usually dominates all other flow phenomena and
results in increased energy dissipation, mixing, heat transfer, and drag (George,
2013), making it important from an engineering perspective as well. The prob-
lem of turbulence has therefore been studied for more than a century by physi-
cist, mathematicians and engineers, yet our understanding of it has developed
rather slowly.

The turbulence problem which by nature exhibits multiple length scales, be-
comes even more complex when the flow is confined by one or more solid walls.
The presence of a wall introduces an additional length scale in terms of inhomo-
geneous wall-normal distance and fundamentally changes the nature of turbu-
lence (Smits & Marusic, 2013). Although geometrically thin, the near-wall region
is responsible for a large fraction of the velocity drop (Jiménez & Moser, 2007) and
accounts for a significant amount of turbulence production across the boundary
layer, playing a crucial role in drag and heat transfer. For example, this near-
wall region accounts for up to 50% of the aerodynamic drag on modern airliners
and occupy approximately the first 100 meters of our atmosphere (Marusic et al.,
2010b). About 25% of the energy used by industry and commerce is spent in
moving fluids along pipes and canals, or vehicles through air or water, and about
one quarter of that energy is dissipated by turbulence in the immediate vicinity
of walls (Jiménez, 2013). Despite the chaotic and random nature of turbulence,
wall-bounded turbulence consists of coherent structures that exhibit organized
motions that are persistent in time and space; these coherent structures are re-
sponsible for the sustenance of wall turbulence and contribute significantly to
the transport of heat, mass, and momentum (Marusic et al., 2010c). Wall turbu-
lence is of special engineering relevance, since its understanding is important in
the design of moving objects like airplanes, ships, automobiles and equipments
like heat-exchangers, pipelines, chemical reactors, wind turbines, bio-medical
devices, propulsion and combustion systems. Besides engineering applications,
wall turbulence is also a key to understand our natural surroundings, as it influ-
ences weather, oceanic currents and pollution levels.

Engineers and scientists have often relied on experimental and computa-
tional approaches to understand wall turbulence. Both approaches have their
limitations and often complement each other. Experimental approaches, face
difficulty in near-wall measurements, are limited in terms of spatial resolution
and also simultaneous measurements of all flow variables (like velocity compo-
nents, pressure or temperature) is difficult. Direct Numerical Simulation (DNS),



4 1. INTRODUCTION

Figure 1.1: Contours of streamwise velocity in a channel flow (flow is into the
plane) for Reynolds number based on friction velocity and half-channel height
of (a) 150 and (b) 550.

which involve numerical simulations of the Navier–Stokes equations provides a
fully resolved spatial and time-series data of velocity, pressure and other flow
variables. However, DNS is computationally intensive because of the wide range
of scales that need to be resolved. The range of scales increases with increase
in the Reynolds number. A glimpse of this is given in figure 1.1, which shows
the contour of streamwise velocity in a plane perpendicular to the flow for two
different Reynolds numbers. The flow configuration is a channel and data is ob-
tained using an in house DNS code. Due to the increase in length scales, DNS is
currently limited to moderate Reynolds numbers. Nonetheless, recent advances
in computational and experimental facilities, have revealed some important as-
pects of universality and scaling phenomenology of wall turbulence in incom-
pressible flows. There has been considerable progress in understanding how tur-
bulence intensities depend on the Reynolds number and predictive models for
estimating them have been proposed (Marusic et al., 2010a,b).

TURBULENT FLOWS WITH VARIABLE THERMOPHYSICAL PROPERTIES

Turbulent mixing of scalars like temperature or concentration plays an impor-
tant role in many of the above mentioned engineering applications. Applica-
tions which involve small temperature or concentration differences do not in-
fluence the turbulent motions and are known as passive scalars. However, in
applications with large temperature or concentration differences, the variation
of scalar dependent thermophysical properties can be strong. In such cases, the
effects of thermophysical property variations can be strong enough to modu-
late turbulence and the traditional approach of treating temperature as a pas-
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sive scalar no longer holds. These make the flow state even more complex and
standard correlations or models developed for constant property flows fail to re-
liably predict the turbulence behavior. Some of the well-known examples which
involve variable thermophysical properties include supersonic flows for aircraft
and propulsion systems, strongly heated or cooled flows in heat exchangers, or
chemically reacting flows in combustion chambers. Further to these, a detailed
understanding of turbulent flows with variable thermophysical properties is re-
quired in order to facilitate the development of future energy conversion systems
which aim, to reduce our dependence on fossil fuel and to exhibit higher energy
efficiency. For example, in the past decade, there has been an increased interest
in heated and cooled fluids at supercritical pressure for novel thermodynamic
power cycles. These thermodynamic cycles exhibit high thermal efficiency and
are suitable for low-grade heat to power conversion (Chen et al., 2010), for con-
centrated solar power plants (Iverson et al., 2013) and for nuclear power plants
(Dostal et al., 2004). However, fluids slightly above the supercritical pressure and
close to the pseudo-critical temperature pose strong thermophysical property
variations due to strong dependence of properties on temperature. These result
in peculiar heat transfer characteristics, which is difficult to predict using stan-
dard heat transfer correlations (Pioro et al., 2004) as well as with numerical stud-
ies that rely on turbulence models (He et al., 2008). This has resulted in dedicated
studies to investigate turbulence characteristics of fluids undergoing heat trans-
fer at supercritical pressure (see for e.g. Nemati, 2016; Peeters, 2016). Another,
recent development in order to tackle the increasing demand of cooling in high
heat flux equipments is the use of nanofluids which consists of nanoparticles
suspended in fluids (Das et al., 2006). Nanofluids are also considered a promis-
ing technology for directly absorbing the solar radiation, enabling them to act
as volumetric solar receivers (Lenert & Wang, 2012). Volumetric receivers have a
potential to transfer energy to carrier fluid in a more effective way as compared
to conventional surface based receiver which suffer significant emissive losses
at high operating temperatures. The thermophysical properties of nanofluid are
also a strong function of both temperature and concentration. Therefore, in or-
der to develop more efficient energy and transportation systems, it is important
to understand how turbulence is affected by variation in properties and how con-
ventional models could be extended to incorporate the effect of variable proper-
ties.

1.2. OBJECTIVE

The aim of the thesis can be divided into following broad categories:
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• Developing a framework for studying wall-turbulence under variable
property conditions.

• Conduct direct numerical simulations to test the suitability of the frame-
work and to generate a database for a generalized study of variable prop-
erty wall turbulence.

• Detailed investigation of physical mechanisms that results in structural
changes and consequently in modulated turbulence statistics.

• Characterize the modification of turbulence statistics using a scaling pa-
rameter that accounts for the combined influence of variable properties
on turbulent boundary layers.

• Propose improvement to existing turbulence models.

1.3. OUTLINE

Chapter 2 presents a theoretical background wherein the governing equations
are described. A short review and discussion on some relevant literature results
is also carried out.

Chapter 3 discusses the semi-local scaling framework that motivates the sim-
ulation study. First, a hypothesis that follows from semi-local scaling is put
forward. Second, a mathematical proof for the validity of the semi-local scaling
is provided. Third, the DNS cases and computational setup is described. Finally,
the DNS results are used to validate the proposed hypothesis.

Chapter 4 discusses the characteristics of mean velocity scaling and an ex-
tension of van Driest velocity transformation is derived.

Chapter 5 discuses the modulation of turbulence statistics and structures due to
property gradients.

Chapter 6 discusses the scaling characteristics of the scalar field.

Chapter 7 addresses the implication of the findings in previous chapters for
turbulence modeling and proposes improvement to existing models.

Chapter 8 provides a summary of the present study.
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2.1. GENERAL ASSUMPTIONS AND GOVERNING EQUATIONS

The equations of motion governing the dynamics of a compressible flow are
given by the momentum conservation equations (also known as the Navier–
Stokes equation), the mass conservation (also known as the continuity equation)
and the energy conservation equations. Furthermore, functional relationships
are used to evaluate thermophysical properties such as density ρ, dynamic
viscosity µ, thermal conductivity λ and specific heat cp as a function of tempera-
ture T and pressure P . Such a functional relation for density is also known as an
equation of state. For most of the fluids including air and water, µ,λ and cp show
a dependency on temperature only. Effects associated with density changes in
response to changes in pressure are regarded as compressibility effects. These
are different from variable inertia effects which are associated with changes due
to temperature (Lele, 1994). The former effect is proportional to the Mach num-
ber of the flow and is important at high speeds, while the latter can be important
at all speeds when intense heat transfer is present.

In the present work, we consider heat transfer at low-Mach numbers and are
interested in variable inertia effects due to density changes. Based on previous
experimental and numerical studies of supersonic air flows, it is known that com-
pressibility plays an important role in the dynamics of free shear layers, where it
is known to be directly responsible for the growth rate reduction of the shear
layer thickness (Bradshaw, 1977; Papamoschou & Roshko, 1988; Sarkar, 1995;
Vreman et al., 1996). However, direct effects of compressibility on supersonic
boundary layers for flows with moderate Mach numbers (M a < 5) are known to
be small (Coleman et al., 1995; Lechner et al., 2001; Guarini et al., 2000; Maeder
et al., 2001; Pirozzoli et al., 2004; Smits & Dussauge, 2006; Lagha et al., 2011a)
and any differences from an incompressible boundary layer can be accounted
for by mean variations of fluid properties. In the near-wall region of a supersonic
boundary layer, most of the near-wall density and temperature fluctuations are
the result of solenoidal ’passive mixing’ by turbulence, and density fluctuations
show little correlation with pressure fluctuations (Coleman et al., 1995; Lechner
et al., 2001). Sarkar (1995) explained the differences in the extent of compress-
ibility effects between mixing layers and boundary layers using gradient Mach
number Mg . He showed that, Mg increases more rapidly in the mixing layer
than in the boundary layer, when the mean Mach number of the flow increases.
In that respect, studying the influence of property gradients without compress-
ibility effects is in line with previous studies on supersonic wall-bounded flows.
Therefore, the low Mach number approximation of the Navier-Stokes equations
in Cartesian coordinates is used to simulate the turbulent flow in a channel. In
the low Mach number limit acoustic wave propagation is ignored and the pres-
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sure field is decomposed into a thermodynamic P0(t ) and a hydrodynamic com-
ponent p(xi , t ) (Majda & Sethian, 1985; Nemati et al., 2015). Furthermore, we
assume a calorifically perfect fluid in a closed system with zero net heat flux, for
which it can be shown that P0 is independent of time (Nicoud, 2000). The den-
sity and transport properties can then be evaluated independently of the hydro-
dynamic pressure variations (p ≪ P0) as a function of temperature alone. Under
these assumptions, the governing equations for mass, momentum and energy
can be expressed in non-dimensional form as

∂ρ

∂t
+
∂ρu j

∂x j
= 0, (2.1)

∂ρui

∂t
+
∂ρui u j

∂x j
=−

∂p

∂xi
+

1

Reτ

∂τi j

∂x j
+ρRii , (2.2)

∂ρH

∂t
+
∂ρu j H

∂x j
=

1

ReτPrw

∂

∂x j

(
λ
∂T

∂x j

)
+

φ

ReτPrw
, (2.3)

with the stress tensor τi j = µ
[(
∂ui /∂x j +∂u j /∂xi

)
− 2

3 ∂uk /∂xk δi j

]
and δi j the

Kronecker delta. The equations are written in non-dimensional form by using
following non-dimensional variables

xi =
x0

i

h0
, t =

t 0

h0/u0
τ

, ui =
u0

i

u0
τ

, p =
p0

ρ0
w u02

τ

, T =
T 0

T 0
w

,

H =
H 0

c0
pw T 0

w

, ρ =
ρ0

ρ0
w

, λ=
λ0

λ0
w

, cp =
c0

p

c0
pw

, µ=
µ0

µ0
w

, (2.4)

where xi , t ,ui , p,T, H and φ are the spatial coordinates, time, velocity, pressure,
temperature, enthalpy and volumetric heat source term, respectively, with the
superscript 0 indicating the dimensional quantities and subscript w the aver-

aged wall values. u0
τ =

√
τ0

w /ρ0
w is the friction velocity based on averaged wall

values and h0 is the half channel height. The Reynolds number, Prandtl number
and Richardson number are defined as

Reτ=
ρ0

w u0
τh0

µ0
w

, Prw =
µ0

w c0
pw

λ0
w

, Rii =
g 0

i
h0

u0
τ

2
, (2.5)

where g 0
i

is the magnitude of gravitational acceleration. In the present work
our focus is on identifying effects of variable property without buoyancy effects
so that Rii = 0. For a physical system it implies one or more of the following
conditions- a micro-gravity operating condition, a small half-channel height h0,
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or a high flow velocity. The latter is specifically true in supersonic flows. Since
the following results will be discussed based on non-dimensional quantities, the
superscript 0 will be dropped.

2.2. STATISTICAL AVERAGING

In order to study statistical properties of turbulence, following averaging proce-
dures are used in the present work.

REYNOLDS AVERAGING

A generic variable γ can be decomposed into a Reynolds averaged mean part γ
and a fluctuating part γ′, such that,

γ=γ+γ′, (2.6)

where,
γ′ = 0, (2.7)

and

γ=
1

N

N∑

1
γ, (2.8)

N being the number of samples.

FAVRE AVERAGING

In case of flows with variable density, the density-weighted averaging is often
used to retain the simplified form of equations obtained through the conven-
tional Reynolds averaging approach in constant density flows (see for e.g. Wilcox,
2006). A generic variable γ can be decomposed into a Favre averaged mean part
γ̃ and a fluctuating part γ′′, such that,

γ= γ̃+γ′′, (2.9)

where,

γ̃=
ργ

ρ
, (2.10)

γ′′ 6= 0, (2.11)

but,
ργ′′ = 0. (2.12)



2.3. CURRENT UNDERSTANDING 11

2.3. CURRENT UNDERSTANDING

CONSTANT PROPERTY WALL TURBULENCE

For constant property wall turbulence, the most relevant Reynolds number is
the friction Reynolds number Reτ =δo/δv (Marusic et al., 2010b). It can be inter-
preted as a ratio of the outer length scale δo (which can be the half channel height
h, the boundary-layer thickness δ, or the pipe radius R) and an inner length scale
δv = µw /(ρw uτ). A non-dimensional wall distance y+ = y/δv can then be used
to decompose the turbulent boundary layer into distinct layers namely, a viscous
sublayer where viscosity is dominant, a buffer layer in which both viscosity and
inertial effects should be taken into account and an outer layer where direct ef-
fect of viscosity is negligible. In a classical view (Gad-el Hak & Bandyopadhyay,
1994), the viscous sublayer is taken to be 0 < y+ < 5 and buffer layer is 5< y+ < 30
and the outer region is 30 < y+ < Reτ. The viscous sublayer and the buffer layer
together constitute the so called near-wall region. Relevant length and velocity
scales in the near-wall region are δv and uτ, while in the outer layer the length
scale is of the order δo and velocity scale continues to be uτ, since uτ sets up the
inner boundary condition for outer flow (Marusic et al., 2010c). At sufficiently
high Reynolds numbers there also exists a region where both δv and δo are rel-
evant length scale and the region is defined as the overlap/log-law layer. This
overlap region in a classical view (Gad-el Hak & Bandyopadhyay, 1994) is taken
to be 30 < y+ < 0.2Reτ. The overlap layer together with the near-wall region
constitutes the inner layer. This classification of different regions is primarily
based on the scaling behavior of mean streamwise velocity. A glimpse of this
velocity scaling behavior can be seen in figure 2.1(a), which uses the database
of a turbulent channel flow from Lee & Moser (2015) at different Reτ values. A
good collapse of the velocity profile is evident in the inner layer for all the cases.
This universal behavior of the velocity profile in the inner layer has received
widespread research attention to investigate the universality of turbulence, spe-
cially in the near-wall region. While the classical scaling is able to provide an
approximate collapse of Reynolds stresses in the near-wall region, there is no
universal scaling with respect to Reynolds number (Morrison et al., 2004; Hoyas
& Jiménez, 2006). The peak amplitude of streamwise and spanwise fluctuations
increase logarithmically with Reτ, while wall-normal fluctuations increase sub-
logarithmically (Bernardini et al., 2014). The influence of large-scale outer-layer
motions on the near-wall cycle increases with Reynolds number (Morrison et al.,
2004; Hutchins & Marusic, 2007; Marusic et al., 2010a). This Reτ dependence of
the streamwise turbulence intensity can be seen using data from Lee & Moser
(2015) in figure 2.1(b), from which it can be seen that, even though the peak oc-
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curs at similar y+ ≈ 12 values, the peak value increases with Reτ. The large scale
motions also influence the scaling of turbulence kinetic energy dissipation per
unit volume ǫ (Hoyas & Jiménez, 2008), thereby showing Reτ dependence. This
dependence can be seen in figure 2.1(c). Nonetheless, the viscous length scales
serve as a useful scaling parameter and is an important foundation in under-
standing the near-wall turbulence. It provides a good scaling in the inner layer
for relevant turbulent length scales such as the Kolmogorov and mixing length
scale. The Kolmogorov length scale η is a measure of smallest scales of motion
and is defined as

η=

((
µ

ρ

)3 ρ

ǫ

)0.25

, (2.13)

A plot of η, normalized by wall-based viscous length scales and plotted as a func-
tion of y+ is shown in figure 2.2(a) for different Reynolds numbers using data
from Lee & Moser (2015). Since η is a function of ǫ it also has a Reτ dependence
in the near-wall region, however this dependence is weak since the expression
for η has a exponent of ǫ which is less than one (=1/4). A good collapse in the
inner layer can therefore be seen. DNS studies which are required to resolve all
scales of turbulent motions, therefore estimate the mesh requirements for simu-
lating wall-bounded turbulence, using these wall-based viscous scales. The mix-
ing length lm, which provides a quantitative measure of the size of the most en-
ergetic eddies responsible for momentum transfer, can be defined as

lm
2 =

−u′v ′
(
du/d y

)2 , (2.14)

where −u′v ′ is the turbulent shear stress and du/d y is the gradient of mean
streamwise velocity. A good collapse of lm , normalized by wall-based viscous
scale in the inner layer, can be seen in figure 2.2(b).

Apart from turbulence statistics, the structural features of near-wall tur-
bulence have also been investigated in great detail in the past decades. The
dominant structures of the near-wall region are streamwise velocity streaks and
quasi-streamwise vortices. Streaks (Kline et al., 1967) are spanwise modulation
of streamwise velocity and consist of low- and high-speed streaks (Smith & Met-
zler, 1983). The wall-based scaling is also successful in scaling the streak spacing
which are known to remain invariant over a wide range of Reynolds numbers
(Klewicki et al., 1995). The quasi-streamwise vortices, primarily found in the
buffer layer, are slightly inclined away from the wall and tilted in spanwise direc-
tions (Jeong et al., 1997). Additionally, it is known that the dynamics of near-wall
turbulence can be maintained autonomously by a self-sustaining process, where
the streaks and the vortices continue regenerating each other independently of
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Figure 2.1: (a) Mean streamwise velocity profile, (b) streamwise turbulence in-
tensity and (c) turbulence kinetic energy dissipation per unit volume for different
Reτ values, plotted as a function of y+, using data of constant property turbulent
channel flows from Lee & Moser (2015).
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Figure 2.2: (a) Kolmogorov length scale and (b) mixing length, normalized by
wall-based viscous length scales and plotted as a function of y+ using data of
constant property turbulent channel flow from Lee & Moser (2015).

the outer flow (Jiménez & Pinelli, 1999). According to Hamilton et al. (1995), the
sustainment of near-wall turbulence involves a closed-loop mechanism whereby
the generation of streaks are induced by quasi-streamwise vortices that are in
turn created by streak instability. An alternate description of the self-sustaining
mechanism has been provided by Chernyshenko & Baig (2005) in which the
physical mechanism of streak formation is related to a combined action of wall-
normal motions, mean shear and viscous diffusion. While there are differences
in the interpretation of the self-sustaining process, a close relation between
low-speed streaks and quasi-streamwise vortices is well-established (Robinson,
1991; Jeong et al., 1997; Jiménez & Pinelli, 1999; Kim & Lim, 2000; Schoppa &
Hussain, 2002) and also supported by self-sustaining mechanisms described by
Hamilton et al. (1995) and Chernyshenko & Baig (2005).

VARIABLE PROPERTY WALL TURBULENCE

Near-wall turbulence for variable property flows has been far less explored com-
pared to constant property flows. Most of the knowledge on variable property
effects, have been obtained from experimental and numerical studies of super-
sonic air flow with adiabatic walls (e.g., Spina & Smits, 1987; Ringuette et al.,
2008; Elsinga et al., 2010; Pirozzoli et al., 2008; Lagha et al., 2011b), and cooled
or heated walls (e.g., Coleman et al., 1995; Lechner et al., 2001; Foysi et al., 2004;
Morinishi et al., 2004; Duan et al., 2010; Lagha et al., 2011a; Shadloo et al., 2015;
Modesti & Pirozzoli, 2016). Experimental studies on supersonic boundary layer
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Figure 2.3: van Driest velocity uvD shown as a function of y+ for (a) adia-
batic supersonic boundary layers obtained from Pirozzoli & Bernardini (2011);
Bernardini & Pirozzoli (2011), compared with reference boundary layer data from
Jiménez et al. (2010) and (b) non-adiabatic supersonic channel flow obtained
from Modesti & Pirozzoli (2016), compared with reference constant property
data from Lee & Moser (2015).

structures are limited to investigate large-scale motions in the outer region of the
flow, while numerical studies additionally allow a detailed investigation of near-
wall structures. For supersonic flows, in addition to the Reynolds number, the
Mach number and the associated changes in properties become additional pa-
rameters that characterize turbulent wall-bounded flows. In order to account for
density variation, a modified velocity scale which uses wall shear stress and local
mean density

√
τw /ρ was first suggested by Morkovin (1962), such that

√
ρ

τw
u′′

i

∣∣∣∣∣
compressible BL

≈
√

ρw

τw
u′

i

∣∣∣∣
incompressible BL

(2.15)

Using Morkovin’s hypothesis, past studies on supersonic flows over adiabatic
walls have found that most of the differences with respect to the constant-
property flow can be explained by simply accounting for the mean fluid property
variations. By analysing supersonic boundary layer data, Morkovin also con-
cluded that for moderate Mach numbers (M a < 5), dilation is small and that the
essential dynamics of these shear flows will follow the incompressible pattern
(Smits & Dussauge, 2006). Over the course of time, the hypothesis has been ex-
tended and reformulated by several researchers. Bradshaw (1977) summarized
Morkovin’s hypothesis by stating that the direct effects of density fluctuations on
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turbulence are small if the root-mean-square density fluctuation is small com-
pared to the absolute density (ρ′/ρ≪ 1). He also noted that the hypothesis in its
general form does not include the effect of viscosity fluctuations and the effects
of spatial gradients of mean density. Later, Coleman et al. (1995) investigated
a supersonic channel flow using DNS with spatial gradients of properties and
concluded that only mean property variations, but not property fluctuations,
govern the turbulence structure. They argued that this fact reinforces Morkovin’s
hypothesis, as property fluctuations have a minor role on turbulence structure.
A more contemporary definition of Morkovin’s hypothesis, supplemented by
past studies, is that- ‘At moderate Mach numbers (M a < 5) many of the differ-
ences seen between supersonic and constant property boundary layers, can be
explained by simply accounting for the fluid property variations that accompany
the temperature variation’- (Smits & Dussauge, 2006). Morkovin’s hypothesis
also forms the basis for the van Driest velocity transformation uvD, which uses
a density-weighted velocity scaling to collapse adiabatic supersonic boundary
layer data with incompressible streamwise velocity profiles. uvD is defined as

uvD =
∫u/uτ

0

√
ρ

ρw
d

(
u

uτ

)
. (2.16)

The van Driest transformed mean velocity uvD, when plotted as a function of y+,
has been successful in collapsing velocity profiles of supersonic flows over adi-
abatic walls with velocity profiles from constant property flows (Guarini et al.,
2000; Maeder et al., 2001; Pirozzoli & Bernardini, 2011; Lagha et al., 2011a; Duan
et al., 2011). This can be seen in figure 2.3(a) which shows uvD plotted as a
function of y+ for data of adiabatic supersonic boundary layers from Pirozzoli
& Bernardini (2011); Bernardini & Pirozzoli (2011) and compared with an incom-
pressible boundary layer data from Jiménez et al. (2010). The compressible cases
are with Mach numbers M a=2, 3 and 4 and corresponding Reynolds numbers
are Reτ=450, 400 and 400, respectively. The incompressible boundary layer is at
Reτ=450. A good collapse of the velocity profile can be seen in the inner layer for
all the cases. However, for non-adiabatic supersonic flows, uvD when plotted as
a function of y+, shows deviations if compared with profiles from constant prop-
erty flows. For cooled walls, shrinking of the viscous sublayer (Duan et al., 2010)
and an outward shift of the log-law region with an increase in additive constant
(Maeder, 2000) has been noted. This can be seen in figure 2.3(b) using data of
compressible channel flow with cooled walls from Modesti & Pirozzoli (2016) at
M a=3 and Reτ=450. The reference constant property channel flow data is from
Lee & Moser (2015) at Reτ=550. The van Driest transformation accounts for the
changes in velocity scales by using a density-weighted transformation, but it as-
sumes that the viscous length scale is similar to an incompressible boundary
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Figure 2.4: Streamwise Reynolds stress ρu′′u′′/(ρw u2
τ) shown as a function of (a)

y+ and (b) y⋆, using data of non-adiabatic supersonic channel flow obtained
from Modesti & Pirozzoli (2016) and compared with reference constant property
data from Lee & Moser (2015).

layer (Smits & Dussauge, 2006). This assumption of an invariant viscous length
scale also affects the collapse of other turbulence statistics. An example of this
can be seen in figure 2.4(a), which shows the streamwise Reynolds stress for both
the compressible channel and constant property case discussed above. Apart
from the differences in peak values, also the wall-normal location of the peak val-
ues change for the compressible case. Huang et al. (1995) proposed a semi-local
scaling based on wall shear stress τw and local properties to improve the col-
lapse of turbulence statistics in the near-wall region. Using the semi-local scal-
ing the characteristic velocity and viscous length scale are given as u⋆

τ =
√

τw /ρ
and δ⋆v =µ/ρu⋆

τ , respectively. This leads to the semi-locally scaled wall distance
y⋆ = y/δ⋆v and the corresponding semi-local Reynolds number Re⋆

τ = h/δ⋆v . The
improvement provided by the semi-local scaling is evident in figure 2.4(b), which
shows that the wall-normal location of peak value of streamwise Reynolds stress
now occurs at similar values. The semi-local scaling in a sense is an extension
of Morkovin’s hypothesis, the use of which in past literature was limited to ac-
count for changes in the velocity scale due to density changes. In a very recent
study, Trettel & Larsson (2016) derived a velocity transformation that collapses
the supersonic channel flows with cooled walls with the incompressible velocity
profile. The transformation accounts for wall-normal density/viscosity gradients
due to heat transfer and uses the semi-local wall coordinate y⋆.

For supersonic boundary layers with adiabatic walls, the dynamics of near-
wall turbulent structures is found to be similar to constant property cases and its
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characteristics scale well with the classical wall-based scaling (Ringuette et al.,
2008; Pirozzoli et al., 2008; Lagha et al., 2011a). For cooled walls the near-wall
streaks extend in streamwise direction (Coleman et al., 1995; Duan et al., 2010;
Lagha et al., 2011a), while they shorten for heated walls (Lagha et al., 2011a).
These streak modifications were quantified in terms of wall-based viscous units.
Morinishi et al. (2004) performed DNS of compressible turbulent channel flows
between adiabatic and isothermal walls at a relatively low-Reynolds number of
Reτ = 150. They showed that the near-wall velocity streaks for compressible tur-
bulent flows do not become more coherent and are independent of thermal wall
boundary conditions if semi-local units are used to compare with incompress-
ible flows. Even though, the semi-local scaling is able to account for some of the
differences seen between non-adiabatic variable and constant property flows, it
has not been able to provide a universal scaling law. For instance, in a supersonic
channel flow with cold isothermal walls, an increase in turbulence-to-mean time
scale ratio was reported by Coleman et al. (1995) and a reduced pressure-strain
rate resulting in an increased turbulence anisotropy was noted by Foysi et al.

(2004). In a more recent study Modesti & Pirozzoli (2016) who performed DNS
at different Reynolds and Mach numbers for compressible isothermal channel
flows and used semi-local scaling noted an increase of streamwise turbulence
intensity with Mach number as a dominant variable property effect.

While the semi-local scaling is nowadays being used more frequently, it has
still not become a standard in the modern day variable property literature. One
of the main reasons is the success of wall-based/classical scaling in supersonic
flows with adiabatic walls. The use of a velocity and length scale that is itself a
function of wall-distance is also a source of skepticism. This skepticism is further
fueled by the fact that the semi-local scaling as proposed by Huang et al. (1995)
was based purely on empirical basis and therefore lacks a theoretical framework.
Additional research is necessary to establish a theoretical foundation for the use
of semi-local scaling and to provide a physical explanation for changes in near-
wall turbulence anisotropy that occur because of property gradients.
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3.1. IMPLICATION OF THE SEMI-LOCAL SCALING

As discussed in the previous chapter, the velocity and viscous length scale used
to characterize the inner layer for constant property flows are given as

uτ =
√

τw

ρw
and δv =

µw

ρw uτ
, (3.1)

respectively. The corresponding dimensionless wall coordinate and friction
Reynolds number is then

y+ =
y

δv
and Reτ=

h

δv
=

ρw uτh

µw
, (3.2)

respectively. For variable property flows, the velocity and viscous length scale
using semi-local scaling as proposed by Huang et al. (1995) is given as,

u⋆

τ =
√

τw

ρ
and δ⋆v =

µ

ρu⋆
τ

, (3.3)

respectively. The corresponding dimensionless semi-local wall coordinate and
semi-local Reynolds number is then

y⋆ =
y

δ⋆v
and Re⋆

τ =
h

δ⋆v
= Reτ

√(
ρ/ρw

)
(
µ/µw

) , (3.4)

respectively.
For constant property wall-bounded turbulent flows in a given geometry, tur-

bulence statistics are a unique function of wall-normal distance y/h and fric-
tion Reynolds number Reτ, such that u′

i
u′

j
/u2

τ = f (y/h,Reτ), where f is a gen-
eralized function and not known a priori. By applying the classical wall scal-
ing in the inner-layer, the expression for the Reynolds stresses can be reduced to
u′

i
u′

j
/u2

τ ≈ f (y+). However, as stated in the previous chapter, no universal scaling
with respect to Reynolds number exists (Morrison et al., 2004; Hoyas & Jiménez,
2006). Therefore, it is more appropriate to write the Reynolds stresses as,

u′
i
u′

j
/u2

τ = f (y+,Reτ). (3.5)

For variable property wall-bounded turbulent flows, turbulence statistics for
a given flow geometry not only depend on y/h and Reτ, but also on the profile of
density and viscosity. For moderate density and viscosity gradients the property
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fluctuations are small and Morkovin’s hypothesis holds, i.e., only mean property
variations, but not thermodynamic fluctuations are important in turbulence dy-
namics (Coleman et al., 1995). The expression for the Reynolds stresses can then
be written as

ρu′′
i

u′′
j
/τw ≈ f (y/h,Reτ,ρp ,µp ). (3.6)

Note, in the above equation ρp and µp are the normalized mean profiles of
density and viscosity over the complete channel cross-section. The semi-local
scaling proposed by Huang et al. (1995) has been used in the past to account
for mean property variations in the near-wall scaling of turbulence statistics
for compressible flows when compared with isothermal cases. In the present
work we investigate if the semi-local scaling can be used as a universal near-wall
coordinate for flows with variable property effects. In other words, we assess if

ρu′′
i

u′′
j
/τw ≈ f (y/h,Re⋆

τ )≈ f (y⋆,Re⋆

τ ) (3.7)

holds. Equation (3.7) implies that Re⋆

τ is sufficient to characterize near-wall tur-
bulence dynamics. The validation of the above hypothesis will provide a strong
support for the semi-local scaling as turbulence statistics at a given wall-normal
position will depend only on the Re⋆

τ profile, thus providing a framework similar
to constant property turbulence, wherein the dependence is only on Reτ. In the
following, streamwise, wall-normal, and spanwise directions are denoted as x,y,
and z, respectively, while the corresponding velocity components are denoted as
u, v , and w , respectively.

3.2. MATHEMATICAL SUPPORT FOR THE SEMI-LOCAL SCALING

In this section, we develop a mathematical foundation for the semi-local scal-
ing that was suggested by Huang et al. (1995) using heuristic arguments. First,
we propose to rescale the Navier-Stokes equations using semi-local quantities
defined as

ûi =
ui

u⋆
τ

=
(

ui

uτ

)√
ρ

ρw
, ρ̂ =

ρ

ρ
=

(
ρ

ρw

)
ρw

ρ
= 1+

ρ′

ρ
, µ̂=

µ

µ
=

(
µ

µw

)
µw

µ
= 1+

µ′

µ
,

x̂i =
( xi

h

)
, p̂ =

p

ρu⋆2
τ

=
(

p

ρw u2
τ

)
. (3.8)

The terms within brackets indicate the standard normalization used in equa-
tion (2.4). Using equation (3.8), the semi-locally scaled mass and momentum
equations can be written as,

t⋆τ
∂ρ̂

∂t
+
∂ρ̂û j

∂x̂ j
+
ρ̂v̂

2

(
ρw

ρ

)
∂

∂ŷ

(
ρ

ρw

)
= 0, (3.9)
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t⋆τ
∂ρ̂ûi

∂t
+
∂ρ̂ûi û j

∂x̂ j
=−

∂p̂

∂x̂i
+

∂

∂x̂ j

[
µ̂

Re⋆
τ

√
ρ

ρw

(
∂

∂x̂ j

(
ûi

√
ρw

ρ

)
+

∂

∂x̂i

(
û j

√
ρw

ρ

)

−
2δi j

3

∂

∂x̂k

(
ûk

√
ρw

ρ

))]
,

(3.10)

where t⋆τ = h/u⋆

τ is the corresponding time scale1. Next the equations (3.9) and
(3.10) are used to derive the conservation equations for the mean and the fluc-
tuating component of ûi . But before doing so, we first discuss the influence of
density fluctuations on turbulence statistics by highlighting the relation between
Reynolds and Favre decomposition for a generic quantity γ as,

γ= γ̃−
ρ′γ′

ρ
, (3.11)

γ′ = γ′′+
ρ′γ′

ρ
. (3.12)

From Morkovin’s hypothesis it is known that the direct effects of density fluctua-
tions on turbulence are small if the root-mean-square density fluctuation is small

compared with the absolute density (Bradshaw, 1977), i.e.,
√

ρ′2/ρ ≪ 1. There-

fore, under the validity of Morkovin’s hypothesis (
√

ρ′2/ρ ≪ 1), any turbulence
statistics resulting from density fluctuations should be insignificant in compari-
son to those obtained using mean density. This implies that the second term on
the right hand side of equations (3.11) and (3.12) is insignificant. We assess this
using the DNS data in section 3.4. The semi-locally scaled velocity components
can then be related to the classically scaled velocity components as,

u

uτ
≈ ˜̂u

√
ρw

ρ
=

ũ

uτ
,

v

uτ
≈ ˜̂v

√
ρw

ρ
=

ṽ

uτ
= 0,

w

uτ
≈ ˜̂w

√
ρw

ρ
=

w̃

uτ
= 0,

u′

uτ
≈ û′′

√
ρw

ρ
=

u′′

uτ
,

v ′

uτ
≈ v̂ ′′

√
ρw

ρ
=

v ′′

uτ
,

w ′

uτ
≈ ŵ ′′

√
ρw

ρ
=

w ′′

uτ
. (3.13)

Note that for a fully developed turbulent channel flow ṽ = w̃ = 0. Next the
Reynolds decomposition of density and viscosity can be written, using equa-
tion (3.8) as:

ρ̂ = 1, ρ̂′ =
ρ′

ρ
, µ̂= 1, µ̂′ =

µ′

µ
. (3.14)

1The time derivative in Patel et al. (2015) was written as ∂
∂t̂

(= t⋆τ
∂
∂t

), with t̂ = t/t⋆τ . However, since
the equations were derived by using variables as a function of space independent time coordinate
t , it is more appropriate to write the time derivative as t⋆τ

∂
∂t

in order to clarify the functional
dependence.
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Assuming relatively small viscosity fluctuations (µ̂′ = µ′/µ ≪ 1), the Reynolds-
averaged continuity and momentum equations are simplified to

∂˜̂u j

∂x̂ j
= 0, (3.15)

∂�̂u′′
i

v̂ ′′

∂ŷ
≈−

∂p̂

∂x̂i
+

∂

∂ŷ

[
1

Re⋆
τ

√
ρ

ρw

∂

∂ŷ

(
ûi

√
ρw

ρ

)]
. (3.16)

Substituting ûi from equation (3.13) back into equation (3.16) we can write the
mean streamwise momentum equation as

∂�̂u′′v̂ ′′

∂y
≈−

∂p̂

∂x
+

∂

∂y

[
1

Re⋆
τ

√
ρ

ρw

∂

∂y

(
u

uτ

)]
, (3.17)

where �̂u′′v̂ ′′ = ρu′′v ′′/τw . Note that the above equation has been obtained, with-
out making any assumption on density fluctuations and only neglecting the vis-
cosity fluctuations.

The term
√
ρ/ρw ∂(u/uτ), in equation (3.17) can be expressed as the van

Driest transformed velocity with

∂uvD =

√
ρ

ρw
∂

(
u

uτ

)
. (3.18)

Thus, the turbulent shear stress and the mean velocity profile are related through

∂�̂u′′v̂ ′′

∂y
≈−

∂p̂

∂x
+

∂

∂y

(
1

Re⋆
τ

∂uvD

∂y

)
. (3.19)

The only governing parameter in this relation is the semi-local scaling parameter
Re⋆

τ . Therefore if the hypothesis stated in section 3.1 holds, flows with similar
Re⋆

τ profiles will result in similar van Driest transformed velocity and turbulent
shear stress profiles. Similarly, the mean wall-normal momentum equation gives
the relation between pressure and wall-normal Reynolds stress as

�̂v ′′v̂ ′′ ≈−p̂ +constant (3.20)

The conservation equations for the fluctuating velocity components are de-
rived next to relate second order turbulence statistics with the van Driest veloc-
ity and Re⋆

τ profiles. Assuming relatively small density and viscosity fluctuations
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(ρ̂′ = ρ′/ρ ≪ 1 and µ̂′ = µ′/µ≪ 1) such that both ρ̂→ 1 and µ̂→ 1, we obtain the
continuity and momentum equations for û′′

i
as,

∂û′′
j

∂x̂ j
+

v̂ ′′

2

(
ρw

ρ

)
∂

∂ŷ

(
ρ

ρw

)
≈ 0, (3.21)

t⋆τ
∂û′′

i

∂t
+
∂û′′

i
û′′

j

∂x̂ j
+ v̂ ′′ ∂ũvD

∂ŷ
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∂û′′
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û′′

j

∂x̂ j
+

∂

∂x̂ j

(
τ̂′i j − D̂i j

)
,

(3.22)

with

τ̂′i j =
1

Re⋆
τ
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∂û′

i
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∂û′
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)
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]
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Re⋆
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)[
û′
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ρ
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û′
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(
ρ
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)
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∂
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(
ρ

ρw

)]
.

For a detailed derivation see appendix A.
This relation can further be used to derive the transport equations for the sec-

ond order turbulence statistics2. Thus, analysing equation (3.22) can shed light
on the scaling properties of Reynolds stresses, which are not evident from the
averaged momentum equations. If equation (3.22) is compared with the anal-
ogous equation for constant property turbulent flows, three differences can be
seen: 1) the third term (production term in the transport equations for the sec-
ond order turbulence statistics) is governed by the gradient of the van Driest ve-
locity uvD instead of u/uτ as in constant property flows, 2) instead of Reτ the
semi-local Reynolds number Re⋆

τ governs the scaling of the viscous term (tur-
bulence dissipation) within the first spatial derivative, and 3) an additional term
D̂i j appears that is related to the wall-normal gradient of mean density. Scaling
arguments can be used to estimate the ratio of Ŝ ′

i j
and D̂i j . Following Tennekes

& Lumley (1972) with Λ as the Taylor length scale, these terms can be estimated
as Ŝ ′

i j
≈O

(
u/Λ

)
and D̂i j ≈O

(
u/h

)
. The ratio is then Ŝ ′

i j
/Di j ≈O (h/Λ), which is

far larger than unity for highly turbulent flows, and thus D̂i j plays a minor role
on the evolution of turbulent fluctuations. Now, it can be seen that also for equa-
tion (3.22) the governing parameter is Re⋆

τ (in equation (3.19) we showed that

2The transport equation for turbulence kinetic energy is derived in Chapter 7. There it can
be seen that the present rescaling framework also allows to retain density fluctuations in the
terms using Favre averaging (similar to the mean momentum equation (3.16)). Since instanta-
neous/fluctuation equation does not involve any averaging operations, assuming ρ̂→ 1 provides
a first order approximation.
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uvD is governed by Re⋆
τ ) and therefore it can be hypothesized that the second or-

der turbulence statistics also depend on the Re⋆
τ profile only. This allows several

conclusions. For example, given a turbulent flow with variable density and vis-
cosity, such that Re⋆

τ is constant, the van Driest velocity profile uvD and the sec-

ond order turbulence statistics �̂u′′
i

û′′
j
= ρu′′

i
u′′

j
/τw will overlap with the mean ve-

locity u/uτ and turbulence statistics u′
i
u′

j
/u2

τ from a constant property turbulent
flow. Furthermore, similar turbulence statistics and van Driest velocity profiles
will be obtained for cases with similar Re⋆

τ profiles, even if their density and vis-
cosity profiles substantially differ. Or more general, turbulent flows with similar
Re⋆

τ profiles will give similar turbulence statistics, provided Morkovin’s hypoth-
esis and µ̂′ ≪ 1 are not invalidated. This hypothesis will be tested by means of
numerical experiments outlined in the next section.

3.3. NUMERICAL EXPERIMENTS

3.3.1. COMPUTATIONAL DETAILS

Direct numerical simulations of fully developed turbulent channel flows are per-
formed using the low Mach number approximation of the Navier–Stokes equa-
tions given by equations (2.1)-(2.3), without the influence of buoyancy. In the
low Mach number limit, the density and transport properties can be evaluated
as a function of temperature only, independent of pressure fluctuations (Majda &
Sethian, 1985; Nemati et al., 2015). In order to achieve variations in temperature
T , and consequently in thermophysical properties, the flow is uniformly heated
with a volumetric heat source φ, while the temperature at both channel walls is
kept constant. This allows a wall heat flux and ensures that the flow is in thermal
equilibrium. In this manner, the symmetry of the mean flow is maintained and
the Reynolds number Reτ is constant with respect to property variations. This
forms the basis for an ideal setup to study turbulence modification due to vari-
able properties, and to compare scaling laws with isothermal flows, as compared
to a case where the bottom and top walls are at different temperatures and there-
fore at different Reynolds numbers (Nicoud & Poinsot, 1999; Zonta et al., 2012).
The flow is driven by a constant streamwise pressure gradient ∂p/∂x. The rela-
tion between ∂p/∂x and mean wall shear stress τw can be obtained using force
balance (see for e.g. Pope, 2000) along the streamwise direction and is given as,

−
∂p

∂x
=

τw

h

h

ρw uτ
2
= 1 (3.23)

Note, because of the symmetry of the flow, both walls have the same τw .
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The present study uses a Cartesian version of a code that was initially de-
veloped in cylindrical coordinates for DNS of turbulent heat transfer to fluids
at supercritical pressure in an annulus by Peeters (2016) . The DNS code discre-
tises the spatial derivatives in wall-normal direction using a sixth order staggered
compact finite difference scheme (Lele, 1992; Boersma, 2011) and the deriva-
tives in homogeneous directions (spanwise and streamwise) are computed us-
ing a Fourier expansion with periodic boundary conditions. To avoid aliasing
errors, the advection terms in homogeneous directions are discretized with a
quasi-skew-symmetric formulation. The equations are integrated in time using
the second order Adams-Bashforth method. The pressure correction scheme is
based on the projection method (McMurtry et al., 1986). The validation of the
numerical approach is discussed in appendix B.

3.3.2. CASE DESCRIPTION

Density and viscosity that appear in the mass and momentum equations are di-
rectly responsible for influencing the turbulent motions. Other properties like
the thermal conductivity which affects only the scalar equation, influences the
turbulence only in an indirect way by modifying the density and viscosity distri-
bution. Therefore, in order to study and characterize the influence of variable
properties on turbulence we first focus on cases with different constitutive rela-
tions for density and viscosity. Other transport properties like thermal conduc-
tivity λ and specific heat cp are constant in all simulations. The Prandtl num-
ber Prw based on wall quantities is taken to be unity for all cases. Eleven cases
have been simulated and are summarised in table 3.1. The simulations consist
of three constant property (CP395, CP150, CP550) and eight variable property
cases (CRe⋆τ , SRe⋆τGL , GL, LL, SRe⋆τLL , SRe⋆τCν, Cν, LL2). The acronym CP refers
to a constant property case; CRe⋆τ refers to a variable property case with con-
stant Re⋆

τ (= 395) across the whole channel. This is achieved with ρ and µ being
proportional to 1/T and

p
1/T , respectively. Such a behavior can qualitatively

occur in fluids at supercritical pressures close to the pseudo-critical point; both
ρ and µ decrease with increase of temperature (Nemati et al., 2015; Peeters et al.,
2016). GL corresponds to a gas-like property variation, whereby ρ decreases and
µ increases with increase of T . LL corresponds to a liquid-like behavior as µ de-
ceases with increase of T , two liquid-like cases LL and LL2 are simulated, case
LL and LL2 have a Reτ of 150 and 395, respectively. Cν refers to a constant kine-
matic viscosity ν case with ρ(T ) = µ(T ). Finally, SRe⋆τGL , SRe⋆τLL and SRe⋆τCν are
hypothetical cases that resemble similar Re⋆

τ profiles as cases GL, LL and Cν,
respectively, but with different functional relations for ρ and µ. The functional
relations for ρ/ρw and µ/µw as a function of T /Tw are shown in the second and
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Case ρ/ρw µ/µw Reτ Re⋆
τ c φ

CP395 1 1 395 395 0
CRe⋆τ (T /Tw )−1 (T /Tw )−0.5 395 395 17.55
SRe⋆τGL 1 (T /Tw )1.2 395 152 18.55
GL (T /Tw )−1 (T /Tw )0.7 395 142 17.55
LL 1 (T /Tw )−1 150 543 29
SRe⋆τLL (T /Tw )0.6 (T /Tw )−0.75 150 535 31.5
SRe⋆τCν 1 (T /Tw )−0.5 395 532 17.55
Cν (T /Tw )−1 (T /Tw )−1 395 538 16
LL2 1 (T /Tw )−1 395 703 17.55
CP150 1 1 150 150 0
CP550 1 1 550 550 0

Table 3.1: Simulation parameters for all cases. CP395 - constant property case
with Reτ = 395; CRe⋆τ - variable property case with constant Re⋆

τ (= 395) across
the channel; GL - case with gas-like property variations; SRe⋆τGL- variable prop-
erty case with Re⋆

τ similar to case GL; LL - case with liquid-like property varia-
tions and Reτ = 150; SRe⋆τLL- variable property case with Re⋆

τ similar to case LL;
Cν - variable property case with constant kinematic viscosity ν; SRe⋆τCν - variable
property case with Re⋆

τ similar to case Cν; LL2 -case with liquid-like property
variations and Reτ = 395; CP150 - constant property case with Reτ = 150; CP550
- constant property case with Reτ= 550.

third column of table 3.1. The next two columns report the wall-based friction
Reynolds number Reτ, and the semi-local Reynolds number at the channel cen-
tre Re⋆

τ c =Reτ
√

(ρc /ρw )/(µc /µw ) (subscript c denotes the value at channel cen-
tre). Note, at the wall Re⋆

τ w = Reτ. The last column reports the value of volu-
metric heat source term φ used in the energy equation (2.3). The value of φ is
chosen such that strong variations in properties occur, but without considerably
invalidating Morkovin’s hypothesis.

Figure 3.1 shows the distributions of density, viscosity and Re⋆
τ for all cases.

Cases with variable density are shown as lines and cases with constant density
are shown as symbols. As can be seen, we use different combinations of ρ and µ

to obtain quasi-similar Re⋆

τ profiles (symbols and lines with same colour). Note,
the strongest gradients in Re⋆

τ occur at the wall. The cases forming the first pair
– CP395 and CRe⋆τ (black symbols and line, respectively) – have constant Re⋆

τ

in wall-normal direction (dRe⋆

τ /d y = 0), even though for case CRe⋆τ the density
and viscosity are varying and decrease away from the wall. For the second pair
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Figure 3.1: (a) Density ρ/ρw , (b) viscosity µ/µw , and (c) semi-local Reynolds
number Re⋆

τ as a function of wall-normal distance y/h.
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Figure 3.2: (a) Relative density fluctuations
√

ρ′2/ρ and (b) relative viscosity fluc-

tuations
√

µ′2/µ as a function of semi-local wall coordinate y⋆.

– SRe⋆τGL and GL (blue symbols and line, respectively) – the profile for Re⋆
τ de-

creases from 395 at the wall to approximately 150 at the channel centre. Later,
we will denote these cases as dRe⋆

τ /d y < 0. For the third pair – LL and SRe⋆τLL

(red symbols and line, respectively) – Re⋆

τ increases from 150 at the wall to ap-
proximately 540 at the channel centre. For the fourth pair – SRe⋆τCν and Cν (grey
symbols and line, respectively) – Re⋆

τ increases from 395 at the wall to approxi-
mately 540 at the channel centre. For case LL2 the Re⋆

τ increases from 395 at the
wall to approximately 700 at the channel centre. The third and fourth pair, along
with case LL2, will be referred to as dRe⋆

τ /d y > 0. The simulations CP150 (brown
symbol) and CP550 (green symbol) are cases that bound the Re⋆

τ profiles of the
variable property cases (except case LL2) in order to investigate and distinguish
any Reynolds number effects with respect to effects caused by property gradi-
ents. Considerable variations in properties have been obtained for all variable
property cases. However, the relative property fluctuations ρ′

r ms /ρ and µ′
r ms /µ

(the subscript r ms indicates the root mean square value) are still not more than
0.15 for all variable property cases as can be seen in figure 3.2.

Table 3.2 provides details on the computational box size and also shows the
corresponding resolutions in terms of conventional wall scaling (∆x+, ∆y+

w , ∆z+)
and semi-local scaling at the channel centre (∆x⋆

c , ∆y⋆

c , ∆z⋆

c ). For constant prop-
erty cases reporting the mesh spacing in terms of+units is well established, since
the smallest values of Kolmogorov length scale occur in the near-wall region and
are known to scale well in classical wall-based scaling (see figure 2.2(a)). For vari-
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Figure 3.3: Kolmogorov length scale normalized by and plotted using, (a) outer
scales, (b) wall-based viscous length scales and (c) semi-local viscous length
scales.
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Case Lx ×Ly ×Lz ∆x+
∆y+

w ∆z+
∆x⋆

c ∆y⋆

c ∆z⋆
c

CP395 2πh ×2h ×πh 10.34 1.03 5.17 10.34 4.01 5.17
CRe⋆τ 2πh ×2h ×πh 10.34 1.03 5.17 10.34 4.01 5.17
SRe⋆τGL 5πh ×2h ×2πh 17.23 1.03 6.89 6.63 1.54 2.65
GL 5πh ×2h ×2πh 17.23 1.03 6.89 6.20 1.44 2.48
LL 3πh ×2h ×1.5πh 3.92 0.36 1.96 14.19 5.55 7.09
SRe⋆τLL 3πh ×2h ×1.5πh 3.92 0.36 1.96 13.98 5.47 6.99
SRe⋆τCν 2πh ×2h ×πh 10.34 0.80 5.17 13.92 4.61 6.96
Cν 2πh ×2h ×πh 10.34 0.80 5.17 14.08 4.66 7.04
LL2 2πh ×2h ×πh 6.89 0.69 3.45 12.27 5.28 6.13
CP150 5πh ×2h ×2πh 12.26 0.69 4.9 12.26 2.36 4.9
CP550 2πh ×2h ×πh 11.07 0.9 5.53 11.07 4.81 5.53

Table 3.2: Mesh resolution for all cases.

able property cases, determining the mesh resolutions using + units alone is not
adequate and therefore we also report resolution based on semi-local scaling at
channel centre. These serve as a useful measure for evaluating mesh adequacy
for cases with a monotonic Re⋆

τ profile. This fact can be appreciated by study-
ing the scaling characteristics of Kolmogorov length scales, η= ((µ/ρ)3ρ/ǫ)0.25 (ǫ
is the turbulence kinetic energy dissipation per unit volume). Figure 3.3 shows
η, normalized by, and plotted as a function of outer scales (figure 3.3(a)), wall-
based viscous length scales (figure 3.3(b)) and semi-local viscous length scales
(figure 3.3(c)) for all cases. Cases with similar Re⋆

τ profiles show similar distribu-
tions of Kolmogorov scales, indicating that the smallest scales are strongly gov-
erned by Re⋆

τ profiles. The Kolmogorov scale normalized using the half-channel
height increases for cases with decreasing Re⋆

τ , while it decreases for cases with
increasing Re⋆

τ . The cases with dRe⋆
τ /d y < 0, for which Re⋆

τ varies from 395 at
the wall to approximately 140 at the channel centre, have a Kolmogorov length
scale that transitions from values of case CP395 at the wall to CP150 at the chan-
nel centre. A similar observation can be made for cases with dRe⋆

τ /d y > 0. The
Kolmogorov scale, when normalized by and plotted as a function of classical
wall-based viscous units, shows strong deviations away from the wall for cases
with dRe⋆

τ /d y 6= 0. On the other hand, using semi-local length scales provides
a good collapse of η for all cases in the near-wall region. Hence, the semi-local
scaling also provides a good measure to assess the mesh spacing requirements
for simulations with strong fluid property variations. Table 3.3 lists the maximum
grid spacing in terms of η for all cases, and the values are within the resolution re-
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Case (∆x/η)max (∆(y)mi n/η)max (∆(y)max /η)max (∆z/η)max

CP395 6.98 0.69 0.89 3.49
CRe⋆τ 7 0.7 0.88 3.5
SRe⋆τGL 10.78 0.64 0.43 4.31
GL 10.8 0.64 0.41 4.3
LL 5.02 0.27 1.15 2.51
SRe⋆τLL 5.18 0.27 1.14 2.59
SRe⋆τCν 7.11 0.55 0.96 3.55
Cν 7.11 0.55 0.95 3.57
LL2 5.6 0.68 1.04 2.8
CP150 7.76 0.44 0.68 3.55
CP550 7.6 0.62 1 3.8

Table 3.3: Maximum spatial resolution normalized using the Kolmogorov scale
η.

quirements of ∆x < 12η, ∆y < 2η, ∆z < 6η, as also reported in other DNS studies
(Zonta et al., 2012; Lee et al., 2013).

The adequacy of the box size to accommodate the large-scale structures can
be studied using the one-dimenisonal pre-multiplied energy spectra, defined as

φρu′′u′′ (kα) = kα

[
F

(p
ρu′′)

F
(p

ρu′′)∗]
= kα

[
Eρu′′u′′ (kα)

]
. (3.24)

In the above equation, F (ψ) is the Fourier coefficient of ψ, F (ψ)∗ is the com-
plex conjugate, Eρu′′u′′ = F

(p
ρu′′)

F
(p

ρu′′)∗ represents the energy spectra of
the density weighted streamwise velocity fluctuation and kα is the wavenumber
in streamwise kx or spanwise kz direction. The streamwise Reynolds stress is
related to φρu′′u′′ and Eρu′′u′′ as

ρu′′u′′ =ρ �u′′u′′ =
∫∞

0
Eρu′′u′′ (kα) dkα =

∫∞

0
φρu′′u′′ (kα) d

(
logλα

)
, (3.25)

where λα = 2π/kα is the wavelength. The area under the pre-multiplied spectra,
when plotted in lin-log scale, represents the Reynolds stress. A plot of φρu′′u′′ ,

normalised by ρu′′u′′ and plotted as a function of streamwise and spanwise
wavelength at different wall-normal planes, is shown in figure 3.4. While the
spanwise spectra indicates that the spanwise box size is sufficient, it can be
argued that the length of the box in streamwise direction could be increased to
resolve all the large-scale contributions. However, as noted in previous studies
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Figure 3.4: (a) Normalised pre-multiplied streamwise spectra kx Eρu′′u′′/ρu′′u′′

as a function of streamwise wavelength λx /h and (b) normalised pre-multiplied
spanwise spectra kz Eρu′′u′′/ρu′′u′′ as a function of spanwise wavelength λz /h, at
different wall-normal locations.

(Abe et al., 2004; Lozano-Durán & Jiménez, 2014) the influence of these un-
resolved large scales structures (due to the moderate box size) on turbulence
statistics is negligible, and resolving the peak of the streamwise pre-multiplied
spectra (e.g. DNS data of Moser et al. (1999)) is considered sufficient for the
present work.

3.4. TURBULENCE STATISTICS

In this section, we assess the arguments made in section 3.1 and 3.2 using the
DNS results for three quasi-similar Re⋆

τ pairs. The validity of Morkovin’s hypoth-
esis, which was used in section 3.2 to develop the theoretical framework, is also
assessed. The cases forming the first pair – CP395 and CRe⋆τ – have constant Re⋆

τ
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Figure 3.5: Averaged velocity profiles for cases (a) CP395 and CRe⋆τ , (b) SRe⋆τGL

and GL, (c) SRe⋆τCν and Cν. Symbols are constant density cases: CP395, SRe⋆τGL

and SRe⋆τCν, lines are variable density cases: CRe⋆τ , GL and Cν. ( ) mean
streamwise velocity u/uτ and ( ) van Driest transformed streamwise veloc-
ity profile uvD.

in wall-normal direction, even though for case CRe⋆τ the density and viscosity are
varying and decrease away from the wall. For the second pair – SRe⋆τGL and GL
– the profile for Re⋆

τ decreases from 395 at the wall to approximately 150 at the
channel centre. For the third pair – SRe⋆τCν and Cν – Re⋆

τ increases from 395 at
the wall to approximately 540 at the channel centre.

Based on the equation (3.19) three quasi-similar Re⋆
τ pairs are assessed

for quasi-similarity of van Driest transformed streamwise velocity profile uvD

and the Reynolds shear stress ρu′′v ′′/τw . The comparison of uvD is shown in
figure 3.5. The solid line indicates the streamwise velocity profile for variable
density cases (CRe⋆τ , GL and Cν), while the dashed line represents their cor-
responding van Driest transformed streamwise velocity profile. uvD overlaps
with the velocity from the corresponding quasi-similar Re⋆

τ cases (symbols) with
constant density (CP395, SRe⋆τGL and SRe⋆τCν). The comparison of the Reynolds
shear stress is shown in figure 3.6(a)-3.6(c) also showing a good collapse. A
comparison of other second order statistics, namely normal Reynolds stress
components ρu′′

i
u′′

i
/τw , their corresponding anisotropies bi i and the root mean

square of pressure fluctuations p ′
r ms /τw are shown in figure 3.6(d)-3.6(l). The

normalised anisotropy tensor is defined as bi j = ρui
′′u j

′′/ρuk
′′uk

′′−1/3δi j . All
comparisons support the universality of the second order turbulence statistics
for quasi-similar Re⋆

τ cases. We further investigate the quasi-similarity of the
1D energy spectra in figure 3.7(a)-3.7(f). Figures 3.7(a)-3.7(c) show the pre-
multiplied streamwise 1D energy spectra of the density weighted streamwise
velocity fluctuation at y⋆ ≈ 15 as a function of semi-locally scaled (k⋆

x = kx /Re⋆

τ )
wave-number for quasi-similar Re⋆

τ cases. The inset shows the energy spectra
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Figure 3.7: Comparison of pre-multiplied 1D (a-c) streamwise spectra and (d-
f) spanwise spectra of the density weighted streamwise velocity fluctuation at
y⋆ ≈ 15 for cases (left column) CP395 and CRe⋆τ , (middle column) SRe⋆τGL and
GL, (right column) SRe⋆τCν and Cν. Symbols are constant density cases: CP395,
SRe⋆τGL and SRe⋆τCν, lines are variable density cases: CRe⋆τ , GL and Cν. In (a-c)
the inset shows the 1D streamwise energy spectra in log-log plot.

in log-log plot, showing adequacy of grid-resolution as energy falls off over sev-
eral decades. Because of moderate Reynolds number the inertial range is not
very prominent (shown by k−5/3

x sl ope). Spanwise 1D spectra are compared in
figure 3.7(d)-3.7(f). Both streamwise and spanwise spectra show a good collapse
for quasi-similar Re⋆

τ cases. Figures 3.5, 3.6 and 3.7 provide further evidence
that the semi-local scaling is an effective tool to categorize variable property
turbulence.

We now proceed to assess the influence of density fluctuations on turbulence
statistics (Morkovin’s hypothesis) by investigating second, third and fourth order
moments of velocity fluctuation. Under the limit of small density fluctuations
û′

i
û′

j
= ρu′

i
u′

j
/τw ≈ ρu′′

i
u′′

j
/τw ≈ ρu′′

i
u′′

j
/τw = �̂u′′

i
û′′

j
should hold. The different

statistics are related as,

ρu′′
i

u′′
i
= ρu′′

i
u′′

i
+ρ′u′′

i
u′′

i
, (3.26)

and using equation (3.12) the relation between Reynolds and Favre averaged sec-
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Figure 3.8: Influence of density fluctuation on (a-c) second (d-f) third and (g-
i) fourth order moments of velocity fluctuations for cases (left column) CP395
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Symbols are constant density cases: CP395, SRe⋆τGL and SRe⋆τCν, lines are vari-

able density cases: CRe⋆τ , GL and Cν. In (a-c) ( ) ρu′′
i

u′′
i

/τw , ( )

ρu′′
i

u′′
i

/τw , ( )ρu′
i
u′

i
/τw . In (d-f) ( )ρ3/2u′′ 3

i
/τ3/2

w , ( )ρ3/2u′′ 3
i

/τ3/2
w ,

( ) ρ3/2u′ 3
i

/τ3/2
w . In (g-i) ( )

√
ρ2u′′ 4

i
/τw , ( )ρ

√
u′′ 4

i
/τw , ( )

ρ

√
u′ 4

i
/τw .
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ond order statistics is given as,

ρu′
i
u′

i
= ρu′′

i
u′′

i
−ρ

(
ρ′u′

i

ρ

)2

(3.27)

These different relations are plotted in figure 3.8(a)-3.8(c), where it can be seen
that the differences are negligible. The maximum error of ≈ 3.5 % occurs in case
GL for which the density fluctuations are the highest (see figure 3.2(a)). The sec-
ond terms on the right hand side of equation (3.26) and (3.27) are negligible com-
pared with the first terms and therefore the difference between the profiles is in-
significant.

We further assess the quasi-similarity and applicability of Morkovin’s hypoth-
esis on third and fourth order moments of velocity fluctuations. Under the va-
lidity of Morkovin’s hypothesis the statistics should satisfy the following relation

for the third order moments û′ 3
i

= ρ3/2u′ 3
i

/τ3/2
w ≈ ρ3/2u′′ 3

i
/τ3/2

w ≈ ρ3/2u′′ 3
i

/τ3/2
w

and û′ 4
i

= ρ2u′ 4
i

/τ2
w ≈ ρ2u′′ 4

i
/τ2

w ≈ ρ2u′′ 4
i

/τ2
w for the fourth order moments.

For third order moments, the relation between ρ3/2u′′ 3
i

and ρ3/2u′′ 3
i

can be ex-

pressed by using a binomial series for ρ3/2 =ρ3/2(1+ρ′/ρ)3/2, leading to,

ρ3/2u′′ 3
i

≈ρ3/2u′′ 3
i

+
3

2
ρ1/2ρ′u′′ 3

i
. (3.28)

Using equation (3.12) the relation between Reynolds and Favre averaged third
order statistics is then,

ρ3/2u′ 3
i

= ρ3/2u′′ 3
i

+3ρ3/2

(
ρ′u′

i

ρ

)
u′′ 2

i
−2ρ3/2

(
ρ′u′

i

ρ

)3

. (3.29)

Similarly, for fourth order moments, the relation between ρ2u′′ 4
i

and ρ2u′′ 4
i

is,

ρ2u′′ 4
i

= ρ2u′′ 4
i

+2ρρ′u′′ 4
i

+ρ′ 2u′′ 4
i

, (3.30)

and using equation (3.12) the relation between Reynolds and Favre averaged
fourth order statistics is given as,

ρ2u′ 4
i

=ρ2u′′ 4
i

+4ρ2

(
ρ′u′

i

ρ

)
u′′ 3

i
+6ρ2

(
ρ′u′

i

ρ

)2

u′′ 2
i

−3ρ2

(
ρ′u′

i

ρ

)4

. (3.31)

Figure 3.8(d)-3.8(f) shows the comparison for the third order moments of
velocity fluctuations between quasi-similar Re⋆

τ cases. The inset shows an en-
larged view for wall-normal (i=2) and spanwise direction (i=3). Unlike the lower-
order statistics the adequacy of the sample size used to compute the higher-order
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statistics is marginal as can be seen by small oscillations in the profiles of span-
wise third order moments, which should be zero. For the variable density cases
(CRe⋆τ , GL and Cν), the third order statistics using different forms of averaging do
not collapse, which indeed is a breakdown of Morkovin’s hypothesis. This break-
down will most likely also be present in fully compressible simulations, but to the
best of the authors knowledge, there is no literature that studies the Morkovin’s
hypothesis for third order statistics in compressible flows. Interestingly, a good

agreement between quasi-similar Re⋆

τ cases is obtained using ρ3/2u′′ 3
i

/τ3/2
w . The

comparison is only qualitatively similar when ρ3/2u′ 3
i

/τ3/2
w is used but different

when ρ3/2u′′ 3
i

/τ3/2
w is used. These results indicate that

p
ρu′′

i
/
p
τw is the ap-

propriate scale for comparing quasi-similarity of third moments. The reason of
the breakdown of Morkovin’s hypothesis is discussed next. For the streamwise
component (i=1), the third order moments are a measure of low and high speed
streaks. In our present simulations with a cooled wall, the turbulent heat transfer
at the lower wall requires T ′v ′ < 0. Based on quadrant analysis it is known that,
the high speed streaks have a tendency to move towards the wall (sweep) while
low speed streaks tend to lift away from the wall (ejection), which for the lower
wall corresponds to u′v ′ < 0. This implies that T ′u′ > 0, and since the density is

inversely proportional to temperature ρ′u′ < 0. The terms ρ′u′′ 3 and ρ′u′ are a
measure of preferential concentration of high density fluid in low speed streaks
and low density fluid in high speed streaks. In equation (3.28), this measure of
preferential concentration is dominant as both the first and second terms on the
right hand side are of comparable magnitudes, thereby causing a significant dif-

ference between ρ3/2u′′ 3 and ρ3/2u′′ 3. Similarly, the second term on the right
hand side of equation (3.29) is of the same order as the first one, therefore, re-
sulting in the difference between ρ3/2u′ 3 and ρ3/2u′′ 3.

Figure 3.8(g)-3.8(i) shows the comparison for the square root of the fourth
order moment of velocity fluctuations. A good collapse is obtained for cases
with quasi-similar Re⋆

τ profiles except in case of GL for which a maximum dif-
ference of ≈ 9 % occurs due to the high magnitudes of density fluctuations (see
figure 3.2(a)). In both equations (3.30) and (3.31), the first term on the right side
is dominant, therefore making the statistics weakly dependent on density fluctu-
ations.

3.5. SUMMARY

Similar to constant property turbulent channel flows, where turbulence statistics
can be expressed as a function of wall-normal distance y/h and friction Reynolds
number Reτ (based on wall quantities), we investigate if turbulence statistics for
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turbulent flows with variable density ρ and viscosity µ can also be expressed as
a function of y/h and semi-local Reynolds number Re⋆

τ ≡ Reτ
√

(ρ/ρw )/(µ/µw )
(based on semi-local quantities). First a mathematical framework has been de-
rived by rescaling the low-Mach number approximation of Navier-Stokes equa-
tions using local mean values for density, viscosity and semi-local friction ve-
locity. The resulting semi-locally scaled governing equation for the mean and
turbulent motions suggests that the leading order effect of variable properties
on turbulence can be effectively characterized by Re⋆

τ . The framework provides
a theoretical basis for the use of semi-local scaling which was proposed based on
heuristic arguments by Huang et al. (1995) and in addition provides additional
implications. The approach suggests that the equivalent mean velocity is the van
Driest transformed velocity uvD, the wall-normal gradient of which also governs
the production of semi-locally scaled turbulent fluctuations. In addition scaling
of the viscous term is shown to be governed by Re⋆

τ . Second, direct numerical
simulations of a fully developed internally heated channel flow are performed to
test the framework. Different constitutive relations for density and viscosity as a
function of temperature are used in order to mimic a wide range of fluid behav-
iors and to develop a generalised framework for studying scaling characteristics
of turbulence in variable property flows. Comparing turbulence statistics from
different variable property cases lead us to conclude that uvD and second order
turbulence statistics are a strong function of Re⋆

τ and their dependence on indi-
vidual density or viscosity profile is minor. Furthermore, the Kolmogorov length
scale normalized by semi-local viscous length scale (δ⋆v =h/Re⋆

τ ) is shown to ex-
hibit good collapse as a function of semi-local wall coordinate (y⋆ = y/δ⋆v ) for
all cases in the inner layer. We further assessed the quasi-similarity of higher
order statistics and found that the fourth order moments collapse reasonably
well for all quasi-similar Re⋆

τ cases. The comparison of the third order moments
however, exhibits a breakdown of Morkovin’s hypothesis, as they show a strong
dependence on density fluctuations. A good collapse of third order moments
among quasi-similar Re⋆

τ cases is observed when
p
ρu′′

i
/
p
τw is used as the fluc-

tuating velocity scale.
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4.1. VAN DRIEST VELOCITY TRANSFORMATION

The van Driest transformed velocity uvD and the diagnostic function yduvD/d y

as a function of y+ and y⋆ for selected cases are shown in figure 4.1. As noted
earlier, cases with quasi-similar Re⋆

τ profiles (symbols and lines with same
colour) exhibit similar uvD profiles, irrespective of their individual density and
viscosity profiles. However, when comparing cases with different Re⋆

τ gradients,
deviations can be observed. For example, in figure 4.1(a), the slope of the lin-
ear viscous sublayer (uvD = y+) increases for cases with dRe⋆

τ /d y > 0 (red line
and symbols) and decreases for cases with dRe⋆

τ /d y < 0 (blue line and sym-
bols). Also an increase in the log-law additive constant (commonly B = 5.2) can
be seen for cases with dRe⋆

τ /d y < 0, while the opposite is observed for cases
with dRe⋆

τ /d y > 0. Additionally, the log-layer shifts outwards for cases with
dRe⋆

τ /d y < 0 and inwards for cases with dRe⋆

τ /d y > 0, as can be seen from
the profiles of the diagnostic function yduvD/d y in figure 4.1(c). Figures 4.1(b)
and figure 4.1(d) show uvD and the diagnostic function as a function of y⋆. The
deviation of uvD for cases with dRe⋆

τ /d y 6= 0 is even more prominent if plotted
as a function of y⋆. On the other hand, the diagnostic function collapses the
onset of the log-layer if plotted as function of y⋆. The reason for this collapse is
investigated further using the streamwise stress-balance equation.

4.2. STRESS-BALANCE RELATION

The stress-balance relation for the turbulent and viscous stresses can be ob-
tained by integrating the mean streamwise momentum equation, which, for a
fully developed turbulent channel flow (neglecting viscosity fluctuations), gives

−
ρ �u′′v ′′

ρw u2
τ

+
h

Reτ

(
µ

µw

)
d

(
u/uτ

)

d y
≈

τ

τw
=

(
1−

y

h

)
, (4.1)

where τ and τw are the total and wall shear stress, respectively. Equation (4.1) can
be written in terms of semi-locally scaled velocity fluctuations (using the semi-
local friction velocity u⋆

τ =
√

τw /ρ)

û′′
i =

u′′
i

u⋆
τ

=

√
ρ

ρw

(
u′′

i

uτ

)
(4.2)

and the van Driest mean velocity increment

duvD =

√
ρ

ρw
d

(
u

uτ

)
, (4.3)



4.2. STRESS-BALANCE RELATION 43

5

10

15

20

25

10
0

10
1

10
2

0

1

2

3

4

5

6

0

(a)

(c)

u
vD

y
d

u
vD

/d
y

y+

CP395
CRe⋆τ
SRe⋆τGL
GL
LL
SRe⋆τLL
CP150
CP550
y+
ln(y+)

0.41 +5.2

0

5

10

15

20

25

10
0

10
1

10
2

0

1

2

3

4

5

6

(b)

(d)

u
vD

y
d

u
vD

/d
y

y⋆

Figure 4.1: (a) and (b) van Driest velocity uvD, (c) and (d) diagnostic function
yduvD/d y shown as a function of y+ (left side) and y⋆ (right side). The solid
horizontal line in (c) and (d) has a value of 1/0.41.
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Figure 4.2: (a) and (b) Reynolds shear stress −�̂u′′v̂ ′′, (c) and (d) viscous shear
stress

(
h/Re⋆

τ

)
duvD/d y shown as a function of y+ (left side) and y⋆ (right side).

to obtain the semi-locally scaled stress balance equation

− �̂u′′v̂ ′′+
h

Re⋆
τ

duvD

d y
≈

τ

τw
=

(
1−

y

h

)
. (4.4)

Note, the viscous stress term is a function of the van Driest mean velocity gra-
dient, scaled by the inverse of the semi-local Reynolds number. The reason for
writing equation (4.1) in terms of uvD and �̂u′′v̂ ′′, originates from the previous
chapter, where the Navier-Stokes equations were rescaled using the semi-local
friction velocity and local mean properties in order to obtain governing equa-
tions for the semi-locally scaled mean, uvD, and fluctuating velocities, û′′

i
, with

Re⋆

τ as a strong parameter. In other words, the combined influence of density
and viscosity variations on turbulence statistics can be characterized using a sin-
gle parameter, Re⋆

τ .
The Reynolds shear stress �̂u′′v̂ ′′ and viscous stress term

(
h/Re⋆

τ

)
duvD/d y in

equation (4.4) are plotted as a function of y+ and y⋆ in figure 4.2. It is apparent
that both stresses do not collapse if shown as a function of y+ (figure 4.2(a) and
(c)) for cases with different Re⋆

τ gradients. Similar observations have been re-
ported for compressible non-adiabatic flows in Coleman et al. (1995); Foysi et al.
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(2004); Morinishi et al. (2004). In comparison to a constant property case with a
similar Reτ value, the Reynolds shear stress decreases for cases with dRe⋆

τ /d y < 0
and increases for cases with dRe⋆

τ /d y > 0. On the other hand, if the stresses are
plotted as a function of y⋆ (figure 4.2(b) and (d)), two observations can be made.
First, the Reynolds shear stress profiles for all cases collapse closely in the inner
layer, except in the region very close to the wall where small differences can be
seen. Second, and more importantly, the viscous stresses for all cases perfectly
collapse over the entire y⋆ range.

4.3. EXTENDED VAN DRIEST VELOCITY TRANSFORMATION

Given the last observation, it is evident that the viscous stress term, expressed as(
h/Re⋆

τ

)
duvD/d y , forms the basis to develop a proper scaling law for the mean

velocity in flows with large density and viscosity gradients. We thus propose that
the transformation must be based on the viscous stress

h

Re⋆
τ

duvD

d y
=Φ(y⋆) , (4.5)

whereΦ is an unknown function of y⋆. Using the chain rule d/d y = (d y⋆/d y)d/d y⋆,
we can write equation (4.5) as

h

Re⋆
τ

(
d y⋆

d y

)
duvD

d y⋆
=Φ(y⋆) . (4.6)

This allows us to replace d y⋆/d y in equation (4.6) by taking the derivative of
y⋆ = yRe⋆

τ /h with respect to y , to obtain

(
1+

y

Re⋆
τ

dRe⋆

τ

d y

)
duvD

d y⋆
=Φ(y⋆). (4.7)

Equation (4.7) thus provides the scaling law for the mean streamwise velocity,
which we will denote as u⋆. Hence, du⋆ and duvD are related through

du⋆ =
(

1+
y

Re⋆
τ

dRe⋆

τ

d y

)
duvD =Φ(y⋆)d y⋆. (4.8)

Note, it can be shown that the transformation proposed by Trettel & Lars-
son (2016) is equivalent when substituting the definitions of Re⋆

τ and duvD into
equation (4.8). Their transformation, which is expressed in terms of density and
viscosity gradients, was obtained by equating the transformed log-law velocity
gradient with the velocity gradient obtained from the stress-balance equation,



46 4. EXTENDED VAN DRIEST VELOCITY TRANSFORMATION

assuming that the Reynolds shear stress is similar for compressible and constant
property cases. The present derivation follows an alternative route. It is based
on rescaling the Navier–Stokes equations using the local mean properties and
semi-local friction velocity, which naturally suggests that the viscous terms are
scaled by the semi-local Reynolds number Re⋆

τ to account for changes in vis-
cous scales due to property variations. The transformation expressed in terms
of equation (4.8) thus emphasises the fact that, similar to turbulence statistics,
the transformation is also governed by the Re⋆

τ profiles, rather than individual
density and viscosity profiles.

The derived velocity transformation u⋆ =
∫uvD

0

(
1+

(
y/Re⋆

τ

)
dRe⋆

τ /d y
)

duvD,
is shown in figure 4.3(a) as a function of y⋆. It can be seen that u⋆ is perfectly
able to collapse the velocity profiles for all cases over the entire y⋆ range. In
the previous chapter we showed that similar turbulence statistics and van Driest
mean velocity profiles uvD are obtained for cases with similar Re⋆

τ distributions,
even if their individual mean density and viscosity profiles substantially differ.
Here, we derive a transformation that accounts for gradients in Re⋆

τ in order to
extend the van Driest transformation.

Using the derived velocity transformation it is also possible to explain the
collapse of the diagnostic function as a function of y⋆, as mentioned earlier. The
definitions in equations (4.5) and (4.8) can be expressed as

h

Re⋆
τ

duvD

d y
=

du⋆

d y⋆
=Φ(y⋆) . (4.9)

Substituting h/Re⋆
τ = y/y⋆ in equation (4.9) we can obtain the correlation be-

tween the diagnostic function and the newly derived velocity scale u⋆ as

y
duvD

d y
= y⋆

du⋆

d y⋆
= y⋆

Φ(y⋆) , (4.10)

which explains the collapse of the diagnostic function in figure 4.1(d).
The invariance of Φ as a function of y⋆ can further be quantified by express-

ing it in terms of turbulence mixing length. Following Huang & Coleman (1994),
the Reynolds shear stress can be written in terms of the velocity gradient using
the mixing-length theory as

l 2
m =

−�u′′v ′′
(
du/d y

)2
=

−�̂u′′v̂ ′′
(
duvD/d y

)2
. (4.11)

Substituting the Reynolds shear stress in equation (4.4) using equation (4.11) re-
sults in a quadratic equation for duvD/d y , which, when solved and simplified,
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Figure 4.3: (a) Transformed velocity u⋆ and (b) mixing length lmRe⋆

τ /h as a func-
tion of y⋆.

gives

Φ(y⋆) =
2τ/τw

1+
√

1+4τ/τw

(
lmRe⋆

τ /h
)2

. (4.12)

The above expression naturally suggests that lm scales with the semi-local length
scale h/Re⋆

τ . Figure 4.3(b) shows lmRe⋆
τ /h as a function of y⋆. A satisfactory

collapse is obtained for almost the entire inner layer, except very close to wall
where small deviations occur. These deviations stem from turbulence modula-
tion caused by strong Re⋆

τ gradients, which we will discuss in detail in section 5.1
and 5.2. However, close to the wall the viscous stress dominates and small values
of mixing length do not alter the velocity scaling.

In the following, we will investigate if the scaling can also be successfully
applied for supersonic adiabatic flows, for which the van Driest scaling already
shows a satisfying collapse. For this, we will use a DNS database for adiabatic su-
personic boundary layers from Pirozzoli & Bernardini (2011); Bernardini & Piroz-
zoli (2011) and data for an incompressible boundary layer from Jiménez et al.

(2010). The investigated compressible cases are with Mach numbers M a=2, 3
and 4 and corresponding Reynolds numbers are Reτ=450, 400 and 400, respec-
tively. The incompressible boundary layer is at Reτ=450. Figure 4.4(a) shows
the Re⋆

τ distribution for these cases as a function of y⋆. Note, in contrast to the
heated and cooled channel flows, the gradient of Re⋆

τ at the wall is negligible. The
largest Re⋆

τ variation is obtained for the M a=4 case, where Re⋆

τ at the edge of the
boundary layer is more than four times as large than at the wall. The van Dri-
est mean velocity uvD is plotted as a function of y+ in figure 4.4(b). A satisfying
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Jiménez et al. (2010).
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for adiabatic supersonic boundary layers obtained from Pirozzoli & Bernardini
(2011); Bernardini & Pirozzoli (2011), compared with boundary layer data from
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collapse for the compressible and incompressible boundary layer is obtained,
except in the wake region, which has been studied in more detail by Zhang et al.

(2012). The transformed velocity u⋆ as a function of y⋆ is shown in figure 4.4(c).
Also here, a reasonable collapse for the u⋆ velocity profiles is obtained. However,
small deviations with respect to the incompressible boundary layer occur in the
buffer and logarithmic region. Interestingly, also Trettel & Larsson (2016) have
found a similar disagreement for cooled turbulent boundary layers. One of the
plausible reasons for these deviations could be related to the location of the max-
imum of the Re⋆

τ gradient, which for adiabatic supersonic boundary layer occurs
in the buffer layer. In contrast, for our simulations as well as for supersonic chan-
nel flows, the maximum of the Re⋆

τ gradient is at the wall. While the influence of
the Re⋆

τ gradient on the mixing length was limited to regions with y⋆ < 10 in
channel flows, in adiabatic supersonic boundary layers its influence might be of
relevance in turbulence dominated regions and should be investigated in more
detail.

The implication of the above mean velocity scaling characteristics on the
stress balance relation for these turbulent boundary layers is discussed next. The
Reynolds shear and viscous stresses are shown in figure 4.5 as a function of y+

and y⋆. Both stresses show a superior collapse if they are plotted as a function
of y⋆. Analogous to the plot of u⋆ vs y⋆ in figure 4.4(c), also the viscous stresses
of the compressible cases slightly deviate from the incompressible case, as can
be seen in figure 4.5(d). On the other hand, if the stresses are plotted as a func-
tion of y+, it can be seen that the turbulent shear stress profiles increase and
the viscous stress profiles decrease with Mach number, see figure 4.5(a) and fig-
ure 4.5(c). This Mach number dependence of the stresses as a function of y+ can
be shown mathematically by writing the stress-balance equation (4.4) for the in-
compressible and compressible boundary layer as,

(
�̂u′′v̂ ′′+

τ

τw

)∣∣∣∣
incomp

=
h

Reτ

duvD

d y

∣∣∣∣∣
incomp

for the incompressible BL, (4.13)

Re⋆
τ

Reτ

(
�̂u′′v̂ ′′+

τ

τw

)∣∣∣∣
comp

=
h

Reτ

duvD

d y

∣∣∣∣∣
comp

for the compressible BL. (4.14)

In the constant stress layer (τ/τw )comp = (τ/τw )incomp = 1 and due to the collapse
of uvD as a function of y+, equations (4.13) and (4.14) can be equated as,

(
�̂u′′v̂ ′′+1

)∣∣∣
incomp

=
Re⋆

τ

Reτ

(
�̂u′′v̂ ′′+1

)∣∣∣∣
comp

. (4.15)

Therefore, if Re⋆
τ > Reτ it follows that

(
−�̂u′′v̂ ′′

)∣∣∣
comp

>
(
−�̂u′′v̂ ′′

)∣∣∣
incomp

, which

explains the Mach number dependence of the stresses. The increase in shear
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stress for the supersonic cases also explains the corresponding increase in tur-
bulence intensities when compared with incompressible cases (Pirozzoli et al.,
2004; Bernardini & Pirozzoli, 2011), due to the increase in the turbulence ki-
netic energy production. The partial success of both y+ and y⋆ in adiabatic
supersonic boundary layers, thus warrants future studies. The semi-local scal-
ing utilizes the invariance of (h/Re⋆

τ )duvD/d y as a function of y⋆ to obtain u⋆,
while adiabatic boundary layers exhibit invariance of a more fundamental vari-
able, namely the wall-normalized van Driest transformed mean spanwise vortic-
ity ωvD

z /(ωvD
z )w = duvD/d y+ = (h/Reτ)duvD/d y as a function of y+. The signifi-

cance of mean vorticity is discussed in the next chapter.

4.4. SUMMARY

Strong near-wall gradients in Re⋆
τ result in a failure to collapse the van Driest

transformed mean velocity uvD as a function of y+. An extension of the van
Driest transformation that accounts for the gradients in Re⋆

τ is derived based
on the compelling collapse of the viscous stresses (h/Re⋆

τ )duvD/d y for all cases
when plotted as a function of the semi-local wall coordinate y⋆. A successful
collapse of u⋆ when plotted as a function of y⋆ is obtained for all the investi-
gated cases. The robustness of the transformation is further investigated using
the mixing length, which also shows a good collapse in the entire inner layer ex-
cept in regions close to the wall (y⋆ < 10), where cases with Re⋆

τ gradients de-
viate. However, close to the wall the viscous stress dominates and small values
of mixing length do not alter the velocity scaling. The applicability of the trans-
formation is also tested on adiabatic supersonic boundary layers of Bernardini
& Pirozzoli (2011); Pirozzoli & Bernardini (2011), which are known to show an
excellent agreement of uvD as a function of y+. The new transformed velocity
collapses supersonic cases at different Mach numbers. However, the supersonic
cases showed a small increase in the log-law additive constant when compared
to an incompressible turbulent boundary layer. In a recent work Trettel & Lars-
son (2016) derived a similar transformation in terms of density and viscosity gra-
dients, and applied it successfully to supersonic channel flows with isothermal
cooled walls.
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5.1. INFLUENCE OF RE⋆

τ GRADIENTS ON NEAR-WALL TURBU-
LENCE STATISTICS

Turbulence statistics are strongly influenced by near-wall modifications of tur-
bulence. Near-wall turbulence modifications for variable property flows can be
classified into two main mechanisms: (i) changes in viscous scales, and (ii) struc-
tural changes of turbulence. The semi-local scaling is successful in collapsing
turbulence statistics, such as mean velocity (see figure 4.3(a)), Reynolds and vis-
cous shear stress (see figure 4.2(b) and (d)), because it accommodates the change
in viscous scales using local quantities, and because these quantities are not sig-
nificantly affected by structural changes and non-local effects very close to the
wall. On the other hand, the semi-local scaling fails for turbulence statistics that
are sensitive to strong non-local interactions of the buffer layer vortical struc-
tures with the sublayer region, e.g., statistics of vorticity fluctuations. Further-
more, the semi-local scaling also fails for turbulence statistics that contain di-
rect information of turbulence structure, e.g., turbulence anisotropy (Foysi et al.,
2004).

We first study the gradient of the van Driest transformed mean velocity uvD,
which we will refer to as the van Driest transformed mean spanwise vorticityωvD

z .
uvD is the analogue to the mean velocity in a variable density flow, and therefore a
study of its gradients allows us to draw conclusions on the stability of the flow. We
then discuss turbulent vorticity fluctuations and turbulence anisotropy to em-
phasize the failure of the semi-local scaling due to non-locality and changes in
turbulence structure, respectively.

5.1.1. MEAN SPANWISE VORTICITY

The wall-normalized van Driest transformed mean spanwise vorticityωvD
z /(ωvD

z )w

= duvD/d y+ = (h/Reτ)duvD/d y is plotted as a function of y+ and y⋆ in fig-
ure 5.1(a) and figure 5.1(b), respectively. Unlike for adiabatic walls, where
ωvD

z /(ωvD
z )w is invariant as a function of y+ in the inner layer (e.g., Piroz-

zoli & Bernardini, 2011), ωvD
z /(ωvD

z )w is neither a function of y+ nor y⋆ for
non-adiabatic walls. Based on Eyink (2008) vorticity generated at the wall is
transported outward, first diffused by viscosity and subsequently advected by
turbulence. Strong gradients in viscosity in the viscous dominated region thus
change the vorticity transport and consequently the mean velocity profile. The
change in mean velocity profile then directly influences turbulence. Equiva-
lently, in variable density flows, strong gradients in Re⋆

τ (since Re⋆

τ characterizes
the viscous scale), influence the van Driest transformed mean velocity profile. It
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Figure 5.1: Wall-normalized van Driest transformed mean spanwise vorticity
ωvD

z /(ωvD
z )w shown as a function of (a) y+ and (b) y⋆.

is clearly visible in figure 5.1 that ωvD
z /(ωvD

z )w shows a local maximum for cases
with dRe⋆

τ /d y > 0 (red line and symbols). This maximum implies an inflection
point in the velocity profile, which also indicates a more unstable flow condition.
The reverse happens for cases with dRe⋆

τ /d y < 0 (blue line and symbols) where
the velocity profile becomes fuller (higher negative curvature of d 2uvD/d y2),
causing the flow to become more stable (Gad-el Hak, 1990). This effect is similar
to flow control techniques that change the curvature of the velocity profile at the
wall by introducing, e.g., wall motion, suction/injection, streamwise pressure-
gradients, or wall-normal viscosity-gradients (Gad-el Hak, 1990). For example,
in an adverse-pressure-gradient region (decelerated flow) the appearance of an
inflection point is known to increase the wall-burst rate (Bushnell & McGin-
ley, 1989). The opposite is observed for flows with favorable-pressure-gradient,
where the base velocity state mitigates the formation of localised near-wall in-
flections (Bushnell & McGinley, 1989). Marquillie et al. (2011) performed a linear
stability analysis about the mean base profile of a turbulent boundary layer
with adverse-pressure-gradient, and showed a higher streak instability for cases
with a pronounced wall-normal inflection point. This fact has an important
implication on near-wall turbulent structures and is discussed in more detail in
section 5.2.

5.1.2. TURBULENT VORTICITY FLUCTUATIONS

The r ms of the semi-locally scaled turbulent vorticity fluctuations ω̂̂ω̂ω′ =∇× û′ for
streamwise (ω̂′

x ), wall-normal (ω̂′
y ) and spanwise (ω̂′

z ) directions are shown in fig-
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Figure 5.2: Root mean square r ms vorticity fluctuations of (a) and (b) streamwise
(ω̂′

x ), (c) and (d) wall-normal (ω̂′
y ), (e) and (f) spanwise components (ω̂′

z ), nor-
malized by and plotted using wall-based scales (left side) and semi-local scales
(right side).
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ure 5.2. Figure 5.2(a), 5.2(c) and 5.2(e) shows the vorticity normalised by the wall-
based viscous scale h/Reτ as a function of y+, whereas the vorticity normalised
by the semi-local viscous scale h/Re⋆

τ as a function of y⋆ is shown in figure 5.2(b),
5.2(d) and 5.2(f). In accordance with previous turbulence statistics, quasi-similar
vorticity statistics are obtained for cases with quasi-similar Re⋆

τ profiles, even
though the individual density and viscosity profiles differ. Comparing cases with
different Re⋆

τ gradients in figure 5.2(a), 5.2(c) and 5.2(e) shows considerable dif-
ferences both in terms of magnitude and wall-normal location of peak values. On
the other hand, the semi-local normalisation (figure 5.2(b), 5.2(d) and 5.2(f)) pro-
vides a reasonable collapse in regions away from the wall for comparable Re⋆

τ c ,
and it is also able to preserve the wall-normal locations of the peaks. However, in
the near-wall region the semi-local scaling with h/Re⋆

τ fails and does not provide
a collapse of the vorticity profiles, even though the van Driest transformed mean
spanwise vorticity scales well with h/Re⋆

τ (see figure 4.2(d)). In the following,
we will make several comments on statistics of semi-locally normalised vorticity
fluctuations.

1. It is known that even for constant property cases the x and z vorticity fluc-
tuation components increase with Reynolds number, whereas the y com-
ponent shows Reτ independence (Antonia & Kim, 1994). This Reτ depen-
dence is particularly prominent for the low Reynolds number case CP150
(brown triangles).

2. For the variable property cases, it is interesting to see that the cases with
dRe⋆

τ /d y > 0 have the highest magnitude of the semi-locally scaled ω̂′
x in

the near-wall region, although their Reτ values are the lowest (Reτ = 150).
The opposite occurs for cases with decreasing Re⋆

τ away from the wall.
There, the streamwise vorticity fluctuations are the lowest, even for com-
paratively high values of Reτ = 395. This is clearly a variable property ef-
fect that is in contrast to the Reynolds number dependence as discussed
in point (i). Similar observations can be made for the y and z compo-
nents. The semi-locally scaled rms values of ω̂′

y and ω̂′
z are the highest

in the near-wall region for cases with dRe⋆
τ /d y > 0 and vice versa for cases

with dRe⋆
τ /d y < 0.

3. For cases with dRe⋆

τ /d y > 0, the z component has a maximum at approx-
imately the same location where the van Driest transformed mean span-
wise vorticity also shows a maximum. This is in agreement to the inflection
point of the van Driest transformed mean velocity, which causes the flow
to become more unstable as mentioned in section 5.1.1. For cases with
dRe⋆

τ /d y < 0 the fluctuations fall off rapidly away from the wall.
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Figure 5.3: (a) Normal Reynolds stress anisotropies, (b) Reynolds shear stress
anisotropy as a function of y⋆.

The failure of the semi-local scaling is presumably caused by both structural
changes in turbulence and strong non-local interactions between structures in
the buffer and the viscous sublayer that will be discussed in detail in section 5.2.

5.1.3. TURBULENT STRESS ANISOTROPY

Gradients of Re⋆
τ have a large effect on inter-component energy transfer and thus

on turbulence anisotropy. The anisotropy tensor is defined as,

bi j =
�̂u′′

i
û′′

j

2k
−δi j

1

3
, (5.1)

with the turbulence kinetic energy k = �̂u′′
k

û′′
k

/2 and δi j the Kronecker delta. Fig-
ure 5.3(a) shows that for cases with dRe⋆

τ /d y < 0 an increase in streamwise com-
ponent b11 and a decrease in spanwise component b33 occurs in the near-wall
region if compared to cases with dRe⋆

τ /d y = 0. The opposite is seen for cases
with dRe⋆

τ /d y > 0. The wall-normal component b22, however, is not influenced
by gradients in Re⋆

τ . The increase in b11 for cases with dRe⋆
τ /d y < 0 indicates a

decrease in the redistribution of turbulence energy from the streamwise direc-
tion to the other two directions. The component b12, which is the ratio of turbu-
lent shear stress and turbulence kinetic energy, is shown in figure 5.3(b). It de-
creases for cases with dRe⋆

τ /d y < 0, indicating a reduced momentum transfer in
spite of higher turbulence kinetic energy, while the reverse is true for cases with
dRe⋆

τ /d y > 0. The same quantities are also shown in figure 5.4 for the adiabatic



5.2. INFLUENCE OF RE⋆τ GRADIENTS ON NEAR-WALL TURBULENT STRUCTURES 59

100 101 102-0.4

-0.2

0

0.2

0.4

0.6(a)

�̂ u′
′ i
û
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Figure 5.4: (a) Normal Reynolds stress anisotropies, (b) Reynolds shear stress
anisotropy as a function of y+ for adiabatic supersonic boundary layers obtained
from Pirozzoli & Bernardini (2011); Bernardini & Pirozzoli (2011) and compared
with reference boundary layer data from Jiménez et al. (2010).

supersonic turbulent boundary layer cases from Pirozzoli & Bernardini (2011);
Bernardini & Pirozzoli (2011) and compared with reference boundary layer data
from Jiménez et al. (2010). No significant changes in anisotropy are noticeable
since dRe⋆

τ /d y ≈ 0 in the near-wall region. The change in anisotropy for cases
with dRe⋆

τ /d y 6= 0 is linked to modifications in turbulent structures that will be
discussed next.

5.2. INFLUENCE OF RE⋆

τ GRADIENTS ON NEAR-WALL TURBU-
LENT STRUCTURES

Here we investigate the influence of near-wall Re⋆
τ gradients on the characteris-

tics of near-wall streaks and quasi-streamwise vortices, which are both known to
be the dominant structures in near-wall turbulence, in order to provide a mech-
anistic description for the modulated statistics.

5.2.1. NEAR-WALL STREAKS

Coleman et al. (1995); Duan et al. (2010); Lagha et al. (2011a) observed increased
streamwise coherence (longer streaks) for supersonic turbulent boundary lay-
ers with cooled walls, while shorter streaks were observed for heated walls by
Lagha et al. (2011a). These streak modifications were quantified in terms of wall-
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Figure 5.5: Pre-multiplied 1D streamwise spectra of the density weighted stream-
wise velocity fluctuation at y⋆ ≈ 13 plotted as function of (a) k+

x and (b) k⋆
x for

cases CP395, GL, LL2 and CP150.

based viscous units. Morinishi et al. (2004) used two-point correlations to con-
clude that near-wall streaks do not become more coherent and are independent
of heated or cooled walls, when semi-local scaling is taken into account.

We revisit some of these conclusions and in addition provide further in-
sights into turbulence modulation, by examining 1D streamwise and spanwise
energy spectra, contour plots of

p
ρu′′/

p
τw and joint-pdfs of

p
ρu′′/

p
τw and

p
ρv ′′/

p
τw . Figure 5.5 shows the pre-multiplied streamwise 1D spectra of the

density weighted streamwise velocity fluctuation at y⋆ ≈ 13 as a function of both
classically (k+

x = kx /Reτ) and semi-locally scaled (k⋆

x = kx /Re⋆

τ ) wave-numbers
for cases CP395, GL, LL2 and CP150. Using the classically scaled coordinates,
it can be seen that the spectra for case GL are shifted to lower wave numbers,
while they are shifted to higher wave numbers for case LL2. Thus, the structures
appear elongated for case GL and shortened for case LL2, as also concluded
by Coleman et al. (1995); Duan et al. (2010); Lagha et al. (2011a). However, us-
ing semi-local coordinates, an approximate collapse over a wide wave number
range can be obtained, and the peaks of spectra occur at approximately the
same k⋆

x location for both cases (note, the peak of spectra for GL in figure 5.5(b)
is at a slightly lower wave number due to low-Reynolds number effect which
can be seen by comparing with case CP150). Additionally, figure 5.6 shows the
pre-multiplied spanwise 1D spectra at the same y⋆ location as a function of k⋆

z

and k+
z , to emphasize that also the mean spacing of streamwise streaks remains

unaltered as a function of k⋆
z . In other words, the modulation of streak spacing



5.2. INFLUENCE OF RE⋆τ GRADIENTS ON NEAR-WALL TURBULENT STRUCTURES 61

10-2 10-1 1000

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

5.5(a)

k
z

E
ρ

u
′′ u

′′
/τ

w

k+
z

10-2 10-1 1000

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

5.5(b)

k
z

E
ρ

u
′′ u

′′
/τ

w

k⋆

z

CP395
GL
LL2

CP150
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z and (b) k⋆
z for

cases CP395, GL, LL2 and CP150.

observed at y⋆ ≈ 13 using classical wall scaling is misleading and exclusively
quantified by semi-local scales only.

The pre-multiplied streamwise spectra provide additional insights with re-
spect to previous findings. It can be seen that for case GL the energy contain-
ing low wave-number scales strengthen (see peak magnitude of spectra), while
they weaken for case LL2. The pre-multiplied streamwise 1D spectra for case
SRe⋆τGL (see figure 3.7(b)) exhibited similar strengthening at large wavelengths as
case GL. The strengthening and weakening of these large scale anisotropic struc-
tures seem to be independent of individual density or viscosity profiles, and thus
depend on the Re⋆

τ profile only. The previously mentioned increase in stream-
wise Reynolds stress anisotropy for case with dRe⋆

τ /d y < 0 is associated with
strengthening of these large-scale streamwise structures, while the vice versa is
true for case with dRe⋆

τ /d y > 0.

A visual impression of these large scale structures can be obtained by means
of contour plots of instantaneous flow fields as given in figure 5.7 and 5.8. Fig-
ure 5.7 shows streamwise velocity fluctuations

p
ρu′′/

p
τw in a plane parallel to

the wall at y⋆ ≈ 15 for case CP395, LL2 and SRe⋆τGL . Even though all three cases
are constant density flows (see table 3.1), we suggest to use ρ, instead of ρ, for
the normalization (

p
ρu′′/

p
τw ) in these plots. The reason for this suggestion

is that the magnitude of the streaks is modulated by the preferential concentra-
tion of high density fluid in a low-speed streak, and vice versa (see discussion
for figure 3.8(d)-3.8(f)). For cases LL2 and SRe⋆τGL both, semi-local (x⋆ = xRe⋆

τ /h
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Figure 5.7: Instantaneous streamwise velocity fluctuations
p
ρu′′/

p
τw in a x − z

plane at y⋆ ≈ 15 (a) case CP395, (b) case LL2 using x⋆− z⋆ coordinates, (c) case
LL2 using x+− z+ coordinates, (d) case SRe⋆τGL using x⋆− z⋆ coordinates and (e)
case SRe⋆τGL using x+− z+ coordinates. The white box in figure (c) corresponds
to figure (b) and box in figure (d) corresponds to figure (e).
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Figure 5.8: Instantaneous streamwise velocity fluctuations
p
ρu′′/

p
τw in x⋆−z⋆

plane at y⋆ ≈ 15. Contour for
p
ρu′′/

p
τw < −5.5 are cut-off (seen as white) (a)

case CP395, (b) case LL2, (c) case SRe⋆τGL .

and z⋆ = zRe⋆
τ /h) and classical (x+ = xReτ/h and z+ = zReτ/h) wall units are

shown. The box size in all visualisations is 2400×1100, based on corresponding
non-dimensional coordinates x⋆× z⋆/x+× z+. Scale separation becomes more
prominent for case LL2 (figure 5.7(b) and 5.7(c)) and less prominent for case
SRe⋆τGL (figure 5.7(d) and 5.7(e)) when compared with the constant property case
(figure 5.7(a)). The comparison of semi-locally scaled variable property contours
(figure 5.7(b) and 5.7(d)) with constant property contours (figure 5.7(a)) show a
similar mean spanwise spacing between the streaks for all cases. A similar com-
parison using classical wall coordinates (figure 5.7(c) and 5.7(e)) show decreased
spacing for case LL2, and an increased spacing for case SRe⋆τGL . The white box
in figure 5.7(c) and figure 5.7(d) indicates the domain size of figure 5.7(b) and
figure 5.7(e), respectively, in order to outline the scaling of the structures. The
strengthening (for a case with dRe⋆

τ /d y < 0) and weakening (for a case with
dRe⋆

τ /d y > 0) of near-wall structures with respect to the constant property case
can be visualised in figure 5.8. The

p
ρu′′/

p
τw contours are taken at the same

plane and time as figure 5.7. The low-speed streaks are cut-off below a threshold
value of

p
ρu′′/

p
τw = −5.5, thus highlighting the more energetic structures. It

can be seen that for case LL2 (figure 5.8(b)) the energetic spots reduce in compar-
ison to case CP395 (figure 5.8(a)). On the other hand, the energetic spots in case
of SRe⋆τGL (figure 5.8(c)) become more prominent. The large-scale streamwise
structures are low-speed streaks which become strengthened for case SRe⋆τGL ,
while weakening for case LL2. Since these structures scale with semi-local wall
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Figure 5.9: Joint pdf of
p
ρu′′/

p
τw and

p
ρv ′′/

p
τw with contours of probability

weighted Reynolds shear stress ρu′′v ′′/τw P(
p
ρu′′/

p
τw ,

p
ρv ′′/

p
τw ), for (a,b)

case GL, (c,d) case SRe⋆τGL and (e,f) case LL2 (all lines), compared with case
CP395 (filled contours). Left column y⋆ ≈ 8.5; right column y⋆ ≈ 15.
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units, their modulation is not related with outer layer motions.

Another way to quantify the turbulent structure is by means of probabil-
ity density functions (pdfs). Figure 5.9 shows joint-pdfs of

p
ρu′′/

p
τw and

p
ρv ′′/

p
τw as contour plots for the probability-weighted Reynolds shear stress

ρu′′v ′′/τw P(
p
ρu′′/

p
τw ,

p
ρv ′′/

p
τw ) at y⋆ ≈ 8.5 and y⋆ ≈ 15. Since these plots

are also affected by the preferential concentration of high density fluid in a
low-speed streak, and vice versa, we use ρ instead of ρ for normalization. Each
contour plot divides the probability-weighted Reynolds shear stress into four
quadrants, according to the sign of u′′ and v ′′. The most energetic events, which
are responsible for generating the Reynolds shear stress, occur in quadrants Q2
and Q4 and are referred to as ejection (u′′ < 0 and v ′′ > 0) and sweep (u′′ > 0 and
v ′′ < 0) events, respectively. The first observation that can be made from figure
5.9(a), 5.9(c) and 5.9(e) is that in comparison to CP395, case LL2 shows a larger
Reynolds shear stress, while cases GL and case SRe⋆τGL show a smaller Reynolds
shear stress, as can be clearly seen from the spread of iso-contour lines. An
additional observation is related to the Reynolds shear stress generation mecha-
nism. For case GL and SRe⋆τGL the pdfs in Q2 are clearly broader in streamwise-
and flatter in wall-normal direction. Thus, stronger negative streamwise fluc-
tuations and weaker positive wall-normal fluctuations appear. In other words,
low-speed streaks are stabilised and do not lift as intensely for cases GL and
SRe⋆τGL (dRe⋆

τ /d y < 0) when compared to CP395. The reverse happens for case
LL2 (dRe⋆

τ /d y > 0) where low-speed streaks weaken and lift more intensely away
from the wall.

For constant property cases, the near-wall streak spacing in the viscous
sublayer remains remarkably constant over a wide range of Reynolds numbers
(Klewicki et al., 1995). Figure 5.10(a) shows the normalised pre-multiplied span-
wise spectra of the density weighted streamwise velocity fluctuation at y⋆ ≈ 0.5
(top) and y⋆ ≈ 13 (bottom) as a function of semi-locally scaled wavelength
λ⋆

z = λz Re⋆
τ /h. The peak location of the spectra represents the mean streak

spacing and it can be seen that at y⋆ ≈ 13 the spacing is the same for all cases
(λ⋆

z ≈ 120 ). This is one of the few similarities that variable property and con-
stant property cases share. On the other hand, at y⋆ ≈ 0.5 only the constant
property cases (CP395, CP150, CP550) and the variable property case CRe⋆τ show
a similar streak spacing of λ⋆

z = λ+
z ≈ 110, whereas the variable property cases

with dRe⋆

τ /d y 6= 0 show a modulation in streak spacing. The cases GL and
SRe⋆τGL with dRe⋆

τ /d y < 0 (blue lines and symbols) show an increased streak
spacing of λ⋆

z ≈ 220, while λ⋆

z ≈ 50 for cases LL and SRe⋆τLL with dRe⋆

τ /d y > 0
(red lines and symbols). Figure 5.10(b) gives an overview of the near-wall streak
spacing as a function of y⋆. The lines in the plot indicate the boundaries where
kzEρu′′u′′/ρu′′u′′ is 96% of the peak value at a certain y⋆ location. It can be seen
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Figure 5.10: (a) Normalised pre-multiplied spanwise spectra kz Eρu′′u′′/ρu′′u′′ as
a function of λ⋆

z at y⋆ ≈ 0.5 (top) and y⋆ ≈ 13 (bottom). (b) λ⋆

z as a function
of y⋆ obtained using bands of kz Eρu′′u′′/ρu′′u′′ with values larger than 96% of
its maximum value; black, brown, green, blue and red lines correspond to case
CP395, CP150, CP550, GL and LL, respectively; the grey region corresponds to
case CRe⋆τ .

that the mean streak spacing appears to become universal after y⋆ ≈ 12 − 13,
while it deviates significantly in the viscous sublayer for cases with dRe⋆

τ /d y 6= 0.
This deviation is not surprising, because of the fact that the sublayer flow is
known to be induced by advecting dominant structures in the buffer layer (Kim
& Hussain, 1993). The wall-normal location of the dominant structures is also
found to be universal in semi-local units, as shown by Pei et al. (2013), using a
vorticity-velocity correlation in supersonic channel flows with isothermal walls
at different Mach numbers. The strong non-local influence of turbulence struc-
tures in the buffer layer on the near-wall region creates a disparity between the
semi-local scales and the actual turbulence scales in the sublayer.

5.2.2. VORTICAL STRUCTURES

The three-dimensional swirling strength Λci (x, y, z), which is based on the imag-
inary part of the complex eigenvalue of the velocity gradient tensor (Zhou
et al., 1999), is used to identify the near-wall vortical structures. The swirling
strength separates swirling- from shearing motion, and it can be evaluated us-
ing the gradient tensor of the instantaneous- or the fluctuating velocity field.
Note, it has been analytically shown that it is not possible to decouple the
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mean shear from the instantaneous field (Chen et al., 2014). In our inves-
tigations we evaluate the swirling strength using the instantaneous velocity
gradient tensor, because the local shear depends on the instantaneous field.
Similar to Wu & Christensen (2006), we normalise the local swirling strength
with its corresponding wall-normal root-mean-square Λ

r ms
ci

(y) value, such that
Λ́ci (x, y, z)=Λci (x, y, z)/Λr ms

ci
(y).

Figure 5.11(a) shows the top-view of an iso-surface of Λ́ci = 1.5 for case
CP395 in the near-wall region up to y+ ≈ 50. As stated in previous studies
(Jeong et al., 1997; Robinson, 1991), the near-wall region is mostly populated
by quasi-streamwise vortices. The iso-surfaces are coloured by the sign of their
streamwise vorticity, where red denotes positive and blue negative vorticity. The
figure also shows a slice of low-speed streaks at y+ = 13 (seen as light blue). A
small section (black box) of the same instantaneous flow field is shown in an
isometric view in figure 5.11(b), in order to show the inclination and elevation
of these structures with respect to the wall (the grey shades are projections of
the iso-surfaces onto the wall). As noted by Jeong et al. (1997), the structures
with positive vorticity tend to tilt in negative direction, and those with negative
vorticity tend to tilt in positive direction with respect to the streamwise direction
within the x-z plane. This tilting is correlated with the waviness of streaks and it
is associated with transferring of streamwise turbulence energy to spanwise and
wall-normal components (Jeong et al., 1997). Therefore, studying the orientation
of these structures can clarify the changes in anisotropy that occur in flows with
gradients in Re⋆

τ .

The orientation of the vortical structures can be characterized by the real
eigenvector νr of the velocity gradient tensor, which is able to differentiate the
swirling direction from the vorticity direction (Gao et al., 2011; Pirozzoli et al.,
2008). However, before evaluating the vortex orientation we must first find the
vortex centre. This is done by performing the following steps. First, all the
grid points that correspond to the local maxima of the swirling strength Λci are
flagged in all y − z planes of the numerical domain. Next the real eigenvector
νr of these points is used to check if the projection angles in the perpendicular
planes, which define the lift and the tilt and are denoted as θx y and θxz , are
within ±45◦. If this condition is met, the points are retained, otherwise they are
discarded. These steps are repeated to also find the vortex centres in the z−x and
x − y planes of the computational domain. Finally, only the points with Λ́ci ≥ 1.5
are kept and used as the vortex centres. Note, most of vortex centres were found
in the y − z plane, showing the dominance of quasi-streamwise vortices. An
outcome of this eduction procedure is given in figure 5.11(b), where the vortex
centres with their corresponding eigenvectors are shown. Since eigenvectors
can have either of the two opposing directions, its positive direction is chosen
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Figure 5.11: (a) Iso-surfaces of swirling strength seen from top, red iso-surfaces
correspond to positive voriticity while blue denotes negative vorticity; contours
show the low speed-streaks; rectangular box corresponds to figure b (b) isomet-
ric view of structures with real eigen-vectors at the vortex centre- the grey color
corresponds to projection of the structures at wall, vectors corresponding to pos-
itive vorticity shown as blue while red denotes negative vorticity.
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Figure 5.12: Probability density function of projection angle of eigenvector νr at
y⋆ = 13 (a) inclination angle θx y (b) tilting angle θxz .

such that the dot product with the the vorticity vector is positive. As evident,
the eigenvectors νr provide an excellent measure of the orientation axis of the
vortical structures. We will now apply this procedure to obtain statistics of the
inclination and tilting angle to draw conclusions on turbulence modulation for
all constant and variable property cases investigated in this work.

The probability-density-functions (pd f ) of the inclination θx y and tilting an-
gle θxz of the vortical structures at y⋆ = 13 are shown in figure 5.12. Similar to
turbulence statistics, the orientation of vortical structures for cases with quasi-
similar Re⋆τ profiles also shows quasi-similarity and is therefore independent of
individual density and viscosity profiles. As shown in figure 5.12(a), an increase
in Reτ from 150 to 550 for the constant property cases, increases the mode of the
pd f from 7◦ to 8◦ and broadens the pd f showing an increase in standard de-
viation. The variable property cases with dRe⋆

τ /d y < 0 (blue line and symbols)
show a decrease in the mode of the pd f (6◦) and a decrease in standard devi-
ation. The opposite is seen for cases with dRe⋆

τ /d y > 0 (red line and symbols),
which show an increase in the mode (10◦) and a broadening of the distribution.
These results show that lifting of coherent vortical structures reduces for cases
with dRe⋆

τ /d y < 0, and increases for dRe⋆
τ /d y > 0. These results are in agree-

ment with findings in previous subsection, where we observed that the streaks
were stabilised and do not lift as intensely for cases with dRe⋆

τ /d y < 0, while
they lift more intensely for cases with dRe⋆

τ /d y > 0.

The tilting of the structures is indicated in figure 5.12(b). Because the di-
rection of the tilting is coupled to the sign of the streamwise vorticity, and the
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events related to positive and negative streamwise vorticity are symmetric, we
only show tilting angles for positive streamwise vorticity. Only small changes can
be seen for the constant property cases with the mode at approximately ± 8◦. For
cases with dRe⋆

τ /d y < 0, the mode of the pd f ’s occurs at ± 5◦ and the distribu-
tions narrow. The reverse happens for cases with dRe⋆

τ /d y > 0, with the mode at
± 11◦ and broader distributions.

We will now summarise the effects related to flows with variable properties
and provide a mechanistic description to explain the observed turbulence mod-
ulations. In order to avoid switching between different cases, we will only use
cases with dRe⋆

τ /d y > 0 (the effects for cases with dRe⋆
τ /d y < 0 are exactly oppo-

site). The increase in magnitude of van Driest transformed mean spanwise vor-
ticity −duvD/d y increases the mean forcing in spanwise direction, causing the
increased tilting of vortical structures. The increased tilting results in stronger
streak waviness, which then leads to an increased turbulence activity, enabling
the evolution of near-wall structures and the generation of stronger shear lay-
ers (Johansson et al., 1991). The increased lifting of both streaks and vortical
structures is therefore closely associated with an increase in tilting of the struc-
tures. This also explains the increase in shear stress anisotropy, which increases
momentum transfer in spite of lower turbulence kinetic energy. Furthermore,
the increase in tilting angle also provides a structural interpretation for the in-
crease in the pressure-strain correlation, which acts as a sink in the budget of
the streamwise energy equation and therefore redistributes the streamwise tur-
bulence energy in the other two directions. From Jeong et al. (1997) it is known
that the preferential alignment of structures with respect to streamwise vorticity
produces positive values of ∂u′/∂x within the structure and since p ′ is negative
within the structure, p ′∂u′/∂x is also negative. Additionally, the spanwise asym-
metry results in internal shear layers, where high-speed fluid collides with low-
speed fluid, causing a positive p ′ and a negative ∂u′/∂x, and hence in p ′∂u′/∂x <
0. The modulation in tilting of the structures therefore provides a physical inter-
pretation of the modulated turbulence statistics.

5.3. SUMMARY

Near-wall gradients in Re⋆

τ result in turbulence modification when compared to
constant property cases with similar Reτ values. Partial success in accounting
for this change in turbulence is obtained using the semi-local scaling, which ac-
commodates the changes in viscous scales using local fluid properties. The suc-
cess of the semi-local scaling is evident for the profiles of Reynolds shear stress
and viscous shear stress. However, statistics like r ms of vorticity fluctuations,
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which are sensitive to the strong non-local interactions of the buffer layer vor-
tical structures with the viscous sublayer, show a poor collapse in the near-wall
region using the semi-local scaling. These strong non-local interactions are ev-
ident from the semi-locally scaled streak spacing that tends to become univer-
sal after y⋆ ≈ 12− 13, while it deviates significantly in the viscous sublayer for
cases with dRe⋆

τ /d y 6= 0. Furthermore, the failure of the semi-local scaling to
provide a universal collapse also occurs due to structural changes in turbulence
that affect lifting and tilting of quasi-streamwise vortices. These changes influ-
ence the Reynolds stress generation mechanism and the inter-component en-
ergy transfer for turbulent stresses. This fact is evident from the statistics of tur-
bulence anisotropy and joint pdfs of streamwise and wall-normal fluctuations,
both of which shows deviation when comparing cases with different Re⋆

τ pro-
files. For cases with dRe⋆

τ /d y < 0 the near-wall streamwise anisotropy increases,
while decreasing for cases with dRe⋆

τ /d y > 0. This change in anisotropy is not
a Reynolds number effect, as highlighted by comparison with constant property
turbulent flows at different Reτ values. The increase in streamwise anisotropy for
cases with dRe⋆

τ /d y < 0 is associated with strengthening of large scale low-speed
streaks in the buffer layer, while the reverse is true for cases with dRe⋆

τ /d y >
0. The joint pdfs of streamwise and wall-normal fluctuations reveals that the
Reynolds shear stress generation is modified for cases with dRe⋆

τ /d y 6= 0. We
showed that low-speed streaks are stabilised and do not lift as intensely for cases
with dRe⋆

τ /d y < 0. The reverse happens for cases with dRe⋆
τ /d y > 0, with low-

speed streaks weakening and lifting more intensely away from the wall.

These changes in Reynolds stress generation mechanism are further moti-
vated by investigating the influence of Re⋆

τ gradients on near-wall vortical struc-
tures. The orientation of these structures is determined using real eigenvector
of the instantaneous velocity gradient tensor at the vortex centre. Similar to tur-
bulence statistics, the orientation of these structures is also strongly governed
by Re⋆

τ profile and their dependence on individual density and viscosity profile
is negligible. Cases with dRe⋆

τ /d y > 0 show an inflection point in uvD, causing
a higher strain with respect to the wall. This higher strain increases the mean
forcing in spanwise direction, which results in an increase in tilting of quasi-
streamwise vortices. The increased tilting of the structures increases the asym-
metry of the streaks, which are known to play an important role in maintain-
ing the near-wall cycle and generation of strong shear layers (Johansson et al.,
1991). This increased turbulence activity also causes an increased lifting of the
structures and explains why cases with dRe⋆

τ /d y > 0 show an increased momen-
tum transfer in spite of lower turbulence kinetic energy. The increase in tilting of
the structures also provides a physical interpretation for the increase in negative
pressure-strain, which enables transfer of streamwise fluctuation energy towards
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spanwise and wall-normal components (Jeong et al., 1997). The opposite is true
for cases with dRe⋆

τ /d y < 0. It should be noted that although semi-local scaling
fails to provide a universal collapse for the above mentioned statistics, the rea-
sons behind this failure are very well incorporated in the framework developed
in Chapter 3, which only suggests universality for a given Re⋆

τ profile.
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6.1. INTRODUCTION

One of the important aspects in understanding turbulent scalar transport is to
determine the analogy between scalar and momentum transport. This results in
a simple modeling approach where the turbulent scalar flux is determined us-
ing the turbulent eddy/momentum viscosity µt and a turbulent Prandtl num-
ber Prt (or turbulent Schmidt number Sct , if the scalar is a concentration field),
which is defined as the ratio of eddy viscosity µt to eddy conductivity αt . A sig-
nificant amount of research effort has, therefore, been devoted in determining
the turbulent Prandtl/Schmidt number in flows with passive scalars. DNS has
enabled scalar statistics in the near-wall region to be determined more accu-
rately which is challenging to measure with experiments. Kim & Moin (1989)
performed DNS of channel flows with Prandtl numbers of Prw = 0.1,0.71,2 and
a friction Reynolds number of Reτ = 180. They observed that Prt does not change
significantly for cases with Prw = 0.71 and 2. Kawamura et al. (1998) performed
DNS of turbulent heat transfer in a channel for various Prandtl numbers, rang-
ing from Prw = 0.025 to 5 at Reτ = 180. For fluids with Prw > 0.1, the turbulent
Prandtl number was found to be independent of Prw , with values of the order
of unity in the regions away from the centre. Schwertfirm & Manhart (2007)
performed DNS with Schmidt number Scw up to 50 and found that near the
wall Sct increases for higher Scw . However, this increase is in regions where
turbulent transport is negligible and therefore not important for mean scalar
profiles. Kawamura et al. (1999) studied the effect of varying Reτ(=180,395) and
Prw (=0.025,0.2,0.71) in a channel and found that Prt is independent of Reτ and
Prw , if Prw > 0.2. Pirozzoli et al. (2016) extended DNS of passive scalars in chan-
nel flows to Reτ ≈ 4000, with Prw = 0.2,0.71,1. The turbulent Prandtl number
was found to be nearly constant in the lower 50% of the half-channel, regardless
of the Reynolds and Prandtl number. The slope of the log-law for the mean scalar
profile, which also is directly related to the turbulent Prandtl number, was found
to be 1/0.46.

In applications with large temperature differences, the variations of temper-
ature dependent thermophysical property can be strong. In such cases the ther-
mophysical property variations can modulate turbulence and the traditional ap-
proach of treating temperature as a passive scalar no longer holds. Although tur-
bulence modulation in a turbulent channel flow due to variable thermophysi-
cal properties has been investigated in great detail in high-Mach number flows
(Coleman et al., 1995; Lechner et al., 2001; Foysi et al., 2004; Modesti & Pirozzoli,
2016) and in low-Mach number flows (Zonta et al., 2012; Nicoud & Poinsot, 1999),
the effect of property variations on scalar transport is not well understood. Lee
et al. (2014) studied the influence of wall-heating on turbulent thermal bound-
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ary layers with variable viscosity and observed variations in mean scalar, scalar
fluctuation and scalar flux, relative to a reference isothermal flow. In order to
account for an inhomogeneous Prandtl number distribution, they proposed to
modify Kader’s relation (Kader, 1981) for the mean scalar profile by incorporat-
ing both the local Prandtl number and the Prandtl number at the the inner edge
of the log-layer.

In the previous chapters, it was shown that the leading order effects of prop-
erty variations on near-wall turbulence are well parametrized using the semi-
local friction Reynolds number Re⋆

τ . It accounts for changes in viscous scales
due to property variations and also provides a measure of near-wall turbulence
modulation with respect to a constant property case. For example, cases with
dRe⋆

τ /d y < 0 in the near-wall region show an increased streamwise anisotropy,
which alters the Reynolds-stress generation mechanism and modifies the near-
wall universality of turbulence. The influence of this structural change on the
universality of the viscous shear stress as a function of semi-local wall coordinate
y⋆ was shown to be negligible, which was then used to derive a universal velocity
transformation. In this chapter, we discuss the influence of variable properties
on scaling of turbulent temperature statistics.

6.2. CASE DESCRIPTION

In addition to the previous simulations with variable density and viscosity, we
introduce cases where also the thermal conductivity changes as a function of
temperature. A summary of these cases is given in table 6.1. The functional re-
lations for ρ/ρw , µ/µw and λ/λw as a function of T /Tw are given in the second,
third and fourth columns, respectively. The fifth column reports the value of the
local mean Prandtl number

Pr⋆ =Prw

(
µ/µw

)
(
λ/λw

) , (6.1)

at the channel centre and is denoted as Pr⋆
c . The semi-local Reynolds number

at the channel centre, denoted as Re⋆
τ c , is given in the sixth column. Note, at

the wall Re⋆
τ w = Reτ and Pr⋆

w = Prw . For all simulations, cp is considered to be
constant and the reference Reynolds number Reτ is taken to be 395. The ref-
erence Prw for all variable property cases is taken to be unity. Cases CP395Pr 1

and CP395Pr 4 correspond to constant property cases with a Prandtl number of
1 and 4, respectively. CRe⋆τ refers to a variable property case whose density and
viscosity are proportional to 1/T and

p
1/T , respectively, such that Re⋆

τ remains
constant across the whole channel. Case CRe⋆τ CPr⋆ has a similar temperature
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Case ρ/ρw µ/µw λ/λw Pr⋆

c Re⋆

τ c

CP395Pr 1 1 1 1 1 395
CRe⋆τ (T /Tw )−1 (T /Tw )−0.5 1 0.71 395
CRe⋆τ CPr⋆ (T /Tw )−1 (T /Tw )−0.5 (T /Tw )−0.5 1 395
SRe⋆τGL 1 (T /Tw )1.2 1 2.6 152
GL (T /Tw )−1 (T /Tw )0.7 1 1.8 142
GLCPr⋆ (T /Tw )−1 (T /Tw )0.7 (T /Tw )0.7 1 159
LL 1 (T /Tw )−1 1 0.56 703
VλSPr⋆LL 1 1 (T /Tw ) 0.56 395
CP395Pr 4 1 1 1 4 395

Table 6.1: Simulation parameters for all cases. CP395Pr 1 - constant property case
with Reτ = 395 and Prw = 1; CRe⋆τ - variable property case with constant Re⋆

τ

(= 395) across the channel; CRe⋆τ CPr⋆ - variable property case with constant Re⋆
τ

(= 395) and Pr⋆ (= 1) across the channel; GL - case with gas-like density and
viscosity variation; SRe⋆τGL- variable property case with Re⋆

τ similar to case GL;
GLCPr⋆ - case with gas-like density and viscosity variations and constant Pr⋆

(= 1) across the channel; LL - case with liquid-like viscosity variations; VλSPr⋆LL

- case with variable thermal conductivity and Pr⋆ similar to case LL; CP395Pr 4 -
constant property case with Reτ = 395 and Prw = 4.

Case (∆x/ηθ)max (∆(y)mi n/ηθ)max (∆(y)max /ηθ)max (∆z/ηθ)max

CP395Pr 1 6.98 0.69 0.89 3.49
CRe⋆τ 7 0.7 0.74 3.5
CRe⋆τ CPr⋆ 7 0.7 0.88 3.5
SRe⋆τGL 10.78 0.64 0.69 4.31
GL 10.8 0.64 0.55 4.31
GLCPr⋆ 10.82 0.65 0.45 4.32
LL 5.6 0.68 0.77 2.8
VλSPr⋆LL 6.98 0.69 0.66 3.49
CP395Pr 4 10.35 0.75 1.34 5.17

Table 6.2: Maximum spatial resolution, normalized by the Batchelor scale ηθ =
η/

p
Pr⋆.
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Figure 6.1: Averaged (a) density ρ/ρw , (b) viscosity µ/µw , and (c) thermal con-
ductivity λ/λw as a function of wall-normal distance y/h.

dependency for ρ and µ as case CRe⋆τ , while also allowing thermal conductiv-
ity to be temperature dependent and equal to viscosity, making the local mean
Prandtl number constant across the whole channel. GL corresponds to a gas-
like density and viscosity variation. Case GLCPr⋆ has a similar temperature de-
pendency for ρ and µ as case GL and in addition has a constant Pr⋆ across the
channel. SRe⋆τGL refers to a case that has a similar Re⋆

τ distribution as case GL.
LL corresponds to a case with a liquid-like µ variation. VλSPr⋆LL corresponds to
a case with thermal conductivity directly proportional to temperature, such that
its Pr⋆ varies but is similar to that of case LL.

Table 6.2 lists the maximum grid spacing in terms of the Batchelor scale ηθ =
η/

p
Pr⋆ (with η the Kolmogorov scale) for all cases. The values are within the
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Figure 6.2: (a) Semi-local Reynolds number Re⋆

τ and (b) local Prandtl number
Pr⋆ as a function of wall-normal distance y/h.

resolution requirements of ∆x < 12ηθ , ∆y < 2ηθ , ∆z < 6ηθ , as also reported in
other DNS studies (Zonta et al., 2012; Lee et al., 2013).

Figure 6.1 shows the distributions of averaged density, viscosity and thermal
conductivity for all cases (except CP395Pr 4). Considerable variations in ρ, µ and
λ are obtained. Cases with variable density are shown as symbols and cases with
constant density are shown as lines. Figure 6.2 shows the distributions of Re⋆

τ

and Pr⋆. Cases CP395Pr 1, CP395Pr 4, CRe⋆τ , CRe⋆τ CPr⋆ and VλSPr⋆LL with con-
stant Re⋆

τ across the channel are shown in black. Cases SRe⋆τGL , GL and GLCPr⋆

with Re⋆
τ decreasing away from the wall are shown in blue. Case LL with Re⋆

τ

increasing away from the wall is shown in red.

6.3. SCALAR STATISTICS

As shown in Chapter 4, the semi-local wall coordinate y⋆ is effective in accom-
modating changes in viscous scales due to variable properties, thus providing a
meaningful representation for the velocity statistics. Therefore, all wall-normal
profiles are plotted as a function of y⋆ in the present chapter.

CONVENTIONAL MEAN SCALAR SCALING

The profile of mean transformed temperature

θ =T −Tw , (6.2)
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Figure 6.3: (a) Mean temperature normalized by friction temperature and (b) van
Driest transformed temperature, plotted as a function of y⋆.

normalized by the friction temperature

θτ =
qw

ρw cpw uτ
, (6.3)

where qw is the wall heat flux, is shown in figure 6.3(a) for all cases (except
CP395Pr 4). The constant property case CP395Pr 1 compares well with the cor-
relation from Kader (1981), while all other cases deviate significantly. Using the

van Driest transformed temperature profile θ
vD

=
∫θ/θτ

0

√
ρ/ρw d

(
θ/θτ

)
, shown

in figure 6.3(b), case CRe⋆τ CPr⋆ (for which both Re⋆

τ and Pr⋆ are a constant)
shows a good collapse with case CP395Pr 1. Unlike the uvD profiles, which for

cases with constant Re⋆

τ collapse with constant property cases, a collapse of θ
vD

additionally requires Pr⋆ to remain constant. This can be seen for case CRe⋆τ
and VλSPr⋆LL, for which Re⋆

τ is a constant but Pr⋆ varies, therefore showing
deviation from case CP395Pr 1. A Prandtl-number-dependent shift also occurs
when comparing profiles of θ/θτ for constant property cases at different Prandtl
numbers as can be seen by comparing case CP395Pr 1 with CP395Pr 4 (also see
for e.g. Kawamura et al., 1998). Similar to uvD, which does not collapse for cases

with Re⋆

τ gradients, θ
vD

also deviates significantly for cases with Re⋆

τ gradients.
This can be seen for the case GLCPr⋆, for which Pr⋆ is constant and Re⋆

τ varies.
Cases SRe⋆τGL , GL and LL experience the combined effect of variations in both
Pr⋆ and Re⋆

τ .
Lee et al. (2014), who investigated heated turbulent boundary layers with

variable viscosity, proposed a modification to Kader’s original relation (Kader,
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1981) for the mean scalar distribution by accounting for variations in local
Prandtl number. The relation is given as

θ
vD

= Pr⋆y⋆exp(−Γ)+

{
2.12ln

[
(
1+ y⋆

) 1.5
(
2− y/h

)

1+2
(
1− y/h

)2

]
+β(Prv )

}
exp(−1/Γ),

(6.4)
with

β(Prv ) =
(
3.85Pr 1/3

v −1.3
)2 +2.12ln Prv (6.5)

and

Γ=
10−2

(
Pr⋆y⋆

)4

1+5Pr⋆3 y⋆
and Prv = Pr⋆(y⋆ ≈ 30). (6.6)

They proposed that except for the definition of β, all Pr values in the original re-
lation by Kader should be replaced by Pr⋆ and the inner-scaled wall coordinate
should be y⋆ instead of y+. For defining β, which determines the elevation of the
log-law, they proposed to use the Prandtl number at the start of the log region
Prv = Pr⋆(y⋆ ≈ 30). A comparison of the proposed relation for selected cases
is shown in figure 6.4(a). A close approximation is provided for cases with de-
creasing Re⋆

τ and increasing Pr⋆ (SRe⋆τGL , GL) or vice versa (LL). The prediction
for cases where only one of the parameters (Re⋆

τ or Pr⋆) varies (CRe⋆τ , GLCPr⋆,
VλSPr⋆LL) is in general poor. This can be clearly seen for case GLCPr⋆, where
because of constant Pr⋆, equation (6.4) provides a similar distribution as case

CP395Pr 1. However, θ
vD

for GLCPr⋆ is much higher. This non-universal behav-
ior can be attributed to the fact that equation (6.4) assumes that the slope of the
log-law is unaffected by property variations, which is not the case for cases with
Re⋆

τ gradients as can be seen by the diagnostic function that is related with the
inverse of the slope of the log-law kθ as

1

kθ
= y⋆

dθ
vD

d y⋆
. (6.7)

A plot of kθ is shown in figure 6.4(b). It is noticeable that kθ increases with in-

creasing Re⋆

τ and decreases with decreasing Re⋆

τ . Clearly, the distribution of θ
vD

is influenced by Re⋆

τ gradients.

Re⋆

τ INVARIANT MEAN SCALAR SCALING

In order to account for Re⋆

τ variations and to further investigate the character-
istics of mean temperature profiles, we first introduce the mean heat flux equa-
tion. The relation for the wall-normal turbulent heat flux and conductive heat
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Figure 6.4: (a) van Driest transformed temperature compared with the modified
Kader correlation as suggested by Lee et al. (2014) and (b) von Karman constant
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flux can be obtained by integrating the mean energy equation, which for a fully
developed turbulent channel flow, can be written as

−
ρ �v ′′θ′′

ρw uτθτ
+

h

ReτPrw

(
λ

λw

)
d

(
θ/θτ

)

d y
+

h

Reτ

(
λ′

λw

)
d (θ′/θτ)

d y
=

(
1−

y

h

)
. (6.8)

Neglecting the thermal conductivity fluctuations in equation (6.8) gives

−
ρ�v ′′θ′′

ρw uτθτ
+

h

ReτPrw

(
λ

λw

)
d

(
θ/θτ

)

d y
≈

(
1−

y

h

)
. (6.9)

Using the turbulent eddy conductivity

αt =−
ρ �v ′′θ′′(

dθ
d y

) , (6.10)

equation (6.9) can be written as,

(
αt

µw
+

1

Prw

(
λ

λw

))
h

Reτ

d
(
θ/θτ

)

d y
≈

(
1−

y

h

)
. (6.11)
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Figure 6.5: (a) Conductive heat flux and (b) turbulent eddy conductivity normal-
ized by mean viscosity, plotted as a function of y⋆.

The above equation can then further be expressed in terms of semi-local param-
eters, Re⋆

τ and Pr⋆, and the van Driest mean temperature increment as

dθ
vD

=

√
ρ

ρw
d

(
θ

θτ

)
, (6.12)

to give
(
αt

µ
+

1

Pr⋆

)
h

Re⋆
τ

dθ
vD

d y
≈

(
1−

y

h

)
. (6.13)

A plot of the conductive heat flux
(
h/(Re⋆

τ Pr⋆)
)

dθ
vD

/d y , as a function of
y⋆ is shown in figure 6.5(a). The plot provides a measure of the conductive
sublayer thickness. For constant property cases, it can be clearly seen that the
conduction dominated region reduces for case CP395Pr 4, when compared with
case CP395Pr 1. For variable property cases, an increase in Pr⋆ towards the chan-
nel centre (cases SRe⋆τGL and GL) reduces the thickness of the conduction dom-
inated region in terms of y⋆, while the reverse happens when Pr⋆ decreases
(cases CRe⋆τ , LL and VλSPr⋆LL). The case GLCPr⋆ with constant Pr⋆ = 1 and vari-
able Re⋆

τ , shows a good collapse with case CP395Pr 1 over the entire inner layer.
This behavior is similar to constant property cases with the same Prw , but dif-
ferent Reτ values (see for e.g. Kawamura et al., 1999). Similarly, cases LL and
VλSPr⋆LL , which exhibit quasi-similar Pr⋆ profiles, also show quasi-similar con-
ductive heat flux profiles, despite the different Re⋆

τ profiles. All the above ob-
servations can be summarized mathematically by investigating the scaling char-
acteristics of the turbulent eddy conductivity. A plot of αt /µ as a function of
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y⋆ in figure 6.5(b), shows a reasonable collapse in the inner layer for all cases.
While we will discuss this collapse later in more detail, the direct implication
of this collapse will be discussed first. Since, in the overlap region, located be-
tween the buffer layer and the channel core, the turbulent mixing dominates (i.e.,
αt /µ >> 1/Pr⋆, and the inner scaling applies), equation (6.13) and figure 6.5(b)
gives

h

Re⋆
τ

dθ
vD

d y
=Φ(y⋆), (6.14)

where Φ is an unknown function of y⋆. A plot of the van Driest temperature
gradient normalized by the semi-local length scale is shown in figure 6.6(a) as a
function of y⋆. A good collapse is obtained in the entire inner layer, except in re-
gions where molecular effects are dominant (y⋆ < 30 for the present cases). The
effectiveness of this collapse can be used to extend the van Driest transformed
temperature to provide a temperature profile that exhibits similar characteristics
as the ones of a constant property case. Following a similar procedure we used
to derive u⋆, equation (6.14) can be written as

h

Re⋆
τ

(
d y⋆

d y

)
dθ

vD

d y⋆
=Φ(y⋆) . (6.15)

d y⋆/d y can be obtained by taking the derivative of y⋆ = yRe⋆

τ /h with respect to
y , to obtain

(
1+

y

Re⋆
τ

dRe⋆
τ

d y

)
dθ

vD

d y⋆
=Φ(y⋆). (6.16)

Equation (6.16) can then be written in terms of the extended van Direst temper-

ature profile dθ
⋆

as

dθ
⋆

d y⋆
=

(
1+

y

Re⋆
τ

dRe⋆

τ

d y

)
dθ

vD

d y⋆
=Φ(y⋆). (6.17)

The last equality in this equation is valid only in the overlap region. In the region

close to the wall (assuming a constant heat flux region), dθ
⋆

/d y⋆ is given as

dθ
⋆

d y⋆
=

h

Re⋆
τ

dθ
vD

d y
=

1(
αt

µ
+ 1

Pr⋆

) . (6.18)

Therefore, θ
⋆

=
∫θ

vD

0

(
1+

(
y/Re⋆

τ

)
dRe⋆

τ /d y
)

dθ
vD

(obtained by integrating from

the wall), exhibits a Pr⋆ dependent shift. A plot of θ
⋆

, as a function of y⋆, is
shown in figure 6.6(b). It can be seen that all cases with Pr⋆ = 1 (CP395Pr 1,
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cous length scale, (b) extended van Driest transformed temperature and (c) von
Karman constant kθ⋆ for the extended van Driest transformed temperature pro-
file, plotted as a function of y⋆.



6.3. SCALAR STATISTICS 85

CRe⋆τ CPr⋆ and GLCPr⋆) show a reasonable collapse, irrespective of the Re⋆
τ pro-

file. Similarly, case LL and VλSPr⋆LL , with quasi-similar Pr⋆ variations, exhibit

similar θ
⋆

profiles. Additionally, all cases exhibit a similar slope in the log-law re-
gion, which can be seen by the plot of the inverse of the log-law slope kθ⋆ , given
by

1

kθ⋆

= y⋆
dθ

⋆

d y⋆
, (6.19)

which is shown in figure 6.6(c). θ
⋆

therefore exhibits all characteristics of a con-
stant property scalar distribution (for Prw > 0.2), which also have a Prandtl-
number-dependent shift and similar slope in the log-law region, irrespective of
their Reτ and Prw values. The origin of the log-law region in terms of y⋆, is also
found to remain invariant for the cases presented herein.

TURBULENT PRANDTL NUMBER

The success of the extended van Driest transformed temperature θ
⋆

is further
investigated by studying the analogy between momentum and scalar transfer. In
chapter 4 we showed that the viscous stress h/Re⋆

τ (duvD/d y) collapses reason-
ably well when plotted as a function of y⋆. For the near wall constant stress layer,
this collapse can be written in terms of the turbulent eddy viscosity µt as

h

Re⋆
τ

duvD

d y
=

1(
µt

µ
+1

) =Ψ(y⋆), (6.20)

where Ψ is an unknown function of y⋆. This results in µt /µ to be a universal
function of y⋆ in the inner layer. A plot of µt /µ is shown along with αt /µ as
a function of y⋆ in figure 6.7(a). It can be seen that the profiles of µt /µ and
αt /µ behave similar, showing a strong analogy between turbulent momentum
and scalar transfer. This is also seen in figure 6.7(b), where the turbulent Prandtl
number Prt is shown. Prt varies slightly around unity in the inner layer, indi-
cating again the strong analogy between momentum and scalar transport. This,

along with the universal behavior of u⋆, is the reason for the success of θ
⋆

.
A closer inspection of the near-wall behavior of µt /µ and αt /µ shows devi-

ation in the region y⋆ < 10 for cases with Re⋆

τ gradients. This deviation in µt /µ
was noted earlier in Chapter 4 as a deviation in mixing length and stems from
turbulence modulation occurring in cases with Re⋆

τ gradients, which influence
the anisotropy of the turbulence and also alters the Reynolds stress generation
mechanism. The influence of this deviation in µt /µ on scaling of u⋆ was found
to be negligible for the present cases, since the deviations were limited to the
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viscous dominated region. A similar analysis is done for θ
⋆

in figure 6.7(c) by
comparing αt /µ with 1/Pr⋆. It can be seen that for the present cases the influ-

ence of turbulence modulation does not influence θ
⋆

and its shift in the overlap
layer is only because of Pr⋆. However, this change in near-wall behavior of αt /µ
for cases with Re⋆

τ gradients could play a crucial role in scalar transport for high
Prandtl number fluids, for which the cross-over point between 1/Pr⋆ and αt /µ
moves closer to the wall.

HIGHER ORDER SCALAR STATISTICS

Higher order statistics of the scalar field will be discussed next. Using the semi-
local framework, the appropriate form of second and third order temperature
fluctuations involve a density weighted correction and are given by ρθ′′ 2/

(
ρwθ2

τ

)

(figure 6.8(a)) and ρ1.5θ′′ 3/
(
ρ1.5

w θ3
τ

)
(figure 6.8(b)), respectively. From constant

property studies (Kawamura et al., 1999) it is known that the scalar fluctuation
statistics show a strong Prandtl number dependency, while the Reynolds num-
ber dependency, although present, is weak. A similar behavior can be seen for
the present cases, where for cases with increasing Pr⋆ (SRe⋆τGL and GL) the peaks
become more pronounced, while the reverse happens for cases with decreasing
Pr⋆ (CRe⋆τ , LL, VλSPr⋆LL). The statistics for cases with constant Pr⋆ show a good
collapse only when the Re⋆

τ profiles are also similar (see for e.g. cases CP395Pr 1

and CRe⋆τ CPr⋆), while small deviations are observed when Re⋆

τ differs (see for
e.g. CP395Pr 1 and GLCPr⋆). This Re⋆

τ dependent deviation is even more pro-
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nounced for third order statistics. Similar observations can be made for cases
LL and VλSPr⋆LL , which have quasi-similar Pr⋆ but different Re⋆

τ . Although not
shown here, it should be noted that similar to statistics of velocity fluctuations,

it was found that ρθ′′ 2 ≈ ρθ′′ 2, but ρ1.5 θ′′ 3 6= ρ1.5 θ′′ 3. This importance of in-
corporating density fluctuations in third order moments occurs because of the
functional relation of density with temperature, which results in a preferential
concentration of a high density fluid in a low temperature streak, and vice versa.

6.4. SUMMARY

Variable property cases with different relations for density, viscosity and ther-
mal conductivity as a function of temperature are studied to analyze scal-
ing of a turbulent scalar field. In addition to the distribution of the semi-
local Reynolds number Re⋆

τ , the distribution of the local Prandtl number
Pr⋆ ≡ Prw (µ/µw )/(λ/λw ) plays an important role in scaling of scalar statis-

tics. The van Driest transformed mean temperature profiles θ
vD

, for variable
property cases collapse with the constant property mean scalar distribution
(with Prandtl number Prw ) only when their Re⋆

τ and Pr⋆ distributions are con-

stant across the channel. Near-wall gradients in Re⋆

τ result in deviations of θ
vD

,
even if Pr⋆ is constant. An extended van Driest transformation for the mean
temperature profile, dθ

⋆

=
(
1+

(
y/Re⋆

τ

)
dRe⋆

τ /d y
)

dθ
vD

is derived, which is able
to collapse cases with varying Re⋆

τ and constant Pr⋆. For cases with varying
Pr⋆ profiles, the thickness of the conduction dominated region changes. The
turbulent diffusivity, however, shows a good collapse in the inner layer (except
in regions with y⋆ < 10) for all cases, irrespective of Re⋆

τ and Pr⋆ profiles. The
modulation in turbulent diffusivity in regions with y⋆ < 10 occurs for cases with
gradients in Re⋆

τ and is associated with modulations in turbulence. However, for

the present cases the influence of this turbulence modulation on θ
⋆

is negligible

and its shift in the overlap layer is only caused by Pr⋆ variations. The θ
⋆

trans-
formation is analogous to the u⋆ transformation and follows from the strong
analogy between momentum and scalar transfer, as seen with the turbulent
Prandtl number, which varies slightly around unity in the inner layer. Higher
order statistics also show quasi-similarity for cases with similar Re⋆

τ and Pr⋆

distributions.
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7.1. INTRODUCTION

The observations made in the previous chapters can be utilized to improve the
performance of turbulence models. It was seen that the profile of semi-local
Reynolds number Re⋆

τ governs the wall-normal gradient of van Driest velocity
and follows the relation

h

Re⋆
τ

duvD

d y
=Φ(y⋆). (7.1)

The wall-normal gradient of van Driest velocity in turn governs the production
of semi-locally scaled turbulent fluctuations. Additionally it was seen that the
Re⋆

τ profile also provides a good scaling for the Kolmogorov length scale which
is governed by the dissipation of turbulence kinetic energy. These observations
suggest that the conventional turbulence model which uses transport equation
for turbulence kinetic energy k and dissipation ǫ can be improved to account for
variable property effects. We therefore begin by first deriving the transport equa-
tion for semi-locally scaled turbulence kinetic energy (SLS TKE) which is con-
sistent with the semi-local framework and has all the features discussed above.
We will then use the modeled form of SLS TKE to simulate several fully devel-
oped turbulent flows, ranging from volumetrically heated flows at low Mach (Ma)
numbers to a fully compressible Ma=4 case in a channel with isothermal walls
provided by Trettel & Larsson (2016).

7.2. SEMI-LOCALLY SCALED TURBULENCE KINETIC ENERGY

EQUATION (SLS TKE)

As done in Chapter 3, we apply a scaling transformation to the Navier-Stokes
equations using semi-local quantities such that the rescaled density, dynamic
viscosity, velocity, pressure and spatial coordinate are defined as

ρ̂ =
ρ

ρ
, µ̂=

µ

µ
, ûi =

ui

u⋆
τ

, p̂ =
p

ρu⋆
τ

2
, and x̂i =

xi

h
, (7.2)

respectively. Assuming that the averaged wall shear stress τw is constant or
changes slowly in streamwise direction, the semi-locally scaled continuity equa-
tion can then be written as

t⋆τ
∂ρ̂

∂t
+
∂ρ̂ûi

∂x̂i
=−

ρ̂ûi

ρu⋆
τ

∂ρu⋆
τ

∂x̂i
=−ρ̂ûi

1

2

1

ρ

∂ρ

∂x̂i︸ ︷︷ ︸
di

, (7.3)
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where t⋆τ = h/u⋆
τ is the corresponding time scale. The additional term with di

is a result of the scaling transformation using semi-local quantities, which con-
tains the gradient of the Reynolds averaged density. Accordingly, the semi-locally
scaled momentum equations read

ρ̂t⋆τ
∂ûi

∂t
+ ρ̂û j

∂ûi

∂x̂ j
− ρ̂ûi û j d j =−

∂p̂

∂x̂i
+
∂τ̂i j

∂x̂ j
−
∂D̂i j

∂x̂ j
, (7.4)

with the stress tensor τ̂i j = µ̂/Re⋆

τ

[(
∂ûi /∂x̂ j +∂û j /∂x̂i

)
−2/3(∂ûk /∂x̂k )δi j

]
and

D̂i j = µ̂/Re⋆

τ

[(
ûi d j + û j di

)
−2/3(ûk dk )δi j

]
. Compared to the conventional

form, two additional terms appear that result from the scaling transformation
using semi-local quantities. Also note that the effective viscosity in the viscous
term is proportional to 1/Re⋆

τ .
Given equations (7.3) and (7.4), we can now derive the semi-locally scaled

turbulence kinetic energy equation (SLS TKE) using a standard procedure by first
multiplying the momentum equation (7.4) with the Favre fluctuating velocity û′′

i

and then Reynolds averaging the product. The Reynolds decomposition is used
for density, viscosity, pressure and stress tensor, while the Favre decomposition
is used for the velocity. To highlight distinct differences in the derivation when
using the semi-locally scaled Navier-Stokes equations, this procedure is outlined
for the terms on the left-hand-side of equation (7.4),
For the unsteady term we obtain

û′′
i
ρ̂t⋆τ

∂ûi

∂t
= t⋆τ

∂

ρ̂k̂=˜̂k︷ ︸︸ ︷
1
2 ρ̂û′′

i
û′′

i

∂t
− k̂ t⋆τ

∂ρ̂

∂t︸ ︷︷ ︸
(I)

, (7.5)

with the definition of the turbulence kinetic energy k̂ = û′′
i

û′′
i

/2. Using Favre av-

eraging, it follows that ρ̂k̂ = ρk̂/ρ = ˜̂k. For the convection term we get,

ρ̂û′′
i

û j
∂ûi

∂x̂ j
= �̂u′′

i
û′′

j

∂˜̂ui

∂x̂ j
+

∂

∂x̂ j

(˜̂k ˜̂u j + ˜̂u′′
j
k̂
)
− k̂

∂ρ̂û j

∂x̂ j︸ ︷︷ ︸
(II)

. (7.6)

The partial derivative of the semi-locally scaled mean velocity in the first term on
the right-hand-side of equation (7.6) can be expressed in terms of the van Driest
transformed velocity ∂ũvD

i
=

√
ρ/ρw ∂(ũi /uτw ) by using the identity

p
ρw uτw =√

ρu⋆
τ , which results in

∂˜̂ui

∂x̂ j
=

∂
ũi

u⋆
τ

∂x̂ j
=

∂

√
ρ
ρw

ũi

uτw

∂x̂ j
=

√
ρ
ρw

∂ ũi

uτw

∂x̂ j
+

ũi

uτw
∂

√
ρ
ρw

∂x̂ j
=

∂ũvD
i

∂x̂ j
+˜̂ui d j . (7.7)
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The first term on the right-hand-side of equation (7.6) can then be written as the
sum of two terms, namely,

�̂u′′
i

û′′
j

∂˜̂ui

∂x̂ j
= �̂u′′

i
û′′

j

∂ũvD
i

∂x̂ j︸ ︷︷ ︸
−P̂k

+ �̂u′′
i

û′′
j
˜̂ui d j

︸ ︷︷ ︸
(III)

, (7.8)

with P̂k as the product of Reynolds stress and van Driest velocity gradient, and
an additional term (III) that can be large in magnitude, as it is the product of
Reynolds stress, Favre averaged velocity and density gradient. However, as we
will see later, this term will cancel. The third term in the momentum equation,
multiplied by û′′

i
and Reynolds averaged, gives

− û′′
i
ρ̂ûi û j d j =− �̂u′′

i
û′′

j
˜̂ui d j

︸ ︷︷ ︸
(IV)

−2˜̂k ˜̂u j d j −2 ˜̂u′′
j
k̂d j (7.9)

We can now proceed and sum the individual terms. For example, the addition of
(I) + (II) allows to substitute the continuity equation (7.3) and we get

− k̂

(
t⋆τ

∂ρ̂

∂t
+
∂ρ̂û j

∂x̂ j

)
= ˜̂k ˜̂u j d j + ˜̂u′′

j
k̂d j . (7.10)

Furthermore, terms (III) and (IV) cancel. Summing up all remaining terms, in-
cluding the pressure and the viscous terms, results in the semi-locally scaled tur-
bulence kinetic energy equation, given as

t⋆τ
∂˜̂k
∂t

+
∂˜̂k˜̂u j

∂x̂ j
= − �̂u′′

i
û′′

j

∂ũvD
i

∂x̂ j
− τ̂′

i j

∂û′
i

∂x̂ j
+

∂

∂x̂ j

(
û′

i
τ̂′

i j
− ˜̂u′′

j
k̂ − p̂ ′û′

i

)

+ p̂ ′
∂û′

j

∂x̂ j
− û′′

j

∂p̂

∂x̂ j
+ û′′

i

∂τ̂i j

∂x̂ j

+
(˜̂k ˜̂u j + ˜̂u′′

j
k̂
)

d j − û′′
i

∂D̂i j

∂x̂ j
, (7.11)

where we use the conventional decomposition for the pressure and the viscous
terms. Considering fully developed turbulent channel flows, equation (7.11) can
be simplified, since ṽ , w̃ and derivatives in homogeneous directions are zero.
The budget equation for the SLS TKE is then

P̂k − ǫ̂k + T̂k +Ĉk + D̂k = 0, (7.12)
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where the terms are, production P̂k = −�̂u′′v̂ ′′∂ũvD/∂ŷ , dissipation per unit vol-
ume ǫ̂k = τ̂′

i j
∂û′

i
/∂x̂ j , diffusion (viscous diffusion, turbulent transport, and pres-

sure diffusion) T̂k = ∂(û′
i
τ̂′

i y
− ˜̂v ′′k̂ − p̂ ′v̂ ′)/∂ŷ , compressibility Ĉk = p̂ ′∂û′

j
/∂x̂ j −

û′′
j
∂p̂/∂x̂ j + û′′

i
∂τ̂i y /∂ŷ , and terms related to the mean density gradient D̂k =

˜̂v ′′k̂dy − û′′
i
∂D̂i j /∂x̂ j . The result is an evolution equation in which the varying

density has been absorbed into the van Driest velocity for the production P̂k , and
the semi-local Reynolds number in the dissipation ǫ̂k and viscous diffusion. The
TKE equation is thus essentially equivalent to its incompressible form, except the
terms Ĉk and D̂k which can be considered small as we will show later. Therefore,
our derivation demonstrates that the evolution of the turbulence kinetic energy
is mainly governed by the semi-local Reynolds number and the gradient of the
van Driest velocity. However, as we showed in Chapter 4, the van Driest velocity
is not an independent quantity, since the viscous shear stress, expressed in semi-
local parameters h/Re⋆

τ (duvD/d y), is a universal function in the inner layer. This
concludes that the "leading order effect" in variable property flows can be mainly
characterized by the semi-local Reynolds number.

Another conclusion that can be made is that the TKE equation can be used
in its incompressible form to model variable property turbulent channel flows,
if the velocity in the TKE production term and the viscosity in the viscous terms
are expressed by the van Driest transformed velocity and the semi-local Reynolds
number, respectively. Next we will consider simple cases of fully developed tur-
bulent channel flows with variable properties to test this statement.

7.3. CASE DESCRIPTION AND SLS TKE BUDGETS

In order to highlight the improvement obtained using the suggested framework,
we simulate cases with even higher gradients in density and viscosity as com-
pared to the cases discussed in previous chapters. A summary of five cases used
in the present chapter is given in table 7.1. The first case CP corresponds to
a reference flow with constant properties at Reτ = 395. The case CRe⋆τ corre-
sponds to a flow for which density and viscosity are decreasing away from the
wall, such that the semi-local Reynolds number Re⋆τ is constant across the whole
channel height, meaning

√
ρ/ρw = µ/µw . Cases GL and LL are flows with gas-

like and liquid-like property variations that both have large gradients in Re⋆

τ .
The last case in table 7.1 (case T&L) is a fully compressible turbulent channel
flow with isothermal walls, a bulk Mach number of 4, and a wall-based friction
Reynolds number of 1017 (Trettel & Larsson, 2016). The largest decrease of den-
sity (ρw /ρc ≈ 8.5) is obtained for case CRe⋆τ , while for case GL and T&L the den-
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Case ρ/ρw µ/µw Re⋆
τ w Re⋆

τ c

CP 1 1 395 395
CRe⋆τ (T /Tw )−1 (T /Tw )−0.5 395 395
GL (T /Tw )−1 (T /Tw )0.7 950 137
LL 1 (T /Tw )−1 150 943
T&L (Mb = 4) ∝ p(T /Tw )−1 (T /Tw )0.75 1017 203

Table 7.1: Investigated cases. CP - constant property case with Reτ = 395; CRe⋆τ
- variable property case with constant Re⋆

τ (= 395) across the channel; GL - case
with gas-like property variations; LL - case with liquid-like property variations;
T&L - fully compressible turbulent channel flow with a bulk Mach number of
M a = 4 from Trettel & Larsson (2016). The columns report the constitutive rela-
tions for density ρ and viscosity µ as a function of temperature T . The semi-local
Reynolds numbers based on wall and channel centre values are given by Re⋆

τ w

and Re⋆

τ c , respectively.
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Figure 7.1: Averaged profiles for (a) density, (b) viscosity, (c) semi-local Reynolds
number, (d) mean streamwise velocity, (e) van Driest transformed velocity, and
(f) extended van Driest transformed velocity for DNS cases presented in table 7.1.
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Figure 7.2: Semi-locally scaled turbulence kinetic energy budgets, equation
(7.12), for cases (a) CP (symbols) and CRe⋆τ (lines), (b) GL, and (c) LL.

sity decreases approximately by a factor 5 and 3.6, respectively (figure 7.1(a)).
The profiles for viscosity are shown in figure 7.1(b). However, the most impor-
tant parameter to characterize variable property flows is the semi-local Reynolds
number shown in figure 7.1(c). It can be seen that the case GL and T&L show
similar decreasing Re⋆

τ profiles, while Re⋆

τ for case LL increases. The case CRe⋆τ
has a constant Re⋆τ profile by construction and collapses with the constant prop-
erty case CP. The velocity profiles are shown in figure 7.1(d-f). Note, even if the
velocity u for case CRe⋆τ is considerably higher than for case CP, the van Driest
velocity transformation is capable to provide a collapse with the constant prop-
erty universal velocity profile. This is not the case for flows that have gradients in
Re⋆τ (GL, LL, and T&L) since the viscous scales are changing. On the other hand,
the universal velocity scaling proposed by Trettel & Larsson (2016), and later in-
dependently derived by us in Chapter 4 provides a good collapse for all cases
(figure 7.1(f)).

The budgets of the SLS TKE for the cases CP, CRe⋆τ , GL and LL are shown
in figure 7.2, where they have been scaled by Re⋆

τ . Despite the large variations
in density and viscosity in case CRe⋆τ , P̂k and ǫ̂k are overlapping with case CP
(symbols in figure 7.2(a)), since for both cases the Re⋆

τ profiles are the same. This
confirms that also turbulence production and dissipation are similar for cases
with similar Re⋆

τ profiles. However, the diffusion is slightly affected by strong
property gradients at the location of the production peak at y⋆ ≈ 12. In general
however, Ĉk and D̂k are small for cases CRe⋆τ and GL, and for case CP and LL they
are zero, since density is constant. Based on this observation we can assume that
the additional terms, D̂k and Ĉk , have a minor effect on the evolution of the SLS
TKE for the cases presented herein.
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7.4. TURBULENCE MODELING

We first introduce the turbulence model that we will use in its conventional form.
Most of the turbulence models are based on the k-ǫ model. However, the stan-
dard k − ǫ model gives unacceptable results for the turbulent shear stress in the
near wall region. These models are therefore supplemented using wall damping
functions fµ in order to capture turbulence damping effects in the near wall re-
gion. In the present study, we use two turbulence models. First is a low-Reynolds
number k −ǫ model of Myong & Kasagi (1990) (MK) in which fµ is a strong func-
tion of the non-dimensional wall distance y+. The second model is the v 2 − f

model of Durbin (1995) which is able to correct for turbulence damping with the
help of two additional equations namely, a transport equation for the wall nor-
mal velocity fluctuation, v ′2, which is an appropriate velocity scale for turbulent
transport towards the wall, and an elliptic relaxation equation that essentially
models the pressure strain correlation that appears in the evolution equation for
v ′2. For a fully developed turbulent flow in a channel, the equations for k , ǫ, v ′2

and f in compressible notation read,

−
∂

∂y

[(
µ+

µt

σk

)
∂

∂y
k

]
= Pk −ρǫ (7.13)

−
∂

∂y

[(
µ+

µt

σǫ

)
∂

∂y
ǫ

]
= 1

T

(
Cǫ1 f1Pk −Cǫ2 f2ρǫ

)
. (7.14)

The additional two equations used for v 2 − f model are given as

L2 ∂
2 f

∂y2
− f = 1

T

[
(C1 −6) v ′2

k − 2
3 (C1 −1)

]
−C2

Pk

ρk
(7.15)

−
∂

∂y

[(
µ+

µt

σk

)
∂

∂y
v ′2

]
= ρk f −6ρv ′2 ǫ

k , (7.16)

where the time scale T for MK and v 2 − f are

T =
k

ǫ
and T = max

(
k

ǫ
,6

√
µ

ρǫ

)
, (7.17)

respectively. In equation (7.15), C1 = 1.4 and C2 = 0.3 and the length scale L is
given as

L = 0.23 max


k3/2

ǫ
,70

4

√
(µ/ρ)3

ǫ


 . (7.18)
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Model Cµ Cǫ1 Cǫ2 σk σǫ

MK 0.09 1.40 1.80 1.4 1.3
v 2 − f 0.22 1.40 1.90 1.0 1.3

Table 7.2: Constants in turbulence models

Model fµ f1 f2

MK [1−e (− y+
70 )](1+ 3.45

Re0.5
t

) 1.0 [1− 2
9 e (−( Ret

6 )2)](1−e (− y+
5 ))2

v 2 − f v ′2T /(k2/ǫ) 1+0.045
√

k
v ′2 1.0

Table 7.3: Functions in turbulence models, where Ret =ρk2/µǫ

Model Wall Boundary Condition

MK kw = 0,ǫw = µw

ρw

∂2

∂y 2 k

v 2 − f kw = 0,ǫw = µw

ρw

∂2

∂y 2 k , v ′2
w = 0, fw = 0

Table 7.4: Wall boundary conditions

The turbulent viscosity is then calculated as,

µt = ρCµ fµ
k2

ǫ
. (7.19)

and using the Boussinesq approximation

Pk =µt

(
∂ũ

∂y

)2

. (7.20)

In Equation (7.13)–(7.19) Cµ,Cǫ1 ,Cǫ2 ,σk ,σǫ are empirical constants, while fµ, f1

and f2 are functions used to incorporate wall effects. The values of all these pa-
rameters depend on the turbulence model and are summarized along with the
wall boundary condition in table 7.2–7.4. The turbulent viscosity could then be
used to obtain the turbulent shear stress in the averaged streamwise momentum
equation given by

∂

∂y

[(
µ+µt

) ∂

∂y
u

]
=

∂p

∂x
, (7.21)

in order to obtain the mean velocity. Since the aim of this study is to investi-
gate the effect of variable properties on velocity statistics, we do not consider
the energy equation. Instead we directly prescribe the averaged density and vis-
cosity profiles from DNS. This approach allows to perform an isolated study on
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how variable properties affect turbulence without including errors that originate
from modeling the wall-normal turbulent heat flux in the energy equation, com-
monly approximated by the ratio of the eddy viscosity and the turbulent Prandtl
number. Equations (7.13)-(7.21) can thus be used to model the turbulent statis-
tics in variable property channel flows - if the density and viscosity profiles are
provided as an input from the DNS.

On the other hand, instead of using the conventional compressible formu-
lation of the turbulence model, we can solve the turbulence model in its semi-
locally scaled form. Following a pragmatic approach, we assume that analogous
to the turbulence kinetic energy equation (7.11), the supporting model equations
can be expressed in their semi-local formulation. In addition we make all the
common modeling assumptions, such as µ′ ≪ µ, that the molecular and turbu-
lent diffusion can be approximated by the gradient diffusion hypothesis, and the
additional assumption that the influence of Ĉk and D̂k on turbulence statistics is
small. Then, the only changes that need to be made to solve a turbulence model
in semi-locally scaled form, are to

• set ρ = 1,

• replace µ by 1/Re⋆
τ ,

• replace ∂ũ in Pk by ∂ũvD,

• and, if a model makes use of y+, replace it by y⋆.

The corresponding momentum equation can either be solved in its conventional
(7.21) or in its semi-locally scaled form, i.e.,

∂

∂ŷ

[(
1

Re⋆
τ

+ µ̂t

)
∂

∂ŷ
uvD

]
=−1. (7.22)

In the latter, it can be seen that indeed, the only parameter that governs the tur-
bulence model and the momentum equation is Re⋆

τ . If the momentum equa-
tion is solved in its conventional form, the semi-locally scaled eddy viscosity µ̂t ,
which is provided by the turbulence model, has to be transformed to the con-
ventionally scaled form by µt = ρhu⋆

τ µ̂t . This relation can be obtained using
the same normalization as introduced in equation (7.2). Nevertheless, it can be
shown that both formulations of the momentum equation lead to equivalent re-
sults.

The results for MK model using both formulations, the conventional com-
pressible form (red dashed dotted lines) and the semi-locally scaled form (blue
solid line) are shown and compared with DNS data (circles) in figure 7.3. Consid-
erable improvement is obtained using the semi-local based MK model. It should
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be noted that the MK model is known to under predict the k and ǫ in order to pre-
dict the Reynolds shear stress correctly. This can be appreciated by observing the
constant property case CP for which both k and ǫ are below the DNS data, while
the Reynolds shear stress and corresponding velocity profile match the DNS data
closely. As stated above, MK model uses a damping function which is a strong
function of non-dimensional wall distance y+. However, only changing the non-
dimensional coordinate from y+ to y⋆ does not necessarily improve the model
performance. This can be seen using case CRe⋆

τ for which y⋆ = y+, yet signifi-
cant differences can be seen between conventional model and DNS data. Other
cases also show significant improvement using the proposed improvements. It
can also be seen that case GL shows similar behavior as the compressible case
from Trettel & Larsson (2016). The comparison of the results for the v 2− f model
using both conventional and semi-local form is shown in figure 7.4. Again sig-
nificant improvement is obtained for cases with density gradients (i.e all cases
except LL). The semi-local form of the v 2 − f model in addition also provides a
good estimate of the turbulence kinetic energy.

7.5. SUMMARY

We derived an alternative form of the turbulence kinetic energy for wall bounded
flows with strong near-wall variations in density and viscosity. This alternative
form clearly indicates that the "leading order effect" of variable properties on
turbulence can be characterized by the semi-local Reynolds number, and that
higher-order effects, such as solenoidal dissipation, pressure -work, -diffusion
and -dilatation indeed are small and play a minor role in modulating turbulence
for the cases investigated herein. We showed that if a turbulence model is solved
in semi-local form, excellent agreements with DNS are obtained for low-Mach
and supersonic channel flows.
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The aim of this work was to characterize wall-bounded turbulence for fluids that
have large near-wall gradients in thermophysical properties. The focus was on
the variable inertia effects at the low-Mach number limit without the influence of
buoyancy. A scaling transformation applied to the Navier–Stokes equations, that
is based on local mean values of density ρ, viscosity µ and semi-local friction
velocity u⋆

τ =
√

τw /ρ (τw is the wall shear stress), suggests that the leading or-
der effect of varying properties on turbulence can effectively be characterized by
the semi-local Reynolds number. The semi-local Reynolds number is defined as
Re⋆

τ ≡
√

(ρ/ρw )/(µ/µw )Reτ (Reτ is the friction Reynolds number based on wall
values). The derived equations also provide a theoretical framework for the semi-
local scaling that has been proposed based on heuristic arguments by Huang
et al. (1995). In order to test the proposed framework and to further analyse the
scaling of turbulence statistics, direct numerical simulations of a fully developed
internally heated channel flow were performed with different relations for den-
sity ρ, viscosity µ and thermal conductivity λ as a function of temperature. Based
on the scaling transformation and the performed DNS, the following main con-
clusions can be made:

• The semi-local Reynolds number Re⋆

τ accounts for changes in viscous
length scales due to property variations.

• Turbulence statistics, such as the van Driest transformed velocity uvD, the
Reynolds stresses and their anisotropies, the Kolmogorov scales, mixing
length, and turbulent vorticity fluctuations are indeed strongly governed
by Re⋆

τ profiles, and their dependence on individual density and viscosity
profiles is minor.

• Similar to turbulence statistics, the characteristics of turbulent structures,
such as streamwise velocity streaks and quasi-streamwise vortices, are also
strongly governed by the wall-normal distribution of Re⋆

τ .

• While uvD depends highly on the Re⋆
τ distribution, the viscous stress given

as
(
h/Re⋆

τ

)
duvD/d y , shows a good universal collapse in the inner layer

for all cases when plotted as a function of the semi-local wall coordinate
y⋆. This universal collapse provides a basis to derive an extension of the

van Driest transformation u⋆ =
∫uvD

0

(
1+

(
y/Re⋆

τ

)
dRe⋆

τ /d y
)

duvD, that ac-
counts for gradients in Re⋆

τ and is therefore able to collapse velocity pro-
files for all cases as a function of y⋆.

• Other turbulence statistics, such as mixing length, turbulence anisotropy,
and turbulent vorticity fluctuations, do not show a universal scaling very
close to the wall for flows with near-wall gradients in Re⋆

τ . This is attributed
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to strong non-local effects and structural changes in turbulence that affect
lifting and tilting of quasi-streamwise vortices. These structural changes
are responsible for the observed modulations of the Reynolds stress gen-
eration mechanism and the inter-component energy transfer in flows with
strong near-wall Re⋆

τ gradients. The influence of these turbulence modu-
lations on the extended van Driest transformation is limited in the viscous
dominated region very close to the wall (y⋆ < 10), and hence does not alter
the universality of the extended van Driest transformation.

• uvD of a variable density flow is the analog to the mean velocity of a
constant density flow. In other words, turbulence modulations related
to changes in mean velocity gradient for constant density flows can be
translated to variable density flows by assessing gradient of uvD.

• For parameterizing the scaling characteristics of scalar field, the distribu-
tion of the local Prandtl number Pr⋆ ≡ Prw (µ/µw )/(λ/λw ) (Prw is the
Prandtl number based on wall values) has to be included, in addition to
the Re⋆

τ profile. Cases with quasi-similar distributions of both Re⋆

τ and

Pr⋆, result in a quasi-similar van Driest transformed temperature θ
vD

and
higher order temperature statistics, irrespective of individual density, vis-
cosity or thermal conductivity profiles.

• Similar to the extended van Driest transformed velocity, an analogous ex-
tended van Driest transformed mean temperature profile has been derived

θ
⋆

=
∫θ

vD

0

(
1+

(
y/Re⋆

τ

)
dRe⋆

τ /d y
)

dθ
vD

, which results in a good collapse of
the temperature profiles for cases with similar Pr⋆ distributions, irrespec-
tive of the Re⋆

τ distribution. This is a result of the strong analogy between
momentum and scalar transfer, which can be seen using the turbulent
Prandtl number that is close to unity in the inner layer.

• Finally, an alternative form of the turbulent kinetic energy equation, which
is consistent with the semi-local framework, is derived using the scaling
transformation described earlier. The alternative formulation suggests
that the leading order effect of property variations can be incorporated in
an incompressible k −ǫ turbulence model, if the velocity in the turbulence
kinetic energy production term and the viscosity in the viscous terms of
diffusion and dissipation are expressed by the van Driest transformed
velocity and the semi-local Reynolds number, respectively. It has been
shown that if a turbulence model is solved in its semi-locally scaled form,
the obtained results from the model agree well with results from DNS,
while the conventional modeling approach fails.
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The conclusions reported in the present work are general in nature and hence are
applicable to any Newtonian fluid with heated or cooled wall as long as the basic
assumptions made in the work hold. The contemporary definition of Morkovin’s
hypothesis is that, many of the differences seen between supersonic and con-
stant property boundary layers can be explained by simply accounting for the
fluid property variations that are caused by the temperature variation (Smits &
Dussauge, 2006). The present work goes one step further and suggests that, the
differences seen between variable and constant property boundary layers can be
explained by the non-dimensional parameters, Re⋆

τ and Pr⋆, which accommo-
date the combined influence of property variations. The word differences is em-
phasized above, in order to highlight the structural changes that occur due to
Re⋆

τ variations.

Some of the additional questions that should be addressed in future studies
include:

• Investigating the applicability of the semi-local framework for more com-
plex configurations, such as

– developing thermal boundary layer,

– strongly heated/cooled fluids close to their vapor-liquid critical
point, and

– heated or cooled boundary layers at supersonic speeds.

• Investigating why the near-wall streaks strengthen or weaken for cases
with gradients in Re⋆

τ , using a transient growth analysis as proposed by
del Álamo & Jiménez (2006) and Pujals et al. (2009) for constant property
turbulent flows.

• Investigating the dynamics of near-wall cycle for cases with strong prop-
erty gradients by repeating the numerical experiments carried out in
Jiménez & Pinelli (1999) for constant property turbulent flows.

• Investigating the effectiveness of the semi-local wall coordinate in cases
where buoyancy aids or opposes the mean flow.

• In the present work the strong property gradients occur in the shear dom-
inated region. Cases where property gradients occur in regions of smaller
shear might introduce additional physical mechanisms that could poten-
tially invalidate assumptions made in this work. This should be investi-
gated in more detail.
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• Also cases for which the profile of Re⋆
τ has a local maxima or minima

should be investigated with respect to the validity of the derived frame-
work and velocity scaling.
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A. DERIVATION OF SEMI-LOCALLY SCALED MOMENTUM EQUATION FOR

FLUCTUATING VELOCITY COMPONENTS

The momentum equations for the fluctuating components can be written as,

t⋆τ
∂û′′

i

∂t
+
∂û′′

i
û′′

j

∂x̂ j
+
∂ ˜̂ui û′′

j

∂x̂ j
+
∂û′′

i
˜̂u j

∂x̂ j
≈

−
∂p̂ ′

∂x̂i
+
∂ �̂u′′

i
û′′

j

∂x̂ j
+

∂

∂x̂ j

(
τ̂′i j − D̂i j

)
, (A.1)

where τ̂′
i j
= 1

Re⋆
τ

[(
∂û′

i

∂x̂ j
+

∂û′
j

∂x̂i

)
− 2

3
∂û′

k

∂x̂k
δi j

]

and D̂i j = 1
Re⋆

τ

(
ρw

ρ

)[
û′

i

2
∂

∂x̂ j

(
ρ
ρw

)
+

û′
j

2
∂
∂x̂i

(
ρ
ρw

)
−δi j

v̂ ′

3
∂
∂ŷ

(
ρ
ρw

)]
. This equation can be

further simplified by applying the product rule in the third and the fourth term

t⋆τ
∂û′′

i

∂t
+
∂û′′

i
û′′

j

∂x̂ j
+ ˜̂ui

∂û′′
j

∂x̂ j
+ û′′

j

∂ ˜̂ui

∂x̂ j
+ û′′

i

∂ ˜̂u j

∂x̂ j
+ ˜̂u j

∂û′′
i

∂x̂ j
≈

−
∂p̂ ′

∂x̂i
+
∂ �̂u′′

i
û′′

j

∂x̂ j
+

∂

∂x̂ j

(
τ̂′i j − D̂i j
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and using the continuity equations (3.15) and (3.21) the equation can be written
for a fully periodic channel flow as
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∂û′′

i

∂t
+
∂û′′
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Replacing û with

√
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using equation (3.13), and applying the product rule we

obtain
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, and using equation (3.18) and (3.13)

in the fourth and the fifth term we get after algebraic manipulation the final form
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of the momentum equations
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Figure B.1: (a) Mean velocity profile and (b) normal Reynolds stresses. Lines,
case CP395; symbols, data from Moser et al. (1999). In (b) ( , △) u′u′;
( , ⋄) v ′v ′; ( , ä) w ′w ′.

The DNS code is validated with data from Moser et al. (1999), Kim & Moin
(1989) and Nicoud (2000). Figure B.1 compares our result with data from Moser
et al. (1999) for mean velocity and normal Reynolds stresses. Figure B.2 shows
similar comparison for budgets of turbulence kinetic energy and streamwise
Reynolds stress. As can be seen all statistics show excellent agreement with
Moser et al. (1999). The scalar transport equation for the temperature has been
validated with data extracted from Kim & Moin (1989) for passive scalar simu-
lations with Reτ = 180 and Prw = 0.7. The comparison of mean temperature
and root mean square temperature fluctuation between present code and Kim &
Moin (1989) is given in figure B.3, again showing excellent agreement. The vari-
able property influences are validated with data extracted from Nicoud (2000),
who used a low-Mach number solver to perform DNS of a turbulent channel
flow between two isothermal walls with temperatures T1 and T2. The density,
viscosity and thermal conductivity are a function of temperature. Two cases cor-
responding to T2/T1 = 2 and T2/T1 = 4 are used for validation. The comparison
of velocity profile on both hot and cold walls for two cases is shown in figure B.4.
A reasonable collapse is obtained between present code and data from Nicoud
(2000).
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