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Abstract—The thermal-aware channel has been studied recently
to control the temperature of some electronic devices for better
performance and longer lifetime. In this work, we consider a
thermal-aware channel model where multiple wires are available
to the user. The user can use one wire or several wires to write
an information word. Particularly, we study the two extreme
cases. In the first case, only one wire is permitted for writing
the information. The other extreme case is that we are allowed
to write information on all the wires in parallel. In the first
case, when we send a message through a wire that reaches the
highest allowed temperature, we switch to another available wire.
We determine the minimum number of wires required to send
any arbitrary message. Given the number of wires, our second
task is to determine the constrained codewords that can be sent
through these wires. We compute the maximum information rate
achieved and provide some constructions of codes satisfying these
constraints. In the second case when all the wires are available for
writing many, interesting questions arise and we briefly describe
one of them and its solutions.

I. INTRODUCTION

Power and heat dissipation have emerged as first-order
design constraints for chips, whether targeted for battery-
powered devices or for high-end systems. High temperatures
have dramatic negative effects on bus performance. Power-
aware design alone is insufficient to address the thermal
challenges since it does not directly target the spatial and
temporal behavior of the operating environment. For this
reason, thermally aware approaches have emerged as one
of the most important domains of research in chip design
today. Numerous techniques have been proposed to reduce the
overall power consumption of on-chip buses (see [1] which
uses coding techniques and the references therein using non-
coding techniques). More recent work on such problems can
be found in [2]-[4]. All the non-coding techniques do not
directly address peak temperature minimization. The coding
techniques such as in [1], [2] consider the channel of multiple
wires while the recent coding scheme [5] considers the channel
of a single wire.

In this work, we consider the practical model in which
the user wants to send information on multiple wires without
being concerned about the possibility that one of the wires
will overheat and cause information loss. The model that will
be presented leads us from the single-wire model to the multi-
wire model in two steps. First, the multiple-wire model will
behave as a model to send one bit of information at a time.
When a wire gets to its maximum temperature before being
overheated, the information is sent to another available wire.
Since in each time slot, only one bit of information is allowed

to be sent, the model cannot be considered the same as the
one in which it is permitted to send information in parallel on
all the wires. Most of the paper will be devoted to this case.
In the other extreme case, we are allowed to send information
on all the wires in parallel. In this case, we ask the following
natural question: what is the minimum number of required
wires such that it will be able to send & bits of information
without having any overheated wires? This question will be
briefly discussed and a comprehensive discussion is left for
the full version of this paper.

II. NOTATIONS AND DEFINITIONS

We start with a description of the thermal-aware channel
with a single wire model, as was introduced in [5]. It is
assumed that the temperature increases by ¢; > 0 after a
current ‘on’ period and the temperature decreases by ¢o > 0,
after an ‘off’ period. The maximum allowed temperature
is tmax and the base temperature is tp;,. All temperature
variables are non-negative real numbers. Set M = tax/to
and k = tq / to.

Without loss of generality (w.l.o.g. in short), we assume that
tmin = 0, to = 1, and hence, M = ¢, and k = t;.

Definition 1. Given k& > 0 and a binary sequence x € {0, 1}",
the k-temperature-sequence of x, denoted by ®(x), is a
sequence s = Py (x) = 505182 ... Sn, where sg = 0 and for all
1<i<n,s;=s8;_1+kifz; =1and s; = max{s;_1—1,0}
if x; = 0.

Definition 2. Let M, k be some positive real numbers.

e A sequence x € {0,1}™ will be called an (M, k)-
thermal-aware sequence (TA sequence in short) if its
k-temperature-sequence s = Pp(x) = 5081 ... 8y, sat-
isfies that 0 < s; < M for all 0 <7 < n.

o The set of all (M, k)-TA sequences of length n is called
the maximal (M, k)-thermal-aware code (or TA code),
and is denoted by A(M, k,n).

o The channel that only accepts (M, k)-TA sequences is
called the (M, k)-thermal-aware channel (or TA chan-
nel). The capacity of the (M, k)-TA channel, is defined
as:

capta(M, k) = lim sup log, IA(M, k,n)| .
n—00 n
In [5], the exact capacity of the channel with certain
parameters was derived and several bounds on the capacity
in various cases were presented. In the next subsection, we
formally define the thermal-aware channel with multiple wires.
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A. Thermal-aware Channel with Multiple Wires

In this model, we assume that there is more than one wire,
but the wires are connected in a way that we can send a pulse
only on one of them. When the chip reaches its maximum
allowed temperature in some of the wires, the pulses can be
applied only to one of the other available wires.

Given positive integers a, b, let [a; b] denote the set {a,a +
1,a+2,...,b} and let [n] denote the set {1,2,...,n}. Given
a binary sequence x = (z1,%2,...,2,) € {0,1}" and a set
IC{1,2,...,n}, the complete-projection of x in I, denoted
by P;(x), is the binary sequence y = (y1, Y2, .- .,Yn) Where
y; = x; if © € I, and y; = 0 otherwise. For example, consider
x = 100101 and I; = {1,3,4,5} and I, = {2,6}. We then
have Py, (x) = 100100 and Py, (x) = 000001. The thermal-
aware multiple-wire model is formally defined as follows.

Definition 3. Let M,k be some positive real numbers and
m > 1 denote the number of wires.

e A sequence x € {0,1}" is called an (m;M, k)-TA
sequence if there exists a partition of all indices in x
into m mutually disjoint subsets I, I, ..., I, such that
Uie[m] I; = [n] and for all 1 < j < m, the complete-
projection of x in I, Py, (x), is an (M, k)-TA sequence.

o The set of all (m;M,k)-TA sequences of length n is
called the maximal (m; M, k)-TA code, and is denoted
by A(m; M, k,n).

o The channel that only accepts (m; M, k)-TA sequences
is called the (m; M, k)-TA channel. The capacity of this
channel is the maximum achievable asymptotic rate, i.e.,

log, [A(m; M, k, n)|

capta(m; M, k) = limsup .
n—o00 n

where the division is only by n since we are forced to
write only on one wire by the channel constraint.

Remark 1. We observe that if x is an (m; M, k) TA-sequence,
then there exists an efficient encoding scheme over m wires,
that the electric pulses are applied on the jth wire on those
indices 7 € I;, and the maximum temperature over each of
the m wires is at most M. On the other hand, to decode
the transmitted signals, it is not necessary to require every
(m; M, k)-sequence to share the same m partitions of indices
Iy, 1s,...,I,. Since I;, NI;, = () for all j1 # jo, a transmitted
signal x can be decoded uniquely by implying the bitwise OR
over all the sequences. For example, if Py, (x) = 110001 and
Py, (x) = 000110 then x = 110001 OR 000110 = 110111.

B. Summary of the Results in the Paper

We outline our sections and the main contributions of this
work as follows.

Determining the minimum number of wires. To minimize
the cost and power supply, our first aim is to determine
v(M, k,n), which is the minimum number of wires necessary
to transmit any binary sequence of length n, i.e., given
M, k,n >0,

v(M,k,n) =2
min {m : x is an (m; M, k,n) TA-sequence Vx € {0,1}"}.

It was shown in [5] that v(M, k,n) < [k] + 1 for all M,n.
In Section III, we provide an explicit formula to determine
exactly the value of v(M, k,n), which depends on M, k,n.

Computing the channel capacity capta(m; M, k). In Sec-
tion IV, we modify the method in [5] (which computes the ca-
pacity of the channel with one wire capta (M, k)) to compute
the capacity of the channel with m wires capta(m; M, k).
Such a method applies to any set of channel parameters,
however, the complexity grows exponentially with M.

Providing efficient constructions of TA codes with two
wires. To overcome the challenge of large M, in Section V,
we consider the TA channel with two wires and provide
some explicit constructions of TA codes associated with low-
complexity encoding/decoding algorithms.

Answering some questions regarding the minimum num-
ber of wires required to send ~ bits of information
in parallel. This of course depends on the knowledge of
both the transmitter and the receiver regarding the current
temperature of the wires or more precisely which wires might
be overheated if they have an ’on’ pulse in the current round
of communication (see Section VI).

III. DETERMINING THE MINIMUM NUMBER OF WIRES

Recall that a binary sequence x is an (m; M, k) TA se-
quence, if there exists a partition of all indices in x into m
mutually disjoint subsets 11, Io, ..., I,,, such that Uie[m] I, =
[n] and for all 1 < j < m, the complete-projection of x
in I, Py, (x), is an (M, k)-TA sequence. In other words, to
verify if a binary sequence is an (m; M, k)-TA sequence, one
may need to check every possible m mutually disjoint subsets
I, Is, ..., I, which is an extremely time-consuming process.
Hence, a natural question is the following: Is there a pre-
determined set of m mutually disjoint subsets I7, I3, ..., I,
such that a binary sequence x is an (m; M, k)-TA sequence
if and only if for all 1 < 57 < m, the complete-projection
of x in I7, Py« (x), is an (M, k)-TA sequence? We observe
that it is sufficient to only consider the partition of indices
where z; = 1. Indeed, for an entry z; = 0, it implies that
PI;(x)i =0 forall 1 <j<m.

Lemma 1. Consider a binary sequence x € {0,1}". Let
P(x) = {¢ : a; = 1}. Ler IT,I3,..., I}, be m mutually
disjoint subsets such that \J;c,,, I} = [n] and for 1 < 's <
[P(x)|, 1 < j < m, the s-th element in P(x) is in I} if
s = j (mod m). We then have that x is an (m;M,1,k)-TA
sequence if and only if P I (x) is an (M, k)-TA sequence for
al1<j<m.

Proof. We observe that the m subsets If,I5,..., I are
constructed in such a way that at every step the electric pulse
is applied on a wire with the minimum temperature among m
wires.

For 1 < j < m, we use ¥;(t) to denote the difference
between the maximum temperature allowed and the current
temperature on the j-th wire at time ¢, and we set ¥(t) =
> i=1U;(t). Suppose that at time ¢, we have a set S of
wires with the same minimum temperature & > 0 while
the set S’ = [m] \ S includes those wires with strictly higher
temperatures. We have two following cases:
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e If b > 0, we observe that applying the electric pulse in
any wire results in the same value of ¥(t + 1) = ¥(t) +
(m—1) —k since there are exactly (m — 1) wires that are
cooling down by 1 while one wire is heating up by k.

o If h =0, we observe that applying the electric pulse in
a wire in .S would result in a higher value of J(¢ + 1).
If we apply the electric pulse in a wire in S, we have
J(t+1) =9(t) +|S’| — k = v1. On the other hand, if
we apply the electric pulse in any wire in S’, we have
ﬂ(t+1):19(t)+(‘5/‘*1)7]{:’02:1)171<’U1.

In conclusion, if the electric pulse is applied on a wire
with the minimum temperature among m wires, we have a
higher value of ¥(t), consequently giving us more options
to apply the electric pulse in time ¢ + 1. In other words,
if the complete-projections of x in the m mutually disjoint
subsets I7,I5,..., I are not all (M,k)-TA sequences then
for any arbitrary partition with m mutually disjoint subsets
L, Is,...,I,, the complete-projections of x in Iy, I, ..., I,
are not all (M, k)-TA sequences. [ |

Example 1. Consider M = 6, k = 3, m = 3 and a sequence
x = 111111111111 € {0,1}'2. We first consider a partition
I ={1,2,7,8}, I = {3,4,9,10}, Is = {5,6, 11,12}, and

Py, (x) = 110000110000,

P, (x) = 001100001100,

P, (x) = 000011000011.

We verify that all Py, (x), Pr,(x), and P, (x) are not (6, 3)-
TA sequences. On the other hand, according to Lemma 1,
we can set I7 = {1,4,7,10}, I; = {2,5,8,11} and I; =
{3,6,9,12}. We then obtain

P+ (x) = 100100100100,

P;; (x) = 010010010010,

Py; (x) = 001001001001,
We verify that all Py;(x), Pr;(x), and Py (x) are (6,3)-TA
sequences. Thus, x is a (3;6, 3)-TA sequence.

To determine the value of v(M,k,n), ie., the minimum
number of wires necessary to transmit every binary sequence
x € {0,1}", one may consider the following equivalent
problem. Given M, k > 0 and m > 0 as the number of wires,
determine the largest integer n such that every binary sequence

of length n is an (m; M, k,n)-TA sequence. Formally, we
define:

p(m; M, k) &

max {n : x is (m; M, k,n)-TA sequence for all x € {0,1}"}.

The following result is then immediate.
Lemma 2. Given M > k > 0, we have
(i) v(M,k,n) = m if and only if
pim—1;, M, k) <n < p(m; M, k).
(ii) v(M,k,n) < [k] + 1. Equivalently, for m > [k] + 1,
we have p(m; M, k) = oo.

(iii) For n < |M/k|, we have v(M, k,n) = 1. Equivalently,
Sfor m =1, we have p(1; M, k) = | M/k|.

Theorem 1. Given M > k > 1 and m < [k], we have

M—m—l—lJ

p(m;M,k)=m{k_m+1

Proof. We consider the worst-case scenario when the trans-
mitted signal is the all ones vector, i.e., x = 1". For
simplicity, suppose that n = mng. According to Lemma 1,
x is an (m; M, k,n)-TA sequence if and only if Py-(x) is
an (M, k)-TA sequence for 1 < i < m, where Pff (x) =
(0*=110™m~%)»/™ By computing the temperature vector of
Pr:(x), we then have the maximum temperature is at the
(n —m + 1)-th index, which must be bounded above by M,
ie.,

(k—m+1)—” tm—-1<M,
m
M-

n m+1
m > k—-m+1’
M — 1
n<m M—-_m+1 ) m
k—m+1

From Lemma 2, one can determine the value of v(M, k,n)
according to the value of p(m;M, k) and p(m — 1; M, k),
where the explicit formula is given in Theorem 1.

Example 2. Given M = 50,k = 3. According to Theo-
rem 1, we compute p(2;50,3) = 48, p(3;50,3) = 144, and
p(1;50,3) = 16. Consequently, we claim that:

e v(50,3,n) =1 for all n < 16,

e 1(50,3,n) =2 for all 16 < n < 48,

e v(50,3,n) = 3 for all 48 < n < 144, and

e 1(50,3,n) =4 for all n > 144.

We formally state the result of v(M, k,n) as follows.

Corollary 1. Given M > k > 1. We have v(M,k,n) = 1
if and only if n < |M/k|. In addition, for 2 < i < [k], we
have v(M, k,n) =i if and only if

M—i+2 M-i+1
—1) | —= <i|7——|-
(@ ){k—i—FQJ " Z{k—i—li

Lastly, v(M,k,n) = [k] + 1 for all n > [k] {%J

IV. CAPACITY OF THE MULTIPLE-WIRE TA CHANNEL

In this section, we present a method to compute the capacity
of the TA channel with m wires, capta(m; M, k) for m > 1.
Recall that for m > k+1, we have |A(m; M, k,n)| = 2", and
hence capta(m; M, k) = 1. We now consider the channel with
two wires and k > 2, and for simplicity, we further assume
that M, k are integers. It is known that not all sequences can
be sent through the channel of two wires, for example, the
all-ones sequence can not be sent through the channel. Hence,
we need to determine which sequences can be sent through
the channel, and thus, we can compute the capacity of the
channel. We first build a finite state machine of the channel
which is a labelled graph Go.as i, of (M +1)2 vertices, denoted
by

Sy = {(a,b) abe {071727...,M}}.

Each vertex (a,b) of the graph is the state (a,b) that the
temperature of the first wire is a and the temperature of the
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second wire is b. There is a directed edge from vertex (aq,b1)
to vertex (ag,bs) if a transition from state (aq,b1) to state
(az, by) is possible.

The adjacency matrix Do,z of size (M +1)2 x (M +1)?

of the graph Goari is  defined such  that
do.mk ((@1,01), (a2,b2)) = 1 if there is a directed
edge from vertex (ai,b;) to vertex (a2,by) and
do.mk((a1,b1), (az,b2)) = 0 otherwise. To describe

Go,m 1 in details, we describe its adjacency matrix Do,y g
of size (M + 1)? x (M + 1)? as follows. For 1 < k < M,

0<a,b< M,
d2:0,1((0,0), (0,0)) =
da;nr i ((a, )a(max{a—l 0},b+k)=1ifb< M —k;
do:ark((a,0), (a+ k,max{b—1,0})) =1ifa < M — k;
do.nr k((a,b), (max{a — 1,0}, max{b — 1,0})) = 1;
do.ark((a1,b1), (a2,b2)) =0, otherwise.

We see that the graph Go,prj; is the finite state machine of
the (2; M, k) thermal-aware channel, that is, for each path of
length n in the graph, there is a sequence of length n that can
be sent through the channel. For all valid sequences in the
channel, there is a corresponding path in the graph Ga.s k.
However, this correspondence is not a one-to-one mapping.
For example, in case M = 4,k = 2, from the initial state
(0,0), when we send the bit ‘1’ the following state would be
either (0,2) or (2,0). The graph Ga.prk is known as non-
deterministic finite automaton (NFA).

To compute the number of valid sequences in the channel
and to compute the capacity of the channel, we need to build
a deterministic finite automaton (DFA) where there is a one-
to-one mapping between a valid sequence in the channel and a
path in the graph. It is known that each NFA can be converted
into an equivalent DFA [6]. Once we have an equivalent DFA,
we can compute the capacity of the channel by computing the
base-2 logarithm of the largest real eigenvalue of the adjacency
matrix of the DFA. Using this technique, we compute the
capacity of the TA channel for various parameters M, k, and
tabulate the numerical results in Table I. We also present the
following example to illustrate the process of computing the
capacity for the case M = 2 and k = 2.

Example 3. For M = 2,k = 2, the adjacency matrix Dy o
of the NFA Ga.2 2 is computed as follows. Here, the states

are listed in lexicographic order, i.e., (0,0) — 1,(0,1) —
2,(0,2) — 3,(1,0) — 4,(1,1) — 5,(1,2) — 6,(2,0) —
7,(2,1) — 8, and (2,2) > 9. S = {1,2,3,4,5,6,7,8,9}.
(10 1.0 001 0 0]
1000001 0O
01 000O0O0OT10O0
1010 0O0O0O0O
Dy9o,=11 0 0 0 0 0 0 0 0
0100 0O0O0OO0OUO
0 001 01 0O00O0
0 001 0 0 O0O00O0
(00001000 0]

We then convert the non-deterministic finite automaton to a de-
terministic finite automaton with a corresponding list of states

k=2 k=3 k=4 k=5 k=6 k=7 k=8
M=20.0
M =3|0.8791 0.0
M =410.9698 0.7776 0.0
M =5|0.9904 0.8571 0.6979 0.0
M =6 |0.9967 0.9190 0.7623 0.6346 0.0
M =70.9988 0.9436 0.8196 0.6870 0.5832 0.0
M =810.9995 0.9598 0.8623 0.7357 0.6265 0.5405 0.0
M =90.9998 0.9695 0.8841 0.7768 0.6676 0.5769 0.5045

TABLE I: The capacity of the TA channel with two wires.

as follows S’ = {0,1,2,3,4,{2,4},6,7,{3,7},8,{6,8}} and
a corresponding adjacency matrix D’2;272 as follows.

1000000000 O]
01000000100
01 0000O0T100 0
00100000010
01010000000
Dhyy=101000000100
10100000000
00001010000
00000100001
10001000000
1000010000 0|

The largest real eigenvalue of Dj,, is A = 1.8393, and
thus, the channel capacity is capta(2;2,2) = log, 1.8393 =
0.8791.

This method can be extended to the case of having m
wires, that is, given all three parameters m, M, k, we can
compute exactly the capacity of m-wire thermal-aware chan-
nel, capta(m; M, k). The adjacency matrix Dy,.pr of the
NFA can be computed in the same way as the case m = 2
above. However, the algorithm to convert from NFA to DFA
is not efficient as the computational complexity grows expo-
nentially with M. To overcome the challenge for large M,
in the next section, we provide some explicit constructions of
TA codes associated with low-complexity encoding/decoding
algorithms.

V. CONSTRUCTIONS OF TA CODES WITH TWO WIRES

A set C C {0,1}™ of (m; M, k)-TA sequences of length n is
called an (m; M, k,n)-TA code. In this section, we consider
the case m = 2 and provide some explicit constructions of
(2; M, k,n)-TA codes for arbitrary given M, k, and n. We
defer the study of (m; M, k,n)-TA codes for m > 2 for future
work.

Recall that in Example 3, we compute capta(2;2,2) =
log, 1.82993 = 0.87179. The following construction provides
a code whose asymptotic rate is log, 3/2 ~ 0.7925.

For ¥35 = {0,1,2}, we define a one-to-one mapping
P : X3 — X2 as follows:

®(0) = (0,0),®(1) = (0,1),and ®(2) = (1,0).
Consequently, given an arbitrary ternary sequence
x=(r1,22...,2,) € XY, we obtain the corresponding
sequence ¥y = ®(x) = (y1,...,%2,) € X3", where

(y2i—1,y2;) forall 1 <i <n.
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Theorem 2. Given m =2, k=2, M > 2, and n > 0 we set
C= {(I)(x) xe zg}.

We then have that C is a (2; M, 2,2n)-TA code of length (2n).
The size of C is |C| = 3™ with rate re = logy 3/2 ~ 0.7925.
Proof. 1t is sufficient to show that for arbitrary ¢ € C, c is a
(2; M, 2,2n)-TA sequence. We set [y = {4i+1,4i +2:i >
0} N [2n] and Iy = {4i,4i — 1 : ¢ > 1} N [2n]. Suppose that
¢ = ®(x) for some sequence x € ¥%. We have two complete-
projection sequences as

P[l (C) = 010200050600 ey
P12 (C) = OOC3C4OOC7C8 P

We observe that co;_1c9; # 11 for all ¢ > 1. Therefore, the
maximum temperature on both Py, (¢) and Py, (c) is at most
2 < M. Thus, c is a (2; M, 2,2n)-TA sequence. |

One may extend the idea of Theorem 2 to construct codes
of larger M. For example, when M > 4, one may define the
following one-to-one mapping ® : Y5 — ¥3:

Similarly, we obtain a set €' = {<I>’(x) (X € Eg}, where €’
is a (2; M,2,3n)-TA code of length (3n). The size of C is
|C] = 6™ and the rate is re: = log, 6/2 ~ 0.8617.

We now provide a construction for general M, k,n > 0.
Given two sequences X = (Z1,...,2Zy) and ¥y = (Y1, -, Ym)s
we use xy to denote the concatenation of these two sequences,
e, Xy = (1, .., Ty YLy - Ym)-

Theorem 3. Let Cy be an (1; M, k, M)-TA code of length M.
Given n = aM for some positive integer a, we set

(32:{06{0,1}":c:xlxg-uxa:xieGlforlgiga}.

We then have that Co is a (2;M,k,n)-TA code with rate
logy [C1[/M.

Proof. For each codeword ¢ & Cg, suppose that ¢ =
X1X9 - - -X,. We write alternatively every M bits on the two
wires. That is, we write x7 in the first wire and switch to write
X9 in the second wire, then switch to the first wire to write
x3, and so on. It is easy to verify that Py, (c) and P, (c) are
both (M, 1,k)-TA sequences. Hence, ¢ is a (2; M, k,n)-TA
sequence. We conclude that Cs is a (2; M, k,n)-TA code. W

We now discuss the rate of Cy. For example, when M =
4 and k = 2, we can exhaustively search for the optimal
(1;4,2,4)-TA code C; of length 4, where
G = {0000,0001,0010,0100, 1000,
0011, 0101, 0110, 1001, 1010, 1100}.

The rate of the code Cy is then log, 11/4 ~ 0.8648. Similarly,
when M = 6,k = 2, we obtain a code of rate 0.9287.

VI. TRANSMITTING K BITS OF INFORMATION

In this section, we introduce the thermal-aware channel
with multiple wires on which the transmitter should send
information. The transmitter is submitting words of length s
that are the information words. To overcome the thermal
constraints of the channel, the words of length « are encoded
onto m wires. There are two ways to encode the information
for the channel with one laser diode (or a wire). The first way
is to consider the channel operating on an ’on’ and an ‘off’
status. When the laser is in an ‘on’ status it is considered as
a ‘1’ and the temperature is increasing. When the channel is in
an ‘off” status it is considered as a ‘0’ and the temperature is
decreasing. The second way is to use differential encoding
and differential decoding. In this method, the data to be
communicated through the m wires is the difference between
the current transmission and the previous one. This method has
been widely used in thermal-aware channels, digital commu-
nication, and magnetic recording, among other applications.
When there is a change in the information on a wire (either
from ‘0’ to ‘1’ or from ‘1’ to ‘0’) the temperature increases
and a ‘1’ is transmitted. If the wire does not change its status
during the transmission, then a ‘0’ is transmitted on it. There
are some differences between the two models. To make it
clear, we summarize that differential encoding and differential
decoding imply that to send the m-bit codeword, we usually
have to know the current m bits word v written on the m
wires and the m-bit codeword c. The bit-by-bit addition of v
and ¢, i.e., v 4 ¢ is the new word written on the m wires. In
this method the temperature on the wire is increased when the
information on the wire is changed, i.e., the associated bit of
the codeword is a one and the temperature is decreased when
the associated bit of the codeword is a zero. It is clear that in
this model either we know where exactly the hot wires are or
we know where we can write in advance.

Theorem 4. If there are no two consecutive ‘on’ pulses, then
m = 30+ 1 wires are sufficient to encode x = 2¢ information
bits when the transmitter and the receiver know which wires
were ‘on’ in the previous transmission.

Proof. At each round, there will be at most ¢ hottest wires.
There are 2¢ + 1 wires which are cool. Since

14
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it follows that it is possible to encode x = 2¢ bits of
information on these 2¢ + 1 wires using at most ¢ wires that
will be with on’ pulse in the next round. |

Corollary 2. If there are no two consecutive ‘on’ pulses,
then m = 3{ 4+ 3 wires are sufficient to encode Kk = 20 + 1
information bits when the transmitter and the receiver know
which wires were ‘on’ in the previous transmission.

Theorem 5. If there are no two consecutive ‘on’ pulses, then
for k large enough m = 1.441k wires are sufficient to encode
K information bits when the transmitter and the receiver know
which wires were ’on’ in the previous transmission.
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