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Lay summary

This thesis is about adding two mathematical functions together. If we know how large each function
is separately, we can estimate how large their sum will be. However, this estimate becomes more
accurate if it is also known how much the two functions overlap. If two functions are large in the same
places, their sum can be larger than if they are large in different places.

In this thesis, | study how this overlap affects the best possible estimates for the size of the sum. The
problem can be represented using three quantities: the size of the first function, the size of the second
function, and the amount of overlap between them. These three quantities can be studied using a
geometric picture. In this picture, two special surfaces, called F, and G, describe the best possible
upper and lower estimates.

| also show that these estimates are optimal. This means that they cannot be improved if we only use
the three quantities mentioned above. Finally, | study what happens when the power in the estimate is
changed from p to another exponent q.

This research contributes to a better understanding of how overlap between functions influences optimal
LP-inequalities. The reduction to finite-dimensional optimization provides additional insight into the
structure of extremizers and the role of the overlap parameter.



Abstract

This thesis studies sharp inequalities for sums of two functions in LP. The classical triangle inequality
gives a general upper bound for ||f + g¢l|,, but it does not use information about how much the two
functions overlap. The aim of this thesis is to obtain sharper bounds by also taking into account the

quantity ||fg||5§§. Together with || f||5 and ||g|, this overlap term gives an associated triple

(z9.2) = (1715 gz, 1 £9173)

which lies in a three-dimensional admissible cone.

The main part of this thesis is based on the envelope method developed by Ivanisvili and Mooney,
together with related work on sharpened triangle inequalities in L? [1, 2, 3, 4, 5]. The problem of
estimating || f + g|| is translated into a geometric problem on the admissible cone. Two envelope
functions, denoted by £, and G,, are constructed from the boundary data of the cone. Depending on
the value of p > 0, these envelopes give the sharp upper and lower bounds for || f + g||b. The thesis
explains how these envelopes are constructed, how their concavity and convexity are checked, and
why they give optimal inequalities. It also discusses equality and extremal cases by studying the affine
regions of the envelopes.

In the final part of the thesis, the p-power problem is extended to g-powers. Instead of estimating only
I + g, we study inequalities for

If +9li3

where ¢ > 2. Using the sharp p-power envelope, the infinite-dimensional problem is reduced to a finite-
dimensional optimization problem. The behavior of this optimization depends on the exponent ¢/p.
For 2 < ¢ < p, the problem reduces to a proportional family of functions. For ¢ > p, the optimization
is controlled by the balanced case x = y. This shows that the envelope method remains useful for
g-powers, but that an additional optimization step is needed once the final power is changed.

Beyond the obtained inequalities, the results illustrate how envelope methods can reduce functional
optimization problems to finite-dimensional optimization problems. This provides additional insight into
the structure of sharp inequalities and the role of overlap between functions.

Keywords: LP-spaces, triangle inequality, convex and concave envelopes, power-type extensions.
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Introduction

“A mathematician, like a painter or a poet, is a maker of patterns.”

— G. H. Hardy

The triangle inequality is one of the most fundamental inequalities in analysis. In L?, the triangle in-
equality states that for all p € [1,00] and f,g € L?,

1 +gllo < 1fllp + llgllp-

This inequality is one of the reasons why LP-spaces are normed spaces forp > 1. The triangle inequality
gives the sharpest upper bound that is valid for all functions. However, for specific pairs of functions it
may greatly overestimate. In particular, it does not distinguish between functions that strongly overlap
and functions with disjoint supports. For example, the inequality treats the case where f and ¢ are
supported on the same set in the same way as the case where their supports are disjoint. In many
situations this is too rough, since the size of || f + g[|, depends strongly on the interaction between f
and g.

This becomes particularly clear in the case p = 2. If f, g € L? are real-valued functions, then expanding
the square gives

I+ gl = 1718 +2 [ Fodua+ gl
If f and g are non-negative, then this can be written as
I1f + gl = I£1I5 + 2l fall + llgll3-
More generally, by taking absolute values, we obtain the estimate
1f +gli3 < I1F13 + 21l gl + llgll3.

The term || fg||; measures the overlap between f and g. If f and g have disjoint supports, then fg =0
almost everywhere and the estimate reduces to

1f + gllz = 113 + llgll3.

On the other hand, if f = g, then the overlap is maximal and the inequality becomes an equality.

Thus, in L?, for nonnegative functions, the size of || f + g||2 is completely controlled by three quantities:

Ifll2 gl lIfglla-

The subsequent natural question is whether an analogous refinement exists in LP-spaces for p # 2.



The usual convexity estimate gives

IF +allp <27 (115 + Mgllp), =1

This follows from the convexity of the function ¢ — |¢|P. However, this upper bound again ignores the
overlap between f and g. While it is sharp when f and g are equal, it is far from optimal when f and ¢
have disjoint supports. Therefore, the aim is to replace this convexity estimate by a sharper inequality
that includes an overlap term.

For p > 0, the natural extension of the L2-overlap term || fg||; is:

1£llp/2-

We seek to find a sharp estimate for || f + g||Z depending only on

[fllps Mgl and [ £gllp/2:

The restriction to these three quantities is important. It means that the estimate should not use any ad-
ditional information about the functions, such as the shape of their supports or higher-order interaction
terms. The problem is therefore not merely to find a bound, but to find the best possible bound under
this restriction.

This restricted formulation leads naturally to the question of whether the classical triangle inequality can
be sharpened in a way that depends only on the relative overlap between the two functions. Carbery
raised this question in 2009, and it has since been studied by Carlen, Frank, Ivanisvili, Lieb, and others.
[1, 2, 3]. They found sharpened triangle inequalities in L? in which the upper and lower bound depend
on the relative overlap between f and ¢g. As an example, for p € (0,1] U [2, 00), and any non-negative
functions f, g one obtains an upper bound of the form

1/p 1/p
1+1/1—F12) 1—1/1—F[2)

1 +glls < 5 + 5 (71 + l1gl2)- (1.1)
with P
2l
PR + Nl
Take

. 2
min{|| £, lg]12. || £9ll%)3}

Cp = 5
I£9l%)3

Then for any p € (1,2) and any nonnegative f,g on any measure space we have

1f + glls < LI+ llglls + (G5 /7 + Cy/PyP — Ot = ) 1 £l (1.2)

For other ranges of p, the direction of the inequality is reversed. This result already shows that the
classical triangle inequality can be sharpened by including only the overlap term || fg||,, 2. It also shows
that the exponent of the overlap term is optimal.

The main focus of this thesis is the work of Ivanisvili and Mooney, Sharpening the Triangle Inequality:
Envelopes Between L? and L? Spaces [4]. Their work gives a more precise and more geometric answer
to the same problem. Instead of proving only one explicit inequality, they construct envelope functions
that give the sharpest possible bounds depending on the three quantities

= £ y=lgls,  z=fal)5
In this way, the problem is transformed into a geometric problem in the variables (z,y, z), where the
relevant domain is the cone

Q={(z,y,2):x0>0,y>0, 0<z</xy}.



The inequality is then obtained by studying the convex or concave envelope of a suitable one-homogeneous
function on this cone.

The term “envelope” can be understood as follows. Suppose we start with a function that describes the
desired estimate on simple or extreme configurations. This function may not itself have the convexity
or concavity needed to apply Jensen’s inequality. By taking its convex or concave envelope, one
constructs the largest convex function below it, or the smallest concave function above it, depending
on the range of p. After integration, the envelope gives the optimal inequality.

The advantage of this method is that it gives the best possible bound among all inequalities depend-
ing only on || f|/,, [lgll, and || fgll,/2. Furthermore, the envelope method clarifies the equality cases.
Equality in the final inequality can occur only when the pointwise triples

(f7.9%, (f9)*"?)

lie almost everywhere in a region where the envelope is affine. lvanisvili and Mooney show that these
affine regions correspond to a small number of special configurations. In related endpoint or boundary
cases, disjoint support also appears as an extremal situation. Thus the geometry of the envelope
directly explains the structure of the equality cases.

The aim of this thesis is to give an explanation of these sharpened triangle inequalities. We begin by
recalling the preliminaries on LP-spaces, Minkowski’s inequality, convexity, and Jensen’s inequality in
Chapter 2. In Chapter 3, we study the two-function problem for positive exponents p > 0. Following
Ivanisvili and Mooney, we introduce the three quantities

2
=I5 y=llgls,  ==Irfgl"

These quantities form an admissible cone, and the problem of estimating || f + g||% is reduced to an
envelope problem on this cone.

The negative range requires a separate framework involving negative moments and extended-valued
functions, and is therefore outside the scope of this thesis.

We construct two envelope functions, denoted by F,, and G,, and explain how their concavity and
convexity properties determine the sharp upper and lower bounds. We also discuss why these bounds
are optimal and how the affine regions of the envelopes lead to extremal and equality cases.

In the final chapter, we consider an extension to g-powers. Instead of only estimating || f + g/, we study
inequalities for || f + g[|¢ with ¢ > 2. The sharp p-power envelope F, is still the starting point, but the
change from the power p to the power ¢ introduces an additional finite-dimensional optimization problem.
This optimization depends on the value of ¢/p, and naturally splits into the two ranges 2 < ¢ < p and
q2Dp-

Throughout the thesis, the main emphasis is that the estimates depend only on

2
e, gz el

No further information about the functions, such as the precise shape of their supports, is used. In this
sense, the results can be viewed as LP-extensions of the exact L2-identity, where the size of the sum
is determined by the two individual sizes and their overlap.



Preliminaries

Throughout this chapter, (S, A, 1) denotes a measure space. Unless stated otherwise, all functions are
assumed to be measurable and real-valued.

This chapter collects the background material needed in the rest of the thesis. We first recall the
classical L? setting and the triangle inequality. We then explain why the usual triangle inequality is not
always optimal, and why an overlap term naturally appears. Finally, we introduce Jensen’s inequality,
one-homogeneous functions, the cone 2, and convex and concave envelopes.

2.1. LP-spaces
We use the standard definition of LP as presented in the TU Delft lecture notes on real analysis [6]:
Definition 2.1 (L?). Let p € [1, 00),we define
LP(S) := {f : S = R: fis measurable and / |fIP dp < oo} .
s

For f € LP(S), the LP-norm is defined by

1/p
1l = (/Slfpdu> .

12 = /S P d.

The quantity || f||, measures the size of a function in an averaged sense. In this thesis, we often work
with the p-th power of the norm,

Equivalently,

17115,

because the sharpened inequalities are naturally written in terms of these quantities.

Definition 2.2 (Normed space). Let V' be a vector space over R. A function
-1V = [0,00)
is called a norm if, for all z,y € V and all A € R, it satisfies
|z =0 <— z=0,

[Az| = [Al|z]l,
and
[z +yll < ll=] + [yl

A vector space equipped with a norm is called a normed space.

4



2.2. Minkowski's inequality 5

For p > 1, the space L?(S), equipped with the norm

1/p
1l = ( / fl”du> ,

is a normed space. The triangle inequality for this norm is precisely Minkowski’s inequality, which is
stated in the next section.

Remark (The range 0 < p < 1). For 0 < p < 1, the quantity

1/p
1l = ( / Ifl”du)

is not a norm, since the triangle inequality does not hold. However, the quantity

12 = /S 1P dp

is still well defined. Since the envelope inequalities are naturally formulated in terms of the p-th powers,
we also include the range 0 < p < 1.

2.2. MinkowsKki's inequality

The most fundamental inequality for L? spaces is Minkowski’s inequality.
Proposition 2.1 (Minkowski’s inequality). Let p € [1,00). For all real-valued nonnegative functions
f.g € LP(S), we have f + g € L?(S) and

I+ gl < 1£1lp + llgllp-

Minkowski’s inequality is the triangle inequality in LP. It says that the size of the sum of two functions
is at most the sum of their sizes.

In this thesis, we study refinements of this inequality. More precisely, we want to understand when one
can obtain a sharper estimate for || f + g||5 by using information about how much f and g overlap.

2.3. A basic convexity estimate

Definition 2.3 (Convex function). Let C C R™ be a convex set. A function
. C—>R

is called convex if for all z,y € C'and all X € [0, 1],

DAz + (1= Ny) < A(x) + (1 — \)D(y).

For p > 1, the function = — |z|? is convex. Hence, for all a,b € R,

a+b
2

iy

Multiplying by 27, we get
la+ 6P < 277" (|af” + [b]F).

Applying this pointwise to a = f(s) and b = ¢(s), and integrating over S, gives
1+ gl <227 (IF15 + Nlgllp) - (2.1)

This estimate is useful, but it does not use any information about the relation between f and ¢g. For
example, it does not distinguish between the case where f and g are equal and the case where their
supports are disjoint.



2.4. Sharpness 6

2.4. Sharpness

Definition 2.4 (Sharp inequality). An inequality is called sharp if its constant or bound cannot be im-
proved in general.

The constant 27~ ! in (2.1) is sharp in general. Indeed, take f = g. Then

1+ gl = 12715 = 2”1 7115

The right-hand side of (2.1) becomes

227 (IF1R + 1F1R) = 271 £11E-

Thus equality holds. Therefore, the constant 2°—! cannot be replaced by a smaller constant that works
for all functions f and g.

However, although the constant is sharp in general, it is not always optimal for specific pairs of functions.
This is the starting point of the sharpened triangle inequalities studied in this thesis.

2.5. Disjoint supports and overlap

Definition 2.5 (Support and disjoint support). Let f : S — R be measurable. The support of f is the
set

supp(f) = {s € S : f(s) # 0}.
We say that f and g have disjoint supports if

f(s)g(s) =0
for almost every s € S.

If f and g have disjoint supports, then for p > 0,

If +glP = [fIP +|gP

almost everywhere. Therefore,
If +gllp = 1715 + lgll-
This is much sharper than the general estimate (2.1).

This motivates the use of an overlap term. For nonnegative functions, a natural overlap quantity is

9l = [ (0" dn.

This quantity is zero when f and ¢ have disjoint supports, and it becomes larger when f and g are
simultaneously large on the same part of the measure space.

2.6. Holder's inequality and Cauchy-Schwarz

We will use Hoélder’s inequality and its special case, the Cauchy—Schwarz inequality, several times.
Proposition 2.2 (Holder’s inequality). Let p,q € (1, 00) satisfy

11
4o =1
p g

If f € LP(S) and g € LY(S), then fg € L*(S) and

1fglle < [1£11plgllq-

Proposition 2.3 (Cauchy—Schwarz inequality). Let u,v € L%(S). Then uv € L'(S) and

1/2 1/2
d 2d 24 . 2.2
/S|uv|us(/s|u u) (/S| u) 2.2)



2.7. The overlap parameter 7

The Cauchy—Schwarz inequality is the special case of Holder’s inequality where both exponents are
equal to 2. Indeed,

=1.

N |

2+
2
We will mainly use Cauchy—Schwarz to control the overlap term. Taking
w=|fP2, v=|glP?

in Proposition 2.3, we obtain

1/2 1/2
p/2|,|P/2 P P
L ans ([ima) (faran)

I£gl2)5 < (171BNglIE) . (2.3)

Therefore,

This inequality explains why the triple

(171 gl 1 £017/3)

always lies in the cone (2 introduced below.

Proposition 2.4 (Arithmetic-geometric mean inequality). For all a,b > 0,

mga;b.

Equivalently,
2Vab < a+b.

Equality holds if and only if a = b.

Proof. Since (y/a — v/b)?> > 0, we have a + b — 2v/ab > 0. Therefore 2v/ab < a + b. Equality holds
precisely when /a = /b, or equivalently when a = b. O

Combining the Cauchy—Schwarz inequality with the arithmetic-geometric mean inequality gives a nor-
malized measure of the overlap between f and g. This motivates the parameter introduced in the next
section.

2.7. The overlap parameter
For p > 0, define the normalized overlap parameter

2
20fals
PR+ el

By the Cauchy—Schwarz estimate (2.3) and Proposition 2.4,

(2.4)

2
20 £9l1275 < 2/ /1B NglE < I.£15 + llgllp-

Thus
0<TI,<Ll.

The value of I', measures the relative overlap between f and g. If f and g have disjoint supports, then
I', = 0. If equality holds both in Cauchy—Schwarz and in the arithmetic-geometric mean inequality,
thenT', = 1.



2.8. Concavity, midpoint concavity and Jensen's inequality 8

2.8. Concavity, midpoint concavity and Jensen's inequality
Definition 2.6 (Concave function). Let C C R™ be a convex set. A function

d:C—>R
is called concave if for all z,y € C'and all A € [0, 1],
DAz + (1= Ny) > A0(z) + (1 — V) D(y).

Definition 2.7 (Midpoint concavity and midpoint convexity). Let C C R™ be a convex set, and let
F : C — R. We say that F' is midpoint concave if

. (x;y) , P+ P

forall z,y € C.

Similarly, we say that F' is midpoint convex if

i (x—;y) SCE)

forall z,y € C.

Definition 2.8 (Locally bounded function). Let C C R", and let F' : C — R. We say that F'is locally
bounded on C if, for every = € C, there exist a neighbourhood U of x and a constant M > 0 such that

F(y)| <M forallye UNC.

In other words, F'is bounded in a sufficiently small neighbourhood of every point of its domain.
Lemma 2.1 (Midpoint concavity implies concavity). Let C C R™ be a convex set, and let ' : C — R
be locally bounded. If F' is midpoint concave, then F' is concave on C. That s, for all x,y € C and all
A€ 0,1],

FAx+(1=XNy) > AF(z)+ (1 —NF(y).

Similarly, if F' is locally bounded and midpoint convex, then F' is convex on C.
Proof. We prove the midpoint concave case. The midpoint convex case is analogous, with all inequal-
ities reversed.
First, midpoint concavity implies the concavity inequality for dyadic coefficients. That is, for every
k

:277”1’

A k=0,...,2™

repeated application of midpoint concavity gives
FAz+ (1= N)y) > AF(z) + (1 = A\ F(y).
Thus the desired inequality holds for all dyadic A € [0, 1].

Since the dyadic numbers are dense in [0, 1], it remains to pass from dyadic values of X to arbitrary
values of \. A standard result states that a locally bounded midpoint concave function on a convex
subset of R" is continuous on the relative interior of its domain. Therefore, by continuity, the inequality
extends from dyadic A to all A € [0, 1]. Hence F'is concave.

The midpoint convex case follows in the same way, with the inequalities reversed. O

Proposition 2.5 (Jensen’s inequality). Let (S,.A,v) be a probability space, and let X : S — R" be
integrable. If ® : R™ — R is convex, then

<I></5Xdy> g/s.fb(X)du.

If ® is concave, then the inequality reverses:

<I></SXdz/> 2/S<I>(X)du.



2.9. Convex and concave envelopes 9

Jensen’s inequality is one of the main tools in the proof of the envelope inequalities. The rough idea is
that, at every point s € S, one constructs a point

( fs)? g(s)” (f(s)g(s))""? )
(f(s) +g(s)P" (f(s) + g(s))P" (f(s) +g(s))

on the boundary of Q2. Then Jensen’s inequality is applied to a convex or concave envelope function.

Equality in Jensen’s inequality is closely related to linearity. If the envelope is affine on a certain region
and the pointwise triples lie in that region, then equality may occur.

2.9. Convex and concave envelopes

The main inequalities in this thesis are obtained by extending known boundary values to the interior of
a convex domain. For this purpose, we use convex and concave envelopes.

Definition 2.9 (Majorant and minorant). Let C C R", let B C C, and let
p:B—=R.
A function H : C — R is called a majorant of ¢ if H(x) > ¢(x) for all z € B.

Similarly, H is called a minorant of ¢ if H(z) < (z) for all z € B.

Definition 2.10 (Concave and convex envelopes). Let C' C R™ be convex, let B C C, and let

p:B—R.

The concave envelope of ¢ on C is the smallest concave majorant of . Thus, it is a concave function
Heone : C — R such that
Heone(z) > o(x) forall z € B,

and whenever H : C — R is another concave majorant of , we have

Heonc(z) < H(z) forallz € C.

The convex envelope of ¢ on C is the largest convex minorant of ¢. Thus, it is a convex function
Hony : C — R such that
Heonv(z) < @(2) forall z € B,

and whenever H : C — R is another convex minorant of ¢, we have

Heony(z) > H(x) forallz € C.

The concave envelope is therefore the lowest concave function lying above the given data, while the
convex envelope is the highest convex function lying below the data.

In Chapter 3, the set C will be the admissible cone (2, the set B will be its boundary, and ¢,, will describe
the known boundary values. The concave envelope will give an upper bound for || f + g|[b, while the
convex envelope will give a lower bound.

2.10. Affine regions

Definition 2.11 (Affine function). A function A : R” — R is called affine if it can be written as
A(z) = l(x) + ¢,
where ¢ : R™ — R is linear and ¢ € R is constant.

A function may not be affine everywhere, but it may be affine on certain subsets of its domain. Such
subsets are called affine regions or linearity regions.

In the article, equality cases are connected to the affine regions of the envelope functions. For example,
if the pointwise triples

(f*. 9%, (f9)'?)

lie almost everywhere in a region where the envelope is affine, then the Jensen step can be an equality.



2.11. One-homogeneous functions 10

2.11. One-homogeneous functions
Definition 2.12 (One-homogeneous function). Let C' C R™ be a cone. A function

H:C—R
is called one-homogeneous if for every t > 0 and every = € C,

H(tx) =tH(x).
In this thesis, the relevant functions depend on triples
(z.,2) = (1715, gl 1 £ 1273 -

These quantities all scale in the same way. Indeed, if we replace f and g by t*/? f and t'/7g, then

14721 = el F, e Pglly = tllgll,

and p p
IGEY2 £) (2 g) |23 = tl £9l2)5-

Therefore the triple (z, y, z) is multiplied by ¢. This is why one-homogeneous functions naturally appear.

Lemma 2.2 (Reduction to a slice). Let C C R™ be a cone and let H : C — R be one-homogeneous.
Suppose that every nonzero point x € C can be written as

T = As,

where \ > 0 and s lies in a fixed cross-section S C C. Then H is completely determined by its values
onS.

Proof. By one-homogeneity,
H(z) = H(As) = AH(s).

Thus, once H is known on S, it is known on all of C. O

2.12. Bonami's two-point inequality

Besides Jensen’s inequality, another classical inequality appearing in the background is Bonami’s two-
point inequality. We do not use it as the main tool in the envelope proof, but it helps place one of the
scalar inequalities in context.

Proposition 2.6 (Bonami’s two-point inequality). Let 1 < p < g < oo. Then, for real numbers y, u, one

has
’y+,u /L‘llq+’y,u [p—1
q—1 q—1
2

g\ /4

<

(w+uw+yuwy”
: .

Proof. A proof of Bonami’s two-point inequality can be found in Analysis in Banach Spaces, Volume |
by Hytdnen, van Neerven, Veraar, and Weis [7]. O

This inequality compares two different LP-type averages on a two-point space. In the article, a related
two-point inequality appears after rewriting the sharpened triangle inequality in terms of

qzl7 r=+1-12.

p



The two-function case

3.1. Motivation and statement of the problem

Throughout this chapter, we assume that p > 0 and that f and g are non-negative measurable functions
for which the relevant p-moments are finite.

We study sharp estimates for the quantity

1f + gllp-
The goal is to understand how large or small this quantity can be if we only know
e, gz el

The last term measures the overlap between the two functions. The main idea is to translate this
analytic problem into a geometric problem on the admissible cone.

3.2. The admissible cone
Let (X, A, 1) be a measure space, and let f, g > 0 be measurable.

Definition 3.1 (Associated triple). Let p > 0, and let f and g be non-negative measurable functions

satisfying
/fpd,u<oo7 /gpdu<oo.
X X

We define their associated triple by

mz:/ 7 dp, yz:/ 9" du, zz:/(fg)p/zdw
X X X

For convenience, we also write
= y=lelE =19l
Definition 3.2 (Admissible cone). We define the admissible cone by
Q::{(m,y,z)eR?’:sz y>0,0<z<.zy}

A triple (z,y,z) € Q is called admissible.

Lemma 3.1. Every associated triple belongs to the admissible cone Q.

Proof. Clearly, z = ||f||b > 0,y = [|g|[} > 0,2z = Hng;’ﬁ > 0. Moreover, by the Cauchy—Schwarz in-

equality in Proposition 2.3 applied to f7/2 and g#/2, we getz = [ fP/2gP/2dp < ([ fP du)1/2 (fg? dp,)l/2
vzy. Hence x > 0,y > 0,0 < z < ,/zy, sO (z,y, z) € Q. O

11
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3.3. Boundary

Definition 3.3 (Boundary data). Letp > 0. We define the boundary data ¢, : 99 — R by

T+, z=0,

SD (x’yﬂz) =
P {(ml/p_i'_yl/p)p’ Z:\/@'

The boundary data are determined by the two extreme cases of overlap between f and g.

First we consider the lower boundary z = 0 for p > 0. Since z = [ f?/2¢g?/2 dy, and f, g > 0, this implies
fP/2gP/2 = () almost everywhere. Equivalently, f¢g = 0 almost everywhere. Thus f and ¢ have disjoint
support, as discussed in Section 2.5. At each point, at most one of the two functions is nonzero, and
therefore (f + g)? = fP + gP almost everywhere. Hence ||f +g|[2 = [(f+g)Pdu = [ fPdu+ [ g* du=
T+ y.

Second, consider the upper boundary z = ,/zy. This is the equality case in the Cauchy-Schwarz
inequality applied to f7/2 and g?/2. Hence these two functions are proportional. Therefore there exists
a constant A > 0 such that f = Ag almost everywhere on their common support.

It follows that = = || f||b = A?||g|b = APy. Moreover,
If+gll; = / (Ag + 9)? dp
X

=01 [ g
= A+ 1)Py.

Since z'/? = \y'/?, we obtain
p
1 +glly = (27 + M%)

Thus the boundary values of ||f + g||b are known on the relevant boundary pieces of 9. The main
problem is to extend these values to the interior of the cone . Ivanisvili and Mooney solved this by
computing the concave envelope and convex envelopes of ¢, defined in Definition 2.10. The concave
envelope gives the upper bound, while the convex envelope gives the lower bound [1, 2].

3.4. Reduction to an envelope problem

The sharp estimate for || f + g||: follows from an envelope problem on the cone €.

Lemma 3.2. Let p > 0, and assume that H € C(Q)) is a concave, one-homogeneous function, in the
sense of Definition 2.12 on Q with H|sq = ¢,. Then

2
1+ allg < HUFIE gl 1 Fall2/2):

If H is convex, the inequality reverses.

i A ) e
f+a)P’ (f+9)?P7 (f+g)P

. . . . (fg)f'/2 . fr gP .
triple lies on the boundary of €2, because pointwise we have Fior =\ Tra7 Tror: Since H agrees
with the boundary data, we get pointwise

H( i 9 (fgr? ) .
(f+9)P (f+9)P (f+9)P

Proof. Consider the pointwise triple (( ) , defined on the set where f + ¢ > 0. This

Now define a probability measure on X":= {t € X : f(t) + g(t) > 0}. by dv = % du. Integrating
the identity above with respect to v, we get

1:/:H<ﬁwiquwg?ng“
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Since H is concave, Jensen’s inequality, Proposition 2.5, gives

i ([ [t L)

Substituting the definition of dv, the first integral becomes [, (fiz)p dv = Hfjgup Jx [P dp. Since on
X\ X’'wehave f+g=0,and f,g > 0, it follows that f = 0 and g = 0 there. Hence the integrals of f?,
g, and (fg)P/? vanish on X \ X’. Therefore we may extend the integrals from X’ to the whole space
X. Thus

/ P I£115
x (f+g)P If+9lp

P P p/2
The same calculation applies to g and fg. Therefore Jensen’s inequality gives 1 < H “f“”m Hg“”m Hfg“”/i .
£ +all” [F+alln? 1F+alln

Finally, by one-homogeneity of H, 1 < mH (|\f||g, lgllb, ||fg\|§;§) , Which is equivalent to

/2
1+ gl < B (115 gl 159123 ) -

Thus every concave one-homogeneous extension of the boundary data gives an upper bound.

If H is convex instead of concave, Jensen'’s inequality gives the reverse inequality. Hence every convex
one-homogeneous extension of the boundary data gives a lower bound. O

Thus the problem of estimating || f + g||} reduces to computing the concave and convex envelopes of
¥Pp-

3.5. The first envelope: the horizontal chord construction
We now construct the first envelope, denoted by F,. We will later show that this function gives the
upper bound in the range

p € (0,1]U[2,00),

and the lower bound in the range
p € (1,2).

First we use one-homogeneity to reduce the three-dimensional cone to a two-dimensional slice. On
this slice the domain becomes an upper half-disc and the envelope is constructed by filling the domain
with horizontal chords by extending the boundary values.

3.5.1. Derivation of the formula for F,
We first introduce a lemma that reduces the problem to a normalized slice.

Lemma 3.3 (Reduction to the normalized slice). Let H : Q — R be one-homogeneous. Then H is
completely determined by its values on the slice Qo := {(z,y,2) € Q: x +y = 2}.

Proof. Let (z,y,2) € Q with = +y > 0, and define t = 2. Then tx + ty = t(z +y) = 2, so the

7"

point (tz,ty,tz) = (w%/, fT”y, ij) lies in the normalized slice 2,. By one-homogeneity, H(xz,y,z) =

1H (tw,ty, tz) = 4 H (fTva ﬁ’y, ij) . Thus knowing H on Q, determines H on all of €. 0O

The scaling argument in Lemma 3.3 is illustrated in Figure 3.1. Here we see that every point can be
scaled until it reaches the orange slice.



3.5. The first envelope: the horizontal chord construction 14

= scaling ray from origin
@ original point (x,y, z)

scaled point (tx, ty, tz)

= normalized slice x +y =2
@ original (x, y)
scaled (tx, ty)
== scaling ray

2.01

3.0 00 3.0

(a) Scaling a point in Q2 to the slice  + y = 2. (b) The same scaling shown in the (z, y)-plane.

Figure 3.1: Reduction to the normalized slice Q2 = {(z,y,2) € Q: z +y = 2}.

Assume that the function F}, is one-homogeneous. By Lemma 3.3, it is enough to work on the slice
r+y=2.

On this slice, the two variables x and y are not independent anymore: once z is chosen, y is determined
by y = 2 — x. It is therefore convenient to introduce a single parameter s measuring the difference
between z and y:

It follows that x = 1 + s,y = 1 — s, where s € [—1,1]. The admissibility condition 0 < z < ,/zy then
becomes 0 < z < /1 — s2. Thus, in the (s, z)-plane, the normalized cone is the upper half-disc:

D={(5,2):—1<s<1,0<2z<+1-s%}.

Figure 3.2 visualizes this change of coordinates from the normalized slice (2, to the half-disc D.

s=-1

01!

1.0 q
0.8 1
0.6 D={(s,z):-1=<s=<1,
0<sz=V1-5?}

0.4 4

0.2 4

0.0 4

'g
I &

oA
=}

-1.00 -075 -0.50 -0.25 0.00 0.25 0.50 0.75 1.
s=x-y)2

z=V1-5°

Figure 3.2: The normalized slice Q2 = {(z,y,2) € Q : = + y = 2} becomes the upper half-disc D after the change of
variablesz =1+s,y=1—s.
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On the upper boundary of this half-disc, we have z = v/1 — s2. The boundary data are then
ep(1+ 51— 5,V T=s2) = ((1+8)17 + (1 - ).

For convenience, define ¢(s) := ((1+5)/? + (1 — 5)'/7)” . Notice that ¢ is symmetric: ¢(s) = ¢(—s).

We construct F), by connecting boundary points with the same height z. Fix some z € [0,1]. The
horizontal line at height = intersects the upper boundary at the two points

s=+1—22 and s=—v1-—22.

Since ¢(v'1 — 22) = ¢(—v/1 — 22), the linear interpolation along this horizontal chord is constant.

This horizontal chord construction is visualized in Figure 3.3.

boundary values
== Jifted chord

104 normalized domain D

boundary z= V1 - 52
e lower boundary z =0
0.8 -| === harizental chord

0.6

0.4+

0.24

0.04

T T T T T T T T T
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
5

Figure 3.3: Construction of the candidate envelope F},. The horizontal chords fill the normalized domain D, and lifting these
chords according to the boundary data produces the surface F},.

This gives the candidate function on the normalized slice:

Fy(l+5,1—s,2) = [(1+ VI=22)1/7 4 (1 - M)l/ﬂp.

Thus, on the slice = + y = 2, the value of F, depends only on z, not on s.

To return to a general point (z,y,z) € 2, we use one-homogeneity. Define the normalized overlap

parameter
2z

T4y

Then 0 < w < 1, because 2z < 2,/zy < x + y. Replacing z in the normalized formula by w, and
multiplying by the homogeneity factor (z + y)/2, gives

Fp(x,y,z):%—w[(1+\/1—w2)1/p+(1—\/1—w2)1/p]p, w = 2 . (3.1)

Tty

Notice that this function is also one-homogeneous. Geometrically, it is obtained by extending the bound-
ary values along horizontal chords of the normalized half-disc.

3.5.2. Concavity/convexity check
It remains to check in which range of p the function F,, is concave or convex. For this purpose, we first
prove the following lemma.
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Lemma 3.4 (Concavity and convexity on aslice). LetQ = {(z,y,2) e R® : 2 >0, y >0, 0 < z < /a7y },

and let H : Q2 — R be one-homogeneous. Then H is concave on ) if and only if its restriction to the
slice Qs := {(z,y,2) € Q: x+y = 2} is concave. Similarly, H is convex on  if and only if its restriction
to Q)5 is convex.

Proof. We prove the concave case. The convex case is analogous. One direction is immediate: if
H is concave on (2, then its restriction to any convex subset, in particular 25, is concave. Conversely,
assume that H is concave on 2. Take two points u = (z1,¥1, 21) and v = (z2, yo, 22) arbitrary in §2, with
x1+y; > 0and x4y > 0. Definea = 1 +y; and b = x5+y2. Thena := %uj) = %v both lie in the nor-

malized slice 2. For A € [0, 1], setw = Au+ (1—A)v. Then w = 24120 (AHG“_A)I)& + Aa(i(?_)i)bﬁ) .
The expression inside the parentheses is a convex combination of @ and 7, hence it lies in 2,. Since
w:)\a+(1—/\)b( Aa = (1=X)b N)

2 Aa+ (1 —A)b Aa+(1=X)b )’
one-homogeneity gives
Aa+ (1 —X\)b Aa ~ 1-Xb _
H(w) = (2 ! H(Aa+(1—A)b”+Aa(+(1—)A)b”)'

The two coefficients inside H are non-negative and sum to 1. Since u,v € Q2 and H is concave on €,

we obtain Nt (1) \ (1 b
a+(1— a ~ —
H(w) 2 2 (Aa+(1—A)bH(u)+Aa+(1—A)bH@>'

Using one-homogeneity again,

H@) = H <(21u) ~2H(), HGE) =H (iv) = 2H ()
Therefore, ( ) : )
Aa+ (1 —=M)b Aa 2 1-X\b 2
H(w) 2 2 <)\a+(1—)\)baH(u)+)\a—i—(l—)\)be(v))
=AH(u) + (1 - )H(v).
Therefore H is concave on ). O

This is illustrated in Figure 3.4.

slice Q;

2.00 A

concavity is checked
175 4 on this segment

2.00

175 v

150

1.25

1.50 A

1.25
100
0.75
1.00 -
0.50
0.25

0.00 0.75

0.50 -

0.25 A

0.00 T T T T T T T T
0.00 0.25 0.50 0.75 1.00 1.25 1.50 175 2.00

X

Figure 3.4: Reduction of concavity to the normalized slice D. Points u, v, and w = Au + (1 — A)v in © are scaled to 4, v, and
w on the slice x + y = 2. Concavity only needs to be checked on the segment between @ and .
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Since F), is one-homogeneous, it is enough to check whether F, is concave on the slice z + y = 2
because of Lemma 3.4. On this slice, F}, is constant along horizontal chords, so we only need to study
the one-variable function F,(1+s,1 — s,t) =

u(t) := [(1 +V1—2)YP 4 (1 - /1 t2)1/”r, 0<t<l1.

The computations in Appendix A show that
u'(t)<0  for  pe(0,1]U[2,00),

and
u'(t) >0  for  pe(1,2).

Therefore F, is concave in the first range and convex in the second range. This proves the desired
concavity or convexity of F,.

Consequently, F), is a concave one-homogeneous extension of the boundary data for p € (0, 1]U[2, c0),
and therefore gives an upper bound in that range. For p € (1, 2), it is convex and gives a lower bound
instead.

3.5.3. Envelope check

We have now constructed the function F},, verified that it agrees with the boundary data ¢,,, and checked
its concavity and convexity properties. It remains to prove that F}, is indeed an envelope, and not only
a concave or convex extension of the boundary data.

Lemma 3.5 (Extension of the envelope property from the slice). Let Qy = QN {z +y = 2}. Let
H : Q2 — R be one-homogeneous and assume that H = ¢,, on o).

Suppose that the restriction H|q, is the concave envelope of the boundary data ¢,|oa, on Qa. Then
H is the smallest one-homogeneous concave majorant, in the sense of Definition 2.9 on Q) of the
boundary data on 0f).

Similarly, if H|q, is the convex envelope of ¢,|aq, on s, then H is the largest one-homogeneous
convex minorant on ) of the boundary data on 0.

Proof. We prove the concave case. The convex case follows analogously with all inequalities reversed.
Assume the following: H is an one-homogeneous function, H]|, is the concave envelope on 2, and
that H = ¢, on 0N holds. By definition of H|q,, it is concave on Q,. By Lemma 3.4 we get that H is
concave on the full cone €. Hence H is itself a one-homogeneous concave majorant of the boundary
data.

It remains to show that H is the smallest majorant. Let L : Q — R be an arbitrary one-homogeneous
concave function satisfying L > ¢, on 9€2. Then L|q, is a concave majorant of the boundary data on
2y, because Lisa, > ¢plan,. Since H|q, is the concave envelope on (s, it is the smallest concave
majorant of the boundary data on §2,. Therefore,

H < LonQ,.

Now take any (z,y,z) € Q with x + y > 0. Normalize this point to the slice 2, by setting (z,7,2) =
(2—’” 2y 2z ) . Then (2,§,2) € Qs, and (z,y,2) = “E¥(Z, 7, Z). Using the one-homogeneity of H

r+y’ oy’ Tty

and L, we obtain

H(z,y,2) = 2

Yr(,5,2) < TV LE.5,2) = L,y 2)

At the origin, the same inequality holds because one-homogeneity gives H(0,0,0) = L(0,0,0) = 0.
Thus H < Lonall of 2. Since L was an arbitrary one-homogeneous concave majorant of the boundary
data, H is the smallest such majorant on (2.

The convex statement is proved in the same way, replacing concave majorants by convex minorants
and reversing the inequalities. O
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So when the envelope property has been established on Q,, the corresponding one-homogeneous
envelope property follows on the full cone Q2. But Lemma 3.5 assumes that the envelope property
holds on Q,, therefore it remains to verify this property for £}, on Qy, = QN {z +y = 2}.

Recall that every point in 2, can be written as:

(1+s,1-s,2), -1<s<1, 0<2z<v1—s2

Fix z € [0,1]. The horizontal chord of 2, at height z has endpoints

azz(l—\/1—22,1+\/1—z2,z) and bzz(1+\/1—z2,1—\/1—22,z).

These endpoints lie on the upper boundary of D, because for both points we have z = , /zy. Moreover,
every pointu = (1+s,1 — s,2) € Qs lies on exactly one such horizontal chord. Hence there exists
A € [0, 1] such that

u=Aa; + (1 —A\)b..

On the slice €25, the formula for F;, depends only on the coordinate z. Therefore F}, is constant, and
hence affine, on every horizontal chord, see Definition 2.11. Since F,, agrees with the boundary data
on the upper boundary, we have

Fy(a,) = ppla) and Fp(bs) = pp(bs).

It follows that
Fy(u) = AFp(az) + (1 = N Fp(b:) = Agplaz) + (1 — Nipp (b2).

We first consider the concave case. Let L be any concave majorant of the boundary data on 2., that
is,
L >, on 0.

Since u = Aa, + (1 — A\)b,, concavity of L gives L(u) > AL(a;) + (1 — X\)L(b,). Using L > ¢, on the
boundary, we obtain

L(u) > App(az) + (1 — N)ep(bs) = Fp(u).
Thus every concave majorant of the boundary data on , lies above F,. Therefore, whenever F,

is concave, it is the smallest concave majorant of the boundary data on 5, and hence the concave
envelope on Q.

The convex case is analogous. If L is any convex minorant of the boundary data on 5, so that
L <, on 99,
then convexity gives
L(u) < XL(a,)+ (1 — X)L(b,).

Using L < ¢, on the boundary, we get L(u) < App(az) + (1 — A, (b.) = Fj(u). Hence every convex
minorant of the boundary data on 2, lies below F},. Therefore, whenever F}, is convex, it is the largest
convex minorant of the boundary data on €25, and hence the convex envelope on .

By Lemma 3.5, these envelope properties extend from €2, to the full cone 2. Consequently,
F,=H, for p € (0,1) U [2, 00),

and

F,=H

» forp € (—o0,0) U (1,2).



3.6. The second envelope: the corner construction 19

3.6. The second envelope: the corner construction

The second envelope, denoted by G, is needed because F), gives the sharp upper bound only when
it is concave; in the complementary range p € (1,2), F, becomes convex and therefore gives a lower
bound instead.

F, was obtained by using horizontal chords in the normalized half-disc, G,, is constructed differently,
but still with line segments. The line segments come from the lower boundary and the corner regions
of the admissible cone. Therefore, we refer to this construction as the corner construction.

It will later be shown, that G, will give the concave envelope when
p€(1,2),
and the convex envelope when

p € (0,1 U[2,00).

3.6.1. Derivation of the formula for G,
As before, we first work on the normalized slice x +y = 2. Wewrite z =1+ sand y = 1 — s, so that
the normalized cone becomes the upper half-disc

D={(s,2):—1<s<1,0<2z<+1-s%}.

Define
by(s,2) :=Gp(1+s,1—s,2).

The goal is to derive a formula for b, on D, and then extend it to the full cone by one-homogeneity.

We divide the half-disc D into two types of regions: the central region and the two corner regions.
These are shown in Figure 3.5.

1.0 A

0.8 4

0.6

corner
0.4 region

corner
region

central region
0.2

0.0

T T T T T T T T
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
5

half-disc D — =1 |
central region z<1 —|s| e |ower boundary z=0

upper boundary z= V1 - s?

Figure 3.5: Decomposition of the normalized half-disc D into the central region z < 1 — |s| and the two corner regions. In the
central region, the candidate b, is chosen to be linear in the z-direction.

Central region
First consider the central region: z < 1 — |s|. Equivalently, z < min{1 4 s,1 — s}. In this region both
x=1+sandy =1— s are larger than z. The candidate b, is chosen to be linear in the z-direction.

For p > 0 the lower boundary value is b,(s,0) = 2. At the top point of the central region we have
(z,y,2) = (1,1,1). This point lies on the upper boundary = = ,/zy, and therefore b,(0,1) = ¢,(1,1,1) =
(1¥/P + 11/”)” = 2P, Thus, for p > 0, the central part is obtained by linear interpolation between the
value 2 at z = 0 and the value 2Pat z = 1. Hence

bp(s,z) =2+ (2P — 2)z.
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Corner regions

Now consider one of the corner regions, for example the region where s > 0. Then1 —s <1+ s, so
the smaller coordinate is ¢ := 1 — s. The corner region is described by z > ¢t. We now keep the smaller
coordinate ¢ and the overlap z fixed. The upper boundary condition is 22 = zy. If the smaller coordinate
is t, then the corresponding upper boundary point has the other coordinate % However, this point does

not necessarily lie on the normalized slice = + y = 2, since ¢t + % is not always equal to 2. To obtain
the value on the normalized slice, we correct for this difference in the = + y-direction.

2\ 1/ P 2
Therefore, for p > 0 in the corner region, b,(s, z) = (tl/” + (%) p) + (2 —t— ZT) . Equivalently,
2\ 1/p\ P 2
1/p - _ 2
<t + ( - ) > (t += )
Half-disc

Combining the central and corner regions we get the formulas on the normalized slice for p > 0:

(- (25 - oo )]

(2P - 2)z, z<1— s

bp(s,2) =2+

by(s,z) =2+

We now rewrite these formulas in compact form on the full cone. First assume that z > 0. For (z,y, z) €
Q, define
[Ty
v := min {77 =, 1} .
z Z
In the central region, z < min{z,y}, so v = 1. In the corner regions, one of = or y is smaller than z, and

v records the ratio of this smaller coordinate to -.

For p > 0, the second candidate envelope is

Gp(r,y,2) =z +y+ Kvl/p —H)_l/p)p - (v+ v_l)} z, 2> 0. (3.2)

Therefore G,, is a one-homogeneous extension of the boundary data for every p > 0.

3.6.2. Concavity/convexity check
It remains to determine in which range of p the second candidate envelope G, is concave or convex.

As before, because G, is one-homogeneous, Lemma 3.4 shows that it is enough to check this on
the normalized slice « + y = 2. On this slice we write . = 1+ s, y = 1 — s, and study b,(s,2) =
Gp(1+ 5,1 — s, z). The function b, is defined piecewise. In the central region z < 1 — |s|, b,(s, z) is
linear, and therefore both concave and convex.

The only nontrivial part is the corner region z > 1 — |s|. There we sett = 1 — |s| and write b,(s, z) =

2

1/p\ P 2
2 4+ w(t, z), where w(t, z) = (tl/l’ + <Z ) p) - (t + %) . Thus the concavity or convexity of G,, is

T
determined by the curvature of this expression.

The function w is one-homogeneous in the variables (¢, z). Therefore it is enough to study w on the
one-dimensional slice z = 1. We define h(t) := w(t,1). Then

Bty = (8740 ) ), 0<t<t

The computation of 4" (t) in Appendix A gives

R'(t)y<0  for pe(1,2),
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and
R'(t)y>0  for pe(0,1]U][2,00).

Hence, for p > 0, the corner part is concave for p € (1,2), and convex for p € (0,1] U [2, c0). Together
with the linearity in the central region, this proves that, for p > 0, G, is concave for p € (1,2), and
convex for p € (0,1] U [2, 00).

Together with the linearity in the central region, this shows that G, is concave for
p€(L,2),

and convex for
pe(0,1]U[2,00).

It remains to check that the central and corner formulas fit together correctly across their common
interface.

Matching across the interfaces

The function b, is defined by different formulas in different parts of the half-disc D. We also have to
check that the formulas fit together correctly on the boundary between the regions, namelyon z = 1—|s|.

We first check this on the interface. Write t = 1 — |s|. Then the interface is given by z = t. The corner
formulas contain the expression
L2\ P\ *
D,(t,2) = | /P + <t) .

D, (t, 1) = 2Pt.

On the interface z = t, we have

Moreover, a direct computation gives
0:Pp(t,t) =0, 0.Pp(t,t) = 2P.

For p > 0, the corner formula is
24+ w(t, z),

where

Wity ) = Byt 2) — (t + Z:) .

On the interface z = ¢, we have

2’2 22
o+ 3)| —o (%)

wit,t) = (2P —2)t,  Bu(t,t) =0,  duw(t,t)=2" —2.

So the corner formula 2 + w(t, z) has the same value and the same first derivatives as the central
formula

Also,

Therefore,

2+ (2P - 2)z
on the interface z = t.

Thus the central and corner formulas join smoothly on the interface z = 1 — |s|. In other words, b, is
C' across the interface. We now explain why this implies concavity or convexity on the whole slice D.
Take any line segment contained in D, parametrized by

¥(0) = (50, 20) + 0(s1 — S0, 21 — 20), 0<6<1,
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and define

The interface may divide the interval [0, 1] into several subintervals. On each subinterval on which ~(9)
remains in one of the regions, the function @ has the required curvature. In the concave case,

Q"(6) <0,

so Q' is non-increasing on that subinterval. In the convex case,

Q"(9) >0,
so Q' is non-decreasing on that subinterval.

Thus the central and corner formulas have the same value and the same first derivatives on the interface
z=1—s|. Hence b, is C' across the interface. Therefore, in the concave case, Q' is non-increasing
on the whole interval [0, 1], while in the convex case, @’ is non-decreasing on the whole interval.

It follows that @ is concave, respectively convex, on [0,1]. Since this holds for every line segment
contained in D, the function b, is concave, respectively convex, on D.

3.6.3. Envelope check for G,

We have constructed the function G, checked that it agrees with the boundary data, and determined
its concavity and convexity ranges. It remains to explain why G, is indeed the corresponding envelope.
As for F),, it is enough to verify the envelope property on the normalized slice D = QN {z +y = 2}. By
Lemma 3.5, the corresponding one-homogeneous envelope property then follows on the full cone (.

On the normalized slice D, write x = 1 + sand y = 1 — s. Recall that D is the half-disc D = {(1 +
s,1—s,2): =1 <s <1, 0<z<+1-s?}. The construction of G, divides D into the central region
z < 1 — |s|, and the two corner regions =z > 1 — |s|. We show that in each region G, is affine along
line segments whose endpoints lie on the boundary of D. This is the geometric reason why G, is an
envelope.

First consider the central region for p > 0. Let u = (x,y,2) € D, and z < min{z, y}. Then w lies on the
line segment connecting the lower boundary point

r—zy—z,
Cy = A
“ 1—2"1-2"

and the upper boundary point m = (1, 1,1). Indeed,

u=(1-2)c, +zm.

The point ¢, belongs to the lower boundary of D, while m belongs to the upper boundary. For p > 0,
the boundary values are

Gplew) = pplcu) =2, Gp(m) = pp(m) = 2P.
Moreover, in the central region for p > 0,
Gp(u) =24 (27 — 2)z.

Hence
Gp(u) = (1 = 2)Gp(eu) + 2Gp(m).
Thus G, is affine on these central line segments for p > 0.

Now consider the right corner region, where y < x and z > y. Sett := y. The corresponding upper
boundary point before normalization is
2
q = <Zt’ t7 Z> )
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because for this point let mg :=t + ? Since u € D, one has m, < 2. Normalizing ¢ to the slice gives
the boundary point

2
§:=—qeD.
My

The point u = (z,y, 2) lies on the line segment between the corner point ¢; = (2,0,0) and the upper
boundary point §. More precisely,
My . my
u:—q—i—( ——)el.

2 2

Since G, agrees with the boundary data on 0D, and since it is affine on this segment by construction,
we obtain

m ~ m
Gplu) = 51Gy(@) + (1= 1) Gylen).
Using one-homogeneity of the boundary data,

p

Gp(d) = ¢p(G) = Wf Kt )w L

and
Gpler) = ppler) = 2.
Therefore

P

52\ /P
Gp(u) = (t) + P +2—-m,

oy 1/P\ P 2
1/p L _ L
(t +(t) ) (t—i—t)

This is exactly the corner formula for G,,. Hence G, is affine on the line segments used in the right
corner construction. The left corner region is identical, with the roles of x and y interchanged.

3.7. Two-function inequalities

We now translate the envelopes F}, and G, back into sharp inequalities for two functions, in the sense
of Section2.4. Let f, g > 0 be measurable functions and define

2
2l
P A+ el

For the bounds coming from G, we also define

. 2
win{ | £, 11, | £9ll”/2}

p - 2
I£9l%);

. _ , 2
with the convention C), = 1 if HngZ;z = 0.

Theorem 3.1 (Bounds for p € (0,1] U [2,00)). Letp € (0,1] U [2,00), and let f,g > 0 be measurable
functions in LP. Then

1/p 1/p7 P
1+1/1*F2 1—,/1-T7?
1f+gllb < (p) + (p) (£ + Nglib) (3.3)

2 2

and
p
1 + gl = P05 + llglls + [ (Ca/7 + € /7). = (Cyp+ G )] £l (34)
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Proof. Letz = ||f||2, y = ||g||%, and z = Hfg||§g. For p € (0,1] U [2,00), the envelope F), is concave

and G, is convex. Hence the envelope reduction gives

Substituting the explicit formula for F,, with w = 2z/(x + y) = TI',, gives the stated upper bound.
Substituting the formula for G,,, with

v—mln{g g,l}:Cp,
z’ z

gives the stated lower bound. O
Theorem 3.2 (Bounds for p € (1,2)). Letp € (1,2), and let f,g > 0 be measurable functions in LP.
Then
1/ 1/p7 P
I e S P A
I +alp= || —5—] +|—%— (1715 + llgltz) (35)
and

p
1+ glly < 102+ liglls + [ (€37 + € 77) " = (Cop+ C57Y)] £l (3.6)

Proof. Again set z = ||f||2, y = ||g||%, and z = ||ngp/2 For p € (1, 2), the roles of the two envelopes
are reversed: F), is convex and G, is concave. Hence the envelope reduction gives

Fy(z,y,2) < | +gllp < Gplz,y,2).

Substituting the explicit formulas for £, and G,,, with w =T';, and v = C,,, gives the stated inequalities.
O

3.8. Optimality

Throughout this section we work on the measure space (X, A, u) = ([0, 1], B, dx).

We saw that the envelopes £}, and G, give valid upper and lower bounds for || f + g[/b. In this section
we prove that these bounds are the sharpest bounds we could get, expressed in terms of the three

O p/2
quantities Hf||,’j, Hg\lﬁ and ||f9||p/2-

We do this by comparing the envelope functions with the best possible bounds. If the envelope functions
coincide with these best possible bound functions, then the obtained bounds are optimal.

Definition 3.4 (Realizable triples and extremal value functions). Let(, denote the set oftriples (x,y, z) €
Q) that can be realized by a pair of admissible functions f, g, that is,

1= {(w,9,2) € 3f g such thatz = ||f]12, y = llglls, = = IIfll2/3 } -

For (z,y, 2) € Q,, define

2
Byl ,2) = sup {11 + gl 171 = =, lglly = v, 1ol =2},

and
B, (w,y,2) =it {|If + gllz s 171 = @, gl = v, IFallZ)3 = 2}

Before comparing the extremal value functions with the envelope functions, we first check that they
scale in the same way. Indeed, if f and g are multiplied by the same factor, then «,y, z and also
Il + gl/2, are multiplied by the same factor, this is the one-homogeneity property from Definition 2.12.
The best possible upper and lower bounds should therefore have the same property. The next lemma
states this for B, and B,,.
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Lemma 3.6 (One-homogeneity). The functions B,, and B, are one-homogeneous on (..

Proof. We prove the statement for B,,. The proof for B, is identical. For (z,y,z) € €, define the
admissible classes

Aw,g,2) = {(F:9) 1115 =, gl = v, 1F9l3 ==}

and
Alta, ty,t2) = {(F,G) : |1FIl; =t |G = ty, |FGI)3 =12}
By definition, o
Bp(ZC,y,Z) = sup ||f+9Hg
(f,9)€A(z,y,2)

To prove one-homogeneity, we compare this supremum with the corresponding supremum over A(tz, ty, tz).
The idea is to construct a bijection between these two admissible classes. If such a bijection exists and
if, under this bijection, the quantity || f + g||? is multiplied by ¢, then the supremum is also multiplied by
t. This will show that - -
By(tz,ty, tz) =t By(x,y, 2),

which is exactly the one-homogeneity of B,,.
Fixt > 0. For (f,g) € A(z,y, z), define

Ti(f,q) = (t/7 f,t'/Pg).

We first check that 7; maps A(z,y, 2) into A(tx, ty, tz). Indeed, [|t1/? ||t = || f||5 = tx, and similarly
[£/7g|[ = ty. Moreover, (11/7 f)(tV/2g) = 12/7 fg, so [|(t1/7 ) (t/7g) |75 = [12/7 fg|%)5 = tl| Fall?)5 =
tz. Hence Ti(f, g) € A(tz, ty,tz).

The objective value scales in the same way: [[t1/7 f + t'/Pg||b = [[t1/P(f + g)||b = t||f + g||%. Therefore
every admissible pair for (x,y, z) gives an admissible pair for (tz, ty, tz), with objective value multiplied
by t. Taking the supremum gives

By(tx, ty,tz) > t By(x,y, 2).

To obtain the reverse inequality, we use that T; is invertible. Its inverse is
TN RG) = (T PEETG),

Indeed’ Tt_l(Tt(fv g)) = ﬂ_l(tl/pf7t1/pg) = (fa g)a and Tt(Tt_l(Fv G)) = Tt(til/pFﬂtil/pG) = (Fv G)
Thus T; is a bijection from A(z,y, z) onto A(tz, ty, tz).

Now let (F,G) € A(tz,ty,tz). Since T; is bijective, there exists (f,g) € A(z,y, z) such that (F,G) =
Ti(f,9). Hence [|[F + G||f = tl|f + gllj <t By(x,y,2).

Taking the supremum over all (F,G) € A(tx, ty,tz), we obtain
By(tz, ty,tz) <t By(x,y, 2).
Combining both inequalities gives
By(tx,ty, tz) =t By(z,y, 2).
Thus B, is one-homogeneous. The same argument applies to B,. O
We have shown that the extremal value functions B, and B, are one-homogeneous on 2,,. Before

using these functions on the full cone 2, we first prove that every point of (2 is realizable. We also
establish the concavity of B,, and the convexity of B,,, which will be needed later.
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Lemma 3.7 (Realization of the cone and convexity properties). For the measure space ([0, 1], B, dx),
let Q, be as defined in Definition 3.4. Then

Q,=0Q
for all p > 0. Moreover, B, is concave on Q, and B,, is convex on ().

Proof. We first prove that Q, = Q. Let (z,y,2) € Q. Thennoticex >0,y >0and 0 < z < ,/zy.

We need to construct admissible functions f, g on [0, 1] such that || f||> = x and ||g||} = y and Hfg||gg =
z.
Assume first that p > 0. For s € [0, 1], define

fs = 2) "X (5541205 9= 2" xp 0.1

s+1/2 1
Then [ £, = [/ 20dt = a,, |lg|y = [, 2udt = y and || fug|2)s = 2/37 [[s, s + 1/2] N [1/2,1]|

p/2

As s varies from 0 to 1/2, the intersection length varies continuously from 0 to 1/2. Hence ||fsg||p/2

ranges over the whole interval [0, ,/zy]. Therefore every z € [0, ,/zy] can be realized.

It remains to prove the concavity of B, and the convexity of B,. We prove the concavity of B,; the
proof for B, is analogous.

Let (z1,y1,21), (z2,y2, 22) € Q arbitrary Fix € > 0. Choose admissible pairs (f1, g1) and (f2, g2) such
that ||fz||p = T, ||91Hp = y;, and Hfzgz”p/g = z;, and

1fi + gill2 > Bp(xi, yi, z:) — €, i=1,2.

We place the first pair on the left half of [0, 1] and the second pair on the right half. Define

Ay =2YP120),  @i(t) =2YPgi(2t),  te0,l],

and set them equal to 0 outside [0, 5]. Similarly, define

oty =2YPf(2t = 1),  Go(t) =2YPga(2t — 1),  te[i1],
and set them equal to 0 outside [3, 1].

Now define o
for=2"7(f1 + fa), 90 :=27"7(G1 + G2)-
Because the two pairs are supported on disjoint halves of the interval, we get | f|2 = Z422 ||gol|5 =

ez and ||fogo||§§§ = 222 Thus (fy, go) is admissible for the triple

(561 +x2 Y1+ Y2 Z1+Zz)

2 ’ 2 2
Moreover,
o+ g0lly = 517 + Gl + 5117 + G2l
By the scaling in the definitions of f;, i, we have || f; + gil[2 = || f; + gill5,  i=1,2.
Hence

1 1
| fo + gollh = §Hf1 +a1llh + §||f2 + g2|1p.
Using the choice of the almost extremizing pairs, we obtain

1

1
p = 2 (xlayhzl)_'_ZBP(anQZ,ZQ)_g'

Il fo + gollb >
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Since (fo, go) is admissible for the averaged triple, it follows that

1—
> —Bp(z1,41,21) + §Bp(x2,yz,zz) —e.

B T1+ T2 Y1 +Y2 21+ 22
P 2 2 2

Letting ¢ — 0, we get midpoint concavity, as defined in Defintion 2.7:

B ($1+$2 Y1 +y2 21+ 22
P

1— 1—
2 ) 9 3 9 ) Z §Bp($1ay17zl) + §Bp(x2ay2;z2)-

Since B, is locally bounded, midpoint concavity implies concavity by Lemma 2.1.

For the lower extremal function, the same construction is used with almost minimizing pairs. It gives

B <!E1+$2 Y1 +y2 21+ 22
Lp

1 1
5 5 3 ><QBP(!E1,y1,21)+QBp(xzyyz,Zz)

Thus B, is midpoint convex.

It remains to justify that the extremal value functions are locally bounded. Because then midpoint
convexity implies convexity by Lemma 2.1. Then for every admissible pair,

0<If + gl < Cp (IIF15 +1lgllp) = Cpla + ),
where
Cp := max{1,2°" '},
Indeed, for 0 < p < 1 we use (f + g)? < fP + gP, while for p > 1 we use (f + g)? < 2P71(fP + gP).

Consequently, both Ep and B, are locally bounded on . Since B, is locally bounded, midpoint con-
vexity implies convexity. O

By Lemma 3.7, we have 2, = Q. Hence the extremal value functions B, and B, are defined on the
whole cone €. Moreover, B, is concave and B, is convex on (2.

We now verify that these extremal value functions agree with the prescribed boundary data.

Lemma 3.8 (Boundary values). On the boundary of 2, the extremal value functions agree with the
boundary data:

By =B, =¢p on 0N).

Proof. First consider the lower boundary z = 0. This corresponds to the case where f and g have
disjoint support. Then || f + g|[b = || f[|5 + [lg]l} = = + y.

Hence

By(x,y,0) = B,(2,y,0) = 2 + y = pp(x,y,0).

This proves the statement on the lower boundary =z = 0. It remains to check the other part of the
boundary, namely the upper boundary z = ,/zy.

Now consider the upper boundary z = ,/zy. This is the equality case in the Cauchy—Schwarz inequality

applied to f?/2 and ¢?/2. Therefore f?/2 and ¢*/? are proportional almost everywhere, see for more
details Preliminaries Section 2.2. Equivalently, g = )\ f almost everywhere for some A > 0.

Then

p Pl £|P p y\ /P
y=lgly = NIflp =, A= ()7

Hence p
1+ glly = 10+ NS = (1 NP = (/7 4 y/7)"

Thus
— p
BP(I7y7 vV ‘Ly) = Ep(waya V ‘Ly) = (:El/p + yl/p) = (Pp(xayv me).

Therefore the extremal value functions agree with the boundary data. O
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We have now shown that the extremal value functions are defined on all of Q2 and agree with the
prescribed boundary data on 992. We next compare them with the concave and convex envelopes
constructed from the same boundary data.

Lemma 3.9 (Envelope bounds for the extremal value functions). Let H, be the concave envelope of
the boundary data ¢, on €2, and let H , be the convex envelope of ¢, on ). Then, for every (z,y,z) € €,
H,(z,y,2) < B,(x,y,2) < By(z,y,2) < Hy(z,y, 2).

Proof. Let (z,y,2) € Q, and let f, g be any admissible pair with associated triple (z,y,z). From the
envelope reduction Lemma 3.2, applied to the concave envelope i, we have || f + g||b < H,(z,y, 2).
Taking the supremum over all admissible pairs gives

Ep(xvya Z) S Fp(xaya Z)

Similarly, applying the envelope reduction Lemma to the convex envelope H,, gives
H,(z,y,2) < ||f + g|/%. Taking the infimum over all admissible pairs gives

H,(x,y,2) < B,(r,y, 2).

Finally, by definition of supremum and infimum, B, (z,y,2) < By(z,9, 2).

Combining these inequalities gives -
H,<B,<B,<H,

O

So we see that the extremal value functions are squeezed between the convex and concave envelope
bounds. To prove that these bounds are actually sharp, we need to show that this squeeze becomes
an equality.

Lemma 3.10 (Identification of the extremal functions with the envelopes). The extremal value functions
coincide with the corresponding envelopes:

B, =H,, B,=H on Q.
Proof. By Lemma 3.7, B, is concave and B, is convex on 2. By Lemma 3.8, both extremal functions
agree with the boundary data on 0f2.

Hence B, is a concave majorant of ¢,,. Since H, is the smallest concave majorant of the boundary
data, we obtain

H, < B,.
On the other hand, Lemma 3.9 gives

B, < H,.
Therefore, o

B, =H,.

Similarly, B, is a convex minorant of the boundary data. Since H, is the largest convex minorant, we
obtain

B, <H,.
Together with

H,<B,
from Lemma 3.9, this gives

B,=H,.

Combining Lemmas 3.7, 3.8, 3.9, and 3.10 gives the sharpness of the two-function bounds.
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Theorem 3.3 (Optimality of the two-function bounds). The inequalities obtained from F, and G, are
sharp.

Forp € (0,1] U [2,0),

B,=F,  B,=0G,,

and hence

Forp € (1,2), the roles are reversed:

p:Gz)v B

sy

= Fp7

and hence
Fp(m7y7z) S ||f+9Hg S Gp(x7y7z)'

Proof. By Lemma 3.10, we have L
Bp = Hp7 Ep = Ep
From the envelope classification proved in the previous sections,

7 p € (0,1]U[2,00),
P Gy, pe(1,2),

and
Gp, pe€(0,1]U[2,00),
ﬂ =
P F, pec (1,2).

Substituting these identities gives the stated sharp inequalities. Since B, and B, are defined as the
supremum and infimum over all admissible pairs with the same associated triple, these bounds cannot

be improved using only the quantities || f||?, ||g]|5, and ||fg||§§§.

O

3.9. Equality and extremal cases

With the envelope method, we derived sharp bounds and insight into the cases where equality is at-
tained. In the proof of the envelope reduction lemma, the main inequality comes from Jensen’s inequal-
ity. Therefore equality can occur when the pointwise triples lie in a region where the relevant envelope
function is affine.

More precisely, because the envelope functions are one-homogeneous, it is enough to look at the
unnormalised pointwise triples

(f7. 9%, (f9)P'?).

If these triples lie almost everywhere in a region where the corresponding envelope is affine, then the
Jensen step is an equality. This gives extremal examples for the sharp bounds.
Remark (Extremal examples for the F},-bound). The function £}, is affine on the hyperplanes

{z=k(x+y)} NQ, ke{o,;].

2z
+y

Fyx,y,2) = ‘TT“’ {(1 F /1 — ARV (1 - m)l/pr_

Therefore, F, is affine on this hyperplane.

Indeed, on such a hyperplane the quantity w = is constant, namely w = 2k. Hence, from the

formula for F,

This gives the equality condition

(f)P? =k(f"+g*) ae.
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for some constant k € [0, %]. Indeed, this condition means exactly that the pointwise triples ( /7, g”, (fg)P/Q)
lie in one of the hyperplanes on which £}, is affine.

A concrete class of extremal examples is obtained on ([0, 1], B, dz) by taking
(f7 g) = (a7 b)X[O,c] + (bv a)X[c,1]7

where a,b > 0 and ¢ € [0, 1] are chosen appropriately. Explicitly,

For this pair, || f[|h = ca? + (1 — ¢)b? and ||g[|) = cb? + (1 — c)a”.

Moreover, since fg = aband f + g = a+ b on both subintervals, Hfg\\gg = (ab)P/?, 1f+gllp = (a+b)P.

Also, (fg)P/? = (ab)?/? and fP + g = aP + bP on both subintervals. Hence

(ab)P/?

(F" =k(f* +9"), k= o

Therefore the pointwise triples lie in an affine region of F},, and equality holds in the F,-bound.

Remark (Extremal regions for the G,-bound). The equality cases for GG, come from the affine regions
of G,. Recall that for p > 0,

p
Gp(z,y,2) =z +y+ [(vl/”+v‘1/”) - (v+v—1)} z,  v= min{f,y,l}
zZ Z

The first affine region is the triangular cone

{(z,y,2) € Q: z <min{z, y}}.
On this region, v = 1. Therefore, for p > 0,

Gplz,y,2) =z +y+ (2" = 2)z,

which is affine.

Under the substitution

v=f"  y=g"  z=(f9)"?
the condition z < min{z, y} becomes (fg)?/? < min{f?, g*}.
For p > 0, this implies f = gon {fg > 0}.

The other affine regions are the hyperplanes
{z=7v2}NQ and {z =y} NQ, v > 1.

On these hyperplanes, the parameter v is constant, and hence G, is affine.

If (fg)/? = ~fP, then, for p > 0,
g=Af on{f>0}
for some A\ > 1. Similarly, if
(f9)"* =",
then
f=Xg on{g>0}
for some X\ > 1.
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Thus equality in the G,-bound is obtained when the pointwise triples lie entirely in one of these affine
regions. In other words, the main extremal configurations are

f =g onthe common finite support,

or one of the functions is a constant multiple of the other on the relevant part of the space.

For the purposes of this thesis, these should be read as sufficient extremal configurations. In end-
point cases, especially p = 1, equality can occur for more trivial reasons, so the statement should not
automatically be interpreted as a complete if-and-only-if classification.

A converse for the equality statement in the G,-bound

The previous discussion gives sufficient conditions for equality in the G,-bound. We now explain why,
away from degenerate endpoint cases, these conditions are also necessary. The idea is to combine
the equality case of Jensen’s inequality with the classification of the affine regions of G,,.

Recall that in the proof of the envelope reduction lemma we consider the normalized pointwise triples
£(t) = ( f(@)” g(t)” (f(t)g(t)P’? )
- NSO +g@)p (f0) +g®)r” (f(E) +9@)P )

These triples lie on the boundary of Q. Since the envelope functions are one-homogeneous, the nor-
malized triples £(¢) lie on the same rays as the unnormalized triples

(F&P, g, (f(1)g(t))P'?).

Therefore, for the purpose of studying affine regions, it is equivalent to work with the unnormalized
triples.

Assume that equality holds in the G,,-bound. Then equality must occur in the Jensen step of the enve-
lope reduction proof. Hence the essential range of the pointwise triples must be contained in a region
where G, is affine. In other words, equality forces the pointwise triples

(f7.9%, (f9)*'?)
to lie almost everywhere in one of the affine regions of G,.

It remains to identify these affine regions. The following affine regions arising from the construction
inside €2 are the following:
Co :={(z,y,2) € Q: 2z <min{x,y}},

and, for v > 1,
Cl={(z,y,2) €Q:z=nz}, CJ:={(z,y,2) €Q:z=1y}.
On the first region, v = 1, so G, reduces to an affine expression. For p > 0,
Gplz,y,2) =x+y+ (2P — 2)z.

On the other two regions, the parameter v is constant. Indeed, if z = vz, then

and the condition (z,y, z) € Q implies £ > 1. Hence
. [Ty 1
v = mm{f,f,l} =—.
z2 z 0

Thus v is constant on C7, and therefore G, is affine there. The same argument applies to C}.

We now translate these affine regions back into conditions on f and g.
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First suppose that the pointwise triples lie in Cy. Then

(f9)P/? < min{f?, g*} a.e.
For p > 0, this gives, on {fg > 0}, (fg)?/? < f? = g < f,and (fg)?/? < g» = f < g.

Hence
f=g on{fg>0}.

Next suppose that the pointwise triples lie in C]. Then

(fg)P? =~f  ae.

For p > 0, on {f > 0}, this gives

and hence
g=Af, )\::72/”21.

Similarly, if the pointwise triples lie in CJ, then

(fg)P? =~g*  ae.

For p > 0, this implies
=g on {g > 0}
for some \ > 1.

Thus the converse follows: if equality holds in the G,,-bound, then the essential range of the normalized
pointwise triples must be contained in one of the affine regions of G,,. Consequently, the functions must
satisfy one of the corresponding structural conditions:

=y

on the common part of their support, or one function must be a constant multiple of the other on the
relevant part of the measure space.

This matches the equality cases stated for the G,-bound: for p > 0, equality forces one of the conditions
f=gon{fg>0}  g=Afon{f>0} A=1 f=2Agon{g>0} A=>1

Remark. The converse direction would require a complete classification of all maximal affine regions
of the envelope G,. Such a classification is beyond the scope of this thesis.



Extensions to g-powers

In the previous chapter, we obtained a sharp estimate for the p-th power || f + g|[2. In this chapter, we
investigate what happens when the final exponent is changed from p to some ¢ > 2.

Throughout the chapter, we assume that p > 2, ¢ > 2, and f,g > 0. As before, we introduce the
quantities

2
e=f5 y=lgls,  z=fal)5

By Holder’s inequality, 0 < z < ,/zy, so every admissible triple (x,y, z) belongs to the cone
Q={(z,y,2) 2,y >0, 0 < z < \/zy}.
The main result of the previous chapter states that

where F, is the concave envelope of the boundary data on ). This gives a sharp answer when the
final exponent is p. We now want to understand whether this result can also be used to estimate

1f + gll3-
A first estimate follows immediately from the previous chapter:

1 +gll2 = (Il + gl2) " < Fy(w,y, 2)9/7.

This estimate is sharp, but it is not especially convenient. The right-hand side still depends on the full
three-variable envelope F,,, and this envelope is then raised to the power ¢/p. As a result, the estimate
does not have a simple form in terms of the individual norms of f and g.

For this reason, we consider a different problem. We fix the overlap
J=1119llp/2

and look for the smallest constant C,, ,(J) such that

IF +gllf < Coa() (L4 ILF15 + llglF) -

The quantity on the right-hand side is symmetric in f and g and depends only on their individual LP-
norms. The influence of the overlap is contained entirely in the constant C), ,(J). This turns the problem
into a best-constant problem, rather than a new three-variable envelope problem.

33
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4.1. The new constant and the first reduction
As explained above, we fix the overlap J = | fgl|,» > 0 and compare ||f + g||7 with the symmetric
quantity

L+ ([ £1I5 + llgll3-

We therefore define C), ,(J) to be the smallest constant such that

1 +glly < Cpa(D(L+IFIF + llgl5) (4.1)

holds for all non-negative f, g € L? satisfying || fg||,/2 = J.

The constant C,, 4(J) then tells us how large the factor must be so that the inequality is true for all pairs
f, g with fixed overlap J. Since || fgl|,/2» = J, we have z = Hfgﬂgﬁ = J»/2. Applying the sharp estimate
for the p-th power gives || f + g||2 < F,(z,y, z). Raising both sides to the power ¢/p, we obtain

1+ gllg < Fplz,y,2)7/7. (4.2)
Thus the original functional problem is reduced to comparing the right-hand side of (4.2) with
L+ f1g + llgllg = 1+ 297 4y /7.

We now define the constant that describes the worst possible value of this quotient. This is the constant
we need in order to make the inequality true for all admissible pairs f, g.
Theorem 4.1 (Exact finite-dimensional reduction). Letp > 2, ¢ > 2, J > 0, and put z = J?/2. Then

Fy(z,y Z)q/p
Cpq(J)= sup —22222
pal) :rzl/lgg 1+ z9/P 4 ya/p
TY>z

Proof. Let f,g > 0 satisfy ||fgl,/2 = J, and define x = [|f[|),y = [|g[|h and z = JP/?. By the sharp

envelope inequality and raising both sides to the power ¢/p, we obtain || f + g[|7 < F (=, y, 2)4/?_ There-
fore
IF gl Fywy 2
L+(IfI1p + llgllp — 1+ 29/P 4 ya/e
Taking the supremum over all admissible pairs f, g gives

F, a/p
Cp,q(J) < sup M.
zy>0 1+ z/P 4 ya/p
wy>2z*

For the reverse inequality, we use the sharpness of the envelope F, from the previous chapter. Fix
an admissible pair of numbers z,y > 0 with 2y > 22. The sharpness result from the previous chapter
implies that this value of the envelope can be approached by admissible pairs of non-negative functions.
Thus there exists a sequence of pairs (f,,, g) such that

2
fal =2 NgnllE=v,  Ifagnls =2,

and
| .fr +9n||§ - Fp(x7yvz)'

Hence
||fn+gn||g Fp(fvyaz)q/p

— .
L+ I fally + llgnll 14 24/P 4 ya/p

Consequently, the corresponding value of the finite-dimensional quotient can be approached by admis-
sible function pairs. Taking the supremum over all admissible x, y gives the reverse inequality.

Therefore |
F q/p
Cpq(J) = sup »(2,Y, 2)

ey>0 1+ 2d/P + yQ/p'
zy222
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Remark (Finite-dimensional reduction and sharpness). Theorem 4.1 reduces the original functional
problem to a finite-dimensional optimization problem. Instead of optimizing over all admissible functions
f and g, we only need to optimize over x = || f||b and y = | g||F, while z = JP/2 is fixed.

The reduction is exact. In particular, the right-hand side is not merely an upper bound for C,, ,(.J), but
gives the smallest possible constantin (4.1). The sharpness of F,, ensures that every value of the finite-
dimensional quotient can be approached by admissible functions. Therefore, any exact evaluation of
the remaining supremum gives the optimal constant in the original functional inequality.

42.Caseq=2

Before studying the general case with ¢ > 2, we first look at the special case ¢ = 2. In this case we do
not need envelopes. The following proposition determines the optimal constant when ¢ = 2.

Proposition 4.1 (The case ¢ = 2). Letp >2and J = | fg||,/2- Then

. 4J
IF +9ll; < Coa() L+ 115+ Ngllp) — with  Cpa(J) =max (1, ——— ).
1+2J

Proof. Assume p > 2, and let J = || fgl|,/2. Since p/2 > 1, the space LP/? is normed (see Definition
2.2). Hence ||f + glI2 = [|[(f + 9)|lp/2- Using (f + 9)? = f? + 2fg + ¢° and the triangle inequality in
L?/2, we obtain

1+ glly < 12Nps2 + 21 fallosz + 9% p/2-

since [[2/l,2 = I£]12 and [lg2],,/2 = [lg]12. this gives

1f +glly < 115 +27 + llgll3- (4.3)

Put S = || f||2 + [l¢/|2. By Holder’s inequality and Proposition 2.4,

I£17 + llglly S

T < flpllglly < —5—" =3

Hence
S >2J.

Dividing the estimate by 1 + .S, we obtain

If +9lz  _S+2J

. 4.4
TT 2+ 9B = 1+5 (4-4)

Since the constant must also work for the worst possible value, we want to find the largest possible
right-hand side value of 4.4. Since S must satisfy S > 2.J, the answer depends on the size of J.

If 7 < i, then S +2J < S+ 1, so the ratio is at most 1. If J > 1, then the function 5 — ﬁfs‘] is

decreasing for S > 2.J. Hence the maximum occurs at S = 2J, giving 2.£2/ — _4J

1+2J 14+2J°
Thus L)
Cp’Q(J) = Imax <1, 1_’_2(]> .

It remains to show that this constant is sharp.

First suppose that J > 1. Choose a non-negative function & satisfying ||A]|, = 1, and put

f=vJh, g=VJh.

Then || fgl|,/2 = J and
If+gll? 47

LI + gl — 1+27°
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Thus the second value is attained.

Now suppose that 0 < J < % Again choose ||h||, =1, and for a > 0 put f, = ah, g, = Jp. Then

HfagaHp/Z = Jv

and
1 fa+ gallp (a+J/a)?

L+ |Ifal2 + llgall2 — 1+0a2+ (J/a)?

As a — oo, this quotient converges to 1. Hence the value 1 is also sharp, although it is not necessarily
attained.

Therefore

47
CP’Q(J) = maX{l, HZ]} .

O

Remark. Notice that we used the identity (f + g)? = f2 + 2fg + ¢° for the proof. However for general
g > 2, no equally simple expansion is available, which is why the envelope method becomes useful
again.

4.3. Reducing the optimization to the denominator

We have now found a constant for the case ¢ = 2, and we return to the general case ¢ > 2. For this case,
a direct expansion is no longer available. We have now reduced the problem to the finite-dimensional
quotient in Theorem 4.1. The next step is to understand where the supremum in this quotient can
occur. We use the envelopes constructed in Chapter 3.1. Before doing the optimization, it is important
to understand where the optimization takes place. The envelope gives control over the numerator of
the quotient, visible in 4.1. The explicit formula for the envelope is

p

2 T+y

We should notice that + and y appear in two different ways. In the envelope formula, they appear
together through the sum z + y. In the denominator of our quotient (right-hand side 4.3), however, they
appear separately as 29/? and y?/?. Therefore, we first study how this difference affects the optimization
problem.

Lemma 4.1. Fix z > 0. Then F,(z,y, z) depends on x and y only through the sum s = z + y.
Proof. This follows directly from the formula for F,. If s = z + y, then F,(z,y,2) = $4, (2)". Thus z
and y only appear through the sum s = = + . O

This means that once s = +y and z are fixed, the numerator F,(z, y, )4/ is fixed. The only remaining
choice is how the sum s is split between z and y. This choice only changes the denominator 1 + z9/7 4+
y?/? in 4.1.

Lemma 4.2. Fix s = x + y and z > 0. Then the admissible values of = are

s—s2—422 s++/s2 — 422
T € 5 ) 5 )

with y = s — x. For this fixed s, maximizing

Fy(,y, )1/
1+ 29/P 4 ya/p

is the same as minimizing
z4/P 4 (s — x)q/p.
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Proof. For fixed s, the numerator is fixed by the previous lemma. Therefore the quotient becomes
largest when the denominator becomes smallest. Since y = s — z, the condition zy > 22 becomes
x(s — x) > 22 by the defining condition of Q. Solving this quadratic inequality gives

s — /52 —422 s+ /52 — 422
T € 5 R B

Therefore, for fixed s, we only need to minimize z9/? + (s — a;)q/P on this interval. O

We have now reduced the problem to minimizing 29/? + (s — 2)%/? for fixed s = z + y and fixed z. This
is the point where the value of ¢ becomes decisive. If ¢/p < 1, then the function ¢ — t/? is concave, so
the minimum occurs at the boundary of the admissible interval. If ¢/p > 1, then the function ¢ — t9/7 is
convex, so the minimum occurs at the balanced point. This is why the optimization naturally splits into
the two ranges 2 < ¢ < pand ¢ > p.

44. Therange2 < ¢ <p
We first consider the case 2 < ¢ < p. In this range the exponent o = % satisfies 0 < o < 1. Therefore
the function ¢ — t“ is concave.

From the previous section we know that, for fixed s = = 4y and fixed z, the numerator of the quotient is
fixed. So we only have to minimize the denominator. This means that we have to minimize z® + (s —z)®
on the admissible interval from Lemma 4.2. If 0 < a < 1, this function is concave, so its minimum is
attained at an endpoint of the interval. If o = 1, the function is constant, and an endpoint may still be
chosen. These endpoints correspond to the boundary case zy = z2. In our problem z = J?/2, so this
boundary becomes

xy = JP.
On this boundary the envelope agrees with the boundary data. This means that the problem reduces
to proportional functions.
Theorem 4.2 (The range 2 < ¢ < p). Assume 2 < q < p. Then

IR U /20
Crald) = R T+ Gy

Proof. Put a = % Then 0 < o < 1. By Theorem 4.1,

Coat) = s, BRI
zy>JP
Fix s = x + y. By Lemma 4.2, for fixed s we only need to minimize
¥+ (s —x)°
on the admissible interval.

For 0 < a < 1, the function
=+ (s—x)”

is concave, so its minimum is attained at an endpoint. If « = 1, the function equals s and is therefore
constant. In either case, an endpoint of the admissible interval may be chosen.

The endpoints are exactly the points for which z(s — 2) = JP. Since y = s — z, this is equivalent to
xy = JP. On this boundary we have F,(z,y, JP/?) = (2'/7 4 y!/P)P.

J p
x =uP, y:() .
u

Fp(z,y, Jp/z)q/p = (u+ J/u)?,

Now write

Then zy = JP. Moreover,
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and
14 2/P +yq/p =1+u?+ (J/u)l.
Therefore ( T/
u—+J/u
Crald) = S0 T3y (T
O

Theorem 4.3 (Evaluation of the proportional supremum). Assume that 2 < q < p, and define

If J > J;, then the supremum in Theorem 4.2 is attained at u = VJ, and

29 Ja/2
CIhq(‘] - 1+2Jq/2

If0 < J < Jj, then there exists a unique t; > 0 satisfying
sinht; = 2J92sinh((q — 1)t).

The supremum is attained at the two points

u=+Je" and u=+Je

and /2
J12(2cosht)?
Cpq(J) = '
p,q( ) 1+ 2]‘1/2 COSh(th)
Proof. By Theorem 4.2,
u+ J/u)?
€y () = sup ( /u)

u>0 1+ ud+ (J/u)e’
Write u = v/J et. Then
U+ % =2V J cosht

and
J q
u? + (u) = 2792 cosh(qt).
Hence
Op,q((]) = sup ‘bq,J(t)y
teR
where
J4/%(2 cosh t)

(I)q,J(t)

T 1t 2j42 cosh(qt)

Since J > 0, the function @, ; is strictly positive, so logarithmic differentiation is valid. Moreover, ®, ;

is even, so it is enough to consider ¢ > 0.

Logarithmic differentiation gives

oM L 29 sinh(gt)
q®,.5(t) 1+ 2J9/2 cosh(qt)
Using
sinh t cosh(gt) — cosh tsinh(gt) = —sinh((q — 1)),
we obtain

sgn ®; ;(t) = sgn (sinht —2J%%sinh((q — 1)t)) .
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For t > 0, define )
sinh ¢
R = Snia= o

We first show that R, is strictly decreasing. Indeed,
d
o log Ry(t) = cotht — (¢ — 1) coth((¢ — 1)1).

To determine the sign, consider
h(s) := scoths, 5> 0.

Then b .
h'(s) = coths — s csch® s = w

sinh” s

Since
sinh(2s) > 2s for s > 0,
we have
sinh s coshs — s > 0.
Therefore
h'(s) >0,
so h is strictly increasing.
Because ¢ > 2, we have
(g— 1Dt >t.

Hence
(¢ — 1)t coth((qg — 1)t) > tcotht.

Dividing by t > 0, we obtain
(¢ — 1) coth((g — 1)t) > cotht.

Consequently,

d

% log Rq(t) < 0,
and therefore R, is strictly decreasing.
Moreover, )

A positive critical point of ®, ; therefore satisfies

R,(t) = 292,

Suppose first that

2J1% > — .
o
Since
R,(t) < —— for every ¢t > 0,

there is no positive solution of
R,(t) = 2792,

Moreover,
R,(t) —2J92 <0  foreveryt >0,

o)
n.a(t) <0  foreveryt>0.
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Thus @, ; is strictly decreasing on (0, c0), and its maximum is attained at ¢ = 0. This corresponds to

u=+J.

The condition

2J92 > ——
|

7> ()

C () = JV%(2cosh0)7  22J9/2
Pl 1 4 9J9/2¢cosh 0 14 2J9/2°

is equivalent to

Substituting ¢ = 0 gives

Now suppose that

2J9% < ——
q—1

Since R, is strictly decreasing from 1/(q — 1) to 0, there exists a unique ¢; > 0 such that
Rq(t,]) =2.J9/2,

Equivalently,
sinht; = 2J92sinh((q — 1)t).

For0 <t < ty, we have
R,(t) > 292,

and therefore
0. >0.

Fort > t;, we have
R,(t) < 2J92

and therefore
a0 <0.

Hence t; is the unique positive maximizer. Since @, ; is even, —t; is also a maximizer.

Returning to the variable u, the two maximizers are
u=Jet and  u=+VJe .
Substituting ¢ = ¢ into ¢, ; gives

Co () = J4/%(2cosht ;)
PO 1 420972 cosh(qt )

O

Remark (When the symmetric proportional case is optimal). The point « = /.J corresponds to the
symmetric proportional case. By Theorem 4.3, this point is optimal exactly when

7> ()

For smaller values of .J, the symmetric point is not optimal. In that case, the supremum is attained at
two asymmetric proportional configurations related by the symmetry « — %
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4.5. Therangeqg > p

We now consider the case ¢ > p. In this range the exponent a = % satisfies a > 1. Therefore the
function ¢ — t¢ is convex.

From the previous section we know that, for fixed s = = 4+ y and fixed z, the numerator of the quotient
is fixed. So we only have to make the denominator as small as possible. This means that we have to
minimize z* 4 (s — ) on the admissible interval from Lemma 4.2. If o > 1, the function

=+ (s—x)”
is strictly convex, so its minimum is attained at the balanced point

If a = 1, the function is constant, and the balanced split may still be chosen. Hence the minimum is

attained at s

If ¢ = p, then a = 1, and every split gives the same value. In particular, the balanced split is still allowed.

Theorem 4.4 (The range ¢ > p). Assume q > p. Then

; p/2\ P\ 4/P
Cpq(J)= sup (EAP (QJS >> .

s>2Jp/2 1+2 (%)q/p

Equivalently, with

2.JP/2 J2 A (1)
T = S , we have Cp,q(J) = Oi’rzl W

Proof. Put a = %. Then « > 1. By Theorem 4.1,

F,(z,y, JrP/?)
Cpo(J) = sup M.

cy>0 14+az%+y®
zy>JP

Fix s = x + y. By Lemma 4.2, for fixed s we only need to minimize
xa + (S _ m)(x
on the admissible interval.

If « > 1, the function
x> z%+ (s —x)°

is strictly convex and symmetric around = = s/2, so its unique minimum is attained at

If « = 1, the function is constant, so the balanced split may still be chosen.

So the quotient becomes
FP(S/Qv 5/27 Jp/2)q/p
1+ 2(s/2)a/p

Since the condition zy > J? becomes (g)2 > JP, we must have s > 2.J7/2. Therefore

F,(s/2,s/2,JP/2)1/P
Cpald) = PRS2 5/,
pal) = SO T a(s 2yl
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Using the explicit formula for the envelope,

r+y 2z \P
FP(’IayVZ) = ) Ap (WJ) )

we get

2Jp/2\ "
Fp(5/275/27‘]p/2):;‘4p( JS ) .

This gives the first formula.

For the second formula, put

9 Jr/2
r = .
S

Then 0 <r <1, and

s JP/?

2 7
Substituting this into the first formula gives

J/2 A (r)d
Cpqe(J) = sup p(r)

o<r<1 T4/P +2J9/2°

Remark (Special values). In Theorem 4.4, the point » = 1 gives the symmetric proportional value

24 J4/2
1+2Ja/2"
The limit » | 0 gives the disjoint-support value 2¢/?—!. These values are useful to keep in mind, but the
theorem shows that the exact constant is given by the full supremum over 0 < r < 1.

Remark (The remaining one-dimensional optimization). Theorem 4.4 gives an exact one-dimensional
representation of C,, ,(J). Thus the corresponding inequality is sharp, even when the supremum is not
available in closed form.

An interior maximizer r € (0, 1) must satisfy

Ar) g puirt
qu(r) pra/p 2J4/2°

Equivalently,
A;(r) B ra/p—1

Pa,r) = rav v 2ga2

Together with the endpoint values » = 1 and r | 0, this equation determines the possible maximizers.
In general, however, the equation depends non-trivially on p, ¢, and J, and does not appear to have a
simple closed-form solution.

Remark (The borderline case ¢ = p). If ¢ = p, then ¢/p = 1. In that case the denominator becomes
l+z+y=1+s.

So the denominator no longer depends on how s is split between x and y. This explains why the cases
2 < g <pand q > p meet naturally at ¢ = p.



Conclusion

In this thesis we studied sharpened triangle inequalities for sums of two functions in LP-spaces. The
classical triangle inequality gives a general estimate for || f + g||,,, but it does not use information about
how the two functions overlap. The aim of this thesis was therefore to understand how the overlap
between f and g can be used to obtain sharper estimates for the size of their sum.

The main quantities used throughout the thesis were

e=f5 y=lgls,  z=fal5
The first two quantities measure the sizes of f and g separately, while the third quantity measures their
overlap. By the Cauchy—Schwarz inequality, these quantities satisfy

0< 2z < Jay.
Thus the possible triples (x,y, z) lie in the admissible cone
Q:{(x,y,z)€R3:x20, y>0,0<z< Ty}

This allowed us to translate the analytic problem of estimating || f + g|[5 into a geometric problem on
the cone Q.

The boundary of this cone corresponds to the two extreme cases of overlap. On the lower boundary
z = 0, the functions have disjoint support when p > 0, and the value of || f + g[|} is = +y. On the upper
boundary z = ,/xy, the functions are proportional, and the value is

(l-l/P + yl/P>p .

These boundary values define the boundary function ¢,. The main task was then to extend this bound-
ary data to the interior of the cone in the sharpest possible way.

The envelope method gives a systematic way to do this. We showed that every concave one-homogeneous
extension of the boundary data gives an upper bound for || f+g||», while every convex one-homogeneous
extension gives a lower bound. Therefore the sharp upper and lower bounds are obtained from the

concave and convex envelopes of ¢,,.

Following Ivanisvili and Mooney, we studied two explicit envelope functions, denoted by F, and G,,.
The first envelope F, is obtained by the horizontal chord construction on the normalized slice z +y = 2.
Its explicit formula is

Ey(z,y,2) = xTer [(1+ V1 —w2>1/p+ (1 -1 —w2)1/p]p, w— 2%

x-i—y'

43
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We showed that £}, is concave for
p € (0,1] U [2,00),

and convex for
pe(1,2).
Thus F, gives the sharp upper bound in the first range and the sharp lower bound in the second range.

The second envelope G, is obtained from a corner construction. This construction divides the normal-
ized half-disc into a central region and two corner regions. The function G, is affine on the correspond-
ing line segments used in this construction. For p > 0, it is given by

Gplz,y,z)=x+y+ [(vl/’”rv*l/p)p — (v+vil)} z, v = min{f, g,l}.
2z

We showed that G, has the opposite role from F},. It is concave for

p € (1,2),

and convex for
p € (0,1]U[2,00).

Therefore G, gives the sharp upper bound exactly in the range where F,, gives the lower bound, and
conversely.

Combining these two envelope functions gives the sharp two-function inequalities. For
p € (0,1]U[2,00),

we obtain
Gp(ZC,y,Z) S ||f+gH£ S Fp(m7yvz)'

For
pe(1,2),
the inequalities are reversed in the sense that

These inequalities show precisely how the overlap term ||fg||£§§ sharpens the usual triangle inequality.

We also discussed the optimality of these bounds. To do this, we introduced the extremal value func-
tions B, and B, which describe the best possible upper and lower values of ||f + g|[Z among all
functions with the same associated triple (z,y, z). We showed that these extremal functions have the
same one-homogeneity and boundary values as the envelope functions. Using realization of the cone
and convexity properties of the extremal functions, we concluded that the envelope bounds are optimal.
This means that the inequalities cannot be improved if one only uses the three quantities

2
Az gz, Nl

The envelope method also gives insight into equality and extremal cases. Since the main inequality is
obtained through Jensen’s inequality, equality can occur when the pointwise triples

(f7.9%, (f9)*"?)

lie almost everywhere in a region where the relevant envelope is affine. For F,, these affine regions are
related to the hyperplanes on which the normalized overlap parameter is constant. For G,,, the affine
regions correspond to the central region and the corner regions of the construction. This explains why
extremal functions often have a rigid structure, such as being equal on their common support or being
proportional on the relevant part of the measure space.
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In the final chapter, we studied an extension in which the final power is changed from p to another
exponent ¢ > 2. In this part, we assumed p > 2, so that F}, gives the sharp upper bound for the
p-power problem. Fixing

J = ||ngp/27
we studied the smallest constant C,, ,(.J) such that

1S +gllf < Cpa(7) L+ IIFII + lgll3) -

Using the sharp envelope estimate, we reduced this problem to the exact finite-dimensional optimization
problem
Fy(x,y, Jp/2)q/p

u .
I,yfo 14 24/P 4 ya/p
zy>J?

Czuq(‘]) =

This reduction is sharp: the right-hand side gives the smallest possible constant in the original inequality.

The final optimization is determined by the exponent ¢/p. The numerator depends on z and y only
through their sum, while the denominator depends on them separately.

If 2 < ¢ < p, then for fixed x + y the minimum of the denominator may be taken at the boundary zy = J”.
Consequently,

_ (u+ J/u)?
Cpq(J) = S Tt ¢ ()i

This supremum can be analysed further. Define

i~ ()

If 7 > Jy, then the symmetric proportional point u = V/J is optimal, and

24 Ja/2
Cral) = g gare
If 0 < J < J;, then the maximum is attained at two asymmetric proportional configurations

u=vJett,
where ¢ ; > 0 is the unique solution of sinh ¢; = 2J9/2 sinh((q — 1)t).
If ¢ > p, then ¢/p > 1, and the denominator is minimized by the balanced split z = y.
This gives the exact one-dimensional representation
2 .
Cpa(J) = S m,
where

Ay(r) = (1+ /1 —7“2)1/p—|— (1-V1 —r2)1/p.

In the borderline case ¢ = p, the denominator depends only on z + y, so every split gives the same
value and the balanced split may still be chosen. Although the remaining supremum does not appear
to have a simple closed form in general, it is an exact sharp one-dimensional characterization of the
optimal constant.

Overall, the results of this thesis show that the overlap between two functions can be used to sharpen
the classical triangle inequality in a precise and optimal way. The envelope method gives both the
sharp inequalities and a geometric explanation of why these inequalities are optimal. It also provides a
useful framework for studying related problems, such as the g-power extension considered in the final
chapter. The main conclusion is that the three quantities

2
Az lgle, lfall”s
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contain exactly the information needed to obtain the sharp two-function bounds studied in this thesis.

Although the results are obtained in a specific setting, they demonstrate how geometric information,
encoded through the overlap parameter, can lead to sharper estimates than those based solely on
norms.
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Appendix

.ODerivative computation for F,, In this appendix we justify the concavity and convexity statement for
the function F,. On the normalized slice = + y = 2, the function F,, depends only on z. We therefore

e ut) = (A+VI=@) P4 - Vimem) <<t
The goal is to determine the sign of u” (t).
To remove the square root, set ¢ = sin(2s) with 0 < s < Z. Then v/1 — ¢2 = cos(2s), and therefore
ufsin(2s)) = ((1+ cos(25))1/7 + (1 - cos(Zs))l/p)p
= ((2 cos? s)l/p +(2 sin® s)l/p)p

P
=2 (0082/” 5+ sin?/? s) .
P
Hence Ju(sin(2s)) = (0052/p 5+ sin?/P s) . Define

A(s) := cos?/P s 4 sin?/P 5.

Differentiating gives
u/ (sin(2s)) cos(2s) = pA(s)P~LA'(s),

where A’(s) = <51112/p_1 scos s — cos?/P~1 ssin s) . Equivalently,

2
P

2
A'(s) = = cos?P s (tanz/p_1 s — tan s) .
p

Differentiating once more and simplifying, one obtains
sgn(u”(sin(2s))) = sgn(v(z)), x = tan’(s) € [0, 1],

where )
v(z) = 2P + ( - 1) 2V/P 1 —2) — 1.
p
The simplification uses the identity

2/ (sin(2s)) cos?(2s) _ 2(1 +a)? [Jc/ .\ (2 B 1) gy 1.

A(s)P=2cost/P s 1—2

with = = tan?(s). The prefactor is positive for 0 < z < 1, so the sign is determined by v(z).
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We now determine the sign of v. Clearly, v(1) = 0. A direct differentiation gives

oyt (224) [ (1 251)].

The sign of the last bracket follows from the elementary comparison between the graph of z'/? and its
tangent line at x = 1.

If p > 2, then x/7 is concave, and hence 2'/? < 1+ ’“’le. Since %— 1 < 0, this gives v’(z) > 0. Together
with v(1) = 0, this implies v(x) < 0for 0 < z < 1. Thus v” < 0, so u is concave.

If 1 < p < 2, then /7 is still concave, but now % —1>0. Hence v'(z) < 0, and since v(1) = 0, we get
v(z) > 0. Thus «” > 0, so u is convex.

If 0 < p < 1, then z'/7 is convex, and hence z'/? > 1 + £-1. Since 2 — 1 > 0, we get v/(z) > 0.
Therefore v(x) < 0, and u is concave.

Consequently, F}, is concave for p € (0, 1] U [2, 00), and convex for p € (1,2).
.ODerivative computation for G,

In this appendix we justify the concavity and convexity statement for the function G,,. On the normalized
slicex+y =2, writex =1+ s,y = 1— s, and define b,(s,z) := G,(1 + 5,1 —s,2). Forp > 0, the
function b, is given by
w(l—|sl,z), z>1-—]s|,
by(s,z) =2+
o(5:2) {(27“—2)2, <1 s,
2\ 1/p P 2 . . .

where w(t, z) = [t/ + (%) — (t + ZT) . The central part is linear, so its curvature is zero. It
remains to study the curvature of the corner expression.

The function w is one-homogeneous in the variables (¢, z). Hence, by the same slice argument used
in Lemma 3.4, it is enough to study the one-variable function h(t) := w(t,1) = (t'/7 +¢~1/7)" —
(t+t71),0 <t < 1. We compute

h/(t) = (tl/P _|_t—1/17>p_1 (tl/p—l _ t_l/p_l) . (1 —t_2).
In particular, »'(1) = 0. A second differentiation gives
h"(t) = p—1 (tl/p + tfl/p)p_z (tl/pfl _ t*l/pfl)Q

P
1 —1

oGS t*”?)p (L =p) /24 (14 )t 1/72) — 2072,
P

After simplification, this becomes h”(t) = 2¢3 [(1 + 2/pyp2 (1 n (% - 1) t2/p) - 1} . Set z = ¢2/7.

Forp > 0, we have z € [0, 1]. Since 2¢=3 > 0, the sign of 1" is the sign of (1+z)P~2 (1 + (% - 1) z) -1

Equivalently, the sign is determined by g, (z) := 1+ (% - 1) x— (1+z)%7P.

We now determine the sign of g, on [0,1]. We have g,(0) = 0. Also, g,(1) = 1% — 2277 This has the
same sign as 2P~! —p. The function p — 2P~ ! is convex and meets the line patp = 1 and p = 2. Hence
2P=1 > pfor p € (0,1] U [2,00), and 2P~ < p for p € (1,2). Therefore g,(1) > 0 for p € (0,1] U [2, c0),
and g,(1) < 0forp € (1,2).

Furthermore, the first term in g, is linear in z, while the function = — (1 + x)?~? is convex for p € (1,2),
and concave for p € (0,1) U (2,00). It follows that g,(z) < 0 for p € (1,2), and g,(z) > 0forp €
(0,1]U[2,00). Thus h”(t) < 0 for p € (1,2),and h”(t) > 0 for p € (0,1]U[2, o0). Consequently, for p > 0,
G, is concave for p € (1,2), and convex for p € (0,1] U [2,00).
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Consequently, G, is concave for

and convex for

p € (1,2),

p € (0,1]U[2,00).
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