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Spin polarization of two-dimensional electrons determined from Shubnikov–de Haas oscillations
as a function of angle
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Recent experiments in the two-dimensional electron systems in silicon metal–oxide–semiconductor field
effect transistors have shown that the in-plane magnetic fieldHsat required to saturate the conductivity to its
high-field value, and the magnetic fieldHs needed to completely align the spins of the electrons, are compa-
rable. By small-angle Shubnikov-de Haas oscillation measurements that allow separate determinations of the
spin-up and spin-down subband populations, we show to an accuracy 5% thatHsat5Hs .
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Dilute two-dimensional electron~or hole! systems, which
display unexpected metallic behavior, are currently the s
ject of great interest.1 These strongly interacting systems al
exhibit enormous magnetoresistances in response to a
netic field applied parallel to the electron plane:2–6 with in-
creasing field, the resistivity rises sharply and saturates
constant value forH.Hsat ; the saturation fieldHsat is of
the order of several tesla and varies with temperature
electron density.

Two experiments have recently shown that the beha
of the resistance is related to the spin polarization of
electrons. On the assumption that the productgm* of the
interaction-enhancedg factor g and effective massm* mea-
sured in a small field does not change in a strong in-pl
magnetic field, Okamotoet al.7 found that the saturation field
Hsat is close to the field at which the two-dimensional~2D!
electron system in silicon metal–oxide–semiconductor fi
effect transistors~MOSFET’s! becomes fully spin-polarized
Similar conclusions were drawn by Vitkalovet al.,8 who
demonstrated that the frequency of small-an
Shubnikov–de Haas~SdH! oscillations versus filling factorn
in high fieldsH.Hsat , is double the frequency at low field
H,Hsat . This signals a decrease of the density of states
a factor of 2 and the complete depopulation of one of
spin subbands whenH.Hsat . The equivalence between th
field Hsat at which the resistance saturates and the fieldHs
required to obtain complete alignment of the electron sp
was established in these experiments to an accurac
'10% to 15%. By using a modification of the small-ang
Shubnikov–de Haas method of measurement,8 which allows
a determination of the population of each spin subband s
rately, we show in the present paper thatHsat5Hs with an
accuracy of'5%.9

The method is based on the following considerations. T
populations of the spin-up and spin-down subbands are g
erned by the Zeeman energy, which is determined by
total magnetic field. The splitting of the Landau levels
controlled by the normal component of the magnetic fi
H' : \vc5eH' /mc. By rotating the 2D electron plane rela
tive to the direction of the magnetic field, we change t
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b-

ag-

a

d

r
e

e

d

e

y
e

s,
of

a-

e
v-
e

e

normal component of the magnetic field and, therefore,
Landau-level spitting in each band. For a fixed total ma
netic fieldH, the sizes of the Fermi circleskF

↑,↓ , formed by
the spin-up and spin-down electrons, are different and c
stant. The frequency of the SdH oscillations with 1/H' is
proportional to the area of the Fermi circle and therefore
density of spin-up~or spin-down! 2D carriers Thus, the ratio
of the frequencies of the SdH oscillations, due to the spin
and spin-down Fermi circles, yields the ratio of populatio
of the spin subbands for a given value of the in-plane m
netic field. Analyzing the data obtained by this method,
show that the saturation fieldHsat is the same as the field
required for complete spin polarization with an accuracy
5%.

Measurements were taken on a silicon MOSFET; the m
bility m at 0.1 K was 26 000 V/(cm2 s). Contact resistance
were minimized by using a split-gate geometry, which allo
a higher electron density in the vicinity of the contacts th
in the 2D system under investigation. Standard ac four-pr
techniques were used to measure the resistance with ac
rents in the linear regime, typically below 5 nA, at a fr
quency of 3 Hz. Data in high magnetic fields up to 20
were obtained at the National Magnetic Field Laboratory
Tallahassee, Florida. The sample was mounted at the en
a low-temperature probe on a rotating platform. The sam
was rotated in constant magnetic field by a stepper mo
The electron densityns was fixed during the sample rotatio
and measurements were taken at a temperature of abou
mK. The longitudinal and the Hall voltages were detect
simultaneously.

For small anglesf between the electron plane and th
magnetic-field direction, the Hall resistance is proportion
to the normal component of the magnetic fieldH' : Rxy
5H' /(nse), with H'5H sinf. The Hall coefficient does
not depend on the degree of the spin polarization of the
electrons in silicon MOSFET’s. This was demonstrated
recent experiments10 with an accuracy'5% for electron
densities belowns52.7531011 cm22. We note that the pro-
portionality of Rxy with H' is sufficient to guarantee th
correct ratio between the two periods of the SdH oscill
©2001 The American Physical Society01-1
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tions, regardless of whether the constant of proportiona
varies with in-plane magnetic field.

The angle between the magnetic field and the 2D pl
was also determined from the known gearing number of
stepper motor. Both methods give the same ratio of frequ
cies with an accuracy of about 3%. The filling factor w
calculated using the relationn5nsF0 /H' .

In a constant total magnetic field of 18 T, the longitudin
resistivity is shown in Fig. 1~a! plotted as a function of filling
factor n for electron densityns53.7231011 cm22. Clean
periodic Shubnikov–de Haas oscillations are observed wi
periodDn52. Taking into account the twofold valley dege
eracy of 2D electrons in silicon MOSFETs,11 the periodDn
52 is found to correspond to quantum oscillations in
single spin band. In other words, atH518 T andns53.72
31011 cm22, the electrons are spin polarized complete
The sharp dip atn53 corresponds to valley spitting. Th
Fourier spectrum of these oscillations is shown in Fig. 1~b!.
The main peak in the spectrum corresponds to the pe
Dn52, which is clearly dominant in Fig. 1~a!. The two
smaller maxima at higher frequencies are second and t
harmonics. Valley splitting, oscillations of the Fermi energ
and various other effects may be responsible for th

FIG. 1. ~a! The small-angle Shubnikov–de Haas oscillations
the two-dimensional system of electrons in a silicon MOSFET
density 3.7231011 cm22 in the presence of a magnetic field of 1
T, which is close to the saturation fieldHsat for this density.~b! The
Fourier transform of the data shown in~a!; the inset is a schemati
band diagram, corresponding to the complete spin polarizatio
H5Hs .
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higher-order peaks. The schematic band diagram in Fig.~b!
shows the population of the spin-up and spin-down bands
full spin polarization andH5Hs , the condition that obtains
at the density shown. A similar pattern of oscillations wi
period Dn52 is observed for a lower electron densityns
52.7531011 cm22.

Shubnikov-de Haas oscillations are shown in Fig. 2~a! for
the same magnetic fieldH518 T for a substantially highe
density ns59.2831011 cm22. In contrast with Fig. 1, the
oscillations do not have a single period. Instead they dem
strate a beating pattern. The main frequencies that create
beats are easily identified in Fig. 2~b!, which shows the Fou-
rier components of the oscillations. The schematic band
gram in Fig. 2~b! shows the population of the spin-up an
spin-down bands corresponding to the high-density ca
whereH,Hsat and the electrons are partially polarized. T
two main peaks of Fig. 2~b! are at frequencies 0.167 an
0.330, corresponding to quantum oscillations in the sp
down and spin-up subbands. They are proportional to
Fermi energies~and therefore the populations! of the spin-
down and spin-up bands. The Fourier spectrum contains
eral additional peaks associated with obvious and str
nonlinearity of the SdH spectrum. A complete interpretati
of the different peaks will require detailed analysis.
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FIG. 2. ~a! The small-angle Shubnikov-de Haas oscillations
the two-dimensional system of electrons in a silicon MOSFET
density 9.2831011 cm22 in the presence of a magnetic field of 1
T. ~b! The Fourier transform of the data shown in part~a!; the inset
is a schematic band diagram, corresponding to partial spin pola
tion of the 2D electrons atH,Hs .
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The ratio of the frequencies of the oscillations in the tw
spin subbands is proportional to the ratio of the densities
spin-down and spin-up electrons:f ↓/ f ↑5ns

↓/ns
↑ . The ratio

f ↓/ f ↑ determined from our experiments is plotted in Fig. 3~a!
for different total electron densitiesns . At high electron den-
sity ns59.2831011 cm22, the 2D electron system is pa
tially spin-polarized atH518 T and the ratiof ↓/ f ↑ is '0.5.
Decreasing the total electron densityns reduces both the
spin-up and the spin-down populations, yielding a sma
f ↓/ f ↑. Finally, for ns53.7231011 cm22 and below, the
spin-down subband is depopulated completely at 18 T,
the 2D system is fully spin polarized. The ratiof ↓/ f ↑ is equal
to zero forns,nsat(18 T)53.7231011 cm22.

FIG. 3. ~a! The ratio f ↓/ f ↑ vs the electron densityns in a mag-
netic fieldH518 T, applied at a small angle relative to the plane
a silicon MOSFET; the line is drawn to guide the eye.~b! Open
circles denote the fieldHsat at which the conductivity saturates t
its high-field value, as shown in the inset. The closed circles are
fields Hs required to achieve the full spin polarization of the ele
trons, and calculated using Eq.~3!. The solid line is a linear fit to
the data forHsat .
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The magnetic fieldHs required to achieve full spin polar
ization of the electron system can be calculated from
following simple considerations. The Fermi energy of t
spin-up and spin-down electrons, measured relative to
bottom of each subband, is

e↑,↓5eF
06mgH/25n/~2D !6mgH/2, ~1!

whereeF
05n/(2D) is the Fermi energy of each band whe

H50, and the density-of-statesD of the electrons in two
dimensions is constant.11 The ratio

f ↓

f ↑ 5
n↓

n↑ 5
e↓D

e↑D
5

12~gmHD !/n

11~gmHD !/n
. ~2!

The condition for full spin polarization in a magnetic fie
Hs is that n↓50, thuse↓505n/(2D)2mgHs/2, andn/D
5mgHs . Substitution12 into Eq. ~2! yields

f ↓

f ↑ 5
~12H/Hs!

~11H/Hs!
,

an expression that is valid whenH,Hs (H518 T in our
experiments!. The fieldHs can thus be calculated from th
expression

Hs5
~11 f ↓/ f ↑!

~12 f ↓/ f ↑!
H. ~3!

The solid circles shown in Fig. 3~b! denoteHs calculated
for the data of Fig. 3~a!, using Eq.~3!. Values ofHsat , de-
noted by the open circles, are obtained from the saturatio
the in-plane magnetoconductivity, as illustrated in the in
to Fig. 3~b!. The line is a fit to the data forHsat . In the
narrow range where the two data sets overlap,Hsat'Hs
within about 5%.

In summary, small-angle Shubnikov–de Haas measu
ments, taken at a fixed total magnetic field of 18 T, as
function of the angleu between the magnetic-field directio
and the electron plane, have allowed a separate determ
tion of the populations of the spin-down and spin-up su
bands. Analysis of the data yields the fieldHs required to
achieve the complete spin polarization of the electrons.
find thatHs is the same as the fieldHsat , which signals the
saturation of the conductivity with an accuracy of 5% atn
.331011 cm22.

This work was supported by the U.S. Department of E
ergy under Grant No. DE-FG02-84ER45153. Partial supp
was provided by NSF, Grant No. DMR 98-03440.
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