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Abstract – Glass, a material with a rich history spanning over 4,500 years, 

has evolved from a decorative element in ancient Mesopotamia to a pivotal 
component in modern architecture and engineering. From stained glass windows 

that illuminated cathedrals to its contemporary role as a structural material, glass 

continues to showcase its versatility and strength. Recent advancements in 
manufacturing and computational design have further expanded its potential, 

allowing for intricate and efficient applications in structural contexts. 

This thesis builds upon the work of Koniari, Schoenmaker, and Brueren, who 
explored the intersection of topology optimization and glass fabrication. While 

Koniari focused on 2D topology optimization for cast glass and Schoenmaker 
extended this to 3D implementations, Brueren integrated topology optimization 

with additive manufacturing (AM). The current research aims to advance this field 
by tackling process-induced anisotropy, a critical issue in layer-by-layer fabrication 

methods like AM. By integrating anisotropic considerations into topology 
optimization algorithms, this work seeks to enhance the manufacturability and 

structural integrity of 3D-printed glass components that are generated using 

topology optimization methods. 

The research is structured into two phases: a literature review and a practical 

phase. The review examines the properties of glass, additive manufacturing 

techniques, and topology optimization algorithms, while the practical phase 

involves refining algorithms to address anisotropy.  

This study aims to bridge the gap between computational design and fabrication 

processes, offering a comprehensive framework for producing optimized glass 
structures through additive manufacturing. By addressing the challenges of 

anisotropy and integrating these considerations into topology optimization, the 

thesis seeks to redefine the possibilities of glass as a modern structural material.  
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01 Research Framework 
 

 

1.1 Introduction  

 

 
Glass is a material that has gained more and more ground over the years. 

Starting its career as a decorative element in churches, to breaking the 

walls both metaphorically and literally during the modern movement as a 

means of transparency and lightness, to now being further evolved into a 

structural element.  
 

There is already extensive research about the compressive and tensile 

strength of glass, the different mixtures, shapes and fabrication processes 

and its properties. Therefore these aspects will only be briefly addressed as 

they are not the focal point of this thesis.  

 
Topology optimization has evolved significantly over the last decades, with 

the development of different algorithms and logic for optimization, offering 

computational methods that can be used to derive the optimal material 

distribution under given boundary conditions. Classic density-based 

approaches, such as SIMP (Solid Isotropic Material with Penalization), have 
been widely used in structural engineering. Recently, efforts have emerged 

to tailor topology optimization methods for materials like glass and additive 

manufacturing constraints, including the work of Koniari, Schoenmaker and 

Brueren.  

 
Koniari began with cast glass and using a 2-dimensional topology 

optimization formulation, while implementing annealing time calculations 

into the optimization process and other glass specific properties. 

Schoenmaker, dived deeper into 3-dimensional implementations of the 

algorithm and Brueren considered topology optimization together with 

additive manufacturing as a means of progressing the fabrication process 
even further based on the novel G3DP printer. 

 

While the latest work of Brueren has some really interesting advancements 

regarding the fabrication of topology optimized results with additive 

manufacturing, like addressing the overhang constraint, path continuity and 
nozzle size, the anisotropic mechanical behavior induced by layer-wise 

printing still imposes a gap between simulations and real-world application. 

Most algorithms assume isotropic material behavior which does not take 

into account the fabrication method of additive manufacturing, thus 

creating the gap between optimization and fabrication.   
 

This thesis, building upon the existing work, proposes a modified topology 

optimization framework that introduces transversely isotropic material 

behavior into a SIMP-based 3 dimensional topology optimization algorithm, 

tailored specifically for 3D printed glass components. By incorporating 
empirical insights into the directionality of the stiffness and enabling control 

through the algorithm, this work aims to fully align the computational 

process with the realities of additive manufacturing.  
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The proposed framework, builds on Brueren’s matlab implementation and 
modifies it in two fundamental ways. By integrating mechanical testing of 

printed glass specimens, that offer insights into the directionality of the 

stiffness, and by replacing the isotropic elasticity matrix with a transversely 

isotropic one aligned with the experimental data. 

 
The effectiveness of the proposed method is evaluated primarily through 

the objective function of the algorithm, which is compliance minimization, 

under consistent loading and boundary conditions. Differences between 

isotropic and anisotropic outputs are analyzed both numerically (compliance 

ratios) and geometrically (density fields). The last part of this process 

includes verifying the optimized geometries through separate finite element 
analysis using ANSYS and boundary conditions that are aligned with the 

case study that is going to be used.  

 

The proposed framework while limited by the mechanical testing shows 

promising results that can improve further.  
 

1.2 Research Goal 

 

The goal of this thesis will be to addressing anisotropic behavior induced by 

additive manufacturing. This will be referred to as “process-induced 
anisotropy” (Zhang et al., 2017) throughout this thesis. The research goal 

of this thesis is to create/further advance a topology optimization algorithm 

that can account for the intricacies that glass 3d printing fabrication will 

show and get one-step closer to utilizing the potential of glass as a 

structural component and fully utilizing the potential of printers like the 

G3DP. This will involve the introduction of anisotropic properties that arise 
form additive manufacturing fabrication into the optimization process.  
 

1.3 Research Question 

 

Based on the research goal, as well as the extended research that already 
exists, the main research question of this thesis will be:  

 

 How can process induced anisotropy be integrated into topology 

optimization, using a SIMP algorithm, to ensure both 

manufacturability and the expected structural integrity of glass 
components. 

 

Based on that, secondary questions arise that will be helpful to properly 

understand the solution and research that will be conducted later. Those 

are: 
 

 What are the existing additive manufacturing techniques, and which 

are most suitable for fabricating glass components? 

 How does additive manufacturing introduce process-induced 

anisotropy in materials, and what are its implications for mechanical 

performance? 
 What are the operational capabilities and constraints of topology 

optimization algorithms? 
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 How can topology optimization algorithms incorporate process-

induced anisotropy to ensure alignment between design intent and 
fabricated properties? 

 

1.4 Methodology – Planning  

 

The overall research and experimentation of this project are divided into 
two main categories, the literature review and the practical framework. The 

literature review aims to address the state of the art in three critical areas: 

the material properties of glass, its fabrication using additive 

manufacturing, and the application of topology optimization algorithms. 

This structured approach offers both to the reader and the researcher a 

logical progression for understanding the steps required to address the 
research question. 

 
Regarding glass as a material, the research was straightforward and simple, 

leveraging the expertise and findings presented by the works of my mentor, 

Faidra Oikonomopoulou, as well as the contributions of Koniari and others. 

The objective here is not to exhaustively examine every aspect of glass and 
its properties, but rather to acquire sufficient understanding to evaluate 

how its properties influence the research outcomes. 

 
Additive manufacturing (AM) will play a crucial role in this research, 

particularly in conjunction with topology optimization. However, as a 

standalone subject, the focus on AM will remain foundational, covering only 

the essentials necessary for this thesis. The research will briefly review the 
history of AM, the primary processes used, as well as the state of the art in 

glass additive manufacturing and specifically the G3DP2 process. 

 
Topology optimization will have the most significant impact on this thesis. 

Consequently, extensive research has been conducted to develop a 

thorough understanding of its principles and the algorithmic operations 

underpinning the process. This in-depth exploration ensures a solid 
foundation for its application in the practical phase of the research. 

  

The research conducted in all three areas will contribute to the development 

of a structured approach for the upcoming practical phase. This will provide 

a solid foundation for effectively addressing the challenges and 
implementing the findings in a well-rounded framework.  

 

Planning  

 

Once the theoretical framework is established (by the end of P2), the 
practical framework, including experimentation, will begin. This paper 

serves as a foundational guide for how the next phase will unfold. Following 

P2, the objective is to conduct experiments to assess the strength of 3D-

printed glass components and compare the results with existing research. 

The data gathered will be integrated into the topology optimization 
algorithm, allowing it to address the challenges outlined in this study. 
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Simultaneously, experimentation will commence using the 169-line MATLAB 

code and building upon Brueren's previous work. This will create a solid 
foundation for combining prior research with new advancements. 

Additionally, mathematical groundwork will be laid to develop the logic for 

manipulating the stiffness matrix, which will be a central component of this 

approach. 

 
After P3, although further refinement of the code may still be necessary, 

the focus will shift towards developing a comprehensive framework that 

integrates both previous and new research. The aim will be to apply this 

framework to the case study in a novel way, which can be validated using 

tools like ANSYS to determine whether the results surpass previous 

outcomes. 
 

Following P4, the work will continue by building on the key findings of this 

research. The primary focus will be on refining the optimized geometries by 

increasing mesh resolution and element count to improve output fidelity. 

Additionally, efforts will be made to establish more concrete and systematic 
methods for comparing the newly developed anisotropy-aware algorithm 

with conventional isotropic approaches. Finally, the results will be further 

validated using commercial finite element software to ensure robustness 

and practical relevance, thereby strengthening the overall conclusions of 

the thesis. 
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02 Glass 
 

2.1 Glass  

 

Glass has been part of the human history, almost for the past 5,000 years, 

making its debut in Mesopotamia and ancient Egypt around 4,500 years 
ago. The specifics of the recipes and chemistry revolving around glass have 

been kept a secret through the years (Klein, 2010). Since then, there were 

many advancements in the fabrication of glass, resulting in the ones that 

we know today: molded, formed, blown, plated/sintered. 

 
Glass is a remarkable material as the ability it has to combine transparency 

and strength at the same time is unique. Those two properties are 

important in many industries like architecture, automotive, electronics and 

construction. From glass windows decorations windshields and fiber optic 

cables, to glass fins, walls and beams. The range and versatility that this 

material has are unparalleled (Inamura et al. 2018).  
 

Apart from transparency and strength, glass has a lot more to offer. 

Because of the way it is formed, i.e. its internal molecular structure, there 

is an extensive number of different properties that can be produced and 

augmented to fit specific needs. (Klein, 2010) Glass inherits its 
characteristics from the molecular structure that is formed during the 

cooling process, during which the viscosity of the molten glass increases 

rapidly leading to the slowed movement of the molecules. This process 

prevents the formation of regular crystalline structures, creating an 

amorphous molecular arrangement (Shelby, 2005). This structure affects 
the way glass behaves under different temperatures, making glass recipes 

incredibly important and diverse for each specific purpose.  

 

2.2 Glass Composition  

 

Glass is an interesting material that can consist of numerous different 
ingredients. Those will greatly define the behavior and properties of the 

glass. We can divide commercial glasses into different categories, vitreous 

silica, soda-lime-silica-glasses, borosilicate glasses, lead silicate, 

aluminosilicate, other oxide added glasses and many more (Musgraves et 

al., 2019). Out of all those, soda lime and borosilicate are the main ones 
used in the construction industry. 

 

While both soda lime and borosilicate glass are well suited to construct 

building components, soda lime is one of the most commonly produced 

types throughout every industry and the main topic of discussion due to the 
use of it in the G3DP2 printer (Oikonomopoulou, 2019).  

 

Soda-lime-silica glass is a good compromise compared to vitreous silica 

glasses. The addition of soda (sodium oxide Na2O) and lime (calcium oxide 

CaO) helps with lowering the melting point of the mixture, while not 
degrading the chemical durability substantially and maintaining acceptable 

properties overall. At the same time, the transition temperature gets down 

to 550-580 oC. The compromise in thermal performance and chemical 
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durability is offsetted by the lower production costs due to lower melting 

and transition temperatures (Shelby, 2005). In the table below, there are 
some examples of different glass compositions and their respective 

properties.  

 

 
Glass Type  

 

 

 

 

Unit 

Mean 

meltin

g point 

at 10 

Pa. s 

Softenin

g Point  

Annealin

g Point 

Strai

n 

Point 

Densit

y 

Coefficien

t of 

Expansion 

0 – 300  

Young’s 

Modulu

s 

°C °C °C °C Kg/m3 10-6/°C GPa 

Soda – Lime 1350-

1400 

730 548 505 2460 8.5 69 

Borosilicate 1450-

1550 

780 525 480 2230 3.4 63 

Lead silicate 1200-

1300 

626 435 395 2850 9.1 62 

Aluminosilicat

e 

1500-

1600 

915 715 670 2530 4.2 87 

Fused - silica >>200

0 

1667 1140 1070 2200 0.55 69 

96% Silica >>200

0 

1500 910 820 2180 0.8 67 

 

Figure 1 Properties based on different glass compositions adapted from (Oikonomopoulou, 
2019) 

 

 

2.3 Material Properties  

 
Glass offers a unique blend of transparency, durability and strength. While 

the aesthetic appeal is evident, the mechanical properties of it are what 

truly elevate it and make it a worthy material not just as a decorative 

element but as a structural one too.  

 

Glass is renowned for its exceptional compressive strength, which can rival 
or even surpass that of concrete and steel. This impressive property is due 

to its tightly bonded internal molecular structure. However, glass is 

inherently brittle, lacking the ability to deform plastically under stress, 

which makes it prone to sudden and catastrophic failure (Haldimann, 2008). 

 
In practical applications, the tensile strength of glass is much lower than its 

compressive strength. This is primarily because of the presence of surface 

defects and mechanical flaws, which play a significant role in determining 

its actual tensile performance. Under compression, these flaws remain 

largely unaffected; however, under tension, they progressively expand, a 
process influenced by the magnitude and duration of the applied stresses. 

Over time, this flaw propagation significantly weakens the material, making 

its tensile strength the critical factor that governs its real-world behavior, 

rather than its impressive compressive capabilities.  

 

The mechanical properties of glass, as impressive as they are, are 
significantly influenced by its chemical composition. Variations in 

composition can tailor these properties to suit specific applications. For 

instance, the inclusion of certain oxides can enhance its strength, thermal 

stability, or resistance to chemical attack, allowing glass to be optimized for 
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structural, optical, or even high-temperature environments. This 

adaptability underscores the importance of carefully selecting and 
engineering the glass composition to meet the demands of its intended use. 

 

 
 Symbol Units Soda - Lime Borosilicate Glass 

Density ρ Kg/m3 2500 2200 - 2500 

Hardness (Knoop) HK0.1/20 GPa 6 4.5-6 

Young’s Modulus E GPa 70 60-70 

Poisson’s ratio v  - 0.22-0.24 0.2 

Thermal expansion 

coefficient 

αT 10-6/K 9 0.2 

Specific thermal 

capacity 

Cp J kg-1 K-1 720 800 

 

Figure 2 Standardized properties of soda-lime and borosilicate glass according to EN572-

1:2004 adapted from (Oikonomopoulou, 2019) 

 

 

2.4 Annealing  
 

Annealing is a crucial step in the glass manufacturing process, regardless 

of the method used—casting, floating, or additive manufacturing. This 

process ensures the final product attains the desired mechanical and optical 

properties (Oikonomopoulou et al., 2018). During annealing, the glass 
transitions through several characteristic temperature points, each 

essential for relieving internal stresses and ensuring stability. The melting 

temperature, working point, softening point and the annealing and strain 

points are going to define the whole process. As previously discussed, the 

composition of the glass significantly influences its behavior. Therefore, it 
is vital to understand and tailor the annealing process to align with the 

specific glass mixture, ensuring optimal results for the finished product. 

 

At the melting temperature, glass reaches a low viscosity, facilitating 

homogeneity and enabling the efficient removal of impurities. This stage is 

crucial for ensuring the quality of the final product, as it allows for thorough 
mixing and the elimination of defects, such as bubbles and inclusions that 

could compromise the glass's structural integrity and optical clarity (Shelby, 

2005). 

 

The annealing temperature range is critical for the final quality of the 
product. Below the softening point, the annealing process relieves existing 

internal strains. The glass is held at the annealing point for sufficient time 

to allow for complete strain release, followed by slow cooling to avoid new 

residual stresses. Beyond the strain point, any stress becomes permanent, 

and cooling can proceed more rapidly but with caution to prevent fractures
(Bristogianni, 2022) 

 

The annealing phase is often the most time-intensive part of the cooling 

process, lasting from days to months or even years, depending on the size 

and shape of the glass component. For larger elements, designs with 

honeycomb structures or evenly distributed mass can significantly reduce 
annealing times by allowing heat to radiate more uniformly. Some of the 
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key factors that influence the annealing duration include; the cross sectional 

size and shape and the exposure to cooling (Oikonomopoulou, 2019).  
 

 
Expansi

on 

Coeffici

ent of 

glass 

per °C 

Glass 

Thickne

ss (mm) 

Cooling on one side 

 

Cooling on two sides 

A B C D A B C D 

Anneal 

Soak 

Initial cooling 

(annealing) 

2nd 

cooling  

Final 

cooling 

Anneal 

Soak 

Initial cooling 

(annealing) 

2nd 

cool

ing 

Final 

cooling 

Time 

(min) 

Temp 

(°C) 

Cool 

rate 

(°C/m

in) 

Cool 

rate 

(°C/min

) 

Cool 

rate 

(°C/min

) 

Time 

(min) 

Temp 

(°C) 

Cool 

rate 

(°C/

min) 

Cool 

rate 

(°C/

min

) 

Cool 

rate 

(°C/mi

n) 

33*10-7 3.2 5 5 12 24 130 5 5 39 78 400 

6.3 15 10 3 6 30 15 10 12 24 130 

12.7 30 20 0.8 1.6 8 30 20 3 6 30 

50*10-7 3.2 5 5 8 16 85 5 5 26 52 260 

6.3 15 10 2 4 21 15 10 8 16 85 

12.7 30 20 0.5 1 5 30 20 2 4 21 

90*10-7 3.2 5 5 4 8 50 5 5 14 28 140 

6.3 15 10 1 2 11 15 10 4 8 50 

12.7 30 20 0.3 0.6 3 30 20 1 2 11 

 
Figure 4 Typical annealing for soda-lime adapted from (Oikonomopoulou, 2019) 

 

 
 

2.5 Fabrication 

 

Glass can be cast, blown, molded, formed, rolled or sintered. The fabrication 

in the building industry though is dominated by cast and float glass. Those 
two types are responsible for windows, bricks, huge glass panes, tubes and 

many more. While cast glass is one of the oldest ways of glass 

manufacturing, float glass represents a process that changed the industry 

back in 1959 (Musgraves, 2019) 

 

Figure 3 Typical annealing graph for soda-lime (Oikonomopoulou, 2019) 
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Dates Types of glass and products 

5000 BP Jewels, small containers 

Blowing process to make containers 

Around 2000 BP Flat glass by casting 

500-1000 Cylinder technique to make flat window glass 

Crown glass technique to make flat window glass 

Crystal glass invention 

End of 17th century Plate-glass casting 

19th century New raw materials via chemistry developments 

1850-1870 Regenerator furnace 

1870-1890 Tank furnace 

1870-1910 New process to make window glass and roofing 

1890-1930 Mechanization of all processes 

1920-1930 Forehearth in container glass 

Textile fiber development 

1920-1950 Insulation glass development 

1960 Float glass process 

 

Figure 5 Types of glass products and fabrication throughout the centuries adapted from 

(Musgraves, 2019)  
 

 

2.5.1 Float Glass 

 

Float glass entered the game back in 1959, transforming the glass 

manufacturing industry and revolutionizing the applications that are 
possible. The float glass process came to revolutionize the glass 

manufacturing space as there was a dire need for it (Musgraves, 2019).  

 

Before, the production of flat glass was a laborious and multi-step process, 

yielding a product with inherent limitations. The challenges that ignited the 
need for the development of float glass were significant. Limited size and 

quality was one of the main ones. The early methods like hand blowing and 

cylinder drawing produced small and uneven sheets of glass with distorted 

wavy textures that contained many imperfections. Plate glass, while 

offering much better quality, was constrained in size and required extensive 

grinding and polishing, making it an expensive and time-consuming 
process. 

 

Glass manufacturing, generally was a labor-intensive process that made the 

whole industry slow, high in cost and inefficient, considering the amount of 

post processing that was needed. Before the invention of the float glass 
process, during the 19th century, the invention of the regenerative tank 

furnace addressed some of these challenges and paved the way for the 

development of new manufacturing.  

 

The float glass process, invented by Alastair Pilkington in the mid-20th 
century (Musgraves, 2019), addressed these challenges by introducing a 

revolutionary method that produced high quality, large-scale flat glass in a 

continuous and efficient manner. By floating molten glass on a bath of liquid 

tin, the process eliminated the need for grinding and polishing, significantly 

reducing production costs and improving the quality, consistency, and 
availability of flat glass. This innovation transformed the glass industry and 

paved the way for the widespread use of glass in modern architecture and 

beyond.  
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2.5.2 Cast Glass  
 

Before diving deeper into the specifics of cast glass, it is important to place 

it within its historical context. Casting is the oldest method of glassmaking, 

originating in Mesopotamia over 4,000 years ago (Inamura, 2017). We can 

see early examples of civilizations that utilized casting to create beads and 
small objects by pouring molten glass into molds. Over centuries, this 

technique advanced, enabling the creation of larger and more complex 

items. Romans were already casting monolithic glass blocks weighing 

several tons (Oikonomopoulou et al., 2018).  

 

Casting, involves shaping molten glass by pouring or placing it into a mold 
and allowing it to cool and solidify. While the fundamental process remains 

unchanged, advancements in materials and technology have greatly 

expanded the possibilities offering better and more efficient ways to 

manufacture freeform shapes and other challenging forms. 

 
For any cast glass process, the beginning is the same; select the 

appropriate type of glass mixture for the respective application. As 

mentioned in the previous chapters, there are many different types and 

compositions (in raw or cullet form), all of which will be melted.  

 
Melting is a process that is dependent on the composition of the glass that 

defines the melting temperature and will happen inside a furnace or kiln 

(Shelby 2005).  

 

The molds that determine the shape and quality of the cast output can be 

made from numerous materials like silica plaster, alumina-silica, fiber, 
steel, graphite and more. The choice of the mold materials depends on 

factors like reusability, amount of detail and compatibility with the glass 

mixture (Bristogianni et al., 2022).   

 

The molten glass will be then poured and cooled, transitioning from liquid 
to solid. This process is important for the formation of internal stresses and 

defects. This is followed by the annealing process that will relieve the 

internal stresses and enhance the strength and durability of the glass. 

During this, the glass undergoes a controlled heating and cooling process. 

This process is heavily dependent on the glass type, thickness and the 
desired properties.  

 

After annealing, the cast glass object may undergo finishing processes such 

as grinding, polishing, or cutting to achieve the desired surface finish and 

dimensions. 
 

The cast glass process has advanced significantly through innovations in 

materials, mold-making technologies, and annealing methods. The key 

drivers of its evolution include the demand for large-scale components in 

industries like astronomy and nuclear engineering, its increasing use in 

architecture for sustainable and visually appealing structures, and the 
adoption of recycled glass cullet to enhance sustainability. 
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However, challenges persist. Lengthy annealing times for large components 

affect production efficiency, a lack of standardized methods and engineering 
data limits widespread adoption, and defects such as inclusions and bubbles 

compromise quality. Addressing these challenges is essential to realizing 

the full potential of glass in modern applications and gaining the freedom 

of fabricating geometries of any complexity.  

 
2.5.3 3D Printed Glass 

 

While cast glass continues to evolve and push boundaries, it is not the only 

promising avenue for advancing glass manufacturing. Over the past decade, 

significant research has explored additive manufacturing as a 

transformative method for producing complex glass components. 
 

The Mediated Matter Group at MIT has pioneered this effort, introducing 

two iterations of an innovative 3D printing process that utilizes molten 

glass. Their system (G3DP2) extrudes glass layer by layer, enabling the 

creation of highly intricate and customizable designs that were previously 
unattainable with traditional methods. This technology not only expands the 

design potential for glass but also paves the way for groundbreaking 

applications in architecture, product design, and engineering. By combining 

digital precision with the unique material properties of glass, additive 

manufacturing is unlocking new realms of possibility, redefining how we 
conceptualize and utilize this ancient yet versatile material. 

 

More information about this additive manufacturing with glass and G3DP2 

will be in the next chapter together with an analysis of different 3d printing 

methods.  

 

 
 

Figure 6 1st and 2nd iteration, G3DP and G3DP2 (Inamura et al., 2018) 
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03 Evolution and Applications of Additive 
Manufacturing  
 

 

3.1 The Evolution of Additive Manufacturing: From Rapid 
Prototyping to Innovation 

 

Additive manufacturing or 3D printing as many people know it is not as new 

as one might think. The beginning of it was Rapid Prototyping, which was 

developed around the 1980s and was known as RP (Wong et al., 2012). RP 
was used to create parts before the release of a product. The main point 

was to create something as fast as possible and for that to be the basis for 

the product and not the final product. To be clear, the term was not just 

used to describe a process similar to what we know today as additive 

manufacturing, but it was a more generalized term that included all 

processes that produced something “directly from digital model data” 
(Gibson, 2021). It is clear, therefore, that the term does not give any hints 

about the basic principle of a technology that uses an additive approach to 

create something. This, along with the fact that the technology increasingly 

improved and started producing actual products instead of prototypes, 

made evident that the term RP is not adequate to describe everything. This 
led to the decision of ASTM International to use new terminology and refer 

to technologies that use an additive method as Additive Manufacturing or 

AM.  

 

Additive Manufacturing (AM) utilizes CAD models to create physical objects 
through a layer-by-layer additive approach. The process begins with 

designing the object using modeling software or by scanning real-world 

objects to generate a digital representation. Once the design is complete, 

it is converted into an STL file, which is the industry standard format used 

to calculate the slices required for the manufacturing process. 
 

The STL file is then prepared and optimized to fit the specific AM machine 

and its settings, ensuring compatibility and accuracy during printing. 

Following this preparation, the AM machine builds the object by sequentially 

adding layers of material, based on the sliced data from the STL file. Once 

the building phase is complete, the object can be removed from the build 
plate or build area. Depending on the application and desired finish, 

additional post-processing steps, such as cleaning, polishing, or surface 

finishing, may be performed. Interestingly enough, these technologies 

evolve fast and now there are even workflows that allow the post-

processing phase at the same time of the fabrication.  
 

Additive Manufacturing (AM) began as a tool for prototyping but has since 

evolved—and continues to evolve—into a method for fabricating intricate 

and complex components that can serve as final products. This progression 

has unlocked unprecedented possibilities, enabling innovation without 
boundaries and revolutionizing design and manufacturing processes. 
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3.2 Methods of Additive Manufacturing: Techniques and Processes   
 

Throughout the years AM has evolved fast creating many different 

processes that have the same principle of adding material but in distinct 

ways. The most used and relevant are; Stereolithography (SLA), Fused 

Deposition Modeling (FDM), Polyjet, 3D printing (3DP), Laminated Object 
Manufacturing (LOM), Selective Laser Sintering (SLS), Prometal, Electron 

Beam Melting (EBM), Laminated Engineered Net Shaping (LENS) and direct 

Ink Writing (DIW) (Wong et al., 2012).  

 

3.2.1 Stereolithography (SLA) 

 
Stereolithography is the first implementation of additive manufacturing 

dating back in 1986 and developed by Chuck Hull, the cofounder of 3D 

Systems (Wu et al., 2023).  

 

This process is liquid-based and 
works by solidifying or curing 

photosensitive polymers by 

bringing them in contact with 

ultraviolet light (Wong et al., 2012). 

This is commonly known as resin 
printing. The thickness, settings 

and resolution of every layer are 

dependent on the machine 

available. During this process, 

several components come into play; 

a resin tank that is filled with the 
polymer, a building platform, a 

mirror, a UV laser source, a building 

platform and a window (Wu et al., 

2023). 

 
In fig. 7 we can see all the 

components at play together with 

an idea of how this process works. 

The platform is submerged into the 

resin container, where a laser 
source projects light, guided by a mirror, onto specific points that need to 

be cured for the current 2D slice. Once the entire layer is cured and 

solidified, the platform moves incrementally along the z-axis, allowing the 

next layer to undergo the same process. This sequence continues until the 

entire object is completed. After printing, the object can be cleaned, and 
any unused resin can be recovered and reused for future prints.  

 

Figure 7 SLA components, (1) printed part, (2) 
liquid resin, (3) building platform, (4) UV laser 

source, (5) XY scanning mirror, (6) laser 
beam, (7) resin tank, (8) window, (9) layer-
by-layer elevation (Pagac et al., 2021) 
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In addition to SLA, a closely related 

method known as Digital Light 
Processing (DLP) offers a different 

approach to curing. The key 

distinction lies in the curing 

mechanism and the use of a light 

projector instead of a laser source. 
In DLP, the light projector, guided by 

a mirror, focuses beams to achieve 

a laser-like effect. This variation 

significantly enhances speed, as DLP 

cures entire layers simultaneously 

rather than curing point by point, as 
is the case with SLA. 

 

 

 

 
 

 

 

 

3.2.2 Fused Deposition Modeling (FDM) 
 

Fused deposition modeling as an additive manufacturing technique was 

developed by the company Stratasys (Zhang et al., 2021) and in its core, 

is about melting a material and then forming it to build shapes. Usually, the 

material (filament) is held by a roll and pulled into a nozzle that is heated 

that will change its phase into semiliquid. The nozzle will then extrude and 
guide the material based on the instructions provided by the STL file for 

each layer. As many other AM methods this will happen in a layer-by-layer 

way in order to sequentially build every slice and bring together the final 

object (Jin et al., 2015).  

 
What plays a vital role in this process 

are the properties of the material and 

specifically the thermolasticity, which 

will determine how the layers are 

bonded together. Other factors, such 
as the thickness and width of the 

layers, as well as the orientation of 

the filament, are equally critical in 

determining the mechanical 

properties of the printed object 
(Kristianwan et al., 2021).  

 

The printing process using the Fused 

Deposition Modeling (FDM) method is 

influenced by a variety of parameters, 

including both machine-specific ones 
and working ones. The former refers 

to the bed temperature, the nozzle 
Figure 9 Fused Deposition Modeling scheme 
(Jin et al., 2015) 

Figure 8 DLP components (1) printed part, 
(2) liquid resin, (3) building platform, (4) 
light source, (5) digital projector, (6) light 

beam, (7) resin tank, (8) window, (9) layer-
by-layer elevation (Pagac et al., 2021) 
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temperature and the nozzle diameter, and the latter to the raster angle and 

width, the build orientation and several other (Kristianwan et al., 2021). 
Based on the machine and working parameters, one of the main 

disadvantages that this method has is the limitation on the z-axis resolution 

together with the staircase or step effect. 

 

3.2.3 Selective Laser Sintering (SLS) 
 

An SLS setup usually comprises of a laser source and scanning mechanism, 

a platform for the part to be built, a computer control system, a toοl that 

spreads the material and one or two powder (feed) chambers and a build 

(work area) chamber (Natarajan et al., 2021).  

Selective laser sintering is among others, a process that involves the use of 

a laser source. During this process, the laser is used to rapidly heat a 

powder material in order to fuse it with itself creating this way a solid part. 
This process happens at a specific location based on the STL file to create 

a solid part for every layer. For the next layer, a piston that holds the 

chamber will be lowered based on the layer height and a medium like a 

roller will distribute the powder from the powder chamber to the build 

chamber evenly to fully cover the sintered piece so the process can continue 
(Koo et al., 2017). One of the main advantages of SLS is the variety of 

materials that can be used; among them are plastics, metals and 

combinations of metals with polymers or ceramics (Wong et al., 2012).  

 

3.2.4 Direct Ink Writing (DIW) 

 
Direct ink writing, developed by Cesarano and Calvert in 1997, is one of the 

most versatile AM techniques that can make use of numerous materials to 

Figure 10 Selective Laser Sintering scheme (Koo et al., 2017) 
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create the complex 

structures that AM is 
known for (Saadi et al., 

2022). As many other 

forms of AM, this works 

by extruding the material 

out of a nozzle with the 
help of pressure and 

building up the object 

layer by layer as it 

solidifies from bottom to 

top. In contrast with 

other extrusion 
techniques, DIW has the 

potential for many 

different approaches like 

filamentary-based and 

droplet based. The 
former refers to 

robocasting, micropen writing and fused deposition and the latter, to in-jet 

printing and hot-melt printing (Lewis, 2006).  

 

 
Opposite to other AM methods, DIW distinguishes itself by not being bound 

to the use of specific materials. The important factor during this process is 

the properties that the material exhibits and specifically the ability to exhibit 

rheological behavior.   

 

3.3 Innovations in Glass Additive Manufacturing 
 

The previous chapters have highlighted the significance of additive 

manufacturing, offering a detailed explanation of the general process as 

well as an in-depth exploration of specific methods demonstrated through 

literature research to be suitable for glass 3D printing. These methods 
include stereolithography, fused deposition modeling, selective laser 

sintering, and direct ink writing. This chapter will present an overview of 

these techniques, leading to the use of G3DP2. 

 

3.3.1 Foundations of Glass Additive Manufacturing 
 

The application of additive manufacturing (AM) techniques to glass has 

opened up opportunities for creating intricate and highly customized 

components that leverage the material's unique optical and structural 

properties. Over the past few decades, various AM methods have been 
adapted for glass, each offering distinct capabilities and challenges (Klein, 

2010) 

 

Stereolithography (SLA) for Glass 

 

Stereolithography has been effectively adapted to fabricate glass parts by 
using photosensitive glass precursors, which are later sintered into dense 

glass structures. SLA-based methods have demonstrated the ability to 

Figure 11 Direct Ink Writing scheme (Rashid et al., 2024) 
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produce high-resolution, complex geometries suitable for optical and 

microfluidic applications. The key advantage of SLA lies in its precision, 
although the multistep post-processing requirements can limit throughput
(Zhang et al., 2021) 

 

Fused Deposition Modeling (FDM) with Molten Glass 

 

Pioneering research has employed FDM with molten glass to produce 

transparent, load-bearing structures. For instance, MIT’s Mediated Matter 
Group developed the G3DP platform, capable of creating optically 

transparent glass components. This system utilizes the motion control logic 

that typical FDM printers use and -with some important adaptations- 

deposits molten glass instead of plastics.  

 

Selective Laser Sintering (SLS) and Melting (SLM) of Glass Powders 
 

SLS and SLM processes have also been adapted for glass, particularly for 

creating dense, functional glass components. These methods use high-

powered lasers to selectively fuse layers of powdered glass into dense, 

precise structures. The primary advantage of SLS and SLM is the ability to 
create dense and strong components without requiring support structures. 

However, challenges such as achieving uniform density and managing 
residual stresses remain (Zhang et al., 2021). 

 

Direct Ink Writing (DIW) 

 

Direct Ink Writing (DIW) has emerged as a highly versatile method for glass 
3D printing. In DIW, a viscoelastic ink containing glass particles is extruded 

layer by layer, followed by sintering to form dense glass components. This 

method is particularly appealing for its adaptability to different glass 

compositions and its ability to incorporate functional additives (Saadi et al., 

2022). DIW’s ability to fabricate complex geometries with fine resolution 
makes it ideal for applications such as microfluidics and custom optical 

components. 

 

3.3.2 G3DP2 Overview 

 

Standing out from all those examples of additive manufacturing for glass 
components, the G3DP2 (second generation of G3DP) was developed based 

on the research of the Mediated Matter Group. The main purpose of this 

design was to overcome certain limitations that would lead to the 

betterment of the production of glass components at bigger scale (Inamura 

et al., 2018). In order for that to become a reality, four key objectives were 
of importance; scalability, enhanced speed, repeatability and reliability. 

Naturally, those four were used as metrics to evaluate G3DP2 against the 

first version and other methods like the SLA one developed by Kotz (Kotz 

et al., 2017) and the Micron3DP platform.  

An analysis based on Inamura’s work (Inamura et al., 2018) highlights the 
advancements made by the G3DP2, particularly in terms of speed and scale. 

With the deposition rate being 5.2 kg/h, this new system operates 260 

times faster than the Kotz and 104 times faster than the Micron 3DP system. 
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Platform Unit Kotz et al. Micron 3DP G3DP G3DP2 

Print Volume (L) 0.1 12.0 18.8 35.8 

Layer Height (mm) 0.020 0.1 4.5 5.0 

Print Rate  (Kg/h) 0.02 0.05 2.2 5.2 

 

Figure 12 Glass additive manufacturing platforms comparison adapted from (Inamura et al., 

2018) 

 

Based on Inamura’s work (Inamura et al., 2018), G3DP2 features a two-

part modular design, comprising a stationary three-zone thermal control 

module and a four-axis motion control module. These two are integrated 

through a software interface that converts digital designs into physical glass 
structures.  

 

The workflow consists of the design phase where objects are modeled in a 

3D environment, using Rhinoceros, and then represented as a continuous 

contour line that defines the path the machine will follow. Next, with the 
help of C# modules, the design is turned into a G-Code format. This can be 

now loaded into the ChiliPeppr executor, which will send the movement 

instructions through the CNC hardware TinyG, which in turn will send the 

appropriate commands to the motors responsible for the axes X, Y, Z and 

A. For the enhanced repeatability and reliability of G3DP2, “high-precision 

linear actuators and rotary table” (Inamura et al., 2018) were coupled with 
the “onboard closed-loop” (Inamura et al., 2018) servomotors ClearPath”.  

 

The thermal control module operates across three independently managed 

zones to process the molten glass reservoir accordingly so it stays stress 

free at 1090 oC. During the printing process, the nozzle will controllably 
bring down the temperature of the molten glass at 915 oC for it to have the 

desirable viscosity. For the last part, the deposited glass will stay at a 

temperature-controlled chamber at 480 oC so that the printed object can 

cool down without accumulated stresses and properly adhere to every layer.  

 
3.3.3 Mechanical Properties  

 

Based on Inamura’s work (Inamura, 2017) an idea about the strength of 

AM fabricated glass is given based on the newest model G3DP2. For this 

process, Inamura conducts three different tests; a single point bending test 

of a the cylindrical shape along the major axis (parallel to the layers), a 
three point bending test of a corrugated (because of the layer-by-layer 

fabrication) beam element along the minor axis, and a compressive 

strength single point loading test of a corrugated beam.  

 

3.3.3.1 Major Axis: Single-Point Bending Test 
 

This test evaluated the bending strength of the cylindrical samples along 

the major axis. Chemically tempered samples showed a higher average 

peak stress (51.37 MPa) compared to annealed samples (36.55 MPa), with 

a maximum stress of 75.85 MPa. The annealed samples had a more stable 
performance, with a stress deviation of 5.12 MPa, while the chemically 

tempered samples exhibited significantly higher variability (24.48 MPa). 
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These results highlight the superior but less predictable strength of 

chemically tempered glass. 
 

 
Property Value 

Average Peak Load (Annealed) 1476.41 N 

Average Peak Load (Chem. Temp.) 1704.62 N 

Average Peak Stress (Annealed) 36.55 Mpa 

Average Peak Stress (Chem. Temp.) 51.37 MPa 

Maximum Stress (Annealed) 42.06 Mpa 

Maximum Stress (Chem. Temp.) 75.85 Mpa 

Stress Deviation (Annealed) 5.1 Mpa 

Stress Deviation (Chem. Temp.) 24.9 Mpa 

 

Figure 13 Single point bending test results from (Inamura, 2017) 

 

 

3.3.3.2 Minor Axis: Three-Point Bending Test 

 

In this test, bending strength was assessed along the minor axis. The 
chemically tempered and annealed samples had nearly identical average 

peak stresses (32.74 MPa and 32.58 MPa, respectively). However, the 

chemically tempered samples displayed a slightly higher fluctuation range 

(12.8 MPa) compared to the annealed samples (12.4 MPa). This suggests 

that while the two treatments perform similarly under minor-axis loading, 
the chemically tempered glass remains marginally less consistent. 

 

 
Property Value 

Average Peak Load (Annealed) 363.85 N 

Average Peak Load (Chem. Temp.) 378.09 N 

Average Peak Stress (Annealed) 32.58 Mpa 

Average Peak Stress (Chem. Temp.) 32.74 Mpa 

Stress Fluctuation (Annealed) 12.4 Mpa 

Stress Fluctuation (Chem. Temp.) 12.8 Mpa 

 
Figure 14 Three point bending test results from (Inamura, 2017) 

 

 
3.3.3.3 Compressive Strength: Single-Point Loading Test  

 

This test measured the compressive strength of the samples. Chemically 
tempered glass showed a significantly higher average peak stress (171.49 

MPa) compared to annealed glass (112.25 MPa). However, the variability 

was notable: the stress range for chemically tempered samples was 96.29 

MPa, while annealed samples showed an even larger range (184.70 MPa). 

The chemically tempered samples consistently outperformed annealed ones 
in minimum stress (75.20 MPa vs. 48.58 MPa) and maximum stress (287.86 

MPa vs. 233.28 MPa), underscoring its superior compressive strength 

despite inherent variability. 
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Property Value 

Average Peak Stress (Annealed) 112.25 Mpa 

Average Peak Stress (Chem. Temp.) 171.49 Mpa 

Minimum Stress (Annealed) 48.58 Mpa 

Minimum Stress (Chem. Temp.) 75.20 Mpa 

Maximum Stress (Annealed) 233.28 Mpa 

Maximum Stress (Chem. Temp.) 287.86 Mpa 

Stress Range (Annealed) 184.70 Mpa 

Stress Range (Chem. Temp.) 96.29 Mpa 

 

Figure 15 Single point bending test results from (Inamura, 2017) 

 

 

3.3.4 The Evenline Process 

 
The process of 3D printing glass relies on precision and various other 

parameters, equipment and processes. Each factor plays a role for the 

quality of the end product. Below is a comprehensive description of every 

parameter and variable based on the documentation provided by Evenline 

(Evenline, 2023). 
 

The feed rate refers to the relative speed of the nozzle with respect to the 

built plate and varies between 6-20 mm/s with the standard being 10 mm/s. 

This is an important factor as it will affect the flow rate and subsequently 

the bead width of the glass. At the same time, as with every FDM like 
process, a slow feed rate will accumulate material and a high one will reduce 

the size of the bead causing different kinds of failures each time.  

 

The nozzle offset is the vertical distance between the top face of the 

previously printed layer and the nozzle orifice. This value can vary from 
3mm to 6mm with the standard being 5mm. This variable defines the optical 

qualities of the print while also being responsible for the possible path 

curvature and overhang range of the print. A very large offset bigger than 

100mm will result to the formation of autocoil structures. 

 

Path curvature is the inverse of the radius at any point along the nozzle’s 
tool path in the XY plane. The typical range is between 1/15 (R=15mm) 

and 1/150 (R=150mm). Deviating from that range can cause failures in 

both deposition and the print. 

 

As with most FDM processes, one big factor is the overhang angle which 
defines the ability to print between the angle measured against two vertical 

points on the objects path. For now, this angle is set to 0o by default and 

can range up to 30o. For the feasibility of a print, the overhang angles of an 

object need to be evaluated beforehand.  

 
Minimum path length refers to the shortest distance that the tool path 

can traverse in a single layer, before it overlaps, in order for the print to 

maintain stability.  
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3.4 Process Induced Anisotropy 

 
Additive manufacturing has a lot to offer to the manufacturing space giving 

freedom to create complex geometries and use a wide range of materials. 

However, it is widely acceptable that the mechanical properties of AM-

fabricated components will not exhibit the same mechanical properties as 

molded or wrought ones (Zhang et al., 2017) and in general as other 
fabrication methods. Most of the AM-fabricated objects will show some 

anisotropy due to the layer-by-layer fabrication. As mentioned earlier, FDM 

process will depend on the properties of the material (thermoplasticity) to 

adhere to every layer. 

 

In glass 3D printing those bonds are dependent on the minimum path length 
that we referenced earlier. This is going to define how much the material 

has been able to cool off before the next layers pass on top of it. This is 

important because glass properties like viscosity and surface tension 

(Inamura et al., 2018) are going to affect the connection between the layers 

(interfacial bond). That bond is going to create a difference in mechanical 
properties between the z-axis (deposition axis or vertical) and the x and y 

(in plane).  

 

This phenomenon known as process-induced anisotropy highlights the main 

challenge of this research in 3D printed structures and will become clearer 
after the next chapter that defines Topology Optimization and gives more 

insight to the combination of those two processes.  
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04 Topology Optimization  
 

 

4.1 Introduction to Topology Optimization  

 

Structural optimization is a process of identifying the optimal material 
distribution within a defined physical volume domain (Querin et al., 2017) 

to effectively support or transmit applied loads while ensuring structural 

safety. This process involves achieving objectives such as maximizing 

stiffness, minimizing displacement, reducing stress and many more. By 

addressing these goals, structural optimization enhances the performance 
and efficiency of the design while adhering to safety requirements.  

 

Sizing optimization, shape optimization and topology optimization are parts 

of the domain of structural optimization.  

 

 
Figure 16 Types of structural optimization size, shape, topology (Allaire et al., 2019) 

 

For the case of sizing optimization, the goal usually is to find the optimal 
thickness that minimizes or maximizes quantities like the peak stresses, 

deflection etc. while several constraints are satisfied. In the case of the 

sizing problem, the design variables and goals are known beforehand and 

remain unchanged.  

 
For shape optimization, the goal is the optimal shape of the design domain, 

which becomes the main design variable (Bendsøe et al., 2003).  

 

Topology optimization, usually referred as TO, is computational method that 

determines the “optimal lay-out of a structure within a specified region” 
(Bendsøe et al., 2003). In this problem, the definition and quantification of 

the applied loads, the support conditions, the volume of the structure and 

the additional restriction regarding the shape need to be known (Bendsøe 

et al., 2003). The development of a method like that addresses the 

limitations of structural optimization by introducing the ability to determine 

both the topology and the material distribution.  
 

Since the introduction of the homogenization approach to topology 

optimization by Bendsøe and Kikuchi in 1988 (Sigmund et al., 2013), the 

field has gone through significant advancements with research expanding 

into various methodologies. These methods can be categorized based on 
two primary criteria: the nature of the mesh (whether it is a fixed or a 

moving one) and the algorithmic strategy that solves the optimization 

problem (Sigmund et al., 2013).  
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When categorized by mesh type, methods can be divided into fixed mesh 

or density approach (Eulerian), and boundary following mesh (Lagrangian) 
approaches (Sigmund et al., 2013). In fixed mesh methods, the design 

domain remains stationary throughout the optimization process. Examples 

include the Solid Isotropic Material with Penalization (SIMP) method, the 

homogenization method, the phase field approach and evolutionary 

strategies such as Evolutionary Structural Optimization (ESO) and 
Bidirectional Evolutionary Structural Optimization (BESO). Conversely, 

moving mesh methods dynamically adjust the mesh to reflect changes in 

design boundaries, with notable examples being the Level Set method and 

the bubble method (Querin et al., 2017).  

 

Topology optimization strategies can be broadly classified into gradient 
based methods and gradient free or direct search methods. The former 

category includes approaches like the homogenization method, SIMP, and 

the Level Set method, which rely on mathematical formulations and 

optimization principles to achieve optimal designs. Gradient-based 

algorithms can be good at fining local minima (Kim et al., 2021). In 
contrast, gradient free or direct search methods, such as Evolutionary 

Structural Optimization (ESO), Bidirectional Evolutionary Structural 

Optimization (BESO), fully stressed design, and Computer Aided 

Optimization (COA), employ iterative adjustments based on heuristic rules 

to refine the design. Most of the direct search algorithms require numerous 
function evaluations, which can be computationally expensive because of 

the number of finite element simulations. These two dimensions of 

classification are not intended to encompass every single aspect of topology 

optimization research. Instead, their purpose is to provide a clear 

framework for understanding the field and to simplify the complexity that 

often surrounds the study and application of topology optimization.  
 

 

4.2 Topology Optimization Approaches  

 

In this chapter, the focus is going to be primarily on the fixed mesh methods 
with a brief exploration of the Level Set method that can appear to follow 

both fixed and moving mesh based on the viewpoint (Sigmund et al., 2013). 

This emphasis is chosen because the core aspect of this research aligns 

more with fixed mesh approaches like the SIMP methods.   

 
4.2.1 Homogenization   

 

The homogenization approach is considered one of the earliest methods 

proposed by Bendsøe and Kikuchi in 1988. This approach attempts to solve 

a class of shape optimization (Querin et al., 2017). Here the topology 
consists of a number of infinite microscale voids producing a porous 

structure. Based on that, the optimization strategy is to find the optimum 

values for every discretized finite element making them the design 

variables.  

 

In a fixed grid of finite elements, represented by square 2D cells, every 
single one of those have a single specific microstructure as long as the 

material is isotropic. Consequentially, those cells will have a rectangular 



31 
 

void that is represented by a width of a, a height of b and an orientation of 

θ. The optimization then can be formulated based on the maximization of 

the global stiffness or in other words the minimization of the mean 

compliance; those can be translated to the maximum potential energy of 

the structure. Then by defining Vs as the upper volume limit that we set 

and N as the number of finite elements, Π(u) is the potential energy that 

we aim to maximize based on a the vibrational method (weak form) and ve 

is the volume of eth finite element. That way, after the Π(u) is calculated 

through the finite element analysis, the sum of (1 − 𝑎𝑒𝑏𝑒)𝑣𝑒 across all 

elements e must remain below Vs. This constraint ensures that the total 

amount of solid material ((1 − 𝑎𝑒𝑏𝑒)) does not exceed the upper limit Vs.  

 

Maximize:      

𝛱(𝑢) 
Subject to:   

 ∑(1 − 𝑎𝑒𝑏𝑒)𝑣𝑒 − 𝑉𝑠  ≤ 0

𝛮

𝑒=1

 

 

and 
𝑎𝑒 − 1 ≤ 0  
−𝑎𝑒 ≤ 0 
𝑏𝑒 − 1 ≤ 0 
−𝑏𝑒 ≤ 0 

𝑎𝑒 , 𝑏𝑒 , 𝜃𝑒 ∶ 𝑒 = 1,2, … , 𝑁 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 17 Cell with material and void domain of size axb at orientation θ (Querin et al., 

2017)  
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4.2.2 Solid Isotropic Material with Penalization (SIMP) 

 
One of the most popular, published and implemented methods; the solid 

isotropic material with penalization was “a direct consequence of the 

Homogenization method” (Querin et al., 2017). In this variation, the main 

idea is the use of one variable for every finite element taking the form of 
an artificial density that can range from 0 <  𝜌𝑚𝑖𝑛  ≤  𝜌𝑒  ≤ 1. This creates a 

constraint where the volume of every finite element is going to be multiplied 

by the density ρe and therefore the volume of the whole design domain will 

be: 

 

𝑉 =  ∑𝑣𝑒𝜌𝑒

𝑁

𝑒=1

 

 
N is the total number of elements, ρe is the density of an eth element and 

V is the volume of the domain.  

 

To encourage elements to converge to either 0 or 1 (meaning black or 

white) the value p is a penalty (penalization factor) that is placed on the 

density in order to bring the produced values as close to the 0-1 range. The 

penalized young’s modulus, which is affected by the densities, is expressed 

by: 

𝐸𝑒 = 𝜌𝑒
𝑝
𝐸𝑒
0 

 

where  𝐸𝑒
0 is the original young’s modulus of the eth element and 𝜌𝑒

𝑝
is the 

penalized density.  

 

The SIMP optimization problem can be formulated as: 

 

Maximize: 

𝑐(𝜌𝑒) = {𝐹
𝑇} (𝑢) 

 

Subject tο: 

  

  [∑𝑣𝑒𝐾𝑒

𝛮

𝑒=1

] {𝑢} ≤  {𝐹} 

 

  ∑𝑣𝑒𝜌𝑒

𝛮

𝑒=1

≤ 𝑉𝑠 

 

             0 <  𝜌𝑚𝑖𝑛  ≤  𝜌𝑒  ≤ 1 : e = 1, 2,…, N 
 

                                   𝑝 = 1,2, … 𝑝𝑚𝑎𝑥: 𝑝𝑚𝑎𝑥 > 3 
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Here, each finite element e is assigned a density variable ρe∈[ρmin, 1]. By 

raising this density to a penalization power p, the element stiffness is 

expressed as 𝐾𝑒(𝜌𝑒) =  𝜌𝑒
𝑝
𝐾𝑒
0, where 𝐾𝑒

0 is the original stiffness matrix 

based on 𝐸𝑒
0. The objective is to maximize stiffness or minimize compliance. 

After the finite element analysis is calculated for the penalized stiffness 

matrices, the 𝑢 and 𝑣𝑒 should be satisfying the aforementioned 

relationships.  
 

 

4.2.3 Level-Set Method  

 

The level-set method, is a material distribution approach in topology 

optimization that works by determining the optimal material distribution 
within a given design domain, introduced by Osher and Sethian in 1988 

(Sigmund et al., 2013). With the help of the level set functions, it represents 

boundaries between materials and voids. These boundaries are defined as 

the zero level set of a scalar field, denoted φ(x). In this representation, the 

structure occupies the regions where φ(x) > 0, voids are located where 

φ(x) < 0 and boundaries are represented by φ(x) = 0 or: 

 

𝜌 =  {
0: ∀ 𝑥 𝛺 ∶ 𝛷 < 0 
1: ∀ 𝑥 𝛺 ∶ 𝛷 ≥ 0

 

 
In this approach, the level set function assigns a value to every point in the 

design domain. Points with positive values correspond to the solid material, 

and points with negative values correspond to voids. The zero value of the 

function forms the boundary between these two regions, effectively 

outlining the structure. This implicit representation allows the boundaries 
of the design to evolve smoothly, even as the shape becomes more 

complex. 

 

As the optimization process progresses, the level set function aims to find 

the most efficient material layout based on the requirements. The Level Set 

Method offers a flexible and precise approach to topology optimization, 
particularly for applications requiring clear boundary definitions and 

complex geometric changes. While the method's implementation can be 

computationally demanding and sensitive to initial conditions, ongoing 

advancements in regularization, stabilization, and numerical techniques 

continue to expand its applicability and effectiveness in solving challenging 
design problems. 

 

4.2.4 Evolutionary Structural Optimization Methods (ESO & BESO) 

 

Evolutionary structural optimization or ESO was introduced as a method by 
Xie and Steven in 1992-1997 (Huang et al., 2010). The core idea and logic 

was revolving around a simple concept, that by removing elements with 

lower stresses from a structure, it will evolve towards an optimum. While it 

started like this, the stress as a main criterion changed to a strain energy 
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criterion by Chu et al. in 1996 (Chu et al., 1996). After ESO, the Bi-

directional evolutionary structural optimization was created as an extension 
of the same idea, where the main difference is that some new elements can 

also be added in areas where high stresses are calculated (Huang et al., 

2010). A first iteration of the stress logic can be depicted as: 

 

𝜎𝑒  ≤  𝑅𝑅𝑠 × 𝜎𝑚𝑎𝑥 
 
4.3 Algorithms in Topology Optimization  

 
Topology optimization can take many forms as shown in the previous 

chapter. The main optimization strategies that have been widely used and 

are still the focal point of research are the optimality criteria methods (OC), 

the method of moving asymptotes (MMA) and the sequential linear 

programming (SLP) (Kim et al., 2021). One of the main reasons that those 
algorithms have gained popularity is part of the way they function and 

therefore that they do not need Hessian information from previous 

iterations. 

 

4.3.1 Optimality Criteria Method (OC) 

 
Optimality criteria methods are a class of algorithms that play a significant 

role in topology optimization. The core concept is the update that happens 

iteratively based on a sensitivity analysis in order to satisfy optimality 

conditions and those conditions are met for every iteration (Kim et al., 

2021).  
 

Below we can follow a SIMP implementation based on an optimality criteria 

logic.  

 

As stated before the goal is to:  
 

Minimize: 

𝑐(𝑥) =  ∑  (𝑥𝑒)
𝑝

𝑁𝑒

𝑒=1

{𝑑𝑒}
𝑇 [𝑘𝑒]{𝑑𝑒} 

 

 

Subject to:          
𝑉(𝑥)

𝑉0
= 𝑓 

 

[𝐾]{𝐷} =  {𝐹} 
 

𝑥𝑚𝑖𝑛  ≤ 𝑥 ≤ 𝑥𝑚𝑎𝑥 
Here again the main logic is the same, minimize compliance C(x) 
compliance subjected to a volume constraint 𝑓. Here densities are denoted 

as x instead of (ρ) and the global displacement (u) from chapter 4.2 is now 

broken down to the nodal displacement vector de and represented by the 

global nodal displacement D. Similarly, now we dive deeper into the 
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calculations happening in for the global compliance and see how the sum of 

the individual elements gives the C(x). Here the stiffness matrix of the eth 

element (ke) is multiplied by the nodal degrees of freedom (de) and then 

the outcome fe is multiplied by the nodal degrees of freedom as a matrix 

row ({𝑑𝑒
𝑇}). The stiffness matrix [ke] is first multiplied by the nodal 

displacement vector {de} to compute the internal forces. Then, the 

resulting forces are multiplied by the transposed displacement vector {𝑑𝑒
𝑇} 

to compute the strain energy for the element. This strain energy is scaled 

by (xe)p and summed across all elements to compute the global compliance 

c(x).  

 

The previous part was a more detailed explanation of the SIMP from 4.2, 

now for the OC part, the sensitivities need to be set up so the changes in 

the objective function and the constraints can be measured and evaluated 

for each iteration. The sensitivities for both compliance and volume fraction 

can be calculated from:  
 

𝜕𝑐

𝜕𝑥𝑒
= −𝑝(𝑥𝑒)

𝑝−1 {𝑑𝑒}
𝑇[𝑘𝑒]{𝑑𝑒} 

 
𝜕𝑉

𝜕𝑥𝑒
= 𝑣𝑒 

 
In the optimality criteria method, the main logic is the way the design 
variables change based on a scale factor. For OC this can be written as: 

 

𝑥𝑒
𝑛𝑒𝑤 = 𝑥𝑒

𝑜𝑙𝑑√𝐷𝑒 , 𝑥𝑒
𝑚𝑖𝑛  ≤  𝑥𝑒

𝑛𝑒𝑤  ≤  𝑥𝑒
𝑚𝑎𝑥 

 

The factor De is built by combining both compliance and volume constraints 

into a Lagrangian function with a multiplier λ and applying the KKT first 

order optimality condition to derive the relationship between compliance 
sensitivity and volume sensitivity. 

 

𝐿(𝑥, 𝜆) = 𝑐(𝑥) + 𝜆(𝑉(𝑥) − 𝑓𝑉0) 
 
 
𝜕𝐿

𝜕𝑥
= 

𝜕𝑐

𝜕𝑥
+  𝜆

𝜕𝑉(𝑟)

𝑓𝑉0
= 0  (1) 

 
𝜕𝐿

𝜕𝜆
=  𝑉(𝑥) − 𝑓𝑉0 = 0              (2) 

 
Based on the two level loop design of OC. In the first inner loop, xe is 

updated to satisfy Eq. (1) given a Lagrange multiplier (λ). For the outer 

loop, Eq. (2) must be satisfied based on an updated Lagrange multiplier 

(λ). Based on those conditions, De can be defined as: 
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𝐷𝑒 =  − 

𝜕𝑐(𝑥)
𝜕𝑥𝑒

𝜆
𝜕𝑉(𝑥)
𝜕𝑥𝑒

 

 

 

For every iteration, De = 1 means that the optimality condition is satisfied, 

De < 1 means that increasing xe “is less efficient in decreasing the 

compliance than increasing the volume” (Kim et al., 2021) and De > 1 

means the opposite.  

 

During the OC method, the amount of change is also conditioned and 

imposed between boundaries. This is happening so the change in xe is not 

more than a specific range. This is defined by three different scenarios: 

 

1)  If [𝑥𝑒 − 𝛥𝑥𝑚𝑎𝑥 , 𝑥𝑒 + 𝛥𝑥𝑚𝑎𝑥] ∈ [𝑥𝑚𝑖𝑛, 𝑥𝑚𝑎𝑥], the design can 

be freely updated within this range 
 

2) If  𝑥𝑒 − 𝛥𝑥𝑚𝑎𝑥 <  𝑥𝑚𝑖𝑛 , the update range is restricted to 

[𝑥𝑚𝑖𝑛, 𝑥𝑒 +  𝛥𝑥𝑚𝑎𝑥] 
 

3) If 𝑥𝑒 + 𝛥𝑥𝑚𝑎𝑥 <  𝑥𝑚𝑎𝑥 , the update range is restricted to 

[𝑥𝑒 , 𝛥𝑥𝑚𝑎𝑥 − 𝑥𝑚𝑎𝑥] 
 

 

 

4.4 Previous Work (Brueren, 2024) 
 

It is important to combine topology optimization with digital design and the 

fabrication method in order to get the maximum benefits out of it (Yang et 

al., 2023). Specifically for additive manufacturing and topology optimization 

methods, nozzle size, path continuity, overhang and anisotropy constraints 
have to be considered for an efficient and structurally sound design to be 

fabricated. In the recent work of Brueren (Brueren 2024), most of those 

constraints are addressed in regards to glass 3D printing and the current 

fabrication methods that exist. Specifically, nozzle size, the path continuity 

and overhang filter have been successfully added to a SIMP method and 
given interesting results. The goal of this research as mentioned in chapter 

1 is the continuation of this work and advancement of the algorithms to 

account for the process induced anisotropic properties that are going to 

arise in any 3D printed object, changing its optimized/projected mechanical 

properties to an unexpected result.  
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4.5 Anisotropy in Topology Optimization 

 
As mentioned in the previous chapter, process induced anisotropy can be 

critical in the fabrication of additively manufactured components. The layer-

by-layer deposition method creates variations in strength and stiffness 

based not on the material but the axis.  

 
Topology optimization can handle anisotropy and this is already made 

obvious by methods as the homogenization that have been discussed in this 

chapter. The barrier that manifests here has to do with the fact that 

anisotropy in glass AM is not inherent but rather a parameter that gets 

introduced because of the fabrication method. This begs the question, not 

if process induced anisotropy can be introduced in a topology optimization 
algorithm but rather, how and what is the best way to achieve that.  
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05 Finite Element Analysis FEA 
 

 

Finite Element Analysis (FEA) is a widely used computational technique for 

approximating the solutions of complex engineering problems governed by 

differential equations. It serves as a bridge between theoretical mechanics 
and practical design by enabling the numerical simulation of physical 

behavior under various conditions. From structural deformation and thermal 

conduction to fluid flow and electromagnetic fields, FEA offers a unified 

framework to address a broad spectrum of problems encountered in 

engineering and applied sciences (Nair et al, 2023). 
 

At its core, FEA is based on the discretization of a physical domain into 

smaller, simpler parts known as finite elements, which are interconnected 

at points called nodes. Within each element, the physical field of interest is 

approximated using interpolation functions. By applying known physical 

laws, typically in the form of partial differential equations and boundary 
conditions, the method assembles a system of algebraic equations that 

approximate the behavior of the entire system (Nair et al, 2023). 

 

In the context of solid mechanics, which is the focus of this work, FEA is 

used to compute and approximate the internal response of a structure 
subjected to external loads. This includes determining the nodal 

displacements, from which strains and stresses can be derived. The finite 

element formulation is grounded in variational principles, such as the 

principle of minimum potential energy, and utilizes constitutive models like 

Hooke’s law to relate stress and strain for elastic materials.  
 

In this chapter, the foundational concepts of FEA are introduced, including 

the mathematical formulation, element types, stiffness matrix assembly, 

and solution techniques. The objective is to establish a clear understanding 

of the numerical strategy underpinning this method, as a basis for its 

application in the context of topology optimization, where this tool is used 
to assess the structural behavior of the geometry based on the predefined 

boundary conditions and material properties.  

 

 

5.1 Finite Element Method in Linear Elasticity 
 

As explained earlier, the FEA is an approximate solution based on physical 

laws. In a finite element analysis, the problem begins with the discretization 

of the domain into smaller shapes that constitute what we call elements. 

While there are several different types of elements and discretization 
methods, the underlying logic, regardless of this process, involves the 

approximate solution for the displacements, stress and strain of the 

structure through the calculation of essentially Hooke’s law: 

 

 [𝐾]{𝑢} = {𝐹} (5.1) 
 
where [K] is the global stiffness matrix, {u} is the global nodal displacement 

vector and {F} is the global load vector.  
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The principle of minimum potential energy states that based on applied 

boundary conditions (forces, displacements etc.), a body will rest at the 
configuration that minimizes the total energy (Nair et al, 2023). This tells 

us that the potential energy of a structure will be at its lowest once it cannot 

deform further. 

  

This is an interesting part of energy principles and during my research it 
was helpful to understand the connection between that and the concept of 

virtual displacements as well as internal and external virtual work. However, 

due to the time constraints of this thesis, a deeper exploration will not be 

undertaken here. The book “Theory and Analysis of Elastic Plates and 

Shells, Second Edition” can offer a better understanding (Reddy, 2007). 

“The difference between the principle virtual displacements and the 
principle of minimum potential energy is that, in the latter a constitutive 

law is invoked. Thus, the principle of virtual displacements is more general 

and it applies to all material bodies independent of their constitutive 

behavior.” (Reddy, 2007) 

 
Based on those two premises this chapter will analyze the main relations 

that are needed as groundwork for understanding the main principles of 

FEA.  

 

In order to do so, we need to understand how displacements can be 
numerically represented in a coordinate system and how the matrix [K] can 

be eventually assembled.  

 

Displacement is a value that represents how much deformation is 

underwent by a structure under a specified load and can be expressed 

based on spatial coordinates x, y and z and represented by a vector  
 

 {𝑢}
𝑇
= {𝑢, 𝑣, 𝑤} (5.2) 

 

In order to better understand the vector, we need to dive deeper into the 
relations between strain and stress since they express “the rate of change 

of displacement fields with respect to spatial coordinates” (Nair et al, 2023).  

 

Strain can take two forms; the one of the extensional deformation and the 

one of shear deformation. 

Figure 18 (a) Extensional deformation and (b) shear deformation (Nair et al, 2023) 
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For three dimensional deformations, strain can be represented by a vector 

as: 

 {𝜀}
𝑇
= {𝜀𝑥 , 𝜀𝑦, 𝜀𝑧, 𝛾𝑥𝑦 , 𝛾𝑦𝑧 , 𝛾𝑧𝑥} (5.3) 

 
where 𝜀𝑥 , 𝜀𝑦 , 𝜀𝑧 represent the extensional strain based on: 

 

 𝜀𝑥 = 
𝜕𝑢

𝜕𝑥
 , 𝜀𝑦 = 

𝜕𝑣

𝜕𝑦
 ,         𝜀𝑧 = 

𝜕𝑤

𝜕𝑧
    (5.4) 

 
and 𝛾𝑥𝑦 , 𝛾𝑦𝑧 , 𝛾𝑧𝑥 represent the shear strain based on: 

 

 𝛾𝑥𝑦 =
𝜕𝑢

𝜕𝑦
+
𝜕𝑣

𝜕𝑥
 , 𝛾𝑥𝑧 =

𝜕𝑣

𝜕𝑧
+
𝜕𝑤

𝜕𝑦
 , 𝛾𝑧𝑥 =

𝜕𝑤

𝜕𝑥
+
𝜕𝑢

𝜕𝑧
 (5.5) 

 

The stress is easily derived based on the shear equation and the constitutive 

relation between stress and strain, and is represented by a vector as: 

 

 {𝜎}
𝑇
= {𝜎𝑥 , 𝜎𝑦 , 𝜎𝑧 , 𝜏𝑥𝑦, 𝜏𝑦𝑧 , 𝜏𝑧𝑥} (5.6) 

 

The constitutive relation or stress-strain relation can take the simple form 

of equating stress with strain based on a factor called Young’s modulus as: 

 

 𝜎 = 𝛦 𝜀 (5.7)  
 

or in a matrix form as: 

 

 {𝜎} = [𝐷]{𝜀} (5.8)  

 
where [D] is the elasticity matrix: 

 

 𝐷 =  

[
 
 
 
 
 
𝐷11 𝐷12 𝐷13 0 0 0
𝐷12 𝐷22 𝐷23 0 0 0
𝐷13 𝐷23 𝐷33 0 0 0
0 0 0 𝐷44 0 0
0 0 0 0 𝐷55 0
0 0 0 0 0 𝐷66]

 
 
 
 
 

 (5.9) 

 

 
Based on the following relations: 

 

 𝐷11 =  
𝐸𝑥
2(𝐸𝑧𝑣𝑦𝑧

2 − 𝐸𝑦)

𝐷𝑑𝑒𝑛𝑜𝑚
 (5.10) 

 

 

 𝐷12 = − 
𝐸𝑥𝐸𝑦(𝐸𝑧𝑣𝑦𝑧𝑣𝑥𝑧 + 𝐸𝑦𝑣𝑥𝑦)

𝐷𝑑𝑒𝑛𝑜𝑚
 (5.11) 

 

 

 𝐷13 = − 
𝐸𝑥𝐸𝑦𝐸𝑧(𝑣𝑥𝑦𝑣𝑦𝑧 + 𝑣𝑥𝑧)

𝐷𝑑𝑒𝑛𝑜𝑚
    (5.12) 

 

 

 𝐷22 =
𝐸𝑦
2 (𝐸𝑧𝑣𝑥𝑧

2 − 𝐸𝑥)

𝐷𝑑𝑒𝑛𝑜𝑚
    (5.13) 
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 𝐷33 =
𝐸𝑦𝐸𝑧 (𝐸𝑦𝑣𝑥𝑦

2 − 𝐸𝑥)

𝐷𝑑𝑒𝑛𝑜𝑚
  (5.14) 

 

 
 

 𝐷44 = 𝐺𝑥𝑦 , 𝐷55 = 𝐺𝑦𝑧   , 𝐷66 = 𝐺𝑥𝑧 (5.15)  

 
 𝐷𝑑𝑒𝑛𝑜𝑚 = 𝐸𝑦𝐸𝑧𝑣𝑥𝑧

2 − 𝐸𝑥𝐸𝑦 + 2𝑣𝑥𝑦𝑣𝑦𝑧𝑣𝑥𝑧𝐸𝑦𝐸𝑧 + 𝐸𝑥𝐸𝑧𝑣𝑦𝑧
2 + 𝐸𝑦

2𝑣𝑥𝑦
2  (5.16)  

 

Based on standard material ordering the compliance matrix which is the 
inverse of the elasticity matrix [D-1] = [S] and based on equations 5.10 

through 5.16 can be calculated for an orthotropic material as: 
 

 𝑆 =  

[
 
 
 
 
 
 
 
 
 
 
 
 
1

𝐸1

−𝑣21

𝐸2

−𝑣31

𝐸3
0 0 0

−𝑣12

𝐸1

1

𝐸2

−𝑣32

𝐸3
0 0 0

−𝑣13

𝐸1

−𝑣23

𝐸2

1

𝐸3
0 0 0

0 0 0
1

𝐺12
0 0

0 0 0 0
1

𝐺23
0

0 0 0 0 0
1

𝐺13]
 
 
 
 
 
 
 
 
 
 
 
 

 (5.17) 

 

 

and based on spatial coordinates: 

 

[
 
 
 
 
 
11
22
33

12 ,  21
23 ,  32
13 ,  31]

 
 
 
 
 

          

[
 
 
 
 
 
1
2
3
4
5
6]
 
 
 
 
 

         

[
 
 
 
 
 
𝑥
𝑦
𝑧
𝑥𝑦
𝑦𝑧
𝑥𝑧]
 
 
 
 
 

            

[
 
 
 
 
 
𝜎𝑥
𝜎𝑦
𝜎𝑧
𝜎𝑥𝑦
𝜎𝑦𝑧
𝜎𝑥𝑧]

 
 
 
 
 

=

[
 
 
 
 
 
𝜎𝑥
𝜎𝑦
𝜎𝑧
𝜎𝑥𝑦
𝜎𝑦𝑧
𝜎𝑥𝑧]

 
 
 
 
 

ex

+ D 

(

  
 

[
 
 
 
 
 
𝜀𝑥
𝜀𝑦
𝜀𝑧
2𝜀𝑥𝑦
2𝜀𝑦𝑧
2𝜀𝑥𝑧]

 
 
 
 
 

−  

[
 
 
 
 
 
𝜀𝑥
𝜀𝑦
𝜀𝑧
2𝜀𝑥𝑦
2𝜀𝑦𝑧
2𝜀𝑥𝑧]

 
 
 
 
 

)

  
 

𝑖𝑛𝑒𝑙

 

 

the compliance matrix can be represented as: 

 

 𝑆 =  

[
 
 
 
 
 
 
 
 
 
 
 
 
 
1

𝐸𝑥

−𝑣𝑦𝑥

𝐸𝑦

−𝑣𝑧𝑥

𝐸𝑧
0 0 0

−𝑣𝑥𝑦

𝐸𝑥

1

𝐸𝑦

−𝑣𝑧𝑦
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 (5.18) 
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As mentioned earlier, the main principle of FEA is energy minimization and 

specifically potential energy, which can be expressed as: 
 

 𝛱 = 𝑈𝑒 + 𝑈𝐹 (5.19)  

 
where Ue is the strain energy and UF is the potential energy of applied loads 

which is equal to the negative of mechanical work of a conservative force (-
W) giving us: 

 𝛱 = 𝑈𝑒 −𝑊 (5.20)  

 
Then we can calculate the strain energy Ue as: 

 
 

𝛱 =  
1

2
∫   {𝜀}𝑇{𝜎}
𝑉

𝑑𝑉 −𝑊 
 

(5.21) 

 
where the mechanical work can be a combination of traction forces (T), 

body force (f) and/or external point loads (Pi) turning the above equation 

into:  

   

 
𝛱 = 

1

2
∫   {𝜀}𝑇{𝜎}
𝑉

𝑑𝑉 −∫ 𝑢𝑇𝑓𝑑𝑉
𝑉

−∫ 𝑢𝑇𝑇𝑑𝑆
𝑠

−∑𝑢𝑖
𝑇𝑃𝑖

𝑖

 (5.22) 

 
Now we interpolate the displacement field (u) using standard shape 

functions (Ni, i=1 to n) in terms of the nodal displacements (d): 

 

 {𝑢} = [𝑁][{𝑑} (5.23) 

 
and we introduce a matrix [B] which relates strain to displacement in the 

form of ε = [B] {d} then σ = [D] [B] {d}. Then based on the principle of minimum 

potential energy we get: 

  
 𝜕𝛱

𝜕{𝑑}
= ∫ [B]𝑇[D] [B]

𝑉

𝑑𝑉{𝑑} − {𝑃𝑖} = 0  (5.24) 

 

This now has the form of: 

 
 {𝑓} = [𝐾]{𝑑}  (5.25) 

 

where:  

 

 
[𝐾] = ∫[𝐵]𝑇[𝐷][𝐵]𝑑𝑉

∞

𝑉

   (5.26) 

 
By using two main principles, Hooke’s law and the principle of minimum 

potential energy, we have a way for setting up the stiffness matrix [K] and 

essentially solving the eq. (5.1) to find the displacements.  
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5.2 Elements in FEA 

 
The discretization process is an important part of the whole analysis and 

can have a great effect in the quality of the approximation as well as the 

computation time. For this reason, there are a number of different 

approaches for the element type that is going to discretize and populate the 

geometry. This chapter will be focusing on the mathematical logic and 
theoretical foundation; the most commonly used elements in FEA like 1D 

elements, 2D elements and 3D elements.  

 

5.2.1 1D Elements 

 

One-dimensional, or line, elements idealize a slender member by collapsing 
its geometry onto the member’s centroid axis. The element is therefore 

represented in the finite-element mesh by a straight line that may adopt 

any orientation in three-dimensional space. The assumption that the cross-

sectional dimensions are negligible relative to the length lets the analyst 

neglect warping of the section and model stress/strain uniformly across. 
(Nair et al, 2023) 

 

Truss, bar or rod elements are the most basic line elements and they consist 

of two nodes linked by an axial spring. In the local coordinate system it 

supports only normal forces and therefore bending moments, shear forces 
and torsion are zero. For this reason each node possesses a single kinematic 

degree of freedom, the axial displacement u. When the element is 

embedded in a 3_D global x-y-z frame, this local displacement is realized 
as three translational DOFs (u, v, w) per node, while all rotational DOFs (θx, 
θy, θz) remain constraint. 

 

The mechanical response of these elements is defined by the Young’s 
modulus (E) and the cross-sectional area (A). Using first order linear shape 

functions, they can be represented by:  
 

 𝑁1(𝜉) = 1 − 𝜉, 𝑁2(𝜉) = 𝜉, −1 ≤ 𝜉 ≤ 1   (5.27) 

 
The classical axial bar element stiffness matrix (Ke) in local coordinates is a 

symmetric matrix:  

 

 
𝐾𝑒 = 

𝐴𝐸

𝐿
 [
1 −1
−1 1

]  (5.28) 

 

For this matrix (as for any other more complex ones) there are certain tools 

that help us transform them from local to global coordinates. In the case of 

a simple case like this, a cosine transformation can take place and map the 

axes properly.   

 
A more complex one-dimensional element is the beam element and the 

main difference with the truss elements is its ability to resist axial tension, 

compression, flexure, torsion and transverse shear (Nair et al, 2023). Beam 

segments are identified by the Cartesian coordinates of the two end nodes 
and properties like the area (A), torsional constant (J) and second moments 

of area (Iz).  
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5.2.2 2D Elements 

 

For two-dimensional elements, we have three distinct types; plane stress 

elements, plane strain elements and axisymmetric solid elements (Nair et 
al, 2023).  

 

Plane stress elements are used to model structures that are defined by their 

small (negligible) dimensions along the z-axis compared to the other two 

dimensions (x and y). Plane strain elements are used to model structures 

with cross sections that do not vary along the longitudinal direction. In both 
cases those elements “are loaded by forces in their own plane” (Logan, 

2011). We represent those elements in vector form:  

 

 𝑢𝑇 = [𝑢, 𝑣]  (5.29) 

 
and the stress and strain vectors are: 

 

 {𝜎}
𝑇
= {𝜎𝑥 , 𝜎𝑦 , 𝜏𝑥𝑦}  (5.30) 

 {𝜀}
𝑇
= {𝜀𝑥 , 𝜀𝑦, 𝛾𝑥𝑦}  (5.31) 

 

5.2.3 3D Elements  
 

Three-dimensional elements are used to model structures where the 

simplification for using one or two-dimensional elements is not enough. 

Usually when using three-dimensional elements, we talk about the 

tetrahedral and hexahedral elements or also known as brick elements 

(Logan, 2011). When considering first order brick elements, the sides are 
modeled by straight lines connected at the nodes, which measure only 
translational DOFs (u, v, w). This way their deformation vector is represented 

by: 

 

 𝑢𝑇 = [𝑢, 𝑣, 𝑤]  (5.32) 

 
and the stress and strain vectors are: 

 

 {𝜎}
𝑇
= {𝜎𝑥 , 𝜎𝑦 , 𝜎𝑧 , 𝜏𝑦𝑧, 𝜏𝑥𝑧, 𝜏𝑥𝑦}  (5.30) 

 {𝜀}
𝑇
= {𝜀𝑥 , 𝜀𝑦 , 𝜀𝑧, 𝛾𝑦𝑧 , 𝛾𝑥𝑧 , 𝛾𝑥𝑦}  (5.31) 

 

5.3 Natural Coordinate Systems & Integration 

 
Natural Coordinates  

 

“A natural coordinate system is a curvilinear coordinate system with its 

center at the geometric centroid of the element” (Nair et al, 2023). Natural 

coordinates, local coordinates, or isoparametric coordinates are often 
labeled as ξ (xi), η (eta), ζ (zeta). Their use is standardizing the shape of 

any element, regardless of the actual size or orientation to the physical 
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space, into a domain of -1 to +1. This is useful for handling many elements 

and especially coding them using the same shape functions (Fig. 19-21). 
 

 

 
Figure 19 Global to Natural Coordinate System 1-D recreation (Nair et al, 2023) 

 
Figure 20 Global to Natural Coordinate System 2-D recreation (Nair et al, 2023) 

 
Figure 21 Global to Natural Coordinate System 3-D recreation (Nair et al, 2023) 

 

Jacobian Matrix 
 
In the finite element method, strains such as (𝜕𝑢/𝜕𝑥) are defined in the 

Cartesian coordinate system (x-y-z), since they describe real-world 
deformations in physical space. However, shape functions like (𝑁1(𝜉, 𝜂, 𝜁) 
etc.) are formulated in a natural coordinate system (ξ-η-ζ), where 

coordinates range from -1 to +1. These natural coordinates are used 

because they allow all elements of the same type to be described using a 
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standard referenced domain which greatly simplifies the integration and the 

overall math involved. When computing element matrices, we often need 
to evaluate integrals involving derivatives of shape functions but we need 

these derivatives with respect to the physical coordinates (x, y, z) and not 

the natural ones. This is where the Jacobian matrix is used. It provides a 

relationship between derivatives in both natural and Cartesian coordinate 

systems. For three-dimensional elements, this relationship is described as: 
  

 

{
  
 

  
 
𝜕𝑁𝑖

𝜕𝜉
𝜕𝑁𝑖

𝜕𝜂
𝜕𝑁𝑖

𝜕𝜁 }
  
 

  
 

= [𝐽]

{
  
 

  
 
𝜕𝑁𝑖

𝜕𝑥
𝜕𝑁𝑖

𝜕𝑦
𝜕𝑁𝑖

𝜕𝑧 }
  
 

  
 

;   [𝐽] =

[
 
 
 
 
 
 
𝜕𝑥

𝜕𝜉

𝜕𝑦

𝜕𝜉

𝜕𝑧

𝜕𝜉
𝜕𝑥

𝜕𝜂

𝜕𝑦

𝜕𝜂

𝜕𝑧

𝜕𝜂
𝜕𝑥

𝜕𝜁

𝜕𝑦

𝜕𝜁

𝜕𝑧

𝜕𝜁]
 
 
 
 
 
 

  (5.32) 

 

Integration 

 

As mentioned above, setting up the finite element equations in a natural 

coordinate system can simplify the process and make it easier for coding 
and integrating in a fixed -1 to +1 domain. Because of this process though, 

the elements become independent of the actual size, shape and orientation. 

This makes necessary to create a way of evaluating the integral quantities 

with respect to the real world element.   

 
In the finite element method, using natural coordinates allows shape 

functions to be independent of the element’s physical size and geometry. 

This simplifies integration over each element, as we can always integrate 

over a fixed domain of -1 to +1. When computing the stiffness matrix, the 

integrals involve products of polynomial functions in natural coordinates. 

Rather than solving these integrals analytically, we use a numerical 
technique called Gaussian quadrature, which approximates the integral as 

a weighted sum of the function evaluated at specific points within the 

interval. The choice of how many points are needed depends on the degree 

of the polynomial, for example, a 2-point Gauss quadrature can exactly 

integrate any polynomial up to 3 degrees. 
 

An integral like: 

 

 
𝐼 =  ∫ 𝑓(𝜉)𝑑𝜉

+1

−1

  (5.33) 

 

Can be evaluated only in the Gauss points and then multiplied by the 

weights based on table 1, giving a solution of: 

 
𝐼 ≈  ∑𝑓(𝜉𝑖) ∙ 𝑊𝑖

𝑛

𝑖=1

  (5.34) 

 
where ξi are the locations of the Gauss points in the interval -1 to +1, Wi 
are the weights for those points and n are the number of Gauss points. 
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No. of points, n (order 

of integration 

Location, ξi Weights, Wi  

n = 1 ξ1 = 0.0 W1 = 2.0 

n = 2 𝜉1 = +√1/3  

𝜉2 = −√1/3  

W1 = 1.0 
W2 = 1.0 

n = 3 𝜉1 = −√3/5  

𝜉2 =  0.0  

𝜉3 = +√3/5  

W1 = 5/9 
W2 = 8/9 
W3 = 5/9 

Table 1 Gauss points and weights for Gaussian quadrature (Nair et al, 2023) 

A 2-point integration based on the table above will then be: 

 
 

𝐼 =  ∫ 𝑓(𝜉)𝑑𝜉
+1

−1

 ≈  ∑𝑓(𝜉𝑖) ∙ 𝑊𝑖

2

𝑖=1

  ≈ 𝑓 (−√
1

3
) ∙ 1.0 +  𝑓 (√

1

3
) ∙ 1.0  (5.35) 

 

This logic is useful and can be used for the assembly of the stiffness matrix 

(eq. 5.26).  
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06 Topology Optimization & Layer-by-Layer 
Anisotropy  
 

 

Due to the nature of fabrication by additive manufacturing technologies and 
the layer-by-layer deposition of materials, as mentioned in chapter 3, the 

mechanical properties of the 3D printed object will exhibit a behavior that 

is not in line with the “single piece” 3D representation of it designed in a 

CAD software. To address this issue, the goal is to explore solutions 

proposed in existing research that have tackled similar challenges. After 
providing a brief overview of these studies in this chapter, a method 

inspired by their approaches will be introduced to offer a potential solution. 

 

 

6.1 Role of anisotropic properties on topology optimization of 

additive manufactured load bearing structures (Zhang et al., 2017) 
 

Paper “Role of anisotropic properties on topology optimization of additive 

manufactured load bearing structures” (Zhang et al., 2017) examines the 

impact of anisotropic material properties, particularly those arising from 

additive manufacturing, on the topology optimization of load-bearing 
structures. It underscores the growing significance of topology optimization 

in designing complex geometric structures made possible by additive 

manufacturing while emphasizing the challenge posed by the anisotropic 

nature of the materials produced. 

 
The authors provide an overview of existing topology optimization methods, 

including stress-based methods, free material optimization, and two-scale 

topology optimization. However, they highlight the inability of these 

methods to effectively address the in-plane material anisotropy inherent to 

additive manufacturing. This limitation stems from the complexity of 
incorporating the constantly changing in-plane raster direction, which 

defines the deposition path and ultimately influences the material's 

anisotropic properties. 

 

The paper concludes by advocating for the development of novel topology 

optimization algorithms specifically tailored to the nuances of additive 
manufacturing. These algorithms should not only account for in-plane 

anisotropy but also accommodate other factors like inelastic deformation, 

fatigue resistance, material inhomogeneity, and temperature dependence. 

The authors suggest exploring approaches like continuous orientation 

optimization, discrete material optimization, and integration of path 
planning algorithms to overcome the existing challenges. The ultimate goal 

is to create a comprehensive framework for topology optimization that fully 

leverages the design freedom offered by additive manufacturing while 

ensuring the structural integrity and performance of the fabricated parts. 
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6.2 Additive Manufacturing of Stiff and Strong Structures by 

Leveraging Printing-Induced Anisotropy in Topology Optimization 
(Kundu et al., 2023) 

 

In this paper, there is a clear understanding of the fact that anisotropy due 

to the use of additive manufacturing techniques is inevitable. Based on that, 

an interesting framework is proposed, that focuses on utilizing both 
isotropic and anisotropic infill types as “material phases” (Kundu et al., 

2023). Together with a “suitable fabrication methodology” (Kundu et al., 

2023) some interesting results are presented, showing “up to 37% 

improved stiffness and 100% improved strength per mass” (Kundu et al., 

2023) 

 
The paper proposes a novel approach to leverage the inherent strength 

anisotropy induced by additive manufacturing processes to design stiffer 

and stronger structures. It focuses on utilizing multi-material topology 

optimization (MTO) to strategically distribute anisotropic and isotropic 

material phases within a design, taking advantage of the directional 
strength properties of the printed material. 

 

The authors achieve this by controlling the direction of the line-type infill, 

also known as the print path, within each material phase. For anisotropic 

regions, a consistent infill direction is maintained across all layers, aligning 
the material's high strength and stiffness with the primary loading direction. 

In contrast, isotropic regions are created by incrementally rotating the infill 

direction between consecutive layers, resulting in more uniform strength 

properties regardless of loading orientation. The paper highlights the 

effectiveness of this approach through experimental validation using 

uniaxial tension specimens with isotropic infill printed in different 
orientations. 

 

Although this is an interesting paper on how the framework works and how 

promising the results are, the focus is on many factors that are not present 

in the case of glass. Infill types playing an important role in this paper and 
framework, with changing material phases does not really encapsulate the 

issues that arise based on the fabrication limitations of glass that are 

focuses solely on the anisotropy that the interface is creating.  

 

 
6.3 Anisotropic Multicomponent Topology Optimization for Additive 

Manufacturing With Build Orientation Design and Stress-

Constrained Interfaces (Zhou et al., 2020) 

 

This paper introduces some interesting approaches for multicomponent 
topology optimization (MTO) for additive manufacturing. The main aspects 

it addresses are the build orientation and stress constraints at the 

component interfaces.  

 

The way this framework works based on the authors, is by employing a 

multicomponent topology optimization framework that allows for the 
simultaneous optimization of individual component topologies and their 

assembly within a single design domain. Emphasizing the advantages of 
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additive manufacturing, the authors acknowledge the crucial impact of build 

orientation on the anisotropic properties of AM-fabricated objects. They 
incorporate this factor into the optimization process by optimizing the build 

orientation of each component during topology optimization. This is done 

by considering the material's directional strength and stiffness, while 

aligning the orientation with the anticipated stress distribution to enhance 

overall structural performance. Specifically, the paper utilizes an orientation 
tensor representation to define the build direction for each component. This 

method offers great numerical stability during the optimization process, 

particularly for complex 3D structures. The optimization algorithm aims to 

align the build direction with the anticipated stress distribution to maximize 

the component's stiffness and strength. It leverages the inherent 

transversely isotropic material properties induced by additive 
manufacturing processes, recognizing that the material exhibits higher 

stiffness and strength along the build direction compared to other 

orientations. This approach allows the algorithm to identify the optimal build 

orientation for each component, ensuring the material's anisotropic 

properties are utilized to enhance the overall structural performance. 
 

To ensure the structural integrity and reliability of the assembled 

multicomponent structure, the paper introduces stress constraints at the 

interfaces between components. The paper introduces a “new joint model” 

(Zhou et al., 2020) to specifically address the stress concentrations often 
observed at component interfaces. This model accurately identifies the 

interface locations, even when the design is in its early, "blurry" stages of 

optimization, where the boundaries between components are not yet clearly 

defined. This joint model enables the assignment of distinct material 

properties to the interface regions, acknowledging that the joints might 

exhibit different mechanical behavior compared to the bulk material of the 
components. Crucially, the model incorporates maximum stress constraints 

specifically applied to the interface regions. This constraint ensures that the 

stress levels at these critical junctions remain within acceptable limits, 

preventing premature failure and enhancing the overall reliability of the 

assembled structure. 
 

The authors validate their proposed method through numerical examples 

demonstrating its effectiveness in generating multicomponent designs with 

enhanced stiffness, reduced weight, and controlled stress levels at 

component interfaces. They highlight the potential of this approach to 
improve the design and fabrication of a wide range of additively 

manufactured structures, particularly those requiring high performance and 

intricate geometric features. 

 

6.4 Thermodynamic Topology Optimization of Layered Anisotropic 
Materials (Jantos et al., 2022)  

 

The chapter "Thermodynamic Topology Optimization of Layered Anisotropic 

Materials" from the book "Current Trends and Open Problems in 

Computational Mechanics" focuses on developing a specialized topology 

optimization method for structures made from layered anisotropic 
materials, commonly found in additive manufacturing. The authors 

recognize that maximizing the performance of these structures requires 
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optimizing both the overall shape of the structure and the intricate 

arrangement of fibers within it. 
To achieve this, the chapter introduces a two-pronged approach. Firstly, it 

utilizes density (χ) as a design variable to determine the presence or 

absence of material at any given point, effectively controlling the topology 

of the structure (SIMP). Secondly, it employs a set of three Euler angles (α) 

to represent the local fiber orientation throughout the design. Notably, the 
first two Euler angles are globally defined, establishing a consistent layer 

plane orientation for the entire structure. This mimics the layer-by-layer 

deposition process typical of additive manufacturing. The third Euler angle, 

however, is locally defined, enabling variations in fiber direction within each 

layer. 

 
The optimization process centers on minimizing the elastic energy of the 

structure, a direct indicator of stiffness. This is achieved through a 

thermodynamic framework that leverages the SIMP (Solid Isotropic Material 

with Penalization) method to encourage distinct solid and void regions. The 

chapter also incorporates a novel material orientation filter that smooths 
the fiber pathways by limiting their maximum curvature. This consideration 

not only improves the manufacturability of the final design but also ensures 

smoother stress distributions, leading to more robust structures.  

 

6.5 Conclusions and next steps  
 

While existing examples address certain aspects of the problem, they do 

not provide a comprehensive solution for glass 3D printing. Therefore, this 

research project will adopt a similar yet distinct approach that will be based 

on a SIMP algorithm (building upon the work of Brueren so that the filters 

regarding additive manufacturing can be implemented as well) and the 
manipulation of the FEA part of the algorithm.  

 

Based on the previous chapters about topology optimization and the finite 

element analysis method, the primary focus for the next steps will be on 

manipulating the stiffness matrix in relation to the deposition axis and the 
weaker orientations that arise due to additive manufacturing fabrication. To 

achieve this, the goal is to develop a factor, based on material testing, which 

will be conducted in the lab using 3D-printed glass specimens. This factor 

will help us gain a clearer understanding of the mechanical and anisotropic 

properties of the weaker axis by equating the engineered stiffness of the 
weak orientation to the strong one. A key modification to the SIMP logic will 

be the incorporation of a transverse isotropic matrix, replacing the standard 

purely isotropic matrix during the element stiffness matrix assembly, to 

better account for the anisotropic behavior observed in the 3D-printed 

glass. More about this will be explained in detail in the next chapters. 
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07 Practical Framework 
 

 

This part of the thesis is structured into four main sections. The first section 

presents the case study, including the establishment of the necessary 

boundary and loading conditions. The second section focuses on mechanical 
testing, aiming to characterize the anisotropic behavior of the material by 

calculating stiffness properties as a function of orientation. The third section 

addresses the development of the optimization algorithm, describing the 

overall setup and highlighting the key modifications introduced, particularly 

in the formulation of the stiffness matrix. Finally, the fourth section presents 
the findings derived from structural verification through finite element 

analysis in ANSYS. 

 

The case study serves as the basis for extracting the essential boundary 

conditions that inform the subsequent stages of the research. 

 
The mechanical testing phase is dedicated to extracting the engineered 

material properties of the 3D-printed components, which are crucial inputs 

for the algorithm development process. It is important to emphasize that 

the computational framework developed within this thesis is not limited to 

glass; it can also be extended to other additively manufactured materials, 
such as polymers, ceramics, and concrete, provided that appropriate 

mechanical characterization is performed for each specific case. The key 

aspect considered is the anisotropic behavior arising from the fabrication 

process. 

 
The algorithm development section addresses several critical aspects, with 

particular focus on the assembly of the stiffness matrix and the adjustments 

made to the elasticity matrix formulation. A high-level overview of the 

algorithmic logic will be presented using simplified diagrams and flowcharts, 

while the following chapters will offer an in-depth technical description.  

 
The final section discusses the outcomes of various tests conducted during 

the algorithm development phase, aiming to identify the most effective set 

of optimization parameters. This is followed by the presentation of the final 

optimized design and a detailed finite element analysis in ANSYS, offering 

additional insight into the structural performance of the proposed solutions. 
  

Ultimately, the goal is to evaluate whether the developed framework 

successfully captures the anisotropic behavior induced by the additive 

manufacturing process, and to assess its potential applicability to broader 

contexts. 
 

A high level explanation of the process is summarized in the logic illustrated 

in Figure 22-23, with all the necessary steps leading to this framework to 

be detailed in the following chapters. As shown in the figure, the main 

concept involves adopting a standard SIMP-based topology optimization 
algorithm as a baseline and introducing targeted modifications to the 

material property inputs. Targeted modifications are then introduced at the 

material modeling level, specifically by reformulating the stiffness matrix to 
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represent transversely isotropic material behavior instead of assuming 

isotropy. This adjustment enables the algorithm to account for directional 
stiffness variations, thereby embedding anisotropic effects directly into the 

optimization process.  

 

 

 
Figure 22 Standard SIMP  

 

 
Figure 23 Anisotropy-aware SIMP 
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08 Case Study 
 

 

8.1 Selection  

 

The case study selected for this thesis aligns with that of previous research 
projects, enabling a direct comparison of the respective findings. 

Specifically, the study focuses on the glass bridge located within the British 

Museum Fig. (24). 

 

 

The existing bridge 
structure consists of a steel 

frame, comprising primary 

and secondary beams that 

bear the main structural 

loads, transverse glass 
panels that transfer loads to 

the steel framework, and a 

glass railing. For the 

purposes of the 

optimization process 

developed in this thesis, the 
focus will be placed on the 

steel frame, which will be 

conceptually replaced by 

3D-printed glass beams. 

Consequently, the 
optimization study will 

target the structural 

behavior and performance 

of these glass components.  

 

Figure 24 Glass bridge British museum https://www.flickr.com/photos/darrellg/52032724379  

Figure 25 Structural components before 

https://www.flickr.com/photos/darrellg/52032724379
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8.2 Boundary Conditions 
 

The bridge under consideration has an irregular shape, with approximate 

dimensions of 4.20 m × 2.30 m × 0.30 m (length, width, height). For the 

purposes of simplifying the optimization process, the dimensions will be 

assumed to correspond to a fully rectangular geometry of 4.20 m × 2.40 m 
× 0.30 m, consistent with previous studies conducted by Schoenmaker and 

Brueren. 

 

As previously outlined, the current structure carries loads through a steel 

frame. In the proposed redesign, this frame will be replaced by 3D-printed 

glass beams, which will be fixed along the sides of the span. The complete 
design domain, along with the support conditions for the new configuration, 

is illustrated in Figure 26 

 

 

 

 

This study will investigate three different configurations by dividing the 

domain into three, four and five individual sections, as shown in Figure 27. 
The aim is to explore the influence of domain subdivision on the 

optimization results and to perform a comparative assessment across the 

different designs. 

 

 

 
 

 
Figure 27 Domain division into 3, 4 and 5 beams  

Figure 26 Steel frame before – Glass component after 
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To ensure the structural integrity of the proposed components, multiple load 
cases would ideally need to be considered. However, for the sake of 

simplification within the scope of this thesis, only a single load case will be 

applied. This load case accounts for the self-weight (dead load) of the 

components which is taken into account as a long term load, a live load 

applied uniformly across the span and a maintenance load both acting as 
short term loads. The dead load will be calculated based on the density of 

the glass components, while the live load will be determined according to 

the Euro code provisions, specifically Category C3 for museum spaces, 

setting the live load requirement between 3 and 7.5 kN/m². 

 
It is important to note that the topology optimization process will be 

conducted using normalized, dimensionless values. Following the 

completion of the optimization, the designs will be subjected to structural 

verification in ANSYS, where the defined load cases and allowable 

deformation limits will be applied to assess compliance with performance 
criteria. 

Figure 28 Categories of use table 
https://www.lisa.blue/help/eurocode_imposed_loads/en_GB 

Figure 29 Imposed loads table 
https://www.lisa.blue/help/eurocode_imposed_loads/en_GB 
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09 Flexural Strength Testing 
 

 

As outlined in the previous chapter, the aim of this thesis is to establish a 

factor that captures the engineered stiffness difference between the strong 

axis and the weaker axes of 3D printed glass components. This factor will 
serve as a ratio between the directional stiffness values and will later be 

used to bias the Finite Element (FE) stage of the topology optimization 

algorithm. The inclusion of this factor ensures that the algorithm accounts 

for the directional behavior resulting from the fabrication process. To 

illustrate the concept, figure 30 presents two representative material 
behavior scenarios: Isotropic Material and Transversely Isotropic Material. 

The key distinction among these categories lies in the directional 

dependency of material properties such as Young’s modulus and Poisson’s 

ratio 

 

Anisotropic (Orthotropic) Material: 
Each principal axis (x, y, z) has independent material properties. For 

instance, there are three different values for Young’s modulus Ex, Ey, and 
Ez. 

 

Transversely Isotropic Material: 

This class features one axis of isotropy, typically defined by two planes of 

symmetry. In the context of layered materials, such as those fabricated via 

3D printing, this isotropic axis is perpendicular to the layers (deposition 
axis). As a result, the mechanical properties along the deposition axis differ 

from those in the orthogonal plane. The material is characterized by one 
stiffness value along the deposition axis (Ez) and a uniform value in the 

plane orthogonal to it (Ex = Ey). 

 

 
 

 

 

Figure 30 Isotropic and Transversely Isotropic properties 
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Isotropic Material: 
The material properties are identical in all directions, meaning that Ex = Ey 
= Ez, and similarly for other parameters like Poisson’s ratio. 

 

Based on the above, we can characterize additively manufactured 
components with the properties of a transversely isotropic material, where 

the axis of isotropy represents the deposition axis.  

 

 
Figure 31 Print orientations  

Based on Figure 31 we see that the print orientation matters together with 
the goal orientation of the geometry. While the print orientation defines the 

strong and weak axes of the geometry, the deployed orientation of said 

geometry is also important, as the weak axis should be parallel to the 

loading conditions to allow the strongest outcome.  

 

It is important to note that while the base material (glass) used in this study 
is isotropic, the engineered stiffness of the 3D printed elements exhibits 

anisotropic behavior and specifically transversely isotropic, due to the 

deposition-based fabrication method that creates a dependency on two new 

properties; quality of fusion between layers and variable sections along the 

deposition axis that create a weaker overall component. 
 

9.1 Objective 

 

Additively manufactured components, exhibit transverse isotropic behavior 

instead of isotropic as one would expect due to the nature of the material, 
owing to the inherent layer-by-layer nature of the fabrication process.  

 

The central objective of this chapter is to experimentally quantify the extent 

to which this process induced anisotropy manifests in printed glass beams. 

Specifically, we seek to determine whether the difference in flexural 
strength observed between specimens printed in the longitudinal 
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orientation and those printed in the vertical orientation is reflected in their 

respective Young’s modulus values. This investigation is motivated by the 
need to establish an engineered stiffness factor, defined as the ratio of 

elastic moduli along the principal material axes, which can be directly 

incorporated into the finite element stage of the topology optimization 

framework. By doing so, the algorithm can more accurately reflect the 

directional mechanical behavior arising from the manufacturing process.  
 

Although no formal performance threshold is imposed, it is desirable that 

the experimental results yield a distinct ratio of longitudinal to vertical 

stiffness, ideally within a range of 0.5 to 0.9, as this would probably 

facilitate more meaningful differentiation in the optimization process. To 

this end, a comprehensive four point bending test was carried out, 
comprising of eight longitudinal and nine vertical specimens.  

 

 

Figure 32 Broken specimens, longitudinal and vertical after the testing. 

It is hypothesized that the longitudinal specimens will benefit from the fact 

that the principal load path will be transverse to the ridges created by the 

manufacturing process, demonstrating both higher stiffness and greater 

flexural strength than their vertically printed counterparts where the ridges 

will be parallel to the load path. A clear modulus ratio in line with the 
anticipated range would validate the use of a single engineered stiffness 

parameter within the optimization workflow. 

 

9.2 Material & Specimens 

 

The test specimens were fabricated from commercial soda-lime glass using 
an additive manufacturing process implemented by Evenline, a company 

specializing in 3D-printed glass structures. Printing was carried out using 

the G3DP3 platform, which deposits molten glass layer by layer to build the 

desired geometry. Due to the proprietary nature of the process, detailed 

information regarding the initial glass feedstock supplier and any additional 
processing steps remains limited; all specimens are described herein as 

“soda-lime glass, printed via G3DP by Evenline.” 

 

After printing, all beams were cut to the required height and their cut 

surfaces were polished to remove visible defects and ensure dimensional 
consistency. No additional heat treatment or annealing was applied beyond 

the cooling regime inherent to the printing process. 

 

 

9.2.1 Specimen Geometry and Orientation 
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Each beam was nominally rectangular in cross-section, with an average 
width of ~11 mm and height of ~23 mm (as measured with a digital caliper 

to ±0.02 mm). The overall length ranged from 350 mm to 370 mm, 

providing a clear span of 280 mm for four-point bending tests and 

approximately 40 mm of overhang on each end. 

 
Two build orientations were investigated: 

 

Longitudinal (L): Layers were deposited parallel to the long axis of the 

beam, resulting in specimens with approximately 4–5 layers through the 

height. 

 
Vertical (V): Layers were deposited through the thickness (along the short 

axis), resulting in beams containing approximately 70 layers across the 

section, depending on the layer height (4-5mm) and the length. 

 

 
Figure 33 Points of measurement in vertical beams 

 
Figure 34 Points of measurement in longitudinal beams 
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9.2.2 Surface Finish and Post-Processing 

 
All specimens were cut and polished after printing to minimize edge effects 

and surface flaws. This step was carried out uniformly for both orientations; 

no additional heat treatment or annealing was performed. 

 

9.2.3 Replicates and Sample Size 
 

A total of eight longitudinal (L) and nine vertical (V) beams were prepared 

and tested. This distribution was selected to provide sufficient statistical 

confidence in the assessment of directional mechanical properties and 

ensure the robustness of the modulus ratio measurement. 

 
A summary table of all tested specimens, including precise dimensions and 

orientation, is provided in table 2.  

 

 

Sample 
no 

Sample 
descript

ion 

Deviatio
n width 

Deviatio
n  

height 
w1 w2 

w3 
(valley) 

w4 
(valley) 

h1 h2 
Avg. 

height 

Avg. 
width 

(valley) 

Avg. 
width 
(ridge) 

Avg. 
width 
(total) 

 cm ± mm ± mm mm mm mm mm mm mm mm mm mm mm 

L1 
121014 B 
length: 
36,7 

-0.09 0.06 12.34 12.43   23.52 23.46 23.49 9.885 12.385 11.135 

L2 
B length: 
36,6 

0.02 -0.2 11.09 11.07   22.64 22.84 22.74 8.58 11.08 9.83 

L3 
121019 A 
Length: 
36,6 

0.04 -0.19 11.07 11.03   24.22 24.41 24.315 8.55 11.05 9.8 

L4 
121024 A 
Length: 
36,3 

0.2 -0.41 11.41 11.21   24.01 24.42 24.215 8.81 11.31 10.06 

L5 
121020 B 
Length: 
36,2 

-0.03 -0.01 11.48 11.51   24.19 24.2 24.195 8.995 11.495 10.245 

L6 
121020 A 
Length: 
36,3 

0 -0.19 11.55 11.55   22.67 22.86 22.765 9.05 11.55 10.3 

L7 
101014 B 
Length: 
36,9 

-0.01 0.05 12.45 12.46   23.53 23.48 23.505 9.955 12.455 11.205 

L8 
121021 B 
Length: 
36,7 

-0.06 0.22 11.43 11.49   22.87 22.65 22.76 8.96 11.46 10.21 

V1  
Length: 
35,4 

-0.22 -0.01 11.64 11.86 9.3 9.14 24 24.01 24.005 9.22 11.75 10.485 

V2 
Length: 
35,4 

0.27 -0.08 11.45 11.18 8.82 9.02 23.9 23.98 23.94 8.92 11.315 10.1175 

V3 
Length: 
35,2 

0.18 -0.25 11.96 11.78 9.39 9.23 22.92 23.17 23.045 9.31 11.87 10.59 

V4 
Length: 
35,3 

0.22 -0.11 11.45 11.23 8.96 8.8 23.93 24.04 23.985 8.88 11.34 10.11 

V5 
Length: 
35,2 

0.16 0.08 11.43 11.27 8.96 8.8 23.4 23.32 23.36 8.88 11.35 10.115 

V6 
Length: 
35,3 

0.26 0.15 11.92 11.66 9.34 9.16 23.81 23.66 23.735 9.25 11.79 10.52 

V7 
Length: 
35,1 

0.18 -0.07 11.86 11.68 9.36 9.13 24.15 24.22 24.185 9.245 11.77 10.5075 

V8  
Length: 
35,2 

0.16 -0.03 11.85 11.69 9.32 9.31 24.14 24.17 24.155 9.315 11.77 10.5425 

V9 
Length: 
35,4 

0.14 0.02 11.82 11.68 9.24 9.17 24.15 24.13 24.14 9.205 11.75 10.4775 

Table 2 Measurements of all specimens conducted before the testing.  

 

9.3 Experimental Setup  
 

Specimen geometry and preparation: All specimens were machined and 

polished to yield rectangular bars with nominal dimensions of approximately 

11 mm in width, 23 mm in height, and 350–370 mm in length, as described 

in Section 9.2. Minor deviations in specimen length and surface quality 
reflect the constraints of the additive manufacturing process. 
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Test configuration: Flexural tests were conducted using a four-point 
bending configuration, with an outer support span of 280 mm and an inner 

loading span of 140 mm. A neoprene layer is positioned between the glass 

and the steel supports to minimize stress concentrations that could arise 

from direct contact between these materials. 

 
Loading and environment: Tests were performed at ambient laboratory 

conditions (22 ± 2 °C). Loading was applied at a constant displacement rate 

of 0.01 mm/sec, with all force and deflection measurements recorded 

according to the metrological recommendations of the standard. 

 

The flexural strength tests were conducted using a universal testing 
machine equipped with a four-point bending fixture as described in Section 

7.3. Prior to the testing procedure, the glass beams were coated with a 

white and black speckle pattern to facilitate displacement tracking via 

Digital Image Correlation (DIC). The specimens undergo four-point bending 

test, carried out with a UTM-25 Universal Testing Machine, applying a 
constant displacement rate of 0.01 mm/s until failure occurs. Throughout 

the experiment, high-resolution images are captured every two seconds for 

later analysis using GOM Correlated software. 

 

 

Figure 35 DIC set-up 

Further details regarding test geometry, support spans, and specimen 

preparation are provided in Section 7.2. 

 

9.4 Testing Procedure  

 

Prior to testing, all specimens were visually inspected for defects and 
measured to confirm their dimensions. Each beam was carefully positioned 

on the four-point bending fixture, ensuring accurate alignment of the 

specimen’s long axis with the loading direction and supports. 

 

A small preload of ~0.3 kN was applied to eliminate any slack or seating 
artifacts. Flexural loading was then applied under displacement control at a 

constant crosshead speed of 0.01 mm/sec until failure. Throughout the test, 

force and mid-span deflection were recorded continuously, and DIC image 

acquisition was synchronized with the loading protocol. 
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At the conclusion of each test, the specimen was removed and inspected to 
document the fracture location and surface features. Any anomalies or 

deviations from expected failure modes were noted. After testing, all raw 

data (force, displacement, and DIC images) were archived for subsequent 

processing. 

 

 
 

9.5 Post Processing & Results  

 

All raw force and displacement data were saved processed to match the 

data points from the flexural testing with the DIC sampling rate. Based on 
that new tables where created with more detailed and precise displacement 

values at the center of the beams.  

 

The post processing of the results has a goal of calculating the Young’s 
modulus based on the maximum deflection at the center (Δmax) for a simply 

supported beam with equally spaced loads: 

 
 

 
𝛥𝑚𝑎𝑥 =

𝑃𝛼(3𝐿2 − 4𝛼2)

24𝐸𝛪
 (9.1) 

 

 
where Δmax is the maximum deflection at the center P is total concentrated 

load, L is the length of the beam, α is the distance from the supports to the 

point loads, E is the Young’s modulus and I is the second moment of area 

as illustrated in figure 34. 

Figure 36 Vertical Beams Figure 37 Longitudinal Beams 
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Figure 38 Struct X Two point load equally spaced https://www.structx.com/Beam_Formulas_009.html 

 

From that we can derive the Young’s modulus by solving for E as: 
 

 

 
𝐸 =

𝑃𝛼(3𝐿2 − 4𝛼2)

24𝛪𝛥𝑚𝑎𝑥
 (9.1) 

 

 

Before doing the calculation, the force/deflection diagrams where plotted to 

display the linear part of the testing (fig. 39). 
 

 
Figure 39 Force over deflection diagram for the tests conducted  

As shown in the above figure the specimens showed linear behavior along 

the whole test (the moment of failure is not included). Therefore, the 

calculation of E was along the whole domain. Two different domains were 

tested (E_1 and E_2), for the first we calculated based on the start to end 
and for the second one the starting point was revised. 
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Deflection [mm] F[kN] k=F/δ Deflection [mm] F[kN] k=F/δ Deflection [mm] F[kN] k=F/δ Deflection [mm] F[kN] k=F/δ Deflection [mm] F[kN] k=F/δ Deflection [mm] F[kN] k=F/δ Deflection [mm] F[kN] k=F/δ Deflection [mm] F[kN] k=F/δ

0.0000 0.029958 0.0000 0.0312 0.0000 0.0340 0.0000 0.0357 0.0000 0.0359 0.0000 0.0274 0.0000 0.0390 0.0000 0.0389

0.0010 0.031108 30.6634 0.0009 0.0309 36.2914 -0.0002 0.0345 -141.5154 0.0005 0.0361 66.7160 0.0009 0.0360 38.4965 -0.0010 0.0281 -27.4740 -0.0005 0.0385 -71.3333 -0.0007 0.0395 -56.4429

0.0023 0.030714 13.2875 -0.0014 0.0316 -22.5713 -0.0003 0.0340 -115.4771 0.0010 0.0363 37.4300 0.0004 0.0361 85.1972 -0.0001 0.0280 -354.6329 -0.0009 0.0387 -42.7443 -0.0024 0.0386 -16.2773

0.0044 0.041653 9.4752 0.0051 0.0396 7.7254 0.0012 0.0436 34.9607 0.0041 0.0438 10.7256 0.0046 0.0405 8.7221 -0.0042 0.0318 -7.5311 -0.0004 0.0494 -137.2417 0.0002 0.0471 227.0795

0.0075 0.048371 6.4285 0.0088 0.0475 5.4123 0.0056 0.0492 8.8279 0.0053 0.0503 9.5328 0.0071 0.0492 6.9611 -0.0045 0.0403 -8.8889 0.0056 0.0552 9.8620 0.0026 0.0541 21.1739

0.0063 0.055322 8.7486 0.0121 0.0535 4.4395 0.0066 0.0556 8.4323 0.0087 0.0549 6.2796 0.0078 0.0549 7.0783 -0.0013 0.0465 -35.5602 0.0074 0.0624 8.3997 0.0052 0.0606 11.6723

0.0122 0.0613 5.0252 0.0176 0.0589 3.3520 0.0094 0.0608 6.4687 0.0123 0.0594 4.8351 0.0089 0.0594 6.6394 0.0016 0.0539 34.0297 0.0100 0.0691 6.9024 0.0087 0.0659 7.5494

0.0082 0.066742 8.1205 0.0182 0.0646 3.5510 0.0095 0.0655 6.8924 0.0133 0.0644 4.8213 0.0089 0.0651 7.3388 0.0058 0.0590 10.1643 0.0128 0.0757 5.8996 0.0120 0.0724 6.0342

0.0107 0.074975 7.0330 0.0211 0.0705 3.3370 0.0118 0.0702 5.9577 0.0136 0.0694 5.1015 0.0140 0.0706 5.0387 0.0084 0.0649 7.7118 0.0147 0.0818 5.5434 0.0138 0.0778 5.6468

0.0131 0.080403 6.1465 0.0232 0.0776 3.3458 0.0127 0.0769 6.0480 0.0158 0.0742 4.6985 0.0168 0.0760 4.5099 0.0116 0.0712 6.1522 0.0185 0.0878 4.7447 0.0169 0.0825 4.8881

0.0200 0.088331 4.4207 0.0253 0.0830 3.2744 0.0173 0.0822 4.7560 0.0174 0.0770 4.4255 0.0174 0.0827 4.7625 0.0152 0.0768 5.0572 0.0210 0.0941 4.4730 0.0196 0.0880 4.5011

0.0217 0.093476 4.3014 0.0314 0.0883 2.8102 0.0219 0.0886 4.0390 0.0205 0.0850 4.1408 0.0205 0.0881 4.2981 0.0185 0.0832 4.5016 0.0234 0.1008 4.3096 0.0258 0.0951 3.6892

0.0291 0.101124 3.4699 0.0339 0.0960 2.8277 0.0238 0.0940 3.9458 0.0239 0.0902 3.7660 0.0241 0.0928 3.8564 0.0210 0.0882 4.1985 0.0259 0.1084 4.1872 0.0297 0.1015 3.4227

0.0296 0.109101 3.6867 0.0392 0.1008 2.5730 0.0241 0.0995 4.1215 0.0260 0.0966 3.7092 0.0253 0.1004 3.9713 0.0226 0.0946 4.1854 0.0279 0.1145 4.0998 0.0333 0.1062 3.1834

0.0339 0.114748 3.3816 0.0422 0.1079 2.5579 0.0263 0.1057 4.0154 0.0270 0.1016 3.7643 0.0295 0.1067 3.6198 0.0271 0.1001 3.6935 0.0317 0.1212 3.8213 0.0308 0.1134 3.6865

0.0328 0.122608 3.7358 0.0444 0.1157 2.6040 0.0274 0.1134 4.1396 0.0295 0.1060 3.5894 0.0297 0.1117 3.7625 0.0313 0.1079 3.4471 0.0339 0.1285 3.7934 0.0329 0.1193 3.6262

0.0325 0.130851 4.0291 0.0472 0.1223 2.5940 0.0291 0.1175 4.0440 0.0302 0.1140 3.7716 0.0344 0.1189 3.4619 0.0339 0.1142 3.3709 0.0343 0.1354 3.9511 0.0368 0.1275 3.4669

0.0302 0.138198 4.5703 0.0506 0.1296 2.5612 0.0330 0.1240 3.7635 0.0333 0.1196 3.5869 0.0354 0.1254 3.5396 0.0360 0.1200 3.3298 0.0390 0.1445 3.7102 0.0397 0.1320 3.3225

0.0357 0.147118 4.1253 0.0556 0.1368 2.4594 0.0349 0.1312 3.7556 0.0356 0.1252 3.5142 0.0392 0.1342 3.4215 0.0410 0.1266 3.0854 0.0399 0.1510 3.7832 0.0454 0.1396 3.0774

0.0377 0.156996 4.1686 0.0609 0.1436 2.3561 0.0418 0.1381 3.3039 0.0391 0.1318 3.3738 0.0423 0.1391 3.2869 0.0434 0.1327 3.0566 0.0444 0.1591 3.5798 0.0501 0.1460 2.9121

0.0484 0.16411 3.3927 0.0647 0.1499 2.3186 0.0431 0.1439 3.3358 0.0425 0.1380 3.2509 0.0435 0.1469 3.3771 0.0449 0.1394 3.1039 0.0482 0.1653 3.4278 0.0536 0.1522 2.8382

0.3749 0.999751 2.6669 0.4328 0.8614 1.9903 0.3410 0.8504 2.4935 0.3141 0.8328 2.6515 0.3472 0.9073 2.6132 0.3708 0.7974 2.1504 0.3671 0.9844 2.6819 0.3968 0.8561 2.1578

0.3876 1.015925 2.6209 0.4400 0.8748 1.9881 0.3444 0.8659 2.5145 0.3231 0.8463 2.6195 0.3552 0.9263 2.6082 0.3805 0.8119 2.1340 0.3710 1.0015 2.6994 0.4030 0.8699 2.1582

0.3931 1.030604 2.6220 0.4471 0.8867 1.9833 0.3517 0.8851 2.5168 0.3296 0.8610 2.6119 0.3618 0.9416 2.6025 0.3797 1.0148 2.6726 0.4099 0.8849 2.1588

0.4079 1.049036 2.5715 0.4546 0.9031 1.9866 0.3603 0.8995 2.4963 0.3346 0.8790 2.6266 0.3687 0.9571 2.5956 0.3873 1.0346 2.6713 0.4161 0.8985 2.1591

0.4080 1.064195 2.6085 0.4636 0.9152 1.9741 0.3645 0.9148 2.5094 0.3424 0.8911 2.6025 0.3777 0.9767 2.5857 0.3936 1.0546 2.6795 0.4222 0.9157 2.1687

0.4178 1.079445 2.5838 0.4713 0.9292 1.9714 0.3762 0.9298 2.4717 0.3481 0.9061 2.6027 0.3845 0.9984 2.5966 0.4011 1.0700 2.6678 0.4330 0.9350 2.1596

0.4204 1.09818 2.6121 0.4777 0.9442 1.9764 0.3832 0.9443 2.4642 0.3582 0.9201 2.5688 0.3888 1.0130 2.6056 0.4085 1.0892 2.6667 0.4430 0.9494 2.1431

0.4249 1.113418 2.6205 0.4875 0.9574 1.9639 0.3963 0.9603 2.4232 0.3641 0.9345 2.5667 0.3962 1.0265 2.5908 0.4131 1.1026 2.6693 0.4520 0.9651 2.1353

0.4275 1.1290 2.6407 0.4926 0.9714 1.9722 0.4028 0.9775 2.4267 0.3711 0.9496 2.5590 0.4010 1.0451 2.6063 0.4219 1.1204 2.6553 0.4580 0.9779 2.1351

0.4334 1.1482 2.6493 0.4991 0.9868 1.9771 0.4109 0.9908 2.4114 0.3783 0.9639 2.5482 0.4106 1.0649 2.5933 0.4289 1.1403 2.6582 0.4657 0.9937 2.1338

0.4411 1.1634 2.6372 0.5068 1.0008 1.9749 0.4170 1.0073 2.4154 0.3870 0.9810 2.5347 0.4192 1.0829 2.5833 0.4347 1.1591 2.6666 0.4721 1.0121 2.1438

0.4450 1.1786 2.6484 0.5136 1.0147 1.9758 0.4242 1.0253 2.4168 0.3947 0.9950 2.5208 0.4251 1.1037 2.5964 0.4416 1.1768 2.6648 0.4834 1.0322 2.1353

0.4534 1.1988 2.6438 0.5240 1.0283 1.9624 0.4288 1.0418 2.4297 0.4004 1.0127 2.5293 0.4342 1.1181 2.5752 0.4501 1.1971 2.6596 0.4938 1.0481 2.1228

0.4638 1.2139 2.6170 0.5290 1.0457 1.9766 0.4372 1.0561 2.4159 0.4075 1.0231 2.5110 0.4406 1.1410 2.5898 0.4556 1.2171 2.6711 0.5043 1.0609 2.1038

0.4726 1.2317 2.6062 0.5366 1.0576 1.9710 0.4526 1.0721 2.3689 0.4171 1.0413 2.4964 0.4524 1.1563 2.5557 0.4648 1.2314 2.6496 0.5094 1.0796 2.1194

0.4773 1.2505 2.6201 0.5448 1.0745 1.9721 0.4618 1.0891 2.3585 0.4247 1.0593 2.4940 0.4566 1.1782 2.5804 0.4719 1.2526 2.6544 0.5113 1.0985 2.1485

0.4895 1.2685 2.5916 0.5529 1.0890 1.9696 0.4715 1.1018 2.3365 0.4288 1.0713 2.4981 0.4646 1.1940 2.5702 0.4782 1.2680 2.6517 0.5219 1.1172 2.1405

0.4917 1.2846 2.6127 0.5600 1.1022 1.9682 0.4779 1.1211 2.3459 0.4373 1.0921 2.4972 0.4713 1.2142 2.5763 0.4869 1.2878 2.6451 0.5338 1.1355 2.1271

0.5020 1.3041 2.5978 0.5702 1.1181 1.9611 0.4841 1.1367 2.3480 0.4461 1.1028 2.4722 0.4798 1.2327 2.5691 0.4943 1.3080 2.6460 0.5418 1.1473 2.1174

0.5048 1.3181 2.6110 0.5769 1.1351 1.9676 0.4909 1.1523 2.3474 0.4542 1.1185 2.4627 0.4896 1.2518 2.5569 0.5011 1.3286 2.6512 0.5478 1.1658 2.1283

0.5084 1.3384 2.6327 0.5843 1.1474 1.9638 0.4968 1.1714 2.3580 0.4609 1.1351 2.4629 0.4965 1.2765 2.5710 0.5103 1.3466 2.6385 0.5588 1.1874 2.1247

0.5924 1.1627 1.9626 0.5028 1.1834 2.3536 0.4694 1.1551 2.4610 0.5043 1.2911 2.5602 0.5170 1.3626 2.6354 0.5635 1.2063 2.1406

0.5113 1.2013 2.3495 0.4789 1.1709 2.4450 0.5133 1.3103 2.5525 0.5230 1.3850 2.6481 0.5787 1.2227 2.1130

0.4910 1.1839 2.4111 0.5229 1.3333 2.5500 0.5321 1.4035 2.6378 0.5901 1.2354 2.0936

0.5019 1.2012 2.3932 0.5309 1.3529 2.5485 0.5382 1.4212 2.6406 0.5963 1.2554 2.1053

0.5093 1.2221 2.3995 0.5382 1.3730 2.5512 0.5458 1.4443 2.6463 0.6077 1.2746 2.0973

0.5165 1.2310 2.3833 0.5469 1.3909 2.5433 0.5562 1.4643 2.6329 0.6138 1.2955 2.1108

0.5236 1.2509 2.3891 0.5553 1.4064 2.5326 0.5632 1.4813 2.6299 0.6195 1.3122 2.1180

0.5334 1.2689 2.3791 0.5647 1.4295 2.5314 0.5705 1.5022 2.6333 0.6328 1.3313 2.1037

0.5405 1.2859 2.3790 0.5733 1.4536 2.5353 0.5817 1.5235 2.6189 0.6378 1.3478 2.1131

0.5478 1.3004 2.3738 0.5805 1.4713 2.5346 0.5881 1.5415 2.6211 0.6473 1.3658 2.1100

0.5537 1.3196 2.3835 0.5895 1.4949 2.5360 0.5975 1.5680 2.6242 0.6560 1.3859 2.1128

0.5612 1.3371 2.3829 0.5989 1.5149 2.5293 0.6051 1.5813 2.6135 0.6692 1.4066 2.1018

0.5694 1.3576 2.3841 0.6079 1.5354 2.5258 0.6119 1.6024 2.6186 0.6802 1.4238 2.0934

0.5772 1.3702 2.3736 0.6160 1.5565 2.5269 0.6208 1.6232 2.6147 0.6907 1.4406 2.0856

0.5837 1.3896 2.3808 0.6245 1.5752 2.5222 0.6281 1.6441 2.6175 0.6978 1.4601 2.0925

0.5912 1.4050 2.3765 0.6340 1.5982 2.5208 0.6383 1.6637 2.6064 0.7052 1.4820 2.1016

0.5988 1.4260 2.3814 0.6435 1.6190 2.5158 0.6484 1.6861 2.6003 0.7139 1.4984 2.0990

0.6042 1.4394 2.3824 0.6493 1.6376 2.5220 0.6548 1.7040 2.6024 0.7267 1.5201 2.0920

0.6117 1.4585 2.3841 0.6587 1.6615 2.5226 0.7365 1.5368 2.0866

0.6192 1.4769 2.3853 0.6686 1.6795 2.5122 0.7444 1.5523 2.0854

0.6768 1.7020 2.5148 0.7559 1.5755 2.0844

0.6889 1.7278 2.5080 0.7627 1.5951 2.0914

0.6955 1.7451 2.5093 0.7729 1.6153 2.0899

0.7046 1.7682 2.5096 0.7823 1.6337 2.0884

0.7146 1.7912 2.5066 0.7934 1.6497 2.0793

0.8017 1.6717 2.0852

0.8119 1.6943 2.0868

0.8203 1.7095 2.0839

0.8313 1.7309 2.0821

0.8391 1.7482 2.0834

0.8484 1.7693 2.0854

0.8615 1.7902 2.0780

0.8699 1.8100 2.0806

0.8809 1.8278 2.0751

0.8945 1.8454 2.0631

0.9037 1.8663 2.0651

0.9115 1.8809 2.0635

0.9186 1.9018 2.0703

0.9291 1.9233 2.0700

0.9379 1.9439 2.0727

0.9496 1.9584 2.0623

0.9570 1.9790 2.0680

0.9663 1.9994 2.0691

0.9758 2.0141 2.0641

0.9865 2.0376 2.0655

0.9986 2.0576 2.0604

1.0089 2.0753 2.0571
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Figure 40 E_1 and E_2 range for longitudinal samples (green-red, blue-red) 

 
 
Deflection [mm] F[kN] k=F/δ Deflection [mm] F[kN] k=F/δ Deflection [mm] F[kN] k=F/δ Deflection [mm] F[kN] k=F/δ Deflection [mm] F[kN] k=F/δ Deflection [mm] F[kN] k=F/δ Deflection [mm] F[kN] k=F/δ Deflection [mm] F[kN] k=F/δ Deflection [mm] F[kN] k=F/δ

0.0000 0.0386 0.0000 0.0379 0.0000 0.0409 0.0000 0.0436 0.0000 0.0394 0.0000 0.0394 0.0000 0.0442 0.0000 0.0442 0.0000 0.0457

0.0004 0.0383 93.6867 -0.0014 0.0380 -26.3084 -0.0033 0.0403 -12.4076 0.0001 0.0438 644.3529 -0.0005 0.0400 -86.3409 0.0008 0.0404 52.4893 0.0001 0.0429 490.6514 0.0029 0.0447 15.6402 -0.0013 0.0457 -34.3301

-0.0003 0.0385 -113.5664 0.0001 0.0384 340.1062 -0.0070 0.0408 -5.8682 -0.0011 0.0439 -38.8435 -0.0029 0.0395 -13.4795 0.0009 0.0391 45.4392 -0.0004 0.0430 -107.8143 0.0012 0.0444 35.5582 -0.0015 0.0456 -29.8952

0.0030 0.0432 14.5600 0.0052 0.0469 8.9669 -0.0042 0.0519 -12.2571 0.0003 0.0536 195.9452 -0.0009 0.0505 -53.7003 0.0007 0.0478 69.0845 -0.0020 0.0520 -26.4831 0.0018 0.0490 26.9222 -0.0026 0.0529 -20.4288

0.0086 0.0525 6.1280 0.0089 0.0534 5.9794 0.0012 0.0588 47.3108 0.0029 0.0610 20.8983 0.0047 0.0568 12.0736 0.0033 0.0551 16.9304 0.0058 0.0611 10.4658 0.0063 0.0574 9.0503 0.0011 0.0614 54.9794

0.0132 0.0579 4.3910 0.0114 0.0600 5.2562 0.0071 0.0651 9.1502 0.0035 0.0694 19.8502 0.0091 0.0626 6.8452 0.0071 0.0615 8.7072 0.0085 0.0676 7.9432 0.0031 0.0644 20.7866 0.0045 0.0677 14.9028

0.0133 0.0633 4.7675 0.0139 0.0655 4.7059 0.0107 0.0727 6.7775 0.0087 0.0746 8.5937 0.0129 0.0692 5.3631 0.0096 0.0673 6.9949 0.0082 0.0739 8.9952 0.0028 0.0732 25.8211 0.0084 0.0734 8.7117

0.0178 0.0701 3.9468 0.0172 0.0715 4.1649 0.0127 0.0785 6.1721 0.0129 0.0811 6.3054 0.0173 0.0757 4.3682 0.0113 0.0728 6.4670 0.0124 0.0804 6.5058 0.0019 0.0796 41.3506 0.0122 0.0805 6.5987

0.0177 0.0760 4.2951 0.0200 0.0767 3.8339 0.0161 0.0847 5.2486 0.0186 0.0884 4.7382 0.0199 0.0809 4.0713 0.0151 0.0786 5.2131 0.0174 0.0871 4.9931 0.0129 0.0847 6.5781 0.0142 0.0868 6.1361

0.0208 0.0810 3.8989 0.0222 0.0828 3.7309 0.0212 0.0923 4.3467 0.0222 0.0940 4.2363 0.0235 0.0875 3.7283 0.0149 0.0851 5.7052 0.0174 0.0947 5.4388 0.0188 0.0911 4.8544 0.0181 0.0920 5.0767

0.0224 0.0869 3.8708 0.0253 0.0883 3.4895 0.0243 0.0989 4.0761 0.0262 0.1004 3.8285 0.0254 0.0940 3.6949 0.0180 0.0896 4.9747 0.0195 0.1011 5.1965 0.0269 0.0979 3.6379 0.0206 0.1003 4.8664

0.0259 0.0914 3.5239 0.0300 0.0950 3.1680 0.0265 0.1063 4.0130 0.0268 0.1068 3.9814 0.0283 0.1008 3.5642 0.0212 0.0959 4.5346 0.0245 0.1073 4.3754 0.0304 0.1045 3.4340 0.0244 0.1055 4.3227

0.0308 0.1005 3.2683 0.0307 0.1002 3.2619 0.0295 0.1129 3.8347 0.0278 0.1151 4.1406 0.0331 0.1062 3.2073 0.0276 0.1023 3.7072 0.0258 0.1142 4.4208 0.0319 0.1122 3.5174 0.0267 0.1127 4.2175

0.0345 0.1065 3.0866 0.0347 0.1076 3.1043 0.0352 0.1207 3.4253 0.0331 0.1218 3.6776 0.0356 0.1131 3.1759 0.0300 0.1079 3.5963 0.0296 0.1211 4.0956 0.0352 0.1200 3.4070 0.0302 0.1203 3.9834

0.0364 0.1138 3.1248 0.0373 0.1136 3.0461 0.0395 0.1279 3.2357 0.0367 0.1282 3.4921 0.0400 0.1193 2.9851 0.0328 0.1150 3.5083 0.0324 0.1299 4.0074 0.0329 0.1277 3.8818 0.0349 0.1260 3.6068

0.0414 0.1199 2.8971 0.0402 0.1197 2.9764 0.0446 0.1359 3.0439 0.0384 0.1335 3.4747 0.0431 0.1260 2.9256 0.0343 0.1209 3.5220 0.0371 0.1371 3.6917 0.0371 0.1347 3.6299 0.0375 0.1323 3.5256

0.0448 0.1265 2.8215 0.0451 0.1268 2.8107 0.0485 0.1413 2.9143 0.0458 0.1419 3.0989 0.0481 0.1343 2.7931 0.0367 0.1274 3.4740 0.0409 0.1462 3.5751 0.0377 0.1417 3.7554 0.0402 0.1405 3.4919

0.0457 0.1335 2.9188 0.0463 0.1344 2.9017 0.0538 0.1504 2.7926 0.0484 0.1482 3.0623 0.0506 0.1412 2.7879 0.0390 0.1339 3.4332 0.0446 0.1541 3.4575 0.0422 0.1491 3.5363 0.0436 0.1469 3.3691

0.0496 0.1401 2.8264 0.0494 0.1402 2.8385 0.0578 0.1592 2.7550 0.0509 0.1557 3.0568 0.0549 0.1482 2.6975 0.0410 0.1390 3.3875 0.0461 0.1614 3.5049 0.0497 0.1589 3.1990 0.0474 0.1545 3.2570

0.0537 0.1486 2.7664 0.0524 0.1463 2.7926 0.0610 0.1676 2.7452 0.0544 0.1612 2.9627 0.0597 0.1543 2.5846 0.0465 0.1459 3.1369 0.0493 0.1680 3.4077 0.0517 0.1658 3.2054 0.0509 0.1633 3.2102

0.0569 0.1540 2.7060 0.0565 0.1529 2.7054 0.0669 0.1749 2.6139 0.0577 0.1712 2.9673 0.0642 0.1607 2.5022 0.0489 0.1525 3.1159 0.0514 0.1780 3.4652 0.0581 0.1748 3.0089 0.0533 0.1690 3.1716

0.0599 0.1623 2.7111 0.0606 0.1608 2.6533 0.0708 0.1847 2.6100 0.0620 0.1758 2.8353 0.0668 0.1689 2.5283 0.0513 0.1596 3.1098 0.0542 0.1854 3.4203 0.0663 0.1855 2.7987 0.0577 0.1769 3.0662

0.0644 0.1692 2.6282 0.0622 0.1684 2.7055 0.0750 0.1923 2.5618 0.0633 0.1861 2.9391 0.0727 0.1757 2.4184 0.0554 0.1659 2.9929 0.0613 0.1939 3.1642 0.0694 0.1932 2.7856 0.0588 0.1815 3.0898

0.0680 0.1759 2.5862 0.0676 0.1748 2.5871 0.0802 0.2005 2.4996 0.0717 0.1933 2.6980 0.0762 0.1824 2.3947 0.0598 0.1737 2.9076 0.0647 0.2023 3.1289 0.0701 0.2012 2.8681 0.0635 0.1902 2.9954

0.0711 0.1854 2.6071 0.0682 0.1821 2.6692 0.0847 0.2097 2.4743 0.0740 0.2005 2.7106 0.0796 0.1909 2.3984 0.0606 0.1799 2.9678 0.0687 0.2117 3.0812 0.0780 0.0009 0.0116 0.0672 0.1979 2.9464

0.0741 0.1918 2.5892 0.0723 0.1896 2.6229 0.0896 0.2192 2.4457 0.0774 0.2081 2.6880 0.0823 0.1984 2.4120 0.0643 0.1867 2.9018 0.0738 0.2198 2.9776 0.0720 0.2055 2.8551

0.0792 0.1988 2.5098 0.0757 0.1971 2.6044 0.0944 0.2267 2.4002 0.0790 0.2165 2.7389 0.0893 0.2060 2.3072 0.0677 0.1942 2.8702 0.0775 0.2289 2.9554 0.0765 0.2126 2.7801

0.0821 0.2072 2.5220 0.0810 0.2048 2.5285 0.1013 0.0017 0.0164 0.0842 0.2247 2.6701 0.0928 0.2150 2.3175 0.0721 0.2004 2.7796 0.0815 0.2372 2.9101 0.0771 0.2213 2.8703

0.0853 0.2151 2.5208 0.0831 0.2134 2.5678 0.0019 0.0902 0.2310 2.5593 0.0961 0.2223 2.3132 0.0762 0.2096 2.7517 0.0782 0.2465 3.1507 0.0826 0.2284 2.7657

0.0894 0.2222 2.4862 0.0877 0.2206 2.5145 0.0967 0.2410 2.4917 0.1023 0.2295 2.2433 0.0775 0.2162 2.7902 0.0861 0.2563 2.9760 0.0861 0.2358 2.7373

0.0943 0.2308 2.4484 0.0908 0.2277 2.5069 0.0985 0.2493 2.5317 0.1061 0.2395 2.2570 0.0818 0.2231 2.7279 0.0923 0.2657 2.8793 0.0893 0.2443 2.7344

0.0976 0.2397 2.4550 0.0946 0.2365 2.5011 0.1004 0.2550 2.5389 0.1087 0.2470 2.2722 0.0838 0.2294 2.7372 0.0962 0.2744 2.8528 0.0946 0.2517 2.6607

0.1024 0.2469 2.4112 0.0973 0.2465 2.5338 0.1061 0.2661 2.5083 0.1134 0.2546 2.2457 0.0866 0.2394 2.7635 0.0992 0.2835 2.8590 0.0976 0.2598 2.6613

0.1042 0.2557 2.4549 0.1008 0.2531 2.5102 0.1115 0.2731 2.4507 0.1184 0.2638 2.2272 0.0919 0.2456 2.6730 0.1049 0.2929 2.7933 0.1003 0.2683 2.6738

0.1084 0.2652 2.4463 0.1052 0.2618 2.4874 0.1109 0.2821 2.5449 0.1230 0.2721 2.2114 0.0969 0.2529 2.6099 0.1054 0.3018 2.8629 0.1047 0.2744 2.6202

0.1125 0.2721 2.4178 0.1095 0.2697 2.4642 0.1158 0.2917 2.5175 0.1278 0.2797 2.1885 0.1015 0.2603 2.5650 0.1110 0.3116 2.8082 0.1088 0.2832 2.6035

0.1186 0.2810 2.3680 0.1152 0.2781 2.4145 0.1190 0.3025 2.5421 0.1334 0.2889 2.1651 0.1058 0.2713 2.5656 0.1166 0.3210 2.7519 0.1114 0.2919 2.6196

0.1212 0.2900 2.3932 0.1174 0.2876 2.4492 0.1273 0.3081 2.4194 0.1369 0.2978 2.1757 0.1098 0.2776 2.5287 0.1199 0.3285 2.7408 0.1146 0.3009 2.6261

0.1256 0.2975 2.3680 0.1241 0.2943 2.3711 0.1226 0.3188 2.6006 0.1400 0.3059 2.1848 0.1135 0.2862 2.5221 0.1260 0.3409 2.7051 0.1192 0.3089 2.5911

0.1291 0.3070 2.3780 0.1255 0.3058 2.4364 0.1303 0.3266 2.5058 0.1453 0.3168 2.1806 0.1167 0.2949 2.5261 0.1292 0.3514 2.7195 0.1231 0.3173 2.5763

0.1342 0.3146 2.3447 0.1313 0.3141 2.3919 0.1334 0.3375 2.5300 0.1511 0.3249 2.1506 0.1189 0.3008 2.5307 0.1320 0.3600 2.7275 0.1262 0.3253 2.5773

0.1396 0.3244 2.3232 0.1371 0.3234 2.3597 0.1385 0.3464 2.5012 0.1552 0.3337 2.1506 0.1198 0.3087 2.5775 0.1358 0.3701 2.7252 0.1325 0.3354 2.5305

0.1426 0.3345 2.3457 0.1408 0.3318 2.3564 0.1454 0.3563 2.4514 0.1606 0.3452 2.1502 0.1283 0.3156 2.4593 0.1401 0.3801 2.7136 0.1348 0.3416 2.5345

0.1484 0.3430 2.3107 0.1464 0.3432 2.3436 0.1507 0.3660 2.4291 0.1680 0.3531 2.1014 0.1332 0.3239 2.4321 0.1442 0.3912 2.7139 0.1383 0.3502 2.5321

0.1519 0.3539 2.3302 0.1507 0.3523 2.3379 0.1492 0.3771 2.5270 0.1713 0.3621 2.1143 0.1362 0.3342 2.4536 0.1504 0.3997 2.6582 0.1433 0.3605 2.5162

0.1586 0.3628 2.2868 0.1559 0.3622 2.3234 0.1623 0.0018 0.0113 0.1755 0.3733 2.1272 0.1399 0.3435 2.4546 0.1572 0.4089 2.6010 0.1452 0.3691 2.5413

0.1615 0.3716 2.3011 0.1601 0.3720 2.3239 0.1797 0.3827 2.1300 0.1435 0.3521 2.4537 0.1601 0.4212 2.6317 0.1499 0.3764 2.5116

0.1678 0.3813 2.2717 0.1655 0.3811 2.3027 0.1871 0.0015 0.0079 0.1455 0.3622 2.4893 0.1654 0.4310 2.6054 0.1566 0.3874 2.4734

0.1717 0.3929 2.2880 0.0020 0.0017 0.1520 0.3711 2.4410 0.1662 0.4407 2.6521 0.1603 0.3944 2.4612

0 0.0019 0.1571 0.3796 2.4169 0.1742 0.4524 2.5972 0.1632 0.4029 2.4693

0.1591 0.3901 2.4518 0.1763 0.4628 2.6245 0.1694 0.4124 2.4345

0.1648 0.3993 2.4237 0.1797 0.4719 2.6267 0.1743 0.4212 2.4167

0.1693 0.4088 2.4153 0.1866 0.0006 0.1765 0.4309 2.4416

0.1737 0.4210 2.4241 0.1840 0.4410 2.3971

0.1775 0.0006 0.0036 0.1865 0.0006 0.0031

0.0005 0.0006

V9V7V1 V8V5 V6V2 V3 V4

 
Figure 41 E_1 and E_2 range for vertical samples (green-red, blue-red) 

Based on the two ranges shown in the figures above the calculation of 
Young’s modulus took place with respect to formula 9.1. The results are 

shown in figure 42.  
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Specimen 
Orientation 

E_1 E_2 

Gpa Gpa 

Vertical_1 53.85 60.55 

Vertical_2 55.87 64.62 

Vertical_3 55.53 75.53 

Vertical_4 60.43 69.97 

Vertical_5 55.67 63.99 

Vertical_6 59.04 66.25 

Vertical_7 60.64 68.89 

Vertical_8 57.78 80.03 

Vertical_9 54.61 62.90 
 

Specimen 
Orientation 

E_1 E_2 

Gpa Gpa 

Longitudinal_1 67.36 67.26 

Longitudinal_2 62.45 62.42 

Longitudinal_3 61.09 61.01 

Longitudinal_4 61.52 61.54 

Longitudinal_5 36.77 64.12 

Longitudinal_6 63.80 62.39 

Longitudinal_7 65.90 65.86 

Longitudinal_8 63.21 62.92 
 

 
Figure 42 Young’s modulus calculation for two scenarios 

 

E_1 (Gpa) L. Beams V. Beams All Beams Ratio (a) 

Mean 60.26 57.05 58.56 0.95 

SD 9.10 2.37 6.67   

CV 0.15 0.04 0.11   
Figure 43 Ratio calculation (a) 1 

 

E_2 (Gpa) L. Beams V. Beams All Beams Ratio (a) 

Mean 63.44 68.08 65.90 1.07 

SD 2.03 5.95 5.10   

CV 0.03 0.09 0.08   
Figure 44 Ratio calculation (a) 2 

 

As shown in the tables above, the experimental tests did not capture the 

expected anisotropic behavior between the two orientations with respect to 

the Young’s modulus. 

 

However, the flexural strength results were more consistent with the initial 
assumptions made prior to testing, particularly regarding the relationship 

between the longitudinal and vertical specimens. Although the testing 

revealed a strength ratio of approximately 1:4 (fig.45-46) between the two 

orientations, this anisotropic behavior was not reflected in the measured 

Young’s modulus values, which are critical for the intended implementation 
within the algorithmic framework. 
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Figure 45 Yield strength for all specimens 

 

 
 

 

 

 

 
 

9.6 Discussion & Conclusions 

 

The experimental results confirm that the mechanical properties of 

additively manufactured soda-lime glass are influenced by the print 

orientation as expected. Longitudinal specimens consistently displayed 
higher flexural strength and slightly higher Young’s moduli. 

 

These findings are in line with previous studies on glass beams fabricated 

with an older version of the G3DP platform. Inamura’s study (Inamura 

2017) as referenced in chapter 3 showcases similar differences in strength, 
but a comparison between the two is not relevant for this research as the 

conditions and samples are different.  

 

In conclusion, while the strength of the longitudinal components was 

noticeably larger (fig. 45) than the vertical ones, the post processing did 
not yield the expected outcomes regarding the Young’s modulus 

measurements.  

 

For this reason, the subsequent stages of this thesis did not directly 

incorporate the experimentally obtained Young’s modulus values. Instead a 
ratio reflecting the difference in yield strength was selected, of a = 0.25 

and a comparative one of a = 0.75. This approach allowed the focus to shift 

toward the central research question: How can process induced anisotropy 
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Figure 46 Mean yield strength and ratio (~1/4) 
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be integrated into topology optimization, using a SIMP algorithm, to ensure 

both manufacturability and the expected structural integrity of glass 
components. 
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10 Algorithm Development  
  

 

This chapter is going to offer a brief explanation on the overall algorithm 

logic that has been used and modified for this project as well as a an 

overview of the modifications. 
 

10.1 Algorithm Overview 

 

 

 
Figure 47 Algorithm process flowchart 
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10.1.1 Initialization 

 
The first part (initialization) is responsible for setting up correctly all the 

main information like the mirror, path continuation and 3D-print-aware 

filters as well as defining the domain of the optimization with the use of the 

variables nelx, nely and nelz which represent the number of elements in 

each direction. Part of the initialization are also the parameters that will 
directly affect the topology optimization process, like the volume fraction 

(volfrac), max iteration count (maxloop), penalization factor (penal), 

minimum filter radius (rmin) and the convergence criterion (tolx). At the 

end of this first step, material properties like the young’s modulus, poisson’s 

ratio and shear modulus are defined and the initialization is over. This code 

block contains the variables that have the greatest influence throughout the 
algorithm.  

 

The following represents a small but very important block of the code. Here 

the main goal is to define the support and loading conditions of the domain. 

The way this is structured is by using the meshgrid in matlab, mapping 
indices where the loaded nodes are located, and using a similar logic, where 

the fixed and roller nodes are located. 

 
[il, jl, kl] = meshgrid(0:nelx, 0, 0:nelz); 
loadnid = kl*(nelx+1)*(nely+1) + il*(nely+1) + (nely+1 - jl); 
loadcase_1_L = 3*loadnid(:) -1; 

 
[iif,jf,kf] = meshgrid(0,0:nely,0:nelz);                   
fixednid_clamped = kf*(nelx+1)*(nely+1) + iif*(nely+1) + (nely+1 - jf);  
fixeddof_clamped = [3*fixednid_clamped(:); 3*fixednid_clamped(:)-1; 
3*fixednid_clamped(:)-2]; 
 
[iiif,jjf,kkf] = meshgrid(nelx, 0:nely, 0:nelz);                   
fixednid_roller = kkf*(nelx+1)*(nely+1) + iiif*(nely+1) + (nely+1 - jjf);  
fixeddof_roller = 3*fixednid_roller(:)-2; 
 
fixeddof = [fixeddof_clamped; fixeddof_roller]; 

 

For a proper representation of the bridge boundary conditions, the load as 

indicated in the lines above is selecting which region is going to act 

(meshgrid(0:nelx, 0, 0:nelz);) and then selecting the proper nodes out of that 

region/face (loadnid = kl*(nelx+1)*(nely+1) + il*(nely+1) + (nely+1 - jl);). 
Through this set-up we simulate an area distributed load (fig. 39). 

 

Similarly, for the supports we pick the whole first face on the start of the x 

domain (meshgrid(0,0:nely,0:nelz)) and then we select all the nodes located 

on that face (fixednid_clamped = kf*(nelx+1)*(nely+1) + iif*(nely+1) + (nely+1 - 
jf);) and fix all three degrees of freedom per node (fixeddof_clamped = 

[3*fixednid_clamped(:); 3*fixednid_clamped(:)-1; 3*fixednid_clamped(:)-2];). For the 

roller support, the same logic is followed with the differentiation that we fix 

only the degrees of freedom along the x-axis of the far right end of the 

beam. This way we fully simulate a full bridge that is fixed on the far ends 

once the mirroring happens (fig. 39) 
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Figure 48 Simplified and full domain with boundary conditions 

 

10.1.2 Preprocessing 

 

This section of the algorithm is responsible for initializing the global stiffness 

matrix and mapping the degrees of freedom (DOFs) for the entire 3D finite 
element mesh. The total number of elements (nele) and degrees of freedom 

(ndof) are first computed based on the mesh resolution (nelx, nely, nelz) 

and the fact that each node in 3D space has three DOFs (translation in x, 

y, z). A global force vector F is initialized as a sparse matrix, applying a unit 

load at the designated loading nodes (loadcase_1_L) with all other entries 
set to zero. The displacement vector U is initialized with zeros and the list 

of free DOFs is computed by excluding fixed ones (fixeddof). 

 

The subsequent lines create the connectivity information for the finite 

element mesh. First, a 2D nodal grid is defined using nodegrd, and then 
extended in the z-direction via nodeidz to construct a full 3D grid of element 

indices. These indices are then reshaped and replicated to form a full list of 

node IDs per element, stored in nodeids. Each element’s DOFs are then 

explicitly mapped into the matrix edofMat, where each row corresponds to 

one element and contains the indices of its 24 associated DOFs. Finally, 

vectors iK and jK are generated via Kronecker products to serve as the 
indexing system for the global stiffness matrix. These vectors define the 

positions where element-wise stiffness contributions will be added during 

assembly, ensuring a correct and efficient construction of the global matrix 

K. 

 
Before the iterative optimization loop begins, a spatial filter is constructed 

to smooth sensitivities and prevent numerical instabilities such as checker 

boarding or mesh dependency. This filter is implemented using a weighting 

matrix H, which defines a radius of influence (rmin) around each element 

in 3D space. For every element e1, the loop evaluates neighboring elements 
e2 within this radius and assigns weights based on their Euclidean distance. 
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The closer the neighboring element, the higher its influence in the filtering 

process. These weights are stored in the sparse matrix H, while Hs stores 
the row-wise sum of influences, used later to normalize the results. 

 

The design variable field x is initialized as a uniform volume distribution 

equal to the target volume fraction (volfrac), and the physical density 

xPhys—used within the SIMP method—is set equal to this initial guess. The 
variables loop, change, and change_log are initialized to monitor iteration 

progress and convergence. 

 

This is a filtering mechanism that forms the foundation for the standard 

SIMP-based update process and is well known for solving issues like checker 

boarding. 
 

 

10.1.3 Optimization 

 

SIMP Interpolation  
 

At the core of the topology optimization routine lies the SIMP (Solid 

Isotropic Material with Penalization) interpolation method, which transforms 

continuous design variables into effective material properties for finite 

element analysis. In this implementation, the local Young’s modulus at each 
element is interpolated according to the element's density using the 

relation:  

 

 𝐸𝑥 = 𝐸𝑚𝑖𝑛 + 𝑥
𝑝(𝐸0 − 𝐸𝑚𝑖𝑛) (10.1)  

 
where x∈[0,1] is the relative material density of the element, E0 is the Young’s 

modulus of solid material, Emin is a small stiffness value assigned to voids to 

maintain matrix inevitability, and p is the penalization factor encouraging 

discrete (0/1) solutions. This equation is no different than the one 

mentioned during the topology optimization chapter where we 

indicate 𝐸𝑒 =  𝜌𝑒
𝑝
𝐸𝑒
0, Emin is acting as a buffer in this implementation while the 

underlying logic is the same. This relation is implemented in vectorized form 

through the line: 

 
sK = reshape(KE(:) * (Emin + xPhys(:)'.^penal * (E0 - Emin)), 24*24*nele, 1); 

 

This constructs the element-wise stiffness contributions based on the 

interpolated modulus and reshapes them into a column vector sK. The 
global stiffness matrix [K] is then assembled using the precomputed 

indexing structure (iK, jK) and constructed as a sparse symmetric matrix: 
 
K = sparse(iK, jK, sK); K = (K + K') / 2; 

 

Once the global stiffness matrix is built, the equation U = F/K is solved in 

matlab using backslash division.  
 
U(freedofs, :) = K(freedofs, freedofs) \ F(freedofs, :); 
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Here, freedofs contains the indices of degrees of freedom not fixed by 

boundary conditions, and F is the global force vector. The use of MATLAB's 
built-in solver avoids explicitly computing the matrix inverse, ensuring 

numerical efficiency and stability. 

 

 

Objective Function and Sensitivity 
 

The objective function in this algorithm is based on the compliance of the 

system, which as reviewed during the FEA chapter, quantifies the total work 

done by external stimuli acting on the system and therefore the total 

potential energy stored. Compliance minimization, which is the goal of this 

optimization process, is directly correlated with the maximization of 
stiffness, as a system will reach equilibrium at the point that minimizes the 

total energy.  

 

In topology optimization, the objective is typically to determine the optimal 

distribution of material within a fixed design domain, such that the 
structural performance is maximized under the given boundary conditions. 

In this project, the performance objective is formulated as a compliance 

minimization problem, which, under linear elasticity assumptions, is 

equivalent to maximizing global stiffness. This section outlines the definition 

of the objective function, its physical meaning, the mathematical derivation 
of sensitivities and how these are used to update the design variables.  

 

The quantity minimized during the optimization is compliance, defined as 

the total work done by the external loads acting on the structure:   

 

 𝐶 =  𝐹𝑇𝑈 (10.2)  
 
where F is the global force vector, U is the global displacement obtained 

from solving the equilibrium equations K(x) U = F. In the context of linear 

elasticity, it can be shown that C = 2Ue where Ue as mentioned in the FEA 

chapter, by substituting the strain-displacement relation is equal to:  

 

 𝑈𝑒 =
1

2
𝑈𝑇𝐾(𝑥)𝑈 (10.3) 

 

 

Therefore, to evaluate compliance in a discretized finite element setting, 
the structure is decomposed into n elements and for each element the 

contribution to compliance is computes as:  

 

 𝑐𝑒 = 𝑢𝑒
𝑇𝐾𝑒𝑢𝑒 (10.4)  

 
where ue is the vector of displacements at the nodes of element e and Ke is 
the element stiffness matrix. Then the compliance can be calculates as the 
sum of all element contributions: 

 

 
𝐶 = ∑𝑢𝑒

𝑇𝐾𝑒𝑢𝑒

𝑛

𝑒=1

 

 

(10.5) 
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This is implemented in the script as: 

 
ce_tension = reshape(sum((U(edofMat) * KE) .* U(edofMat), 2), [nely, nelx, nelz]); 
ce_compression = reshape(sum((U(edofMat)*KE).*U(edofMat), 2), [nely, nelx, nelz]); 
c = sum(sum(sum((Emin + xPhys.^penal.*(E0 - Emin)).*(ce_tension / max_tens_L + 
ce_compression / max_comp_L)))); 

 

 

Once this is done, and in order to update the design variables (densities), 

the partial derivatives are calculated for the total compliance and volume. 

This creates an indication of how the compliance will change w.r.t a change 

in density and its information that will be used later to start the next 

iteration with different values of x. 

 
dc_tension = -penal*(E0-Emin)*xPhys.^(penal-1).*ce_tension / max_tens_L; 
dc_compression = -penal*(E0-Emin)*xPhys.^(penal-1).*ce_compression / max_comp_L; 
dc = (dc_tension + dc_compression) / 2; 
dv = ones(nely,nelx,nelz); 

 

Once the compliance sensitivities are calculated, the next step is to build a 
filtered sensitivity field that reflects both structural importance and 

manufacturing feasibility. This is not yet the update of the design variables, 

but rather a preparatory step where the raw sensitivities are smoothed 

using the predefined filter radius rmin and adjusted based on overhang 

constraints. The result is a gradient map that highlights which regions are 

mechanically critical and printable. Although this filtered sensitivity field is 
temporarily stored in xPhys, it does not represent an actual update to the 

material distribution. Instead, it acts as an intermediate “weight map” that 

guides the optimization process toward printable and stable updates. 

 
xPhys(:) = (H * (dc_tension(:) + dc_compression(:))) ./ Hs; 
[xPhys, ~] = AMfilter(xPhys, orientation, dc);  
 

After the initial filtering step, the code returns to the actual sensitivities and 

performs a proper filtering operation to prepare them for the next iteration’s 

update. This second filtering ensures numerical stability, removes noisy 

gradients, and smooths out any abrupt transitions in the field. By averaging 

the sensitivities of each element with its neighbors, the filter enforces a 

minimum length scale in the design and avoids checkerboarding effects. 
The same filtering is also applied to the volume sensitivities (dv) for 

consistency. Finally, the sensitivities are cleaned by zeroing out any values 

that suggest adding material would increase compliance (i.e., dc > 0) or 

that would violate the physical meaning of volume changes (dv < 0). These 

filtered and cleaned gradients are then ready to be used in the optimality 
criteria update that will compute the actual new densities. 

 
dc_tension(:) = H*(dc_tension(:)./Hs);   
dc_compression(:) = H*(dc_compression(:)./Hs);   
dc = (dc_tension + dc_compression) / 2; 
dv(:) = H*(dv(:)./Hs); 
dv(dv < 0) = 0; 
dc(dc > 0) = 0; 
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Optimality Criteria Update 

 
Following the filtering of sensitivities, the design variables are updated 

using the optimality criteria (OC) method. This approach as mentioned in 

the topology optimization chapter is grounded in the principle of 

proportional material allocation. Elements that reduce compliance the most 

per unit of volume are rewarded with more material, while less effective 
regions are penalized. In this method, the design problem is cast in terms 

of a Lagrangian function that incorporates both the compliance and volume 

constraint:  

 

 

 𝐿(𝑥, 𝜆) = 𝐶(𝑥) + 𝜆(𝑉(𝑥) − 𝑓𝑉0) (10.6)  
 
Here, x represents the densities, λ is the Lagrange multiplier, V(x) is the 

total material usage, and fV0 is the allowed volume fraction. Applying the 

Karush-Kuhn-Tucker (KKT) first order conditions leads to: 
 

 

 
𝜕𝐿

𝜕𝑥𝑒
=
𝜕𝐶

𝜕𝑥𝑒
+ 𝜆 ∙

𝜕𝑉

𝜕𝑥𝑒
= 0 (10.7) 

 

 

As mentioned in the OC part in the previous chapters from this we can 
rearrange and create the factor De as: 

 

 

 𝐷𝑒 = −

𝜕𝐶
𝜕𝑥𝑒

𝜆 ∙
𝜕𝑉
𝜕𝑥𝑒

 (10.8) 

 

 
The scalar factor De indicates the relative effectiveness of every element e 

in improving the objective per unit of volume. The updated design variables 

are then computed using:  

 

 𝑥𝑒
𝑛𝑒𝑤 = 𝑥𝑒

𝑜𝑙𝑑√𝐷𝑒 (10.9)  

 
To constrain this update we create the move limit (m) and keep the design 

change of x (densities) into a domain of 𝑥𝑚𝑖𝑛, 𝑥𝑚𝑎𝑥  ∈ [0,1]. This process is 

implemented in matlab using the following vectorized logic: 

 
xnew = max(0,max(x-move,min(1,min(x+move,x.*sqrt (-dc./dv/lmid))))); 

 
To satisfy the volume constraint a bisection method is employed, and 

iteratively adjusts the multiplier λ. The loop continues until the sum of 

updated densities is sufficiently close to the target volume. Once the correct 

value of λ is found, the new densities are accepted and the filtered field 

xPhys is recalculated using the AM filter. The maximum absolute difference 
between the new and old densities is then evaluated as a convergence 

criterion and the loop starts over until this is met.  
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10.1.4 Post-Processing 

 
Once this process is over, there are several functions designated to print 

information into the output.log, save plots of the objective function and 

convergence criterion, save the generated geometry as an STL file format 

and preview the geometry. 

 
10.2 Introducing Anisotropy 

 

Now that there is sufficient understanding regarding the algorithm, we can 

delve deeper into the solution presented by this thesis. Since the main work 

is being done by the stiffness matrix assembly and the results are used 

inside the optimization loop, the lower level that this algorithm goes is the 
stiffness matrix assembly. This is exactly where this journey begun, by 

setting up the function responsible for this. Therefore, this chapter will give 

an overview of how a function for stiffness matrix assembly can be set up 

for an 8-node hexahedron (brick element), based on previous knowledge 

that was laid out during the FEA chapter. This is needed to better 
understand the process of introducing the anisotropy into the algorithm.  

 

10.2.1 Element Stiffness Matrix 

 

For the assembly and mapping of the stiffness matrix a function by Diego 
Petraroia was used and modified in several ways. In this function, the 

process of the assembly is similar to the description during the FEA chapter, 

but a more detailed explanation will be provided to clarify the necessary 

modifications.  

 

In order to solve the potential energy equation, the assembly of the global 
stiffness matrix is needed. As mentioned earlier in this chapter, this is 

updated in every iteration since some properties change. The elemental 

stiffness matrix though can be defined once to save computing time, in the 

function A0_StiffnessMatrix_Transverse  

 
The first section of it establishes all the material properties that are needed, 

the numerical integration setup and definition of the finite elements. The 

process begins with the definition of the material behavior, assuming 

isotropy. This is an integral part that will be changed during the 

development of the new algorithm and a detailed explanation will be given 
in 10.2.2. In the first iteration the elasticity matrix is defined immediately. 

 
D = E_L./((1+nu_L)*(1-2*nu_L))*[1-nu_L nu_L nu_L 0 0 0;... 
    nu_L 1-nu_L nu_L 0 0 0;... 
    nu_L nu_L 1-nu_L 0 0 0;... 
    0 0 0 (1-2*nu_L)/2 0 0;... 
    0 0 0 0 (1-2*nu_L)/2 0;... 
    0 0 0 0 0 (1-2*nu_L)/2]; 

 

Next, we prepare the numerical integration scheme. Gaussian quadrature 
is used to numerically evaluate the stiffness matrix integral. Specifically, a 

2-point quadrature is applied along each of the three natural coordinate 

directions (ξ-η-ζ), resulting in a total of 23 = 8 Gauss points. This integration 
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strategy is both efficient and accurate for polynomial integrands up to 3 

degrees.  
 
GaussPoint = [-1/sqrt(3), 1/sqrt(3)]; 

 

Then we define the geometry of the finite element in Cartesian coordinates. 

The element is a standard 8-node hexahedron (brick element) centered at 
the origin. Each node is assigned coordinates in the x, y and z directions 

based on the specified element dimensions. These positions are later used 

to compute the Jacobian matrix, which maps the standard reference 

element in natural coordinates to the physical element geometry.  

 
coordinates = zeros(8,3); 
coordinates(1,:) = [-length_x/2 -length_y/2 -length_z/2]; 
coordinates(2,:) = [length_x/2 -length_y/2 -length_z/2]; 
coordinates(3,:) = [length_x/2 length_y/2 -length_z/2]; 
coordinates(4,:) = [-length_x/2 length_y/2 -length_z/2]; 
coordinates(5,:) = [-length_x/2 -length_y/2 length_z/2]; 
coordinates(6,:) = [length_x/2 -length_y/2 length_z/2]; 
coordinates(7,:) = [length_x/2 length_y/2 length_z/2]; 
coordinates(8,:) = [-length_x/2 length_y/2 length_z/2]; 

 

For the next stage, we prepare the Gauss integration based on the shape 

functions that are presented in table 2 

 
Dimension Assumed Field Shape Functions  Element 

Type 
1D 𝑢 = 𝛼0 + 𝛼1𝜉 𝛮1(𝜉) =

1

2
(1 − 𝜉) 

𝛮2(𝜉) =
1

2
(1 + 𝜉) 

Two-node 

Rod, Beam 

and 

Axisymmetric 

shell 

2D 4-node 𝑢 = 𝛼0 + 𝛼1𝜉 + 𝛼2𝜂 + 𝛼3𝜉𝜂 𝛮1 =
1

4
(1 − 𝜉)(1 − 𝜂) 

𝛮2 =
1

4
(1 + 𝜉)(1 − 𝜂) 

𝛮3 =
1

4
(1 + 𝜉)(1 + 𝜂) 

𝛮4 =
1

4
(1 − 𝜉)(1 + 𝜂) 

Quadrilateral 

4_node Plane 

stress, Plane 

strain and 

Plate/Shell 

3D  𝑢 = 𝛼0 + 𝛼1𝜉 + 𝛼2𝜂 + 𝛼3𝜁 +
𝛼4𝜉𝜂𝜁 + 𝛼5𝜉

2 + 𝛼6𝜂
2 + 𝛼5𝜁

2  
𝛮1 =

1

8
(1 − 𝜉)(1 − 𝜂)(1 − 𝜁) 

𝛮2 =
1

8
(1 + 𝜉)(1 − 𝜂)(1 − 𝜁) 

𝛮3 =
1

8
(1 + 𝜉)(1 + 𝜂)(1 − 𝜁) 

𝛮4 =
1

8
(1 − 𝜉)(1 + 𝜂)(1 − 𝜁) 

𝛮5 =
1

8
(1 − 𝜉)(1 − 𝜂)(1 + 𝜁) 

𝛮6 =
1

8
(1 + 𝜉)(1 − 𝜂)(1 + 𝜁) 

𝛮7 =
1

8
(1 + 𝜉)(1 + 𝜂)(1 + 𝜁) 

𝛮8 =
1

8
(1 − 𝜉)(1 + 𝜂)(1 + 𝜁) 

8-node 

hexahedron 

)Brick) 

Table 3 Shape function in natural coordinate system based on (Nair et al., 2023) 

For this, based on the eight shape functions defined for a 3 dimensional 
brick element, we can move to the next step of the code which was 

rewritten by me to make this process easier.  
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Figure 49 Natural coordinates based on centroid origin system recreation (Pagani et al., 
2023) 

Based on the 8-node brick element (fig 40) we can create one equation that 

properly define all eight, shape functions at once by writing it as: 

 

 𝑁𝑖(𝜉, 𝜂, 𝜁) =
1

8
(1 + 𝜉𝑖𝜉)(1 + 𝜂𝑖𝜂)(1 + 𝜁𝑖𝜁) (10.10) 

 

 

This way the partial derivatives can be expressed as: 
 

 

𝜕𝑁𝑖
𝜕𝜉

=
1

8
(0 + 𝜉𝑖(1))(1 + 𝜂𝑖𝜂)(1 + 𝜁𝑖𝜁) 

𝜕𝑁𝑖
𝜕𝜉

=
1

8
𝜉𝑖(1 + 𝜂𝑖𝜂)(1 + 𝜁𝑖𝜁) 

 

(10.11) 

 

where 𝜉𝑖 , 𝜂𝑖 and 𝜁𝑖 are the natural coordinates based on table 2 and ξ, η, ζ 

are the Gauss points. Similarly, for the derivatives with respect to η and ζ, 

the general equations can be written as: 

 

 

𝜕𝑁𝑖
𝜕𝜂

=
1

8
𝜂𝑖(1 + 𝜉𝑖𝜉)(1 + 𝜁𝑖𝜁) 

 

(10.12) 

 

 𝜕𝑁𝑖
𝜕𝜁

=
1

8
𝜁𝑖(1 + 𝜉𝑖𝜉)(1 + 𝜂𝑖𝜂) 

(10.13)  

 

This is coded with two for-loops, one triple that defines the Gauss points at 
the natural coordinates; 

 
K_L = zeros (24,24); 
for xi=GaussPoint 
    for eta=GaussPoint 
        for zeta=GaussPoint 

 
and one inside the previous that goes through all the eight natural 

coordinates and calculates the partial derivatives.  

 
natural_coords = [ 

-1,-1,-1;           % Node 1 
1, -1,-1;           % Node 2 
1, 1, -1;           % Node 3 
-1, 1, -1;          % Node 4 
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-1, -1, 1;          % Node 5 
1, -1, 1;           % Node 6 
1, 1, 1;            % Node 7 
-1, 1, 1;];    % Node 8 

 
for i = 1:8 

xi_i = natural_coords(i, 1); 
eta_i = natural_coords(i, 2); 
zeta_i = natural_coords(i, 3); 
dShape(1,i) = 1/8 * xi_i * (1 + eta_i* eta) * (1 + zeta_i * zeta); 
dShape(2,i) = 1/8 * eta_i * (1 + xi_i* xi) * (1 + zeta_i * zeta); 
dShape(3,i) = 1/8 * zeta_i * (1 + xi_i* xi) * (1 + eta_i * eta); 
end 

 

It is worth noting that this change was not necessary; however, it was made 

in an attempt to personalize the script and make it more understandable 

from my perspective.  

 

Once the partial derivatives for the shape functions w.r.t. the natural 
coordinates (ξ,η,ζ) have been computed at a given Gauss point, the next 

critical step is the transformation of these derivatives to the global Cartesian 

coordinate system(x,y,z). This is achieved through the Jacobian matrix, as 

described in the FEA chapter, which captures the geometric mapping 

between the reference natural element and the physical element in real 
space. This is derived from multiplying the partial derivatives 3x8 matrix 

with the 8x3 global coordinates matrix. 

 
JacobianMatrix = dShape*coordinates; 

 

 
[𝐽] =

𝜕(𝑥, 𝑦, 𝑧)

𝜕(𝜉, 𝜂, 𝜁)
=

[
 
 
 
 
 
 
𝜕𝑥

𝜕𝜉

𝜕𝑦

𝜕𝜉

𝜕𝑧

𝜕𝜉
𝜕𝑥

𝜕𝜂

𝜕𝑦

𝜕𝜂

𝜕𝑧

𝜕𝜂
𝜕𝑥

𝜕𝜁

𝜕𝑦

𝜕𝜁

𝜕𝑧

𝜕𝜁]
 
 
 
 
 
 

 

 

(10.14) 

 

To obtain the derivatives of the shape functions w.r.t the physical 

coordinates, the inverse of Jacobian is computed and multiplied by the 

partial derivatives.  

 
auxiliar = inv(JacobianMatrix)*dShape; 

 

Next, the construction of the strain-displacement matrix [B] follows, which 

will relate the nodal displacements to the strain field at each Gauss point. 

Since the strains are well established as:  
 

 {𝜀}
𝑇
= {𝜀𝑥 , 𝜀𝑦, 𝜀𝑧 , 𝛾𝑥𝑦 , 𝛾𝑦𝑧 , 𝛾𝑧𝑥} (10.15) 

 

and the nodal displacements are represented per node per displacement ( 

8 x 3) resulting in 24 nodal displacements, the strain displacement matrix 

[B] forms a 6x24 matrix containing the partial derivatives of the shape 
functions w.r.t. to the Cartesian coordinates. 
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This is already computed with the use of the inverse of the Jacobian matrix 

so the next step is just putting it together.  
 

Finally, the contribution of the element stiffness matrix from the current 

Gauss point is computed using the well-established expression: 

 

 
[𝐾] = ∫[𝐵]𝑇[𝐷][𝐵]𝑑𝑉

∞

𝑉

  
 

(10.16) 

 
This translates into matlab as: 

 
K_L = K_L + B'*D*B*det(JacobianMatrix); 

 
Here the K_L after the equality is the previous Gauss point integration 

summed with the new and the determinant [J] accounts for the 

transformation of volume from natural to physical space. Summing over all 

Gauss point completes the integration of the stiffness matrix.  

 

 
10.2.2 Elasticity Matrix Manipulation 

 

As described in the Finite Element Analysis chapter, the fundamental 

relationship between stress and strain is typically expressed in its simplest 

scalar form as:  
 

 𝜎 = 𝛦 𝜀 (10.17)  

 
where 𝜎 denotes the stress 𝜀 is the strain and 𝛦 is the Young’s modulus. In 

matrix form, this relation is extended to:  

 

 {𝜎} = [𝐷]{𝜀} (10.18)  
 
where [𝐷] is the elasticity matrix, capturing all the relevant material 

properties. Since the elasticity matrix has already been defines in the FEA 

chapter, it will not be repeated here. However, it is important to note that 
its inverse [D]-1, is known as the compliance matrix, typically denoted [S]. 
For clarity and ease of computation, the remainder of the work in matlab 

will be conducted using the compliance matrix, with the inversion performed 
when the elasticity matrix is required.  

 

 

 

 

 
 

 

 

 

 
 

 



81 
 

The compliance matrix for an orthotropic material is described by: 

 
 

 
𝑆 =  

[
 
 
 
 
 
 
 
 
 
 
 
 
 
1

𝐸𝑥

−𝑣𝑦𝑥

𝐸𝑦

−𝑣𝑧𝑥

𝐸𝑧
0 0 0

−𝑣𝑥𝑦

𝐸𝑥

1

𝐸𝑦

−𝑣𝑧𝑦

𝐸𝑧
0 0 0

−𝑣𝑥𝑧

𝐸𝑥

−𝑣𝑦𝑧

𝐸𝑦

1

𝐸𝑧
0 0 0

0 0 0
1

𝐺𝑥𝑦
0 0

0 0 0 0
1

𝐺𝑦𝑧
0

0 0 0 0 0
1

𝐺𝑥𝑧]
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

(10.19) 

 

 

This equation highlights the main contribution of this thesis. In conventional 

SIMP based topology optimization algorithms, simplifications are made 
based on two key assumptions: isotropy, where Ex, Ey and Ez are equal to 

each other, and symmetry of the matrix, which allows for further reductions 

through equalities. Under these assumptions, the compliance matrix for 

isotropic materials simplifies from eq. (10.19) to: 

 

 𝐷 =  
𝐸

(1 + 𝜈)(1 − 2𝜈) 

[
 
 
 
 
 
 
 
 
1 − 𝜈 𝜈 𝜈 0 0 0
𝜈 1 − 𝜈 𝜈 0 0 0
𝜈 𝜈 1 − 𝜈 0 0 0

0 0 0
1 − 2𝜈

2
0 0

0 0 0 0
1 − 2𝜈

2
0

0 0 0 0 0
1 − 2𝜈

2 ]
 
 
 
 
 
 
 
 

 (10.20) 

 

In this case, the Young’s modulus is factored out of the matrix and the only 
two variables needed to solve it are E and v as the shear modulus can be 

derived by the relationship:  

  

 𝐺 =
𝐸

2 (1 + 𝜈)
 (10.21) 

 

 
The central idea of this thesis, as described in earlier chapters is to modify 

this approach to incorporate anisotropy, specifically transverse isotropy. 

This is accomplished by working directly with the general compliance matrix 
[S] and tailoring it to represent a transversely isotropic material. 

 

We begin with eq. 10.19 and for simplicity, we will represent the compliance 
matrix in standard material ordering in the form of: 

 



82 
 

 
𝑆 =  

[
 
 
 
 
 
 
 
 
 
 
 
 
 
1

𝐸1

−𝑣21
𝐸2

−𝑣31
𝐸3

0 0 0

−𝑣12
𝐸1

1

𝐸2

−𝑣32
𝐸3

0 0 0

−𝑣13
𝐸1

−𝑣23
𝐸2

1

𝐸3
0 0 0

0 0 0
1

𝐺12
0 0

0 0 0 0
1

𝐺23
0

0 0 0 0 0
1

𝐺13]
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

(10.22) 

 

Before working with this matrix, we have to prepare the assumptions that 

are going to be made.To properly integrate the algorithm developed in the 

previous year, certain modifications to the original setup logic were 
necessary. Due to the additive manufacturing filters employed, restrictions 

were imposed on the permissible orientation of the elements within the 

domain. In this configuration, the x-axis represents the length of the 

domain, while a necessary coordinate flip between the y- and z-axes was 

implemented to ensure the proper functioning of the manufacturing filters. 
As a result, within the context of the algorithm, the x-axis corresponds to 

the length, the z-axis to the width (rather than the height), and the y-axis 

to the height of the domain. 

 

This gives as the following relations based on transverse isotropy: 
 

 𝐸1 = 𝐸3, 𝜈21 = 𝜈23   &   𝜈12 = 𝜈32,   (10.23)  

 
and the following based on the symmetry of the tensors (σij = σji and εij = 
εji): 
 

 
−𝑣21
𝐸2

=
−𝑣12
𝐸1

 ,
−𝑣31
𝐸3

=
−𝑣13
𝐸1

 ,
−𝑣32
𝐸3

=
−𝑣23
𝐸2

 (10.24) 
 

 

Based on eq. 10.22, 10.23 and 10.24 the compliance matrix for a 

transversely isotropic material can be described by: 
 

 𝑆 =  

[
 
 
 
 
 
 
 
 
 
 
 
 
 
1

𝐸1

−𝑣12
𝐸1

−𝑣13
𝐸1

0 0 0

−𝑣12
𝐸1

1

𝐸2

−𝑣12
𝐸1

0 0 0

−𝑣13
𝐸1

−𝑣12
𝐸1

1

𝐸1
0 0 0

0 0 0
1

𝐺12
0 0

0 0 0 0
1

𝐺23
0

0 0 0 0 0
1

𝐺13]
 
 
 
 
 
 
 
 
 
 
 
 
 

 (10.25) 
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where G12 = E1/(2+2ν12) , G23 = E2/(2+2ν23)  and G13 = E1/(2+2ν13) as a 

simplification due to the nature of this thesis. 
 

10.2.3 Algorithmic Implementation 

 

Having established the modifications required at the fundamental level of 

the framework, it is now necessary to step back and revisit the core SIMP 

interpolation logic to ensure coherence in the overall methodology. As 
outlined in section 10.1, the typical SIMP formulation begins with the update 

of the element-wise Young’s modulus using the expression 𝐸𝑒 =  𝜌𝑒
𝑝
𝐸𝑒
0 where 

Ee is the penalized Young’s modulus for element e, ρe is the element density, 

p is the penalization factor and E0
e us the initial modulus value. 

 

This formulation is well suited to isotropic materials, where a single scalar 

values of Young’s modulus governs the material response and can be 
iteratively updated without any issue. However, in the case of transversely 

isotropic materials, as demonstrated earlier, the elasticity matrix includes 

two distinct Young’s modulus values, corresponding to different directions 

of stiffness. This raises the question of how to incorporate the second 

modulus into the SIMP interpolation logic without compromising the 
integrity of the algorithm.  

 

The solution, as alluded to multiple times throughout this report, involved 

reducing the two moduli into a single effective value. As noted in the 

mechanical testing chapter, this simplification was made using an assumed 
ratio, arbitrarily set due to inconclusive test results, but the conceptual 

framework remains valid. The approach consists of experimentally 

determining the engineered stiffness properties of the printed components 

and then establishing a consistent relationship between the two Young’s 

modulus values such that:  

 𝐸2 = 𝑎 𝐸1 (10.26)  
 
where a is the ratios derived from testing (in this case an exaggerated 

values of 0.25), E1 is the primary modulus and E2 is the reduced modulus. 

This relationship allows the use of a unified interpolation strategy while still 

embedding anisotropic behavior within the material model. That way, eq. 

10.25 can be simplified even further into: 

 

 𝑆 =  

[
 
 
 
 
 
 
 
 
 
 
 
 
 
1

𝐸1

−𝑣12
𝐸1

−𝑣13
𝐸1

0 0 0

−𝑣12
𝐸1

1

𝑎𝐸1

−𝑣12
𝐸1

0 0 0

−𝑣13
𝐸1

−𝑣12
𝐸1

1

𝐸1
0 0 0

0 0 0
𝐸1

2 + 2𝑣12
0 0

0 0 0 0
𝑎𝐸1

2 + 2𝑣23
0

0 0 0 0 0
𝐸1

2 + 𝑣13]
 
 
 
 
 
 
 
 
 
 
 
 
 

 (10.27) 
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Based on eq. 10.27 the assembly that we described in the beginning of 
chapter 10.2 was done and the initial tests showed promising results 

regarding the use of this logic.   

 

10.3 Conclusions 

 
Based on this process, an extended algorithm was developed with the aim 

of capturing anisotropic behavior by accounting for directional stiffness 

variations in the Young’s modulus. Preliminary test demonstrated promising 

results suggesting that the proposed framework successfully embeds 

anisotropy into the optimization logic. A detailed evaluation of these 

outcomes will follow in the next chapter.  
 

This work represents an important first step toward defining a baseline 

anisotropy-aware algorithm, building upon Brueren’s SIMP formulation, 

while expanding its capabilities to reflect the material characteristics 

introduced by additive manufacturing. 
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11 Results and Testing     
 

 

This chapter presents the results derived from the implementation and 

evaluation of the developed topology optimization framework. The objective 

is to assess the performance and effectiveness of the anisotropy-aware 
SIMP algorithm in comparison to a standard isotropic SIMP implementation. 

The results are organized into two main stages to ensure both algorithmic 

comparison and structural validation.  

 

The first part of this chapter provides a comparative analysis between the 
baseline and the modified optimization frameworks. The baseline is 

established using a conventional SIMP algorithm assuming isotropic 

material behavior. The corresponding results, including the optimized 

geometry and compliance values, will be presented as a reference point. 

These are then compared against the output of the anisotropy-aware 

algorithm, which incorporates transversely isotropic material properties as 
described in chapter 10. 

 

The comparison aims to highlight how the introduction of anisotropic 

behavior influences the resulting topology, density distribution and 

compliance values. Visualizations and compliance metric will be discussed 
to evaluate the effectiveness and implication of the modified algorithm. 

 

The second part involves the development of two finite element models 

based on the final geometries obtained from each algorithm. One model is 

created using the geometry resulting from the standard SIMP approach and 
the other is based on the geometry derived from the anisotropic framework. 

 

Both geometries are subjected to structural simulations in ANSYS, using 

realistic boundary conditions and load cases representative of the intended 

application. The goal is to investigate the structural performance of each 

design under service conditions, focusing on key parameters such as the 
maximum allowable deformations. By evaluating these models, this 

sections aims to determine whether the anisotropy-aware optimizations 

lead to improved structural behavior 

 

Together, these two stages offer a comprehensive assessment of the 
proposed method’s potential to improve additive manufacturing aware 

structural optimization by embedding material directionality into the 

optimization process.  

 

11.1 Use of Delft Blue  
 

It is worth noting that due to the high computational demand of running a 

3D topology optimization script, it was essential to utilize the TU Delft’s 

supercomputer Delft Blue. Each optimization run involves large sparse 

matrices and iterative updates over several hundred steps, making local 
execution impractical and slow, especially when dealing with batch testing 

and larger domains.  
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To streamline this process proper documentation of all the files created was 

essential together with the development of a small python script that was 
responsible for the automated generation of SLURM job files. This 

automation significantly accelerated the testing workflow and helped keep 

me sane. The setup, also enabled structured post processing, where 

compliance values and STL geometries were systematically saved and 

organized for later analysis and visualizations.  
 

11.2 Overview of Test Cases  

 

To ensure clarity in how the testing process was structured, table 3 

summarizes the most representative and systematically documented 

simulations conducted throughout this research. Each row in the table 
corresponds to a specific test configuration, identified by a unique test id.  

  

 
Table 4 Summary of documented test cases highlighting mesh configurations, algorithm 
usage, variable parameters, and sweep conditions 

It should be noted that although the test IDs begin at number 16, this does 

not imply that the preceding test were irrelevant. Earlier test served as 

exploratory trials or faced implementation issues and were thus excluded 

from this summary. The test included here represents the most complete 
and informative runs after resolving the key technical challenges 

encountered during the development of this thesis.  

 

The columns of table 3 are organized to reflect the major parameters 

governing each test: 

 
 Mesh_Set-Up: Indicates which of the three bridge meshes (as 

described in the Case study chapter) was used in each test. 

 Algorithms: Specifies whether the standard SIMP algorithm, the 

anisotropy-aware SIMP algorithm, or both were applied. 

 Tested_Variable: Refers to the parameter that was varied in the 
specific test. 

No. Algorithms Standard_SIMP Anisotropy-Aware_SIMP

Mesh_1 210x30x48 TRUE TRUE

Mesh_2 210x30x60 TRUE TRUE

Mesh_3 210x30x80 TRUE TRUE

Mesh_1 210x30x48 TRUE TRUE

Mesh_2 210x30x60 TRUE TRUE

Mesh_3 210x30x80 TRUE TRUE

Mesh_1 210x30x48 TRUE TRUE

Mesh_2 210x30x60 TRUE TRUE

Mesh_3 210x30x80 TRUE TRUE

Mesh_1 210x30x48 TRUE TRUE

Mesh_2 210x30x60 TRUE TRUE

Mesh_3 210x30x80 TRUE TRUE

Mesh_1 210x30x48 FALSE TRUE

Mesh_2 210x30x60 FALSE TRUE

Mesh_3 210x30x80 FALSE TRUE

Mesh_1 210x30x48 TRUE TRUE

Mesh_2 210x30x60 TRUE TRUE

Mesh_3 210x30x80 TRUE TRUE

Mesh_1 210x30x48 TRUE TRUE

Mesh_2 210x30x60 TRUE TRUE

Mesh_3 210x30x80 TRUE TRUE

Test_22 3 2 Density_Check - - - 6

volfrac = 0.35            

rmin = 4.0                 

penal = 3.0             

move = 0.2                    

a = 0.25

Test_21 3 2 Density_Check - - - 6

volfrac = 0.3            

rmin = 4.0                 

penal = 3.0             

move = 0.2                    

a = 0.25

1.5

1.5

rmin3

3 rmin 0.05 5 15

volfrac = 0.5                 

penal = 3.0             

move = 0.2                    

a = 0.75

Variable_Start

0.3

Test_20 1

Constant_VariablesMesh_Set-Up

Algorithms

Variable_Step

0.5 6 36

volfrac = 0.35                 

penal = 3.0             

move = 0.2                     

a = 0.25

3 rmin 0.5 6 36

volfrac = 0.45                 

penal = 3.0             

move = 0.2                      

a = 0.25

No. ScriptsNo. StepsTest_ID Tested_Variable

Test_16

rmin = 2.0                 

penal = 3.0             

move = 0.2                     

a = 0.25

Test_17 2

Test_18 2

Test_19 2

Volfrac

3 rmin 0.5 6 36

volfrac = 0.5                 

penal = 3.0             

move = 0.2                      

a = 0.25

3 2 5 30

1.5

0.05

0.3
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 Variable_Start, Variable_Step, No. Steps: Define the initial value, 

increment and number of variations applied to the considered 
variable. 

 No. Scripts: Indicates how many script instances were generated and 

executed for the test. 

 Constant_Variables: Lists the parameters that remained constant 

during the test.   
 

 

11.3 Geometric Output 

 

In this section an overview of all the generated geometries will be presented 

for all three types of meshes for all the tests as mentioned above. The 
standard SIMP will be presented side by side with the anisotropy-aware 

outcome so it’s easier to compare and spot the differences.  

 

Test 16 

 
Figures 41 to 43 present the topology optimization results for mesh 1, 2 

and 3, corresponding to the configuration in which the domain is divided 

into five, four and three separate beams. The geometries shown here are 

generated from test 16, which investigates the effect of varying volume 

fraction as a parameter. For each volume setting, both the standard SIMP 
and the anisotropy-aware algorithm outputs are displayed side by side to 

facilitate a direct visual comparison of how material distribution is 

influenced by the inclusion of the directional stiffness.   

 

 

 
Figure 50 Test 16, mesh type 1 
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Figure 51 Test 16, mesh type 2 

 

 

 
Figure 52 Test 16, mesh type 3 
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Test 17  

 
Figures 44 to 46 present the topology optimization results for mesh 1, 2 

and 3, corresponding to the configuration in which the domain is divided 

into five, four and three separate beams. The geometries shown here are 

generated from test 17, which investigates the effect of varying filter radius 

(rmin) as a parameter. For each radius setting, both the standard SIMP and 
the anisotropy-aware algorithm outputs are displayed side by side to 

facilitate a direct visual comparison of how material distribution is 

influenced by the inclusion of the directional stiffness.   

 

 

 
Figure 53 Test 17, mesh type 1 
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Figure 54 Test 17, mesh type 2 

 

 
Figure 55 Test 17, mesh type 3 
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Test 18  

 
 

 
Figure 56 Test 18, mesh type 1 

 
Figure 57 Test 18, mesh type 2 
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Figure 58 Test 18, mesh type 3 

 

 

Test 19  
 

 
Figure 59 Test 19, mesh type 1 
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Figure 60 Test 19, mesh type 2 

 

 
Figure 61 Test 19, mesh type 3 

 

While visualizing the generated geometries provides an initial 

understanding of how each algorithm distributes material, geometry alone 

is not a sufficient indicator of performance, particularly in cases where the 
differences between outputs appear subtle. As demonstrated in the 
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previous tests, some geometric variations are evident between the standard 

SIMP and the anisotropy-aware results. However, these are not pronounced 
enough to conclusively verify the framework’s ability to capture anisotropic 

behavior in a meaningful way. For this reason, a more rigorous numerical 

comparison, focused on the compliance values, is necessary to assess the 

influence of anisotropy within the optimization process.  

 
 

11.4 Compliance Behavior Analysis   

 

This section presents a quantitative analysis based on the objective function 

of the topology optimization algorithms, and specifically the compliance 

values. Rather than evaluating the raw compliance values independently, 
the analysis focuses on the ratio between the compliance obtained from the 

anisotropy-aware algorithm and that from the standard SIMP.  

 

This comparative metric offers a clearer and more meaningful interpretation 

of performance differences, as it accounts for the expected increase in 
compliance due to the reduced directional stiffness introduced by 

anisotropy. Since the standard SIMP assumes isotropic behavior, it typically 

yields lower compliance values. By using the compliance ratio, a consistent 

basis for comparing the effectiveness of the two algorithms is established 

across all tests.   
 

 

  

 
Figure 62 Minimum compliance reached per algorithm per mesh and variation calculation 
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In this test, the volume fraction was varied while other parameters were 

held constant. The compliance ratio across all mesh configurations hovered 
consistently around 0.25, with minimal deviation (coefficient of variation < 

5%). This near perfect match to the actual ratio used in the algorithm (E = 

0.25*E) is a strong indicator that the framework accurately captures the 

effects of directional stiffness.  

 

 

 
Figure 63 Minimum compliance reached per algorithm per mesh and variation calculation 
test 17  

 

Here, the filter radius (rmin) was varied while volume fraction remained 
constant at 0.5. Once again, ratios remained within a narrow band around 

0.25, especially for mesh 1 and mesh 2. Mesh 3 showed slightly higher 

variability, which might attribute to geometric or numerical sensitivity 

introduced by the increased resolution.  
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Figure 64 Minimum compliance reached per algorithm per mesh and variation calculation 
test 18  

 

This test also varied rmin but also used a lower volume fraction of 0.35. the 

data reveals slightly more fluctuation in the compliance ratios which may 
point to localized optimization challenges or sensitivity to boundary 

conditions at lower densities. Still, the overall mean compliance ratio again 

approximates the 0.25 factor used in the algorithm.  
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Figure 65 Minimum compliance reached per algorithm per mesh and variation calculation 
test 19  

 

 

 
Figure 66 Minimum compliance reached per algorithm per mesh and variation calculation 
test 20  

 

In test 20, the goal was to maintain consistency across all the main 

variables without changing anything from test 19. All variables, remained 
unchanged. The only modification introduced was the directional stiffness 

ratio (a), which was previously set to an exaggerated value of 0.25 in tests 

16 through 19 to emphasize the anisotropic effects. In test 20, the ratio 

changed to a more realistic value of 0.75. 
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Numerically, the compliance ratio between the standard SIMP and the 

anisotropy-aware algorithm continues to align closely with the chosen a 
value (a), reinforcing the consistency of the frameworks response to 

directional stiffness. However, the most notable outcome of this test lies in 

the output geometry. With a higher ratio the distinction between isotropic 

and anisotropic diminishes significantly. Except for slight differences 

observable in mesh type 3, particularly in lower filter radius values, the 
topologies generated by both algorithms appear nearly identical (Fig. 67). 

This observation suggests that when the directional stiffness becomes more 

balanced, the algorithm naturally converges toward results similar to those 

of a standard isotropic model.  

 

 
Figure 67 Left mesh type 3 with some differences at rmin-1.5 and almost none at rmin-4.5 
Right mesh type 1 with almost no differences   

 

  

Across all tests, the results support the central hypothesis of this thesis, 

that properly introducing anisotropy into a SIMP topology optimization 
algorithm can successfully reflect the directional stiffness. 

 

11.5 Density Check Implementation 

 

Since the geometries were not that different form one another, one more 

tool was created for the proper comparison of the outputs between isotropic 
and transverse isotropic to create a numerical standard for measuring the 

deviation from the isotropic algorithm. Using the density fields that the 

algorithms calculate, a small matlab script was written to compare the two 

and create heat maps and histograms that properly capture the differences 

of the two algorithms.  
 

Tests 21 and 22 are showing that there is indeed a difference between the 

two algorithms not only in matters of the compliance values but also with 

respect to the generated geometries. Figures 68 through 70 visualize the 

generated densities in the form of a histogram that describes the frequency 
of similar densities used and in the form of heat maps that show the 

absolute difference between the two. The heat maps visualize the difference 

by assigning 0 value to the similar densities and 1 values to the different 

ones.  

 



99 
 

 
Figure 68 Histogram, heat-maps and generated geometry (mesh – 210x30x48) 

 

 

 
Figure 69 Histogram, heat-maps and generated geometry (mesh – 210x30x60) 

 

 

 
Figure 70 Histogram, heat-maps and generated geometry (mesh – 210x30x80) 

 

 

11.6 ANSYS models 
 

The objective of this section is to validate the preceding findings by 

performing structural analyses under realistic conditions using ANSYS, a 

widely recognized commercial finite element software. This validation 

involves two distinct simulations: one employing the geometries obtained 
from the isotropic SIMP algorithm, and another utilizing the geometries 

from the anisotropy-aware optimization. Both simulations will apply the 

actual material properties derived from the experimental flexural tests. By 
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comparing these two sets of results, the effectiveness and potential benefits 

of incorporating anisotropy into the optimization process can be more 
thoroughly assessed. Evidence of improved structural performance in the 

anisotropy-aware outputs relative to the isotropic ones will reinforce the 

significance of this thesis. 

 

The validation procedure is structured into two main parts; model 
preparation and structural performance evaluation. 

 

The first part details the preparation of the ANSYS models for the selected 

geometries. This includes assigning accurate material properties consistent 

with those employed in the isotropic and transversely isotropic optimization 

algorithms, preparing the 3D models to correctly represent realistic loading 
and boundary conditions, and defining a representative load case for the 

structural assessment. 

 

The second part presents the simulation results, emphasizing an evaluation 

based on the serviceability limit state. By directly comparing the isotropic 
and anisotropy-aware geometries, this analysis seeks to illustrate the 

structural advantages introduced by accounting for material anisotropy 

during optimization.  

  

11.6.1 Model Preparation  
 

For the ANSYS analyses, 6 different geometries were selected to undergo 

the testing. Based on previous data, the parameters for the selected 

geometries are presented on table 5.  

 

Test_ID Mesh_Set-Up 

Algorithms 

Volfrac Rmin a Penal Move No. 
Algorithms 

Standard_SIMP 
Anisotropy-
Aware_SIMP 

Final (24)  3 

24_10 
210x30x48 

       2 

       TRUE        TRUE     0.35    4.0 

  0.25     3.0    0.2 
24_11 
210x30x60 

       TRUE        TRUE     0.35    4.0 

24_12 
210x30x80 

       TRUE        TRUE     0.35    4.0 

Table 5 Final geometries output & the parameters used.   

The structural analysis process in ANSYS Workbench begins by defining 

appropriate material properties derived from the experimental flexural 

testing results. Table 6 summarizes these calculated values. Specifically, 

the yield strength is determined by dividing the experimentally obtained 

average yield load by the average cross-sectional area of the tested 

specimens.  
 

Specimen Avg. F Avg. A Yield Strength Avg.E Avg. Effective (0.25) 

Shear 

Mod. 

  
N mm^2 

N/mm^2 

(MPa) Pa N/mm^2 

N/mm^2 

(Mpa) 
Pa Pa 

Longitudinal 1445.214 243.137 5.945 5945000 63440 63440 6.344E+10 2.6E+10 

Vertical 366.1831 247.569 1.48 1480000 68080 15860.12127 1.586E+10 6.5E+9 

Table 6 Material properties calculations to be used as input in ANSYS.  
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Furthermore, to emulate the previously observed anisotropic behavior, 

where the vertical orientation exhibited approximately one-quarter of the 
strength of the longitudinal orientation, the Young’s modulus for the weaker 

direction (vertical) is calculated by dividing the average modulus value from 

the vertical specimens by a factor of four. This adjustment aligns with the 

anisotropic strength ratio consistently referenced throughout this thesis and 

with the values used to generate the final geometries with the new 
algorithm. 

 

The next critical step involves preparing the geometry for accurate 

simulation of real world conditions. Since the geometries generated by 

topology optimization algorithms often contain irregularities, the topology 

itself can be challenging to directly implement within a structural analysis 
framework. To address these issues, a systematic geometry preparation 

workflow was developed, as depicted in figure 71.  

 

 

 
Figure 71 Steps for optimizing geometries before FEA. 

 
Initially, the original geometry undergoes a shrink-wrapping process to 

remove any isolated fragments, outliers or regions with poor connectivity. 

Subsequently, the mesh resolution is carefully reduced to ensure efficient 

handling within ANSYS Mechanical; the mesh size at this stage is minimized 

without compromising geometric fidelity. The processed mesh is then 
converted into a solid body suitable for meshing during the finite element 

analysis that is going to follow. Finally, to realistically represent the loading 

and support conditions, flat planes are used to create shallow cuts (2mm 

deep), generating flat surfaces necessary for applying consistent supports 

and loads. 
 

This detailed preparation ensures the geometry accurately reflects a real 

world scenario where the top surface receives the loads through the 

laminated glass sheets and the two sides are fixed. This workflow was 

followed for all 6 samples before going into setting up the FEA model.  

 
The load case used for the analysis follows the euro code criteria presented 

on chapter 8 and creates two scenarios one for Serviceability Limit State 

and on for Ultimate Limit State and both can be seen at table 7. The SLS 

was used to derive the deflection results and the ULS for the principal 
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stresses. It is worth noting that the criteria for the ULS are not expected to 

be met because of the really low yield strength derived from the flexural 
tests. 

Limit state γ_G γ_Q  ψ crowd ψ maint 
Crowd 
pressure 

MPa 

Maint. 
pressure 

MPa 

Total 
pressure 

MPa 

Total 

kN/m² 

ULS  1.35 1.5 1.5 0.7 0.0075 0.0021 0.0096 9.6 

SLS 1 1 1  0.005 0.002 0.007 7 

           

  Mpa kN/m²        

Characteristic 
crowd load q_k  0.005 5        

Characteristic 
maintenance load 
q_k 0.002 2             

Table 7 Load case calculation to be used in the next section. 

 

11.6.2 Results  
 

The results obtained from the structural analyses conducted in ANSYS are 

summarized in τable 8. To clearly evaluate the effectiveness of introducing 

anisotropy into the topology optimization process, the analysis compared 

deformation, maximum principal stress, and minimum principal stress 
between isotropic ("IS") and transverse isotropic ("TR") optimized 

geometries. In the table, the difference ("Iso/Tr Δ") was calculated as the 

isotropic value minus the corresponding transverse isotropic value. Thus, 

negative Δ values indicate that the transverse isotropic geometry exhibited 

higher deformation or stresses compared to the isotropic geometry, while 
positive values indicate that the transverse isotropic geometry performed 

better, as initially hypothesized. 

 

Specimen 

Deformation 
Iso/Tr 

Dif. 

Max. Princ. 
Iso/Tr 

Dif. 

Min Princ. 
Iso/Tr 

Dif. 
min max min max min max 

mm Mpa Mpa 

24_10_IS 0 0.2203 
-0.0164 

-1.210 5.421 
-1.664 

-3.738 1.128 
-0.103 

24_10_TR 0 0.2367 -1.260 7.085 -3.815 1.230 

24_11_IS 0 0.2299 
-0.0085 

-0.835 6.256 
0.370 

-2.877 1.843 
0.298 

24_11_TR 0 0.2384 -1.076 5.886 -4.315 1.545 

24_12_IS 0 0.2268 
-0.0269 

-1.083 17.007 
9.247 

-3.911 4.612 
2.723 

24_12_TR 0 0.2536 -0.839 7.760 -2.996 1.889 

Table 8 Structural analysis results from ANSYS comparing deformation, maximum principal 
stress, and minimum principal stress between isotropic ("IS") and transverse isotropic ("TR") 
optimized geometries. The differences ("Iso/Tr Δ") are calculated by subtracting the 
transverse isotropic values from the corresponding isotropic ones. Negative differences 

indicate higher values for the anisotropy-aware geometries, while positive differences reflect 
improved structural performance of anisotropy-aware geometries compared to isotropic 
geometries. 

Evaluating the deformation results first, it can be observed that all three 

test cases (24_10, 24_11, and 24_12) resulted in negative Δ values, 

signifying slightly increased deformation in the transverse isotropic 

specimens. Although the magnitude of these differences was relatively 
small, ranging approximately from 0.0085 mm to 0.0269 mm, this 

consistent pattern contradicted the initial expectation that anisotropy-

aware optimization would enhance the structural rigidity, and therefore, 

reduce the deformation. This unexpected outcome may be attributed to 
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particularities in stiffness distribution, load paths, or boundary conditions 

that could have resulted from anisotropic optimization constraints. 
 

Regarding maximum principal stresses, the results showed mixed 

outcomes. Specimen 24_10 displayed a negative Δ (-1.664 MPa), meaning 

the anisotropic specimen experienced somewhat higher tensile stress 

compared to the isotropic one, albeit not by a large margin. In contrast, 
specimen 24_11 showed a slight positive Δ (+0.370 MPa), indicating a 

marginal stress improvement. Most notably, specimen 24_12 presented a 

substantially positive Δ (+9.247 MPa), clearly demonstrating that the 

transverse isotropic geometry significantly reduced maximum tensile stress 

compared to the isotropic geometry. This particular outcome strongly 

supports the initial hypothesis, confirming the potential of anisotropy-aware 
optimization to notably alleviate local stress concentrations, especially in 

larger and more complex domains. 

 

Similarly, the analysis of minimum principal stresses yielded positive results 

in specimens 24_11 and 24_12. Specimen 24_11 showed a moderate 
positive Δ (+0.298 MPa), suggesting improved structural performance 

through lower compressive stress. Specimen 24_12 presented a more 

pronounced positive difference (+2.723 MPa), once again reinforcing the 

beneficial impact of anisotropy-aware optimization on stress reduction. 

Specimen 24_10, however, exhibited a negligible negative Δ (-0.103 MPa), 
indicating only a slight disadvantage in compressive stresses for the 

anisotropic geometry, which can be considered practically insignificant 

given its magnitude. 

 

It’s worth noting that the tensile stress values shown in the isotropic sample 

24_12 are much higher than expected (17 MPa) and even though this 
creates a favorable case for the comparison between the anisotropic sample 

24_12, further investigation is needed to better validate this outcome.  

 

Summarizing these findings, the deformation results proved somewhat 

inconclusive or slightly unfavorable, suggesting the necessity for additional 
investigation into the stiffness distributions and their impact on deformation 

behaviors. Conversely, stress-related results, especially for specimen 

24_12, offered robust evidence validating the anisotropy-aware 

optimization's effectiveness in managing stress distribution. Consequently, 

despite mixed deformation outcomes, these results underline the clear 
advantages of introducing anisotropy into the optimization process, 

particularly in more complex structural scenarios. The findings encourage 

further exploration and refinement of the method to fully understand and 

leverage its potential benefits. 
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12 Final Design 
 

 

After extensive testing of the algorithm’s hyper parameters and numerous 

comparative evaluations between the isotropic and anisotropy-aware 

frameworks, three final designs were identified as the most promising 
candidates. These were selected based on three key criteria: the clarity and 

cleanliness of the generated topology, the extent of geometric variation 

between the two algorithms, and the minimum compliance values achieved 

during optimization. Table 9 summarizes the parameters used in this final 

selection round. 
 

Test_ID Mesh_Set-Up 

Algorithms 

Volfrac Rmin a Penal Move No. 
Algorithms 

Standard_SIMP 
Anisotropy-
Aware_SIMP 

Final    3 

Mesh_1 
210x30x48 

       2 

       TRUE        TRUE     0.35    4.0 

  0.25     3.0    0.2 
Mesh_2 
210x30x60 

       TRUE        TRUE     0.35    4.0 

Mesh_3 
210x30x80 

       TRUE        TRUE     0.35    4.0 

Table 9 Final design configurations and their corresponding optimization parameters. 

 

 
Figure 72 Final geometric outputs for all 3 mesh types, mesh type 1 604800 elements (x5 
beams), mesh type 2 756000 elements (4x beams), mesh type 3 1008000 elements (3x 
beams)  

Each of the selected configurations demonstrated strong performance 

across the established metrics, as discussed in the previous chapters. 

Among them, the design based on Mesh Type 3 consistently emerged as 
the most favorable. This mesh configuration not only achieved the lowest 

compliance values but also exhibited the most pronounced differentiation 

between isotropic and anisotropy-aware outputs, particularly in larger 

domains and under refined filtering conditions. 

 
Consequently, the Mesh Type 3 configuration, featuring a bridge formed by 

four distinct glass beams, was selected as the optimal design to carry 

forward into the case study application. This decision is also supported by 

alignment with previous research trajectories and final design proposals 

from earlier years, reinforcing both continuity and advancement in the 
ongoing development of structurally optimized glass components. 

 

12.1 Previous Research 

 

As part of this research, it is important to situate the findings within the 
broader context of previous work conducted in the studio, particularly by 



105 
 

Koniari, Schoenmaker, and Brueren. While these earlier studies contributed 

significantly to the development of topology optimization methods for 
structural glass, it is essential to emphasize that a direct one-to-one 

comparison with the current work is limited by differences in methodology, 

most notably, the material models employed. This thesis incorporates 

experimentally derived properties from flexural testing of 3D-printed glass 

specimens, and uniquely introduces anisotropic stiffness into the 
optimization process. In contrast, earlier studies typically assumed isotropic 

material behavior, often based on idealized or nominal material values. 

 

Despite these differences, table 10 offers a useful overview of key 

performance indicators, deformation, maximum principal stress, and 

minimum principal stress, across the various studies. From a deformation 
perspective, the values are broadly comparable. The anisotropy-aware 

result (0.25 mm) lies at the higher end of the spectrum but remains close 

to Schoenmaker’s (0.237 mm) and Brueren’s (0.253 mm), suggesting that 

the inclusion of anisotropy does not significantly compromise stiffness. 

Interestingly, Koniari’s design shows the lowest deformation (0.120 mm), 
but this came at the cost of significantly higher compressive stress (-5.560 

MPa). 

Where the current framework distinguishes itself is in the principal stress 

results. Both the maximum and minimum principal stresses show notable 

improvements in the anisotropy-aware design. The anisotropic geometry 
achieves a reduced maximum stress (7.76 MPa) compared to its isotropic 

counterpart (17 MPa), and also demonstrates the lowest minimum principal 

stress (-2.996 MPa) of all the compared designs. These differences, while 

subtle, are meaningful; they point to the algorithm’s ability to distribute 

stress more evenly by aligning material layout with directional stiffness 
properties, a capability the earlier isotropic frameworks could not account 

for. 

 

Overall, these results validate the proposed methodology’s core 

assumption: that incorporating anisotropic behavior into the topology 

optimization process offers measurable structural benefits, particularly in 
reducing peak stresses without a significant increase in deformation. As 

such, while the geometric differences between designs may not be stark, 

Researcher Deformation Max Principal Min Principal 

 mm MPa MPa 

Koniari 0.120 2.960 -5.560 

Schoenmaker 0.237 5.400 -4.900 

Brueren 0.253 3.700 -4.800 

Mananas_Isotropic 0.226 17.00 -3.911 

Mananas_Anisotropic 0.253 7.760 -2.996 

Table 10 Comparison of deformation, maximum principal stress, and minimum principal 
stress values from previous studies (Koniari, Schoenmaker, Brueren) and the current thesis 
(Mananas). The table highlights differences in structural performance, particularly the 

improved stress distribution in the anisotropy-aware optimized geometry. All values are 
derived from structural simulations under similar boundary conditions, but with varying 
material models and optimization strategies.  
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the internal stress management capabilities of the anisotropy-aware 

algorithm mark a substantial step forward in fabrication-aware structural 
optimization.  

 

12.2 Final Design 

 

 

 
Figure 73 Visualization of final design side view  

 

 

 

 
Figure 74 Visualization of final design top view 

 



107 
 

 
Figure 75 Visualization of final design front view 

 

 
 

 

 
Figure 76 Visualization of final design 
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13 Conclusions & Discussion  
 

 

Conclusions 

 

This thesis set out to investigate whether incorporating anisotropy into a 
SIMP-based topology optimization algorithm could improve the relevance 

and applicability of computational design workflows, especially in the 

context of additive manufacturing using directionally sensitive materials 

such as 3D-printed glass. To that end, a custom optimization framework 

was developed, extended from an isotropic baseline to include transversely 
isotropic material behavior via a modified elasticity matrix embedded in the 

stiffness matrix assembly. This anisotropy-aware framework was tested 

systematically across a wide range of configurations, mesh densities, and 

parameter sweeps, and validated through finite element analysis in both 

MATLAB and ANSYS. 

 
The results demonstrated that the framework behaves in a highly consistent 

and predictable manner in terms of its numerical compliance outputs. 

Across all tests using an artificially exaggerated anisotropy ratio (a = 0.25), 

the compliance values produced by the anisotropy-aware algorithm showed 

mean ratios to the standard isotropic results that closely matched the input 
stiffness ratio. This finding supports the core hypothesis: that directional 

material behavior can be effectively modeled within the SIMP framework 

through strategic manipulation of the elasticity matrix. 

 

While the geometric differences between isotropic and anisotropy-aware 
results were sometimes subtle, additional analyses, including density field 

comparisons and heat map visualizations, confirmed that the anisotropy-

aware algorithm consistently produced distinct topologies. These 

differences became more pronounced in larger domains or in cases with 

tighter filtering parameters, suggesting that the impact of anisotropy 

becomes more significant as geometric complexity increases. 
 

Validation through structural analysis in ANSYS provided mixed but 

insightful results. Deformation values were slightly higher in the anisotropic 

geometries than in the isotropic ones, contradicting the expectation of 

increased stiffness. However, stress results, particularly for larger 
geometries like specimen 24_12, showed a significant reduction in both 

tensile and compressive stress levels in the anisotropy-aware outputs. 

These findings suggest that while the framework does not necessarily 

reduce deflections, it does provide a valuable benefit in stress 

redistribution, potentially increasing structural reliability and reducing 
failure risk in real-world applications. 

 

In conclusion, this thesis demonstrates that integrating anisotropic behavior 

into topology optimization is not only feasible but also valuable for 

applications involving directionally sensitive fabrication processes. The 
proposed framework offers a structured and extendable method for 

embedding material performance logic into computational design, paving 

the way for more fabrication-aware optimization strategies in architecture 
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and structural design. Future work should aim to refine deformation 

prediction, explore more varied material ratios, and incorporate physical 
prototyping to close the loop between simulation and manufacturing. 

 

 

Discussion 

 
This thesis set out to explore whether a SIMP-based topology optimization 

algorithm could be extended to incorporate anisotropic material behavior, 

with a particular focus on capturing the effects of directional stiffness 

introduced by additive manufacturing processes. The central research 

question “How can process induced anisotropy be integrated into topology 

optimization, using a SIMP algorithm, to ensure both manufacturability and 
the expected structural integrity of glass components?” has been answered 

through the development, implementation, and validation of a modified 

optimization algorithm. The results presented in Chapter 11 support the 

conclusion that not only can anisotropy be embedded within a SIMP 

framework through an adjusted stiffness matrix, but that doing so yields 
measurable differences in both the objective function (compliance) and the 

resulting topologies. 

 

The anisotropy-aware algorithm demonstrated consistent behavior across 

a range of test conditions. By strategically reducing directional stiffness 
using the “a” ratio mentioned throughout this paper, the compliance ratios 

between isotropic and anisotropic cases consistently matched the expected 

mechanical relation. These numerical outcomes confirm that the proposed 

elasticity matrix formulation effectively captures the intended material 

behavior. Moreover, in higher-resolution meshes and geometries with 

greater degrees of freedom, the algorithm produced visibly different 
topologies—indicating that anisotropy influences not just performance 

metrics but also material layout decisions. While visual differences were not 

always stark, further analysis using density field comparisons and heat 

maps reaffirmed that the anisotropic logic alters the optimization path. 

 
However, the project also revealed limitations, particularly in the 

experimental validation phase. As described in Chapter 8, flexural testing 

of 3D-printed glass beams did not provide a sufficiently clear or reliable 

estimate of the directional Young’s modulus. This aspect of the framework 

is critical, and future research should aim to refine it further. The anisotropy 
introduced by additive manufacturing, using the G3DP printer, remains not 

fully understood, and its root causes are likely multifaceted. One possible 

contributor is the variable fusing quality between layers, which affects 

internal cohesion and stiffness. Another significant factor may be the 

geometric deviation caused by the layer-by-layer deposition process, which 
alters the actual second moment of area compared to an idealized, fully 

rectangular cross-section, creating weak points along the component. 

These effects, independently or combined, significantly influence the 

structural behavior of printed components. The resulting variability in 

flexural stiffness observed during testing suggests that defining a reliable 

directional modulus is currently hindered by these fabrication-induced 
inconsistencies. Therefore, more rigorous mechanical testing is 

recommended, using refined protocols to accurately characterize material 
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behavior in different orientations and improve the predictive accuracy of 

the framework. 
 

Beyond its direct contribution to the topic of additive manufacturing with 

anisotropic materials, the stiffness-based approach presented in this thesis 

offers broader value. Stress-based topology optimization frameworks, 

though physically more accurate for brittle or orthotropic materials, are 
often computationally demanding and complex to implement. By 

embedding material behavior directly into the stiffness matrix within the 

SIMP formulation, this work provides a lightweight and adaptable 

alternative. 

 

Zooming out, this research lays a strong foundation for broader 
implementation across a variety of structural systems and material 

applications. Beyond its direct contribution to the topic of additive 

manufacturing with anisotropic materials, the stiffness-based approach 

presented in this thesis offers broader value. Stress-based topology 

optimization frameworks, though physically more accurate for brittle or 
orthotropic materials, are often computationally demanding and complex to 

implement. By embedding material behavior directly into the stiffness 

matrix within the SIMP formulation, this work provides a lightweight and 

adaptable alternative during early design stages. In such contexts, a 

stiffness-based framework like the one developed in this thesis could serve 
as a valuable alternative, provided that appropriate mechanical testing and 

stiffness correlation are conducted. While the focus here was on 3D-printed 

glass, the approach has the potential to extend to other additive 

manufacturing materials such as ceramics, concrete, and plastics. 

Moreover, the framework may also prove beneficial in traditional composite 

systems, such as laminated glass or engineered timber, where directional 
mechanical behavior similarly emerges from the material's layered 

construction. This adaptability opens avenues for the framework’s use in 

various disciplines, particularly when efficient design workflows and 

simplified material modeling are required. 

 
In summary, the anisotropy-aware SIMP algorithm developed in this thesis 

presents a lightweight yet effective method to account for process-induced 

material behavior in topology optimization. Its performance, validated 

through both compliance data and structural simulations, supports its 

potential for real-world use after some polishing. While some experimental 
challenges remain, particularly around the accurate characterization of 

printed materials, the groundwork laid here provides a foundation for future 

extensions in both research and practice. 
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14 Reflection  
 

 
Positioning within the Studio 
 

This thesis falls under the "Structural Design" and "Digital Manufacturing" 

tracks of the Building Technology graduation studio. It contributes to the 

studio’s ambition of bridging computational design with advanced 

fabrication strategies, specifically focusing on how topology optimization 
can be adapted for additive manufacturing processes involving anisotropic 

materials. While prior work in the studio explored material-aware 

optimization for traditional fabrication methods, this project uniquely 

addresses the challenges of 3D printing glass components, extending both 

the algorithmic and material complexity. 
 
 

Relation to the Studio’s Methodical Line of Approach 

 

The methodological approach aligns well with the studio’s emphasis on 

integrating computational tools with material-specific constraints. By 
extending a classic SIMP-based topology optimization routine to account for 

the peculiarities of additive manufacturing with glass, the thesis follows the 

studio’s agenda of adapting digital methods to real-world fabrication 

scenarios. The work builds on earlier studies in structural optimization and 

expands the toolkit available to future students exploring digitally fabricated 
structural components. 

 

 

Relation between Research and Design 

 
The project maintained a strong research-oriented backbone while 

remaining closely tied to architectural application through the inclusion of a 

case study. This case study focused on redesigning a bridge using the 

proposed topology optimization algorithm, thereby illustrating how research 

outcomes can directly influence real-world design decisions. The geometries 
generated are not merely theoretical or analytical, they were developed 

within a specific spatial and structural context, showcasing the algorithm’s 

potential to drive informed material placement and shape generation. As 

such, the research bridges computational development and architectural 

design, offering a methodology that is both performative and context-

aware. 
 

 

Applicability in Practice 

 

The framework developed can be applied in any scenario where anisotropic 
behavior must be considered during the structural design of 3D-printed 

elements. While this thesis specifically used glass as a case study, the 

algorithm’s adaptability allows it to be used with other anisotropic materials, 

such as fiber-reinforced polymers or engineered composites.  
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Innovation Achieved 
 

The primary innovation lies in modifying an established optimization 

technique to handle anisotropy effectively and account for additive 

manufacturing constraints. While the algorithm is still a prototype, it 

successfully demonstrated consistent performance aligned with expected 
material behavior.  

 

 

Contribution to Sustainable Development 

 

By minimizing material use through structurally efficient geometries, the 
framework encourages resource-conscious design. Furthermore, the 

emphasis on anisotropy-aware optimization mirrors the direction of modern 

sustainable fabrication, which involves intelligent use of materials and 

energy. The potential to apply the same principles to recyclable or waste-

based materials in the future underscores its alignment with sustainable 
goals. 

 

 

Sustainability and the Built Environment 

 
From a sustainability perspective, reducing structural mass through 

optimized layouts can directly lead to energy savings during fabrication and 

transportation, critical concerns in additive manufacturing. Moreover, 

embedding the physical realities of 3D printing into the algorithm promotes 

more feasible and buildable outcomes, minimizing rework and material 

waste. 
 

 

Socio-cultural and Ethical Impact 

 

The project addresses the challenge of bridging cutting-edge computational 
tools with the practicalities of structural production. It responds to the 

increasing demand for optimized, sustainable, and expressive structures in 

contemporary architecture. By pushing for integration between structural 

performance and fabrication realities, the research aligns with broader goals 

of responsible innovation in the construction industry. 
 

 

Impact on Architecture and the Built Environment 

 

This thesis enables a shift in how designers approach structural geometry, 
especially in contexts where anisotropic materials or AM methods are used. 

It opens the door to novel structural expressions that are both efficient and 

tailored to fabrication realities, offering new possibilities for architectural 

language and material intelligence. The research not only optimizes for 

performance but does so with the understanding that design constraints are 

inherently linked to material and fabrication. 
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Personal Remarks 
 

Reflecting on the development of this thesis, it is clear that the process was 

more challenging and demanding than initially anticipated. While the 

conceptual foundation of adapting a topology optimization algorithm to 

account for anisotropic behavior in 3D-printed materials was both inspiring 
and well-motivated, the path to a functional and coherent implementation 

involved complexities that only became evident as the work progressed. 

 

A recurring challenge throughout this journey was a tendency to over fixate 

on the outcomes and structure of last year’s work. While Brueren’s results 

were certainly a valuable reference, they at times became a distraction from 
the real objectives of this thesis. Trying to replicate or match prior results, 

especially in contexts where the material behavior and goals were 

inherently different, pulled attention away from the novel contributions of 

this project. A clearer focus on my own thesis goals, independent from prior 

work, would have helped maintain momentum and direction during crucial 
development phases. 

 

The mechanical testing component also offered important lessons. With 

better preparation, particularly in researching appropriate testing standards 

and procedures for capturing directional stiffness properties, more reliable 
and meaningful data could have been obtained. Some of the ambiguity in 

defining the anisotropic ratios used in the optimization logic stemmed from 

incomplete or inconclusive test results. A more targeted experimental setup 

could have significantly strengthened the overall value of this whole 

research. 

 
Despite these hurdles, this thesis journey has been deeply educational, both 

technically and personally. It offered the opportunity to work at the 

intersection of computational mechanics and algorithm design while also 

highlighting the realities of research: dealing with ambiguity, making 

informed decisions with incomplete data, and learning from setbacks. These 
lessons will continue to inform my work beyond this thesis, and I leave this 

project with a much better understanding of fundamental concepts that 

govern both computational and structural design even though there is still 

much to learn. 
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