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summary

This study investigates the integration of local resonant metamaterials (LRMM) into floating membrane
systems to enhance their wave energy interaction performance. The primary objective is to numerically
examine how LRMM influence the dynamic response and energy characteristics of a coupled fluid—
structure system, with a particular focus on wave reflection, transmission, and absorption under different
configurations and excitation frequencies.

Floating membranes have gained attention as novel candidates for wave energy converters (WECs)
and floating breakwaters due to their lightweight, flexible properties and adaptability to marine environ-
ments. However, they are less effective at lower frequencies and near their structural natural frequen-
cies, where wave transmission becomes dominant and energy absorption is low. Insights from previous
studies in acoustic and elastic metamaterials suggest that local resonators may introduce bandgaps
that block wave propagation in certain frequency ranges. Motivated by this, the current work explores
whether similar principles can be applied to enhance hydrodynamic control in floating membrane sys-
tems.

The numerical model is built upon a monolithic finite element framework that handles strong fluid—
structure coupling in a unified variational formulation. The fluid is governed by a linear free-surface
potential flow model, while the membrane is treated as a pre-tensioned one-dimensional structure.
A linear single-degree-of-freedom (SDOF) viscoelastic model is used to describe the dynamics of the
LRMM. This setup enables consistent coupling and modal analysis across mixed-dimensional domains,
and serves as the foundation for all simulations performed in this study.

A comprehensive set of dry and wet modal analyses reveal that LRMM introduce new resonant modes
that are strongly frequency-selective and spatially localized. The presence of LRMM also alters membrane-
dominated modes, with effects depending on resonator frequency, mass, and placement relative to
modes. Frequency-domain simulations further demonstrate that LRMM can significantly reduce wave
transmission and amplify reflection when resonance occurs, even suppressing the structural resonance

of the membrane itself. These results confirm the potential of LRMM to induce bandgaps in water wave
systems and to function as passive wave control devices.

Extensive parametric studies were conducted to systematically examine how key resonator properties—
including natural frequency, spatial placement, mass, and damping—affect the system’s energy behav-
ior. The results provide clear design insights, such as optimal placements aligned with antinodes and
damping-tuning to maximize absorption. Finally, a realistic sea-state scenario based on a scaled JON-
SWAP spectrum was simulated to assess the effectiveness of the system in practical conditions. The
findings demonstrate that LRMM can meaningfully reduce the downstream wave loading and increase
wave energy absorption over a target frequency band, highlighting its application potential in floating
structures.

In summary, this work provides a systematic numerical investigation into LRMM-enhanced floating
membrane systems, establishes a rigorous modeling and simulation framework, and offers key insights
into their wave energy control capabilities. The results form a theoretical basis for future design and
experimental implementation of metamaterial-based wave-interacting structures.

i
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Introduction

1.1. Research Context

As global attention shifts towards renewable energy development and climate resilience, the role of
offshore structures has become increasingly prominent. Especially in Europe, where the European
Commission (2020) has outlined a strategy to harness offshore renewable energy as part of its 2050
carbon-neutral goal. Meanwhile, coastal regions face growing pressure due to rising sea levels, climate
change-driven extreme wave conditions (Lobeto et al., 2021), and the expanding need for clean energy
and habitable space. In this context, the oceans are not only seen as a source of environmental risk but
also as a potential platform for integrated solutions that combine energy production, coastal protection,
and spatial expansion. Research on how to address these challenges and harness ocean energy to
relieve the associated pressures represents a promising yet urgent direction for future exploration.

An increasingly explored and effective structural solution in this domain is the use of Very Large Floating
Structures (VLFS). These are large-scale, flexible platforms floating on the sea surface, often spanning
hundreds of meters. Due to their relatively low structural stiffness and the comparable wavelength of
ocean waves, the response of VLFS is governed by a complex interplay of inertial, hydrodynamic, and
elastic forces (Suzuki et al., 2006) - commonly referred to as hydroelasticity. This complex coupling
requires accurate modeling to predict system behavior under wave loading and to ensure structural
stability and performance.

VLFS have a wide range of applications in offshore and energy-related fields. Floating photovoltaic
(FPV) platforms, for example, enable large-scale solar energy deployment in regions with limited land
availability (Agnelli et al., 2023; Ramanan et al., 2024; Trapani et al., 2013). Floating infrastructure
projects have been proposed to relieve pressure on land-based development. These include floating
airport runways (Suzuki, 2005), offshore urban extensions such as floating cities (Takeuchi & Yoshida,
2022), and specialized facilities like floating sports fields and offshore oil storage platforms (C. M. Wang
& Tay, 2011). Floating breakwaters serve as lightweight and low-environmental-impact wave barriers
to protect coastal region or offshore structures (Cho & Kim, 1998; Dai et al., 2018). Figure 5.12b shows
various applications of VLFS.
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(c) floating breakwater

(d) wave energy converter

Figure 1.1: Applications of very large floating structures (VLFS)

In response to the need for multifunctional and adaptive floating systems, recent research has explored
hybrid structures that integrate energy harvesting and wave attenuation within a unified design. One
such approach is the use of modular wave energy converters (WECs) deployed at the front of a VLFS,
as proposed by Cheng et al. (2022). These WECs are traditional point absorbers, typically consisting
of a floating buoy connected to a seabed-mounted generator that extracts energy from their relative
motion. Another way of harvesting wave energy is by transforming the wave-induced kinematic motion
of the VLFS itself into storable energy (Michele et al., 2020). Recent research has demonstrated that
employing piezoelectric materials allows the transformation of mechanical energy into electrical energy
via the piezoelectric effect (Renzi et al., 2016).

1.2. Research Problem

VLFS as breakwaters hold great promise when integrated with wave energy conversion mechanisms.
Compared to conventional point-absorber wave energy converters (WECs), floating membranes offer
the potential to harvest wave energy across a broader range of frequencies. Their distributed and
compliant nature enables more continuous energy extraction and may enhance overall efficiency in
real sea states. A recent example of such an approach is the viscoelastic floating membrane proposed
by Agarwal et al. (2024), which simultaneously acts as a wave absorber and a breakwater by dissipating
incident wave energy through structural deformation.

While this membrane-based concept is elegant and lightweight, the same study also revealed its limita-
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tions. Due to the inherent characteristics of viscoelastic membranes, their energy absorption capacity
is generally stronger at higher frequencies, whereas performance at lower frequencies remains limited.
Furthermore, when the excitation frequency aligns closely with the membrane’s natural frequency, reso-
nance occurs, resulting in almost complete wave transmission through the structure. In such scenarios,
the membrane’s capacity to act as an effective breakwater is significantly diminished. These frequency-
selective limitations highlight a fundamental challenge in designing broadly effective membrane-based
WECs.

A promising solution to this issue lies in the incorporation of Locally Resonant Metamaterials (LRMM).
These consist of periodically distributed resonant units, typically mass-spring-damper systems, capable
of inducing bandgaps through local resonance (Chang et al., 2018). Such structures can be tuned to
attenuate specific low-frequency components, even when the overall wavelength is much larger than
the feature scale of the resonators. By integrating LRMM into floating membranes, it may be possible to
enhance energy absorption in the low-frequency range and suppress resonance-induced transmission.

Previous studies on LRMM have predominantly focused on their use in elastic solids or acoustic media,
demonstrating remarkable capabilities in vibration isolation, energy trapping, and wave filtering (Pires
etal., 2022). However, little work has been done to explore their behavior under a multi-physics hydroe-
lastic environment. To better understand its effect and role under this scenario, it needs a systematic
analysis of the system’s dynamic characteristics. This gap motivates the current research. This task
presents multiple challenges: the response of the system is highly sensitive to the properties and con-
figuration of the resonators, and the three-way interaction between fluid, membrane, and resonator(s)
requires careful numerical treatment to capture the coupled dynamics accurately.

1.3. Research Objectives

This research aims to systematically investigate how the coupling of locally resonant metamaterial
(LRMM) affects the dynamic response of the floating membrane and its capacity to modulate or utilize
wave energy, particularly in lower frequency regimes. Through modal analysis and systematic nu-
merical simulations, the study explores their potential applications and the corresponding key design
parameters for wave energy absorption or mitigation.

1.4. Research Scope

This thesis builds upon an existing finite element framework developed for hydroelastic floating mem-
branes (Agarwal et al., 2024; Colomes, 2022), and does not aim to construct a new numerical model
from scratch. The focus is instead placed on extending this model by incorporating locally resonant
metamaterials (LRMM), and investigating the coupled dynamics through a series of numerical simula-
tions.

The study adopts a fully numerical approach. The modeling framework is based on linear wave the-
ory over a constant-depth water domain, and a linearized representation of LRMM modeled as mass—
spring—dashpot systems. The structural domain is represented by a one-dimensional pre-tensioned
membrane, while the fluid field is resolved over a two-dimensional vertical slice, assuming width-
direction uniformity. These simplifications enable efficient parametric analysis while retaining the es-
sential physics of wave—structure—resonator interaction.

The simulations are designed to provide insights into the dynamic response of the system, such as
deformation modes, frequency-dependent behavior, and wave energy modulation effects. The model
does not account for nonlinearity in fluid or structural responses. Instead, the aim is to understand the
fundamental mechanisms and to lay a numerical foundation for future extension toward more realistic
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and complex configurations.

1.5. Research Questions

From the previous information the main research question can be drawn:

How does the coupling between Locally Resonant Metamaterials and Hydroelastic Mem-
brane influence the dynamic response of the whole system and surrounding wave field,
and how can this understanding guide the design for wave energy absorption or attenua-
tion devices?

To address this question, the following sub-questions are defined:

1.

What are the dry and wet natural frequencies and mode shapes of the coupled system, and how
does LRMM influence and modify these?

. What are the characteristic deformation patterns of the membrane and the surrounding wave field
when subjected to different excitation frequencies?

How does the addition of LRMM modify the energy reflection, transmission and dissipation char-
acteristics of the structure?

How do the key parameters of the resonators (frequency, position, damping ratio, mass ratio)
affect the energy distribution (absorption, reflection, transmission) in the wave—structure system?

How does the LRMM-membrane system perform under a sea-state condition, and what does this
imply for its potential application as a wave energy converter or a floating breakwater?

1.6. Thesis Structure

This thesis is structured into eight chapters, systematically addressing the research questions through
numerical modeling, parametric study, and structural optimization.

» Chapter 2 Literature Review: Provides a critical analysis of existing research related to hydroe-
lasticity, locally resonant metamaterials (LRMs), and their coupling effects. It also examines the
numerical modeling techniques (FEA, CFD) and coupling strategies used in similar studies and
identifies research gaps that justify this thesis.

Chapter 3 Numerical Formulation: Introduces the governing equations of the coupled fluid—
structure—resonator system, based on linear potential flow and membrane dynamics. It presents
the monolithic finite element formulation used to solve the problem, along with the numerical
implementation details, including coupling strategy, boundary conditions, and weak form in the
frequency domain.

Chapter 4 Modal Analysis of the Coupled System with LRMM: Present the discrete form of
this problem and a novel methodology of wet modal analysis.

Chapter 5 Numerical results analysis: Investigates the deformation patterns of the membrane
and the surrounding wave field under various excitation frequencies. Both wet modal analysis and
frequency-domain simulations are performed to analyze the influence of LRMM on the system’s
natural frequencies, mode shapes, and energy characteristics such as reflection, transmission,
and absorption. It starts with one resonator without damping and goes to more complicated cases.

Chapter 6 Parametric studies of LRMM: Conducts a systematic parametric study on key LRMM
properties, such as resonance frequency, mass, and spatial position, to evaluate their influence
on wave interaction performance and to identify favorable parameter ranges for wave attenuation
or absorption.
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» Chapter 7 Application of the hydroelastic LRMM-membrane system: This chapter investi-
gates the performance of the LRMM-membrane system under a representative sea-state, aiming
to bridge the gap between theoretical modeling and practical application. Using a scaled-down
Jonswap spectrum as input, the system’s response is analyzed in terms of wave force reduc-
tion and energy absorption. The results are used to evaluate its potential application as a multi-
functional offshore structure, serving as both a breakwater and a wave energy converter, while
highlighting how key resonator mechanisms contribute to desirable performance under realistic
conditions.

» Chapter 8: Conclusion and Suggestions: Summarizes key findings, reflects on current ap-
proach and models, discusses limitations, and suggests directions for future research, such as
multiple or non-linear resonators and model sensitivity study.

To clarify the relationship between the research questions and the thesis chapters, Table 1.1 outlines
how each research question is addressed within the thesis structure.

Table 1.1: Mapping of Research Questions to Thesis Chapters

Research Questions Relevant Thesis Chapters
RQ.1 Chapter 4, 5

RQ.2 Chapter 5

RQ.3 Chapter 5

RQ.4 Chapter 6

RQ.5 Chapter 7




[Literature Review

This chapter reviews the theoretical and numerical foundations relevant to fluid-structure-resonator
interaction in flexible floating membranes. It begins by introducing the concept of hydroelasticity, fol-
lowed by a summary of two main methods, namely modal expansion and the direct method, together
with representative applications. It then presents the principles and applications of LRMM, along with
strategies used to model their dynamic behavior. Finally, it discusses numerical coupling schemes for
fluid—structure—resonator systems, highlighting the advantages of monolithic formulations in strongly
coupled settings.

2.1. Hydroelasticity and Hydroelastic Methods

Hydroelasticity describes the interaction between fluid forces and deformable structures, particularly
in marine environments. Unlike rigid bodies, floating structures made of flexible materials undergo
elastic deformations when subjected to waves. This requires a coupled analysis of hydrodynamics and
structural mechanics. Bishop and Price (1979) first systematically studied the hydroelasticity of ships
at an early stage, laying a theoretical foundation in this field. It is further contributed by Y. Wu (1984)
for three-dimensional applications. These studies enabled early hydroelastic analysis of large floating
structures modeled as beam (Georgiadis, 1981), as well as structures of arbitrary geometry (Price
& Wu, 1985). To numerically analyze hydroelastic problems, two main methodological approaches
have emerged, as summarized by Zhang and Schreier (2022): the mode expansion method and the
direct method. These represent fundamentally different philosophies of coupling hydrodynamics with
structural response.

In the mode expansion method, the structural motion is expressed as a combination of mode shapes
and modal amplitudes, while the fluid field is solved independently, often through Green’s integral for-
mulation. The coupling is achieved by evaluating hydrodynamic forces caused by unit amplitude motion
of each mode. This method has been extensively applied to beam and plate-type VLFS due to its com-
putational efficiency and ease of implementation (Abul-Azm & Gesraha, 2000; D. Chen et al., 2022;
Karmakar & Soares, 2012; Meylan, 2021). Although some of the studies use wet modes to evaluate
structure motion (Loukogeorgaki et al., 2012), the dry-mode approach has been widely favored for its
simplicity and orthogonality properties. However, its accuracy decreases for large or highly flexible
structures, where many modes are needed to capture the dynamic response, and the hydrodynamic
forces may be overestimated (Taylor, 2007).

In contrast, the direct method solves the coupled fluid—structure interaction equations directly, through
various numerical schemes. This allows for greater accuracy in high-frequency or strongly coupled sce-
narios, but normally results in larger systems of unknowns and is time-consuming (Taylor, 2007). Early
implementations used Green’s function on the wet surface and finite element discretization to obtain
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structural responses (Yago, 1997), but were often limited by computational cost. Improvements such
as the analytical cover method proposed by Ohkusu and Nanba (1996) and the expansion-matching
approach by Ertekin and Kim (1998) enhanced efficiency by reducing domain complexity and avoiding
full wet-surface integration. Overall, while modal expansion offers efficiency and conceptual simplicity,
the direct method provides higher accuracy and robustness in complex or strongly coupled systems.

2.2. Locally Resonant Metamaterials and its modeling

Locally resonant metamaterials (LRMM) are artificial structures designed to manipulate wave propa-
gation by introducing subwavelength-scale resonating units into a host medium. These types of meta-
material have unusual physical properties such as negative effective mass (Liu et al., 2000). Unlike
conventional scattering metamaterials, which rely on periodicity and structural scale comparable to
the wavelength, LRMM achieve wave attenuation through local resonance, allowing them to operate
effectively even at low frequencies (Cenedese et al., 2021).

The fundamental mechanism of LRMM lies in the formation of locally resonant bandgaps-these are fre-
quency ranges in which wave propagation is inhibited. When a structure containing internal resonators
is excited within such a range, the resonators oscillate out of phase with the surrounding medium, lead-
ing to destructive interference and strong wave attenuation. This mechanism is effective in elastic,
acoustic, and mechanical wave systems, particularly in the low-frequency regime (Chang et al., 2018;
Huang & Sun, 2009). The bandgap characteristics can be tuned by altering the mass, stiffness, and
geometry of the resonating units, providing design flexibility for targeted wave control (Bigoni et al.,
2013; Krushynska et al., 2014; Sugino et al., 2016).

Due to their frequency-selective attenuation characteristics, LRMM have been widely applied across
different fields. In structural dynamics, they have been used to suppress vibrations and mitigate impact
loads in beams, plates, and embedded components (He et al., 2023; Li et al., 2025). In acoustics,
LRMM are employed in sound insulation and noise control by tailoring resonator configurations to cre-
ate tunable acoustic bandgaps (Y. Chen et al., 2024). In the electromagnetic, LRMM are frequently
employed to design frequency-selective resonators and filters. For instance, in the mid-infrared range,
C. Wu et al. (2013) developed a silicon-based metasurface, enabling highly precise control over op-
tical wave propagation. These applications demonstrate the versatility of locally resonant systems in
passive wave control and energy localization.

LRMM are most commonly modeled using discrete mass—spring-dashpot systems, which capture the
essential dynamics of internal resonators. The simplest and most widely used configuration is a single
degree of freedom (SDOF) system, where each resonator is idealized as a lumped mass connected to
the host structure via a linear spring and damper (Valappil & Aragon, 2025). This allows analytical or
semi-analytical exploration of bandgap formation and parameter sensitivity. More complex represen-
tations involve connecting multiple lumped resonators, resulting in multi-degree of freedom (MDOF)
systems (Chang et al., 2018; G. Wang et al., 2023). For example, two-stage resonators or nested
structures can introduce additional bandgaps or broaden the frequency range of attenuation. Beyond
that, nonlinear extensions of the basic model have also been proposed, where nonlinear stiffness or
damping terms are introduced to account for amplitude-dependent behavior, large deformation, or hys-
teretic effects (Fang et al., 2018).

However, due to the limited availability of research on LRMM in fluid—structure interaction environments,
particularly in the context of wave—membrane systems, we adopt the simplest form of modeling in this
work. Each resonator is treated as a linear SDOF mass—spring—damper unit coupled to the membrane.
This choice provides a clear baseline to assess the potential of LRMM in attenuating water wave energy
through local resonance. More advanced models, such as nonlinear or distributed resonator systems,
are seen as future studies.
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In the context of floating hydroelastic systems, the integration of LRMM introduces additional challenges
due to the presence of fluid—structure interaction. However, the same fundamental principles apply:
resonators can be tuned to suppress wave-induced structural responses in selected frequency bands,
potentially improving energy absorption and reducing transmitted wave energy.

2.3. Numerical Modeling strategies for FSI

Numerical strategies for modeling fluid—structure interaction (FSI) problems involve two key considera-
tions: the strength of coupling (one-way or two-way coupling) and the solution strategy (partitioned or
monolithic approach). A one-way coupling considers only the influence of one domain on another, while
the reverse feedback is ignored. For instance, when analyzing the influence of waves on a structure,
the feedback from the structure to the wave field, such as wave dispersion or scattering, is neglected.
This simplification may be acceptable when the structure is small or rigid compared to the wavelength.
However, for flexible systems such as floating membranes, two-way coupling becomes essential, as
the structural deformation can significantly affect wave propagation, reflection, and energy dissipation.

Two-way coupling problems can be addressed using either a partitioned approach, which solves the
fluid and structural domains separately and enforces compatibility through boundary exchange, or a
monolithic approach, which formulates a single system of coupled equations. One example of the
partitioned approach is given by loannou et al. (2025), where it addresses the non-linearity in the time
domain. While partitioned methods allow the reuse of established solvers for each domain, they often
suffer from stability and convergence issues, especially when the added mass effect is considered
(Causin et al., 2005).

The monolithic approach, by contrast, treats the coupled dynamics in a unified framework and is well-
suited for multi-physics systems involving strong fluid-structure interaction (Hiibner et al., 2004). It can
apply the compatibility conditions simultaneously by iteratively solving the coupled fluid and structural
domains, updating until convergence is reached. In recent studies, monolithic finite element models
have been successfully applied to simulate the wave interaction with floating flexible membranes under
a multi-physics setup (Agarwal et al., 2024; Colomés et al., 2022). In particular, such formulations facili-
tate the computation of wet mode shapes and frequency responses, which are critical for understanding
performance as WEC or floating breakwaters.

This modeling philosophy is also applicable to systems involving local resonators. The interaction
between the fluid, membrane, and local resonant units forms a tightly coupled system that can benefit
from the same monolithic treatment. The numerical framework developed in this study builds upon this
approach to simulate the dynamic behavior of LRMM-based floating membranes under wave loading.



Numerical Formulation

This chapter establishes the governing equations and monolithic formulation for the coupled fluid—
membrane-resonator system. Starting from linear potential flow theory and membrane dynamics, the
equations are reformulated in the frequency domain to capture steady-state wave excitation. A mono-
lithic variational framework is then developed to simultaneously represent the interactions among fluid,
membrane, and LRMM. This unified formulation forms the basis for both modal analysis and frequency-
domain simulations in subsequent chapters.

3.1. Problem setup

We consider a two-dimensional, inviscid, incompressible, and irrotational fluid domain 2, bounded
below by a rigid bottom I';,, and above by a fluid free-surface I' ;; where the elevation is small compared
to the wavelength and depth. The lateral boundaries are denoted by I';,, and I',,,.;, where incident and
outgoing waves are respectively applied or absorbed using damping zones 24 2. The fluid domain is
described by the linear potential flow theory. Additionally, the fluid domain is coupled with a thin (one-
dimensional) floating pre-tensioned membrane T',,,. And we consider there is no air gap (cavitation)
between I';,, and I's;. The floating membrane is anchored or free along portions of its lateral boundary
A,,., as appropriate. The whole problem setup is shown in 3.1. Please note that nonlinearities arising
from ocean wave dynamics and membrane deflection are neglected in the following analysis.

LRMM (k | ¢)

i le Q QdQ -rout

z

z=—h r,
Ldl LdQ I_. r

Lo

Figure 3.1: Problem setup of floating hydroelastic membrane coupled with locally resonant metamaterials
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3.1.1. Linear potential flow theory

Let ¢(x,t) denote the velocity potential, such that the fluid velocity is u = V¢. The governing equation
for the potential flow is Laplace’s equation:

Ap=0 inQ (3.1)

In the following boundary conditions, n is the outward unit vector normal to domain boundaries. On the
bottom boundary T, we impose a no-flow (Neumann) condition:

n-V¢=0 onl}y (3.2)

At the fluid inlet T, and outlet Iy, we impose:

n- V¢ =uj, on i, (33)
n-: V(Z5 = Uoyt ON Fout (34)

On the free fluid surface I'y, the standard linearized kinematic boundary conditions apply:

_9¢ _

k¢ on I (3.5)

where k(x,t) is the free surface elevation.
The pressure at the free surface is given by linearized Bernoulli equation Eq. (3.6), at free surface the
pressure is zero, thus leading to the linearized dynamic boundary conditions Eq. (3.7)

P = —puwdt — Puwgk (3.6)
¢y = —gk onTig (3.7)

where p,, is the water density, and g = 9.81 m/s? is the gravitational acceleration.

3.1.2. Governing equation for viscoelastic membrane

In this paper we are studying pre-tensioned membranes, for thin structures, the pre-tensioning would
dominate and the bending stiffness can be neglected. Detailed derivation and dimensional analysis
is given by Agarwal et al. (2024). Thus, the dynamic equation for the viscoelastic membrane can be
simplified to:

0, 0
mn — Vi - (TVen) — Vi - (TTVEmt) = fext, whereV, = — i+

where 7(x, t) is the transverse deflection of the membrane, m = p,, h,, is the membrane areal mass, T
is the pretension, and 7 is a constant damping parameter. The right-hand side fex represents external
forcing due to various excitations.

The boundary conditions for membrane edges A,, are given as:
Vi(n) -n=0 (free edge) (3.9)

In the following formulation derivation, the free edge boundary condition is used as default.
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3.1.3. Governing equations of LRMM

To represent the effect of LRMM, we introduce a series of spring-mass-damper systems distributed
over the membrane T',,,. Each resonator is modeled by a lumped vertical degree-of-freedom ¢(x,t),
defined over each membrane element (assumed piecewise constant), with mass m,., damping ¢,., and
stiffness k..

The relative displacement between the resonator and the membrane causes a restoring and damping
force, which is:

fr(XJ):Cr(d—??)‘f‘kr(q—n) on Fm (310)
The governing equation of each resonator satisfies:

mrG+e(G—n)+k(g—n)=0 onT,, (3.11)

3.1.4. Coupling boundary conditions

On the membrane interface I,,,, the kinematic free-surface condition is similarly:

% _

) 7 onTl,, (3.12)

The dynamic free-surface condition for I',,, coupled with LRMM is derived by expanding the external
excitation term on the right-hand side in Eq. (3.8). The external forcing contains two parts,The first
contribution arises from the fluid—structure interaction, where the free-surface pressure term derived in
Eq. (3.6) is applied on the right-hand side of the membrane equation. The second contribution origi-
nates from the restoring and damping force exerted by the resonators, corresponding to the reaction
force in Eq. (3.10). By substituting these two terms into f..: in Eq. (3.8) and divided by water density
pw ON each side, the complete coupling boundary conditions at the membrane-fluid interface is finally
obtained:

mpnee — Vi - (Tp,Van) — Vi - (tT, V) + ¢ + gn = fr(x,t), only, (3.13)

3.1.5. Frequency domain formulation
We assume all variables are time-harmonic with angular frequency w:
6(x, 1) = S(x)e ™, n(x,t) = n(x)e !, q(x,1) = q(x)e ™, R(x,t) = K(x)e !

We consider N identical spring-mass-damper oscillators located at discrete points {x;}¥., c I',,, each
exerting a pointwise coupling force on the membrane via a Dirac delta function. The governing equa-
tions in the frequency domain are given as:
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Ap=0 inQ (3.14)
99 k=0 onTy (3.15)
0z
—iwp+gr =0 onTIy (3.16)
%-i-iwn:() onTl,, (3.17)
0z

— mpw’n —iwe + gn — Vi, - [T,(1 — iwr) V1)

N
= Z(ﬂ'wcr + k) pw - (@i —n(x))6(x —x;) onT,, (3.18)

(—mpw? —iwe, + k) /pw - @ = (—iwe, + k) /pw - n(x) 6(x —x;) fori=1,...,N onT,, (3.19)

This completes the coupled frequency-domain model describing the interaction of waves, floating mem-
branes, and distributed spring-mass oscillators.

3.2. Monolithic FEM formulation

3.2.1. Monolithic weak form

This problem is solved using a monolithic finite element formulation, following the method proposed by
Colomes (2022), which is later extended to analyzing the dynamic response of visoelastic pre-tensioned
floating membranes by Agarwal et al. (2024). In this research, we extended this formulation one step
further by introducing the strong coupling of LRMM. Before proceeding to the weak form and discrete
form of the problem, we first introduce some functional notation used throughout this work. Let L" (),
with 1 < r < oo, denote the space of functions whose r*"* power is absolutely integrable over the
domain €. In our particular case where r = 2, this space becomes a Hilbert space equipped with the
standard inner product:

(u,v)q & /Q u(x) v(x) dQ. (3.20)

The space of functions whose distributional m‘"* order derivatives in L?(2) are denoted by H™ ().
When m = 1, which is the situation widely occurred in the following equation derivation process, it is
also a Hilbert space. The same notation as in Eq. 3.20 will also be used to take the integral of the
product of two functions for both scalar and vector fields. Additionally, this integral notation is also
applied on a given boundary of our interested domain, I" C €, written as:

(u,v)r & /Fu(x) v(x)dr. (3.21)

We now describe the monolithic weak formulation of the coupled problem in the frequency domain. Let
w denote the angular frequency of interest, ¢ denote the velocity potential, « denote the free-surface
elevation, n denote the membrane deflection and ¢ denote the displacement of the resonators. All field
variables are assumed time-harmonic with time dependence e~**. We define the complex-valued trial
and test spaces as follows.

Let
[¢1K7W7Q]€VXVI—}SXVF XQ

m

where:
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V = H'(Q) is the fluid potential space,
* Vr, :={v|r, : v € V} is the trace space on Iy for x,
* Vr, :={vlr,, : v € V}is the trace space on T',, for n,

« Q:={qe L*Tn) | qlx € C, VK C T',,,} is a piecewise constant function space for the oscillator
field.

The associated test functions are in sequence denoted by [w,u,v,&] € V x Vp, x Vr,, x Q.

The monolithic weak formulation reads:

Find [, #,1,q] € V x Vr, x Vr,. x Q such that: (3.22)

m

Bw([ﬂsyﬁ,%(ﬂ» [w7uaua£]) = Lw([w,u,v,ﬁ]) V[w,u,v,f] € V X VFfs X Vrm X Q (323)

The bilinear form B,, consists of the following contributions:

T,(1 — iwT)Vn, Vu)p
T,(1 —iwt)Vn-n,v)a,,

m

(
(
+(—=mpw’n —iwd + gn,v)r,, + (iwn,w)r,,
(
(

+3 (—iwer + k) (g = n(xi)) /pw - v(xi)
N
+ Z [(—mrw2 —iwer + k) g — (—iwe, + kT)n(xi)] /Pw & (3.24)

The right-hand side linear functional L,, is given by:

Ly ([w, u,v,&]) = (tin, w)r,, + (Uout, W) Ty (3.25)

For completeness and clarity, we now describe and outline the steps leading to the bilinear form. We
first multiply the governing equation Eq. 3.14 with test function, w, integrate it over the domain (2, and
integrate by parts. The kinematic boundary conditions from Eq. 3.2 to Eq. 3.5 are then substituted to
replace the normal velocity at boundaries. It results in the term in the first row, last term in the second
and third row. For the dynamic boundary condition, it is incorporated by multiplying against a modified
test function, 8, (u + ajw), resulting in the first term in the second row. The modified test function
is used to keep the free surface stabilize, see (Akkerman et al., 2020). The dynamic fluid-structure-
resonator coupling conditions in Eq. 3.18 is multiplied against test function,v, and the high order terms
are reduced also using integrate by parts, taking the free edge boundary conditions(Eq. 3.9). It results
in the first term in the third row and all the terms form the 4" to the 6" row. Finally the last row is
obtained by multiplying the governing equation of LRMM (Eq.3.19) with its test function &.

This monolithic formulation incorporates the fluid domain, free-surface dynamics, floating membrane,
and distributed resonators in a unified variational framework. The coupling between membrane and res-
onator is captured via ¢ — n terms both in the membrane equation and the oscillator equation, ensuring
energy-conserving interconnection.
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3.2.2. Spatial discretization

The continuous weak formulation derived in Section 3.2.1 is discretized using finite-dimensional func-
tion spaces defined over a conforming triangulation of the computational domain. Let 7, denote the
conforming mesh of the fluid domain €2, with corresponding triangulations of the boundary subsets T,
I'y,, and Iy, representing the free surface, membrane, and resonator locations, respectively.

We define the following finite-element spaces for the primary variables:
V), for the fluid potential ¢, defined as a continuous Lagrangian space of polynomial degree r > 1:
Vi i={wp € C°(Q) | wn |k € Pr(K), VK € Tp},
where P,.(K) denotes the space of polynomials of degree r on element K.

* Vs p, for the free-surface elevation «, defined as the restriction of V), to the free-surface boundary:

st,h = {wh|E cwp €V, VE € Ffs7h}.

* V., for the membrane displacement 7, similarly defined on I,

Vi = {wp|g : wp, € Vi, VE €Ty}

+ 9, for the lumped resonator displacement ¢, defined as a piecewise constant space on the dis-
crete resonator support I'y:

Q= {an € L*(Tyup) t qnlx €C, VK C Ly}

The discrete trial and test function spaces are thus defined as:

X = Vi X Vis,n X Vi, X @, Vi =V X Visn X Vin,n X Qh.

The monolithic finite-element problem reads: Find (¢n, k1, 11, gn) € X5, such that

By [(Oh, Kby iy @n), (Why Un,y U, ER)] = Lo [(Wh, Un, VR, ER)]s V(wh, un, Uk, ER) € Vh, (3.26)

where the bilinear and linear forms are defined as in Eqgs. (3.22)—(3.23), evaluated over the discrete
mesh.

In practice, we use second-order Lagrange elements for V},, and assign Dirac delta function for Q,
to represent the pointwise coupling between the resonators and the membrane. The discrete system
matrix is sparse, complex-valued, and assembled using the Gridap.jl finite element framework in Julia.

3.2.3. Wave generation and wave damping zone

In this study, waves are introduced into the numerical domain by prescribing the incoming velocity
potential on the inflow boundary T',, following Neumann boundary conditions derived from linear Airy
wave theory. A damping layer of length L, is implemented adjacent to this boundary to prevent reflection
of incident waves, as schematically shown in Fig. 3.1

To prevent spurious reflections from the membrane back into the inlet domain, a specially designed
free-surface damping region ), is applied near the structure. Within this zone, we adopt a spatially
varying artificial damping approach (applied on I';) based on the so-called ¢—n type formulation, similar
to the Method 5 approach detailed in Kim et al. (2014). The damping is introduced via additional terms
in the governing equations for ¢i, and 7;,, which gradually attenuate wave energy over the length of the
damping zone. These terms are modulated using smooth spatial functions:
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) T —x
B1 = o (1 — sin <72r : I, 0)) ) o = kg (3.27)

where z, denotes the location where damping begins, k is the wave-number, and po determines the
maximum damping strength. This smooth distribution ensures gradual energy decay, minimizing artifi-
cial reflections. Additional implementation details can be found in Kim et al. (2014).

The prescribed quantities 7;, and ¢;, follow linear Airy wave theory. Two types of damping-modified
free surface conditions are applied:

» Dynamic-Free Surface Condition (DFSC):

9 (09 Odin
or — I <8t on ) (3.28)
» Kinematic-Free Surface Condition (KFSC):

on 09 ,

58, o (K — Kin) (3.29)

These expressions selectively damp wave components along the free surface, particularly those re-
flected from the floating membrane.

To simulate an open water environment, the Sommerfeld radiation boundary condition is applied on
T'out- This condition allows waves to pass through the boundary without being reflected back, effectively
creating a semi-infinite fluid domain. In the frequency domain, it is written as:

V¢ -n=ikd on Ty (3.30)

This helps ensure that the outgoing waves leave the domain smoothly. An additional damping zone
near 'yt is only used in special cases when needed.

This combined approach of damping zones and non-reflecting boundary conditions has proven effective
in eliminating spurious wave reflections and enabling stable simulation of both incident and scattered
waves, even in mildly nonlinear and multidirectional scenarios (Kim et al., 2014).



Modal Analysis Approach of the
Coupled System with LRMM

This chapter presents the methodology for performing modal analysis of the coupled fluid—structure—
resonator system in the absence of damping. Starting from the system’s governing equations, we for-
mulate the eigenvalue problem to compute both dry and wet natural frequencies and the corresponding
mode shapes. Particular attention is given to the iterative algorithm for both dry and wet modal analysis
as the presence of the frequency (w) dependent terms.

4.1. Dry modal analysis approach

Neglecting the interaction between the floating membrane and the surrounding fluid, we first consider
the dry modal characteristics of the coupled system consisting of the membrane and the locally reso-
nant spring—mass resonator (hereafter referred to as resonator). This analysis excludes all fluid inter-
action and focuses solely on the intrinsic structural modes of the membrane—resonator system. These
dry modes serve as a reference for interpreting the added mass and stiffness contributions from the
surrounding fluid, and offer insight into the underlying structural dynamics of the coupled system.

To derive the dry modal formulation, we begin by considering the membrane with resonator coupling,
excluding the fluid potential ¢ and free-surface elevation x. The governing equation is obtained by
setting = = 0 and removing all fluid-related terms from the full weak formulation of the wet problem.

The resulting frequency-domain weak form reads as follows:

Find ny, € Vr,., qn € C, such that for all test functions v, € Vr,, &, € C,
a’((nha qh)7 (’U}“ gh)) =0
with the bilinear form defined as:

a((n, qn); (n, &n)) = (T,Vn, Vor)r,, —w® (myvn, m0)r,,

K¢ My

+ —(iwrc — ) 6(vp - Mp) + (iwre — i) 6(&n - vn)

KT, Cra
+ —(iwrc — TK) (S(Uh . fh) + (TK — iwrc) 5(fh . fh) —w2 ’I“M(S(gh . fh)
C41 K44 ]\444

16
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This leads to the following 2 x 2 block eigenvalue problem:

Ky + Ki; —w*Mn Ca mp| _ [0 1)
Cu Kyy — W2M44 dp

Matrix definitions:

Mll - (mpvhvvh)l‘ma

Ky = (T,Vm, Vo),

Kiy = —(iwrc —1k) 6(nn - vn),

K44 = (TK — iwrc) (5(5}, -fh), (42)

Mys = a1 8(En - &n),

Cra = (iwrc — 1) 6(&n - vn),

Cy = —(—iwrc + ’I"K) 5(Uh . €h)
Here, m, = m/p,, and T, = T'/p,, are the non-dimensionalized membrane mass and pre-tension pa-
rameters. The Dirac delta operator 4(-) represents the evaluation of the fields at the resonator attach-
ment location(s). This formulation captures the resonator-enhanced dry dynamics of the membrane,
and can be used to compute its natural frequencies and mode shapes in the absence of fluid coupling.

The structure of the eigenvalue problem mirrors that of the wet formulation, minus the contributions
from the fluid DOFs ¢ and «.

We further rewritten the block eigenvalue problem4.1as a system of two equations:
(K{y + Kiy —w’Myi1)n, + Craq, =0 (4.3)
Cumy, + (Kaa — w*Myg)g, =0 (4.4)

Assuming (K4 — w?Myy) is invertible, we solve Equation (4.4) for q,:

q[) = —(K44 — w2M44)7lC41nh (45)

Substituting (4.5) into (4.3) yields:

(K + K7 — w?Myp)my, — Cra(Kyg — w?*Myy) " Cumy, = 0 (4.6)

We now define the frequency-dependent operator representing the influence of the resonator(oscillator):

Rosc(w) = —Cra(Kaa — w?Myy) " Cuy 4.7)

This leads to the final eigenvalue problem:

[Kllil + K;l + Rosc(w)] ’I’]h = W2M117]h (4.8)
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4.2. Wet modal analysis approach

In addition to the effects of the surrounding fluid, the presence of locally resonator alters the dynamic
behavior of the membrane and modifies its natural modes. The modal analysis accounting for both fluid
interaction and local resonator dynamics is thus referred to as the wet modal analysis with resonator
coupling.

The weak form used for modal analysis is derived from the linearized frequency domain formulation (cf.
Eq. (15)) by setting 7 = 0 and excluding all external forcing terms. This results in a strongly coupled
eigenvalue problem involving the membrane displacement 7, the fluid potential ¢, the free-surface
elevation x, and the resonator displacement q.

The simplified weak form and its relationship with each element within the discretized eigenvalue matrix
reads:

Find (nn, ¢n, kn,qn) € Vr,, X Va x Vr,, x C, such that for all test functions (v, wp, un, &) €
Vr,, X Vo x Vp, x C,

m

a((’?ha@w‘f}u%), (U}uwhauhvfh)) =0

a((nIm ¢ha Rh, qh)7 (Uh,, Wh, U, fh)) = (Tpvnha VUh)Fm + (gvh, nh)FM _w2 (mpvhv ’r]h)l"m

membrane stiffness K¢ K1 My

+ (gkn — twdn, up)r + W(Kh, Vn)ry

fluid—-membrane coupling

+ —(iwrc — 1K) 0(vp - nn) + (iwre — i) §(Ep - vp)

KT, Cia
+ —(iwre — 1) 8(vn - &) + (i — iwre) (& - &) —w? Tard(&n - €n)
Ca1 Kyu Mya
+ (Vén, Vwp)a + —(iwwn, én) T on
K22 radiation BC
+ (gkn — 1WPh, un )Ty + 1w (Kn, W )Ty
C3, K33

+ (K, un)r,,
~———
C3a

Discretization of the system using appropriate finite element spaces yields the following block matrix
form:

K& + KY + K], —w?M;; —iwCis 0 Ch4 n, F,
iwCa Ko Cas 0 n| _ |Fo (4.9)
0 C3o K33 0 K Fy '

Cn 0 0 Ky —w?Mu| |g, F,
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The matrices are defined as follows:

My = (mpvn, vn)r,, K = (T,Vvn, Vou)r,,,

K11 = (gvnvn)r,,, Kiy = —(iwrg —ri) - 6p(vn - vn),

Ci2 = (whvvh)l—‘ma Co = Uhvwh)f‘mv

K22 = (th, th)Q - (ikwh7wh)rin,ou(’ (4.10)

023 = (iwuh, wh)pfs,
Mag = radp(6n) - &n
Ciq = (iwre — 1) - 6p(&n - vn),

Czo = —iwwh,uh)rfsa
Ky = (rx — iWTC)(S;D(ﬁh) “&n
Cy = —(—twre + 1K) - 0p(vn - &)

(

K33 = (gun, un)r,,,
(
(

To extract the wet modes of the membrane, the variables ¢ and « are eliminated through static con-
densation. Following the approach in Agarwal et al. (2024), we define the frequency-dependent fluid

response matrices as:

My(w) = Ko — Co3 K33 Csa,

A(w) = Cr2 M;l Co1

.11)
(4.12)

The resonator contribution is introduced through a dynamic stiffness term:

Rosc(w) = —Cha (Kag — w?*My4) 'Oy

(4.13)

The final frequency-dependent eigenvalue problem is then written as:

[K11 + Rose(w)] my, = w?(Miy + A(w))my,

where,

K = K{, + K} + K7,

(4.14)

This nonlinear eigenvalue problem is solved iteratively since both A and R depend on the eigenfre-
quency w. The iterative algorithm employed is illustrated in Figure 4.1. The resulting eigenfrequencies
and mode shapes reflect the joint influence of fluid inertia, hydrostatic stiffness, and local resonator

dynamics.

k=k+1 No

@ Compute
—)
Kn,CmiCn
Compute My, "°§ Solve for

K4, K% etc I Eigen values A

y
Compute

A

X
OJ”—

Aln]

Next Mode n = n+ 1

Figure 4.1: Iterative algorithm for determining the natural frequencies and mode shapes



Numerical Results

This chapter presents the numerical results obtained from the modal analysis and frequency-domain
simulations of the coupled fluidl-membrane-resonator system. The aim is to investigate the inherent
dynamic characteristics of the system under selected configurations, and to highlight the role of LRMM
in shaping the vibrational behaviour and energy interactions within the coupled fluid—structure domain.

The results are organized into two main parts. The first part focuses on modal analysis, beginning
with the dry modes of the membrane-resonator system and followed by the wet modes obtained under
fluid—structure interaction. Special attention is given to how the introduction of LRMM alters both the
natural frequencies and associated mode shapes. The second part investigates the dynamic response
of the system in the frequency domain under monochrome excitation, covering both undamped and
damped configurations.

The numerical implementation of the finite-element formulation and associated solvers was carried out
in the Julia programming language (Bezanson et al., 2017), using the Gridap finite element library (Ba-
dia & Verdugo, 2020). Gridap enables high-level implementation of weak form formulations in a syn-
tax that closely mirrors mathematical notation (Verdugo & Badia, 2022), facilitating the development
of accurate and maintainable code. Moreover, Gridap supports mixed-dimensional and mixed-order
finite-element assembly, which is essential for the coupled formulation involving both fluid domains and
membrane surfaces. These features make it well suited for the current study, where rapid prototyping
and efficient simulation of multi-physics systems are required.

5.1. Modal analysis results

In this section, the iterative algorithm mentioned in Chapter. 4 are used for studying the natural frequen-
cies and mode shapes for both dry and wet situations. The analysis is done for a finite size, materially
undamped, hydroelastic 1D membrane coupled with one specific LRMM. To be specific, a 1000 (kg)
local resonator with its frequency 2.4 (rad/s) and zero damping is coupled at the middle of the mem-
brane. The length of the membrane is L,,, = 2h, placed in 2D water domain with depth A = 10 (m), and
length L = 3L,,. The per-unit-area mass of the membrane is 0.9pg, and the tension T' = 10pg We
use this combination of the parameters as default when there is no explicit changes are mentioned. In
Subsection 5.1.3 we vary the properties of LRMM to see its influence on the results.

Because the analysis is done for free vibration case, no generation of incoming waves is needed.
Therefore, there are no damping zones in the water domain and the boundaries I;,,,T',,,; are set as
radiation BC 3.30. Given the convergence analysis information from Agarwal et al. (2024) and the
similarity of the simulation, we use the same element (rectangular elements with quadratic polynomial
shape function) and mesh setup as in that paper.

20
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5.1.1. Dry modal analysis
Dry natural frequencies and modes of the membrane only

We first introduce the dry membrane modes without LRMM as basic knowledge and a counterpart
for our following results. For dry modal analysis without LRMM, the coupling of the water domain
or LRMM is neglected, which simplifies this problem to an ordinary modal analysis case. There are
several approaches to performing this dry model analysis, either numerically or analytically. To keep
these results consistent and comparable with the following modal analysis results, we simply remove all
the LRMM terms from equation 4.8, and perform the modal analysis numerically. Figure 5.1 illustrates
the results.
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Figure 5.1: Dry natural frequencies and modes shape for membrane only

Dry natural frequencies and modes of the coupled system

We then proceed to the dry modal analysis of the system, including LRMM. The first six natural frequen-
cies and modes are given in figure 5.2. The dry modal analysis of the coupled system reveals critical
insights into how the inclusion of a point-attached spring—mass local resonator alters the vibrational
behavior of the base membrane structure.

By comparing results from the dry membrane only and the coupled system, we observe the emergence
of a new mode (mode 2 in figure 5.2) between the original Mode 1 and Mode 2 (in figure 5.1), resulting
in a position shift in the modal sequence for higher modes. For example, the third mode in figure 5.2
is actually very similar to the second mode in figure 5.1, and the fourth mode for the coupled system is
almost the same as the third mode of the counterpart.
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Focusing on this new "emerged” mode, it exhibits a natural frequency close to that of the resonator
itself, and its modal shape is highly localized at the resonator location in contrast to the rest membrane
dominated modes. The mode shape features a pronounced kink at the midpoint, indicating a strong
modal participation of the resonator. This observation is consistent with the fundamental working prin-
ciple of LRMM, where energy is locally trapped by the sub-wavelength resonator when excitation aligns
with its natural frequency (Chang et al., 2018).
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Figure 5.2: Dry natural frequencies and modes shape for membrane coupled with LRMM

Another important phenomenon is the occurrence of modes that remain nearly unaffected by the pres-
ence of the resonator. These are mode 1, 4, and 6. (Please also note that for wet mode 4, (i > 2),
it should be compared with dry mode ¢ — 1 as the emergence of the new mode.) These correspond
to cases where the resonator is located at or near a nodal point of the mode shape. Since the dis-
placement at the resonator location is negligible, the resonator is not significantly excited and does not
contribute to the modal deformation, leading to negligible changes in both the natural frequency and
mode shape.

For other modes such as mode 3 and 5, where the resonator is situated near an antinode, partial excita-
tion occurs. In such cases, the interaction between the membrane and resonator causes a noticeable
increase in the natural frequency, as the system stiffness effectively increases. Furthermore, the mode
shapes are modified around the resonator location, where a sharp gradient or slope change can be ob-
served. This local deformation feature, while continuous, indicates the presence of additional dynamic
stiffness and mass contributed by the resonator.

These results confirm that the influence of LRMMs on structural dynamics is strongly mode-dependent,
governed by the spatial location of the resonator relative to the modal pattern, and can either dominate,
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modify, or have negligible impact on specific modes

5.1.2. Wet modal analysis
Wet natural frequencies and mode shapes of the coupled system

Figure 5.3a shows the wet natural frequencies and modes for the same setup as used in dry modal
analysis. To compare between dry and wet situations, figure 5.3b visualizes the differences. The units
for all the natural frequencies shown in these figures are rad/s

The results clearly demonstrate the impact of fluid—structure interaction on the membrane’s dynamic
properties. Across all modes, the wet natural frequencies are consistently lower than the dry ones.
This frequency reduction is attributed to the added mass effect introduced by the surrounding fluid
(demonstrated in equation 4.12), which increases the system’s effective inertia and thereby reduces its
natural frequencies.

In terms of mode shapes, the wet modes tend to be smoother and exhibit less spatial curvature com-
pared to the dry cases. This is again due to the distributed influence of fluid loading, which suppresses
high spatial gradients in the structural response.

Rather interestingly, a notable exception occurs at Mode 2, where the wet mode shape is more peaked
than its dry counterpart, exhibiting a local amplification near the resonator region. This phenomenon
can be attributed to the different influence of added fluid mass depending on the dominant component
of the mode. Specifically, Mode 2 is resonator-dominated, in contrast to all other membrane-dominated
modes. In this case, the resonator undergoes strong resonance and exhibits large local deformation.
Since the LRMM itself is not significantly affected by fluid loading, its motion remains relatively unaf-
fected. However, it drives the adjacent membrane into motion, where the fluid’s added mass effect
becomes significant. Compared to the dry case, the membrane’s local response in the wet configura-
tion is suppressed due to the increased effective mass, resulting in a sharper peak at the resonator while
the surrounding deformation is dampened. This leads to the conclusion that for resonator-dominated
modes, the wet mode shape becomes more peaked than the dry counterpart, while for the membrane-
dominated modes, the wet mode shapes are consistently smoother due to the distributed added mass
of the surrounding fluid.

These observations underscore the importance of including both fluid loading and resonator dynamics
in modal analyses, as they jointly determine the system’s vibrational characteristics.
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Figure 5.3: Wet natural frequencies and modes and comparison with dry modal results. (ra; = 1000 kg, ., = 2.4 rad/s)
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5.1.3. Influence of LRMM on wet natural frequencies and modes

In this section, we aim to investigate how different parameters of the LRMM influence the results of
the wet modal analysis. We begin by examining the effect of the resonator’s eigen frequency on the
natural frequencies of the coupled system. This is followed by an analysis of its influence on the
associated mode shapes, with particular attention given to the “newly emerged mode” introduced by
the presence of the resonator. Lastly, we explore how variations in the resonator mass affect the spatial
characteristics of the mode shapes.

Influence of r,, on natural frequencies

Wet natural frequencies vs resonator frequency

rM = 1000 kg
6 -
5 L /
4 r mode 0
% mode 1
< mode 2
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<.3r mode 4
Q3g mode 5
) L mode 6
2 r /
1 -
1 1 1 1 1
1 2 3 4 5
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Figure 5.4: influence of LRMM’s eigenfrequencies on natural frequencies of the system

To investigate how the eigen frequency of the local resonator influences the natural frequencies of
the coupled system, a frequency sweep was performed. The mass of the resonator, r,;, and other
system parameters were kept constant, while the eigenfrequency of the resonator, r,, was varied from
1 to 5 rad/s. For each value of r,,, the wet modal analysis was conducted and the first six elastic
natural frequencies were recorded. The results are presented in Figure 5.4, where the horizontal axis
corresponds to the resonator frequency and the vertical axis denotes the natural frequencies w(? of
the system.

The first mode (i = 0) corresponds to a rigid-body translational mode and is thus excluded from the
analysis. In the absence of LRMM coupling, the natural frequencies of the membrane structure would
remain constant, producing flat horizontal lines in the figure. However, due to the introduction of the
local resonators, the resulting curves exhibit more complex behavior.

One of the most notable features in the figure is the emergence of a set of diagonally rising lines.
These curves represent the resonance frequencies that are strongly influenced—or even generated—
by the resonator itself. We refer to these as LRMM-dominant modes, as they arise when the system’s
excitation frequency approaches the eigenfrequency of the resonator. In these cases, the resonator
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is significantly excited and induces vibrations in the membrane that would not otherwise occur in its
absence. As a result, new vibrational modes appear that do not align with the membrane’s intrinsic
modal structure.

In contrast, the remaining modes—those appearing as nearly flat lines—are only mildly perturbed by the
resonator. These can be viewed as membrane-dominant modes, where the LRMM plays a secondary
role. While the presence of the resonator may slightly shift the natural frequencies or locally alter the
mode shapes, it does not fundamentally change the character of the vibration.

This result clearly demonstrates the frequency-selective nature of the LRMM and highlights its ability to
inject new modal content into the system when its eigenfrequency aligns with the system’s resonance
band. Such behavior is central to the LRMM’s functionality and underscores its potential for targeted
wave manipulation and vibration control.

Influence of r,, on modes

In our earlier analysis of the dry modal behavior in Section 5.1.1, we observed that the introduction
of a local resonator effectively inserted an additional mode into the spectrum. This mode appeared
between the original first and second modes of the membrane-only system, resulting in an apparent
shift of subsequent modes. This observation suggested the emergence of a new mode predominantly
influenced by the dynamics of the resonator itself, often referred to as a resonator-dominant mode.

Here, we extend it by performing a systematic investigation of how this behavior varies with the res-
onator’s eigen frequency r,. To this end, we fix the resonator mass at r);, = 1000 kg, and vary r,
across values of 1.0,3.0,and 5.0 rad/s . For each case, we compute the wet modes of the coupled
system.

As shown in Figure 5.5, a clear pattern emerges: in each configuration, a new mode arises whose
natural frequency closely follows the value of r,, compared with the membrane only case, that is mode
1 in Figure 5.5a, mode 3 in Figure 5.5b), and mode 5 in Figure 5.5¢c. And these modal shapes’ profile
exhibits a sharp kink at the resonator location. This behavior is a strong indicator that the mode is
dominated by the motion of the resonator. Notably, the presence of this resonator-driven mode leads
to a rearrangement of the membrane-dominant modes, effectively shifting them upward in the mode
sequence, in a manner consistent with what was previously observed in the dry modal case.

This finding directly supports and further explains the diagonal "resonator line” observed in Figure 5.4.
Each point along this diagonal corresponds to one of these resonator-dominant modes, whose frequen-
cies track closely with the resonator’s eigen frequency.

To further confirm this interpretation, we extract the eigenvalue associated with the resonator variable
q from the coupled system’s EVP for each mode. This value serves as an indicator for the modal
participation of the resonator: higher magnitudes indicate a greater contribution of the resonator to the
mode shape. As shown in Figure 5.6, the highest modal participation for these three cases is mode
1,3,5 separately. These resonator-dominant modes are associated with significantly larger resonator
eigenvalues compared to the other modes, reinforcing the conclusion that these are indeed primarily
governed by the resonator dynamics. However, for the rw = 5.0 rad/s case, the fourth wet natural
frequency is also close to the eigen frequency of the LRMM. We can see from Figure 5.6¢ that the
LRMM is also largely excited, thus resulting in a localized kink at the middle of the structure at mode 4
in Figure 5.5¢
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Figure 5.7: Selected mode shapes for for rm, = 0.3, 0.5, 1.0 under r, = 2.4 rad/ssituation

To assess how the mass of the resonator influences the system’s vibrational characteristics, we conduct
a parametric study where the dimensionless resonator mass ratio s, = 7 / pw is varied while keeping
its eigen frequency fixed at r,, = 2.4 rad/s and positioned at the middle of the membrane. Figure 5.7
presents selected mode shapes for ry;, = 0.3, 0.5, and 1.0.

The results demonstrate that the impact of the resonator mass depends significantly on its location
relative to the membrane mode shapes. When the resonator is positioned at or near a nodal point of a
given mode, its influence is negligible. For instance, Mode 1 shows no visible difference in shape for
different values of r),, indicating the resonator is effectively inactive for this mode.

In contrast, for modes where the resonator is situated away from nodes, its influence becomes evident.
This effect is obvious in Modes 2 and 3, where increasing the mass ratio results in sharper peaks around
the resonator location. This amplification is a consequence of the resonator contributing more to the
overall dynamic response, which is consistent with the trends observed in the modal participation part.

Finally, for higher-order modes such as Mode 5, even though the resonator may be located away
from a node, its influence becomes minimal if the mode’s natural frequency is far from the resonator’s
eigenfrequency. In such cases, the dynamic coupling is weak, and changes in r; do not significantly
alter the modal shape.
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5.2. Frequency domain dynamic response

After completing the modal analysis, we proceed to examine the steady-state dynamic response of
the system under monochromatic wave excitation. All simulations in this section are conducted in
the frequency domain, where the system is subjected to progressive incident waves generated using
linear wave theory. The incoming wave field is prescribed with a target amplitude |xin| = ko, and a
wave frequency w ensuring a consistent wave input in all simulations. The primary goal is to assess
how the structure reflects, transmits, and absorbs wave energy under various configurations, both with
and without material damping.

The computational setup consists of a 1D membrane structure coupled with one LRMM at its middle,
floating in a 2D rectangular fluid domain of uniform depth h (h = 10 m). The length of the membrane
is L,,, occupying the region between = € [4L,,,,5L,,]. To suppress unwanted reflections at the domain
boundaries, wave-absorbing regions are introduced. A damping zone of length Ly = 7.5L,, is placed
upstream of the membrane at © € [-7.5L,,,0] to absorb waves reflected by the structure. On the
downstream side, a radiation boundary condition is applied (eq. 3.30). No additional damping zone
is included near the outlet. The chosen properties of the LRMM and the membrane are fixed and
consistent with the default setup used in the modal analysis unless otherwise specified.

The fluid domain is discretized using second-order quadrilateral elements. A uniform mesh spacing of
Az = 0.01L,, is used horizontally, while in the vertical direction, the grid is gradually refined near the
free surface—ranging from Az = 0.0054h at the top to Az = 0.17h at the bottom—to accurately capture
surface wave behavior. This meshing strategy ensures adequate resolution of both fluid and structural
responses. The simulations are executed frequency by frequency, with a typical run time of about 4.5
seconds per case on a standard desktop computer.

Let x;n, k., and k; denote the complex-valued wave amplitudes associated with the incident, reflected,
and transmitted waves, respectively. These quantities vary spatially and are extracted from the nu-
merical solution using probe data. One upstream probe at x = 2.75L,,, is used to gather data from
incoming and reflected waves, and the downstream probe is set symmetrically at = = 6.25L,,,, measur-
ing the transmitted wave amplitude. The extracted complex wave amplitudes are then used to compute
the reflection K, = %, transmission K; = %, and absorption K, = % coefficients, based on the
corresponding power fluxes:

1

Pin = ipg|"€in|20g7 (51)
1 2

Pp = ipglml Cy, (5.2)
1

Pr = S pglri*Cy, (5.3)
1 /w 2kh

where C, = 5 (E) <1 + sinh(2k:h)> (5.4)

C, is the group velocity of the wave. In simulations involving structural damping, the absorbed power
P, is taken into consideration with two contributions - one from the membrane and one from the local
resonator. The averaged absorbed power per unit length of the membrane over one wave period
P,™" is defined by taking the first derivative of the system’s total energy to time (Agarwal et al.,
2024). It is described in equation 5.5. And the averaged absorbed wave energy by the local resonator
over one wave period is given in equation 5.6:

1 t+twave 1 9 9
Py = / (/ Pdiss,struc drm) dt = §PT0W / \VTI\ dlp,. (5.5)
t ' T

twave

rmm 1
Pyl - ircw2 lg — K| (5.6)
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These energy terms will serve as the basis for the analysis in the following sections. To further visualize
and study the system’s ability to control or attenuate wave energy. We set the reflection wave energy
coefficient as K, = %, transmitted wave energy coefficient as K; = %, and absorbed wave energy

coefficient as K, = £2.

5.2.1. Without damping

To establish a baseline for comparison, we first examine the dynamic response of the membrane-only
configuration without any attached resonators. This provides a reference case to assess the additional
effects introduced by the LRMM system. We consider a membrane of length L,, = 2h, tension pa-
rameter 7,/gLZ, = 0.025, no material damping (7 = 0), and non-dimensional mass m,,/L,, = 0.045,
floating in still water of constant depth h = 10 m. Free-edge boundary conditions are applied at both
ends of the membrane. These parameter settings are consistent with those used in the previous modal
analysis. The frequency-domain simulations are carried out under the same numerical framework as
introduced in Section 3.2. The first few wet natural frequencies of this membrane are computed as
w® = {1.553, 2.413, 3.467, 4.642} rad/s,

mem

which will serve as useful reference points when interpreting resonance behavior in the upcoming
LRMM-coupled cases.

phi_re
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| | | |

(a) dynamic response of membrane only configuration and vicinity water domain solution
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(b) dynamic response of coupled system and vicinity water domain solution

Figure 5.8: Numerical simulation results of ¢ in the vicinity of the structure and exaggerated plots of surface elevation x and
structure deformation 7
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The next step is to examine the dynamic response of the system with LRMM in the absence of material
damping, with 7 = 0 and r¢ = 0. And the eigen natural frequency of the LRMM is rw = 2.4. The
results are presented in Fig. 5.8, which compares the wave—structure interaction behaviour under two
configurations: (a) a membrane-only system, and (b) a membrane coupled with a resonator tuned to
match the excitation frequency. In both cases, the incoming regular wave has a frequency of w =
2.4 rad/s, which coincides with the local resonator’s frequency rw and is close to the second natural
frequency of the membrane-only configuration. The amplitude of the solution for surface elevation «
near the membrane, along with the membrane deflection 7, is illustrated in Fig. 5.9. In this plot, the
upstream « field is decomposed into the incoming wave ki, and the reflected component x; = k — &ip,
while the downstream solution corresponds to the transmitted wave «;.

As shown in figure 5.8a, the excitation of the membrane near resonance leads to almost complete
transmission of wave energy, with very little reflection observed upstream of the structure. This is
further evidenced by the high amplitude of deflection and transmitted wave signals in the membrane
region 5.9a. However, in the LRMM-coupled case shown in figure 5.8b, a rather interesting difference
is observed. Since the resonator frequency is chosen to be identical to the excitation frequency, the
local resonator is strongly excited and starts to resonate. As a result, the incoming wave is almost
entirely reflected, and the transmitted wave amplitude is significantly reduced. This is once identified
in figure 5.9b with nearly zero transmitted wave, and the free-surface elevation from upstream is nearly
doubled of k;,. This observation shows that with the modification of LRMM, the system can capture
wave energy selectively, even for waves that could have fully transmitted the membrane before.

From figure 5.9, it is also observed that the reflected and transmitted wave amplitudes remain constant
away from the membrane, whereas localized variations appear in the vicinity of the structure. These
localized disturbances correspond to evanescent waves, which decay exponentially in space and do not
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transport energy away from the structure. Mathematically, they are associated with solutions involving
imaginary wave numbers and are a common feature in wave—structure interaction problems under
harmonic excitation. Additionally, it should be noted that continuity between the surface elevation s
and the membrane deflection 7 is not enforced in this simulation. This is because the membrane and
fluid surfaces are treated as distinct boundaries in the model, and the only required continuity is in the
velocity potential ¢, which couples the dynamics across the fluid—structure interface.

In conclusion, the contrast between the membrane-only and coupled systems clearly demonstrates the
effectiveness of the LRMM system in selectively inhibiting wave propagation near its eigenfrequency. It
also reinforces the insights from the modal analysis that identified the LRMM’s capability to dominate the
system’s response in frequency bands close to its own resonance. The strong reflection and minimal
transmission confirm the frequency-selective nature of LRMMs, making them effective candidates for
targeted wave mitigation.
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(b) Response contour of coupled system and vicinity water domain solution

Figure 5.10: Response contour plots of the normalized amplitude of the deflection 7, reflected wave «,., and transmitted wave
¢ in the vicinity of the structure for wave frequency w = [1, 5]
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membrane-only, (c)(d) coupled system

To further investigate the system’s dynamic characteristics without material damping, we perform a
series of simulations using monochromatic waves with w = [1,5] rad/s, and evaluate the amplitude
of the structural response and wave fields at each frequency. The resulting response contours and
energy coefficients are shown in Figure 5.10 and Figure 5.11.

Figure 5.10a presents the normalized amplitude of the membrane deflection 7, reflected wave «,., and
transmitted wave «; across the spatial domain and wave frequencies. The overall patterns reveal that
lower wave frequencies produce a more pronounced structural response, with n exhibiting higher ampli-
tude in this range. In contrast, higher wave frequencies lead to relatively small membrane deflections,
indicating that the structure is more compliant to longer waves and stiffer to shorter ones. Figure 5.10b
shows the corresponding response of the coupled system with a local resonator (LRMM) of eigenfre-
quency r,, = 2.4rad/s. Compared to the membrane-only case, we observe a significant increase in the
amplitude of the reflected waves around the resonator’s frequency, indicating strong wave reflection
at this specific frequency. Interestingly, the membrane deflection n» remains at a similar magnitude,
suggesting that the resonator effectively alters wave energy distribution without necessarily increas-
ing structural vibration. This contrast highlights the LRMM'’s selective filtering capability—reflecting
targeted frequencies while maintaining the structural deformation similar to that of the uncoupled mem-
brane.

This frequency-selective behavior is further quantified through the energy coefficients plotted in Fig-
ure 5.11. The reflection coefficient K, and transmission coefficient K, are calculated for both the
membrane-only system (top row) and the coupled LRMM system (bottom row). From previous research
results, the membrane can be treated as a frequency-dependent filter, transmitting low-frequency
waves and reflecting higher-frequency ones. And for waves whose frequencies are close to the wet
natural frequency of the membrane, it can be completely transmitted with no material damping. This
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can be seenin Figure 5.11a and 5.11b as troughs in K. and peaks in K, revealing passbands centered
around the structure’s natural frequencies. These correspond to the white bands in the ; contour plot
in Figure 5.10a, where transmitted wave amplitudes are high. Conversely, strong reflection is observed
outside these resonant bands, forming distinct bandgaps in the spectrum. When the LRMM is intro-
duced, this filtering pattern is fundamentally altered near the resonator frequency. In Figure 5.11¢c and
5.11d, K, becomes significantly larger and K correspondingly smaller around w = 2.4 rad/s—the pre-
scribed LRMM eigenfrequency. A striking transition is observed where a sharp flip occurs: the original
single trough in K. (and peak in K;) near 2.4 splits into two distinct troughs, approximately located at
2.2 and 2.6 rad/s. This transition reflects the emergence of a reflective bandgap around the resonator
frequency, as seen in Figure 5.10b, where the bright passband near 2.4 rad/s in the membrane-only
case is replaced by a dark region, bounded by two newly formed passbands.

This spectral splitting behavior aligns closely with the results from the wet modal analysis. As shown
in Figure 5.3a, which uses the same structural parameters as the current dynamic test, wet natural
frequencies of mode 2 and 3 are found at 2.247rad/s and 2.546 rad /s—matching precisely the loca-
tions of the new passbands. These arise due to the interaction between the resonator and the mem-
brane, which modifies the original dynamic responses. This modal bifurcation is also clearly visible
in Figure 5.4, where a vertical line at r, = 2.4 rad/s intersects the modal trajectories, showing one
resonator-dominated mode and another mode emerging in place of a single mode in the uncoupled
case. This confirms that the observed splitting of the energy transmission bands is rooted in the shift
and mix of the structure’s modal properties induced by LRMM coupling.

In summary, the frequency-domain simulations without damping reveal that the membrane-only system
acts as a passive filter, selectively transmitting waves near its natural frequencies and showing abilities
in reflecting high-frequency waves. However, the inclusion of LRMM introduces a strong frequency-
dependent modulation in this behavior. The resonator disrupts the original passband structure by cre-
ating a localized band gap around its eigenfrequency, where wave reflection is significantly enhanced,
showing its potential in reflecting certain-frequency energy. This results in the splitting of the original
transmission peak into two distinct passbands, accompanied by the formation of a reflective zone in
between.

This phenomenon is rooted in the hybridization of the system’s vibrational modes. The modal anal-
ysis confirms that the resonator introduces a new mode near its resonance frequency, leading to a
bifurcation in the modal spectrum. These shifts in the wet natural frequencies directly correspond to
the observed changes in wave energy transmission characteristics. The combination of modal and
frequency-domain analysis thus reveals the LRMM'’s potential as a tunable element for controlling
wave—structure interaction, enabling the design of structures with customized filtering behavior in the
absence of damping.

5.2.2. With damping

Having explored the dynamic response of the coupled system in the absence of material damping, we
now proceed to examine how damping within the resonators influences wave structure interaction. This
analysis focuses on understanding how energy dissipation mechanisms embedded in the local resonant
metamaterials (LRMM) alter the spectral behavior of the system under frequency-domain excitation. In
this section, we isolate the effect of damping in the resonators by setting the membrane’s viscoelastic
parameter 7 = 0, as the damping influence on the membrane has been thoroughly explored in previous
studies (Agarwal et al., 2024).

Instead, we concentrate on the internal damping within the LRMM components, which are modeled
as viscoelastic spring—mass systems. To characterize the damping within each resonator, we adopt a
classical mass-spring-dashpot viscoelastic model, where the damping coefficient r¢ is defined through
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the damping ratio ¢ as follows:
ro = 20y/rKra (5.7

Here, rx and rj, represent the resonator’s stiffness and mass, respectively. This formulation ensures
that the energy dissipation rate scales with both the inherent mechanical properties of the resonator
and the specified damping ratio.

We begin by analyzing the system’s response under a single wave frequency w = 2.4 rad/s, which cor-
responds to the resonator’s natural frequency and is known to induce strong interaction. In this analysis,
we set the damping ratio ¢ = 0.1, and keep all other variables the same as the LRMM coupled case
in Section 5.2.1. Figure 5.12 shows the spatial distribution of the complex solution of velocity potential
¢, exaggerated membrane deflection n, and free-surface elevation « at steady state. Compared to the
undamped case, the presence of damping suppresses the build-up of resonator-dominated amplifica-
tion, resulting in a reduced reflected wave amplitude and a modified structural response. And for the
transmitted wave, it is observed to be lower than the incoming wave, suggesting there is a part of the
wave absorbed or dissipated by the resonator.

This interpretation is further supported by the amplitude plots shown in Figure 5.13, which provide a
detailed view of the normalized magnitudes of «, x.., k¢, and n across the domain. The simulation is
conducted using an incident wave with w = 2.4 rad/s and a fixed amplitude xy = 0.1m. The reflected
wave amplitude is observed to reduce from 2.0 in the undamped case to 1.4 when a damping ratio
of ¢ = 0.1 is introduced. Meanwhile, the transmitted wave amplitude increases from nearly zero to
0.6, and the structural response 7 also shows a noticeable decrease in peak magnitude. This initial
observation suggests that LRMM damping can effectively tune the energy partition between reflection
and absorption, a hypothesis further explored in the following parametric studies.
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Figure 5.12: Numerical simulation results of ¢ in the vicinity of the structure and exaggerated plots of surface elevation x and
structure deformation n under damping situation
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Figure 5.13: Plots of amplitude of structure deflectionr, incoming wave «;n, reflected wave .., transmitted wave x, and total
free-surface elevation. (a)no damping situation, (b) with damping ratio ¢ = 0.1

Figure 5.14 presents the normalized amplitudes of the membrane deflection 7, reflected wave «,., and
transmitted wave «; for a range of excitation frequencies under varying damping ratios ¢ applied to the
LRMM. These results reveal how damping modifies the system’s frequency-selective behavior.

At low damping levels (e.g., ¢ = 0.02), the system retains much of the frequency selectivity observed
in the undamped case. The reflected wave «,. still exhibits strong amplitudes at frequencies near the
resonator frequency w =~ 2.4 rad/s, forming a prominent bandgap region. Compared to the undamped
case, this bandgap becomes slightly broader, but the peak reflection amplitude is reduced. Simultane-
ously, the transmitted wave «; shows an expansion of the passband region and increased amplitudes,
indicating that damping not only introduces energy dissipation but also enhances the structure’s per-
meability to certain frequencies. These patterns are consistent with the previous modal observations
and further confirm the resonator’s role in governing wave-structure interactions.

As the damping ratio increases (e.g., ¢ = 0.05 and 0.1), a progressive smoothing of the wave field
emerges. In the «,. region, the original sharp bandgaps become wider and less distinct, gradually
merging with adjacent passbands. The amplitude of reflected waves continues to decrease, though it
remains notably higher than in the membrane-only case. On the transmitted side, «; exhibits broader
high-amplitude bands, but their magnitude stays below that of the membrane-only system. These
observations indicate a redistribution of energy from narrow-band reflection toward broader, moderately
transmitted ranges, enabled by increased energy absorption within the LRMM.

At high damping (¢ = 0.5), the structure’s dynamic response becomes almost indistinguishable from
that of the membrane without any resonator. Both reflected and transmitted amplitudes show minimal
variation across the frequency spectrum, and the spatial structure of the membrane deflection flattens
significantly. This implies that the LRMM no longer contributes meaningfully to dynamic interactions,
effectively behaving as a passive mass. Such results underscore the importance of damping ratio selec-
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Figure 5.14: Response contour plots of the normalized amplitude of the deflection 7, reflected wave ., and transmitted wave
k¢ in the vicinity of the structure for wave frequency w = [1, 5] and for damping ration ¢ € [0, 0.02,0.05, 0.1, 0.5]
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Figure 5.15: Plots of reflection coefficient K., transmitted coefficient K, and absorption coefficients K, for
¢ =[0.01,0.02,0.05, 0.1, 0.5] under monochrome frequency w = [1 : 5] for

tion: inappropriate values can suppress the LRMM’s filtering and amplification effects, while moderate
damping enables a balance between selectivity and energy absorption.

In summary, LRMM damping introduces a tunable mechanism to control both wave reflection and trans-
mission characteristics. Low damping preserves selective filtering while slightly widening response
bands. Moderate damping smooths modal features and redistributes energy over broader frequencies.
Excessive damping neutralizes LRMM effects, rendering the system nearly equivalent to the baseline
membrane. These findings highlight the critical sensitivity of wave-structure interactions to the damping
level and offer practical insights for engineering resonator-based coastal or floating systems.

The trends observed in the response contours are further corroborated by the energy-based coeffi-
cients shown in Figure 5.15. As the damping ratio increases, a significant shift in the energy partition
between reflection, transmission, and absorption is observed. Specifically, for low damping values (e.g.,
¢ = 0.02), the reflection coefficient K. near the resonant frequencies remains high though dropped com-
pared with no damping, consistent with the strong wave rejection seen in the contour plots. However,
as ( increases further (e.g.,¢ = 0.05 ¢ = 0.1), K,. continues to decrease while the absorption coefficient
K, increases and begins to dominate, indicating that a significant portion of the incoming wave energy
is now dissipated by the LRMM. Notably, the sharp peaks of K, near the resonant frequencies confirm
the damping-enhanced selective absorption capacity of the system.

At very high damping (e.g., ¢ = 0.5), the LRMM’s influence becomes less pronounced: K, remains non-
negligible, but both K, and K exhibit behavior approaching that of the membrane-only case, consistent
with the flattening response observed earlier. This again underscores the importance of tuning the
damping ratio to optimize wave energy management.

Interestingly, at w ~ 4.64 rad/s—corresponding to the membrane’s fourth wet natural frequency w?
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(with the mode bifurcation effects due to LRMM, that is fifth mode of the coupled system), we observe
that K, remains nearly constant while K, increases and K, decreases with increasing damping ratio (.
This frequency excites a membrane-dominated mode, where the LRMM is located at an anti-node and
thus undergoes noticeable motion (see Figure 5.3). Although not in resonance, the LRMM contributes
to energy dissipation through its motion. This contrasts with the third mode, where the LRMM sits at
a nodal point and remains almost inactive. As a result, while the LRMM does not induce strong wave
reflection here, it acts as a passive damper, increasing energy absorption with higher damping. This
explains the observed monotonic rise in K, and decline in K, with K,. largely unaffected.

To ensure the validity of these results, the total energy conservation is evaluated by comparing K., K3,
and K, against the input power. And the power error of the system is defined as:

_Pr+Pt+Pa

PEr= (1
rr < 2

):1—K7.—Ku—Kt (5.8)

As shown in Figure 5.15d, the computational error remains low throughout the tested frequency range,
confirming the robustness of the numerical model.



Parametric Analysis of LRMM's
Influence on Coupled System

Building upon the dynamic response analyses presented in Chapter 5, this chapter shifts the focus
toward understanding how specific design parameters of the LRMM influence the overall performance
of the coupled system. While section 5.2 explored two representative cases—undamped and damped
LRMM—to reveal the fundamental mechanisms of wave interaction, the current chapter aims to sys-
tematically quantify the influence of key LRMM design variables through targeted parametric sweeps.

In this chapter, we use the parameters combination mentioned below as default. Water depth is h =
10m, length of the membrane is L,,, = 2h, non-dimensional mass of membrane m,,/L,,, = 0.045, tension
parameter 7,/gL?, = 0.025, mass of LRMM is 7, = 1000kg, LRMM natural frequency is r,, = 2.4 rad/s,
and the place of the LRMM is at the middle point of the membrane. To isolate individual parameter
effects and avoid the complexity introduced by damping, all analysis here are conducted under the
undamped condition (¢ = 0), as the LRMM damping effect has already been extensively discussed in
Section 5.2.2.

Three primary LRMM parameters are selected for investigation:

+ the internal resonance frequency r,,,
+ and spatial placement of the resonator z,,
* the resonator-to-water mass ratio r/,,.

For each parameter, a wide range of values is explored while holding other variables fixed. The dynamic
response of the system is evaluated by computing energy-based coefficients, namely the reflection
coefficient K., and transmission coefficient K, as functions of both the wave excitation frequency w
and the parameter of interest.

The goal of this chapter is twofold: (1) to assess how these LRMM parameters affect the distribution
of energy and dynamic response in the coupled water-membrane-LRMM system, and (2) to identify
favorable parameter ranges for enhanced wave attenuation or absorption. These insights will help
inform the design of LRMM-augmented floating structures tailored for wave control applications.

This chapter is organized as follows:

+ Section 6.1 presents a frequency sweep study across different values of r, to analyze its impact
on system’s frequency selectivity and energy redistribution.

» Section 6.2 investigates the spatial placement of the LRMM within the membrane to assess how
location affects mode participation and dynamic performance.
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» Section 6.3 presents the wave energy redistribution diagrams for different masses, showing its
influence and trend.

6.1. Frequency sweep

In the previous chapter, we studied the effect of the LRMM under a specific configuration with r,, =
2.4rad/s, and observed that the resonator only significantly influences the wave response when its fre-
quency is close to the excitation frequency. This observation suggested a frequency-selective behavior
of the LRMM. In this section, we conduct a systematic parametric study by sweeping over a wide range
of resonator frequencies r,, € [1,5] rad/s. The aim is to seek a comprehensive understanding of how
the resonator’s natural frequency affects the global energy response of the coupled system across a
broad excitation range.

For each value of r,,, a frequency domain simulation is performed under wave frequency ranging from
w € [1,5] rad/s. We then compute the reflection and transmission coefficients, which are visualized in
Figure 6.1a and Figure 6.1b. The horizontal axis denotes the wave frequency, the vertical axis denotes
the resonator frequency, and the color indicates the magnitude of the coefficient. A prominent diagonal
feature appears in both figures: a black diagonal band in the reflection plot and a corresponding white
band in the transmission plot. Along this line, where r,, ~ w, the reflection coefficient approaches
1 while transmission drops to nearly zero, indicating that the wave is almost entirely reflected. This
pattern confirms that the LRMM has a strong influence only when it resonates with the incoming wave,
reinforcing the frequency-selective nature previously observed in the single-frequency case.

Beyond the diagonal band, we also observe near-vertically distributed alternating patterns of pass
bands and band gaps. Specifically, the white regions in the K, plot and the corresponding dark re-
gions in the K, plot represent frequency ranges where waves are transmitted through the structure
with minimal reflection. These pass bands follow a distinctive distribution: at certain locations, they
curve and extend along the diagonal direction aligned with the resonator frequency, eventually merg-
ing into the next pass band. When compared with the modal evolution of the system’s wet natural
frequencies shown in Figure 5.4, we find that the distribution of these pass bands precisely matches
the frequency trajectories of the system’s resonant modes. This alignment confirms that the transmis-
sion bands arise in frequency ranges where the structure undergoes resonance, allowing wave energy
to propagate efficiently through the membrane. The modal analysis thus provides a clear explanation
for the formation of these bands.

Interestingly, not all pass bands exhibit the same curved or distorted pattern. For instance, the pass
band associated with the original membrane mode 3 remains almost perfectly vertical. This behav-
ior can be attributed to the location of the LRMM, which coincides with a nodal point of mode 3. In
such cases, the resonator remains largely inactive and exerts minimal influence on the mode shape,
preserving the membrane’s original modal behavior. In contrast, modes such as membrane mode 2
and mode 4, where the LRMM lies near an antinode, show significant curvature and deformation in
both the modal trajectories and the energy maps. These are precisely the modes where the resonator
is effectively excited, modifying the system dynamics and shifting the pass bands accordingly. This
strong correlation between modal evolution and energy transmission patterns provides a compelling
cross-validation of our findings, linking the observed energy behavior to the underlying physical modes
of the coupled system.

Overall, this parametric study provides strong evidence that the LRMM only affects wave behavior
within a limited frequency range. Its influence is most significant when its resonance aligns with modes
that it actively participates in. This confirms its frequency-selective behavior and highlights the impor-
tance of tuning the resonator frequency to match the dominant wave frequencies in design applications.
Improper tuning may lead to ineffective wave manipulation, while well-matched configurations can sig-
nificantly enhance the wave control capability of the system. Besides, this plot and Figure 5.4 cross-
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Figure 6.1: Contour plots of reflection coefficient K. and transmission coefficient K; for rw € [1,5] rad/s , w € [1,5] rad/s
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validate each other. The modal analysis helps explain the observed response and further highlights
the importance of the LRMM position.

6.2. Spatial sweep

In the previous section, we observed that under certain excitation frequencies, the presence of the
LRMM had little to no effect on the system response. We initially attributed this phenomenon to the
spatial configuration of the resonator—specifically, its alignment with the nodal points of membrane
modes, where structural motion is minimal and the resonator remains unexcited. To validate this hy-
pothesis, we now investigate the influence of the LRMM’s position along the membrane. In this study,
all other parameters, including the resonator frequency and mass, are kept constant. By systemati-
cally varying the location of the LRMM and analyzing the resulting energy behavior of the system, we
aim to understand how spatial placement affects modal participation and wave—structure interaction
performance.

To conduct the spatial sweep, we first select a representative resonator frequency of r,, = 1.55rad/s,
which corresponds to the first wet natural frequency of the membrane. The resonator’s position along
the membrane, denoted as a normalized coordinate x,./L,,, is systematically varied from 0 to 1. For
each position, we simulate the system response under a range of excitation frequencies, with w €
[1,5]rad/s. From each simulation, we extract the reflection coefficient K, as a function of excitation
frequency. These results are then assembled into a contour plot showing K, as a function of both the
LRMM position and the wave frequency. This visualization provides a comprehensive overview of how
the spatial placement of the resonator modulates its effectiveness across the excitation spectrum. The
figure is shown in 6.2
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Figure 6.2: Reflection coefficient K- contour plot for =, /L, € [0,1], and w € [1.0,5.0] rad/s.

From the resulting contour plot of K. shown in Figure 6.2, we observe that significant wave reflection
occurs when the excitation frequency is close to w = 1.55rad/s, consistent with the selected resonator
frequency. As expected, the magnitude of reflection is not uniform across spatial positions. The res-
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onator location moves from the edges of the membrane toward the center, the reflection coefficient
gradually decreases, reaching its minimum near the midpoint. This spatial trend resembles the first
mode shape observed in the membrane-only configuration, which features a nodal point at the center.
However, it is important to note that once a resonator is introduced, the mode shapes of the coupled
system are inherently altered. The observed reduction in reflection when the LRMM is placed at the
membrane center suggests that, in this particular case, the resonator lies close to a node of the domi-
nant mode at the selected frequency. As a result, structural motion at that point is minimal, leading to
weak excitation of the resonator and limited wave interaction. In contrast, the darker regions in the plot
indicate positions near anti-nodal points of the dominant mode at the selected frequency.

After examining the special case of rw = 1.55 rad/s, we further extend the spatial sweep analysis across
a range of resonator frequencies. For each selected rw, we repeat the same simulation procedure:
sweeping the resonator position «,./ L,,, across the membrane length, and for each position, computing
the reflection coefficient K, across a range of excitation frequencies w € [1,5],rad/s. This yields a set
of 2D contour plots similar to Figure 6.2, capturing how wave reflection is influenced by both spatial
placement and excitation frequency for each resonator configuration. Figure 6.3 presents the contour
plots of K. for a selected set of LRMM natural frequencies that closely match the wet natural frequency
of the original membrane.
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0.0 0.2 0.4 0.6 0.8 1.0
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Figure 6.3: Reflection coefficient K. contour plot for a selected set of LRMM natural frequencies r,, € [2.41, 3.47,4.64] rad/s.

In Figure 6.3a, corresponding to r,, = 2.41 rad/s, we observe that the reflection coefficient K, peaks
when the resonator is placed near the center or boundaries of the membrane. These regions likely
coincide with areas of high structural displacement in the dominant coupled mode at this frequency,
where the resonator can be more effectively excited. Evidence is given by the wet mode shapes of
the coupled system for a 2.4 rad/s LRMM is placed at the middle of the membrane (Figure 5.3a).
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Interestingly, local reductions in K. are also observed around one-quarter and three-quarters along
the membrane span. However, unlike the case at r,, = 1.55 rad/s, the reflection does not drop to zero
at these locations, as more clearly shown in Figure 6.3d. This difference arises because the mode
shapes themselves shift as the resonator position varies, introducing strong coupling effects that alter
the nodal structure of the system. As a result, the zero-reflection points no longer align with simple
fractional positions on the membrane. This reinforces the importance of the modal analysis of the full
coupled system when evaluating spatial placement strategies for the LRMM.

In Figure 6.3b, as well as the previously discussed r,, = 1.55 rad/s case, the dominant mode features
a node at the membrane center. Placing the LRMM at this central node does not alter the system
symmetry, and although the mode shape changes slightly, the center remains a node. This leads to
minimal excitation of the resonator and correspondingly small values of K,. In contrast, when the
resonator is placed at other node positions away from the center, the presence of the LRMM disrupts
the structural symmetry. These locations are no longer nodes in the new coupled system, and thus do
not exhibit vanishing reflection.

Figure 6.3c shows that the reflection coefficient is high when the LRMM is placed at the membrane
center or near the boundaries, whereas lower values are observed around [1/8, 3/8, 5/8, 7/8] positions.

Overall, these spatial sweep results reinforce the idea that LRMM effectiveness is highly dependent
on its spatial placement relative to the dominant mode shape at a given excitation frequency. The
strongest wave reflection is achieved when the LRMM coincides with an antinode, while placement at
or near nodes renders the resonator largely inactive. In particular, when the midpoint is a node—as in
certain symmetric modes—it should be avoided. However, beyond these specific cases, the coupled
nature of the system leads to complex alterations in mode shapes, making it difficult to predict node
or antinode locations. As such, in the following content, we perform a numerical parameter sweep to
identify the spatial configurations that maximize wave reflection.
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Figure 6.4: Wave reflection optimal pairs for different rw under excitation frequency w € [1, 5].

To identify optimal conditions for wave reflection, we extract, for each rw, the excitation frequency w and
spatial location x,./ L,,, corresponding to the maximum K, in the respective contour map. These optimal
pairs are compiled and visualized in a single scatter plot, as shown in Figure 6.4. Each dot represents
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one maximum-reflection configuration, with its horizontal position indicating the resonator location and
its vertical position indicating the corresponding excitation frequency. Different colors denote different
rw values. Itis noteworthy that the optimal placement of the LRMM has no strict correspondence to the
nodes or anti-nodes of the membrane-only modes, instead, it should have a strong correlation with its
specific certain modes for the whole system. This further highlights the need to consider the coupled
behavior when designing resonator layouts. In general, this plot offers a concise summary of where
and when the LRMM is most effective in reflecting wave energy across the tested parameter space,
which can serve as practical design guidelines for future implementations.

6.3. Mass ratio sweep
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Figure 6.5: Plots of reflection coefficient K. and transmission coefficient K for »M, € [0.01,0.05,0.1,0.5,1.0] , w € [1, 5]

To further examine the influence of resonator properties on system performance, we perform a paramet-
ric sweep over the mass ratio M, which represents the resonator’s relative inertia compared to the
membrane. This analysis helps clarify how the resonator’s mass affects the system’s ability to reflect
and transmit wave energy across different excitation frequencies.

Figure 6.5 presents the reflection and transmission coefficients K, and K; across a range of excitation
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frequencies, for five different mass ratios: rM, = [1.0,0.5,0.1,0.05,0.01]. The resonator’s natural
frequency is fixed at rw = 2.4 rad/s in all cases, and no damping is applied.

From the results, we observe a clear trend near the target resonance frequency at w = 2.4 rad/s. As
expected, larger resonator masses lead to stronger interaction with incoming waves, resulting in more
pronounced peaks in the reflection and transmission coefficients. When rA, = 1.0, the system exhibits
a sharp peak in K,. and a corresponding dip in K, indicating effective wave blocking. Conversely, when
rM, = 0.1, the response around this frequency becomes much weaker, closely resembling the behavior
of a membrane-only system, suggesting that the resonator fails to engage significantly.

Interestingly, we also observe that in the vicinity of the resonance region, particularly around w =
2.0 rad/s, smaller resonator masses produce slightly higher reflection than larger ones. A possible
explanation is that for large-mass resonators, only excitation very close to their natural frequency can
effectively trigger resonance, while nearby off-resonance frequencies have little effect. In contrast,
smaller masses are more easily excited by a broader range of frequencies, allowing the resonator to
contribute to wave interaction even outside the primary resonance point. This results in a relatively
smoother and more extended reflection profile for lower mass ratios.

In summary, this study confirms that the resonator mass significantly affects the system’s frequency-
selective behavior. A larger mass leads to stronger interaction and more pronounced wave reflection
near resonance, while smaller masses may fail to induce sufficient coupling. These findings support the
importance of tuning resonator mass based on the target wave conditions to achieve optimal energy
control performance.



Application of the hydroelastic
LRMM-membrane system

This chapter presents a design-oriented analysis to evaluate the performance of the proposed membrane—
LRMM system under a more realistic sea-state. Building upon the frequency-domain results from previ-
ous chapters, the system is now subjected to broadband wave excitation derived from a representative
JONSWAP spectrum. These simulations serve as a bridge between theoretical studies and practical
application, and aim to offer practical insights into the effectiveness of LRMM for wave control and at-
tenuation. To this end, both membrane-only and membrane—LRMM configurations are assessed, with
particular focus on how resonator tuning affects system behavior under irregular wave input.

To support upcoming experimental phases of the project, all simulations are conducted using a scaled-
down wave condition that approximates typical North Sea parameters at intermediate depths. The
setup ensures compatibility between numerical and physical testing environments, and helps position
this study within a realistic engineering framework.

7.1. Sea state and numerical setup

To evaluate the practical performance of the proposed membrane—LRMM system, this study adopts a
representative sea-state based on real-world measurements from the North Sea, near the Dutch coast.
Specifically, we refer to long-term field data collected at intermediate water depths by Rutten et al.
(2024). Based on this real-world measurement, a typical sea-state in this region can be characterized
by a significant wave height H; = 5m and a peak wave period 7,, = 8s, corresponding to a peak
wavelength of approximately 71 m based on linear wave theory.

To ensure compatibility with the physical experiments planned in this project, the numerical simulations
are conducted on a scaled-down model. A scaling factor of approximately 0.15 is applied, reducing the
membrane length from 134 m in the prototype to 20 m in the numerical model. Based on this scaling,
the peak wavelength is reduced to about 10.7 m, the significant wave height to roughly 0.75 m, and the
water depth from 67 m to around 10m. The resulting sea-state is used to generate a JONSWAP wave
spectrum, with parameters adjusted accordingly to reflect the scaled conditions (see Figure 7.1).
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Figure 7.1: Jonswap spectrum used in the simulation after scaling

The computational model consists of a one-dimensional pre-tensioned membrane structure, centrally
coupled with a single LRMM, and floating in a two-dimensional rectangular fluid domain of uniform depth
h = 10m. The membrane has a total length of L,,, = 20m and is placed at = € [80,100]. A damping
zone of length L; = 150 m is applied upstream at = € [—150, 0] to suppress wave reflections from the
structure. On the downstream side, a rigid wall is located at x = 180 m, acting as the outlet boundary
condition. It is also served as an idealized representation for an infinitely wide vertical structure with
its bottom fixed at the seabed, and exposed to transmitted wave forces, enabling evaluation of wave
impact per unit structural width. The setup is illustrated in Figure 7.2
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Figure 7.2: Numerical model setup of floating hydroelastic membrane coupled with locally resonant metamaterials under
realistic sea-state

The non-dimensional mass and tension parameters of the membrane are defined as m,/L,, = 0.045
and T,/gL?, = 0.025, respectively. Based on the scaled JONSWAP spectrum introduced earlier, the
resonator natural frequency is selected as r,, = 2.4rad/s, coinciding with the peak energy frequency
of the spectrum. Results from section. 6.3 showed that heavier resonator enhance wave attenuation
more effectively by reflecting more incoming waves and allowing less wave passing through. However,
to ensure the resonator meaningfully interacts with the system while maintaining the membrane’s ability
to float, we now investigate two realistic mass values: ry; = 100 kg and 250 kg. Furthermore, according
to the optimal positioning identified in section. 6.2, the resonator is now placed near the right edge of
the membrane. The mesh used for the simulation follows the same discretization strategy adopted in
Chapter 5.

7.2. Results and Interpretation

To evaluate the practical performance of the membrane-LRMM system, we compute the wave-induced
dynamic force on a bottom-fixed vertical wall located downstream of the floating membrane. This
wall acts as a simplified representation of a structural unit subjected to incident wave forces. The
dynamic pressure field Py is derived from the linearized Bernoulli equation as P; = piw¢, where ¢ is the
velocity potential of the water domain. Following the linear wave theory formulation, the total dynamic
force along the horizontal direction is then obtained by integrating this pressure over the surface of the
downstream wall:

sz/ Pyny dl (7.1)
Twail

where n, denotes the x-component of the unit normal vector on the wall surface.
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Figure 7.3: Comparison of the horizontal force applied on downstream structure for r5; = 100 kg, and r;; = 250 kg.

Figure 7.3 presents the variation of this force F, with respect to wave frequency for several system
configurations: a baseline membrane without any resonator, and membranes coupled with a single
LRMM having different damping ratios ¢ = {0.0, 0.02, 0.05, 0.1}. The black curve shows the baseline
case, where a dominant peak is observed near w = 2.4 rad/s. In addition, smaller peaks are observed
at higher frequencies around w = 3.5 and w = 4.7 rad/s. However, these contribute significantly less
force compared to the main resonance peak due to the energy distribution of the JONSWAP spectrum.
The most dominant peak corresponds to the second elastic resonance mode of the membrane under
sea-state excitation, resulting in strong downstream wave forces.

When a resonator with no damping is introduced (¢ = 0), the force magnitude at around w = 2.4 rad/s is
significantly reduced, confirming the LRMM’s ability to alter the structural dynamics and suppress reso-
nance amplification. Meanwhile, two peaks emerge on either side of the original resonance frequency.
The new peak appearing on the lower-frequency side represents a resonance mode dominated by the
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LRMM, whereas the one on the higher-frequency side corresponds to the shifted membrane-dominated
mode of the coupled system. As damping increases, the new peaks become less evident although the
force at original peak increase slightly. To quantify the overall wave impact under the realistic sea-state,
we integrate the force F.(w) over the range of wave spectrum frequencies. This yields the total horizon-
tal wave force experienced by the downstream structure for each configuration. The results are summa-
rized in Table 7.1. A comparison between the two resonator mass values shows that the r;; = 250kg
with material damping configuration generally achieves a greater reduction in the integrated horizontal
force than the r); = 100 kg case. While both masses demonstrate the ability to alleviate wave-induced
loading when damping is introduced, the heavier resonator interacts more strongly with the membrane
and leads to more pronounced attenuation across all damping levels. Among these, for r); = 250 kg
with the configuration ¢ = 0.05 yields the minimum total wave-induced force, which reduces 12.20%
compared to the baseline case without LRMM.

Table 7.1: Integrated horizontal force F, force reduction ratio and absorbed wave energy under JONSWAP sea-state
excitation.

Mass Configuration Fx [N/m] Fy reduction [%] P, [W/m]
MEMB without LRMM  1825.72 - -
With LRMM ¢ =0 1707.27 6.49 -

ry = 100kg  With LRMM ¢ = 0.02 1704.59 6.63 9.46
With LRMM ¢ = 0.05 1719.82 5.80 8.56
With LRMM ¢ = 0.1 1740.83 4.65 6.39
MEMB without LRMM  1825.72 - -
With LRMM ¢ =0 1740.07 4.69 -

ry = 250kg With LRMM ¢ = 0.02 1605.93 12.04 14.82
With LRMM ¢ = 0.05 1603.07 12.20 16.02
With LRMM ¢ = 0.1 1633.90 10.51 13.30

To further explore its potential as a wave energy converter device, we analyze the corresponding
wave energy absorption coefficient K4 in Figure 7.4. This coefficient quantifies the proportion of in-
cident wave power that is absorbed and dissipated by the coupled system. As expected, for both the
membrane-only case and the undamped LRMM case (¢ = 0), K 4 remains nearly zero across the spec-
trum. With increasing damping ratio, the absorption coefficient significantly increases. A prominent
absorption peak emerges around w € [2, 3] rad/s, confirming the resonator’s active role in converting
and dissipating wave energy. In addition, secondary peaks appear near w = 3.5, 4.7 rad/s, which is the
third and fourth wet natural frequencies of system. Under these frequencies, the effect of the LRMM
can be simplified seen as "added damping” of the system, thus the higher the damping ratio, the larger
the absorbed wave energy. Notably, the absorption bandwidth also increases with higher damping
ratios, suggesting that a properly damped LRMM can achieve broader frequency coverage and more
effective wave energy absorption. To quantify the total energy dissipated by the system, the absorbed
wave power P, (w) is integrated across the entire frequency range. This yields the total absorbed wave
power for each configuration. The results are presented in Table 7.1. For r;; = 100 kg configurations,
the case with ¢ = 0.02 achieves the highest overall energy absorption 9.46 W/m, and for r»; = 250 kg,
the case with ¢ = 0.05 achieves the highest overall energy absorption with 16.02 W/m.
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Figure 7.4: Comparison of the absorbed wave energy by the system for r;; = 100 kg, and rp; = 250 kg.

These results jointly confirm that a properly tuned LRMM-membrane system can further reduce wave-
induced structural loads compared to the membrane-only configuration. This improvement is partic-
ularly significant in the low-frequency range, where the membrane exhibits limited wave attenuation
capability. By carefully selecting the LRMM'’s properties, the coupled system can be tailored to target
specific resonant frequencies within a broader range wave spectrum, thereby enhancing its perfor-
mance under complex sea-state conditions and improving protection of downstream structures. In
addition, when structural damping is introduced to the resonator, part of the incoming wave energy is
effectively dissipated—demonstrating the system’s potential not only as a protective barrier, but also
as a novel wave energy converter. The damping ratio plays a critical role: an appropriate value of ¢
helps broaden the absorption band and stabilizes the response, making the system more robust under
realistic sea-state excitation.

Moreover, the comparison between different resonator masses shows that a larger r,; generally leads
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to stronger interaction and more pronounced reduction of wave-induced forces. This trend also aligns
with the observations reported in section 6.3. However, in practical design, the resonator mass cannot
be increased indefinitely. Excessive mass would introduce strong local loading and may compromise
the floating condition of the membrane. Therefore, selecting an appropriate resonator mass requires
balancing performance enhancement with structural safety and buoyancy constraints.

In addition, the present study considers only a single LRMM. An extended design strategy could in-
corporate an array of resonators or multiple LRMM units tuned to different eigen frequencies. Such
configurations have the potential to target multiple frequency bands simultaneously, enabling force
reduction and energy absorption over a wider portion of the wave spectrum. Exploring these multi-

resonator layouts, as well as optimizing their spatial distribution on the membrane, will form a natural
direction for future work.



Conclusion and Suggestions

8.1. Conclusion

This study presents a comprehensive numerical investigation of wave—structure interaction involving a
floating flexible membrane coupled with a viscoelastic local resonant metamaterial (LRMM) under linear
free-surface potential flow theory. Building on an existing monolithic finite element framework, we ex-
tended the model to incorporate internal resonators and applied it to analyze the frequency-dependent
dynamic response of the system. The goal was to understand how LRMM can be employed to manipu-
late wave energy propagation, enhance energy absorption, and reduce transmitted forces, particularly
under realistic wave conditions.

This study started with defining the governing equation of this multi-physics problem as well as the
weak form of the strong coupled system following the monolithic finite element approach. It is worth
mentioning that this weak form is used as the basis for all numerical simulations and also the modal
analysis in this work.

Subsequently, a comprehensive set of modal analysis was performed, including both dry and wet con-
ditions, to investigate how the introduction of LRMM affects the system’s natural frequencies and mode
shapes. Results showed that the LRMM introduces a new resonator-dominant mode and modifies
other existing membrane modes mode-dependently. Notably, under resonance conditions, LRMM ac-
tivate localized and highly responsive mode shapes that exhibit strong spatial amplification near the
resonator. This effect becomes more pronounced with increasing resonator mass, leading to sharper
and more peaked mode shapes. In addition, the influence of the surrounding fluid cannot be neglected.
The added mass effect from the surrounding fluid lowers the natural frequencies and leads to smoother
mode shapes compared to the dry counterparts.

Following the modal analysis, frequency domain simulations were performed to assess the dynamic
wave response across a broad spectrum. Both undamped and damped cases were studied. In the
undamped configuration, LRMM were shown to significantly enhance wave reflection near their natural
frequencies, validating their frequency-selective behavior. Meanwhile, wave transmission were sup-
pressed even at the natural frequencies of the membrane, which used to fully transmit the wave. This
aligns with the fundamental working principle of LRMM: by resonating locally, they create bandgaps
that inhibit wave propagation. Damping was found to further increase energy absorption while reduc-
ing transmitted wave forces, with an optimal damping ratio yielding the best trade-off between peak
suppression and broadband performance. These findings confirm that LRMM remain effective in the
context of water waves and highlight their potential for applications in wave energy conversion and
coastal protection as passive breakwater systems.

To systematically explore LRMM design parameters, parametric sweeps were conducted over res-
onator frequency, spatial placement, and mass ratio. The frequency sweep revealed that LRMM only
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affect the system when their natural frequency aligns with incoming wave excitation, and that their influ-
ence shifts the location and shape of the pass-bands. Interestingly, the resultant figure aligns closely
with what we observed in the w,, versus r,, plot in the modal analysis part. It showed the relationship
between wet natural frequencies and pass-bands. The spatial sweep demonstrated that the LRMM
is most effective when placed at antinodes of the dominant mode shape and loses effectiveness near
nodal points, underscoring the importance of the modal analysis. Lastly, the mass ratio sweep high-
lighted the nonlinear relationship between resonator mass and wave interaction: while heavier masses
produce sharper resonance peaks, smaller masses contribute to broader and more distributed energy
absorption.

The final part of this study demonstrated the application of the coupled membrane—LRMM system un-
der a realistic sea-state condition derived from a JONSWAP spectra. A scaled-down model was used
to simulate a floating structure under intermediate water depth conditions. Results showed that the
inclusion of an LRMM can significantly reduce the dynamic force acting on downstream structures
and enhance wave energy absorption. The performance is highly sensitive to the damping ratio, with
moderate damping yielding the most favorable results in terms of both force reduction and absorption.
Although the study did not prescribe an optimal parameter configuration for the given sea state, it pro-
posed a complete design framework and evaluation criteria that can be followed for future applications.
These findings validate the effectiveness and versatility of the coupled membrane-LRMM system and
highlight its potential for wave mitigation and energy absorption in real-world conditions.

Overall, this work confirms the potential of LRMM as an effective tool for tailoring the dynamic behavior
of floating membrane systems. Through combined modal analysis, parametric studies, and realistic
wave simulations, it lays a numerical foundation for future design and optimization of novel wave energy
absorbers or floating breakwaters using locally resonant components.

8.2. Reflection and Suggestions

Building on the framework and findings of this study, several avenues can be pursued to further develop
the model and its applications.

First, the current implementation couples a one-dimensional membrane with a two-dimensional fluid
domain. This setup effectively represents either a finite 1D structure under 2D water domain or an
infinitely wide 2D structure subjected to 3D water domain. To better capture realistic wave—structure
interactions, including diffraction, three-dimensional mode shapes, and other complex effect, future
work could extend the model to two-dimensional membranes within three-dimensional fluid domains.

Second, since this work represents a first attempt to explore LRMM-coupled floating membranes under
wave excitation, the model was deliberately limited to a single resonator for clarity and simplicity. This
simplification allowed for the isolation and explanation of fundamental coupling mechanisms. Nonethe-
less, the developed framework already supports multiple resonators with arbitrary distributions and
properties. Future studies may investigate the behavior of membranes coupled with arrays of LRMMs,
aiming to optimize their layout for broader frequency coverage and improved energy absorption or
mitigation.

In addition, the current simulations are based on linear wave theory and linear structural and resonator
responses. While this provides a solid theoretical foundation, real-world wave—structure interactions
often exhibit nonlinear behavior. Future research may incorporate nonlinear wave models (e.g., Stokes
theory), as well as geometric or material nonlinearities in the membrane. Similarly, the LRMM model
could be upgraded from a single-degree-of-freedom linear oscillator to a more complex or nonlinear
system as mentioned in Chapter 2. These improvements would allow the model to handle a wider
range of realistic conditions and better assess the practical performance and limitations of LRMM-based
solutions.
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Finally, from a modeling perspective, it is important to reflect on the structural representation adopted
in this study. An important modeling assumption throughout this work is the use of a pre-tensioned
membrane model to represent the flexible floating structure. This model describes structural stiffness
purely through in-plane tension and leads to governing equations involving only second-order spatial
derivatives of deformation. In contrast, an Euler—Bernoulli (EB) beam or plate model introduces bend-
ing stiffness derived from the material’s elastic modulus and the shape of the structure’s cross-section,
resulting in fourth-order spatial derivatives. This fundamental difference reflects two distinct physical
mechanisms: tension-dominated versus bending-dominated behavior. The membrane model is most
suitable for ultra-thin, soft structures under significant pre-tension, such as fabrics or very flexible float-
ing structures (VFFS), where structural rigidity primarily arises from axial forces. On the other hand, EB
models are better suited for thicker, stiffer structures or those with rigid boundaries and no significant
pre-tension, where bending moments become dominant. The choice of structural model can influence
the simulation results. Membrane models yield more flexible behaviour, with lower natural frequencies
and larger deformations, may lead to more optimistic energy absorption or load reduction estimates at
a lower frequency range. Conversely, EB models tend to produce stiffer responses, shifting resonance
peaks to higher frequencies. They may enhance wave reflection and suppress deformations at a higher
frequency range. In future studies, a model sensitivity study comparing both modeling approaches
would be an interesting direction, and could contribute to a more complete theoretical understanding
of VLFS.
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Semi-analytical derivation of the
natural frequencies of the coupled
system

Appendix A presents a semi-analytical approach for deriving the formula of dry natural frequencies.
This approach starts from the matrix form of eigenvalue problem and aims to provide insights for under-
standing how the LRMM influence the natural frequencies of the system. Please note that this is not
the method used to calculate the natural frequencies in this research. Rather, it offers a perspective
from the basic formulation to understand the coupled system’s unique dynamic response.

Dry modal analysis with a point-coupled oscillator

Kf1+K{17w2M11 Cia i _ 0 (A1)
Cn Ky — w?Myy o '
Matrix definitions.
M1 (nn,vn) == (MpMhy VBT, K (mnyon) = (T,Vn, Vor)r,,,
K (M, v) ==+ 7K 6p(n, vp), Kas(qn,én) ==+ 1K 6p(qn, &n), (A2)
Mus(qn,&n) =M 6, (qn, &n), Cia(qn,vn) == — 1K dp(qn, vn), -
Ca1(Mn, En) = — 1K 0p(nn, &), op(fy9) = f(a)g(a).

Weak forms and Schur elimination.
Let A = w?. Forany vy, &,

(K{y — AMay) (nn, o) + 7K 8y (nn, vn) — K 6,(qn, v) = 0, (A.3)
— 7K 6p(nn, &) + (1K — XrM) 6,(qn, §n) = 0. (A4)

Since 0, (f,9) = f(a)g(a), from (A.4) we get

rK

(rK — XrM) gp(a) = rKnp(a) = gp(a) = mnh(a)-

(A.5)
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Substituting ¢, (a) into (A.3),

K?
K% — \M Ko _
(KL = AMu1) (nns vn) + | 1K = ——— | 0y (1, v) = 0

K\rM
= (K, — M -t —o.

( 11 A 11)(7]}L7vh) rK — MM 517(77havh) 0
Define the dynamic point-stiffness correction
rK A rM rK w?rM

Gayn (W) = AT T TR e

Single-mode Ritz projection.

For the n-th dry mode shape ¢,,, take

Introduce

() = 1p on(x), vp = ().

Mg = (mp¢n,7 d’n)l"my Kq:= (Tpv¢n7 v¢n)1“m, (Sn = 6p(¢n, d’n) = ¢n(a)2-

Then (A.6) reduces to the scalar characteristic equation

M4+ Kyg — ozdyn(w) 6n =0, adyn(w) given by (A?)

Quadratic form in \ = w?.

Clearing the denominator in (A.9):

( — A\My + Kd) (rK — M) —0,rKXrM =0
= Mg KX+ MygMN + KgrK — KgrM X\ — 6,7 KrM X =0
=  —MgMN+ (MgrK + KgrM + 6, KrM)\ — KqrK = 0.

Closed-form eigenfrequencies.

Solving (A.10) gives two coupled branches:

2 _
wn;ﬁ: -

Mg K +rMKg+ 6,rKrM + \/(MdTK+TMKd +5n7°KTM)2 —4rMM,;rKKy

2r MM,

Remarks.

(A.6)

(A.7)

(A.8)

(A.9)

(A.10)

(A.11)

(i) If 5,, = 0 (oscillator mounted at a node of ¢,,), then (=AM, + K;)(rK — \rM) = 0, so A = %
(membrane dry mode) or A = ITKI (oscillator).

(ii) If the oscillator is absent (rK = 0 or rM = 0), one recovers the dry frequency Wﬁ,n =

Kq
My



Derivation of Effective Added Mass in
Wet Modal Analysis

Block-form EVP.

Let the unknown variable vector be U = [, ¢, &, q]T, the generalized eigenvalue problem for the wet
modal analysis can be written as

(Kw)-w’™M)U=0, U=|[n ¢ & q], (B.1)
where the mass and stiffness matrices are block-structured as
My O 0 O Kn+K" Cc, 0 Cyu
0 0 0 0 C K C 0
M = , K= 21 22 23 . B.2
0 00 O 0 Co Ky 0 (B.2)
0 0 0 M44 C41 0 0 K44

Here, M;; and K;; are the structural mass and stiffness matrices (including tension and gravity terms),
Ky, and Kss are from the fluid potential-free surface subsystem, My = rM §,, Kuy = rKJ, are
the point mass and stiffness of the local resonator, Kg? = (rK — iwrC) ¢, represents the direct stiff-
ness contribution of a spring—damper connected in parallel to the membrane at point 6,,, and C.4 =
CJ, = —(rK —iwrC) B describes the membrane—resonator coupling, where B is the rank-one coupling
operator associated with ¢,,.

Eliminating (¢, x): pure fluid added mass.

The fluid potential-free surface subsystem satisfies

Ko Cos| |0 _  |Ca
el =[] ©
Define
My(w) := Koy — Ca3 K33 Cao, ¢=—My(w) ' Can. (B.4)
Substitute back into the membrane equation:
[Kll + Kﬁ)]n + Ciaq = w* (Mn + C1aMy(w) ' Cay )77- (B.5)
= Mhat(w)

Mpat(w) is the added mass due to the pure fluid subsystem. Under conservative boundary conditions
and properly treated radiation conditions, Mpt(w) is (Hermitian) semi-positive definite.
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Eliminating ¢: frequency-dependent stiffness correction.
The resonator subsystem satisfies

(K44 —dwrC — w2M44) qg=—Cun, q= 7(K44 —iwrC — w2M44)71041 7. (B.6)
Substituting into (B.5), we obtain the effective EVP in 1 alone:

|:K11 + Kgrl) + ( — C14 (K44 — iOJTC — w2M44)_1C41) :|77 = w2 [Mu + Mhat(w)} . (B?)

:= Rosc(w)

Here Rosc(w) is a frequency-dependent stiffness correction induced by eliminating the resonator DOF.

Definition and explicit expression of effective added mass.

We move Rosc(w) to the mass side and normalize by w?, defining

1 1
Madg eff(w) == Alw) — 2 Rosc(w),  Kumn = w’[Miy + A(w) — 2 ) (@)]nn (B.8)

For a single-DOF point resonator, K44 = rK 6,, Mag = rM é,, and Cyy = CJ), = —(rK —iwrC)B
(where B is a rank-one coupling operator), we obtain

Rosc(w) = 7014 (K44 - iWTC — W2M44>7IC41 (Bg)
J— J— Y 2
_ (rK —iwrC)” g pr. (B.10)
(’I"K —iwrC — MQTM)

Therefore,

(rK —iwrC)>?

BB' | B.11
w? (rK — jwrC — MQTM) ( )

Magd eff(w) = Mhat(w) +

In the undamped case rC = 0, equation (B.11) reduces to

rKk?
w? (TK — MQTM)

BB' | w,:=+\/rK/rM. (B.12)

Magd eff(w) = Mhpat(w) +

It is clear that when w < w,., the denominator is positive, and the resonator contributes positively to the
mass side; when w > w,., the denominator becomes negative, and the resonator contributes negatively.
If its amplitude dominates, an effective negative mass may appear in certain directions. The pure fluid
added mass M,t(w) remains semi-positive definite.
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