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Summary  
The durability of concrete structures and infrastructures is a relevant topic for civil engineers. 
It can comprise long-term effects including chemical reactions, which produce concrete 
swelling. 
The Kariba arch dam is a representative case study to investigate the swelling phenomenon in 
concrete structures due to Alkali-Aggregate Reaction (AAR). For the 11th ICOLD Benchmark 
Workshop, the dam is analyzed with a modified version of the DIANA Finite Element program. 
The AAR damages are evaluated with a thermo-chemo-mechanical model based on an 
approach by Ulm et al [1]. The Larive’s law [2] is adopted to define the AAR expansion 
evolution in function of time. The influence of imposed stress on orthotropic chemical strains 
is also taken in account, as suggested by Saouma and Perotti [3]. A comparison with a 
straightforward method is also shown to underline the relevance of the stress state on the 
swelling phenomenon.  
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1. Introduction 
The Kariba dam is an example of AAR-affected concrete structure, already object of many 
ICOLD conferences, it is proposed for the 11th Benchmark Workshop on Numerical Analysis of 
Dams.  
It is a long double curvature arch dam built across the Zambezi River between 1956 and 1959. 
The dam shown evident signs of swelling soon after the starting of its operation; for this 
reason many instruments are placed over the years to monitor its behavior.  
In this paper the dam is analyzed with a modified version of the DIANA software. A 3D mesh is 
defined and interface elements are placed between the dam and the foundation. An elastic 
behavior is considered for concrete and soil. A thermo-chemo-mechanical model, on the basis 
of Ulm’s model [1], is implemented in the standard DIANA code. The model takes in account 
the effect of the stress state on the orthotropic swelling, according to Saouma and Perotti [3]. 
In order to fit the experimental results, the parameters of Larive’s kinetic law [2] are 
calibrated. The relevance of the stress influence on this calibration is underlined adopting a 
straightforward analysis with fixed and predefined orthotropic swelling. 
 

2. Adopted model 
 
2.1. Finite Element Model 
Quadratic brick elements with 3x3x3 integration schema are adopted to model the dam and 
the foundation (Figure 1). The contact between the two components is modeled with 
quadratic interface elements with a Newton-Cotes integration scheme with 3x3 integration 
points. The mesh is based on the second mesh proposed in the Benchmark Guidelines [4]. 
 

 
Figure 1: Finite elements mesh [4]. 

 



In order to simulate the construction and operation periods of the dam, a phased analysis is 
adopted. In the first phase the cantilevers are physically and topologically isolated and the 
dead weight is applied. The stress situation of this phase is included as initial stress in the 
second phase of the analysis, omitting the displacements. During the operation period (1962-
2010), rigid tying elements are used connecting the cantilevers.  
Due to the location of the dam, a small temperature variation around 27 °C is observed during 
the year; for this reason the thermal effect are not included in the analysis. 
As proposed in the Benchmark Guidelines [4], the water pressure is considered constant 
during four subsequent periods. The four main levels are given in Table 1. 

Table 1: Applied water level. 

Period Water level 
1962-1973 483.80 m 
1974-1981 486.10 m 
1982-1995 479.90 m 
1995-2010 483.00 m 

 
2.2. Material model 
The concrete and the soil are modeled linearly elastic; their mechanical characteristics are 
given in Table 2, according to the Benchmark Guidelines [4]. 

Table 2: Mechanical properties of concrete and soil. 

Property Unit Foundation rock Dam concrete 
Elastic modulus N/m2 1.0 107 2.2 107 
Poisson’s ratio - 0.2 0.2 
Unit weight N/m3 Not considered 2.35 103 

 
Nonlinear interface elements are placed between dam and its foundation. In the normal 
direction the elastic stiffness is set to 1011 N/m3 in compression and 103 N/m3 in tension, that 
is, stiff in compression and nearly stress free in tension. In the shear direction the stiffness is 
constant and equal to 1010 N/m3 
The chemical aspect of AAR is included in the model through the Larive’s formulation [2]. 
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where e∞ is the asymptotic volumetric expansion, lt  and ct  are the latency and characteristic 

time, respectively. 



In Figure 2 and Table 3 the adopted kinetic law and the selected parameters are given. It is 
assumed that the expansion starts immediately after the impounding, in 1963. 
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Figure 2: Adopted kinetic law. 

 

Table 3: Parameters of the kinetic law. 

Parameter Value 
Asymptotic expansion ε∞ 0.12 % 
Latency time  tl 20 year 
Characteristic time  tc 5 year 

 

 
The kinetic law is calibrated including the “expansion transfer” concept. As shown from Multon 
and Toutelemonde [5], the volumetric strain due to AAR swelling can be redistributed on the 
basis of the principal stresses. In order to take in account this effect, the weight coefficients 
are adopted to define the linear expansion due to AAR, as proposed by Saouma and Perotti [3]. 
The linear expansion, i

AARe , along the i-th principal stress direction is defined as: 

 
1,2,3i vol

AAR iw ie e= =  (2) 
 
where vole  is the volumetric expansion defined in accordance with the kinetic law, iw is the 

weight for the i-th principal stress direction.  
The three weights for a generic stress situation are defined as linear interpolation from four 
specified “nodal” values: 
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where Iσ , IIσ  are the principal stresses in the plane perpendicular to i-th direction and IIIσ  is 

the principal stresses along i-th direction (Figure 3 (a)), jW  are fixed weights defined for 

sixteen specific situations (Figure 3 (b)), and jN  is the bilinear shape function used in finite 

element formulations.  
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Figure 3: (a) Principal stresses nomenclature for i-th direction; (b) Weight region. 
 
The weight coefficients are defined for a stress range between the tensile strength, ctf , and the 

compressive strength, cf , (Figure 3 (b)). On the basis of experimental tests of Struble and 

Diamond [6], the threshold value uσ , above which no expansion occurs, is taken equal to -1.0 

107 N/m2. Outside the range definition, which is possible in a linear analysis, the weights are 
considered constant and equal to the values of the nodes on the border line.  
Moreover, the weight coefficients along the global axes can be defined with a posteriori 
formulation: 
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k
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where k

AARe  is the AAR strain along the k-th global axis, obtained from the principal AAR strain 

through the transformation matrix between the principal and global directions. 
Based on the to elastic modulus provided in the Benchmark Guidelines [4], the adopted value 
for the compressive and the tensile strength are chosen equal to -12 106 N/m2 and 1.1 106 
N/m2 , respectively. 
 

3. Numerical results 
 
In this Section the numerical results are reported. First, the advanced solution obtained with 
the model described in the previous section is shown; afterwards the stress influence is further 
examined through the comparison with simplified methods. 



3.1. Advanced solution 
 
In order to make a comparison, measured displacements of nine main instruments (Figure 4), 
which are clearly related to the swelling phenomenon, are given during 1963-1994 (calibration 
period). 

 
Figure 4: Location of the main instruments [4]. 

 

In Figure 5 the comparison between the measured and numerical results is shown. The 
displacement in radial direction are calculated in a cylindrical reference system with the axis in 
Z-direction and the origin in the point (0, 230 , 0) m respect to the rectangular coordinate 
system. Both vertical and radial displacements are obtained by subtracting the initial 
displacement due to the impounding. 
These results derive from a calibration of the kinetic law. The value of the latency time is 
chosen in agreement with the delay shown in the radial displacement (1962-1975). The value 
of the characteristic time and the asymptotic expansion are defined in agreement with the 
vertical displacement at the end of the calibration period (1994). 
Figure 6, Figure 7 and Figure 8 show the numerical results of the dam after impounding (1963) 
and at the end of the calibration period (1994). Each figure gives the stress, the AAR strain and 
the weights XYZw  for one of the X, Y and Z-directions.  

At the end of the calibration period, the swelling redistribution due to the stress state leads to 
an expansion which varies between 40% and 50% in the Z-direction ( XYZ

Zw in Figure 8 (b)). 

Whereas only 20% of the volumetric expansion occurs is the radial direction ( XYZ
Xw in Figure 6 

(b)). This anisotropic behavior, visible from measurements, can be explained with the 
“expansion transfer” concept. 
Making a comparison between columns (a) and (b) of Figure 6, Figure 7 and Figure 8, it is 
possible to observe that the expansion influences the internal stress situation and 
subsequently leads to an evolution of the weights in the time. This aspect confirms the 
relevance of the swelling redistribution phenomenon. In order to underline this aspect, in the 
following section a comparison between the advanced solution and simplified method is 
presented. 
Figure 9 and Table 4 give the prediction of the behavior of the dam for 2010. 
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Figure 5: Comparison between measured and numerical results for the advanced solution. 

 



 
1963 (a) 1994 (b) 

  

  

  
Figure 6: Numerical results along X-axis in 1963 (a) and 1994 (b) 

 
1963 (a) 1994 (b) 

  

  

  
Figure 7: Numerical results along Y-axis in 1963 (a) and 1994 (b) 
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1963 (a) 1994 (b) 

  

  

  
Figure 8: Numerical results along Z-axis in 1963 (a) and 1994 (b) 

 
2010 

  

  

 
(a) 

 
(b) 

Figure 9: Prediction of the behavior of the dam for 2010: (a) stress and (b) AAR strain in X, Y and 
Z-directions. 
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Table 4: Prediction of vertical and radial displacement of reference point in 2010. 

Reference point Vertical displacement 
[mm] 

Radial displacement 
[mm] 

18-20 43.82 -42.64 
12-14 49.97 -80.58 
6-8 54.21 -108.28 
O-2 56.32 -123.12 
3-5 54.73 -115.92 
9-11 50.01 -89.06 
15-17 42.74 -46.58 
21-23 35.63 -7.24 
T434 59.12 -119.77 

 
3.2. Relevance of “expansion transfer” concept 
 
In this Section the relationship between stress state and swelling redistribution is underlined. 
Two straightforward analyses with a priori definition of the weight coefficients in the global 
coordinate system are given. In the first case, the now fixed and homogeneous XYZw  values are 

based on the stress situation in the dam after the impounding, in 1963 (column (a) of Figure 6, 
Figure 7 and Figure 8). Instead, in the second case, they are derived from the stress situation at 
the end of the prediction period, in 1994 (column (b) of Figure 6, Figure 7 and Figure 8). The 
volumetric expansion is calculated in accordance with the kinetic law presented in section 2.2 
and shown in Figure 2. In  
Table 5 the kinetic parameters and the weight coefficients are summarized. 

Table 5: Parameters of kinetic law and weights for the two simplified Solutions 

 
Parameter Advanced solution Simplified solution 1 

(stress state 1963) 
Simplified solution 2 
(stress state 1994) 

Asymptotic expansion ε∞ 0.12 % 0.12 % 0.12 % 
Latency time  tl 20 year 20 year 20 year 
Characteristic time  tc 5 year 5 year 5 year 

XYZ
Xw  Stress dependent 0.1 0.35 
XYZ
Yw  Stress dependent 0.2 0.2 
XYZ
Zw  Stress dependent 0.7 0.45 
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Figure 10: Comparison between the advanced and the two simplified solutions. 

 
In Figure 10 numerical results obtained with the advanced solution and the two 
straightforward solutions are compared.  
For the simplified solution 1, the displacements in both the directions are substantially 
different from the one obtained with the advanced solution. This means that if the volumetric 
redistribution is based on the initial stress state a different kinetic law should be selected to 
obtain a reasonable fitting of the measured results.  
The displacement obtained with the simplified solution 2 and the advanced solution are closer. 
The explanation lies in the source of the stresses: the stresses due to the pressure water 
remains appreciatively constant, due to the small fluctuation during the service life of the dam, 
therefore the stresses generate from the AAR expansion play an important role. It is for this 
reason that if the weight coefficients are calculated in agreement with the final stress state, 
which includes the AAR expansion, the simplified solution is in agreement with the advanced 
one. 
 

4. Conclusion 
 
The Kariba dam is adopted as a case study of AAR-affected concrete structures. In this paper a 
3D finite element analysis, with a modified version of DIANA software, is carried out in order to 
predict the behavior of the dam in 2010. 
A linear elastic behavior is adopted for the dam and its foundation. Interface elements with 
nonlinear behavior are introduced between the two components. Rigid tying elements are 
introduced after the construction phase to simulate the grouting between each cantilever. 
The evolution of the AAR swelling in time is defined through the Larive’s kinetic law [2]. The 
calibration of its parameter (asymptotic expansion, latency and characteristic time) takes in 
account the “expansion transfer” concept with Saouma and Perotti formulation [3]. 
A comparison between the advanced solution and the simplified solutions is shown in section 
4, in order to underline the main role of the stress state on the swelling redistribution. 
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