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A B S T R A C T

In this paper, we investigate the response of a cavity embedded in an elastic half-plane (2D) subjected to a
harmonic SH wave. In previous work, the method of conformal mapping and the indirect boundary element
method (indirect BEM) were employed to solve the 3D wave scattering from a cylindrical tunnel embedded in a
half-space. Inaccurate results were obtained particularly at high frequencies (method of conformal mapping).
Therefore, in this study we focus on a comparison of the two methods with the method of images, which
serves as a benchmark solution. Through a systematic evaluation, we confirm that the two methods accurately
work within the complete considered ranges of the dimensionless frequency and the embedded cavity depth.
This suggests that representing the waves scattered from the free surface by cylindrical waves in the method
of conformal mapping is the cause of the inaccuracies at high frequency in the 3D problem; the cylindrical
waves are probably not able to fully capture all wave conversions taking place at the free surface. The presented
results reveal significant effects of the system parameters on the responses. The system’s response curves display
nearly equally spaced resonances, which is in line with those of the 1D shear layer subject to bedrock motion,
while similar response curves for the 3D case do not have this feature.
1. Introduction

The dynamics of underground structures, including cavities and
tunnels, has been a crucial research topic in civil engineering and earth-
quake engineering [1]. In our previous work, we utilised the method
of conformal mapping to address the 3D wave scattering problem from
a cylindrical tunnel embedded in a half-space, as well as the indirect
BEM [2]. However, it was observed that inaccurate results may arise
using the former method, particularly for high-frequency loadings. As
pointed out in [2], the reason for the inaccuracy probably lies in the
fact that the secondary scattered waves in the soil (i.e., waves first
scattered from the tunnel and then reflected from the free surface
of the half-space) are represented by cylindrical waves and not by
plane waves, while the latter are most likely more suitable to represent
the responses at the flat ground surface at high frequencies. This
observation motivates the current study, where we aim to verify the
accuracy of the method of conformal mapping and of the indirect BEM.
To achieve this, we conduct a comparative analysis involving three
methods: the method of images, the method of conformal mapping and
the indirect BEM. We focus on the simple 2D problem of a circular
cavity embedded in an elastic half-plane subject to harmonic plane SH
waves. As the considered model is two dimensional, the geometry is
regular, and the excitation is an anti-plane shear wave, closed-form
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solutions can be obtained using the method of images. These serve as
benchmark results for evaluating the outcomes obtained by the other
two methods. Our study aims to validate the accuracy of the method
of conformal mapping and the indirect BEM, through a systematic
evaluation encompassing a large range of system parameters. Such a
comprehensive evaluation of the method of conformal mapping and
the indirect BEM for the 2D anti-plane shear wave case has not been
undertaken previously.

This paper is organised as follows. Sections 2 and 3 provide a
statement of the problem under consideration and specify the methods,
respectively. Section 4 presents convergence tests of the three methods
and a comprehensive evaluation of their accuracy. Specifically, we
analyse the accuracy with respect to varying dimensionless frequency
and the embedded depth of the cavity. Additionally, we briefly inter-
pret the obtained system responses. Finally, Section 5 summarises the
conclusions of this study.

2. Problem statement

2.1. Model description

In this paper, we consider the 2D problem of a cylindrical cavity
embedded in an elastic half-plane subject to a harmonic SH wave; see
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Fig. 1. Model of a circular cavity embedded in an elastic half-plane subjected to a
harmonic anti-plane shear wave.

Fig. 1. The half-plane is modelled by an elastic continuum, which is
assumed to be linear, elastic, homogeneous and isotropic. To facilitate
the analysis, we employ three coordinate systems (like in [2]). The
image of the cavity is symmetrically positioned with respect to the free
surface. The centre of the cavity, denoted as 𝑜1, is located beneath the
free surface at a depth of 𝐻 , and its radius is represented by 𝑅. We
define the vertical incident angle, 𝜃v, as the angle between the wave
propagation direction and the positive vertical 𝑧 axis.

2.2. Governing equation and boundary conditions

Considering our focus on the steady-state solution to the 2D anti-
plane problem, we assume that both the excitations and responses
of the system are harmonic and proportional to e+ i𝜔𝑡; i denotes the
imaginary unit, 𝑡 represents time, 𝜔 = 2𝜋 𝑓 is the angular frequency,
and 𝑓 is the frequency in Hz. For brevity, we omit the factor e+ i𝜔𝑡
in all subsequent expressions. The governing equation of motion of
the soil medium in the frequency domain, in the absence of external
forces, reads [3,4] 𝜇𝛁2𝑢 = −𝜔2𝜌𝑢, where the symbols 𝜇 and 𝜌 signify
the shear modulus and density of the soil, respectively; the operator 𝛁2

denotes the 2D Laplace operator. The variable 𝑢 denotes the anti-plane
displacement in the 𝑥 direction.

The system is excited by seismic wave originating from beneath the
cavity. Consequently, a stress-free boundary condition is imposed at
both the free surface of the half-plane and the cavity surface: 𝜎𝑧𝑥 = 0
and 𝜎𝑟1𝑥1 = 0, respectively.

3. Methods

Details related to the method of conformal mapping and the indirect
BEM can be found in [2,5], respectively. As explained in [2], the
presence of the cavity induces the scattering, resulting in the generation
of directly scattered cylindrical waves denoted as 𝑢𝑠,1. The secondary
scattered waves, 𝑢𝑠,2, arise when the directly scattered waves encounter
the free surface of the half-space.

For the method of conformal mapping, the scattered wave fields are
given as follows [2]:

𝑢s,1 =
∞
∑

𝑛=−∞
𝑎𝑛𝐻

(2)
𝑛

(

𝑘S𝑟1
)

exp
(

i 𝑛𝜃1
)

, (1)

𝑢s,2 =
∞
∑

𝑛=−∞
𝑏𝑛𝐻

(2)
𝑛

(

𝑘S𝑟2
)

exp
(

i 𝑛𝜃2
)

, (2)

where 𝑘S = 𝜔∕𝑐S denotes the wavenumber of the SH wave, and 𝑐S =
√

𝜇∕𝜌 is the velocity of the shear wave. It is important to note that while
the method of images can be applied to the 2D anti-plane shear problem
under consideration, it is not applicable to more complex problems such
2 
Table 1
The required number of circumferential modes 𝑁 or the number of source and
receiver points (𝑁s , 𝑁r ) to achieve converged results for different methods and different
dimensionless frequencies. Note that method 1, 2 and 3 represents the method of
images, the method of conformal mapping and the indirect BEM, respectively.

Methods 𝜂 = 0.5 𝜂 = 1.0 𝜂 = 2.0 𝜂 = 3.0
Method 1 𝑁 = 3 𝑁 = 6 𝑁 = 10 𝑁 = 12
Method 2 𝑁 = 5 𝑁 = 6 𝑁 = 10 𝑁 = 13
Method 3 (20, 40) (40, 80) (60, 120) (60, 120)

as 2D plane-strain and 3D cases. In our previous work, we combined
the method of conformal mapping and the spirit of the method of
images to address these more complex problems, and choosing the
coefficients of the primary and secondary scattered fields differently
was a necessity [2,6]. For that reason, 𝑎𝑛 and 𝑏𝑛 are not chosen the
same a priori in the current analysis either. It will enable us to check
the accuracy of the conformal mapping method for this simple problem;
as stated before (Section 1), for the 3D problem, inaccuracies were
observed at high frequencies [2].

In the traditional application of the method of images, 𝑏𝑛 is set
equal to 𝑎𝑛. Through numerical analysis, it can be verified that 𝑏𝑛 is
nearly exactly the same as 𝑎𝑛 when applying the method of conformal
mapping. This proofs the validity and accuracy of the method of
conformal mapping as well as its implementation.

For the indirect BEM, we use the 2D Green’s functions based on
the 2.5D Green’s functions of a full-space and a half-space, like in our
previous work [5]. The 2D case can be obtained by setting 𝑘𝑥 = 0
in the relevant expression given in [5]; 𝑘𝑥 is the wavenumber in the
longitudinal direction.

4. Convergence tests and comprehensive evaluation

In the subsequent presentation of results, the normalised anti-
plane displacement and shear stress are used: 𝑈 = 𝑢∕𝑢0 and 𝛴𝜃1𝑥1 =
𝜎𝜃1𝑥1∕

(

𝜔𝜌𝑐S𝑢0
)

(like in [2]), where 𝑢0 is the amplitude of the displace-
ment associated with the incident SH wave.

It can be verified that the results obtained using the three methods
align well with the results in the literature [7]. In this paper, the
parameters of the soil medium are taken as follows: 𝐸 = 3.26 × 107 Pa
and 𝜌 = 1932 k g∕m3. The geometry of the cavity is as follows: 𝑅 =
5 m and 𝐻∕𝑅 = 1.5. The dimensionless frequency is defined as 𝜂 =
𝜔𝑅∕

(

𝜋 𝑐S
)

like in [7].

4.1. Convergence tests

In this section, we present convergence tests of the three methods.
The considered parameters are 𝐻∕𝑅 = 5.0 and 𝜃v = 0◦ . In Table 1, we
observe that both the method of images and the method of conformal
mapping achieve convergence with a small number of circumferential
modes. At dimensionless frequencies of 0.5 and 3.0, the method of
conformal mapping requires two and one additional circumferential
modes compared to the method of images, respectively. This indicates
that the method of images may converge faster. The reason is that
the accuracy of the method of images is higher. The computed 𝑎𝑛 and
𝑏𝑛 turn out to be very close but not exactly the same in the method
of conformal mapping, which is a result of small inaccuracies in the
corresponding matrix inversion.

Regarding the computational time, the results demonstrate that
the method of images exhibits slightly higher efficiency compared to
the method of conformal mapping. On the other hand, the indirect
BEM needs significantly more computational time, making it the least
efficient among the three methods.
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4.2. Comprehensive evaluation

As discussed above, all three methods can demonstrate accurate
erformance for the individual frequencies considered. However, for
he 3D problem [2], it has been shown that accurate results cannot be
btained at high frequencies using the method of conformal mapping

while the indirect BEM does. In this section, we further investigate
the accuracy of the method of conformal mapping and the indirect

EM within specified ranges of the dimensionless frequency and the
embedded depth. The solutions obtained by the method of images are
taken as the benchmark. The base-case parameters are set as 𝜂 = 0.5,
∕𝑅 = 5.0 and 𝜃v = 0◦ . In the following analysis, we present the
aximum absolute value of 𝑈 at the ground surface within the range
∕𝑅 = [−4, 4], as well as the maximum absolute values of 𝛴𝜃1𝑥1 at the
avity surface.

4.2.1. Dimensionless frequency
The considered dimensionless frequencies are in the range of 𝜂 =

0.002 − 3.0, corresponding to 𝑓 = 0.16 − 244.85 Hz, which covers the
eismic range as well as higher-frequency loadings. Fig. 2 illustrates

that the results obtained by the three methods coincide, indicating
accurate performance of the method of conformal mapping and the
indirect BEM. In contrast to the 3D case [2], the method of conformal
mapping demonstrates accurate behaviour at high frequencies for the
2D SH problem under consideration. The discrepancy can be attributed
to the fact that the secondary scattered waves in the soil are repre-
sented by cylindrical waves originating from the image source, and
ot by plane waves, while the latter are most likely more suitable to
epresent the response (in the 3D case) at the flat ground surface at
igh frequencies and fully capture all wave conversions taking place;

the relatively poor representation leads to a larger condition number of
the matrix that needs to be inverted, which yields to inaccurate results.
n any case, we can ascertain the accuracy of the method of conformal
apping and the indirect BEM for the current problem, as the obtained

he results align with the closed-form solutions.
The frequency-response curves are shown in Fig. 2; we observe

any resonances, some of which are a bit more pronounced than
thers. Fig. 2(a) illustrates that the first two peak values (though not the

most pronounced ones) occur at 𝜂 = 0.09 and 𝜂 = 0.27 for the ground
surface displacement 𝑈 . Fig. 2(b) demonstrates two prominent peaks
at the same frequencies for the shear stress 𝛴𝜃1𝑥1 . Furthermore, we
observe that the resonances are nearly equally spaced, which is very
similar to the result for the well-known one-dimensional (1D) shear
ayer subject to bedrock motion shown in the book by Kramer [8]. The
esonances in the 1D model are predicted by cos(𝑘S𝐿) = 0, where 𝐿
s the thickness of the soil layer; this leads to the expression for the
esonance frequencies 𝜔𝑛 = (𝜋∕2 + 𝑛𝜋)𝑐S∕𝐿, 𝑛 being a positive integer.
ote that for the considered scenario, the thickness of the soil layer
bove the cavity is 𝐿 = 𝐻 − 𝑅 = 4𝑅. The corresponding dimensionless
esonance frequencies can be easily derived, and their spacing turns out
o be 0.25 (𝛥𝜔 = 𝜋 𝑐S∕𝐿, so that 𝛥𝜂 = 𝛥𝜔𝑅∕(𝜋 𝑐S) = 𝑅∕𝐿 = 1∕4). This is
n line with Fig. 2; see for example the distance between the peaks in

the range of (1 − 2) in Fig. 2 (b).

4.2.2. Embedded depth of the cavity
We consider the range of embedded depth ratios from 1.5 to 20.

Fig. 3 demonstrates that the three methods yield consistent results,
indicating that the method of conformal mapping and the indirect BEM
work accurately.

Fig. 3 demonstrates that both the responses at the ground surface
and at the cavity surface oscillate as the embedded depth increases.

ifferent nearly equally spaced resonances can be observed, like in
Fig. 2. The spacing between resonances is approximately equal to 2.

o understand the resonances at different frequencies, we examine the
responses of the system at frequencies of 0.25 and 0.5 as well; see Fig. 4
(all methods give the same results). The results highlight the significant
 f

3 
Fig. 2. Evaluation of the methods for the dimensionless frequency 𝜂: (a) anti-plane
displacement at the ground surface 𝑈 at 𝑧 = 0, and (b) shear stress 𝛴𝜃1𝑥1 at 𝑟1 = 𝑅.

Fig. 3. Evaluation of the methods for the depth ratio 𝐻∕𝑅: (a) anti-plane displacement
at the ground surface 𝑈 at 𝑧 = 0, and (b) shear stress 𝛴𝜃1𝑥1 at 𝑟1 = 𝑅.

Fig. 4. Evaluation of the methods for the depth ratio 𝐻∕𝑅 and for different frequen-
cies: (a) anti-plane displacement at the ground surface 𝑈 at 𝑧 = 0, and (b) shear stress

𝜃1𝑥1 at 𝑟1 = 𝑅.

influence of frequency on the system response, which is to be expected
(based on the 1D shear layer). For 𝜂 = 0.25, the resonance spacing
increases to 4, whereas for 𝜂 = 1.0, it reduces to 1. In general, the
pacing is approximately equal to 1∕𝜂, which is to be expected based
n the resonance condition (i.e., cos(𝑘S𝐿) = 0).

5. Conclusions

The response of a cavity embedded in an elastic half-space subject
o a harmonic SH wave has been examined in this study. To verify the
ccuracy of the method of conformal mapping and the indirect BEM,
e compared those with the method of images (benchmark).

In a comprehensive evaluation, it was observed that both the
ethod of conformal mapping and the indirect BEM perform accurately

across the entire ranges of the dimensionless frequency and the em-
edded depth of the cavity. Therefore, we have successfully verified

the accuracy of the method of conformal mapping and the indirect
BEM. This is different from the 3D case [2], where converged results
could not be obtained at high frequencies for the method of conformal
mapping. The findings suggest that representing the waves scattered
rom the free surface by cylindrical waves (originating from an image
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source of a priori unknown intensity) in the method of conformal
apping [2] is the cause of the inaccuracies at high frequency in the 3D

problem. The cylindrical waves are probably not able to fully capture
all wave conversions taking place at the free surface.

The evaluation revealed substantial influence of the dimensionless
frequency and the embedded depth of the cavity on the responses at
oth the ground surface and the cavity surface. The system’s response
urves display nearly equally spaced resonances, which is in line with
he resonances observed for the well-known one-dimensional shear
ayer subject to bedrock motion [8]. The system’s response curves for

the three-dimensional case [2] do not display such equally spaced
esonances.
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